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ABSTRACT

We investigate the statistics of transmission time of wireless systems employing

adaptive transmission. Unlike traditional transmission systems where the transmis-

sion time of a fixed amount of data is typically regarded as a constant, the transmission

time with adaptive transmission systems becomes a random variable, as the trans-

mission rate varies with the fading channel condition. To facilitate the design and

optimization of wireless transmission schemes, we present an analytical framework to

determine statistical characterizations for the transmission time with adaptive trans-

mission. In particular, we derive the exact statistics of transmission time over block

fading channels. The probability mass function (PMF) and cumulative distribution

function (CDF) of transmission time are obtained for both slow and fast fading sce-

narios. We further extend our analysis to Markov channels, where the transmission

time becomes a sequence of exponentially distributed random-length time slots. An-

alytical expression for the probability density function (PDF) of transmission time is

derived for both fast and slow fading scenarios. Since the energy consumption can be

characterized by the product of power consumption and transmission time, we also

evaluate the energy consumption for wireless systems with adaptive transmission.
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Cognitive radio communication can opportunistically access underutilized spec-

trum for emerging wireless applications. With interweave cognitive implementation,

a secondary user (SU) transmits only if a primary user does not occupy the channel

and waits for transmission otherwise. Therefore, secondary packet transmission in-

volves both transmission and waiting periods. The resulting extended delivery time

(EDT) is critical to the throughput analysis of secondary system. With the statistical

results of transmission time, we derive the PDF of EDT considering random-length SU

transmission and waiting periods for continuous spectrum sensing and semi-periodic

spectrum sensing. Taking spectrum sensing errors into account, we propose a dis-

crete Markov chain modeling slotted secondary transmission coupled with periodic

spectrum sensing. Markov modeling is applied to energy efficiency optimization and

queuing performance evaluation.
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Chapter 1

Introduction

1.1 Background and Motivation

We are in an era of big data. Data are generated and collected at an acceler-

ating rate. The timely processing, delivery, and analysis of these data will bring

huge social and economic benefit. With the intensive ongoing deployment of wire-

less communication systems, most big data will be transmitted over the air. In fact,

smart mobile devices contribute significantly to the generation of big data. The

ever-growing Internet of Things (IoT) devices serve as another source of big data

for wireless transmission. The supporting of big data transmission presents several

technical challenges to wireless system design, including spectrum efficiency enhance-

ment of radio access network (RAN), capacity provision of fronthaul/backhaul links,

and network architecture improvement for traffic scalability. To effectively support

various big data and IoT applications, future wireless systems need to optimize their

transmission strategies for a large amount of data from diverse sources.

Current wireless systems typically apply the same transmission strategy to all

transmission sessions over the wireless channel channel. With the application of ad-

vanced transmission technologies, the properties of the channel, e.g. average data

rate and average error rate, will be improved, which usually translates to better aver-

age quality of service experienced by individual sessions. Conventional transmission

design ignores the specifics of individual transmission sessions, such as the traffic

characteristics and the prevailing network/channel condition. When the transmission

sessions are short, the quality of service experienced by individual sessions vary dra-

matically around the average. With the growing popularity of IoT devices and big
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data applications, future wireless systems need to support increasing number of short

transmission sessions, initiated for example by sensor nodes.

1.2 Temporal Characterization of Data Transmis-

sion

Transmission time refers to the time duration required to transmit a certain

amount of data from source to destination. Generally, transmission time over a

point-to-point link can be calculated as the ratio of data amount over transmission

data rate for constant-rate transmission systems. As a characterization of channel oc-

cupancy, transmission time has many applications in wireless communication system

analysis and design.

Specifically, the analytical results on transmission time can help investigate the

delay performance of various transmission strategies over wireless channels [1]. [2]

analyzes transmission time for cognitive radio network with the consideration of pri-

mary interference. Transmission time was applied to investigate the extended delivery

time of secondary packet transmission with interweave cognitive radio implementa-

tion [3]. [4] evaluates the collision probability of communication networks employing

random access protocols with the analytical results of transmission time. [5] develops

a new scheduling scheme by taking transmission time into account, which results in

smaller waiting time. [6] proposes an embedded Markov chain to evaluate the queu-

ing performance of underlay cognitive radio communication assuming that packet

is being dropped when transmission time is greater than a pre-determined time-out

threshold. Furthermore, as the energy consumption of transmitter can be calculated

as the product of transmission time and transmit power, transmission time analysis is

instructive in designing energy-efficient wireless communication system. The optimal

adaptive modulation strategy to minimize total energy consumption is analyzed for

fixed-size packet transmission in [7] and [8]. [9] investigates an on-line algorithms to

minimize transmission time for energy harvesting systems.

Previous works typically assume constant transmission time for a fixed amount

of data [2–5], which is particularly applicable to constant-rate transmission systems.

Specifically, the minimum transmission time for static channel is regarded as a con-
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stant and can be estimated as

Ttr min =
Ht

B log2(1 + γ)
, (1.1)

where Ht is the data amount, B is the channel bandwidth and γ is the received sig-

nal to noise ratio (SNR). However, constant-rate transmission becomes inefficient and

unreliable when operating over time varying channels. Assuming slow fading environ-

ment, where the data transmission completes within one channel coherence time, the

distribution function of transmission time is derived using random variable transfor-

mation [10]. For fast fading scenario, where the data transmission experiences many

different channel realizations, ergodic channel capacity is used to estimate transmis-

sion time as

Ttr ≈
Ht

C̄
=

Ht

B
∫∞

0
log2(1 + γ)fγ(γ)dγ

, (1.2)

where C̄ denotes the ergodic capacity with fγ(·) the probability density function

(PDF) of received SNR.

These characterizations of transmission time are insufficient for the following rea-

sons. Firstly, these works use channel capacity in the analysis, which is as upper

bound of supportable data rate for reliable communication. These results are, there-

fore, generally optimistic. Secondly, for large amount of data or a channel with larger

Doppler shift, channel realization will vary during transmission. The assumption that

channel realization remains constant during the transmission will be invalid. Finally,

finite-amount data transmission may not experience all channel realizations resulting

in inaccuracy in ergodic capacity based transmission time calculation.

Adaptive transmission is an attractive technology to improve the transmission ef-

ficiency with guaranteed reliability. With adaptive transmission, the transceiver can

adjust its transmission scheme with the prevailing channel quality, while maintaining

an acceptable bit error rate (BER) performance [11,12]. Typically, higher rate trans-

mission schemes are used when the channel condition is favourable, while lower rate

or no transmission applies when channel quality is poor. As a result, the transmission

rate varies with the instantaneous realization of the received SNR. The optimal rate

used and the associated thresholds that maximize the average spectral efficiency is

discussed in [13]. In practice, AMC has been incorporated in several current and

emerging wireless communication systems [14–17].
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1.3 Thesis Outline

Chapter 2 investigates the statistics of transmission time with AMC over block fad-

ing channels, where the transmission slot is assumed to be fixed-length channel

coherence time and Markov fading channels, where the transmission slot is

exponential-length. For block fading channels, the exact and approximate CDF

expressions are presented. For Markov channel, assuming data transmission

completed within one or two slots, the exact PDF of transmission time is also

obtained. If the data transmission experiences medium level fading, we apply

the mixture model to estimate the PDF of transmission time. If channel in-

troduces fast fading, or equivalently, the data amount is large, we propose an

analytical framework to approximately evaluate the statistics of transmission

time.

Chapter 3 derives the PDF of EDT of SU transmission with interweave cognitive

radio implementation and AMC. The EDT consists of a interleaved sequence

of random-length waiting slot and transmission slot. Two spectrum sensing

strategies are considered, namely continuous sensing and semi-periodic sensing.

For certain application, transmission is accomplished in one SU transmission

period. The statistics of EDT for such application is also discussed.

Chapter 4 proposes a discrete-time Markov model to characterize slotted secondary

transmission process. Closed-form solution of collision probability is obtained.

Assuming SU transmission adopts AMC, we then carry out the queueing anal-

ysis based on a two-dimensional-finite-state Markov chain for small-size packet

transmission. The optimal length of secondary slot is solved by maximizing

energy efficiency subject to a collision probability constraint. For large-size

packet transmission, the PMF of EDT for secondary packet transmission is also

derived. The effect of sensing imperfection is also discussed.

Chapter 5 concludes the whole thesis
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Chapter 2

Transmission Time and Energy

Consumption Evaluation for

Adaptive Transmission Systems

2.1 Introduction

Data are generated and collected at an accelerating rate. Over the past decade,

mobile data traffic has been experiencing a compound annual growth rate of over

40%. This growth rate is expected to accelerate in the coming years as the result

of increasing popularity of mobile broadband applications, such as high-resolution

video streaming, remote monitoring, real-time control, and broadband downloading

[18]. The timely processing, delivery, and analysis of these data can bring huge

social and economical benefit [19–21]. With the intensity of ongoing deployment of

wireless systems, much of the big data will be transmitted wirelessly. These big data

applications bring new challenges to the wireless communication system design [22].

To more effectively support the wireless transmission of big data, a novel data-oriented

approach to design and optimize wireless transmission strategies is introduced in [23].

Taking the video traffic as a study case, reference [24] proposes a novel scheduling

policy to assist real-time big data delivery in wireless networks.

The fast growing wireless traffics quickly drive up the energy usage of wireless

systems. Modern communication systems consume 4.7% global electricity produc-

tion and it is predicted that 4.4 terawatt-hours energy will be consumed by about
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100 million small cells deployed by 2020 [25]. 5G system is expected to achieve up to

90% of energy reduction [26]. While energy consumption has always been a serious

concern for wireless transmission, future wireless systems need to achieve even higher

energy efficiency. An accurate energy consumption analysis is essential to develop

energy-efficient solutions for next generation wireless communication systems [27].

In traditional wireless systems, where the communication distance is usually large

(≥ 100 m), circuit power consumption is negligible. However, with the intense on-

going deployment of small cells, WiFi networks, and Wireless Body Area Networks

(WBANs), the wireless nodes are densely distributed, resulting in a smaller commu-

nication distance (≤ 10 m). In such scenario, the circuit power becomes comparable

to the transmit power, or even dominates in the total power consumption. Taking

circuit power into account, several work has analyzed the energy consumption of wire-

less transmission systems. [28] presents a system-level energy model including all the

radio frequency (RF) and analog front-end components and shows that, given the

quality requirement, the energy consumption of wireless system can be reduced by

properly adjusting transmission parameters (e.g. roll-off factor, symbol rate, or signal

center frequency). Under a WBANs scenario, [29] proposes an energy consumption

model and analyzes the trade-off between circuit power and transmit power with a

threshold distance. [30] proposes a novel performance metric in term of the energy

consumption per unit distance, which is optimized to achieve energy-efficient coop-

erative transmission. In [31], an energy-efficient transmission scheduling scheme is

developed for delay-limited bursty data under the assumption that the circuit power

consumption is non-ideal. [32] presents energy consumption models to characterize

Wi-Fi data transmission. The transmission of big data will usually involve multiple

channel coherence time, even for slow fading environment.

With AMC, the modulation/coding scheme is adjusted with instantaneous chan-

nel condition, while maintaining an acceptable bit error rate (BER) performance. As

such, AMC is a suitable candidate for the efficient and reliable transmission of big

data over fading wireless channels. Meanwhile, the transmission time/energy con-

sumption of AMC systems is no longer a constant but a random variable depending

on channel realization. In this chapter, we propose an analytical framework to investi-

gate the transmission time/energy consumption of wireless big data transmission over

fading channels with AMC. We first consider block fading, where transmission rate

is adjusted with channel quality every channel coherence time. We derive the exact
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distribution function of transmission time for both slow and fast fading scenarios. To

reduce the computation complexity, we also obtain an approximate probability mass

function (PMF) of the transmission time in fast fading scenario. Then, we generalize

the analysis to Markov channel case. The exact PDF is derived for slow fading. For

fast fading scenario, the approximate PDF of transmission time is derived. Selected

numerical examples are presented and discussed to illustrate the mathematical for-

mulations. We show that the transmission time with adaptive transmission may vary

dramatically with the prevailing fading channel condition (i.e. Doppler shift or the

average of received SNR).

The statistics of energy consumption for wireless transmission of big data with

AMC under slow/fast fading scenario can be similar obtained. If data transmission

experiences medium level fading, we apply the mixture model to estimate the PDF of

energy consumption. The analytical results will greatly facilitate further analysis of

wireless communication systems in terms of delay performance and energy efficiency.

2.2 System Model

We consider a digital transmission system operating over flat fading wireless chan-

nel, as shown in Fig. 2.1. Specifically, the information bits si are modulated to gen-

erate the transmitted signal x(t). The wireless channel introduces flat fading channel

gain g and additive white Gaussian noise (AWGN) n(t), which leads to the received

signal y(t) = gx(t) + n(t). We assume that the receiver performs coherent detection

on the received signal with perfect channel phase estimation. As such, the instanta-

neous channel quality is characterized by the instantaneous received SNR defined as

γ = |g|2Es

N0
, where Es denotes the symbol energy and N0 is the power spectral density

of additive noise.

The transmission system adopts constant-power, variable-rate adaptive transmis-

sion. In particular, the transmission rate is adaptively adjusted based on the fading

channel quality by using different modulation and coding schemes, while the trans-

mission power remains constant. More specifically, the value range of received SNR

is divided into N regions, Ai = [γi−1, γi), i = 1, ..., N , with γ0 = 0 and γN = ∞.

When the received SNR γ falls in region Ai, the system will use a modulation and

coding scheme with transmission rate Ri bits/symbol, i = 1, 2, · · ·N . Ri can be

calculated as Ri = log2(Mi)RCi
, where Mi and RCi

are the constellation size and
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Figure 2.1: Adaptive modulation and coding systems over fading channels.

coding rate of the ith modulation and coding pair, respectively. The boundary SNRs

γi, i = 1, 2, · · · , N − 1, are typically determined such that the instantaneous BER

for selected modulation and coding pair is below a target BER value, denoted by

BERtar [33]1.

To implement AMC, the receiver needs to estimate the received SNR and deter-

mine which SNR region it falls into. The receiver then feeds back the index of the

chosen modulation scheme to the transmitter via an error-free feedback channel. Af-

ter that, the transmitter and the receiver communicate using the chosen modulation

scheme. The probability of using transmission rate Ri, denoted by πi, can then be

calculated as the probability that γ falls into region Ai, i.e.

πi =

∫ γi

γi−1

fγ(γ)dγ. (2.1)

where fγ(·) represents the PDF of received SNR. The modulation-coding scheme se-

lection should be periodically updated according to the prevailing channel quality,

usually once every channel coherence time Tc. As such, when big data is transmit-

ted with AMC, the transmission rate may vary during the transmission. The total

transmission time will involve multiple channel coherence time. In the following sec-

1As an example, for a general class of uncoded square 2n-QAM modulation scheme. It has been
shown that the instantaneous BER of square 2n-QAM over an AWGN channel with SNR γ can be

approximated by BERn(γ) = 1
5 exp

[

− 3γ
2(2n−1)

]

, n = 1, 2, · · · , N [34]. Therefore, the boundary SNR

to satisfy a target BER value of BERtar can be determined as γi = − 2
3 ln(5BERtar)(2

i+1 − 1), i =
1, 2, · · · , N − 1.
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Figure 2.2: Transmission time with four-state AMC implementation over block fading
channels

tions, we derive the distribution function of the transmission time for block fading

and Markov fading channels.

2.3 Transmission Time Analysis for Block Fading

Channels

In this section, we derive the exact and approximate PMF and CDF of transmis-

sion time for block fading channels. The channel gain of block fading channels remains

constant within a fixed-length time interval in the order of the channel coherence time

Tc, which is a measure of the minimum time required for the magnitude change or

phase change of the channel to become uncorrelated from its previous value. Tc can

be estimated using the maximum Doppler shift, denoted by fD, as 0.2/fD second to

0.4/fD second empirically. We assume that the transmission rate used in each channel

coherence time varies independently from one to another. As such, transmission time

for block fading, denoted by TB
tr , is a discrete random variable consisting of random
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number of Tcs, as illustrated in Fig. 2.2. Here, we assume that the transmission starts

at the beginning of a channel coherence time without loss of generality.

2.3.1 Exact Expression

Specifically, TB
tr is the sum of random number of intact Tcs and one partial Tc.

the length of TB
tr depends on the total amount of data Ht and those transmitted over

each coherence time. Mathematically, the transmission time can be formulated as

TB
tr = (L − 1)Tc +

Ht − HB
L−1

R(L)
, L = 1, 2, · · · , (2.2)

where R(L) denotes the transmission rate used in the Lth Tc and HB
L−1 is the amount

of data transmitted over the previous L − 1 Tcs. Note that transmission rate over

each Tc is determined by the corresponding channel realization. Let us assume that,

during the first L − 1 channel coherence times, the received SNR falls into region Ai

ni times, i = 1, 2, · · · , N , and as such, transmission rate Ri is used ni times, where
∑N

i=1 ni = L − 1. Accordingly, HB
L−1 is given by

H
B
L−1 =

N
∑

i=1

niRiTc. (2.3)

Let vector −→n = [n1, n2, · · · , nN ] represent such channel realization. Applying the

block fading assumption, the probability that such channel realization occurs can be

calculated as

Pr[−→n ] =

(

L − 1

n1, n2, · · · , nN

) N
∏

i=1

πni

i , (2.4)

where
(

L−1
n1,n2,··· ,nN

)

= (L−1)!
n1!n2!···nN !

denotes the multinomial coefficient. Eq. (2.4) helps

us arrive at the following PMF of the amount of data transmitted over the first L−1

channel coherence times as

Pr

[

H
B
L−1 = Tc

N
∑

i=1

niRi

]

=

(

L − 1

n1, n2, · · · , nN

) N
∏

i=1

πni

i . (2.5)

It is important to note that data transmission completes in exact L channel co-

herence time if and only if the data transmitted over the first L − 1 coherence time
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Algorithm 1 Calculate F B
Ttr

(t) = Pr[TB
tr < t]

Input Ht, Tc, πi’s, Ri’s
Start cdfT tr = 0

for L = 1 : ⌊3LB
ave⌋ do

for
∑N

i=1 ni = L − 1 do
for k = 1 : N do

HLn = Tc

∑N
i=1 niRi

if Ht − HLn ∈ (0, RkTc] then

Prtemp = πk

[

(

L−1
n1,n2,··· ,nN

)
∏N

i=1 πni

i

]

else
Prtemp = 0

end if
if (L − 1)Tc + Ht−HLn

Rk
< t then

cdfT tr = cdfT tr + Prtemp

end if
end for

end for
end for

Output cdfT tr

HB
L−1 falls into the region (Ht−RkTc, Ht], while rate Rk is used in the Lth Tc. Noting

that rate Rk is used in the Lth channel coherence time with probability πk, we can

determine the PMF of TB
tr , by considering all L values, as

Pr

[

TB
tr = (L − 1)Tc +

Ht − Tc

∑N

i=1 niRi

Rk

]

=







































πk

(

L − 1

n1, n2, ..., nN

) N
∏

i=1

πni

i ,

0 < Ht − Tc

N
∑

i=1

niRi ≤ RkTc;

0, otherwise;

(2.6)

For the special case of L = 1, we have HB
L−1 = 0, which leads to

Pr

[

TB
tr =

Ht

Rk

]

=

{

πk, 0 < Ht ≤ RkTc;

0, otherwise. (2.7)

For L = 2, we have HB
L−1 = R(1)Tc, where R(1) is the rate used in the first Tc and
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equal to Ri with probability πi. The corresponding PMF terms for L = 2 are given

by

Pr

[

TB
tr = Tc +

Ht − RiTc

Rk

]

=

{

πiπk, 0 < Ht − RiTc ≤ RkTc;

0, otherwise.
(2.8)

Accordingly, the exact CDF of TB
tr over block fading channel model, denoted by

F B
tr (t), can be calculated as

F B
tr (t) = Pr

[

TB
tr ≤ t

]

=
∑

L

∑

−→
n

N
∑

k=1

πk

(

L − 1

n1, n2, ..., nN

) N
∏

i=1

πni

i × I(0,RkTc]

(

Ht − Tc

N
∑

i=1

niRi

)

× U
(

t − (L − 1)Tc +
Ht − Tc

∑N

i=1 niRi

Rk

)

, (2.9)

where U [·] denotes unit step function, IA(x) is an indicator function, equal to 1 if

x ∈ A and zero otherwise, and
∑

−→n is carried over all ni ≥ 0, i = 1, 2, · · · , N , subject

to
∑N

i=1 ni = L − 1. In practice, L can not be very large given the increasingly

high transmission rate and finite amount of data. As shown in numerical results,

taking summation over L ∈ [1, ⌊3LB
ave⌋] can achieve sufficient accuracy, where LB

ave =
Ht

Tc

PN
i=1 Riπi

is the average number of channel coherence time required. Algorithm 1

illustrates the procedure of calculating the exact CDF of TB
tr .

2.3.2 Approximate Distribution

When the channel introduces fast fading and Tc is very short compared to total

transmission time, we can arrive at more convenient expression for PMF of TB
tr , by

assuming that data transmission always completes in integer number of channel co-

herence time, (i.e. TB
tr = LTc,). The probability that transmission completes over L

Tc’s equals to the joint probability that data transmitted in previous L−1 Tc’s is less

than Ht, and data transmitted in L Tc’s is greater than Ht, i.e.

Pr
[

TB
tr = LTc

]

= Pr
[

H
B
L−1 < Ht, H

B
L−1 + R(L)Tc ≥ Ht

]

. (2.10)
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Conditioning on channel realization over L channel coherence time and applying the

result in Eq. (2.5), we obtain the approximate PMF of TB
tr as

Pr
[

TB
tr = LTc

]

=

N
∑

k=1

Pr[Ht − RkTc ≤ H
B
L−1 < Ht]πk

=
N
∑

k=1









∑

−→n s.t.
H

B
L−1∈[Ht−RkTc,Ht)

(

L − 1

n1, n2, ..., nN

) N
∏

i=1

πni

i









πk. (2.11)

The inner sum in Eq. (2.11) is carried out over all possible −→n s satisfying that HB
L−1

falls into region (Ht − RkTc, Ht].

2.4 Transmission Time Analysis for Markov Chan-

nel

Inthis section, we derive the PDF of transmission time for Markov channel. We

assume that the wireless channel can be modeled as a homogeneous continuous-time

finite-state Markov chain. We adopt an N -state Markov chain with the ith state

corresponding to the event that the received SNR falls in Ai, i = 1, 2, · · · , N , as illus-

trated in Fig. 2.3. The sojourn time of the Markov chain in state i is an exponential

random variable with average λi calculated as

λi =
πi

lcri + lcri−1
i = 1, 2, · · · , N. (2.12)

where lcri denotes the average level crossing rate with respect to boundary threshold

γi. For Rayleigh fading, we have

lcri =

√

2πγi

γ̄
fD exp

(

−γi

γ̄

)

. (2.13)

where γ̄ is the average received SNR. The PDF of the sojourn time in state i is given

by

fTi
(t) =

1

λi

exp

(

− t

λi

)

. (2.14)
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Figure 2.3: Illustration of continuous-time Markov channels with rate adaptation and
corresponding Markov chain model.

The transition rate from state i to its neighbouring states, denoted by qi−1|i and qi+1|i,

can be respectively calculated as

qi−1|i =
lcri−1

πi

, qi+1|i =
lcri

πi

. (2.15)

It follows that the transition probability from state i to state i − 1 and i + 1 are

calculated as

pi−1|i =
qi−1|i

qi−1|i + qi+1|i

=
lcri−1

lcri−1 + lcri

,

pi+1|i =
qi+1|i

qi−1|i + qi+1|i

=
lcri

lcri−1 + lcri

,

(2.16)
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respectively.

Transmission time over such Markov channel, denoted by TM
tr , is a sequence of

random-length slots, each of which is represented by exponential random variable

(See Fig. 2.3). The CDF of TM
tr for a given amount of data Ht is formulated, with

the application of total probability theorem, as

F M
tr (t) = Pr

[

TM
tr ≤ t

]

=
∑

L

Pr
[

TM
tr,L < t, L slots used

]

(2.17)

where TM
tr,L can be in general calculated as

TM
tr,L =

L−1
∑

i=1

T (i) +
Ht −

∑L−1
i=1 R(i)T (i)

R(L)
. (2.18)

Here R(i) denotes the transmission rate over the ith transmission slot and T (i) the

duration of the ith slot, which is modeled as exponential random variables for Markov

channels. Note that L transmission slots are required to finish transmission if and

only if the data transmitted over first L − 1 transmission slots is less than Ht and

that transmitted over L slots is larger than Ht. Therefore, the joint probability

Pr
[

TM
tr,L < t; L slots used

]

, denoted by F M
tr,L(t), can be in general rewritten as

F M
tr,L(t) = Pr

[

L−1
∑

i=1

T (i)+
Ht −

∑L−1
i=1 R(i)T (i)

R(L)
≤ t,

L−1
∑

i=1

R(i)T (i) < Ht,

L−1
∑

i=1

R(i)T (i) + R(L)T (L) ≥ Ht

]

. (2.19)

The corresponding PDF of TM
tr is given by

fM
tr (t) =

∑

L

d

dt
F M

tr,L(t) =
∑

L

fM
tr,L(t). (2.20)

We now derive the F M
tr,L(t)/fM

tr,L(t) for small L and general L separately.

2.4.1 Small L

L = 1 is a special case. For L = 1, the transmission time is equal to Ht

R(1)

with probability that data transmitted over the first period is greater than Ht (i.e.
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R(1)T (1) > Ht). Conditioning on received SNR falls into Ai, R(1) = Ri and T (1) is now

an exponential random variable with average λi, we have Pr
[

TM
tr,1 = Ht

Ri

]

= πie
−

Ht
Riλi .

We can show that

F M
tr,1(t) =

N
∑

i=1

U
(

t − Ht

Ri

)

πie
−

Ht
Riλi . (2.21)

Accordingly, fM
tr,1(t) can be obtained as

fM
tr,1(t) =

N
∑

i=1

δ

(

t − Ht

Ri

)

πie
−

Ht
Riλi , (2.22)

where δ(·) is the unit impulse function.

For L = 2, F M
tr,2(t) is formulated as the joint probability of three events as

F M
tr,2(t) = Pr

[

(

1 − R(1)

R(2)

)

T (1) +
Ht

R(2)
≤ t,

R(1)T (1) < Ht, R(1)T (1) + R(2)T (2) ≥ Ht

]

.

(2.23)

We proceed by conditioning on the channel realization and rewrite TM
tr,2 as

F M
tr,2(t) =

N
∑

i=1

{

Pr
[

(Ri+1 − Ri)T
(1) ≤ tRi+1 − Ht, RiT

(1) < Ht, RiT
(1) + Ri+1T

(2) ≥ Ht

]

pi+1|i

+Pr
[

(Ri−1 − Ri)T
(1) ≤ tRi−1 − Ht, RiT

(1) < Ht, RiT
(1) + Ri−1T

(2) ≥ Ht

]

pi−1|i

}

πi.

(2.24)

Let F+
i (t) = Pr

[

(Ri+1−Ri)T
(1) ≤ tRi+1−Ht, RiT

(1) < Ht, RiT
(1) +Ri+1T

(2) ≥ Ht

]

and F−
i (t) = Pr

[

(Ri−1−Ri)T
(1) ≤ tRi−1−Ht, RiT

(1) < Ht, RiT
(1)+Ri−1T

(2) ≥ Ht

]

.

F+
i (t) can be further rewritten as

F+
i (t) = Pr

[

T (1) ≤ tRi+1 − Ht

Ri+1 − Ri

, T (1) <
Ht

Ri

, T (2) ≥ Ht − RiT
(1)

Ri+1

]

. (2.25)

Note that given the channel was in state i in the first transmission slot and then
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transit to state i + 1 in the second slot, the duration of the first slot T (1) will be

an exponential random variable with average λi and that of the second slot T (2) will

be another exponential random variable with average λi+1. Therefore, applying the

PDFs of T (1) and T (2), F+
i (t) can be calculated as

F+
i (t) =











































0, t ≤ Ht

Ri+1
;

∫

tRi+1−Ht
Ri+1−Ri

0

∫ ∞

Ht−Rix

Ri+1

fTi
(x)fTi+1

(y)dxdy,
Ht

Ri+1

< t ≤ Ht

Ri

;

∫
Ht
Ri

0

∫ ∞

Ht−Rix

Ri+1

fTi
(x)fTi+1

(y)dxdy, t >
Ht

Ri

F+
i (t) =



































0, t ≤ Ht

Ri+1

;

Ri+1λi+1

Riλi − Ri+1λi+1

e
−

Ht
Ri+1λi+1

[

e
(Riλi−Ri+1λi+1)(tRi+1−Ht)

Ri+1λi+1λi(Ri+1−Ri) − 1

]

,
Ht

Ri+1

< t ≤ Ht

Ri

;

Ri+1λi+1

Riλi − Ri+1λi+1
e
−

Ht
Ri+1λi+1

[

e
(Riλi−Ri+1λi+1)Ht

Ri+1λi+1Riλi − 1

]

, t >
Ht

Ri

,

(2.26)

Similarly, F−
i (t) can be calculated, while noting that T (2) will be an exponential

random variables with average λi−1, as

F−
i (t) =



























































0, t ≤ Ht

Ri

;

Ri−1λi−1

Riλi − Ri−1λi−1
e
−

Ht
Ri−1λi−1

[

e
(Riλi−Ri−1λi−1)Ht

RiλiRi−1λi−1

− e
(Riλi−Ri−1λi−1)(tRi−1−Ht)

Ri−1λi−1λi(Ri−1−Ri)

]

,
Ht

Ri

< t ≤ Ht

Ri−1
;

Ri−1λi−1

Riλi − Ri−1λi−1
e
−

Ht
Ri−1λi−1

[

e
(Riλi−Ri−1λi−1)Ht

Ri−1λi−1Riλi − 1

]

, t >
Ht

Ri−1
,

(2.27)

After substituting Eq. (2.26) and Eq. (2.27) into Eq. (2.23) and taking the derivative
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with respect to t, fM
tr,2(t) is given by

fM
tr,2(t) =

N
∑

i=1

{

Ri+1

λi(Ri+1 − Ri)
e
−

Ht
Ri+1λi+1 e

(Riλi−Ri+1λi+1)(tRi+1−Ht)

Ri+1λi+1λi(Ri+1−Ri) (2.28)

[

U
(

t − Ht

Ri+1

)

− U
(

t − Ht

Ri

)]

pi+1|i (2.29)

+
Ri−1

λi(Ri − Ri−1)
e
−

Ht
Ri−1λi−1 e

(Riλi−Ri−1λi−1)(tRi−1−Ht)

Ri−1λi−1λi(Ri−1−Ri) (2.30)

[

U
(

t − Ht

Ri

)

− U
(

t − Ht

Ri−1

)]

pi−1|i

}

πi. (2.31)

For L = 3, by conditioning on the channel realization, F M
tr,3(t) can be calculated

as

F M
tr,3(t) =

N
∑

i=1

∑

j

∑

k

Pr

[

Ti + Tj +
Ht − RiTi − RjTj

Rk

≤ t,

RiTi + RjTj < Ht, RiTi + RjTj + RkTk ≥ Ht

]

πipj|ipk|j,

(2.32)

where j = i + 1/i− 1 and k = j + 1/j − 1. Let X = Ti + Tj and Y = RiTi + RjTj . It

can be rewritten by

F M
tr,3(t) =

N
∑

i=1

∑

j

∑

k

Pr

[

X +
Ht − Y

Rk

≤ z, Y ≤ Ht, Y + RkTk ≥ Ht

]

πipj|ipk|j.

(2.33)

The joint PDF of X and Y, denoted by fXY(x, y), is solved via its Jacobian and given

by

fXY(x, y) =
fTi

(

Rjx−y

Rj−Ri

)

fTj

(

Rix−y

Ri−Rj

)

|Rj − Ri|
=

exp
[

− Rjx−y

λi(Rj−Ri)

]

exp
[

− Rix−y

λj(Ri−Rj)

]

λiλj |Rj − Ri|
. (2.34)
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Figure 2.4: Integral regions when 1
Rk

> 1
Rj

> 1
Ri

.

The support set for Eq. (2.34) can be determined as

0 <
y

Rj

< x <
y

Ri

< +∞ if
1

Ri

>
1

Rj

,

0 <
y

Ri

< x <
y

Rj

< +∞ if
1

Rj

>
1

Ri

. (2.35)

In general, conditioning on the independent random variable Tk, we obtain

Pr

[

X +
Ht − Y

Rk

≤ z, Y ≤ Ht, Y + RkTk ≥ Ht

]

=

∫ ∫

R

fXY(x, y) exp

(

−Ht − y

Rkλk

)

dR

=

∫ ∫

R

K exp(Ax + By)dR,

(2.36)

with A =
λiRi−λjRj

λiλj(Rj−Ri)
, B =

λj−λi

λiλj(Rj−Ri)
+ 1

λkRk
, and K =

exp
“

−
Ht

λkRk

”

λiλj |Rj−Ri|
. The exact solution
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depends on the rate used in the first, the second, and the third slot determining the

integral region R. Suppose that 1
Rk

> 1
Rj

> 1
Ri

, the integral region is illustrated in

Fig. 2.4. As such, the corresponding conditional probability, denoted by F M
tr,3|k>j>i(t),

can be solved as

F M
tr,3|k>j>i(t) =



















































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
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







0, t ≤ Ht

Ri

;

∫ Ht

RiRk
Rk−Ri

“

t−
Ht
Rk

”

∫
y

Rk
+

“

t−
Ht
Rk

”

y
Ri

K exp(Ax + By)dxdy,
Ht

Ri

< t <
Ht

Rj

;

∫

RjRk
Rk−Rj

“

t−
Ht
Rk

”

RiRk
Rk−Ri

“

t−
Ht
Rk

”

∫
y

Rk
+

“

t−
Ht
Rk

”

y
Ri

K exp(Ax + By)dxdy,

+

∫ Ht

RjRk
Rk−Rj

“

t−
Ht
Rk

”

∫
y

Rj

y
Ri

K exp(Ax + By)dxdy
Ht

Rj

< t <
Ht

Rk

;

∫ Ht

0

∫
y

Rj

y
Ri

K exp(Ax + By)dxdy, t >
Ht

Rk

(2.37)

The formulas for other cases can be obtained by adjusting the integral boundaries

accordingly.

2.4.2 Large L

For the general cases where L ≥ 3, F M
tr,L(t), is formulated as

F M
tr,L(t) = Pr

[

T
M
L−1 +

Ht − H
M
L−1

R(L)
≤ t, H

M
L−1 < Ht, H

M
L−1 + R(L)T (L) ≥ Ht

]

, (2.38)

where TM
L−1 =

∑L−1
i=1 T (i) and HM

L−1 =
∑L−1

i=1 R(i)T (i). To proceed further, we again

condition on the channel realization. Let us consider a particular channel realization

over L transmission slots, where the channel ends in state k over the Lth slot. As

such, R(L) will be equal to Rk based on the mode of operation and T (L) will be an

exponential random variable with mean λk. Suppose also that rate Rj is used nj times

over the first L−1 slots, where
∑N

j=1 nj = L−1. Then, the time duration of the first
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L−1 transmission slots T
M
L−1 will be the sum of n1 random variables with PDF fT1(t),

n2 random variables with PDF fT2(t), ..., and nN random variables with PDF fTN
(t).

Furthermore, HM
L−1 will be the sum of n1 random variables with PDF fT1(t/R1)/R1,

n2 random variables with PDF fT2(t/R2)/R2, ..., and nN random variables with PDF

fTN
(t/RN)/RN . These relationships apply to all channel realizations that leads to

same vector −→n = [n1, n2, · · · , nN ] and channel state in Lth slot. By conditioning on

the channel realization leading to the same −→n and Lth slot state, we arrive at

F M
tr,L(t) =

N
∑

k=1

∑

−→
n

Pr

[

T
M
L−1|−→n +

Ht − HM
L−1|−→n

Rk

≤ t, H
M
L−1|−→n < Ht, H

M
L−1|−→n + RkT

(L) ≥ Ht

]

×Pr[−→n and slot L in state k]. (2.39)

Let F M
tr,L|−→n ,k

(t) denote Pr
[

TM
L−1|−→n

+
Ht−H

M
L−1|−→n

Rk
≤ t, HM

L−1|−→n
< Ht, HM

L−1|−→n
+

RkT
(L) ≥ Ht

]

. In general, calculating F M
tr,L|−→n ,k

(t) is challenging since it is the

joint probability involving correlated events. Essentially, TM
L−1|−→n

=
∑L−1

i=1 T (i) and

HM
L−1|−→n

=
∑L−1

i=1 R(i)T (i) are two linear combinations of one identical set of L − 1

i.n.d. exponential random variables, whose joint PDF is unknown even in the statistic

literature, to the best of authors’ knowledge. To proceed further, assuming multiple

transmission slots are usually needed to complete transmission, we apply central limit

theory to obtain an approximate expression of F M
tr,L|−→n ,k

(t) for moderate value of L.

Specifically, we approximate that TM
L−1|−→n

and HM
L−1|−→n

are jointly Gaussian distributed

random variables (i.e. (TM
L−1|−→n

, H
M
L−1|−→n

) ∼ N (ηx, σ2
x, ηy, σ2

y, ρ)), whose parameters

are derived in Appendix A. The joint PDF of TM
L−1|−→n

and HM
L−1|−→n

is given by

fT
M
L−1|−→n

,HM
L−1|−→n

(x, y) =
1

2πσxσy

√

1 − ρ2

× exp

(

− 1

2(1 − ρ2)

(

(x − ηx)
2

σx
2

− 2ρ
(x − ηx)(y − ηy)

σxσy

+
(y − ηy)

2

σy
2

))

.

(2.40)

By conditioning on the independent random variable T (L), F M
tr,L|−→n ,k

(t) can now be

calculated as

F M
tr,L|−→n ,k(t) =

∫ Ht

0

∫ t−
Ht−y

Rk

−∞

fT
M
L−1|−→n

,HM
L−1|−→n

(x, y) e

“

−
Ht−y

λkRk

”

dxdy. (2.41)
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For Markov channels, the probability of all channel realizations that lead to a vec-

tor −→n over first L−1 slots and state k in the last slot, is challenging to calculate exactly

due to the correlation between channel states over subsequent transmission slots. In

other words, the duration of two consecutive slots is not necessarily independent due

to the memory property of Markov process. In the following, we assume that the num-

ber of transmission slots is large and as such, the possible channel realizations lead to

the same vector −→n are huge. Then the joint probability Pr[−→n and slot L in state k]

can be approximately calculated by neglecting the correlation as

Pr[−→n and slot L in state k] = πk

(

L − 1

n1, n2, · · · , nN

) N
∏

j=1

π
nj

j . (2.42)

After substituting Eq. (2.40) and Eq. (2.42) into Eq. (2.41), taking derivative

with respect to t and much manipulations with the help of [35], we obtain the PDF

of the transmission time when L transmission slots are needed, TM
tr,L, as

fM
tr,L(t) =

N
∑

k=1

∑

−→n

fM
tr,L|−→n ,k(t)πk

(

L − 1

n1, n2, · · · , nN

) N
∏

j=1

π
nj

j , (2.43)

where
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fM
tr,L|−→n ,k(t) =

exp
(

−Ht

Rk

)

exp

(

− (t−
Ht
Rk

−ηx)2σy
2+2ρηyσxσy(t−

Ht
Rk

−ηx)+σx
2ηy

2

2(1−ρ2)σx
2σy

2

)

4πσxσy

√

1 − ρ2

×
√

√

√

√

2π(1 − ρ2)σx
2σy

2

(

σy
2

R2
k

− 2ρσxσy

Rk
+ σx

2
)

× exp











(

(t−
Ht
Rk

−ηx)σy
2+ρηyσxσy

Rk
− (1−ρ2)σx

2σy
2

Rkλk
− ρσxσy(t − Ht

Rk
− ηx) − σx

2ηy

)2

(

σy
2

R2
k

− 2ρσxσy

Rk
+ σx

2
)

2(1 − ρ2)σx
2σy

2











×























erf













(

(t−
Ht
Rk

−ηx)σy
2+ρηyσxσy

Rk
− (1−ρ2)σx

2σy
2

Rkλk
− ρσxσy(t − Ht

Rk
− ηx) − σx

2ηy

)

√

(

σy
2

R2
k

− 2ρσxσy

Rk
+ σx

2
)

2(1 − ρ2)σx
2σy

2

+

√

√

√

√

2(1 − ρ2)σx
2σy

2

(

σy
2

R2
k

− 2ρσxσy

Rk
+ σx

2
)Ht













− erf









(

(t−
Ht
Rk

−ηx)σy
2+ρηyσxσy

Rk
− (1−ρ2)σx

2σy
2

Rkλk
− ρσxσy(t − Ht

Rk
− ηx) − σx

2ηy

)

√

(

σy
2

R2
k

− 2ρσxσy

Rk
+ σx

2
)

2(1 − ρ2)σx
2σy

2































,

(2.44)

where erf(·) is the Gauss error function.

Finally, the distribution function of transmission time, TM
tr , can be evaluated by

substituting Eq. (2.43) into Eq. (2.20) and taking summation over an appropriate

range of integer L. In fact, the average number of slots required can be estimated by

Lave = Ht
PN

j=1 Rjλjπj
. We can achieve satisfactory accuracy by taking summation over

L ∈ [1, ⌊3Lave⌋] as shown in numerical examples.
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2.4.3 What if data transmission experiences medium level

fading?

When the channel introduces medium level fading or the data amount is relatively

large, data transmission completes in several slots. In such scenario, the accurate

mathematical analysis of transmission time becomes very challenging and the condi-

tion for the central limit theorem is not satisfied. Hence, we apply the mixture model

to directly estimate fM
tr (t). Specifically, we use Gamma Mixture Model (ΓMM) [36]

as

fM
tr (t) =

I
∑

i=1

wifΓi
(t), (2.45)

where fΓi
(t) =

β
αi
i

Γ(αi)
tαi−1e−βit is the Gamma PDF and Γ(·) is the Gamma function.

The weights for each Gamma component wi’s satisfying 0 ≤ wi ≤ 1 and
∑I

i=1 wi = 1,

αi and βi are the shape parameter and rate parameter for the ith Gamma component,

respectively. Provided a training data set of size K (e.g. t = [t1, · · · , tK ]), the log-

likelihood function for fM
tr (t) is given by

LfM
tr

(t, w1, · · ·wI , α1, · · · , αI , β1, · · · , βI) = log

[

K
∑

k=1

I
∑

i=1

wi

(

βαi

i

Γ(αi)
tαi−1
k e−βitk

)

]

.

(2.46)

It can be easily seen that the resulting likelihood function for estimating the 3I − 1

parameters w1, · · ·wI−1, α1, · · · , αI , β1, · · · , βI is non-linear and has no closed-form

solution. As such, one can resort to the Expectation Maximization (EM) algorithm [37]

or its variants [38].

2.5 Energy Consumption Analysis

In this section, we present the energy consumption analysis with the framework

proposed in previous sections. We assume that the power consumed in the RF chain

dominates the overall transmitter power consumption. Each component along the

RF chain consumes a certain amount of energy as illustrated in Fig. 2.5. The RF

power consumption is divided into two parts: PA power PAMP and other component

power Pci. PAMP depends on the target transmit power Ptr and can be calculated as
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Rate and/or Power Adaptation

Receiver

Figure 2.5: Illustration of components along the RF chain for adaptive transmission
system over fading wireless channels.

PAMP =
(

ξ

η

)

Ptr, where ξ > 1 is the peak-to-average power ratio of RF signal, which

depends on the chosen modulation scheme, and η < 1 is the draining efficiency of

the PA [39]. Pci characterizes the power consumption of other components, including

filter PFIL, mixer PMIX, and D/A PD2A.

We consider the energy consumption of variable rate adaptation assuming that the

transmission power is fixed to Ptr. The energy consumption for wireless transmission

of big data depends on the number of random-length time slots required to complete

transmission. The total energy consumption, denoted by E , is the sum of the energy

consumed in each slot. The CDF of E for a given amount of data Ht is formulated

using the total probability theorem as

FE(z) =
∑

L

Pr [EL < z; L transmission slots used] , (2.47)

where EL denotes the total energy consumed when L transmission slots are required

for transmission.

Energy consumption over the ith slot E (i) can be calculated as the product of the

transmitter power consumption level over the ith slot P (i) and the duration of the ith

slot T (i) as

E (i) = P (i)T (i). (2.48)

When the channel gain g falls into region j over the ith slot, T (i) is an exponential

random variable with average value λj , and P (i) = Pj . Pj is the power consumption



26

when the jrh transmission mode is used, depending on the modulation scheme used

since the peak-to-average ratio ξ is a function of modulation constellation size. For

squared MQAM, ξj = 3

(√
Mj−1√
Mj+1

)

with Mj being the number of symbols in the

constellation [40]. Specifically, the transmitter power consumption when the jth

transmission mode is adopted is

Pj =
ξj

η
Ptr + Pci, j = 1, 2, · · · , N. (2.49)

When L slots are required to finish transmission, EL is the sum of energy consumed

over the first L − 1 intact slots and that consumed in the last partial slot and hence

EL =

L−1
∑

i=1

E (i) +
Ht −

∑L−1
i=1 R(i)T (i)

R(L)
P (L). (2.50)

The energy consumption over slow/fast block/Markov fading channels can be simi-

larly evaluated.

2.6 Numerical Example

We now present numerical results for the analytical solution. All the analytical and

simulating results are carried out based on the received SNR divided into four regions

corresponding to BPSK, QPSK, 8PSK, 16QAM transmission, (i. e. [R1, R2, R3, R4] =

[1, 2, 3, 4] bits/symbol). The symbol period is 1 µs. The threshold of each region is

calculated using Rayleigh fading (γ ∼ Exp(γ̄), where γ̄ is the average received SNR).

Fig. 2.6 reveals the exact PMF of TB
tr over fast fading channel for different data

amount Ht. We notice that TB
tr varies dramatically around its average value.
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Figure 2.6: Exact PMF (2.8) of transmission time over block fading channels, where
fD = 50 Hz and γ̄ = 15 dB.
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Fig. 2.7 plots the analytical results of approximate PMF of TB
tr and its Monte

Carlo simulation, where a large number of trials were simulated, and the results were

compiled to estimate the PMF of TB
tr . The perfect match between analytical and

simulation results verify our analytical approach.

0.1 0.11 0.12 0.13 0.14 0.15 0.16 0.17 0.18 0.19 0.2
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

t (s)

P
M
F

 

 
Simulation
Analytical result, (2.13)

Figure 2.7: Exact CDF of transmission time over block fading channel versus various
Doppler shift, where the channel coherence time is estimated by Tc = 0.2 ms, γ̄ = 15
dB, and Ht = 3.25 Mb.
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Fig. 2.8 compares the exact CDF expression of TB
tr in Eq. (2.9) and its approxima-

tion assuming fast fading for various data amount. We observe that the approximate

CDF matches the exact CDF well at integer channel coherence time. As such, the

approximate solution can be an effective alternative in TB
tr analysis.
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Figure 2.8: Exact and approximate solution of CDF of TB
tr with different data amount

Ht, where γ̄ = 15 dB and fD = 20 Hz.
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The distribution of TB
tr greatly depends on the average received SNR γ̄, Doppler

shift fD and the data amount Ht. We examine the behaviour of the analytical results

with different parameter settings in Fig. 2.9. The average value of TB
tr increases as Ht

gets larger as the probability of transmission completed within fewer Tc’s decreases.

In fact, the variance of TB
tr slightly increases as well when Ht becomes larger. When

channel quality improves, higher order modulation schemes have more chance to

be used, resulting in smaller values for both the average and variance of TB
tr since

the amount of Tc required decreases (see Fig. 2.9(a)). As Doppler shift reduces,

the length of Tc increases and fewer Tc’s are required. Thus, the variance of TB
tr

increases. However, the average value barely change given the data amount and

channel condition, which is shown in Fig. 2.9(b).
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Figure 2.9: Approximate distribution of TB
tr with various channel average value,

Doppler shift, and data amount.

For Markov channels, the transmission slot is exponentially distributed. If the

channel introduces slow fading and the transmission rate is high, data transmission

will most likely complete over two time slots. The overall PDF of transmission time

can be approximated by fM
tr,1(t) + fM

tr,2(t). Fig. 2.10 plots the analytical PDF and

corresponding simulation results of transmission time for slow fading scenario versus

various average received SNR. The perfect match between the analytical formulation

and Monte Carlo simulation validates our investigation. We observe that the proba-

bility distribution of TM
tr over each sub-region [Ht/Ri+1, Ht/Ri] varies w.r.t. channel

condition. The average value of TM
tr approaches minimum transmission time, Ht

RN

while average received SNR increases.
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Figure 2.10: Monte Carlo simulation verification of analytical expression of PDF for
TM

tr with adaptive modulation over slow fading (e.g. fM
tr (t) ≈ fM

tr,1(t)+fM
tr,2(t)), where

Ht = 0.1 Mb and fD = 50 Hz.

Fig. 2.11 plots both Monte Carlo simulation and analytical expression of PDF of

TM
tr . The good match between simulation and analytical results validate our analytical

framework in evaluating transmission time. As the range of the summation over L

gets larger, the approximation becomes more accurate. However, the computation

grows fast accordingly.
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Figure 2.11: Monte Carlo simulation and analytical result in evaluating Ttr, where
Ht = 5 Mb, fD = 50 Hz, and γ̄ = 15 dB.

It is obvious that the transmission time depends on the channel average value γ̄,

Doppler shift fD and the data amount Ht. Typically, more transmission slots are

required for large-amount data transmission, the average value and variance of TM
tr

increases with increasing Ht. On the other hand, as Doppler shift becomes smaller,

the length of transmission slot increases and less transmission slots are required.

Thus, the variance of TM
tr increases. However, since TM

tr =
∑

i Ti, the average value

barely changes given Ht as revealed in Fig. 2.12.
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Figure 2.12: PDF of Ttr versus different data amount Ht and Doppler shift fD.
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2.7 Concluding Remarks

In this chapter, we proposed an analytical approach to investigate the transmission

time of wireless system with adaptive modulation. Assuming the transmission slot is

of the order of channel coherence time, the exact and approximate PMF and CDF

of the transmission time are derived under block fading model. Then we generalized

our analysis into continuous-time Markov channel, where transmission slots have ran-

dom length. We first assume that channel experiences slow fading or, equivalently,

data amount is small. The PDFs of TM
tr,L for one-slot and two-slot transmission are

derived. By applying central limit theory, the approximate PDF of TM
tr,L is also de-

rived for larger L. Transmission time evaluation can be helpful in both system design

and performance analysis. The statistical results in this work can directly apply to

designing energy efficient communication system or evaluating the delay performance

of various communication systems.

Derivation of Conditional CDF in FM
tr,L(t)

TM
L−1|−→n =

∑L−1
i=1 T (i) and HM

L−1|−→n =
∑L−1

i=1 R(i)T (i) are two linear combination of

L−1 independently non-identically distributed exponential random variables Tl, l =

1, · · · , L − 1. We approximate that TM
L−1|−→n and HM

L−1|−→n are jointly Gaussian dis-

tributed random variables. Specifically, (TM
L−1|−→n

HM
L−1|−→n

) ∼ N (ηx, σ2
x, ηy, σ2

y, ρ).

Given the channel realization, we can directly calculate their marginal first and sec-

ond order statistics as ηx = E

[

TM
L−1|−→n

]

=
∑N

i=1 niλi, σ2
x = V

[

TM
L−1|−→n

]

=
∑N

i=1 niλ
2
i ,

ηy = E

[

H
M
L−1|−→n

]

=
∑N

i=1 niRiλi and σ2
y = V

[

H
M
L−1|−→n

]

=
∑N

i=1 ni (Riλi)
2, where E[·]

and V[·] denote the expectation and variance, respectively. The covariance of TM
L−1|−→n
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and H
M
L−1|−→n , denoted by CT

M
L−1|−→n

H
M
L−1|−→n

, can be calculated as

C
T

M
L−1|−→n

H
M
L−1|−→n

= E

[

T
M
L−1|−→n H

M
L−1|−→n

]

− E

[

T
M
L−1|−→n

]

E

[

H
M
L−1|−→n

]

= E

[(

L−1
∑

l=1

T (l)

)(

L−1
∑

j=1

R(j)T (j)

)]

− E

[

L−1
∑

l=1

T (l)

]

E

[

L−1
∑

j=1

R(j)T (j)

]

= E

[

L−1
∑

l=1

L−1
∑

j=1

R(j)T (j)T (l)

]

−
(

L−1
∑

l=1

E[T (l)]

)(

L−1
∑

j=1

E[R(j)T (j)]

)

=

L−1
∑

l=1

L−1
∑

j=1

R(j)
E[T (j)T (l)] −

L−1
∑

l=1

L−1
∑

j=1

R(j)
E[T (j)]E[T (l)]. (2.51)

If the number of transmission slots is large and as such, the possible channel

realizations lead to the same vector −→n are huge. By neglecting the correlation, T (l)

and T (j) are independent when l 6= j, as such E[T (l)T (j)]−E[T (l)]E[T (j)] = 0 for l 6= j.

Therefore, C
T

M
L−1|−→n

H
M
L−1|−→n

can be rewritten as

C
T

M
L−1|−→n

H
M
L−1|−→n

=
L−1
∑

l=1

R(l)
E[(T (l))2] −

L−1
∑

l=1

R(l)
E

2[T (l)] =
L−1
∑

l=1

R(l)(E[(T (l))2] − E
2[T (l)])

=

L−1
∑

l=1

R(l)
V[T (l)] =

N
∑

i=1

niRiλ
2
i . (2.52)

Hence, by definition, the correlation coefficient can be calculated as

ρ =
C

T
M
L−1|−→n

H
M
L−1|−→n

√

V

[

TM
L−1|−→n

]

√

V

[

HM
L−1|−→n

]

=

∑N
i=1 niRiλ

2
i

√

∑N

i=1 niλ
2
i

√

∑N

i=1 ni(Riλi)2

. (2.53)

As such, F M
tr,L|−→n ,k

(t) can be rewritten as

F M
tr,L|−→n ,k(t)

= Pr

[

T
M
L−1|−→n ≤ t −

Ht − HM
L−1|−→n

Rk

, 0 ≤ H
M
L−1|−→n ≤ Ht, T (L) ≥

Ht − HM
L−1|−→n

Rk

]

,

(2.54)

where we restrict data transmitted to be non-negative.
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Chapter 3

Extended Delivery Time Analysis

for Secondary Transmission with

Rate Adaptation

3.1 Introduction

Radio spectrum scarcity is one of the most significant problems faced by wireless

communication industry nowadays. By exploring existing licensed frequency bands

opportunistically, cognitive radio becomes a promising solution to such problem. Var-

ious implementation strategies exist for opportunistic spectrum sharing [41–47]. With

underlay cognitive implementation, primary user (PU) and secondary user (SU) can

utilize the same spectrum simultaneously as long as the SU-to-PU interference sat-

isfies a certain interference constraint. As such, SU transmitter needs to know the

SU-to-PU channel condition, which can be very challenging in practice. With inter-

weave cognitive implementation, the SU can access the licensed frequency band only

when PU does not occupy it and must vacate the spectrum when PU starts trans-

mission. Therefore, SU transmission causes no interference to PU. Meanwhile, SU

needs to monitor PU activity on the target frequency band and perform spectrum

hand-off adaptively for relinquishing or reaccessing the channel. Typically, multiple

spectrum handoffs are involved to complete the secondary transmission of a given

amount of data, resulting in extra delay. The total information delivery time, termed

as extended delivery time (EDT) [48], would consist of waiting time and transmission
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time. We analyse the EDT of interweave cognitive radio system and investigate its

statistical characteristics, which is essential to delay performance evaluation for SU

transmission.

The concept of EDT was first introduced to derive the throughput bounds and

delay performance of SU in cognitive radio transmission system [48]. Generally, EDT

consists of an interleaved sequence of transmission periods and waiting periods. By

taking into account of the waiting time during secondary packet transmission, EDT

is an important performance metric for cognitive systems. [49] investigates EDT con-

sidering the spectrum sensing error. [50] studies EDT for cognitive radio system with

multiple available channels and multiple SUs. The statistical characteristics of EDT

depend on both spectrum sharing strategy and packet transmission policy. SU can

adopt either work-preserving strategy [49,50], where SU restarts the transmission from

the breaking point without wasting the previous transmission, or non-work-preserving

strategy, where the SU retransmits the whole packet after reaccessing to the chan-

nel. Work-preserving strategy is achievable with the help of rateless codes [10,51,52],

and also applies to the transmission of individually-coded small packets. In [3], the

exact PDF of EDT for secondary packet transmission is derived for work-preserving

strategy.

The delay and throughput analysis for secondary transmission is closely related to

EDT, especially for interweave implementation. [53] investigates the average waiting

time and average service time of the SU in one transmission slot with general primary

traffic model. [54] derives a probability distribution of the service time available to

SU within a fixed period of time. To evaluate the delay performance for secondary

users, [55] proposes a priority virtual queue model. In cooperative wireless commu-

nication scenarios, [56] investigates the probability of successful data transmission

with the hard delay constraints. [57] analyses the end-to-end delay performance of an

interweave cognitive radio network in terms of the quality of service parameters. [58]

carries out a queueing performance analysis for secondary users with dynamic spec-

trum access. A dynamic channel selection method is proposed in [59] to minimize the

delay for secondary transmission in a pre-emptive resume M/G/1 queueing network.

With AMC, which can guarantee reliability, the transmission rate will change with

the channel condition, leading to varying transmission time for fixed-amount data.

Specifically, the implementation of AMC in an underlay fashion was investigated

in [13]. In [60], achievable capacity gain by implementing AMC was analyzed for
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an underlay cognitive radio system. Assuming transmission completes in one SU

transmission period, the BER performance and spectral efficiency for an interweave

cognitive radio system with AMC was investigated in [61] considering PU traffic and

imperfect spectrum sensing. We extend previous work on EDT analysis for secondary

data transmission with AMC. AMC can take advantage of better channel conditions,

resulting in data throughput improvement, with a guaranteed BER [62]. Since SU

can only access the channel when PU is off, throughput improvement is critical in

secondary system design.

In general, the EDT of secondary data transmission depends on the spectrum

sharing policy, data transmission policy, and spectrum sensing strategy. We focus

on analyzing the EDT performance of the secondary data transmission with work-

preserving strategy, practical spectrum sensing, and AMC under an interweave imple-

mentation. In particular, we consider the transmission of both large amount of data,

which requires multiple secondary transmission periods, and data of small amount,

which can be delivered in one period. For the first case, noting the difficulties in ob-

taining the exact solution, we derive the approximate PDF of the transmission time

by applying the central limit theorem.

3.2 System Model

We consider a cognitive transmission system with interweave implementation.

Specifically, SU opportunistically explores a licensed PU channel by transmitting

when PU does not utilize the channel and stopping its transmission whenever PU

transmission occurs. We use a continuous-time two-state Markov chain to describe

PU activity with state space being PU busy and PU idle. The duration of busy

and idle periods are, therefore, modelled as independent, non-identical exponential

random variables with average busy duration λ and average idle duration µ, respec-

tively1.

The transmission decision of SU depends on channel sensing strategy. Here we

focus on two sensing strategies, namely continuous sensing technique [66] and semi-

periodic sensing technique, to guarantee no interference caused by secondary trans-

1Empirical and experimental studies on IEEE 802.11 Wireless LAN (WLAN) support a semi-
Markovian model for various traffic types. Therefore, Markovian model serves as a reasonable
approximation and is widely used in evaluating the performance of secondary packet transmission
in various scenarios [63–65].
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mission. With continuous sensing, SU transmitter continuously senses PU channel

while transmitting and waiting, which could be implemented with matched filter or

energy detector [66]. SU starts its transmission immediately when the channel be-

comes available. Similarly, SU stops its transmission as soon as PU re-occupies the

channel. Continuous spectrum sensing can fully utilize PU channel at the cost of

higher energy consumption and system complexity. For semi-periodic sensing, SU

senses the channel periodically with a fixed period Ts to explore transmission oppor-

tunity. When the channel is sensed free, SU will start or continue its transmission.

Otherwise, SU will wait Ts time period and sense the channel again. In order to avoid

any interference to PU transmission, SU continuously monitors the channel during

its transmission. For both spectrum sensing strategies, the continuous time period

during which SU transmits is referred to as a SU transmission period. Similarly, the

continuous time period during which SU waits is referred to as a waiting period. For

semi-periodic sensing case, the SU waiting period also includes the time when the

channel is available, but the SU has not performed sensing yet. As being illustrated

in Fig. 3.1, the whole time line, in term of secondary transmission, has been classified

as SU transmission period and SU waiting period. With adopted PU model and sens-

ing strategy, SU transmission period and SU waiting period are exponential length

with average µ and λ, respectively. We assume that the sensing result is perfect, and

as such, no interference is caused to PU transmission.

We consider a wireless communication system operating over flat fading chan-

nels, as illustrated in previous chapter. We also assume that secondary transmis-

sion adopts AMC, where the transmission rate measured in bits/symbol remains

unchanged within each SU transmission period. However, between different trans-

mission periods, the transmission rate can be varied on the basis of the secondary

channel quantity. As such, suppose that SU received SNR is divided into N regions,

rate Ri is selected when falls into region Ai with probability πi.

To implement adaptive modulation, SU transmitter sends a pilot signal once the

spectrum sensed free. The receiver estimates the received SNR from the pilot signal

and determines which SNR region it falls into. Then, the receiver feeds back the

index of the selected modulation scheme to the transmitter via an error-free feedback

channel. After that, the transmitter and the receiver will be configured to use identical

modulation scheme.
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PU activities

SU activities with semi-

periodic spectrum sensing

SU transmission periods SU waiting periods

Periods available for secondary transmission

s
T

B

PU is busy PU is idle

SU activities with continuous

spectrum sensing

Figure 3.1: Secondary transmission with continuous spectrum sensing strategy and
semi-periodic spectrum sensing strategy, respectively.

3.3 Extended Delivery Time Analysis

We consider a SU is intended to transmit certain amount of data. The secondary

transmission starts at a random point in time. The EDT of a fixed-amount SU data

transmission can be formulated as: TED = Ttr + Tw, where Ttr is data transmission

time and Tw is total waiting time. Notice that, in general, Tw and Ttr are random

variables. Typically, Tw depends on Ttr, primary user activity and sensing strategies.

Ttr, in turn, relies on data amount and secondary channel condition when PU channel

is available. In the following two subsections, we derive the PDF of EDT considering

both continuous spectrum sensing and semi-periodic spectrum sensing strategies.

3.3.1 Continuous Spectrum Sensing

With Markov PU activities and continuous spectrum sensing, The SU transmission

period, denoted by T , is exponentially distributed with average µ. Similarly, the SU

waiting period, denoted by W , is an exponential random variable with average λ.
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PU activities

PU is on PU is off SU transmits SU waits

Figure 3.2: Secondary transmission when PU is off and on at the start of secondary
transmission with continuous sensing.

The PDF of EDT with continuous sensing, denoted by fC
TED

(t), depends on PU is

on or off at the start of secondary transmission as revealed in Fig. 3.2. We denote

the conditional PDF of EDT when PU is on and off at the beginning of transmission

by fC
TED|on(t) and fC

TED|off(t), respectively, and corresponding CDF by F C
TED|on(t) and

F C
TED|off(t). We have

fC
TED

(t) =
λ

λ + µ
fC

TED|on(t) +
µ

λ + µ
fC

TED|off(t)

=
λ

λ + µ

dFC
TED|on(t)

dt
+

µ

λ + µ

dFC
TED|off(t)

dt
,

(3.1)

where λ
λ+µ

and µ

λ+µ
are the probabilities that the PU is on or off at the transmission

start for secondary transmission. The number of waiting periods is same as the num-

ber of transmission periods when PU is on at the beginning of secondary transmission.

Hence, Tw includes L waiting periods if L transmission periods are required to com-

plete transmission as illustrated in Fig. 3.2. Given the data amount Ht, F C
TED|on(t)
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can be formulated as

F C
TED|on(t) =

∑

L

Pr [Ttr,L + Tw,L ≤ t; HL−1 ≤ Ht; HL ≥ Ht] , (3.2)

where Ttr,L and Tw,L are the total transmission time and waiting time when L trans-

mission periods are needed. HL−1 and HL denote the amount of data transmitted

over L−1 and L transmission periods, respectively. It can be easily shown that HL−1

and HL are given by

HL−1 =

L−1
∑

j=1

R(j)Tj , HL = HL−1 + R(L)TL, (3.3)

respectively, where R(j) is the transmission rate adopted in the jth transmission

period without the information of channel realization, which is a random variable (e.g.

R(j) = Ri with probability πi, i = 1, 2, · · · , N). Tj is the jth SU transmission period

and R(L) is the transmission rate used in the last transmission period. Meanwhile,

Ttr,L depends on the data amount and secondary channel realization. Specifically,

Ttr,L is a sequence of L− 1 intact transmission periods plus one partial transmission

period, since secondary transmission may stop anywhere within the last transmission

period depending on Ht and data transmitted over previous L−1 transmission periods.

Hence, we obtain

Ttr,L =
L−1
∑

j=1

Tj +
Ht − HL−1

R(L)

= TL−1 +
Ht − HL−1

R(L)
≤ TL, (3.4)

where TL−1 =
∑L−1

j=1 Tj represents the total length of L − 1 transmission periods.

Similarly, Tw,L can be mathematically expressed as

Tw,L =

L
∑

l=1

Wl, (3.5)
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where Wl represents the length of the lth waiting slot. After proper substitution, we

can rewrite the CDF of SU data transmission time as

FC
TED|on(t) =

∑

L

Pr

[

L−1
∑

j=1

Tj +

L
∑

l=1

Wl +
Ht −

∑L−1
j=1 R(j)Tj

R(L)
≤ t;

L−1
∑

j=1

R(j)Tj ≤ Ht;

L−1
∑

j=1

R(j)Tj + R(L)TL ≥ Ht

]

.

(3.6)

To simplify the representation, let F C
TED,L|on(t) denote the probability that Pr

[
∑L−1

j=1 Tj+
∑L

l=1 Wl +
Ht−

PL−1
j=1 R(j)Tj

R(L) ≤ t;
∑L−1

j=1 R(j)Tj ≤ Ht;
∑L−1

j=1 R(j)Tj +R(L)TL ≥ Ht

]

. With

AMC, if the received SNR of the secondary link, denoted by γSU, falls in region Ai

over the jth transmission period, then rate Ri is used. The secondary transmission

with adaptive modulation is revealed in Fig. 3.3. Suppose that packet transmission

completes over L transmission periods and γSU falls into the ith region ni times over

the first L − 1 transmission periods. Hence, rate Ri is used ni times i = 1, 2, · · · , N .

Here, let us define the vector −→n = [n1, ..., nN ], where
∑N

i=1 ni = L − 1. HL−1, given

a certain channel realization represented by −→n , can be rewritten as

HL−1|−→n =

L−1
∑

j=1

R(j)Tj =

N
∑

i=1

Ri

(

ni
∑

d=1

Td

)

. (3.7)

Note that, Rj is the rate used in the jth transmission period provided channel real-

ization, which is considered constant. Therefore, HL−1|−→n is the summation of L − 1

independent but not necessarily identical exponential random variables. Further-

more, if γSU falls into region Ak over the last transmission period, then Rk is used

(i.e. R(L) = Rk). By conditioning on the channel realization of the L SU transmission

periods, F C
TED,L|on(t) can be rewritten as

F C
TED,L|on(t) =

∑

−→
n

N
∑

k=1

Pr

[

L−1
∑

j=1

Tj +

L
∑

l=1

Wl +
Ht − HL−1|−→n

Rk

≤ t; HL−1|−→n ≤ Ht; HL−1|−→n + RkTL ≥ Ht

]

× Pr

[

N
⋃

i=1

(γSU ∈ Ai)
ni ; γSU ∈ Ak

]

(3.8)

where
∑

−→n represents the summation of all the possible combinations of ni’s satisfying
∑N

i=1 ni = L − 1,
[
⋃N

i=1 (γSU ∈ Ai)
ni ,γSU ∈ Ak

]

denotes the event that the received



46

1g

2g

3g

1A

2A

3A

4A

SUg

Start of

transmission

End of

transmission

1n2n 3n 4n

L-1 intact transmission slots 1 2 3 4 1n n n n L+ + + = -

One partial

transmission period

SU transmits with rate R1 SU transmits with rate R2 SU transmits with rate R3 SU transmits with rate R4

PU is busy PU is idle SU waits for transmission

PU activities

SU activities

Figure 3.3: SU transmission with four-state AMC under continuous sensing strategy.

SNR of secondary channel falls into region Ai totally ni times, i = 1, 2, · · ·N , over

the first L− 1 periods and region Ak in the last transmission period. Note that, due

to the existence of waiting period, the duration of transmission periods is modeled by

independent, not necessarily identical exponential random variables. After applying

multinomial distribution with the independent fading assumption, we can show that

Pr

[

N
⋃

i=1

(γSU ∈ Ai)
ni , γSU ∈ Ak

]

= πk

(

L − 1

n1, ..., nN

) N
∏

i=1

πni

i . (3.9)

Thus, F C
TED|on(t) can be expressed as

F C
TED|on(t) =

∑

L

F C
TED,L|on(t) =

∑

L

N
∑

k=1

∑

−→n

F C
TED,L|−→n ,k,on(t) × πk

(

L − 1

n1, ..., nN

) N
∏

i=1

πni

i ,

(3.10)

where F C
TED,L|−→n ,k,on

(t) denotes the joint probability that Pr
[
∑L−1

j=1 Tj +
∑L

l=1 Wl +
Ht−HL−1|−→n

Rk
≤ t; HL−1|−→n ≤ Ht; HL−1|−→n + RkTL ≥ Ht

]

. The corresponding PDF,
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fC
TED|on(t), is given by

fC
TED|on(t) =

dFC
TED|on(t)

dt
=
∑

L

N
∑

k=1

∑

−→
n

fC
TED,L|−→n ,k,on(t)×πk

(

L − 1

n1, ..., nN

) N
∏

i=1

πni

i , (3.11)

where fC
TED,L|−→n ,k,on

(t) =
dF C

TED,L|−→n ,k,on
(t)

dt
.

Note the difficulties obtaining the exact solution of F C
TED,L|−→n ,k,on

(t), assuming that

multiple secondary transmission slots are needed to complete transmission, we apply

the central limit theory to approximate the time duration required and data transmit-

ted by two jointly Gaussian random variables as XL|on =
∑L−1

j=1 Tj+
∑L

l=1 Wl; YL|−→n ,on =
∑L−1

j=1 RjTj . Then, XL|on and YL|−→n ,on are jointly Gaussian distributed whose first and

second order moments are ηx = (L−1)µ+Lλ, σx
2 = (L−1)µ2+Lλ2, ηy = µ

∑N
i=1 niRi

and σy
2 = µ2

∑N

i=1 niR
2
i . The correlate coefficient, denoted by ρ, can be calculated

as (See Appendix A)

ρ =
µ2
∑N

i=1 niRi

√

(L − 1)µ2 + Lλ2

√

µ2
∑N

i=1 niR2
i

. (3.12)

Then F C
TED,L|−→n ,k,on

(t) can be rewritten as

F C
TED,L|−→n ,k,on(t) = Pr

[

X on
L ≤ t −

Ht − Yon
L|−→n

Rk

; 0 ≤ Yon
L|−→n ≤ Ht; TL ≥

Ht −Yon
L|−→n

Rk

]

,

(3.13)

where we restrict the data transmitted to be non-negative.

Consequently, conditioning on the independent random variable TL, the condi-

tional PDF f on
TED|L,−→n

(t) can be calculated as

fC
TED,L|−→n ,k,on(t) =

dFC
TED,L|−→n ,k,on

(t)

dt

=

∫ Ht

0

fXL|on,YL|−→n ,on

(

t − Ht − y

Rk

, y

)

fTL

(

−Ht − y

µRk

)

dy, (3.14)

where fXL|on,YL|−→n ,on
(·, ·) is the PDF of two jointly Gaussian random variables. With
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the help of [35], the conditional PDF is given by

fC
TED,L|−→n ,k,on(t) =

exp
(

−Ht

Rk

)

exp

(

− (t−
Ht
Rk

−ηx)2σy
2+2ρηyσxσy(t−

Ht
Rk

−ηx)+σx
2ηy

2

2(1−ρ2)σx
2σy

2

)

4πσxσy

√

1 − ρ2

×
√

√

√

√

2π(1 − ρ2)σx
2σy

2

(

σy
2

R2
k

− 2ρσxσy

Rk
+ σx

2
)

× exp






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
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− ρσxσy(t − Ht

Rk
− ηx) − σx
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erf
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2
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√

(
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2
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k

− 2ρσxσy
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)
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2σy

2


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
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
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


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

,

(3.15)

where erf[·] is the Gaussian error function.

When PU is off at the instant of packet arrival, the only difference here is that

total waiting time has one less waiting slot as illustrated in Fig. 3.2. One can directly

obtain fC
TED,L|−→n ,k,off

(t) by replacing ηx, σx
2 and ρ in Eq. (3.15) accordingly. The PDF
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Figure 3.4: Monte Carlo simulation verification for the analytical PDF of EDT with
continuous sensing (Ht = 30 kb, γ̄ = 15 dB, µ = 1 ms, λ = 3 ms).

of EDT for secondary packet transmission with AM is finally obtained as

fC
TED

(t) =
∑

L

∑

−→n

N
∑

k=1

(

λ

λ + µ
fC

TED,L|−→n ,k,on(t) +
µ

λ + µ
fC

TED,L|−→n ,k,off(t)

)

× πk

(

L − 1

n1, ..., nN

) N
∏

i=1

πni

i . (3.16)

We then present selected numerical results to verify and illustrate our analytical

solutions. We assume that the secondary system adopts an AMC system with trans-

mission rates [R1, R2, R3, R4] = [1, 2, 3, 4] bits/symbol, corresponding to BPSK,

QPSK, 8PSK and 16QAM modulation schemes, respectively. The symbol period is
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1µs. We also assume that the channel gain of secondary link follows Rayleigh distri-

bution. As such, SU received SNR follows exponential distribution with average γ̄,

(i.e. γSU ∼ Exp(γ̄)). Identical AMC implementation is applied throughout the whole

chapter.

Fig. 3.4 compares the analytical results for the PDF of EDT for SU packet

transmission with those obtained by Monte Carlo simulation, where a cognitive radio

system is simulated with randomly generated PU on/off duration decided by param-

eter µ and λ. The simulation and the analytical results match well, which validates

our analytical approach for moderate value of L. In fact, the EDT of SU transmission

greatly depends on PU activity and transmission slots required. Fig. 3.5(a) reveals

the PDF of TED with different packet size Ht and secondary link quality γ̄. Intuitively,

as Ht increases, more transmission slots are required, thus, both average value and

variance of TED increase. Higher order modulation and coding schemes are used more

frequently for larger γ̄, which results in shorter TED. As shown in Fig 3.5(b), for large

value of λ, SU wastes more time in waiting for transmission. For large value of µ, SU

can access the channel for longer duration, resulting in shorter EDT.

3.3.2 Semi-periodic Spectrum Sensing

With semi-periodic spectrum sensing, SU continuously monitors the PU channel

while transmitting and periodically senses for transmission availability with constant

period Ts. Therefore, TED is the summation of a continuous random variable Ttr and

discrete random variable Tw. Noting that, total waiting time Tw depends on total

transmission time Ttr, the PDF of TED can be obtained by taking the distribution

of Tw into account while conditioning on the distribution of Ttr. Hence, the PDF of

EDT with semi-periodic spectrum sensing, denoted by fP
TED

(t) can be calculated by
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conditioning on the transmission time as

fP
TED

(t)

=
∑

L

fP
TED,L(t)

=
∑

L

∞
∑

m=1

fP
TED,L(t|Tw,L = mTs) Pr [Tw,L = mTs]

=
∑

L

∞
∑

m=1

fM
Ttr,L

(t − mTs) Pr [Tw,L = mTs]

=
∑

L

∞
∑

m=1

[

N
∑

k=1

∑

−→n

πk

(

L − 1

n1, ..., nN

) N
∏

i=1

πni

i fM
Ttr,L|−→n ,k(t − mTs)

]

Pr [Tw,L = mTs] ,

(3.17)

where fM
Ttr,L|−→n ,k

(t) is given by Eq. (2.44). Pr
[

Tw,L = mTs

]

denotes the probability

that Tw,L is equal to m sensing periods. Specifically, the probability mass function

(PMF) of Tw,L depends on whether the primary user is transmitting or not at the

start of secondary transmission. The number of sensing periods in Tw,L when PU is

off is one less than those when PU is on. Conditioning on that PU is on and off at

the start of secondary transmission, we can calculate Pr [Tw,L = mTs] as

Pr [Tw,L = mTs] =
λ

λ + µ
Pr
[

Tw,L|on = mTs

]

+
µ

λ + µ
Pr
[

Tw,L|off = mTs

]

, (3.18)

where Tw,L|on and Tw,L|off denote the total waiting time given that PU is on or off

at the start of secondary transmission, respectively. Pr
[

Tw,L|on = mTs

]

is actually

the probability that it takes m sensing periods to find out exactly L times that

PU is off. Applying the result of negative binomial distribution, we can compute

Pr
[

Tw,L|on = mTs

]

as

Pr
[

Tw,L|on = mTs

]

=

(

m − 1

L − 1

)

(1 − βon)
Lβm−L

on , (3.19)

where βon is the probability that provided PU was on at the previous sensing instant,

PU is also on at current sensing instant. While PU is modelled by a continuous-time

Markov chain with transition rate µ and λ, βon does not equal to the stationary

probability that PU on. The reason is that SU will sense the channel again at current
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instant only after the channel is sensed busy at the previous sensing instant. Hence,

βon is calculated as the probability that given PU was on at certain point in time, the

PU is again on after a time interval Ts. Note that there is a chance that PU turns off

and then turns back to on between two sensing instants. According to the property of

two-state-continuous-time Markov chain model for PU, βon can be calculated as [67]

βon =
λ

λ + µ
+

µ

λ + µ
e(−

µ+λ
µλ

Ts). (3.20)

Similarly, in case of PU is off at the instant of packet arrival, the number of waiting

periods is one less than the number of transmission periods. Thus, we can compute

Pr
[

Tw,L|off = mTs

]

as

Pr
[

Tw,L|off = mTs

]

=

(

m − 1

L − 2

)

(1 − βon)
L−1βm−L+1

on . (3.21)

After substituting Eq. (3.18) into Eq. (3.17) and several carrying out manipulations,

the PDF of EDT for secondary transmission with AMC and semi-periodic spectrum

sensing strategy under interweave cognitive radio implementation is obtained as

fP
TED

(t) =
∑

L

∑

−→
n

N
∑

k=1

[

πk

(

L − 1

n1, ..., nN

) N
∏

i=1

πni

i

∞
∑

m=1

fM
Ttr,L|−→n ,k(t − mTs)

]

×
[

λ

λ + µ

(

m − 1

L − 1

)

(1 − βon)
Lβm−L

on +
µ

λ + µ

(

m − 1

L − 2

)

(1 − βon)
L−1βm−L+1

on

]

.

(3.22)

Fig. 3.6 compares the analytical results for the PDF of EDT for secondary data

transmission with those obtained by Monte Carlo simulation, where a cognitive radio

system is simulated with randomly generated PU on/off duration decided by param-

eter µ and λ. We observe that when Lave is large, the simulation and the analytical

results match well, which validates our analytical approach. When the parameters

Ht, γ̄ and µ lead to small Lave, the secondary packet transmission completes in a few

periods, resulting in inaccurate analytical PDF of Ttr, as shown in Fig. 3.6 (b).

Fig. 3.7(a) plots the PDF of EDT for SU transmission with various parameters

for PU activities. As we can see, increasing λ causes the mass of the PDF move to

the right, which implies larger TED on average, since larger λ leads to longer waiting
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Figure 3.6: Monte Carlo simulation verification for the analytical PDF of EDT with
periodic sensing,given by Eq. (3.22), where λ = 3 ms, µ = 1 ms, γ̄ = 15 dB, Ts = 0.1
ms, Ht = 60 kb in (a) and Ht = 30 kb in (b), respectively.



55

time. On the other hand, larger µ helps reduce the TED as SU transmission period

becomes longer on average. The PDF of TED with various Ht and γ̄ is revealed in Fig.

3.7(b). It can be clearly seen that as secondary channel condition becomes better, the

EDT reduced. This is because there are more chances that modulation and coding

schemes with higher rates are used, resulting in fewer transmission periods. As Ht

increases, both average value and variance of TED increase. In fact, for larger Ht,

the average value and variance of both Ttr and Tw increase as more SU transmission

periods are required to complete secondary data transmission. Fig. 3.7(c) shows

the packet delivery time with periodic sensing for various sensing period Ts. It is

interesting to observe that the expectation and variance of TED decreases as Ts gets

smaller. This is because that smaller Ts helps reduce the time lag that PU has vacated

the channel already, but SU has not sensed the channel yet. Note that Ts only effects

the waiting time. Mathematically, for each L, the expectation and variance of Tw|L

slightly decrease with decreasing Ts.

3.3.3 One-shot Transmission

In certain cognitive radio application, the data amount can be so small that one

SU transmission period is sufficient to complete its transmission. Such data may only

contain temperature or humidity measurement, or some other environment index.

In this subsection, we derive the PDF of EDT for small amount data transmission.

Note that, the transmission time is equal to Ht

Ri
, where transmission rate Ri depends

on secondary channel realization. When PU is off at the instant of transmission

initiation, there is no waiting time. The PDF of EDT for one-period transmission

with semi-periodic sensing when PU is off can be calculated as

fP
TED,1|off(t) =

N
∑

i=1

δ

(

t − Ht

Ri

)

πi, (3.23)

where δ(·) is the impulse function. Otherwise, when PU is on at the start of secondary

transmission, a sequence of m sensing periods should be included as waiting time.

Following similar derivation in previous subsections, we derive the PDF of TED for
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Figure 3.7: PDF of EDT for secondary transmission with semi-periodic sensing for
various PU parameters, data amount, secondary link quality and the length of sensing
period.

this case as

fP
TED,1|on(t) =

N
∑

i=1

[

∞
∑

m=1

δ

(

t − Ht

Ri

− mTs

)

(1 − βon)β
m−1
on

]

πi. (3.24)

Thus, the PDF of EDT for one-shot transmission is given by

fP
TED,1(t) =

λ

λ + µ
fTED,1|on(t) +

µ

λ + µ
fTED,1|off(t)

=
N
∑

i=1

{

λ

λ + µ

[

∞
∑

m=1

δ

(

t − Ht

Ri

− mTs

)

(1 − βon)β
m−1
on

]

+
µ

λ + µ
δ

(

t − Ht

Ri

)

}

πi.

Similarly, the PDF of EDT for one shot transmission with continuous sensing can
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be calculated as:

fC
TED,1(t) =

N
∑

i=1

[

µ

λ + µ
δ

(

t − Ht

Ri

)

+
λ

λ + µ
fW

(

t − Ht

Ri

)]

πi

=

N
∑

i=1

[

µ

λ + µ
δ

(

t − Ht

Ri

)

+
1

λ + µ
exp

(

−
t − Ht

Ri

λ

)

U
(

t − Ht

Ri

)

]

πi

(3.25)

where U(·) represents the unit step function. The PDF of one-shot transmission with

semi-periodic sensing when PU is on at the start of secondary transmission is given

in Fig. 3.8. The discrete distribution indicates that Ttr for one-period transmission

is discrete distributed once the corresponding transmission rate is given. In fact,

distribution of TED is actually obtained shifting the distribution of Ttr by mTs, m =

1, 2, · · · and scaling it by the probability Pr[Tw,1 = mTs]. For continuous sensing, the

peaks attribute to the application of AMC.

3.4 Concluding Remarks

We propose an analytical framework to evaluate the extended deliver time of sec-

ondary data transmission with adaptive modulation and coding in this chapter. The

analysis is carried out assuming that SU performs continuous or semi-periodic spec-

trum sensing strategy with work-preserving transmission. Specifically, for continuous

sensing, both transmission time and waiting time are continuous random variables.

The approximate PDF of TED is obtained applying the central limit theorem assum-

ing that service time and data transmitted are jointly Gaussian random variables.

For semi-periodic sensing, the approximate PDF packet transmission time Ttr for a

fixed-amount data transmission is derived by applying the central limit theory. Then

conditioning on the distribution of Ttr, the PDF of EDT is obtained by taking the

discrete distributed waiting time into account.

For certain application with very small data amount, distribution of EDT of one-

shot transmission is also derived in this chapter. Monte Carlo simulation and numeri-

cal results are also included. Simulation results validate our analytical results. These

results will facilitate the design and optimization of secondary systems for diverse

target applications, such as deriving throughput bounds [48] or evaluating secondary

queuing performance by investigating the first and second order moment of EDT
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following the same analytical procedure in [3].

Derivation of Correlation Coefficient Defined in Eq.

(3.12)

We can calculate the correlate coefficient by calculating the covariance, denoted by

Cxy, first.

Cxy

= E

[

X on
L Yon

L|−→n

]

− E [X on
L ] E

[

Yon
L|−→n

]

= E

[(

L−1
∑

j=1

Tj

)(

L−1
∑

d=1

RdTd

)

+

(

L
∑

l=1

Wl

)(

L−1
∑

d=1

RdTd

)]

− E

[

L−1
∑

j=1

Tj +
L
∑

l=1

Wl

]

E

[

L−1
∑

d=1

RdTd

]

= E

[(

L−1
∑

j=1

Tj

)(

L−1
∑

d=1

RdTd

)]

− E

[

L−1
∑

j=1

Tj

]

E

[

L−1
∑

d=1

RdTd

]

, (3.26)

where E[ ] denotes the statistical average. The last equality follows
∑L

l=1 Wl and
∑L−1

d=1 RdTd are independent. Eq. (3.26) can be further simplified into

Cxy = E

[

L−1
∑

j=1

L−1
∑

d=1

RdTjTd

]

−
(

L−1
∑

j=1

E[Tj ]

)(

L−1
∑

d=1

E[RdTd]

)

=
L−1
∑

j=1

L−1
∑

d=1

RdE[TjTd] −
L−1
∑

j=1

L−1
∑

d=1

RdE[Tj ]E[Td]. (3.27)

When j 6= d, we notice that Tj and Td are independent, leading to E[TjTd] =

E[Tj ]E[Td]. Eq. (4.3.2) can be rewritten as

Cxy =

L−1
∑

i=1

Ri

(

E[T 2
i ] − E

2[Ti]
)

= µ2

N
∑

i=1

niRi. (3.28)
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Hence, by definition, the correlation coefficient can be calculated as

ρ =
Cxy

σxσy

=
µ2
∑N

i=1 niRi

√

(L − 1)µ2 + Lλ2

√

µ2
∑N

i=1 niR2
i

. (3.29)



62

Chapter 4

Slotted Secondary Transmission

with Rate Adaptation under

Interweave Cognitive

Implementation

4.1 Introduction

In cognitive radio communication, SU is allowed to communicate over the under-

utilized licensed frequency bands of primary system with opportunistic spectrum

access strategies. Meanwhile, interference caused by secondary transmission must be

appropriately controlled so that the PU’s communication is not significantly affected.

To seek the transmission availability, SU transmitter has to sense PU activity on the

target frequency band. Ideally, SU continuously monitors the target spectrum while

transmitting and waiting [68]. With perfect continuous monitoring, secondary trans-

mission causes no interference to PU, at the cost of higher energy consumption and

implementation complexity. However, it is challenging that SU performs transmission

and spectrum sensing simultaneously. As such, SU can also perform spectrum sensing

on a periodic basis, which leads to lower complexity and at the same time occasional

interference to PU.

In this chapter, we construct Markov models to evaluate SU performance (collision

probability, energy consumption, and queuing performance) under perfect/imperfect
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spectrum sensing, where SU applies a sense-then-transmit protocol and perform spec-

trum sensing on a periodic basis. Such slotted secondary transmission leads to lower

complexity but, at the same time, occasional collision with PU transmission. Sub-

stantial amount of previous work has been carried out in developing practical ac-

cessing strategies with various PU and SU models. Assuming that all the primary

users and secondary user share the same slotted transmission structure, [44] designs a

novel MAC protocol based on optimal and suboptimal spectrum sensing and access-

ing strategies, where the optimization problem is formulated as a partially observable

Markov decision process. [45] proposes optimal and suboptimal access protocol by

maximizing the throughput of secondary transmission subject to the collision prob-

ability constraint, where the SU adopts slotted transmission coupled with periodic

sensing strategy. [69] investigates the average system throughput for a slotted ALOHA

based cognitive system. [70] designs a combined channel sensing and access scheme

for a cognitive ALOHA network and evaluates the performance based on a five-

dimensional Markov model. [71] proposes an optimal sensing order selection strategy

for multiple PUs and multiple SUs cognitive radio network, where the proposed sens-

ing strategy converges to the collision free channel sensing order when the number of

SUs is less than the number of the channels.

The delay and throughput analysis for secondary transmission is also of consid-

erable current research interests. Assuming SU continuously monitors the spectrum

when PU is on and periodically senses while PU is off, [53] investigates the average

waiting time and average service time of SU in one transmission period, under gen-

eral heavy tail and light tail PU traffic models. [54] derives the distribution function

of SU service time over a fixed-length time duration. The analytical result is then

applied to the average delay evaluation for real-time constant-bit-rate traffic. In [58],

a queuing performance analysis is carried out for two-server-single-queue and single-

server-two-queue cases, under a Markov PU traffic model. The maximum arrival

rate that stabilizes the queue with respect to different service rates and interruption

parameters is obtained via a numerical approach. The energy consumption evalu-

ation and energy efficiency analysis are also of great interest. In [72], a stochastic,

energy-aware model is proposed to investigate the optimal spectrum sensing interval

by exploring the tradeoffs between energy consumption and SU throughput. In [73],

the average energy efficiency maximization problem in fading channels is solved as

a joint optimization problem of the spectrum sensing duration and the SU transmit
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power, where collision might occur due to miss detection.

Spectrum sensing is performed before each transmission period as secondary user

transmits with a slotted structure. Thus, sensing error could impact the performance

of secondary transmission. The analytical formulations of the throughput of cognitive

multi-channel MACs with perfect and imperfect sensing are presented in [74], where

a discrete time Markov chain is used to model the number of communicating node

pairs in the MAC protocols. The authors in [75] precisely analyzed the effect of

imperfect sensing on the stability region of the multi-user cognitive radio system. The

condition with sensing errors, for which the identical stability region achieved with

perfect sensing, is also presented. The effects of imperfect channel sensing decisions,

interference from the primary user, are studied in [76] using a Gaussian mixture

model. Joint algorithm for sensing adaptation and opportunistic resource allocation

is proposed in [77] to minimize the total expected cost of the throughput loss and

utilization of unused frequency bands.

Previous work on queuing performance evaluation concentrate on waiting time

analysis while assuming that the packet transmission rate is constant. With adaptive

modulation and coding (AMC), the transmission data rate will be adaptively adjusted

with the channel condition [62]. The queuing performance with AMC in conventional

communication system is studied in [78]. However, with cognitive implementation,

the analytical approach is different since SU has to wait for transmission opportuni-

ties and SU transmission may fail due to collision. In [60], achievable capacity gain by

implementing AMC was analyzed for an underlay cognitive radio system. Assuming

transmission completes in one SU transmission period and imperfect spectrum sens-

ing, the bit error rate (BER) performance and spectral efficiency for an interweave

cognitive radio system with AMC was investigated in [61]. With continuous spectrum

sensing, the statistics of packet service time for SU packet transmission with adaptive

modulation is studied in [79]. In this work, we study the queuing performance for

slotted secondary transmission with AMC.

In this chapter, we consider a single PU and single SU cognitive communication

scenario, where the SU adopts a slotted transmission structure. Collision occurs

with periodic spectrum sensing when PU starts transmission, however, SU has not

sensed the channel yet. Different from previous works, we focus on collision, delay

and throughput analysis of SU with slotted communication protocol. We propose a

discrete-time Markov chain to characterize secondary transmission procedure. Steady
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state probability is obtained to evaluate collision. We propose a two dimensional

Markov model to study the queuing performance for slotted secondary transmission

with AMC. We also study the effect of imperfect spectrum sensing on energy efficiency

and queuing performance of secondary transmission.

4.2 System Model

We assume that SU opportunistically access a PU channel in an interweave fash-

ion. The PU behaviour on the channel is modeled by a two-state homogeneous

continuous-time Markov chain, where state B represents that PU is transmitting

(i.e. channel unavailable for secondary transmission) and state I corresponds that

PU is not transmitting. Researches on IEEE 802.11 Wireless LAN (WLAN) sup-

port a semi-Markov model for various traffic types. As such, Markov model serves

as a reasonable approximation [63–65]. The sojourn time in states B and I follow

independent non-identical (i.n.d.) exponential distribution with average λ and µ,

respectively.

SU employs a slotted transmission strategy as illustrated in Fig. 4.1. SU periodi-

cally senses the PU spectrum with a fixed SU period TS. Each TS is divided into two

phases, sensing phase TI, and transmission phase TII. SU performs spectrum sens-

ing in the sensing phase and makes transmission decision according to the sensing

result. If PU spectrum is sensed busy, SU will wait for TII duration and sense again.

Otherwise, SU starts its transmission immediately during the following TII. Here, we

assume that TS is sufficiently small compared to λ and µ, and as such, the chance

that PU activity changes more than once during one TS is negligible [61, 80, 81]. As

such, if the spectrum is sensed busy, the SU waits in the following TII. If the spec-

trum is sensed free at two consecutive sensing phases, secondary transmission after

the first sensing phase has not collided with PU transmission. However, if the spec-

trum is sensed busy after being sensed free in previous sensing phase, the secondary

transmission has interfered with primary transmission.

We also assume that secondary transmission adopts AMC technique. Here, the

transmission rate measured in bits/symbol remains unchanged in each TII. However,

between different SU periods, the transmission rate can be variant depending on

the secondary channel quality. More specifically, the value range of received SNR

is divided into N + 1 regions each of which corresponds to one possible data rate
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Figure 4.1: Slotted secondary transmission with periodic spectrum sensing strategy
and the structure of SU period.

Ri, i = 0, 1, ..., N . Ri is selected with probability πi as discussed in previous chapters.

4.3 Perfect Sensing Result

In this section, assuming perfect spectrum sensing results, we introduce Markov

modeling of secondary slotted transmission. Close-form solution of stationary prob-

ability is used to investigate the collision probability. The queueing performance for

small-size packet transmission with AMC is evaluated by construct a two-dimensional

Markov chain with proposed secondary transmission model. The analytical results of

EDT for large size packet transmission are also obtained considering both fixed-rate

and variable-rate modulation.
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Figure 4.2: Markov modeling of secondary slotted transmission and state transition
based on PU activity.

4.3.1 Markov Model for Secondary Transmission

We form a three-state discrete-time Markov chain to characterize SU activity,

where state W represents the TS that SU is waiting for transmission, state S that

SU transmits without collision and state C that SU transmission collides with PU

transmission, over a TS, as illustrated in Fig. 4.2. Let Hi denote the PU activity at

the start of ith TS. Assume perfect sensing, we have Hi = 1 if PU is on and Hi = 0

if PU is off. The transition probability from state W to state S is given by

pS|W = Pr[Hi+1 = 0, Hi+2 = 0|Hi = 1]

= Pr[Hi+2 = 0|Hi+1 = 0] Pr[Hi+1 = 0|Hi = 1]

= βoff(1 − βon), (4.1)



68

where βon = Pr[Hi = 1|Hi−1 = 1] is the probability that PU is sensed on at

the sensing instant given PU is also on at previous sensing instant. Accordingly,

βoff = Pr[Hi = 0|Hi−1 = 0] represents the probability that PU is sensed off given

previous sensing result is also off. βon

/

βoff can be calculated as the probability that

PU transmission/waiting duration is larger than TS as [67]

βon = e−
TS
λ , βoff = e−

TS
µ , (4.2)

respectively1. Similarly, the transition probability from state S to state S is calculated

as

pS|S = Pr[Hi+1 = 0, Hi+2 = 0|Hi = 0, Hi+1 = 0]

= Pr[Hi+2 = 0|Hi+1 = 0]

= βoff . (4.3)

Other transition probabilities can be obtained following similar step. Thus, the tran-

sition probability matrix of proposed three-state Markov chain is given by

P =







pS|S pS|W pS|C

pW |S pW |W pW |C

pC|S pC|W pC|C






=







βoff (1 − βon)βoff 0

0 βon 1

1 − βoff (1 − βon)(1 − βoff) 0






. (4.4)

The stationary distribution of the Markov chain can be calculated from the eigen-

vector of P corresponding to eigenvalue one, given by

[(1 − βon)βoff , 1 − βoff , (1 − βon)(1 − βoff)]. (4.5)

After normalization, the stationary distribution of our three-state Markov chain is

obtained as

[pS, pW , pC ] =

[

(1 − βon)βoff

2 − βon − βoff

,
1 − βoff

2 − βon − βoff

,
(1 − βon)(1 − βoff)

2 − βon − βoff

]

. (4.6)

1With continuous PU model and slotted secondary transmission, the exact expression of βoff is
µ

λ+µ
+ λ

λ+µ
e−( 1

λ
+ 1

µ )TS [82]. In our analysis, βoff is approximately calculated by Eq. (4.2). When TS

is small compared to λ and µ, the approximation error is small. For the typical values we choose in
our numerical results (λ = 50 ms, µ = 30 ms), the error is approximately 0.02 when TS = 10 ms.
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Figure 4.3: Correspondence of collision probability and sensing period for various PU
activities.

The Markov model can be verified by solving Markov chain at equilibrium. As an

illustration, for state C

pW pC|W + pSpC|S = (1 − βoff)(1 − βon)
1 − βoff

2 − βon − βoff
+ (1 − βoff)

(1 − βon)βoff

2 − βon − βoff

= pCpW |C

(4.7)

An immediate application of the Markov chain modeling is to evaluate the collision

probability with secondary slotted transmission strategy. Fig. 4.3 plots the collision

probability pC as a function of sensing period TS for different primary transmission

parameters. Larger λ or larger µ results in smaller collision probability. Note that

collision only occurs when PU restarts transmission. We also observe that collision
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Figure 4.4: Secondary transmission with AMC for small-size packet.

probability increases for a longer sensing period as expected by intuition.

4.3.2 Queuing Analysis of Secondary Packet Transmission

In this subsection, we apply the proposed discrete-time Markov chain to evaluate

the queueing performance of secondary packet transmission. We assume that SU

information data is fragmented into equal-size packet. The packet size is chosen such

that j packets can be transmitted over one TII [83] when the primary channel is

available and secondary link can support transmission rate Rj , j = 0, 1, · · · , N − 1,

where R0 = 0 corresponds to SU decides not to transmit due to unacceptable BER

performance. During each TS, at most one packet may arrive at the SU transmitter

with probability pa. The newly arrived packet will be put into a first-in-first-out

(FIFO) buffer with K waiting positions before being delivered over the next available

transmission slot as illustrated in Fig. 4.4. Only those packets that are successfully

received will be removed from the buffer. We also assume that the SU received

SNR remains unchanged over each TS and changes independently afterwords. Let

Ai ∈ {0, 1} represent no arrival or one packet arrival during the ith TS. We have

Pr[Ai = a] =

{

pa, a = 1;

1 − pa, a = 0.
(4.8)
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Figure 4.5: Two-dimensional discrete-time finite state Markov chain model for sec-
ondary transmission with AMC.

Unlike fixed-rate transmission, service time is a dynamic process in adaptive trans-

mission system. Different from conventional adaptive transmission system, service

time is bursty with cognitive radio implementation, since SU has to vacate the chan-

nel when PU transmits. With AMC, the number of packets can be transmitted over

each TS depends on channel availability and quality of secondary link. We denote the

service state of the ith TS as Di, where Di ∈ {S, W, C}.
Let Li denote the instantaneous queue length of ith TS, where Li ∈ {0, 1, ..., K}.

New arrival will be dropped if the queue is full. The queue will be emptied if the

number of queuing packets is less than the rate used. As illustrated in Fig. 4.6, the

recursion of the queue length can be expressed as

Li = min{K, max{0, Li−1 −Di−1} + Ai−1}. (4.9)

To investigate secondary queuing performance, we construct a two-dimensional

Markov chain with state being the (Di,Li) pair, as illustrated in Fig. 4.5. Let

p(Di,Li)|(Di−1,Li−1) denote the transition probability from state (Di−1,Li−1) to state

(Di,Li). Accordingly, the state transition probability matrix, denoted by PQ, is
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organized as

PQ =







P(W,Li)|(W,Li−1) P(W,Li)|(S,Li−1) P(W,Li)|(C,Li−1)

P(S,Li)|(W,Li−1) P(S,Li)|(S,Li−1) P(S,Li)|(C,Li−1)

P(C,Li)|(W,Li−1) P(C,Li)|(S,Li−1) P(C,Li)|(C,Li−1)






, (4.10)

where the (K + 1) × (K + 1) sub-matrix P(Di,Li)|(Di−1,Li−1) is of the form

P(Di,Li)|(Di−1,Li−1) =









p(Di,0)|(Di−1,0) . . . p(Di,0)|(Di−1,K)

...
. . .

...

p(Di,K)|(Di−1,0) . . . p(Di,K)|(Di−1,K)









, (4.11)

with Di−1 ∈ (W, S, C) and Di ∈ (W, S, C). The transition probabilities can be further

simplified, while noting that current service state is only dependent on previous service

state, as

p(Di,Li)|(Di−1,Li−1) = Pr[Di,Li|Di−1,Li−1]

= Pr[Di|Di−1] Pr[Li|Di−1,Li−1]

= pDi|Di−1
pLi|Di−1,Li−1

. (4.12)

pDi|Di−1
can be calculated by the transition probabilities given by Eq. (4.4). Accord-

ingly, Eq. (4.10) is rewritten in a block form as

PQ =







pW |WPN O PN

pS|WPN pS|SPT O

pC|WPN pC|SPT O






, (4.13)
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where O represents (K + 1) × (K + 1) zero matrix. When Di = W or C, SU waits

for channel availability or collision occurs. As such, no packet was assumed to be

successfully transmitted. When Di = S and rate Rj is used, j packets are transmitted

successfully. As derived in Appendix B, sub-matrices PN, PT are given by Eq. (4.14)

and Eq. (4.15), respectively.

PN =























1 − pa 0 0 . . . 0 0 0 . . . 0

pa 1 − pa 0 . . . 0 0 0 . . . 0

0 pa 1 − pa . . . 0 0 0 . . . 0

0 0 pa . . . 0 0 0 . . . 0
...

...
...

...
...

...
...

...
...

0 0 0 . . . 0 0 0 . . . 1























, (4.14)

PT =


































1 − pa (1 − pa)
N
∑

j=1

πj (1 − pa)
N
∑

j=2

πj . . . 0

pa (1 − pa)π0 + pa

N
∑

j=1

πj (1 − pa)π1 + pa

N
∑

j=2

πj . . . 0

0 paπ0 (1 − pa)π0 + paπ1 . . . 0

0 0 paπ0 . . . 0
...

...
...

...
. . .

...

0 0 0 . . . (1 − pa)π1 + paπ2

0 0 0 . . . π0 + paπ1



































(4.15)

The steady state probabilities for PQ, denoted by

φQ = [φW,0, · · · , φW,K, φS,0, · · · , φS,K, φC,0, · · · , φC,K ], (4.16)

is the left eigenvector of PQ corresponding to eigenvalue 1, which can be calculated

by difference equations and normalization equation. The stationary distribution of

queue length can be also found as φk =
∑

D=W,S,C φD,k, k = 0, 1, · · · , K.

Fig. 4.7 compares the analytical results of stationary distribution of the queue

length against corresponding Monte Carlo simulations, where a four-state AM system
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Figure 4.7: Analytical and simulation results on the stationary distribution of queue
length with different sensing periods, primary user parameters and secondary channel
condition, where K = 30 and pa = 0.16.

with transmission rates [R0, R1, R2, R3] = [0, 1, 2, 3] bits/symbol is introduced.

The target BER is set to be 10−3. The received SNR boundaries are set accordingly

as [γ1, γ2, γ3] = [9.39, 13.95, 16.09] dB. We also assume that secondary link introduces

Rayleigh fading with average received SNR γ̄ dB (i.e. fγ(γ) = 1
γ̄
e−

γ
γ̄ ). Identical AMC

implementation is applied throughout this chapter. The perfect match here validates

our analytical approaches. When PU channel is available for secondary transmission,

the probability distribution decreases as k increases based on the assumption that

average arriving rate is less than the average service rate. However, when PU trans-

mits, the queue would continuously build up resulting in higher φK even for a small

packet arriving probability. Smaller λ or larger µ leads to shorter waiting time or
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longer transmission time, which can help reduce the queue length. For larger value of

γ̄, high order transmission rates have more chances to be used, which can increase the

average service rate. Next, we will evaluate the queuing performance with stationary

distribution of the queue length. The packet drop probability is, the one that new

arrival finds out the queue is full, given by Pdrop = pKpa. The average queue-length,

denoted by E[Q], and average throughput, denoted by E[Th], of secondary system

can be calculated as

E[Q] =

K
∑

k=0

kpk, E[Th] = pS

K
∑

k=0

E[S|k]pk, (4.17)

respectively, where pS is the stationary probability that SU transmits without collision

and E[S|k] is the average number of packets been successfully transmitted per Ts given

k packets waiting in the queue. Note that when Li−1 < Di−1, Li−1 packets will be

transmitted over the upcoming slot. E[Th|k] can be calculated as

E[S|k] =







































0, k = 0;

k
∑

i=1

iπi + k

N
∑

j=k+1

πj , 0 < k < N ;

N
∑

i=1

iπi, N ≤ k ≤ K.

(4.18)

The average queue-length, denoted by E[QL], can be calculated as E[QL] =
∑K

k=0 kϕk.

Applying Little’s law, the average queuing delay can be calculated as

E[TQ] =
E[Q]

E[Th]
=

∑K

k=0 kpk

pS

∑K

k=0 E[S|k]pk

. (4.19)

We present the analytical results of secondary queuing performance. More chances

to access the channel (i.e. larger µ or smaller λ) or better secondary link quality helps

increase average throughput and results in lower average queuing time as expected

by intuition (See Fig. 4.8 (a) and Fig. 4.8 (b)). The average delay saturates as input

traffic intensity grows because packets are dropped when queue is full. When average

throughput approaches its maximum, packet drop probability increases sharply as

shown in Fig. 4.8 (c).
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Figure 4.8: Average queuing delay, average throughput and packet drop probability
versus various secondary channel quality and primary user parameters.

4.3.3 EDT analysis for slotted secondary transmission

For large-size packet, multiple TSs are required to complete single packet trans-

mission. As such, packet service time consists of waiting time and transmission time.

We derive the statistics of EDT assuming fixed-rate transmission and variable-rate

transmission in the following subsections.

Fixed-Rate Transmission

Firstly, We derive the PMF of EDT (TED) for a fixed-size packet transmission

with a fixed data rate. TED should include all the waiting periods, collision periods

and transmission periods before transmission completed. Specifically, the statistics of

TED depends on the state of the first TS at the instant of packet arrival as illustrated

in Fig. 4.9. Conditioning on the first TS being in state S, W and C. The PMF of
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Figure 4.9: EDT sequence conditioning on the first slot is in state W , C and S,
respectively.

TED can be calculated as

Pr[TED = LTS] = pW Pr
[

TED|W = LTS

]

+ pS Pr
[

TED|S = LTS

]

+ pC Pr
[

TED|C = LTS

]

,

(4.20)

where Pr[TED|W = LTS], Pr[TED|S = LTS], and Pr[TED|C = LTS] denote the condi-

tional probabilities that the first TS is in state W , S, and C, respectively.

The number of transmission periods needed to complete transmission, denoted by

θ, can be approximately calculated by

θ =

⌈

Ht

RTII

⌉

, (4.21)

where Ht represents the amount of data in a packet, and R is the pre-determined

data rate. Let N·|· denote the number of certain transition of secondary transmission.
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For example, NS|W = a represents that transition from state W to state S occurs a

times. As such, the conditional PMF of TED|W can be written as

Pr[TED|W = LTS] = Pr[NS|S +NC|S +NS|W +NW |W +NC|W +NW |C = L−1], (4.22)

which can be further simplified, while noting NC|S + NC|W = NW |C,as

Pr[TED|W = LTS] = Pr[NS|S + NS|W + NW |W + 2NC|W + 2NC|S = L − 1]

(4.23)

Conditioning on that NS|W = i, i = 1, 2, · · · , θ, Eq. (4.23) is written as

Pr[TED|W = LTS]

=
θ
∑

i=1

Pr[NW |W + 2NC|W = L − 1 − θ − 2(i − 1)] Pr[NS|W = i], (4.24)

while noting NS|S + NC|S = θ and NC|S = NS|W − 1. Applying the statistics of

binomial random variable, we have

Pr[NS|W = i] =

(

θ − 1

i − 1

)

pθ−i
S|Spi−1

C|S. (4.25)

Conditioned on NC|W = j and NW |W = m− j and applying negative-multinomial

distribution, we have

Pr[NW |W + 2NC|W = L − 1 − θ − 2(i − 1)]

=
∑

m, j s.t.
m+2j=L−1−θ−2(i−1)

(

m + i − 1

i − 1, j

)

pi
S|Wpj

C|Wpm−j

W |W . (4.26)

Substituting Eq. (4.25) and Eq. (4.26) into Eq. (4.24), we have

Pr[TED|W = LTS] =

θ
∑

i=1

[

∑

m, j s.t.
m+2j=L−1−θ−2(i−1)

(

m + i − 1

i − 1, j

)

pi
S|Wpj

C|Wpm−j

W |W

]

(

θ − 1

i − 1

)

pθ−i
S|Spi−1

C|S. (4.27)
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Conditioning on that SU transmission starts with C, the first two slots are in state

C and W , respectively. We have

Pr[TED|C = LTS] =

θ
∑

i=1

[

∑

m, j s.t.
m+2j=L−2−θ−2(i−1)

(

m + i − 1

i − 1, j

)

pi
S|Wpj

C|Wpm−j

W |W

]

(

θ − 1

i − 1

)

pθ−i
S|Spi−1

C|S. (4.28)

Conditioning on starting with S, the differences are NS|W = NC|S = i, i = 1, 2, · · · , θ−
1 and NS|W + NS|S = θ − 1. Pr[TED|S = LTS] can be calculated as

Pr[TED|S = LTS] =

θ−1
∑

i=1

∑

m, j s.t.
m+2j=L−θ−2i

[

(

m + i − 1

i − 1, j

)

pi
S|Wpj

C|Wpm−j

W |W

(

θ − 1

i

)

pθ−1−i
S|S pi

C|S

]

+ δ(θ)pθ−1
S|S ,

(4.29)

where δ(·) represents impulse function. δ(θ)pθ−1
S|S is the special case that TED is just a

sequence of θ transmission slots without collision. The final PMF of TED is obtained
as

Pr[TED = LTS] =

(1 − βon)βoff

2 − βon − βoff

{

θ−1
∑

i=1

∑

m, j s.t.
m+2j=L−θ−2i

[

(

m + i − 1

i − 1, j

)

pi
S|W p

j

C|Wp
m−j

W |W

(

θ − 1

i

)

pθ−1−i
S|S pi

C|S

]

+ δ(θ)pθ−1
S|S

}

+
1 − βoff

2 − βon − βoff

θ
∑

i=1

∑

m, j s.t.
m+2j=L−1−θ−2(i−1)

(

m + i − 1

i − 1, j

)

pi
S|W p

j

C|W p
m−j

W |W

(

θ − 1

i − 1

)

pθ−i
S|Spi−1

C|S

+
(1 − βon)(1 − βoff)

2 − βon − βoff

θ
∑

i=1

∑

m, j s.t.
m+2j=L−2−θ−2(i−1)

(

m + i − 1

i − 1, j

)

pi
S|W p

j

C|Wp
m−j

W |W

(

θ − 1

i − 1

)

pθ−i
S|Spi−1

C|S (4.30)

Fig. 4.10 compares the analytical result of TED and corresponding Monte Carlo

simulation. The perfect match validates our analysis. TED depends on the packet

size and PU behaviour. Larger Ht results in longer transmission time, which leads

to even longer waiting time. When SU has more chance to acquire the channel, both

average and variance of TED decreases. (See Fig. 4.11)
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Figure 4.10: Monte Carlo verification of TED analysis (Ht = 8 kb, λ = 30 ms, µ = 10
ms, γ̄ = 20 dB).

Variable-Rate Transmission

When AMC is used, transmission slots required to complete transmission is no longer

constant but a random variable depending on secondary channel quality. θ transmis-

sion slots are needed only if data transmitted over θ−1 transmission slots is less than

packet size Ht, whereas data transmitted over θ transmission slots is greater than the

packet size. The probability that transmission time, denoted by Ttr, is equal to θ TSs

can be formulated as

Pr[Ttr = θTS] = Pr
[

Ht − R(θ)TS ≤ Hθ−1 ≤ Ht

]

, (4.31)
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Figure 4.11: PMF of EDT with fixed-rate transmission for various PU activities and
secondary packet size.

where R(θ) denotes the data rate used in the last transmission slot without channel

information. As such, R(θ) is a random variable (i.e. R(θ) = Rl with probability

πl, l = 1, 2, · · · , N). Hθ−1 denotes the data transmitted over the first θ − 1 periods.

If secondary user received SNR falls into region Al at the θth period, then Rl is used

(i.e. R(θ) = Rl). By conditioning on the channel realization of the θth transmission

period, we have

Pr [Ttr = θTS] =

N
∑

l=1

Pr [Ht − RlTS ≤ Hθ−1 ≤ Ht]πl. (4.32)
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Then Pr [Ttr = θTS] can be calculated by Eq. (2.11) and given by

Pr[Ttr = θTS] =
N
∑

l=1









∑

−→
n s.t.

Hθ−1∈[Ht−RlTS, Ht]

(

θ − 1

n1, n2, ..., nN

) N
∏

i=1

πni

i









πl,

where −→n = [n1, n2, · · · , nN ] represents certain channel realization of the first k − 1

transmission slots satisfying
∑N

i=1 ni = θ − 1. The inner sum is carried out over all
−→n s satisfying that Hθ−1 falls into region [Ht − RlTS, Ht]. The distribution of TED

can be obtained by conditioning on θ as

Pr[TED = LTS] =

∞
∑

θ=1

Pr[TED|θ = LTS] Pr[Ttr = θTS], (4.33)

where Pr[TED|θ = LTS] is the distribution of EDT given θ periods required, shown

in Eq. (4.30). In practical, the value of θ can not be infinity, since the packet

size Ht is fixed. Fig. 4.12 compares the envelope of PMF of TED versus various

secondary channel quality. As channel quality gets better, both average and variance

of TED decreases since less periods are required to complete transmission. Note that,

when channel quality is poor, more time is required to accomplish transmission even

with AM, compared to fixed-rate transmission. This is because that lower rates are

frequently used, or SU decides not to transmit mostly.
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Figure 4.12: PMF of EDT for secondary transmission with four-state AMC.

4.4 Imperfect Spectrum Sensing

SU performs spectrum sensing on the target frequency band to identify transmis-

sion opportunity. Due to the presence of noise, hidden terminals, and other factors,

sensing errors might occur. Sensing errors can greatly affect the performance of sec-

ondary transmission. With slotted transmission protocol, collision occurs when PU

restarts transmission. We investigate SU transmission activity assuming imperfect

spectrum sensing results, where false alarm occurs with probability pf . False alarm

is defined as PU has stopped transmission, however, SU still waits for channel avail-

ability due to sensing errors. Another kind of sensing error miss detection is defined

as the event that PU is transmitting but SU senses the channel to be free. According

to the IEEE 802.22 standard, both false alarm probability and miss detection prob-
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Figure 4.13: Slotted secondary transmission under false alarm.

ability should be less than 0.1 [84]. We first assume that the SU adopts very strict

sensing policy to protect PU transmission. As such, the probability of miss detection

is ignorable [71, 85, 86]. The effect of miss detection will be discussed at the end of

this section. The slotted secondary transmission with false alarm is illustrated in Fig.

4.13.

4.4.1 Markov Model of Secondary Transmission with False

Alam

We form a five-state discrete-time Markov chain to characterize SU activity as-

suming false alarm might occur. Except for state W , S and C, two new states are

formed. If false alarm occurs at the ith sensing phase, SU affirms that collision oc-

curs in the i − 1th TS. We introduce a false collision state, denoted by FC , for such

scenario. Consequently, SU waits in the ith period due to the incorrect sensing result

at the ith sensing phase, which corresponds to a false waiting state, denoted by FW .

The Markov model is illustrated in Fig. 4.14.

State transition depends on the variation of PU activity and sensing results. With
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Figure 4.14: Markov model and state transitions of slotted secondary transmission
with false alarm.

slotted protocol, SU periodically senses PU activity on the target frequency band.

Similarly, let Hi represent PU activity at the ith sensing instant. Hi = 1 if PU is

on and Hi = 0 if PU is off. In addition, H∗
i represents the sensing result at the

ith sensing instant. H∗
i = 1 if the channel is sensed busy, whereas H∗

i = 0 if the

channel is sensed free. We show the proposed Markov chain and illustrate the state

transmission determined by sensing results in Fig. 4.15. The false alarm probability

pf is defined as

pf = Pr[H∗
i = 1|Hi = 0], (4.34)

Accordingly, we can determine the transition probability matrix. As an example, the

transition probability from state FW to state FC is calculated as

p′FC |FW

= Pr[Hi+1 = 0, Hi+2 = 0, H∗
i+1 = 0, H∗

i+2 = 1|Hi = 0, H∗
i = 1]

= Pr[Hi+2 = 0, H∗
i+2 = 1|Hi+1 = 0, H∗

i+1 = 0] Pr[Hi+1 = 0, H∗
i+1 = 0|Hi = 0, H∗

i = 1]

= Pr[H∗
i+2 = 1|Hi+2 = 0] Pr[Hi+2 = 0|Hi+1 = 0] Pr[H∗

i+1 = 0|Hi+1 = 0] Pr[Hi+1 = 0|Hi = 0]

= β2
off (1 − pf )pf ,

(4.35)

where the second equality results from that H∗
i only depends on Hi, and Hi+1 only

depends on Hi. Other transition probabilities can be obtained following similar steps.
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Thus, the transition probability matrix of proposed five-state Markov chain is given

by

P′ =

















p′W |W p′W |S p′W |C p′W |FW
p′W |FC

p′S|W p′S|S p′S|C p′S|FW
p′S|FC

p′C|W p′C|S p′C|C p′C|FW
p′C|FC

p′FW |W p′FW |S p′FW |C p′FW |FW
p′FW |FC

p′FC |W p′FC |S p′FC |C p′FC |FW
p′FC |FC

















=

















βon 0 1 1 − βoff 0

(1 − βon)βoff(1 − pf)
2 βoff (1 − pf ) 0 β2

off (1 − pf)
2 0

(1 − βon)(1 − βoff)(1 − pf) 1 − βoff 0 βoff (1 − βoff)(1 − pf) 0

(1 − βon)pf 0 0 βoffpf 1

(1 − βon)βoff (1 − pf )pf βoffpf 0 β2
off (1 − pf)pf 0

















.

(4.36)

The stationary distribution of the Markov chain can be calculated from the eigen-

vector of P′ corresponding to eigenvalue one. After carrying out manipulations and
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normalization, the stationary distribution of proposed Markov chain is obtained as

[p′W , p′S, p′C , p′FW
, p′FC

] = (4.37)
[

1 − βoff

2 − βon − βoff

,
(1 − βon)βoff(1 − pf)

2

2 − βon − βoff

,
(1 − βon)(1 − βoff)(1 − pf)

2 − βon − βoff

, (4.38)

(1 − βon)pf

2 − βon − βoff

,
βoff (1 − βon)pf(1 − pf )

2 − βon − βoff

]

(4.39)

An immediate application of the Markov chain modeling is to evaluate the suc-

cessful transmission probability. Fig. 4.4.1 (a) plots p′S as a function of SU period

for different false alarm probabilities and PU parameter pairs. We can see that p′S
is smaller for larger false alarm probability as expected by intuition. Larger average

PU busy period λ or smaller average PU idle period µ results in smaller p′S since SU

wastes more time in waiting for channel availability. Fig. 4.4.1 (b) shows the effect

of false alarm probability and PU parameters on the collision probability. Note that

collision only occurs when PU restarts transmission. Hence, larger µ or larger λ leads

to smaller p′C . We also observe that p′C decreases slightly as false alarm probabil-

ity increases. This attributes to that if false alarm occurs right before PU restarts

transmission, secondary transmission will be in state FW or FC instead of state C.
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Figure 4.16: Collision probability/successful transmission probability versus SU pe-
riod for various false alarm probabilities and PU parameters.
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4.4.2 Energy Efficiency of Slotted Secondary Transmission

In this section, we apply the analytical results in previous section to investigate

energy efficiency of secondary transmission by taking sensing energy consumption into

account. SU performs spectrum sensing during the sensing phase and makes trans-

mission decision according to the sensing result in TI. If PU channel is sensed busy,

SU will wait for TII duration and sense again. Otherwise, SU starts its transmission

immediately during the following TII. At the sensing phase, SU performs spectrum

sensing with power Psen, which depends on the target false alarm/mis-detection prob-

ability [87]. The energy consumed in spectrum sensing is calculated as PsenTI. We also

assume that SU transmits with constant power Ptr. Then, if SU decides to transmit,

the energy consumed in transmission is calculated as PtrTII. We obtain the average

energy consumption of slotted secondary transmission as

Eall = (p′S + p′C + p′FC
)PtrTII + PsenTI. (4.40)

If collision or false collision occurs, SU declares a transmission failure and retransmits

the data packet in next transmission availability. Hence, energy consumed in previous

SU period is wasted. Energy consumed in successful transmission is characterized as

ET = p′S(PtrTII + PsenTI). (4.41)

We define the energy efficiency as the ratio of the energy consumed in successful

transmission over the total energy consumption as

Rsuc =
ET

Eall

. (4.42)

Typically, TI is invariant to guarantee a certain sensing reliability, whereas TII can be

adjusted.
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Figure 4.17: Energy ratio of energy consumed in successful transmission over the
total energy consumption, where pf = 0.1, λ = 50 ms and µ = 10 ms.

Fig. 4.17 plots Rsuc as a function of TII for different ratios of transmission power

over sensing power. Rsuc increases at first because both Eall and ET get larger by

similar increment. Rsuc starts decreasing when TII keeps increasing since more energy

is wasted. For larger Ptr

Psen
, Rsuc reaches its maximum at a smaller TII because energy

consumed in transmission increases faster.
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Figure 4.18: Energy ratio versus transmission phase for various false alarm probabil-
ities and PU parameter pairs.

Fig. 4.18 presents the effect of pf on Rsuc for various PU parameter pairs. We

observe that Rsuc is smaller for larger pf as expected intuitively. For larger µ or

smaller λ, Rsuc maximizes to a larger value at a smaller TII mainly because SU has

more chances to transmit successfully.
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Note that the collision probability is a function of SU period, which monotonically

increases in TS, and then in TII. To protect PU transmission, the collision probabil-

ity must be restricted to be smaller than a tolerable collision probability Cmax (i.e.

p′C(TII) ≤ Cmax). Hence, given SU parameters (i.e. Psen, Ptr and TI) and PU parame-

ter pair (i.e. λ and µ), the optimal transmission phase can be determined by solving

the optimization problem, given by

max
TII

Rsuc

s.t. p′C(TII) ≤ Cmax. (4.43)

The first-order derivative of p′C with respect to TII is calculated by

∂p′C(TII)

∂TII
=

[

1
λ
βon(1 − βoff )

2 + 1
µ
βoff(1 − βon)2

]

(1 − pf)

(2 − βon − βoff )2
, (4.44)

which is positive for TII > 0. p′C(TII) is monotonically increasing of TII for fixed

TI. The optimal value of TII is given by T ∗
II = min

[

argmax
TII

Rsuc, p−1′

C (pmax)

]

, where

p−1′

C (·) is the inverse of p′C(·).

4.4.3 Effect of False Alarm on Queuing Performance

In this section, we evaluate the queuing performance of slotted secondary trans-

mission with AMc. We assume that SU information data is fragmented into equal-size

small packets, the size of which is chosen such that j packets can be transmitted over

one TII when the primary channel is available and secondary link can support trans-

mission rate Rj, j = 0, 1, · · · , N . R0 = 0 corresponds to the case that SU decides

not to transmit because of unacceptable secondary link quality. The newly arrived

packets will be put into a first-in-first-out (FIFO) buffer with K waiting positions

before being delivered over the next available transmission phase. New arrivals will

be dropped if the queue is full. Only those packets that are successfully received will

be removed from the buffer. Let Ai ∈ {0, 1, · · · } represent the number of packets

arrived in the ith TS, which is assumed to be poisson distributed. We have

pa = Pr[Ai = a] =
(ηTS)

ae−ηTS

a!
, a = 0, 1, · · · , (4.45)
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where η is the average packet arrival rate.

The service process is independent of the arrival process. We denote the service

state of the ith TS as Di, where Di ∈ {C, W, S, FW , FC}. When Di = W, C, FW or FC ,

no packet was successfully transmitted since SU waits for channel availability or

collision/sensing error occurs. When Di = S and rate Rj is used, j packets are trans-

mitted successfully. Let Li denote the instantaneous queue length at the beginning

of ith TS, where Li ∈ {0, 1, ..., K}. As such, Li depends on Li−1, Di−1 and Ai−1.

Specifically, the queue length will be updated as Eq. (4.9). To investigate secondary

queuing performance, we construct a two-dimensional Markov chain with state being

the (Di,Li) pair. Based on the analysis in the previous subsection, the probability

transition matrix P′
Q is rewritten in a block form as

P′
Q =

















p′W |WP′
N O P′

N p′W |FW
P′

N O

p′S|WP′
N p′S|SP

′
T O p′S|FW

P′
N O

p′C|WP′
N p′C|SP

′
T O p′C|FW

P′
N O

p′FW |WP′
N O O p′FW |FW

P′
N P′

N

p′FC |WP′
N p′FC |SP

′
T O p′FC |FW

P′
N O

















, (4.46)

where O represents (K + 1) × (K + 1) zero matrix. When Di−1 = W, C, FW or FC ,

no packet was successfully transmitted. Hence, Li only depends on Li−1 and Ai−1.

Sub-matrices P′
N can be calculated by

P′
N =























p0 0 0 . . . 0

p1 p0 0 . . . 0

p2 p1 p0 . . . 0

p3 p2 p1 . . . 0
...

...
...

. . .
...

MK MK−1 MK−2 . . . 1























, (4.47)

where Mj denotes the probability that more than j arrivals in TS, given by

Mj =

∞
∑

a=j

pa = 1 − Γ(j + 1, ηTS)

j!
, (4.48)

where Γ(·, ·) is the incomplete gamma function.
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When Di−1 = S, j packets are successfully transmitted if secondary link supports

rate Rj, j = 0, 1, · · · , N . According to Eq. (4.9), P′
T is given by

P′
T =








































p0 p0

N
∑

j=1

πj p0

N
∑

j=2

πj . . . 0

p1 p0π0 + p1

N
∑

j=1

πj p0π1 + p1

N
∑

j=2

πj . . . 0

p2 p1π0 + p2

N
∑

j=1

πj p0π0 + p1π1 + p2

N
∑

j=2

πj . . . p0πN

...
...

...
. . .

...

pK−1 pK−2π0 + pK−1

N
∑

j=1

πj pK−3π0 + pK−2π1 + pK−1

N
∑

j=2

πj . . .
K
∑

i=1

pi−1πi

MK MK−1π0 + MK

N
∑

j=1

πj MK−2π0 + MK−1π1 + MK

N
∑

j=2

πj . . . π0 +
N
∑

j=1

Mjπj









































.

(4.49)

The steady state probabilities of the two-dimensional Markov chain, denoted by

ϕQ = [ϕW,0, · · · , ϕW,K, ϕS,0, · · · , ϕS,K, ϕC,0, · · · , ϕC,K

ϕFW ,0, · · · , ϕFW ,K , ϕFC ,0, · · · , ϕFC ,K ], (4.50)

is the left eigenvector of PQ corresponding to eigenvalue one, which can be calculated

from the forward equations and the normalization equation. The stationary distribu-

tion of queue length can be found as ϕk =
∑

D=W,S,C,FW ,FC
ϕD,k, k = 0, 1, · · · , K.
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Figure 4.19: Analytical and simulation results on the stationary distribution of queue
length with different PU parameters, where K = 30 and γ̄ = 20 dB.

Fig. 4.19 compares the analytical results of stationary distribution of the queue

length against corresponding Monte Carlo simulations. The perfect match here vali-

dates our analytical approaches. For larger µ or smaller λ, since SU can acquire the

PU channel for longer time duration, ϕk is larger for smaller k.

We evaluate the queuing performance in term of throughput, queuing delay and

packet drop rate. The average throughput of secondary system, denoted by E[Th],

can be calculated as

E[Th] = pS

K
∑

k=0

E[Th|k]ϕk, (4.51)

where E[Th|k] is the average number of packets successfully transmitted per SU
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period, given k packets waiting in the queue, which can be calculated as

E[Th|k] =







































0, k = 0;

k
∑

i=1

iπi + k
N
∑

j=k+1

πj , 0 < k < N ;

N
∑

i=1

iπi, N ≤ k ≤ K.

(4.52)

The average queue-length, denoted by E[QL], can be calculated as E[QL] =
∑K

k=0 kϕk. Applying the Little’s law, the average queuing delay E[TQ] can be evalu-

ated by

E[TQ] =
E[QL]

E[Th]
=

∑K

k=0 kϕk

pS

∑K

k=0 E[Th|k]ϕk

. (4.53)

Let Nd denote the number of dropped packets over one TII, whose probability

mass function is calculated as

Pr[Nd = m] =
K
∑

k=0

Pr[Nd = m, k packets in queue]

=

K
∑

k=0

Pr[A = K − k + m]ϕk, (4.54)

where the second equality follows that, given k packets waiting in the queue, m

packets will be dropped only when K − k + m packets arrive. The average number

of dropped packets can be calculated as

E[Nd] =

∞
∑

m=1

m

[

K
∑

k=0

(ηT )K−k+me−ηT

(K − k + m)!
ϕk

]

. (4.55)

Fig. 4.20 (a) shows the average throughput versus arriving rate for various average

SU received SNRs and false alarm probabilities. The throughput saturates as input

traffic intensity grows because packets are dropped when the queue is full. Intuitively,

secondary system suffers throughput loss from spectrum sensing error. In Fig. 4.20

(b), we plot the average queuing delay as a function of average arrival rate. As pf

increases, the average queuing delay gets larger and saturates at a smaller η because

SU has less chances to transmit successfully. For lager γ̄, transmission schemes with
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Figure 4.20: The effect of sensing error on average queuing delay, average throughput
and packet drop probability versus various secondary channel quality.

higher data rate are used more frequently, which helps improve the throughput and

reduce the queuing delay. The queue is filled up at a faster rate for smaller γ̄ because

of the lower throughput. Therefore, the packet drop rate increases more sharply (see

Fig. 4.20 (c)).

4.4.4 Effect of Miss Detection

When the miss detection probability is not zero (i.e. pm = Pr[H∗
i = 0|Hi = 1] 6=

0), we can introduce two new states and construct a seven-state discrete-time Markov

chain to characterize the slotted secondary transmission. The Markov chain modeling

and state definition are presented in Fig. 4.21. State CM corresponds to the case that,

due to miss detection in the ith sensing phase, SU transmits in the ith transmission

phase and causes collision. State CN represents the event that miss detection occurs

in the i+1th sensing phase and the secondary transmission over the ith transmission
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Figure 4.21: Seven-state Markov model of slotted secondary transmission under spec-
trum sensing imperfection.

phase collides with PU transmission. The stationary distribution can be obtained by

solving the forward equations and normalization equation and applied to performance

evaluation.

In particular, the total collision probability can be calculated as P ∗
C = pC +pCM

+

pCN
, where pCM

and pCN
are the stationary probabilities in state CM and state CN ,

respectively. pC characterizes the inevitable collision due to slotted secondary trans-

mission scheme and pCM
+ pCN

accounts for the extra collision because of miss de-

tection. The queueing performance can be evaluated by the tow dimensional Markov

chain approach. Note that, when Di−1 = CM or CN and rate Rj is used, j packets

are transmitted and lost due to miss detection. The transition probability matrix P′′
Q
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is written in a compact form given by

P′′
Q =



























pW |WPN O PN pW |FW
PN O pW |CM

PT O

pS|WPN pS|SPT O pS|FW
PN O pS|CM

PT O

pC|WPN pC|SPT O pC|FW
PN O pC|CM

PT O

pFW |WPN O O pFW |FW
PN PN pFW |CM

PT O

pFC |WPN pFC |SPT O pFC |FW
PN O pFC |CM

PT O

pCM |WPN pCM |SPT O pCM |FW
PN O pCM |CM

PT O

pCN |WPN O O pCN |FW
PN O pCN |CM

PT PT



























. (4.56)

With the stationary distribution of the queue length, the throughput of secondary

transmission can be obtained by Eq. (4.3.2). Arriving packets will be dropped at the

secondary transmitter if the buffer is full. Additionally, buffered secondary packets

will be lost at the secondary receiver due to collision with PU transmission as the

result of miss detection. The total packet loss probability can be evaluated by

P ′′
L = PD + (1 − PD)(pCM

+ pCN
). (4.57)

Accordingly, the average energy consumption can be calculated as

R′′
suc =

pS(PtrTII + PsenTI)

(pS + pC + pFC
+ pCM

+ pCN
)PtrTII + PsenTI

. (4.58)
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Figure 4.22: Effect of sensing imperfection on total collision probability, where λ = 50
ms and µ = 30 ms.

Fig. 4.22 illustrates the effect of sensing imperfection on the total collision prob-

ability. We can see that miss detection dramatically increases the total collision

probability, whereas false alarm reduces total collision probability slightly. There-

fore, to protect PU transmission, the miss detection probability should be made as

small as possible in practice.
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Figure 4.23: Effect of sensing imperfection on secondary throughput, where TS = 2
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Fig. 4.23 presents the secondary throughput as a function of SU packet arrival

rate for various false alarm probability and miss detection probability pairs. We

observe that both false alarm and miss detection have deleterious effect on the sec-

ondary throughput. When SU packet arrival rate is low, buffer overflow barely occurs.

Hence, packet loss due to miss detection is the main factor that reduces secondary

throughput. While SU packet arrival rate grows, packet drop because of buffer over-

flow becomes dominant in limiting the secondary throughput, and the effect of miss

detection diminishes. Meanwhile, false alarm reduces the SU transmission capability

and has more significant impact on secondary throughput. Packet loss due to miss

detection only slightly reduces the secondary throughput when the SU packet arrival

rate is high.
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4.5 Concluding Remarks

We studied secondary transmission performance of slotted transmission. We

first proposed a three-state discrete-time Markov chain to model slotted secondary

transmission with periodic spectrum sensing. The stationary probabilities that SU

waits/transmits/collides with PU transmission are calculated. The Markov model

is then applied to analyze the delay performance of secondary packet transmission.

For short packet transmission, a two dimensional Markov chain is formed to evalu-

ate the queuing delay, average throughput and packet drop probability assuming SU

adopts adaptive modulation. When packet size is large, we derive the PMF of EDT

considering both fixed-rate and variable-rate transmission, respectively.

We propose a five-state discrete-time Markov chain to model slotted secondary

transmission with imperfect sensing. The stationary probabilities are calculated in

closed form to analyze collision probability and SU successful transmission probability.

The stationary distribution is then applied to select optimal transmission phase dura-

tion by maximizing the energy efficiency, subject to a collision probability constrain.

A two dimensional Markov chain is formed to evaluate the throughput, queuing delay

and packet drop rate assuming SU adopts adaptive modulation and coding. We show

that false alarm has significant effect on the secondary throughput, whereas miss de-

tection only notably reduces the secondary throughput when the packet arrival rate

is low.

Derivation of transition probability for two-dimensional

Markov chain

In this appendix, we derive the transition probabilities in PT and PN, respectively.

We firstly derive each entry in matrix PT, denoted by Pr[Li = m|S,Li−1 = n]. Note

that j packets are successfully transmitted when rate Rj is used, which is selected

with probability πj , j = 0, 1, · · · , N . For m = 0, given Di−1 = S and Li−1 = n, n =

0, 1, · · · , K, the queue can not be emptied even the highest rate is used if n > N . If

n ≤ N , Li = 0 only when the secondary link can support rate n or higher as well

as no packet arrives in the i − 1th TS. Hence, the entries in first row in PT can be
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calculated by

Pr[Li = 0|S,Li−1 = n] =















0, n > N ;

(1 − pa)
N−1
∑

j=n

πj , n ≤ N.
(4.59)

If n = 0, based on the queue recursion, m = 1 when one packet arrives in the

i − 1th TS. If 1 ≤ n ≤ N , m = 1 only when n − 1 departures and no arrival, or at

least n packets departed and one packet arrives. If n = N + 1, m = 1 only when

highest rate, RN , is used and no packet arrives. For n > N + 1, m can not be one.

Then, the entries in second row can be calculated as

Pr[Li = 1|S,Li−1 = n] =






































pa, n = 0;

(1 − pa)πn−1 + pa

N−1
∑

j=n

πj , 1 ≤ n ≤ N ;

(1 − pa)πN , n = N + 1;

0, n > N + 1.

(4.60)

Following similar analytical step, when 2 ≤ m ≤ K, the entries can be calculated

by

Pr[Li = m|S,Li−1 = n] =






































0, n − m > N − 1;

or n − m < −1;

(1 − pa)πn−m, n − m = N − 1;

(1 − pa)πn−m + paπn−(m−1), 0 ≤ n − m < N − 1;

paπ0, n − m = −1.

(4.61)

The special case m = n = K can be calculated by

Pr[Li = K|S,Li−1 = K] = π0 + paπ1. (4.62)



106

Substituting all the entries, PT is given by Eq. (4.15).

If Di−1 = W or Di−1 = C, the queue length would remain unchanged or add up

one, depending absolutely on the arrival process. Hence,

Pr[Li = m|W, Li−1 = n] = Pr[Li = m|C, Li−1 = n] =


























pa, 0 ≤ m = n + 1 ≤ K;

1 − pa, 0 ≤ m = n < K;

1, m = n = K;

0, otherwise.

(4.63)

As such, the corresponding (K + 1) × (K + 1) transition matrix given SU waits or

collides with PU transmission at current TS is given by Eq. (4.14).
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Chapter 5

Conclusions

Adaptive transmission is attractive technology to improve both spectrum efficiency

and energy efficiency with guaranteed bit error performance in wireless communica-

tion systems. As the wireless data traffic is expected to continue its growth in the near

future, adaptive transmission is a promising candidate to support intensive wireless

transmission.

Different from conventional systems, transmission time is no longer constant but

is random variable due to rate adaptation. We studied the statistics of transmission

time for block fading channels, where selected rate remains unchanged over a fixed-

length time interval, and Markov channels, where selected rate has been invariant for

random-length time duration. We extended the analytical results to EDT evaluation

of secondary packet transmission under interweave cognitive radio system. We studied

the statistics of EDT assuming SU adopts continuous spectrum sensing and semi-

periodic sensing. The numerical examples are presented to illustrate and validate the

analytical results.

With more practical sensing policy, we proposed a discrete-time Markov model to

characterize secondary slotted transmission under sensing perfection. The stationary

distribution is applied to evaluate the collision probability with PU transmission. An

optimal length of SU period is calculated by maximizing the energy efficiency. To

analyze the secondary queuing performance with adaptive modulation and coding,

we construct a two dimensional Markov model. The queuing performance in term of

throughput, queuing delay and packet loss probability are studied. We also discussed

the effect of sensing imperfection.
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Chapter 6

Future Work

6.1 Secondary Sensor Transmission with RF En-

ergy Harvesting

For certain wireless implementations, charging or replacing the batteries can be

of high cost, (e.g. the large scale wireless sensor networks). Due to its convenience

and flexibility, radio frequency (RF) energy harvesting becomes a promising solution

for powering wireless sensors. Recently, because of the intensive deployment of WiFi

and small-cell cellular systems, RF energy harvesting receives great research interest.

The feasibility of RF energy harvesting is experimentally proved from a hardware

implementation perspective [88]. In [89], a prototype design has been presented to

enable two devices communicate with RF energy as the only power source. However,

there is insufficient analytical results on the statistics of harvested RF energy over

fading wireless channels.

The amount of harvested RF energy is a critical design metric for RF energy

harvesting based wireless transmission. Previous works typically use an energy queue

to characterize the dynamics of the RF energy harvesting process, where a fixed

amount of RF energy is assumed to reach the sensor at a random time instant.

The overall transmission completion time is analyzed in [90]. The maximum total

throughput is studied for a communication network with RF energy harvesting in [91],

based on the assumption that a node harvests one unit of energy with a certain

probability in a time slot. The energy arrival process is inherently time-varying.

Exponential and Gamma distributions are widely used for characterizing the amount
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Figure 6.1: Unconstrained/interference constrained secondary sensor transmission
with RF harvested energy.

of harvested RF energy over a channel coherence time [92–94]. [93] investigates the

packet loss probability of overlaid wireless sensor transmission with harvested RF

energy, where the sensor is assumed to be harvesting RF energy over multiple channel

coherence time. In [95], the optimal mode switching rule achieving desired trade-

offs between wireless information transfer and RF energy harvesting is investigated.

In [96], the transmission probability of a RF powered user is investigated in a cognitive

radio network. [97] proposes statistical models for battery recharging time over fading

channels, where the recharging time is inversely proportional to the received power.

Applying the Markov modeling, an optimal mode switch policy is proposed in [98] for

the sensor to decide to transmit information or to harvest RF energy, where the sensor

nodes are able to harvest RF energy from primary transmission. [99] investigates

statistics of RF harvested energy, where the wireless sensor node harvests the RF

energy from a multi user MIMO system.

Different from previous work, we intend to investigate the statistics of harvested
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RF energy in a time-varying fading channel over a random-length time duration.

For delay sensitive traffic, assuming that sensor uses all the harvested RF energy to

transmit, we can derive the exact statistics of received SNR. To better protect primary

transmission, we can also derive the PDF of the received SNR, where secondary sensor

transmission must satisfy an interference constraint as shown in Fig. 6.1. For delay

insensitive traffic, we intent to propose two low-complexity transmission strategies,

depending on if the channel information is available at the sensor or not. The delay

performance can be evaluated.

6.2 Performance Evaluation for Multiple PU Mul-

tiple SU Cognitive Radio Network

Multiple PU channels provide the secondary system with more flexibility. A sec-

ondary system with multiple SUs can explore the transmission availability of the PU

system more effectively. Assume that there are N PUs modeled by an i.i.d. homoge-

neous continuous-time Markov chain. With the analytical results obtained in Chapter

3, we construct a two dimensional Markov chains, whose state space is the number

of PU channels in state S and the number of PU channels in state C pair at the ith

SU period, denoted by (NSi, NCi). The transition probability from (NSi−1, NCi−1)

to (NSi, NCi) can be calculated by

Pr[NSi = a, NCi = b|NSi1 = a′, NCi−1 = b′] =


































0, M − b′ < a + b < a′;
(

N − a′ − b′

N − b′ − a − b

)

pN−b′−a−b
W |W

×





min(a,a′)
∑

k=max(0,a′−b)

(

a′

k

)

pk
S|Spa′−k

C|S

(

a + b − a′

a − k

)

pa−k
S|Wpb−a′+k

C|W



 otherwise

To analyze the performance of the secondary system, we observe that

1. Contention occurs if more than one SU chooses the PU channel in state S to

transmit.

2. If at least one SU accesses a PU channel in state C, SU transmission collides

with PU transmission.
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3. Successful secondary transmission occurs when only one SU access a PU channel

in state S.

Ongoing effort has been carried out to derive the probability of the number of

successful transmissions.
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