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Abstract

In this dissertation we study the anisotropic Manev problem that describes the mo-
tion of two point masses in an anisotropic space under the influence of a Newtonian
force-law with a relativistic correction term. The dynamic of the system under
discussion is very complicated and we use various methods to find a qualitative
description of the flow.

One of the strategies we use is to study the collision and near collision orbits. In
order to do that we utilize McGehee type transformations that lead to an equivalent
analytic system with an analytic energy relation. In these new coordinates the
collisions are replaced by an analytic two-manifold: the so called collision manifold.
We focus our attention on the heteroclinic orbits connecting fixed points on the
collision manifold and on the homoclinic orbit to the equator of the mentioned
manifold. We prove that as the anisotropy is introduced only four heteroclinic
orbits persist and we show the exixtence of infinitely many transversal homoclinic
orbits using a suitable generalization of the Poincaré-Melnikov method.

Another strategy we apply is to study the symmetric periodic orbits of the
system. To tackle this problem we follow two different approaches. First we apply
the Poincaré continuation method and we find symmetric periodic orbits for small
values of the anisotropy. Then we utilize a direct method of the calculus of variations,
namely the lower semicontinuity method, and we prove the existence of symmetric
periodic orbits for any value of the anisotropy parameter.

In the last chapter we use the Killing’s equation in an unusual way to prove
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that the anisotropic Kepler problem (that can be considered a particular case of the

Manev) does not have first integrals linear in the momentum.
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We shall not cease from exploration
And the end of all our exploring
Will be to arrive where we started
And know the place for the first time.
Through the unknown, unremembered gate
When the last of earth left to discover
Is that which was the beginning;
At the source of the longest river
The voice of the hidden waterfall
And the children in the apple-tree
Not known, because not looked for
But heard, half-heard, in the stillness
Between two waves of the sea.

From Little Gidding
T.S. ELiot



Nature and Nature’s laws lay hid in night:
God said, Let Newton be! and all was light.

Eyitaph on Isaac Newton
ALEXANDER POPE

Chapter 1

Introduction

Symmetry and anisotropy are very important features that characterize natural
phenomena and the models that are used to describe them. Symmetry, on one
hand, tends to simplify the models while anisotropy, on the other hand, complicates
them. Anisotropic models describe many physical systems and their study is a very
interesting problem.

For example the motion of particles and satellites around planets (i.e. in a
multipolar gravitational field) is a very well known and important problem (see for
example [30, 31]).

Furthermore motion of charged particles orbiting around black holes perturbed
by electric and magnetic fields (see [65]) or gravitational waves [51] are other fasci-
nating problems.

Galactic models described by galactic potential are also an interesting example
of anisotropic problems (see for example [68] and references therein).

The type of anisotropic problems that we study in this dissertation have been
introduced by Gutzwiller (see [34, 35, 36, 37, 38, 39, 40]) in the 1970s. His purpose
was to understand better the relationship between classical and quantum mechan-

ics. Gutzwiller analyzed the anisotropic Kepler problem that was later studied by



Devaney in [21, 22] and by Casasayas and Llibre in [8].
In this dissertation we analyze the anisotropic Manev problem that describes
the motion of two point masses in an anisotropic configuration plane interacting

with a potential of the form

1 b

Ulq) = \/m+ux2+y2 (1.1)

where g = (z,y).

Florin Diacu suggested the study of the anisotropic Manev problem in 1995,
hoping to find connections between classical, quantum, and relativistic mechanics.

Recently another anisotropic problem, of the same kind of the one discussed
here, has been introduced by Vasile Mioc, Ernesto Pérez-Chavela and Magda Stavin-
schi (see [56]). They analyzed the anisotropic Schwarzchild problem that presents
some similarities and some differences with both the anisotropic Kepler problem
and the anisotropic Manev problem. However we will not discuss this particular
problem.

The origins of the Manev problem lie in the work of Newton, who introduced it
in Principia aiming to understand the apsidal motion of the moon (see [19, 24]).

The Manev potential can be used to model various natural phenomena, in ce-
lestial mechanics, astrophysics and atomic physics. We refer the reader to [52] for
a history of the problem and a summary of the main applications. We will just
mention that, in the 1930s, Manev found that this potential allows a good the-
oretical justification of the perihelion advance of Mercury and of the other inner
planets as well as of the motion of the Moon. Furthermore, in the 1970s Hagiara
[42] pointed out that it describes the precession of the perihelion of Mercury with
the same accuracy as general relativity. Also, another important application of the
Manev problem is to the relativistic Hydrogen atom (see [73]). Indeed the classical

(i.e. non quantistic) dynamics of this problem can be described using the Manev



potential.

The anisotropic Manev problem can thus be considered as a relativistic version
of the anisotropic Kepler problem, but can also be seen as describing some gravita-
tional models with anisotropic gravitational constant (see [56, 77, 79], note however
that these models do not seem to have great physical relevance).

In this dissertation, even if the discussion and the analysis of the physical ap-
plications of the anisotropic Manev problem is interesting, we are mainly concerned
with the mathematical aspects of the model and not with its physical interpretations.

A number of interesting results were already obtained in [18] where the flow
on and near the collision manifold was studied. In particular the authors found a
positive-measure set of collisions formed by frontal homothetic, frontal nonhomoth-
etic, spiralling and oscillatory collisions. Oscillatory collisions do not occur in any of
the Kepler, anisotropic Kepler, Manev, or anisotropic Schwarzchild problems. This
unintuitive type of motion is characteristic of the anisotropic Manev problem.

In this thesis we gain a better understanding of the complicated global dynamics
of this problem. This is realized using various methods. On one hand we study the
collision and near collision orbits, on the other we analyze the symmetric periodic
orbits. Moreover we also describe some results concerning the orbits at infinity
and the existence of linear integrals (this last result holds for b = 0, i.e. for the
anisotropic Kepler problem).

The dissertation is organized as follows. In the next chapter we recall some
known results on the Manev problem, and describ some new ones. Introducing
McGehee coordinates we replace the collision singularity with a two dimensional
analytic manifold and we study the flow on and near it. We also describe the behavior
of the solutions at infinity studying the flow on and near the infinity manifold. Then
we analyze the global flow and introduce suitable action angle variables. This chapter

is introductory in nature and it is needed in the following in order to use perturbation



theory.

In Chapter 3 we introduce the anisotropic Manev problem and some of its main
features. In Section 3.2 we write the equations of motion and we mention some
general properties. In the following section we show that, even if the rotational
symmetry is broken by the presence of the anisotropy, the equations of motion have
a discrete group of symmetry that is isomorphic to Zo X Zs X Ziy and we describe some
properties of the symmetric solutions that will be useful to find symmetric periodic
orbits. Then in Section 3.4, using McGehee coordinates the collision manifold is
introduced and the flow on it is studied following the approach used in [18]. In
the subsequent section the infinity manifold is defined as in [18], however the flow
on it is analyzed in more detail proving that there are no saddle connections. As
a consequence of this, a theorem is proven to show that the flow on the infinity
manifold is structurally stable. In the last section of this chapter we write the
equations of motion in suitable action angle variables.

Chapter 4 is devoted to one of the main result of the thesis, that is the existence
of infinitely many transversal homoclinic orbits (with possibly the appearance of
chaos). After the Overview, in Section 4.2, we recall some (local) results, concerning
the flow near the collision manifold, obtained in [18]. In the subsequent section we
describe the heteroclinic orbits. Physically they correspond to ejection-collision
orbits. In the Manev problem there is a continuum of heteroclinic orbits connecting
fixed points of the collision manifolds, however as soon as a small anisotropy appears
most of the heteroclinic orbits are destroyed. We prove that only four heteroclinic
orbits persist for any value of the anisotropy. Section 4.4 is dedicated to the physical
interpretation of the local result in [18], i.e. to the description of the different kinds
of collision orbits. We show some collision orbits obtained numerically for each
nontrivial class of collisions, in particular showing an example of oscillatory collision.

In the following section we introduce a perturbative approach that will be used in



the last two Sections of this Chapter. As remarked in [64], the perturbation analysis
of [25, 64] cannot be used to study ejection-collision solutions. However, in this
work this difficulty is surpassed with the help of McGehee-type coordinates, which
allow us to view the anisotropic Manev problem as a perturbation of the classical
Manev case. In this section we also find explicitly the equations describing the
manifolds of orbits homoclinic to the periodic orbits on the equator of the collision
manifold. In Section 4.6, using an approach inspired by [12, 13|, which works in some
degenerate cases, as for example those of unstable non-hyperbolic points or critical
points located at infinity (see [14, 15, 16, 25]), we develop a suitable extension of the
Poincaré-Melnikov method, which can be used to prove the existence of transversal
homoclinic orbits to a periodic one. It is interesting to note that our result extends
the one obtained in [14, 15, 16] for a non-Hamiltonian system that has negatively
and positively asymptotic sets to a nonhyperbolic periodic orbit. In the present
context the asymptotic sets are the stable and the unstable manifolds. In the last
section of the Chapter we apply the Melnikov method we developed in the previous
section. Computing the Melnikov integrals using the method of residues we find
that there are infinitely many simple zeroes and therefore we prove the existence of
infinitely many transversal homoclinic orbits to the periodic orbits on the equator
of the collision manifold. This possibly implies the existence of a chaotic dynamics.

In Chapter 5 we study the symmetric periodic orbits using the Poincaré continu-
ation method, that is a perturbative technique that was first introduced by Poincaré
in his monumental work Les Méthods Nouvelles de la Mécanique Céleste [62]. The
idea of this method is to use a known periodic solution (of the unperturbed system)
and, by small changes of the parameter and of the initial conditions, continue the
known solution. In this case we use a version of the continuation method similar
to the ones used in [4, 55, 76], in which the continuation method is applied to find

symmetric periodic orbits. In Section 5.2 we find symmetric periodic orbits of the



“second kind”(i.e. the non-circular ones), using suitable action-angle coordinates
that are discussed in the previous chapters. The use of suitable coordinates to study
symmetric periodic orbits is inspired by the articles [4, 55]. In the subsequent sec-
tion we prove the existence of orbits of the first kind (i.e. the circular ones) using
Cartesian coordinates and adapting the techniques used in [76].

Chapter 6 is devoted to proving the existence of symmetric periodic orbits using
variational techniques. The idea of using variational principles to obtain periodic
orbits for n-body-type particle systems can be traced back to Poincaré [62]. We
use the so-called lower semicontinuity method (developed mostly by Tonelli see [74])
that is a direct method of calculus of variations. This method has been recently
used to obtain new (symmetric) periodic orbits in the classical n-body problem
(see [9]). But unlike the Newtonian case, the Manev force is “strong” (as defined
in [32]), so the variational method is easier to apply in our situation than in the
Newtonian one. This is because in the Manev case we do not have to deal with the
difficulty of avoiding collision orbits, since they have infinite action and therefore
cannot be minimizers. In Section 6.2 some preliminary notations and definitions
are introduced. In particular we show that the anisotropic Manev problem satisfies
the strong force conditions and that the spaces of symmetric paths we discuss are
Sobolev. Furthermore we introduce the winding number and we classify the paths
according to it. In the following section the action principle and some lemmas that
are needed in order to use the variational method are presented. In particular we
make sure that the solutions we find using this variational technique are solutions
in the classical sense. Moreover we exclude the possibility that the minimizers are
found when the bodies are at infinite distance from each other and the possibility that
minimizers are collision paths. Section 6.3 is dedicated to describing some properties
of the lower semicontinuous functions, while the last section of the chapter contains

the statement and the proof of the existence of symmetric periodic orbits. The



theorem shows that for each period 7" > 0, for each space of symmetric paths and for
each homotopy class, an absolute minimizer exists and it is a solution in the classical
sense. The proof of the theorem is based on the idea of lower semicontinuity and on
the properties discussed in the previous section. We also present some symmetric
periodic orbits obtained numerically.

In Chapter 7 we present some results that hold for the anisotropic Kepler prob-
lem, considered as a particular case of the anisotropic Manev problem with b = 0.
In Section 7.2 we introduce some preliminary notions. In particular we observe
that showing that the Killing equations do not have nontrivial solutions is a way to
prove the non-existence of linear integrals. In the subsequent section we use some
transformations and we rewrite the initial system as a geodesic flow on a surface.
In Section 7.4 we finally show that the Killing’s equations do not have nontrivial

solutions. This proves that there are no linear integrals in the momentum.



Either the well was very deep, or she
fell very slowly, for she had plenty of
time to look about her, and to wonder
what was going to happen next.

Alice’s Adventures in Wonderland
Lewis CARROLL

Chapter 2

The Manev Problem

2.1 Overview

In this chapter we summarize some known facts about the Manev problem and we
also add some new results. The purpose of this chapter is to give the basis for the
work on the anisotropic Manev problem. This is because some of the technigues
used in this thesis are borrowed from perturbation theory and thus understanding
the unperturbed problem (i.e. the Manev problem) is of fundamental importance.
Most of the material in this chapter can be found in [23, 19, 24]. Some results
concerning the topology of the invariant sets of the problem under discussion can
be found in [52]. For a detailed account of the general theory of the action-angle
variables see [2], while for the application of the action-angle variables to the Manev
problem the reader is referred to [25, 64].

In the next section we define the Manev problem and we write its equation of
motion giving a general picture of the problem. In Section 2.3 we introduce the
collision manifold and describe the flow on and near it. In Section 2.4 we analyze
the flow at infinity introducing the infinity manifolds. In Section 2.5 we describe
the flow on non-negative energy levels. Finally, in the last section we introduce

action-angle variables for the problem under discussion.



2.2: The Equations of Motion 9

2.2 The Equations of Motion

Consider two interacting bodies P, and P», of mass m; and mgy respectively, such
that the potential energy of the interaction depends only on the distance between
them. If q; and g9 are the position vectors of P; and P, respectively, then the

Lagrangian of such a system can be written as

1

) 1 )
Ly = §m1<ﬁ + §m2q§ — Uo(llaz — q2l])- (2.1)

Let g = g7 — qs be the relative position vector, and let the origin of the coordinate
system be at the center of mass, i.e. my g1 +ma g2 = 0. These two equations give

maq mi1q
L S 0 2.2
a mi + ms P my + Mo ( )

Substitution in the Lagrangian gives

1

Ly = 5ma? - Up(llall) (23)

where m = myma/(my + mo) is called reduced mass. The function (2.3) is formally
identical with the Lagrangian of a particle of mass m moving in an external field
Up(|lq]]) which is symmetrical about a fixed origin. Thus the problem of the motion
of two interacting particles is equivalent to that of the motion of one particle in
a given external field Up(l|q||). From the solution q(¢) of this problem the paths
qi(t) and qa(2) of the two particles, relative to their common center of mass, can be
obtained by means of (2.2).

Thus, setting m = 1, the Hamiltonian describing two bodies interacting with

the Manev potential can be reduced to:

Hy = 3p* + Un(llal) 24)

where Hy is defined on (R? — {0}) x R%, q = (z, %) is the configuration of the system

of two particles and p = (pg, py) is the momentum. Moreover

1 b

Uol@) =~~~ 5 (2.5)



2.2: The Equations of Motion 10

is the potential energy, where r = /22 +y? = ||g|| and b is a positive constant.

Then the Hamiltonian equations become:

{ g _ gVUO (2.6)

where the dot denotes the derivative with respect to t.

These differential equations define the Manev problem.
The Hamiltonian function Hy has the property Hy(q,p) = h (constant), i.e. it is a
first integral, called the integral of energy. There exists another first integral that
is the angular momentum K = q(t) x p(t). Moreover, since the two integrals are
independent and in involution, i.e. {Hy, K} = 0, the equations (2.6) are integrable
by quadratures.! Indeed the Liouville-Arnold Theorem, applied to the Manev system

says

Theorem 2.1 (Liouville-Arnold). The Hamiltonian system (2.6) has the Hamil-
tonian Hy and the angular momentum XK as two independent first integrals in invo-

lution. Consider the level sets of the functions Hy, K

Ine = {(a,p)|Ho(q,p) = h, K = |[K| = ¢}

Assume that the functions Hy, K are independent on Ip, (i.c., the I-forms dH and
dK are linearly independent at each point of In.). Then

(1) Ine is a smooth invariant two-manifold under the phase flow with Hamiltonian

Hy.

(11) If the manifold Ip. is compact and connected, then it is diffeomorphic to the
2-torus T2 = {(¢1, pa)mod 27}.

! Integration by quadratures of a system of differential equations is the search for its solutions by
a finite number of “algebraic” operations (including inversion of functions) and “quadratures”,
i.e., calculatiou of integrals of known functions.



2.2: The Equations of Motion 11

(tii) The phase flow with Hamiltonian Hy determines a conditionally periodic mo-

tion on Ip., which means that, in angular coordinates (¢1, ¢2), we have

$1 = w1 (Ho, K), $o = wo(Ho, K)

(iv) The canonical eguations (2.6) are integrable by quadratures.

For more details about Hamiltonian systems and the proof of the previous the-
orem see [1, 2, 3, 49]. For an analysis of the topology of the invariant sets I, see
[52].

Since U : (R? — {0}) — R is real analytic, standard results of differential-
equation theory guarantee, for any initial data (q(0), p(0)) € (R? — {0}) x R, the ex-
istence and uniqueness of analytic solutions defined on a maximal interval (£*7,¢*%),
where —oo < t*7 < 0 < t*t < oo. If either ¥~ > —o0 or t*T < oo, the solution is
said to experience a singularity.

In the Manev problem all the singularities are due to collisions, as can be shown
imitating the proof used in the classical Kepler problem [80].

A solution (q(t), p(t)) of Equations (2.6) is called a collision (resp. ejection)
solution if there exist a t* such that q(t) — 0 as ¢t — #*T (resp. there exist a t*~
such that q(¢f) — 0 as ¢ — ¢*7). Collision and escape solution are of particular
interest because the whole qualitative structure of the phase space depends on their
behavior.

There are other solutions that play a role similar to the collision and ejection
orbits, i.e. they determine the gualitative behavior of the whole phase space. They
are the escape and capture solutions. We say that a solution (q(¢), p(t)) is an escape

(resp. capture) solution if ||q|| — oo when ¢t — oo (resp. ¢t — —oc0 )



2.3: The Collision Manifold 12

2.3 The Collision Manifold

In order to remove the collision singularity and to study collision and near collision
singularities (see [23, 19]) we introduce a change of variables developed by McGehee
[63]. The idea is to blow-up the collision singularity, paste instead a manifold and
extend the phase space to it. Of course such a manifold is fictitious in the sense
that the flow on it does not represent orbits that have physical reality. However the
flow on the collision manifold, due to the continuity of the solutions with respect to

initial data, gives information on the flow near collisions. Consider the coordinate

transformations
r=|q
f = arctan{y/x)
. 2.7
v =77 = (2pz + ypy) ®1)
u=r= (zpy — Yp1),
and the rescaling of time
dr = r~2dt. (2.8)

Composing these transformations, which are analytic diffeomorphisms in their re-

spective domains, system (2.6) becomes (see {23] for more details)

" =rv
v =2r?h +r
v=2 (29)
u=0
and the energy relation (2.4) takes the form
uw? +v% —2r — 20 = 2r%h, (2.10)

where the new variables (r,v,0,u) € (0,00) x R x S! x R depend on the fictitious
time 7 and the prime denotes differentiation with respect to 7. Note that the change
of variables is not canonical so system (2.9) is not Hamiltonian.

Now the vector field in (2.9) is analytic on the boundary r = 0, since 7 no

longer occurs in the denominators of the vector field. The collision manifold is the
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Figure 2.1: The flow on the collision manifold of the Manev problem.

following analytic manifold
Co ={(r,0,v,u) : 7 =0, v’ +v* — 2r — 2b = 2r"R} (2.11)

that is a cylinder in the three-dimensional space (v,0, 1), and when u # 0 the flow
on it is formed by solutions parallel to the axis of the cylinder (see Figure 2.1). If
u = 0 then v = £+/2b and those lines consist of fixed points. Since # € [0, 2],
by identifying the caps of the cylinder we obtain a 2-dimensional torus. The flow
on the torus is given by periodic orbits P;" = {v = k (const.) ,8 € [0,27),u > 0},
P, = {v = k (const.) ,8 € [0,27),u < 0} for v # ++/2b and by a circle formed
entirely by fixed points in each of the cases v = ++/2b. Let us denote with C* the
upper circle of fixed points and with C'~ the lower circle.

Each of the points on the circle of fixed points C7 has a one-dimensional local

unstable manifold, while each on the point on C™ has a local one-dimensional stable
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one, since the linearization at a point (r = 0,v = /2,0 = 8y, v = 0) gives

+/26 0 0 0
1 00 0
o 001 (2.12)
0 00 0

that has a non zero eigenvalue ++/2b and three zero ones. Moreover, as was shown
in [23], from each of the fixed points on C't there emerge a single orbit (that is the
global unstable manifold) and to each of the fixed points on C~ will tend one single
orbit (that is the global stable manifold). Indeed, since u = 0 at v = &+/2b it follows
from (2.9) that 6 = constant. Consequently there exists an orbit emerging from
every equilibrium on C* Similarly one can show that for each fixed point on C~
there is a single orbit tending to it.

One can also show that for every orbit P with 0 < v < v/2b there exists a
local two dimensional unstable manifold W (PF) and that, for every orbit, with

loc

—+/2b < v < 0 there exist a local two dimensional stable manifold W} (P). A proof
of those properties for the anisotropic Manev problem can be found in [18]. The
same proof applies here taking 1 = 1 in Equation (1.1). An alternative proof can be
easily obtained applying Floquet theory [41, 33]. If v = 0 then for the periodic orbit
P all the eigenvalues of the monodromy operator are zero as can be easily checked.
Consequently there are no stable and unstable manifolds. However, it can be proved
that there exist two-dimensional negatively and positively asymptotic sets that play

the same role as the stable and unstable manifold. In [18] this statement is proved

for the anisotropic Manev problem.

2.4 The Infinity Manifolds

To analyze the asymptotic behavior at infinity, we need to apply suitable blow-up

transformations. Essentially we need a transformation that brings the fictitious
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points 7 = oo into the so called infinity manifold. Since the potential is quasihomo-
geneous the transformations we use are slightly different from the ones for collisions
since the term of degree —1 predominates when ¢ — oo. Moreover these transforma-
tions also differ from the ones introduced by Lacomba and Simé [50] for the Kepler
problem because of the term of degree —2.

Observe that if A < 0 the motion is bounded and thus r can only reach infinity

when A > 0. Indeed, the following proposition holds

Proposition 2.1. If h < 0 the motion is bounded by the zero velocily circle

(r —1—-+/1—-4hb
[

o7 ,U=O,9,u=0> (2.13)

Proof. Consider the energy relation (2.10), then u? 4+ v2 = 0 implies that v = 0,
v = 0 and 7 = 0. On the other hand u? + v2 = 0 when 2r2h + 2r + 2b = 0. The
solutions of the last equation are

L _ ol VI—dh

o (2.14)

Since r > 0 and h < 0 we consider only the solution with the minus sign. This
proves that (2.13) is the zero velocity circle. Moreover if 7 > rg then u? 4+ v? < 0.

Consequently the motion is bounded by the zero velocity circle. |

In order to study the infinity we will consider the energy levels A = 0 and
h > 0 separately. Indeed we will first introduce a transformation to study the case
h = 0. This transformation is the same as that used in [18] for the anisotropic
Manev problem. Later we will introduce another change of variables and rescaling

of time that will enable us to study the case h > (.
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First consider the case h = 0. Taking h = 0 and p = 1/r, (2.9) becomes

!

p=—pv
v =p~
o (2.15)
v =0
and the energy relation takes the form
plu® +v%) =2 — 2bp = 0. (2.16)

Rescaling the velocities by using the transformations 7 = p'/2v, @ = p'/%u and
rescaling the time variable by defining the transformation d7 = p'/%ds the equations

of motion take the form

p=-m
u=-(1/2)vw

where the dot denotes differentiation with respect to the new time variable s. In the

new coordinates the energy relation becomes
72, =2 _
AT —-2-2bp=0 (2.18)

From (2.17) p = 0 defines an invariant manifold under the flow. We call it the infinity
manifold Iy and it appears as the boundary manifold glued to the zero energy level.

We remark that
Ip={(p,5,6,7): p=0and ¥° +7° = 2,6 € §*} (2.19)

is also a two-dimensional torus. The flow on I is given by
7= (1/2) +1=(1/2)a>
9
a

1/2)u )

H

(2.20)

H

and it is the same as the flow on the collision manifold of the Kepler problem [8].
The flow on the infinity manifold has two circles IOi of equilibrium points defined by

T=+v2, u=0, 8¢S’ Of course these are also equilibrium points of (2.17)
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Solutions on Iy move from the lower circle I; to the upper one Ij". Each rest
point (T = —/2, 8 = 6y, 0) has associated a unique two-dimensional unstable
manifold and each (T = ++/2, 8 = 6, 0) has associated a two-dimensional stable
manifold. If we consider the flow of (2.17) then we must add the coordinate p. The

linearization computed at a point (p = 0,7 = +/2,0 = 8,7 = 0) is

V2 0 0 0
0 FV2 0 0
0 o o . (2.21)
0 0 0 FV2/2

and thus the points on I;” have a three dimensional stable manifold while the points
of Iy have a three dimensional unstable manifold.

Observe that even if the flow on the infinity manifold is the same as the fiow
on the collision manifold of the Kepler problem the flow outside is very different.
Indeed the upper and lower circle in the Kepler problem are normally hyperbolic
[21].

The flow on and near the infinity manifold is depicted in Figure 2.2.

Now, we introduce a different change of coordinates and rescaling of time that

allows us to study the behavior at infinity for h > 0. Consider the following trans-

formation .
R = 1"_2/_";
V = R3¥?y
U = R3/2y (2.22)
dr = R%2dy
From (2.9) and (2.10) it follows that
R=—(2/3) RV
V =-V2+2h+R3?
i i (2.23)

U=-UV
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Figure 2.2: The flow on and near the infinity manifold Iy of the Manev problem.

where, now, with an abuse of notation, the dot indicates differentiation with respect
to 7.

The energy relation goes to the following C' function

U?+V?—2R¥? — 2bR® = 2h. (2.24)
The flow for any fixed h is confined on the three-dimensional invariant manifold
defined by the energy, namely

Ny = {(R,V,0,U0)|U? + V? = 2R*? 4+ 2bR3 + 21,6 € [0,2m)}. (2.25)

From system (2.23) it follows that for each A > 0 fixed, the manifold R = 0
is invariant under the flow. In these new coordinates we can introduce the infinity
manifold, dencted by I, where h > 0, as the restriction of the energy manifold N,
to R=0, i.e.

I, ={(R,V,6,U)JR=10,0 € [0,27), and U? + V2 = 2h}. (2.26)
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Unlike the collision manifold, which is uniguely defined and independent from
the energy level, the infinity manifolds depend continuously on h. For each h >
0 fixed, the corresponding infinity manifold [ is a two-dimensional torus which
becomes a circle of degenerate equilibria as h — 0+.

The flow on Iy is given by

V=2h-V2=U"

6=U (2.27)

U=-UV
We see that using the change of variables (V,6,U) = 1/2(V,8,U)) it is immediate
that the expressions of the equations are the same as in the case of Iy, but they are
not equivalent because they are defined in different spaces.

For each & > 0 fixed, the infinity manifold posseses two circles of equilibria
defined by V = £vh, U = 0, § € S'. and all orbits are strictly increasing with
respect to V. As for I each rest point (V = —v/2h,6 = 6y, U = 0) has associated
a unique two-dimensional unstable manifold and each (V = v/2h,6 = 6y, U = 0)
has associated a two-dimensional stable manifold. The flow on and near the infinity

manifold I is illustrated in Figure 2.3.

2.5 The Flow for Negative Energy

The flow outside the collision and infinity manifolds and in particular the stable and
unstable manifolds can, in general, only be described locally. However, as we have
already remarked, the Manev problem is an integrable system and thus the global
stable and unstable manifolds and the asymptotic sets can be found explicitly and
thus the global flow can be characterized precisely. To describe the flow outside the
collision manifold it is convenient to exploit the fact that 8 does not appear explicitly
in the equations (2.9). Indeed this allows us to reduce the four-dimensional phase

space to dimension three by factorizing the flow to S*. Consequentely, exploiting
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Figure 2.3: The flow on and near the infinity manifold 7, of the Manev problem.

the symmetry, we will obtain clear pictures of the flow in phase space. Factorizing
the collision manifold to S, the torus becomes a circle.

Consider the negative-energy case, i.e. h < 0 and observe that, in the reduced
phase space, every energy level is a two-dimensional ellipsoid, as can be deduced

from the energy relation written in the following form:
u? +v? — 2h(r +1/(2h))2 = 2b — 1/(2h). (2.28)

In the reduced space (r,v,u) with r > 0 the collision manifold reduces to the circle
r = 0,u% + v? = 2b (see Figure 2.4) and an analysis of the equations (2.9) allows to
describe the flow on the negative energy levels [19].

There are two equilibria outside the collision manifold, located at r = —1/(2h),v =
0,u = ++/2b — 1/(2h). Moreover, since u is a first integral, all the solutions lie on
parallel planes u = constant. If [u| < +/2b the orbits are heteroclinic and they form
the stable and unstable manifolds of the orbits P¥. In particular if u = 0 then

the corresponding heteroclinic orbit connects a point on the upper circle C* of the
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, T

Figure 2.4: The flow on each negative energy level.

collision manifold with a point on C~. If u = %+/2b the orbits are homoclinic, and
they form a manifold homoclinic to the two periodic orbits P:¥ with v = 0. Physi-
cally the heteroclinic and the homoclinic solutions correspond to solutions ejecting
from collisions and then tending to collisions. In particular the heteroclinic solutions
lying on the plane u = 0 correspond to rectilinear ejection-collision orbits, while all
the other heteroclinic and homoclinic solutions correspond to spiralling ejection-
collision orbits. If v/2b < |u| < /2b — 1/(2h) then the orbits are periodic. In the
full phase space these orbits correspond to a linear flow on the torus ' x S', where
each torus is filled either with periodic or with quasiperiodic orbits. Finally, the two
equilibria outside the collision manifold at r = —1/(2h),v = 0,u = £+/2b — 1/(2h)
correspond, in the full phase space, to periodic solutions that are circular orbits in

the physical space.
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2.6 The Flow for Non-Negative Energy
When h =0, i.e. on the zero-energy manifold the energy relation takes the form
u?+ 0% =2r +2b (2.29)

which implies that the zero-energy level is a paraboloid with the cap removed (see

Figure 2.5).

Figure 2.5: The flow for A = 0.

The cap is removed because r > 0. The first integral v = constant foliates the
zero-energy level into curves lying in parallel planes. The curves are parabolas for
|u| > /2b, or arcs of parabolas, for |u| < v/2b. Moreover there are no equilibria
outside the collision manifold. In phyisical space the arcs of the parabola tending
to C~ or emerging from C™T correspond to rectilinear orbits (with zero angular
momenum) that tend to (emerge from) infinity with asymptotic velocity zero. The
other arcs of parabolas that tend to (emerge from) the collision circle correspond,
in physical space, to orbits that spiral at collision (ejection) and have asymptotic

velocity zero.
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’ () ’

Figure 2.6: (a) The flow for h > 1/(4b). (b) The flow for h = 1/(4b). (c) The flow
for h < 1/(4b)

In the positive energy case, the energy relation takes the form
u? 4+ v% — 2h(r + 1/(2h))? = 2b — 1/(2h) (2.30)

Depending on the relationship between h and b three possibilities arise.

If h > 1/(4b) the energy relation describes an hyperboloid of one sheet inter-
sected with » > 0 (see Figure 2.6(a)). Since v is a first integral all solutions are,
again, represented by curves lying on parallel planes u = constant. Such curves are
branches of hyperbolas or arcs of branches of hyperbolas and two pairs of half-lines.
The physical interpretation is similar to that of the zero-energy case, except that
parabolas are replaced by branches of hyperbolas and the asymptotic velocity at
infinity is not zero but positive.

If h = 1/(4b) the energy relation is a cone intersected with » > 0 (see Figure
2.6(b)). The first integral v = constant foliates the surface in branches of hyperbolas
or arcs of branches of hyperbolas and two half-lines (corrseponding to C* and C™).
The physical interpretation is similar to the one of the case h > 1/(4b).

If h < 1/(4b) the energy relation is an hyperboloid of two sheets intersected
with 7 > 0 (see Figure 2.6(c) ). In this case the curves lying on the planes u =

constant are branches of hyperbolas and arc of branches of hyperbolas. The physical
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interpretation is similar to the one of the previous cases.

2.7 Action Angle Variables

In Section 2.2 we studied the level sets of the integrals Iy, = {(q,p)|Ho(q,p) =
h,K = ¢} when they are compact and connected. We found that I is diffeomorphic
to a 2-torus invariant under the flow. We chose some angle coordinates ¢; on I,

such that the phase flow generated by Hj is of the form

d .
*dd—:‘i = wi(h,c), ¢i(t) = (0) + wit, fori=1,2. (2.31)
We now look at a neighborhood of the two-dimensional manifold I, in four-dimensional
phase space.

In the coordinates (Hy, K, ¢1, ¢2) the phase flow can be written in a very simple

form as the following system of four ordinary differential equations

dH
S =0
dK __
G =0

(2.32)
%‘l— = w1 (H()? K)

2 = wy(Hy, K)

which is easily integrated:

(t) = K(0)
(t) = $1(0) + w1 (Ho, K)t
(t) = ¢2(0) + wo(Ho, K)t.

Thus, in order to integrate explicitly the original canonical system it is sufficient to

fl

It

K
b1
)

find the variables ¢; in explicit form. It turns out that this can be done using only
quadratures.
Let us remark that the variables (Hy, K, ¢1, ¢2) are not symplectic. However

one can find some functions of Hy and K denoted by I, I» such that I3, Is, ¢;, ¢ are
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symplectic. The variables I, I, are called action variables and with the variables
o1, ¢ form the so called action-angle variables.

From the general theory of action angle variables [2] one can construct such
variables in the following way. Let y;, v2 be a basis for one-dimensional cycles on
the torus Ip, (the increase of the coordinate ¢; on the cycle v; is equal to 2w if i = j

and 0 if i # j). We set
1

The quantities I; given by the formula (2.33) are called action variables. Therefore

the action variables for the Manev problem, already introduced in [25, 73], are given

by

_ 7, = 1 — 7 1 /2

{ I=I =4 §pdr=-VEI-2+1, /2 (230
K =1 = xzpy — ypu

where h is the energy constant and K is the angular momentum. These variables

are defined for h < 0 and K2 > 2b, I > 0, to avoid collision orbits as well as circular

orbits. The related frequencies are

_ 1
WI= TRy

K

WK T RIS a (IR =25

and © = ¢; and ® = ¢ are the angle variables associated to K and I respectively.

The unperturbed Hamiltonian in the new variables can be written as
1
Hy=— .
2(I + vVK? — 2b)?

Now we can consider new variables that are linear combinations of the previous

ones. They are defined by the following canonical transformation

L=K+I
G=-I
e (2.35)

g=0-9
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Where [ is the mean anomaly (where [(t) = wp(t — #5) and 7y is the time
of pericenter passage), g is the longitude of pericenter as they are defined for the
Manev problem in [67]. Moreover also the action variables can be written in terms

of the orbital elements of the Manev problem. If we set

1

T 2]

and  e=+/1-2(K2 - 2b)|h|

as in [25, 67] then

G=-a'l? [1 —(1- 82)1/2] and L=-G+x+a(l-e?)+2b

where ¢ is the pseudo-semimajor axis, e is the pseudo-eccentricity, and the sign +
(resp. -) holds for K > 0 (resp. < 0). The conditions to avoid collision orbits
and circular orbits, on which g becomes meaningless, can be written in terms of the

orbital elements as ¢ > 0 and 0 < ¢ < 1. The new unperturbed Hamiltonian is

1
Hy= - (2.36)
2(—~G + /(G + L)? — 2b)?
so the equations of motion in action angle variables are
¢ O(H,
L=- (810) =0
G =-%h =9
ﬁ- aHg (2.37)
L= (BLO) = WL
a(H,
=20

where
G+L

(—G+4/(G+L)?—2b)34/(G+L)2—2b

G+L—/(GFL)2—2b

(—G++/(G+L)2—2b)3/(G+L)2—2b"

Wy, = WK =

WEe = WK — W =
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Chapter 3

The Anisotropic Manev
Problem

3.1 Overview

The main objective of this chapter is to introduce the anisotropic Manev problem
and study some of its main features.

In the next section we introduce the anisotropic Manev problem and its equa-
tions of motion.

In Section 3.3 we analyze the discrete symmetry group of the anisotropic prob-
lem and in particular we outline some properties of the symmetric orbits in general
and of the symmetric periodic orbits in particular.

Then, in Section 3.4 we examine, using McGehee coordinates, the collision
manifold and the flow on it [18].

In the following section we study the infinity manifolds, recalling some known
results (see [18]) and strengthening the previous understanding of the flow on the
infinity manifold to the point that we can prove that it is structurally stable.

In the last section we write the equations of motion in the action-angle variables
that were introduced in Section 2.7 Such equations will be important in Chapter 5

to prove the existence of periodic orbits.
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3.2 The Equations of Motion

The (planar) anisotropic Manev problem is described by the Hamiltonian

H= —;—pZ +U(q). (3.1)

where g = (z,y) is the position of one body with respect to the other considered
fixed at the origin of the Cartesian coordinate system, p = (pg, py) is the momentum

of the moving particle and

V) = 1 b
Ve ey

is the potential energy. The parameters ;1 > 0 and b > 0 are constants and p

(3.2)

measures the strength of the anisotropy. If u < 1 the attraction is weakest in the
direction of the z-axis and strongest in that of the y-axis. The situation is reversed
if w > 1. If u = 1 the space is isotropic and we recover the classical Manev problem
described in Chapter 2.

Since both remaining cases have a weakest-force and a strongest-force direction,
we can assume, without loss of generality, that u > 1. The equations of motion form
a system of ordinary differential equations that can be expressed as

{ gj o1 - (3.3)

The Hamiltonian function provides the first integral

H(p(t),q(t)) = h, (3.4)

where h is a real constant. However, since the force —VU is not central for g > 1
(i.e. the rotational invariance of the Hamiltonian function is destroyed) the angular
momentum K(¢) = p(¢) x g(¢) is not a first integral of the system, as is illustrated by

an example in Figure 3.1. Figure 3.1 (a) depicts a periodic orbit of the anisotropic
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T=5.88, x-1, y=0, p =0, p,~0.92

L5 N 0.5 0 03 1 15 o 1 ) 3 p 5
X
(a) (b)

Figure 3.1: (a) A periodic orbit of the anisotropic Manev problem with p = 1.5,
b =0.1. (b) The angular momentum K of the periodic orbit as a function of time.

Manev problem while Figure 3.1 (b) represent its angular momentum K as a function
of time, showing that it is not constant but that it oscillates. For 4 = 1 we recover
the Manev problem and the angular momentum is a constant of motion for such a

system (see Chapter 2).

The fact that the angular momentum is not a constant of motion for the problem
under discussion, is a strong clue that the anisotropic Manev problem has very
complicated, and possibly chaotic, dynamics. An example of an orbit that behaves
erratically, obtained numerically for y = 15 is depicted in Figure 3.2.

Now consider weak anisotropies, i.e. choose the parameter y > 1 close to 1.
Introducing the notation r = /z2 + 12, 6 = arctan(y/z) and e = p — 1 with e < 1

we can expand the Hamiltonian (3.1) in powers of € and obtain

1, 1 b 1 b 20—
Hwip - T2+5(2T+T—2>cos 0 = Hy + eW (r,8). (3.5)

It should be pointed out that the term W (r,6) becomes unbounded as r — 0 so that

a perturbation analysis is not correct on the ejection-collision orbits. This means

2
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Figure 3.2: A "‘chaotic”’ orbit that behaves erratically obtained numerically for
u=15.

that the global dynamics of the anisotropic Manev problem cannot be completely
described by perturbations to the Manev problem even at the limit € —+ 0. However
many interesting results concerning the Hamiltonian (3.1) for weak anisotropies (i.e.
¢ < 1) can be found studying the Hamiltonian (3.5), some of which are presented
in this thesis.

In the next section we describe the symmetries of the anisotropic Manev problem

and we find some properties that will be useful to find symmetric periodic orbits.

3.3 Symmetries of the Anisotropic Manev Problem

Symmetries play a very important role in studying differential equations. Indeed
continuous symmetries allow reduction of the order of differential equations, and
are closely related to the existence of first integrals and to the integrability [58, 2].

In particular the Liouville-Arnold theorem, stated in Section 2.2 for the Manev
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problem, is closely related to the existence of two continuous symmetries: the ho-
mogeneity of time and isotropy of space. In this section we are interested in studying
the discrete symmetries of the anisotropic Manev problem, because this will be es-
sential in finding periodic orbits. The importance of the role of discrete symmetries
in finding periodic orbits was already observed by many authors (see, for example,
[4, 55]).

In order to introduce the symmetries of the anisotropic Manev problem we need
to recall some standard definitions and known facts about symmetries.

Let £ be a vector field on a phase space U.

Definition 3.1. We call a symmetry of the field f a diffeomorphism g : U — U such
that

f(g(w) = S5f(u). (3.6)

The field f is called invariant under the diffeomorphism g.

Definition 3.2. We call a symmetry of a slope field a diffeomorphism of the extended
phase space that sends the field into itself. The direction field is then called invariant

under the diffeomorphism.

As an example consider a differential equation % = f(u) that has the slope field
depicted in Figure 3.3. The slope field is invariant under translations along the ¢

axis.

Definition 3.3. The system of differential equations & = f(u) (respectively 11 =
f(u,t)) is inwariant (or covariant) under a diffeomorphism g of the phase space
(respectively, of the extended phase space) if the vector field (respectively, slope
field) is invariant under g. Moreover the diffeomorphism g is called a symmetry of

this system of differential equations.
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Figure 3.3: An example of a translation invariant slope field

Another important fact is that the symmetries of a field form a group. Fur-
thermore it is clear that if y(¢) is a solution of @ = f(u) then also g(vy(t)) is a
solution.

The symmetries of the anisotropic Manev problem have been examined in [18]
and, as is easy to see, are defined by the following diffeomorphisms in the extended

phase space:

Id : (2,Y,p2,Py,t) — (2,Y, Pa, Py, 1)

SO : (ZL‘, yvp.’l:vpyvt) — (.’E Y, =Dz; Py, ‘"t)

51 (mayvavat) — (2, -y, Pz Py ~1)

SQ : (mayvavpy’t) —F ( Ty Y, Py —Py> — ) (3 7)
Sz - ($7yapa:’py7t) — (~z Z/a —Paz Pyat) '
S4 : (:E7yap:£apy=t) — ( pl’apya )

S5+ (2,9, Pz, py, 1) — (2, y Py =Py, 1)

SG : (mvyap:mpyvt) - ( Ly =Y, Pxy Py, t)

where Id is the identity.

The invariance under these symmetries implies that if y(¢) is a solution of (3.3),
then also S;(v(¢)) is a solution for 7 € {0,1,2,3,4,5,6}. In figure 3.4 we draw all
the solutions S;(y(t)) for i =0,1,2,3,4,5,6. Fori € {0,1,2,3,4,5,6} the orbit y(¢)
will be called symmetric if and only if 5;(v(t)) = v(¢).

Let us remark that the symmetries in (3.7), together with the composition of
functions, denoted by o, form an abelian group, that we shall denote G, in which

the operation acts according to Table 3.1.
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Figure 3.4: The symmetric orbits of y(£): S;(v(¢)) for i=0,1,2,3,4,5,6.
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o |Id S 51 S 83 Si S5 Sg
Id|\Id Sy 5 5y 83 S84 S5 S
So|Sg Id S5 54 S¢ So 51 Sz
S5 S5 Id 55 Sy S¢ Sg S
Se 1Sy S4 S3 Id 81 5 Sg s
S3189; Sg Sy 81 Id S5 S4 S
Sy 84 Sy 8 So S5 Id S3 5
S5 185 81 Sg S Sy S3 Id S
Se 18 S3 S3 S5 S5 81 S Id

Table 3.1: Cayley table of the symmetry group of the anisotropic Manev problem

From the Cayley table of the symmetry group it is easy to deduce the following

Proposition 3.1. The symmetries of the anisotropic Manev problem form an ele-
mentary abelian group G of order eight, i.e. a group isomorphic to Zs X 7o X Zs.

So, S1 and Sy are the generators of G.

The discrete group of symmetry described above appears in many Hamiltonian
systems, as for instance the anisotropic Kepler problem [8] or the collinear three
body problem [17]. The symmetries in (3.7), (except Id and Sg) are very useful
to find symmetric periodic orbits, especially by means of the continuation method
and of variational techniques. Some important properties of the symmetric orbits,

summarized in [8] , are expressed in the following lemma:

Lemma 3.2. (i) For i = 1 (resp. i = 2) we have that an orbit y(t) is S;-

symmetric if and only if it crosses the x-axis (resp. y-azis) orthogonally.

(11) An orbit y(t) is So-symmetric if and only if it has a point on the zero velocity

curve.
(i1i) For ¢ = 4,5 if an orbit y(t) is S;-symmetric then it is Sp-symmetric.

(iv) All the Ss-symmetric orbits are periodic.
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Proof. (i) Using the uniqueness theorem of a solution of an ordinary differential

(i)

equation, it follows that ~(t) is an Si-symmetric solution if and only if (%)
intersects the plane y = 0, p; = 0 at least in one point. The same reasoning

works for Sy-symmetric solutions.

Using again the uniqueness theorem it follows that () is Sg-symmetric if and
only if y(t) intersects the plane p; = 0, p, = 0 at least in one point, or in other

words if and only if y(¢) has a point on the zero velocity curve.

An S4-symmetric orbit must intersect the plane z = 0, p, = 0 at least in one
point. If the solution lies on the y-axis then it must be an ejection-collision
solution and then p, = p, = 0 at one point, i.e. the orbit intersect the zero
velocity curve. On the other hand if the orbit does not lie on the y-axis then,
if p;(to) = 0 and z(tp) = O then clearly py(to+¢€) = —py(to —¢) for every € > 0,
since it is Sg-symmetric. This proves that Ss-symmetric orbits have a point
on the zero velocity curve. Similarly one can show that Ss-symmetric orbits
have a point on the zero velocity curve. Consequently S;-symmetric orbits for

1= 4,5 are Sp-symmetric.

Cousider a point in phase space (q, p) and assume there is an Ss-symmetric
orbit ®(¢,(q, p)) passing through it. Then we have the following property for
the flow:

Q(t7 —(qa p)) = "(I)(tv (q7 p))

Furthermore the solution ®(t, (q, p)) satisfies the equation

® (-;— (q, p)) = —(q,p) (3.8)

for some time 7. Then by the uniqueness of solution of ordinary differential
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equations we have

@(r+%mqpﬁz=—¢ﬁdmpb

for all £. By the equivariance of the flow ®(¢,q, p)) and the above property, it
follows that

®(t+7,(q,p)) = 2t (a,p)) (3.9)

which means that ®(¢,q, p)) is a periodic solution.

The properties of the S;-symmetric orbits were first studied by Birkhoff 7] for
the restricted three body problem and later by many other authors. In particular
Casasayas and Llibre (see [8]) state a proposition that gives a technique useful to
obtain symmetric periodic orbits with respect to Sy, 51,52 for the anisotropic Kepler

problem that are verified also for the problem under discussion in this work:

Proposition 3.3. (i) Fori = 1 (resp. i = 2) we have that an orbit y(t) is an
S;-symmetric periodic orbit if and only if it crosses the x-azis (resp. y-axis)

orthogonally at two distinct points.

(i1) An orbit y(t) is an So-symmetric periodic orbit if and only if it meets the zero

velocity curves at two distinct points.

(111) An orbit v(t) is an S1 and Sy symmetric periodic orbit if and only if it crosses

the z-axis and the y-azis orthogonally.

() For i = 1,2 an orbit v(t) is an Sy and S;-symmetric periodic orbit if and
only if it meets the zero velocity curve and crosses the z, respectively y-azis

orthogonally.
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(v) For i = 4,5, if an orbit v(t) is S;-symmetric then it is Sy-symmetric and

periodic.

Proof. We will prove only the first statement, since the proof of the other ones is

similar.

(1) From Lemma 3.2 it follows immediately that an Si-symmetric solution is pe-
riodic if and only if it intersects the y-axis transversally at two points. The

proof for the case of Sy-symmetric solutions is analogous.

3.4 The Collision Manifold

Since our first goal is to study collision and near collision solutions, it is helpful to
transform system (3.3) using, as we did in Section 2.3, a method developed by McGe-
hee [53]. Thus consider the transformation of coordinates (2.7) and the rescaling of
time (2.8). Composing these transformations, which are analytic diffeomorphisms

in their respective domains, system (3.3) becomes

=y
v = 2r2h +rATH?
o — o (3.10)
W = (1/2)(u — 1)(rA~3/2 + 26A~2) sin 26
and the energy relation (3.4) takes the form
u? + 0% - 2rATV2 — 2bAT = 27%h, (3.11)

where A = p cos? 8 + sin? @ and the new variables (r,v,6,u) € (0,00) x R x S x R

depend on the fictitious time 7. The prime denotes differentiation with respect to
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7. The generators Sy, S1, So of the symmetry group G in the new coordinates are
changed to So, 81, 5’2, where
SO(T, v, Oa Uu, T) - (Ta -, 97 —Uu, _T)
Si(r,v,6,u) = (r,—v, —8,u, —7) (3.12)
So(r,v,8,u) = (r,—v, 7 — 8,u, —7).

The set
C = {(r,v,0,u)|r = 0 and the energy relation (3.11) holds} (3.13)

is the collision manifold, which replaces the set of singularities {(q, p)|g = 0}. This
2-dimensional manifold, embedded in R* x S, is homeomorphic to a torus and it is

given by the equations
r=0 and u®+0%=2A"" (3.14)
Now consider a fixed constant energy surface
€ = {(r,v,0,u)|r > 0 and the energy relation (3.11) holds}.

The system (3.10) does not have singularities on & U C. The restriction of the
equation in (3.10) to C yields the system:
v =0
¢ =u (3.15)
u = b —1)A2sin26
The flow on the collision manifold was studied in detail in [18]. Here we will recall
its features.
For ;4 = 1 we have the usual Manev problem with two circles of equilibria C*

on Cy. When i > 1, each of these circles breaks up into four distinct equilibria: two

centers and two hyperbolic saddles. We single this fact out as a proposition:
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Figure 3.5: The flow on the collision manifold, which is formed by periodic orbits,
eight equilibria, and eight heteroclinic orbits.

Proposition 3.4. If u > 1 the system of differential equations (3.10) admits ezactly
etght equilibrium solutions. The locations as well as the characteristic exponents of

these equilibria are displayed in Table 3.2.

Proof. To see that these are the only equilibria on C, first note that 7/ = 0 and
v’ = 0 on C. On the other hand 8 = 0 if and only if u = 0. Furthermore u' = 0 if
and only if (1/2)(p — 1)(2bA~2)sin 26 = 0. Since p > 1 it follows that v’ = 0 if and
only if § = 0,+7/2, 7 with 8 € (—=,n]. This yields the result.

To compute the characteristic exponents we consider the linearization at the
various equilibria.

First consider the following four equilibria: AT = (0,4+/2b/4,0,0) and AF =
(0,%+/2b/p, 7,0). At these points the linearized system has the matrix

+/2b/p 0 0 0

1/Ji 0 0 0
y 0 0 ! (3.16)

0

0 0 2(p-1)/p?
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Equilibrium point Characteristic Exponents Typeon C
AT,y =(0,-V2b,—7/2,0) —v/2,0,/26(1 - p) Center

A7 = (0,—/2b/1,0,0) —/20/1,0,+/26(p — 1)/p Saddle
A7, = (0,~V2b,7/2,0) —V/28,0,4/2b(1 — 1) Center

AT = (0, —/2b]g, 7, 0) ~/26]1,0,++/2b( — 1)/ Saddle
A, = (0,72, —/2,0) +v/2b,0, £+/26(1 — p2) Center

AT = (0,/2b/,0,0) ++/2b/1,0,4+/2b( — 1)/p Saddle
Ajﬂ = (0,V2b,7/2,0) +/2b,0,++/26(1 — 1) Center

AF = (0,/2b/p, 7, 0) ++/2b/11,0,+£+/2b(p — 1)/pp Saddle

Table 3.2: Characteristic exponents of the equilibrium points on C

the corresponding eigenvalues being real and taking the values £./2b/u,0 and
+4/2b(1 — p)/pu. The other four equilibria are Aiﬁm = (0,%v/2b,£7/2,0) and
the linearized system at these points is given by the matrix

+v/2b 0 0 0
1 0 0 0
0 0 0 1
0 0 26(1—p) O

(3.17)

and the corresponding eigenvalues are +v/2b,0 and +./2b(1 — 11), where the last

two eigenvalues are purely imaginary since p > 1. O

To complete the analysis of the flow on C one can remark that, since v’ = 0, the
solutions of (3.15) lie on the level curves v = constant of the torus C. Consequently
there are eight heteroclinic orbits (i.e. orbits connecting two distinct equilibria)
which lie in the level sets v = i\/Q_b_/ﬁ. All the other solutions are periodic. The
flow is sketched in Figure 3.5.

It is important to remark that the flow on the collision manifold is fictitious, i.e.

it doesn’t have a physical meaning, however, due to the continuity of the solutions
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with respect to the initial data, its structure gives informations about the behavior
of collision and near-collision orbits. The structure of the flow of the anisotropic
Manev Problem is fairly simple but it differs from that of the anisotropic Kepler

problem (compare with [8]).

3.5 The Infinity Manifolds

In this section we study the infinity manifolds for & = 0 and for h > 0 (recall that for
h < 0 the motion is bounded and therefore there is not infinity manifold). Precisely,

we have the following

Proposition 3.5. If h < 0 the motion is bounded by the zero velocity curve

~ATY2 /AT AR AT
(To - hois ,v:0,9,u=0)

= - (3.18)

Proof. Using the energy relation (3.11) we see that u = 0 and v = 0 if and only if
u? 4+ v? = 0 and v = 0 implies ' = 0. On the other hand v? + v? = 0 if and only if
2r2h + 2rA~Y2 £ 206A~1 = 0. This second order equation has solutions

_ =ATY2 2 /AT ARpA-T

" 2k

(3.19)

Since r > 0 and h < 0 we only take the solution with the minus sign. This shows
that rg is the zero velocity curve. The fact that the motion is bounded by this curve

follows from the remark that r > ry implies ©? 4+ v? < 0. O

In order to describe the flow on the infinity manifolds it is convenient to use the

same transformations that we introduced in Section 2.4 for the Manev problem.
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First consider the case h = 0, studied in [18]. Taking h = 0 and p = 1/r the

system of equations 3.10 becomes:

p=—pv
v = p—1A~1/2
8 —u (3.20)
u = [(p—1)/2)(p A™3/2 4 2bA~?) 5in 260
and the energy relation (3.11) takes the form
p(u® +v2) — 2072 — 9pp A~ = 0. (3.21)

Taking 7 = p'/2v,% = up'/?, and rescaling the time variable by using dr = p/2ds,

the system of equations in (3.20) takes the form

p=—pu
g - ;(1/2)# + A2 (3.22)
T=—(1/2)7 @+ [(u — 1)/2)(A3/% + 2bpA~2) sin 26

where the dot denotes differentiation with respect to the new time variable s. In the

new coordinates the energy relation takes the form

W +T° — 2072 — 2bpA = 0. (3.23)

The generators Sg, S1, S2 of the symmetry group of the anisotropic Manev problem,

in the new coordinates are changed to Sy, S, 59 where
So(p,,80,7,s) ~ (p, ~0,8, -, —s)
S1(p,,8,,s) — (p, ~7, 8,7, —s) (3.24)
S2(p, D, 8,%,5) — (p, —0, 7 — 6,7, —5).

We can now define the infinity manifold for the anisotropic Manev problem as
Io = {(0,7,6,%)lp = 0 and @ +7° = 247/%} (3.25)

which is homeomorphic to a torus {see Figure 3.6).
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Figure 3.6: The flow on the infinity manifold

The flow on I is described by the following system of differential equations

(1/2)a?
{ ) =1 (3.26)
7= —(1/2)5 G+ [(u — 1)/2]A~3/2 5in 26.

e - 2
I

For i = 1 we have the usual Manev problem with two circles of equilibria T(:)t on Ig.
When p > 1, each of these circles breaks up into four distinct equilibria: two sources

(or sinks) and two hyperbolic saddle points. More precisely we have the following

Proposition 3.6. The flow in (8.26) admits exactly eight equilibrium points. The
location as well as the characteristic exponents of these equilibria are as displayed

in Table 3.8, where D = (4p)~ Y2 + 4(u — D32 and E = —9/2 + 4y

Proof. To see that these are the only equilibria on Iy, note that ¢ =0 if and only
if @ = 0 and that p = 0 on Tg. Hence U = [(p — 1)/2)A~3/?5in 26 that is zero only
when sin26 = 0. The solutions of the previous equation in the interval (—, 7] are

0, +n/2, 7. Correspondingly for § = 0,7 we have v = —(1/2)72 + /% which gives
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T = £+4/2p~1/2. On the other hand, when § = +7/2 we get 7 = —(1/2)7° + 1 which
gives 7 = +/2.
To compute the characteristic exponents of the various equilibria, one simply

calculates the linearization of the system at the equilibria. The linearization com-

puted at B = (0,£+/2u~1/2,0,0) and BF = (0,£+/2p~1/2,7,0) is

T/2u1/2 0 0 0
0 2u~1/2 0 0
0 " ())M 0 1 (3:27)
0 0 (n=1/p*? F(1/2)y/ 2u1/?

The eigenvalues of this matrix are:

Xo = Fy/ 2712
A= T/ 2u71/2

ho = F(4p) "2+ (1/2)VD
A3 = F(4p) M4 /2 - (1/2)VD

where D = (44)"Y/2 4+ 4(u — 1)u~%2. Finally, the linearization at the equilibria
BE . =(0,+v2,+7/2,0) is

+r/2
V2 0 0 0
0 FV2 0 0
0 0 0 . (3.28)
0 0 (1-p F(1/2v2

with eigenvalues

do = FV2

AL =FV2
Xy = FV2/4 + (i/2VE
X = Tv2/4 - (i/2VE

where F = —9/2 + 4u. O
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Equilibrium point Characteristic Exponents Type on Ip
BZ,,, = (0,—V2,~7/2,0) +v/2, 42, V2/4+ (i/]2)VE Source

By = (0, —+/2p71/2,0,0) V22 22, ()Y 2 2 (1/2)VD Saddle
B, =(0,—v2u"1/2,7/2,0) +V2, V2, V2/4 £ (i/2)VE Source

By = (0, =+/2p~ 172, 7,0) V2072, /202, (4u)TH4 /22 (1/2)VD Saddle
Bt ,=(0,v2,~7/2,0) —V2, =2, ~ 2[4+ G/2VE Sink

B = (0,/2p71/2,0,0) —V2um12, —/2u7 12, — (4p) V4 /2 £ (1/2)VD Saddle
Bl =(0,4/2p772,7/2,0)  —V2,—V?, —3/4%(i/)VE Sink

B = (0,/2p71/%,7,0) V20712, —\/2p7 172, — (4p) "M /2 £ (1/2)VD Saddle

Table 3.3: Characteristic exponents of the equilibrium points on I

Note that the characteristic exponents of both the sinks and the sources have
non-zero imaginary parts. This means that the orbits tend to spiral into and away
from corresponding sinks and sources.

To have a complete qualitative picture of the flow on Iy we need to study the
ultimate behavior of the stable and unstable manifolds of the saddle points. In our
case the stable and unstable manifolds are analytic curves that consist precisely of
two orbits tending toward or away from the equilibrium. We want to show that, for
most values of u, there are no saddle connections for the flow on Iy. In order to do

that we need several additional facts.

Proposition 3.7. The flow on Iy is gradient-likel with respect to the T-coordinate.

Proof. From the first of the equations in (3.26) it is clear that ¥ > 0. If T = 0 then

2

T=0and 3 =70U=0. Moreover o = +'ﬂﬁ=i72, which is 0 only at the

! The flow is called gradieni-like with respect to one of the coordinates, if every nonequilibrium
solution increases on that coordinate
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equilibria and is positive otherwise. O

Corollary 3.8. If we exclude the fized points there are no closed or recurrent orbits®

on T(}.

Proof. If a periodic orbit y(¢) of period T existed then y(t) = vy(¢+7"). Consequently
T(y(t)) = v(y(¢t + T)). Rolle’s theorem implies that there exists ¢ €]t,¢ + T such
that 7(y(¢)) = 0. This contradicts the fact that the flow is gradient-like with respect
to 7.

Now, suppose a recurrent orbit -y(¢) exists and consider 7' > 0 such that
o(y(T)) — v(y(0)) > & for some § > 0. Furthermore consider a neighborhood U
of y(0) such that |7 — 5(y(0))] < d/2. Then by definition of recurrent orbit there is
a t > T such that v(t) € U and hence |o(v(£)) — T(y(0)| < §/2. On the other hand,
since the flow is gradient-like with respect to ¥ one has that 7(v(t)) > v(y(T)) and
thus [0(y(t)) — 5(y(0))| > 6. This is a contradiction. O

As a consequence all orbits on the infinity manifold must tend toward one of
the equilibria. Figure 3.6 shows the flow on Iy. The stable manifolds at By and B
must emanate directly from the sources, while the unstable manifolds at By and B;f
must fall directly into the sinks for all 4 > 1. We now want to show that there are
no saddle connections for the flow. In order to do that it is sufficient to prove that
the remaining invariant manifolds do not match up. This is true for most values of
. Observe that the two branches of W*(B;) each emanate from distinct sources.

This follows immediately by the fact that the flow is invariant under the symmetry

? An orbit +(t) is said to be recurrent if for any point = € y(¢), for every neighborhood U of =,
and for any 7" > 0 there exists t > T such that v(t) € UU. Periodic orbits are a particular case
of recurrent orbits.
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S5(p,7,0,T,s) = (p, 7, -0, ~T,s) (where S5 = Sg 0 51). A similar result holds for
the other saddle points.

Tt is now convenient to introduce different variables on Io. Indeed we observed
that I is diffeomorphic to a torus. Consequently we can describe the flow on the
infinity manifold using angle variables as was observed when we stated the Liouville-
Arnold theorem (see Section 2.2) and when we introduced angle variables (see 2.7).

Introducing a new angle variable v defined by

T = 4 siny s 90
S (3.29)
v-—mcosd/

we can rewrite the flow on the collision manifold as:

oy \/’2“ A1/4 1 3
{ ¥ =& () 47 ot + ko sing (3-30)

6 = Z‘{—%sinw

The equilibrium points in the new variables (6,) take the following form: B} o =
(£7/2,7), BL/Q = (£n/2,0), By = (0,7), By = (0,0), By = (m,7) and B}
(m,0).

Proposition 3.9. For an open and dense set of real numbers p > 1, the unstable

manifolds at B and By miss the stable manifolds at Bgr and B}.

Proof. First consider W¥(B;) = W*(BZ,). Then from (3.30) we get

@_d(ﬁ)Al/Qcoszp 1

40~ ds\AVA] 2 snly 2 F(6,¢,€) (3.31)

where ¢ = 1 — 1 and A = 1+ ecos?f. When ¢ = 0, W*(B;) matches exactly

with W%(BZ,). Consider the branch of W*(BZ ) which contains the point (0, 7/2).

From (3.31) it can be easily shown that this curve lies along the line

—%p— O =—m (3.32)
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since, for € = 0, —0 — 2% is constant along the orbits.
When ¢ increases above 0, this branch of the unstable manifold varies smoothly
in Iy. Let ((f,€) denote the 9-coordinate of this curve, with ((—m,¢) = 7. Below

we prove :
Lemma 3.10. 2((0,0) = —7/4 < 0.

Consequently ((0,¢€) < 7/2 for € small and positive. Furthermore 7(0,((0,¢)) =
vV 2u~1/2 cos(m/2 — en /4) > 0 for € small. Now Equations (3.30) are reversed by the
transformation

(9a 'I/}) - (_Ha T "/))

In particular the unstable manifold through B~ is mapped onto the stable mani-
fold through B, by this map. Hence the stable manifold goes through some point
(0, 90) with 1o > /2. At this point T(0,v0) < 0. Thus, the unstable manifold
W#(BZ,) misses the stable manifold W*(B;") at least for ¢ small and positive. Sim-
ilar arguments show that all unstable manifolds of the saddle points miss the stable
manifolds for ¢ > 0 small. Moreover, these stable and unstable manifolds intersect
only for a discrete set of €, since they vary analytically with e. This completes the

proof with the exception of Lemma 3.10 l

Proof of Lemma 3.10. Observe that ( satisfies the equation:

g
¢(6,¢) = / F(n, ¢(n), e)dn (3.33)

(3

where F' is given by (3.31). For ¢ small we can write
¢ = Col0) + €1 (6) + O(e?). (3.34)

We also have that
Co(8) =—(1/2)8 + /2 (3.35)
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Now to compute (;{#) we can use the Taylor expansion of (3.33) with respect to ¢

and we find

6
)= [ (5F 0,000+ 550,60 () dn

-7

Standard computations show that

9 _ 1 cos (n)sin (n) cos (Go(7))
aeF(% CO ("7)’6) ~ 5 i (CO(T]))

+ O (e)

and that
5 (0, 60(n), ) = 00

We can now compute (1(6):

(D 9
a0 = [ (—~F WF@

I
—t
\q}
o
o
w
/\
\_/
w
ek o
=
/-\

Thus when 8 = 0, we have

G(0) = 7/t = ¢

this completes the proof of the Lemma.

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

Using the fact that the flow is gradient-like with respect to 7 and Proposition

3.9 we have
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Theorem 3.1. For an open and dense set of u > 1 the flow on the infinity manifold
Ty satisfies: all stable manifolds of saddle points emanate from sources, and all

unstable manifolds of saddle poinis die in sinks.

A similar statement is verified for the flow on the collision manifold of the
anisotropic Kepler problem (see [21]). Comparing the properties of our flow on I
with the flow on the total collision manifold studied in [21] for the anisotropic Kepler

problem it is immediate to prove

Proposition 3.11. For an open dense set of u > 1 the flow on the collision manifold
Iy of the anisotropic Manev problem is topologically eguivalent to the flow on the

collision manifold of the anisotropic Kepler problem.

Another interesting property of the flow on I is that it is structurally stable.
In order to prove this we need the famous Peixoto’s Theorem for T'wo-Dimensional

Flows

Theorem 3.2. A C" vector field on a compact two-dimensional manifold M? is

structurally stable if and only if:
(1) the number of fized points and closed orbits is finite and each is hyperbolic;
(ii) there are no orbits connecting saddle points;

(#ii) the nonwandering set consists of fized points and periodic orbits alone.

Moreover if M? is orientable, the set of structurally stable vector fields is open-dense

in the set of all vector fields on two-dimensional manifolds.
For a proof of the theorem see [61]. We are now ready to prove the following

Theorem 3.3. The flow on the infinity manifold Ty is structurally stable for an

open and dense set of p > 1.
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Proof. 'To prove the theorem we only need to show that the hypotheses of Theo-
rem 3.2 are verified. Firstly observe that I is a compact two-manifold since it is
diffeomorphic to a torus. (i) is verified because by Proposition 3.7 there are eight hy-
perbolic equilibrium points, and by Corollary 3.8 there are no periodic orbits. (ii) is
verified because, by Theorem 3.1, there are no saddle connections for an open dense
set of y > 1. (iii) is verified because from the qualitative description of the flow,
and in particular from Corollary 3.8, it follows that the nonwandering set consists

of fixed points alone. This concludes the proof. 0

Remark 3.1. The previous theorem also implies that the flow on the collision

manifold of the anisotropic Kepler problem is structurally stable.

Remark 3.2. For p = 1 the flow on Iy is obviously not structurally stable because

there are saddle connections.

Now let us consider the case h > 0. We make the same change of variables

(2.22) used for the Manev problem. From (3.10) we obtain

R=—(2/3)RV
V = -V2?4+2h+ R¥2A71/2
i—u (3.41)

U=-UV+[(n—1)/2[R¥?>A~3/2 + 26R3A~2] sin 20

where the dot denotes differentiation with respect to s. From (3.11) the energy
relation becomes

U2+ V2 —2R¥2A12 _ 2pR3A-2 =21 (3.42)

Again R = 0 is an invariant manifold under the flow given by (3.41), defined by

Iy = {(R,V,0,U)|R =0 and U2 + V? = 21,0 € S'}. (3.43)
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The flow on I is given by

V=-V21+2h
0=U (3.44)
U=-UV

and it is immediate to see that this is exactly the How on the infinity manifold I, of
the Manev problem. This shows that the perturbation does not change the infinity
manifold for A > 0. The flow on [}, is sketched in Figure 2.3.

3.6 Equations of Motion in Action Angle Variables

In Section 2.7 we introduced action angle variables for the Manev Problem. In
Section 3.2 we showed that for weak anisotropies, i.e. € = y — 1 < 1, the problem
under discussion in this Chapter can be considered as a perturbation of the Manev
one. It is often convenient to write the equation of motion of the perturbed system in
terms of action angle variables of the unperturbed one. In particular, in our case the
variables introduced in equation (2.35) are very important because, in Chapter 5,
they will enable us to find symmetric periodic orbits using the Poincaré continuation

method. Recall that the Hamiltonian of the Manev problem is

Hy =

(3.45)

1
T 2(~G++/(G+ L) - 2b)2

and the action angle variable are defined by the equations (2.34) and (2.35). Con-

sequently the perturbed equations of motion become of the form

r 7 O{Ho+eW) __ SW
L=-="g—=—c%
G = _O(HoteW) _ —eOW
0 o
S e ’ (3.46)
. S(H w
N
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where W = W(L,G,1,g) is expressed in the new variables and

G+L
(~G+4/(G+L)2=2b)34/(G+L)?~2b

G+L—+/(G+L)2—2b

(~G+4/(G+L)2—2b)3+ /(G+L)2—2b"

Wy, = WK =

W = WK — Wy =
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Chapter 4

The Flow on Negative Energy
Levels

4.1 Overview

This chapter is devoted to analyzing the flow on the negative energy levels. As was
shown in Section 3.5 the motion for A < 0 is bounded, and the dynamics on the
negative energy levels is usually the most interesting. This is because on one hand
one is mostly interested to know what are the dynamics of bodies the motion of which
remains bounded. If one is considering celestial bodies one is usually interested
in studying the motion of the planets and the asteroids, or if considering atomic
systems one is interested in the bound states. On the other hand the dynamics on
the negative energy levels are more complex and rich compared to the dynamics for
h>0.

In the next section we recall some results concerning the flow near the collision
manifold that was studied in detail in [18].

In the following section we analyze some properties of the heteroclinic orbits
connecting the equilibria on the collision manifold.

In Section 4.4 we give a physical interpretation of the flow near the collision

manifold and we describe the collision orbits. In particular we introduce three
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different kinds of collisions: the frontal collisions, the spiraling collisions and the
oscillatory collisions. We also depict, for each of the three classes mentioned above,
an orbit obtained performing a numerical integration.

In Sections 4.5 and 4.6 we develop a perturbation technique that is an extension
of the Poincaré-Melnikov method. This method allows us to study how the positively
and negatively asymptotic sets of the periodic orbit on the equator of the collision
manifold intersect each other.

In the last Section we prove that the positively and negatively asymptotic sets
of the periodic orbit intersect transversally in infinitely many points, possibly giving

rise to chaotic dynamics.

4,2 The Flow Near The Collision Manifold

In this section we want to complete the study of the fiow near the collision manifold
introducing some local results. The flow near the collision manifold was studied in
detail in [18]. Let us recall some facts that summarize the behavior of the flow near

the collision manifold.

Proposition 4.1. On the collision manifold C the equilibria A§ and A are saddles
whereas the equilibria Aj;r Jo @re centers. In phase space the equilibria Af and A,
have a 2-dimensional unstable analytic manifold whereas ALr /2 have a 1-dimensional
unstable manifold. The equilibria Ay and A}, have a 2-dimensional stable analytic

manifold, whereas A7 /2 have a 1-dimensional stable manifold.
Proof. The proof follows immediately from Table 3.2. O

Denote by p, the periodic orbit on C having v = 5. Notice that for each
n € (v/2b/ 11, V/2b) U (—=V/2b, —+/2b/ ) there are two periodic orbits whose angular
coordinate ¢ varies in different domains. Moreover for each 5 € (—+/2b/u, 1/2b/p)
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there are two periodic orbits one “internal” to the collision manifold and one “ex-
ternal”. However we will denote each of them by the same p,. It is natural to ask
what are the properties of the stable and unstable manifolds of such orbits. The

following proposition was proved in [18].

Proposition 4.2. Fach periodic orbit n on C with v =1 > 0fv = < 0) has a
2-dimensional local unstable analytic manifold, while the periodic orbit with v = 0

has both a 2-dimensional local unstable and a 2-dimensional local stable manifold

(see Figure 4.1).
4.3 Heteroclinic Orbits

In this section we prove some global results that extend the understanding of the
problem under discussion. Specifically we want to consider special orbits of the
anisotropic Manev problem which begin and end in collision with the origin. The
change of time scale has the effect of slowing such orbits down so that they tend
asymptotically toward or away from C. The orbits which begin and end at collision
are called bi-collision orbits. For the Manev problem, all these orbits are well under-
stood. For negative total energy there is a two parameter family of such orbits. They
lie on the “cylinders” u = const. Some of them connect the upper and lower circles
C* of the collision manifold Cy and others are in the intersection of the stable and
unstable manifold of periodic orbits on Cy. When g > 1 many of these bi-collision
orbits are destroyed. Some, however, persist for all 4. In particular there are four

primary bi-collision orbits that persist and are given by the proposition below.

Proposition 4.3. There are four bi-collision orbits for the anisotropic problem
which persist for all p. Each orbit leaves the origin and travels along the positive or

negative T or y axis to the zero velocity curve and then returns to C.
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Proof. The original differential equation is invariant under the symmetry Ss. Hence
the orbits passing through points of the form (z,¥,ps,py) = (2,0, 5, 0) are trapped
in the (z,p;) plane; they project to orbits which travel along the z-axis in config-
uration space. Furthermore, for negative energy, Proposition 3.5 implies that such

orbits are bounded by
(=1 —+/1 —4hb)

< .
o] < %

Thus it follows that, for each negative energy level, there are exactly two bi-collision
orbits trapped on the z-axis. Each orbit leaves the origin of the coordinate system
with infinite velocity and travels along either the positive or negative z—axis until
reaching z = (~1 — /1 — 4hb)/2h. At that point, the particle momentarily has zero
velocity, and then falls back toward the origin. We denote these bi-collision orbits
by Yo, V-

The differential equation is also invariant under S4. This implies the existence
of two additional bi-collision orbits for each negative energy level trapped on the

y—axis. We denote these orbits by V., /0. L]

The change of time scale (2.8) has the effect of slowing down the primary bi-
collision orbits so that they approach C asymptotically in both time directions.
Furthermore, from the change of coordinates (2.7) it is easy to see that each such

orbit is asymptotic to an equilibrium point on C. We summarize this data as follows

Proposition 4.4. Let W?(q) and W¥(q) denote the stable and unstable manifolds
at the equilibrium point q. Then

(i) Yem/j2 = WU(ALF/Q) N WS(A:W/Q)
('“’) Yr/2 = Wu(Ajr—/Q) N WS(A;/Q)

(ii) vo C WH(AL) NW3(A4g)
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(iv) ve C WH(AT) NW*(AT)

Proof. To conclude the proof it is enough to show that the equality holds in (i)

and (ii) and vot in (iii) and (iv). From Table 3.2, both VV“(A;’7T /2) and Wo (AL /2)

are one-dimensional; this accounts for the equality in (i) and (ii). In contrast the
dimensions of the remaining stable and unstable manifolds: W*(Ag), W¥(4A;) and

WS(AL) WE(AF) are all two. O

Vap+1/2n|

“V2oin A

- A @R

-V

=\ 2o 1720

Figure 4.1: The flow can reach the collision manifold at the equilibria or at any of
the periodic orbits. There are four heteroclinic orbits v_,/2 ,Y0 ,¥x/2 y¥n connecting

respectively AT o With A7, Al with Ag, A:/Q with A7, and A with A7,

4.4 Physical Interpretation

In this section we give physical interpretations of the results mentioned in the two

previous sections. Since the motion on the collision manifold is fictitious we will
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consider only the orbits outside the collision manifold. In particular we are interested
in analyzing the collision orbits. We can divide the orbits tending to (emerging from)

the collision manifold into three classes:
(i) the orbits on the stable manifold (unstable manifold) of one of the equilibria

(ii) the orbits on the stable manifold (unstable manifold) of one of the periodic

orbits p, for v € (—1/2b/p, /2b/ )

(iii) the orbits on the stable manifold (unstable manifold) of one of the periodic

orbits p, for v € (=v/2b,—+/2b/p) or v € (\/2b/p,/2b) (ie. one of the

periodic orbits on the bumps).

In the case (i) the solutions tending to (emerging from) the equilibria represent
collisions (ejections) which have limiting zero angular momentum. We call those
solutions frontal collisions (ejections) or just frontal collisions for shert. There are
two kinds of frontal collisions the homotetic ones and the nonhomotetic ones.

The first ones coincide with the orbits v.i./2,70,7r that we introduced in the
previous sections. Therefore in the physical space the homotetic orbits are straight
lines that lie on the x or y-axis.

The nonhomotetic orbits have a different behavior. For example, Figure 4.2 de-
picts a (doubly asymptotic) nonhomotetic collision orbit that was found numerically.
Taking an appropriate initial condition on the y-axis the corresponding solution de-
parts from the y-axis and then collides at the origin coming from the negative part
of the z-axis. The orbit is tangent to the z-axis at the collision point. Integrating
backwards one finds that the orbit collides coming from the positive part of the
T-axis.

Let us now describe case (ii). The orbits on the stable manifold (unstable

manifold) (of those periodic orbits) are collision (ejection) orbits that spiral around
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Figure 4.2: A nonhomotetic collision orbit obtained numerically for 4 =3, b = 0.1

the origin infinitely many times. Their angular momentum does not vanish. They
are called spiraling collisions and an example of a spiraling collision is represented
in Figure 4.3.

Finally the orbits of case (iii) have an oscillatory behavior. This is because
these orbits are on the stable (unstable) manifolds of the cycles on the “bumps”
and therefore they oscillate about one of the coordinate axes (see Figure 4.4 ).
Consequently they are called oscillatory collisions. The angular momentum of these
orbits also oscillates about zero since it is clear that the variable u changes sign. An
example of an oscillatory orbit is depicted in Figure 4.4. This orbit was obtained

numerically for 4 = 1000 and b = 0.1.

Remark 4.1. The behavior described above is only local and therefore the collision
(ejection) orbit can look remarkably complicated. However the numerical examples

depicted in Figure 4.2-4.4 are relatively simple.

Remark 4.2. Observe that as p increases the Lebesgue measure (computed on
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-0.01 -

-0.02 |

-0.03

-0.04

-0.05 ]

0.06 ; . : i
-02 -0.15 -0.1 -0.05 0 0.05

Figure 4.3: A spiraling collision obtained numerically for p = 1.5, b = 0.1 and initial
conditions z = —0.1621258, y = 2.736857 x 107°, p, = 3.003735, p, = —2.080168

the three dimensional energy level) of the oscillatory collisions increases while the
measure of the spiraling collisions decreases. Indeed the orbits on the bumps have
v € (—=V/2b,—/2b/p) or v € (/2b/u,V/2b) while the other periodic orbits have
v € (—\/Z—b/— , \/_27)7;1) Consequently as y — oo the measure of the spiraling

collisions tends to zero.

4.5 A Perturbative Approach

We will now write the anisotropic Manev problem as a perturbation of the classical
Manev case. Consider weak anisotropies, i.e., choose the parameter u close to 1.

Introducing the notation g — 1 = € > 0 with € < 1, we can expand the equation of
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08 <__,_———> |

06} T ,

0.4 - I ]

0 1 I A 1 kT X i1
-0.05 -0.04 -0.03 -0.02 -001 ¢ 001 002 003 004
X

Figure 4.4: An oscillatory collision obtained numerically for p = 1000, b = 0.1 and
initial conditions £ =0, y =1, p, = -1, py, =0

motion in powers of € to obtain

' =rv
v = 2r?h + 7 — e(r/2cos? 6)
b2 (4.1)
u' = €/2(r + 2b) sin 26.
The energy relation becomes
2,2 24 — 9,2
u’ + v — 2r — 2b + e(r + 2b) cos” 8 = 2r°h. (4.2)

For € = 0, system (4.1) and equation (4.2) yield the Manev problem. We now recall
some important facts from Section 2.3. The collision manifold is the set of solutions
given by

r=0, u4v®=2. (4.3)

and the collision manifold is a cylinder in the three-dimensional space of coordinates

(u,8,v) that can be identified with a torus. Furthermore the flow on the collision
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manifold is formed almost exclusively by non-hyperbolic periodic orbits, except for
the upper and lower circles of the torus given by r =0, u =0, v = ++/2b, which
consist of equilibrium points. Moreover for every periodic orbit P on the collision
manifold with 0 < v < v/2b there exists a manifold of orbits, lying on a cylinder,
which emerge from P¥. On the other hand, for every orbit P, with —v/2b < v < 0,
there exists a manifold of orbits, lying on a cylinder, which tend to P.

If v = 0 both types of manifolds exist, so the two orbits P&t have a homoclinic
manifold. Indeed, the equations that describe the manifold can be found explicitly:

they have u = +1/2b. From the energy relation we get
v =% 2rh + 2r, (4.4)
and using the equation of motion we obtain

vl = xr\/2r2h + 2r. (4.5)

By integrating equation (4.5) it is easy to find that

B 9 P 4(r — 70)
Rir —m) = 2h + (r—m)2" T (2h] + (1 — 70)?)? +0
and
_ R 2(1 — 79)
V(r—m) = 7= —2lh| Py (4.7)
Furthermore
Ulr —m) = +v2h =w and (1 — 70,00) = O(1 — 70) — bo, (4.8)

where O(1—7g) = w(7—70). As 79 and 8, vary, equations (4.6-4.8) describe the entire
2-dimensional homoclinic manifold. The capital letters are introduced to denote the
homoclinic orbits. An orbit lying on the homoclinic manifold is represented in Figure

4.5. Such an orbit is obtained by choosing 8y = 0; it emerges from the equator of the
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Figure 4.5: An homoclinic orbit to P, lying on the homoclinic manifold. This orbit
spirals out of the equator of the collision manifold and then spirals back to it.

collision manifold, spiraling around it and moving upwards, then changes directions,
goes downwards and upwards again, spiraling towards the periodic orbit P(f . The
homoclinic manifold plays an important role in the following section and is necessary

for developing the generalization of the Melnikov technique.

4.6 A Generalized Melnikov Method

Let x = (R(7),V(7),0(7),U(7)) be the homoclinic orbit selected when we choose
70 = 0 and 8y = 0. Consider solutions of the form
(7, 70) = R(1 — 70) + (1, 70)
o(rm) = V(r —70) +5(r,70)
(7, 70,80) = ©(7 — 70) ~ 05 + (7, 70)
U(T, TO) = U(T - TO) + ﬂ(Ta TO)

(4.9)

where, in the first line of the previous system of equations, 7(7, 79) is the difference
between the solution of the anisotropic Manev problem r(7,7g) and the homoclinic
solution of the unperturbed problem R(7 — 7). The explanation for the other lines

of the system above is similar. Let Z = (7,7, g, %), then the variational equation is

7 = A1) + f)(i, X, T, 70, B0, €), (4.10)
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where
v R 00
1+4Rh 0 0 O
A(r) = 0 0 0 1 (4.11)
0 0 00
and
by #(1 — 10)0(7T ~ m0)
- (R+7) _ A
b(i7 X5 Ty 704 90a 6) = ZQ = ( 08 (@ 00 + 9)) (412)
3
by £ ((R+7) + 2b) sin2(@ — 6y +6)
The general solution of the variational equation (4.10) is
5 = B(r) / &1(s)b ds, (4.13)
o

(see [41]), where @ is the fundamental matrix. If we let ¢ = &b, the previous

equation becomes

22’(7') = (I’z'j /TT cj(s) ds, (4.14)

0

where ¢; = det D;(t)/(det®)(t) and D; is the matrix obtained replacing the j-th

column of ® with b. Furthermore the following formula for the trace holds:
detd(r) = Celn TrAL) ds, (4.15)

One solution of the homogeneous part of the variational equation is given by

X' (r —710,6p) = (R'(7 — 70), V(T = 1), 0'(7 — 70), U'(T — 7)), (4.16)
where " )
' T—Tg
R = ‘""“—<2|hc+<r o)
7 _ 4(7’ ’l‘())2
V'= ~ it p T @R PP (4.17)
= ++/2b.
U = 0.

It is easy to check that two other independent solutions are (0,0, 1,0) and (0,0, 7, 1).

Knowing three independent solutions of a linear system, it is possible to find a fourth
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independent solution 1. This is achieved through the following lemma, which will

be used to estimate how fast ¢ diverges.

Lemma 4.5. Let 2 = AZ be the homogeneous part of (4.10). Given the three

independent solutions above, a fourth is defined by

(g = T Anor + (120A] 4 6r3)r + (12l = 3 — 127
' (2lh] + {7 = 10)%)?
L=t *RV% (4.18)
Y3 =1
L ¥14=0.

Proof. Observe that the first two and the second two equations of the homogeneous
part of 4.10 are completely independent. Hence we can analyze the first two equa-

tions independently from the others. They can be written as a system:

' =V7+ Ro
{ # = (1 + 4RR)7 (4.19)
or as a second order linear differential equation
# = 2V# + (V' = V? + R(1 + 4Rh))F (4.20)
where 0 is
- V7
0 = . 4.21
b= (4.21)

Obviously R’ is a solution of the differential equation. To find another solution
we use the so called reduction of the order and we look for solutions to (4.20) of
the form f(r)R'. We now substitute f(7)R' in (4.20). Upon collecting terms that

involve derivatives of f of the same order, we have

R f"+(2R"~2VR)f'+ (R” —2VR")+ (-V'+ V2~ R(1+4Rh))R')f = 0. (4.22)
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The coeflicient of f vanishes , since R’ is a solution of equation (4.20). Therefore

the differential equation for f has the form

Rf"+ 2R - 2VR)f + (R" - 2VR") = 0. (4.23)

Since this equation has no term involving f itself it can be regarded as an equation
of first order for the derivative f’. Solving for f’ and then integrating again one

finds the general solution

flr)y=A+ ('r4~4Tg'r3+(12}h}+6'r§)72+(—12lh}m~37’3)7’-12’h[2) (4.24)

B
(7 —70)

If we choose A = 0, B = 1 we obtain a solution of (4.20), independent from the one

we already knew, that has the form

74 — 4173 + (12|h] + 672)72 + (=12|h|7y — 378)T — 12|A2

=—4 4.25
. @Ihl + (7~ 7)) (429
Furthermore one sees immediately that
l —
gy = LYW RV%. (4.26)

To complete the proof of the Lemma, since the second two differential equations are

independent from the first two, we can set

P3=1 , P1=0 (4.27)

Remark 4.3. To find a fourth independent solution it would have been natural to
use the technique of “reduction to a smaller system” that can be found in the book
of Hartman [41]. However the formulas given in [41] are only “local”, i.e. they are,

in general, applicable only to subintervals of the domain of definition of the system
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of differential equations and they vary from subinterval to subinterval. If we apply
this “reduction” method to find a fourth independent solution of the homogeneous
part of equation 4.10 we may obtain, after considerably long computations, solutions
that are only defined on subintervals of the real line. Consequently such solutions
are not suitable for our purpouses. Indeed, in the following, we will need to use

solutions defined on the real line.

To obtain necessary and sufficient conditions such that the negatively and pos-
itively asymptotic sets intersect transversely, we first obtain conditions for the exis-
tence of solutions bounded on R for the non-homogeneous linear variational equation
around .

For this, let B(R) = {b: R — R x RxS" x R bounded, continuous} with ||b|| =
sup, cg||b(7)]| for b € B(R). Then we have the following version of the Fredholm

alternative for solutions bounded on R (see {12, 13, 15] for a similar approach).

Lemma 4.6. Let # € R x RxS! x R and assume that %z = 0 in the expression of

the function b. Then the variational equation
7 = A(T)z + b(%,x, 7, 70, 00, €) (4.28)
has a bounded solution if and only if

+00 -
/ o~ ffo TrA(s)ds RI(T _ 7_0) b2(Xa T, 70, Bo, E) dr = 0. (4.29)

-0

The solution is unique and continuous and has the form = L(b) +w, where L is a
bounded linear operator, w = (0,0,0(rp), @(00)), when 7(1y) R (1) + &(m)V' (7)) =
0, and by satisfies the relation below,

+00
/ b4 (X: 7570, 007 6) dr = 0. (430)

-0
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Proof. Using Lemma 4.5 it is easy to determine the behavior of ¥ as 7 — o0,

precisely,

i ~ const.
Py~ T

13 ~ const.
W4 ~ const.

T — +00 (4.31)

Using (4.14) and (4.15), the general solution of the complete (non-homogeneous)

equation (4.10) can be written in integral form as

F=R (A - / ¢ e TTA(")dn(%bQ — 1haby) ds)
T0

+ 9 (B+ / ~ o TrAGn By, Y1) d )

p=V' (A—/ ~J TrAm) an bo — 1oby) d )

+ 4 (B+ / e I T Ry — V1) d

0

. (4.32)
6 =+v2b (A - / e oo TrAmn (11 by — haby) ds)

+ahs ( B4 / ¢ o TrAN Ry, Y hy) ds)
70
4O [T [y Iy + (B £ Vo
70

4 = D+/ by ds,
To

where, for notational convenience, we failed to mention the dependence on %, X, 79,
etc.

Consider now the linearization of the problem (4.32) around the solution (7) =
0; in particular this amounts to deleting the high-order terms in the expression of
b (i.e. b = 0, etc.). Taking also into account the different behavior of the different
solutions given in Lemma 4.5, it is easy to see that to have bounded solutions we

need to require that

T 8
P; (A - / e deo TTA(")dnwlbg(X,3,70,00,6) ds) fori=1,...,4, (4.33)
Py TO
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remains bounded as 7 — £00. More precisely Z is bounded on |7y, 00) if and only if

oo 8
A= / ¢ o TrAMN Y 4 s (4.34)

0

and bounded on (—o0, 7p] if and only if

T s
A=-— / ¢ Jeo TTAMAN Y o s, (4.35)
—C0
We also require
({+o0) = Tllriloou(’T) =D+ THI:EIOO ba(x, s, 70,0, €) ds, (4.36)

70
where, obviously, 4(o0) = @(—00). The latter condition is not needed for the bound-
edness of the solution, but its role will be clear later when analyzing some properties
of the negatively and positively asymptotic sets. It is easy to see that the above
conditions are simultaneously satisfied both at 7 = —o00 and at 7 = 400 if for seme

Ty the following Melnikov-type conditions:

+00 .
/ ¢ fTO e dn'wle (X7 8, 70, 90; 6) ds =0
o (4.37)
/ b4(X7377-01907€) ds =0
—00
are fulfilled. Thus we can rewrite the general solution (4.32) using (4.37) and, by

neglecting to mention the dependence on Y, s, etc., we obtain

— ”“Rl/ ew ‘f:O T?"A(n)dn,lplbz ds + ,(/Jl (B +/ 6— ‘f‘:() TrA(ﬂ)an/b2 ds)
T

T
00 0
T s T s
b= —V’/ e Jao TrAMdN Y 1 ds + 1hy (B +/ ¢ Jo TrAmdn piy, ds)
o0 70

- T s T "
6 =+v2 / ¢ Jao TrAMN Y b ds + 4 (B + / e~ Joo TT AN pry, ds) (4.38)

0

O / e Jea TAMM (Rt /2l )b
T0

4= ﬂ(oo)—l—/ by ds.

O
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To obtain 7(79) R (19) + 0{70)V'(70)) = 0 we must have

_ (R?(ry) + V'( (70))
B = B () T o)V (o) / P1(5)ba(s) ds. (4.39)

Moreover we also get

C = B(r0) £ V2b / oo TrAdn b g (4.40)
and
D = (o) + / " by ds. (4.41)

This uniquely defines B, C — 8(ny), and D — ii(co) as continuous linear functionals
on B(R). From (4.38) we observe that the corresponding solution is of the form
z = L(B) + w, where L is a bounded linear operator. It follows that this operator
is continuous and hence the solution Z = L(b) + w is continuous on B(R). This

completes the proof. O

To obtain necessary and sufficient conditions that the negatively and positively
asymptotic sets intersect, let us first consider all the solutions of (4.10) which are
bounded as 7 — —oo and such that their angles remain close to the ones on the
periodic orbit. The solution Z is given by (4.32) satisfying (4.35) and (4.30) with neg-
ative sign. In particular the solutions of the variational equation that are bounded
as 7 — —oo (i.e. which remain in a sufficiently small neighborhood of the periodic
orbit as 7 — —o0) and with perturbed angles that do not drift but remain near the
angles on the periodic orbit, must be on the negatively asymptotic set. In the same
way, we obtain the positively invariant set from the solutions that remain bounded
as 7 — oo and whose angles stay close to the one of the periodic orbit, which was
in fact the reason why we required that condition (4.30) be satisfied.

Moreover it is important to remark that the solutions we found are not only

bounded but also such that ¥ — 0, © — 0 as 7 — o0 and this is important since, on
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the collision manifold we have many periodic orbits and this condition is needed to
show that the orbits are actually asymptotic to the equator.

With the preparations above, we can now prove the following result.

Theorem 4.1. System (4.1) has transversal homoclinic solutions if and only if there
exist 75 and a 0 such that
ey OM; 8My QM M,
M (12,08) = Mo(r2,0%) = - romre F 0, (4.42
76, 06) = Ma(5,60) =0 and g e ™ Bl om = 70 (44

where

. +oo T
Ml (TO> 00) = / e fTO fratd RI bQ(i*v T, 70, 90, 6) dTa

) ol (4.43)
Moo, 00) = [ bu(&, 7m0, 00.) d,

-0

and &% is a solution of Z = L(b(Z,7, 10,00, €)) + w. Moreover if the perturbation is

periodic we get infinitely many intersections.

Proof. The stable and unstable manifolds intersect if and only if the solution (4.32)
satisfies the Melnikov-like conditions (4.29) and (4.30) of Lemma 4.6. This was
already proved in the case when b did not implicitly depend on Z. But because of
this implicit dependence we need to apply the implicit function theorem, which states
that given = L(b(, 7, 79, 6o, €))+w with Z — w = L(0, 7, 79, 6, 0) = 0, there exist a
§ and a unique solution z*(e, 79, 8g) (that has continuous derivatives up to order 2 in
70,00, €) such that € < 4, || < § if the linearized operator = L(b(0, 7,79, 8g, €)) +w
is invertible. But Lemma 4.6 proved that such an operator is invertible. Moreover
the homoclinic solutions are transversal if and only if the integrals (4.43) have simple

zeroes, as functions of 7y and 6y (see [12, 13]). This concludes the proof. O

Unfortunately the Melnikov integrals of Theorem 4.1 are difficult to compute

explicitly. To overcome this difficulty we need to rewrite these integrals to the
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first order approximation in e. Hence if we let 2* = ex and b = ed with d =

(d1,da,ds, dy), the next result follows immediately.

Corollary 4.7. System (4.1) has transversal homoclinic solutions if and only if
there exist 7§ and a 6} such that

OM; OM, _ OM, M,

My (15,605) = My(75,65) =0 and d19 06, 88y Ory

no=m #0, (4.44)

Bo=0
where
oo — [T TrA(s)ds
M (7o, 60) =/ e "o RI(1 — 19) bo{x(T — 70),©(7 — 70) — 6) dr,
too
Ma(7q,8p) = / ba(x (T = 10), O(1 — 1) — ) dr.

(4.45)

Moreover if the perturbation is periodic we get infinitely many intersections.

Corollary 4.7 generalizes the Melnikov integrals obtained in [44, 78] to nonhy-
perbolic whiskered tori (periodic orbits) in non-Hamiltonian systems. We remark
that the second integral in (4.45) converges only conditionally. This is not a new fea-
ture of this non-Hamiltonian system since the same nuisance was present in [44, 78].
However some authors, more recently, found a way to write the Melnikov conditions
for hyperbolic whiskered tori in Hamiltonian systems using only convergent integrals
see [20, 75]. Tt would be interesting to generalize those results to nonhyperbolic tori
in non-Hamiltonian systems and to apply the newly developed technique to the
problem under discussion in this paper. But this is not a project we aim to develop

here.
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4.7 The Melnikov Integrals

Now we would like to apply Corollary 77 to our problem. The Melnikov conditions

take the form

+00 .
—00 (4.46)
x cos®(w(r — 79) — 00)] dr =0
and
1 [t
Moy(79,6p) = 5 / (R(7 — 70) + 2b) sin(2(w(r — 70) — By)) d7 = 0. (4.47)
-
Let 6y = —Bp—wrg. With this assumption we can rewrite the first Melnikov condition
as
M, = cos? BT + sin® §oI? — sin 26, I¢, (4.48)
where

16 = [0 I VOt pRros? ur dr

It = fj:; e 20 VO RRIGin2 7 dr (4.49)

If — f+oo e»—% f:;) V(s)ds
—00

RR'sinwT cos wT dT.

The second Melnikov condition can be expressed as
My = cos 2001 + sin 260 I7, (4.50)

where

18 = L [T(R + 2b) sin 2wr dr
{ £= 2/ (4.51)

1L =1 [T(R + 2b) cos 2wr dr.
All the integrals above can be computed using the method of residues. Straightfor-

ward computations give

o b =1 [ (1= 7)cos 2wr dr = 7rsin(2w70)e“2“\/2'hlw (4.52)
O bl @Bl (- )2 |h[/21R] ‘
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and
o -1 T (1 — 19) sinwr coswT dr = _WCOS(QWTO)‘?_% Q‘h[w (4.53)
T v e e AR

Particular care is needed when integrating I3 and Ig since they converge only con-
ditionally. To obtain computational convergence, we choose the limits in I§ such
that
. N7 [2w 1
=gm [ (o ey
o sim(2w7'g)e_2°"\/m

B V2R

The integral was also computed using the method of residues. Similarly, for Ig , We

> sin 2wt dt
(4.54)

have
D= lim i (b + = ) cos 2wt dr
N-+00 J_ N /2w 2|h| + (7 — 79)?
m cos(2w7’0)e’2wm (453)
- el
and thus
M = Mow = sin(2(wr + (50))353’___‘/2?| (4.56)

V2hl

We therefore have only one independent condition; this is clearly a consequence of
the energy relation.

We can find simple zeroes when sin(2(wrg + 8p)) = 0, i.e., for —(wr + 6p) =
6y = tkn/2 for k=0,1,2,....

Hence, by Corollary 77, we have proved the existence of an infinite sequence
of intersections on the Poincaré section of the negatively and positively asymptotic
sets of the periodic orbit and the existence of homoclinic orbits leaving the equator
of the collision manifold and going back to it. This situation is clearly reminis-

cent of the chaotic dynamics described by the Poincaré-Birkhoff-Smale theorem in
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terms of symbolic dynamics and the Smale horseshoe. Unfortunately this theorem
cannot be directly applied, nor can the theorems proved in [6], since the Poincaré-
Birkhoff-Smale theorem considers hyperbolic fixed points while the arguments in
[6] apply to area-preserving diffeomorphisms. However the arguments contained in
those theorems strongly suggest the occurrence of chaotic dynamics.

Moreover it is easy to verify, and interesting to remark, that the orbits we found
above are not Sg-symmetric, where the S symmetry is defined by Sy(r,v,8,u,7) =
(r,~v,0, —u, —7) (see [18]) and an orbit y(7) is said to be Sp-symmetric if So(v(7)) =
v(7). Indeed an orbit is Sg-symmetric if and only if it has a point on the zero
velocity curve, i.e., if there is a 7 such that v(7) = u(7) = 0 (see [64]). But this
cannot happen in our problem because the unperturbed solution verifies u = 4+/2b.

Thus for € small enough the perturbed orbit can never have u = 0.

We can now summarize the above discussion as follows:

Theorem 4.2. Let us consider the anisotropic Manev problem given by the equation
of motion (3.10) with the energy relation (3.11). Then there is an infinite sequence of
intersections in the Poincaré section of the negatively and positively asymptotic sets
of the periodic orbits at the equator of the collision manifold (possibly giving rise to
chaotic dynamics). Furthermore there exist the homoclinic non Sy-symmelric orbits

to the periodic orbit described above.
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Chapt’er 5

Symmetric Periodic Solutions
Via the Continuation Method

5.1 Overview

In this chapter we study the existence of symmetric periodic solutions in the anisotropic
Manev problem via the analytic continuation method. The idea of this technique
is to use a known periodic solution and, by small changes of the parameters and of
the initial conditions, continue analytically the known solution. This allows us to
find periodic solutions of the anisotropic Manev problem for small perturbations,
i.e. for weak anisotropies. Most of the material of this chapter can be found in
[64]. In the next section we study the periodic orbits of the “second kind” (i.e. the
non-circular ones). The proof of the existence of the periodic orbits is realized using
the variables (2.35) that put the system in a simple form, particularly suitable to
study periodic orbits. The idea of the proof is based on the work of various au-
thors that studied symmetric periodic orbits in Hamiltonian systems. In particular,
while the main ideas of the continuation method are already contained in the work
of Poincaré, especially enlightening is the work of Barrar (see [4]) and Milani (see
[55]) that study symmetric periodic solutions of the restricted circular three body

problem. Barrar observes that the problem of finding periodic solutions can be done
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more readily using particular variables. In his problem Barrar uses the Delaunay
variables and suggests that the Poincaré variables are equally suitable. Milani in
[565] uses Poincaré variables. Similarly we use the variables (2.35) and we prove the
existence of S;-symmetric non-circular orbits for 7 = 1,2, 3. In Section 5.3.1 we study
the periodic orbits of the “first kind”, i.e. the circular ones. The proof in this case
is more complicated and we follow a different approach. We use the continuation

method described in the book of Siegel and Moser [66].

5.2 S;-Symmetric Periodic Solutions with i =1,2

In this section we want to study the S;-symmetric periodic solutions of the anisotropic
Manev problem using the Poincaré continuation method. In order to do that we will
use the canonical variables (2.35) that were obtained from the action angle variables.
Such variables transform the system under discussion into a simple form that is es-
pecially suitable for studying periodic orbits. The importance of choosing the right
variables to study periodic orbits was already clear from the work of Barrar [4]
that uses the Delaunay variables to prove the existence of periodic orbits of the
second kind in the restricted circular three body problem. The next result proves

the existence of orbits of the “second kind” (i.e. non circular ones).

Theorem 5.1. Let y(t) be an S;-symmetric periodic orbit of the Manev problem
with 1+ = 1,2. Let the period be T and set ¢ = p — 1 with ¢ € 1. Then there

exists a T-periodic solution of the Anisotropic Manev problem () such that v.(t) =

v(t) + O(e).

Proof. Let’s consider an Sj-symmetric orbit of period 7 = 2nm/k (m, k relatively
prime integers). We remark that, since the equations of motion are autonomous, we
need only study the symmetric orbits that have either the pericenter or the apocenter

on the positive z-axis at ¢t = 0.
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If at t = 0, € = 0, the pericenter of this orbit is on the positive z-axis, it is

crossing the z-axis perpendicularly, and we have
g{0) =0 and [{(0)=0. (5.1)

Since the periodic orbit is S1-symmetric, by Proposition 3.3, at the half period one

has
g(1/2) = mm r/2) = knx (5.2)
which follows from the solution of (3.46) for e = O:

L = const. GG = const.

l=wpt g = wgt (5-3)

Now if, for € # 0 we consider only S;-symmetric solutions of (3.46), it follows from

the implicit function theorem that if the functional determinant

3 8l/8L  81/0G
D-det(ag/aL ag/8G>#O (5.4)

at

=7/2 €=0 (5.5)
then (5.2) would be satisfied for ¢ > 0 . To compute the determinant we can by
analyticity substitute (5.2) into (5.3) to find out at the time ¢ = 7/2 that

3 6b(1/2)>
b= (=G + /(G + L2 = 26)7((G + L)? — 2b)3/2 #0 (5:6)

Thus the existence of S;-symmetric periodic orbits of period 7 obtained from the

7-periodic Si-symmetric solutions of the unperturbed problem, that at ¢ = 0 have
the pericenter on the positive z-axis, is readily established.
On the other hand, if at ¢ = 0, ¢ = 0, the apocenter is on the positive z-axis,

and it is crossing the z-axis perpendicularly, we have

g(0)=n/x and [(0)=—7/X (6.7)
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where A = (wy, — wg)/wr,. By Proposition 3.3, at the half period we have
g(7/2) =(m+1/Nr  Ur/2) =(-1/A+ k)7 (5.8)

Instead of computing the functional determinant directly, in this case, it is easier to

consider the new variables given by the relations,

i

Gy b
i

L
G
+ (5.9)

-y

=1 71’/)\()
=g-m/X

o

that define a family of canonical transformations parametrized by A¢(Lg, Gy). For
each orbit choose a different transformation from the family (5.9), where Ay = A is
a fixed quantity defined by the value of the action variables along the periodic orbit
under consideration.

The equations (5.8), expressed in the new variables, are of the same form as in
(5.2). Thus the functional determinant, in the new variables, is exactly D, and the
existence of the remaining $)-symmetric 7-periodic orbits follows.

Now the proof for the Se-symmetric orbits can be done along the same lines.
Consider an S»>-symmetric periodic orbit of period 7 = 2rm/k. Ifat t =0, =0
the pericenter of the orbit is on the positive y-axis and it is crossing the y-axis

perpendicularly, we have
g(0)=n/2 and [{(0)=0 (5.10)
Since the periodic orbit is So-symmetric one has, at the half period
g(7/2) =mn +7/2 I(1/2) = kn. (5.11)

Now we consider only Sy-symmetric solutions of (3.46) for € # 0 again it follows
from the implicit function theorem that if the determinant D computed at ¢t = 7/2

for € = 0 is non-zero then (5.11) would be satisfied for € > 0. It is trivial to see
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from (5.6) that D # 0, and hence we found Si-symmetric periodic orbits for the
perturbed problem.

For the S3-symmetric orbits having the apocenter on the positive z-axis at £ = 0
the canonical transformation (5.9) can be used. Again we find the same expression
for the functional determinant and hence, by the implicit function theorem, the

existence of the remaining Se-symmetric periodic orbits is proved. =

Remark 5.1. Note that the theorem above also proves the existence of noncircular

Ss-symmetric orbits, since S3 = 51 o Ss.

Remark 5.2. It is worth mentioning that the Theorem above and its proof can be
easily extended to consider any S;-symmetric perturbation with ¢ = 1,2 and a very
general class of nondegenerate integrable Hamiltonians, however such a generaliza-
tion is trivial and not strictly related to the problem under consideration and hence

it will not be discussed any further.

Remark 5.3. We can also observe that for 6 = 0, i.e. for the Kepler problem, the
determinant in (5.6) is zero. Thus in the case of the Anisotropic Kepler Problem, the
continuation theorem proved above cannot be applied, and the existence of symmet-
ric periodic orbits of the “second kind” (for weak anisotropies) remains unclear. On
the other hand the continuation theorem that we prove in the next section (for the
circular orbits) can be applied to the Anisotropic Kepler Problem [76] and hence at
least the existence of symmetric periodic orbits of the first kind is a well established

fact.
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5.3 The Circular Orbits

To retain the same notation as in [64] consider the following canonical transforma-

tion:
X=y
Y=2
5.12
PX:py ( )
PY:Px

and with an abuse of notation denote the new coordinates with (z,y, pz,py). Then

the new Hamiltonian is of the form

1 1 b
H=1:p’ - - 5.13
2P VIl +py? 2y (5.13)

which is the same Hamiltonian studied in [64]. Clearly studying the circular solu-
tions of the Hamilton equations with Hamiltonian (5.13) is equivalent to studying
the original equations (3.3). Therefore we will study the circular orbits of the Hamil-
tonian system with Hamiltonian (5.13). Take the parameter u close to 1 as in the
previous section. Let ®(¢, (r,r), ) be the flow of the equations of motion. In this

section we prove the following theorem:

Theorem 5.2. Let r°(t) be an S3-symmetric periodic orbit of the Manev problem,
i.e. a circular one. Set €= p—1, and let T be the period of r%(t). Then there exists
a T-periodic solution ®(t, (r(e),v(€)),€) of the Anisotropic Manev problem such that
(¢, (r(0),7(0)),0) = (x°(1),#°(t)).

5.3.1 The equation of motion

Now using the same notation as in [76] let r%(t) be a circular solution of the Manev
problem which corresponds to i = 1 in the zy-plane, w its angular speed and a its

radius. For € = g — 1 # 0 we set,

r(t, €) = r°(t) + € s(t, €). (5.14)
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Expanding VH in powers of u— 1 sufficiently small, after substituting the expression
for r given above, considering the notation r°(t) = zg(#) + 49o(t) and s = u + iv we
have that r(¢, €) is a solution of the equation of motion defined by (3.1) if, and only

if, s(t, €) is a solution of the equations

2 ghg?

ﬁ:~(;};-§5&-—ggﬂ+ )u—l— 3—%’—0+8”—§%‘&)v+n(t)+0(e)

Q‘Jg

(5.15)
. 8by2 3y2
b= (e 4 Boge )y (- -2 4 By (1) + O(9)
where 2 bees?
n(t) = Ze + 2
3y2 4by3
JURS B A
Consider the orthonormal frame in R?, e;(¢) and es(t) defined by
r0 :
e = ] = ™! = coswt + isinwt, ey = ie;
r
for which we have
é1 = Wey, ég = —Wei. (516)
Setting
8 = i€ + Tee9, $ = y1e; + Yo€9 (5.17)
or equivalently,
% = Z1 coS wi — 9 sinwt, v = z1 sinwi + Z9 cos wi
- (5.18)
% = Y cos wt — Yo sinwt, U = gy sinwt + yg cos wi
equations (5.15) can be written in an equivalent form as:
7 = A()(t) +AZ+O(€), (519)

where z = (il71,3727ylay2)T7 and
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0 w 1 0
0
0 ~w 0 0 1
Ag = A=
a(t) 27425 0 0 w
p()

where
a(t) coswt — B() sinwt = n(t)
a(t) sinwt + B(t) cos wt = £(¢)
or equivalently,
a(t) = sin? wt (5 + 3—2) (5.20)
B(t) = —sinwt coswt (5 + -2—2) '
The eigenvalues of A are 0, with multiplicity two, ;,?5 and ——5}7. One of the two
eigenvalues vanishes because the system is autonomous, and the second due to the
presence of the first integral H.
Now consider the real Jordan form J of A. The matrix J is defined by the

relation J = T~'AT where 7 is

20203 0 wlal+2b 0
3wat42 b) wa? (w2a4+2 b)
0 _w3uratizt) 0 —puale o )
@ (@7
T=
0 1 4a(w2a4+b) +2 (w2a4+2 b)2 0 (w2a4+2 b)2
_2— (,15 a7/2
2.4 b 2,4 b
mw(w aa+2 ) 0 _w(w aa+2 ) 0

and the columns of T are the generalized eigenvectors of A.

The vector Jo = 7 1Ay and the matrix J are:

00 0 0

1 (%

ﬁ? 10 0 0
o= 200 2

s (t) 00 o %

Ja(t) i
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where the fact that ji(t) = (2w3a? — ﬂi{?g—b})‘l B(t) is the only information about
Jo that we need to retain. Furthermore we remark that w?a* — a — 2b = 0 gives the

relation between a and w and solving this equation gives only one positive solution
(for b > 0).

Letting z = T(, the equation of motion becomes

¢ = Jo(t) + J¢ + Ofe), (5.21)

and its flow is given by

D(t, ¢ €) = (1) + et + O(e) (5.22)

where by the variation of constants

¢
y(t) = e‘”/ e 7 Jo(s)ds (5.23)
0
Therefore we have
10 0 0
t 1 0 0
eIt —
0 0 cos gt sin %t
0 0 —-Sin%yat cos %t
and from (5.23) we obtain
7(t)
Y2 (1)
v(t) = (5.24)
¥3(t)
Ya(t)

where we retain only the information that

2.4 t
() = (20802 — ﬁ(—“—%;-zi))—l /O B(s)ds. (5.25)
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5.3.2 The periodicity equation

Since the Hamiltonian H of the anisotropic Manev problem is S3-symmetric, as we

have shown, we can write the periodicity equation as in [76],

® (% (r, i'),e) = —(r,). (5.26)

Then it is easy to check that ®(¢, (r,1),€) is a periodic solution of the equation of

motion with period 7. To find periodic solutions we have to verify that (5.26) is

satisfied for a family of initial conditions. Equation (5.26) in ( coordinates is

( (%,Q,e) -(=0 (5.27)

where ¥(t,(,¢€) is the flow of (5.21). Let us denote by P((,¢€) the left hand side of
the periodicity equation (5.26), that is, let

P(Ce) =4 (/2,6,6) = ¢ =(r/2) + (5 - 1) = 0. (5.28)
Using (5.22) we notice that the requirement
P(C,0) =(r/2) + (e - 1) ¢* =0, (5.29)

imposes the restrictions

. 2 , .
n(r/2) =0, G =-—7(r/2), ( =arbitrary (5.30)
and . .
G = sroma (—y3(1/2)(cos &* — 1) + y4{7/2) sin &)
(= m(%ﬁ/z) sina* + v4(7/2)(cos a* — 1))

where o = 7(1 4+ 2b/a)~'/2. Tt easy to see from (5.20) and (5.25) that v, (7/2) = 0,

(5.31)

therefore, we take

¢ = (¢, 6,6, 7, (5.32)
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with (5 arbitrary, for the moment. Now using the flow (5.22), we determine that the
Jacobian matrix of P with respect to the variables ¢ evaluated at the point (¢*,0)

is given by
0 O 0 0
7/2 0 0 0
0 0 cosa*—1 sin o™
0 0 -—sine® cosa*—1

Consider the system of three equations formed by those in (5.28) correspond-

(5.33)

ing to the indices i=2,3,4 and fix the variable {; = (5. Its Jacobian matrix has
determinant 7(1 — cos&*), that is always positive since 0 < (1 + 2b/a)"¥? < .
Therefore the implicit function theorem guarantees the existence of analytic func-

tions ¢; = (;(€), i = 1,3,4 in a neighborhood of € = 0, satisfying the equations

Pi(C,e) =0, (i=2,3,4) (5.34)
where
C(E) = (Cl (6)7 4;7 43(6)3 C4 (E)> (535)
and such that
GO)=¢ (1=1,2,3,4). (5.36)

It remains to show, in order to have periodicity, that also the remaining equation
P1(¢(e), v(e),e) =0, (5.37)

is satisfied in a possibly smaller neighborhood of € = 0. That will be done employing

a first integral of the system under discussion, i.e. the Hamiltonian.
5.3.3 Integral of motion

Since the Hamiltonian is a integral of motion of the problem under discussion we
can apply the same analysis as in [76, 66]. In particular using the same notation as
in [76] we can define

H(z,t) = H(r,t,¢),
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where H(z,t) is a time-dependent, T-periodic first integral for system (5.19). The

above integral satisfies the following relation
H.z,t+ 7/2) = H(z,1) (5.38)

for all ¢, since H(—r, 1) = H(r,t), r(t) =1r'(t) + ¢ s(t) and

Pt +7/2) = —r(t) , s(z,t+7/2) = —s(z,1).

Performing a change of coordinates we can define H (¢, ) = H.(7(,t), hence
(5.38) can be written as

He(Ct+7/2) = He(C, ). (5.39)

Moreover since . is an integral of motion it verifies that

He(d((,6,1)) = He((,0). (5.40)

Thus applying equations (5.39-5.40) it follows that
He($(7/2,(,€),0) = Hc(¢,0)
and by means of the Mean Value Theorem we obtain
V(He({,0)- PG e) =0, (5.41)

where VH, is the gradient of . with respect to (, and ¢ is a point on the segment
joining ¢ to ¢¥(7/2,(,€).

Expanding ¥(¢) = ¥(7/2,(, €} in powers of ¢ sufficiently small it is easy to show
(see [76]) that W(e) = ¢* + O(€) and consequently

¢ =sC(e) + (L —5)¥(e) ="+ O(e)

for some s € (0,1). Moreover if we also expand the Hamiltonian H.(z,0) in powers
of € we get

H.(2,0) = Ho + e(H; + Hy - z) + O(¢?)
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or, in ¢ coordinates

He(C,0) = Ho + e(H1 + Ha - ¢) + O(€?), (5.42)

where Ho = Hy = (3w?a® -

2ba=3,0,0, aw) = (aw?(1,0,0,0

12, Hi=H and Hy = TIHy, = TT(a™? +
). Hence we obtain

1 -
ZVCHE(C’ 0) = Ha + O(e). (5.43)
With these preparations equation (5.41) reduces to the equation in the unknown P;
[aw® + O(e)]P1 = 0, (5.44)

since, for small €, we already found in Section 5.3.2 that P; =0 for i = 2,3,4.

It is easy to see that for € = 0 the equation above has solution P; = 0. Thus,
by continuity, [aw? + O(e)] is different from zero for e sufficiently small. Therefore
for such values of € this equation has a unique solution that is the trivial one.

Consequently the remaining equation

is also satisfied in a possibly smaller neighborhood of € = 0. Hence all the equations
of the periodicity system (5.28) are satisfied when { = ((e), as long as ¢ is sufficiently
small. This completes the proof of Theorem 5.2.
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Chapter 6

Symmetric Periodic Solutions
Via Variational Techniques

6.1 Overview

In this chapter we prove the existence of symmetric periodic solutions of the anisotropic
Manev problem. To find the periodic orbits we use cartesian coordinates, the sym-
metries S7, S and S3, that we defined in Section 3.3, and the variational principle
according to which extremum values of the action integral yield periodic solutions
of the equations (3.3). The techniques used in this chapter were recently applied to
the three body problem to find a remarkable periodic solution: the so called figure
eight orbit [9]. However these techniques are not completely new, indeed already
Poincaré realized the importance of variational methods in connection with periodic

orbits:

La théorie des solutions périodiques peut, dans certains cas, se rattacher

au principe de moindre action.

In the next section we give some preliminary definitions and Lemmas. We introduce
the definition of strong force (to which the variational methods apply) and we prove

that the anisotropic Manev problem is strong. We recall some notation and defi-
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nitions and we prove that the spaces of symmetric 7—periodic loops defined below
are Sobolev. Finally we classify the loops according to their winding number.

In Section 6.3 we show that finding a minimizer of the action, among the sym-
metric closed loops of period 7', is equivalent to find solutions of the Hamilton’s
equations. Moreover we find a way to exclude the possibility that the minimizers
are obtained when the bodies are at infinite distance from each other or when they
are collision orbits.

In the following section we recall some properties of lower semicontinucus func-
tions that will be needed to prove the main result of this chapter.

In the last section we state and prove the main result of this chapter: i.e. the

existence of symmetric periodic orbits.
6.2 Preliminaries

The variational methods that we use here do not apply (directly) to every potential,
for example they do not apply in the case of the Newtonian potential, as Poincaré
was well aware [63]. Therefore we now wish to introduce a class of potentials for
which we know variational techniques apply directly and then to verify that the
anisotropic Manev potential is in this class. We will use Gordon’s general definition

of strong force [32]. Counsider a general Hamiltonian system with Hamiltonian
H=1/22+U(¢) (6.1)

where £ = (£1,...,€N) denotes a general point of RV, 5 = (11,...,7n5) denotes the
canonical momenta and U is a real valued function of RY. We assume U to be
of class C? everywhere on RY except at a closed nonempty set S at which U has

infinitely deep wells (i.e. U — —oc as £ — 5). We can now introduce the following

Definition 6.1. The Hamiltonian system with Hamiltonian H = 1/25? + U(£) is

said to satisfy the strong force condition if and only if there exist a neighborhood
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N of § and a C? function J on N — § such that J(£) - —oco0 as £ — S and
~UE) > |VJ(E)2 forall € in N - S.

We can now verify that the anisofropic Manev potential satisfies the strong

force condition
Lemma 6.1. The anisotropic Manev problem satisfies the strong force condition.

Proof. In this particular case £ = q = (z,y) and 1 = p = (ps,py) and the set §
consists of a single point, the origin. Set J(¢) = vb/(2\/F) In(uz? + y?); clearly

J — —oo as g — 0. Furthermore

pe’ tyip b

VJIP?2=b _ 6.2
v (pz? +9y?)? = (pz? +y?) (6.2)
Accordingly we can verify that —U(q) > |VJ(q)|?. Indeed we have that
1 b b
V=T > > |VJ(q)* 6.3

since the previous inequality is equivalent to

Vypz?+y?2 >0 (6.4)

for every z,y € R — {0}. O

We can now introduce some notation and preliminary definitions. Let C°([0, T], R?)

be the space of T-periodic C™ cycles f : [0,7] — R2. Define the inner products

(f.9)2 = Jy F(8)- g(t)dt,
<fag>H1 = <f7g>L2 + (fvg>L2v

and let ||-|| 12, ||| g2 be the corresponding norms. Then the completion of C*°([0, T}, R?)

(6.5)

with respect to the norm || - ||;2 is denoted by L? and it is the space of square inte-

grable functions. The completion with respect to ||- ||z is denoted by H! and is the



6.2: Preliminaries 93

Sobolev space of all absolutely continuous T-periodic paths that have 72 derivatives
defined almost everywhere (see [32]).

Let 3;([0, 7], R?) denote the subset of H' formed by the S;-symmetric paths,
with i € {0,1,2,3,4,5,6}. It is easy to see that each ¥; is a subspace of H'; in fact

they are Sobolev spaces. Let us now prove the following result.

Lemma 6.2. Let H! be defined as above, then the subspaces ¥; of S;-symmetric
paths with i = 0,1,2,3,4,5,6 are complete with respect to the norm || - ||, and

therefore they are Sobolev spaces.

Proof. To prove that %; is complete it is enough to show that every absolutely
convergent series in ¥; converges. Let Y 22, 7% be an absolutely convergent series.
Accordingly, since H' is complete, we have that Y_po llvkllzn = |7l < oo and
> heq Yk converges to an element y of H !, Thus for every € > 0 there exists an N

such that for every n > N, |31 % — Yl ;n < e. Clearly we have that

n n n
Sw=v =SSO w-7| =D Skw) -S| <e  (66)
k=1 Ht =1 H1 k=1 H

since it is easy to verify that ||gl|zx = |1Si(g)|| g1. Let’s verify this statement ex-

plicitly for the symmetry §; with ¢ = 0. The other cases are analogous. Consider

9 = (9z,9y), then

T 1/2
150(@) 1t = ( [ a0 +gy(—t)2dt)

e (6.7)

¥ ( / o) + (—gy(—t))%zt)
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which with the substitution = —¢ can be written as

0 1/2
150 (@) 1 = ( [ oty +gy(n)2dn>

-T

+ ( / (gl + <~gy<n)>2dn) "

T
= ( /0 : gz(n)* + gy(n)Zdn> "
1/2

T
N ( | atmy+ (~gy(n))2dn) = llgl

(6.8)

where the penultimate equality holds because g(t) is a periodic path of period 7.
Letting g = 3, 7 — 7y one proves equation (6.6).

On the other hand if v, € X; then S;(vx) = . Consequently > 3 ;v =
Y pey Si(vk). From this last observation and from equation (6.6) it follows imme-
diately that v = S;(y) and thus v € ¥;. This concludes the proof since every

absolutely convergent series in 2; converges to an element of %;. [

We now need to present some definitions. Introducing the complex variable

z =z + iy we have

Definition 6.2. The winding number of a contour v about a point 2y, denoted

n('}/a ZO) is

27 S, 2 — 2

1 dz
n{vy,zg) = —= 6.9
(7, 70) f (6.9)

and gives the number of times 7 passes (counterclockwise) around a point.

Counterclockwise winding is assigned a positive winding number, while clock-

wise winding is assigned a negative winding number.

Definition 6.3. A path in ¥; is of class L, n = 0,+1,+2,+3, ..., if its winding

number about the origin of the coordinate system is n.
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Figure 6.1: Four periodic orbits of the Manev Problem. (a) S3-symmetric orbit of
class L; (b) Si-symmetric orbit of class L3 (¢) S3-symmetric orbit of class L_5 (d)
Ss-symmetric orbit of class Lj

For instance Figures 6.1(a), 6.1(b), 6.1(c) and 6.1(d) depict a path of class L,
L3, L_5 and Ls respectively. The paths represented in Figure 6.1 are symmetric
periodic orbits of the isotropic Manev problem (¢ = 1) and were found numerically.
Consider the sets ¥;([0, 7], R*\{0}). Notice that they are open submanifolds of the
spaces ;([0,7), R?) and that the family (Ly)nez provides a partition of those spaces

into homotopy classes, also called components.
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6.3 The Variational Principles

The Lagrangian L(q,q) = T(q) + U(q) of the anisotropic Manev problem given by

system (3.3) has the expression

b
\/,uatz-l-y NZ'Q‘*'yZ’

and the action integral along a path f from time 0 to time 7, whose Euclidean

L(z,y, &,9) = 1(:1: +i?) (6.10)

coordinate representation is q = q(t) = (z(t), y(t)), takes the form

T
Ar(f) = /0 Liq(t), 4(t))dt.

According to Hamilton’s principle, the extremals of the functional Ay are solu-
tions of the equations (3.3). Hence we want to obtain periodic solutions of (3.3) by
finding extremals of the functional A. For this we will use a direct method of the
calculus of variations, namely the lower-semicontinuity method (see [69]). In prepa-
ration for a satisfactory theory of existence, the notion of an admissible function has
to be relaxed since the extremals we obtain belong to a Sobolev space. Therefore
the above method provides only “weak” solutions of our problem. To show that
the paths are regular enough to be classical solutions, we need the following result,

proved in [32].

Lemma 6.3. The critical points of ATI"}'}}([O,T],W\{O}) are T-periodic solutions of

equations (3.3).

In particular it is well known that if f is a minimizer of the action Ap in the
space H'([0,T], R?) and if f has no collisions, then f is a T-periodic solution to (3.3).
Collisions have to be excluded because equations (3.3) break down at collisions and
because the action is not differentiable at paths with collisions. In this chapter we
are interested in restricting ourselves to the spaces ¥; of S;-symmetric paths for

i=1,2,3.
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Now it is not obvious that a collisionless minimizer in ¥; is a periodic solution
of system (3.3). However, according to the principle of “symmetric criticality” (see
for example [10, 60]) this is actually true. Indeed, it can be proved that if f is a
collision-free path with dA;(f)(h) = 0 for every f € %, then dAr(f)(h) = 0 for all
f € HY([0,T],R?) and thus f is a critical point in the bigger loop space H' (see
(10]).

The only obstacle left for applying the direct method is the “noncompactness”
of the configuration space. Indeed we want to exclude the possibility that the min-
imizers are obtained when the bodies are at infinite distance from each other or
when they are collision paths. The first problem is solved by restricting ourselves to
non-simple cycles, i.e., to cycles that are not homotopic to a point and thus are not

in the homotopy class L. The second problem is solved by the following result.

Lemma 6.4. Any family T of non-simple homotopic cycles in f-([ﬂ, T], R?2\{0}) for
i=1,2,3 on which J(f f +la(t)|%dt and E(f fo (t))dt are bounded, is

bounded away from the origin.

The proof of this result follows from [32] if we remark that the anisotropic Manev
potential is “strong” according to Gordon’s definition and that the Lagrangian is

positive.

6.4 Some Properties of Lower Semicontinuous Functions

To apply the direct method of the calculus of variations we still need to recall some

properties of lower semicontinuous (l.s.c) functions.

Definition 6.4. Let F : X — (—o00,00] be a real valued function on a topological

space X. Then F is Ls.c. if and only if F~1(~o00, a] is closed for every a € R

From the previous definition the proposition below follows immediately
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Proposition 6.5. Suppose F : X — R 15 a real-valued function on an Hausdorff
space X and

FY(—00,b] is compact for every real b.
Then F is l.s.c., bounded below, and attains its infimum value on X.
Proof. Since X is Hausdorff then compact sets are necessarily closed and thus F is

Ls.c by definition. Therefore F is bounded below and it attains its infimum on every

compact subset of X. O

Another useful definition is the one of weakly sequential lower semicontinuity:

Definition 6.5. A functional Q : H' — [0, +00] is weakly sequentially lower semi-

continuous in H' if the lower semicontinuity inequality

Q(x) < liﬁnian(wn) (6.11)
holds for all z € H' and {z,} weakly converging to = in H'.

We will also need the following property of the norm:

Lemma 6.6. The norm || - ||z is weskly sequentially lower semicontinuous'.

Proof. If f, — f weakly in H' we have (g, f g — (g, ) for every g € H.
In particular one can choose g = f. Consequently ||fllzn = bmpooo(fr, f)m =
limn—ye0 {{fn, f)z1]- On the other hand [{fn, f)m1| < [|fall g1 || fll e by the Schwarz
inequality. This implies || f[|%: = liminf [(fn, f)g1| < Hminf || follg: | g2 There-
fore, if || fllz1 # 0 we conclude that ||f|| g < Hminf||fp||z1. If || fl|z: = O then the

inequality is trivially true, since iminf||f,||z1 > 0. O

! Clearly a much more general statement is true. Indeed the proof of the Lemma holds true for
any Hilbert space.
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6.5 Main Result: the Existence of Symmetric Periodic
Orbits

We can now prove the main result of this chapter

Theorem 6.1. For any T > 0 and any n = £1,+2,£+3,..., there is at least one
Si-symmetric (i = 1,2,3) periodic orbit of the anisotropic Manev problem that has

period T and winding number n (i.e., belongs to the homotopy class Ly,).

Proof. Let X be a component of 3;([0, 7], R®\{0}) for i = 0,1, 2,3, that consists of
non-simple cycles. Endow X with the weak topology it inherits from %;([0, 7], R?).
Then X is a subset of an Hilbert space and it is weakly compact if and only if it is
weakly closed and bounded.

We wish to apply Proposition 6.5 with F = Ar and thus we have to show that
X N A7} (—00,b] is a bounded and weak-closed subset of £;([0, 7], R?).

Since J = Ap — F and U > 0, we have F > 0 and therefore

J<b on Apl(—oo,b] = Ar"1[0,8],
(6.12)
E=Ar—-J<b on Ap~'[0,b].

Since J < b the elements of X are bounded in arc length, and from Lemma 6.4 it
follows that the elements of X are bounded away from the origin. Moreover the
elements of X are non-simple and thus bounded in the C° norm and hence in the
L? norm. This last fact combined with J < b shows that X is bounded in the || - ||z
norm. Thus also X N Ap~1(—o0,b] is bounded in the H' norm.

Now suppose that {f,} = {(f}, f2)} is a sequence in X N A7'[0,5] that con-
verges weakly to a cycle f € £;([0,T],R?) for i = 0,1,2. From general principles,
Il frll 2 is bounded and ||fy|lz2 = ||fll;2 because weak X;-convergence implies C0-
convergence. Since J(fn) = 1/2||fnll3 — 1/2]|fnll2; it means that J(f,) is bounded
and since E < bon A771[0,8] it follows that {E(f,)} is bounded. Moreover, Lemma,
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6.4 guarantees that the functions f,, are bounded away from the origin so that f is
homotopic to the f, in R2\{0}. Therefore f € X.
To complete the proof we have to show that f € A7 ~1[0,4]. We know that

E(f,) — E(f) since weak convergence in %; implies C%-convergence. For each n let

1 1
w0 = T T Ga0F | AUAOF + R
and denote
g(t) = : :

-+ .
V(T + p(F2(0)  s(F1®)? + (F2(1)?
Each g, is of class L' since Ar(f,) < cc. This implies that the set of all ¢ for which
fn(t) = 0 has zero measure, otherwise the integral of g, (¢) would be unbounded. So

gn(t) — g(t) almost everywhere. Also fOT gn(t) dt < Ap(fn) < b. By Fatou’s lemma
it follows that g is L' and that

/0 ") di = /0 " fiminf go(f) dt < liminf /0 o) dt
(see [69]), thus
1122 = 1120 — 1F1132 < limint || fall3n — [ £132 = liminf || a2,

where the last equality holds since { f,,} converges strongly to f in L?. Consequently

. T
ar(f) = 313+ [ gtt)
0 r (6.13)
< liminfén fnll22 4 liminf / gn(t) di < liminf Ar(f,) <b.
0

Relation (6.13) now implies that f € A7~1[0,5]. This completes the proof. O

Recall now that two intersections of every Si-symmetric (Sz-symmetric) orbit

with the z-axis (y-axis) must be orthogonal. To distinguish them from accidental
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T=5.88, x=1, y=0, p. =0, py=—0.92
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Figure 6.2: Two symmetric periodic orbits of the anisotropic Manev Problem with
p = 1.5, b= 01. (a) An Ss-symmetric periodic orbit of class L_;. (b) An Ss-
symmetric periodic orbit of class L_s.

orthogonal intersections, which do not follow because of the symmetry, we will call
them essential orthogonal intersections. From the proof of Theorem 6.1 and obvious

index theory considerations, the following result follows (see also Figure 6.1 ).

Corollary 6.7. If the essential orthogonal intersections with the z-axis (y-azis) of
an Si-symmetric (So-symmetric) periodic orbit lie on the same side of the azis with
respect to the origin of the coordinate system, then the orbit has an even winding
number. If the essential orthogonal intersections are on opposite sides with respect

to the origin, then the periodic orbit has an odd winding number.

Theorem 6.1 allows us to find one S;-symmetric periodic orbit, with i = 1,2, 3,
for every T' > 0 and n € Z — {0}. This result generalizes Theorem 5.1 and Theorem
5.2 of the previous chapter, where symmetric periodic orbits were found only for
small perturbations of the Manev problem.

The results of Theorem 6.1 can be verified integrating numerically the equa-

tions of motion and locking for symmetric periodic orbits. A numerical integration
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Figure 6.3: Four symmetric periodic orbits of the anisotropic Manev Problem with
p = 1.5, b =01 (a) An Si;-symmetric periodic orbit of class Ls. (b) An So-
symmetric periodic orbit of class Lg. (¢) An Ss-symmetric periodic orbit of class
L7. (d) An Si-symmetric periodic orbit of class Lg.

was performed choosing b = 0.1 and g = 1.5. Some of the periodic orbits found
numerically are depicted in Figure 6.2 and Figure 6.3.

It is interesting to note that considering the anisotropy parameter as a pertur-
bation and the anisotropic Manev problem as a perturbation of the isotropic case,
the S;-symmetric (1 = 0,1, 2) periodic orbits of the isotropic problem are deformed

but not destroyed by introducing the anisotropy, no matter how large its size. This
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shows that the S§; symmetries (¢ = 1,2, 3) play an important role in understanding
the system since some important properties of the system remain for any value of

the anisotropy.

Remark 6.1. It would be interesting to investigate the existence of non-symmetric
orbits. However this is a very difficult task because, in all the techniques we applied,
the symmetry plays a very important role. More accessible would be a numerical
analysis of the non-symmetric orbits. Nevertheless a numerical analysis would not
provide a proof of the existence of non-symmetric orbits and thus it would not be a

completely satisfactory approach.



Chapter 7

Some Remarks On the
Anisotropic Kepler Problem

7.1 Overview

In the previous chapters we analyzed the anisotropic Manev problem with & > 0
and most of the results we proved are true only in that case. In this chapter we
consider the anisotropic Kepler problem, which can be considered a particular case
of the Manev case (with b = 0).

As we have already mentioned the Anisotropic Kepler Problem (AKP) was in-
troduced by Gutzwiller and was presented as a classical mechanical system which
approximates a quantum mechanical system describing the bound states of an elec-
tron near a donor impurity of a semiconductor (for more details on the physics of
the problem see [34, 35, 36, 37, 38, 40]). Various authors studied many qualitative
features of the Anisotropic Kepler Problem analyzing features that are of interest
in the theory of differential equations. Many results and a detailed account of the
qualitative properties of the Anisotropic Kepler Problem can be found in the work
of Gutzwiller [38, 39, 40], in the papers of Devaney [21, 22] and in the work of
Casasayas and Llibre [8].

In this chapter we want to consider a different approach to the AKP, ie. we
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want to study the problem as a geodesic flow on a manifold. In particular we wish
to study the integrability of the system. We will prove the non-existence of linear
integrals in the Anisotropic Kepler Problem.

Let M be a manifold and let TM and T*M be the tangent and cotangent
bundles of M, respectively. Moreover let g;;(z) be a Riemannian metric on M. The
corresponding flow on TM is given by the Lagrangian £ = (1/2)g;;(z)2'%/. The
resulting Hamiltonian system on T*M has Hamiltonian H = (1/2)g" (z)p;p;-

Such systems are very important examples of Hamiltonian systems, since many
problems in mechanics reduce to the study of geodesic flows on Riemann and Finsler
metrics [48] . For example, with a suitable transformation, the Kepler problem can
be described as the geodesic flow on a sphere [57, 59].

We recall that an Hamiltonian system with n degrees of freedom is integrable
if there exist n first integrals Iy,. .., I, with the property that {I;,I;} = 0 for all ¢
and 7, and such that they are functionally independent. In particular the definition
above can be used when the Hamiltonian describes the geodesic flow on a manifold.

If M is an analytic manifold and the metric g; ; is analytic then the flow is
said to be analytically integrable if the indicated integrals Iy,--- , I, exist and can
be chosen to be analytic.

In [48, 47] it was proved that the geodesic flow of any analytic metric on an ana-
lytic compact two-dimensional manifold of genus g > 1 is not analytically integrable
and in [71] the discussion was generalized to n -dimensional manifolds. However it
is clear that the obstructions to integrability are not only of topological origin. This
is because different Riemannian metrics can be associated with the same manifold,
even if the topology (of the manifold) imposes restrictions to the possible metrics.
Indeed Donnay [26] and Burns and Gerber [5] have constructed real analytic metrics
on the sphere whose geodesic flows are Bernoulli. Knieper and Weiss [45] constructed

real analytic metrics with positive curvature and positive topological entropy. Thus,
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even if the sphere has genus g = 0 they found that there are metrics on the sphere
such that the geodesic flow is not analytically integrable. Hence to refine the criterion
of Kozlov (and Taimanov) it is necessary to find a geometrical approach that takes
into account the peculiar metric defined on the manifold. Moreover the topological
considerations of Kozlov and Taimanov can be applied only to compact manifolds
and it would be useful to find a technique applicable in the non-compact case. The
main purpose of this chapter is to consider such a geometrical approach that both
takes into account the peculiar metric and can be applied to non-compact manifolds
and apply it to the anisotropic Kepler problem.

The approach we consider relies on the simple idea that if you have an inte-
grable system and you add a perturbation that destroys the initial symmetry then,
unless a new symmetry appears, you obtain a non-integrable system. Examples of
this situation are discussed in [25] and [65], where suitable generalizations of the
Poicaré-Melnikov method (see for example [14, 15] and references therein) are ap-
plied to the perturbed systems. In [25] the anisotropic Manev problem is discussed
for weak anisotropies, and resorting to the Melnikov method the occurrence of chaos
on the zero energy manifold is proven. In [25] the broken symmetry is the rotational
invariance. Similarly in [65], where we discussed black holes immersed in uniform
electric and magnetic fields, the broken symmetry was the rotational invariance.

To formalize this intuitive idea, in the next section some results of Riemannian
geometry are recalled, in particular the isometries, the infinitesimal isometrics and
some of their properties are discussed. Then we observe that the equations of Killing
can be used to find the symmetries that preserve the equation of motion and hence
if those equations have only the zero solution no first integral can be found other
than the Hamiltonian.

In Section 7.3 we introduce the anisotropic Kepler problem and we show that

with a suitable canonical transformation it can be reduced to the geodesic flow on
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a Riemannian surface with non-constant curvature.
The last section of this chapter is devoted to showing that the equations of
Killing do not have any non-trivial solutions for the AKP and hence that, by the

results of Section 7.2, the Anisotropic Kepler Problem has no linear integrals.

7.2 Isometries and Infinitesimal Isometries: The Killing’s
Field

We will now recall some results and known facts from Riemannian geometry that we
need in order to prove the main result of the chapter; for a more detailed discussion
see, for example, [27, 46, 29] .

Let M be an n-dimensional manifold with a Riemannian metric g;;. An isometry
of M is a transformation of M which leaves the metric invariant. More precisely,
given the coordinates z1,...,Z, on M, a transformation z; = z;(Z1,...,Ty,) is an

isometry (or motion of the metric) if

9551, -, Tn) = gij(21(T), . .., T (T)). (7.1)

It is clear that such motions form a group, which is often called the group of motion.
Moreover a vector field £ is called an infinitesimal isometry (or a Killing vector
field) if the local 1-parameter group of local transformations generated by ¢! in a
neighborhood of each point of M consists of local isometries. The set of infinitesimal
isometries of M, denoted by i(M), forms a Lie algebra. Now a transformation is an
infinitesimal motion of M into itself, i.e. a transformation that preserves the metric,
if the Lie derivative vanishes, that is, if the equations of Killing

Legij = fk%%% + gikg—i]; + gjk%i; =0 (7.2)

are satisfied [29]. In order that there may be a non-null motion we must have the
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additional condition

gi€°€0 # 0. (7.3)
The first fact to verify is that the infinitesimal isometries are all the (linear) trans-
formations that preserve the variational problem ! defined by the Lagrangian £ =
(1/2)gij2*47, so that we can reduce the study of the symmetries preserving the

equation of motion to the study of the isometries. This problem is solved by the

following

Lemma 7.1. An infinitesimal transformation linear in the velocities is an isometry
for M with the metric g;; if and only if it preserves the variational problem defined

by the Lagrangian L = (1/2)gi;3'3’ on TM.

Proof. Let us remark that a transformation is an infinitesimal isometry if and only
if the Lie derivative of the metric is zero, i.e. if the Killing’s equations (7.2) are
satisfied. On the other hand a transformation preserves the variational problem
defined by the Lagrangian (7.13) when the Lie derivative with respect to the field
€' is zero, A

, 0L 08 oL

— g T J -7
Le(L) =€ o=+ 2 5dd 2 = 0 (7.4)

which after a few manipulations takes the form

_ 1,599 ek _ aEk gt
Le(L) = —2—{ D +5567ng -I—gﬁgzk #it = 0. (7.5)

It is trivial to see that (7.2) implies (7.5). The converse is also true since z’ is

arbitrary and the tensor in the braces is symmetric. This concludes the proof. [J

! Such transformations are called variational symmetries (see [58]). Observe that, in general, a
variational symmetry is a symmetry of the Euler-Lagrange equations, however it is not true
that every symmetry of the Euler-Lagrange equations is a variational symmetry. For example
consider the Lagrangian £ = (1/2)mi? — gz. The Euler-Lagrange equation is & = —g. Clearly
the translation £ — x + a is a symmetry of such equations. However translations are not a
variational symmetry, since L¢(£) = —g # 0, where ¢ = ¥z +a)/0a =1
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It is now easy to prove the following

Theorem 7.1. Let M be an analytic n-manifold with Riemannian metric g;; and
L = (1/2)g;;x'z! be the Lagrangian defined on TM. If the Killing’s equations for
M have m independent solutions, where m < n then the geodesic flow has m linear

integrals.

Proof. The proof follows immediately from a fundamental property of the Killing
vectors. Indeed the inner product of a Killing vector with a tangent vector to the
geodesic of the manifold M is constant along the geodesics. Therefore contracting
a Killing vector with a tangent vector one obtains a first integral (linear in the

velocity) of the geodesic equation (see [29]). O

Using the celebrated Noether theorem (see [58] for details) we easily obtain the

following

Proposition 7.2. If the only solution of the Killing’s equation is £ = 0, the corre-

sponding geodesic flow does not have any linear integrals.

Proof. The Noether theorem says that there is a one-to-one correspondence between
equivalence classes of non-trivial conservation laws of the Euler-Lagrange equations

2 Therefore if there are no non-

and equivalence classes of variational symmetries
trivial solutions of the Killing’s equations it follows that there are no linear integrals.

O

We now want to consider some more properties of the infinitesimal isometries.

A classical result [46, 29] is the following

2 Note that two variational symmetries are equivalent provided that they differ by a trivial
symmetry, meaning one whose characteristic vanishes on all solutions of the Euler-Lagrange
equations. Moreover two conservation laws are equivalent if they differ by a trivial conservation
law.
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Proposition 7.3. The Lie algebra of infinitesimal isometries i(M) of a connected
Riemannian manifold M is of dimension at most %—n(n + 1), where n = dimM. If

dim i(M) = %n(n +1), then M is a space of constant curvature.

This Proposition gives the maximum number of infinitesimal isometries and
hence also the maximum number of first integrals for a geodesic flow on a manifold

of dimension n. In particular in the two dimensional case we have

Corollary 7.4. If M is a two-dimensional connected Riemannian manifold of non-
constant curvature then the Lie algebra of infinitesimal isometries i(M) is of dimen-

ston at most 1.

One example that illustrates the results above is the Kepler problem on the
plane. Such problem can be described as the geodesic flow on a sphere S*, hence
the isometries form a Lie algebra isomorphic to SO(3), and there are three first
integrals other than the Hamiltonian (one component of the angular momentum
and two components of the Runge-Lenz vector). On the other hand, if we consider,
for instance, an homogeneous potential, other than the harmonic oscillator and the
Kepler one, we can describe the motion only as a geodesic flow on a surface that has

an SO(2) symmetry.

7.3 The Anisotropic Problems as Geodesic Flow on a
Surface

The Hamiltonian function for the Anisotropic Kepler Problem on the plane can be
written as

2
p a
o 7.6
N CERORE 9
where g > 1 is a constant and q = (z,y) is the position of one body with respect to

HK(q7 p) =

the other, considered fixed at the origin of the coordinate system, and p = (pz, py)
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is the momentum of the moving particle. The constant measures the strength of the
anisotropy and for u = 1 we recover the classical Kepler Problem.
With some canonical transformations® we want to write the problem as the

geodesic flow on a surface. To accomplish this task we need the following Lemma

Lemma 7.5. Let (q(t), p(%)) be a solution of the Hamiltonian system with Hamilto-
nian H(q,p) which lies on the level surface H = 0. Let us change the time variable
t to 7 along this trajectory according to the formula dr/dt = 1/G(q(t),p(t)) #
0. Then (q(7),p(7)) = (a(t(7)),p(t(7))) is a solution of the Hamiltonian system
(with respect to the same symplectic structure) with Hamiltonian H = HG. If
G = 2(H + a) with o = const, one can also put H = (H + ).

The statement above can be found in [3] and the proof is based on the idea
of extended phase space (see [27]). If we perform the change of time dr/dt =
(2% + py?)Y/2 on the submanifold Hg = h, according to Lemma 7.5, we obtain the

new Hamiltonian

(& + )2 (Hi — ) = (2 + )2 (-‘f;—%) —a. &

Then again change the time 7 to s by ds/dr = 2((z® + uy®)/*(Hg — h) + a) on
the same level surface Hg = h. By the second part of Lemma 7.5 we obtain the
Hamiltonian system with Hamiltonian

(p? — 2h)°

Hg = (z° + py®) 7

(7.8)

Finally, applying Legendre’s transformation, regarding p as coordinates and g as

the canonically conjugate momenta, we can write

3 In this context canonical transformations are transformations that preserve the canonical form
of the Hamilton-Jacobi equations. However according to a different definition the canonical
transformations are those transformations that preserve the differential 2-form ., dp; Adg;.
The first definition is more general. For more details see [72]
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p; — 6§IIK — _fét_(p2 _ 2h,)2 (7 9)
v = Yk = w(p? — 2p)?
where the prime indicates the derivative with respect to s. Consequently
= 2P
— [p?2ny?
® i ) (7.10)
Y= ior-amye
Moreover since we have that
Lk = p,oa(p,py) + (P, 1)) — Hr(z(p, ), ¥(P, P} ), Pz Py) (7.11)
we obtain a natural Lagrangian system with Lagrangian
1 n Py
_ it 12
and if we let p; = u,py = v and z° = (u,v) we obtain
L i
Lg = é-gija: & (7.13)
where
2 1 0
9ii = (u? 4+ v% — 2h)? ( 0 1/p ) ’ (7.14)

The Lagrangian above defines a Riemann metric of Gaussian curvature given by

K=—-(1—-p)(u? =93 =21 +p

(7.15)

that for y = 1 describes a metric of constant Gaussian curvature (positive for h < 0

and negative for h > 0) [57, 59, 2]. It is interesting to remark that, by Corollary

7.4, for 4 # 1 we have at most one infinitesimal isometry (and hence also at most

oune first integral), since the curvature is not constant.
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7.4 Nonexistence of Integrals Linear in the Momentum

In the previous section we reduced the Anisotropic Kepler Problem to a geodesic
flow on a two-dimensional surface, and hence we can apply the results obtained in
Section 7.2. This section is devoted to proving the non-existence of linear integrals

in the AKP. Thus we are well on our way to proving the following

Theorem 7.2. The Anisotropic Kepler Problem does not have any linear first in-

tegral.

Proof. The only fact that remains to be proved is that the Killing’s equations does
not have any non-null solution. The equations of Killing for the metric (7.14) can

be written as

a¢! 1062 _
S+ iE =0
1 2 1
—4—TT—L(§"§j”_gh) +2% =0 (7.16)
) a2 _
—4 gL 1080 — 0

Subtracting the third equation from the second we get

oel  9¢?
S =% 1
ou v’ (7.17)
and combining (7.17) with the first equation in system (7.16) we obtain
3251 3251 8252 1 8262
_ __L1o& 7.1
ou? Foz = 5o2 @ Ou? (7.18)

Now multiplying the second equation in system (7.16) by (u?+v? —2h) (assume
h < 0), differentiating with respect to v and using equation (7.17) and the first
relation in (7.16) we get the following second order differential equation
82 gl 851

2u(u? +v* — 2h) S — Ao+ 4¢' = 0. (7.19)
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Similarly from the third equation in (7.16) we get another second order differential

equation

o 4 o
ou?Z “Bu

It is easy to see that if h < 0, v = 0 is an ordinary point since the functions

%(uQ +v? — 2h) +4£2 =0, (7.20)
~20/(u? + v? — 2h) and 2/(u(u® + v? — 2h)) are analytical in v at v = 0. Let each
of these functions be represented by its Taylor series at v = 0 on the real line, then
every solution of (7.19) on R is analytic at v = 0 and can be represented on R by its
Taylor series at v = 0. Similarly every solution of (7.20) can be represented on R by
its Taylor series at u# = 0 since u = 0 is an ordinary point. Therefore we can look
for solutions of equations (7.19) of the form &' = 3%  an,(u)v" and solutions of
(7.20) of the form &2 = 3"°° (b, (v)u”. Routine calculations show that, from (7.19)

we must have

ag (p — 1)ay
= = 7.21
2 w(u? —2h) 4 3p(u? — 2h) (7:21)
and the following recurrence relation
2+ pn(n —3)
= — 7.22
2= T ot Dt )" (7:22)
holds for n > 1. From equation (7.20) we get
1bo (b= 1)b
2T W2 T T T3 = 2m) (7.23)
and the recurrence relation
B 2u+n(n—3)
bt = T A D A )" (7.24)

for n > 1. With the preparations above we can find the general solution of (7.19)

£ =ap(u) (1 - 21—2h 02 + 5 2(120% vt )+
( wlu ) 1 (u ) ) (7.25)

—1 ~1
o1 () (U - 3#(52»—%)1]3 T 30u2&2~2h)2v5 T )
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and the general solution of (7.20)
€% = by(v) (1— @%2_’1)”2_*_6_((1%“44_”-) +

1 e (7.26)
+b1(v) (u - 3(u’§"_2h) ud + 30(5;_2‘2)2 ud 4 .. )

We will not need the explicit form of the solutions, but we will retain the recurrence
relations. Now we need to check that the solutions we found above satisfy the
“consistency” relations (7.18). Counsider a solution of (7.19) written as a power

series 3 oo o a,(u)v?, using the first of equations (7.18) we find the relations

d%a
—————du; = -2uan+2 (727)

since, by analyticity, we can exchange the sums with the derivatives. It is easy to

check that choosing n = 0 the previous relation reduces to

d2a0 2(10
R R e B TS (7.28)
which is solved by ag = (u? — 2h). For n = 2 instead we have
d?as 1—u
W = —21,&0,4 = mag. (729)

From the first of equations (7.21) with ag = (u? — 2h) we get that ap = —1/u does
not satisfy (7.29) if p # 1. Thus the consistency conditions impose that a9 = 0 and
counsequently ag, = 0 for every integer n.

Now, to show that the odd terms of the series also vanish, we consider equation

(7.27) with n = 1 and we get

d2a1 2(;1. - 1)

E;é‘ = 2/.6&3 3(’11,2 — 2h,) aj. (730)
Also for n = 3 we obtain

d%as a

—_— = 31

e T (7.31)
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Differentiating the second of equations (7.21) twice and combining the result with

equation (7.30) and (7.21) we find the following differential equation

d*a da
2 _ 3 3 —
3(u” — 2h) o2 +12u T +2(2+ p)az =0 (7.32)

Combining (7.31) and (7.32) we can eliminate the second order derivatives and we

obtain the following first order differential equation

dag  2(2+4+p)+3/5
du | 120 3T Ty® (7.33)

where v = 3@1{2&_@/_5 and the general solution is a3 = Cu™" and satisfies equation
(7.31) if and only if C = 0. Consequently a3 = 0 and hence asn+1 = 0 for every
integer n. Therefore ¢! = 0.

Similarly we can apply the same reasoning to prove that ¢2 = 0. Indeed it is
enough to consider again equations (7.28-7.33) exchanging v and v, replacing y with
1/u and ay, with b,. Therefore we can conclude that there is no non-null motion, i.e.
gijgifj = 0 consequently, by Corollary 7.2, the geodesic flow does not have linear
integrals in the velocity and this implies that the Anisotropic Kepler Problem does

not have linear integrals. This completes the proof of Theorem 7.2. O
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The king’s a beggar, now the play is done:
All is well ended, if this suit be won,

That you express content; which we will pay,
With strife to please you, day exceeding day:
Ours be your patience then, and yours our parts;
Your gentle hands lend us, and take cur hearts.

All’s well that ends well
WILLIAM SHAKESPEARE





