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The present paper is devoted to the investigation of the
sufficient conditions that are satisfied by the generalized
fractional integrals of certain analytic functions in the open
unit disk in order to be starlike or convex. Further
characterization theorems involving the Hadamard product (or

convolution) are also considered.

1. INTRODUCTION

Let An (new={1,2,3,...}) be the class of functions of the form

<O

(1.1) f(z) = z + 2 akzk (n € ¥)
k=n+1

which are analytic in the open unit disk % = {z: |z| < 1}. Then a function

f(z) in An is said to be in the class Yz if and only if

(1.2) Re{i,ffz—g—l} 50 (z € %).

On the other hand, a function f(z) in Ah is said to be in the class %

if and only if

(1.3) Re{l . Zf”é»?—l} 50 (z € ).
It is easily observed that

(1.4) £(z) € %_ e zf'(z) < sofl (Vn € #),



and that YT and Kl are the familiar classes of starlike and convex
functions. Thus, using the corresponding results of Silverman [3], we
immediately have the following lemmas which we shall require in our present

investigation of the classes ?: and xn (vn € ¥).

LEMMA 1. If the function f(z) defined by (1.1) satisfies

0
(1.5) 2 kja, | < 1 (newn),
k=n+1
then f(z) ¢ ?ﬁ. The equality in (1.5) is attained by the function
zk
(1.8) gl(z) =z + . (k2 n+l; new; z e %).
LEMMA 2. If the function f(z) defined by (1.1) satisfies
[+
(1.7) E Kla | < 1 (n e ),
k=n+1

then f(z) e x- The equality in (1.7) is attained by the function

k
(1.8) gz(z) =z + -2-2. (k 2otl; new; z € .
k



2. DEFINITIONS AND ELEMENTARY PROPERTIES OF THE
FRACTIONAL INTEGRAL OPERATORS
Let F(a,bjc;z) be the Gauss hypergeometric function defined, for

z €% by (cf., e.g., [4, p. 18])

(a), (b)
(2.1) F(a,b;c;z) E “(é')“"*{i')lli k

where (A)k denotes the Pochhammer symbol defined by

_ P(a+k) _

-(A+k-1), vk € w.
Making use of the Gauss hypergeometric function (2.1), Srivastava, Saigo
and Owa (6] have introduced the fractional integral operators IO(”G"7 and

x4

Jg"g’” defined below.

DEFINITION 1. For real a > O, B and g, the fractional integral

operator Ig’s’q is defined by
b

(2.3) T

=y
Y
-+
o}
3
N o
Hhy

—~
o
e

=3
v
-

LSO

where f(z) 1is an analytic function in a simply-connected region of the

z—plane containing the origin, with the order

f(z) = o(]z|®), z = 0,

where



e > max{0,8-n} - 1,
and the multiplicity of (z—g)m—1 is removed by requiring log(z—-¢) to be

real when z - ¢ > 0.

The operator Ig’g’q is a generalization of the fractional integral
k]

operator 13’5’7 introduced by Saigo [2], and studied subsequently by
b

Srivastava and Saigo [5].
DEFINITION 2. TUnder the hypotheses of Definition 1, let
(2.4) a > 0, min{aty,~g+y,-p} > -2, and n 2 E£§t§l~— 2 (n € ¥).

Then the fractional integral operator Jg’g’q is defined by
]

&, 8,17 L(2-p)T(2taty) B 10,50
(2.5) Torp " £lz) = DEEIEES 17 £(2).

In order to derive our results, we shall also need the following lemma

due to Srivastava, Saigo and Owa [6].

LEMMA 3. ILet &« > 0, 8 and © be real, and let & > 8~ - 1. Then

(2.8) I

B & D(g+)T(g-pig+l)  &—p
z T T(k—pt1)T(&totgrl) Z

Now we prove

THEOREM 1. Under the constraints (2.4), if the function f(z) defined

by (1.1) satisfies



(2.7) S (2=p)  (2roct) |

2.7 kla, | € - (n e #),
_2 I kl = {2 ﬁ*ﬂ)n(l)n+1
k=n+1

then Jg’ﬁ’q f(z) belongs to the class ?:.

Proof. By virtue of Lemma 3 and Definition 2, we have

Lo ]
WP £(z) =z + E q»(k)akzk,
k=n+1

(2.8) J

where, for convenience,

(2.9) B N Gy N

(k 2 n+tl;n € #).

Noting that @(k) is a non—increasing function of k, we have

(2-prp)_(1)_,,
2y (2ror) _

(2.10) 0 < &(k) < &(n+l) = (n € ¥).

It follows from (2.7) and (2.10) that

[+ o0
(2.11) 2 k2(k) [a, | < #(n+l) } kla, | < 1.
k=n+1 k=n+1

Hence, by Lemma 1, we conclude that Jg’ﬁ’q f(z) € V:, which proves
3

Theorem 1.



REMARK 1. As a function f(2z) satisfying (2.7), we can take the

function

(2-p)y_q(2tatg), |
k(2—p+q)k_1 (l)k Z (k 2 n+l;neN;zeu).

(2.12) gg(z) =z +

Our next result (Theorem 2 below), characterizing the class xn, can be

proven similarly.

THEOREM 2. Under the constraints (2.4), if the function f(z) defined

by (1.1) satisfies

o (2-p)_(2+ain)
2 n n
(2.13) E Koy ] < (2-pg) (1) 4

(n e w),
k=n+1

then Jg’g’q f(z) belongs to the class X -
3

REMARK 2. As a function f(z) satisfying (2.13), we can take the

function

(2p)y_p (2hoct), )

(2.14) 5
K“(2-ptn),_y (1),

N
w
1
=}
3
[

3. CHARACTERIZATION THEOREMS INVOLVING THE HADAMARD PRODUCT
OR CONVOLUTION

Let the functions fj(z) (j = 1,2) in An be given by



(3.1) f.(z) =z + a. zk (n € ¥).

We define the Hadamard product or convolution (fl*fz)(z) of the functions

fl(z) and fz(z) by

o0

(3.2) (F ¥,)(2) = z + } al,kaz’kzk (n e ¥).

k=n+1

In order to prove our next characterization theorem, we recall here the

following result due to Ruscheweyh and Sheil-Small [1].

LEMMA 4. Let ¢(z) and g(z) be analytic in % and satisfy the

condition:

#(0) = g(0) = 0.
Suppose also that
(3.3) 5(z) % {H% g(z)} 20 (z €%~ {0})

for p and o on the unit circle. Then, for a function F(z) analytic in

U and satisfying the inequality:

Re{F(z)} > 0 (z € %),

(3.4) Re{%ﬁ%%%l} 5 0 (z € ).



Applying Lemma 4, we shall prove

THEOREM 3. 1In addition to the constraints (2.4), suppose that the

function f(z) defined by (1.1) is in the class ?ﬁ and satisfies

(3.5) h(z) * {i—i}%@ f(z)} £ 0 (z € % - {0}).
for p and o on the unit circle, where
o0
(2-p+p), (1)
k=1"""k k
(3.6) h(z) =z + Y o z (n e ).
k:'ILl:‘_l (2 Is)k_l(2+a+i7)k_1

Then Jg’g’q f(z) is also in the class yz.

Proof. Notice that

il (2-p+g), (1)
&, B0 _ k-1'"k k
3.7 5B £z) = 2+ E T, A - (D (),
k=n+1 :

which readily yields

. 5.0 4
(3.8) 2527 1] ) | e
. Jg,p,q £(2) (hxf)(z) (h¥f) (z)
JZ

Therefore, setting #(z) = h(z), g(z) = f(z), and F(z) = zf*(z)/f(z) in

Lemma 4, we find that



z[Jg”B’l7 f(z)]
(3.9) Re a’; 7 > 0,
3 ]
JO,z f(z)
which implies that Jg’p’q f(z) ?*.
2 n

Further, we have

THEOREM 4 Under the constraints (2.4), if the function f£(z) defined
by (1.1) is in the class xn and if
(3.10) h(z) * {%—}g-zﬁ zf'(z)} %0 (z € % - {0})

for p and o on the unit circle, where h(z) is given by (3.6), then

Jg’p’q f(z) is also in the class % .
s Z e ¢
Proof. Using (1.4) and Theorem 3, we observe that

E ] X — ’ﬁaﬂ ] X
f(z) e * o= zf'(z) ?n = Jg’z zf (z) e ?n

*

e (hkzf*)(z) € ¥ = z(h¥f)'(z) e ?i

n
a’p’q
e (h¥f)(z) e ﬂn = JO,Z f(z) & :Kn

k]

which completes the proof of Theorem 4.

The proof of our next result (Theorem 5 below) is much akin to that of

Theorem 3; indeed, it is based upon



10.

LEMMA 5 (Ruscheweyh and Sheil-Small [1]). Let #(z) be convex and let

g(z) be starlike in %. Then, for each function F(z) analvtic in % and

satisfying the inequality:

Re{F(z)} > 0 (z € U),
(sXFg) (z)
(3.11) Re{*(}_-@*(éj—"} >0 (z € U).

THEOREM 5. Under the constraints (2.4),

b 4 (s
f(z) e 9n and h{(z) e Kn = J0

,ﬁ’fi *
2 f(z) e ?n,
where h(z) is given by (3.6).

Finally, we have

THEOREM 6. Under the constraints (2.4),

1 Bs77
f(z) e Rn and h(z) € %n N JO,z f(z) e ﬂn,
where h(z) is given by (3.6).

REMARK 3. The function h(z) defined in (3.6) can be written in terms

of the Clausenian hypergeometric series 3F2 in the form (cf. (4, p. 19]):

(2-p+g) (2)
(2-p) (2+aty)  “

(3.12)  h(z) = z + o+l

3Fo (1,2-p+g+n, 2+n; 2~p+n, 2+atn+n; z) ,



11.

which converges absolutely in %. In fact, this 3F2 series in (3.12)
converges also for z =1 when o > 1, that is, when the order of
integration is greater than one. However, it does not seem to be easy to
determine the precise constraints on the parameters o, B, and 7 wunder

which h(z) would satisfy the hypotheses of Theorems 3 to 6.
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