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ABSTRACT

The effective degree model has been applied to both SIR and SIS type diseases
(those which confer permanent immunity and those which do not, respectively) with
great success. The original model considers a large system of ODEs to keep track of
the number of infected and susceptible neighbours of an individual. In this thesis, we
use a generating function approach on the SIR effective degree model to transform
the system of ODEs into a single PDE. This has the advantage of allowing the con-
sideration of infinite networks. We derive existence and uniqueness of solutions to the
PDE. Furthermore, we show that the linear stability of the PDE is governed by the
same disease threshold derived by the ODE model, and we also show the nonlinear

instability of the PDE agrees with the same disease threshold.
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Chapter 1

Introduction

Agenda or Thesis outline

Chapter 1 contains an overview of disease dynamics on contact networks. The
overview will focus specifically on the Effective Degree model and the Volz

model.

Chapter 2 includes a derivation of the partial differential equation effective degree
model and a proves the existence and uniqueness of solutions to the PDE. This

chapter also shows that our model can be reduced to the Volz model.

Chapter 3 handles the stability of the disease-free equilibria. We look at both the
stability of the linearized problem and the non-linear instability (using an initial

condition that reduces our model to the Volz model).

Chapter 4 is a concluding chapter. It restates the claims and results of the thesis,

and provides ideas for future work and further development.

1.1 ODE models

The classic compartmental epidemic model is a special case of a model introduced
by Kermack and McKendrick in 1927 [2] called the Susceptible-Infectious-Recovered
(SIR) model. In this model the population is divided into three compartments or
classes: the number of those susceptible to infection S, the number of those who are
infected and currently transmitting the disease I, and the number of those who have

recovered and are no longer susceptible to reinfection R. Individuals within classes



are considered to be identical. The following system of ODEs governs the transfer

rates between compartments

ds

— — _BS]
dt b3
dr

— — BST —~I
T BST —~
dR

AT

a !

where [ is the infection rate of the disease per individual, which moves individuals
from S to I; and 7 is the recovery rate of infected individuals, moving them from [
to R. Once recovered (in class R), individuals no longer contribute to the disease dy-
namics, and for this reasion the equation for R is often dropped since it is determined
by S and I. Assuming that the probability of infection is governed by the product
ST is usually referred to as the principle of “mass-action”, which is well studied in
its use for chemical reactions, see for example [3], and assumes that the population
is “well-mixed” or homogenous in the number of contact rates between individuals.
There are many different ways that one could construct compartments based on
what they want to study: the SIR model studies diseases that confer immunity after
infection, and the shorthand “SIR” is often used to refer to modelling these types
of diseases. Alternatively, there exist similar compartmental models such as the
Susceptible-Infectious-Susceptible model (SIS), where individuals who recover from
being infectious move from I back into S (for more examples see [4]).

While these models make some unrealistic simplifying assumptions, they exhibit
a disease threshold condition: when introducing the disease to an entirely susceptible
population, the disease will not invade (no epidemic occurs) unless the parameters sat-
isfy the disease threshold condition (an epidemic occurs). The Kermack-McKendrick
SIR model shows the existence of a disease threshold condition, and many more

complicated models aim to show its existence as well [5, [6] 1].

1.2 Contact Network Models

The Kermack-McKendrick SIR model has the advantage of being simple to under-
stand, is analytically solvable [7], and for large, well-mixed populations it can provide
at least a qualitative understanding of the disease dynamics. However, at the begin-

ning of an epidemic, there are relatively few infected individuals and disease dynamics



Figure 1.1: An example of a contact network. The nodes represent individuals and
the edges represent transmission pathways.

depend on the interactions between these individuals and the susceptible members
of the population. Furthermore, evidence suggests that there are members of the
population who infect many others, while most members of the population spread it
to relatively few [8]. This heterogeneity of contacts should be captured by a model if
we want it to be more realistic.

One way to capture the heterogeneity is by modeling the spread of disease on a
contact network. Networks are an obvious choice when a system has a number of
interacting parts. Figure shows an example of a network represented as a graph:
the network has nodes representing units, and edges representing interactions between
units. In the context of this thesis, the nodes represent individuals (in one of the S,
or R compartments, for example), and the edges represent interactions or contacts
between them that can transmit disease.

This thesis will mainly focus on an extension of the Effective Degree model, and

we also present the Volz model and show that it is a reduction of the former.

1.2.1 Effective Degree Model

The Effective Degree model [1I] compartmentalizes the network based on the state
of the nodes (susceptible, S; infected, I; recovered, R) and by the number of neigh-

bours that it has in each state. Hence, Si;,. is the fraction of the population that is
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Figure 1.2: The flow between compartments for the Effective Degree SIR model. This
figure has been adapted from [1].

susceptible, having s susceptible, ¢ infected, and r recovered neighbours.

The nodes can change compartments in a number of ways: the node itself could
change states, or one of its neighbours could. As an example, a node could change
from susceptible to infected Sy, — Iy, or if one of its neighbours changes states
instead Ssir — Ss—1,i+1,, €tc. The recovered individuals cannot transmit the disease
or be infected, and so instead of tracking them, we only keep track of the susceptible
and infected neighbours, and allow a nodes degree to change. By only keeping track
of a node’s s susceptible and ¢ infected neighbours, we say s+ i is the effective degree
of the node. The flow chart for the SIR system is shown in figure [[.2] The disease
dynamics of the effective degree SIR model satisfy [1]

Case 1 If > sS4 #0,

$>0,i>0

d ZsiBSiSSi
Su = ~BiSu i+ DS —iS+ S0

dt [(s+1)Ssq1-1—5Ss] (1.1)



Case 2 If > S, =0,

$>0,i>0

%Ssi = —BiSe +7[(7 + 1)Ss i1 — S (1.2)
The transmission rate along an edge is 8, and 7 is the recovery rate of an infectious
node. Both these parameters are positive, as well as the proportions of nodes are
non-negative i.e. §,7 > 0 and Sy;; > 0. The notation ), represents the double sum
over all s and 4,1e. Y = = > > and it is assumed that Sy = 0 if either index
is negative.

We need to distinguish between the two cases because the third term in (2.9)
would be undefined if the denominator is zero. We can also see that Zs’i $Sg =0
implies that for all s > 0, Ss; = 0 becuase Ss; > 0 by definition. The condition that
Ssi = 0 for s > 0 describes a network where no two susceptible nodes are connected
by an edge (i.e. neighbours). Since the third term in represents the flow into
S due to the infection of a neighbour, and case 2 involves a network in which no
susceptible node has susceptible neighbours, we understand that this term must be
zero in case 2.

Case 2 is linear, and solvable (by the method of characteristics, for example), so
we won’t focus on it in this thesis.

There is a similar system of differential equations describing the infected nodes

I,;, however the total rate of change of the proportion of infected nodes is
I'=8Y iSq—~l (1.3)

which can be obtained by computing I = > . I; in [I]. Similarly for R. Since the I

equation is completely determined by the S equations, we need only to focus on S.

Remark. Modeling a disease with non-permanent immunity (SIRS) would require
keeping track of the recovered neighbours, and the I equations could not be simplified
as in (1.3). Furthermore, we would need to keep track of the recovered nodes in a

similar manner, i.e. Rg;,.



1.2.2 Volz Model

The Volz model [6] assumes a given network with degree distribution such that the
probability of a node having degree k is px, and the compartments for the network
nodes are STR. The Volz model assumes that a susceptible node has an infectious
neighbour with uniform probability, and from this assumption derives 3 coupled,
nonlinear differential equations that track the degree distributions of the susceptible
and infected nodes.

The system of differential equations derived in the Volz model are

0'(t) = —Bpr(t)0(t)

pi(t) = Bpspﬂ% — Bpr(1 = pr) — vp1
Do q"(0) 1.4
Ps(t) = Bpspr (1 —0 70 > (1.4)

S(t) = g(0)

where

S(t) := The total fraction of suscpetible nodes,

I(t) == The total fraction of infected nodes,

0(t) = The fraction of degree one nodes that remain susceptible at time ¢,

g(x) = The generating function of the degree distribution,
ps(t) := The probability of a susceptible node having a susceptible neighbour at time ¢,

pr(t) := The probability of a susceptible node having an infected neighbour at time ¢.

The generating function g(z) here is defined as

g(z) => per*

where py, is the probability of a node having degree k.
In the Volz model, the author defines u; as the fraction of degree k£ nodes that



remain susceptible at time ¢, and shows that u, is given as

we(t) = exp {/Ot By (7) df}k.

9:u1

By definition then,

and

Thus the total fraction of suscpetible nodes is
S = Zpkuk
k
=9(0).

The Volz model is interesting because it reduces the problem of tracking nodes
and neighbours found in the Effective Degree model to tracking the probabilty dis-
tributions 6, pg, and py, effectively reducing the system to three ordinary differential
equations (ODEs).

We can show that the Volz model exhibits a disease threshold condition by con-
sidering the linear stability of the disease free equilibrium. Define X (¢) := (0, ps, pr)
and F' such that

X'(t) = F(X).

The disease-free equilibrium is Y = (1,1,0). To linearize about Y, let X =Y +Y.
Then
Y =X = F(X).

Use a linear approximation of F about Y

YFY)+J

(X -Y)

Y

=J|Y

Y

because F(Y) = 0 since Y is an equilibrium point. The Jacobian at this equilibrium



is given by
00 —p
_ _ p9’)
J=10 0 %Dﬁﬂn ;
and
- 0 —p
_ _ _p9'@)
J—=AX=1]0 A ) 16 i)
0 0 BLEH-B—y—)

The characteristic equation for the eigenvalues is

A%ﬁ%%%—ﬁ—v—k)zQ

thus the non-zero eigenvalue and its associated eigenvector are

Hence the stability of Y is determined by the sign of \, and furthermore we can
see that A > 0 implies

_ B g
B+yg)

in agreement with the basic reprouction number Ry from percolation theory [5].

0



Chapter 2

The Model

The ODE effective degree model of the previous section only considers finite degree
distributions, hence extending the model to an infinite distribution would require a
different approach. In this chapter, we derive a partial differential equation (PDE)
from the effective degree model using a generating function approach. The Sy; com-
partments are probabilities, and the use of probability generating functions to repre-
sent a discrete variable by a continuous function is a standard technique in probability

theory, see for example [9, chapter 1.2].

2.1 Derivation of the Model

The discrete system of ODEs is typically very large and can be difficult to
analyze. It is often the case that when studying infectious diseases on networks, the
use of infinite degree distributions often makes analysis easier, e.g. Poisson, power
law, etc. However, the ODE model analysis requires a finite dimensional system.
To analayze the infinite dimensional system, we need a different approach. Look for

solutions S in the form of generating functions
St x,y) = 2y Su(t), (2.1)

where (z,y) are in the unit square, i.e. (z,y) € [0,1]?. Take a derivative of S with

respect to time

oS L .d



10

and substitute ((1.1)) into (2.2))

oS
E: _ﬂzxs Ssz+72x Z—l—l sz+1_iSsi]

We can simplify by taking derivatives of S with respect to  and y
=S,
5= 3w yes,
Sgy = ixs YyisiSy;,

which gives

9s B Sw(LD)
Fri BySy + (1 — y|S, + S, (L1) Bly — =S,
That is,
(95 Y Sxy(ta 17 1) .
=GN (v- g ) s s - 08 2))
Remarks.

e In section [2.2.2] we prove that the characteristics have the nice property that
they flow out of the unit square. We will see that this allows us to avoid the

lack of boundary conditions.

%y(ttll 11) # 0, at least initiallly, as

this corresponds to the more interesting ODE model .

e Recall that we are focusing on the case where

o If S,(t,1,1) =0, define S,y (¢,1,1)/5,(t,1,1) = 0, because this corresponds to
case 2 of the ODE model (|1.2]).

Definition 2.1.1. A biologically relevant solution to (2.3)) has power series with
strictly non-negative coefficients. The coefficients Sy; of S from ([2.1)) represent pro-
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portions of the population that are susceptible, hence negative values would be non-

sense.

2.1.1 Steady-State Solutions

The purpose of this section is to characterize disease-free solutions. More precisely,

we have the following lemma.

Lemma 1. Any function S = S*(x), i.e. strictly a function of xz, is a steady-state
solution to (2.3). Furthermore, these comprise the entire family of biologically relevant

steady-state solutions.

Proof. Suppose S = S(x,y) is a steady-state solution to (2.3]). Then S,,(1,1)/S,(1,1) =
A, a constant. Furthermore, S biologically relevant implies that A > 0, as both S,

and S, have power series with strictly non-negative coefficients.
Equation (2.3)) becomes

B+

which can be solved via the method of characteristics. Notice that if A = 0, then
we immediately get the result S, = 0, i.e. S = S*(x). Assume that A > 0, and
solve (2.4) along the characteristic curves parametrised by s satisfying

(B +7) (y - L) S, + AB(y — 2)S, = 0, (2.4

dx

&ZAB(?J—@

dy Y

B=0e (- Giy) 29
s

ds

Solve the equation for y using the integrating factor

e~ (B+7)s

That is,
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where y(0) = yo. Substitute y(s) into the x equation,

dz _ 0 -6 b
—l—Aﬁx—Aﬁ(yo 5"‘7) s+ AB

ds B+7
which can be solved with the integrating factor
ehs.
That is,
R

Integrate from 0 to s

( ) _ Py
ABs ABs—(B+7)s ABs

_L@_ v >_ v
AB—B -4\ B+~v) B+~

Bs

and multiply both sides by e~

A
x = zoe P 4+ __45 (yo S >e(’3+7)8 NI

AB—B—~ B+ B+
ApB ( Y > —ABs Y _ABs
- —— e ——e .
AB—B—\"" B+q B+~
That is,
_ ApB o _ _ o _

= xoe P 4 —( ——> e (Brms _ o= ABs) (] — = APs
° 55—\ 577! )+ 55 )

The third characteristic from (2.5 is

ds

a0

thus the solution is constant along the curve (z(s),y(s)), i.e.,

S(x(s),y(s)) = ¢



In particular,

13

S(a(s),y(s)) = S(xo, yo)

where x(s),y(s) and xg,yo lie along the same characteristic curve. Fix x,y,s, and

write xg and yp in terms of those variables, i.e.

S(S,I,y) :S(l‘ﬂ(saxay>ay0(57$ay)) (26)
where
Ap ( g ) g
_ . ABs ABs _ (B+7)s ABs
rg=xe — ————|y— —— | (" —e ——— (e =1
" A==\ 5 )l )= )
_ i (B+7)s v
Yo=|y—=——)e +
’ ( B+ 7> B+
Take derivatives in z and y of ({2.6))
08 Oxg
SCC y Ly = 3. a_
(5 2,y) Jxg Ox
oS 821‘0 825 8900 823 8y0 8ZEO
Suy(s,2,y) = 5 — .
0z 0x0y Oxg Oy  Oxg0yp Oy ) Ox
By assumption we have
= Say(s,1,1)
Se(s.1,1)
928 dxq 4 9?8 dyo
0z Oy 0xo0yo Oy
= 35
oxo z=y=1
925 Ap s ABs 9%s s
- = (2.7)
oxg z=y=1

Equation ([2.7)) must be true for all s, and so taking the limit s — —oo gives A = 0,

a contradiction since A assumed A > 0.

This implies that A = 0 is the only case, which implies S, = 0 and

S =5(z).

]

Definition 2.1.2. S = S*(z) is a disease-free equilibrium of the PDE (12.3)) for all
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biologically relevant S*(z). A function strictly of x has power series coefficients S; = 0

for all 7+ > 0. Hence, the network is disease-free.

2.1.2 Change of Variables

Some aspects of the PDE ([2.3)) are easier to study if we consider a change of variables
(in particular, the linear stability analysis in chapter [3| is greatly simplified): let

I'= /3777’ and define

(since (x,y) are in the unit square, (w, 2) € [-T',1 —T?).
Consider the power series S(t,z,y) given by (2.1)) with the new variables w and z

S(t,z,y) =S(t,w+T,z+7T)
= ) (w+T)(z+T)'Sy(t)

$>0,i>0

and center the series at w =2z =10
s Q. — s mys—m i nyi-n g
> (wHI)P(E+I)Sat) = Y ( > (m)w r (n>z r 551(15))

§>0,i>0 $>0,i>0 \m<s,n<i
m . n S s—m i i—n
= g w™z E r 7" S4(t)
- m n
s>m,i>n

m>0,n>0
= Z W™ 2" Smn (1)

m>0,n>0

where

Sonl) = 3 (;) (;)rs+i—m—”ssi<t>. (2.8)

s>m,i>n

Define S = S(t,w, z) as the power series

and we can see that S(t,z,y) = S(t,w,z) , where the coefficients of each series are
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related by (2.8]).

Remark. If S(t,z,y) has non-negative coefficients, then S(t,w,z) has non-negative
coefficients. By definition we also see that this implies that if S(t,z,y) is

biologically relevant, then S(t, w, z) has non-negative coefficients.

This is clear by observing equation ({2.8)): if Sy; > 0, then s,,, > 0.
Substitute the change of variables into the PDE (2.3)) to see that S solves

s w2 St B
i (B4+7)2S.+ 8 5.1 T D) (2 — w)Sy. (29)

So(w, z) = S(0,w, 2)

~T,1-1) .

1
1

Consider solutions in the space X, defined as the set of functions

equipped with norm
S H = E 1+ mn| < 00. 2.10
H (1 4+m)|Spn| < 00 ( )

m,n

We will be considering functions belonging to X to the problem ([2.9).

Claim 2. Any function S(w) € X, i.e. not a function of z, is a steady-state solution
to (2.9)).

Proof. This is easy to see, as S.(w) =0 = S,.(w) = 0, hence the RHS of (2.9) is

7ero. O

Remark. The power series (2.9) must be converted back into x and y variables to get
the coefficients which correspond to the compartments of the ODE model (1.1)).

2.2 Well Posedness of the Problem

For the problem to be well-posed, we aim to not only show the existence and unique-
ness of solutions, but to show that those solutions make biological sense. First we
are going to use the method of characteristics to solve the PDE , and second we
will show the uniqueness of the characteristics. Lastly, we show that the solutions are

biologically relevant.
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Remark. From this point onward, we will be considering the PDE (2.9) with w and

z variables, but we will be dropping the “tilde” notation on S, i.e.

2.2.1 General Solution via Characteristics

Here we present two slightly different approaches for solving the characteristics. The
first involves choosing ¢, = 0, and the second leaves the initial time undetermined
until the end. The two methods are equivalent.

Method 1

: Sws(t,1-T,1-T) . . . ,
In equation (2.9)), treat ST 8s an undetermined function of time, leaving us

with a linear PDE. That is,
St w, 2) + (B+7)28:(t,w, 2) + Bw — 2)@! (1) Su(t, w0, 2) = 0

where

P Suw(5,1—T,1-T)
#(t) ’_/0 Su(s,1—T,1-T) ds,

so that
Sw(t,1 —=T,1-T)

=g i

Note by definition we have ¢(0) = 0, and recall that we are focusing on the case
where b= £ 0 initially (ie. ¢/(0) # 0).

Once we find a solution using characteristics, ¢’(¢) will impose a compatibility
condition, i.e., the characteristics will give us an implicit solution for S, which we can
then take derivatives S,,, and S,,, evaluate at w = z = 1 — I', and make the LHS and
RHS agree.

We look for a solution by introducing the characteristic equations parametrized
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by s
dt
Pl 1
= Blw— 2 (1)
© = B4
dsS
i 0
Since % =1, t = s+ ¢, thus we can actually parametrize by ¢ (setting ¢; = 0):
% = B¢ (Hw — B! (t)2
&~ (B @.11)
dsS
i 0

The z characteristic is easily solved for

2(t) = zgelPT! (2.12)

where z(0) = 2. Substitute z into the equation for w

d
S8 = B¢l (B — B (1) 206"
which can be solved with the integrating factor

e Pv(®)

ie.,

% [efﬁw(t)w} — _&0/(25)67590(15) Zoe(ﬁﬂ)t

Integrate from 0 to ¢

t
e Pr) — wy = / —ﬁ(p/<8)€7ﬁw(s)20€(ﬁ+7)s ds.
0
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We can simplify by doing the integral by parts

t

! t
/ _Bw/(t)e—ﬁw(t)z()e(ﬁJrv)t ds = eBtMsg=Be(s) | _ (ﬁ + ,y)/ eBH)s=Be(s) g
0 0

0

Thus,
t
e PPy — wy = 2 (e(ﬁﬂ)te—&p(t) —1-(B+ ’y)/ e(B+7)s=Pe(s) ds)
0

Solve for w

t
w = wOeW(t) + 20 (e(ﬂﬂ)t — Pet) _ (B + 7)65<P(t) / e(B+7)s=Be(s) ds> (2.13)
0

The third characteristic equation from ([2.11)) is

s
= =0
dt

which means that S is a constant along the characteristic curve (w(t), z(t)), given

by (2.12)) and (2.13)) respectively. In particular

S(t,w, z) = So(woe(t,w, 2), z0(z, 1)) (2.14)

where Sy : [-I',1 —T]*> = R is given by
So = Zwszismn(O).

Equation (2.14)) tells us that to evaluate S at some fixed (¢, w, z), we need to evaluate
So at (wo, z0), where (wy, zo) satisfy the characteristic equations (2.12]) and (2.13))

20(t, 2) = ze~ (Bt

(2.15)
wo(t, w, 2) = we W 4 2n(t, p(t))

where

t
n(t, o(t)) = —ePe() 4 o= (Bt (B + fy)e(ﬁﬂ)t/ e(B+1)s=Be(s) 1g (2.16)
0
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for the same fixed (¢, w, z).

Method 2

o . Suw=(t,1-T,1-T) . . .
Again, in equation (2.9)), treat St TiD) 8s an undetermined function of time,

leaving us with the linear PDE
Si(t,w, z) + (B +7)2S:(t,w, 2) + Bw — 2)¢ (1) Sw(t,w, 2) =0

where

" Sua(5,1=T,1-T)
o(t;to) = /t 5.1 T T ds, (2.17)

0

so that
Sw-(t,1 =T1,1-T)

Sw(t,1-T,1-T)"

¢ (t;to) =

Note by definition we have ¢(to;ty) = 0.
The characteristic equations are the same as in method 1 (equation ([2.11)), however
the solutions are found by integrating from ¢, to ¢, instead of from 0 to ¢. Hence, the

z characteristic is

where z(ty) = zo. Substitute z into the equation for w

dw _
i B (5 to)w — B! (15 1) zoe P+ 1)

with integrating factor e #¢(tto) e,
d . 5.0  Bult _
—[e Bw(t,to)w} = —B¢ (t;to)e Be(tito) 5 e(B+7)(t—to)
dt ’

Integrate from t, to ¢
t
e BRltit) g0 o= Beltoitn) _ / LB (51 tg)e=0) B+ s=t0) g
to

Recall that ¢(to;to) = 0, and simplify by integrating by parts



20

Thus,

t
e ety — g = 2 (e(5+7)(t—to)—ﬁ@(t;to) —1-(B+ 7)/ e (B+7)(s—to)=Be(s;to) ds).

to

Solve for w

t
w(t) = woeﬁs@(t;to) + 2 <6(ﬁ+7)(t—to) _ Peltito) _ (B + 7)6690(?5#0) / (B (s—to)=Be(sito) g

to

)

The third characteristic equation from (2.11]) is unchanged, and so the S charac-

teristic gives

S(t,w, z) = constant,

so in particular, at ¢ = 0 we have
S(t,w,z) = S(0,w(0),z(0)),

1.e.

S(t,w, z) = So(w(0), z(0)).

Set the initial point as

(t07 Wy, ZO) = (t7 w, Z)

and trace backward to ¢ = 0 along the characteristic curves. The equation for w is

0
w(0) = weleot) 4 Z<6(6+7)t — Pe0t) _ (B+ ,Y)eﬂso(O;t) / (B (s—t)=Bep(sit) ds)
t

From the definition of ¢(t;ty) (2.17)), notice that

P Suw:(5,1—=T,1-T)

ds = —o(ty: t
b Su(s,1—T,1-1T) #lto;?)

o(t;to) =

and that
@(s;t) + ¢(t;0) = ¢(s;0).
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Then we find

2(0) = ze~ B!

t
w(O) — e Pet:0) 42 <e(ﬁ+w)t — o Pe(t:0) + (ﬁ + fy)e(ﬁ”r'y)t/ e(Bt7)s—Be(s:0) ds)
0

Comparing to (2.15)), we see methods 1 and 2 are equivalent. We still need to

show

e The existence of unique solutions. That is, each (¢, w, z) gives exactly one initial

point (wy, z9) to evaluate Sy at.

e The initial condition Sy is defined on the square [-I",1 —T'] x [-I',1 —I'], and
we cannot be sure (yet) that for all ¢ > 0 and (w, 2) € [-I',1 =T x [-I',1 =T

that wo(t,w, z) and zo(t, z) also lie in the square.

2.2.2 Compatibility Condition

The solution S given by the characteristics (2.14) depends on the function ¢(t) (as
wo = wo(t,w, z,)), but recall the definition of ¢

" Su-(5,1=T,1-T)
¢@%_A,%@J—FJ—F)%’

which means that S is implicitly defined. We can find a compatibility condition by

recognizing that
_ Su(t,1-T,1-T)

/
) =
=g i nioT
and then taking w and z derivatives of S given by (2.14). Compute S,

5, _ 950y
Y dwy Ow

0%S, Owy N 0Sy 0wy
Owgdz Ow  dwg Owdz
_ Owg [(9*S, dwg 9%S, 0z 05y 9wy
- Ow (8w§ 9=+ DweOzg %) dwy Owdz

Swz =
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2
Now, &% — () 50 we have
) Qwoz ’

Qwg [ _92Sy 0z + 925 dwo
, ow \ Owopdzg 0z 8w8 0z
¥ (t) o 9Sp Owg

Owg Ow

w=z=1-T
028y dwo
8w(2) 0z

9S50
w=z=1-T" dwo

%Sy 92
Owpdzy Oz
950
Jwo

= f(t,¢.m)

w=z=1-T
3,20

9z

0
+ h(t, p,m) S

. : (2.18)
w=z=1-T"

w=z=1-T"

where

92%Sg

Owp0z
f(t, @, 77) = ﬁ(?ﬂo(t, w, Z)7 Z()(t) Z))
Jwg

9289
w2

h(t, @, 77) - ZS{))(wo(t’ w, Z)7 ZO(tv Z))

OJwg

w=z=1-T

w=z=1-T

Note f:[-T,1—T)? = R, similarly for h.
Simplify by evaluating equation (2.15) at w=2z=1-T

9250
ftp,m) = 8%0—5)((1 —D)(e% +7), (1 —T)e )

ow
o (2.19)
ng

hit.o.m) = o (1= )% + ), (1 = T)e P40,

Jwg

To write an ODE system for ¢ and 7, compute

3w0 o

0z "

% — o~ B+
0z '

and substitute into (2.18))

o' (t) = f(t,p.m)e” P4 h(t, o). (2.20)
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Take a time derivative of n given by ([2.16])

t
n'(t) = Bple™ P — (B + ,y)ef(ﬂﬂ)t —(B+ 7)2e(ﬁ+v)t/ e~ (B(t=5)=Be(s) g
0

t
= Bpe P — (B+7) (_e,&p(t) 4 e (BNt 4 (B + ,y)e(BJrv)t/ e(Bt7)s—=Pe(s) ds)
0

= + B¢'e ™ — (B+ ). (2.21)

Replace ¢ in (2.21]) with (2.20]), and the compatibility condition can be written as
the following initial value problem

(@’(t)) _ ( F(t o me” Tt 4 bt o, m)n )

f(t,0,m)Be”PT0=Ee L [h(t, o, n)Be™ — B —Aln
©(0) =0, n(0) = 0.

(2.22)

We have the solution S(t,w,z) = So(wo(t,w, z), 20(z,t)), where the existence and
uniqueness of ¢ will guarantee the existence and uniqueness of S, since Sy(wo, 2o)
depends on .

However, before we prove the existence and uniqueness of ¢, we want to show
that the solution S is well defined. That is, we want to show that for all ¢ > 0 and
(w, z) € [T, 1 —T)? that (wo(t,w, 2), 20(t, 2)) lie in the same square. This is because
the initial condition Sy is defined on the square [—I", 1 — I'}?, hence we can’t evaluate

Sp anywhere else.

Claim 3. If Syo(wo, 20) has a power series with all non-negative coefficients, then

f(t, ), h(t, @) > 0.

Proof. Suppose the power series of Sy(wy, z) is

m . n
So(wo, 20) = Y Apmntwy'z}
mn
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and A,,, > 0. Then the coefficients of its derivatives are also positive. For example

9%S,
m—1 n 1
Fundzy 0 ) Zm”AmnwO
0 0

= Z (m—+1)(n+1)A41 01wy 2

mn

is a series with coefficients (m + 1)(n + 1)A,41.n41 > 0 since A,,,, > 0.
In the definition of f and h, equation (2.19)), notice that the ratio of derivatives

is evaluated at the point

(’UJS, ZS) = ((1 — F)( —(B4+)t (ﬁ + ’Y) —(B+)t /t (B+7)s—Be(s) dS) ( F)e_(5+,y)t)
0

which has w§, 2§ > 0. Thus, f and h are ratios of power series with non-negative
coefficients, evaluated at a positive point, hence f,h > 0. O

Claim 4. The function ¢'(t) defined in (2.20)) is non-negative whenever f,h > 0.

Proof. Assume h(t,p,n) > 0and f(t,¢,n) > 0. If h = 0, the proof is trivial. Assume
h(t,¢,n) > 0. From the system (2.22)), it suffices to prove that n(t) > 0. If f =0,

then .
t) = exp{/ Bh(s)e Pl — g — ds} > 0.
0

For f(t,,n) > 0, notice that whenever n(c) = 0 for some point ¢, we have that
n'(¢) > 0. This bounds 7(t) > 0 since 7(0) = 0. Thus we have shown that n(t) > 0,
which implies ¢'(t) > 0. O

Lemma 5. If So(wo, 20) is biologically relevant, then ¢'(t) > 0.

Proof. Let So(z,1) be biologically relevant according to definition ie.
=2 =y'Su

where S;; > 0. Recall in section we asserted that if S'O(w,y) has non-zero
coefficients, then Sy(w,z) = Sp(z,y) also has non-negative coefficients. Hence, an
application of Claims |3 and [4] together assert that ¢'(t) > 0. O

Lemma 6. The characteristic equations given by (2.11)) flow out of the square [—-I", 1—
[)2. This implies that for all (w,z) € [-T,1 =T}, (wg,20) € [-T,1 —TJ%
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Proof. Define the characteristic flow p through the boundary of the square [-T", 1T

_ . (dw dz
P= ac’dt )

where 71 is the outward unit normal.

Along z = —I', w € [-T",1 — I'| we have

as

p=0.-0- (5 @+0D)

=v>0

(recall that I' = z2-). Similarly, along z =1—1T', w € [-I',1 — '] we have

p=01 (@+pa-1)

=p5>0

Along w = —T', z € (=I',1 — T") we have

p=(~10) - (B (1)(-T) — B/ (1), L)

dt
=B/ (t)(z+1) 20

because ¢’ > 0 by Claim |4 and z + ' > 0 since z > —I'. If p = 0 for all time ¢,
then ¢'(t) = 0. However, recall that we’re considering the case where ¢'(t) # 0 for
all time. Thus, along this boundary p > 0.

Similarly, along w =1 —T, z € [-I', 1 — T'] we have

p=pe(H)(1-T-2)
> 0.

Thus we have shown that the characteristics (w(t), z(¢)) move out of the square
[-T',1 — T2 Tracing backward along the characteristic leads to (wy,20) inside the
square. Thus, for all (w, 2) € [-T,1 —I')?, we have (wy, 29) € [-T',1 — T2 O

Recall equation (2.14), S(t,w,z) = Sp(wo, 29). Since the domain of Sy is the
square, Lemma|f] asserts that the solutions given by the characteristics are well defined

for (w, z) in the square.
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Theorem 7. A solution of the form (2.14) with a biologically relevant initial condition

remains biologically relevant for all time t that the solution is defined.

The proof of this theorem involves reverting back to the x and y variables. To
avoid confusion, the proof is contained in Appendix [A]

Next we want to show the existence and uniqueness of solutions to the compati-
bility condition ([2.22]).

2.2.3 Existence and Uniqueness for the Compatibility Con-
dition
From [10] we present the Picard-Lindeldf existence and uniqueness theorem and ex-

tension theorems.

Theorem 8. Let F : R x R? — R be a function continuous on R : tg < t <
to+a, |y —yo| < b and Lipschitz continuous with respect to y, for any ty € R and
Yo € RY. Let M be a bound for |F(t,y)| on R; a = min(a,b/M). Then

y/ = F(t7y)7 y<t0> = Yo (223>

has a unique solution y = y(t) on [to, to + | [10].

Definition 2.2.1. Let F(t,y) be continuous on a (¢,y)-set E and let y = y(t) be a
solution of
y = F(ty) (2.24)

on an interval J. The interval J is called a right mazimal interval of existence for y if
there does not exist an extension of y(¢) over an interval .J; so that y = y(¢) remains
a solution of . J is a proper subset of .J;, and both intervals have different right
endpoints. A left mazimal interval of existence for y is defined similarly. A maximal

interval of existence is an interval which is both a left and right maximal interval [10].

Theorem 9. Let F(t,y) be continuous on an open (t,y)-set E and let y(t) be a
solution of on some interval. Then y(t) can be extended as a solution over
a mazximal interval of existence (T_,T,). Also, if (T_,T,) is a maximal interval of
existence, then y(t) tends to the boundary OF of E ast — T and t — T, [10].

Corollary 10. Let F(t,y) be continuous on the closure E of an open (t,y)-set E
and let (2.23)) possess a solution y = y(t) on a maximal right interval J. Then either
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J = [to,0), or J = [ty, 0] with § < oo and (6,y(0)) € OE, or J = [ty, ) with § < oo
and |y(t)] — oo as t — § [10].

A sufficient condition for the existence and uniqueness of solutions to (2.22) is

presented below

Theorem 11. If Sy(w, z) is biologically relevant, Sy is smooth enough that % and

gigoz are continuously differentiable, and % # 0, then the system (2.22)) has a unique

solution defined for all time t € [0, c0).

Proof. Recall the system ([2.22])

(cﬂ(ﬂ) _ ( F(t, o, m)e” P04 hit, 0, m)n )
n'(t) [t 0,m)Be”PEN=02 L [n(t, o, n)Be % — B — 4]
©(0) =0, n(0) = 0.

as well as f and h from (2.19)

9%
F(toom) = T (1 =T)(e +n), (1 = D)e”F)

8w0
925,
ow? _ B
h(t,0,n) = 55 (1 =T) (e + 1), (1 =T)e (B+)1t),

Owg

and n from ([2.16)

t
(t, o(t) = —e P20 4 e BN 4 (B4 y)e BT / B+1)5=B0(5) g
0

Since Sy is smooth enough in both variables, then f and h are quotients of conti-
nously differentiable functions (with % # 0), and thus are themselves continuously
differentiable in ¢, ¢, and n by function composition. Furthermore, this implies that
the RHS of the system satisfies the conditions of the Picard-Lindelof theorem

. . . ¥
(Theorem |8]), hence we have existence and uniqueness of a solution ( on some
Ui

interval [0, o], (a > 0).
To extend the solution to ¢ € [0,00), we want to apply Corollary (10| by showing

¥
n
8So 02

evaluated at a point in [-I",1 — I']?, and since Sy, S, and 5 goz are continuous and

that < oo for all ¢t € [0,00). From Lemma |6, we have that f and h are
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defined on a compact set, f and h are bounded. Let M = max(|f|, |h|) and consider
the second component of (2.22))

' = f(t,o,n)Be” P04 [h(t, p,m)Be P — B —4ln
< M@(e—(ﬂﬂ)t—ﬂw +6—B¢n)

Since Sy is biologically relevant, Lemma [4| applies, so ¢’ > 0, and since ¢(0) = 0, we
have ¢(t) > 0. Hence
n'< MB(n+1)

and since 7(0) = 0 we have
n(t) < eMPt 1.

Thus n(t) < oo for all ¢ € [0,00). Consider the first component

¢ =f(t, e T L Rt 0m)n

< M(1+mn)

S MeMﬁt
and since ¢(0) = 0 we have

oMt
p(t) <
(t) 5

and so ¢(t) < oo for all ¢ € [0,00). Thus from Corollary [L0} the interval of existence
is [0, 00). O

The characteristics (2.15) define the solution S given by (2.14). These char-
acteristics are determined by the function ¢(t), hence a unique ¢ implies unique

characteristic curves, guaranteeing the uniqueness of S.

2.3 Reduction to the Volz Model

The goal of this section is to show that by assuming solutions given by a multinomial
distribution, the effective degree model reduces to the Volz model.
Assume a generating function solution to (2.9) of the form (see appendix [B| to
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motivate this choice)

S(t,w, 2) E:m&: Ow+T=1) +p()(z+T - 1) +1)" (2.25)

where S(t) is the proportion of suscpetible nodes having degree k at time t, k = s+i is
the effective degree of a node, and pg(t) and p;(t) are the probabilities of a susceptible
node having a susceptible/infected neighbour at time ¢, respectively.

Our goal now is to show that there exist solutions of the form satisfying

the PDE (2.9). Substitute ({2.25)) into ([2.9)),

Zpkksk(pg(w +0 =1 +p(z+T—=1)+ 1)k71((w +T —1)ps+ (24T —1)p))
k=0

+pSp(ps(w+T —1) +pr(z+T —1) + 1)k

=—(B+ fy)zz kpiS(ps(w +T — 1) + pr(z +T — 1) + 1) 'p;
k=0
Zk o k(k — DprSipips
Zk -0 kppSkps

w) Z kppSk(ps(w +T = 1) +pr(z+T = 1) + 1)k_1PS
k=0

Compare coefficients of (pg(w +T —1) +pr(z +T —1) +1)"!

prkSk(Ps(w + T = 1) +pi(z + T = 1)) + peSi(ps(w + ' = 1) + pr(z + T = 1) + 1)

[ > o k(k — DpiSy,
= (=5 + )2k Sipr + P e — w)iSisi ).

That is,

(kSkps + Spps)w + (kSkp; + Sippr)z + (L — DkSk(ps + p7) + (T — 1)S(ps + pr) + peSi

> k(k—1)S
(B4 )k Supr + M EZ VS Sy,
Zk:ﬂ kSk:
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Now compare coefficients of w, z, and constant terms

_5220:0 k(k — 1)pySk
2 ko KPRk

kSkpt + Sppr = — (B +7)kSkpr +

kSips + Spps = kESkpspr

> ko k(k — 1)peSk (2.26)
= ks .
Zzozo kkak EPSPI

(' =1)Sy(ps +pr) + (T = D)kSk(ps +p7) + S5, =0

1
Multiply the third equation by —T and add it to the first two equations in ([2.26))
to get an ODE for Sy

S/
That is
Si,(t) = —BkSy(t)pr(t) (2.27)
which has a solution i
t
Sk(t) = exp {—/ Bpr(T) dT} :
0
or
Sk =S} (2.28)

Replacing S}, in (2.26) with (2.27) and S; with (2.28) gives

Oo, k?(k? - 1)pk5k
o 2 k=0 1
pr = Bp; — (B+7)pr + 5 5= TS Psp1

ZO:() kpk‘s'{C

p,s = Bpips — Pspr

Comparison with ((1.4)) shows that we have reduced the PDE effective degree model
to the Volz model.
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Chapter 3
Stability Analysis

The first section of this chapter begins by linearizing the full nonlinear problem
about a disease free equilibrium, and then proceed to solve the eigenvalue problem.
The eigenvalues completely determine the stability of the linear system.

In the second section, we show that perturbing the disease free equilibrium of
the nonlinear system with an initial condition given by a multinomial distribution
(i.e. a reduction to the Volz model) results in an unstable perturbation. This shows

nonlinear instability, however we cannot guarantee nonlinear stability in this way.

3.1 Linear Stability

Determining the linear stability of (2.9)) first requires linearizing the system. Let
S(w) = S*(x) be a disease free equilibrium solution of (2.9), and V(¢,w,2) be a

deviation from it such that S is given by

S = S(w)+V(t,w,z). (3.1)
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Substitute (3.1]) into ([2.9)

Voo(t,1—T,1-T) §

= —(B+7)2Ve

Vo (t,1-T,1-T) -

# 3l =) P =T 8, )

V,(t,1—T,1-T) <Vw(t,1—F,1—F)>2 ]

X |1— — — — ...

S(1-T) S(1-T)
since
1

=1l—ax+a?—a3+. ..

1+2z
Treating V' as a dummy variable and replacing it with S gives the linearized PDE

about the disease free equilibrium

S =—(B+7)2S. + Bz — w)%smu —-I,1-T).

Its eigenvalue problem is

AS = —(B+7)zSz+B(z—w)5,/(£(—z_U)F)Sm(l—F,l—F). (3.2)

Written as an operator, we have
(L=X1)S=0

where _
L[S] = —(ﬁﬂ)zSﬁﬁ(z—w)%smu ~T,1-1). (3.3)

Remark. [t is assumed that S,,.(1—1",1—T") # 0 because this is the more interesting
case related to the ODE model (|1.1).

The domain of L is a subspace of X, that is

D(L) C X.
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Let the domain D(L) be defined as the functions in X having finite domain norm

11 pom = D (L +m)(L+ 1) symn| < 00

m,n

Definition 3.1.1. A linear operator L : X — Y is between Banach spaces X and Y
is said to be bounded if there exists M such that for all x € X [I1l Section 12.5.1.1]

[Lally < Mz s

Definition 3.1.2. Let X be a Banach space and L : X — X be a linear operator on
X defined on domain D(L) C X. A complex number \ is said to be in the resolvent

set, that is, the complement of the spectrum of a linear operator
L:DL)CcX—X

if the operator

L—-)M:D(L)—X
has a bounded inverse. That is, the inverse
(L—X1)"': X — D(L)

exists, and is bounded [12], Page 566].

Lemma 12. The set A = {—k(8+7), O,Bg/l—((ll)) —(B4+7)} fork=1,2,..., are in the
spectrum of the operator L defined by equation (3.3)).

Proof. By definition the set A is in the spectrum of L if (L— A1) is noninvertible.

This is equivalent to showing that non-trivial solutions exist to
(L—X1)S =0.

The eigenvalue problem ([3.2)) can be treated as an ODE of S(y) with x being a

parameter

w+7ﬂ&+AS:5@—w%r—£FSWO—FJ—F) (3.4)
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and thus,
AS g wy S'(w)
S, + = l——)=———=85,.1-T,1-T
(B+7)z ﬁ+7< Z>S’(1—T) ( )
With integrating factor
s
we have
dr a1 o oy S(w)
&[Zﬂ"'”/S] = 6+7(25+’Y — Wz B+ )mswz<l—r,l—r) (35)

We can solve (3.5 by integrating with respect to z, which gives rise to the following

cases.

Case 1. If A =0, then (3.5) is

_ B
SZ_5+7(1 wz

S'(w)

1)mswz(1 -I,1-T)

integrate with respect to z

B . S
S(w, 2) @+7[z In(z)] g,(l_F)Swz(l r1-T)
+ C(w)

where C(w) is an undetermined function in X. Because In(z) ¢ X (as well as
wln(z)), for S to be in X it is required that

S'(w)

W) g (1-T,1-T)=0.
S )=0

Thus

S(w, z) = C(w)

So any single variable function in X is a solution when A = 0.

Case 2. If ﬁ_j\rw = —1, equation (3.5)) is

d o B
&[z IS} _5+7(Z L wz 2)m w2
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Integrate with respect to z

e B —1 "(w) _ _ w
z S—5+7(1n(z)—|—wz )S’(l—F)SwZ(l IN1-T)+C(w)
that is,
S = In() 4 w) =) 6 (1T T) 4 2Cw)

Again, z1In(2) ¢ X, so for S € X, we require %SM(I—F, 1—T") = 0. Hence
Sp:(1—T,1—T) =0.
With S,.(1 —T',1 —T) = 0, note that

S(w, z) = zC(w)

and so

Sw: = C'(w)

Requiring S,,(1 —I',1 —=T") = 0 gives
C'(1-T)=0

Thus the solution for A = -3 — v is

S(w, z) = zC(w)
C’'1-T)=0.

where C(w) € X.

Case 3. If )\ otherwise, solve equation (3.5 by integrating with respect to y

A 5} B4+y  ay By 2\ S(w)
25— AR = B COR- SO T R T
o 5+7(A+B+72+ X ) Sy J+0(w)
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that is,
A B B S'(w)
= B+~ _— —_ — _— 1 - F 1 - F
(3.6)
We can show that this solves the ODE ,
(B+7)zS. + AS
B S'(w)

=] - Cw) A

Swz Ly
T (1-T,1 r)}

A+ B4+~5(1-T)

8w o ny wm[BB+YE . BB

—gl(l_F>Swz(1 I, 1 F){)\+B+7+>\+6+7 A)\w}
+ [)\zﬁiv — (B +’y)25 +726171} C(w)

_ S'(w) T

_5@_wnwl_msmu r,1-T).

That is

(B4+7)2S,+AS = B(z — w)%‘s@uz(l -Ir1-0)

as desired.

Subcase 3.1. Let C(w) = 0, in which case

P z—éw Mswz(l—l‘,l—l’)

S = 55y 3 s =D

To determine the eigenvalue A, note that

B S'(w)
S, = _ Sus(1—T,1-T
A+B+~v5(1-T) ( )
and
S b S (w) Spa(1—T,1-T)

T A+ B+ 51T
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Atw=2z=1-T,

B 8"(1-T)
A+ B+ 5(1-1)

Sp.(1—T,1-T) Su.(1-T,1-T) (3.7

5o Sa-n)
A B+v5(1-T)
Solving equation (3.7 for the eigenvalue A
S"(1-T)
AN=f[—-——_"7_3_

Thus, A must be real, and A > 0 implies

B S"(1-T)
B+~S(1-T)

> 1.

Similarly, A < 0 reverses the inequality.

In equation (3.7)), S,.(1 —T',1 —T') is a free parameter, which was assumed
non-zero. Set S,.(1 —I';1 —T') = 1, then the eigenfunction is

g B, S (3.8)

e P e A Ty

Definition 3.1.3. The basic reproduction number Ry from [I] and equivalently
definined in [5], is the expected number of secondary infections from an infec-

tious individual introduced into a susceptible population:

Note: recall S* is a disease free equilibrium, and is a function of z, not w.

Changing variables back to x and y, we can view the eigenvalue in terms of the

reproduction number

A
Ro=— + 1.
R

Subcase 3.2. Suppose C'(w) # 0. Then for the solution (3.6) to be in X, it is
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required that C(w) € X and

A=—k(B+7)
for k = 2,3,.... Thus the solution is

B B 1 8w

Slwn2) = O+ |35 = 3 Fa 1)

Sw.(1—-T,1-T)

Take derivatives in z and w to find

b 5w g (1-T,1-T)

z =k ' ot = wz
Sw (w,z) C(w)z +)\_’_6+,YS/(1_1")

Evaluate at (w,z) = (1 —T',1 —T), and gather like terms

B §"1-T)

1— _
A+B+75(1-T)

]Swz(l ~T,1-1)=k(1-T)'C'(1 1)

If the LHS is non-zero, then S,.(1 —I';1 —TI") is an arbitrary constant because
C(w) is an arbitrary function in X. If the LHS is zero, S,.(1 —T',1—T) is still

arbitrary, hence set it to equal one, and the eigenfunction is

S(w,z) = C(w)z* + {#z - gw] %
1 { g 81— F)]

S e ¥ o = Ll ey <7

]

From definition|3.1.2} we need to show that for A & {—k(8+~),0, ﬁ% —(B+7)},
that for L — A1 as defined in (3.3) has a bounded inverse.

Lemma 13. The operator (L — M) : D(L) — X is invertible if X & {—k(8 +
7)70,55,((11__3 — B =}, fork=1,2,....

Proof. For invertible, we need to show that we have unique solutions S € D(L) to

(L—A1)S = u(w, 2)
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where u(w, z) € X defined by If we can show this, and that the inverse operator
is bounded, then it shows that the spectrum of L is the discrete set of eigenvalues,
and then the stability is determined by those.

Let u(w, z) € X, then we want to find S € D(L) such that

(L—X)S =u.
We have
S«/
—(B4+7)2S. + B(z — w)%&uz(l —T,1-T)—-\S =u.

Rearrange to write it as an ODE of z

(B+7)2S,+ S =p(z— w)ﬂs (1—=7,1-T)—u(w,z).

S'(1—-I)"""
Divide through by (5 + v)z
A Bz —w) S'(w) u(w, 2)
S, + S = — Sp.(1-T,1-T) — ———. 3.9
G~ a1 CET P
This problem has integrating factor
ZCM
where
a:=M(+7).
&m@A%{%@+¢%Qﬁ%%%—B—7L%:ﬂﬂruhmhwemm
B S"(1-T)
—k,0 — —1

for the same k. Then the ODE (3.9) can be rewritten with the integrating factor

d Bz —w) S'(w)

P e

1 u(w, Z)

(B+7)

Suo(1—T,1—T) — 2o

07

Integrate both sides with respect to z, then multiply both sides by z~* (which is well



defined since o # 0)

1 u(w7 Z)

o [ LBz —w) S'(w)
(B+7)

o= B+ 7):5(1-1)

Sw:(1=T,1-T) dz — z_o‘/zo‘_

Define
o [ Bl mw) 8w
(B+7)z8(1-T)

o a—lu(w72)
2 /z e

v =z

Sp:(1—T,1—T) dz

We want to show vy, vy € D(L). For the first integral, it is easy to see that

o [ aBz—w) S'(w)
(B+7)z8(1-T)

v = 2

Sw:(1—=T,1-T) dz

_ B S"(w) B - B C—w
_ _B+VS,(1_F)SW(1 T 1 r)_z /Z LS
[ B8 Sw) - N . w

- _ﬁ+75’(1—r)s’wz(1 1 F)_ (1+a a)
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This uses the fact that « is not a negative integer because of the choice of A. By the

proof of a claim, we can see that v; € D(L) if S'(w) € D(L), hence
HleDom < 00.

Claim 14. If a function f is in the domain D(L), then so are wf and zf.

Proof. Expand f as its power series
f(wa Z) = Z Srnw™2".
Since f € D(L) we have

1 pom = (1 +m)(1+ 1) frun| < 00

m,n
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The power series for wf is

wf(w7 Z) = Z fmfl,nwmzn
(defining f,,,, = 0 for any negative subscripts) and its domain norm is

1 fllpom = Y (L4 m) (L +2)| frn-1l

m,n

= 2(2 +m) (1 + n)| fonn|

m,n

S 2HfHDom

< 0Q.

Hence wf € D(L). The proof for zf is identical. ]

For the second integral, v5. Expand u as a power series

U2:Z—a/za—1 U’(wvz) dz

B+7)
z7 a—1 Z m._n
= z U 2" dz
6+7/
Umn m . —« n+a—1
= w™z z dz
~f+ /
U
—_ mn mzfaszra
= (B+(a+n)
1 Umn — m n
= wz
B+ ; a+n

1

ot 1s well defined as « is not a negative integer. Then we want to show that

Again,

< 00

> (L+m)(1+n)

m,n

a—+n
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Notice that because « is not a negative integer, max, }%} is well defined. Hence

Uimn +n
1 1 < 1 mn
mgn( +m)(1+n) e < max P m§n< + m) [t
T
= max
nla+n X
< 00

Hence S € D(L). We also have the solution S = v; + vs as

[ B8 S(w) o :w 1 Unmn
o= B—l—wS’(l—F)SM(l i F)}(l—l—a a)+5+’yza+nwz

m,n

(3.10)
This solution assumes from the beginning that S,,.(1 —I';1 —I') is well defined. We
can derive a compatibility condition by taking derivatives of (3.10)). Take derivatives

in w and 2

B S"(w) 1 1 U, TR
= — 1-I''1-T + "
Swz(w, 2) [ﬁ YT F)Swz( , ) 1 7o Enmn nw’ iz

and evaluate at (w,2z) =(1—-1,1-T)

[ B s"1-T) 1 1 U m-n—2
Sw.(1-T,1-T) = [ﬁ+7§,(1_r)swz(1—r,1—r)}(1+a)+ﬁ+7;mna+n(1_r) +n—2

Solve for S,,.(1 —I",1 —T") on the LHS

I5; S"(1-T) 1 U, mprn
Serll =Tt~ fr e Sy | = ey D)

m,n

(3.11)

Then compatibility condition is

S"(1—-1)17" n -
Swz(l—F,l—F):[5+7—1fa§/((1_r))} Zmna“+n(1—r) +n—2

m,n
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and the solution (3.10)) is
[B wm}

B+vy 5'(1-T) Umn _ z w
S = _Fm+n 2 =
[54_ _ B 5= F] (Z noz—l—n ) )(1+a a)

T+a 5/(1-T)

1 Umn
+ w2
5+7%;a+n

which simplifies to

_ B
B+

1 Umn
ﬁ—l—”y;a—i—n

S'(w) Urmn min-2 ) (_%
B+7S(1-T)— L8711 - ](ZmnaJrn -T) )(1+a

w

«

)

(3.12)

(1+a)(B+7) §'(1-T)
due to the restrictions on .

Remark. If [1 — 5 S:"(1—r)] = 0 there is no solution, but this cannot happen

The requirement for no solution to exist is that in (3.11))

5 sn-n
(T a)(3 1) 51T

or

B S"1-D)
By S(1-T)
Recall that « is restricted by the choice of A and

6 S//(l)
C 5 n Y

-1

a g {-k,
Hence a solution S to the inverse problem,
(L-=A)"'S=u

exists and is compliant with the compatibility condition. O

Lemma 15. The inverse operator (L—X)™' : X — D(L) is bounded if X & {—k(8+
7),0 /35/(11 E) B =}, fork=1,2,.
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Proof. We want to show that there exists M > 0 such that for any u € X

(L =AD", < Ml

Let S = (L — M)~ !u, and since A € {—k(8 +7), 055/ — [ —~}, Sis given by

equation (3.10). Then we want to show

15l pom < Mljull x-
Take the domain norm of equation (3.12))

||S”Dom

S’ (w) Unn 2 z
_H5+7 (B+7S(1-T)— L8571 - ](Zmna+n -0 )(1+a

1 Umn — m n
E w™z
B+yi=atn

Dom

Umn, m4n—2 B S'/(w) <
(1—Tymn=2). . (
BHr[(B+7)S1-T) =551 -T) [\L+a
1 umn
+m;(1+m)(l+n) P
Define
_ ||~ 5’ (w) ( 2 _g)
FE[EENSa-T) - s A -D [\ e e

then we have

2)

Dom

-2)

Dom
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1 U
S < 1-T)™ 2+ —— % (1 1 o
ISl < 2 mn 2 (=Y 4 o S )1+
U 1 U
chnoH_n ) +—5+72( +m)( +n)a+n
1 U
< 1 (1 -yt 1 1 =
_ch( +n ~(1-T) 5 Z( +m)(1+n)|
1+n 1 1+n
<c m mn + — 1 Umn,
Sl w2
1 1+n
<lc+-— 1+m Ummn
< (¢4 ) B0 o
1 14+n
-, 1 mn
(HB v) R P ;( )il
By defining N, := max,, } Lin | we have
IS0 < e+ 5= ) o 20+ )
C D o m)|\Umn
Dom — 6"_7 g
(c+ 3 ) Ml
=|c+——|N,||u
B+~ *
Hence
151 pom < M[ullx
where M = (c—l— B_}W>Na' O

Theorem 16. The spectrum of the linear operator (L — A1) defined in (3.3)) is its set

of eigenvalues

A= {—k(3 +7),0,ﬁb—:,—_r —(B+}
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for k=1,2,..., with corresponding eigenfunctions
2C(w) A= —(B1)
C'(1-T) = N !
s 5 S'(w) k
h+6+72_T4§Q—FYHXMZ . ,
/ . 5 S(1-T) =-n(B+7y), n=2,3,...
0= e || e T
C(w) A=0
B B 1 Sw) _ 51T
e et v s B e

Proof. From lemma we know that the set above are in the spectrum according to
definition because for those A, the operator is non-invertable.

Similarly, lemma[L3]shows that for all other A, the operator (L — A1) is invertable,
and lemma [I5] shows that its inverse is bounded. Again, by definition [3.1.2] all other

A are in the resolvent set, hence the spectrum is the set of eigenvalues. O

Lemma 17. The basic reproduction number Rq (definition determines the
linear stability of L.

Proof. From theorem the spectrum of the operator L defined in (3.3) is given by
its set of eigenvalues and the only eigenvalue that could be positive is
S"1-T)
A=f—=———+— = Ro—1).
BSQ—F) (B+7)=B+7)(Ro—1)
Hence, L has a positive eigenvalue if and only if Ry > 1. This is the same threshold
condition derived in [I]. To see this, recall S(w) = S*(x), a disease free equilibrium.

When w =1—1T, x = 1, then for example

S'(1-T)=(S")'(1).
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3.2 Nonlinear Instability

In chapter We showed that the effective degree PDE model could be reduced to
the Volz model by assuming a multinomial generating function solution ([2.25]).
We can use this fact to show the nonlinear instability of our PDE by taking an initial
condition that reduces to the Volz model, and we will show that the instability of the
Volz model causes instability of the effective degree PDE.

Lemma 18. An initial condition for the Volz model (1.4) that is a perturbation of
the disease-free equilibrium along the eigenvector associated to the positive eigenvalue
A, is equivalent to an initial condition for the effective degree model (2.9) that is a

perturbation of the disease-free equilibrium along the eigenfunction (3.8)).

Proof. Assume an initial condition to the effective degree model (2.9))

So(w, z) =Y prf*(0)(ps(0)(w + T — 1) + pr(0)(z + T — 1) + 1)". (3.13)

Let the initial condition of the Volz model be an e-perturbation from the disease-free

equilibrium along the eigenvector v associated to A such that

(0(0), ps(0), pr(0)) = (1,1,0) + ev

v=_(=B-A=72) (3.14)
81 -T)
A= 5m —B—n

Substitution of into gives
So(w,z) = Y pe(1—ef) (L—e(A+9))(w+T —1) +eXz+T — 1) + 1)
= Zk:pk[w+l“+8(/\z—w(5+’y+)\)) +0()]"
= zk:pk [(w+T) + ck(w + D)1 (A2 — w(B+7+A) + O(e?)]
= Slgw + D) +eS"(w+T) Az —w(B+ v+ A) + O(e?).

Note that S'(w + T)(Az —w(B + v+ A)) is a constant multiple of the eigenfunc-
tion (i3.§]). O]
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Define

Y(t) = (0(1), ps(t), pr(t)),

Y =(1,1,0).

where Y solves the Volz model (1.4]) and Y is the disease free equilibrium. Assume a
multinomial generating function solution ({2.25)) to (2.9).

Definition 3.2.1. We say that a steady state solution S(w) of (2.9) is stable if for
all € > 0, there exists § > 0 such that, for all time ¢,

|5t w, z) — g(w)HX <e

whenever

150, w,z) = S(w)]|, <é.

where |||y is the norm defined in (2.10)). Otherwise we say that S(w) is an unstable

equilibrium.

Before we prove the instability of S, we need to prove a quick claim.

Claim 19. The dot product (Y(T)—-Y) - (w+T,w—1,2—1) =0 for all (w,z) €
[T, 1 —T)2% if and only if Y(T) =Y.

Proof. The backward direction is trivial, as 0-v = 0 for all vectors v. For the forward

direction, consider (Y(7T) —Y) - (w+T,w—1,2—1) =0 for all w, z in the square.
Expanding the bracket and computing the dot product gives

w(0(T) + ps(T) = 2) + zpi(T) + 1+ TO(T) =T’ = ps(T) — pi(T) = 0

Since this must be true for all (w, z) € [-T',1—T?, each coefficient (w, z, and constant

terms) must be zero, hence the system to solve is

0(T) +ps(T)—2=0
p](T) = 0
1+T(T) =T —ps(T) — ps(T) =0



Substituting the first two equations into the last gives

0=1+T2-ps(T)) —T —ps(T)
=(1+T1)—(1+D)ps(T) =0

Hence ps(T') = 1, and the solution to this system is Y(7') =Y.

Claim 20. For S(w) a biologically relevant equilibrium, ||S(w + c)||X
for all ¢ > 0.

Proof. Expand S(w + ¢)

S(w+c) = Zsm(w—i-c)m

m>0

Yy (’Z) St

m>0n<m

S Y (ZZ) S

n>0 m>n

S st Y (:)Smcm]

n>0 m>n+1
= Sw) +_w" [ 2. (m) mm]
n>0 m>n—+1 n

The coefficients s,, > 0 becaue S is biologically relevant, and so

= (2o

m>n+1

Hg(w + C)HX = H5||X +

X

> [|S(
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O

)l

The last step is true because if f and g are power series with non-negative coefficients,

1f+9llx = Z'fn+gn|
= an+zgn

= [1Alx + llgllx
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Theorem 21. If Ry > 1, then the disease-free equilibrium S(w +T') of the nonlinear
problem (2.9)) is unstable.

Proof. The stability analysis and linearization of the Volz model is given in chapter[2]
Let v be the unstable eigenvector of the Volz model, given by . Since the
equilibrium Y is unstable when Ry > 1, with the initial condition Y (0) = Y + ev,
there exists an € > 0, such that, for all § > 0, there exists a time 7" such that

|Y(0) =Y, <3

and

v () -7, ==

where ||-||, is the Euclidean norm. We want to show that
|S(T,w,z) — S(w+T) HX > Ce.
Take the initial condition (3.13). Then from with Si, = 0¥ we have
S(T,w, z) Zp,ﬁ (T)(w+T = 1) +pr(T)(z+T = 1) + 1)

Expand S(T,w, z) with respect to Y about the equilibrium Y

as
20 |5

S(T,w,z) = S(T\w,z)| + O(T)—1)+...+o(Y =Y).

Calculating S(T', w, 2) ‘Y from the above gives

Zpk D(w—+T —1)+ (0)(z+T — 1)+ 1)F

S(T,w, z)




o1

then,

||S(T,w,z)—5'(w+F)HX
-|% 1 O5 | (os(m) = 1)+ 22| o1y + o (1) - )

o) -+ 5| o
_ H(@(T) )Y ek £ T 4 (ps(T) — 1) S k(e + D) (w — 1)

X

dps v

+pi(T)> pek(w + 1)z = 1) + o(Y(T) = Y)

§'(w+T) ((0(T) = 1)(w +T) + (ps(T) = (w — 1) + pr(T)(= — 1))

+o(Y/(T) — 17)
YY(T)-Y) - (w+T,w—1,2— 1)+0(Y—Y)||X
> ||S"(w+T)Y(T)=Y) - (w+T,w—1,z—1)|, —|[o(Y(T) = V)|,

That is,

Sw+TYY(T)-Y) - (w+T,w—1,2—1)

HS(T,w, z) — S(w + F)HX >

= [l (T) =Y
Claim asserts that the dot product is non-zero, and since this inequality is true
for all w and z,

15(T,w,z) — S(w)HX > |Y(T)-Y) (w+T,w—1,2z— 1)HOOHS’(w + I‘)HX — ||o(¥ (T)

>e|ll(w+Tyw—1,2—1) COSOzHOOHS’(w)”X — Ho(Y(T) — Y)HX

=(Ce — HO(Y(T) — ?)HX

where C' = ||||(w+T,w—1,z—1)| cosa|| || S (w + F)HX, « is the angle between
(Y(T)-Y) and (w+TI, w—1, z—1), and by definition of o(-) we have o(Y (T)—Y) < £e,

-V



when ¢ sufficiently small.
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Chapter 4
Conclusion

In this thesis, we have developed the PDE Effective Degree model from the ODE
model. The PDE derived here is very atypical as it does not have, nor does it require,
boundary conditions.

First we have shown the existence of solutions via the method of characteristics,
and then the uniqueness of these solutions for properly chosen initial data.

Importantly, we have shown that our model retains the same threshold condition
for linear stability, as well as the threshold condition for the nonlinear instability.
Future work would include the analysis of the nonlinear stability, and comparative
simulations of the original large system of ODES and the PDE.

It is our hope that the method of deriving the PDE for the SIR effective degree
model can be used to derive a PDE model for the SIS effective degree model, which

differs in that the disease does not confer immunity, and is a more complicated system.
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Appendix A

Proof of Theorem 7

Restatement of the theorem: A solution of the form (2.14) with a biologically
relevant initial condition remains biologically relevant for all time t that the solution

is defined.

Proof. The goal of this proof is to show that if the PDE has a biologically
relevant initial condition, then the solution S (t,w, z) stays biologically relevant for
all time. This will be accomplished by consideration of the PDE in z and y
variables, and the relation S(t,x,y) = g(t, w, z). That is, we only need to show that
S(t,z,y) is biologically relevant if it has a biologically relevant initial condition.

Let S(t,x,y) solve (2.3)), and its power series coefficients be given by S;(t), i.e.
S(t,x,y) = Z Sa(t)zy".
$>0,i>0

solving

oS v Sey(t,1,1)
= oo 5 s S s )

Step 1: Solve the PDE for S

First, we need to solve (A.1]). Treat sz”zy((ttllll)) as an undetermined function of time,

and rewrite (A.1)) as a linear PDE. That is,

Si+ Bz —y)' (1)Se + (B4 1)y — ]S, =0

where

t
o Sey(s,1,1)
2 (0) '_/o S 1,1
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so that
B Sa;y(t, 1,1)

/
=gt
Note by definition we have ¢(0) = 0. Introduce the characteristic equations parametrized
by t

dx , ,

E = By (t>1' — By (t>y

dy B _

=By =7 (A-2)
ds

a

Solve for y using the integrating factor

such that

rmsnny] = _yemtoion,

dt
Integrate from 0 to t to get

)e‘f”’”t + T (A.3)

y(t) = (yo— 5

B+

where y(0) = yo. Substituting y into the equation for x gives

dl’_ / / Y )(,8—}—7)15 57 /
dt—ﬁwx 690(yo 514 )° 51,7

which can be solved with the integrating factor

e Be(t)

ie.,
d

_ - s -
L feseta] =~y (yo _ BLH) BEN=t) _ B—ijwle Bo(t).

Integrate from 0 to ¢

t
e POy — py = 5—7— (efﬁv(t) — 1) — ﬁ(yo — L) / 90/<8)€(/3+7)57/890(5) ds.
0
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We can simplify by doing the last integral by parts

t t
_5/qﬂﬁgmwkw@ds_gmwnw@_¢_45+7%/gmwkw@d&
0 0

Thus,

e PPy — 24 (6—/3<P(t) _ 1)

 B+y
t
B (B+7)t—Be(t) (B+7)s—Be(s)
+ y——)(e —1-(B+7y e ds
< ° B+ ( ) 0

Solve for z, and recall 1 defined in ([2.16))

(1) = zaeB® + T 1 — B
() = zg n 7( )
t
g} B+t _ Bt ﬁmw/’(mwﬁﬁm@ )
—(yo——=——]1le€ —e —(B+7v)e e ds ).
( "B+ ’Y) ( ( ) 0
(A.4)
The third characteristic equation from (A.2]) is
ds
= 0
dt

which means that S is a constant along the characteristic curve (z(t),y(t)), given

by (A.3) and (A.4) respectively. In particular
S(t,2(t),y(t)) = 5(0,2(0),y(0))

ie.,

S(t7x7y> - SO<x0(t7‘T7y)7y0(t7y)) (A5)

where Sy is the power series of the initial distribution of susceptibles

So(z,y) = Z 2%y S5 (0).
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Rearrange to solve for yo(t,y), and then substitute yo into - to solve

for zo(t, z,y)

o —Be(l) i
To = xe + 1-—
B+ (

Define 7(t) as

e—ﬁw(t))

t
n(t) = —ePe0 | =B 4 (3 4 ) / o~ (BEN(t-5)-Be(s) gg
0

In summary, xy and y, are

zo = ze PO 4 7

(- e ( _ L)n

we (-2
’ B+

Btne g T
B+

Substitute zg and yg into (A.5)

t
v —Bep(t) _ —(B+y)t / —(B+7)(t—s)—Byp(s) )
y————» e —e — (B4 e ds
( B+ ) ( ( ) 0

(A.6)

S(t,z,y) = S, o0 4 T (1
(t,z,y) 0(936 +5+7(

G

il — (Bt 7 )
5+7) B+
As in section [2.2.2] solving for the compatibility condition (¢'(t) = S;zy((ll’l))) gives
the system

(f( o, 1) Be =
¢(0) =0, n(0) = 0.

f(t,0,n)e

—(B4+)t + h(

1)1
% +[h(t, ¢

)Be Be — B —n

)

but where f and h are given by

925y

95
Oxg
9289
8:1%
= 75

_ Oz00yo (56_5@“) +06n+7y 56—(5+’7)t + 7)
B+

B+

dxg

(Be 00 4 Byt fe +'y>
B+v '

B+
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The claims below are equivalent to Claims [3]and [4, and so are restated in this context

without proof.

Claim 22. If So(xo,yo) has a power series with all non-negative coefficients, then
f(t7 2 "7)? h(t7 @, 77) > 0.

Claim 23. The functions ¢'(t) and n(t), defined in (A.9) and (A.6) respectively, are
non-negative whenever f,h > 0.
Step 2: Show that the solution is biologically relevant

Let So(z,y) be biologically relevant, with coefficients Sy; > 0. Then the series expan-
sion of the solution given by (A.5) is

S(ta z, y) = Z(xO(t7 z, y>>s<y0(t7 y))ZSsz

S,

From equations (A.7)) and (A.8])

o =ar + by +c;

Yo = bay + 2

where

a = e B

by = (6—(ﬁ+v)t — e P 4 (B+7) /t e~ (B (t=s)=Pp(s) ds)

0

by = e~ BN (A.10)

¢ = QL—W <1 — e~ Bt _ (B+7) /Ot e~ (B+7)(t=s)=Pep(s) ds)

coy = ﬂiﬂ(l _ e—(6+w)t)
Then we have

S(t,z,y) =Y (az + by + c1)*(bay + 2)'Sai. (A.11)

If for all s,7, we have a,by,by,c1,co > 0, then by the multinomial theorem, ex-

pand (A.11)) as
>y A
7.k
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where Aj; > 0. Clearly, a,bs,c; > 0 by definition. Notice that b; = n from (A.6)),
and 7 > 0 by Claim . It remains to show that ¢; > 0. We have

t

__7 —(B+)t / —(B+7)(t—s)—Bp(s) )

cg=———1—e —(B+7 e ds] >0
' B+ ( ( ) 0

because

t t
(B+) / e~ (B=)=Be5) 1 < (3 4 ) / o~ (BEN(t=9) g
0 0

_ [1 _ 6—(5+v)t]

and so

t
1 — e~ B+t _ (B+ 7)/ e~ (BEN(=5)=Bp(s) gg > 1 — e~ (BNt _ 1 4 o= (B2
0
=0
Le.
C1 Z 0.

Since all the terms in (A.10)) are non-negative, we can use the multinomial theorem

to write (A.11]) as
S(t,e,y) =D @y Ay
jik

where A, > 0, and thus, S(¢,z,y) is a biologically relevant solution. ]
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Appendix B

Motivating the Reduction to the
Volz Model

The model only tracks the amount of nodes with a given number of infected
and susceptible neighbours to reduce the complexity of the system, whereas the full
model presented in this section also tracks the recovered neighbours of the nodes.
The so-called “full” effective degree SIR Model is

d . . st‘ B Sszr

Ssir = _ﬁlssir +7[(Z+ ]—)Ss,i—i—l,r—l ZSszr] [( + ]->Ss+1,i—1,r - SSsir]'

E Zszr SSS”’
Let
S(t,z,y, 2 Zwsylz’”Sm (B.1)
Then,
aS S, 1 TdSSiT
i e
= _BZZ‘SyZZst‘i"YZ Z_|_1 Ssz+1r lxyz ist;USyzzr]
i .Ssir 3
" (%) ;[(5 +1)Ser1im1,2°Y 2" — 8Saa’y'2"]
Sey(1,1
= — BySy +7(z —y)S, + a )(y—x)Sx-

S:(1,1)
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That is,

05 Ny
T = S, 4l = s, + 50

Notice that z = 1 gives the model ([2.3)).
Assume that the number of susceptible, infected, and recovered neighbours of a

node follows a multinomial distribution:
(s,i,1) ~ Multinomial (s +i+r, ps(t),pl(t),pR(t)>

where pg(t) is the probability of a susceptible node having a susceptible neighbour
at time ¢, p; is the probability that a susceptible node has an infected neighbour at

time ¢, etc., and
ps(t) +p1(t) +pR(t) =1.

Then
k

8,0, T

Sir = kak(t)( )pép’}p’é

where pj is the network degree distribution, Si(¢) is the proportion of suscpetible

nodes having degree k at time ¢, and k = s + ¢ + r is the degree of a node.
The generating function (B.1) is

t x y? szylzTSszr

sir

=D D Y (s l: T>p§p§p}é

k=0 s+i+r=~k

- gpﬁk > (5 w0 ony

s+i+r=k

= Zkak (psz + pry + pRz)k (by the multinomial theorem)
k=0

that is,

S(ta z,Yy, Z) = ZPkSk(xpS + ypr + ZPR>k
k=0

Taking z =1 and pr = 1 — ps — p; gives

St y) = > peSelps(e — 1) 4 prly — 1) + 1)
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Making the substitution z = w + I', and y = 2 + I" motivates the choice of (2.25)).

62
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