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Abstract: This article presents the study of certain analytic functions defined by bounded
radius rotations associated with conic domain. Many geometric properties like coefficient
estimate, radii problems, arc length, integral representation, inclusion results and growth rate of
coefficients of Taylor’s series representation are investigated. By varying the parameters in results,
several well-known results in literature are obtained as special cases.

Keywords: functions of bounded boundary and bounded radius rotations; subordination; functions
with positive real part; uniformly starlike and convex functions

1. Introduction

Let A denote the family of complex valued functions f which are holomorphic (analytic) in
¢ = {z € C:|z| <1} and are normalized through the conditions f (0) = 0 and f/(0) = 1. That is,
for f € A, one may have its series form

flz)=z+ i 0z, z e e (1)
k=2

The class UCV is comprised those univalent functions f(z) by which every circular arc € C €,
with center at €, is mapped onto the convex arc and such functions are known as uniformly convex
functions. This class was first introduced by Goodman [1]. The interesting analytic condition of class
UCY was given in [2] and is stated as follows:

L8 zeel.
f'(2)

2f"(2) }
ucv—{ eA:?R{lJr >
d 7
Kanas et al. [3] further generalized the class U/CV by introducing the class of k-uniformly convex
functions, named as k-UUCV, k > 0 and the class k-ST of corresponding k-starlike functions. The class
k-UCV is defined as follows:
, Z € GE} .

k-ucv:{feA:%{1+ZJf,"(S)} >k

zf"(z)
f'(2)
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They, in addition, discussed these classes geometrically and established connections with the
conic domains

gk:{u+iv;u2>k2<(u—l)2+02)}. ()

It is important to mention that the class k-l/CV was studied much earlier with some extra
conditions but without geometrical interpretation. The class k-L/CV is defined geometrically in a
way that the common region of € and the disk |D| < k is mapped onto a convex domain by these
univalent functions. Thus, the notion of convexity got the generalized version of k-uniform convexity.
If k = 0, Then, the center D shifts to origin and thus k-U/CV takes the form of C, the family of convex
univalent functions.

The domain Gy represents conic regions for certain values of parameter k, that is, it gives an
elliptic region for k > 1, the hyperbolic region (right branch) for 0 < k < 1 and the parabolic region
when k = 1. For more details, see [3-6]. The domain Gy g, which is generalization of Gy is given as:

Gp=1—-PB) G+ B,

where
[0,1), if ke|[0,1],
B= 3)
01— Y5=1), if k> 1.

For details, see [7]. The function which gives the boundary curves of these conical regions is
denoted by ¢y g (z) which is holomorphic in € and maps € onto Gy g such that ¢4 (z) = 1 and
ks (0) > 1 and is defined as:

1+(1-2
Lot k=0,
2(1-p) 1422 _
1+?<logm> ’ k—l,
P (2)=) 1+ 28 sinh? [(2 cos k) tan T hyz], 0<k<t, )
u()
T e B M k> 1.
k2—1 2R t) 0 m 17(t.7()2 k2—1"

For the detailed study of this function, we refer the readers to see [3,6].
Let k-P (B) denote the family of holomorphic functions g (z) with g (0) = 1 and q (z) < @i (2)
for z € &, where the notion “<” denotes the familiar subordinations. It is pertinent to have

kP () C P (’;iﬁ) cP,

where P is the family of functions with a positive real part. In addition, for g € k-P (0) , we have

argg () < 27,

where )
A== tan~1 (1/k). (5)

Therefore, one may write
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Definition 1. Let the function q (z) be holomorphic in € with q (0) = 1. Then, q € k-Py, (B) , if for m > 2,
k >0,z € €and B is given by Equation (3), we have

1@ =(F+3)n@-(§-3)n6,
where q1 (z) , q2 (z) € k-P (B) [8].

Taking k = 0 and 8 =
kP2 (B) = kP (B), 0-Py (B
introduced in [9].
It is noted that k-P,, (B) is a convex set. Noor [8] introduced the classes k-U V™ (B) and k-UR™ (B)
of k-uniformly bounded boundary and radius rotation of order  corresponding to the class k-Py, (5).
Now, we consider the following new subclasses of holomorphic functions.

0, the class P introduced by Pinchuk [9] is obtained. In addition,
) = P,(B) and 0-P, (B) = P (B), where P, (B) and P (B) were

Definition 2. A function f € Ais known tobeink-UR!" (B), k > 0,m > 2and B is given by Equation (3) , if

22f'(2)
——————— € k-Pn , (z€@).
fa - (-7 <P EEE)
Definition 3. A function f € A is known to be in the class k-BY" (x, B), « > 0,k >0, m > 2 and B is given
by Equation (3), if there exists § € k-URY* (B) such that
Q) (DY,
fz) \g(z) =g (~2)

{56 (@ rara) |
@ Lag) EPO)

Zf&)( 2f(2)
f(z)

It is pertinent to note that, by assigning specific values to parameters «, 8, m and k in k-UR* (B)
and k-B!" («, B) , several well-known subclasses of holomorphic and univalent functions are obtained,
from which some are listed below:

7

or equivalently

1. O0-UR!(B) = RM(B), introduced by Bhargava et al. [10].
. Form =2and a = 0, we obtain the class k-S7 (B), and k-UKs (B), for details, we refer to [8].
3. 0-URZ2(0) = S, for details, see [11].

Throughout the article, we shall consider, unless otherwise stated, that m > 2,4 > 0,k > 0 and
is given by Equation (3) .

2. Preliminary Lemmas

Lemma 1. [12] Let k € [0, 00) and ¢y g (z) be defined by Equation (4). If

Prp(z) =14+ Qiz+ Qz* + -+,

Then,
24 0<k<1,
8
Q=4 % k=1, ©
p k>1,

4V/E(KR2=1)R2(t) (1+1)
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and ,
20, 0<k<1,
Q=1 3Q k=1,
4R (1) (P 46t4+1) -2
vy 2 k> 1L
where .
2 cos—
A cos k,
T

R (t)
R()

and t € (0,1) is taken such that k = cosh (
first kind.

40f 14

@)

) , R(t) is the Legendre’s complete elliptic integral of the

To proceed our main results, the following Lemmas proved by Pommerenke [13] and Golusin [14]

are needed.

Lemma 2. Let the holomorphic function p € P. Then [13]

177 1+ 312

2 T
- < .
Zn{p(zﬂ do < 1—12

Lemma 3. Let the function s1(z) be starlike in €. Then [14],
(i) : there exists § with |&| = r such that for all z, |z| = r

z=¢l1s12)| < 57—

(i)

3. Main Results
Theorem 1. Let f € k-UR!" (B). Then, the odd function

belongs to k-UR™ (B).

Proof. Let f € k-URY' (B) and consider

Logarithmic differentiation of the above relation yields

¢ _ f&)+f (-2
o2 f@)-f(2)

or, equivalently,
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where 22f/(2) 2(=2) f' (=)
B zf'(z —z) f' (—z
"= - () F2) - )
Because f(z) € k-UR! (B), then, there exist p1(z), p2(z) € k-P (B) such that

16 = i = (B4 me - (5 - 3) o

Therefore, we have

z¢'(z) _ (m 1\ pi(z) +pi(=2) (m 1\ pa(z) + pa(—2)
¢<z><+> 2 (4 z) 2

4 2
Since k-P (B) is a convex set, we have

and gq(—z) =

M ck-P(B), i=1,2.

Thus, we have that

2¢'(2) .
o) SKPnB). ee),

and hence ¢(z) € k-UR™ (B). O

When we take m = 2, the following result, proved by Noor [8], is obtained.

Corollary 1. Let f € k-ST 5 (). Then,

belongs to k-ST (B).

Corollary 2. Let f € R (B). Then,

belongs to R™ ().

Theorem 2. If f € k-URY (B), then

fi(z) = @ exp {/215 (P(&)+p(=¢)-2) dé‘} ®)
0

for some p(z) € k=P (B) -
Proof. Let f € k-UR" (B). Then, by definition, one may have

22f'(2)
f(z) = f(=2)

Simple computation leads us to

f(Z)Jc(Z)_exp{o/zl{s(p(g)+p(—g)—2)d§}. (10)

=p(z), p(z) € k-Pum (B)- )
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Using (9) in (10), we can easily obtain (8). [

When we take m = 2, the above result takes the following form, proved by Noor [8].

Corollary 3. If f € k-ST5 (B), then
F(z) = P2 exp {/215 (P@+p(-0)-2) da}
0

for p(z) € k-P (B) .
Whenm = 2,k = 0 and B = 0. Then, we have the following result, proved in [11].
Theorem 3. Let f € k-URY (B) be of the form (1). Then,
|az| < % 1Qal, (11)
where Q1 is given by (6).

Proof. Let f € k-UR! (B) and let it be of the form (9). Then,

f//(z) _ Pléz) exp {/ p() + Z‘(:—(f) — Zd(:} n p(zz) {f(z) ~f(~2) },‘ .
0

Z

From (12), we have f”(0) = p’éO)' It is well known that |p’(0)| in the class k-Py, (B) is
1p'(0)] < % |Q1]|, where Q is given by (6). Thus, we get (11). [

Corollary 4. The following disk is contained in the range of every function from k-URY" (B).

8

< —,
| | 16+m|Q1|

where Qq is given by (6).

Proof. According to the Koebe theorem, each omitted value w satisfies

0l > 3o (13)
Using (13) and Theorem 3, we get the required result. [
By using the similar technique as used in [11], we have the following result.
Theorem 4. Let f € k-UR! (B). Then, for z = re® and 0 < 6, < 6, < 27,
7m<zf'<z)>de> —(1-By) (2—1) n
O AV
for
pr=b1E (14)
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Theorem 5. Let f(z) € k-BI" («, B). Then, for z = re®,

/%](tx,f(z)) d6 >~ («(1-p1) (5 -1) +0) (15)

where 0 < 01 < 6 < 27, By is defined by (14) and

(1 @Y, 2@
1) = (1455 + -0 L5 6
Proof. Let f’( ) 2f( ) .
Z Z ya Y. .
) (g(z)—g(—z)) =i,
where & (z) € P,
CFE) Q) o) | el
o TV T The) T e
0, ,
ere) @] e z¢
91/[ e R f(z)]de_ ks ) a9 1 /

where ¢(z) is an odd function of the form

Since g(z) € k-URY (B) and by Theorem 1 ¢(z) € k-UR™ (B) C R™ (B1), therefore, by using
Theorem 4, we have

0>
z¢'(2) B m
/3%<¢(Z) )d6> a-p)(3-1)m (17)
01
In addition, we observe that, for 1 (z) € P,
d oy _ 9 , i0
ﬁargh (re ) = ﬁéﬁ {—llnh (re )}
_ reieh’ (?,eie) '
h (rei?)
Therefore,
0> 01/ i
ren’ (re?) _ i0 i0
/?R{M}dG =argh (re 2) —argh (re 1) ,

601

which takes the form

= ’argh (reiez) —argh (reiel) .

0
i6 h/
/ { re®n’ (re® } 0
(rei?)

This implies that

maXx (18)

heP(B)

o2 07,1 (1oi

reh’ (re) _ i0 i0
é/ R (}M) dQ‘ = hrér;g();) ‘argh (re 2) —argh (re 1) .
1
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Since h (z) € P, thus
2r
17

14172
‘h(z)_l—r2

Thus, the Values h (z) are contained in the circle of Apollonius with diameter end points 1=~ ~ and
%*: 1 the maximum of |argh(z)| is attained at points where tangent ray from
origin to the c1rcle can be drawn, that is, when

argh (z) = £sin~ ! (21’) .

1—172
Now,
b2 1071 (46
h 1
max /?R w do| < 2sin~! ( 2r 2) .
heP(p) | h (re'?) 1—r
1
This implies that
% re®n’ (re’ ) 2r
max / do| < m—2cos™! ( 2) . (19)
heP(B) ki (re®®) 1—r
Thus,

/9‘%] d9>—( (1—ﬁ1)( )—l—U)N—I—ZUCOS*l (&),

which gives

b2
/mumﬂnyw>—((1—m)( 1) +0) 7, (r—1).
6

This completes the proof. [

For talking k = 0, we obtain the integral representation for the class 7" (p) .

Corollary 5. Let f € T, (B). Then, for z = re®,

[r(1+ 2D oo o,

1

where 0 < 01 < 0, < 271,
Theorem 6. Let f € k-B* (a,B) . Then, for y2— (m +2) (1 —B1) > 1

CwamﬁﬂmkwoGgfb+umAw,O<NSL
L f(z) <
a(5+1)(1=p1)-1+c
C(“/Urmr,Bl)ml_tx (1") (%) (2 ) 1

, a>1,

where M (r) = max |f (z)|, m(r) = min |f (z)| and C («, 0, m, B1) is a constant depending upon «, o, m and

|z|=r |z|=r
B only.
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Proof. We know that 5
7T

L/f (2) :/|zf/(z)|d9, z=re®, 0<r<1.
0

Since f € k-B!" («, B), thus

zf' (2) < 2 )“ -
= z), z) € P.
@ \s@-s(n) P EPE
By Theorem 1, we have for g € k-UR!" (B), the function

#(2) = 518 (2) ~ g (~2)] € KUR™ (B),

which yields
2f' (2) = (f () (@ ()" p7 (2).

Therefore, we have

2r
LfE < [IF@ o @) p ()" do
' 2r
< w @) [l p ) de.
0

Since ¢ (z) € k-UR™ (B) C R™ (B1), we have
, S1,52 € k-UR? (ﬁ) .
Since k-UR? (B) C S* (B1), so we can write

. 1-p1
si (2) :z(gl%z(z)) , fori=1,2and ¢; (z) € S*.

Thus, for odd functions s (z), 52 (z) € S* (B1), we have

7 (1-p)(4+3) |
L < e [ OORE S e
0 n (2 4 2
2 m 1
gy [l @MER

- (r){ I TR
2 ou (1) (1-p1) .

< W) [y o IO )
0
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Now, by making use of Holder’s inequality, with m; = 2/2 — ¢ and my = 2/0¢ such that
(1/my) + (1/my) = 1, we have

s 1) 72 (1A 7
L (f(z) < r“(%_%)(l_ﬁl (27-(/ P (2)] d@)

2—c

2

(et a)
7T

By using Lemma 2 and distortion results, we obtain

2-¢
L, (f (2)) < om! w(r)zza(%*l)(1*ﬂ1)+l (1+3r )% ( Zf = %“)(1 A1) )d9>
0

I1—rei| 2255 (1) (1=t

2-0
_ o) 2 (E N0 gy (1 1 HTIREL:
T e 2"{|17rg‘e|2€—“;7<%+1><1—md9 (HZ) '
This implies that
2—c

NI

& () m§ (1) a-Br)1ho L)
L(f(z)) < ot () et 20 (BP0 ((1_r>%xy+nu—my4) <1—r>

where
C(a,o0,m,pB1) = 2 2"‘(%*1)(1*51)+1+0

is a constant depending upon «, ¢, m and B; only. Similarly, for « > 1, we have

a(%+1)(17ﬁ1)71+0
L (f () < Cloaym ) w1 () (12 ) .

O

Theorem 7. Let f € k-BY" (¢, B) . Then, forn > 2 and 5%~ (m+2) (1 —p1) > 1

Cy (&, 0,m, By) M=% (n) (n)“(%ﬂ)(l*ﬁl)fﬂg, 0<a<l,
|an‘ <

Cy (a,0,m, By) m*~1(n) (n)“(%H)(l_ﬁl)_H”, a>1,
where B is given by (14) and m, O are the same as in Theorem 6 and Cy («, 0, m, B1) is a constant.

Proof. Since z = re’?, Cauchy theorem gives

2

_ 1 100 pmind
nan = 35— /zf (z)e™"d6,

0
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which reduces to

1 21
|nan| = o /Zf/ (Z) e—lnf)de
0
1

IN

de.

271
/’Zf/ (2) o iné
0

27y

Therefore,
1
nlay| < Wer(Z)'

Now, using Theorem 6 for 0 < & < 1, we have

- 2nrt 1—r

1 1 tx(%-&-l)(l—/}l)—l-&-a
nlay| < ——C(a,0,m,B1) ol (r) ( ) .

Puttingr =1 — %, we have
|lan| < C1 (&, 0,m, By) M (r) (n)a(%-&-l)(l—ﬁl)_z_i_g.

Similarly, we obtain the required result fora > 1. [

Theorem 8. Let f € k-B" («, B) . Then, for y2= (m +2) (1 —B1) > 1,

M=% (r) Co (a,0,m,B1) (n)“(%ﬂ)(l_ﬁlHa_s, 0<a<l,
[an+1] = fan]| <

m

= (1) Gy (a,0,m, Br) (n)*(ETDO—FFT=3 o

where m (r) = ‘m|in If (2)], M (r) = Tn‘ax |f (z)| and Cy (a,0,m, B1) is a constant depending upon a, o, m
zZ|=r z|=r

and B1 only.

Proof. We know that, for¢ € €andn > 1,

27
1 ,
|(n+1) a1 — nay| SW/\Z—Q |zf' (z)|d6, z=re®, 0<r<1,0<0<2m
0

As f € k-B! (a,B) , thus

zf' (z) 2f (z) a_ -
f(z) (g(z)—g(_z)) =p’(z), peP.

From Theorem 4, we have

[§(z) —g(=2)] € k—UR™(p)  forgek—UR(B).

NI~

¢(z) =

This leads us to

2f (2) = (F (2))' ™" (¢ ()" 17 (2).
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Thus, for ¢ € € and n > 1, we have
27
Mlﬂx (r)
(141) Gy = man| < 55— [z lIp (2)* p (2)|” db.
0

Since ¢ (z) € k-UR™ (B) C R™ (B1), therefore, for ¢1 (z), ¢ (z) € S*, we have

M () (¢ (2PN T
Gt (1) —nay| < M) 4 el | S | e

M= ()T @)

ST { el o T P

Using Lemma 3(i), we have

24(% 1) (1-B1) ppi= 1)
_ < 222 VUM ()
‘(Tl + 1) éan+1 nan‘ - 2nrn+l+ﬂ(%—%)(l*ﬁl)

21 m 1
<] Iz =ell(g1 ()] (0 (2))[*AD(E+2) 1 (2) 7 dg.
Now, using Lemma 3(ii), we have

|(n+1)Zay1 —nay| <

27rr”71+“(% -3 ) (1=p1) (1-r) 0
Now, using Cauchy-Schwarz inequality, we have

m_q

e(B-1) (1-81) ppi-a(y 2 z
[(241) G — man| < E B (Hwﬂde)
r

§-3)(0-h) (1-r)

- 2 VOPIM ) (143,2) 7
‘(7’1+1) Can41 ﬂﬁn' < rn—H»a(%’%)(l—zp’])(liy) (171,2 )
21 1 - 2o
1 7??{”‘(7*’1)(1—51)72}
X (271{ ‘1_“,,»9‘23—”{@%“)(1,‘;1)72}dQ

Caaom )M (r)r(1=F1) 1 e
(1-r)1*3% (1,”,'9)Z%U{a(%+1)(1751>72}71

Co(a,0,m,B1 )M (r) 1
m-1(1—r)'* 2 (1= (F)(F1)75
Co(a,0,m,B1) M~ (r)

-1 (1,y)a( 1) (1-pp ) +o-27

IN

IN

IN

n

s we obtain

where C; («, 0, m, B1) is a constant. Now, putting || =

Co (&, 0,m, By) M=% ()

n|la —lan|| < .
|| n+1| ‘ "|| = -1 (1 —1’)“(%+1)(17’31)+072
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Now, takingr =1 — 1 (n — 0),we have

Co (0, m, Br) T (1) (n)*(BHD)A=P+0=3 gy < 1,
Similarly for & > 1, we have
[[an+1] = [an]| < Ca (a,0,m, 1) m*~1 (r) (m)*(FF)A-PO20=3,

Thus, the result follows. [

Theorem 9. Let f € k-BI' (w, B) for « > 0. Then, f (z) is %—convexfor |z| <13,

2
o= & a > 0.

" (am 420 — afym) + \/(ocm +20 — apym)* — 4a2 (1 — 2,31),

Proof. Let

2f (2) = (F () ™" (¢ (2)" 17 (2),
where g(z)fzg(fz) = ¢(z) € KUR™(B) C R™(B1) and h (z) € P. Differentiating logarithmically,

we obtain
- (G (-1 e o)
a\ fl(z) a) f(z) ¢(z) a h(z)

We can write
1 (@) _ e | 29/ (2)\ | 04 (2 (2)
§R{< 7(2) )*(1 ) f<z>} "(Pe) (e
2 (2)) o | ()
> 2 (55) e
Now, using the distortion results for the classes R™ (1) and P, we have
1 (=) 1\ z'(2) (1—p) (L—mr+r?) 207
%{< 72) )*(1 ) f<2)} 2 Pt 112 a7
apr (1—7r%) +a(1—p) (1 —mr+1r?) —20r
a(1—r2)

a(1—2B1)r* — (am+20 —aPym)r+a
- a(1—7r2) ’

taking
w(1—2B1)r* — (am+20 —afym)r+a =0,

(am + 20 —afym) £ \/(am +20 — apym)® —4a2 (1 —2B)
" 2 (1-2f1)

Since0 <r <1,

(am + 20 — afym) — \/(am +20 — apym)® —4a2 (1 —2B)
= 20 (1—2B)
20

(am + 20 —afym) + \/(zxm +20 — aByim)® — 4a2 (1 — 2[31),

*

a > 0.
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This completes the proof. [

4. Conclusions

In this article, we have presented certain analytic functions defined by bounded radius rotations
associated with conic domain. We have investigated many geometric properties like coefficient
estimate, radii problems, arc length, integral representation, inclusion results and growth rate of
coefficients of Taylor’s series representation. By varying the parameters in results, several well-known
results in literature have been shown as special cases.
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