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Abstract: In this paper, we study a problem of global optimization using common best proximity point
of a pair of multivalued mappings. First, we introduce a multivalued Banach-type contractive pair of
mappings and establish criteria for the existence of their common best proximity point. Next, we put
forward the concept of multivalued Kannan-type contractive pair and also the concept of weak
A-property to determine the existence of common best proximity point for such a pair of maps.
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1. Preliminaries

Let (3, p) be a complete metric space and let CB(S) denote the class of all nonempty closed and
bounded subsets of the nonempty set 3. For A, B € CB(S), the function H : CB(SJ) x CB(Y) —
[0, +00) defined by

H(A, B) = max{sup A(¢, A),supA(,B)},
feB seA
where A(6, B) = infzc5 0(9,¢), is a metric on CB(S).
For any two non-empty subsets A, B of the metric space (3, p), we shall use the following notations:

Ag={0¢€ A:p(6,&) =p(A,B) for some ¢ € B},

By={CeB:p6:¢) =p(A B)forsomeb € A},

where p(A, B) = inf{p(6,&) : 6 € A, ¢ € B}.
For A, B € CB(S), we have
o(A,B) < H(A B).

6 € Q is said to be a best proximity point (BPP, in short) of the multivalued map I' : & — CB(S)
if A(6,T0) = p(A, B). v € Sis called a fixed point of the multivalued map I' : & — CB(S) if v € T'v.
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Let¥,Q): A — CB(B) be two multivalued maps. An element 6* € A is said to be a common best
proximity point (CBPP, in short) of ¥ and () if and only if

A", ¥0") = p(A,B) = A(8",Q67).
Remark 1.

1. In the metric space (CB(S),H), 0 € S is a fixed point of T if and only if A(6,T0) = 0. In general,
6 € T¢ ifand only if A(0,I'¢) = 0 forany 6,¢ € .

2. For two closed sets A, B, when AN B # ¢, we have p(A, B) = 0. In that case, a fixed point and a BPP
are identical.

3. The function A is continuous in the sense that if 6, — 6 as n — oo, then A(6,, A) — A(6,.A) as
n — oo forany A C S.

4. A CBPP is an element at which the functions 6 — A(6,'¥0) and 6 — A(6, Q0) achieve a global minimum,
for A(6,¥0) > p(A,B)and A(6,Q0) > p(A, B) forall 6 € A.

The following lemmas are significant in the present context.

Lemma 1 ([1,2]). Let (S, p) be a metric space and A, B € CB(S). Then

1. A6,B) <p(6,7)foranyy € Band 0 € ;
2. A0,B) <H(A,B)forany 6 € A.

Lemma 2 ([3]). Let A, B € CB(S) and let 0 € A. If p > 0, then there exists { € B such that
p(6,8) < H(A B) +p.
In general, we may not obtain a point { € B such that
0(6,8) < H(A, B).
But when B is compact, then such a point § exists, i.e., p(6,¢) < H(A, B).

The notion of P-property was introduced by Sankar Raj [4]. Further, the idea of weak P
property was put forward by Zhang et al. [5] to improve the results of Caballero et al. [6] on
Geraghty-contractions.

Definition 1 ([4]). Let (3, p) be a metric space and A, B be two non-empty subsets of S such that Ag # ¢.
The pair (A, B) satisfies the P-property if and only if p(61,81) = p(A, B) = p(62,82) implies p(61,62) =
p(&1,82), where 01,00 € Ag and &1,& € B,

Definition 2 ([5]). Let (S, p) be a metric space and A, B be two non-empty subsets of S such that Ag #
¢. The pair (A, B) satisfies the weak P-property if and only if p(01,81) = p(A,B) = p(62,82) implies
p(91,92) < p(gl, 62), where 91,92 € Aand (:1,(:2 € B.

The following well known lemma will be used in the sequel.

Lemma 3. If {6, } is a sequence in a complete metric space (3, p) such that p(6,+1,60,) < Ap(6y,0,,_1) for
all n € N, where A € (0,1), then {6, } is a Cauchy sequence.

BPPs under different types of contractive conditions have been studied in [7-15]. Moreover, BPPs
for different kinds of multivalued mappings have been studied in [16-19]. Some more relevant works
may be found in [20-24].
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In this paper, we put forward the idea of multivalued Banach-type contractive pair
(MVBCP, in short) and with the help of weak P property, establish conditions under which such
a pair admits a CBPP. Next, we define the notion of weak A-property and a multivalued Kannan-type
contractive pair (MVKCP, in short) and prove an existence of CBPP result for that pair.

2. Common Best Proximity Point for MVBCP

In this section, first we define a MVBCP. The corresponding CBPP result follows.

Definition 3. Let (S, p) be a metric space and A, B be two non-empty subsets of . The pair of mappings
¥, : A — CB(B) is said to be a MVBCP if there exists T € [0,1) such that

H(QO,¥E) < 70(0,8)
forall0,¢ € S.

Theorem 1. Let (3, p) be a complete metric space and A, B be two non-empty closed subsets of S such that
Ap # ¢ and that the pair (A, B) satisfies the weak P-property. Let the pair of mappings ¥, Q) : A — CB(B)
be a MVBCP such that Y0 and Q0 are compact for each 0 € A, and further Y6 C B 4 and Q8 C B 4 for all
0 € Ag. Then Y and Q) have a CBPP.

Proof. Fix 6y € Ap and choose y € 06y C B 4. By the definition of B 4, we choose 61 € Ag such that
p(61,0) = p(A, B). 1)
If &y € Q6 NY6,, then we have
p(A,B) < A(61,¥61) < p(61,G0) = p(A, B), since &y € Y61,

and
P(.A,B) < A(Ql, Q91) < p(@l,go) = p(.A,B), since CO S 091.

Thus p(A, B) = A(6,,Y61) = A(61,Q6,), i.e., 61 is a CBPP of ¥ and Q. Therefore, assume that
Co & Q61 N'Y6;. Consider the case ¢y & Y.

Since Y6, is compact, by Lemma 2 and the definition of MVBCP, there exist {1 € ¥6; C B4 and
T € [0,1) such that

0 < A(Go, ¥61) < p(Go,&1) < H(QBo, ¥01) < T0(60,61) @)
Since 1 € By, there exists 0, € Ap such that
p(02,61) = p(A, B). ®)
From (1), (3) and weak P-property, we have that

p(61,602) < p(Go, 1) 4
From (2) and (4), we have that

p(61,02) < p(Go,&1) < (60, 01)- (5)

If §1 € Q6, N'Y6,, then like earlier we can show that 8, is a CBPP of () and ¥. Thus assume that
¢1 & Q0 N'Y0,. Consider the case &1 € 26,. Since 6, is compact, there exists ¢, € (26, such that
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0 < A(81,002) < p(G1,62) < H(OQH, Y1)
< 70(01,02). (6)

Since &, € 00, C By, there exists 03 € Ap such that

p(03,62) = p(A, B). 7)

From (3), (7) and weak P-property, we have that

p(62,63) < (&1, &2)- ®)
Also, from (5) and (6),
p(81,82) < Tp(8o,C1)- 9)
Continuing in this way, we obtain two sequences {60, } and {¢,} in Ag and B 4 respectively,
satisfying

(B C2n € Q02 € Baand Gopi1 € Y2011 € Ba,

(B2) 0(0441,8n) = p(A, B),

(B3) p(0n,0n+1) < Tp(0n—1,0n) and p(Gn, Gnt1) < TO(Gn—1,Gn),

foreachn =0,1,2,....

From (B3) and Lemma 3, we observe that {6,} and {¢,} both are Cauchy sequences.
Since A and B are closed subsets of a complete metric space, we conclude that A and B both
are complete subspaces.

Hence, there exists 8 € A and ¢ € B such thatf, — 6 and ¢, — {asn — +oo.

We claim that (20, converges to Q6. Indeed, if m > n, then

H(Q6,, Q0) < H(Q6y, FOp) + H ¥y, Q0)
< T[o(On, 0m) + (0, 0)]

— 0asn — +oo.

Similarly, we can show that Y6, converges to Y6.
From (B2) we have that

P(en-&-lzgn) = P(A/B)

foreachn =0,1,2,....
This implies

Jim p(6,41,6n) = p(6,6) = p(A, B). (10)
Again, we claim that { € Q20 N'Y0. Since {2, € (20, we have

lim A(&,,0Q0) < 1_1)12 H(Q62,, Q) = 0, (since Qb converges to (20)
n (<)

n—-+oo

— A(Z,Q0) = 0.

Hence ¢ € Q6.
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Also since ¢y, 11 € Y0,41, we have
n1—i>Too A(Eopa1,90) < nl_i)rfoo H (Y0241, ¥0) = 0, (since ¥6,, converges to ¥0)
= A(E,¥0) = 0.
Hence ¢ € Y6. Therefore,
Zenonvo. (11)
Finally, using (10) and (11) we have that

p(A,B) < A(0,%0) < p(6,8) = p(A, B)
— A(6,%6) = p(A,B),

and

p(A,B) < A(6,00) < p(6,5) = p(A,B)
— A(6,06) = p(A,B),

HencefisaCBPPof Qand ¥. O

Next, we present an example in which the pair (\A, B) satisfies only the weak P-property but not
the P-property.

Example 1. Consider & = R? with the Euclidean metric p. Let A = {(—5,0),(0,1),(5,0)} and B = {(6,¢) :
E=2+vV2-620 € [—v2,v2]}. Then p(A,B) = V3and Ag = {(0,1)}, B4 = {(v/2,2),(=v2,2)}.
Define a pair of multivalued maps Q,Y : A — CB(B) in the following manner:

Q(=5,0) = {(0,2+V2)}, Q(0,1) = {(-v2,2),(0,2+V2)}, Q(5,0) = {(~1,3),(1,3)},

and

¥(-5,0) = {(-v2,2),(-1,3)}, ¥(0,1) = {(V2,2)}, ¥(5,0) = {(v2,2),(1,3)}.

By routine calculations, it is easy to check that the condition
H(O0,¥E) < 7p(6,8)

is satisfied for all 0,¢ € S and for T = % €[0,1).
Thus the pair ¥, () is a MVBCP.
Finally, we observe that

p((0,1),(v2,2)) = p((0,1), (—v2,2)) = V3 = p(4,B),
but
0((0,1),(0,1)) =0 < p((V2,2),(-V2,2)) = 2V2.

Thus, (A, B) satisfies weak P-property, but not the P-property. Therefore, all conditions of Theorem 1
are satisfied and since A((0,1),%(0,1)) = A((0,1),Q(0,1)) = /3 = p(A, B), we conclude that (0,1) isa
CBPP of Y and Q).

3. Common Best Proximity Point for MVKCP

In this section, we define the concepts of weak A-property and a MVKCP. Combining these two
concepts, we establish a CBPP result.
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Definition 4. Consider the metric space (CB(S), H) and let A, B be two non-empty subsets in CB(S) such
that Ag # ¢. The pair (A, B) is said to have the weak A-property if and only if A(6,U) = p(A, B) = A(E,V))
implies p(0,&) < H(U, V), forall 6, € Agand U,V C B 4.

Definition 5. Let (3, p) be a metric space and A, B be two non-empty subsets of . The pair of mappings
¥,Q: A — CB(B) (Y and Q) may be identical) is said to be a multivalued Kannan-type contractive pair
(MVKCP, in short) if there exists A € [0,1) such that

H(0,¥E) < S[A(6,00) + A, ¥E) ~ 20(A B)] (12)

forall0,¢ € S.
Remark 2. If¥, Q) is an MVKCP, the condition (12) is satisfied when ¥ = () as well.

Definition 6 ([25]). Let (S, p) be a metric space and R be a self-map on 3. R is said to be a Kannan mapping
if there exists 0 < A < % such that

0(R6,RG) < M{p(6,R0) +0(¢, RE) },

forall0,¢ € S.
Remark 3. If (3, p) is a complete metric space, then a Kannan mapping on ¥ possesses a unique fixed point.

Now we present the main result of this section.
Theorem 2. Let (3, p) be a complete metric space and A, B be two non-empty closed subsets of 3 such that
Ap # ¢ and that the pair (A, B) satisfies the weak A-property. Let the pair of mappings ¥, Q2 : A — CB(B)
be a MVKCP such that Y0 C B4 and Q6 C B forall € Ag. Then ¥ and Q) have a CBPP.
Proof. Define the map I': Q(Ap) — Ap by

[(S) =16 € Ap: A(6,5) = p(A B)}, (13)

for all S € Ap. The map T is well defined, for if T(S) = 6; and T'(S) = 6,, then A(61,S) = p(A, B) and
A(62,5) = p( A, B). By weak A-property, we have p(61,6;) < H(S,S) =0, i.e., 6; = 6.

From (13), we have A(T(Q0),Q0) = p(A, B) and A(T(Q¢), Q¢) = p(A, B) forany 6, ¢ € Ag.

Again, using the weak A-property, we have

p(F(Q0),T(QF)) < H (OB, OF)

IN

[A(6,00) + A5, QF) — 2p(A, B)]

IA
N> 1) > N>

[0(6,T(Q20)) + A(T(Q0),Q0) + p(¢, T(QF)) + A(T(QF), AF) —20(A, B)]

= 5 [p(6,T(Q0)) +p(¢,T(Q5)) —20(A, B)],
forany 0,¢ € Agand A € [0,1).

It means that the composition map I'oQ2 : Ap — Ap is a Kannan map from Ag to itself, which is a
complete metric space.

Thus, ToQ) has a unique fixed point 61, ie., ToQ(6;) = 6; € Ap, which implies
that A(6,,Q(61)) = p(A, B).
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Similarly, we can define IT : ¥(Ap) — Ag and obtain a unique fixed point 6, of ITo¥ and
consequently A(6, ¥ (62)) = p(A, B).
Using the weak A-property, we have that

p(61,62) < H(Q01,Y0,)
< &[A(Gl,ﬂel) + A(62,%62) —20(A, B)]

2
0,
which implies that 8; = 6, = 6 (say).

Therefore, A(6,Q2(6)) = A(6,¥(0)) = p(A,B). Thusfisa CBPP of Qand ¥. O

4. Conclusions

The concepts of MVBCP, MVKCP and weak A-property have been introduced in this paper. Using
weak P-property, a CBPP result has been proved for a MVBCP and using the weak A-property, a similar
result has been established for a MVKCP. The current study is interesting because the proof of our
main theorem in Section 2 provides us with a scheme on how to find a CBPP for two multivalued maps.
An application of the same has also been discussed in Example 1.
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