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ABSTRACT

A map 6: M- N where M and N are rings is said to
preserve commutativity in both directions if the elements
a,b € M commute if and only if 6#(a) and @(b) commute. In
this paper we show that f M and N are von Neumann
algebras with no central summands of type I, or I, and
is a Dbijective map which preserves commutativity in both
directions then 6(x) = cp(x) + f(x) where ¢ 1is an invertible
element in Zop the center of N, ¢ : M - N is a Jordan
isomorphism of M onto N, and f is an additive map of M
into ZN'

INTRODUCTION

By a commutativity preserving mapping of an algebra M into an algebra N
we mean a mapping 6 : M - N which maps commuting pairs of elements into
commuting pairs. We say that @ preserves commutativity in both directions if the
elements ab € M commute if and only if 6(a) and 6(b) commute. The aim
in the study of commutativity preserving mappings is to determine their structure.
In this paper, we consider the case when M and N are von Neumann algebras.

We shall prove
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2Author partially supported by NSERC of Canada.



THEOREM 1. Let M and N be von Neumann algebras with no central summands
of type I, or L, Let 0 : M - N be a bijective additive mapping. If 6

preserves commmutativity in both directions then it is of the form

0(x) = cp(x) + f(x)

where ¢ 18 an invertible element in ZN, w: M - N is a Jordan isomorphism of

M onto N, and f is an additive mapping of M into ZN.

It can be easily shown that Jordan isomorphisms of von Neumann algebras
preserve commutativity in both directions (¢f [2, Theorem 3.4]). Thus, Theorem 1
characterizes bijective additive mappings preserving commutativity in both directions.

One usually assumes that a commutativity preserving mapping is linear. Our
algebraical methods enable us to weaken this assumption and to assume only the
additivity of the mapping. Also, mappings such as isomorphisms, anti-isomorphisms
and Jordan isomorphisms will be considered in a ring sense -- for instance, by a
Jordan isomorphism ¢ of M into N we shall mean an additive bijective
mapping satisfying <p(x2) = (p(x)2 for all x € M.

A number of authors have characterized commutativity preserving mappings of
various algebras. These characterizations are essentially the same as in Theorem 1,
although in some algebras Jordan isomorphisms can be expressed in a more explicit
form. Tt seems that the first result of that kind was given by Watkins in [16] where
the form of bijective linear commutativity preserving mappings of Mn(F)’ the
algebra of all n x n matrices, n > 4, over a field F, was determined. Also,
by a simple counterexample it was shown that the situation in case n = 2 is quite
different (this justifies the assumption in Theorem 1 that von Neumann algebras

must not contain central summands of type I2). The case when n = 3 was



settled in [1] and [14]. In a series of papers [7,8,15] mappings preserving
commutativity of symmetric matrices were discussed. The paper [8] of Choi,
Jafarian, and Radjavi also contains some extensions of these results to the algebra of
all bounded linear operators on an infinite dimensional Hilbert space. Subsequently,
Omladi¢ [13] described the structure of bijective linear mappings of B(X), the
algebra of all bounded operators on a Banach space X, dim X > 3, which
preserve commutativity in both directions. An analogous result for bijective *-linear
mappings of von Neumann factors was obtained by the second named author [12]
(note that in Theorem 1 we do not assume that @ preserves adjoints). Finally, in
[6] the first named author characterized linear bijective commutativity preserving
mappings of prime algebras (satisfying some additional assumptions). Moreover, the
assumption that @ preserves commutativity was replaced by a weaker assumption
that 6(x) and 0(x2) commute for any element x. In this paper we use a
similar approach as in [6], and, in fact, the assumption in Theorem 1 that @
preserves commutativity in both directions can be replaced by a quite weaker one
(see Theorem 3).

A mapping f of a ring M into itself is said to be commuting if f(x)
commutes with x for every x in M. Additive commuting mappings of prime
rings and von Neumann algebras were characterized in [4] and [5], respectively. A
mapping q : M - M is said to be a trace of a biadditive mapping if there exists a
biadditive mapping B : M x M - M such that q(x) = B(x,x) for all x € M.
There is a simple connection between commuting traces of biadditive mappings and
commutativity preserving mappings (see the proof of Step 2 of Theorem 3). The
fundamental result in [6], upon which all the other results in [6] depend, determines
the structure of commuting traces of biadditive mappings of certain prime rings.
Following the procedure in [6], we will first obtain an analogous result for von

Neumann algebras (Theorem 2).



Recall that a bijective additive mapping 6 of a ring M onto a ring N is
called a Lie isomorphism if it preserves commutators, i.e., 0([x,y]) = [0(x),0(y)] for
all x,;y € M where [u,v] denotes uv - vu. Obviously, these mappings preserve
commutativity in both directions. Therefore, as a consequence of Theorem 1 we
obtain a result concerning Lie isomorphisms of von Neumann algebras (Theorem 4).
A similar result was obtained by the second named author in [10]. Comparing this
result with Theorem 4 we see that in Theorem 4 we do not assume any continuity
or *-linearity, but on the other hand, we have to exclude von Neumann algebras
containing central summands of type I1 or 12. Possibly Theorem 4 holds for
arbitrary von Neumann algebras; however, to prove this one should have to use quite
different methods.

The center of an algebra M will be denoted by Ly A ring is called
semi-prime if aMa = 0 implies a = 0 for a € M. Any C*-algebra is

semi-prime. We use [9] as a general reference for the theory of operator algebras.

THE RESULTS

Our first goal is to determine the structure of all commuting traces of
biadditive mappings on von Neumann algebras with no central summands of type I1

or 12. For this purpose we need some preliminary results.

LEmMa 1. Let M be a type 1 wvon Neumann algebra and let p € M be a
projection. There exrist projections e, fl, f2 in M such that p = e + f1 + f2,

e 15 abelian, fl ~ fz, f1 L f2, and e 1 fl + f2'



Proof. By considering the type I algebra pMp it suffices to assume p = 1,

the identity of M. Since M is of type I, M = @ M_ =~ where K is a set
n €K

of distinct cardinals and M_ is a homogeneous algebra of type I.. Now

1= Y p_ where p_ is the identity of M_ and is the sum of n
n e K n n n

orthogonal equivalent abelian projections. If n 1is finite and even then
P, = f1n + f211 where fln N f2n and fln n f2n' If n is finite and odd then

p, =€, + f111 + f211 where e, # 0 is abelian, fln ~ f2

1 f1Il Lf2n' If n is

n)
infinite then by breaking up the set of n orthogonal, equivalent abelian projections
that sum to P, into two subsets of the same cardinality we can write

p, =f +f, G~ 1L . Set e= Ye, f; = ¥, , f; = ¥, . Then

e is abelian since it is a sum of abelian projections with mutually disjoint central

supports. Moreover fl ~ f2’ f1 L f2’ e 1 f1 + f2 and 1 = X P, =
n €K

e+f1+f2.

Lemma 2. Let M be a von Neumann algebra with no type I1 or 12 summands.
Then the ideal 1 of M generated algebraically by {[xz,z]y[x,z] - [x,z]y[x2,z] :
x,y,z € M} s equal to M.

Proof If I+ M then J=14#M where I is the uniform closure of I. Let
N = M/J. Then N is semi-prime since i
[xz,z]y[x,z] = [x,z]y[xzz]. Standard polynomial identity theory for semi-prime rings
implies that [x,y]2 € Zy. If p isin the continuous part of M then

p = fl + f2 where fl ~ f2, f1 L f2. Hence there exists v € M such that
w* =1L, v*'v =1, so that [v,v*]2 = (f1—1'2)2 = f, + f,. Hence
p=p+Jely Lt My, be the type I part of M where D is a

projection in  Z,,. If pe Mp then, by Lemma 1, p = e + fl + f2 where e is
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abelian, f g 80O that we can apply the previous argument to show

1 1t

that 1, +f, =1, +{, + J € Z,. Let D = @ D. where D_ is a
1 2 1 2 N nEKn n

homogeneous summand of type n and K is a set of distinct cardinals. Then

e, = Dne is an abelian projection in MD . Since M has no summand of type
n

I, or I, we can choose fn, g, in MDn such that {en,fn,gn} is a set of

three pairwise orthogonal equivalent projections. Thus e = Een, f= Efn,

g = Egn are pairwise orthogonal and equivalent. By the above argument, & + f,
f+g and 2+g arein Zy sothat &€ Zy. Thus N =M/JCZy By
[11, Lemma 2], Zy = Zpp + J so that [M,M] € J. By [5, Lemma 2.6] the ideal

generated by [M,M] is M so M = J, a contradiction. g

A connection between Lemma 2 and commuting traces of biadditive mappings is
indicated in the following lemma, which was proved in [6] (although it is not

explicitly stated there, it is clear from the proof of [6, Theorem 1]).

Lemma 3. Let M be any ring admitting the operator %+ (i.e., the mapping x - 2x
is bijective). If q : M - M is a commuting trace of a biadditive mapping, then
there ezist mappings glexMxM-’M and g2,g3:MxMxMxM-+M
such that

2
1(xy,2)ug(w) = g(xy,2)uw” + go(x,y,2,W)uw + ga(x,y,z,w)u (1)
for all x,y,z,w,u € M, where
) 2
’y(x,y,z) - [X 7Z]Y[X:Z] - [X:Z]Y[X 7Z]‘

Moreover, g, is additive in the last argument.



We will need the following simple lemma, which is a special case of

[2, Lemma 1.2].

Leuva 4. Let G be an additive group and M be a semiprime ring. Suppose that
additive mappings S and T of G into M satisfy S(x)MT(x) = {0} for all
x € G. Then S(x)MT(y) = {0} for all xy € G.

We are now in a position to prove
THEOREM 2. Let M be a von Neumann algebra with no central summands of type
I1 or 12. Let q: M~ M be a trace of a biadditive mapping. If q 1is
commuting then it is of the form
a(x) = A%+ pxx + mx),  x €M,

where A € ZM, i and v are mappings of M into ZM’ and L 15 additive.

Proof. Replacing u by wuv in (1), and then comparing the relation so obtained

by (1), we obtain

Axyalvaw)] = gy (xy.aulvw’] + gy(xy.zwulywl (2

Let 1 be the identity element of M. By Lemma 2 there exist by X, ¥ %,

u € M, i =1,---,n, such that

n
R 1'.i'y(xi,yi,zi)ui = 1.

i=1



Using (2), we then see that for any v,w € M we have

[v.a(w)] = 1[v,q(w)]

= {ig ti'Y(xi:Yi:Zi)ui}[V:Q(W)]
= iil ti{'Y(Xi,yiazi)ui[VM(W)]}

n

— 9 n
=2, Wbyl - E) 1189 (%5732 W)y v, w].

Thus

[v,a(w)] = )\[v,wz] + p(w)[v,w], vwvw €M (3)

for some X € M and some map 4 : M - M; note that p is additive since, by
Lemma 3, g, is additive in the last argument. Owur intention is to show that
A€ ZM and that g maps M into ZM.

Substituting vy for v in (3) we obtain

vawly + viy.aw)] = Alv,wlly + Aly,w?] + p(w)v,wly + p(w)vly,w].

On the other hand, (3) shows that

[vawly + viy.aw)] = Alv,wlly + s(w)v,wly + vAly,w?] + va(w)ly,wl.



Comparing the last two relations we get
2
[AVIly,w] + [w(w)vlly,w] = 0,  vyweM

Replacing v by xv in (4), it follows that

vy, w?] + [Axdvly,w?] + x[u(w),vlly,w] + [u(w)x]vly,w] = o.

By (4), the sum of the first and the third summands equals zero. Hence

[)\,x]v[y,wz] + [W(w) x]v]y,w] = 0, x,v,y,w € M.
In particular,

(vl wle)ly,w?) + [u(w) x](vly,wle)ly,w] = o.
But on the other hand, (5) yields
([pw) vy, whialy,w] = -[3xloly,w’lely,w]

Comparing the last two relations we arrive at
7

e[y waly,w?] - [y,w lely,w]) = 0.

Lemma 2 implies that [A\x]M = 0 for all x € M, and therefore, A € Z,,.

Now, (5) reduces to

M

(4)

(5)



10.

[/-L(W)’X]M[Y7W] = {0}7 x,y,w € M. (6)

Now fix x,y € M and introduce additive mappings S and T of M by

S(w) = [w(w),x], T(w) = [y,w]. By (6), we have S(w)MT(w) = {0} for all

w € M, so it follows from Lemma 4 that S(w)MT(z) = {0} for all w,z € M.
Thus [p(w),x]v[y,z] = 0 holds for any wyx,v,y,z € M. In particular,
[u(w)x]v[p(w),x] = 0, wx € M, which shows that p(w) € Zy;, w e M. By (2)
we now see that y(w) = q(w) - aw? - p(w)w lies in Zy, as well. With this

the theorem is proved. g

Our next aim is to consider commutativity preserving maps of von Neumann

algebras. We need two preliminary results.

LEemma 5. Let M be a von Neumann algebra with no central summands of type Il‘

If ce€ ZM 18 such that c¢cM C Z then ¢ = 0.

M)
Proof. We have [cx,y] = 0, and therefore, c[x,y] = 0 for all x,y € M. Thus
cI = {0} where I is the ideal of M generated by all commutators in M. But
I =M [5 Lemma 2.6], and so c¢ must be zero. g

Renn]] t‘ln nd
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and n is any positive integer, implies x = 0.

LEMMA 6. Let M be a semiprime torsion—free ring and G be an additive group.
Suppose that mappings ¢ : G x G- M and 7: G x G x G-+ M are additive in
each argument. If e(x,x)M7(x,x,x) = {0} for every x € G, then

e(y,y) M7r(x,x,x) = {0} for all xy € G.
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Proof. We have e(x,x)r7(x,x,x) = 0. Note that the substitution x + ny for x,

where x;y € G and n is an integer, yields
n{(e(x,y) + e(y,x))rr(x,x,x) + e(x,x)r(r(x,x,y) + 7(x,y,%x) + 7(y,%,%))}
+ nzz2 + 113z3 + n4z4 =0

for some elements ZoyZg, 2%y € M depending on x, y and r. Since n is an

arbitrary integer and M is torsion-free, it follows easily that
(e(xy) + elyx)rr{xxx) + e(xx)r(r(xxy) + 7(xyx) + 7(y,%%)) = 0.

Multiplying from the right by s7(x,x,x), since e(x,x)M7(x,x,x) = {0}, we arrive

at

(e(x,y) + e(y,x))r7(x,x,x)s7(x,x,x) = 0.

Since r and s are arbitrary elements in M, the semiprimeness of M implies

that

(e(x,y) + e(yx))M7(x,x,x) = {0} (7)

for all x,y € G. In this relation, replace x by x + nz with x2z2 € G and n

an integer. Arguing similarly as above, one obtains easily that
(e(z,y) + e(yz2)rr(xxx) + (e(xy) + e(yx)e(r(zxx) + r(x,2x) + 1(x,x,2)) = 0.

Multiplying from the right by s7(x,x,x), and then using (7), we get
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(e(z,y) + e(y,2))rr(x,x,x)st(x,x,x) = 0.

Since R is semiprime, it follows that (e(z,y) + €(y,2))M7(x,x,x) = {0}. A special

case of this relation, where z = y, gives the assertion of the lemma.

We now come to the central theorem of this paper; note that this theorem

includes Theorem 1.

THEOREM 3. Let M and N be von Neumann algebras with no central summands
of type I1 or I2. Let 0 : M - N be a bijective additive mapping such that
Zyg) = Zyy [0(x2),0(x)] =0 foral x€ M, and [H_I(Wy)ﬂ_l(y)] =0 for all
y€N and we Zy- Then 0 is of the form

0(x) = colx) + f(x)

where ¢ s an invertible element in ZN, f is an additive mapping of M into
ZN, and ¢ is a Jordan isomorphism of M onto N.

Moreover, there exist central projections p € M and q € N such that the
restriction of ¢ to pM is an isomorphism of pM onto qN, and the restriction

of ¢ to (1-p)M is an anti-isomorphism of (1-p)M onto (1-q)N.
Proof. The proof is broken up into a series of steps.

STEP 1. There is an isomorphism « : ZM = ZN such that
0(zx) - o(z)0(x) € Zy for all z € Zyp, x € M, and

0 wy) - o (W0 H(y) € Ty Jor all we Zy, yeN



13.

Proof of Step 1. Take x € M and 1z € Zyr- As 0 maps Zy into Zy, a
substitution x + z for x in [0(x2),0(x)] = 0 gives [6(zx),0(x)] = 0. Denoting
6(x) by y, we thus have [0(20—1(y)),y] = 0 for arbitrary z € Zy; and

y € N. That is, for any z € Zy;, y - 0(z0_1(y)) is a commuting additive
mapping of a von Neumann algebra N. By [5, Theorem 2.1] it follows that there
exists an element w in Zy (depending on z) such that 0(z0_1(y)) - wy € Iy
for all y € N; or equivalently, 6(zx) - wl(x) € Zy for all x € M. We set

w = a(z), and claim that the mapping z - o(z) is an isomorphism of Zyp onto

ZN' Our key relation is
0(zx) - o(z)0(x) € Zy for all x € M, z € Zy. (8)

Let us first prove that « is additive. Take =z € Zyr- According to (8),

1°%2
for any x € M we have

0((z1+25)x) € ofz +25)0(x) + Zy.
On the other hand,
0((z)+29)x) = 0(z;x) + Ozox) € o(z))0(x) + az9)0(x) + Zy.
Comparing we get (az;+z9) - o(z;) - o(z,))0(x) € Zy. Since ¢ is onto,
Lemma 5 implies that a(z;+z9) = ofz)) + ofz,).

Next, let us show that o« is multiplicative. On the one hand, for

zy,29 € Zyp x €M, we have

0z 29x) € (z,29)0(x) + Zy,
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while on the other hand,
0z (29%)) € o(z)b(zg%) + Zy
C ofzy)(olz)0(x) + Zy) + Ty
= afz))a(zy)0(x) + Zy.

Hence (ofz2,) - ofz()oz,))0(x) € Zy, and so a(z25) = ofz()a(zy) by
Lemma 5.

Suppose that ofz) = 0 for some z € Z,. By (8), we then have
0(zx) € Zy for every x € M. Since we assumed that §(Zy) = Zp this implies
ZX € ZM, x € M, and so Lemma 5 yields z = 0. Thus « is one-to-one.

Let us show that « 1is onto. Take w € ZN' By assumption, we have
[Bul(wy),ﬂ_l(y)] =0 for all y € N. Writing y as 6(x), we get
[ﬂ-l(wﬂ(x)),x] = 0. That is, x - 0_1(wl9(x)) is a commuting additive mapping of
M. By [5, Theorem 2.1] there is an element f(w) € Z); such that 0_1(w0(x)) -
flw)x € Zyp for all x € M; or equivalently,

0 (wy) - B(w)0(y) € Zyy for all y e N. 9)

As 0(Zy;) = Zp it follows that wy - 6(6(w) 0_1(y)) € Zyy ¥y € N. In view of
(8), (A(wW)0(3)) € a(f(w))y + Ty, and therefore (w - a(f(w))y € Zy, ¥ € N.
But then w = o(f(w)) by Lemma 5. This implies that « is onto. Of course,

g = a_l, and so, according to (9), the assertion of Step 1 is proved.



STEP 2. There erist an element A € ZN, an additive mapping p : M -
and a mapping v : M - ZN such that

0(x2) = )\0():)2 + p(x)x + y(x) for all x € M.
Proof of Step 2. The relation [0(x),0(x2)] =0, x € M, can be written in the
form [y,ﬁ(ﬂ_l(y)z)] =0, y € N. Thus, q(y) = 0(0_1(y)2) is a commuting
mapping of N. Since q is a trace of a biadditive mapping

B(y,z) = 0(0_1(y)0'1(z)), Theorem 2 can be applied. Hence there are X € Zy,
an additive mapping py N - ZN and a mapping vy N - ZN such that

o007 5% = WP+ 3y + 7 )
for all y € N. Note that this implies (10) where p = p0 and v = v b
STEP 3. A s invertible.
Proof of Step 3. We have
X = H‘I(Aﬂ(x)2 + wx)0(x) + v(x)).
Applying Step 1 and the assumption that g1 maps Zy into Zy; it follows
that

2 - o100 - o Hu)x € -

Consequently

2] = o Y0 (0D ) - o )k

15.

Zy

(10)
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holds for all x,u € M. From this relation we see that

b ulvixu] - [xulvi,u]

-1 -1 2 -1 2
= o (AN[0 "(0(x)"),u]v[xu] - [x,ulv[f “(6(x)"),u]}

for all x,u,v € M. Since the ideal generated by elements of the form [x2,u]v[v,u] -
[x,u]v[x2,u] is equal to M (Lemma 2), it follows that 1 € a_l()\)M, which
means that a_l()\) is invertible. But then X 1is invertible.

STEP 4. A mapping ¢ : M - N, defined by

o(x) = A(x) + fu(x)

18 a Jordan homomorphism.

Proof of Step 4. We will argue similarly as in the proof of [6, Theorem 2]. We

have
o) = A(x) + 3ulx’)
= 220(x)% + M(x)0(x) + A(x) + $p(x>),
and
o(x)% = (M) + u(x)
= 22007 + M(x)(x) + u(x)>

Comparing these two relations we get

<p(x2) - (p(x)2 € Zy foral xeM (11)
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Define the mapping ¢ : N x N+ N by

€xy) = pxy+yx) - o(x)p(y) - o(y)e(x).

Obviously, ¢ is biadditive and it satisfies e(x,y) = €(y,x) for all xy € M.
Replacing x by x + y in (11) we see that € in fact maps into Zy- In order
to show that ¢ 1is a Jordan homomorphism we must prove that € = 0.

Note that (,a(xz) = (,0(}()2 + +e(x,x). Next, we have

p(x%) = pp(x’x + xx?)
= HolP)e(x) + px)p(x?) + dx*x)}
= H(px)? + te(xx)e(x) + px)(p(x)? + te(xx)) + e(x®x)}
= p(x)° + be(xx)p(x) + e(x*x).
Hence
) = 1ped + <)
= o)) + ox®)px) + (x* )}
= He@)(e(x)® + te(xx)px) + 1e(x) + (p(x)° + te(xx)p(x)
+ pe(x®x)p(x) + (x> %))

= o)t + te(xX)px)? + e x)p(x) + te(xSx).

o(x

On the other hand, we have

oxh) = p(D)?) = px)? + pe(xd
= (p(x)% + te(xx))® + pe(x’x
= o)t + e(xx)px)? + 1e(xx)? + 1e(x2x2).
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Comparing the two relations, so obtained for (p(x4), we get
2 2
e(x,x)tp(x) - G(X ,X)(ﬂ(X) € ZN
where x 1is an arbitrary element in M. This implies that
2 1 .2
e(x,x)[tp(x) 711] - G(X ,x)[(p(X),u]
for all x € M, u € N, and therefore,
2 2
e(xx)([0(x)" ulyle(x),u] - [(x)uly[p(x)"u]) = 0

for all x € M, yu € N. Now pick yju € N and define 7: M x M x M- N
by

T(X17X27X3) = [cp(xl)go(x2),u]y[(p(x3),u] - [(,a(xl),u]y[w(xz)tp(xs),u]
and note that e(x,x)7(x,x,x) = 0 for all x € M. Since ¢ maps in the center of

N, we also have e(x,x)M7(x,x,x) = {0}. Thus, the mappings ¢ and 7 satisfy

the requirements of Lemma 6, and so
e(v,v)N7(x,x,x) = {0} for all x,v € M.
Using the definition of ¢, we see that

r(xx,x) = A3([0x)%,uly[0(x),u] - [0(x),uly[6(x)2u]).
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Thus, since A 1is invertible and # is onto, we have

e(v,v)N([s uly[s,u] - [s,uly[s®,u]) = {0}

for al v e M and s,yyu € N. Applying Lemma 2 we see that ¢(v,v) must be

zero. This proves that ¢ is a Jordan homomorphism.
Weset ¢ =A! and f(x) = —%A_lu,(x), so we have 0(x) = cy(x) + f(x).
STEP 5. ¢ s one-to—-one and onto.

Proof of Step 5. Suppose ¢(a) = 0 for some a € M. Then 4(a) = f(a) € Zy-
By assumption, this yields a € Z,;. Therefore, plax) = tp(ax +xa) =
Ho(a)p(x) + p(x)p(a)) = 0 for every x € M. As above, this implies that
ax € ZM' But then a = 0 by Lemma 5.

Let us show that the restriction of ¢ to ZM is equal to a. Take

z € Zy;. Then 0(z) € Zy, and therefore, ¢(z) € Zy. Hence

o(zx) = dp(zx+xz) = Hp(z)p(x) + p(x)@(2)) = @(z)o(x)

holds for any x in M. Consequently

U(zx) = cp(zx) + f(zx) = cp(z)p(x) + (zx).

Thus 0(zx) = cp(z)p(x) € Zy for all x € M. On the other hand, by Step 1 we
have 6(zx) - o(z)0(x) € Zy, that is, 6(zx) - cofz)p(x) € Z Comparing we get
(o(z) - ofz))ep(x) € Zy, and therefore, as cyp(x) = §(x) - f(x), we have (y(z) -
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o(z))0(x) € Zy- By Lemma 5 it follows that ¢(z) = ofz).

Since o is onto, there is ¢; € Zy; such that c = ofc;) = ¢(c,).
Similarly, for every x € M there is f,(x) € Zy; such that ¢ff;(x)) = £(x).
Thus f(x) = @(c;)@(x) + @(f;(x)). As shown above, we have ¢(c;)p(x) = p(c;x),

which gives 0(x) = ¢(c;x+{;(x)). Thus, since 0§ is onto, ¢ is onto as well.
It remains to prove

STEP 6. There ezist central projections p € M and q € N such that the
restriction of ¢ to pM is an isomorphism of pM onto qN, and
the restriction of ¢ to (1-p)M is an anti-isomorphism of (1-p)M
onto (1-q)N.

Proof of Step 6. This assertion follows immediately from [3, Theorem 1]. Namely,
this theorem tells us that if ¢ is a Jordan isomorphism of a ring M onto a
2-torsion-free semiprime ring N in which the annihilator of any ideal is a direct
summand (i.e., for any ideal I in N, we have N = Ann(l) ® J for some ideal
J of N -- von Neumann algebras certainly satisfy this condition), then there exist
ideals U and V of M and ideals U’ and V’ of N such that

UeV =M, U’eV’ =N, the restriction of ¢ to U is an isomorphism of
U onto U’, and the restriction of ¢ to V is an anti-isomorphism of V to
V-. By standard arguments one shows that in case M and N are von Neumann
algebra, these ideals must be of the foorm U = pM, v = (1-p)M for some central
projection p in M, and U’ = gN, V’ = (1-q)N for some central projection

g in N.

The proof of the theorem is thereby completed.
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Our last goal is to determine the structure of Lie isomorphisms of von

Neumann algebras. For this purpose we need a refinement of Lemma 5.

LEmMA 7. Let M be a von Neumann algebra with no central summands of type Il'

If c€ Zy is such that c[x,y] € I for all x;y € M, then c = 0.

Proof. We have c[[x,y],u] = 0 for all x,;y,u € M. Replacing y by yx it
follows that

0 = c[[x,ylxu] = c[xy]lx,u] + c[[x,ylulx = clx,y][x,u].

Thus c[x,y][x,u] = 0 for all x,y,u € M. Substituting uv for u and then using
the relation [x,uv] = [x,u]lv + u[x,v], we then get c[x,y]M[x,v] = {0} for all
x,y,v € M. Note that Lemma 4 implies that c[x,y]M[u,v] = {0} for all

x,y,u,v € M. Using the fact that the ideal generated by all commutators in M is
equal to M [5, Lemma 2.6], it follows easily that ¢ = 0.

THEOREM 4. Let M and N be von Neumann algebras with no central summands
of type I, or L, If 0: M - N is a Lie isomorphism then it is of the form

0 =Y+ 1 where f is an additive mapping of M into Zy sending commutators
to zero, and, for some central projections p € M a'nd q € N, the restriction of
v to DM s an isomorphism of pM onto qN and the restriction of V¥ to

(1-p)M  is a negative of an anti-isomorphism of (1-p)M onto (1-q)N.

- Proof. Clearly, 0 satisfies the requirements of Theorem 3, and it is, therefore, of
the form described in the statement of Theorem 3.

Take x,y € pM. Since the restriction of ¢ to pM is a homomorphism, we

have
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xy]) = ce([xy]) + {([xy]) = cp(x),@(y)] + {[x.y])-

On the other hand,

0[xy]) = [6),6)] = c*o(x),0(3)]-

Comparing we get (c2—c)[<p(x),<p(y)] = 1([x,y]) € Zy. Since ¢ maps pM onto
gN it follows that (cz—c)q = 0, and therefore, since ¢ is invertible, cq = q.
Note that this implies that f([x,y]) = 0 for all x,y € pM.

Similarly, by computing 4([x,y]), x,y € (1-p)M, in two ways, one shows that
(P+0)[p(x),0(y)] = f([xy]) € Zyy. This yields c(1-q) = -(1-q) and H([xy]) = O,
x,y € (1-p)M.

Now it can be easily shown that the mapping (x) = cyp(x) satisfies the

desired conclusions.
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