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Abstract

The main object of the present paper is to derive several sufficient conditions for
close-to-convexity, starlikeness and convexity of certain (normalized) analytic func-
tions. Relevant connections of some of the results is obtained in this paper with
those in earlier works are also provided.
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1. INTRODUCTION AND DEFINITIONS

Let A denote the class of functions f normalized by

f(z):z—}-Zanzn (1.1)
n=2

which are analytic in the open unit disk
U={z:2€C and |z <1}.

Also let S*(a), K(a), and C () denote the subclasses of A consisting of functions which are,
respectively, starlike, convex, and close-to-convez of order a (0 £ a < 1). Thus we have (see, for
details, Duren [1] and Goodman [2]; see also Srivastava and Owa [6])

S*(a) = {f:fEA and m(zj:ég)>>a (zeu;0§a<1)}, (1.2)
K(a)::{f:feA and D‘t<1+z]{,1;(z§))<a (zEZ/I;O_S_a<1)}, (1.3)

and
f'(2)
9(2)

C(a)::{f:feA and m( >>a (zeu;0§a<1;gElC)}, (1.4)

where, for convenience,
§*:=8*(0), K:=K(0), and C:=C(0). (1.5)

Next, with a view to recalling the principle of subordination betwen analytic functions, let the
functions f and g be analytic in &4. Then we say that the function f is subordinate to g if there
exists a function h analytic in &/ with

h(0)=0 and |h(z)| <1 (z€U), (1.6)
such that
f(2)=g(W(2)) (z€U). (1.7)
We denote this subordination by
f(z) < g(2). (1.8)

In particular, if the function g is univalent in U, the subordination (1.8) is equivalent to (cf. [1, p.
190])

f(0)=g(0) and f(U)C gts). (1.9)

Recently, R. Singh and S. Singh [5] proved several interesting results involving univalence and
starlikeness of functions f € A. In our attempt here to generalize these results of Singh and
Singh [5], we are let naturally to several sufficient conditions for close-to-convexity, starlikeness,
and convexity of functions f € A.

The following lemma (popularly known as Jack’s lemma) will be required in our present inves-
tigation.
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Lemma 1 (c¢f. Jack [3]; see also Miller and Mocanu [4]). Let the (non-constant) function w(z)
be analytic in U with w(0) = 0. If |w(z)| attains its mazimum value on the circle |z2| =r <1 at a
point zg € U, then

zow (z0) = cw (z),

where ¢ 15 a real number and ¢ = 1.

2. SUFFICIENT CONDITIONS FOR CLOSE-TO-CONVEXITY

Our first result (Theorem 1 below) provides a sufficient condition for close-to-convexity of func-
tions f € A.

Theorem 1. Let the function f € A satisfy the inequality:

zf"(z2) 1+ 3 n<
£R<1+ ) >2(1+3a) zel; 05 a<l). (2.1)
Then
m{f’(z)}>l"Ta (zeU;0La< ) (2.2)
or, equivalently,
fec(lga) 0<a<l). (2.3)
Proof. We begin by defining a function w by
1
f(w) = 1——:_—03)(—(2‘2)) (w(z)#-1,zelU; 0L a<1). (2.4)
Then, clearly, w is analytic in U with w(0) = 0. We also find from (2.4) that
zf"(z) azw'(z) 2w/ (2)
1 =1 - Uuj. 2.5
7o B wrn oo ek prew oo SR G (2:5)

Suppose now that there exists a point zy € U such that
|w(z0)] =1 and |w(z)]<1 when |z| <|zo]. (2.6)
Then, by applying Lemma 1, we have

zow' (z9) = cw (20) <c >1w(z)=¢?;0¢ IR) . (2.7
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et
— R -
(1 + e"’)

Thus we find from (2.5) and (2.7) that
9{<1+ zof”(zo)) _ 1—|-5R( caew‘ )

1" (20) 1+ et
- 14 ca (a + cos 0) c
o 1+4+a24+2xcosf 2
< 1+3a — 71, N <
= m (ZotZA,U:a<1),

which obviously contradicts our hypothesis (2.1). It follows that
lw(z)] <1 (ze€l),
that is, that

“fl(Z <1 (nel;05a<1). (2.8)

7
This evidently completes the proof of Theorem 1.

Theorem 2. If the function f € A satisfies the inequality:

zf"(z) 3+ 2a _
m(1+ f,(z))< o (n€eU; 05 a<1), (2.9)
then
|F'(z) =1 <l+a (neU;05a<]). (2.10)

Proof. Our proof of Theorem 2, also based upon Lemma 1, is much akin to that of Theorem
1. Indeed, in place of the definition (2.4), here we let the function w be given by

) =0Q+a)w(z)+1 (nnelU;0Sa<]). (2.11)
The details may be omitted.
Remark 1. Since the inequality (2.10) implies that
R{f(z)} >-a (nneU;0Sa<l), (2.12)

by setting a = 0 in Theorem 2, we readily obtain

Corollary 1 (Singh and Singh [5, p. 311, Corollary 2|). If the function f € A satisfies the
inequality:

zf"(z) 3
m<1+ 702) > <3 (zeld), (2.13)
then
|/'(z)—1| <1 (zeU), (2.14)
that s, f € C.

Next we prove



CLOSE-TO-CONVEXITY, STARLIKENESS AND CONVEXITY

Theorem 3. If the function f € A satisfies the inequality:

1 — )Pt
7@ =1 @ < S22 cew0ga<i fy20),
then

mUﬂa}>1;a&eM0§a<ly

Proof. We define the function w by
14 aw(z
I'(2)= 1+ w((z))
Then, clearly, w is analytic in ¢/ with w(0) = 0. We also find from (2.17) that
(1 — @) Jw(z)|? |zw/(2)|
|1+ w(z) [P+
Supposing now that there exists a point zg € U such that

(wi)#£ - zel; 0SS a<l).

17(2) =17 |21"(2)]" = (zel).

|lw(z)] =1 and |w(z)]<1 when |z| <]z,
if we apply Lemma 1 just as we did in the proof of Theorem 1, we shall obtain
11 +ei9|ﬁ+2’v

(1- a)ﬁ+’7
= g

lf/ (30) _ 1|5 lZOf” (20)1’)’ —

(moel; 05 a< 1),
which obviously contrdicts our hypothesis (2.15). Thus we have

lw(z)] <1 (z€U),
which implies that

f(e) -1
o) -a

<1l (zeU;05a<1),

that is, that (2.16) holds true.
By letting

p=y-1=0

in Theorem 2, we arrive at

Corollary 2. If the function f € A satisfies the inequality:
1 —
‘zf”(z)I < ——4——a— (zeU;05a<]),
then

‘Z)“{{f'(z)}>1—t—(3 (zelU;05a<]).

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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Remark 2. An analogous result (which apparently is not contained in Corollary 2) was proven
earlier by Singh and Singh [5, p. 310, Corollary 1], which asserted that, if the function f € A
satisfies the inequality:

|2f"(z)] <1 (z€U),
then f € C.

3. STARLIKENESS AND CONVEXITY

In this section, we first prove the following result (Theorem 4 below), which involve the already
introduced principle of subordination between analytic functions (see Section 1).

Theorem 4. If the function f € A satisfies the inequality:

dA—1
——— (zelU;1<NL2)

" (1 + zf"(z)> < A+ (3.1)

f'(2) A1
5(—;:-17 (z€U; 2 <A <3)

for some A (1 < A < 3), then
zf'(z)  A1—2)

. 3.2
i) " A=z (32)
The result is sharp for the function f given by
2\ A1
fz) =2 (1 - X) . (3.3)
Proof. Let us define the function w by
!
1 —
2l(e) _Al=w@] oy anset 1< a<3). (3.4)

f(2) A —w(2)

Then, clearly, w is analytic in &/ with w(0) = 0. By logarithmic differentiation of both sides of
(3.4), we also find that

2f'(z) Al -w(z)]  zw/(z) wi(s)
ol f'iz)  A—w(z) 1~w(2)+)\—w(z) (zel). (3.5)

Assuming now that there exists a point zg € ¢{ such that

|lw(20)| =1 and |w(z)]<1 when |z]|<]z0|,
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if we apply Lemma 1 just as we did in the proof of Theorem 1, we shall obtain

A(L—e® e
_m< ) — et ) <1_610) ()\__ei(?)
C
2

_AMA+1)(1 —cos 6’) ¢(Acos —1)
14+ A% —2\cosd 14+ A% —2\cosf
_A+L (A1) (1))
2 2(1+/\ —2/\c059)
S AL (A2 —1)(2-2A)
- 2 2(1+/\2~2)\c089)

(0 €U; 1 <A< 3),

which yields the inequality

oA —1
—— U; 1< L2
zﬂf” (zo) 2()\ £ 1) (ZO < < )
R (1 + W) > . (36)
‘—2—({1_—1—) (0 €EU;2< A < 3).

Since (3.6) obviously contradicts our hypothesis (3.1), we conclude that
()| <1 (zel),
that is, that
2f'(z) A
f(z)  A+1

which implies the subordination (3.2) asserted by Theorem 4.
Finally, for the function f given by (3.3), we have

zf’ =/\(1—z)
) A=z

which evidently completes our proof of Theorem 4.

A
U; A3 .
<57 (zelU; 1 <A<3), (3.7)

(3.8)

Remark 3. A special case of Theorem 4 when A = 2 was given earlier by Singh and Singh [5,
p. 313, Theorem 6.

Lastly, since
f(z) e K(a) = 2f'(2) € S*(a) (0L a<1), (3.9)

whose special case, when a = 0, is the familiar Alexander Theorem (cf., e.g., Duren [1, p. 43,
Theorem 2.12}), Theorem 4 can be applied in order to deduce
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Corollary 3. If the function f € A satisfies the inequality:

30D ew1<ag2)
o <2zf"<z) +z2f'"<z)> _) A (3.10)
f'(2) +2f"(2) 3— A
0D (zeU;2< A <3)
for some A (1 < A < 3), then
1!
1+ z]]:,(i‘;) ~< /\(/\1_ ;). (3.11)
The result is sharp for the function f given by
f(z) = (1 —E)H. (3.12)
A
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