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ABSTRACT 

Supervisor: Professor J.T. Weaver 

In this thesis, a method for studying problems of 

electromagnetic induction in local regions of the Earth 

where the p rincipal conductivity anomalies are confined 

to a thin surface layer has b een deve loped using the thin 

sheet approximation. A two-dimensiona l model is used in 

which the Earth i s r epresented by a uniformly conducting 

half-space covered by an infinitely t hin sheet of variable 

integrated conductivity . A quasi-static magnetic source 

field , in both E-polarization and B-polarization, is 

considered. 

With the aid of the well-known boundary conditions 

for thin sheets, the hori zo~tal electric field at the 

surface of the Earth is shown to satisfy a simple one­

dimensional integral equation in both E- and B-polarizations. 

The method of reducing these integral equations to a linear 

system of algebraic equations for numerica l solution is 

di scussed in detail. The final (dis crete ) express ions for 

the fields a::::-e pre s ented in a :!:orm suitable for p:cogramming . 

(A c cm~let e listing of the Fortran program is included in 

the appendix.) 

Results obtaine d by this method agree well with those 

obtained analytica lly by Nicoll and Weaver (197 7) 
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(B-polarization cas e ). When comparing r esul ts with those 

obtained numerically by Fischer et al . (197 8a , 1978b ) 

(E- polarization ), some d'i fferences do occur . However , the 

similarity of our results and those obtained from an 

analytical solution of Weidelt (1971 ) and from the finite­

difference formu l ation o f Brewitt-Taylor a nd Weaver (1976) 

indicates that our results are indeed accurate . 

To il lustrate the method, field values are calculated 

for two simple models in which the integrated conductivity 

changes (i) abruptly and (ii) gradually from one value 

to another . A mor e comp lex model depicting a cross-section 

through Vancouve~ Island is also consider ed. 
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CHAP'I'ER 1 

INTRODUCTION 

1.1 Historical review 

The electromagnetic field recorded at the s urface of 

the Earth due to sources in the ionosphere has been studied 

for many years with the aim of inferring i nformation about 

the Earth's conductivity structure. This study may be 

divided into problems of a global nature and those of a 

local nature . Global studies are concerned with the gross 

features of the conductivity structure of the Earth to 

great depths (i.e . ~ 1000 km) whereas local studies are 

concerned with the finer detai ls of the conductivity 

structure of the crust and upper mantle (i. e . ~ 100 km ) 

over small regions of the Earth which may be considered 

flat. In recent years , there has been considerable 

interest in e l ectromagnetic induc t ion problems of a 

local nature in which latera l conductivity inhomogeneities 

occur . Problems of this last type are studied in t h is 

thesis. Problems of a global nature, which have recently 

been revie wed by Rikitake (1973), ~ill not be discusse d 

further . 

A genera l treatment of electromagnetic induction ·in 

a flat Earth , using a conducting half-space to represent 

the E2rth, was described in a classic paper by Price (1950 ). 
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In this paper, a complete nna l ys is of the proble m of 

electromagne t ic induction due to an arbitrary known source 

field acting above a homogeneous conducting half-space , 

was made. His discussion included phy sical inte rpretations 

of hi s ' elementary ' solutions. By a systematic applica­

tion o f integral transforms and the use of e lec tric and 

magnetic Hertz v ector s aligned norma l to the surface of 

the conducti ng h a lf-space, Weave r (1971) simplified and 

consolidated Price 's theory . Following Weaver ' s procedure , 

Summer s and Weaver (1973) g eneralized the analysis to 

include the case of an n - l ayered conducting half-space . 

Weaver (19 73 ) has reviewed the princ ipal featur e s of 

electromagneti·c i nduction in a multi-layered Earth . 

Lateral var i ations i n conductivity have been 

investigated using a variety of techniques. Several 

authors (D' Erceville and Kune tz, 1962; Weaver , 1963; 

Weaver and Thomson , 1972, and others ) have u sed analytica l 

approa ches t o the problem of a ver tical discont inuity in 

conductivity. Ana l ytical techniques are usually c apable 

o f treating only special problems of simple g e ometry but 

they provide valuable checks on other t echniques and often 

give information not atta i nable by other methods. Nume rica l 

t e chn i que s are u s e d to solve problems involving more 

c omp l ex structur e s. In parti cular, f ini t e di fference 

numerica l me thods provide one of the most general 
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mathematica l method s for studying e l e ctromagnetic induct ion 

pro b l ems. A d i sadvantage o f thi s me thod , though , is that 

con siderable computer time and computer storage space is 

ofte n required to so lve problems involving reasonabl y 

complex structure s . For some t ypes o f problems , numerical 

and analytical techniques may be combined to lessen this 

dis~dvantage. Analogue models , havi ng c ompl ex conduc tivity 

structures , have a l so been used to study various i nterest­

ing probl ems , s uch as the 'coast effect ' near Japan 

(Roden, 1 9 64 ), and the effect o f channell ing around 

Vancouver Island (Ni enaber et al ., 1978) , which are no t 

easil y studied by mathematica l techniques (see r ev i ew by 

Desso , 1 97 3). 

Pric e (1 94 9) described ar,other approac h to the pr_oblem 

o f conductivi ty anomalies confined to near the surface ~n 

which the Earth is mathematic ally r e presented by an 

inf initely t hin sheet of variable integrated c onductivity 

underlain by a non- conducting medium. Since then, 

considera ble extensions t o this method have been made . 

For example , Riki take (1966 ) included a con ciucting half­

space which wa s s eparated from the non- uniform t h in sheet 

by a non- c onduc ting r egion , in o rder to take into a ccount 

the effect of a highly conducting man t l e . I n a nother 

paper by Rikitake (1968 ), the . conducting ha l f-spa c e , 

mcnticncd above , was r eplaced by one with an undulating 



- 4 -

surface to study the effect of upwellings of a d eep 

mantle. In these models , the inte gra t e d conductivity 

va ried p eriodically in on e di rection. 

Many authors have u sed thin sheet models with dis­

continuities in the integrated conductivity to study the 

'coast effect ' . In particular , Roden (19 64 ) S Ludied the 

' coas t effec t ' near J apan by mathematically repre s enting 

the Earth by a thin s trip of width, a , and finite 

thickness, s , ( s << a ), separated from a perfectly 

conducting half-space by a non-conducting r egion. The 

resul ts obtained from this model were used as a check on 

the validity of his analogue model measurements , ment ioned 

earlie r. A similar model ( wi ths ➔ 0 and without the 

perfectly conduct ing ha lf-space ) was ana l ysed by Par, er 

(196 8 ) . Using an analytical techniqu e , he found that the 

vertical magnetic fi e ld t e nd s logarithmically to 

infinity in the vicinity o f the edge and pointe d out 

that previous nume r i cal methods had not pe r mi tted this 

d e tailed investigation a nd thus that care should be 

taken in the numerical ana l ysis to obtain accurac y despi t e 

the singular nature of t he solution. Weidelt (1971 ), 

again using a n ana l ytica l t ec hn i q ue considered a model 

c b nsis ting of t wo i nfin i te J.y thin h a lf-sheets of dif fere nt 

(finite ) integrated conductivities . He also found that 

the vertical ma gnetic field t e nds logarithmical ly Lo 
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infinity near the interface b etween the two sheets. 

Fur t hermore, he showe d that the horizontal magnetic 

field changed discontinuously at the interfa c e . Both 

Parker and Weidelt noted the need for analytical techniques 

to serve as checks on nume rical procedures for the 

modelling of arbitrary distributions of integrated 

conductivity. 

Ashour (1971 ) described a more r ealistic model to 

study the 'coast effect' in which the integrated conduc­

tivity reduces quickly to zero instead of abrup tly 

changing t o zero. The field component s are then contin­

uous and finite at the coastline. An important conclu­

sion to be drawn from this investigation is that the 

induced horizontal magnetic field is enhanced just off 

the coast and zero or very small at the coast and inland, 

and also that the vertical magnetic field is e nhanced 

at the boundary even though the integrated conductivity 

is zero th ere . Ashour also mentions the importance of 

observing the field values, not only in the vicinity of 

the coastline, but also at the continental she lf. 

The me thod of thin sheets has been applied to the 

study of coastal anomalies in the Southwestern United 

States by Schmucker (1970). In his mathematical model, 

a non-conducting r egion again _sepa:cates the conducting 

mantle from the anomJlies near the surface . An important 
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point discussed in his work is the limitations to Price's 

t ec hnique . These limi tations are presented in chapter 3 

of this thesis . 

The thin sheet mode ls discuss e d in this thesis are 

two- dime nsional , that is, i t is assumed t hat there is no 

variation in the integrate d conductivity in one horizonta l 

direction . It should be pointed out, though, that geo-

metrical_y s imple three-dimensional models of a circ ular 

and e lliptica l region of uniform integrated conductivity 

in an otherwise uniform thin shee t of diffe r en t integrated 

conductivity has been studie d (Ashour and Chapman, 19 65 ). 

Also, many tl1in hemispherical cap models have b een u sed 

to invest i gate global effects. 

It i s we ll known tha t two - d imensiona l probl ems may 

be separated i n to E-polarization and B-polarization c ases . 

(The hori zonta l magneti c fi e ld of the source is perpendicular 

to the strike of the a noma l y i n t he E- polariza tion c ase 

and parallel to the strike in the B-polar i zation c ase .) 

For the thin sheets presented so far , only the E-polariza­

tion c ase has been o f interest since all t he thin sheets 

have been underl ain by a non-conducti ng reg i o n (see r eview 

b y Ashour , 197 3 ). Sct~ucker (1 971) inc luded, in hi s mode l, 

a conduct ing (n-layered ) h a l f-spa c e irrmediate l y below a 

thin sheet having a str ip of di fferent integra ted conduc ­

tivi t y. He only investigated the E-polarization case, but 

wi th this type o f model it is possible to study the B-
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pol a rization case since electric currents may f low into 

the Earth . To study the B-polarization case , Bailey (1977) 

u sed a model which consisted of a uni formly conducting 

h a lf-space in contact with and screened by a perfectly 

conducti ng half-plane. Nicoll and Weaver (1977) extended 

Bailey's problem by adding a perfectly conduct ing plane 

at a depth D, to t he model , to represent the highly con­

ducting mantle. These problems were both solved analytically 

us ing t he Wiener-Hopf technique. Brewitt-Taylor (1975 ) 

used a mode l similar to Nicoll and Weaver but with a 

perfectly conducting infini te l y thin strip of width , 2a, 

at the surface . His analytica l sol~tion was obtained by 

neglecting self-induction , and was therefore only approxi­

mate . He the n compared his results with those obtained 

by applying the finite difference technique to the s ame 

mode l but with a more r ealistic str ip of finite depth and 

cond uctivity (Brevitt-Taylor, 1976). Finally , Fischer, 

Schnegg , and Usade l (1978a , 197 8b ) considered the E­

po lariz~tion case using Bailey ' s model and obtain ed an 

integral equation for the field which they solved numeri­

cally. 
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1 . 2 Summary of work in this thesis 

In this thesis, the problem of electromagnetic induc­

tion in local regions of the Earth where the principal con­

ductivity anomalies are confine d to a thin surface layer , 

is investigated. A two-dimensional model is u sed in which 

the Earth is represented by a uniformly c onducting half­

space covered by an infinite ly thin layer of variable 

integrated conductivity . This mod e l is ideal l y suited to 

study ' c oas t effect ' problems since the near-surface con­

ductivity structure perpendicular to the coast changes 

r apidly over short distances while, parallel to the coast , 

the near- s urfac e conductivity structure often does not 

vary significant ly over great distances. 

The purpose of this thesis is to present the theory 

( see chapter 3 ) for a more general thin sheet model in v-.1hich 

both E- po larization and B-polarization cases may be discussed . 

Furthermore , the theory has been developed with the idea 

o f provi6 ing boundary values for mor e compl ex three-dimen­

sional problems . 

An importan t f eature of this mod e l is that the varia­

tions of the conductivity with depth are eliminated from 

the problem so that, with the aid of the well-known boundary 

conditions f or thin sheets , it becomes possible to express 

the surface horizontal e l ectric fieJ.d ( in both the E­

polari~ation and the B-polariza tion cas e s ) as the solution 
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of a simple one-dimensional integral equation. In the 

E- polari zation c ase , an improved method of .accounting for 

the contribution of the e l ectric fie ld , far from the region 

of varying conductivity , is inc luded in the numerica l 

evaluation of the integral equation (see s ection 4 . 4 ). 

Also of importance is the fact that the values of the 

integrated conductivity at the extreme e nds o f the mode l 

need not be the same, which is desirable when studying 

r ealistic 'coast effec t ' problems. Moreover , the theory 

allows for a variable integrated conductivity so that th e 

sloping continental she l f may be modelled more closely 

than in ana lytical methods. Also , a grid of variable 

step-size ha s been incorporated into the numerical method 

(see chapter 4) s o that ~he edge effect due to abrupt 

changes in integrated conductivi ty may be accurately 

determined. 

In chapter 5 , some r esults are presented t o illustrate 

the theory and then briefly discussed . 
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CHAPTER 2 

EQUATIONS OF ELECTROMAGNETIC I Nf •' TC TION 

2.1 Maxwell ' s equations 

Maxwell ' s equations mathematically express the r elation­

ship between time-varying electric and magnetic fie ld s . 

These equations can be considerably simplified , when applie d 

to problems dealing with e lectromagnetic induction in the 

Ear1.-h, if certain assumptions are made regarding the sou r ce 

field and the region of interest . The appropriate diffe r­

ential equations , requ i red to determine th e field vectors , 

can the11 be found by usi ng Maxwell ' s equations on this 

simplified form. 

Maxwell's equa tions, in M.K . S. units , are 

v x E = ( 2.1.1) 

(2.1.2) 

V • D = p ( 2.1.3) 

and (2.1.4) 

wher~ E i s tt e electric field intensity, D is the 

electric flux density, ~ is the magne tic flux density, 
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H is the magnetic field intensity, J is the vo lume 

current densii::y , and p i s the volume charg·e density. 

The term ai5 
at is known as t he displaceme nt current density. 

(E and B wi ll be r eferred to , loo se ly, as the electric 

and magnetic fields, respectively .) 

As an i~media te simplification , we assume that the 

time dependence of the e l ectric and magnetic fields in 

the region of interest can be expressed as 

P(x , y , z , t ) - i wt 
= P(x , y , z ) e (2.1. 5) 

where w is the angular frequency of the source and P 

is any of the field vectors . In this representation , the 

time derivatives , 3P clt , can be replaced by iwP in 

Maxwell's equations. 

We also assume tha t the Ea rth's i nterior is fr ee of 

primary s ource currents a nd acts as a conductor ( i . e . is 

i so-tropic and obeys Ohm 's l aw). In such a region , B and 

H, E and i5 , and J and E may be related as follows : 

B = µH ( 2.1.6) 

(2.1.7) 

and J = crE (2.1.8) 

where u is the permeabi lity , E is the pe rmittivity 
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and o is the conductivity. In air , the conductivity is 

approximate l y zero . In the Earth's crust, the conductivity 

ranges from approximitely 10- 6 mho/m to 10 4 mho/m ( see 

Table 2.1) with the mean conductivity b eing approximate l y 

5 x 1 0- 3 mho/m . The conductivity in the underlying mantle 

increases with depth from the mean crustal valu e (see Rikitake , 

1973). Thus the crust is underlai n by a r egion o f higher 

conductivity. This point i s of importance, later in this 

thesis , when considering the validity o f r epresenting a 

layer of the crust by an infinite ly thin surface sheet. 

In air and for most materials in the Ear t h, the perme a bility 

and permittivity are of the order of their free-spac e va lues , 

E = 
0 

8 . 85 x 10- 12 F/m). Exceptions to this are s ome ferromagnetic 

minerals which h ave permeabilities up to three times the 

free-spa .e value and water whic h has a permittivity about 

80 ti.mes the free -space value. Materials with values very 

much higher than these are not expe cted in significant 

quantities in t}i.e Earth . In order to simplify the compu-

tat.ions ,, the permeability i s assume d to be equa l to its 

free-s pace v alue eve r ywhere . 

Furl:hermore ,, we asswne that the conductivi ty s t ructure 

in the Ea rth c an be approximated by a number of homogene ous 

conducting r e gio n s . In such regions , the volume charge 

d ,en.sity cnn b e t .a k. e n as zero, since any volume charge dis-

tribution will dec a y qu:i.ckly ciw a y to the surface of each 



- 13 -

TABLE 2.1 

Typical Values of Conductivity in the Earth ' s Cr u st 

a (mho/m ) a / £ ( Hz ) 

s now 10- 6 10 4 

fr esh water 1 o·· 4 10 5 

dry rock 10- 4 10 6 

earth (mo ist) 10- 2 10 7 

s ea wa t er 4 10 9 

minerals 10 4 10 1 4 
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homogeneous conducting reg ion, independent of any applied 

fiel d (see, for example, Jones , 1 964 ) . In free - space , 

the volume charge density is also assumed to be zero. 

By substituting equations (2.1.6 ) throug h (2.1 .8 ), 

with µ = µ , into Maxwe l l ' s equations and assuming an 
0 

expone ntial ti~e dependence as i n equat ion (2 .1.5), we 

find that, in each region of homogeneous conduc t i vi ty 

(includinq a= 0), the four Maxwell ' s equations reduce 

to two equations in two unknowns, being 

V x B = (µa+ i wµ E) E 
0 0 

(2. 1.9) 

and 'i/ x E - --iwB (2. 1 . 10) 

The redundancy o f equation (2.1.3) with p = 0 and 

equation (2.1.4 ) follows from the gene ra l vector identity 

\7 • ( ff x P) = 0 (2.1.1 1) 

where P ~epresents E or B 

It is well-known that the displacement current term 

in equation ( 2 . 1.9 ), (i . e . i wµ
0

E ), rna.y be neglected in 

geomagne tic induction studies. For this to be true in 

the Ear th, we mus t have 

a 
tu < < 

C 
( 2.1.1 2 ) 
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which is easily satisfied f or v a lue s of 0 in the Earth 

(see Table 2.1) for w < 1 kHz . To d etermine the frequency 

r ange in which displaceme nt currents may b e neglec t e d 

in the free-spa ce region, where a= 0 , it is conve nient 

to e xpress eqta tions (2 .1.9) and (2.1.10) in djmen~ionless 

form , In doi n g this, v""' d efi.:ie two dimensionless terms 

( indicated by pr imes ) as 

r' r (i. e. 'y I l'v ) = l = (2.1. 13 ) 

and B' B 
= 

Bo 
(2.1.14) 

where r is the position vector, l is a characteristic 

length in the region and B 
0 

is a characteristic magnetic 

field . By substituting equations (2.1.13) and (2 . 1.14 ) 

into equation (2.1.10), we find that we are restricted to 

defining the dimensionless electric field as 

E 
E' = ~ (2.1.1 5 ) 

0 

The dimensionl e ss forms of equations (2.1.9) and ( 2 . 1.100 

then become 

V' X B' = iKE' (2 . 1.16 ) 

and V' X E I = -i.B I (2.1.17) 



where K = w2 l 2 µ c . 
0 

- 16 . -

Now , by substituting equa tion (2.1.16 ) into (2.1.17) 

or vice v ec sa , and the n using the v ector identity 

(2 .1. 18 ) 

whe re P may be any vector ( in this case , f • or ~ '), 

we obtain 

V 2P = - KP (2.1.19) 

Sinc e ~ • and ~ ' are sca l e d so that t hey are of reasonable 

maanitudes, the right hand side of this equat ion Fill be 

VGry small if K << 1 , o r in terms of frequency , if 

w2 << 1 (2 .1.20) 

In this case, we rnay approximate equation (2.1.19) by 

(2 .1.21 ) 

which is the same conclus ion we would have obtained had 

we initially neglected the displacement current term 

( i . e . i KR') in equatj.on (2.1.1 6). Thu s t he frequ ency 

range over whicl1 th t:! di splac ::.rnent cun:i2nt term may be 
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neglected in the fr ee- space region (in the primed _ or 

unprj_med Slstem ) i s given ty the inequal ity (2 . 1 . 20). 

For global studies , l is of the order of the radius of 

th e Earth (- 6400 kra) so that the inequality (2 . 1 . 20) is 

valid for w < l OHz . For local studies , where the 

Earth is approximate l y flat , l is considerably smaller 

so tha t the allowable va lues of w a re correspondingly 

hig her . In particular, if l is of the order of the height 

of the source (~ 100 km) , th en the inequality (2.1. 20 ) is 

v a l id for w < 1 kHz. In geomagnetic induction studies, 

we are generally intereste d in 01 < 1 Hz so that the 

neglect of d i sp l acement currents is we ll justif i ed. 

With the neg l ect of displaceme 11L currents , then , the 

appropr iate form (non - dimensionless ) of Maxwel l's equations 

b e come s 

and 

"i/ x E -- -iwB 

µ OE 
0 

(2 . 1.22 ) 

(2.1. 23 ) 

By takin g ~he curl of equation (2.l . 22) a nd (2 .1.23 ) , and 

u s ing t1,c; VE:ct.or identity given by equation (2 . 1.18), with 

P representiw; E or B , t he differ ntial equa tion to 

be Datisf ied by the field vectors in each homoge neous 

conducting r egion , subj ect to specifi ed boundary conditions , 
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where a 2 = W]l U 
0 

- 18 

(2.1.24) 

(2.1.25) 

In the free- s pace region, equation (2.1 .24 ) reduces to 

Lapl a c e 's equa t ion , 

(2.1.2 6 ) 

In the non-conducting ~egio n , equat ions (2.1.22 ) 

and (2 .1. 23) c an be simplified t o 

(2.1. 27 ) 

and V XE= i wVa (2.1.2 8 ) 

since V x ff a = O (2 . 1.29 ) 

where a is any sca lar quantity. Here a is defined as 

the sca lar ma gnetic potentia l. Furthermore, by taking 

the divergence of equation (2.1.28) and using (2 . 1.11), 

equation (2 .1 .26 ) c a n b2 r e pla ced by 
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In solving equat ion s (2.1.2 4 ), (2 . 1.2 6) a nd (2.1.30 ) , 

we requir e that the solutions and their fir st and second 

d erivatives be continuous and finite in a ny source-free 

region o f homogeneous conductivity and vanish when i nfinitely 

far from the source . 
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2. 2 Two-dimensional fo_m of Maxwell's equations 

Consid e r th e surface of the Ear th to be r epresented 

by t he plane z = 0 wi th the z--axis posi t i v e downward in 

a Cartesian coordinate system and with a l l sources r estr i c­

ted t o the region z < -h (h > 0) above the surfac e . 

Many interesting geomagnetic ~nduction probl ems ma y be 

simpli f i ed int o a t wo- d imensional f o rm i f o , E and 

~ a r e independent o f one of the coordinates (say , x ). 

In th i s case , Maxwe l l ' s equations become 

G1 ( y , z ) - F2 ( y , z ) = - i wX ( y , z ) ( 2 . 2 . 1) 

E 2 (y , z ) = -iwY ( y ,z ) ( 2 . 2 . 2 ) 

E1 (y , z ) = iluZ ( y , z ) ( 2 . 2 . 3 ) 

and Z1 ( y , z ) - Y2 (y , z ) = µ OE (y,z ) (2 . 2. 4 ) 
0 

X 2 ( y , z ) = µ o F (y , z ) (2 . 2 . 5 ) 
0 

Xi( y , z) = - µ
0

o G ( y , z ) ( 2 . 2 . 6) 

where B = (X,Y , Z) a nd E = (E , F , G) . He r e t he Landa u 

notatio n for partial der i vatives has been u sed in which 

t h e differentiation wi t h respect t o t he firs t a nd second 

o rder ed variables is ind icated by t he subscr ipt 

r espect i vely . 

and 2 , 
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In t he source-free region , these equations fall into 

two i ndGpendE"mt groups which can be discus sed separate l y 

as the E-polar i zation problem , governed by equations 

(2. 2.2 ) , (2.2.3) and (2.2 . 4) , and the B-poli:i.rizat ion 

problem, governed by equation~ (2 .2.1 ) , (2. 2 . 5 ) and ( 2. 2.6). 

Substituting equations (2. 2.2 ) and (2 . 2.3) into (2.2 . 4 ) 

give s 

E 1 1 ( Y , Z ) + E 2 2 ( y , Z ) -· i a 2 

E ( y , Z ) ( 2.2.7 ) 

in the c onductin g region , and 

E11 (y , z) +E 22 (y,z) = 0 ( 2 . 2.8) 

or , in t erms of magnetic potential, 

n 1 1 (y, z ) + n 2 2 ( y , z ) = o (2. 2 . 9 ) 

in t h e non-conducting region . Thus the E-polarization 

fi eld can be written as 

E ·-· ( E, 0 , 0) and B -- ( 0 , Y, 7, ) ( 2 . 2.10 ) 

with 
j_ 

Y(y,z ) ::::i E 2 ( y , z ) 
(J.) 

(2. 2.11) 
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and (2. 2 .12) 

where E must satisfy (2 . 2.7 ) or (2.2 . 8) subject to 

specified boundary condi tions. From equation (2.1 . 27 ), 

it immediately follows that 

Y ( y , z ) 
i 

E 2 (y, z ) - s-21 (y,z) (2.2 .13 ) = = 
w 

and Z ( y , z) 
-i 

E1 (y, z ) -s-22 (y, z) (2.2 . 14 ) = -
w 

in z < 0 . 

Similarly the B-polarization field in the conducting 

region is given by 

~ - (X, 0 , 0) and ~ = (0,F,G) (2. 2.15 ) 

with F (y , z ) 1 X2 (y ,z) (2 .2 .16) = 
lJ 0 a 

and G(y, z ) -·l 
Xi( y,z ) (2.2 . 17 ) = 

JJ 0 a 

where X(y,z) must satisfy 

(2.2 .1 8 ) 

again subject to the given boundary conditions . Furt er-
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more, from equation ( 2 . 1.24) , we know that 

F11 (y , z ) + F 22 (y , z ) = i a 2 F (y, z ) (2.2.19) 

and G 1 1 ( y , z ) + G 2 2 ( y, z ) = i a 2 G ( y , z ) ( 2. 2 . 20) 

In the non condu cting region , equa tions (2.2. 5 ) a nd ( 2.2 .6 ) 

be come 

which i mplies that, 

X(y , z ) = X , a constant 
0 

(2 . 2.21) 

( 2.2 . 22) 

The n from equation ( 2. 2.1), F (y , z ) a nd G( y , z ) must 

satisfy 

-iwX 
0 

( 2.2.23 ) 
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CHAPTER 3 

THEORY 

3.1 The model 

A s imple two-dimensional model is used to study the 

re s ulting geomagnetic f i e ld at the s urface due to currents 

in the ionosphere fluctuating above a small section of the 

Earth having near-surface inhomogeneities in conductivity. 

In this model, a quasi-static magnetic field located at a 

h e i ght h , represents the source field. The flat Earth 

occupies the r eg ion z > 0 in a right-handed Cartesian 

coordina t e system whi l e the region -h < z < 0 is assumed 

to be free space. The actual surface conductivity structure 

to b e studie d is contain ed in an integra t ed conductivity 

T (y) given by 

d (y ) 

T (y ) = J ~ (y , z ) _dz 

0 

( 3. 1. 1 ) 

where o (y,z) is the conductivity of the surface l ayer and 

d (y ) is the thickness o f the surface layer. The t echnique , 

o riginal l y discussed by Price (1 949 ) , is now employed . In 

th is technique , it is ass umed tha t the a c t ua l surface 

conductivity structure c a n be represented by an infinite ly 

t hin layer o f equivalent total integrated conductivity , 
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occupying the z = 0 plane . In this case , equation ( 3 . 1.1 ) 

becomes 

T ( y ) -· ..tim 
d (y ) -+ O 

d ( y ) 

I a (y , z ) dz 

0 

(3 .1.2) 

where a (y,z) mathematically becomes infinite, as d(y) -+ O , 

in such a way that -r (y ) r emains finite. The variations in 

the integrated conductivity are restricted to a limited range 

in - + y ( ..t < y < ..t ) , being constant outside this region , so 

that 

where 

with 

T ( y ) = T 

T = T ( -oo ) 

T ( y ) 
a 

+ T (y) 
a 

and + 
T = T (+oo ) 

T (y) 
a 
+ 

T - -r 

(y 2. ..t-) 

(..t < y < £+ ) 

( ..t+ < y ) 

(3.1.3) 

The conductivity of the lower crust is represented by an 

infinite h a lf-space of uniform conductivity a , o ccupying 

the region z > 0 (see figure 3.1 ). 
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z = ·) - •---r---

z 

Figure 3.1 The ma lhc rn ~tical model comp r isin~ an i 11fin i t e ly 

thin surfac e lay e r of var inble inte gra ted 

conduc ·c.ivj ty T (y) coved.n<J a h a lf-space of 

uniform c o nductivity a . 
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3.2 Limitations in Pr i ce ' s technique 

We shall s ee , in t he nex t section , that the horizonta l 

electric fie l d must be continuous across the infinitely thin 

sheet if we are to use Price ' s technique . Thus , in the 

' real ' problem with a finite depth d , we require that the 

horizontal electric field remain appr.oximate l y constant 

over this depth. Schmucker (197 0) discussed the general 

restrictions on the use of Price ' s thin sheet approximat ion 

which this requirement impos es . He considered a three- layer 

model consisting of a top l ayer of thickness d , (terrest­

rial surface layers) and a poorly conduc ting intermediate 

layer o f thickness h , (crust and upp e r mantle ) overlying 

a highly conducting substrat· .. un . In addition , he assumed 

that 6 2 >> h and 6 3 << h where 6 2 and 6 3 are the 

skin depths in the second and third layers, respectively. 

Using this model , Schmucker found that the horizontal 

electri c field was approximately constant over t he d epth 

d, if the following conditions held: 

(i ) 6 1 > 3d {ii) h >> d 

where 6 1 is the skin depth of the surface layer . This 

second condition implies .that there should not be a good 

conductor at shallow depth if we a re to use Price ' s method . 
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Schmucker ' s assumptions (i. e. 82 >> h and 

8 3 << h ) imply that an extreme conductivity contras t 

exists between the c onductivitie s of the crust (o 2 ) 

and mantle (o 3 ) . For example, whe n h ~ 100 km and 

3d < 8 1 < 00 in hi s mod e l, we find that o 2 mu st be much 

less than 10- 10 mho /m and a 3 must be i nfinite . By 

using a three-layer model simi lar to Schmucker ' s (19 70) , 

the attenuation of the tangential electric fie ld over a 

surfac e l ayer of depth d , c an be determin e d for more 

realistic c onductivi t i es of t he crust and mant le. From 

the the ory for n- l ayered structures described in a review 

paper by Weav er (1973), we find that 

where 

and 

with 

E(d ) 
ITTO) --

V + V -l 2 

u 2 
2 

csch ( /iid / 8 ) 
u = n n 

n 8 n 

coth ( ffid / o ) 
V n n 

-· 
0 n n 

d - d and h . - d z l 

( 3.2.l) 

(n = 1 r 2 ) 

Using this equa tio n , we can determine the order of 

a ttenuation to be expected over a surface lay~r in 

coastal regions (o 1 = 4 mho/ m) where the depth of the 
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ocean is not likely to ~e more than 5 km . The re sul ts, 

illustrated in figure 3.2, show the limitations of Price's 

rr.ethod . We see that, · for a mantle at shallow depth ( ~ 50 km), 

the attenuati on is part icular ly sensitive to the conductivity 

of the mantle (1 0- 1 mho /m < a 2 < 00 ) whereas for a mantle 

at greater depth (500 km) , the attenuation is affected 

very l ittle by the conductivity of the mantle , be ing 

somewhat more sensitive to the conductivity of the crustal 

reg ion (0 < a 2 < 10- 2 mho/m). Furthermore, as the depth 

of the surface l a yer nears or become s greater than its 

skin depth, the attenuation becomes large . In particular , 

for coas tal anomalies , we see that the attenuation tends 

to increase rapidly for frequencies greater than about 

0. 25 mHz (~ l cycle per hour) which is in r o ugh agreeme nt 

with Schmucker (1970, 1971). 

As a further example, we consider a typical model , 

in prospecting geophysi cs, consisting of a layer o f 

overburden covering more resistive bedrock. From figure 

3.3, we find that Price's approximation is valid for 

fr equencies up ~o about 1 kHz, for a 50 m layer of over­

burden o f conductivity 10- 2 mho/m lying on a basement 

o f conductivity 10- 4 mho/m. 
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3.3 Normal fie ld 

It is convenient to begin the study of this problem 

by considering the whole s urface layer to be of un iform 

integrated conductivity T , thus reducing the problem n 

t o one variable z . The resulting field, defined as the 

normal field and denoted by the subscr i pt n , can be used 

t o form the boundary values f o r the more complex problem 

of a surface l ayer of variabl e integrated conductivity. 

The problem is further simplified by firs t considering 

the E-polariza tion field for one variable , 

with l y ( z ) -- E I ( z ) 
n w n 

and Y '(z) = -µ oE ( z ) 
n o n 

where E ( z ) must now satisfy n 

and 

E "( z ) = ia 2 E (z) 
n n 

E "( z ) = 0 n 

in z > 0 

in z < 0 

Here the prj_mes (') indicate differentiation . 

( 3.3 . 1 ) 

(3. 3.2) 

(3.3. 3 ) 

(3.3.4 ) 

(3 .3.5 ) 

The relatj0nship between ~he elect~ic and magnetic 

field j11st above and just below the infinitely thin sheet, 
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which i s required to s olve equations (3 .3 . 4 ) a nd (3.3 . 5 ), 

c an easily be de termined by considering a uni form cover 

of finite depth d , and then letting d ➔ 0 . The 

in tegr 1 form o f equation (2.1.23) , 

f E • ct1>· - iw f B • dA (3.3.6) 

C s 

obtained by using Stoke ' s theorem, can be employ e d to 

show that the horizontal electric field mus t be continu­

ous a cross the infinite ly thin sheet . Let c be a 

r e ctangu l ar circuit enclosing the s urface S, h aving two 

sides para lle l and arbitrarily close to the upper a nd 

lowe r boundaries of the surface cover , as in fi gure 3.4a. 

As the uniform surface layer becomes infinitely thin 

(see figure 3.4b) , the right-hand s ide of equation (3.3. 6 ) 

go P-s to zero , since 

d+0 f 

IJB . d .A I - II J Y ~ ( z ) dxd z I < I .t-1.f.d I = 0 (3.3.7) 

s --0 0 

where M is the maximwn value of I Y ( z) I n 
in 

- 0 < z < d+0 which mus t be finite for a ny rea l problem . 

For this one-dim12nsional problem, the hori zontal electric 

iield is constant and in the x-direc tion so equation 

(J .3.6) b2comes 

( 3 .3 .8) 
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which impl ies that 

E ( -0 ) = E ( +0) = E n n n 
( 3 . 3 .9 ) 

Similarly the horizontal magnetic fie l d can be shown 

to be discontinuous across th e infinitely thin sheet hy 

considering the integra tion of equation ( 3 .3 . 3 ) from j ust 

above the upp e r boundary (z = -0) to just below the 

lower boundary (z = d+O) of the surface , giving 

d+O 

J Y'( z ) dz 
n 

d +O 

·- J.l o f 
- 0 . 

E ( z )o (z)dz n n. 
·- 0 

Using the mean-value theorem , 

a.s 

E ( z ) = E ( -0 ) + zE '( a ) n n n 

wh ere (-0 < a < z ) . 

E ( z ) 
n 

(3.3.10 ) 

c an be expressed 

( 3 . 3. 1 1 ) 

If this expression for En (z ) is s ubstituted into equa­

tion (3.3 . 10) and the surface layer ~ade infinitely thin , 

the1 th e right ·-hand side o f equation ( 3 . 3.10) becomes 
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d+0 

L{.m µo I E ( z ) a ( z) dz = µo E (- 0 ) lim 
n n n d ->- 0 cl-+0 

--0 
<l+0 

+ J,JoEn'( -0 ) L em I za (z)dz n d-+ 0 
-0 

since 

d+0 

If zan {z )az/ < 1 £.Im !di = o 
n d-+ 0 

-0 

whil e the l eft-hand side is just 

-.£.im 
d -+ 0 

d+0 

I 
-0 

Y '( z ) dz 
n 

which implies that 

= - lim ~ (d+0) - Y (- 0)] 
d -+O l n n 

= Y (-0) - Y (+0 ) n n 

Y (-0 ) - Y (+0) =µTE n n o n n 

d+0 

I a {z ) dz n 
-0 

(3.3.12) 

(3 .3 .13 ) 

(3.3.1 4 ) 

(3 . 3 . 1 5) 

Equations (3.3.9) and (3.3.15) give the surface 

bounda~y cond iti on s for the normal field. The argument 

1:~ed here to de termine these conditions ha s only relied 
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on the requirement that the f i elds be fin ite ( i . e. an 

M may be found ) and continuou s (i.e . a n l may be found ) 

and t hat a n integrated co nduc tivity may be defined in 

the manner de scribed . Thus, under these conditions, the 

s ur face boundary conditions we have der ived apply also 

to an infinitely thin l ayer with varying integrated 

conduc tivity . 

The continuity condi tions can be u sed to expr ess 

t he surface e l ectric fi eld i n t erms of the surface 

magnetic field . The solution of equation (3.3.4) , which 

v anishes as z + +00 , is 

E ( z ) 
n 

-- E (+0) e - /Ia z = 
n 

- /Ia, z 
E e 

n 

so tha t equation (3 .3 . 2 ) then yields 

Y ( z ) = -ilia E ( z ) 
n w n 

(3.3.1 6") 

( 3.3 . 17) 

Thus , the horizonta l magnetic field just below the surfa ce 

l ayE::r i s 

Y ( + 0) -- -i/Ia,E 
n w n 

( 3. 3 .1 8 ) 

It follows from equation (3.3.3) t h a t the horizonta l 

magnetic L eld must be constant in the non-conducting 
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region, so that in z < 0 , 

Y ( z ) = Y (-0) . = Y , a constant . 
n n o 

(3 . 3.19) 

Hence, by integrating equation (3.3.2) , we obtain the 

electric field in the region z < 0 · as 

E (z) = E - iwzY n n o 

Finally, we obtain 

E n = iw 
/Ia 

(3.3.20) 

(3.3.21) 

by substituting equation (3.3.1 8) into (3.3.15), and 

y (+0 ) = 
n 

y 
0 

Hen 
1 + n 

0 

(3. 3.22 ) 

by substituting equation (3.3.21) back into (3.3.18). 

At this point , it is convenient to define the term 

' skin depth' which is used often in this thesis . By 

taking the modulus of equation (3.3.16), 
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( 3.3.23 ) 

it can easily b e seen that the amplitude of the field is 

-az//7. attenuate d with depth by the factor e . The depth 

at which the field is attenuated to e- 1 of its surface 

value is defined as the skin depth 6 , and is given by 

( 3.3.24 ) 

The B-polarization fields , in one dimension , are 

B ( z ) = (X ( z ) ,0 ,0) n n and 

with F '( z ) = iwX (z) 
n n 

and X '( z ) = p aF (z) 
n o n 

where X (z) must satisfy n 

X " ( z) = ia 2 X (z ) n n 

E ( z ) = ( 0 , F ( z) , 0 ) ( 3 . 3 . 25 ) 
n n 

(3.3 26 ) 

(3.3.27 ) 

( z > 0 ) ( 3 . 3.28 ) 
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n 
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( z < 0) (3. 3 . 29) 

For a surface layer of uni form integrated conductivity , 

the B-polarization problem is identica l to the E-polariza­

tion problem, except for a r o tation o f the source fie ld 

through 90 degrees in the horizontal ·pJ.ane . Thus , by 

replacing E ( z ) n by F ( z ) , and 
n 

y ( z ) 
n 

by -x ( z ) 
n 

in any of the E- polarization equations , we obtain the 

corresponding B-polarization equations . In particular , 

t he boundary conditions across the i nfinitely thin sheet 

a re 

F (-0 ) = F (+6 ) = F 
n n n 

( 3.3.30) 

and X ( - 0) - X ( +0 ) = - µ T F 
n n o n n ( 3.3.31 ) 

Furthermore , at the surface , the B-pola r i za tion f ields are 

give n b y 

X ( -0 ) = X a constant ( 3.3.32) n 0 

X 
X ( +0 ) 0 

( 3.3.33 ) = n /L:x1 n 
1 + .a 

-iw (1 X \ 
and 0 

F = 

/I: rn) 
( 3 . 3 . 3 4 ) n /Ia 

+ 
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3.4 Anomalou s fields in E-polarization 

We now consider the more comp l ex E-polarization problem 

of an in tegrated conductivity which varies as in equation 

(3.1.3) . In this case, the total electric field is found 

by solving the diffe rential equation 

(3 .4.1) 

(a= 0 in z < 0) 

with the c orr e sponding magnetic field3 being 

( 3.4 . 2 ) 

and (3 .4.3) 

wh e re th e subscrip t t denotes the total field s . The 

bouna ary conditions for the total fields across the 

infinitely thin surfac2 l ayer immedi ately follow from 

the normal fields by simply r epl acing the one-d imensional 

no rma l fi elds by the t~o-dimensional total field s and 
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d+0 

II 
-0 
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a~ Z t ( y, z) dz I < M .Llm I d I = 0 
d➔ 0 

(3 . 4.4) 

whe r e M is the maximum value of I/; Zt (y , z ) I between 

z = -0 and z = d+0 . Of course, the normal integrated 

conductivity , Tn , must be replaced by the varyin g inte­

grated conducti vity T (y ) , as given in equation (3 .1.3 ). 

The surface boundary conditions for the to ta l fields, 

the n , are 

(3.4.5) 

( 3 . 4.6 ) 

and (3 . 4.7) 

where th e contiruity of Zt(y , z ) follows from equations 

(3.4 . 3) and (3. 4.5 ). 

The boundary conditions for the tota l fields at 

y = ±00 a~d z = ±0 are also required. Far from the 

region of varying integrated c onduct ivity in the negative 
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and positive y di rections, we ass11me that the fie l ds 

behave like the normal fields discussed earlier. Further­

more, we know, from Jones and Price (1970), that the total 

horizontal magnetic field at the surface due to a uniform 

source field is the same at the ex~reme values of y , even 

if the conductivity structures in z > 0 at --Y -- - 00 and 

y = + 00 are different. Thus we have that 

( 3.4.8) 

The boundary values for the total electric field at the 

surface and the total horizontal magnetic field ~ust 

below the surface are then obtained by simply replacing 

T in equations (3.3.21) and ( 3 . 3 . 22) by n T and + 
T 

respectively . The resulting boundary values are d e noted 

by 

and 

E n 

= y ( +0) 
n 

= y + ( +0 ) . 
n 

( 3 . 4 . 9) 

(3.4.10) 
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In addition , we have that 

( 3 . 4 . 11 ) 

since is assumed 

constant, far from the r egion of varying integrated 

conductivity. 

The fields , obtained by subtracting the norma l fi elds 

at y = - 00 from the total fields , are defined as the 

anomalous fields and are given by 

E ( y I z ) = Et(y,z ) - En ( z) (3. 4.12) 

Y(y,z ) Yt( y ,z) y ( z) i E 2 (y,z) ( 3 . 4.13) = - -
n w 

and Z(y,z ) Zt(y , z ) -i E 1 (y,z ) ( 3.4.14) = = w 

where E(y , z ) must satisfy 

( 3.4.15 ) 

in z > O , 

and E 1 1 ( y, .:. ) + E 2 2 ( y , z) = 0 in z < 0 (3.4.1 6 ) 
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From the surface boundary conditions for the tota l and 

norma l fields and the definition of t he anoma lous fields, 

i t follows that 

E(y,-0 ) = E (y,+0) = E (y,O ) (3 .4.17) 

Z(y,-0 ) = Z(y,+O) = Z (y ,O) (3 ."4.18) 

and 

Y(y , -0) -Y(y , +0) =µ
0

T (y ) E (y, 0) +µ (T (y )-T-)E-. (3.4 .19 ) o n 

In p a rticular , . equation · (3. 4. 19) is fo u nd by subtracting 

equation (3 .3. 15) from (3.4.6) and t hen using equa tion 

(3.4.13). The boundary value s at y = ±00 are found to be 

E (-oo , 0 ) 0 E ( +oo , 0) + (3 .4.2 0) = = E - E n n 

Y(- oo , +0 ) ·- 0 , Y ( +oo , + 0 ) - y +( +0) -Y (+0 ) I (3 .4. 21) n n 

and Y ( ± 00 , - 0 ) = 0 , z ( ± 00 , 0) = 0 (3.4 . 22 ) 

Clear ly these anomalous field s are c a used by currents 

i duced in t he region of varying integrated conductivity 

and thus are entirely of internal origin. This pr operty 
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of the a1omalous fields is significant and is used in 

determinin~ an e xpression for Y(y , - 0 ) 

Equation (3.4.19}, wl ich links the anomalous horizontal 

magnetic field just below and just above the surface, is 

of imporl.ance here, as it is thi s equation which is u sed 

to determine the anomalous f ields along the surface. We 

are about to show that Y( y ,-0) and Y(y,+0) can be 

expre ssed as integrals over the surf·ce v aluec of the 

electric field. By substituting these integra l equations 

back into equation (3.4 .19) , we then have an equation 

written o n ly in t erms of the surface electric field. 

This equation may be solved numerically using just a one­

dim ensional grid in they-di rection , rather than a two ­

dime nsiona l grid i n the y-z plane which is normally 

requ i red to solve two-dimens ional induction problems 

numerically. This is an important feature of the wo r k 

presented in th is ... hesis s ince it means that both the 

c ompute r time and the storage space required for the 

numerica l so lution of geomagnetic induction proble ms with 

surface anomalie s are con s i derably reduced . Once the 

anomalou s electric fie ld is dete rmined , the ho r izontal 

a n d vertical magnetic fields just above and be low the 

surface can easily be obtained by using the f o r thcoming 

in tegral equations for Y (y,-0) and Y(y,+0) , and 

equation {J.4 . 1 4 ) for Z(y,0) . 
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The inte gral equations for Y(y , -0 ) and Y(y , +0) 

jus t mentioned , can be obtaine d by u s ing a Fouri e r 

transform in t hey v a riable , which is defined , as in 

Sneddon (1951 ), t o be 

f ( n ) -
1 

ffi 

CX) 

J f(y )einy d y 

- co 

with the inverse transform being 

CX) 

f (y) = 

- 0:, 

( 3.4.23) 

( 3.4.24) 

An important r e lationship between Fourier trans formed 

functions is provided by the Faltung theorem which 

states tha t 

( 3 . 4.25 ) 

- 00 -00 
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In order to d e t ermin e Y(y, - 0 ) i n integr a l form, 

we consider the non-conducting region (z < 0 ) in which 

the anoma lous ma gneti c f i eld components c an b e expressed 

i n t e rms of an anomalous magnetic sca la~ potential 

n(y , z) by the equc1tions 

(3 .4.26 ) 

a nd Z (y,z ) - -n
2

( y , z ) (3 . 4 . 27 ) 

where Q (y , z ) satisfies 

(3 . 4 . 28) 

Followi ng the work of Weaver (l964 ) , we t ake t he Fourie r 

t ran sform o f equation (3. 4 . 28) to o btain 

(3 . 4 . 29 ) 

We require the s olution to this equation wh: ch vani s he s as 

z ➔ -~ , since t he anomalou s potentia l must be of interna l 

o ri<Jin . It i s 

e ln lz ( 3 .4.30 ) 
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with the inverse Fourier transform giving , 

co 

Sl (y, z) = 1 I ~ ( n ") lnlz --inz d 
., , , , •J e e ll . ( 3 . 4.3 1) 

- co 

I f we d ifferentiate this quad.on .vith respect to z and 

l et z + 0 , it follows from equation (3.4 . 27 ) tha t 

co 

-1 f I I" -i nv = n n (n , -O)e -an ( 3 . 4 . 32 ) fii 
00 

whi c h f rom eq ua tion ( 3 . 4 . 24) implies 

A 

Z (n,O) 
In I ( 3.4 . 33) 

Substituting this into equation (3.4. 31 ) and d i fferentiating 

with resp ~ct t o y , we have 

Y (y,-0 ) = -r2
1 

(y,-0 ) A -iny Z(n , O) s;n (n)e d n . ( 3 . 4.34) 
- co 

After applying the Faltung theorem , thi s becomes 

co 

Y ( Y , -0) = - 1 1 ~(u~ du 
1r J y - u 

-co 

since the in e r sc l<ourier t r ~nsfor m of 

( 3 . 4.35 ) 

n sgn ( 11 ) = Trlr 
is known to be (Li gh t hill, 1958 ). Here, the 
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bar across the integra l sign signifies that the Cauchy 

principal v a lue (C.P.V.) of the integral must be take n at 

u = y for the improp~r integ r a l to exist . From equation 

(3. 4 .14 ) we know that 

Z(y,O) = 
w 
-i (3.4.36 ) 

so tha t the de s ired inte gr a l expression for the anoma l ous 

hor i zontal mag n e tic field at the surface is 

Y(y,-0) 
E 1 (u,O ) 

y-u du (3.4.37) 

Fallo 1ing · the genera l procedure used to determine 

equa tion ( 3 . 4.37 ), an in~egral e xpression for Y(y , +O ) 

can be found. We begin by determining an expression for 

the anomalous ele ctr ic fi e l d in the conducting region by 

taking a Fourier transform of equation (3.1.15 ) to give 

A A 

E 22 (n,z) = (n 2 + i a 2
) E(n,z) (3.4. 38) 

with t h e s olu t ion , which vanishe s a s z + 00 , being 

A A 

E(n, z } = E(n , O) 
-yz 

e · ( 3.4 . 3 9 ) 
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where y = n 2 + ia 2 (3. 4.40) 

The exponential term in equation (3.4.39) can be con-

" sidered as a Fourier trans form g (n ) , o f some function 

g(y ) which is 

g (y) - l 

l2TI 

00 

00 

J 
-yz -i ny 

e e dn 

- 00 

-A- 1· - yz - - e r, cos ny d n 

0 

z/Ia K
1 

( /Ia/y2 +z2 ) 

/y 2 +z 2 
( 3 . 4.41) 

where K
1 

is a modified Bessel function of the second ki nd 

of order 1. The l ast s tep in equation (3.4 . 41 ) is a tabula-

ted result (Erdelyi et al. , 1954 , eg. 1.4.26 ) . 

to simplify the notation, we define a function 

P(y, z ) = 
K ( /Ia /y :: +z ,. ) 

l 

In order 

(3. 4.42) 

Now by tal ing the i nverse Fou~ier trans form of equation 

(3. 4.39) and using the Faltung theorem, an expression 

fo r the anomalous electric field in the conducting region 

is obtained , giving 



__ z /ITTi a 1· E (y I z) 

00 

- oo 

- 52 -

E (u,O) P( y-u,z) du (3 .4.43) 

In arriving at egu2tion {3 . 4.43 ), we have tac itly 

assumed that E (y,O ) = 0 a t y = ±00 
+ -(i .e. E = E ) n n 

as this is a requirement o f taking tbe Fourier transform 

of the second der ivat i ve with respect toy in equation 

(3. 4 .15). Now from a tabulated r esult (Gradshteyn and 

Ryzhik , 1 965 , Gq. 6.596 #3) , we know that 

00 

I P(y , z ) dy = ~ Kv ( /Iaz ) 
/ 2/Io: z / 2 

0 

( O'. > 0) (3.4.44) 

which , together with the tabulated result (Abramowitz 

and Stegun, 1964 , eq . 10.2.17) 

yi elc'! s 

z/Ia 
1T 

00 

f P (y, z ) dy --

-oo 

-w 
e (w, a complex number ) 

-/Iaz 
e ( 3 . 4 . 45 ) 
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4 

Usi ng this l as t equation, equation (3.4. 4 2) may b e re­

written as 

E ( y , z ) -·· z II a ,J ( y , z ) + E ( y , O ) 

wnere 

co 

-/Iaz 
e (3.4.46) 

J(y,z) =; f[E(u,O) - E (y , O)] P (y- u,z) du 

- co 

00 

=; f[E(y+s , 0) -E (y,O)] P(s , z) ds (3.4 . 47) 

-co 

In this latter form, we see that J (y , z) + 0 as y +±co . 

Thus the solution for E (y,z ) is actually valid for more 

general boundary conditions since E (y , z) approaches 

the expe cted o ne-dimensional solution at y = + co , 

being 

E ( + co , z ) 

even when E + =I E n n 

= (E + - E 
n n 

( z > 0 ) 

-/Ia z 
e 

By the Uniquene ss th eorem , then, 



- 54 -

equatio n (3.4.46) is the one and only solution to equation 

( 3 . 4. 15) which satisfies the required boundary conditions. 

We now differentiate equa tion (3 . 4.46 ) with r espect 

to z to obta in 

0 [ • -/INz -
E 2 (y,z) - vlO'. ,T(y,z) + zJ 2 (y,z) - e ~- E (y , O)J (3.4.48) 

The second term on the righ t above vani shes at z = +0 , 

since it c an be shown (see appendix B) that J 2 (y , z) 

exists at z = +0 . Hence, the desired integral expres­

sion for the anomalous horizontal magne tic field just below 

the surface fdllows from equation (3 . 4.13) , being 

i 
Y (y , +0) = w E2 (y,+0) = i/Ia 

w 
[J(y , +0 ) -E(y,O) ] (3 .4.4 9) 

00 

where J ( y , + 0 ) = ; f [ E ( u , 0 ) - E ( y , 0 ) j P ( y- u , + 0 ) du ( 3 . 4 . 5 0 ) 

and P ( y-· u , + 0 ) = 

- 00 

1<
1 
(/Ia jy-u j ) 

jy--ur-
(3.4..51) 

H re, the C.P.V. of the integral is taken at u = y for 

the i mproper integral to exist. 
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By substituting equation (3 . 3 .2 1 ) into (3 .4 . 19) and 

r e arrang ing , we finally obta in the des ired expression for 

the anomalous e lec tric fie ld at the surface 

E (y,0 ) · · wcr [Y(y ,-0 ; -Y(y , +0 )] 

iw - ---
/Ia 

(3 .4 . 52 ) 

where Y(y,-0 ) and Y(y , +O) are now known in t erms of 

• E (u,O) by equations (3.4.37) and (3. 4.49 ) , respectively . 

( In the above equation , we have also u sed 

defined in equat ion (2 . 1 .2 5 ) .) 

a 2 = wµ cr 
0 

as 

In t he next c hapter we will dete~mine the anomalous 

electric field numerically using this equation. Afte r 

E (u, 0) is determined, Y(y , -0) , Y( y, +0) and Z (y,O) 

1~y easily be c a lculated . The to tal fi elds can then be 

fo~nd by simply adding the normal fj _eld values (at y = - 00 ) 

to the anomalous field results. 
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3.5 Anomalous fields in B-polarization 

The anomalous B-polarization equations an be deter­

min2d by following the sarr·. e procedure used to £ind the 

anomalous E-polarization equations. Again the anomalous 

field components are found by subtracting the normal 

fjeld components (at y = - 00 ) from the corresponding total 

field components . The whole procedure is considerably 

simpli fied , though, since from section 2.2, we already 

know that the tota l horizontal magnetic field above the 

surf ace must be constant. As this must agree with the 

normal field at y = - 00 , it fo llows that in z < 0 

X 
0 

( 3 . 5 . 1) 

which i mplies that 

(3. 5 . 2 ) 

The anomal ou s horizontal magnetic fie· din the c onducting 

regio1 may b found by solving the differential equation 

X ( y , z ) + X (y ,z ) = ia 2 X(y,z ) 
l l 2 2 

(3 .5.3 ) 

The solution to this equation ha s already b een determined 

in section 3.4 , as 
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CX) 

X(y ,z) = l:r'ITaz f[X(u,+ 0) - X (y , +O)]P(y- u,z) du 

-oo 

+ X (y,+0 ) 
-1:raz 

e (3.5.4) 

with the derivative with respect to z, at z = +0 , 

being 

CX) 

x ?. (y , +O) = ~a t[x(u , +O) - X(y,+O)]P(y-u,+O) du 

- oo 

- l:raX (y,+ 0) (3.5.5) 

From equations ( 2.2.16) , ( 2 . 2.17) , ( 3.3 . 25) and (3. 3 . 23 ) 

and the definition of the anomalous fields, the anomalous 

electric fields , in z > 0 , are g iven by 

F(y,z) = 1 X (y z ) µ (J 2 , 
0 

(3. 5.6 ) 

and G(y,z) = (3 .5.7) 
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The bounda ry conditions for the a nomalous fie l ds 

(i) acro ss the s u rfa ce , a nd (ii ) at y = ±00 (z = ±0), 

e a si ly fol low f r om the a r gument used to deter mi ne 

equa tions ( 3. 4.17 ) thro ug h ( 3.4 . 2 2 ) and ar e 

F ( y , + 0 ) = F( y -0 ) = F(y , 0 ) ( 3.5 . 8) 

X (y , +O) - X (y,- 0 ) = X (y , + O) 

( 3 . 5 . 9) 

and 

(i i ) F ( - 00 , 0 ) -- 0 , F ( +00 , 0 ) ( 3. 5.10) 

X(- 00 , +0 ) = 0, X (-+ 00 , + 0 ) = X +( + 0 ) - X ( +0) , 
n n 

(3. 5.lJ.) 

X ( ±00 ,- 0) = 0 1 G( ±00 , + 0) = 0 ( 3. 5 . 1 2 ) 

r., + X - (+0) and + whe r e F and :r a nd X ( + 0) a .r e 
n n n n 

obta ined by replac i ng T in equati ons ( 3 . 3.3 2 ) a nd 
n 

( 3 . 3 . 31 ) by a nd + re spe ctive ly. T T , 

As in E-polar izat ion , the equa t ion de s cribing the 

sur fac e boundary c ond ition fo r the a nomDlou s ho r i zonta l. 

m~gnetic f ie l d ~s important, s ince it i s t hi s Gqua tion 
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which c an be us e d to determi ne X(y , +0) which , in turn , 

i s used to determine F(y,O ) a nd G(y , +0) By substi-

tuting equa ion (3.3 . 32 ) into ( 3.5.9 ) and rememb ering 

that a 2 = wµ o and X(y,-0) = 0 , we obtain 
0 

X(y , +O) (3 . 5 .13 ) 

where from equations (3.5.5) and (3 . 5.6 ), F (y , O) j_s 

known in terms o f X(u , +0) as 

F (y , 0) wlI = a 

00 

{¼ J [X(u , +0 ) - X(y,+0 )] P (y-u , + 0) du 

- X(y,+0 )} ( 3 . 5.14 ) 

Fr6n equation (3.5.7), the vertical electric field just 

be 1 ow the surface l ayer is given by 

G( y ,+0) - ( 3.5.15) 
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These equations could be e valuated n ume r i cally in a simi lar 

way to the corresponding E-polarization equations . 

In this thesis , we prefer to determine the horizontal 

electric field d i rectly since it is more convenient t o 

have E (y,0 ) and F(y ,0) , rather tha n E(y,0 ) and 

X ( y , + 0) , immediately available for boundary val ti.es j n 

three-dimensional problems . We wil l now show that an 

expr ess ion entirely in terms of the surface values of 

the horizontal electric field may be f ound. From equations 

(2 .2 . 19 ), (2. 2 . 20 ) and (2.2 . 1) and the defini tion of 

anomalous fi e lds , it follows , in z > 0 , t hat 

F11 (y,z ) + F22 (y , z) = i a. 2 F(y, z ) (3. 5 .16) 

(3.5 . 17) 

(3.5.18 ) 

From equation (3.4.49 ) in the p r evious section , we know 

tha t solving equation (3.5.16 ) leads to the expre s sion 

(X) 

[ F_ ( u, 0) - F ( y , 0)] P ( y- u , + 0 ) du 
- oo 

F(y,O )} (3.5.19) 
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An expression for G1 (y , +0 ) can be obtained by applying 

a Fourie r trans form in they-variable to equation (3.5 .17). 

The solution, which vanishes as z + 00 , i~ 

A A 

G(n, z ) - G ( n,+O ) 

where y 2 = n 2 + i a 2 

-yz 
e (3. 5 . 20) 

By differentiating with respect t o z at z = +0 , 

and rearranging, we find that 

" 

G (n,z ) --
-G 2 ( n , +O) e -y z 

y ( 3 . 5 .21) 

No~, by taking the inverse Fourier transform of the above 

equation, we obtain 

co 

G(y, z ) = -1 f 
✓27T 

- yz 
e G ( +0) e -i ny dn 

Y 2 n ' (3.5.22 ) 

-co 

which , after differentiating with respect to y , become s 

(3.5.23 ) 
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From tabulated results __ (Erd~lyi et al . , 195 4 , eq . 1. 4 .27 

and eq. 2.4.36) , we know that 

-1 
12n 

and 

-1 

12n 

co 

f 
-yz 

e Y e- i ny d n 

- oo 

co 

I 
-yz . 

ney e - iny d n 

- co 

co 

= -11 I 
-yz 

e 
y cos ny d n 

0 

/
2 = - - K (a /I/y 2 +z 2 ) 
'11 0 

co 

- -11 I 
0 

-yz 
ne 

y sin ny d n 

(3.5.24 ) 

= - /Iay P(y, z ) ( 3 . 5 .2 5 ) 

and since the divergence of the electric fi e ld is zero , 

we also know that , in z > 0 

(3.5.26) 

Thu s , by applying the Faltung theorem to equations (3.5.22 ) 

and (3.5.23) and using the above infor ma tion , we finally 

o~tain expres~ions for the vertical electric field and i ts 
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d erivative with respect t o y, just be l ow the srirface , 

00 

G (y,+O) 
1 r 

- TT t F1 (u,O ) K
0

( /Ia:ly -· ui) du 

--oo 

00 

= - ~a. -f F (u,0) (y-u) P (y-u,+0) du ( 3.5 . 27) 

-oo 

and 

00 

G
1 

(y , +0) = -/:a. J F 1 (u,O) (y-u) P(y-u , +O) du ( 3 . 5.28) 

- 00 

The second step in equation (3.5.27) is obtained by 

integration by parts. The desired expression fo:· the 

hori zontal electric field at th e surface is found by 

substituting equation (3.5.9) into (3.5.18), giving 

( 3.5.2_9) 

where F 2 (y ,+0) and G1 (y,+0) are known in terms o f · 

F (y,O) by equutions (3 .5 . 19 ) and (3.5.28), respectively. 



- 64 -

In the next chapter, we wil l determine the horizonta l 

e l ectric fie ld at the s urface numerica l ly usin g t he above 

equation . The horizontal ma gnetic field and the vertical 

electric field just below the surface can then be calcul­

ate d using equations (3 . 5. 13 ) and (3 . 5 . 15 ), respective ly . 
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CHAPTER 4 

NUMERICAL METHOD 

4 . 1 Introduction 

We begin this chapter by expressing the f i e ld equa ­

tions of chapter 3 in dimensionless form so that the 

r esults will b e as general as possible . We do this by 

scal ing the l ength t erms , u and y , with r espect to 

the skin depth , 0 -· o f the lower half- space , i. e . 

u 
u• = 6 = au 

12 
and Y

I Y __ a,y 
- 6 ✓2 

and by defining new dimensionless fields to be 

E ' = E woB 
0 

and 

where B = y 
0 0 

in E polarizati o n a nd B - X 
0 0 

(4.1.1 ) 

(4 . 1.2) 

(4.1.3) 

in 

B-polarization. Furt. ermore , we denote tl e dimensionles s 

f o rm of the inte gra t e d conductivity and of the function 

P(y --u,+O) by 

and 

T ( y ) 
-- a8 

P' (y ' -u' ,+0) = oP (y-· u , +0 ) 

. 1. 4 ) 

( 4 .1.5) 
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Here all dimension. css terms are deno t ed by primes ('). 

We may now write th e E-polarization equations ((3. 4.52) , 

(3.4. 37) , (3.~.49) and (3.4.36)) in dimen s i on less form 

a s 

E '(y' , O) ·- ~' (y ' , -0) -Y' (y' ,+Q.J 
\ - 2 1

1
(y') / 

(
• _)/_ \ 

/2 i ( T I _ T I ( y I ) \ 

+ 1 + ✓2iT '- 2T ' (y' ) )' 
(4 . J..6) 

CX) 

Y'(y', - 0) 
=if El ' (u', 0) 

TT y 1 -u 1 du ' ( 4. l. 7 ) 

_ex, 

CX) 

Y' (y' , +0) = iffi {½ + [E ' (u' ,0) -E ' (y ' ,O)] P' (y '-u' , +0) du 1 

- ex, 

( 4.1. 8 ) 

and ( 4.1.9) 

and the B·-polariza.tion equations ((3.5 .. 26), (3.5 . 13 ), 

( 3 . 5.15 ) , (3.5 . 1 9 ) and ( 3 . 5. 2 5 )) as 
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F' (y ', 0) 

( 4.1.10 ) 

X'(y ', +0 ) -- 2 T ' . (y ') F ' (y ', 0) 

+ ~ /IT \ ( T ' -T '( y ' )) , 
\ 1 + /ITT I -; 

( 4 . 1. 11) 

and G ' ( y ' , + 0 ) ( 4 . 1.12 ) 

whe re 

F / (y ' ' + 0) = /IT { ¼ f [F ' (u ' ' 0 ) - F' (y ' ' 0 )] p ' (y ' -u ' ' + 0) du r 

- 00 

- F I ( y I , 0 ) } ( 4 . 1.13 ) 

and 

CX) 

G / (y ' , +O) 

- oo 

( 4 . 1.14 ) 

To simpl ify the notation, we will drop t he primes from the 

above equations i n this chapter , ince we wi ll only be 

cnncerned with d i mensionl es s terms . 
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Th e above equations can not be solved analytically 

so we must use numerical techniques . In order to express 

these equations in a for~ suitab l e for numerical evalua-

tion , we first assume that the fields reach the i r boundary 

values at some finite points , Y1 ' and YM (see figure 

4 . 1) and rema in at these values out to y -- ±oo (Note 

that , as an alternative in the E-polarization case , we can 

us e the irnpro\' ed end condition described in section 4 . 4 . ) 

Within these finite bounda ries , we choose a set of grid 

point s y. 
J 

of variable step-size ( see figure 4 . 1) a t which 

we will d etermine the unJ·n own field values. As a general 

r u le , we choose the grid points in such a way that there 

are more points per given distance in the region of vary-

i ng integrated conductivity. The accuracy of the resulting 

field value s in a given region is generally increased by 

increasing the number of grid points and/or by extending 

t he boundary po i nts . One fu rther po i n t t o ment i o n is tha t 

t he integrated conductivity is initially defined i n the 

region between consecutive grid points. As shown by Brewitt­

Taylor and Weaver (1976) , the value at the grid point is 

found by taking a weighted average, gi en by 

T (y . ) 
J 



Z:: - 0 

z =+O 
-<-----r 

Y=f-

1 
f' 

'j-1 Yj 1 j+l 

1--k - -::,-1- k. -?-I J-1. . j 

~· 
Ly. I t-,. I - I r J- 1'2 J•Yz J 

T· j 

Y=f ' 

I 
N 

I 
1 ,) 

Figure 4 .1 The set of gr id points and the limi t ed region 

_ -t 
,(. 

of varying i ntegrated conduc t ivity (£ - < y < £+). 

~ 

O'\ 
\.0 
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where T (y j -;
2

) deno tes the constant value of the inte-

grated conductivity in the interva l be tween y' 1 J-
and 

y . , and k. 
J J 

denote s the distance between any co1secutive 

grid points , y. 
J 

and 

I n the nex t sectio n , we will see that at each of the 

M-2 grid points , y. 
J 

( j - 2 , 3, . .. , M-1) , equations 

(4.1 . 6) and (4 . 1 . 10) can be written in t erms of M- 2 

unknowns . We thus ha ve a system of equations which ma y 

easily be expressed in matrix form. The unknown fields , 

E (y. , 0 ) 
J 

and F(y . ,0) , at each grid point can then be 
J 

dete rm i ned by usi ng Ga ussian elimination. Once E (y . , 0) 
J 

and F (y . , 0) 
J 

are d e t ermine d , th e other fi e ld components 

may easily be f ound. 
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4.2 Numerical form o f £-polarization equations 

It is conveni ent to s how fir st the method used to 

e v a lua t e numerically the integra l expression for Y (u , - 0) , 

a ssurning B (u,O) j_s known. The same method also applies 

to the ini...egral Pxprc ssion fc,r Y (u, + 0) . The required 

d jsc~ete ro~m of eq uation (4.1 .6) is then easily found. 

We be gin by writing the integra l in equation (4.1.7 ) 

as a su.In of integrals 

00 

-- r_ E 1 ( u, 0) du -ir1Y(y , -0) + 
m ;· y -u 

m 
-oo 

y Ym+l (1 E 1 (u,O )· 
du + J 

E
1

(u,O) 
du --

J y -u Ym -u 
m 

- co 
Ym-1 

00 

( E
1

(u,O ) 
+ ) du 

Ym ·- u 
YM 

M··-1 t E
1

(u,O) 
+ I du 

j=2 Ym - u 

( j tm, m+l) Yj-1 

( 4 . 2.1) 

Here the first and th.rd . t erms on the right vanish, since 

over these intervaJ.s, E(u,O) is assumed c ons tan~ 

( se0 s ect1.on 4.1 ), and thus th e de~i ~tive ls zero. 
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Hartmann (1963) has pointed cut that the effe ct of putting 

Ei(u,O ) = 0 for and y < u < 00 causes 
M 

re s ults which ar e i naccura t e , because the influence of 

1 
y -u 

m 
in the infinite i ntegral is cut off at and 

For a g iven reg ion, though , this effect can be decreased 

to c::. desired cJ.cc~1racy by ex~ending the boundary no ints. 

(A much be t ter method of overcoming this effect i s described 

in secti0n 4 . 4 .) Each of t he remaining terms in eq uatio n 

(4 . 2 . 1 ) are e va l ua t ed by a varia tion o f a nethod suggested 

by Har tmann (19 63 ). 

We now analyse the t e:::-m invo lving the singularity . 

We begin by expanding E (u , 0 ) about in a 'l'aylor' s 

series to second orGer, to give 

(n-ym ) 2 

E ( u , 0 ) = E ( y , 0 ) + ( u -- y ) E 1 ( y O ) + 
2 

E 1 1 ( ym , 0 ) ( 4 . ~ . 2 ) m m m, 

which , o n differentia tion , become s 

E 1 ( Ur O) =-= E 1 ( y , 0) + ( u- y ) E 1 1 ( y r O) 
m m m 

( 4 . 2.3) 

(y < u < y ) 
·1n- l rn+l 

Three point fin i te-differenc e (F . D.) f orres are u sed to 

and E 1 1 (y , 0) . 'l'hese forms can be 
m 

deten1i11cd , for va.::iab.le step--s i ze gr.::.ds, b y u.qai.n usi;1g 
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equat ion (4 . 2 . 2 ). I n th is c ase , we write 

k 2 

E ( y m+l'0) = E( ym , 0 ) + ~m E l ( ym,0) +-f E 1 l ( y m,0 ) 

E (ym-1' 0) 

where 

k 2 
m-1 

= E(y , 0) -k 
1

E1fY ,0) +-
2
- E11 (:Y ,0) m m- m m 

(4 . 2.4 ) 

(4 . 2.5 ) 

( 4 . 2 . 6 ) 

The require d f i nite difference expr ession fo r E1 (u ,0) i s 

found by mu ltiplying eq uation (4. 2 .4 ) by k 2 
m-1 and 

equ a t i on (4 .2.5) by k 2 a nd s ub t racting . m The r es ult i ng 

equa tion can t hen be rea rranged to give 

E 1 ( y , 0 ) =a E( y 
1

,0 ) +b E (y ,0) +c E (y 
1

,0) 
m m m- . m rn rn m+ 

where 

--k k 
rn 

a =~k---:r-­
rn-1 m 

b = --,--rn _ _ 
m k k 

+ k _ 
1 I 

= k + k l , 
n1 ff·· 

m rn-1 

k = k m JU 

k m--1 
cm=k~ 

mm 

m-1 

(4 . 2.7 ) 

( -L2 . 8 ) 

( 4.2.9 ) 
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Simi l ar ly, b y multipl y i ng equa tion ( 4.2.4 ) by 

e quation (4.2.5 ) by k and a dding , we o b t ain 
m 

k rn--1 

E 1 1 ( y , 0 ) = p E ( y l , 0 ) + q E ( y , 0 ) + rmE ( Ym+ l , 0 ) 
m m rn- rn m 

where 

2 -2 2 
= k k + ' qm = 

m-1 m 
k k ' 

m m-1 
r 

m = k k + 
mm 

and 

(4.1.10) 

,v 

( 4 . i.11) 

To simplify notation , we will denote the fields a t the 

g e neral grid point y. 
J 

, by the grid s ubscript alone 

(i.e. E . = E( y.,,0 )) . Using equation (4.2.3) and the F.D. 
J J 

forms for E1 (y , 0 ) and E11 CY , 0) , we may now wri te 
m rn 

Yrn+l Yrn+l Ym+ l 
( E 1 (u ,0 ) 

E1 (ym ,o) f 
du 

+E11 (Ym,o)J 
u- y 

t du m du = 
Ym -u Ym -u Ym -- u 

Ym-1 Ym-1 Ym-l 

- - ( a E + b E 

0

+ c E ) fn ( km ) 
m m-1 m m m m+ 1 k 

1 m-

'v 

- (pE 
1

+q r; +r E 
1

) k+ ( 4.3-'.12 ) 
mm- mm mm~· m 

; here the first integral on the right-hand s ide ha been 

evaluated by 'Laking the C.P.V . of the integral as follows , 
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Ym+l k k 
m - e: m 

f du f d lim {I + I } 
dv 

= = 
y -u V e:+ 0 V 

Yrn-1 
rn \ -k - k 1 E 

rn-1 m-

k k 
m-1 m 

lim {I I } dv 
--

s+ O V 

€ e: 

- lim {tn km - ln e: - ln k 1 + ln e: } 
e:+ O m-

= ln (\kkm) (4.2 .13) 
m- 1 

Clearly the representa tion of E 1 (u,O ) by equation (4.2 . 3) 

is equivalent to fitting a quadratic through the values 

o f E (u, 0) at and and then differen-

tiating with respect to u 

Away from the singularity , it is assumed that E (u,O) 

varies approximate ly l inearly between consecutive grid 

points so that E 1 (u,O) may be expressed by a simple two 

poin t F.D. form , given by 

Ej-E._ 1 !y < y. 1 < u < y . < 
Ym-1) E1( u, O) = --~1- ( 1 - J- - J -

y f-yj-1 (4.2 .1 4) 

\
v < y . 1 < u < y . < y ... rn+l J - J M 



so that 

y. 
M • J 
)' f El(~..'...~. du 
• y ·-u 

j =2 m 
( j t,m , m + l ) Y j -· l 

M /E. - E . l) 
= I \ _J_ J- • 

. - 2 y. - y . l J- J J-
( jf-m ,m+l ) 

y, 

( 
y. l J-

du 
y -u 

m 

MI l E . { - 1 __ ln (-2.L. Y 1L \} - J:_ ln. (~L Yrn ) } 
·2 J k .l Y - 1 -·y k . · y . -y J ~ J- J- m J J m 

( j Jm-1 , m, rn+ J.) 

+ \ 
( 

- ~ E k. ] E (k E 1 Y 2 Y m m - l / m-- J rn + l rn + l + -fYl ------ - ----· l n I --=r.:. + - -- -- .e. n. --) k v --y k k k k . 1 - 1 rn rn - 2 \ m- 1 rn+l m 

(4.2.1 5 ) 

w 1ere El st.ands for E (y1 , 0 ) and is not to b e confuserl 

wj_th th e pa:ct:i..:.'1. l derivative E 1 (u , 0) . We ma y now write 

equ 3tion (4.2 .1) in a form suitable f or programming o n 

a co:r.puter, as 

Y ( V" -0 \ N 

.,_ m' ' Q . E . 
"JilJ J ( -1 .2. J. G) 



Qmj = 

wh ere 

_L. .e.n ( ym - Y j+l) 
k. y y . 

J m J 

am tn ( \
1) - k+ 

Pm m 

(
km--~ + b l n -- ~nkm m k m 

l n. r ;:1) - r k + C 
m mm 

-- ln 1 ( ym ··- YM-1) 
kM-1 Ym - YM 
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(
k ) _ l_,e_ n m-1 

k k + 
m-2 m-1 

- - -ln --1 ( km\ 
k k + 

rn+ l m- 1) 

< j < 

< j < 

( j = 1 ) 

( j = m-1 ) 

( j = m) 

( j = m+ J. ) 

( j - M) 

m-2 ) 
M l 

(4. 2 .17) 

with special cases when m = 2 and m - M-1 , being 
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{4 . 2.18 ) 

and + 
·- r M-lkM-1 

Here , m var3es from 2 to M- 1 . (Un l ess the improve d 

boundary condition of section 4.4 is used , the term Q ·ml 

i s not required since E1 is zero by the boundary 

conditions. Here and later , terms associate d with E1 

wi l l be included for the saJ' e of completeness .) 

Following the procedure used to evaluate Y ( y , - 0 ) 
m 

the i ntegra l expression for the horizontal magnetic field 

just below the s urface, given b y equation (4 .1 . 8 ), may 

be wr itten a s 

(X) 

( 

== -~[E(u, O) -E (y , O)]P (y -u , +O) du--1rE (y
1
.,,0 ) J m - m 1, 

-oo 

E(u,O)P(v -u , +0 ) 
.lm 

y , 

~ { JJ du+ ) E(u , O)P(ym-u,+0) 
] ==2 . y. 

jfrr. 1 r.1+l J-1 

du} 
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- ·CO 

Ym+l 

Ym+l 

+ f [i(u,O ) - E (ym_.oi] P(ym-u,+O) du 

Ym-1 

y ., co 

= E 1 1·P(ym-u , +O) du+ EM I P(ym-u, + 0) du 

- co YM 

yj 

Ej J P (ym-u , +O) 

Y.:.. 1 
(

E. -E. ~ Jyj 
du+ J J- (u-y.)P(y -u ,+ 0 ) 

y . -y . l J m 

j-

J J -
Yj-1 

du} 

Yj+l 

Ej f P (ym-u,+O) 

y j 
) 

Y·+1 
E ·- E J 

du +( j+l j J (u-y.) P (y - u,+O ) au} 
y j+l - y j J m 

Y· 

Ym+l 

+ E 1 (ym ' 0) + (u-ym ) P (y m-u, +0) du 

Ym- 1 

Ym+l 

-1-
E i i ( Ym , 0 ) I 

(u y )2 P(y -u, + 0) du 2 m m 

Ym- 1 

J 

( 4.2.19) 



- 80 -

Here we have represented E (u , O) near the singularity 

(ym-l < u < Ym+l ) by equation (4. 2 .2 ) and between consec­

utive grid points awaj from the singularity by 

E (u,0 ) = E . + (u-y .) 
J J (

E. - E. -~ J J--j_ 

y. - y. 1 
J J-

( 4.2.20) 

yl < y. 1 < u < y. < y - J- J m-1 

Ym+l ..'.: yj-1 < u 

We now denote the integral coe fficients in equation 

(4 . 2.19) by the symbols 

follows: 

U • r 
rnJ 

V . 
IDJ 

and W as 
m 



u ' = 
mJ 

yl 

- /21 J P ( y -u , + 0 ) du 
m 

- oo 
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( j = 1) 

y_,_ 

- /2I f J P (ym-u,+0 ) du ( 2 < j < m-1) 

Yj-1 

Ym-1 00 

/2Tn+ m{J + J } 
- ex, 

Ym+l 

Yj + l 

-/2I f P(ym-u,+0) du 

Y j 
(X) 

-rnf P(v -u,+O ) d u -m 

YM 

y. 

P(y - u,+0) du 
rn 

(j = m) 

(m+ l < j < M-1) 

( j = M) 

J 

1121 J (u- yj ) P (ym--u,+0) du ( 2 < j < m-1) 

Yj-1 

( 4.2 .21) 

f
Ym+l 

V . = -/2I (u-y )P( y - u ,+0 ) du 
mJ m m 

(j =m ) (4 . 2 . 22 ) 

ym- 1 
rYj +l 

- ffi J' (u- y. ) P (y - u , + O) du 
J m 

(m+l < j < M- 1 ) 

y. 
- J 

Yrn+l 

hi -- -ffi f (u-·y f P (y -u,+0 ) du 
Ill 2 m 

( 4 .2.23) 

Ym-1 
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Each o f these terms is written in a form suitable for 

programming in appendix A. In doing this , the handbook 

by Abramowitz and Stegun ( 1964) has been u sed extensively . 

Using the above define d coefficients we may write 

equation (4.2.19) as 

where 

R . = 
rn J 

M 
iTIY( y ,+0) = 

m I 
j=l 

u 
vm2 -ml kl 

V mj V • 1 
u + mJ+ 

mj ~l - k . 
J- J 

V 
u + 

m m-1 
+ V 

k a 
mrn-1 

m-2 
rn mm 

U + b V + q W 
mm mmrn mm 

R .E. 
ffiJ J 

+ pmWm 

V 
u mm+ 1 + c V + r W 
mm+l - km+l m mm m m 

V V . 1 
u _!!lj_+ rr. J-
mj k. k. 1 

J J-

V 

umM + 
mM-1 

k.M-1 

( 4.2 . 25 ) 

( j = 1) 

( 2 < j < rn-2) 

( j =m-1 ) 

( j = m ) ( 4.2 . 26) 

(j = m+l ) 

(m+2 < j < M-1) 

( j = M) 
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with special cases when m = 2 and m = M-1 , being 

and 

Again , 

= u 1 m~ 

R = U + c V + r W M-1 M M-1 M M-1 M-1 M-1 M-1 M-1 

m vari es from to M- 1 . 

Finally , equation (4. 1 .6) can be written as 

E m 
l ( 11 

= ~- ~ _l ( QmJ· + R . ) E . 
TITm lJ=l mJ J 

(4.2.2 7) 

As mentioned in section 4.1, there are M-2 equations of 

this form in the M-2 unknowns, E . ( j = 2 , . . . , M- 1) . 
J 

(E 1 and EM are the known boundary values. ) The E. ' s 
J 

may be determined by expressing the system of equations 

in □atrix form as 

(4 . 2 . 28) 

where 

A . = Q . + R . + 2ni 6 .1 
m J m J m J m J m 

and ( '1 . 2 . 2 9) 

B = m 

( J. • • i ) 1f ( T - T -- ) 
m 
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and then using Ga us s ian elimination. Here , 

Kronecker delta . 

o . is the 
mJ 

With the horizon~al electric field known at the gri d 

points, the horizonta l magnetic field jus t above the sur face 

can easily be d e t ermine d from equation (4.2 . 16 ). The 

horizontal magnetic field just below the surface could 

be d e t e rmined from equation (4 .2 . 25 ) but, with Y(" -0) .i m r 

known , we c an find Y ( y , +0) 
m 

by simply r earran ging equa-

t i on (4.1 . 6) . The vertical magnet ic field Z (u,0) can 

be d e termined at t he midpoint between consecutive grid 

points by 

(

E· -E ) . m rn-1 = -i 
Ym - Ym-1 

(4. 2.30) 

wh e re (4.2.31 ) 

The ~ota l fields c an then be obtained by a dding the normal 

fi e lds a t y = - ~ to the corresponding anomal ous fi elds. 

In dimensionless form , the norma l fiel ds are 

(4.2.32 ) 



and 

Y (-0) = l n 

Z ( 0 ) = 0 n 
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(4.2.33 ) 

(4.2.34) 

(4.2.35) 

Her e the s ubs cript n follows the notation us e d in 

sect ion 3.3 for normal fields and the postscripted - sign 

indicates that these are the f i elds determined at y = - 00 • 
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4 . 3 Numerical form of . n-polariza tion equations 

Ha v ing described t he procedure requi red to expres s 

the E-po l arization equations in numerical fo rm , we c~n now 

e a sily express the B-polarization equations in the appro-

priate form. By comparing equat ion (4 .1.13) with (4.1 . 8 ) , 

t he integj~a l expression for 

i mme d iately as 

F 2 (y , +0) 
m 

may be written 

-i 
TT 

M 

I 
j =l 

R .F . 
mJ J 

( 4.3 .1 ) 

whe r e the R . ' s are t he same coefficients as given by 
mJ 

equation (4 . 2 . 26 ) . Furthermore , folJ.owing the method of 

presentation u sed in the previous section and remem0ering 

t hat we have assumed F (u, 0) is constant (i . e . 

F 1 (u , 0) = 0) i n the regions - 00 < u < y1 and 

YM < u < 00 , we wr i t e 

00 

- co 
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= - -
'IT 

Y1 oo 

[{ f + f } (ym-u ) F 1 (u, 0) P (ym-u , +0 ) du 

- oo YM 

+ 
M 

I 
j =2 

( jim,m+l) 

Ym+l 

Yj-1 

(y -u)Fl (y,0) P (y -u,+0) 
m m 

+ f (ym-u ) F 1 (u,0)P(ym-u,+0) du] 

Ym-1 

~ ~ 
vmj + F1 (ym,0) vmn1 + F11 (y m, 0) Wm 

M-· l ( F • - F • ) 
+ L J + l - l 

j=m+l Yj+l yj 
~ ] V . 

rnJ 

1 M 
- - ls . F. 

1r j =l mJ J 

where 

V . = 
rnJ 

Yj 

12T J (u-y ) P (y -u, +0) du m m 

Yj-1 

Ym+l 

ml) (u-y ) P (y -u , +0) du 
m m 

\7 
.,_m- 1 

Yj+l 
12:[ J( (u-y ) p (y --u,+0) du m ·m 

Yj 

( 4.3.2 ) 

( 2 < j < m-1) 

( j =m) ( 4 . 3 . 3 ) 
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Yrn+l 

Wm = ✓2i J (yrn-u)
2 

P(yrn- u' +0) du 

and 

s = 
rnj 

ym-·l 

~ -v 
m2 

7ci 

~ 
V . 

mJ 
~l J 

~ 
a V 

m mm 

~ 
b V 

m mm 

~ 
C V 

m mm 

~ 
V . 1 m J-
k. 1 J --

~ 
V 
mM- 1 

l kM-1 

+ 

+ 

+ 

V • 1 rn J+ 
k . 

J 

~ 
pm h' m 

~ 
q w 

m m 

~ 
r w 

rn m 

~ 
V . 
_!!!..]_ 
k . 

J 

( j=l) 

( 2 < j < m-2 ) 

V rnm - 1 
+ ( j =m-1) 

k m- 2 

( j =m) 

~ 
V 
rn m+l - ( j =rn + 1) 
k 

m+l 

(m+2 < j < M-1) 

(j =M ) 

(4.3. 4 ) 

( 4 . 3 .5) 
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with special cases when m = 2 and m = M-1, being 

~ 
821 = a2 v22 + p2W2 

(4.3.6) 

~ "' and 8M-l M 
= cM- 1 V + rM-lwM-1 M-1 M-1 

Both V . and W are ritten in a form suita ble for 
m J rn 

programmi ng in appendix A. Now , by substituting equations 

(4.3.1) and (4 .3. 2 ) in to (4.1.10) , we finally obtain 

M-2 equations of the form 

F = -l [ I <R.+S . )F.+i/2In T--T~J 
m 21riTm j=l mJ mJ J 1+12IT-

(4 . 3.7) 

which can be written in matrix form as 

( 4.3.8) 

where 

A . = R . + S . + 2ni cS · T 
mJ mJ mJ mJ m 

and 
( 

T- - T ) 
B = (1-i) n rn -

ffi 1 + ffiT-

(4.3.9) 
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The F .' s c a n t h en be determined usin g Gauss i a n e l imina­
J 

tion . Wi th t he F .' s known , it i s a simple matte r to 
J 

c a l culate X using equation (4.1.11 ) . The vertical 
m 

e l ectric field just below the surfac e can be calculated 

at the mid-point between consecutive grid points by 

writing equation (4.1.12) as 

(4 . 3 . 10) 

The to tal fields are again determined by adding the normal 

f ields at y = - 00 to the corresponding anomalous fields. 

Here , the normal fields , in dimensionless units , are 

given by 

(4 . 3.11 ) 

1 (4.3.12 ) 

and (4.3 . 13 ) 
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It is interes ting . . to note tha t if we had evalua ted 

the hor izontal ma gnetic field directly by substituting 

equation (3.5.14) intb (3.5.13), the resulting expres­

sion would lead to an ill-conditione d matrix when high 

condu c t i v ity cont_as t s are studied . 
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4 . 4 Improved boundary condit ions for E-polarization 

I t ha s been shown (Weaver and Brewitt-Taylor, 19 78 ) 

that 

+ 
E

1
(u,O) 

D-
+ 

u 2 
( 4.4. 1) 

+ 

a !1d E (u, 0 ) E 
± D-

+ 
n u 

(4.4 . 2 ) 

as u + ± oo (D- , D+ , constants ). In section 4 . 2, it 

was assume d that E(u ,O) i s constant (and, thus , 

E
1 

(u, O) = 0) in the regions - oo < u < and 

y < u <oo . 
M 

This assumptio n can be great l y improve d 

(in the above inte rvals ) b y including the i n formation 

given in rel a tions (4.4 .1) and (4. 4. 2 ) . In the ne xt 

c ha pter , it wi ll be shown that the inclusion of thes e 

modifications in our numeric a l t e chnique gives much 

better results than our ear lier a ssumption and considerabl y 

r educes the compute r time and storage space required to 

determi n e th e values of th e f ield components in the 

region of i~terest (i.e . varying conductiv ity ) . 

We begin by as suming tha t 

D 
( -oo < U < yl ) 

u 2 

E
1

( u ,0) ·- ( 4.4.3) 
+ D 

(yM < 00 ) 
u. 2 

< 1l 
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and 

1 
En-· D 

( •- ro < < y ) u 
u J. 

E(u ,O ) = (4.4.4) 
+ 

+ D 
(Y co ) l En - < u < 

u M 

and y . M sufficiently Ear from the region of 

interes t. By evaluating e q t.1ation (4.4.4 ) at u = y1 

and u = yM, we immedia t e ly see that 

and 

(Note that 

( 4 .4. 5) 

- y (E + - E ) 
M n M 

(4.4.6) 

E- and 
.L 

EM are no longe r the values at 

u = ±co .) Furthermore, we can use t wo-point F.D. forms 

to represent nume rically the der i vatives in equation 

( 4 . 4 .3) a t the end grid po ints, giv i ng 

D = 
2 ( E2 - El~ 

Y1 \ Y2 - yl 
( 4.'1.7) 

and D+ = 2 ( EM - EM-1) 
YM YM - YM-1 

(4. 4.8 ) 
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Now by substituting D and D+ back into equation s 

(4 . 4 . 5 ) and (4 .4. 6) and solving for 

we obta in 

-
El = s E + t E n 2 

and + + + 
EM = s E + t EM-1 n 

y 2 - Y1 Y1 
= = 

E 

where s 
y 2 - 2Y 1 

t 2Y 1 - y 2 

Fina lly 

(4.4.5 ) 

and 

+ s = YM - YM-1 
2YM - YM-1 

we can el j_rninate 

and (4 . 4.6 ), to 

D -
( 2y?~ Y 2) 

El 

give 

( E -n 

D+ ( YM

2 J + = (E 
\ 2YM - YM- 1 n 

and EM 

E2 ) 

- EM-1 ) 

1 
and 

(4.4.9) 

(4.4.10) 

I 

from equations 

(4 . 4.11) 

(4 .4. 12 ) 

Modifications c · n now be made to t he expressions for 

t 1c horizon t al ma gnetic field just above and be low the 
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s u rface (given by equations (4 . 2 . 16) and ( 4 . 2 . 25 )) to 

i nclude the new boundary conditions . Clearly , we can 

write 

M-1 
l Q . E . + Q E + QlnMEM rnJ J ml l j =2 

and 

-i nY (y , +O) = 
m 

jl where H = 
Hi. 

- ex, 

du 
u 2 (y -u ) 

m 

V 

and J = I
- lp(y -u,+ 0) 

-/2I m 
m u 

-oo 

C'O 

+ -/2i- J P( ym-u,+0) 
I = ------m u 

YM 

( 4.4.13) 

(4 . 4.14) 

CX) 

H+ 
J 

du 
·-

m u 2 ( y -u ) 
YM m 

du , 

du 



Both H 
m 

H = m 

and 

whereas I 
m 
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and H + 
m 

are easily found to be 

- 1 
Ym 

.1 
2y 2 

1 

l --
2y 2 

M 

and 

r __l_ + 
L Y1 

+ 
I 

rn 

1 
fu ( 1 - ~:)] (ym =f 0) 

Ym 

(4 . 4.15) 

(ym = 0) 

(y c/- 0) 
m 

( 4 . 4 . 16) 

are evaluated numerically and 

the procedure is described in detai l a t the end of 

appendix A. Now by substituting the expressions for 

D E1 and EM in equations (4 . 4.9) thr ough 

(4 . 4 . 12) into equations (4.4.13 ) and (4.4.1 4 ), we can 

define new coefficients and ~ R . 
mJ 

such that 
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wh ere 

s Q + y1 t H 
ml m 

and 

M-1 ~ -
i 1rY(y ,+0) = 

m I 
j=2 

R . E . + R E 
mJ J ml n 

where 

~ R . = 
ffiJ 

R _ + t·- ( R - U + y I - ) 
•• 1 1 1 m m~ m m 

R . 
mJ 

( 4 . 4 . 17 ) 

( j =l ) 

( j =2 ) 

( 3 .:.. j .:.. M-2 ) 

( j =M-1 ) 

(j =M) 

(4.4.18) 

( j = l ) 

( j = 2) 

( 3 < j _.'.S. M-2 ) 

( j =M- 1 ) 
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(Note that we sti ll hdve M- 2 equations in M-2 unknown s 

as in section 4 . 2. ) 
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CHAPTER 5 

RESULTS AND DISCUSSION 

5.1 Introductory remarks 

Following the notation of the previous c hapter , we 

de fine the dime nsionless form o f the total fields (indicated 

b y primes) as 

E 

Et 
I t - w613 

0 

and Bt 
I 

Bt 
= B 

0 

where in E-polarization and B = X 
0 0 

in B-

polarization . Furthermore, in this chapter, we denote 

the total fields just below and above the surface by 

superscripts as 

where At represents Xt, or G • 
t 

We also recal l, 

from section 4.1 , that the dimensionless grid points and 

int grated conductivity are given by 
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y ' = Y.. 
0 

and T ' 
T ~ (5 . 1.1 ) = a6 = T 

¥ a 

By taking a quick glance at equation (4.2.17 ), 

( 4. 2. 2 6) , ( 4 . 3 . 5) ·and the appropriate terms in appendix 

A, we find that the integra l coeffic i ents Qmj ' R . and 
rnJ 

S . are dependent only on the set of dimension l ess grid 
mJ 

points. Hence , the se coeffic ients need be calculated on l y 

once for each grid and stored for future use . From 

equations (4 .2. 29) and (4.3.9), we also know that the 

matrix of coeffic i ents A . and B , and consequently, 
. mJ m . 

the resul ting £ield va lues, are known entirely in t erms o f 

the a bove integra l coefficients , the dimensionles s values 

of the inte grated conductivity and the given bounda r y 

values . Thus we immediately see that a give n set of 

dimensionl e ss field results may be scaled to represent 

the field values for various conductivity structures and 

source frequencies SJ.nee , for a given 1 ' , the model 

parameters f , a , and 1 may be vari ed in acco rdance 

wi th equa tion (5.1.1 ). We must remember , though, that the 

limita tions imposed by the thin sheet appro ximat · on 

somewhat restrict the choice of value s for the model 

parameters. 
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5.2 Demonstration of the effective n ess of the improved 

boundary condition for E-polar i za t i on pro b lems 

The effect of the improved E-polarization boundary 

condition , discussed in s ec tion 4 .4 , c an be seen by 

setting up a 75 point grid (-8 .5 + 8.5) and t hen comparing 

r esults obtained from t he fu ll grid with results obtained 

from a 45 point s ubset of t~is grid (-2.5 to 2.5) . To 

illustrate this effect , a model is chosen in which the 

integrated conductivity is 

{
.010 4 

T 1 = T/00 = 
(y I < 0) 

(y ' > 0) 

and the grid (symmetrical about y ' = 0) is 

{

0,. 05,.l,.1 5 ,. 2,.25,.3 ,. 35 ,. 4 ,. 45, . 5 ,. 6,.7, 

y' = y/6 = .8 , . 9 ,l,l.2,l. 4 , l.6 ,l .8,2 , 2.25 , 2 . 5 , 2.75,3, 

3.25 , 3 . 5 , 3 .7 5 , 4 , 4.5 ,5,5. 5 , 6 , 6.5 , 7 , 7. 5 , 8 , 8 .5 

The values for the field components at some discrete points 

are g iven in Table 5.1 . As expected , the fi eld va lue s, 

determined with or without the corre ction, are almost 

i entical when the fu ll grid is u sed . With the correct ion 

term applied to the partial grid , the agreement i s sti ll 

very good whereas, without the correction , the values are 

considerably different. The largest relative differ~nces 
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are noted in the imaginary compo nents . 

In order not to waste computer time and storage space, 

the improved boundary condition is used in all of the follow­

ing E-polarization calculations . 
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5.3 Compar ison with other work 

In this s e ction, re s ult s obt ained by the method 

desc ribed in this thesis are c ompared with those ca l ­

culated by other authors for the particular mode l of 

an infinitely conducting half-shee t, i.e. 

(y ' < 0) 

(y ' > 0) 

covering a c onducting half-space. In determining our 

results for both pol a r i zations, we have approximated 

T 1 = 00 by T 1 = 10 1 2 and us ed the following 75 po i nt 

g r id (symmetrical about y ' = 0) 

.0 . 01, .0 2, .0 4 , .06, .0 8, .1 , .12 5 , .1 5 , .175 , .2, .25 ,.3, 

.3 5 , .4 , . 45, .5 , . 6,.7 , .8,.9,1,1.2,l.4 , l .6,l. 8 , 2. 0, 

2.2,2. 4 , 2.6 ,2.8,3.0,3 .2 ,3. 4 ,3 .6,3 . 8 ,4, 4 .2 

Fi sch e r et al . (1978a , 197 8b) have o btained the solu­

tion for this particular mbde l in the E-polarizatio n case, 

b y incorporating directly into the theory the fact that 

tht:! horizontal electric field must be zero at the surface 

o f the infinite ly conducting half - sheet. They solved 

their integral equat ion (which c a n be shown to be a spe cial 

c ase o f our equation (3.4.52) ) numerically by assumi ng 

the electric field is con tant between each grid point 

and by using 2tn cvenly--spac e d g:rid. Initial l y, they used 
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90 grid points between · 0 and 9 . Then , to improve the 

resolution in the vicinity of the origin, t he field 

values were recalcula~ed using 80 grid points between 

0 and 2. (The advantages of incorporating uneven grid 

spacing and the improve~ boundary conditions into the 

theory as we have done c·n be seen immediate ly. ) On 

comparing our results w. those o f Fischer et al. , we 

see from figures 5.1 ana 5 .3 that the real and imaginary 

parts of the horizontal electric field and the vertical 

magnetic field agree well. The real and imaginary parts 

of the horizonta l magnetic field also agree well for 

y ' < 0 but quite different results are obtained for 

y ' > 0 (see figure 5.2 ). At the interface (y ' = 0), 

we find that the real ani imaginary parts o f the horizon­

t al magnetic field are discontinuous, diverging as y ' ➔ 0 

and smoothly appr oaching the finite values , . 65 a nd 0, 

as y ' ➔ +0 . Fischer et al. suggest a different va lue 

of - 1 .14 for the real part o f the magnetic f i eld at 

y ' = +0 . To help resolve this discrepancy, we note that 

Weidelt (1 971 ) obtained an analytical solution to a similar 

probl em by using the Weiner-Hopf technique. (He considered 

a model having an infinitely conducting half-sheet 

s eparated from an infinitely conducting sheet by a non-

conducting region.) In his pape r (Weidelt , 1971, fig. 6), 
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we find , at y ' = +0 , that 

H . - H 
Xl O ::_: _ _ 67 

Ho 
( 5 . 3.1 ) 

where H denotes the uniform external magnet ic field 
0 

a nd H . denotes the internal horizontal magnetic field 
Xl 

and a l so that total horizontal field H , is given by 
X 

H = H . + H 
X X l 0 

Henc e , we obtain H ( ±00 0) = 2H 
X ' 0 

Clearl yr equation (5.3.1 ) becomes 

H (+ 0 ,0) 
X 

~ . 6 7 

since H . ( ±00 ,0) = H 
Xl 0 

which compares directly with our resuJ.t of 

yt (+0,-0 ) ::::: 
y 

0 

. 65 

Thj s leads us to believe that our results for the 

ho rizontal magnetic field for y' > 0 are indeed 

reasonable . As a further check on our numerical 

procedure, work is continuing at the University of 

Victoria to solve the problem of E polarization and 

B-polarization induction i n two half-s ccts of finite 



- 110 -

in tegrated conductivity c overing a c onducting ha l f-space . 

From figur e s 5 . 4 , 5.5 , and 5 . 6 , all field componen t 

v a l ues, in the B-pola~ization cas e , agree wel l with field 

v a lues obtained by Nicoll and Weaver (1977 ) whose analy­

t ical solution was determined by applying the Weiner-

Hopf t e chnique lo the problem . 

Later , in section 5.5 , we also compare our results 

with those determined by a finite difference method and 

obtain excellent agreement . This gives additional 

verification of the va l idity of our numerical scheme. 
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5.4 Comparison of abrupt and gradual changes in inte­

grated conductivity _ 

In this section , two similar i!todels are considered 

in which T ' changes from 2 TT ton. In the first model , 

T' changes abrupt l y at y ' = 0 whi l e , in the second 

model , T 1 c hanges smoothly over one-half skin-depth 

(see figures 5 . 7 through 5.1 3) . 

For th e E-polarization c ase , with an abrupt change 

in T' , the rea l component of the vertical magnetic 

field diverges as the inter fac e is approached while the 

real part of the horizontal magnetic field jumps dis-

continuously a t the interface . The remaining E-po l ariza-

tion components are cont inuous in this region. As in 

secti o n 5.3, this is consistent with results obtained 

by Weide lt (1971, figure 2 ) f o r a similar mode l o f two 

half - sheets havin g integrated conductivitie s T 1 = 1 

and T 2 = 4 , respectively , overlying a non-conducting 

region . 

Similarly in B-polar ization, fo r an abrupt change 

i n T' , the r ea l part o f the vertical el c t r ic field 

diverges as y' + 0 and the real part o f the horizonta l 

electric field jumps d i scont inuously a t y' = 0 , whil e 

the remai n i ng field component s are continuous in the 

region. 



>­
CQ 

3 

' 

.16 

I .,~,-

.. 2 

w .10 -<l> 

.08 

.06 

-2. 

r . .-<;·.>':r:'_=·2'_7(:_:-.:,:.-::.'•.:.,_=>A 1 1 1 1 1 1 1 1? MODEL , 

}:·_:,::·.-:-,:_-.::r' = 2_7T":.:'.JII I I II I I I I I I I I ! I\ MODE L 2 
~ ... ,' :.-: 7f .06 

.04 

- -- - - - - - - - 702 

------ -------

-1.0 0.0 

Y/8 

REAL 

IMAGINARY - - - ·-

1.0 

.00 

- .02 

-.0 4 

2.0 

Figure 5.7 The effect of abrupt a nd gradual c hanges in integrated conductivity 
on the horitontal electric f ield at the surface (E- polarization) . 

>2 
CQ 

3 
---... ...... -Lu -E 

' 

I-' 
I-' 
Vl 



0.20 

0 .15 

0. 10 

0.05 

':;:·1 ~ 0 .00 

-0.05 

-0.10 

- 2.0 

• • • • I I I I I ( MODEL I • , 2,r ·: -· ••• • • .-.•. ·.·I I I I EL 2 I •·. :y ' • • • • : I I L]_l, MOD • •• ••• • • . ... I I 
I ··· ··il lllll llll '"' I )::--:::.,. :: T 2 77. ••• •••• '---.~ T = 7T 

REAL 
IMAGINARY ----

1 __ ,,. ___ _ _ __ 

// --------//2 

I 
;, 

I 
-------.._ I 

-- -, , I I 

-1.0 

' / I "' ..... _ 
1 

I 
0.0 

y /8 
1.0 2 .0 

Fig~re 5.8 The effect o f abrupt and gradual changes in integrated conductivity 
o n the horizontal magnetic field at the surface (E-polarization) . 

I-' 
I-' 
O'I 



I 
t 

::I 
'>2 
' .1 5 +_ 

>-

.10 

.05 

-2.0 

!:":·:::-.::_·r' = 27T ::::-=:.·::::·-I I I I I I I I Ii MODEL 1 

j·: -;·::::\.r' = 2?T_:.-:-:-lllill j 111 l I I l I ! j) MODEL 2 

---------------- '~ 
' , 

' 
- 1.0 

~r'= 7r 

I --::,__ --
,,,, ,,,... ------ ---'i 

// 

0 .0 

y /8 

REAL 

• IMAGINARY 

i.O 2.0 

Figure 5.9 The effect of abrupt and gradual changes in integrated conductiv i ty 
on the horizonta l magnet ic field just below the infinitely th i n sheet 
(E- polarizat ion) . 

f-' 
r' 
-.J 



Nj:>-

0.20 [ 

0.15 

0. f 0 

0 .05 

[" ·::::_:_::- 1--':= 27T-·:·:··.: ·.·.:.-.-:.::1 I I I I I i I I( MO DEL 

I ·:::.•. y' = 27T •. '.•/11111 111 I I I I I C£2 I' MODEL 2 

T = 7T 

REAL 
IMAGINARY 

0. 0 Q t"" mm == -r-,~ - - - - ----~~ 

-0.05 

- 0 . 

- 2.0 -1.0 

~ 
\\ 1 
\\ 
\\ / 

\ ,_-1 
\ I 
\ 
\ I 
V 

0 .0 

Y/8 

-7 -;;,, 
~ -

~2 

1.0 2.0 

Figure 5.10 The effect of abrupt and gradual change s in in~egrated conductivi t y 
on the vertical magnetic field at the s urface (E-polarization). 

1--' 
I-' 
co 



·-0.0 2 

-0.04 

- 0.06 

X 
Vs) - 0 .08 
3 

...... -..._ 
IJ... - - 0 .10 C> 

-0.12 

- 0 . 14 

- 2.0 

L:·::::_:_::-T' = 27T·':°: ·-. :··.·._·.-.. :.-.:j I l I I I ! I I( MODE L 

- j:_ · •• :::.,.::y'= 21f.::_:_,_:·li!lll 11 I I I I l I CI!\, MODEL 2 

T -:: 1T 

REAL 
I MAGIN ARY __ --

1 ----- ---- --- ....... ::::::::- ______ _,_ ___ _ 

-1.0 0.0 

/8 

.0 

0 .08 

0.06 

7 0 .04 

I 

0 .0 2 

0.00 

-0.02 

-0.0 4 

2.0 

Figure 5.11 The effect of a brupt and gradual changes in integrated conductivity 
on the horizontal e lectr i c field at the surface (B - polarization) . 

0 
X 
G() 

3 
...... --IJ... f-' - t--' 
E \.0 



0 
X 
GO 
3 

' 4 -
(!) 

\:.:,>./:>..t' = 21r_::::_•.::.-:--.:-:·:=.::::1 I I I I I I I I ( MODEL I 

t ··;·_:::-r:::·T• = :21r./:?III 111111 I I I I I I I l ! MooEL 
5 / h . ':\....___\_,· = 7T 

.0 4 

REAL ----

.03>-- lMAGiNARY - - - -

.02 

.01 

,-- ---- -
-:::::= .::::::-~ ,,.- -=., --!IQ:::, 

~ ' -r - --
\1 2 

I 
f --

0 .0 --

- 2.0 -1.0 0 .0 

Y/8 

1.0 

-

2.0 

Figure 5.12 The effect o f abrupt and gradual cha nges in integrated conductivity 
on the vertic al electr ic fi eld just below the infinitely thin sheet 
(B-polarization). 

I-' 
N 
0 



.18 

.16 
I 

0 .14 
X 
........ 

♦ + -.,, ·, 

.12 

.10 

.0 

- 2.0 

~.::·::.<.::.r'.= 21r::·:··. :··.· •. ..-. .:.::1 I I I I I I I I( MODEL 

v ·--:::.'.::r ' = 27f. ::.<·llill I I 11 I I I I I I r n MO DEL 2 
'- \ I 

~T = 1T 

REAL 
IMAGINARY - - - -

- - - -- .-- --- ----

-1.0 0 .0 

Y/8 

-- -:;::::. :;;.­
,:::- ,:::. ~ 2 

::::::====:::: 

1.0 

...,.. -

2.0 

Figur e 5 . 13 The eff e c t of abrupt and g r adua l changes in int e g r ated conductivity 
on the horizonta l magnetic fi e l d j ust b e l ow t he infini tely t hi~. s heet 
(B- polarization ) . 

f-' 
tv 
f-' 



- 122 -

When T ' change s smoothly from one v a lue to the 

other , all field componen ts remain continuous , i n both 

polarizations, while crossing the zone o f varying 

integrated conductivity (see As hour , 1971). It is 

important to notice , with thi s model, that the peaks in 

the f ield component s have shi fted away from y ' = 0 . 

This indicates tha t for realistic re sults the sloping 

continental shelf s hould be modelled more close l y than 

by an abrupt change i n conductivi ty . In the next section , 

a coas t model, which includes a continental slope , is 

considered. 
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5 . 5 Vancouver Is l and Model 

As a f ina l illustration o f the method deve loped i n 

t his t hesis , w~ c onsider a two-d i mensional E-polarizatio n 

mode l roughly representing a cross-section t hrough 

Vancouver Is l and which i nc l udes the continental s l ope , 

t he cc.'nt.ine!Yt.a l sh_el.f-" and tbe inner strait bet.ween t he 

i sland a~d the muinland. 

We have c ompared our results for the amplitude o f 

t he horizontal and vertical magnetic fields at the surfac e 

wi t h r esults obtained u sing the fi n ite-difference formu l a -­

tion of Brewitt-Taylor and Weaver (1976 ). As seen i n 

fi .gure 5. 14, the agreement is exce l len t . It is interest -

ing to note that the computer time required to determi ne 

t Le f i elds at the surfac·e using their 11umerical procedure 

(wi th a 59 point eurfac e grid by 40 poin t vertica l gr i d ) 

is appr oximately 1 5 minu tes compared to about 1 minute 

using ou r method fo r t h e s ame 59 po int s u rfa ce g r id. 

Al s o: extra di s k s pace mu s t be u s ed in t hei r ~e t hod . 

From our r esu lts, f o r t he frequency of 1 cph 

(~ . 3 mBz ), there are minima in the vertical field a t 

the i sland coastline facing the c ontinent a nd j ust o ff 

th e is l a nd coasLline faci ng the ocean. There are 

maxima at the continental c oastline and the i sland 

coastline facing ~he deep ocean with the main maximum 

occurring wel l cut ove r the continental slope. Slight. 
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enhancements of the field also occur at the beginning 

and end of the continenta l slope. The amplitude of 

the surface horizontal field decreases considerably from 

a maximum obtained where the deep ocean first meets 

the continental slope and then clearly distinguishes 

the contiLental shelf ~ya levelling off of the field 

followed by an abrupt change at the coastline. The 

island and strait are similarly distinguished by a 

levelling off of the field and abrupt changes at the 

edges . The horizonta l magnetic field at the ocean 

bottom has a maximum at the point where the deep ocean 

meets the continental slope and has a minimum just 

before reaching the continental shelf. Along the 

continental shelf and at the bottom of the strait, 

t he field roughly behaves like a mirror image of the 

surface field. 

In the region of the continental slope and shelf , 

we see that the fields are quite perturbed at this 

frequency . Thus, when trying to infer information 

about the conductivity structure of the Earth in this 

region, we conclude that field measurements should be 

taken either at the surface or bottom of the ocean as 

well as over the land. 
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5.6 Summary and future work 

In this thesis, a method for studying problems of 

elec tromagne t ic induction in two-d imensional conductivity 

anomalies confined to near the Earth ' s surface has been 

developed using the thin sheet approximation . Both 

E polarizc1t i on and. B-·polarizdtion cases have been 

c onsidered. 

A number of i rnpor tan-:: features have been included 

in the numerical evaluation o f the integral equations 

u s e d to determine the f i e l d values . In particular, the 

electric field is approximated by a quadratic function 

near the si11gular:i.'cy and by a linea r f unc tion bet:ween 

consecutive grid points e l sewhere . Also, even or uneven . 

grid-spacing may be used. Furthermore, the integrated 

c onductivity may vary over a limited range along the 

y-axis and may have different values at the extreme ends 

of the model. Its va lue at a grid point is determined 

by a ·weighted average o f t he conductivity in th e two 

ao.joining regions . Additionally, the fact that the 

h orizontal e l -ctric field along the surface, E (u ,O) , 

far from the region of varying conductivity , dies off 

as 1/u has been incorporated into the procedure . 

In section 5.3, it has been shown that -he accuracy 

of our results is 0 xce llant when compared to the analyt ical 

solution o:£ Nicoll and Weaver (1977) CB-polarization 
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case ) but that some differences do occur when comparing 

our results w.ith those of Fischer et a l. (1978a,1978b) 

(E polarization case ). However, the similarity between 

our results and those obtained by Weidelt (1971) 

analytically leads us to conclude that our calculations 

are indeed · ccurate. For the complex model of Vancouver 

Island (E-polarization case ) , our r e sults have als o been 

c ompared with those obtained by the finite-difference 

formulation of Brewitt-Taylor and We aver (1976) which 

requires much more computer time and storage space 

than our method . The excellent agre rnent between the 

results obtained b y these two different approaches is 

further verification of the validity of our procedure. 

Moreover, the considerable saving in computer tiMe and 

storage space provide s one of the main reasons for 

d veloping the theory using the thin sheet approximation. 

I t has been mentioned previou~ly that work is in 

progress to determine ana lytical solutions to some 

geometrically simple thin sheet models (using the 

Weine·-Hopf technique) in order to provide further checks 

on our nwnerical p rocedure. Work ic al s o being don e to 

extend the ~~a-dime nsional theory to include a layered 

h a lf- s pace in the present model. As a final comment, 

it should be pointed out that a two-·dirnens ional model 
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can not be u sed to study the additional effect of channel-

ling of electric currents around a n island . The extension 

o f this theory to analyse probl ems in three-d imensions 

would give a mathema tical technique for studying this 

'channelling e f fect' which would be mere practical, i n 

terms o f computer time and storage space, than a finite-

dif ference formulation . Tlie extension to thre e -dimensions 

is presently being developed. 
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APPENDIX A 

EVALUATION OF INTEGRAL COEFFICIENTS 

CO NTAINING BESSEL FUNCTIO NS 

In order to determine the coefficients 

and W l<lefi~ed in section 4 . 2), 
m 

in section 4.3) and I 
m 

and + I 
m 

~ V . and 
mJ 

(defined 

U . V . , 
m J m J 

W (defined 
m 

in section 

4.4 ) in a form suitable for programming on a computer, 

some expressions for the integrals of Modified Bessel 

functions of t he second kind are required . From the 

handboo k by Abramowitz and Stegun (1964) , appropriate 

series representations o f K0 ( w) and K1 (w ) are avail-

a ble almost directly. Also , from tabulated results 

(Abramowitz and Stegun, 19 64, eq. 11. 4 . 23 and eq. 11.1.9), 

we know that 

f oo Ko (w ) dw 
TT 

= 
2 

(A .1) 

0 

z 

ak (½)2 k I 
00 

and I< ( w ) = z I 0 k=0 
0 

(A . 2 ) 

v,here z = /2I x (x , real and positive) 

'- p 
0 

.e.n 2 - 1 - y + 
2 

- ln x 
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p
0 

+ rk + 1/( 2k+l) 

(k!) 2 (2k+l ) 

(k !) 2 (2k+l ) 

k 

I 
j =2 

1 
j 

y = .57 72 1 56649 01 53 , Euler ' s constant. 

After some rea r r angements , equation (A. 2 ) may be written 

a.s 

A ( z ) = f2

K
0

( w ) dw=x [(R( x ) -S(x)) + i(R (x ) + S(x)] 

0 

where 

00 

R ( x ) = I 
k= O 

00 

s (x) = I 
k=O 

(A. 3) 
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Both R(x) and S (x ) are convergent alternating series 

o f real terms. If hese series are terminated when k = n , 

i t i s well known that the remainder i s l ess than the first 

t erm neglected f o r n > N , provided that the t erms of 

the remainder are monotonically decreasing. For instance , 

f or x < 8 , N = 2 (see Table A. l). For convenience in 

programming, the above series representation is used for 

x < 8 with n = 10 In this case , the maximum r emainder 

for R(x) is the n I bl l I = . 33 X 10-1 0 and , for S(x) , 

i s IC l l = .16 X 10-1 0 Note that the coefficients bk 

a nd C k are multiplied by (i )4k so that for X < 8 , 

the terms in R( x ) and S(x) die off extremely quick l y . 

Now by u sing equation (A.l ), we can define the fo llowing 

two :functions : 

z 

{ 
A ( z) 

~ I H ( z) = K (w ) dw = 
0 

TI 
0 - - B ( z ) 

2 

( x < 8) 

( x > 8 ) 

and 

r 7T 
- A ( z ) CX'.) 

2 ~ 

f i I ( z ) = K (w) dw = 
0 

z B ( z ) 

(x < 8 ) 

( x > 8) 

A series representation of B (z ) = J
00 

K
0 

(w ) dw , for 
z 

( A . 4) 

( A. 5 ) 

x > 8 , i s given in the handboo k by Abramowitz and Stegun 



k 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

TABLE A.l 

Coefficients used to d etermi ne A(z ) to the desi r e d accurac y 

l bk l I lck l 
X = . 001 X = 1.0 X = 8 . 0 X = .001 X = 1.0 X = 8.0 

. 4 3 X 10 3 . 7 7 X 1 0 2 . 71 X 10 2 . 40 X 10 2 . 37 X 1 0 2 . 8 4 >: 1 0 2 

. 18 X 10 4 . 40 X 1 0 3 .1 4 X 10 3 .15 X 10 3 . 15 X 10 3 .15 X 10 3 

. 1 5 X 10 4 . 37 x · 1 0 3 . 11 X 10 3 . 1 3 X 10 3 . 12 X 10 3 . 94 X 1 0 2 

.3 8 X 10 3 . 10 X 10 3 . 30 X 10 2 . 32 X 1 0 2 .3 1 X 10 2 . 23 X 10 2 

.3 9 X 10 2 
I . 11 X 10 2 .35 X 10 1 . 32 X 10 1 . 32 X 10 1 . 25 X 10 1 

.20 X 10 1 . 5 8 X 10 0 . 20 X 10 ° .16 X 10 0 .16 X 100 . 13 X 1 00 

. 53 X 10- l . 16 X 10- l . 58 X 10 - 2 . 42 X 10 - 2 .42 X 10 - 2 . 35 X 10 - 2. 

.8 4 X 1 0- 3 . 27 X 10- 3 . 99 X 10 - 4 . 66 X 10- 4 . 65 X 10 - 4 .56 X 10- '< 

.83 X 10- 5 . 27 X 1 0- 5 .10 X 10 - 5 . 64 X 1 0 - S . 64 X 10 - 6 .55 X 10- 6 

.54 X 10- 7 .18 X 10- 7 . 71 X 10 - 8 . 41 X 1 0- 8 . 4 .1 X 10 - 8 . 36 X 1 0- 8 

. 23 X 10 - g . 80 X 10- 10 .33 X 10 - l C . 18 X 10 - 10 . 18 X 10 -
10 J .1 6 X 10 - 10 

. 74 X 10 -1 2 .25 X 10 - 12 . 11 X 10 - 12 . 55 X 10 - 13 . 55 X 10 - 13 . 50 X 10 - 13 

I-' 
w 
CTI 
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(196 4 , e q. 11.1.18) (s ee computer lis ting - subroutine 

BESSEL - for further d etai l s ). 

From the well-known recurrence relat ions for modified 

Bessel functions o f the second kind (Abramowit z and Stegun, 

1 964 , eq. 9.6 . 26 a nd eq . 9.6.27 ), we know that 

and 
K 

1 
(w ) 

w =- -I<. o (w) - K 1 ' (w ) 

Furthermo re , both K (w) and K (w) vanish at infinity . 
0 . 1 

With these re la tions, we find that 

(X) 

I 
K (w ) 

l 

w 

zl 
j wI< i (w) 

0 

dw 

z 

-- -I 2cK o ( W) + K 1 ' (w)]dw = 

z l 

(X) 

+ K ' (w)] dw = 
l 

I< ' (w ) 
0 

dw 

dw = -wK O (w ) 

(A. 6) 

(A . 7) 

(A. 8 ) 

(A. 9) 
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where L ( z ) = - I ( z ) + K 1 ( z ) 

and N (z ) = -zK
0

( z ) + H(z ) 

Here, z1 = 12T x
1 

a nd z 2 = /2I x 2 wi t h O < x1 < x 2 . 

Now, by using the above resul ts , we can express the coefficients 

~ ~ U . , V . , W , V . and W , given by equations 
mJ mJ rn mJ m 

(4 . 2.21), (4.2.22) , (4.2.23), (4 . 3 .3 ) and (4.3 . 4 ) r espect:Lvely, 

as 

u . = 
ffiJ 

ffi[M(g .) - M(g . 1 )] 
rnJ mJ -

/2T[M(g .) - M(g . 1 )] 
mJ rnJ + 

( j = 1) 

(2 < j < m-1 ) 

( j = m) (A.10 ) 

(m+l < j < M-1 ) 

( j == M) 



w == 
m 

V . = 
mJ 

and 

-1 
2 

- 13 9 -

K ( g . ) - K ( q . l) + (y -y . ) U . ( 2 .2. j .2. m- 1) 
o mJ o --nl]- m J mJ 

( j = rn) (A.11 ) 

[N(g 1) + N ( g l ) ] mm+ mm-
(A.12 ) 

Ko (g. 1) - Ko ( g .) 
rnJ - mJ 

( j = m) (A. 1 3 ) 

(A .14) 

where a . = l2I I Y -y . I . 
-'mJ m J 

I n the above, we have taken 

the Cauchy Principa l Value o f the integral denoted by 

V and no -- ed tha t (u-y .) = (u-y ) + (y -y. ) in 
mm J IT, rn J 

V . (m f- j) . 
mJ 
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Finally , c onside r the integra ls 

defined as 

I and 
m 

and 

I 
m 

I+ 
m 

I
yl P (y -u, +O) 

= -m m du 
u 

- 00 

00 

r P(y -u,+0) 
= -m J mu du 

YM 

and recall that P(y -u, +0 ) 
m = 

K1 ( /2I lym-u I) 

IY -ul m 

+ 
I m 

For 

y f O, we make a change of vari able (w = ffily -ul ) 
m m 

and note that 

1 

( w ± 112T y ) 
m 

= 

Next, we integrate 

by parts. For Ym 

± 1 

/2i Ym 

the te rm 

= 0 I we 

involving 
( w ± 

1 

YJ ✓2i 

make the same change in 

variable and i ntegrate by parts d irectly. The result is 

1 (-/TI + K ( ffi h± ) 
~+ + ) L (ffi 11- ) + 0 m + rr ( hI 11;, (yrn~ O) 

Ym 111 + 
ho 

+ 

± (K0 ( /TI h! ) 
h!)) 

(A. 15 ) r - = m 
+ N(/2I (y = 0) 

l + m 1 -
0 

,.,... ' 
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where 

a nd 

wi t h 

a c• ., 

-✓2 i 

00 

~ + I M- ( z ) = - /TI 
K

0 
(vv) dw 

( A . 16) 

z 

~ 
N ( z ) 

00 

( K
0

(w ) dw 

= -·2i J w3 (A . 1 7 J 

z 

h = Ym - Y1 
h+ = YM - yrn m m 

+ 
h = - y h - = YM 0 1 0 

'I'o cva l uu.te M7 ( /2I h ±) , we di s cret i ze d1 e i ntegra l 
m 

00 

K
O 

(w ) 159 
✓2i s j + l 

I 
dw 

I = I 
(w ± / 2i 

2
i { r :n + 

+ y rn 
) 2 j =n 

/2i h~ n.Th- m. s . m J 

w!,c:cc s = 8 
N 
+ 

s n-· l < h ·- < s 
m - n 

r - . 02 
j 

I an d the n 

K (w ) d w 
0 

( w ± /2 i y ) 2 

m 

j (] . < j .<:. 4 0 0 ) a n d 

repla ce 1/ ( w ± nr y ) 
2 

rn 
by 
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the constant value 

( s ±ly ) 2 Jl 
n m 

+ w in the interval h- < < s 
' and similarly, by 

rn l2I n 

1 [ 1 1 ] 4i 
---- + 

(s . ±y ) 2 (s . +, ±y ) 2 

J m J .,__ m 

in each of the remaining intervals, /2I sj < w·< /2I sj+l . 

The resul ting expression is then 

l 

( s . ±y ) 2 
J m 

+ s.+1 ) -H( ✓2 i s.)] t 
J J J 

( A .18) 

S'milarly 1 we find that 



~ ( i-1) 
2 
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{[_l + _l] 
h ± 3 s 3 

o n 

In th e above , we have assumed that 

00 

(w ± 12T y ) 2 
rn 

a r e n egligib l e. 

and 

00 

J 
K (w) dw 

o w 3 

(A .19 ) 
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APPENDI X B 

VERIFICATION THAT J 2 (+0 ) EXISTS 

To show that J 2 (z) exi sts at z = +0 , we need t o 

b e familiar with two theorems concerning uniform con­

v ergence (u .c. ) and differentiation of c ertain integrals 

(Ka plan , 1 97 3 , pp . 44 7-449). The first theorem may be 

stated as follows: 

If jg ( s , z ) I < h ( s ) on 0 < z < 1 and 

if f"'h( s ) ds exist s , t hen J
00

g (s,z ) ds is 
l 1 

u . c . on u < z < 1 . 

The second the or em may be stated as : 

Given 
( 00 

j g(s , z) ds wher e g2 (s , z ) 
l 

• 00 

J g 2 ( s , z) ds i s u.c. on 0 < z < 
l 

' l. 

}z { r~ g ( s , z ) as} = r 'Og2 ( s ,. z ) ds on 
l 1 

exists and 

' 
then 

0 < z < 1 . 

After scali ng all lengths in equation (3.4.47 ) by 

1/a and rear r a ng i ng , we have that 

J ( 2} ( B . 1 ) 
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where f(y,s ) = E(y+s,O) + E(y-s,O) - 2E (y,O) (B. 2) 

and P(s,z) -
K 1 (/I /s 2 + z2 ) 

✓s2 + 2 2 
( B . 3 ) 

For convenience in this verification, we furth r sub­

divide J (z ) a.s 

J( z ) = I ( z ) + H( z ) ( B . 4) 

where I ( z) - r f (y,s) P (s, z ) ds 
0 

( B. 5) 

and H ( z ) -- j00

f(y,s ) P(s,z ) ds 
l 

( B. 6) 

We now wi -h to show that H'(+O ) exists. We fi rst 

u se the Mean Value Theor em (11. V. T. ) to immediate l y state 

that 

I f ( y , S ) I < M S 
2 ( B. 7) 

where IE1 l (s , 0) I < H for some 
--
s ' 0 < s < 1 . 

Then, from a t~bula ted result (Abramowitz and Stegun , 

1 964, eq . 9 . 6 . 28) 

- II Z I~ 
2 

( /I / S 2 + Z 2 

) 

( s2 + z2 ) 
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we obtain 

( B . 8 ) 

on O < z < 1 . From another tabulated result (Abramowitz 

and Stegun , 196 4 , eq . 9.6 . 23) 

w2 
K2 ( w) = 3 

we find that 

( 00 

/K2 (v+iv ) / < v 2 J e-vtt 3 d t = 
1 

since 

I '1 \i) 2 1 2 < 1 = 3 I 

and je- iwtl < l 

Now , s ince i/s 2 + z2 
and \I == 

2 

we s ee tha t 

dt 

e-v ( v + 3+i+~) 
\) V 2 

(B . 9) 

s > 1 on 0 < z < l I 
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which i mplies 

where D = (1 6 + 6/2) 

(B.8 ), we obtain 

After subs tituting this into 

De-s/12 
JP2 (s ,z)I < s (B.11 ) . 

Finally, from the inequalities given by (B.7) and (B.11) , 

we can de termine that 

De -s/12 
I f ( y , s ) . I IP 

2 
( s, z) ] < Ms 2 

5 

·N -s//2 = se ( B.12 ) 

o n O < z < l 

and that 

(B.13 ) 

a finite value 

By the first theore m, J
00

f (y , s ) P
2

(s, z ) ds is u .c . on 
I 

0 < z < 1 , and by the second theor em 

H1 (z) -- f00

f(y,s) P 2 (s,z) ds on O < z < 1 . 
l 
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In particular, H' (+O) exists. 

Now consider I ( z ) . By the M.V . T. , we can write 

that 

I 
= z I cK 2 (III s 

2 
+c 2 ) I IP(s, z ) -P (s,O ) l=zlP

2
( s , c ) 2 2 

S + C 
(B.14) 

for some c between O and 1 . From (B. 9 ), we immed iate ly 

see that 

-v 
< e 

since , in this case, 

( v + 3 + ~ + ..£) < ~ 
v v 2 v 2 (B . 15) 

and thus O < v < 1 . After substituting (B. 1 5 ) into (B.14 ), 

we obtain 

IP (s,z ) - P (s,O) I < 1 6zc = 
s 2v 2 

32 zc 

F-rom (B.5 ) , (B. 7) and ( B .lG), we find that 

I I ( z ) ; I (O ) I 
l 

< ! f i f (y , s ) I IP ( s , z ) -- P(s ,0) I ds 
0 

< ½ (( Ms -ds 32c z ) 
s 2 (s 2 +c 2) 

- 32 M tan- 1 1 
C 

(B.16 ) 

( B . 1 7) 



- 149 -

Now, as z + +0 in the above, we obtain the desired 

result that I I ' (+0) I < 16 M TT • Since both I' (+0) 

and H' (+O) exist , we may finally state that 

,}z { z~ J (z)} 
II = J( +O) 

7T 
(B.18) 

z=+O 
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APPENDIX C 

LISTING OF THE FORTRAN PROGRAM 

This program calculates the electromagnetic field 

compone nts in both E- and B- polarization for the model 

of a thin sheet oi variable integrated conductivity 

covering a conduc ting half-space. As near as possible , 

the program follow s the nota tion used in chapter 4. 

It should be noted that the listing of the subroutine 

LINSYS which is use d to calculate the horizontal electric 

fields by Gaussian elimination is no t included here . 

Informa tion on this subroutine is availabl.e from the 

University of Victoria Computer Centre. 
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C -- - THIS PHO~RA~ CA LCU LATES 2-DIMENSIONAL ELECTR OMAGNETIC INDUCTION GRN00100 
C FIELDS fOi< THZ MOUEL OP A Tl:!I. :;HEET OP VAHIADLE GRNOC200 
C l!UEGRA'J.'ED CONDUCl'IVITi'. :OVERING A CO NDUCTING f!ALP-SPACE. GRNOOJOU 
C GRN00400 C------------ ------------------- - RAIN ---------- - ------- - -----------GRN UOSOO 
C READ:.i DAT .I\ ,, SEI'S PROGBAl'l CONSTANTS AND C,ULS RE:QUIRE D ROUTINES. GRN0 0 600 
C GR ll007 00 

I!1PLIC IT co aPL EX(i<lb (E,F , G,I,X,Y,Z) ,REAL*tl {A- D,K,O-rl ) GRN00800 
REAL•tl Y GUNOO~OO 
:O~HJN / AO/ !A,IB ,1C,H OOTL,PID2 , PID4,PID8 ,D2, DH ,.SJ,NP, NN , NDIHA,NRHSGHN 01 0UO 
CO :'I !1 O ' / A 1 / Y ( 7 ':> ) , DI C ( l 5 ) , K i< i< (] ~ ) , 'U. (7 5) , Y Y Cl '..>) , YI- ( 7 5 ) , Z Z (7 5) GR t: 0 1 1 0 0 
C0:1l10 N/A2/ DEi. , SlG , D?REQ,O!'.EG , I,IPli,O,li,T,PI , :11,rlM,M2,ML , tl3 , MK,JERGRtl01200 
:::<)~/"iOtl/A.:!/ Zti (! S , 7:i) , ZS{/5,/5 ) , QQ("/5, 7 5 ) Gi.ltl013 00 
C0!1MON//\'>/ A (/ ::i ), H(75 ),C (75 J, P (7::i), Q ( 7 ':>), R (75) ,AA (7 5),KK(7 5) GRN01 40 0 
Cu:1!1011/J.b/ ZOL ( 7~) ,ZUR (7 '> ) ,ZKDL (7 5) ,ZKOR ( /S) GRN01'.>00 

C GRN0160 CJ 
~ !-"ORMAT(10D7.0) 
6 !-"OR:iA T (2D 15. '>, i 1I :l) 

C 

GRN0 1"100 
GRNO 1800 
GHN0i 900 
GR!I02:JOO 
GRN02100 
GR N0 22l!O 
GHN 0 2JUu 
GRN0 2t.;OJ 
GRNu2:iOO 
GR II07.oll0 
GRN02700 
GRil02 800 
GR N029UO 
GR N 03 Ol10 
GR N 031 0 /J 
GRNOJ20 0 
GR/103300 
GRN03400 
GBN 03 500 
GRNO.{uOO 
GRilO 3 700 
GRN038(!0 
GR NOJYOO 

C PP.OGil hM CONSTkNTS 
0 ·- U.ODU 
ii - 1 • OD 0 
T = 2 . UDO 
I= (0.0D 0,1 . 0DOI 
IPII = (1 .U::J0, 1. 0D 0) 
PI = DARCOS (-1. ODO) 
PID l. = .'.>DO*PI 
P1D4 = . 2 ~ DO *P I 
PIDtl = . 12'>DU•PI 
ROO'I'2 :. DSQRT (T) 
I A -· W/IP tl 
1 3 = I PW(llOOT2 
re = ( I -II ) / P0012 
D2 = 11/8. D0"- ~2 
DU = li / H.DUt· ~-t:l 
UD = PI*4.0 D-·7 
SJ - • O:.'.D O 
NP = 400 
NDIMA -:-: 73 
NHtiS = 1 GRN040 00 

C GRNOII 00 
C------------- ------------------------- ---------------------------------GRN04200 
C P HOGRAM O?T IONS GR NO 430 /J 
C TO I NPUT GRID AND I II TEG RATE D CON DU CTIVITY IN KILOM ETERS AND :-;u os , GRU04 400 
C SET JDlj :-, O. GR N 04500 
C ru I NPUT GRID h~D INTEGRATEP CONDUCTIVITY IN DIMENSI ONLESS ONl~S, GBN04 60 0 
C SET JDH! = 1. GRNO t!JOO 
C ro U&VE BESULfS PON CHBC ONTO CA RDS, SET JC= 1 . JN IS THE~ SOME GRND4DOO 
C NOM!Hii li !iIC !:l IS l'USCHED 0111'0 1"liE CARDS TO rtiDICA'l'E THE GRll04 ~00 
C P/\l1'fI CUJ.i,H SET 01' Hl:;~Ul.7.S. GRNO~OO O 
C ro CI..'.CUJ.A.t'E ,lA,;cu: COE I'flCI!-; ~TS .t.IID PIBLll..>, ~ET J:::F = o. GR!l 0'.> 100 
C ro Cl, LCl1i..AT!i lif'H<ll( CO i::FflCJ.l::llTS A.'D S'l'Ot !':: U.I UNIT 1l (DIS C), Gll N0~20U 
C SET JCf = 1. ( fir:LDS ARE J>.L:.;O DS,J.:!:l/1Hl.:D.) Gfi11U 5 3 00 
C ro USE COEI'J>ICIEN1'S STO!lE D ON UNIT 11 (DISC) FRO!'!,\ Pl:iE\'lO US GR:lll 5400 
C au ::, S i:.'f JCF' = 2. (fIEl,0.S ldlE hl.SU DETE!U!L NSD .) GR ' 05 500 
C '. 0 C l.CU1.AT!.: :-;.\,RIX COEFFICIE!ITS OIILY ND Sl"t>RE ON u:a·.:- 11 (DI3C), GllN05 60 0 
C 5El' ,JC/! "' J. (FI ELDS l,!1£ 1;0T D.E:l'ER~INED.) GRN057 00 
t · ro CA LCULAfE G-PJLARIZATI ON FIELU.S, .SET J BP = 1. GHNU~dUO 
C TO CALCULATi C-PO Lill IZAT IO~ FLELDS, Sir JiP = 1. • GRN05 )u0 
C I'O DETJ-:Hi1IHE t!hTRlX CQEl"i-'lCIJ:!ITS fO:l l ,l'H \'ED BOUNIJ AR Y CO NDIT.IcJN'.> GR!:O C,000 
c::: fO t:-POl.Ai: l.ZATIO:l !'HOBI,EtlS, SET ,J C0:1 = 1. CRNU6100 
C 10 RES'l"/\HT PHO::;P1111, SC:T J tl == 1. GRN0&200 
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C 
C 
C 

IP DIMENSIONLESS GRID PO I NTS ARE THE SAME FOR THE NEXT RUN, THE GilNU6JUO 
ttArDIX CJE P PICIENTS NEED NOT DE HECALCULATED. SEE SECTIO~G RNOb~UO 
5. 1 I N THESIS. ( IE. SET JCP = 1 ltl THE l?IHS'f RU N, THEil GHN06 500 

C SET JC P = 2 rn FUTURE RUNS.) GR!\06600 
C ----- ----- - ----- - ---------------------- - --------------------------- ·· - -GHN0&/00 
C Gk N06 HOO 

C 

C 
C 

C 
C 

1 1 

READ I NP UT DAV. { Frt E'J OEt, Ci, CO !ID U:T I V Ir Y ,, END G HID POD TS, OPT IO :,s i 
BEAD{~, 6 ) DPRE Q,SIG,M1,nn,JBP,JEP,JC, JCF ,JT, JN,JDift ~JM , JCOR 

MOR~ PROGR A~ CO NSTANTS. 
!12 = I'. 1 ~ 

, 
l'U 1'!1 + 2 
MK = r' .. IU - 2 
11 L = 111:1 - , 
N N = IH - Ml 
O'.'IE G = 1'"-Pl*DPREQ 
DEL DSQ RT(T/ (0 , EG* UO*SIG) ) 

HEA D INTEGBATED CO NDU CTIVI TY 
READ (S ,S) ( DIC (J) ,J=lil, HJ.) 

GR!I 06900 
GR NU7 000 
Gilli 07100 
GR N07200 
GHN0 7 ]00 
GllN07 Ll 00 
GR N075 00 
GflNU'/600 
GHN0 77UO 
GRN0 7 800 
GR!l07YOO 
GRN OBOOO 
GR N0810J 
GRNU8200 
GRNOBJOO C 

C READ COEFFlCIE~TS PRO S STORAGE. GR N08400 
IP (J :P .EQ . ~2 } READ (11) G!:itl08500 

1 ( ( ZR ( l'i, J) , J = :11 , M li) , M = M 1, :1 !1 ) , ( ( ZS ('l , J) , J = :11 , :1 M) , M= 11 1 , !'l M) , ( Z KO L ( J I , G t1liO 86 UC 
1 ZKURiJ) ,ZUL (J),ZUR(J),J=M l, 1'l!1 ) ,(( Q~ (~,J ), J= !1 1,tH1 ) ,li=M l,:1tl ) , GHN08700 
1 ( Y ( J ) , K K { J I , AA ( J ) , A ( J ) , 13 ( J) , C ( J ) , ? ( J) , \i ( J ) , B ( J) , ,J = 11 1 , CH!) Gil N O 8 8 0 0 

C GBN0 8900 

I P (JC F.EQ . L) GO TO 10 
C 
C REA D GRID DATA. 

READ{S,S) { Y (J) ,J=!'ll,1111) 
C 
C IF JDIM = O, CO NVERT KILOMETERS TO DIHENSIOtlLESS UNITS. 

I P (J DI/1. EQ . 1 ) GOT O Y 
DSCA!. J.: = 1.D3/ DEl. 
DO 1 J = M 1, Ml! 
Y ( J ) = Y (J) ,i, DSC AL E 

C 
C CALC OLATION CP GRID STEP-SIZES. 

C 

~ DO 2 J = Ml,ML 
I'! = J + l 
K K (J) = Y (J + 1) - Y ( J ) 

2 AA ( I'l l = li / KK (J ) 

C CALCUL ATI ON OF FI NITE DIFPER ENC E CO EPF ICI EN?S. 

C 

DO 3 J = Ml, ML 
K -· K K (J) 
K1 = KK(J-l ) 
KP = K + l 1 
Kr = K - K1 
T,(J ) = - K/ (KP*K1 ) 
13 ( J ) - Kl'l/ ( K "K 1) 
C ( J ) = Kl/ (~ P*K ) 
P P ) = TI (1>. P *K 1 ) 
Q (J) · ·T/ ([; *K 1) 

3 I: (J) T/ (KP*K) 

C "ALCU ATI ON OP Dl !'IENSI OHLESS AVERAGE D l tl TE~RATED CO NDU CTIVITY . 
C IF JDIM = o, CO NVERT KHOS !O DI HENSI O~LESS UNirs. 

10 SD " B 
I f (JD ili.E Q. U} SD= ii/(S I GlllD EL) 
D O II J = li2 , l:lL 

GR ll 09 000 
GfiN09100 
GR l.O ':U OO 
Grlll 0 9 .300 
GP. tW':.i!IOO 
GHN 095CD 
GRN 0 9600 

. GRN0':1700 
GRN OY800 
GHN l19 9 00 
GRN1 0 000 
GRN 1010 () 
GRN1020 0 
GRN 10 300 
GH N10~00 
GRN 1 0500 
GRN10600 
GflN 10 700 
GRN1080 0 
GR N10900 
GRN1100 0 
GRN1 1 100 
GH!l 11 .W O 
GR!l1 1300 
GR N11400 
Glltl 11 ~00 
GHN 11600 
GRN1170U 
GRN 1180il 
GHN'l1900 
GRN12000 
GBN121UO 
G£<~122 ll0 
GHN12 3 00 
GR Ni2U OO 



C 

C 
C 

C 

Q. 
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KKK ( J) = SD• (K K ( J) >1< DIC( JI ·t-K K ( J - 1) * DIC (J-1) ) / ( K K ( ., ) t- KK ( J-1 ) ) 
KKK{ M1 ) = SD*DI.C(ll2) 
KKK { 11M) = SD * DIC (11!.) 

IP( JCP.NE.L ) CALL COEP, 

GRN12500 
GRN12o00 
GRNi:000 
GHN12cJUO 
G N12<;00 
G!:lN1JOOO 

STORE COEFFICI EN T S POR FUTURP, USE . GRN13100 
IP{J::l'.EQ.l.Ocl.JCLEQ.3) I-IRITE(ll ) GilN1J200 

1 ( ( ZR ( i1, J) , J =M 1 , '.'i ~l ) , l'I = i1 1, MM ) , { ( ZS ( .'1, J) , J = !'.1 , M i'l) , 11= ~l 1 , M :-; ) , ( Z KO L (JI , G H :11 3 JO 0 
1 ZKUI! {J) ,ZU1(J) , ZUR (J) ,J=l'll,~M), ((,J Q (:-1,J) ,J=.':1 , Y.i1) , M=M l ,.'l.'1 ), Gl-nl 13400 
1 ( Y ( J ) , K K ( J) , Al,. ( J) , A ( J) , B { J) , C ( J) , P ( J) , Q ( J ) , I! ( J) , J = ti 1 , 11 ~) GI! ~Ii J 5 0 0 
IF(JC !'.EQ.3 ) STOP GRN13o00 

C CALCU LATION OP B-PJLARIZATION PIE!,DS. ~ 

IF' (J BP. NE. 1) GOTJ 7 

GHN137 00 
GRN13800 
GRN13900 
GRN14000 
GHN14 100 
GR!l14200 
Gl-.N1 'JOO 
GRH 14 iwo 
G, X145 0 0 
GRS14o00 
GRN 1 4700 
GRN14800 
GRN14':IUO 
GH ~ 1SOOO 
Gl:!N15100 
GHN15l00 
GilN 15300 
Gllll15 4 00 
GRN15'...00 

CAL L BPOL 
CALL RESULT {1,J llP ,JEP,JC , JCP,JT,Jll,JDill,J 1'. ,JCOll) 

C 
C CALCOLATION OPE-POLARIZATION llELD. 

C 

C 

C 

I IF(J EP.NE. 1) GOT:l ti 
IF (JC OR.EQ. 1) C!ILL EPOLC 
CAl.L EPOL{JCCR ) 
CALL RESULi.'(2,JBP,JEP,J C,JC P,J T,JN JDHl ,J :1 ,JCOR) 

8 CONTI HUE 

flE!HHD 11 
IP {J M.EQ.1) GOTO 11 

S1'0P 
END 
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C------------------------ - - - - -- . --- CO EPF - - - --- -- - ------------ ------- --GRN15600 
C DB ?ERMINATION or MATRIX COE?PI CIE~TS FORE-PO L AN D B-~OL PROB LEMS GRU 1S7U O 
C (SBt CHh PTER U) GR N15 UOO 
C GRN 15 900 

1 
C 

SUBROUTIUE COE . P Glltl 1 6000 
GRN16l00 T. MPLIC Ir C:Jl1 PL EY.t, 16 ( E, P , G, I, X, Y ,.Z ), BEA L* !:! (/1-D, K ,O-W ) 
GRl"i 16 200 

'f.C/:i ), DI C( 7:. ), KK K 17 5 ),X X (i :, ),'Y("/S) , i'.P(75) ,ZZ (75) G:i :-1 1 6300 
D I-:L, SIG, D f!.! EQ, 0 :1 E G, I , I P H, u, 1; , T, PI , :-11 , ~II , '.1~ , 1': J., ~ 3 , r: K, J E l.l GR I{ 1 6 40 0 

HEAL >:< 8 'f 
co.-; 110:;;;.1; 
C 0:1/W li/ l,l/ 
CO i1r.O '."l //t.:l / 
C O!H lO !i/A'.J/ 
CO~lt10 N/A6 / 
COtH!ON/ ,IS/ 

Z !l(1:i, "/ 5) , z . ("I'.:>, 7 :, ) , QQ ("/:,,1 5 ) GRt:16500 
A ("b ) , 8 ("/ 5 ) ,. C (7 S ) , P ( 7 :, ) , (l ( 7 5 ) , R ( 7 5) , lit. ( 75) , K K ( 7 5) G !i 1 6 6 0 0 
Z UL ( 7':> j , ZU R ( 7 :, ) , ZKUL (7 :. ) , ZKUI {75) GRN 1 G70 U 
;,; IW ('I '.J) , Z :1 ( 7 :>) , Z !l ( 7 5) , Z U ("7 '.:>) , Z V (7:,) , Z \-l (7 5) , GR N 1 6 tlU U 
Z Z. 11 :) S ) ,. Z Z ii ( 7 ) , D L ( 7 5) G H N 1 6 9 I.) 0 

C CALCU L ATI ON CF COEF FICI ENT S ZUL AND ZUB . 
GRN 17 UOO 
GkN17100 
GRN 17 200 
Gf< ln7300 
GRN17LI0 0 
GR:1 17 ~00 
GHli17b OU 
GRN177 0 0 
Gii N178 0 0 
G!l?: 17 9 00 
GIOl1Hll00 
GRN 18100 
GRN ~l3 2 00 
GR ti 18 .~O 0 

C 

C ALI. BESSEL (:11 ) 
C ALL B ESSEL Ul, ) 

DO 11) 11 = t'll ,flL 
l!N=M - 1 
MP= + 1 
CAI..L Br::5SEL ( ri ) 
KP = )'. (IH' ) - Y{, N) 

C 
DL ( !'l ) = DLOc.:{C'(!'lP ) -Y {/1)) /(Y( M)- Y( l!lll ))) 
DO 3 il J =- /12. ,.tHl 

JU Il'(J.LT.11.0R J . GT . H ) DI (J) = DLOG((Y(M)-\'{J))/{'f( t'l )- Y {J -1 ) ) ) 
C GRH184UU 
C CALCUI.A l'lOtl Of O, V, l.l , V (TILD A) AND W (TILDA ) . (S EE APPEN DIX A) GR};ltl5 0U 

.:l O bU ,J = :;2,ML 
DD = Y { M) -Y {J ) 
l P (J.GE.M) c;or o c l 
ZU ( Ji = I ? i -.{Z . (J) - U l ( J -1)) . 
½V(J) = Z i(U(,1)- 7.K O ( J-l) + DD*Z' {J) 
ZZ. V (,1 ) = U:J (J- 1) - ZKU ( J ) 
Z:t,li (,l) = i.:-l(J - 1)-ZN(Jj + DD*ZZ7 (J) 
GOTO t,() 

6 1 IP ( J.LE,:'\) GOT O 60 
ZU(J) == Hll*(Z:1(J)-ZN(J+l)) 
Z\'(J) = U.O( J +l )·-ZKO (J)+DD*ZU ( J ) 
ZZV (,I) = ZKU (,1 ) -ZK O iJt-1 ) 
ZU ( ,J} = ZN ( J+1) -Z N (J ) +-D D•ZZV (J ) 

60 C ON TI NUZ 
i' ·: •• ZLI ( :1 ) = -IPW * ( 7.!1 { l'lP ) +Z !'I (MH)) 

ZVUi ) = ZKU ( l'iP) -ZKU( t,tl) 

C 

Z W(l'l) -:.: -.5DO*( ZN( ! P)+Zll( ~ } ) 
2Z\' ( /l ) = ZKU ( i'l N) - ZK O( r.P) 
ZZ'ri(! , ) = ZN(l'lP} t- ZN( h!-1 ) 

C ~LLCU Li TE COBP. I Ci tNr s PO R Y(U,-0 ) - SE E EQ UATIO N 4 .2.16 - AnD 
C fO Y(U ,+IJ) AND Gl (U , {·0) - SE E EQlJ Al' J ON S 4 . 2. 2 ~, .t NO ij,J • .2.. 

I),'; ,!() J = U2 , L. 
I l' (J.G t:. tlN ) GOTO 21 
QQ(li,u ) = A,'.1 (Ji-1 ) " DL(L1+1) - U1{J ) * DI. (J } 
ZS[M,J) '"' AA( J ) •' Z,Z. V ( ,J)- A.\ (,J+ 1PZZ V { J+-1 ) 
Z.ll.( cl ,J) = ZU(J) t· f.A (J)*ZV( J )-H(J <- "l) ~Z 1 :J v 1) 

GOTO 2 0 
l. I li'(J L E.MP! GOTO 20 

(lQUi, J} AA(J+1 ) ~!H ( J+ 1)-A' (J) * DL (J) 
Z!l( M,J) = Zl' J)+, /\ (J ) « l V(J-1 )-- .H. ( J+ 1j l ' ZV{J) 
Z S ( H • ) = /l. A (J ) ""' ZZV (J-1 ) - AA ( -~ 1 ,:,. zzv (J) 

GRNH! ' OU 
G HJ; 18 700 
GRN 1 88JO 
GEOll !:l ':l DO 
GRN190 0C 
Gfrn19!00 
GHN192UO 
GRN1 9 3 00 
GR 11 191100 
GilN l ':lSOO 
GRN1 9b 00 
GRN19700 
GBN 198UO 
GHN 19900 
GRU20000 
GRNl U 00 

·· GRt120iOO 
GRl!2u 300 
GHN 20400 
GllH20'.J OC 
G R!i2 U6 0 1) 
G.: N207 1 0 
GR N20l!UO 
GR !~,!090 0 
G£lN21000 
G lnl 2 ·1 100 
GliN/ 120 () 
GflN21JGO 
GRN214 0 0 
GH ,' 21 jl) (.l 

GRNFI &00 
GR :2 17 00 



2 0 

2 

J 

, 0 

C 
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CON~I N UE 
QQ ( ti, l'I ) = -D (M) >!< DL ( I'! ) - Q (M l (<KP 
ZH ( M, 11 ) = ZU { !'I ) + D(l'I ) ZV(M) + Q ( H} *ZW(ti) 
Z S (M ,M ) = B (:-\ ) *ZZV(tl} + Q { l:l) * ZZW( M} 
IP{l'l.E Q.tU) GO'I'O 1 
QQ( M,tlll ) = - ( AA ( r.li)*DL(MN ) + A ( M)*DL (11 ) + P(M) *ltP) 
QQ ( M, rl 1) = A pl) '!<DJ, (117-) 
Z R ( M, M Ii ) Z U ( ,1 II) + f, A ( M N ) * Z \' ( ti N) + A ( M) * Z V ( ti i + P ( H} * Z H ( M) 

ZR ( l'l,tl1) = ZUL(;"l) - AA ( ML ) *Z V(M2) 
ZS ( M, MN) A (.'1 ) *lZV (Ii) + P (:1) *ZZ.11 ( M) + AA (MN ) *ZZV (MN) 

ZS(M,L11) = -AA ( l'l2 ) *ZZV ( t12) 
GO TO 2 
QQ(M,111) -A(!1 ) *DL ( M) - P(l'1 ) * KP 
ZH(/1,!11 ) ZUL ( l'l ) •· A(11)'0'ZV ( M) + P(M) * ZU{M) 
ZS( M,Ml ) ,\ ( i1 ) *ZZV ( l1) + P ( M) *Z ZW( M) 
IP(M. EQ.ML) GOrD 3 
QQ ( M,MP) = AA(:1+L)*DL ( H+2J - C(M) *DL (M) - R{N)*KP 
QQ ( , , ,Ml'i) - AA(f~)*Dl.(IHI) 
ZH ( M, ~i P) ZJ ( '.1P) - AA ('.'l+2) *ZV ( l1P) + : (M) *ZV ( i'l ) + R (M) *ZW ( M) 

ZH( !1,M~) = ZUii(M ) + AA ( MM)*ZV ( ML) 
ZS ( M,11P) C(M) ~'ZZV(M) + R(:-l ) *ZZii(t:I} - AA ( !1+2 ) *ZH (MP) 

Z S ( M, MM) - Ab.(Ml1 ) *ZZ V (ML.\ 
GOTO 10 
QQ(M, Ml'I) 
ZR (M, MM) 
ZS ( M, Mti) = 
CO NrlNUE 
HETU!l N 
END 

-C(/1 ) *DL {M ) - H ( 1'1 ) *KP 
ZUR(MJ +- C[M) * ZV{M) + R ( tl ) * ZH(ll ) 
C (!i) *ZZ V { 11 ) + R ( HJ *ZZll (M ) 

GHN21800 
GRN2 190 0 
GRll22000 
GRN22100 
GRN?2 200 
GP.N 22JU O 
G~ N22400 
GRN:.i2SO O 
Gll:122600 
GRN:.12700 
GRN 22tl00 
GRN22 9 00 
GRN 2J000 
GRN23100 
G!1N23200 
GRN2 3J00 
GRN23400 
GRN2J500 
GllN23600 
G11N2 noo 
GR.'23800 
GR!l23 400 
Gll ll24 0 01 
GR N24100 
GR N21♦ 200 

GRNL4300 
GR N24400 
Gi!ll24 500 
GR H24600 
GR ti 2 1• 7 00 
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C-- ----· ·- - -- - ----- - - - --- - -- -- - - -- - - - BESSEL -- - ---- - - - - - ·---- - -- - ------ ---- -G H N 2 4 8 UU 
C CALCULl,TlON OP BESS EL ru1; cT IONS. ( SEr: ,\+.S A:1D AP P l~NDIX A) GRr;2 4 'J OO 
C --- ,H;j - DENOTES HEPER E,I CE T::!XT: i:JAND!300K 01' MATiitMA TICAL FUN CTIONS GR N2'.,000 
C IJY A!JR ~lOIHl'Z AND STEGON, 1%4. GRN2 5 1UO 
C GR!'i 2 5 200 

C 
C 

SU 13ROUTI!IE BESS EI. ( !1 } GRN!. '.'-3 00 
IM PJ.Jcrr CO /\PI.J:X*11::> { P. , F,G,I,X,Y,Z) ,REA .•'tl(t. -D K ,O-lq GR!'l2:-1400 
kEAI. *d Y, X,XtJ ,X8DX GR1''.~5500 
C0 :'11:'L EX'-' 1 b CDE.XP GR !Uj6UO 
COKMUN/A U/ IA, JD, IC, ROO T 2 ,P D2,PID4,PID8,D2,D 8,SJ ,U P,N N,NDI HA , NRHSGRN25 100 
co:1r.oN ;r..1; Y (7~ ) , DIC (75), KKK (75) ,xx (75 ) ,YY (7j) ,Yl> (7 5) , zz (75 ) GHN25d 0 0 
C O :'I :10 N / i-. L I D EL , S I G, D f R E Q , ::J ~ E: G , I , I P ,i , 0 , \oi , ;' , PI , ,~ 1 , .'ll'l , M 2, Ml, , .'l 3 , M • , J E R GR N 2 S 9 0 U 
CO tl~O!:/Ab/ Z U1./'/ '., ) ,Z l;R /75) . t,: UL C}'.,) , ZKOH(7S) GRH?(,00 0 
CO M:10 :l /li S/ ZKO ( 7'.>) UI (75) , Z !1( 7 5) GttN 2 &100 

GR !l26 200 

A+S - '1 .11.11 
ZTIH'.Ttl ( U)= -. 3'1L&991DO*I+iJ* ( .0 1 104dbDU-.0110~t!5!)0 (' l+U * ( 

GR!i2&3ll0 
GRN 261.!00 
GRN2b500 
GR:126600 

C GRN2b700 

C -· -- l\ ❖ S - ':J. 11. 14 GRN 2 680 C 

1 - • U O O ') "/ b '.> DO * J. + U ~' ( - . 0 U U U 9 U ':, u 0- • 0 0 0 0 9 0 1fl O "'I<· U * ( - • 0 0 0 U 25 2 DO+ U * ( 
2-. 0 U U O UJ!/ D Ui• . 00 OU O'.> 1n O ;c I+ :J * (. OU OU O 06 DO+ • O O 1)0 11 '.J DO * I ) ) ) ) ) ) 

C 
C 

ZP:iI (U) = • 7 0 71U 6 llDU *IPi-l+U *(-. 062!:>0 U1flU- . UUU000 1 flU * I+U* (-. 00 1Jtl 13D0Gi.Hi26900 
1+. 0 U1J ~ 11DU*I •U •(.UUUUU059U +.O U02~ 52 DUOI +U*(.UOOUJ46DOt .UOOU J J t! DU GHN27 0 0 0 
2~, r +iJ * ( .ouuo i 1! c10 - , OOOOU24 JO* l ➔ U* ( . OOOOOH,DU- . OOOOO J 2!)0 * l) ))) l) GR N:0 1t)0 

GRN272UO 

.\+- S - 9 .1 1.9 
F i' (U, V ) = D.S;.)UT (P ID2/U) * CDZXP ( - lJ*IB+ Zl'!lET/\ (-q) 

GRN2 73 00 
GR !l 27 40 0 
GP.!i2'/500 :: 

C A+S - 9.11. 1 GRN 2 7 6 D0 
B ER (U, ·;, S VJ =W +V * ( 1 1J .777 7 7 71 4 u O+ V * ( 2. b!/ '1 91 B 7 D O+ V * (. 0 0 12 2 '.> '.>2 DO ) ) ) GR N 2 7 7 00 

1-SV * (b4.DO•V~{J2.JbJ!/'.,6S2JO+V*(,08]~960 9D0+ ~•.000 00 9U 1D O)) ) GHN27800 
C GHN 27 9 UO 

C - - - ft+ S - 9.11.2 GiN2ROU U 
IJ EI(lJ , V,SY) = (16. DO+ V* (7 2 - 817 77742DO+V * (.'.> .2 1e5 c,lSDO+Y* . 000 11 3ll6D UGRN2f·J100 

1 ) ) -s V * (11 _; • FJ Fl 77 7 " DU + V * (l O • Sb '/ 6 5 n 9 DO!· V t.< ., U 1 1 U J 6 b 7 D O) ) ) ~ U '.' U * D 2 G R N 2 8 2 0 0 

C 
C ···· - l\t.S - 9. 11.S 

G ,n:283 00 
GilN2U!/ OO 
GRN28 SOO 
GRN21:l6 00 

C GRN28700 

C ·- -- M S - 9. 11 . 6 GRN288 00 

B EB P ( U , V, S V) =- { S V (, ( 1 11. 2 2 2 2 2 2 2 2D O ~ V " (. 6 6 0 4 7 U 4 ':l DO f-V"'. 0 0 0 4 5 9 5 7 DO) ) 
1- ( 4 .D O+- \":t { b. 0 61:l 14ll 1 DU+V* ( . u2 609 253DO+V* . OU(IUOJ':l4DU) ))) l!"'O*U* D2 

C 

C'. 
C 

B EI P ( U , V, S V) = ( . 500+ V"' ( 11. 3 77 7 7 7 7 / . DO+ V * (. i 4 6 77 20 I.OU+ V•' . 0 0 00 4 60 9D O) ) GR N 2 8 90 0 
1- S V • ( 10. 6 6& b 66(, 6D U+ V* (2. J 11 o 7 '.> 14D O + V * • 0 OJ 79 3 86D OJ ) ) *U GR N 2 9 00 0 

DO :rn J = P. 1 , 1111 
I F ( ,J . E C. /1 ) GOTO J 0 
D = DAl3S ( Y( ~ ) Y(J)I 
X = D ~' HOOTL 
Xt:l = D8• >.: ~~ 8 
S ' XU " DSQR T ( , d) 
K i"lCL' =- - DJ.0G ( .5LU \· Z:} 
Z = D * J: Pie: 
Z2 = D2•0 Z(· ;I, 
It ( X. GT.ti . DO' GOTO 110 
B ERX 
Bf.I X 
13 !,!.!PX 
l:3ElPX 

i:\ Eil ( X,:W,SQXB) 
~F:::.:p:, i:l,SQ Xl:l i 

fli::tl? (X,YLJ, SQX:o) 
RE LP {X,XU,SQX8) 

A+ S - 9. 11. J 
KE H = hPIICT* l.lirnX+ PI /N'-'Di':IX ··• S172 1 5 &6DO-SQi,8* ( '.J'.I. O::.itl 19 74 4DO•·X8 (< 

1 (6 0. 60 91 /<1 51 !)'.) tXfJ(< ( . 19o3b3 ll 70 0 } Y.!J•' .0000 21:.~GDO) )) + :me:-

GRN29100 
GR!-129200 
CHN29 300 
GRN294U 
GRN29 5 00 
G Rl/29 6 l 0 
GRN2 9 700 
GH!l2980 0 
GRN 2~1%0 
GRN30 000 
GR!UO mo 
GR NJ 0200 
GllNJ0 3 00 
GRNJ u f/0 0 
GllNJO'"OO 
GRN30&0 () 
GRN30700 
GHN308QO 
GRN 30900 
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2( i71. 36L"/:l1.i ..:IDO +Y.8(' (S . b5539121D0i-l:8*.0J309b99D0 )) 

C 
C - ·- - fL 1,-5 - 9. 1 1. 4 

r. 

Ki:':I =- KFA CT"'i3EI X- PID4*BERX+ ( X*X•D 2 J * (6. 76 454<J36D O+X 8« ( 
1 11 ll • L J :, o Yb 5 D O t X 8 * ( 1 • 1 ·15 t: 9 0 6 •I DO + X t '~ • 0 0 0 L 9 '.d 2 DO) } l - ( X * X * D 2) " 
2 SQX8* ( 142 . ':11 tJl./bB '/ DU+Xl:J* (21. 30U&U'.l04D0 t- Xtl*.\J2b':l 5875D0} ) 

C --- At-S - 9.11 .7 
K .ERP = KPACT•'BERPX- ( BEilX / X) +PID4 *8Z IPXt- ( X*X*X"'D2 ) * ( -J.691 137 J4 DO 

1- X8 * ( 1 1. J6 4 J J2 '/:2fl O +XU * ( . 0 b 1 3 b ] ':> 8D O + X b* .0 000 1 \J 7 ':> DO) ) ) + ( X * X* X* D 2 ) 
2 (< ( SQ X: cl* ( L 1 • 4 2 OJ 4 0 ·1 7 DU+ X tl * ( 1. 4 1 J 84 7 8 DO+X 8* . 0 0 1 1 6 13 7 D 0) ) ) 

C 
C -- - A+S - 9.1?.8 

KEJ. P::: l(!" t;CT*BEIPX - (BEIX/X )- PID4*l3EHPX+X* .211 3921 7D0-X*SQX8>!< ( 

C 
C 

C 
C 

C 
C 

C 
C 

C 

C 
C 

C 

C 

(} 0 

5U 

1 1 .j . :l -J U j tl ti 4 o D lH X B * ( 4 . 6 :, ~ ':> U tJ L 3 ll O + X 8 * . 0 0 n b 7 1J7 D li ) ) ♦ X •' X 8 * 
2 ( 1'J. II l HlL 7 5 ti DU+ Xo * {. J JO 4 'H2 ._ DO+ X8 * . 0 00 1 19 9 7 DU} l 

A~-s - 9 . 't . 2 
ZKO(J) = KER+ I•KEI 

~+S - ~. ':1.2 • 9 . ~.17 
ZKl :: IC * ( KERP {- ll'KE I P) 
GO TO 0 
XoDX = H.DO / X 

.HS - ~- 11 . 9 
ZKO (J) =P:"{X, XBDX) 

1.-i-::; - !::'. ~.2, ':J . 9.17 , 9.11.12 
ZKl ., (11-l) * Z l; O (-J ) * 7,PHl (-X8 DX) 

A~S - tL(l.:J 
Il'(:':. E>,J . 111) ZUL(J ) == IPw!*(Z! -Z K1) 
It'( ~ .• EQ.:-1~) ZOR (J) = T.P\I(< (iI-Ul ) 
:.rn (J) = ••:rn-2K 1 
7. !1 ( J ) "' lA 'l- ZH - D*ZKO J } 

30 CO NrlNUE 
Z KOL( M) ::. Z!Cll(l111 
ZKOll { !'ij "'ZKO(ritl) 

RE'XUR N 
END 

GHN3 100 0 
GR :U 1100 
GHN 31 LO O 
GfiN ..:11300 
GRti3HO O 
GRN31 50 0 
GR!U l 1';,0 0 
GR!U 1700 
GliN ..:1 18 00 
G lCU 1 • 00 
GR?l32GUO 
G Rl/..:12 10 0 
GHN 3;po:i 
GR!U2JOO 
G!1:U240U 
GRN32500 
GR ?U 2 600 
GRNJ27UO 
GRN 32800 
GR !i32900 
GRN 33 ' O() 

GR;/33100 
GR!U3 20 0 
GRti333 00 
GR :lJ J,10 0 
G!' N335 0 0 
Gil.N3J60 0 
GR:l33 7 UO 
GP.N33800 
GR:i3J 900 
GRH34liUO 
uR1;:; 4 HJO 
GU r, j J-4200 

GR SJ 1!, 3 00 
GRN]lf400 
GRN34500 
Gil li31HJ 00 
GH!U4 70 0 
G .t/Ji; !I OO 
GR !i3 4 '.I00 
GHID'.>000 
GRN35iCiO 
Gft tU5 200 
GRN 3 530 0 
GRN35400 



158 

C---------- ---- --- - -· - -·------·- - ----- I l'!TK O --------------- - --- - - - - --- - -- - GH ll 3 5 500 
C C Ai.. CU LAT ION OP I!,TtGRA!. ovrn KU. ( SEE APPCN DLX A) GHN3 56 00 
C G9N3 57UO 

GHN35U OO 
GRNJ5'100 
Gll ii3bOUO 

C 
C 

C 

C 

C 

S 06ROU TIN f INTKO{D,Z,ZH,ZI) 
It:PLICll' CO i1PLE:<*1b ( E, P,G,I,X,Y,2.) ,REilL,;,U (A-D,K,0-I(} 
R~:A J, I' l:l Y., X 
co .-ir:.. EX* 1 !> 
c o.-..:-:O!i / AO/ 
CU !"i.~ON/Al/ 
CO:'ltrnll / S¥ / 

CDClP GR ~JblUO 
I:., L l3, IC , RO:)'!' 2, P TIJ 2, P .l D 4 , PID 8, D2, D :J , S,J, :1 P, N ll , N DH :A , NH !l 5 C !n:J 6 2 00 
D cl., SJ. G, D: a E iJ, 0 :-1 F:G, I, IP W, 0, 1, , r, PI, ,,. 1 , /'I.~ , , 1., :l L, :1 J, :-: K, J :;_;r; G ll NJ 6 3 0 0 
A A 11. J) , PP c 2 3 i , J < .1. J l , P ( 2 J 1 , J ( 1 l • c 1 1 1 l , Q u, ? a o , 1 H 4 , !i u GR t-.3 4 o o 

GRilJbjOO 
GtlN3 660 0 

:?. F ( G) = 1. 2 " . "3 1 'l 1 4 :> U + G * ( • 1 1 1 ~ \J 2 U 9 l) U I· G .. ( • 0 2 5 7 6 C, :1 6 D ih G * ( . 0 li <J 3 3 9 ~ i i DJ t- G H :U u 7 () lJ 
1 G * ( . 0 U 4 17 <J ~. 4 DO + G * ( . 0 ll 1 & 3 27 l VO+ G • . 0 ll O 3 3 ~! 3 4 DI)) ) ) ) ) GR t; 3 b 8 0 0 

I ? (II ~ . NE. 0) GO T:> 1 
h ·,1 c: 1 
I R4 [;COS{ PJ.Do)~I•Dsrn (? ID 3 ) 
PDO = Ii - . '.JF/21:>bbl.l~iJ l :,JD O + . 5D0'' DL'JG (T) 
B = C 
QO -= - PID'-l 
A A ( 1 ) = J 2 • fhl / J ~ D 0 
Q ( 1 ) = A A { 1 ) ~(j U 
PP (1) = liA ( 1)*(POOH'/3. i) 0) 
DO 2 S = 2, 2J 
A = ll "' ll 
kA ( N) = 32.DU"(A + A-li)/ (( A+ AHl),'/\*A) *A A ( ll- 1) 
Q ( N) = Ai ~N) '-'QO 
il = Il + i!/A 

:.! P P (S) = I\A ( S ) * (POG+BH'/ (iH A<- ,\ ) ) 

If' (D. GE. 8 . DO) G0TO 5 

C A<-S - 11 .1 .9 ( SEi:: APPENDIX 
DI. = DLOGi D) 

GilN3b<JOO 
GRH37 0'.l0 
GRN37100 
GHN3720ll 
GRN 3 7 300 
GRl.07400 
GR N:! "/'.)00 
GH N3 7 b0 0 
GRN37700 
GRNJ7 tl0 0 
GRN3 7 900 
GRN JUO OO 
GiN.:Hl100 
GRIUU200 
GP. N38JOO 
GR :38 400 
GH N 38 5 0 0 
GHN38 o0 0 
GRN38700 
GRN3tltl00 
GHN38':1 0 0 
GRN39000 
Gi1N 39100 
GRIU9200 
GflN39JOO 
GRN39400 
GllN3 9!:>00 
GR!IJ9600 
GRNH70ll 
GR N39800 
GR!l:!99 00 
GR tlt, 0000 
GHH401 0 0 
GR!l40:. oo 
GRN<IO)OJ 
GR H '-i O /JO 0 
GllN!l- vSOC 
GRN 4 0 b 00 
GH Nl,0 70 0 
GllN4 Ot.ll)() 
GR ::40 90 0 
GR N4 100 0 
G ll • 4 l 1 !lO 
GR 'ti 1.WD 
GHH 4 1 J. 'J O 
GRJl l.) 'i 40G 
Gf<Nti1500 
GH,4H,/JO 

C 

C 

C 

C 

DO 3 Ji= 1, 2.i 
J P ( NJ = PP ( .N) - ,\A (tl} * D£. 

DD = D *D '' [ I 2 
!30 = PO O - D L - DD*Q{li 
Cl) = QO + DD "•P ( 1) 
D0 4?l= 1 , ·J1 
B{N ) = P ( N+N) - DD"Q(N iS t-1 ) 

4 C( N) = Q (IHS ) i· DD*P (::1+11+1 ) 
D4 = -DD * DD 
R B O+D4 * ( [j (1) +D4* (l:l (2)+ 04* ( B{J ) + D4* ( B(U ) + D'-!<'(8 ( 5) <-J)II °\' (8(6) +D4 4' 

1 ( B (7 ) +· D 4 ., { i3 { 8 ) + D 4 * ( 13 ( 9) + D 4* ( D { 1 0) ,, D 4 * i3 ( 'I 1 J ; ) l I } ) ) ) ) ) 
S = : O+D4 ¥ { C( l) i· D4 * (C ( 2J +D ll* ( C ( J) +Dll*(C ( '4 ) iD4"' ( ·: ( '.l) I D1~-' (C _(b)+D4 " 

1 ( C i / ) ., D ll * ( C ( tl ) + D .J 4' ( C ('1) t- D 4 ~ ( C ( ) 0 i + D 4" C ( 1 1 ) ) J ) ) ) } ) J ) ) 
7.H = P. * (( R-S ) -t-- I * ( R•S,J 
ZI PIDl - .. ii 

GOTO 6 

:, GG = - 7. UO/Z 
X = ilOOT2*D 
ZI = ZF(:.G ) /{IU4 '!- DSQ,n' ( :X)t•CDf.7. l:'i;~, } 
Z !! = P ID:l - ZI 
CONTI HUE 
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C----------------- --------------- - - EPOL C ----- - ----- -------------------GRN41700 
C CALCUL ATION OF CJEl' F I ClENl'S FOil rnPaOVE D BOUN DAR Y co :rn ITION GRN4 1800 
C FOR E-P OLilRIZAT l ON P.R::>BLEM S ( S'EE st::TIO N 1+.4 !, ND A PP ENDIX A) GR N4 1900 
C GRN4 2 000 

S ODROOTINE E POL C GDN42 1 00 
I l1 l'LI CI T CO MPLEX*16 ( E,F,G,I,Y. ,Y, Z) , RE.U,*cl (A- D ,K ,O-H ) GR N42 20 0 
RC:AL*8 Y, l!N , HP GRN 42J OO 
C OMMO N/ AO/ IA,1B,IC, DOUT2,PID2,PID4 , PIDB,D2, Dd, SJ ,NP , NN,N DI~A.NRHSG RN 4 2 4 00 
C OM MO N / A 1/ Y CJ :, ) , DI C ( 7 :, ) , K K K (1 :, ) , U p S) , YY CJ ':J ) , Y P ( 7 ~ ) , Z Z ( 7 ':J ) G R :1 4 2 SO 0 
:o~ MON /A 2/ DEL , SIG,DFREQ,OMEG ,I,I PW,o,w , r,PI , ~ 1, MM,M2 , ML , M3, ~K , JERG' N42 b0 0 
CO.'i.'iO N/A3/ ZR ( 1 ':J , l ':> ) , ZS (7:,, 7 5) ,QQ (7 5, 7 :, ) GRN 4 2 70 0 
:OMM OU/A4 / SN,TN,SP,TP GRN42800 
CO M11 0 N/A6/ ZUL (h ) ,ZUR (7 5 ) ,UOL (7 5 ) , ZKOH ( 75 ) GRN42900 
COi'it10l• / h'5/ Z iii, ( 40 lJ ) , ti ( 40\J ) , S ( 400 ) ,D N (!!UO ) , DP ( 40 0) ,DJ (40 0) GRN4 30 00 

1 ,1 N ( 75),IP ( 7S) ,l!N ( 7:,}, HP (7 5) G!.\N43 10 0 
C GRN 4 J2 0 0 

C CALCULArION OF INTEGRAL S I-IN AN D HP ( li=NE:. ATI VE, P=POSITl VE ) . 

C 

DO 1U 1'1 = M2, ti L 
IF( i:' ( Pl )) 1, 2, 1 
A N( M) = -( Y ( :'1J~Y ( h1)*DLOG ( !l- Y(l1 )/Y ( 1'11 ))J / ( Y ( 1'1 ) *Y (MJ *'l ( M1 )) 
HP {11) = ( Y ( :-1) + Y { N/'l ) *DL OG ( ii - Y ( !"i ) / Y ( 11!'1) )) / (Y ( :-1) *Y (i'l ) *Y ( MM )) 
GOT O 10 

2 HN (M) -= lf/( T* Y( :11)*Y ( 51)) 
HP (M) = - H/ ( T*Y( trn ) *Y{!Hl )) 

1l/ CONTINDE 

C C ALCU LA TI ON OP INTEGRALS I N AND I P ( N= NtG ATI VE, P=PO SIT IVl ) . 

C 

N PP = NP - 1 
ZC = . 25 DO * ( I-\l) 
ZD = • 5D0 "' ( I - ll ) 
DO 1 J = 1,UP 
s Pl = SJ * J 
D = S (J) 
Z = IP ll*D 
D J ( J ) = H/(D ~Dt'D) 
CAL L INTKO ( D, Z.,Z H, ZI ) 

3 ZHII(J) = ZH 
DO /4. J = 1, N PP 

4 G (J) = ZHH ( J ,'1 ) - ZHH ( J ) 

DO JO 1:1 = s2,m. 
I N (rl) = 0 
D = 'i ( 11) - Y(H 1) 
z = IPW*D 
IF(D. GE. S ( NP) ) GJI'J 31 
DO 32 J = 2,NP 
N = J 
IF(D.GT. S(J-1} .AN D.D.LE.S (J ) ) GOTO 3 3 

32 CO NTINUE 
JJ I F(Y ( tl) ) 34, 134,34 
J4 DO 3~ J = N, NP 
3 !> Dl:(.J J = R/(S(J)-Y(llj) $!!< 2 

I F ( D.EQ.S(N)) GOT O 3£> 
C l\L L IHIKO ( ~,Z, Z ll,ZI ) 
I N ( t1 ) = (D ll ( N ) ♦ W /Y(l'l 1) **2 ) * { ZH (NJ - ZR ) 
II-' ( N. E l,!. NP) GO'J:0 31 

3 b DO 3 7 J = N,NPP 
J 7 I N ( M j = I N {11 ) + ( D N ( J t- 1} + r !,( ,J) } (•G ( J ) 
3 1 I I' ( Y ( t-l ) • E Q. 0) GOTO 1 J 1 

I {11) = (ZUI. (:i) - ZKOL. {M )/Y (ii l jt-ZCl(.lilqtJ) / I (!i} 
cor o J U 

134 IF' ( D. EQ. S ( IJ )) GOT O 136 

GRN4:.i300 
GRt/4 3 4 00 
GR:, 4 3500 
GRH4 H l00 
GR N4 3 7 0 0 
GR N43 800 
GRN 43Y OO 
GHN44000 
GRN441 0 0 
GR Nll 4 2 0 0 
GRN443 0 0 
G HN 4 ll 400 
Gll!l44~0U 
G1n14 46 00 
GP.t/41, 10 0 
GRN4 l!8 00 
Glll/ 4 4900 
GRN4jO (j() 
GRN45 100 
GRN4 5 2 0 0 
GHN453ll 0 
GHN 4 '.) 400 
GRN 4 550 0 
GfiN4 5600 
GRN4:,'/00 
GRN l.!58 00 
GR !l !l j900 
GR:i46000 
GllN4b100 
GRN46200 
GRNllfi]0 :J 
GR'l 464 00 
GRN 4b 5 0 0 
GR 4 60 00 
GRN467 UIJ 
GHN46tJUO 
Gl"l!< 4 &900 
GR N470 00 
GR !l 4 7 10 0 
G!:l N47 2 00 
GrtN47300 
GRN 4 7 40 0 
GR N4 750 0 
GR N4760 0 
GR !l 47'1 00 
GR N478 0 0 



C 

C 
C 
C 

C 

C 

C 

C 
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C ALL INT K O ( D ,z, Z H, Z I ) 
I il ( tt ) = ( DJ(:1) + 'ti / {D*D*D )) <' (Zlilipl)-ZH) , 

136 IF(N.EQ. NP ) GOTO 1J1 
DO 13 1 J = N,LPP 

137 J.N ( l1) = lN{ tl) + ( DJ{J-i1)+D3 ( J)}*G(J) 
131 IN(rl ) = ZKOL(:-1 )/(D*D)tZD(l.lN(N ) 
Jll CONTI. NOE 

DO 50 fl = li2 ,l'lL 
IP ( 11) = 0 
D = 'i (Hl1 ) - ( 11 ) 
Z = I P\.:*D 
l F' (D.GE.S ( liP) ) GO'i'O 51 
DO Si J ::: 2, Nl? 
N = .J 
IP(D.G 'I.S (J - 1) .AliD.D. L E.S (J)) GOTO 53 

5). CO NTINUE 
'.13 lF(Y( M)) 54,154,54 
54 DO 55 J = N,NP 
55 DP(J) = h'/(S(J)~Y(:-i))~"2 

lf' ( D. EQ.S (t<)) GOTO So 

So 

57 
!) 1 

1 '.> 4 

15 6 

bl 
15 1 
50 

C,; LL I N'rl\ 0 ( D , Z, ZI! r Z I) 
I P { l'.) = ( DP p:J + ,i/Y ( M:1) **2 ) -1< (Z H!i (ll) -ZH) 
I F ( t:i. E Q. N P) GO IO 5 1 
DO S7 J = N, NPP 
IP(t,) = IP( M) + (DP(J+ l) +DP (J)) *G(,J ) 
IF(Y (l1) .EQ. O) GOTO 151 
IP(M) = ( ZUt(( :'l ) +ZKOR(M) / Y(Ml'l)l--ZC*IP ( i1) )/Y(~) 
Goro so 
IF(D.EQ.S (l:)) GOTO 156 
C/, 1. L I llTKO ( D ,·Z,ZH,ZI) 
IP( M) = {l)J( N + \i/{D*D*D))* ( ZHB (N)-ZH) 
IF ( li.E<;:; . HP) GOTO 151 
D0 151 J = N , NPP 
IP(M) = IP(l'I ) + (D3 (J+l)+DJ (J )) * G(J) 
IP ( n) = -tKOR( l'l )/(D *D) - ZD*lP(li} 
CON TINUE 

RE-EVALUATION OF CO EFFICIENTS Q AND H TO INCLUDE NEW BOU NDARY 
COl-iDITlON S. 

SN = (Y( M2) - Y( M1 ) ) / ( Y ( l'l2 ) -T*Y(ll1)) 
SP = (Y( M!'l )- Y( !'IL)) / ( 'l'* Y( MM)-Y(l1L)) 
TN Y(M1)/( T*Y(:-ll ) -Y ( M2)) 
r P = Y (M M)/ (T*Y ( !1M) -Y (M L)) 

DO 2 0 l'i = M 2 ,ML 
QQ(l'l, ~12) = QQ ( t:l,1'121 + TN* ( QQ (t:l,t.Jl }- Y ( 1'1 1) >l< HH ( H}) 
QQ ( M,111) = QU(ll,i11 ) ''SN + 1'N*Y(M1)"'HN ( :-i ) 
QQ(M,ML) = QQ ( l'l,l'l L} + TP*(QQ(i,'.HJJ-Y(!\.'1 ) *1{P(fi)) 

20 Q\.! ( M 1:Hl) = QQ(l'.,IH\I acc5p ➔• IP~' Y ( MM) i'l-tP (~} 

60 

DO 60 B = M2vl1L 
ZH(M,ML) ZR ( M,M2 ) 
Z i1( 11 • .N. 1} = Z UL ( I, J 
ZH ( M, !:l l...) -· ZH ( !'l,ML) 
ZR{M , MH) = ZUR ( tl) 

REl'URll 
END 

+ TN* ( ZR ( M, 111 ) -ZUL (M) + T (:11) (,IN (M)) 
+ SN*(ZR(tt,n 1J -ZUL(! )) - Y ( l11)"TN*I!l(l'I) 
+ TP* {,,R (tl ,/HJ) - ZUH ( 11) V'f (11!'1) *IP (11)} 
+ SP'-· (ZR(l1,l1M)-ZUH{M)) - Y(M.'l} *TP*Il?'( ti ) 

Gflll 4 79 00 
GRN48 000 
GRHi.8100 
GR !lt!8200 
GRll48JOO 
GR H ,, 811 oe 
GRN 4 8500 
GR :1 ~ 8600 
GR!l4 8700 
GR:l4 8 o00 
GPH4o900 
GR N49000 
GRN 49100 
GRNt;9200 
GRN49 JOO 
GR:ii.9400 
G!lN4 9500 
GR:14~600 
GRN4'J"/00 
GRN49 8 00 
GR!l499'JU 
GR~~oooo 
GP.N5U1U0 
GRN~0 200 
GR :.J0J00 
GH?-50 400 
GRS~ 0::,00 
GRN506vll 
G:l~50700 
GRN50 800 
GR NSU':J 0 U 
Gli:151000 
GRNS 1100 
GRN :llLOO 
GPN5 1 300 
GRl{5 1400 
GB !/51500 
Gf.!15 1 600 
GP.!15 1700 
GRN 5 1800 
GR'l 5 1900 
GHN5 2 UOU 
GR !; 52 100 
GRN ~,2 200 
GllN5~300 
GHN 5 2400 
GR N52500 
GRll52b00 
GRN5 2700 
GRN5 2t:l00 
GR :,52 900 
GR:153000 
GRN53100 
GH!l 532 0 
GR!l 533UO 
G' N~3t;00 
GRl: 53 '.>00 
GRll53600 
GRN53700 
GRN53clUU 
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C---------------------- -------- ----- OPO~ ------------------------------GH~53YOU 
C • CALCUL/,TlOil O? B-PtJUHIZATIO!; fIF.J.DS . (:il~r: s J;CTIO!, ~- 3 ) GHll'..>400 0 
C GHH'..>4 1LlU 

G H!:'.JI/ 200 
G !l !I SIi JOO 
GH 1/ 'jli 4 Ull 

SUU HOUTI!I!': DPOI, 
ltll'LlCJ 'J' CO,~[-J,EX"'lo(E ,l',G, I , X , Y, Z ), HEA J. (•U(A-D,K , O-il ) 

RI!/\ l, * U Y 
CO :'HiO 11 / ,\ll/ l li , l.li , IC, 1100 T :l., r J !J 2 , PI D 4 , l' r!H:l, ll 2 , n f3 , S,1 , 11 P, 'I ' I , !lDI !1 r, , :: 11 i!S G !! 11'.:l !J ':>0 0 
co ;-; .~01:;1.1; 'i us,, 1;1c ('l '..>J, r.i:,: (7~, J, :< {7 ::> J , r':' { hl , fl' { l :.: J , r.c (7 5 ) r;H::'.J tH,ou 
CO.'Hl O!i/ /1.!/ DU, , S lC, Dr'H EQ , o:-::::G , I , I,··,; , 0 , ri, l', l'l , :1 1, :-::l , ::2 , :i L , ."l J , :'i r( , j '.,;HG!I 1;•J1, '/UJ 
CO ~ltiO !,/,\J/ zrql'..J , "/:i) ,Z S ("/ :, , 7'.,) , J) {'/ '.J , '/ '., ) G Hl,'..,IIUOO 
CO i'\l:tJ:;;11'..>/ ,\ ('/'..l ) , Li ( /'.:,) , C: (I">), 2 ('/:.i ), Q (7 '.J ), H CJ:,), Ah (/ 5 ), ~1; (7 5 ) Gl<N'..> ll'JUiJ • 
co:HlO /i / r:s; Z,, ( / J,IJ }, Zt: ("lJ) GH!:'.J:)000 

C G Hli:)'..l 100 
G H Ii '., '.J 100 
Gf!l/5'.>JUJ 

C 

C 

C 

C 

C 

C 

C 

XI,= li/(\-/+IPli * lOd'. ( i1 1)) 
X H = Ii/ {\: fl P ·,1 * r: ;; i< { :1 1'l ) ) 
XRR '-' XH-XL 
fL = -.'.J!J U"'l p;i >e<JJ, 

l'P. ="- .'..J DU~'IP :iq;l( 
!' RH = FH - PL 
ZC :: 1'*PI('I 

DO 10 M = :'i 2 ,~L 
L " li - Ml 
DO ;w J = ~l2,:'1L 
II :: ,J - Vi 1 

20 Z'A ( L , Ii) = Zll {:':,J) + ZS {M,J) 
7. /. ( L , L ) :: I.. fl ( L , J. ) + Z C ,;, !; i; i; ( : : ) 

10 :,rn ( J.) = zc~· (Ki;!;(i'\1)-KKK(M))" F:. - [ Zi1(i'!,ii/i ) l ZS ( .~,M:~) ) ~FP.i: 

C A L J. LI ;; S Y S ( J :': R , L II'., ( Zf, , ' CO~: P J, ;; X ' , ); N , ll D 1 t'l h ) , PH EC IS (' DO lJ [1 Lr; ' ) , 

1 Rl!S(Z :J , ;-;:1 ,:rnHS ) } 
ll O 'IO 11 = :', L , ~i L 

40 FF ( M) = 2.h ( :\-t11 ) 
F f ( Ml ) == 0 
fl:' (t:J-lj = PRR 

DO 30 }! = l'l2 , ~,l, 
30 X ( ,",) = rq;1;K ( ,'i ) *l-'F ( l'l ) + IPil<'(Ki:K(Ml ) -KKK ( i·l ) )(' }'.;, 

X (tl l} t i 

x ( Mf-i ) = xn:t 

no c, o r; = 1n.~1. 
C, 0 G G ( r! } ·- - • '.JD U <, ( X Ui t 1) - Y. ( M) )* t, !, ( M + 1) 

GG (Mei ) ~ 0 

D O ·1 U ,1 "' 1: 1 , tl ~1 
Y.(J) = X(J) + XL 

7 0 l'r' ( ,J ) "' J-' f ( J ) + f L 

RJ.:TUHU 
f:!11) 

G 11 I\ ~> '"> 4 U () 
GP.ii SS'..>00 
G 1u: '.,'..,/,OU 
GHl/',::,'/l)IJ 
G f, !: S '.l !i O 0 
C n t,: :>SY 'J ~ 
G 1n;~.,l)J~O 
G H N :, (, l '.J 0 
G!11: '.; (,20ll 
Gf; ;;:, b J 00 
Gl'. 1: :,Gq Cd) 
G ll i!'..l,,'.,vJ 
G H ;; '.; /J ,_.. C J 
G H P ') L\ ·1 C 0 
G:~r:~suco 
GHU~, G :J()O 
GH!, :,7000 
GH !; S7100 
GH !l '.177.l'O 
G HNS7J,JO . 
GR!, Y I q G 0 
G H N '., ·; 'j t i () 

Gl/N'.J '/ lit: \J 
G !l 1, '.., '/ ·; (' 0 
G I( li S '/ tJ :; 0 
G f<tl S ·1 lJ (I 0 
Gn11s u-i c10 
GJn;:,u H'll 
GH l!'..JIJ,!UO 
GH N'., UJU0 
G H JI S >J 11 ti 0 
G H Ii'., IJ 'y t! 0 
GH J/:,'.J/,l: O 
G H H '., l l ·1 C U 
c:1<11r,uuo0 
GHll'..> U •• JUO 
GH i:~, 'J UOO 
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C----------- -·------------ ------ ---- - £POL -------- ------- ---- ------ -----GR 1:5 9 100 
C C ALCULATION OP E-POLA RIZA TIO N FIELDS . (S EE SECTION 4.2) GRN59200 
C GRN59JO U 

SU IJROUTillE EPOL(JCO R) GRHS':1 40 0 

C 

C 

C 

C 

C 

C 

c; 

20 

1 0 

It1 PLICIT CO/HJ..EX*1b (B,P,G, I ,X ,Y,Z) ,Bi':I\L*8 (/\- D, K ,O- ll ) GRll59500 
R EAL•U Y GRN5960 0 
co ~.O~/AO/ I A,ID, IC, 0 00TZ,PID2, PID4,PID8,U2,D 8 ,SJ , NP, HN, ~DI~ A.~ liHSGR~5~70D 
CO '.': ~lO N / A 1 / Y ( 7 5) , D 1. C ( 7 5 ) , K '< K (/ 5 ) , E ( 7 5 ) , Y !·i (7 5 ) , Y P ( 7 ':>) , Z Z ( 7 5 ) GR N 5 9 !:IO 0 
co :1 MD)// A/. / D J::L , Sl G, D i'R E'J , 0:-'. E~ , I , IP ,i , O, i;, r , P 1, !~ 1, !111 , !12, i'l L, /U, /l K, J EH GR N 5 'J 90 0 
co .1:-101;;.u; Z il('/ 5, '/::,) ,ZS ( l ':J, 7 5) ,QQ ( 7 5 , 75 ) GRN6 0UOG 
COHHOH/A4/ S~,TN,SP,TP Grl:1 6 0100 
CO~MON/b / A{75 ), DC/5),C (7 ~) ,P (7 5J,Q (7 5 J ,fl(75 ) ,AA( 75J ,KK (7 5) GflN60200 
CO!'ll'iO!!/iiS/ ZA(7J, /JJ ,ZB(r) GHN6U;OU 

GR !/6 0 400 

zc = 
Z E = 
F. L = 
ER = 
y p I. 
ER R 

= 
= 

I v-r..,PI 
I/P I 
{IP " /T) /(\1+1 Piol*KKK {B1 )) 
(ll:'i-/T)/(ll+I PII*r<KK (~/l )) 

(~-l} *EL 
rm - El. 

DO 10 11 = H2 ,l'U. 
L = M - 111 
DO 20 J = l'.2,l'lL 
N=,J- 1'11 
Z A {L ,N ) = ZR (M,J) + QQ{!'l,·J ) 
ZA (L ,L) = ZA(L , L ) + ZC*KKl<( ."I ) 
ZB ( l.) = ZC * { KKK ( l1 1) -KKK (l1) ) *E L - ( ZR (."l,l1 ~ ) +QQ ( .-!,tl11 )) * ERR 

C ALL LI NS Y. S ( J ER , L HS ( Z A , 1 CO.! PL EX 1 , li Ii , ii D II'! /I ) , P lH: C IS ( 1 DOU B L E ' ) , 
1 ·R HS ( Zil , 111,NRiiS) ) 

DO 4 0 tl = fl2,ML 
E (:1 ) = ZB (:i-M 1) 
E( l11 ) =O 
E(!HI) ,.. ERR 
1¥ { JCOR. NE. 1) GOT O 30 
E(tll) -Tll*E {1'l2 ) 
E ( MM) = TP*E ( iil.. ) + SP*ERR 

GflN6U500 
GRN6 0 60 0 
GBN60'!00 
GR N60800 
GHN6 0':JU O 
GRN61000 
GR !l 611 0 0 
GRN61£00 
GR:, 6 1 JO 0 
GRN61400 
GRH61 ~UO 
GIT N6 1 b 00 
GR N6 1700 
GRN6 180 0 
GR !,61900 
GRN620UO 
GR:,62100 
GRN6 22 00 
GRN62JOO 
GRN62t100 

30 DO 50 M = M2,3L 

. GRN6 2500 
GllN62 b 00 
GRN62700 
GRN6 2800 
GHN62 9 00 
GRNS JOl)O 
GRN63100 
GRN63 20 0 
Gilt/63300 
GRN6)tl00 
GRN 635 00 
GflNb3 60 0 
GRN6]7 00 
GRN63 800 
GH N63SOO 
GRN64000 
GRN64100 
GR !lu4200 
GBN6 ll300 
GR!l b 4400 
GRN64500 
GHN64 600 
GRN647UO 
GRN61;U00 
GR:-lf, 1;900 
GR!l6500 
Gl!N651UO 
GR N65 200 

ZC = ZR(M,llM) *ERR 
ZK = QQ (l'., MM )*ERB 
DO oO J = rl,l'IL 
ZC = ZC + ZR ( j,J ) *E (J) 

60 ZK = ZK + QQ ( l'l ,J) *E (J) 
Y t1(H } = ZK(<:l.E . 

~o YP( !'l) = -zc• zE 

70 
DO 70 ti = !:I 1 ,fiL 
ZZ ( M) - I¢ A A ( !H 1 ) ,;, { E (Ii<- 1) - E ( l-i) ) 

YH( H1 ) = 0 
Y. M ( l'!!i J = 0 
YP(Ml) 0 
yp ( M~! ) = ( ~-I) "ERR 

DO 80 = ~11 ,Hi 
E{,1) =E(J) vEL 
Y tl ( J ) = 1:'t:(J) t> !1 

!lO YP {J) = ):P(J) <> ·pL 
l1 P.T UR N 
EU D 

' 
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C GRN6 53 0 0 
C---------------------------- •• __ _ _ RESU LT -- ----- - ---------··-----------GRN65400 

C PRINT CUT OF OPTlONS AND F IELD VALU ES. GR N65'.:>00 
C GRN65 600 

C 

5 
& 

7 
B 
9 

, u 

11 

12 

1J 

1 I+ 
15 

2 
3 

4 

S U BRO U T IN E R ES O Lr ( J P , J A P, J E [> , J C , J:: P , , l T , J ti , J D HI • J M , JC OR) G R N 6 5 7 0 0 
INPL.1.CIT COtl FLr'.X* 16 ( C:,f,G,I,X, i'., Z ) ,CO:HLEX (C) , HEAL*8 (A ,D,K, O- W) GI:l , 65800 
: Ot1110N / A1/ S (7 S) ,llIC{7:>) ,KKK (75),XX ( 7 5) ,Y.Y (75) ,YP ( 75) ,ZZ(75) GRN65900 
C 0.'1 r::.> N/ 71 l./ DEL, ,. l G, U.!' r, E(J , 0 M 2G, I, I? \i , 0, •• , T,? I , tl l , /11'\ , 112 , ~; L, M 3 , t1 K, J ERG R tJ 6 6 0 0 0 
co:rnON / HS/ C X ('l :>) ,CY('/'.:>) ,CP {7 '.:> ) , CZ (75), H (7 5) , H:1 ('15) ,IIIC (/5) ,HK {75 ) GR ll6b 100 
FO Rt-:AT (' ' ,I '.:>,3 E15.:>) GRN6b200 
FO RM AT {' 1 '/ / J X , 'ERR 08 1 , JX, ' FREQ OEN: Y ', ~ X, ' 0.'1E;; A ' , 1 0 X, •SIGMA 1

, 10 X, GR No 6 300 
1 ' DP.LT!i' ,7X,' P.P 1 ,4X ,' EP' , 4X,'JC ' ,JX,'JCF ' ,4X , GHN6b400 
1 'J T',4X,'J~' ,3X , 'JDIM 1 ,]X ,'J M',3X,' J~O R' /) GRN66500 

FOH !iAT (' 0' I:> 4D 1 '.>. =>, <JI6) GRN6 6600 
F o R ti,\ T ( 1 1 • / => x, • J • , 8 X , • G RID ' , 1 0 X , ' IC o !JD ' , 1 2 X, ' KKK ' / /) G RN 6 6 7 0 0 
FORt:AT ( IJ,F l O.J,LE1 ~.5,6E1J.4,P 10 . 3 ) GRN 6 680 0 
F OR!'\ AT ( • 1 • / '2. X, • ::1 1 , 6 'i. ,' Y ( J) ' , 1 ~ X, 1 X 1 , 26 X, 1 I'' , 5 1 X , ' G • , 15 X, GR N(, 1,':100 

1 'Y (J +1/L ) ' // ) GRN6 7000 
FOR:!ll'l'('l'/ 2X,'11',6X,'Y ( J)',6X, 1 !'l0D x• , 8X, 'Pfl ASE x•, 7 Y:,'MOD F', GRN6 71 00 

1 '/X , 'Pi!AS 2 F ' ,32X,'11:JD G1 ,8X,'PHASE G ' ,6X ,' Y(,j+ 1/2) 'II) GRN67 '2.0 0 
FOR f.AT ( '1' / '2.X,'r.' , =>X,'Y{J) ' ,1'.JX,'E', 26X ,''i-',21JX,'Y+' , '2.5X, ' Z' , GRt/67300 

1 1 4X , ' Y(J + l/'2.)'//) GRNb740 0 
P O!H'lA I('1'/2X,' !1' , '.>X ,'Y(J)',6X ,' MCID E',YX , 1 PHASE E ',7 X ,' l'l0D Y-', Gfl Nl>'f SOG 

1 bX,'l.>IJASt Y-',6X,'M0D Y~ ',6X,'PHASE Y+ ' ,6X ,'M:)D Z' ,7Y., GRNb7600 
1 ' PHASE Z ' ,6X,'Y {J +1 / 2)'//) GR N6 770 0 

FURM.AT ( 11A4 , 2I2) GRN6 780 0 
F ORMAT {IL ,LILt,LD15. 5 , 2A8,6ll1i ) GRN67YO O 

GHN 6800 0 

HS CALE = DEL *i.E-3 
DO 1 J = tl1, l-lM 
H I C (J) = DIC (J) 
HK (J) KKK (J ) 
H{ J ) =S(J) . 
CX(J) - · Y.x:(J ) 
CY(J) = YY(J) 
CP( J) = YP(J) 
CZ (J) = ZZ (J ) 
I F (J Dil'J.NE. O) G01'0 3 
DO L J = 111,M 
H (J) = H {J) *HSCAl.E 
IHI (MM) = 0 
DO 4 J = Ii 1 , l'JL 
HM(J) = .'.:> * (H(J+l) +H (J) ) 
WRITE: (6,6) 
WRI TE {6, 7) J ER, DFB EQ,OMEG ,S IG, DEL, JAP,J EP,JC, JCF,JT , Jt/ , JD I 11,J n, 

1 JCOR 
Hb'ITE ( 6, 8) 
li 8 ITE ( (,;~ ) (J ,H (J ) , arc (J) ,HK (J ) , J=lil,tHl) 
If (J P. J::Q. 1) liRlT E (o, 10) 
ll'(JP.EQ.2 ) l-lRITI:'.{6,1 2) 
l-!Il.l.TE (u,':l) ( ,ii (J) ,ex (J) ,C Y ( J ) ,CP (J ) ,CZ (J), H:1 (J) ,J = M 1. !rn) 
I P (JC .EQ.1) HI'l:E( / , 1 !)) J P, li 1,MM,DFREQ,SI~;,o,'! EG ,DEL 
I P'(J:.EQ. 1) l-liUTE(7,l4 ) ( U(J) , H11 (J) ,UIC( J ) ,CX (J},CY(J),CP (J j, 

1 C Z (J ) ,JP,J,J = l11,l-111} 
CALL MODULO (CX,CX) 
CALL MGDULO ( CY,CY) 
C ALL MODULO ( CP, CP ) 
C ALL MODULO{CZ,CZ) 
I P {J P.EQ. l) .:RITE{6 , 11 ) 
IP(JP. EQ.'2. ) HRITE{6,13) 
~IR I TE ( b , 'J ) ( J , ll ( J ) , C X { J ) , CY ( J i , C P ( ,'T) , CZ ( J ) , !l .'! ( ,J ) , J = n 1 • H ti) 
Il-' (JC.EQ. ) IIHITE (7,14} ( H (J),li l·l (J ),HJC(,i} ,CX(J ) ,CY (J), CP (J), 

GRN68100 
GRN6 82 00 
GRN683 00 
GHN6tl40 0 
GRN6 850 0 
GRN6 8 600 
GHiH, 87 0 0 
GH:i 6 88 00 
GRN689 00 
GR!l6':JO OO 
GRN6':1 1 00 
GRN6 ':1200 
GRNo':1300 
GBN69 400 
GRN69 50 0 
GRN6 9600 
GRN69700 
GRN69 tl00 
GilN b 'J':1 00 
GRN7 0000 
GRN7010 0 
GRN70200 
GRN70300 
GRN./0400 
GRN70500 
GllN70 600 
GR N707 00 
Gtrn'/ 0 80 0 
GR N70':l00 
GRN7 1000 
Gfl !l 71 1 0 0 
GRH7 1 LOO 
GR ll71JOO 
GR!l714 0 0 
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CZ(J) , Jl.',J,J=t11,l1 M} GRN71~00 
RETORN GHN71600 
END GRN 7 1700 

C GRN71UOO 

C---------------------------------- MODULO -----------------------------GH!l 71Y0 0 

C CALCUl.l.TlON OP l~:JDULUS Ati D PIIASE Of FIELDS. GRN7 20UO 
C GRK7210U 

C 

SUBROUTINE :'.ODULO (CRI,C! !J>) GRN722 0 0 
REAL CABS,1100 GRN72JOO 
CO;'lPLE:X Ci1I (75) ,Ct1P {75) ,I GR:-172tlUO 
CO!'ll10N/A2/ A (L 4) ,!l1,Bl't GR1172500 

.Q = 0. 
I = (0., 1. ) 
DO 1 ti = 111 , ~!1 
R = REAL(CRI(li)) 
AI = AI!HG(CRI(MI ) 
MOD = CAlJS {C RI (11)) 
PH AS~ = 0 
IF' ( R. NP..O.ANO.AI.NE.O} 
Cl1P (11) = MOD + r~· ptt ASE 
RETU Ril 
END 

PB,\ SE ATA, 2 (h J. ,R ) 

GBN72oUO 
GR!l72700 
GRN72i300 
GRN72Y00 
GRN7JOOO 
GRN"131 00 
GR!l73200 
GRN73300 
G Rt-i7 J ll OO 
GRN73500 
GRN73600 
GRN7J ·.1 uo 
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