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We consider characterization of the best uniform rational

approximation subject to pole—free constraints.

1. INTRODUCTION

Given K C Rl compact, W C R such that K CW, fe C(K) and set
m n
R (W)= {p em,aem (pa)=1 qx) =qy+qx+ - +qx >0

on Wand max |qf= 1}.
0<1 <n

Define [[hl; = sup{|h(x)| : x € K} and consider the problem: Find 1* € Rlllll(W) such
that ||f - r*HK = inf ||f — r||K.This constrained problem has been studied earlier by
m
relk; (W)
Dunham [2] and Taylor [4] who considered questions of existence. Specifically, from [2] it

follows that if W is compact then r* € Rlllll(W) is a best approximation to f on K from

Rlllll(W) iff r* is the best approximation to f on K from Rlllll(K). That is, in this case

the only time a given fe€ C(K) will have a best approximation on K from R.lllll(W ) is

when it has a best approximation from RII?(K) which is also in R?;(W).



Q)

2. CHARACTERIZATION OF BEST UNIFORM APPROXIMATIONS ON K FROM RIIT(W).

The following theorem characterizes those best approximations from RIIT;(W )} which

are not the best approximations on erl;l(K).

TheorEM 1: Let fe C(K) and suppose W is bounded. Then r* € RIII;(W) is a best
approzimation to f on K from RE(W) implies either

(i) t* s the best approzimation to f on K from RII?(K), or
(ii) r* has at least one pole in W ~ W.

(Note that if W is compact then W ~ W = 0 so that this result agrees with the ezistence

result stated above.)

Proof Suppose 1* € Rr;ll(W) is best from ngll(W) and suppose that r* has no
polesin W~ W (i.e.in dW). Suppose there exists T € errll(K) with [T < ||f—r*HK.

Set
*

) = (1-e)p (x) + ep(x) _ p(x)
-9 () + ) 9

First we observe that since (p*,q*) =1, (pE,qE) =1 also for sufficiently small ¢ > 0.
Now, W is compact since W is bounded and therefore 1* is pole—free on W. Hence
there exists €, > 0 such that for 0 < ¢ < ¢ we have that (1—-€)q*(x) + €q(x) > 0 holds
for x € W implying r € RII?(W). Thus, for ¢ > 0 sufficiently small we have (see e.g.

[1]) using standard continuity—compactness arguments that

If - reHK <t - I*HK

and this contradiction proves the theorem. g



We now modify the standard definition of an extreme point for our particular setting.

DEFINITION: The point x € W is an eztreme point for f—r1* € RII?(W) if either
(i) xe K and |[f(x) -r*(x)| = ||f—-r*||K, or
(i) xe W~ W and g*(x) = 0.

We define o(x), the sign of the extreme point x by
o(x) = sgn[f(x) —*(x)] if x€ K, or
o(x) = —sgn p*(x) if xe W~ W and g*(x) = 0.

We say f—r1* has an alternant oflength N iff 3 X <X < cor <xy i W, with each

x; an egtreme point for f— r* and U(Xi) = —a(xi+1), i=12,---,N-1.

Given this extended notion of extreme points, the standard characterization of a best
approximation holds in this more general setting. Even more surprising is that the

standard arguments actually establish this here also when looked at more carefully.

THEOREM 2: 1* is the best approzimation to £ on K from RIIIII(W) iff there ezists an

alternant of length n + m + 2 —d* for f—r* where d* = min(m — dp*, n - dg*).

Proof (&) Let Xy <X < e <Xy be an alternant of f—1*, N=m +n + 2 —d*
and suppose there exists T € RIE(W) such that [|f - T|l; < If —r¥||k. Asin the standard

proof set S(x) = p*(x)q(x) — p(x)q*(x) € II Since >0 and g*>0 on W we

n+m-d*’
have for X; € K that

o(x,)8(x)) = o(x))[F*(x;) = E()la*(x)a(x;)

= [0t = 1] = (IR = )|,



= o)) = FCxp] - I = 1%l a*(x ) < o

On the other hand if x; € W with a*(x;) = 0 then o(x)S(x;) = o(x;)p*(x;)alx;)
= —|p*(x;)|a(x;) < 0. Since this holds for i=1,---,n+m-d*+2, it follows ([3], pg. 78)

that S(x) =0 which is a contradiction. g

(=2) For the proof of this the "hard" direction of the alternating theorem one proceeds
exactly as in the standard theory ([1, pg. 55-56] or [3, pg. 78-80]). That is, assume f—r*

has a maximal alternant x; <xo < -+ <xp of length k < N and select a set of disjoint

' k
intervals {(s;,t;)}_;
k

contained in U (s;;t;) and no alternations occur on any individual interval (8;58)-

i=1
Setting z; = ———5——, i=1,--- k-1, define §(x) =0 II (x—z;) where o= +1 or
i=1

-1 is chosen so that ¢(x1) = —o(xl). Since (p*,q*) =1, there exist polynomials p € IL |

such that x; € (Si’ti) Vi, all extreme points of f—r* are

and g eIl such that ¢(x) = p*(x)a(x) - B(x)q*(x). Set r () _ PAx) + p(x) g
q*(x) + eq(x)

¢ > 0. Now, the standard argument using compactness of K, sign of 9(x) at extreme
points in K and positivity of q¢ on K shows that for all € > 0 sufficiently small we will
have ||f - 1r€||K < |Iif- r*{IK holding. To complete the argument we must show that

I € RIIIll(W) holds (standard argument implies r_€ RIS(K)) for all e > 0 sufficiently
small. Now, we have that gq*(x) > 0 holds on W. Suppose x € W and g*(x) = 0. Then
x is an extreme point for f—r* and, hence, sgn(¥(x)) = —o(x) = sgn(p*(x)) with

p*(x) #0. Also, ¥(x) = p*(x)q(x) showing that §(x) > 0 must hold. Since there are
only a finite number of points in W at which ¢* can vanish, a simple
continuity—compactness argument now shows that for all ¢ > 0 sufficiently small

q*(x) + €q(x) > 0 holdson W implying r_€ RIS(W). This gives the desired

contradiction and the theorem is now proved. g



Note, once again, that, if W is compact so that W~ W = @ this theorem is simply
the standard alternation theorem which agrees with the existence result in this case noted

at the beginning of this paper.
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