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ABSTRACT

The principal-agent problem is an important model in the field of Economics of
Information. In this thesis we study only a particular type of principal-agent
problem which is called moral hazard model and by the principal-agent problem
we mean it is moral hazard model. The moral hazard model actually belongs

to the class of bilevel programming problems in Mathematics. In Economics, the
first order approach is used to reduce the principal-agent problem to a single level
optimization problem. However, this approach is only valid under some strong
conditions. Moreover the approach can only be used under the assumption that
the optimal action of the principal-agent problem and its relaxed problem appears
only at an interior point. In this thesis, we consider a new relaxed problem. Under
more general assumptions, we can solve the principal-agent problem without

restricting the optimal action of the agent to be in the interior.
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Chapter 1

Introduction

In this thesis, we study the moral hazard model in the principal-agent problems.
This problem arises when a principal hires an agent. The principal offers a contract
to the agent. The agent will accept the offer if and only if it maximizes his payoff
and gives him a payoff that is not smaller than the minimal acceptable payoff as well.
The agent takes an unobservable action from a set A to maximize his payoff that
affects the principal’s payoff as well. The principal now chooses a contract which
is acceptable to the agent so as to maximize his payoff. We call this problem the
principal-agent problem and we only study this type of principal-agent problem in
this thesis.

The mathematical format of the principal-agent problem is a bilevel programming
problem which is difficult to treat. The economists relax the principal-agent problem
by replacing the set of maximum efforts by the set of stationary points of the agent’s
problem. Since stationary points may be maximum, minimum or saddle points, the
relaxed problem is not equivalent to the original problem. Finding the conditions

under which the relaxed problem is equivalent to the original problem is an interesting
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topic in Economics. A proper way is to prove that the agent’s payoff function is
concave in his action with the so-called monotone likelihood ratio condition (MLRC)
and the convexity of the distribution function condition (CDFC). Under the concavity
of the agent’s payoff function in the action variable, a stationary point must be a
maximum point. Since a stationary point in the first order approach must be an
interior point, it can not handle the case when the maximum effort appears at the
boundary of A.

In order to solve the principal-agent problem when the optimal action lies either
in the interior or at the boundary of A, we use the Karush-Kuhn-Tucker necessary
optimality conditions to replace the agent’s maximization problem. If the agent’s
payoff function is concave in his action, then a optimal solution to the new relaxed
problem is a optimal solution of the principal-agent problem. To get the concavity
of the agent’s payoff function, we find new conditions which are more general than
the monotone likelihood ratio condition and the convexity of the distribution func-
tion condition. Under these conditions, we can obtain the equivalence between the
principal-agent problem and the new relaxed problem in both the cases when the
optimal actions are in the interior and at the boundary of A.

Chapter 2 provides theories from nonlinear programming and mathematical pro-
gram with equilibrium constraints. Chapter 3 introduces the principal-agent problem
that we study in this thesis. Chapter 4 discusses when the first-order approach can
be valid in Economics and rewrites the proof for easier reading. Chapter 5 uses our
new approach to study the principal-agent problem and finds the sufficient conditions

for our approach to be valid. Chapter 6 reviews all the results in the thesis.



Chapter 2

Preliminaries

The aim of this Chapter is to provide some definitions for later use in Chapter 5.

2.1 Standard nonlinear programming

In this section, we review the Karush-Kuhn-Tucker necessary optimality conditions
and give the definitions of the constraint qualifications which can be found in standard
references for nonlinear programming such as [2, 11]. Two constraint qualifications
are introduced here, namely the linear independence constraint qualification and the
Mangasarian-Fromovitz constraint qualification. The linear independence constraint
qualification is simple and used very often, but the Mangasarian-Fromovitz constraint
qualification is a weaker condition than the linear independence constraint qualifica-
tion.

Let f: RN - R, g;:RY - Ri=1---m hj: RN > Rj=1,--,q We

consider the following nonlinear programming problem P:



(P)  min f(2)
st gi(z)<0, i=1,---,m,
hJ(2)=0 ]=1,' q

Let z* be a feasible solution and I(z*) = {i : ¢:(2*) = 0} be the set of binding

constraints. We assume that f, g; and h; are continuously differentiable at 2~.

Definition 2.1 (KKT conditions) Let the point z* be a feasible solution of the
problem P. We say that Karush-Kuhn-Tucker (KKT) necessary optimality conditions

hold at z* if there exist Lagrange multipliers A\y.- -+ . An, 1, - , jtq Such that

m q
0 = VIE)+D> ANVl + > uVhi(z"),
=1 j=1

/\‘i > 01 /\igi(;’*) T 0~Z . 1~2 s 112,

where V [ denotes the gradient of f.

In 1951, Kuhn-Tucker gave the following example in [8] to point out that KKT

conditions may not hold at a local optimal solution.

Example 2.1

min —&
st. (z—=1P2+y<0,

y > 0.

Solution. The optimal solution is (z*,y*) = (1,0) showing on Figure 2.1.
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Figure 2.1: The optimal solution of Example 2.1

Here is the details about why KKT conditions can not be satisfied at the optimal
solution for the above example.

Because Vg (¢*,y*) = (0,1) and Vga(z*,y*) = (0, —1), Vi (z*,y")+Vga (27, y") =
0. Since Vf(z*,y*) = (—1,0), there is no A1, As satisfying V f(z*, y*) + M Va1 (z*, y™) +
AoV ga(z*, y*) = 0.

We now state sufficient conditions for the Karush-Kuhn-Tucker necessary opti-

mality conditions to hold.

Definition 2.2 (LICQ) Let the point z* be a feasible solution of the problem P. We
say that the linear independence constraint qualification (LICQ) holds at z* if the set
of gradients of the active constraints Vg;(z*),i € I(z*) and Vh;(z*),j=1,--- ,q are

linearly independent.
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Definition 2.3 (MFCQ) Let the point z* be a feasible solution of the problem P.
We say that the Mangasarian-Fromovitz constraint qualification (MFCQ) holds at 2~
if Vhi(2*),j = 1,--- ,q are linearly independent and there exists a vector d € RY

\
such that

Vgi(z*)"d < 0,Vi € I(2*),

Vhi(z*)"d=0,j=1,--- ,q,

where ' indicates the transpose. It can be shown that MFCQ is equivalent to the

following condition:

0=>"7, MVai(2*) + D25, i Vh;(27)

Ai >0, Migi(27) =0

= A =0,p; =0,Vi,j.

When there is no inequality constraint, MFCQ is equivalent to saying that the gra-
dient vectors are linearly independent. Actually, MFCQ is equivalent to saying that
the Fritz-John conditions (see [2, 11]) do not hold if the multiplies for the objective

function is zero.

Theorem 2.1 (see e.g. [2]) Let the point z* be an optimal solution of the problem
P. If all binding constraint functions are linearly independent or MFCQ holds at z*,

then the Karush-Kuhn-Tucker necessary optimality conditions hold at z*.

Now we explain the relation between LICQ and MFCQ.
LICQ means that we can not find scalars A;(7 € [(z*)), (7 =1,--- ,q) which are

not all zero such that 0=}, .., \iVgi(z") + > j=1 #;Vh;(z*). MFCQ means that
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we can not find nonnegative scalars \;(i € I(z*)) and scalars p;(j = 1,--- ,¢) which

are not all zero such that

q

0= Z AiVai(z") + Z i Vh;(z7).

iel(z*) 7=1
Since scalars \;(i € I(z*)) are only required to be nonnegative, MFCQ is weaker then
LICQ. We can see this from the following example.

Example 2.2 Let z* = (z*,y*) = (0,0), 91(2) = ¢ + y, g2(z) = 2z + 2y.

Solution. Since Vg,(z*) = (1,1), Vga(2*) = (2,2), there exist A\; = —2. Ay = 1 such
that Vgs(z*) — 2Vgi(z*) = 0. LICQ can not be satisfied here, but MFCQ can be

satisfied because Ay = —2 < 0.

2.2 Mathematical program with equilibrium constraints

2.2.1 Introduction

The agent’s maximization problem can be written as follows:

max V(w,a)
s.t.  g(w,a)=a—-a <0,

92(10, a) =a—a S 07

where V(w,a) is the payoff of the agent when the principal offers a contract w and

the action a is taken.
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Since at most one of the two constraints is binding, LICQ holds at the optimal
solution a* of the agent’s maximization problem when the principal offers a contract

w*. By Theorem 2.1, there exist b7 > 0,55 > 0 s.t.

Va(w®,a*) — b] + b5 =0,
bi(a* —a) =0,

by(@—a*) =0.

Therefore, we may consider the principal-agent problem as a special case of the fol-
lowing mathematical program with equilibrium constraints (MPEC) in the standard

form:

(MPEC) min  f(2)

s.t.  g(z) <0, h(z)=0,

Wherele'i’v"—>R,B:R"—»R’",A:R"—»Rm.g:}?“—»R’”.h:R"—+R"andT
indicates the transpose. The reader is referred to [10, 19] for applications and recent
developments for the standard MPEC. Most part of this section is quoted from the
comprehensive reference [27]. The reader can also find some different formulations
of MPEC which are equivalent to the standard MPEC in Ye [27]. Since there are
several different approaches to reformulate MPEC, various stationary concepts arise

(see e.g. [22], [27]). There are three kinds of stationary points in Definition 2.4
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which are weakly stationary (W-stationary), Mordukhovich stationary (M-stationary)
and strong stationary (S-stationary). The name “M-stationary condition™ was first
used in [22]. However, the definition of M-stationary was first introduced in Ye
(28, Theorem 3.2] by using Mordukhovich coderivative of set-valued maps (see (16])
and further studied by Ye in [26] and Outrata in [18]. More information about S-
stationary can be found in [10, 25]. We also introduced two different constraint
qualifications for stationary conditions to hold for the MPEC problems. One is the
MPEC lincar independence constraint qualification (MPEC LICQ) under which all
three stationary conditions hold at a local optimal solution of MPEC. The other
one is the MPEC generalized Mangasarian-Fromovitz constraint qualification (MPEC
GMFCQ) under which both M-stationary and W-stationary conditions hold at a local
optimal solution of MPEC. We add more examples here to explain why we need the
constraint qualifications and the relation between the two constraint qualifications.

Given a feasible vector z* of MPEC, we define the following index sets:

Iy ={i: g:(z") =0},

In deriving Kuhn-Tucker-type necessary optimality conditions, however, we need
to find the constraint qualifications. Unfortunately, the standard constraint qualifi-

cations such as the MFCQ never hold for the MPEC problems. A proposition quoted
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from the reference [29] is a precise statement of this fact. For completeness, we write

the proposition in a different format as follows:

Proposition 2.2 Let z* = (w*,a",b},b3) be a feasible point of MPEC. Then MFCQ

does not hold at z*.

Proof. For simplicity, we omit the constraints g(z) < 0. h(z) =0, in the proof.

Set,

then

Ai(Z) = 0, i € v U ,3v

Bi(z) =0, i€ aUR,

are active constraints for MPEC at z*.
If VH(z*) = 0, then VH(2*) can not satisfy the linear independence condition.
If VH(Z*) = Zi&‘? VAi(Z*)Bi(Z‘) + ZiEQ Aqi(z‘)VBi(Z*) ?é 0 with Bi(z*) > 0,7 €

v, Ai(2*) > 0,7 € a and there exists a vector v € R" such that

(v,VA;(2")) >0, VieyUu g

and

(v,VB;(z*)) >0, Vi€ aUpf,
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then

(v, VH(z*)) = (v, Z (VAi(z*)Bi(2*) + Ai(z*)VBi(z%)))
- [<v,VAz-(z*)>B,~<z*) + <v,VBz~(z*>>Ai<z*)]
= Y (v, VA(2")) —i—ZvVB z*))Ai(z*) > 0.

MFCQ requires that (v, VH(z*)) = 0, so MFCQ cannot hold at 2.
O

The following example shows that MFCQ does not hold when VH(z*) = 0.

Example 2.3 ([9])

min —y

st. z—y=0,
z>0,y>0
zy =20

Solution. The optimal solution is (z*,3*) = (0,0) showing on Figure 2.2 which is
the only feasible point.

LICQ and MFCQ can not be satisfied for the above example. The details are as
follows:

Because z > 0,y > 0 are both binding, LICQ requires that the gradients of

the four functions g = —x, go = y. hy = = — y, ho = zy are linear independent.
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Figure 2.2: The optimal solution of Example 2.3
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MFCQ requires that the gradients of the two functions hy = z —y, hy = zy are linear
independent. Since Vhs(z*,y*) = (0,0)7, LICQ and MFCQ can not be satisfied here.

The following example shows that MFCQ does not hold when VH(z*) # 0.

Example 2.4

min —y
st. z—y—10=0,
z2>0,y=>0,

zy =0.

Solution. The optimal solution is (z*,y*) = (10,0) showing on Figure 2.3 which is
the only feasible point.

(a) Because y > 0 is binding, LICQ requires that the gradients of the three
functions g» = y. hy = x—y—10, ho = zy are linear independent. Since Vgo(z*,y*) =
(0,1)T and Vha(z*,y*) = (0,10)7, LICQ can not be satisfied here. (b) MFCQ requires

that there exists v = (v1,v2) € R? such that
(v, Vga(z*,y%)) =12 >0, (v, Vha(z",y")) = v2 =0,

which contradicts to each other.
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2.2.2 Stationary conditions

Unlike the standard nonlinear programming which has only one stationary condition,
i.e. the KKT conditions, there are various stationary conditions for MPEC. We now

summarize them.

Definition 2.4 (Stationary points for MPEC) Let z* be a feasible point of MPEC.
We say that 2* is weakly stationary (W-stationary) if there exists A = (N, X B XY e

RP+a+2m guch that the following conditions hold:

0 )+ MVg() + Z MNVhi(2* Z[ABVB 2*
iely
+AV Ai(2%)), (2.1)
X, =20, A2 =0, 24— (2.2)

We say that 2* is strong stationary (S-stationary) and Mordukhovich stationary (M-
stationary) respectively if it is weakly stationary and the following additional condi-

tions are satisfied respectively:

vie3, AB>0. M>o0.
Vie B, either \B >0, \'>0 or A2\ =0.

From the above definition, we can see that W-stationary condition or M-stationary
condition is weaker than the S-stationary condition. Actually, the S-stationary condi-

tion is equivalent to the standard KKT conditions of MPEC. Thus, the W-stationary
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condition or M-stationary condition is weaker than the standard KKT conditions. Ac-
tually, the weakness is in the signs of the multipliers. For the inequality constraints,

some of the multipliers can be negative.
2.2.3 Constraint qualifications

Because the standard constraint qualifications such as the MFCQ never hold for the

MPEC problems, we need the following new constraint qualifications.

Definition 2.5 (MPEC LICQ) Let z* be a feasible point of MPEC where all func-
tions are continuously differentiable at z=. We say that MPEC linear independence

constraint qualification (MPEC LICQ) is satisfied at 2* if the following vectors

Vgi(z*) Viel,
Vhi(z*) Vi=12,...,q,
VBi(z*) Vi€aUSB.

VAi(2*) VievyUpB

are linearly independent.

Definition 2.6 (MPEC GMFCQ) Let z* be a feasible point of MPEC where all
functions are continuously differentiable at z*. We say that the MPEC generalized

Mangasarian-Fromovitz constraint qualification (MPEC GMFCQ) is salisfied at z* if
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(i) for every partition of 3 into sets P,Q, R with R # 0, there exists d such that

Vgi(2*)'d<0 Viel,
Vhi(z)Td=0 Vi=1,2,...,q,
VBi(z")"d=0 VieauqQ,
VAi(z)"d=0 VieyUP,

VB;i(z*)"d>0,VAi(z*)'d>0 VieR

and for some i € R either VB;(z*)Td > 0 or VA;(2*)'d > 0;

(ii) for every partition of (3 into sets P,Q, the gradient vectors

Vh,-(z‘) Vi=1,2,...,q,
VB;(z*) VieaUQ,

VAi(z") VieyUP
are linearly independent and there exists d € R™ such that

Vgi(z)Td <0 Yiel,
Vhi(z*)'d=0 Vi=12,...,q,

VBi(z)'d=0 YieaUQ,

VAi(z)"d=0 YieqUP.
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The following theory tells us that with different constraint qualifications we can

get different stationary points.

Theorem 2.3 (Necessary Optimality conditions for MPEC) Let z* be a local
optimal solution of MPEC. If MPEC GMFCQ holds at z*, then the M-stationary
condition holds at z*. If MPEC LICQ holds at z*, then z* satisfies the S-stationary

condition.
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Chapter 3

The principal-agent problem

In this thesis, we study the moral hazard model of the principal-agent problems in the
following form as in the references [20, 21]. This problem arises when a principal hires
an agent. For example, the agent is an employee and the principal is an employer.

In the moral hazard model, the principal offers a contract to the agent. If the
agent’s payoff from the contract is lower than his reservation payoff V*, the agent will
reject this contract. The reservation payoff represents the payoff the agent can obtain
by breaking his relationship with the principal. If his payoff is higher than V~, the
agent will accept this contract and choose an action from a real interval A = [a,7]
that will maximize his payoff.

The outcome can be one of the NV given alternatives, x,,Zs,...,zx which are
ordered as 7, < Ty < ... < Ty.

If the agent chooses action a € A, the probability for him to generate the outcome
z; is p;(a).

A contract between the principal and agent consists of an agreement about what
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wage will be paid to the agent as a function of the outcomes z, T, ...,zx. Let
= (’u)l1 wae § lUj\r) € RN

denote a contract, where w; is the wage paid to the agent if the outcome x; occurs.
Let u(z; — w;) be utility of the principal and v(w;) be utility of the agent.
The function c(a) is the cost function of the agent’s action a.
The expected payoffs to the principal and agent of the contract w when the agent

chooses action a are as follows:
U(w.a) 2 p(au(a; = w)

(w,a) = ij a)v(w;) — c(a).

The relationship between the principal (P) and the agent (A) can be described as

follows:

P: 0,
if V< V7, reject,
A: V=,

P offers w to A <
if V> V™, accept,

P: Z _lp](a u(z; — wj),

a € argmaxgyeq V(w,a') s.t. <
A: ZJ\=1 pj(a)v(w;) — c(a).
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The following assumptions will be made about the above functions.

Assumption (A.1): p;j(a) > 0 for Vj € {1,2,...,N} and Va € A.

Assumption (A.2): p;(a) is twice continuously differentiable for Vj € {1,2,..., N}

Assumption (A.3): u is increasing.

Assumption (A.4): u is concave and continuously differentiable.

Assumption (A.5): u(z) = z.

Assumption (A.6): v is increasing.

Assumption (A.7): v is strictly concave and continuously differentiable.

Assumption (A.8): ¢(a) is a convex function.

As in most of the literature, the principal is assumed to be risk-neutral which
means that u is a linear function of z. Because he hires a large number of agents.
the principal can tolerate risks. For simplicity, we assume (A.5) holds. In general.
however, the principal is assumed to be risk-adverse which means that he has a
concave utility function as in (A.4).

The principal looks for a contract w™ which will influence the agent to choose an

action a* such that (w*,a*) solves the following principal-agent problem:

(PA) max U(w,a) (3.1)
s.t. V(w,a) >V*, (3.2)
a € arg max V(w,a’). (3.3)

a’'€:

Example 3.1 BC Firm is a profit-mazimizing firm that is currently without a CEO

(“manager”). The shareholders are looking for a new CEQ. Once hired, the CEO



22

can decide to run the firm with effort a € A. The effort cannot be observed directly
by the shareholders, but they observe that BC Firm’s profits are one of the outcomes:
(z1,22) = (150,300). The relationship between effort and profits is random. With
effort a, profits turn out to be xy with probability p\(a) = (%)“ and x5 with probability
p2(a) = 1 — (3)°. Finally, shareholders have a utility function u(w) = w and CEO
has a utility function v(w) = \Jw, a resérvation payoff V* =5 and the cost function

of his action c(a) = a.

The expected payoffs to the shareholder and CEO of the contract (w;,ws) when

the CEO chooses action a can be determined as follows:
1., 1
U(w,a) = (5) (150 — wy) + [1 — (5)“](300 — ws),

V(wa) = (5)Var + [ = (G)IVE —a.

F4

The shareholder looks for a contract w* which will influence the CEO to choose

an action a* such that (w*, a*) solves the following principal-agent problem:

max (%)6(150 _an) [~ (%)“](300 )

st (GVE+1- G VEm-a>s
a € arg max {(%)“’\/ﬂ?—i— 1- (%)“']\/ﬁg—— a'} ;

a’cA



Chapter 4

Discussion of the first-order approach in

Economics

In this section, we introduce most of the economical works about the sufficient con-
ditions for the first order approach to be valid for the PA problem.

The difficulty of the PA problem lies in the incentive constraint (3.3):
a € arg max V(w,a"),
which is a set of countless constraints in the following form
V(w,a) > V(w.a'),Va' € A.

The first-order approach is a technical shortcut widely used in Economics which is

to replace the PA problem by the following relaxed principal-agent (RPA) problem:
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(RPA) max U(w,a)

s.t. V(w,a) > V7,

Va(w,a) =0,

a € A
Suppose that (w*,a*) is a solution to RPA. If (w*,a*) is also a solution of PA, then
we say the first order approach is valid. In 1975, Mirrlees [15] pointed out that the
first-order approach is not generally correct. In order to find the sufficient conditions
for the first order approach to be valid, we need the following conditions.

The first condition is that the probability function {p;(a)}}L; of the output z;

with the agent’s action a as the parameter satisfies the monotone likelihood ratio

condition (MLRC):

Definition 4.1 (MLRC) The functions {p;(a)}}L, are said to satisfy the monotone
likelihood ratio condition (MLRC) if a1 < ay implies that pj(as)/p;(a1) is nondecreas-
mg i j.

The following example satisfies MLRC.

Example 4.1 In the University of Victoria, there are many courses for students
to choose. For each course, the students will get different grades after every exam.
Suppose that there are three grades A, B and C which are outcomes r, = C,xq =
B.z3 = A. The student can choose to work hard or not which is higher effort ay
or lower effort ap, with ag > ay. The probability functions satisfy the following
conditions

pelan)/pelar) = 3. plan)/pelar) = 1, palan)/palar) = 2.



25

By Definition 4.1, MLRC is satisfied here. If the student chooses ay, the probability
to get A is twice of the probability if the student chooses ar. If the student chooses
ag, the probability to get B is equivalent to the probability if the student chooses
ar. If the student chooses ay, the probability to get C' is half of the probability if
the student chooses ay.

The following proposition provides us an equivalent condition to MLRC.

Proposition 4.1 (Milgrom [12]) Suppose that (A.1) and (A.2) hold, the functions

{pi(a)}L, satisfy MLRC if and only if p}(a)/p;(a) is nondecreasing in j for every a.

Proof. Notice that p)(a)/p;(a) = dlogp;/da. 1t follows that for any a;,a; € A

with a; < as,

pi(a)/py(on) = eap{ [ ldiogp,/dalda} = con{ [ i) py(@)da}

ay

The conclusion follows easily.

g

By Proposition 4.2, the following condition can be implied by MLRC.

Definition 4.2 (SDC) The functions {p]-(a)}j-v=l are said to satisfy the stochastic
dominance condition (SDC) if Fj(a) is nonpositive for every j € {1,...,N} and

a € A, where Fj(a) denotes the corresponding distribution function:

Fj(a) = ZP:‘(G)-
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Proposition 4.2 (Whitt[23]) Suppose that (A.1) and (A.2) hold. MLRC implies

SDC.

Proof. By MLRC, we know that p;(as)/p;(a;) is nondecreasing in j if a; < as
and aj,a; € A. Since pj(a;) and p;(ag) are probability functions, there exists j €

{1,..., N} such that p;(a2)/p;(a1) <1 < pji(az)/pi(a;) foralli > j. For any k > j+1,

J\r

Zpi(al) < Zp, a1)[pi(as)/pi(ar)] = D pilaz)

i=k

and for any k& < 7,

k k
sz a) > Z [pi(az)/pi(a1)] = ZP:‘(@)

which implies that Fj(as) < Fj(ay). for every j € {1,...,N} and a;,a; € A with
a; < as. Hence, FJf(a) is nonpositive for every j € {1,...,N} and a € A.
O
MLRC means that increase in effort causes expected outcome to increase in the

sense of stochastic dominance. The details are as follows:

N
Zpi(a):r,- = Z Fi(fl)(l'i — Ii—H) +TyN.

Since x; < x;4; and F;(a) decreases in a from SDC condition, the expected outcome

SN pi(a)z; increases in a.
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The second condition is the convexity of the distribution function condition (CDFC):

Definition 4.3 (CDFC) The functions {p;(a)}}_, are said to satisfy the convezity
of the distribution function condition (CDFC) if F}(a) is nonnegative for every j €
{1,...,N} and a € A.

CDFC really has no clear economic interpretation, but it allows us to obtain the

concavity of V(w,-). The follows are two examples of a family of density functions

satisfying CDFC:

Example 4.2 Let

then we have

Tja—a 2, L5
Fj(a) = (=2)**log’(=2) > 0.
N N

Example 4.3 Let

Fj(a) = a0 glo-a)(z—an)®

where k; € R, ks 1s an odd number,

then we have
F;’(a) _ Ifl(rj—rwv)e(a—g)(rJ —zy)k2 (iL'j _ l_N)2k7 > 0.

We can take Example 3.1 as an example here to show that MLRC and CDFC are

satisfied.
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Example 4.4 The probability functions in Ezample 3.1 are as follows:
pi(a) = (%)a and pa(a) =1 — (%)a

. . 3)e2 _ 1—(5)2
Solution. Since pi(as)/pi(a;) = t—-% = (%)“2 “ and po(asz)/pa(a) = —1_—&% we

191

have that for all a; < as.

o
X}

I

)a-z—ﬂl

pa(az)/pa(ar) — pr(az)/pr(ar) =

— |
|
P

— N N N

—
o= ==
~| & 8§
Gl
£

1~}

B

b

v
2

i.e., MLRC holds.

Since Fi(a) = pi(a) = (3)%, F{'(a) = (log 3)(3)* > 0. Since Fy(a) = 1, Fy'(a) = 0.
Thus CDFC is satisfied.

We can use the first order approach to solve Example 3.1 when a € A = [0.1, 3]
as follows:

Solution. By the Optimization Toolbox in Matlab, we can find the optimal
solution w* = (3.0416, 75.9576), a* = 2.2727. V(w*,a*) = V* = 5 and U(w*,a*) =
208.0901.

Mirrlees tried to give a proof in [14] that the first-order approach is valid when
MLRC and CDFC hold, but there was some error.

Later, Rogerson [20] found a method by using a further relaxation of the PA
program by weakening the incentive constraint (3.3) even further, which is called a

double-relaxed principal-agent (DRPA) program:



(DRPA) max U(w,a)

s.t. V(w,a) > V7,
Vo(w,a) >0,
a € A.
Three more assumptions are required for the results.

Assumption (A.9): A solution to program DRPA exists with a < @.

Assumption (A.10): A solution to program PA exists with a > a.

Assumption (A.11): ¢/(a) > 0.

The main idea of the proof in Rogerson [20] is to show that an optimal solution
(w*,a*) of DRPA is also an optimal solution of PA under MLRC and CDFC. The
method is to prove that under MLRC and CDFC the agent’s payoff function V(w*, a)
is concave in a when (w*,a*) solves DRPA . Thus the stationary point a* can only
be the global maximum of V(w*,a) on A. Note that, with the Assumptions (A.9),
(A10), the global maximum a* can not appear at the boundary of A.

In order to make the proof easier to read, we change the structure of the proof
and add more details. The original proof provides the references for the proof of the
nondecreasing property of the w} and x} — w; in . but we can only find the proof
for the nondecreasing property from the references when the w and z are continuous
variables. In this model, the w; and z; are discrete. That is why we add a different
proof for the nondecreasing property of the w; and x} — w; in 7 into the following

proof.

Proposition 4.3 Suppose that (A.1)-(A.4), (A.6)-(A.11), MLRC and CDFC hold,
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then (w*,a”) solves PA if and only if it solves RPA for a* € (a, ).

Proof.

Step 1. We prove that for a* < @, (w*,a”) solves DRPA if and only if it solves

RPA.
Step 1 (A): DRPA=- RPA.

Let the Lagrange function of DRPA be

L(w,a, A, A=) = U+ NV (V*-V)+ I\, (4.1)

N N
= — Zpi(a)u(zri —w;) — )\"'[Z pi(a)v(w;) — c(a) — V7|
i=1 i=1

N
XY pila)e(ws) = ¢(a).

i=1

Let (w*,a*) solve DRPA, then we can find the fact that the solution of DRPA sat-
isfies the KKT conditions from the reference [24] with (A.11). That is, there exist

nonnegative real number A" and nonpositive real number AY* such that:

oL
)F.a*) = 0,V4 ......"V. 1.2
6wi(u a%) =0,Vi e {1, ...,N} (4.2)
> 0ifa* =a,
oL (4.3)

(™. a"){ = 0ifa* € (a.7).

< Oifa*=1a.
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AV (w*,a*) = V) =0,\"V,(v*,a*) =0. (4.4)

Equations (4.2) and (4.3) are

u'(z; — wy) 1% v, pia) .
— =\ = Ne— Vi e {l,...,N}, 4.5
v'(wy) pi(a®) { J (43)
<. 0if e =,
Ua + A Vo= A"Vaa § = 0if a* € (a,3), (4.6)
> 0Oifa*=1a

respectively.

By Proposition 4.1, we know that p!(a)/p;(a) is nondecreasing in i. From the fact

that AV > 0,AY < 0, it follows from (4.5) that % is also nondecreasing in i,

le..

W (Tig1 — wiy,) > u'(z; — wy)
v(wl,) T v(w))

L Vie{l,....N—1}.

*

If there exits an i € {1,..., N—1} such that w] > w},,, then z;—w] < xiz1 —wj,,
for z; < z;+1. Since v is strictly concave, v’ is decreasing. Because u is concave, u’ is
nonincreasing. Therefore, u/(z; — w}) > u/(z;41 — wiy,;) and v'(w]) < v'(w}i,,). Thus

U(Zin —wiy,) _ w(mi —wp)

v'(wly,) v'(wy)

which contradicts to (4.5). Thus we have w; < w},,, Vie {1,...,N —1}.
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If AY= # 0, (4.4) implies that V,(w*, a*) = 0. Now suppose, instead, that A** = 0.
It will be shown that V,(w",a") still equals to zero. By (4.5),

(i —wiy,) _ w(mi—wf) .
= Vie{l,...,N—1}.
o (wi) oy & b Nl

i+1

Since u is concave, 1 is nonincreasing. Now we prove that
r—w <z —wiy, Vie{l,...,N—-1}

Suppose that there exists an i € {1,...,N — 1} such that z; — w] > i} — W},
then u'(z; — w]) < ¥/(zi41 — w},,) which implies that v'(w}) < v'(w},,). Since v is
strictly concave, v’ is decreasing. Hence, w; > wj,,. However, we just proved that
wf < wiy, Vi € {1,...,N —1}. Thus w; = wj,,. We know that z; < z;+1, then
x; —w; < Tip) — w},,. This is a contradiction to the assumption that there exists an

i€{l,...,N—1} such that z; —w] > zips —wj,,. Thus z; —w; < Ty —wi,, Vi €

The principal’s expected payoff can be rewritten as
N N
0= 3ot - w) = A0
i=1 i=i

’U,(il,‘i = wi) . u(a:i_l — w,-_l), 1>1
where A; =

U(.’E] = ’U)l). = 1.

Therefore, U, = le A; [ZJ\=, p(a)]. By SDC which is implied by MLRC, each
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of the terms in square brackets ZJ _;pi(a) = = [1 — Fi_1(a)]" is nonnegative. Because
x; — w! is nondecreasing in ¢, each of the A; terms is also nonnegative. Hence,
U, is nonnegative. Since AY = 0, \¥ must be positive for increasing property of
u,v by (4.5). Because \Y> = 0,AY > 0 and U, > 0. it follows from (4.6) that
Va(w*,a*) < 0 when a* < @. However, V,(w.a) > 0 in DRPA . Thus V,(w",a") =0,
then (w*,a*) € Frpa. The fact that (w*,a*) solves DRPA means that U(w*,a*) >
U(w,a), ¥(w,a) € Fprpa. Because Frpa C Fprpa, U(w*,a*) > U(w,a), ¥(w,a) €
Frpa. Thus (w*, a™) solves RPA.

Step 1 (B): RPA = DRPA.

If (w*.a”) solves RPA, then V,(w*,a”) = 0. Assume, for contradiction, that
(w*,a*) does not solve DRPA. Let (w,a) be a solution to DRPA with a < @ which
exists from (A.9). Because Frpa C Fprpa, (w*,a") € Fprpa. Since (w*,a”) does not
solve DRPA, U(w, a) > U(w*,a*). Because (w, a) is a solution to DRPA and a < @, it
is also a solution to RPA from Step 1 (A). Thus (w*,a*), (w,a) € Frpa, when a < a.
For U(w,a) > U(w*,a"), (w*,a*) cannot solve RPA. This is a contradiction.

Step 2. We prove that (w*, a*) solves DRPA if and only if it solves PA.

Step 2 (A): If (w*,a*) is a solution to DRPA, then (w*,a) is also a solution to
PA.

The agent’s expected payoff can be rewritten as

V= Z’L w;)pi(a) — c(a) = Z ij
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v(w;) —v(wi-1), 1> 1,
where A; =
v(wl), = L,

Therefore, V,, = Z:\;z A; [Z;:; pj(a)] = ¢"(a). Because w; is nondecreasing (from
Step 1 (A)) and v is increasing, each of the A; terms is nonnegative. The function
c(a) is convex in a, so ¢’(a) > 0. By CDFC., ZJL! pj(a) = [1 - Fi-1(a)]” < 0. Hence,
Vaa(w*,a) <0,Va € A.

If (w*,a") solves DRPA, then V satisfies

Vie(w®,a) <0, Ya € A.

Moreover by Step 1 (A),

Vo(w®,a®) =0 if a* € [a,q)

Vo(w*,a®) > 0ifa” =a.

These conditions imply that the agent’s action choice is a global maximum, so (w*, a*)
is also an element of the PA solution set. The PA problem and DRPA problem
have the same objective function (principal’s expected payoff): U(w,a) and (w*,a*)

maximizes the objective function over the double-relaxed constrain set. That means

U(w*,a*) > U(w,a), Y(w,a) € Fprpa.
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where Fprpa = {(w,a)|Va(w,a) > 0,a € A}
Fpa={(w,0)|a € argmaxV(w,0)} = {(w,a)|Va(w,a) -}

when (A.10) holds, so Fp4 C Fprpa. Now we have
U(w*,a*) > U(w,a), ¥(w,a) € Fpa,

so (w*,a*) solves the PA.

Step 2 (B). If (w*, a*) is a solution to the PA, then (w*,a*) is a solution to DRPA.

Assume, for contradiction, that (w*,a*) dogs not solve DRPA. Since a* > a for
(A.10), it must be true that V,(w*,a*) > 0. Therefore, (w*,a*) € Fprpa. Let
(w,a) be a solution to DRPA with @ < @. Since (w*,a*) does not solve DRPA,
U(w,a) > U(w*,a*). Because (w,a) is a solution to DRPA, (w, a) is also a solution
to PA from Step 2 (A). Then (w*,a*), (w,a) € Fps. Thus (w*,a*) cannot solve PA
for U(w,a) > U(w",a*). This is a contradiction.

In all, for a* € (a.@), (w*,a") solves PA if and only if it solves RPA.



36

Chapter 5

PA-MPEC approach

Most of the contributions in this thesis are presented in this chapter. By rewriting
the PA problem as a MPEC problem named PA-MPEC, we can use PA-MPEC to
solve the PA problem. We call this approach the PA-MPEC approach. This approach
is a more general first order approach which allows the optimal action of the agent to
be at both interior and boundary points while the first order approach can only be
used when the optimal action of the agent is in interior. By the concavity of V (w, -),
we can prove that the PA-MPEC approach is valid, which means that the optimal
solution of PA-MPEC is also an optimal solution of PA as the first order approach
in Economics. By using the methods of MPEC reviewed in Section 2.2, we can find
the stationary conditions and constraint qualifications for the PA-MPEC problem.
With different constraint qualifications, we can get different stationary conditions at
the optimal solution of PA-MPEC. If we assume the proper constraint qualifications,
the Weakly-stationary condition holds which is weaker than the KKT conditions. We

only need to use the Weakly-stationary condition instead of the KKT conditions to
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prove the concavity of V/(w,-). In order to find the concavity of V(w, -), we also need
MLRC and CDFC, when the principal is risk-averse. When the principal is risk-
neutral, we just need to assume more general conditions named k-MLRC, k-CDFC
and k-OCDFC instead of MLRC and CDFC. Now we get the conditions such that
PA-MPEC is equivalent to PA. Under these conditions, we obtain some corollaries to
get the optimal solutions of PA both in the interior and at the boundary. We will use

the notation © = (0,...,0) € R¥ in this chapter.

5.1 Composing the PA-MPEC approach

In this section, we use the methods of MPEC in section 2.2 to set up the PA-MPEC
approach.
By replacing (3.3) in the PA problem by its KKT conditions, we obtain the fol-

lowing principal-agent MPEC (PA-MPEC):

(PAMPEC) min —U(w.a)

ity B
st. V(w,a)> V", (5.1)
Vo(w,a) — by + b2 =0, (5.2)
(b1, b2) > 0,

(a—gaa—a) 20,
(bi(a—a),ba(@—a)) =0.
We call this approach PA-MPEC approach. Suppose that (w*,a*, b}, b3) is an optimal
solution to PA-MPEC. If (w*, a*) is also an optimal solution of PA, then we say the
PA-MPEC approach is valid as the first order approach in Economics.
In order to treat the PA-MPEC program as a MPEC problem, we need to define

the functions in MPEC as follows:
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min —U(w,a) f(2) = -U(w,a),
w,a,by ba
s.t. V(w,a) > V* g(z) =V* = V(w,a),
Vo(w,a) —by +02 =0 h(z) = Va(w,a) — by + bs,
(b1,b2) >0 B(z2) = (b1, ).

Given a feasible vector z* = (w

index sets:

(hi(a—a),bx(@—a))=0

(a—a,@a—a)>0 A(z) =(a—a,a—a),

B(2)TA(z) = 0.

. a*, b, b3) of PA-MPEC, we define the following

a:=oz*) = {i: Bi(z*) =0, 4;(z*) > 0},
ie.lea ifb]j=0,a"—a>0,

2€a ifb3=0,a—a" >0.
8 := B(z*) .= {i: Bi(z*) =0, Ai(z*) =0},
i.e.1€p ifbj=0,a"—a=0,

2€8 ifby=0a—a" =0.
v = v(2*) := {i : B;(z*) > 0, A;(z*) = 0},
ie.ley ifb]>0,a"—a=0,

2¢y ifby>0,a—a =0.

In all, there are five cases:

Casel a={1,2},f=0¢,v=¢
Case2 a={2},6={1},v=¢
Case3 o ={2},8=0¢,7v={1}

Cased a={1},6={2},v=¢
Cased a={1},8=0¢,7v=1{2}

ifa<a* <@ by =0b=0.

ifa*=a,b]=0,a"<a by=0.
ifa*=ga,b;>0,a" <@, b;=0.
ifa*=a b;=0,a<a’, b =0.
ifa’ =6, b >0,a <d" b =0



Actually for each case, we have:

Case 1: (w*,a") is a solution to the following problem:

min —U(w,a)
s.t.  V(w,a) > V7,
Va(w,a) =0,

(a—a,a—a)>0.

Case 2: (w*,a,b}) is a solution to the following problem:

&E& —U(w,a)
st.  V(w,a)> V7,
Va(w,a) <0,
by > 0,
aza,
bi(a—a)=0.

Case 3: (w*,a,b}) is a solution to the following problem:

mi? —-U(w,a)
st.  V(w,a) > V",
Va(w,a) <0,
by > 0,
a > a.

Case 4: (w",@,b}) is a solution to the following problem:

E&ig -U(w,a)
s.t.” V(w,a) 2 V7,
Va(w,a) >0,
by > 0,
a<a,
ba(@—a) = 0.

Case 5: (w*,@,bs) is a solution to the following problem:

39
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min —U(w,a)
w,a,bs
st. V(w,a) > V7,
Val(w,a) > 0,
by > 0.
a<a.

In the following proposition we find that the constraint V(w,a) > V* is always

binding for PA-MPEC.

Proposition 5.1 For the PA-MPEC problem, the constraint (5.1)

V(w,a) > V*

is always binding at an optimal solution (w*,a", b}, b3).

Proof. If the constraint (5.1) is not binding at an optimal solution (w*,a*, b, b3).

then we can change w* a little bit such that the constraint (5.1) is binding, i.e. there

exists dw = (dwy, - - - ,dwy) with dw; <0,i=1,..., N such that
e
V(w* +dw,a®) = v(w] + dw;)pi(a”) — c(a’) = V*
i=1

and there exist by, by such that

N
Va(w* + dw,a”) =Y v(w] + dw:)pj(a”) — ¢(a*) — by + by = 0.

i=1
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The objective function
.‘\r
U(w,a) = Zpi(a)u(xi =5
=1

is increased by Zx\=1 pi(a®)u(z; — wi — dw;) — o, pi(a®)u(z; — wi) > 0. Thus
(w* + dw,a*, by, by) is better than (w*,a*,bj,b3). This contradicts to the fact that

(w*, a*, b}, b3) is an optimal solution.

5.2 Definitions for PA-MPEC problem

By the use of Definition 2.4 of stationary conditions for MPEC, we get the following

stationary conditions for the PA-MPEC problem.

Definition 5.1 (Stationary points for PA-MPEC) A feasible point (w*.a", bj.b3)
of PA-MPEC problem is called weakly stationary (W-stationary) if there exists

A= (AV. A2, M) € R* such that the following conditions hold:



and

Casel: M =\ =0,
Case2: Xy =0,
Cased: ) =% =1,
Case4 : X{ =0,

Qaseb: 57 =2"==0.

We say that (w*, a*, b3, bs) is Mordukhovich stationary (M-stationary) if it satisfies

(5.3)-(5.5) and

Casel: X =X =0,
Case2: A =0,A"* >0,A >0 or Aepd =,
Case3: M = AV= =,
Cased: A\ =0,\"" <008 >0 or A"\ =0,

Case5: 234 =A% =0,

We say that (w*,a*, b}, b3) is strong stationary (S-stationary) if it satisfies (5.3)-
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(5.5) and

Casel: M = X

[

=0,
Case2: X3 =0,A" >0,\' >0,
Case3 : /\‘24 =\ =0,
Cased : A\ =0,A"* < 0,78 >0,

Caseb: M = A" = 0.

From the above definition, we have the following relation between the stationary
conditions:

The S-stationary condition implies the M-stationary condition and the M-stationary
condition implies the W-stationary condition. Actually, the S-stationary condition,
M-stationary condition and W-stationary condition coincide in Case 1, Case 3 and
Case 5 from the above definition.

As explained in the next proposition, the S-stationary condition is equivalent to

the standard KKT conditions.

Proposition 5.2 PA-MPEC satisfies the standard KKT conditions at (w*,a*, b}, b3)

if and only if the S-stationary condition is satisfied at (w*,a*, b7, b3) for PA-MPEC.

Proof. Let

L(w,a,by,by) = —Uw,a)+ A (V* = V(w,a)) + A\ (Va(w,a) + by — ba) — A by

—/\;Bbg —Ag i —8) = MA@ — a) + wbi(a — a) + pabs(@ — a).
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(I) PA-MPEC satisfies the standard KKT conditions at (w*, a*,bj,b3) if and only if

there exist AY=, p1, pz € R and AV, A\, \5*, A B, AZ € [0, 00) such that

VL(w*,a", b}, b3) =0,
AV (V* —V(w*,a%) =0,
AXEBb; =0, 2505 =0,

A (a” —a) =0,

A (@ —a*) =0,

i.e.,

On = ViU, a")+ AV, V(w,a*)— A"V, V. (w*,a%),
0 = U(w",a®) + AV V,(w*,a*) — AVq(w*,a*) + A4 — A2

—p1b] + p2bs.

0 = A= AP+ —a),

0 = A AF+p@a—-a)

and AV > 0 because constraint (5.1) is always binding by Proposition 5.1;
)\'1‘4 > 0, whena* = g; /\'1’4 =0, whena* > a;
A >0, when a* =a; A\ =0, whena” <@,

MNE >0, when b} = 0; A\Z =0, whenb;j > 0;
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AZ >0, whenb; = 0; AP =0, whenb; > 0.

Set A = A2 — b, A = A — pabs,

X = AP — p(a* —a), N = AP — po(@a— o).

Since Case 1: a < a* <@, b] = b3 =0,

Case2: a*=ga,b]=0,a" <@, b3 =0,

Case 3: a* =@, b} >0,a* <@, b; =0,

Case4: a*=a, by =0,a<a*, b =0,

Case 5: a* =@, b3 >0, a<a", by =0,

we have the following conditions:

Oy = Vo U(uw a*) + AV, V(w",a*) = A"V, V,(w*,a”),
0 = Uy(w*,a*) + N V,(w*, a*) — \VeVa(w*,a*) + A — A3,

AV >0

and
Case 1: M =XA=M=2A2=0,
Case 2: AVa =M= \NB>0M=22=0,M=)">0,
Case 3: \WVe = AB=XB=)M=)A=0,
Cased: WVe=-2AB=_2F <0 M=2"=0)=X'>0,
Case 5;: AV = =M ==2F =M =)22=0,

i.e., the S-stationary condition is satisfied at (w*,a*, b}, b3) for PA-MPEC.
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(II) If the S-stationary condition is satisfied at (w*, a*, b7, b3) for PA-MPEC, there

exist AV, AV AB AB A% A& € R such that the following conditions hold:

On = Vo U(w*,a*) + A\VV, V(w*,a*) — A"V, Vo (w*,a*),

0 = U, (w*, a*) + AV (w*, a*) — AWV (w*,a®) — A + AZ,

AV >0

and

Casel:

Case?2:

Case3:

Cased :

Caseb:

M=0A%>0x >0,
M =ae=0,
M=01"<0,x >0,

A=A =0.

Set /\I’A = /\‘14 = P‘lb‘l"- /\2,_4 = /\2A == /J-ng,

MEB = AVe — py(a* —a), A2 = AV — po(@ — a”).

Since

Casel: a<a* <@, b =b;=0,

5 =0,

Case 2: a* =g, b =0,a" <7, b5 =0,
Case 3: a*=a,b;>0,a" <@ b

Case4: " =a, b5=0,a<a"*, b =0,
Case 5: a* =1, b3 > 0, a < a*, b] =0,
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if there exist u, uo € R such that

AV = —py(a* — @) = po(@ - a*),

M= —ubi, A5 = — b,

then we have A\, A\t A B, AP € [0,00) and

VL(w*,a*, b],b5) =0,
XEH=10,0283 =0,
A (a* —a) =0,

Mi@—a*) =0.

We know that \Y > 0 and \Y(V* — V(w*,a")) = 0 because of Proposition 5.1. Thus
the standard KKT conditions of MPEC hold at z*.
O

From the equivalence of the S-stationary condition and the standard KKT condi-
tions of MPEC, we can see that the W-stationary condition or M-stationary condition
is weaker than the standard KKT conditions. Actually, the weakness is in the signs
of the multipliers. For the inequality constraints, some of the multipliers can be neg-
ative. Later, we will discuss about the signs of \Y and assume different conditions
for different signs of AY= in Theorem 5.8.

The standard constraint qualifications such as LICQ and MFCQ never hold for

the PA-MPEC problem in Case 2 and Case 4. We can take Case 4 as an example
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here to show this fact.

Example 5.1
Ivni? -U(w,a)
s:t. V(w,a) > V=,
Va(w,a) > 0,
by >0,
a<a,
bz(a — a) =10.

Solution. The optimal solution is z* = (w*, @, 0). In this example, g, = V* =V (w,a).
g2 = —Va(w, a), gs = —by, g4 = a—7 are all binding and h; = by(@—a). LICQ requires
the gradients of the five functions g1, g, g3, ga. h1 are linearly independent and MFCQ
requires Vh;(z*) # 0. Because Vh;(z*) = (0.0.0), both LICQ and MFCQ can not
be satisfied here.

In order to discuss the PA-MPEC problem. we need the following constraint qual-

ifications which are deducted from the Definitions 2.5, 2.6 for Problem PA:

Definition 5.2 (PA-MPEC LICQ) Let (w*,a*,b;.b5) be a feasible point of PA-
MPEC problem where all functions are continuously differentiable at (w*,a*, by, b3).
We say that the principal-agent problem linear independence constraint qualification
(PA-MPEC LICQ) is satisfied at (w*,a",b},b3) if the following conditions hold for
each case:

Case 1: VV(w*,a*), VV,(w*,a*) are linearly independent,

Case 2: V,,V(w*,a*), V,Va(w*,a*) are linearly independent,

Case 3: V,V(w™,a*) # Oy,

Case 4: V,V(w*,a*), Vy,Va(w*, a*) are linearly independent,
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Case 5: V,V(w*,a*) # On.

Definition 5.3 (PA-MPEC GMFCQ) Let (w*,a*, b}, b3) be a feasible point of PA-
MPEC problem where all functions are continuously differentiable at (w*,a*,bi,b3).
We say that the principal-agent problem generalized Mangasarian-Fromovitz con-
straint qualification (PA-MPEC GMFCQ) is satisfied at (w*,a*, bi, b3) if the following
conditions hold for each case.

Case 1: a={1,2},B=0¢,7=¢.

VVa(w*,a*) # Ony1 and 3d € RN*! such that

VV(w*,a*)'d >0,

VV,(w*,a")"d = 0.

Case 2: a={2},8={1},7v=¢.

(I) 3d € RN, dx+1,dn+2 € R such that

VoV (w*,a%) d+ Va(wr, a*)dy+1 > 0,

Vo Va(w', ") d + Vag(w",a")dy 11 + dysa = 0

and either dyio > 0,dys1 >0 ordysy > 0,dyi2 > 0.

(11) i) V,V(w*,a*) # Oy.



i) VV,(w*,a*) # On41 and 3d € RN such that

VV(w*,a%)"d >0,

VV,(w*, a*)'d=0.

Case 8¢ a={2},8=¢,7={1}

V.V (w*,a%) # On.

Case 4: a={1},8={2},v=¢.

(1) dd'e RN dyi1,dnys € R such that

V.V (w*,a®) d+ V,(w",a*)dys >0,

VwVa(w",a*)Td + Vaa(w*,a")dys+1 — dy+3 =0

and either dysz > 0,dys1 <0 ordysy <0,dyes > 0.
(1) i) V,V(w*,a*) # On.

ii) VV,(w*,a*)T # Ony1 and 3d € RN such that

VV(w*,a*)"d >0,

VV,(w*,a*)'d=0.

Case 5: a={1},f=0¢,v={2}.
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V.V (w*, a*) # On.

The following theorem is a PA-MPEC version of Theorem 2.3.

Theorem 5.3 (Necessary optimality conditions for PA-MPECs) Let z* be a
local (global) optimal solution of PA-MPEC. If the PA-MPEC GMFCQ holds at z~,
then M-stationary condition holds at z*. If PA-MPEC LICQ holds at z*, then z*

satisfies the S-stationary condition.

5.3 New conditions

If we want to prove the relation between PA and PA-MPEC. we need the concavity
of V(w,-). In order to prove that V(w,-) is concave, we introduce the following new

conditions.

Definition 5.4 (k-MLRC) Let 1 < k < N. The density functions {p;(a)}iL, are
said to satisfy the k-monotone likelihood ratio condition (k-MLRC) if ay < ap implies
that p;(as)/pi(a1) is nondecreasing in i, fori=1,--- k, pi(as)/pi(a1) is nonincreas-

ing in 1, fori=k,--- ,N.

From z; to zy, the ratio of the probability p;(as2)/p;i(a;) with the high action over
low action increases when the outcome increases. From zpy, to xy, the ratio of the
probability p;(az)/pi(a;) with the high action over low action decreases when outcome

increases, which means the risk is higher for the higher outcome. For example, the
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agent may work really hard to produce more old products with low profits. In this
case, the probability to earn money is very high. but the outcome is not extremely
high. Instead of working on old products, the worker may spend more time to do
research on finding new products. He may find a better product which can be sold

for extremely high profits, but the probability to find a new product is little.

Proposition 5.4 Suppose that (A.1) and (A.2) hold, if the density functions {p:(a) }}x,
satisfies k-MLRC if and only if pi(a)/pi(a) is nondecreasing in i, fori=1,---  k and

p.(a)/pi(a) is nonincreasing in i, fori =k,--- ,N, Va € A.
The proof is the same as Proposition 4.1.

Definition 5.5 (k-CDFC) The functions {.z)j(a)}}-\':l are said to satisfy the k-convezity
of the distribution function condition (k-CDFC) if F!(a) is nonnegative for every

i€ {1,...,.k—1}, F/(a) is nonpositive for every i € {k.... N —1}.
The following example contains a technology that satisfies the k&-CDFC condition.

Example 5.2 (o) When N is odd, let k = % and

)% j=1
R - P Vjie{2,....k—1}
pile) =4 1 —(B=L)s, j=k.

T

nem{(Iasyes  (BNsjea) Vi€ {k+1,...,N -1},

n k

n—m(:r_1)a42 y = N
\ n Ty 4 J o

where m,n € R and m < n.



(b) When N is even, let k = % and

22,
pja) = < 7: [(zi)“"ﬂ — (22yea),
n—T.m[(L;:__J)“—g_ (I‘Z_;J)“_E].
| B

where m.n € R and 2m > n > m.

Hence, we have

E(I_J)a—a_
n \Tg ?

Vje{l,...,k—1},

Fja)={ 1-2m(2=)ee vje{k,...,N-1},
1, j=N
\
and ;
%(%)“_ﬂlogQ(fz—) >0, vie{l,...,k—1},
Fj(a) = § —n=m(fje-elog?(2=2) <0, V)€ {k,...,N -1},
0 =.‘\
L J
(b) ,
e vie{l,....k—1},
F. — _ n—m(IN-j\a—a : 8 N —
@) =9 1—2=m() vje {k,....N—1},
1 j=N
\
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and

;

%(%)a—glogZ(ﬂ) >0, Vie{l,...,k—1},

Tk

Fi(a) = § —m=m(Za)e-ajog?(28=t) <0, Vje {k+1,...,N—1},

& —_

0, j=N.

The following example satisfies 2-MLRC and 2-CDFC conditions.

Example 5.3 BC Firm is a profit-mazimizing firm that is currently without a CEO
(“manager”). The shareholders are looking for a new CEQ. Once hired, the CEO
can decide to run the firm with effort a € A = [0.1,2]. The effort cannot be observed
directly by the shareholders, but they observe that BC' Firm’s profits are one of the
outcomes: (x1,T2,z3) = (10,100,1000). The relationship between effort and profits us
random. With effort a, profits turn out to be x; with probability py(a) = 0.99(%), =2
with probability pa(a) = 1 — (3)* and x5 with probability ps(a) = 0.01(5;)*. Finally,

shareholders have a utility function u(w) = w and CEO has a utility function v(w) =

2

VW, a reservation payoff V* = 4 and the cost function of his action c(a) = a°.

The expected payoffs to the shareholder and CEO of the contract (wy,ws,ws)

when the CEO chooses action a can be determined as follows:

b, ) = o.gg(ll—o)a(m g [l (llo)a](wo — ) 0.01(%0)‘*(1000 —

V(w,a) = 0.99(%0)a\/171+ - (%)a]\/u—w 0.01(%)0\/173 —ad
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The shareholder looks for a contract w* which will influence the CEO to choose
an action a* such that (w*,a*) solves the following principal-agent problem:

max 0.99(%)"(10 —wy) +[1— (%)“](100 — wy) + 0.01(11—0)“(1000 —w3)

w,a

i [ 1
st. 0. 99( )4 /wr + [1 — ( )“J\/wg + 0.01(—)“\/w3 — a2 >4,
L r
a € arg max {0 99( —) Vwr +[1— —)“ ]Vw2 +0.01(— 10 o' fws — ag} :

Solution. By the PA-MPEC approach, the optimal solution is
w* = (1.0271,30.4993,1.0272), a* = 0.8738, V(w",a*) = V* = 4 and U(w",a*) =
60.9786.

The contract w* = (1.0271, 30.4993, 1.0272) is a risk sharing contract which has a
different distribution as the outcomes.

We can take the probability functions in Example 5.3 as an example here to show

that 2-MLRC and 2-CDFC are satisfied.

Example 5.4 py(a) = 0.99()", pa(a) =1 = (5)* and ps(a) = 0.01()"
Proof. For a; < ay € A, pi(as)/pi(a1) = —ﬁgggigaf = (35)%27", pa(az)/pa(ar) =

0.01(L )22

1’"(L)“2 as—ay
T—T%W and p3(as)/ps(ar) = W‘D)_ﬂf = (&)=

- S Sl 6 ) SR S
p2(az)/pa(ar) — p1(az)/pr(ar) 1— (%)al (10)
_ 1— (_10')(1'7 ay
(m)a1
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with a; < ay € A. Then pa(ai)/pe(az) > p3(ai)/ps(az) = pi(a1)/pi(az). Thus
2-MLRC is satisfied.

Fi(a) = pi(a) = (&)", then FY(a) = (logi5)2()* > 0. Fa(a) = 1 — 0.01()"
then Fy(a) = —0.01(log+5)*(55)* < 0. Fs(a) = 1, then Fy(a) = 0. Thus 2-CDFC is
satisfied.

In order to compare the examples under 2-MLRC and MLRC, we need the fol-

lowing example.

Example 5.5 BC Firm is a profit-mazimizing firm that is currently without a CEO
(“manager”). The shareholders are looking for a new CEO. Once hired, the CEO
can decide to run the firm with effort a € A = [0.1,2]. The effort cannot be ob-
served directly by the shareholders, but they observe that BC' Firm’s profits are one
of the outcomes: (x1,x3) = (19.9,100). The relationship between effort and profits is
random. With effort a, profits turn out to be x; with probability pi(a) = (122)* and
zy with probability po(a) = 1 — (322)°. Finally, shareholders have a utility function
u(w) = w and CEO has a utility function v(w) = /w, a reservation payoff V* = 4

and the cost function of his action c¢(a) = a*.

The expected payoffs to the shareholder and CEO of the contract (w;,ws) when

the CEO chooses action a can be determined as follows:

(1%3)(199 wi) s [ =00 = ),

U(w,a) = 100

199, 19.9 ,
V(w,a) = m)v L = 100)]\/@ a.
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The shareholder looks for a contract w* which will influence the CEO to choose

an action a* such that (w*, a”) solves the following principal-agent problem:

19.9 19.9

DI_}IJ&X (100) (199°—u11)+[1—(m) ](100—"102)
19.9 19.9
&k (m) Vs + [1—( 100) 1Vws — a® > 4,

a € arg max{(llig)“'\/w_'l—!-[ 11%(? Wz —a }

Solution. By the PA-MPEC approach. the optimal solution is

= (2.7110, 36.0780), a* = 0.9266, V (w*,a”) = V* =4 and U(w",a") = 51.6178.

The contract w* = (2.7110,36.0780) is an incentive contract which is increasing
in the outcomes.

For Examples 5.3, 5.5, the expected outcome Zz\:l pi(a)z; is lower in Example
5.5. The payoff of the principal U in Example 5.3 is higher, but the agent in Example
5.5 needs to work harder and the principal needs to pay more wage. The difference
between Examples 5.3, 5.5 is that there is a risky outcome in Example 5.3. This
outcome is very high, but the chance to get that outcome is very low. In this situation,
the risky project is good to the principal because he can save money on wages when

the agent does not work too hard.

Definition 5.6 (k-OCDFC) The functions {p;(a)};=, are said to satisfy the k-
opposite convezity of the distribution function condition (k-OCDFC) if F/'(a) is non-

positive for everyi € {1,...,k—1}, F"(a) is nonnegative for everyi € {k,...,N—1}.
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There is no clear economic interpretation about A-CDFC and A-OCDFC, but it
allows us to obtain the concavity of V(w,-).

When k£ < N, we discuss the concavity of V(w,-) in the model with the risk-
neutral principal, so (A.5) holds. We call this model Risk Neutral Principal Model.
We prove the property of w by weaker condition which is W-stationary condition

instead of the KKT conditions.

Proposition 5.5 (Risk Neutral Principal Model) Let 2* be a feasible point of

PA-MPEC. Suppose that (A.5) and (A.7) hold. Assume that the W-stationary condi-

tion holds at z* and there is k € {1,..., N} such that k-MLRC holds when \Y= # 0.
Then
e when \Y* < 0, w} is nondecreasing in i for Vi € {1,... .k} and nonincreasing

ini forvie {k,...,N};

e when \Y > 0, w} is nonincreasing in i for Vi € {1,...,k} and nondecreasing

ini forvVie{k,...,N};
o when A =0, w} =w,y, Vi€ {1,...,N —1}.

i+11

Proof. For the definition of W-stationary condition, the reader can refer to

Definition 5.1. By (5.3),

—pi(a®) + N pi(a* ) (w]) — NVepl(a™ ) (w]) = 0,Vi € {1,...,N},
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which implies that

| ; - pl(a*) .,.
—— _=AVay ..., N} 5.6
T oela) ie{l } (5.6)

By Proposition 5.4 and Definition 5.4 for A" < 0, it follows from (5.6) that

1
W(wi) ~ vw;)’

Then

v(wl,) <V(wi),Vie{l,....k—1}.

Since v is concave, v’ is decreasing. Then we have w; < w},,, Vi € {1,...,k —1}.
Similar to above proof, we have w > wi.,, Vi € {k,...,N — 1}, which is in the
opposite way.

Similarly, if &~-MLRC holds for A¥= > 0, then we have w} > w;,,, Vi € {1,...,k—
1}, wf < why, Vi € {k,...,N —1}.

If \Y =0, it follows from (5.6) that

W (T —wiyy)  w(z —wy))

V(wh)  v)

Vie{l,...,N-1}.

Similar to the proof in (I), we can prove that w} = w},,, Vi€ {1,....N —1}.

In the following, we will find the sign of A\Y= for Examples 5.3, 5.5.
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By Equation (5.6), we have following equations for Example 5.3.

1 _ v wAl@) (5.7)
v'(wy) m(a”)
1 ) | / ‘z
1 _ v pwBl@) (5.8)
v'(w3) pa(a”)
1 , ph(a”)
- /\\ Ve /3 5 9)
v'(w3) ps(a*) (
Because ZiE:; = % = log 35 = —2.3026, wj = wj from equations (5.7), (5.9) and

it is true in Example 5.3. By using the value of the optimal solutions, we have the

equations (5.7), (5.8) as follows:

2.0270 = \Y + 2.3026)\"=,

11.0452 = \Y — 0.4659\"=.

" Thus AV = —3.2574 < 0. Similarly, \Y= = —3.9790 < 0 for Example 5.5, therefore
the signs of Examples 5.3, 5.5 can satisfy Theorem 5.5.

When k = N and k = N, we discuss the concavity of V' (w, -) in the model with the
risk-averse principal, so (A.4) holds. We call this model Risk Averse Principal Model.
N-MLRC is MLRC and N-CDFC is CDFC. The property that w] is nondecreasing in
i is very important in Economics, which means with the higher outcome the agent can
get higher wage. We prove this property by a weaker condition which is W-stationary

condition instead of the KKT conditions.

Proposition 5.6 (Risk Averse Principal Model) Let 2* = (w*.a*, wi.w3) be a

feasible point of PA-MPEC. Suppose that (A.4) and (A.7) hold. Assume that the
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W-stationary condition holds at z* and MLRC holds when \Y* < 0. Then
o when AY* < 0, w} is nondecreasing in 1 for Vi€ {1,... ,N};
o when \Ve =0, w} and z; — w; are nondecreasing in i.
Proof. For the definition of the W-stationary conditions, the reader can refer to
Definition 5.1. By (5.3),
—pi(@) (z; — w}) + NV pi(a* )V (w]}) — \Vepl(a* ) (w]) = 0,Vi € {1,...,N},

which implies that

U (z; — wy) v v.pi(e*) . B
— A =N Vie{l,...,N}. 5.10
v'(wy) pi(a*) i s el

(a) By Propositions 4.1, MLRC for \Y* < 0, it follows from (5.10) that

W(Tip — wihy)  w(E — wy)

v(wi) o T v(W)

Yie{l,...,N—=1}.

If there exits ¢ € {1,..., N — 1} such that w} > w},,, then z; — w] < i — Wiy,
for z; < x;4,. Since v is strictly concave, v is decreasing. Because u is concave, u’ is
decreasing. u/(z; — wi) > u/(zi+1 — wiy,) and v'(w]) < v'(w},,), so

(T —wiyy)  W(zi —wj)

(wiy) o)
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which contradicts to (5.10). Then we have w; < wi,,, Vi € {1,..., N —1}. Hence,
w; is nondecreasing in 4.
(b) If A\V= = 0, it follows from (5.10) that

W (Tip1 — Wi w'(z; —w?) .
( j'] . +1) = u(, *u').VzE{l, ..... N —1}.
v'(wiy) v'(w])

Similar to the proof in (a), we can prove that w; < w}.,, Vi € {1,...,N —1}. Since

L__ Now we have u/(z; — w]) >

v is strictly concave, v’ is decreasing. A< L
J v'(w]) vi(w? )

w'(zis1 — wiy,). Since u is concave, u’ is decreasing. Thus z; — w] < Tiy1 — Wi,
O
In order to prove the equivalence of PA and PA-MPEC, we need to get the con-
cavity of V(w*,-).
Lemma 5.7 Suppose that (A.1),(A.2) and (A.8) hold.
(a) Suppose that (A.6) holds.
e If w} is nondecreasing in i for Vi € {1,...,k} and nonincreasing in i for Vi €
{k,...,N}, k-CDFC is satisfied, then V(w*,-) is concave in a.
o Ifw is nonincreasing in i for Vi € {1,..., k} and nondecreasing in i for Vi €
{k,...,N}, k-OCDFC is satisfied, then V(w*,-) is concave in a.
(b) If w} =wi,, Vie {l,...,N —1}, then V(w*,-) is concave in a.

Proof. The agent’s expected payoff can be rewritten as

N

N N
V=Zv w;)pi(a) — c(a) =Z Zp] )] — c(a)

=1
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where

v('wi) = ’L’(u’,’_l), i>1,
Ai =

v(w), i=1.
Therefore, Voo = S, Ai[Zf:i Pj(a)] — '(a).
(a) Because w} < wi, Vi€ {l,....k—1}, w} >w},, Vi€ {k,...,N—1}andv
is increasing, each of the A; terms is nonnegative for ¢ € {2,...,k} and nonpositive

forie{k+1,..., N}. The function ¢(a) is convex in a, so ¢”(a) > 0. By k-CDFC,

N ; ) <0,Yie{2,....k}.
> @) =[1- Fia(a)]" =
= >0,Vie{k+1....,N}

Therefore, Vyo(w*,a) < 0,Ya € A. Similarly, if wf > w},, Vi € {1,....k — 1},

w! < wi.,, Vi € {k,...,N — 1} and k-OCDFC holds, then V,,(w*,a) < 0,Va € A.
Thus V(w*,-) is concave in a.

(b) Because w} =wj,,Vie {1,...,N =1},

0. R [

v(wy), i=1.

Then V = v(w1)[), p;(a)] — c(a) = v(w1) — ¢(a).
Therefore, V,, = —c”(a). The function ¢(a) is convex in a, so ¢’(a) > 0. Hence,

Vioa(w*,a) < 0,Va € A. Thus V(w*,-) is concave in a.
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Now we can prove the equivalence of PA and PA-MPEC in the following theorem

for both Risk Neutral Principal Model and Risk Averse Principal Model.

Theorem 5.8 Suppose that (A.1), (A.2), (A.6)-(A.8) hold, (A.5) holds for Risk
Neutral Principal Model and (A.4) holds for Risk Adverse Principal Model.

(I) Let 2= = (w*,a*, b, b3) be a local (global) optimal solution of PA-MPEC. We
assume that PA-MPEC LICQ or PA-MPEC GMFCQ holds at z*. For Risk Neutral
Principal Model, assume that there exists k € {1,...,N} such that k-MLRC and k-
OCDFC hold when A= > 0; k-MLRC and k-CDFC hold when \Y* < 0. For Risk
Adverse Principal Model, assume that MLRC and CDFC hold when \'* < 0; CDFC
holds when AV« = 0. Then (w*,a*) is a local (global) optimal solution to PA.

(II) Let (w*,a*) be a local (global) optimal solution of PA. Suppose that the W-
stationary condition holds at any feasible solution (w'.a’. b}, b)) to PA-MPEC. For
Risk Neutral Principal Model, assume that there exists k € {1,...,N} such that k-
MLRC and k-OCDFC hold when \Y* > 0; k-MLRC and k-CDFC hold when \* < 0.
For Risk Adverse Principal Model, assume that MLRC and CDFC hold when A+ < 0;
CDFC holds when AV = 0. Then there ezists a unique multiplier (b3, b3) to the agent’s
problem

"
max V(w*,a)

at a* such that z* = (w*,a",b?,b3) is a local (global) optimal solution of PA-MPEC.
Proof. (I) Because z* = (w", a*, b}, b3) is the local (global) optimal solution of PA-

MPEC and PA-MPEC LICQ or PA-MPEC GMFCQ holds at z*, the W-stationary

condition holds at z* from Theorem 5.3. If &-MLRC is satisfied when AY* # 0, then
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we can use Proposition 5.5 to get the result that the w is nondecreasing in 7 for
Vi€ {1,...,k} and nonincreasing in i for Vi € {k,..., N} when A" < 0, the w} is
nonincreasing inz for Vi € {1,..., k} and nondecreasing in i for Vi € {k,..., N} when
A% > 0 with (A.5) for Risk Neutral Principal Model. We can also use Proposition 5.6
to get the result that the w! is nondecreasing in i for ¥i € {1,..., N} when A"* <0
with (A.4) for Risk Adverse Principal Model when MLRC is satisfied with A\"* < 0.
By Lemma 5.7, V(w", -) is concave.

We now prove that (w*,a*) is an optimal solution of PA. Since (w*,a*,b],b3) is
a local optimal solution of PA-MPEC, the KKT conditions for maximizing V(w*, a)
subject to a < a < @ hold at a = a* with multipliers b7, b3. Since V (w”,-) is concave
and the constraint functions are linear, from the standard linear programming theory
(see [2,10]) a” is a maximizer of the agent’s problem when the contract is w*. It is
easy to see that any feasible solution of PA is a feasible solution of PA-MPEC. Hence
by the optimality of (w*,a*,b},b3), we have U(w*,a*) > U(w’,a’). Thus (w*,a*) is a
local (global) optimal solution of PA.

(IT) We suppose that the W-stationary condition holds at any feasible solution
(w',a’, by, by) to PA-MPEC, k-MLRC is satisfied when A" # 0. We can use Propo-
sition 5.5 to get the result that the w! is nondecreasing in ¢ for Vi € {1,...,k} and
w! is nonincreasing in i for Vi € {k...., N} when \Y= < 0, the w! is nonincreasing in

i for Vi € {1,...,k} and nondecreasing in i for ¥i € {k,..., N} when A" > 0 with
(A.5) for Risk Neutral Principal Model. We can also use Proposition 5.6 to get the
result that the w/ is nondecreasing in i for Vi € {1,..., N} when A" < 0 with (A.4)

for Risk Adverse Principal Model when MLRC is satisfied with AY» < 0. By Lemma
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5.7, V(w',-) is concave in a.

We now prove that (w*, a*, b}, b) is an optimal solution of PA-MPEC. Let (w', a’, b}. b

be a feasible solution to PA-MPEC. Since V(w’,) is a concave function in a. a’ €
arg max,ec 4 V(w', @) which means (w’,a’) is the feasible solution to PA. By the opti-

mality of (w*,a*) and the feasibility of (', a’), we have

U(w*,a*) > U(w',a).

Since (w*,a*) is a local (global) optimal solution to PA and there exists a unique
pair of multipliers (b7, b3) such that the KKT conditions to hold at a*, (w*,a”, b, b3)
is feasible to PA-MPEC. Hence, (w*,a*, b7, b3) is a local (global) optimal solution of
PA-MPEC.
O

Let z* = (w*,a*,b;,b5) be a local (global) optimal solution of PA-MPEC. By
Theorem 5.3, the W-stationary holds at z* when PA-MPEC GMFCQ holds at z* and
the S-stationary holds at z* when PA-MPEC LICQ holds at z*. By the definitions
for PA-MPEC LICQ in Definition 5.2 and PA-MPEC GMFCQ in Definition 5.3, we
have the following corollaries for each case.

For Case 1:

Corollary 5.9 Suppose that (A.1), (A.2), (A.6)-(A.8) hold, (A.5) holds for Risk
Neutral Principal Model and (A.4) holds for Risk Adverse Principal Model. Let z* =
(w*,a*, b7, b3) be a local (global) optimal solution of PA-MPEC with a < a* <@ and

b; = b3 = 0. We assume that one of the following conditions holds.
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(a) VV(w*,a*), VV,(w*,a*) are linearly independent.

(b) VV,(w*,a*) # On41 and 3d € RN*Y such that

VV(w*,a")"d >0,

VV,(w*,a*)"d = 0.

For Risk Neutral Principal Model, assume that there exists k € {1,...,N} such
that k-MLRC and k-OCDFC hold when \Y* > 0; k-MLRC' and k-CDFC hold when
\e < 0. For Risk Adverse Principal Model, assume that MLRC and CDFC hold
when AV < 0; CDFC holds when \V= = 0. Then (w*,a") is a local (global) optimal

solution to PA.
For Case 2:

Corollary 5.10 Suppose that (A.1), (A.2), (A.6)-(A.8) hold, (A.5) holds for Risk
Neutral Principal Model and (A.4) holds for Risk Adverse Principal Model. Let 2™ =
(w*,a*,b;,b35) be a local (global) optimal solution of PA-MPEC with a® = a and b] =
b5 = 0.

(a) Assume that V,,V(w*,a*), V,V,(w*,a*) are linearly independent. For Risk
Neutral Principal Model, assume that there ezxists k € {1,...,N} such that k-MLRC
and k-OCDFC hold when AV > 0. For Risk Adverse Principal Model, assume that
CDFC holds when A\Y= = 0. Then (w*,a*) is a local (global) optimal solution to PA.

(b)We assume that one of the following conditions holds.
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(I) 3d € RN, dn41,dn+2 € R such that

VoV (w* a*) d+ Vy(w,a")dys1 >0,

Vo Va(w*,a*) d + Voo (w*,a*)dy 41 + dys2 =0

and either dy.o > 0,dye1 >0 ordy-y > 0,dyso > 0.
(II) V,V(w*,a*) # On.

(III) VV,(w*,a*) # On41 and 3d € RN such that

VV(w*,a*)"d > 0,

VVy(w*,a*)"d=0.

For Risk Neutral Principal Model, assume that there exists k € {1,..., N} such that k-
MLRC and k-OCDFC hold when \* > 0; k-MLRC and k-CDFC hold when A= < 0.
For Risk Adverse Principal Model, assume that MLRC and CDFC hold when AVe z10;

CDFC holds when AV = 0. Then (w*,a*) is a local (global) optimal solution to PA.
For Case 3:

Corollary 5.11 Suppose that (A.1), (A.2), (A.6)-(A.8) hold, (A.5) holds for Risk
Neutral Principal Model and (A.4) holds for Risk Adverse Principal Model. Let z* =
(w*,a*, b, b3) be a local (global) optimal solution of PA-MPEC with a* = a and b} >
0,b5 = 0. Assume that V,,V(w*,a*) # Oy, no condition is required to hold for Risk
Neutral Principal Model and CDFC holds for Risk Adverse Principal Model, then

(w*,a®) is a local (global) optimal solution to PA.
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For Case 4:

Corollary 5.12 Suppose that (A.1), (A.2), (A.6)-(A.8) hold, (A.5) holds for Risk
Neutral Principal Model and (A.4) holds for Risk Adverse Principal Model. Let z* =
(w*,a*,b;,b3) be a local (global) optimal solution of PA-MPEC with a* =@ and b] =
b3 =0.

(a) Assume that V,V(w*,a*), V,Va(w*,a”) are linearly independent. For Risk
Neutral Principal Model, assume that there exists k € {1,..., N} such that k-MLRC
and k-CDFC hold when \Y* < 0. For Risk Adverse Principal Model, assume that
MLRC and CDFC hold when \Y» < 0; CDFC holds when A\V> = 0. Then (w*,a") is
a local (global) optimal solution to PA.

(b) We assume that one of the following conditions holds.

(I) 3d € R¥,dy41,dn+s € R such that

VoV (w*,a*) d+ Vo(w*,a")dy+1 >0,

VoVa(w*,a*) 'd + Voo (w*, a*)dy 41 — dyy3 =0

and either dy.3z > 0,dyey <0 ordye; <0,dyes > 0.
(]]) va(UJ*, a*) # @;‘\"'

(II) VV,(w*,a*)" # Oy and 3d € RN such that

VV(w*,a*)'d >0,

-

VV,(w",a")"d = 0.
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For Risk Neutral Principal Model, assume that there exists k € {1,..., N} such that k-
MLRC and k-OCDFC hold when \V* > 0; k-MLRC and k-CDFC hold when \Y* < 0.
For Risk Adverse Principal Model, assume that MLRC and CDFC hold when AVe < 0;

CDFC holds when \Y» = 0. Then (w*,a*) is a local (global) optimal solution to PA.

For Case 5:

Corollary 5.13 Suppose that (A.1), (A.2), (A.6)-(A.8) hold, (A.5) holds for Risk
Neutral Principal Model and (A.4) holds for Risk Adverse Principal Model. Let z* =
(w*,a*, b3, bs) be a local (global) optimal solution of PA-MPEC with a* =@ and b] =
0,b5 > 0. Assume that V,,V(w*,a*) # Oy, no condition is required to hold for Risk
Neutral Principal Model and CDFC holds for Risk Adverse Principal Model, then

(w*,a*) is a local (global) optimal solution to PA.

Corollaries 5.9, 5.10, 5.11, 5.12 and 5.13 give the sufficient conditions for the
PA-MPEC approach to be valid for each case.

Case 1: The optimal solution is in the interior, so the PA-MPEC approach in this
case is actually the first order approach. In the proof of Rogerson [20]. the reason
that DRPA is used to prove the sufficient condition is to avoid the positive sign of
AY=. We also can not solve the problem when A'* > 0 in Risk Averse Principal Model.
However, there is no restriction on the signs of A= in Risk Neutral Principal Model
and we do not have to assume (A.9) and (A.10).

Case 2: The optimal solution (w”,a*) is at the lower boundary when V,(w*,a*) =
0. In (a) of Corollary 5.10, PA-MPEC LICQ is required. such that S-stationary holds

at z* which is equivalent to the standard KKT conditions from Theorem 5.2. In (b)
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of Corollary 5.10, PA-MPEC GMFCQ is required, such that M-stationary holds at 2~
which is weaker than the standard KKT conditions because M-stationary is weaker
than S-stationary by Definition 5.1 and S-stationary is equivalent to the standard
KKT conditions by Proposition 5.2.

Case 3: The optimal solution (w*,a*) is at the lower boundary when V,(w®,a*) <
0. With V,(w* a*) < 0, V(w,a) becomes smaller when a is bigger. That is why
a® = a. The constraint qualifications PA-MPEC LICQ and PA-MPEC GMFCQ are
the same here, so S-stationary (the standard KKT conditions) holds at z*. Because
A= = 0 in the S-stationary condition, there is no need to assume MLRC or A-MLRC.
In Risk Averse Principal Model, k-CDFC is not required when A= = 0.

Case 4: The optimal solution (w*, a*) is at the upper boundary when V,(w*,a*) =
0. In (a) of Corollary 5.12, PA-MPEC LICQ is required such that S-stationary holds
at z*. In (b) of Corollary 5.12, PA-MPEC GMFCQ is required, such that M-stationary
holds at z* which is weaker than the standard KKT conditions because M-stationary
is weaker than S-stationary by Definition 5.1 and S-stationary is equivalent to the
standard KKT conditions by Proposition 5.2.

Case 5: The optimal solution (w*, @) is at the upper boundary when V,(w*,a”) >
0. With V,(w*,a*) > 0, V(w, a) becomes bigger when a is bigger. That is why a* =@.
The others are the same as Case 3.

Now we use the PA-MPEC approach to solve Example 3.1 in Chapter 3. We can
also take the probability functions in Example 3.1 to show that all the constraint

qualifications in Case 4 are satisfied.
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Solutioﬁ. Using the PA-MPEC approach, we can solve Example 3.1 when
a € A = [0.1,2]. By Optimization Toolbox in Matlab, we can find the optimal
solution is (w},ws,a*, b}, b3) = (7.1391,71.2791,2,0,0) with V(w*,a*) = V* =5 and
U(w*, a*) = 207.2559. VV = (0.0468,0.0444. 0) and V'V, = (—0.0324,0.0103, —0.6931)
can satisfy all the constraint qualifications as follows:

(a) Obviously.

(b)

(I) d = (dy,do), 3dy = 0,d > 0,dy+; > 0,dn+3 = 0 such that
—324d; + 103d, — 6931dx 41 = 0,

(IT) Obviously.
(I1) d = (dy,do. d3), 3dy > 0,d> > 0,d3 = 0 and 9+ = 332, such that

—324d, + 103d, = 0,

From Example 4.4, Example 3.1 satisty MLRC and CDFC.
In all, Example 3.1 can satisfy all the conditions in Corollary 5.12 when k = N = 2

which is required by the S-stationary condition.
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Chapter 6

Conclusion

In this thesis we study the PA as follows:

(PA) max U(w,a)

s.t. V(w,a) > V7,

a € argmax V(w,a’).
a’cA

Because a € arg maxg e V(w,a’) is difficult to treat, the economists use the first-

order approach which replaces the PA problem by the RPA problem:

(RPA) max U(w,a)
st. V(w,a) > V",

Vao(w,a) =0,

a €A



74

The MLRC and CDFC are the most important conditions to prove that the first-order

approach is valid. In the proof, we need the DRPA problem:

(DRPA) max U(w,a)
s.t. V(w,a) > V",
Vo(w.a) > 0,

ae A

It is involved to prove that the agent’s payoff function V' (w, a) is concave in a at w*
when (w*, a*) solves DRPA under MLRC and CDFC. Thus the stationary point a* is
the global maximum of V(w*,a) on A. However, with the Assumptions (A.9), (A10),
the global maximum a* can not appear at the boundary of A. In order to make the
proof easier to read, we change the structure of the proof and add more details. We
also provide the proof that tells how to get wage nondecreasing in discrete case, which
is not available in the references.

In this thesis, we use a new approach which replaces the PA problem by the

following further relaxed program PA-MPEC:

(PA-MPEC) min -U(w,a)

w.a,by b
st.  V(w,a) > V7,
Ve(w,a) + by — by =0,
(b1,b2) >0,
(a—aa—a) >0,
(i(a—a),br(@—a))=0

to study the PA problem. If V(w?,-) is concave in a, then the optimal solution of
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PA-MPEC problem is the optimal solution of the PA problem. To get the concavity

of V(w, ), we figure out a bunch of new conditions:

e The W-stationary condition for PA-MPEC in Definition 5.2 which is weaker

than KKT conditions

e The PA-MPEC or PA-LICQ constraint qualifications for W-stationary condition

to hold in Definitions 5.3. 5.4

e The k-MLRC (Definition 5.5), k-CDFC (Definition 5.6) and k-OCDFC (Defi-

nition 5.7) conditions which are more general than MLRC and CDFC.

Now we get the new conditions such that PA-MPEC is equivalent to PA explained
in Theorem 5.9. From this theory, we can obtain some corollaries to get the. optimal
solutions of PA both in the interior and at the boundary of A which is more convenient
than the first-order approach.

The PA-MPEC approach is good method to deal with the boundary case of the
domain of the action a. My future work would focus on using the PA-MPEC ap-
proach to discuss the multitask principal-agent problem. Since for such problems.

the boundary cases can not be avoided in general.
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