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ABSTRACT

Supervisor: Professor J.T. Weaver

In this thesis, a ﬁethod for studying proklems of
electromagnetic induction in local regions of the Earth
where the principal conductivity anomalies are confined
to a thin surface layer has been developed using the thin
sheet approximation. A two-dimensional model is used in
which the Earth is represented by a uniformly conducting
half-space covered by an infinitely thin sheet of variable
integrated conductivity. A quasi-static magnetic source
field, in both E-polarization and B-polarization, is
considered.

With the aid of the wgll~known boundary conditions
for thin sheets, the horizoatal electric field at the
surface of the Earth is shown to satisfy a simple one-
dimensional integral equation in both E- and B-polarizations.
The method of reducing these integral eguations to a linear |
system of algebraic equations for numerical solution is
discussed in detail. The final (discrete) expressions for
the fields are presented in a form suitable for programming.
(A ccmplete listing of the Fortran program is included in
the appendix.)

Results cbtained by this methed agree well with those

obtained analytically by Nicoll and Weaver (1977)
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(B-polarization case). When comparing results with those
obtained numerically by Fischer et al. (1978a, 1978b)
(E-polarization), some differences do occur. However, the
similarity of our results and those obtained from an
analytical solution of Weidelt (1971) and from the finite-
difference formulation of Brewitt—Taylof and Weaver (1976)
indicates that our results are indeed accurate.

To illustrate the method, field values are calculated
for two simple models in which the integrated conductivity
changes (i) abruptly and (ii) gradually from one value
to another. A more complex model depicting a cross-section

through Vancouver Island is also considered.
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CHAPTER 1

INTRODUCTION

1.1 Historical review

The electromagnetic field recorded at the surface of
the Earth due to sources in the ionosphere has been studied
for many years with the aim of inferring information about
the Earth's conductivity structure. This study may be
divided into problems of a glcbal nature and those of a
local nature. Global studies are concerned with the gross
features of the conductivity structure of the Earth to
great depths (i.e. ~ 1000 km) whereas lcocal studies are
concerned with the finer details of the conductivity
structure of the crust and upper mantle (i.e. ~ 100 km)
over small regions of the Earth which may be considered
flat. 1In recent years, there has been considerable
interest in electromagnetic induction problems of a
local nature in which lateral conductivity inhomogeneities
occur. Problems of this last type are studied in this
thesis. Problems of a globhal nature, which have recently
been reviewed by Rikitake (1973), will not be discussed
further.

A general treatment of electromagnetic induction 'in
a flat Earth, using a conducting half-space to represent

the Earth, was described in a classic paper by Price (1950).




In this paper, a complete analysis of the problem of
electromagnetic induction due to an arbitrary known source
field acting above a homogeneous conducting half-space,

was made. His discussion included physical interpretations
of his 'elementary' solutions. By a systematic applica-
tion of integral transforms and the ﬁse of electric and
magnetic Hertz vectors aligned normal to the surface of

the conducting half-space, Weaver (1971) simplified and
consolidated Price's theory. Following Weaver's procedure,
Summers and Weaver (1973) generalized the analysis to
include the case of an n-layered conducting half-space.
Weaver (1973) has reviewed the principal features of
electromagnetic induction in a multi-layered Earth.

Lateral variations in conductivity have been
investigated using a variety of techniques. Several
authors (D'Erceville and Kunetz, 1962; Weaver, 1963;

Weaver and Thomson, 1972, and others) have used analytical
approaches to the problem of a vertical discontinuity in
conductivity. Analytical techniques are usually capable

of treating only special problems of simple geometry but
they provide valuable checks on other techniques and often
give information not attainable by other methods. Numerical
techniques are used to solve problems involving more

complex structures. In particular, finite difference

numerical methods provide one of the most general




mathematical methods for studying electromagnetic induction
problems. A disadvantage of this method, though, is that
considerable computer time and computer stbrage space is
often required to solve problems involving reasonably
complex structures. For some types of problems, numerical
and analytical techniques may be combined to lessen this
disadvantage. Analogue models, having complex conductivity
structures, have also been used to study various interest-
ing problems, such as the 'coast effect' near Japan
(Roden, 1964), and the effect of channelling around
Vancouver Island (Nienaber et al., 1978), which are not
easily studied by mathematical techniques (see review by
Dosso, i973).

rice (1949) described another approach to the problem
of conductivity anomalies confined to near the surface in
which the Earth is mathematically represented by an
infinitely thin sheet of variable integrated conductivity
underlain by a non~conducting medium. Since then,
considerable extensions to this method have been made.
Fof example, Rikitake (1966) included a conducting half-
space which was separated from the non-uniform thin sheet
by a non-conducting region, in order to take into account
the effect of a highly conducting mantle. In another
paper by Rikitake (1968), the conducting half-space,

menticned above, was replaced by one with an undulating




surface to study the effect of upwellings of a deep
mantle. In these models, the integrated conductivity
varied periodically in one direction.

Many authors have used thin sheet models with dis-
continuities in the integrated conductivity to study the
'coacst effect'. 1In particular, Roden (1964) studied the
'coast effect' near Japan by mathematically representing
the Earth by a thin strip of width, a , and finite
thickness, s , (s << a), separated from a perfectly
conducting half-space by a non-conducting region. The
results obtained from this model were used as a check on
the validity of his analogue model measurements, mentioned
earlier. A similar model (with s » 0 and without the
perfectly conducting half-space) was analysed by Parker
(1968). Using an analytical technique, he found that the
vertical magnetic field tends logarithmically to
infinity in the vicinity of the edge and pointed out
that previous numerical methods had not permitted this
detailed investigation and thus that care should be
taken in the numerical analysis to obtain accuracy despite
the singular nature of the solution. Weidelt (1971),
again using an analytical technique considered a model
consisting of two infinitely thin half-sheets of different
(finite) integrated conductivities. He also found that

the vertical magnetic field tends logarithmically to




infinity near the interface between the two sheets.
Furthermore, he showed that the horizontal magnetic

field changed discontinucusly at the interface. Both
Parker and Weidelt noted the need for analytical techniques
to serve as checks on numerical procedures for the
modelling of ;rbitrary distributions of integrated
conductivity.

Ashour (1971) described a more realistic model to
study the 'coast effect' in which the integrated conduc-
tivity reduces quickly to zero instead of abruptly
changing to zero. The field components are then contin-
uous and finite at the coastline. An important conclu-
sion to'be drawn from this investigation is that the
induced horizontal magnetic field is enhanced just off
the coast and zero or very small at the coast and inland,
and also that the vertical magnetic field is enhanced
at the boundary even though the integrated conductivity
is zero there. Ashour also menticns the importance of
observing the field values, not only in the vicinity of
the coastline, but also at the continental shelf.

The method of thin sheets has been applied to the
study of coastal anomalies in the Southwestern United
States by Schmucker (1970). In his mathematical model,
a non-conducting region again separates the conducting

mantle from the anomalies near the surface. An important




point discussed in his work is the limitaticns to Price's
technique. These limitations are presented in chapter 3
of this thesis.

The thin sheet models discussed iﬁ this thesis are
two-dimensional, that is, it is assumed that there is no
variation in the integrated conductivity in one horizontal
direction. It should be pointed out, though, that geo-
metrically simple three-dimensional models of a circular
and elliptical region of uniform integrated conductivity
in an otherwise uniform thin sheet of different integrated
conductivity has been studied (Ashéur and Chapman, 1965).
Also, many thin hemispherical cap models have been used
to investigate global effects.

It is well known that two-dimensional problems may
be separated into E-polarization and B-polarization cases.
(The horizontal magnetic field of the source is perpendicular
to the strike of the anomaly in the E-polarization case
and parallel to the strike in the B-polarization case.)
For the thin sheets presented so far, only the E-polariza-
tion case has been of interest since all the thin sheets
have been underlain by a non-conducting region (see review
by Ashour, 1973). chrmucker (1971) included, in his model,
a conducting (n-layered) half-space immediately below a
thin sheet having a strip of different integrated conduc-
tivity. He only investigated the E-pclarization case, but

with this type of model it is possible to study the B-
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polarization case since electric currents may flow into
the Earth. To study the B-polarization case, Bailey (1977)
used a model which consisted of a uniformly conducting
half-space in contact with and screened by a perfectly
conducting half-plane. Nicoll and Weaver (1977) extended
Bailey's problem by adding a perfectly conducting plane

at a depth D, to the model, to represent the highly con-
ducting mantle. These problems were both solved analytically
using the Wiener-Hopf technique. Brewitt-Taylor (1975)
used a model similar to Nicoll and Weaver but with a
perfectly conducting infinitely thin strip of width, 2a,

at the surface. His analytical solution was obtained by
neglecfing self-induction, and was therefore only approxi-
mate. He then compared his results with those obtained

by applying the finite difference technique to the same
model but with a more realistic strip of finite depth and
conductivity (Brewitt-Taylor, 1976). Finally, Fischer,
Schneqgg, and Usadel (l978a; 1978h) considered the E-
polarization case using Bailey's model and obtained an
inﬁegral equation fcr the field which they solved numeri-

cally.




1.2 Summary of work in this thesis

In this thesis, the problem of electromagnetic induc-
tion in local regions of the Earth where the principal con-
ductivity anomalies are confined to a thin surface layer,
is investigated. A two-dimensional model is used in which
the Earth is represented by a uniformly conducting half-
space covered by an infinitely thin layer of variable
integrated conductivity. This model is ideally suited to
study 'coast effect' problems since the near-surface con-
ductivity structure perpendicular to the coast changes
rapidly over short distances while, parallel to the coast,
the near-surface conductivity structure often does not
vary significantly over great distances.

The purpose of this thesis is to present the theory
(see chapter 3) for a more general thin sheet model in which
both E-polarization and B-polarization cases may be discussed.
Furthermore, the theory has been developed with the idea
of providing boundary values for more complex three-dimen-
sional problems.

An important feature of this model is that the varia-
tions of the conductivity with depth are eliminated from
the problem so that, with the aid of the well-known boundary
conditions for thin sheets, it becomes possible to express
the surface hcrizontal electric field (in both the E-

polarization and the B-pclarization cases) as the solution




of a simple one—dimensipnal integral equation. In the
E-polarization case, an improved method of .accounting for
the contribution of the electric field, far from the region
of varying conductivity, is included in the numerical
evaluation of the integral equation (see section 4.4).
Also of importance is the fact that the values of the
integrated conductivity at the extreme ends of the model
need not be the same, which is desirable when studying
realistic 'coast effect' problems. Moreover, the theory
allows for a variable integrated conductivity so that the
sloping continental shelf may be modelled more closely
than in analytical methods. Also, a grid of variable
step—-size has been incofporated into the numerical method
(see chapter 4) so that the edge effect due tco abrupt
changes in integrated conductivity may be acdurately
determined.

In chapter 5, some results are presented to illustrate

the theory and then briefly discussed.




CHAPTER 2

EQUATIONS OF ELECTROMAGNETIC INIDIN'CTION

2.1 Maxwell's equations

Maxwell's equations mathematically express the relation-
ship between time-varying electric and magnetic fields.
These equations can be considerably simplified, when applied
to problems dealing with electromagnetic induction in the
Earth, if certain assumptions are made regarding the source
field and the region of interest. The appropriate differ-
ential equations, required to determine the field vectors,
can then be found by using Maxwell's equations on this
simplified form.

Maxwell's equations, in M.K.S. units, are

TxE=-28 , (2.1.1)
TxHE=F 4+ (2.1.2)
V«D=p , (2.1.3)
and VeB=0 (2.1.4)
where E is the electric field intensity, D is the

electric flux density, B is the magnetic flux density,




H is the magnetic field intensity, J is the volume
current density, and p is the volume charge density.
The term gg is known as the displacement current density.
(E and B will be referred to, loosely, as the electric
and magnetic fields, respectively.)

As an immediate simplification, we assume that the

time dependence of the electric and magnetic fields in

the region of interest can be expressed as

P(x,y,2,t) = f’-(x,y,z)elwt (2.1.5)

where w 1is the angular frequency of the source and P

is any of the field vectors. In this representation, the

Q2

<4

time derivatives, , can be replaced by iwP in
Maxwell's equations.

We also assume that the Earth's interior is free of
primary source currents and acts as a conductor (i.e. is

isotropic and cbeys Ohm's law). In such a region, B and

H, E and D, and J and E may be related as follows:

B = uH : (2.1.6)
D = ¢E " (2.1.7)
and J = oE (2.1.8)

where u 1is the permeability, € 1is the permittivity




and o0 1is the conductivity. 1In air, the conductivity is
approximately zero. In the Earth's crust, the conductivity
ranges from approximately 107° mho/m to 10" mho/m (see
Table 2.1) with the mean conductivity being approximately
5 x 107° mho/m. The conductivity in the underlying mantle
increases with depth from the mean crustal value (see Rikitake,
1573). Thus the crust is underlain by a region of higher
conductivity. This point is of importancé, later in this
thesis, when considering the validity of representing a
layer of the crust by an infinitely thin surface sheet.
In air and for most materials in the Earth, the permeability
and permittivity are of the order of thgir free~space values,
My and Fo respectiVely (uo = 47 x 1077 H/m ; Eo =
8.85 x 107'*F/m). Exceptions to this are some ferromagnetic
minerals which have permeabilities up to three times the
free-space value and water which has a permittivity about
80 times the free-space value. Materials with values very
mach higher than these are not expected in significant
uantitieé in the Earth. 1In order to simplify the compu-
tations, the permeability is assumed to be equal to its
free-space value everywhere.

Furthermore, we assume that the conductivity structure
in the Earth can be approximated by a number of homogeneous
conducting regions. In such regions, the volume charge
density can be taken as zero, since any volume charge dis-

tribution will decay quickly away to the surface of each




TABLE 2.1

Typical Values of Conductivity in the Earth's Crust

o (mho/m) o/e (Hz)
snow 107° 16"
fresh water 10" 10°
dry rock 10" 10°
earth (moist) 1077 107
sea water 4 16*

minerals 10" 101"




homogeneous cenducting region, independent of any applied
field (see, for example, Jones, 1964). In free-space,
the volume charge density is also assumed to be zero.

By substituting equations (2.1.6) through (2.1.8),
with p = Hy v into Maxwell's equations and assuming an
exponenticl time dependence as in equation (2.1.5), we
find that, in each regicn of homogeneous conductivity
(including ¢ = 0), the four Maxwell's equations reduce

to two equations in two unknowns, being

VXxB-= (u o + iwuoe) E , (2.1.9)
and V x E = =ipB 3 (2.1.10)
The redundancy of equation (2.1.3) with p = 0 and

equation (2.1.4) follows from the general vector identity

Ve (VxP) =0 (2.1.11)
where P represents Z or B .

It is well-known that the displacement current term
in equation (2.1.9), (i.e. iwuoe), may be neglected in
geomagnetic induction studies. TFor this to be true in
the Larth, we must have

w << 2 ‘ (2.1.12)




which is easily satisfied for values of ¢ in the Earth
(see Table 2.1) for w < 1 kHz . To determine the frequency
range in which displacement currents may be neglected

in the free-space region, where o = 0 , it is convenient

to express eguations (2.1.9) and (2.1.10) in dimensionless
form. In doing this, we define twoc dimensionless terms

(indicated by primes) as

r' o= % (i.e. V' = £V) (2.1.13)
and Bl = g (2.1.14)
O

where r is the position vector, £ is a characteristic
length in the region and Bo is a characteristic magnetic
field. By substituting equations (2.1.13) and (2.1.14)
into equation (2.1.10), we find that we are restricted to

defining the dimensionless electric field as
E' o= : (2.1.15)

The dimensionless forms of equations (2.1.9) and (2.1.10)

then become
V' x B' = ikE' (2.1.16)

and V' x E' = -iB! {2 LudT)




where k = wzﬁzuoc .
Now, by substituting equation (2.1.16) into (2.1.17)
or vice versa, and then using the vector identity

Vx (V x P) = V(V-P) - V2P (2.1.18)

where P may be any vector (in this case, E

we obtain

-KP . {2.1.19)

-J
N
9|
Il

Since E' and B' are scaled so that they are of reascnable
magnitudes, the right hand side of this equation will be

very small if «k << 1 , or in terms of frequency, if

we << ——— . {2.1.20)

In this case, we may approximate equation (2.1.19) by

V2P = 0 (2.1.21)

which 1s thie same conclusion we would have obtained had

we initially neglected the displacement current term

~

(i.e. ikE') in equation (2.1.16). Thus the frequency

range over which the displacement current term may be




neglected in the free-space region (in the primed or
unprimed system) is given by the inequality (2.1.20).
For global studies, £ is of the order of the radius of
the Earth (~ 6400 km) so that the inequality (2.1.20) is
valid for w < 10Hz . For local studies, where the
Earth is approximately flat, £ is considerably smaller
so that the allowable values of w are correspondingly
higher. 1In particular, if £ 1is of the order of the height
of the source (~ 100 km), then the inequality (2.1.20) is
valid for w < 1 kHz. In geomagnetic inducticn studies,
we are generally interested in w < 1 Hz so that the
neglect of displacement currents is well justified.

With the neglect of displacement currents, then, the

appropriate form (non-dimensionless) of Maxwell's equations

becomes
V x E = -iwB (2.1.22)
and VxB= uoof : (2.1.23)

By taking the curl of equation (2.1.22) and (2.1.23), and
using the vector identity given by equation (2.1.18), with
P representing L or B , the differential equation to
be satisfied by the field vectors in each homcgeneous .

conducting region, subject to specified boundary conditions,
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is found to be
VP = 1a2%P . (2.1.24)
where a? = wy o . (2.1.25)

In the free-space region, equation (2.1.24) reduces to

Laplace's equation,

V2P = 0 . (2.%.26)

In the non-conducting region, equations (2.1.22)

and (2.1.23) can be simplified to

B = -VQ (2.1.27)
and V x E = iwVQ (2.1.28)
since VxVa=0 (2.1.29)

where a 1ig any scalar quantity. Here Q is defined as
the scalar magnetic potential. Furthermore, by taking
the divergence cf equation (2.1.28) and using (2.1.11),

equation (2.1.26) can be replaced by

ViQ = 0 . (2.1.30)




In solving equations (2.1.24), (2.1.26) and (2.1.30),

we require that the solutions and their first and second
derivatives be continuous and finite in any source-free
region of homogeneous conductivity and vanish when infinitely

far from the source.




2.2 Two-dimensional form of Maxwell's equations

Consider the surface of the Earth to be represented
by the plane 2z = 0 with the z-axis positive downward in
a Cartesian coordinate system and with all sources restric-
ted to the region 2z < -h (h > 0) above the surface.

Many interesting gecmagnetic induction problems may be

simplified into a two-dimensional form if o , E and

B are independent of one of the cocordinates (say, X).

In this case, Maxwell's equations become

Gy (y,z) = Fo(y,z) = -iwX(y,2) (2.5.13

E, (y,2) = -i0Y(y,2) (2,52

Ei(y,z) = iwZ(y,2) ‘ (2.2.3)

and 21(y,2) - Ya2(y,z) = u_oE(y,z) (2.2.4)
X, (y,2) = u_OF(y,z) (2.2.5)

X1 (y,2) = -u,0G(y,z) (2.2.6)

where B = (X,Y,%2) and E = (E,¥,G) . Here the Landau
notation for partial derivatives has been used in which

the differentiation with respect to the first and second
ordered variables is indicated by the subscript 1 and 2 ,

respectively.
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In the source-free region, these équations fall into
two independent groups which can be discussed separately
as the E-polarization problem, governed by equations
(2.2.2), (2.2.3) and (2.2.4), and the B-polarization
problem, governed by equations (2.2.1), (2.2.5) and (2.2.6).

Substituting equations (2.2.2) and (2.2.3) into (2.2.4)

gives

Eyy(y,2) + Eza(y,z) = ia’E(y,2) {2.2.7)
in the conducting region, and
Eji1(y,2z) + Eza(y,2z) =0 (2.2.8)

or, in terms of magnetic potential,
Q211(y,2) + R22(y,2z) =0 (2.2.9)

in the non-conducting region. Thus the E-polarization
field can be written as

E = (E,0,0) and B = (0,Y,%) (2.2.10)

with Y(y,z) = % E, (v, 2z) (2.2.11)




and Z(y,z) = %% E;(y,2z) (2.2.12)

where E must satisfy (2.2.7) or (2.2.8) subject to
specified boundary conditions. From equation (2.1.27),

it immediately follows that

Y(y,z) = = Ealy,z) = -0 (y,2) (2.2.13)
and 7(y,z) = = Ei(y,z) = -R2(y,2) (2.2.14)

in z < 0
Similarly the B-polarization field in the conducting

region is given by

B = (X,0,0) and E = (0,F,G) (22 :15)
o |
with F(y,z) = G Xy (y,2) (2.2.16)
o
- -1 S -
and G(y,z) = E-B-kl(y,z) (2:2:17)
: 0

where X(y,z) must satisfy
Xi1(y,2z) + Xp,(y,2) = ie®*X(y,z2) (2.2.18)

again subject to the given boundary conditions. Further-
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more, from equation (2.1.24), we know that

[SS]

Fi1,(y,z) + Fao(v,z) = ia’F(y,z) (2.2.19)

Il

and Gi1(y,z) + Ga2(y,z) io?G(y,z) . (2.2.20)

In the non-conducting region, equations (2.2.5) and (2.2.6)

becomne

Xy(ly;z) = 0 and X,(y,z) = 0 (2.2.21)
which implies that,

X(y,z) = XO , a constant . (2.2.22)

Then from equation (2.2.1), F(y,z) and G(y,z) must

satisfy

G, (y,z) = Fol(y,z) = —iwxo . {2.2:23)




CHAPTER 3

THEORY

3.1 The model

A simple two-dimensional model is used to study the
resulting geomagnetic field at the surface due to currents
in the ionosphere fluctuating above a small section of the
Earth having near-surface inhomogeneities in conductivity.
In this model, a quasi-static magnetic field located at a
height h , represents the source field. The flat Earth
occupies the region =z > 0 in a right-handed Cartesian
coordinate system while the region =-h < z < 0 1is assumed
to be free space. The actual surface conductivity structure
to be studied is contained in an integrated conductivity
T(y) given by

a(y)
T(y) = J o(y,z) dz (3.1.1)
0

whgre o(y,z) is the conductivity of the surface layer and
d(y) is the thickness of the surface layer. The technique,
originally discussed by Price (1949), is now employed. In
this technique, it is assumed that the actual surface
conductivity structure can be represented by an infinitely

thin layer of eguivalent total integrated conductivity,




occupying the z = 0 plane. In this case, equation (3.1.1)

becomes
d(y)
T(y) = £4m o(y,z) dz (3.1.2)
d(y)-0 0
where E(y,z) mathematically becomes infinite, as d(y)-0 ,

in such a way that 7t(y) remains finite. The variations in

the integrated conductivity are restricted to a limited range

in y (7 <y < £%) , being constant outside this region, so
that
T(y) =T + T (y) (3.1.3)
- . +
where T = T(-°) and T = T(+)
with 0 (y < £7)
- +
T, ) =1 () (L <y < 2)
| ot " < y)

The conductivity of the lower crust is represented by an
infinite half-space of uniform conductivity o , occupying

the region 2z > 0 (see figure 3.1).




IR,

T(y)
X

. . ) . f/
/ § i
(v r.‘.;mzfx-::*ni ! DR f:
. S & :

SESS—— i

NN
[T
]
QO
?
L]

Figure 3.1 The mathematical model comprising an infinitely
thin surface layer of variable integrated
conductivity T(y) covering a half-space of

uniform conductivity o .




3.2 Limitations in Price's technique

We shall see, in the next section, that the horizontal
electric field must be continuous across the infinitely thin
sheet if we are to use Price's technique. Thus, in the
'real' problem with a finite depth d , we require that the
horizontal electric field remain approximately constant
over this depth. Schmucker (1970) discussed the general
restrictions on the use of Price's thin sheet approximation
which this requirement imposes. He considered a three-layer
model consisting of a top layer of thickness d , (terrest-
rial surface layers) and a poorly conducting intermediate
layer of thickness h , (crust and upper mantle) overlying
a highly conducting subétratum. In addiﬁion, he assumed
that &6, >> h and §;, << h where §, and &3 are the
skin depths in the second and third layers, respectively.
Using this model, Schmucker found that the horizontal
electric field was approximately constant over the depth

d , if the following conditions held:
(1) §, > 34 r, (id) h > 4d 7
where §, is the skin depth of the surface layer. This

second condition implies that there should not be a good

conductor at shallow depth if we are to use Price's method.




Schmucker's assumptions (i.e. ¢, >> h and .
§3 << h) imply that an extreme conductivity contrast
exists between the conductivities of the crust (o)
and mantle (o03). For example, when h = 100 km and
3d < §; < « in his model, we find that o0, must be much
less than 107! mho/m and o3 must be infinite. By
using a three-layer model similar to Schmucker's (1970),
the attenuation of the tangential electric field over a
surface layer of depth d , can be determined for more
realistic conductivities of the crust and mantle. From
the theory for n-layered structures described in a review

paper by Weaver (1973), we find that

E(4) U,
DA e i e S |
E(O) U22 (w 2 1)
v, + V2 - ==
v, + 72*%_
03
csch (¥Y2ia /6§ )
where u = -
n §
n
coth (/fzdn/dn)
and v, o= 3 (n = 1,2)
n
with d =d, and h =4, .

Using this equation, we can determine the order of
attenuation to be expected over a surface layer in

coastal regions (0, ® 4 mho/m) where the depth of the




ocean is not likely to be more than 5 km. The results,
illustrated in figure 3.2, show the limitations of Price's
method. We see that, for a mantle at shallow depth (~ 50 km),
the attenuation is particularly sensitive to the conductivity
of the mantle (10~! mho/m < ¢, < =) whereas for a mantle
at greater depth (500 km), the attenuation is affected
very little by the conductivity of the mantle, being
somewhat more sensitive to the conductivity of the crustal
region (0 < o0, < 102 mho/m). Furthermore, as the depth
of the surface layer nears or becomes greater than its
skin depth, the attenuation becomes large. In particular,
for coastal anomalies, we see that the attenuation tends
to increase rapidly for.frequencies greéter than about
0.25 mHz (~ 1 cycle per hour) which is in rough agreement
with Schmucker (1970, 1971).

As a further example, we consider a typical model,
in prospecting geophysics, consisting of a layer of
overburden covering more resistive bedrock. From figure
3.3, we find that Price's approximation is valid for
frequencies up to about 1 kHz, for a 50 m layer of over-
burden of conductivity 107% mho/m lying on a basement

of conductivity 107" mho/m.
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Figure 3.2 Attenuation of the horizontal electric field in the top layer of
a three-layer model (i.e. ocean, crust,mantle) as a function of the depth
(in skin depths) of the top layer.
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3.3 Normal fie{é

It is convenient to begin the study of this problem
by considering the whole surface layer to be of uniform
integrated conductivity Ty thus reducing the problem
to one variable 2z . The resulting field, defined as the
normal field and denoted by the subscript n, can be used
to form the boundary values for the more complex problem
of a surface layer of variable integrated conductivity.
The problem is further simplified by first considering

the E-polarization field for one variable,

En(z) = (B,(2),0,0) and ﬁh = (0,Y_(2),0) (3.3.1)
with Y _(z) = aiJ—En'(z) (3.3.2)
and Yd(z) = —UOOEn(z) £3:.3:3)

where En(z) must now satisfy
iR LA = o2 : -
Ln(z) ia En(z) in z > 0 (3.3.4)
and En"(z) = 0 in 2 <9 ¢ ({3.3.5)
Here the primes (') indicate differentiation.

The relationship between the electric and magnetic

field just above and just below the infinitely thin sheet,




which is required to solve equations (3.3.4) and (3.3.5),
can easily be determined by considering a uniform cover
of finite depth d , and then letting d - 0 . The

integral form of equation (2.1.23),

W
N
~

B+ da : {3

obtained by using Stoke's theorem, can be employed to
show that the horizontal electric field must be continu-
ous across the infinitely thin sheet. Let ¢ be a
rectangular circuit enclosing the surface S , having two
sides parallel and arbitrarily close to the upper and
lower boundaries of the surface cover, as in figure 3.4a.
As the uniform surface layer becomes infinitely thin

(see figure 3.4b), the right-hand side of equation (3.3.6)

goes to zero, since

: d+0 £
24im !Jﬁ -_i{ = £im J J Yh(z)dxdz < Ldm |M£d| =0 (3.3.7)
d-0 d-»0 d»0

S -0
where M is the maximum value of IYn(z)I in

-0 < z < d+0 which must be finite for any real problem.
IFor this one-dimensional problem, the horizontal electric
field is constant and in the x-direction so equation

(3.3.6) becomes

il

E (-0)& = E_(+0)¢ = O (3.3.8)
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Figure 3.4

A circuit C enclosing a surface S, as d » 0.




which implies that
En(—O) = En(+0) = E . {3.3.9)

Similarly the horizontal magnetic field can be shown
to be discontinuous across the infinitely thin sheet by
considering the integration of equation (3.3.3) from just
above the upper boundary (z = -0) to just below the

A

lower boundary (z = d+0) of the surface, giving
J En(z)on(z)dz " (2:3:10]

Using the mean-value theorem, En(z) can be expressed

as

En(z) = En(~0) + zEnWa) (3.3.11)

where (<0 < a x 2) .

If this expression for En(z) is substituted into equa-
tion (3.3.10) and the surface layer made infinitely thin,

then the right—hand side of equation (3.3.10) becomes




- 36 =
d+0 d+0
; ' g >\ = M — [ o 4
Kig U J En(z)On(“,dz u Ln( 0) éig J on(z)d7
d 0 0
a+0
+ uOEn%-O) Lim J zo (z)dz
a-o0
-0
= uoTnEn | (3.:34.12)
since
a+0
LAm IJ zEf(z)dzI < 1 Lim |d] =0 (3.3.13)
a-+0 . | =™ g0
while the left-hand side is just
d+0
-Lim J Y '(z)dz = »Zim[% (d+0) - Y (-O)]
as0 J, " a-ot " n
= - - 4
Yn( 0) Yn(+0) (3.3.14)
which implies that
-— - 4 = . 3 .
Yn( 0) ln(+0) uoTnEn . (3 15)

Equations (3.3.9) and (3.3.15) give the surface
boundary conditions for the normal field. The argument

used here to determine these conditions has only relied




on the requirement that the fields be finite (i.e. an
M may be found) and continuous (i.e. an £ may be found)
and that an integrated conductivity may be defined in
the manner described. Thus, under these conditions, the
surface boundary conditions we have derived apply also
to an infinitely thin layer with varying integrated
conductivity.

The continuity conditions can be used to express
the surface electric field in terms of the surface
magnetic field. The solution of equation (3.3.4), which

vanishes as 2z - 4 , is

' e -Viaz _ -/iaz
En(z) = Ln(+0)e = E e (3.3.16)
so that equation (3.3.2) then yields
et W ,
Y (z) = u)/IaEn(z) : {3.3.17)

Thus, the horizontal magnetic field just below the surface

layer is

; o Thors -
Y (+0) =/IaF . (3.3.18)

It follows from equation (3.3.3) that the horizontal

megnetic field must be constant in the non-conducting




region, so that in z < 0 ,
Y (z) =Y (-0). =Y , a constant. (3.3.19)
n n o)

Hence, by integrating equation (3.3.2), we obtain the

electric field in the region 2z < 0 "as
En(z) =E_ - szYO . (3.3.20)

Finally, we obtain

E = it ' 3.3.21
n Via /IaTn) ( )

by substituting equation (3.3.18) into (3.3.15), and

- O
Yn(+0) = e (3.3.22)

by substituting equation (3.3.21) back into (3.3.18).
At this point, it is convenient to define the term
'skin depth' which is used often in this thesis. By

taking the modulus of equation (3.3.16),




'Ene—(l+i)az//§

En(Z)

it can easily be seen that the amplitude of the field is

. -0z/vV2
attenuated with depth by the factor e oz/V2 . The depth

at which the field is attenuated to e~! of its surface

value is defined as the skin depth ¢ , and is given by

s =/ 2 -2 3.3.24
Y wp 0 o ’ -

The B-polarization fields, in one dimension, are

ﬁh(z) = (Xn(z),0,0) and En(z) = (O,Fn(z),O) (3.3.25)

s 4 | e 8 a
with Fn(z) 1an(z) (3.3.26)

w

l o
and Xn(z) uOan(z) (3.3.27)
where Xn(z) must satisfy

XA%Z) = iuzxn(z) (z > 0) {3.3.28)




and X;Tz) =0 (z < 0) . {3.3:29)

For a surface layer of uniform integrated conductivity,
the B-polarization problem is identical to the E-polariza-
tion problem, except for a rotation of the source field
through 90 degrees in the horizontal plane. Thus, by
replacing En(z) by Fn(z) , and Yn(z) by ~Xn(z)

in any of the E-polarization equations, we obtain the
corresponding B-polarization equations. In particular,
the boundary conditions across the infinitely thin sheet

are

(3. 3.30)

Il
5|

Fn(—O) = Fn(+0)

]

and Xn(—O) - Xn(+O) —UoTnFn (3.3.31)

Furthermore, at the surface, the B-polarization fields are

given by
Xn(—O) = XO , a constant ; (3:.3.32)
Xo
Xn(+0) = s . (3:3:33)
viuTn
1 + =
-iw Xo \
and F = . o 3 e3¢
5 o /TaTn (3.3.34)
+




3.4 Anomalous fields in E-polarization

We now consider the more complex E-polarization problem

of an integrated conductivity which varies as in equation
(3.1.3). In this case, the total electric field is found

by solving the differential equation

3% L 52 a2
3y 2 E (y,2) + 557 B (y,2) = 107E _(y,2) (3.4.1)

with the corresponding magnetic fields being

) = 1 9 )
Yt(YI-'-') =, e 82 Et(Y,Z) r (3.4.2)

= , )Y == —i a -y . e
and ét(y’z‘ ol Lt(y,z) : (3.4.3)

where the subscript t denotes the total fields. The
boundary ccnditions for the total fields across the
infinitely thin surface layer immediately follow from -
the normal fields by simply replacing the one-dimensional

normal fields by the two-dimensional total fields and
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noting that

d+0
LAim ,J ﬁl Z (y,z) dz| <M Lim|d] =0 (3.4.4)
a0 '/ a-0
where M 1is the maximum value of ’é% Zt(y,z) between
z =-0 and z = d+0 . Of course, the normal integrated

conductivity, 1T, , must be replaced by the varying inte-
grated conductivity T(y) , as given in equation (3.1.3).
The surface boundary conditions for the total fields,

then, are

Et(YI+0) = Et(y,—O) = Et(y,o) r (3.4.5)

Y, (y,=0) = Y (y,+0) = u 7(y) E.(y,0) , (3.4.6)

il
H

and Zt(y,+0) Zt(y,—O) Zt(y,O) (3.4.7)
where the continuity of Zt(y,z) follows from equations
(3.4.3) and (3.4.5).

The boundary conditions for the total fields at

y = to and z = *0 are also required. Far from the

region cf varying integrated conductivity in the negative




and positive y directions, we assume that the fields

behave like the normal fields discussed earlier. Further-
more, we know, from Jones and Price (1970), that the total
horizontal magnetic field at the surface due to a uniform
source field is the same at the extreme values of y, even
if the conductivity structures in z > 0 at y = -« and

y = +o are different. Thus we have that

Yt(~W,—0) =Y, (+»,-0) =Y (3.4.8)

The boundary values for the total electric field at the
surface and the total horizontal magnetic field just

below the surface are then obtained by simply replacing
T in equations (3.3.21) and (3.3.22) by T and T+

respectively. The resulting boundary values are denoted

by

+ \
' Et(+m,0) = En ’ {3.4.9)

Et(—co, O) = En

and

=y " (+ P o o E
Yo (=2, 40) =¥ (+0) , Y, (4=,40) = Y "(+0). (3.4.10)
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In addition, we have that

Z,(%t=,0) = 0 (3.4.11)

since Zt(u,O) = g% Et(u,O) and Et(u,O) is assumed
constant, far from the region of varying integrated
conductivity.

The fields, obtained by subtracting the normal fields
at y = -» from the total fields, are defined as the

anomalous fields and are given by

E(y,z) = E_(y,2) E_(z) . (3.4.12)

I

£ |-

E,(y,2z) , (3.4.13)

Y(YIZ) = Yt(YIz) Yn(z) =

=31

and Z(y,z) = Zt(y,z) W s E,(y,z) (3.4.14)
where E(y,z) must satisfy
E,,(y,2) + E,,(y,2) = ia? E(y,z) (3.4.15)

and E,,(y,z) + E,,(y,z) =0 in 2<0 . {3.4.16)




- 48 =

From the surface boundary conditions for the total and
normal fields and the definition of the anomalous fields,

it follows that

E(y,+0) E(y,0) 3 (3.4.17)

Il

E(YI—O)

Z2(y,0) (3.4.18)

Z(y,-0) Z (y,+0)
and

Y(y,-0) = Y(y,+0) =u T(Y)E(y,0) +u,(T(y)-T )E . (3.4.19)
In particular, equation (3.4.19) is found by subtracting
equation (3.3.15) from (3.4.6) and then using equation

(3.4.13). The boundary values at y = #*» are found to be

E(-»,0) = 0 , E(+»,0) = E_ - E , (3.4.20)

il
o

Y (=0, +0) . Y (4w,40) = Yﬁ?+0) -Y (+0) , (3.4.21)

Il
<o

and Y (feo,-0) y &(xeo,0) =0 . (3:4+22)
Clearly these anomalous fields are caused by currents
induced in the region of varying integrated conductivity

and thus are entirely of internal origin. This property




of the anomalous fields is significant and is used in
determining an expression for Y(y,-0) .

Equation (3.4.19), which links the anomalous horizontal
magnetic field just below and just above the surface, is
of importance here, as it is this equation which is used
to determine the anomalous fields zlong the surface. We
are about to show that Y(y,-0) and Y(y,+0) can be
expressed as integrals over the surface values of the
electric field. By substituting these integral equations
back into equation (3.4.19), we then have an equation
written only in terms of the surface electric field.

This equation may be solved numerically using just a one-
dimensional grid in the y-direction, rather than a two-
dimensional grid in the y=-z plane which is normally
required to solve two-dimensional induction problems
numerically. This is an important feature of the work
presented in this thesis since it means that both the
computer time and the storage space required for the
numerical solution of geomagnetic induction problems with
surface anomalies are considerably reduced. Once the
anomalous electric field is determined, the horizontal
and vertical magnetic fields just above and below the
surface can easily be obtained by using the forthcoming
integral equations for Y(y,-0) and Y(y,+0) , and |

equation (3.4.14) for Z(y,0) .




The integral equations for Y(y,-0)

and Y(y,+0)

just mentioned, can be obtained by using a Fourier

transform in the y variable, which is defined, as in

1

Sneddon (1951), to be

with the inverse transform being

[ ~ £ 8
£(y) = 2= | £me " an
am ) :

(=<}

(3.4.23)

(3.4.24)

An important relationship between Fourier transformed

functions is provided by the Faltung theorem which

states that

J £(n) g(n) e *Wan =

-0

>
>
j Y~—— 8

f(u) g(y=-u)

du . (3.4.25)




In order to determine Y(y,-0) in integral form,
we consider the non-conducting region (z < 0) in which
the anomalous magnetic field components can be expressed
in terms of an anomalous magnetic scalar potential

Q(y,z) . by the equations

I

Y(y,z) = -0, (y,2) (3.4.26)

and Z2(y,z) -Q,(y,2) (3.4.27)
where Q(y,z) satisfies

Q,,(yr2z) + 0, (y,z) =0 . (3.4.28)

Following the work of Weaver (2964), we take the Fourier

transform of equation (3.4.28) to obtain

Q,,(m,2) = n"Cin,z) . (3.4.29)
We reguire the solution to this equation which vanishes as
z » -x , gince the anomalous potential must be of internal

origin. It is

Sn.z) = G(n,0) elnl? (3.4.30)




with the inverse Fourier transform giving,

Uy, z) = —— f 2(n,0)elnlzgminz) 5 (3.4.31)
vaom

If we differentiate this equation with respect to z and
let z - 0, it follows from equation (3.4.27) that
~-iny

Z(y,0) = -2,(y,~0) = ééé ftnlﬁ(n,~o>e Ydn (3.4.32)
V2

(5]

which from equation (3.4.24) implies

O =~ %2(n,0)

££(n,-0) n (3.4.33)

Substituting this into eguation (3.4.31) and differentiating

with respect to v, we have

- [ ~ -inw
Y(y,=0) = -Q,(y,~0) = =X | Z(n,0) sgn(n)e *"¥g,. (3.4.34
Yy 1 \Y NS J ' 1 ] )

After applying the Faltung theorem, this becomes

- 1.,0) «3.35
Y(Y,-0) = 7% { §§é59~ du (3.4.35)

since the inverse Fourier transform of sgn(n) = T%T

: -i /2 . .
1s known to be S%//W (Lighthill, 1958). Here, the

T T o B e gy S




bar across the integral sign signifies that the Cauchy
principal value (C.P,V.) of the integral must be taken at
u =y for the improper integral to exist. From equation

(3.4.14) we know that
Z2(y,0) = = E, (y,0) | (3.4.36)

so that the desired integral expression for the anomalous

horizontal magnetic field at the surface is

5 E, (u,0) .
Y(y,-0) = — g . (3.4.37)

)

Following the general prccedure used to determine
equation (3.4.37), an inEegral expression for Y(y,+0)
can be found. We begin by determining an expression for
the anomalous electric field in the conducting region by

taking a Fourier transform of equation (3.4.15) to give
E,,(n,z) = (n? + ia?) E(n,z) (3.4.38)
with the solution, which vanishes as 2z =+ « , being

E(n,z) = E(n,0) e V7% (3.4.39)




where y = n? + ia? . (3.4.40)
The exponential term in equation (3.4.39) can be con-

sidered as a Fourier transform g(n) , of some function

g(y) which is

(3.4.41)

//5 Zvia K, (Yiavy?2+z?)
.TT— l/);2+zz

where K, is a modified Bessel function of the second kind
of order 1. The last step in equation (3.4.41) is a tabula-
ted result (Erdélyi et al., 1954, eq. 1.4.26). In order

to simplify the notation, we define a function

Kl(/fu/;3+zi)
P(y,z) = . (3.4.42)

ISPETYE]
yyz‘z

Now by taking the inverse Fourier transtform of equation
(3.4.39) and using the Faltung theorem, an expression
for the anomalous electric field in the conducting region

is obtained, giving




E(y,z) = Z‘f“ J E(u,0) P(y-u,z) du . (3.4.43)

= 00

In arriving at equetion (3.4.43), we have tacitly
assumed that E(y,0) = 0 at y = o (i.e. hg+= EA_)
as this is a requirement of taking the Fourier transform
of the second derivative with respect to y in equation
(3.4.15). Now from a tabulated result (Gradshteyn and

Ryzhik, 1965, eq. 6.596#3), we know that

[eel

J P(y,z) dy = /-—j:::Ky,(/IGZ) (a0 > 0) (3.4.44)
4 2Viaz 2

which, together with the tabulated result (Abramowitz

and Stegun, 1964, eq. 10.2.17)

Y 7% Ky, (W) = (:T‘T—\ eV, (w, a complex number)




Using this last equation, equation (3.4.42) may be re-

written as

-
E(y,z) = z/ic J(y,z) + E(y,0) e "*%% (3.4.46)

where
1 .
Ily:2) = ﬁ»f[E(u,O) - E(y,0)] P(y-u,z) du
1 . . .
= &3 T[E(y+s,0)-E(y,O)] P(s,z) ds . (3.4.47)

In this latter form, we see that J(y,z) - 0 as y = tw
Thus the solution for E(y,z) 1is actually valid for more

general boundary conditions since E(y,z) approaches

the expected one-dimensicnal solution at y = +« ,
being
- + - -Yicz
E(+wo,z) = Et('i-w,z) -hn(z) = (En --En ) e
(z > 0)

+ - .
even when Erl # En . By the Uniqueness theorem, then,




equation (3.4.46) is the one and only solution to equation
(3.4.15) which satisfies the required boundary conditions.

We now differentiate equation (3.4.46) with respect
to z to obtain

-/i

E,(y,z) = /ia[J(y,z) + 2J,(y,z) - ¢ ""?EB(y,0)] (3.4.48)

The second term on the right above vanishes at 2z = +0 ,
since it can be shown (see appendix B) that J,(y,z)

exists at 2z = +0 . Hence, the desired integral expres-
sion for the anomalous horizontal magnetic field just below

the surface follows from equation (3.4.13), being

Y(y,+0) = % E,(y,+0) = i%}& [J(y,+0)-—E(y,O)} (3.4.49)
where J(y,+0) = % }[E(u,O)-—E(y,O)] P(y-u,+0) du (3.4.50)

K, (Vio|y-ul)

and P(y-u,+0) |Y"ul

Here, the C.P.V. of the integral is taken at u =y for

the improper integral to exist.
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By substituting equation (3.3.21) into (3.4.19) and
rearranging, we finally obtain the desired expression for

the anomalous electric field at the surface

E(y,0) = —— [Y(y,-0) - ¥(y,+0)]
a”T(y)
== = sigl=v (3.4.52)
Via | 1 + Yiat~ T(y) )

(o]

where Y(y,-0) and Y(y,+0) are now known in terms of

, E(u,O). by equations (3.4.37) and (3.4.49), respectively.
(In the above equation, we have also used o? = wy 0 as
defined in equation (2.1.25).)

In the next chapter we will determine the anomalous
electric field numerically using this equation. After
E(u,0) is determined, Y(y,-O) , Y(y,+0) and Z(y,0)
may easily be calculated. The total fields can then be
found by simply adding the normal field values (at y = =-)

to the anomalous field results.




3.5 Anomalous fields in B-polarization

The anomalous B-polarization equations can be deter-
mined by following the same procedure used to find the
anomalous E-polarization equations. Again the anomalous
field components are found by subtracting the normal
field components (at y = =-») from the ccrresponding total
field components. The whole procedure is considerably
simplified, though, since from sectiocn 2.2, we already
know that the total horizontal magnetic field above the
surface must be constant. As this must agree with the

normal field at y = -« , it follows that in 2z < 0
Xt(y,z) = ¥ (3.5.1)
which implies that
X(y,=-0) = Xt(y,—O) -X =0 . 1 2:5:2)

O

The anomalous horizontal magnetic field in the conducting

region may be found by solving the differential equation
X (y,z) + X (y,z) = ia?X(y,z) . (3.5.3)

The solution to this equation has already been determined

in section 3.4, as




[e+]

X(y,z) = L/--i-,ngg--T([X(u,+0) = X(y,+0)]P(y~u,z) du
+ X(y,+0) o~ Vioz (3.5.4)

with the derivative with respect to z, at 2z = 40 ,

being
X (y,+0) = K%—gi[}((u,+0) - X(y,+0)]P(y—u,+O) du
’ /
- YiaX(y,+0) . (3.5.5)

From equations (2.2.16), (2.2.17), (3.3.25) and (3.3.23)
and the definition of the anomalous fields, the anomalous

electric fields, in 2z > 0 , are given by

ol i l y »
F(y,z) = ﬁ~6~xz(),z) (3.5.6)
o
and G(y,z) = =1 X, (v,2) (3+5.7)
- ! ]J O— “*1 ’ . . .



The boundary conditions for the anomalous fields
(i) across the surface, and (ii) at y = %o (z = 10),
easily follow from the argument used to determine

equations (3.4.17) through (3.4.22) and are

(i) F(y,+0) = F(y,-0) = F(y,0) ' (3.5.8)

1l

X(YI+O) - X(y:"'o) X(}[’I+O)

= u T(y) Fly,0) + u (t(y) - T)F,  , (3.5.9)
and
. - o ot -
(ii) F(-=,0) = 0 , F(+=,0) = F - F" (3.5.10)

(€]

R . _u® L ar .
X(=w,+0) =0 , X(+o,+0) An(+0) xn(+0) , (3.5.11)

X(t»,-0) = 0 , G(%=,+0) =0 (3.5.12)

— + - - -+
her - = F an X [~ AT
where Fn and F oo and Xn(+0) and “n(40) are

obtained by replacing T in equations (3.3.32) and
i - + .
(3.3.31) by T and T , respectively.
As in E-polarization, the equation describking the

surface boundary condition for the anomalous horizontal

magnetic field is important, since it is this eguation




(Sa]

which can be used to determine X (y,+0) which, in turn,

is used to determine F(y,0) and G(y,+0) . By substi-

tuting equation (3.3.32) into (3.5.9) and remembering
that a? = wuoo and X(y,-0) = 0 , we obtain
S Yia(t(y) - 17)X
X(y,+0) = Qt__(}xgi F(y,0) - 3 =2 (3.5.13)

where from equations (3.5.5) and (3.5.6), F(y,0) is

known in terms of X(u,+0) as

.
F(y,0) = “’(‘Xl {117 Jf X (u,+0) - X(y,+0)] P(y-u,+0) du

- X(y,+0) (3.5.14)

Fréom equation (3.5.7), the vertical electric field just

below the surface layer is given by

G(y,+0) = 22 x (y,+0) . (3.5.18%)
Ol &




These equations could be evaluated numerically in a similar
way to the corresponding E-polarization equations.

In this thesis, we prefer to determine the horizontal
electric field directly since it is more convenient to
have E(y,0) and F(y,0) , rather than E(y,0) and
X(y,+0) , immediately available for boundary values in
three-dimensional problems. We will now show that an
expression entirely in terms of the surface values of
the horizontal electric field may be found. From equations
(2.2.19), (2.2.20) and (2.2.1) and the definition of

anomalous fields, it follows, in =z > 0 , that

Fi1(y,z) + Fao(y,z) = ia’F(y,z) " (3.5.16)
Gii1(y,z) + Gaa(y,z) = iazG(y,z) 7 (3.5.17)
and Fy(y,z) - Gi(y,2z) = iwX(y,z) . (3:5:18)

From equation (3.4.49) in the previous section, we know

that solving equation (3.5.16) leads to the expression

[ee)

F,(y,+0) = Via {%-{ [E(u,O) - F(y,0)]P(y-u,+0) du

- 00

- F(y,O)} (3.5.19)




can be obtained by applying

An expression for G, (y,+0)

a Fourier transform in the y-variable to equation (3.5.17).

©

The solution, which vanishes as 2z =+ «» , i

G(n,z) = G(n,+0) e Y2 (3.5.20)

where v? = n? + ia? .

By differentiating with respect to
and rearranging, we find that

. -G, (n,+0) e~ YZ
G(n,z) = — = : (3.5.21)

Now, by taking the inverse Fourier transform of the above

equation, we obtain

G =Y an (3.5.22)

which, after differentiating with respect to vy , becomes

4]

vam

-0

Gl (le) e

= .
n A "
(——%———) G,(n,+0) e *Y an .  (3.5.23)




From tabulated results (Erdélyi et al., 1954, eq. 1.4.27

and eq. 2.4.36), we know that

" p- i 1T T -YZ
é& J - e tNY dn = —//Z J £ cos ny dn
v2m i m B Y
= - /2 (avVivy2+z2) (3.5.24)
m o
and
B ¢ ~¥E s r -YzZ
= J neY ™Y an —//% J neY sin ny dn
vam J 0
= —/Iay P(y,z) (3.5.25)

and since the divergence of the electric field is zero,

we also know that, in 2z > 0

G,(y,2) = -F;(y,z) . (3:5:26)

Thus, by applying the Faltung theorem to equations (3.5.22)
and (3.5.23) and using the above information, we finally

obtain expressions for the vertical electric field and its




derivative with respect to y , just below the surface,

.
G(y,+0) = %—jl Fy(u,0) K (Via|y-u|) du
= :4§g'i F(u,0) (y-u) P(y-u,+0) du {3.5.27)
and
_ —\/_{O, , .
G, (y,+0) = = F,(u,0) (y-u) P(y-u,+0) du . (3.5.28)

The second step in equation (3.5.27) is obtained by
integration by parts. The desired expression fo:r the
horizontal electric field at the surface is found by

substituting equation (3.5.9) into (3.5.18), giving

ialt(y) } ] M ~
2oL F(y,0) = Fp(y,+0) = Gy(y,+0) - ia®( —LL—— | F_

where F,(y,+0) and G, (y,+0) are known in terms of

F(y,0) by eguaticns (3.5.19) and (3.5.28), respectively.




In the next chapter, we will determine the horizontal
electric field at the surface numerically using the above
equation. The horizontal magnetic field and the vertical
electric field just below the surface can then be calcul-

ated using equations (3.5.13) and (3.5.15), respectively.



CHAPTER 4

NUMERICAL METHOD

4,1 Introduction

We begin this chapter by expressing the field equa-
tions of chapter 3 in dimensionless form so that the
results will be as general as possible. We do this by

scaling the length terms, u and y , with respect to

the skin depth, ¢ = 4? , of the lower half-space, i.e.
_ ou " y ay
u' = - = — and B (4.1.1)
S /2 Y S V2
and by defining new dimensionless fields to be
=, _ i) 5
EY = 3B (4.1.2)
(s}
- B
and B'= B (4.1.3)
(e}
where B_ =Y in E~pclarization and B_ = X in
(¢} o o o

B-polarization. Furthermore, we dencte the dimensionless
form of the integrated conductivity and of the function

P(y-u,+0) by

o EL¥] (
gd '

oo
-
H
N
E
~

' (y")

and P'(y'-u',+0) = §P(y-u,+0) a {4.1.5)




Here all dimensionless terms are denoted by primes (').

We may now write the E-polarization eqguations ((3.4.52),

<3

(3.4.37), (3.4.49) and (3.4.36)) in dimensionless form

(I%)

as

El(yl'o) = Y'(y',_o) = '(Y'I+Q_>)

2t' (y") /
¥ £ /T'_‘T'(Y"\‘ (4.1.6)
1+ /2it'" 21" (y") ) '
/
: ooE ' ta',0)
¥ s }_ ___1_______’___ 1

¥'{y"*,;=0) . f L du i (4.1.7)
Y'(y',+0) = i/21 {% % [E'(u',O)-—E'(y',O)] P‘(y'—u'}+0) du’

- E'(y',O)} ; (4.1.8)

and z2'(y',0) = -iE,' (y',0) (4.1.9)

and the B-polarization equations ((3.5.26), (3.5.13),

(3.5.18), (3.5.19) and (3.5.25)) as




- GT =,

o [ry o) -y (v, H0)
F'(y',0) = —l\ 21 (y ")

1_(y )
Xca ; (4.1.10)

X' (y',+0) = 21t'(y")F'(y',0)

/71 - .
+ [————————] (' =-T1'(y')) (4.1.11)
1+ /2500 !
and  G'(y',+0) = :21 X,' (y',+0) (4.1.12)

where

F,' (y',+0) = /21 {% } [F'(u',0) -F'(y',0)]P'(y'-u',+0) du'

- F'(y',O)} (4.1.13)
and
1 v — -V21 1 v ' ' t [ ' '
G," (y*,40) = ——ﬂ—-f (y'-u")F,' (u',0)P* (y"=-u',+0) du
(4.1.14)

To simplify the notation, we will drop the primes from the
above equations, in this chapter, since we will only be

concerned with dimensionless terms.




The above equations can not be solved analytically
so we must use numerical techniques. In order to express
these equations in a form suitable for numerical evalua-
tion, we first assume that the fields reach their boundary
values at some finite points, Yy - and Yy (see figure
4.1) and rcmain at these values out to y = #*x ., (Note
that, as an alternative in the E—polarizatioh case, we can
use the improved end condition described in section 4.4.)
Within these finite boundaries, we choose a set of grid
points yj of variable step-size (see figure 4.1) at which
we will determine the unknown field values. As a general
rule, we choose the grid points in such a way that there
are mofe points per given distance in the region of vary-
ing integrated conductivity. The accuracy of the resglting
field values in a given region is generally increased by
increasing the number of grid points and/or by extending
the boundary points. One further point to mention is that
the integrated conductivity is initially defined in the
region between consecutive grid points. As shown by Brewitt-
Taylor and Weaver (1976), the value at the grid point is

found by taking a weighted average, given by

T(y.) = e
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Figure 4.1

The set of grid points and the limited region

. . T — = +
of varying integrated conductivity (& <y < 2').
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where T(yj_%) denotes the constant value of the inte-
grated conductivity in the interval between yj—l and
yj , and kj denotes the distance between any consecutive
grid points, yj and yj+l (i.e. kj = yj+l - yj).

In the next section, we will see that at each of the
M-2 grid points, yj (j = 2,3,..., M-1), equations
(4.1.6) and (4.1.10) can be written in terms of M-2
unknowns. We thus have a system cof equations which may
easily be expressed in matrix form. The unknown fields,
E(yj,O) and F(yj,O) , at each grid point can then be
determined by using Gaussian elimination. Once E(yj,O)

and F(y.,0) are determined, the other field components

may easily be found.




4.2 Numerical form of E-polarization equations

It is convenient to show first the method used to
evaluate numerically ‘the integral expression for Y(u,-0)
assuming E(u,0) is known. The same method also applies
to the integral expressicn for Y(u,+0) . The required
discrete form of equation (4.1.6) is then easily found.

We begin by writing the integral in equation (4.1.7)

as a sum of integrals

= ot ol b i B
J P YU
[€e) ym_l
f El(u,O)
o du
7 ym
M
M-l Y5 B (u,0)
+ ) J L du (4.2.1)
T, Y.—u
J=2 m
(§#m, m+l) Yj-1

the first and third. terms on the right vanish, since

[}

Her
over these interxrvals, E(u,0) is assumed constant

(see section 4.1), and thus the derivative is zero.




~
/

'

Hartmann (1963) has pointed cut that the effect of putting
E;(u,0) = 0 for =« < u < Yy and yM < u < » causes
results which are inaccurate, because the influence cf
;iga in the infinite integral is cut off at Yy and Yy *
I
For a given region, though, this effect can be decreased
to & desires accuracy by extending the boundary woints.
(A much better method of overcoming this effect is described
in section 4.4.) Each of the remaining terms in equation
(4.2.1) are evaluated by a variation of a method suggested
by Hartmann (1963).

We now analyse the term involving the singularity.

We begin by expanding E(u,0) about o in a Taylor's

series to second order, to give

(u“ym)2 . 5 5
E(u,0) =E(y ,0) + (u—ym)E;(ym,O) t o E (y ,0) (4.2.2)
which, on differentiation, becomes
El(u,O)==E](ym,0)-%(u—ym)Ell(ym,O) (4.2.3
(ym—l S g ym+l)

Three point finite-difference (F.D.) forms are used to

evaluate El(ym,O) and E;l(ym,C) . These forms can be

deternined, for variable step-size grids, by again using




equation (4.2.2).

In this case, we write

k *
E(}7m+110) = E(ym,O) +kmEl(ym,0) +_ém_ Ell(Yer) (4.2‘4)
and
¥ 2
( ) ) m-1
E(Y,-100) = Ely ,0) ~k__ By _,0) +_¢§_~qu(ym,0) (4.2.5)
WieRe ky = Y5 — Y5 (4.2.6)

The requirad finite difference expression for E;(u,0) is

found by multiplyi

ng equation (4.2.4) by kﬂil and

equation (4.2.5) by kgz and subtracting. The resulting

equation can then be rearranged to give

) = w s ) i ) 5 .
Ll(ym,O) amn(ym,l,O)% me(ym,O)+ CmL(ym+l,O) (4.2.7)
where
-‘km k n— km—-]
S5 amre————— S ——— P e | . Q
aa k 1kT 4 bm k k ’ Cm kK k T (4.2‘0)
m-1"m m m-1 m m
. + =
vith = F ok X =k =k . 2
e } it km ] m-1 n }\m m-1 (4.2.9)




Similarly, by multiplying equation (4.2.4) by km»l and

equation (4.2.5) by km and adding, we obtain

v

Eiy(y,,0) =p Ely _;,0) +qu(ym,0) + rmE(YmH_'O) (4.7.10)
where
p._ = 2 q = — ~2__ r = 2 (4 ;'11)
m k_ .k T’ H9m " k k " "m  k kT ; Sk
m-1"m m m-1 m m

To simplify notation, we will denote the fields at the
general grid point yj ., by the grid subscript alone

(i.e. E. = E(y..,0)). Using equation (4.2.3) and the F.D.

J J
forms for E;(ym,O) and Ell(ym,O) , Wwe may now write
g y ¥
m+1 m+1 m-+1
E1 {u,0) du ( u-ym
—— du = E; (y_,0) + Ey; (y ,O)J du
Y1 m VoW m YU
Ym-1 Ym-1 -1
kn
— 3 _m_
(lmDm—l'Fmem>'cmEm+l)£” k
-1
- (p E +q E +r E ) k+ (4 3." 12)
“m m-1 mm TmTmtl m T

where the first integral on the right-hand side has been

evaluated by taking the C.P.V. of the integral as follows,
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ym+l km o =€ m
A v Ny
: m 2 g+
ym—l km-—l ' m-1 o
<k
m m-1
= Lim { -~ J } §¥
e>0 \ b
€
= Lim fﬁn k - 4In e - £n k + Ln e}
620 | m -1
k
= Ln i . (4.2.13)
m—1

Clearly the reéresentation of E;(u,0) by equation (4.2.3)
is equivalent to fitting a guadratic through the values
of E(u,0) at Bt ¥ Ty and Yt and then differen-
tiating with respect to u

Away from the singularity, it is assumed that E(u,0)
varies approximately linearly between consecutive grid
points so that E;(u,0) may be expressed by a simple two

point F.D. form, given by

E.-E, /
o s e e Yy £ Y. ; 2 u<y. <y
E, (1, 0) YVt i j-1 ] m-1 (4.2.14)

Vo1 S ¥gop S WS Y5 < ¥y




so that
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yj M /E E
M E (u,0) 5.~ EL
) J e @0 = ] |o S o
j=2 3 Y j=2 )j Ej—l
(j#m,m+1)*j-1 (j7#m,m+1)
M E. ) Y. <Y,
== 7 {(*—:‘1,‘“"-1 Ln (, - :1_?_\
j=2 W3 7Y 0 \Yy-1 7 Ynl
(J#m, m+1)
B M-1 1 yi;iym \
= Z E % - In |-— e
§=3 I %5 Yy-1 " ¥
(§#m~1,m,m+1)
E Yo = ¥ B k .
o+ -Elfl’l (--) = LY PR - 1 Ln I/FH:‘— ‘J“‘
k1 Y m-2 | m-1
) EM - /YM"Ym
kM~] \YM~1'-Ym
where E; stands for E(y1,0)
with the partial derivative E, (u,0)

14

J _Gu_
N, ym_u
/j_l

(4.2.15)

and is not to be confused

We may now write

equation (4.2.1) in a form suitable for programming on

a computer, as
. M
-iq Y(y —0) = ; Q .E
m jil mj

(4.2.16)
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/
ﬁL‘ﬁ Z%L;Zii*\ - ,l Ln /}%lin
] Ym ™ Y3 ‘5.1 \Ym " ¥3-1
1 ? /ym-y2\
o ey
1 Ym ™ 11
k k
m-] + | , m~1
a_4n =) =Pk % In T
m m-2 m-1
k
/ m--1 L
B Y'l\—jg_“ T
m
k k
c._4n —ztl- - rmk+ o g g ” v
m . m+1 m-1
- ym'ﬂyMMI
% L£h§
"M-1 Yim ™ M
with special cases when m = 2 and

m

2 < j < m-2
m+2 < j < M-1
(i = 1)
(j = m-1)

{4s2:d]

(3 = m)
(3 = m+l)
(3 = M)
= M-1 , being




/. X
= . B [ ¥y .
QZ]_ = d2 ‘N \fz— = Pa&q
(4.2.18)
k
) o _M-1h L k *
and Qu-1 M7 Cu-1 i k TM-1" M1

m

Here, m varies from 2 to M-1 . (Unless the improved
boundary condition of section 4.4 is used, the term le
is not reguired since Eq is zero by the boundary
conditions. Here and léter, terms associated with Eq
will be included for the sake of completeness.)

Following the procedure used to evaluate Y(ym,~0)
the integral expression for the horizontal magnetic field

just below the surface, given by equation (4.1.8), may

be written as
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Here we have represented E(u,0) near the singularity

(ym_l <u < ym+l) by equation (4.2.2) and between consec-

utive grid points away from the singularity by

E.-E. .
E{u,0) = B, + (u=v,) [=woesdaz 4.2.20
(u,0) 4 (u yj) Y3 Vi ( )

Y1l = Yy-1 SV 2 Yy 2 Yy

We now denote the integral coefficients in equation

(4.2.19) by the symbols U . , V_ . and W as
mj m3j m

follows:
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