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Abstract

In this dissertation we study the anisotropic Manev problem that describes the mo­

tion of two point masses in an anisotropic space under the inhuence of a  Newtonian 

force-law with a relativistic correction term. The dynamic of the system under

discussion is very complicated and we use various methods to  find a qualitative 

description of the flow.

One of the strategies we use is to study the collision and near collision orbits. In 

order to do that we utilize McGehee type transformations that lead to an equivalent 

analytic system with an analytic energy relation. In these new coordinates the 

collisions are replaced by an analytic two-manifold: the so called collision manifold. 

We focus our attention on the heteroclinic orbits connecting fixed points on the 

collision manifold and on the homoclinic orbit to the equator of the mentioned 

manifold. We prove that as the anisotropy is introduced only four heteroclinic 

orbits persist and we show the exixtence of infinitely many transversal homoclinic 

orbits using a suitable generalization of the Poincaré-Melmkov method.

Another strategy we apply is to study the symmetric periodic orbits of the 

system. To tackle this problem we follow two difierent approaches. First we apply 

the Poincaré continuation method and we find symmetric periodic orbits for small 

values of the anisotropy. Then we utilize a direct method of the calculus of variations, 

namely the lower semicontinuity method, and we prove the existence of symmetric 

periodic orbits for any value of the anisotropy parameter.

In the last chapter we use the Killing's equation in an unusual way to prove



Ill

that the anisotropic Kepler problem (that can be considered a particular case of the 

Manev) does not have hrst integrals linear in the momentum.
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We shall not cease from exploration 
And the end of all our exploring 

Will be to arrive where we started 
And know the place for the first time.

Through the unknown, unremembered gate 
When the last of earth left to discover 

Is that which was the beginning;
At the source of the longest river 
The voice of the hidden waterfall 
And the children in the apple-tree 
Not known, because not looked for 

But heard, half-heard, in the stillness 
Between two waves of the sea.

From TiWe Gtdding 
T.S. ELIOT



Nature and Nature’s laws lay hid in night: 
God said, Let Newton be! and all was light.

EpifopA on faooc Netufon 
ALEXANDER POPE

Chapter 1 

Introduction

Symmetry and anisotropy are very important features that characterize natural 

phenomena and the models that are used to describe them. Symmetry, on one 

hand, tends to simplify the models while anisotropy, on the other hand, complicates 

them. Anisotropic models describe many physical systems and their study is a very 

interesting problem.

For example the motion of particles and satellites around planets (i.e. in a 

multipolar gravitational held) is a very well known and important problem (see for 

example [30, 31]).

Furthermore motion of charged particles orbiting around black holes perturbed 

by electric and magnetic helds (see [65]) or gravitational waves [51] are other fasci­

nating problems.

Galactic models described by galactic potential are also an interesting example 

of anisotropic problems (see for example [68] and references therein).

The type of anisotropic problems that we study in this dissertation have been 

introduced by GutzwiHer (see [34, 35, 36, 37, 38, 39, 40]) in the 1970s. His purpose 

was to understand better the relationship between classical and quantum mechan­

ics. Gutzwüler analyzed the anisotropic Kepler problem that was later studied by



Devaaey in [21, 22] and by Casasayas emd Llibre in [8].

In this dissertation we analyze the anisotropic Manev problem that describes 

the motion of two point masses in an anisotropic conhgnration plane interacting 

with a potential of the form

where q  =  (æ,y).

Florin Diacn suggested the study of the anisotropic Manev problem in 1995, 

hoping to hnd connections between classical, quantum, and relativistic mechanics.

Recently another anisotropic problem, of the same kind of the one discussed 

here, has been introduced by Vasüe Mioc, Ernesto Pérez-Chavela and Magda Stavin- 

schi (see [56]). They analyzed the anisotropic Schwarzchild problem that presents 

some similarities and some diSerences with both the anisotropic Kepler problem 

and the anisotropic Manev problem. However we will not discuss this particular 

problem.

The origins of the Manev problem lie in the work of Newton, who introduced it 

in Principia aiming to understand the apsidal motion of the moon (see [19, 24]).

The Manev potential can be used to model various natural phenomena, in ce­

lestial mechanics, astrophysics and atomic physics. We refer the reader to [52] for 

a history of the problem and a summary of the main applications. We will just 

mention that, in the 1930s, Manev found that this potential allows a good the­

oretical justihcation of the perihelion advance of Mercury and of the other inner 

planets as well as of the motion of the Moon. Furthermore, in the 1970s Hagiara 

[42] pointed out that it describes the precession of the perihelion of Mercury with 

the same accuracy as general relativity. Also, another important application of the 

Manev problem is to the relativistic Hydrogen atom (see [73]). Indeed the classical 

(i.e. non quantistic) dynamics of this problem can be described using the Manev



potential.

The anisotropic Manev problem can thus be considered as a relativistic version 

of the anisotropic Kepler problem, but can also be seen as describing some gravita­

tional models with anisotropic gravitational constant (see [56, 77, 79], note however 

that these models do not seem to have great physical relevance).

In this dissertation, even if the discussion and the analysis of the physical ap­

plications of the anisotropic Manev problem is interesting, we are mainly concerned 

with the mathematical aspects of the model and not with its physical interpretations.

A number of interesting results were already obtained in [18] where the How 

on and near the collision manifold was studied. In particular the authors found a 

positive-measure set of collisions formed by hontal homothetic, frontal nonhomoth- 

etic, spiralling and oscillatory collisions. Oscillatory collisions do not occur in any of 

the Kepler, anisotropic Kepler, Manev, or anisotropic Schwarzchild problems. This 

unintuitive type of motion is characteristic of the anisotropic Manev problem.

In this thesis we gain a better understanding of the complicated global dynamics 

of this problem. This is realized using various methods. On one hand we study the 

collision and near collision orbits, on the other we analyze the symmetric periodic 

orbits. Moreover we also describe some results concerning the orbits at infinity 

and the existence of linear integrals (this last result holds for 6 =  0, i.e. for the 

anisotropic Kepler problem).

The dissertation is organized as follows. In the next chapter we recall some 

known results on the Manev problem, and describ some new ones. Introducing 

McGehee coordinates we replace the collision singularity with a two dimensional 

analytic manifold and we study the How on and near it. We also describe the behavior 

of the solutions at inHnity studying the How on and near the inHnity manifold. Then 

we analyze the global How and introduce suitable action angle variables. This chapter 

is introductory in nature and it is needed in the following in order to use perturbation



theory.

In Chapter 3 we introduce the anisotropic Manev problem and some of its main 

features. In Section 3.2 we write the equations of motion and we mention some 

general properties. In the following section we show that, even if the rotational 

symmetry is broken by the presence of the anisotropy, the equations of motion have 

a discrete group of symmetry that is isomorphic to Z2 x Zg x Z2 and we describe some 

properties of the symmetric solutions that will be useful to End symmetric periodic 

orbits. Then in Section 3.4, using McGehee coordinates the collision manifold is 

introduced and the how on it is studied following the approach used in [18]. In 

the subsequent section the inhnity manifold is dehned as in [18], however the how 

on it is analyzed in more detail proving that there are no saddle connections. As 

a consequence of this, a theorem is proven to show that the flow on the infinity 

manifold is structurally stable. In the last section of this chapter we write the 

equations of motion in suitable action angle variables.

Chapter 4 is devoted to one of the main result of the thesis, that is the existence 

of infinitely many transversal homoclinic orbits (with possibly the appearance of 

chaos). After the Overview, in Section 4.2, we recall some (local) results, concerning 

the how near the collision manifold, obtained in [18]. In the subsequent section we 

describe the heteroclinic orbits. Physically they correspond to ejection-collision 

orbits. In the Manev problem there is a continuum of heteroclinic orbits connecting 

hxed points of the collision manifolds, however as soon as a small anisotropy appears 

most of the heteroclinic orbits are destroyed. We prove that only four heteroclinic 

orbits persist for any value of the anisotropy. Section 4.4 is dedicated to the physical 

interpretation of the local result in [18], i.e. to the description of the diherent kinds 

of collision orbits. We show some collision orbits obtained numerically for each 

nontrivial class of collisions, in particular showing an example of oscillatory collision. 

In the following section we introduce a perturbative approach that will be used in



the last two Sections of this Chapter. As remarked in [64], the perturbation analysis 

of [25, 64] cannot be used to study ejection-collision solutions. However, in this 

work this di&culty is surpassed with the help of McGehee-type coordinates, which 

allow us to view the anisotropic Manev problem as a perturbation of the classical 

Manev case. In this section we also hnd explicitly the equations describing the 

manifolds of orbits homoclinic to the periodic orbits on the equator of the collision 

manifold. In Section 4.6, using an approach inspired by [12,13], which works in some 

degenerate cases, as for example those of unstable non-hyperbolic points or critical 

points located at inhnity (see [14, 15,16, 25]), we develop a suitable extension of the 

Poincaré-Melnikov method, which can be used to prove the existence of transversal 

homoclinic orbits to a periodic one. It is interesting to note that our result extends 

the one obtained in [14, 15, 16] for a non-Hamiltonian system that has negatively 

and positively asymptotic sets to a nonhyperbolic periodic orbit. In the present 

context the asymptotic sets are the stable and the unstable manifolds. In the last 

section of the Chapter we apply the Melnikov method we developed in the previous 

section. Computing the Melnikov integrals using the method of residues we End 

that there are inhnitely many simple zeroes and therefore we prove the existence of 

iuGnitely many transversal homoclinic orbits to the periodic orbits on the equator 

of the collision manifold. This possibly implies the existence of a chaotic dynamics.

In Chapter 5 we study the symmetric periodic orbits using the Poincare continu­

ation method, that is a perturbative technique that was hrst introduced by Poincaré 

in his monumental work Les Méthods Nouvelles de la Mécanique Céleste [62]. The 

idea of this method is to use a known periodic solution (of the unperturbed system) 

and, by small changes of the parameter and of the initial conditions, continue the 

known solution. In this case we use a version of the continuation method similar 

to the ones used in [4, 55, 76], in which the continuation method is applied to 6nd 

symmetric periodic orbits. In Section 5.2 we ûnd symmetric periodic orbits of the



"second kind"(i.e. the non-circular ones), using suitable action-angle coordinates 

that are discussed in the previous chapters. The use of suitable coordinates to study 

symmetric periodic orbits is inspired by the articles [4, 55]. In the subsequent sec­

tion we prove the existence of orbits of the hrst kind (i.e. the circular ones) using 

Cartesian coordinates and adapting the techniques used in [76].

Chapter 6 is devoted to proving the existence of symmetric periodic orbits using 

variational techniques. The idea of using variational principles to obtain periodic 

orbits for n-body-type particle systems can be traced back to Poincaré [62]. We 

use the so-called lower semicontinuity method (developed mostly by ToneUi see [74]) 

that is a direct method of calculus of variations. This method has been recently 

used to obtain new (symmetric) periodic orbits in the classical n-body problem 

(see [9]). But unlike the Newtonian case, the Manev force is “strong” (as defined 

in [32]), so the variational method is easier to apply in our situation than in the 

Newtonian one. This is because in the Manev case we do not have to deal with the 

diSculty of avoiding collision orbits, since they have inhnite action and therefore 

cannot be minimizers. In Section 6.2 some preliminary notations and dehnitions 

are introduced. In particular we show that the anisotropic Manev problem satisfies 

the strong force conditions and that the spaces of symmetric paths we discuss are 

Sobolev. Furthermore we introduce the winding number and we classi^ the paths 

according to it. In the following section the action principle and some lenunas that 

are needed in order to use the variational method are presented. In particular we 

make sure that the solutions we find using this variational technique are solutions 

in the classical sense. Moreover we exclude the possibility that the minimizers are 

found when the bodies are at infinite distance &om each other and the possibility that 

minimizers are collision paths. Section 6.3 is dedicated to describing some properties 

of the lower semicontinuous functions, while the last section of the chapter contains 

the statement and the proof of the existence of symmetric periodic orbits. The



theorem shows that for each period T  > 0, for each space of symmetric paths and for 

each homotopy class, an absolute minimiser exists and it is a solution in the classical 

sense. The proof of the theorem is based on the idea of lower semicontinuity and on 

the properties discussed in the previous section. We also present some symmetric 

periodic orbits obtained numerically.

In Chapter 7 we present some results that hold for the anisotropic Kepler prob­

lem, considered as a particular case of the anisotropic Manev problem with 6 =  0. 

In Section 7.2 we introduce some preliminary notions. In particular we observe 

that showing that the Killing equations do not have nontrivial solutions is a way to 

prove the non-existence of linear integrals. In the subsequent section we use some 

transformations and we rewrite the initial system as a geodesic flow on a surface. 

In Section 7.4 we hnaUy show that the Killing's equations do not have nontrivial 

solutions. This proves that there are no linear integrals in the momentum.



Either the well was very deep, or she 
fell very slowly, for she had plenty of 
time to look about her, and to wonder 
what was going to  happen next.

Alice's Adrentnnes in Wonderland 
LEWIS CARROLL

Chapter 2

The M anev Problem

2.1 O verview

In this chapter we snmmarize some known facts about the Manev problem and we 

also add some new results. The purpose of this chapter is to give the basis for the 

work on the anisotropic Manev problem. This is because some of the techniques 

used in this thesis are borrowed from perturbation theory and thus understanding 

the unperturbed problem (i.e. the Manev problem) is of fundamental importance. 

Most of the material in this chapter can be found in [23, 19, 24]. Some results 

concerning the topology of the invariant sets of the problem under discussion can 

be found in [52]. For a detailed account of the general theory of the action-angle 

variables see [2], while for the apphcation of the action-angle variables to the Manev 

problem the reader is referred to [25, 64].

In the next section we dehne the Manev problem and we write its equation of 

motion giving a general picture of the problem. In Section 2.3 we introduce the 

collision manifold and describe the Êow on and near it. In Section 2.4 we analyze 

the How at inHnity introducing the inHnity manifolds. In Section 2.5 we describe 

the How on non-negative energy levels. Finally, in the last section we introduce 

action-angle variables for the problem under discussion.



2.2: The Equationg of Motion

2.2 T h e  E quations of M otion

Consider two interacting bodies and of mass nti and mg respectively, such 

that the potential energy of the interaction depends only on the distance between 

them. If q i and qg are the position vectors of and respectively, then the 

Lagrangian of such a system can be written as

-̂ 0 =  — [/odiqi — (klD- (2.1)

Let q  =  qi — qg be the relative position vector, and let the origin of the coordinate 

system be at the center of mass, i.e. m i q i 4- mg qg =  0. These two equations give

q. =  (2.2)mi 4- mg mi 4- mg
Substitution in the Lagrangian gives

1̂ 0 =  ^mq" -  I/odlqll) (2.3)

where m =  m im g/(m i 4- mg) is called reduced mass. The function (2.3) is formally

identical with the Lagrangian of a particle of mass m moving in an external held 

(7od|q||) which is symmetrical about a fixed origin. Thus the problem of the motion 

of two interacting particles is equivalent to that of the motion of one particle in 

a given external field f/odlqll). From the solution q(t) of this problem the paths 

qi(t) and qg(t) of the two particles, relative to their common center of mass, can be 

obtained by means of (2.2).

Thus, setting m =  1, the Hamiltonian describing two bodies interacting with 

the Manev potential can be reduced to:

go =  ^p" +  % (||q||) (2.4)

where Lfo is defined on (R  ̂— {0}) x R^, q =  (z,y) is the of the system

of two particles and p  =  (Pi,Py) is the momentum. Moreover

f/o(q) =  - -  -  (2.5)



2.2: The Equations of Motion____________________________________________ M)

is the potential energy, where r  =  =  ||q|| and 6 is a positive constant.

Then the Hamiltonian equations become:

{
where the dot denotes the derivative with respect to t.

These diSerential equations dehne the Manev problem.

The Hamiltonian function ffo has the property ffo(q,p) =  h (constant), i.e. it is a 

hrst integral, called the integral of energy. There exists another Erst integral that 

is the angular momentum K =  q(t) x p(t). Moreover, since the two integrals are 

independent and in involution, i.e. {JTo,K} =  0, the equations (2.6) are integrable 

by quadratures.^ Indeed the Liouville-Arnold Theorem, applied to the Manev system 

says

T heorem  2.1 (L iouville-A rnold). TAe Hamiltonian system Aas the Hamil-

tonian H q and the angular momentum K  as two independent first integrals in invo­

lution. Consider the level sets of the functions H q,K

^hc — {(Q) P)l-^o(q, p) = h, K  — |K| =  c}

Assume that the /unctions Hg, K  are independent on 7/̂ . (i.e., the l-/orms dH and 

dK are linearly independent at each point o/ 7/ ;̂/. Then

(i/ 7/;c is a smooth invariant tioo-mani/old under the phase /low with Hamiltonian 

Ho.

(ii/ / /  the mani/old 7f&c is compact and connected, then it is dijQ^eomorphic to the 

jg-torus =  {(<̂ 1, <^)mod 27r}.

 ̂ Integration by quadratures of a system of differential equations is the  search for its solutions by 
a finite num ber of “algebraic” operations (including inversion of functions) and “quadratures” , 
i.e., calculation of integrals of known functions.



2.2: The Equations of Motion____________________________________________ H

TAe pAoae /fow wifA .EomiZfoman %  deferminee o condifionaZZy periodic mo- 

fion on f/ic, wAicA meana fAai, in anguiar coordinafea we Aare

=  wi(go,-K^), ^2 =  W2(JTo, jiT)

îVy) TAe canonical eguafiona are iniegrabie 6g gnadrafurea.

For more details about Hamiltonian systems and the proof of the previous the­

orem see [1, 2, 3, 49]. For an analysis of the topology of the invariant sets dkc see

[52].

Since U : (R  ̂ — {0}) -> M is real analytic, standard results of differential- 

equation theory guarantee, for any initial data (q(0), p(0)) E (R  ̂— {0}) x R, the ex­

istence and uniqueness of analytic solutions dehned on a maximal interval 

where —œ  < t*" < 0 < < oo. If either t*" > —oo or t*"*" < cx3, the solution is

said to experience a aingnimritg.

In the Manev problem all the singularities are due to collisions, as can be shown 

imitating the proof used in the classical Kepler problem [80].

A solution (q(t),p(t)) of Equations (2.6) is called a collision (resp. ejection) 

solution if there exist a t*+ such that q(t) 0 as t  t*+ (resp. there exist a 

such that q(t) — 0 as t  -4̂  ** )- Collision and escape solution are of particular 

interest because the whole qualitative structure of the phase space depends on their 

behavior.

There are other solutions that play a role similar to the collision and ejection 

orbits, i.e. they determine the qualitative behavior of the whole phase space. They 

are the escape and capture solutions. We say that a solution (q(t), p(t)) is an escape 

(resp. capture) solution if ||q|| oo when t oo (resp. t —oo )



2.3: The Collision Manifold__________   ^

2.3 T h e  Collision M anifold

In order to remove the collision singularity and to study collision and near collision 

singularities (see [23, 19]) we introduce a change of variables developed by McGehee

[53]. The idea is to blow-up the collision singularity, paste instead a manifold and 

extend the phase space to it. Of course such a manifold is fictitious in the sense 

that the how on it does not represent orbits that have physical reality. However the 

how on the collision manifold, due to the continuity of the solutions with respect to 

initial data, gives information on the how near collisions. Consider the coordinate 

transformations
' r =  |q|

0 =  arctan(ÿ/æ)
i; =  r r  =  ( %  +  Wy) 
u =  =  (zp^ -  ppi),

and the rescaling of time

dr =  r~^dt. (2.8)

Composing these transformations, which are analytic diheomorphisms in their re­

spective domains, system (2.6) becomes (see [23] for more details)

r ' =  rv
u' =  2r^h +  r 91

u ' =  0

and the energy relation (2.4) takes the form

+  2̂ _  2r -  26 =  2r^h, (2.10)

where the new variables (r, v, 0, u) € (0, oo) x E  x x R depend on the hctitious 

time T and the prime denotes diherentiation with respect to T. Note that the change 

of variables is not canonical so system (2.9) is not Hamiltonian.

Now the vector held in (2.9) is analytic on the boundary r  =  0, since r  no

longer occurs in the denominators of the vector held. The collision moni/old is the
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r>0

r>0

Figure 2.1: The flow on the collision manifold of the Manev problem.

following analytic manifold

Co =  {(r, 6,v,u) : r — 0, + v‘̂ — 2r -  2b = 2r^h} (2.11)

that is a cylinder in the three-dimensional space {v, 0, u), and when u ^  0 the flow 

on it is formed by solutions parallel to the axis of the cylinder (see Figure 2.1). If 

n =  0 then u =  and those lines consist of flxed points. Since 0 6 [0,27r],

by identi^ing the caps of the cylinder we obtain a 2-dimensional torus. The flow 

on the torus is given by periodic orbits =  {n =  A (const.) G [0,27r), u > 0}, 

=  {t; — A (const.) ,0  G [0,27r),u < 0} for u ^  and by a circle formed

entirely by flxed points in each of the cases u =  Let us denote with C"*" the

upper circle of flxed points and with C^ the lower circle.

Each of the points on the circle of flxed points C"*" has a one-dimensional local 

unstable m anifold, while each on the point on C "  has a local one-dimensional stable
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one, since the linearization at a point (r =  0, n =  ± \/% , 0 =  =  0) gives

(2 .12)

/ 0 0 0 \
1 0 0 0
0 0 0 1

\ 0 0 0 0 /
that has a non zero eigenvalue and three zero ones. Moreover, as was shown

in [23], from each of the hxed points on there emerge a single orbit (that is the 

global unstable manifold) and to each of the hxed points on C " will tend one single 

orbit (that is the global stable manifold). Indeed, since u =  0 at u =  it follows 

from (2.9) that 0 =  constant. Consequently there exists an orbit emerging &om 

every equilibrium on Similarly one can show that for each fixed point on C" 

there is a single orbit tending to it.

One can also show that for every orbit with 0 < w < there exists a 

local two dimensional unstable manifold W ]^(f^) and that, for every orbit, with 

— < n < 0 there exist a local two dimensional stable manifold W j^ (f^ ). A proof 

of those properties for the anisotropic Manev problem can be found in [18]. The 

same proof applies here taking p =  1 in Equation (1.1). An alternative proof can be 

easily obtained applying Floquet theory [41, 33]. If u =  0 then for the periodic orbit 

all the eigenvalues of the monodromy operator are zero as can be easily checked. 

Consequently there are no stable and unstable manifolds. However, it can be proved 

that there exist two-dimensional negatively and positively asymptotic sets that play 

the same role as the stable and unstable manifold. In [18] this statement is proved 

for the anisotropic Manev problem.

2.4 T he  Infin ity  M anifolds

To analyze the asymptotic behavior at infinity, we need to apply suitable blow-up 

transformations. Essentially we need a transformation that brings the fictitious
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points r  =  oo into the so called infinity manifold. Since the potential is gtiasiAomo- 

geneous the transformations we nse are slightly diSerent from the ones for collisions 

since the term of degree —1 predominates when t — oo. Moreover these transforma­

tions also differ from the ones introduced by Lacomba and Simo [60] for the Kepler 

problem because of the term of degree —2.

Observe that if h < 0 the motion is bounded and thus r  can only reach infinity 

when h > 0. Indeed, the fohowing proposition holds

P roposition  2.1. jy h < 0 the motion is bounded by the zero oeiocity circle

ro = ------- , o 0 ,g ,u  =  0 ) (2.13)

froo/. Consider the energy relation (2.10), then =  0 implies that u =  0,

0  =  0 and r ' =  0. On the other hand = 0 when 2r^h +  2r +  26 =  0. The

solutions of the last equation are

(2. , 4,

Since r  > 0 and h < 0 we consider only the solution with the m inus sign. This 

proves that (2.13) is the zero velocity circle. Moreover if r  > ro then < 0.

Consequently the motion is bounded by the zero velocity circle. O

In order to study the infinity we will consider the energy levels h =  0 and 

h > 0 separately. Indeed we wiU hrst introduce a transformation to study the case 

h =  0. This transformation is the same as that used in [18] for the anisotropic 

Manev problem. Later we will introduce another change of variables and rescaling 

of time that will enable us to study the case h > 0.
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First consider the case h =  0. Taking h =  0 and p =  1 /r, (2.9) becomes

(2.15)

and the energy relation takes the form

/3(n  ̂ -I- n^) -  2 -  26/) =  0. (2.16)

Rescaling the velocities by using the transformations ü =  /)^/^u, u =  /)^/^u and 

rescahng the time variable by dehning the transformation dT =  the equations

of motion take the form
p =  —pü
Û = - ( l / 2)ü2 +  l . .
g =  ü  

, n  =  - ( i / 2)ü ü
where the dot denotes diSerentiation with respect to the new time variable s. In the 

new coordinates the energy relation becomes

ü ^ + ü ^ - 2 - 2 6 p  =  0 (2.18)

Prom (2.17) p =  0 defines an invariant manifold under the flow. We call it the infinity 

m nn^/d  ig and it appears as the boundary manifold glued to the zero energy level.

We remark that

To =  {(/),u,0,u) : p =  0 and =  2,6  E 5"̂ }

is also a two-dimensional torus. The flow on To is given by

it =  - ( l / 2 ) ü ^  +  1 =  ( l /2 )ü ^

(2.19)

(2.20)6 ~  u
Ê =  - ( l / 2 ) ü û

and it is the same as the flow on the collision manifold of the Kepler problem [8]. 

The flow on the infinity  manifold has two circles T^ of equilibrium points deflned by 

Ü =  u =  0, 0 6 5' .̂ Of course these are also equilibrium points of (2.17)
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Solutions on To move from the lower circle 7^ to the upper one Bach rest 

point (ü =  — v ^ , 0 =  00, 0) has associated a unique two-dimensional unstable 

manifold and each (ü =  4-v^, ^ 0) has associated a two-dimensional stable

manifold. If we consider the how of (2.17) then we must add the coordinate p. The 

linearization computed at a point (p =  0,F =  d:\/2 ,0 =  =  0) is

/  T \/2  0 0 0 \
0 T-v/2 0 0
0 0 0 1

\  0 0 0 fV 2 /2  y

(2 .21)

and thus the points on 7^ have a three dimensional stable manifold while the points 

of have a three dimensional unstable manifold.

Observe that even if the how on the inhnity manifold is the same as the how 

on the collision manifold of the Kepler problem the how outside is very diSerent. 

Indeed the upper and lower circle in the Kepler problem are normally hyperbolic 

[21].

The how on and near the inhnity manifold is depicted in Figure 2.2.

Now, we introduce a different change of coordinates and rescaling of time that 

allows us to study the behavior at infinity for h > 0. Consider the following trans- 

formation

, dr =

From (2.9) and (2.10) it follows that

(2.22)

( B =  -(2 /3 ) B y  
ÿ  =  - y ^  +  2h-t- 
ê =  [7 
17 =  - c r y

(2.23)
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p>0

p>0

Figure 2.2: The flow on and near the infinity manifold Jq of the Manev problem.

where, now, with an abuse of notation, the dot indicates differentiation with respect 

to 7).

The energy relation goes to the following function

_  2^3/2 _  26^3 =  2h. (2.24)

The flow for any flxed h is confined on the three-dimensional invariant m anifold 

deflned by the energy, namely

%  =  { ( A , y , g , +  y^ =  2E^/^ +  26B= +  2h,g E [0,277)}. (2.25)

From system (2.23) it follows that for each h > 0 flxed, the manifold =  0 

is invariant under the flow. In these new coordinates we can introduce the inanity 

manÿold, denoted by where h > 0, as the restriction of the energy m anifold 

to A =  0, i.e.

4  =  {(A, y  e, 1/)|A =  0,9 E [0,27r), and -b =  2h). (2.26)
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Unlike the collision manifold, which is uniquely dehned and independent &om 

the energy level, the infinity manifolds depend continuously on h. For each h > 

0 Exed, the corresponding inhnity manifold T/, is a two-dimensional torus which 

becomes a circle of degenerate equilibria as h — 0-1-.

The how on 7/, is given by

Û =  2h -

0 =  U (2.27)
û  =  - u y

We see that using the change of variables (y, 6, U) =  l/2(y, 0, U)) it is immediate 

that the expressions of the equations are the same as in the case of To, but they are 

not equivalent because they are dehned in diSerent spaces.

For each h > 0 Exed, the inEnity manifold posseses two circles of equilibria 

deEned by y  — ±Vh, U =  0, 0 6 5^. and all orbits are strictly increasing with 

respect to V. As for Jq each rest point {V — — 0 — 9q, U  =  0) has associated

a unique two-dimensional unstable manifold and each (U =  V ^ , 9 = 9o,U =  0) 

has associated a two-dimensional stable manifold. The flow on and near the infinity 

manifold Ih is illustrated in Figure 2.3.

2.5 T he Flow for N egative E nergy

The flow outside the collision and inEnity manifolds and in particular the stable and 

unstable manifolds can, in general, only be described locally. However, as we have 

already remarked, the Manev problem is an integrable system and thus the global 

stable and unstable manifolds and the asymptotic sets can be found explicitly and 

thus the global flow can be characterized precisely. To describe the flow outside the 

collision manifold it is convenient to exploit the fact that 0 does not appear explicitly 

in the equations (2.9). Indeed this allows us to reduce the fbur-dimensional phase 

space to dimension three by factorizing the flow to 5' .̂ Consequentely, exploiting
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R>0

RX)

Figure 2.3: The flow on and near the inflnity manifold J/j of the Manev problem.

the symmetry, we will obtain clear pictures of the flow in phase space. Factorizing

the collision manifold to , the torus becomes a circle.

Consider the negative-energy case, i.e. h < 0 and observe that, in the reduced 

phase space, every energy level is a two-dimensional ellipsoid, as can be deduced

from the energy relation written in the following form:

-  2h(r +  l/(2h))^ = 2 6 -  l/(2h). (2.28)

In the reduced space (r, u, u) with r  > 0 the collision manifold reduces to the circle 

r =  0, 4- =  26 (see Figure 2.4) and an analysis of the equations (2.9) allows to

describe the flow on the negative energy levels [19].

There are two equilibria outside the collision manifold, located at r  =  —l/(2h), u

0, u =  ± \/2 6  — l/(2h). Moreover, since u is a flrst integral, all the solutions lie on 

parallel planes u =  constant. If |n| < the orbits are heteroclinic and they form 

the stable and unstable manifolds of the orbits In particular if u =  0 then 

the corresponding heteroclinic orbit connects a point on the upper circle of the
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V U

Figure 2.4: The how on each negative energy level.

collision manifold with a point on C ". If n =  the orbits are homoclinic, and

they form a manifold homoclinic to the two periodic orbits with v = 0. Physi- 

caUy the heterochnic and the homoclinic solutions correspond to solutions ejecting 

from collisions and then tending to collisions. In particular the heteroclinic solutions 

lying on the plane u — 0 correspond to rectilinear ejection-collision orbits, while all 

the other heterochnic and homoclinic solutions correspond to spiralling ejection- 

collision orbits. If < |u| < \/26 — l/(2h) then the orbits are periodic. In the 

full phase space these orbits correspond to a linear how on the torus 5"̂  x 5"̂ , where 

each torus is hlled either with periodic or with quasiperiodic orbits. Finally, the two

equihbria outside the collision manifold at r  =  —l / ( 2h),u =  0,u  =  ± \/26  -  l / ( 2h) 

correspond, in the full phase space, to periodic solutions that are circular orbits in 

the physical space.
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2.6 T he Flow for N on-N egative E nergy

When h =  0, i.e. on the zero-energy manifold the energy relation takes the form

=  2r +  26 (2.29)

which implies that the zero-energy level is a paraboloid with the cap removed (see 

Figure 2.5).

Figure 2.5; The flow for 6 =  0.

The cap is removed because r  > 0. The flrst integral u =  constant foliates the 

zero-energy level into curves lying in parallel planes. The curves are parabolas for 

|u| > or arcs of parabolas, for |u| < \/% . Moreover there are no equilibria 

outside the collision manifold. In phyisical space the arcs of the parabola tending 

to C " or emerging from correspond to rectilinear orbits (with zero angular 

momenum) that tend to (emerge flrom) inflnity with asymptotic velocity zero. The 

other arcs of parabolas that tend to (emerge from) the collision circle correspond, 

in physical space, to orbits that spiral at collision (ejection) and have asymptotic 

velocity zero.
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(a) (b) (c)

Figure 2.6: (a) The how for h > 1/(46). (b) The how for h =  1/(46). (c) The how 
for h < 1/(46)

In the positive energy case, the energy relation takes the form

-  2h(r +  1/(26))^ =  2 6 -  1/(26) (2.30)

Depending on the relationship between h and 6 three possibilities arise.

If 6 > 1/(46) the energy relation describes an hyperboloid of one sheet inter- 

sected with r  > 0 (see Figure 2.6(a)). Since u is a hrst integral all solutions are, 

again, represented by curves lying on parallel planes u =  constant. Such curves are 

branches of hyperbolas or arcs of branches of hyperbolas and two pairs of half-lines. 

The physical interpretation is similar to that of the zero-energy case, except that 

parabolas are replaced by branches of hyperbolas and the asymptotic velocity at 

inhnity is not zero but positive.

If 6 =  1/(46) the energy relation is a cone intersected with r  > 0 (see Figure 

2.6(b)). The hrst integral u =  constant foliates the surface in branches of hyperbolas 

or arcs of branches of hyperbolas and two half-lines (corrseponding to C"*" and C"). 

The physical interpretation is similar to the one of the case 6 > 1/(46).

If 6 < 1/(46) the energy relation is an hyperboloid of two sheets intersected 

with r  > 0 (see Figure 2.6(c) ). In this case the curves lying on the planes u =  

constant are branches of hyperbolas and arc of branches of hyperbolas. The physical
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interpretation is similar to the one of the previous cases.

2.7 A ction  A ngle V ariables

In Section 2.2 we studied the level sets of the integrals 7/^ =  {(q, p)|jfo(q, p) =  

h, K  =  c} when they are compact and connected. We found that 7/ic is diSeomorphic 

to a 2-torus invariant under the How. We chose some angle coordinates on 

such that the phase How generated by ifo is of the form

=  Wi(h, c), = ^i(O) +  Wjt, for i =  1, 2. (2.31)

We now look at a neighborhood of the two-dimensional manifold 7/^ hi four-dimensional 

phase space.

In the coordinates (Tfo, A, <^) the phase How can be written in a very simple 

form as the following system of four ordinary diHerential equations

r dt =  0

(2.32)

which is easily integrated:

7fo(t) =  7fo(0)

A(t) =  A (0)

^i(t) =  < î(0) -t-wi(7fo,A')t 

<̂2(t) =  <^(0) -t- W2(7fo, A)f.

Thus, in order to integrate explicitly the original canonical system it is suH5cient to 

Hnd the variables in explicit form. It turns out that this can be done using only 

quadratures.

Let us remark that the variables (7fo,7T, i;^) are not symplectic. However

one can Hnd some functions of Tfo and A  denoted by 7i, ̂ 2 such that 7i, 72, ^i, are



2.7: Action Angle Variables___________________   ^

symplectic. The variables 7i ,72 are called action oariobles and with the variables 

ÿi, ^  form the so called action-angle rariables.

From the general theory of action angle variables [2] one can construct such 

variables in the following way. Let 'yi, -yg be a basis for one-dimensional cycles on 

the torus 7/̂ = (the increase of the coordinate on the cycle 'ŷ  is equal to 2% if i =  g 

and 0 if i ^  j). We set

The quantities 7̂  given by the formula (2.33) are called action variables. Therefore 

the action variables for the Manev problem, already introduced in [25, 73], are given

by

f 7 =  7i =  ^  -  26 + (2.34) 
I 7C =  7g =  æpy -  gpz

where h is the energy constant and 7f is the angular momentum. These variables 

are de&ned for h < 0 and > 26, 7 > 0, to avoid collision orbits as well as circular 

orbits. The related brequencies are

^  (T-t-VA-Z-Zb):

"  VA'2-26(f4-\/K3-26)3 ' 

and 8  =  1̂ 1 and $  =  are the angle variables associated to 77 and 7 respectively. 

The unperturbed Hamiltonian in the new variables can be written as

"  '2 ( 7  + v T ^ ^ :% )2 '

Now we can consider new variables that are linear combinations of the previous 

ones. They are de&ned by the following canonical transformation

1 =  8
8 - $

(2.35)
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Where 1 is the mean anomaly (where l(t) =  Wf,(t — to) and to is the time 

of pericenter passage), g is the longitude of pericenter as they are de&ned for the 

Manev problem in [67]. Moreover also the action variables can be written in terms 

of the orbital elements of the Manev problem. If we set

a =
2|h|

and e =  y i - 2 ( K 2 - 2 6 ) |h |

as in [25; 67] then

G =  1 -  (1 -  and L =  —G ±  i /a ( l  — e^) + 2b

where a is the pseudo-semimajor axis, e is the pseudo-eccentricity, and the sign -f 

(resp. -) holds for A  > 0 (resp. < 0). The conditions to avoid collision orbits 

and circular orbits, on which g becomes meaningless, can be written in terms of the 

orbital elements as o > 0 and 0 < e < 1. The new unperturbed Hamiltonian is

1
Ho =

2 (-G  +  \/(G  +  T)2 -  26)2

so the equations of motion in action angle variables are

j- _  d {Hp)  _  Q

(2.36)

A =  —

(2.37)

where
CÜL =  OJK G + L

-G+\/(G4-I')^-26)3^(G4^)2-26
G'^L—̂  —26
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Chapter 3

The Anisotropic M anev  
Problem

3.1 O verview

The main objective of this chapter is to introduce the anisotropic Manev problem 

and study some of its main features.

In the next section we introduce the anisotropic Manev problem and its equa­

tions of motion.

In Section 3.3 we analyze the discrete symmetry group of the anisotropic prob- 

lem and in particular we outline some properties of the symmetric orbits in general 

and of the symmetric periodic orbits in particular.

Then, in Section 3.4 we examine, using McGehee coordinates, the collision 

manifold and the How on it [18].

In the following section we study the infinity manifolds, recalling some known 

results (see [18]) and strengthening the previous understanding of the How on the 

inHnity manifold to the point that we can prove that it is structurally stable.

In the last section we write the equations of motion in the action-angle variables 

that were introduced in Section 2.7 Such equations will be important in Chapter 5 

to prove the existence of periodic orbits.



3.2: The Equations of Motion ___________  28

3.2 T h e  E quations of M otion

The (planar) anisotropic Manev problem is described by the Hamiltonian

^ = ^ p '  +  [;(q). (3.1)

where q =  (z, ÿ) is the position of one body with respect to the other considered 

bxed at the origin of the Cartesian coordinate system, p =  (pz,p^) is the momentum 

of the moving particle and

is the potential energy. The parameters > 0 and 6 > 0 are constants and /i 

measures the strength of the anisotropy. If < 1 the attraction is weakest in the 

direction of the z-axis and strongest in that of the {/-axis. The situation is reversed 

if /j > 1. If /i =  1 the space is isotropic and we recover the classical Manev problem 

described in Chapter 2.

Since both remaining cases have a weakest-force and a strongest-force direction, 

we can assume, without loss of generality, that /« > 1. The equations of motion form 

a system of ordinary diSerential equations that can be expressed as

{  ̂ ^  . (3.3)
I P -

The Hamiltonian function provides the hrst integral

^(p(*),q(<)) =  (3.4)

where h is a real constant. However, since the force —V I/ is not central for /j > 1 

(i.e. the rotational invariance of the Hamiltonian function is destroyed) the angular 

momentum K(t) =  p(t) x q(t) is not a hrst integral of the system, as is illustrated by 

an example in Figure 3.1. Figure 3.1 (a) depicts a periodic orbit of the anisotropic
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Figure 3.1: (a) A periodic orbit of the anisotropic Manev problem with p =  1.5, 
6 =  0.1. (b) The angular momentum % of the periodic orbit as a function of time.

Manev problem while Figure 3.1 (b) represent its angular momentum if  as a function 

of time, showing that it is not constant but that it oscillates. For /x =  1 we recover 

the Manev problem and the angular momentum is a constant of motion for such a 

system (see Chapter 2).

The fact that the angular momentum is not a constant of motion for the problem 

under discussion, is a strong clue that the anisotropic Manev problem has very 

complicated, and possibly chaotic, dynamics. An example of an orbit that behaves 

erratically, obtained numerically for /x =  15 is depicted in Figure 3.2.

Now consider weak anisotropies, i.e. choose the parameter p > 1 close to 1. 

Introducing the notation r  =  4- ^ =  arctan({//%) and e == /x — 1 with e 1

we can expand the Hamiltonian (3.1) in powers of c and obtain

2r
cos^ g =  go -I- e iy  (r, 0). (3.5)

It should be pointed out that the term (r, 0) becomes unbounded as r  —̂ 0 so that 

a perturbation analysis is not correct on the ejection-collision orbits. This means
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Figure 3.2; A ’’‘chaotic’” orbit that behaves erratically obtained numerically for 
p =  15.

that the global dynamics of the anisotropic Manev problem cannot be completely 

described by perturbations to the Manev problem even at the limit e 0. However 

many interesting results concerning the Hamiltonian (3.1) for weak anisotropies (i.e. 

e 1) can be found studying the Hamiltonian (3.5), some of which are presented

in this thesis.

In the next section we describe the symmetries of the anisotropic Manev problem 

and we hnd some properties that will be useful to hnd symmetric periodic orbits.

3.3 S ym m etries of th e  A nisotropic M anev  P rob lem

Symmetries play a very important role in studying diherential equations. Indeed 

continuous symmetries allow reduction of the order of diherential equations, and 

are closely related to the existence of hrst integrals and to the integrabüity [58, 2]. 

In particular the LiouviUe-Arnold theorem, stated in Section 2.2 for the Meinev
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problem, is closely related to the existence of two continuons symmetries: the ho­

mogeneity of time and isotropy of space. In this section we are interested in studying 

the discrete symmetries of the anisotropic Manev problem, because this will be es­

sential in Ending periodic orbits. The importance of the role of discrete symmetries 

in Ending periodic orbits was already observed by many authors (see, for example, 

[4, 55]).

In order to introduce the symmetries of the anisotropic Manev problem we need 

to recall some standard deEnitions and known facts about symmetries.

Let f  be a vector Eeld on a phase space 17.

D eEnition 3.1. We call a symmetry o/ tAe /ield f  a diEeomorphism g : 17 -4̂  17 such 

that

f(g(")) =  (3.6)

The Eeld f  is called innariont under the diEeomorphism g.

D eEnition 3.2. We call a symmetry o/ a slope /ield a diEeomorphism of the extended 

phase space that sends the Eeld into itseE. The direction Eeld is then caUed invariant 

under the diEeomorphism.

As an example consider a diEerential equation û =  /(u ) that has the slope Eeld 

depicted in Figure 3.3. The slope Eeld is invariant under translations along the t 

axis.

D eEnition 3.3. The system of diEerential equations û  =  f(u) (respectively ù  =  

f(u ,t)) is invariant (or corariant) under a diEeomorphism g of the phase space 

(respectively, of the extended phase space) E the vector Eeld (respectively, slope 

Eeld) is invariant under g. Moreover the diEeomorphism g is caEed a symmetry of 

this system of diEerential equations.
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Figure 3.3: An example of a translation invariant slope held

Another important fact is that the symmetries of a held form a group. Fur­

thermore it is clear that if ^y(t) is a solution of ù  =  f(u) then also g('y(t)) is a 

solution.

The symmetries of the anisotropic Manev problem have been examined in [18] 

and, as is easy to see, are dehned by the following diSeomorphisms in the extended 

phase space:
7d
50
51 
% 
% 
&  
% 
%

(a;,!/,Pz,Py,t)
(T, !/, -Pa,, -py, - t )
(3:, —3/, —P i,P y, —() 
(-a ;,l/ ,P z ,-P y ,-t)
( - 3;, -p , —Pa;, —Py,t)
(-æ ,p ,-pa„py,t)

(-a :,-p ,P z ,P ÿ ,-t)

(3.7)

where 7d is the identity.

The invariance under these symmetries implies that if 'y(t) is a solution of (3.3), 

then also 5 î('y(t)) is a solution for * € {0,1,2,3,4,5,6}. In hgure 3.4 we draw all 

the solutions 5^i(?(^)) for % =  0 ,1 ,2 ,3 ,4 ,5 ,6. For * E {0 ,1 ,2 ,3 ,4 ,5 ,6} the orbit 'y(t) 

will be called symmetric if and only if 5'i('y(t)) =  '/(().

Let us remark that the symmetries in (3.7), together with the composition of 

functions, denoted by o, form an abelian group, that we shah denote in which 

the operation acts according to Table 3.1.
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Ŝ (T) ^

Ŝ (T)

y
/

y

J
1 X
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Figure 3.4: The symmetric orbits of 'y(t): for i=0,l,2,3,4,5,6.
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o 7d So Si Sz S3 S4 Ss So
7d id So Si Sz S3 S4 Ss So
-So -So 7d Ss S4 So S2 Si S3

-Si Si Ss 7d S3 S2 So So S4

-S2 S2 S4 S3 Pd Si So So Ss
% S3 Ss S2 Si 7d S5 S4 So
-S4 S4 S2 Ss So S5 id S3 Si
^5 Ss Si So So S4 S3 id S2

% Ss S3 Si S5 So Si S2 id

Table 3.1: Cayley table of the symmetry group of the anisotropic Manev problem

Prom the Cayley table of the symmetry group it is easy to deduce the following

P ro position  3.1. The aymmetriea o/ fAe onwotropfc Afaneu /orm on ele­

mentary aW ian group ^ o/ order eight, i.e. a group isomorphic to Zg x Zg x %2- 

and %  are the generators o /^ .

The discrete group of symmetry described above appears in many Hamiltonian 

systems, as for instance the anisotropic Kepler problem [8] or the coUinear three 

body problem [17]. The symmetries in (3.7), (except 7d and %) are very useful 

to find symmetric periodic orbits, especially by means of the continuation method 

and of variational techniques. Some important properties of the symmetric orbits, 

summarized in [8] , are expressed in the following lemma:

L em m a 3.2. fo r  : =  1 ('resp. i we haue that an orhit 'y(t) is

sgmmetric i/ and only i/ it crosses the æ-azis (resp. y-azis^ orthogonally.

('iiyl An orhit "y(t) is % -symmetric i/  and only i / i t  has a point on the zero velocity 

curve.

(iii/ fo r  i — 4,5 i/ an orhit 'y(t) is -symmetric then it is % -symmetric.

/ivj All the % -symmetric orbits are periodic.
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Proo/. (i) Using the uniqueness theorem of a solution of an ordinary diEerential 

equation, it follows that 'y(f) is an Si-symmetric solution if and only if 

intersects the plane ÿ =  0, =  0 at least in one point. The same reasoning

works for %-symmetric solutions.

(ii) Using again the uniqueness theorem it follows that j{ t)  is 5o-symmetric if and 

only if 'y(f) intersects the plane Pz =  0, =  0 at least in one point, or in other 

words if and only if 'y(t) has a point on the zero velocity curve.

(iii) An 5'4-symmetric orbit must intersect the plane z  =  0, p^ =  0 at least in one 

point. If the solution lies on the p-axis then it must be an ejection-collision 

solution and then Pz =  Py =  0 at one point, i.e. the orbit intersect the zero 

velocity curve. On the other hand if the orbit does not lie on the p-axis then, 

ifpz(to) =  0 and z(to) =  0 then clearly pg(<o +  e) =  -p^(to — c) for every e > 0, 

since it is 5'4-symmetric. This proves that 5'4-symmetric orbits have a point 

on the zero velocity curve. Similarly one can show that ^-sym m etric orbits 

have a point on the zero velocity curve. Consequently 5'^-symmetric orbits for 

* =  4,5 are ^-symmetric.

(iv) Consider a point in phase space (q, p) and assume there is an ^-sym m etric 

orbit (q, p)) passing through it. Then we have the following property for 

the how:

Furthermore the solution 0(f, (q, p)) satishes the equation

$ (^,(q,p)) = -(q,p) (3 8)

for some time T. Then by the uniqueness of solution of ordinary diherential
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equations we have

^ (q, p)) = -$(*, (q, P))

for all t. By the equivariance of the how q, p)) and the above property, it 

follows that

0 (t +  T, (q, p)) =  $(t, (q, p)) (3.9)

which means that $ (t, q, p)) is a periodic solution.

□

The properties of the 5j-symmetric orbits were first studied by Birkhoff [7] for 

the restricted three body problem and later by many other authors. In particular 

Casasayas and Lhbre (see [8]) state a proposition that gives a technique useful to 

obtain symmetric periodic orbits with respect to for the anisotropic Kepler

problem that are verihed also for the problem under discussion in this work:

P ro p o s itio n  3.3. f o r  * =  1 ( r̂esp. * =  we hove that on or6*t 'y(t) ia on

Si-symmetric periodic orbit if and only if it crosses the x-axis (resp. y -axis) 

orthogonally at two distinct points.

vln orbit 'y(t) ia on 5io-aymfnetric periodic orbit i /  ond only i/  it meeta the zero 

velocity cornea ot two distinct pointa.

("iiî  vln orbit'y(t) ia on S'! ond ^'2 aymmetric periodic orbit i^ond only ^ i t  croaaea 

the æ-ozia ond the y-ozia ortboyonolly.

f ) r  i =  1,2 on orbit 'y(t) ia on % ond ^'i-aymmetric periodic orbit ^  ond 

only */ it Tneeta the zero velocity curve ond croaaea the z, respectively y-ozia 

ortboyonolly.
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For i =  4,5, ÿ  an or6*f 'y(f) ia 5'i-gymmGfric (Aen i( is 5^o-symmetric ond 

periodic.

Froo/. We will prove only the hrst statement, since the proof of the other ones is 

similar.

(i) Prom Lemma 3.2 it follows immediately that an 5'i-symmetric solution is pe­

riodic if and only if it intersects the p-axis transversally at two points. The 

proof far the case of ^'g-symmetric solutions is analogous.

□

3.4 T he  Collision M anifold

Since our hrst goal is to study collision and near collision solutions, it is helpful to 

transform system (3.3) using, as we did in Section 2.3, a method developed by McGe- 

hee [53]. Thus consider the transformation of coordinates (2.7) and the rescaling of 

time (2.8). Composing these transformations, which are analytic diSeomorphisms 

in their respective domains, system (3.3) becomes

r — rv  
v' =  2r^A +  
0' =  u (3.10)

u' =  (l/2)(p  — l)(rA  +  26A ^) sin2^ 

and the energy relation (3.4) takes the form

w +  -  2rA-^/^ -  26A-^ =  2r^A, (3.11)

where A =  cos^ 0 -t- sin^ 0 and the new variables (r, u, 0, u) G (0, oo) x R x x R 

depend on the Sctitious time T. The prime denotes diSerentiation with respect to
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T. The generators So, Si, S2 of the symmetry group ^ in the new coordinates are 

changed to So ,S i,S2, where

So(r, u, g, n, T) (r, - u ,  0, -u ,  -T )

Si(r, u, 0, u) (r, —u, — u, —r) (3.12)

% (r, u, 0, u) -4- (r, —u, T -  0, n, -T).

The set

C =  {(r,u,@,n)|r =  0 and the energy relation (3.11) holds} (3.13)

is the colfwion moni/oW, which replaces the set of singularities {(q, p )|q  =  0}. This

2-dimensional manifold, embedded in x S^, is homeomorphic to a torus and it is

given by the equations

r  =  0 and =  26A"^. (3.14)

Now consider a hxed constant energy sur f̂oce

S =  {(r,u ,0 ,u)|r > 0 and the energy relation (3.11) holds}.

The system (3.10) does not have singularities on S/, U C. The restriction of the 

equation in (3.10) to C yields the system:

o' =  0
^  =  n (3.15)

=  6(// — 1)A"^ sin 20

The how on the collision manifold was studied in detail in [18]. Here we will recall 

its features.

For /.< =  1 we have the usual Manev problem with two circles of equilibria 

on Co. When /; > 1, each of these circles breaks up into four distinct equihbria: two 

centers and two hyperbohc saddles. We single this fact out as a proposition:
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A -h/2

Figure 3.5: The How on the collision manifold, which is formed by periodic orbits, 
eight equilibria, and eight heteroclinic orbits.

Proposition 3.4. > 1 fhe gygfem o / e g u o t i o n a  odmik earac%

eight equilibrium solutions. The locations as well as the characteristic exponents of 

these equilibria are displayed in Table 3.2.

Proof. To see that these are the only equilibria on C, first note that r' — 0 and 

n' =  0 on C. On the other hand O' =  0 if and only if u =  0. Furthermore u' =  0 if 

and only if (1/2)(p -  1)(26A"^) sin20 =  0. Since p > 1 it follows that u' =  0 if and 

only if 0 =  0, ± 7r /2, 7r with 0 € (—7r, ?]. This yields the result.

To compute the characteristic exponents we consider the linearization at the 

various equilibria.

First consider the following four equilibria: =  (0, ±^^26//!, 0,0) and =

(0, ± \/26 //j, 7T, 0). At these points the linearized system has the matrix

/  0 0 0 \
i / y ) i  0 0 0

0 0 0 1
\  0 0 26(p -  l)/p2 0 y

(3.16)
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Equilibrium  point Characteristic Exponents Type on C

=  (0, —V ^ ,  —7t/2 , 0) Center

d ô - (0 ,-V '2 5 / / j ,0 ,0 ) -\/2 6 //j ,0 ,± Y '2 6 (,i- ! ) / , ; Saddle

=  (0, -V ^ ,:r /2 ,0 ) - V 2 & ,0 ,± y 2 6 ( l - ; ; ) Center

A - =  (0, ir, 0) — 0, iz y /2 b (n  — l ) / / i Saddle

A l , /2  =  ( 0 ,V ^ , - V 2 ,0 ) + \ / 2 6 , 0 ,± y 2 6 ( l - ; i ) Center

A+ =  ( 0 ,y % /^ ,0 ,0 ) +-^26//!, 0, ±\/26(/« -  1)/^ Saddle

A + ,- ( 0 ,V ^ ,T /2 ,0 ) + V 2 6 ,0 ,± y 2 6 ( l - ,^ ) Center

A t  =  (0, i/26 //i,7 r,0 ) -\- \j2 b jji, 0, ±a/26(/z — l ) / / t Saddle

Table 3.2: Characteristic exponents of the equilibrium points on C

the corresponding eigenvalues being real and taking the values ±-^26//r, 0 and 

± \/2 6 (l -  The other four equilibria are =  (0, ± V % ,± 7r /2,0) and

the linearized system at these points is given by the matrix

/  0 0 0 \
(3.17)1 0  0 0 

0 0 0 1 
\  0 0 26(1 -  /j) 0 y

and the corresponding eigenvalues are ± \/% ,0  and ± \/2 6 (l — /i), where the last 

two eigenvalues are purely imaginary since /% > 1. O

To complete the analysis of the How on C one can remark that, since u' =  0, the 

solutions of (3.15) lie on the level curves « =  constant of the torus C. Consequently 

there are eight heteroclinic orbits (i.e. orbits connecting two distinct equilibria)

which lie in the level sets u =  ± \/26 //i. AH the other solutions are periodic. The 

How is sketched in Figure 3.5.

It is important to remark that the How on the collision manifold is Hctitious, i.e. 

it doesn't have a physical meaning, however, due to the continuity of the solutions
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with respect to the initial data, its stnictnre gives informations about the behavior 

of collision and near-collision orbits. The structure of the how of the anisotropic 

Manev Problem is fairly simple but it diSiers from that of the anisotropic Kepler 

problem (compare with [8]).

3.5 T he  Infinity  M anifolds

In this section we study the infinity manifolds for h =  0 and for h > 0 (recall that for 

h < 0 the motion is bounded and therefore there is not infinity manifold). Precisely, 

we have the following

P roposition  3.5. 1/ h < 0 (Ae motion is bounded by tbe zero velocity curve

L  =  =  o ,e ,u  =  o l  (3.18)

Proof. Using the energy relation (3.11) we see that u = 0 and n =  0 if and only if 

= 0 and v =  0 implies r' =  0. On the other hand =  0 if and only if

2r^h +  +  2bA~^ =  0. This second order equation has solutions

r  =  (3.19)

Since r  > 0 and h < 0 we only take the solution with the minus sign. This shows 

that ro is the zero velocity curve. The fact that the motion is bounded by this curve 

follows from the remark that r  > ro implies u^ -t- < 0. O

In order to describe the flow on the infinity manifolds it is convenient to use the 

same transformations that we introduced in Section 2.4 for the Manev problem.
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First consider the case h =  0, studied in [18]. Taking A =  0 and p =  1 /r the 

system of equations 3.10 becomes:

P' =  -/w

u' =  [(/; -  l)/2](p-^A-3/2 +  26A-2) sin 20 

and the energy relation (3.11) takes the form

+ 1;^) -  2A-^/^ -  26pA-^ =  0. (3.21)

Taking ü =  and rescaling the time variable by using d r =

the system of equations in (3.20) takes the form

p  =  —p v

Û =  -(l/2 )û 2  +  A-^/2
0 =  Ü  ̂ )

\  Ê =  - ( l /2 )ü  Ü + [(/j -  1)/2](A-^/^ +  26pA-^)sin20

where the dot denotes diderentiation with respect to the new time variable a. In the 

new coordinates the energy relation takes the form

-  2A"^/^ -  26pA"^ =  0. (3.23)

The generators 5'i ,5'2 of the symmetry group of the anisotropic Manev problem, 

in the new coordinates are changed to 5̂ o, S i, where

So{p,v, 0, u, a) -4- (p, — V,  0, —u, —a)

gi(p, Ü, 0,ü, a) -4 (p, —F, —0,n, —a) (3.24)

6 '2(p, F, 0, Ü, a) -4 (p, -F , 7T -  0, Ü, -a ).

We can now dehne the inhnity manifold for the anisotropic Manev problem as

Iq = {{p,v,0,u)\p  =  0 and u'̂  + v‘̂ — (3.25)

which is homeomorphic to a torus (see Figure 3.6).
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•f̂  0

B

B

B B,

Figure 3.6: The flow on the infinity manifold 

The flow on To is described by the following system of diSerential equations

(3.26)
i; =  (l/2)«^
^ =  n
Ê =  - ( l /2 )n  Ü +  [(/i -  1)/2]A-^/^ sin26.

For /i =  1 we have the usual Manev problem with two circles of equilibria Iq on Iq. 

When /% > 1, each of these circles breaks up into four distinct equilibria: two sources 

(or sinks) and two hyperbolic saddle points. More precisely we have the following

P roposition  3.6. The yiow in odmik ezac% eight eguiiihrium pointa. The

location oa well oa the chamcteriatic eaponenta o/ theae eguilibria ore oa diaploged 

in Tohle 6.,?, where D = (4/j)^^/^ +  4(p — ond E' =  —9/2 +  4p

Troo/. To see that these are the only equilibria on fg, note that 6 =  0 if and only

if w — 0 and that p =  0 on Iq. Hence û  — [{fj, — 1)/2]A~^/^ sin26 that is zero only 

when sin 26 =  0. The solutions of the previous equation in the interval (—7r,7r] are 

0, d:7r/2,7T. Correspondingly for 6 =  0, rr we have ô =  —(l/2)ü^ +  which gives
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i; =  ±\/2jU^V2. On the other hand, when 0 =  ±7r/2 we get n =  — (l/2)w^ 4-1 which 

gives W =  ± \/2 .

To compute the characteristic exponents of the various equilibria, one simply 

calculates the linearization of the system at the equilibria. The linearization com­

puted at =  (0, ± \/2 p  0,0) and =  (0, ± \/2 /i 0) IS

/

V

0 0
0
0

0
0
1

q:\/2;i-V2
0 f  \/2 p -i/^
0 0
0 0 (/i -  f ( l /2 ) \ /2 ^ -V 2  y

(3.27)

The eigenvalues of this matrix are:

Aq — T 1/2

Ai =  f  \/2/j-V2

Az =  f(4/j)-^/'^/2 +  (1/2) VB 

As =  T (4p)-:/4 /2  -  (1/2)V B

where B  — (4/;)"^/^ 4- 4(/i — Finally, the linearization at the equilibria

B ±;r/2 "  (0 ,:t\/2 , 4:7r/2,0) is

0
\

\
0
0

0 0 0
f \ / 2  0 0

0 0 1
0 (1 -  /,) f ( i / 2 ) \ ^  y

(3.28)

with eigenvalues

Ao =  4= \/2 

Ai =  T"s/2 

Ag ==4 : ^ / 4  4 - (i/2)- / Ë  

As =  4=V2/4 -  (i/2) VB

where B  =  —9/2 4- 4//. □
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Equilibrium point Characteristic Exponents Type on fo

— (Oj —V^i — 0) 4-V^, 4-V2, V ^ /4 ± (i/2 )- /B Source

^0 = ( 0 , - V 2 h - ' / ' , 0 , 0 ) 4 -^ ,2 -i/% ,+ y 2 p -V 3 , (4p)-^/"/2 ±  (1/2)V D Saddle

^ :/a  =  ( 0 ,- V 2 p - ^ /z ,V 2 ,0 ) + \/2 , +V2, V 2 /4 ± (i/2 )V Ë Source

+ \/2 p -^ /^  (4p )-'/V 2  ±  (1/2)VD Saddle

^ 1 , /2  =  (0 ,V ^ ,-W 2 ,0 ) - V ^ /4  4=(«/2)\/Ë Sink

B+ =  (0, y 2 p -V 2 ,0 ,0 ) - \ / 2 p - i / ^ - V 2 p - i / 2 ,  -  (4p)-^/''/2 ±  (1/2)VD Saddle

-V 2 , - ) / 2 ,  - V 2 /4 ± ( i / 2 ) y Ë Sink

B+ =  (0, y2p-V%,w,0) - \ / 2 , i - i / 2 ,  - \ /2 p -V 2 , _  (4p)-"/''/2 T (1/2)VD Saddle

Table 3.3: Characteristic exponents of the equilibrium points on Iq

Note that the characteristic exponents of both the sinks and the sources have 

non-zero imaginary parts. This means that the orbits tend to spiral into and away 

from corresponding sinks and sources.

To have a complete qualitative picture of the Sow on To we need to study the 

ultimate behavior of the stable and unstable manifolds of the saddle points. In our 

case the stable and unstable manifolds are analytic curves that consist precisely of 

two orbits tending toward or away &om the equilibrium. We want to show that, for 

most values of p, there are no saddle connections for the how on To. In order to do 

that we need several additional facts.

Proposition 3.7. The /low on Tg w gmd*enf-fike^ with respect to the n-coordinate. 

Proo/. Prom the hrst of the equations in (3.26) it is clear that n > 0. If n =  0 then
■ a a • • a a 2 aa

Ü =  0 and n =  ü  ü  =  0. Moreover n =  ü  4- ü  ü  =  u , which is 0 only at the

 ̂ The flow is called gradien t-like  with respect to  one of the coordinates, if  every nonequiiibrium  
solution increases on th a t coordinate
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equilibria and is positive otherwise. O

C orollary  3.8. 1/ we erclnde the ^ e d  points there are no closed or recurrent orhits^ 

on To-

froo/. If a periodic orbit "/(t) of period T existed then 'y(t) =  'y (t+ r) . Consequently 

u('y(t)) — n('y(t +  T)). RoUe's theorem implies that there exists ^ E]t,t +  such 

that =  0. This contradicts the fact that the How is gradient-like with respect

to Ü.

Now, suppose a recurrent orbit 7 (t) exists and consider T > 0 such that 

v{'y{T)) -  «(7 (0 )) > S for some J > 0. Furthermore consider a neighborhood U 

of 7 (0 ) such that |n — 17(7 (0 )) | < 6/2. Then by definition of recurrent orbit there is 

a t > T such that 7 (t) G 1/ and hence |û(7 (t)) — 0 (7 (0) | < 6/2. On the other hand, 

since the How is gradient-like with respect to ü one has that 17(7 (t)) > 17(7(T)) and 

thus |ü(7 (t)) — 17(7 (0 ))! > 6 . This is a contradiction. □

As a consequence all orbits on the infinity manifold must tend toward one of 

the equilibria. Figure 3.6 shows the How on do. The stable manifolds at and

must emanate directly &om the sources, while the unstable manifolds at and

must fall directly into the sinks for all > 1. We now want to show that there are 

no saddle connections for the How. In order to do that it is suGhcient to prove that 

the remaining invariant manifolds do not match up. This is true for most values of 

p. Observe that the two branches of W (B ^ ) each emanate &om distinct sources. 

This follows immediately by the fact that the How is invariant under the symmetry

® An orbit 7(f) is said to  be recurrent if for any point x  € 7(f), for every neighborhood U  of x, 
and for any T  >  0 there exists t  >  T  such th a t 7(f) € U . Periodic orbits are a particular case 
of recurrent orbits.
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6 5̂(p,Ï;, 0,ü, a) =  (p,î;,- 0 , -n ,a )  (where 6̂ 5 =  5'o o 5'i). A similar result holds for 

the other saddle points.

It is now convenient to introduce diSerent variables on To. Indeed we observed 

that To is diSeomorphic to a torus. Consequently we can describe the Sow on the 

in fin ity  manifold using angle variables as was observed when we stated the Liouville- 

Amold theorem (see Section 2.2) and when we introduced angle variables (see 2.7). 

Introducing a new angle variable ^  deSned by

I ^  =  ^ C O S ^  

we can rewrite the Sow on the collision manifold as:

(3.29)

(3.30)

The equilibrium points in the new variables (0, ^) take the following form: =

(±7r/2,7r), =  (±7r/2,0), =  (0,7r), B ^ =  (0,0), B "  =  (7r,7r) and B+ =

(7T,0).

P ro p o sitio n  3.9. Tbr on open ond dense set 0/  real numbers p > 1, the unstable 

moni/olds ot B^ ond BJ" miss the stoble moni/olds at B ^ and B+.

Broo/ First consider kF"(B^) =  W"(BZ^). Then from (3.30) we get

where e =  p — 1 and A =  1 +  ecos^^. When e =  0, W (B + ) matches exactly 

with W"(BZ,r). Consider the branch of W"(BZ^) which contains the point (0,7r/2). 

From (3.31) it can be easily shown that this curve lies along the line

—2"0 — 9 = —7T (3.32)
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since, for e =  0, — 2^ is constant along the orbits.

When e increases above 0, this branch of the unstable manifold varies smoothly 

in 7o. Let ((0, e) denote the ^-coordinate of this curve, with (̂ (—7r, c) =  Below 

we prove :

Lem m a 3.10. ^ ((0 ,0 )  =  -7r/4 < 0.

Consequently ^(0, e) < 7r/2 for e small and positive. Furthermore ü(0, ( (̂0, e)) % 

\Z2/i""^/^ cos(7r/2 — E7r/4) > 0 for e small. Now Equations (3.30) are reversed by the 

transformation

( g , ^ )  ( - g , 7T -  ^ ) .

In particular the unstable manifold through is mapped onto the stable mani­

fold through Bj" by this map. Hence the stable manifold goes through some point 

(0, ^o) with '̂ 0 > 7r/2. At this point ü(0,^o) < 0. Thus, the unstable manifold 

™sses the stable manifold W "(B^) at least for e small and positive. Sim- 

ilar arguments show that all unstable manifolds of the saddle points miss the stable 

manifolds for e > 0 small. Moreover, these stable and unstable manifolds intersect 

only for a discrete set of e, since they vary analytically with e. This completes the 

proof with the exception of Lemma 3.10 O

froo / o/ Lemmo & f 0. Observe that ^ satishes the equation:

f(T/,(()?),e)d?7 (3.33)
J —TT

where E  is given by (3.31). For e small we can write

C — Co( )̂ +  Ki(^) +  O(e^). (3.34)

We also have that

(o(0) =  -( l/2 )g -l7 r /2  (3.35)
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Now to compute Cl(^) we can use the Taylor expansion of (3.33) with respect to e 

and we End

ClW =  ^^F(7,,(o(T7),0) +  (T7,Co(T7),0)(l(T,) dî). (3.36)

Standard computations show that

and that

(3.38)

We can now compute ^i(0):

-T ^
COS (fy) sin (?;) cos ((o(fy))

d rj
sin (Co (f?)) 

_  1 /  co8(7y)sin(^)cos(-^,y +  §)
2y_T sin (- |T y + § ) ^  ̂ )
1 c o s  { r j)  s i n  (77) 003( 577)1

sin(l77)
d r j

=  ? cos ( i  e )  sin ( i  « )  -  i  « -  (cos ( i  » ) )  sin ( i  9 )  i  ».

Thus when 6 =  0, we have

Ci(0) =  -7 T /4 = ^ C (0 ,0 ). (3.40)

this completes the proof of the Lemma. O

Using the fact that the Eow is gradient-like with respect to ü and Proposition 

3 .9 we have
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T heorem  3.1. fb r  an open an j jense aef o//i >  1 (Ae /Zow on (Ae in_^nify Tnanx/oZd 

To aoha^ea; oJZ a^abfe manÿofgk o/ aaddfe poinfa emanate /mm aonrcea, and atZ 

unataAZe manÿdZda o/ aaddZe pointa die in ainAa.

A similar statement is veri&ed for the how on the collision manifold of the 

anisotropic Kepler problem (see [21]). Comparing the properties of onr how on To 

with the how on the total collision manifold studied in [21] for the anisotropic Kepler 

problem it is immediate to prove

P ro p o sitio n  3.11. For an open denae aet o//i > 1 tAe/low on tAe coZZiaion mani/oZd 

7o o/ tAe oniaotropic Afanen probZem ia topoZoÿicoZZp egninaZent to tAe /Zow on tAe 

coZZiaion mani/oZd o/ tAe aniaotropic FepZer probZem.

Another interesting property of the flow on I q is that it is structurally stable. 

In order to prove this we need the famous Peixoto's Theorem for Two-Dimensional

Flows

T heorem  3.2. A C  oector ^eZd on a compact two-dZmenaionoZ manÿoZd ia

structurally stable if and only if:

('î  tAe number o/^ized pointa and cZoaed orbita ia ^nite and eacA ia ApperboZic; 

("iij tAere are no orbita connecting aaddZe pointa;

("iiij tAe nonwandering aet conaiata o/^zed pointa and periodic orbita aZone.

Moreover i/M ^ ia orientabZe, tAe aet o/ atmcturoZZg atabZe vector ̂ eZda ia open-denae 

in tAe aet o/ aZZ vector yZeZda on two-dimenaionaZ mani/oZda.

For a proof of the theorem see [61]. We are now ready to prove the following

T heorem  3.3. TAe /Zow on tAe in^initg manÿoZd To ia atructuroZZg atabZe /or an 

open and denae aet o /p  > 1.
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froo/. To prove the theorem we only need to show that the hypotheses of Theo­

rem 3.2 are verihed. Firstly observe that 7o is a compact two-manifold since it is 

diEeomorphic to a toms, (i) is verihed because by Proposition 3.7 there are eight hy­

perbolic equilibrium points, and by Corollary 3.8 there are no periodic orbits, (ii) is 

verihed because, by Theorem 3.1, there are no saddle connections for an open dense 

set of > 1. (iii) is verihed because from the qualitative description of the how, 

and in particular &om Corollary 3.8, it follows that the nonwandering set consists 

of hxed points alone. This concludes the proof. O

R em ark  3.1. The previous theorem also implies that the how on the collision

manifold of the anisotropic Kepler problem is structurally stable.

R em ark  3.2. For /r =  1 the how on fo is obviously not stmcturally stable because 

there are saddle connections.

Now let us consider the case h > 0. We make the same change of variables 

(2.22) used for the Manev problem. From (3.10) we obtain

' -(2 /3)R K
ÿ  =  +  2h -t-1̂ 3/2 A -
g =   ̂ ^

. 17 =  - [ / y  -I- [(/i -  l) /2 ] [R 3 /^ A -3 /^  2 6 R 3 A -2 ]  sin2@

where the dot denotes diherentiation with respect to s. From (3.11) the energy 

relation becomes

+  y2 _  2^3/2A -i/2 _  26R^A-^ == 2h (3.42)

Again R — 0 is an invariant manifold under the how given by (3.41), dehned by

ÏA = {(R, y,g, 17)|R = 0 and 17̂  +  y^ =  2h,@ 6 (3.43)
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The ûow on is given by

C ÿ  =  - y ^  +  2A
(3.44)

and it is immediate to see that this is exactly the how on the infinity manifold of 

the Manev problem. This shows that the perturbation does not change the infinity 

manifold for h > 0. The how on 7/, is sketched in Figure 2.3.

3.6 E quations of M otion  in A ction  A ngle V ariables

In Section 2.7 we introduced action angle variables for the Manev Problem. In 

Section 3.2 we showed that for weak anisotropies, i.e. c =  — 1 <K 1, the problem

under discussion in this Chapter can be considered as a perturbation of the Manev 

one. It is often convenient to write the equation of motion of the perturbed system in 

terms of action angle variables of the unperturbed one. In particular, in our case the 

variables introduced in equation (2.35) are very important because, in Chapter 5, 

they will enable us to hnd symmetric periodic orbits using the Poincaré continuation 

method. Recall that the Hamiltonian of the Manev problem is

Tfo = --------------- ,  ̂ (3.45)2 (-G  +  v W T T )2 ir% )2

and the action angle variable are dehned by the equations (2.34) and (2.35). Con­

sequently the perturbed equations of motion become of the form

^  ^  (3.46)
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where TV =  G , i s  expressed in the new variables and

G -\-L — — 26 
WG -  WK -  w/ -  _2(,)3 .̂ (G+Z;)2 -2b '
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Chapter 4

The Flow on N egative Energy 
Levels

4.1 Overview

This chapter is devoted to analyzing the How on the negative energy levels. As was 

shown in Section 3.5 the motion for h < 0 is bounded, and the dynamics on the 

negative energy levels is usually the most interesting. This is because on one hand 

one is mostly interested to know what are the dynamics of bodies the motion of which 

remains bounded. If one is considering celestial bodies one is usually interested 

in studying the motion of the planets and the asteroids, or if considering atomic 

systems one is interested in the bound states. On the other hand the dynamics on 

the negative energy levels are more complex and rich compared to the dynamics for 

h >  0.

In the next section we recall some results concerning the How near the collision 

manifold that was studied in detail in [18].

In the following section we analyze some properties of the heteroclinic orbits 

connecting the equilibria on the collision manifold.

In Section 4.4 we give a physical interpretation of the How near the collision 

manifold and we describe the collision orbits. In particular we introduce three
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diSerent kinds of collisions: the /ronW  collWons, the spinning cofKaiona and the 

oacSlatorg cofliaiona. We also depict, for each of the three classes mentioned above, 

an orbit obtained performing a numerical integration.

In Sections 4.5 and 4.6 we develop a perturbation technique that is an extension 

of the Poincare-Melnikov method. This method allows us to study how the positively 

and negatively asymptotic sets of the periodic orbit on the equator of the collision 

manifold intersect each other.

In the last Section we prove that the positively and negatively asymptotic sets 

of the periodic orbit intersect transversally in inhnitely many points, possibly giving 

rise to chaotic dynamics.

4.2 T he  Flow N ear T he Collision M anifold

In this section we want to complete the study of the how near the collision manifold 

introducing some local results. The how near the collision manifold was studied in 

detail in [18]. Let us recall some facts that summarize the behavior of the how near

the collision manifold.

P roposition  4.1. On the collwiom moni/old C the equilibria ond ore aoddles 

w/iereos the equilibria ore centers, fn phase space the equilibria Aj" and Ajr ,

have a .2-dimensional unstable analytic mani/bld whereas A ^ .^  haue a 1-dimensional 

unstable mani/iold. The equilibria A^ and A^, haue a 2-dimensional stable analytic 

mani/old, whereas A^ hone a 1-dimensional stable mani/old.

froo/. The proof follows immediately from Table 3.2. O

Denote by p^ the periodic orbit on C having u =  î;. Notice that for each 

T) E (\/2b/p , \/% ) U (— — \/2b/p) there are two periodic orbits whose angular 

coordinate ^ varies in diherent domains. Moreover for each T; E (—Y ^b/^, ^2b /p )
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there are two periodic orbits one "internal" to the collision manifold and one "ex­

ternal". However we will denote each of them by the same It is natural to ask 

what are the properties of the stable and unstable manifolds of such orbits. The 

following proposition was proved in [18].

P roposition  4.2. .Bach periodic orbit p on C with n =  T; >  0(h =  p < Oj has a 

2-diTnensionat local unstable analytic mani/old, while the periodic orbit with u =  0 

has both a 2-dimensional local unstable and a 2-dimensional local stable mani/old 

(see figure .^.1/

4.3 H eteroclin ic  O rb its

In this section we prove some global results that extend the understanding of the 

problem under discussion. SpecihcaUy we want to consider special orbits of the 

anisotropic Manev problem which begin and end in collision with the origin. The 

change of time scale has the effect of slowing such orbits down so that they tend 

asymptotically toward or away &om C. The orbits which begin and end at collision 

are called bi-collision orbits. For the Manev problem, all these orbits are well under- 

stood. For negative total energy there is a two parameter family of such orbits. They 

lie on the "cylinders" u =  const. Some of them connect the upper and lower circles 

of the collision manifold Co and others are in the intersection of the stable and 

unstable manifold of periodic orbits on Cg. When p > 1 many of these bi-collision 

orbits are destroyed. Some, however, persist for all p. In particular there are four 

primary bi-coHision orbits that persist and are given by the proposition below.

P ro p o sitio n  4.3. TAere ore /our bi-coilision orbits /or the onisotropic problem 

wAicA persist /or all p. BocA orbit leoues tAe origin and tmuels along tAe positive or 

n^atiue æ or y azis to tAe zero velocity curue and tAen returns to C.
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froo/. The original diSerential equation is invariant under the symmetry Hence 

the orbits passing through points of the form (z, p,Pz,Py) =  (z, 0,Pz, 0) are trapped 

in the (a:,p3;) plane; they project to orbits which travel along the æ-axis in conhg- 

uration space. Furthermore, for negative energy, Proposition 3.5 implies that such 

orbits are bounded by
I I (—1 — \ / l  — Ahb)
I'l ^  2h ■

Thus it follows that, for each negative energy level, there are exactly two bi-collision 

orbits trapped on the z-axis. Bach orbit leaves the origin of the coordinate system 

with infinite velocity and travels along either the positive or negative z —axis until 

reaching z  =  (—1 — — 4h6)/2h. At that point, the particle momentarily has zero

velocity, and then falls back toward the origin. We denote these bi-collision orbits 

by To, T?.

The differential equation is also invariant under S^. This implies the existence 

of two additional bi-collision orbits for each negative energy level trapped on the 

p—axis. We denote these orbits by T±7r/2- O

The change of time scale (2.8) has the effect of slowing down the primary bi­

collision orbits so that they approach C asymptotically in both time directions. 

Furthermore, from the change of coordinates (2.7) it is easy to see that each such 

orbit is asymptotic to an equihbrium point on C. We summarize this data as follows

P ro p o s itio n  4.4. W (g ) and W "(g) denote the gtaWe and unstaWe mangolds 

at tAe egmtffirinm point g. TAen

rM;T,/2 =  W "(A + 2)nW '(A ;/,)

TO c  W"(A+) n W (Ao )
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f  mo/. To conclude the proof it is enough to show that the equality holds in (i) 

and (ii) and not in (iii) and (iv). From Table 3.2, both W^"(A^y,) and M^^(A^^yg) 

are one-dimensional; this accounts for the equality in (i) and (ii). In contrast the 

dimensions of the remaining stable and unstable m anifolds: W " (A ^ ), W " (v l^ ) and 

W^"(yl^) I^ '(A +) are aU two. O

' ' i iwnU

'Af (2W-l/2|hD/|i

■4/2b/|i A: 

q_____

-^(2M/2|hD/n

2b+1/2|h|

Figure 4.1: The how can reach the collision manifold at the equilibria or at any of 
the periodic orbits. There are four heteroclinic orbits I'yo ,Tf/2 ,7? connecting 
respectively A^^yg with A^^yg, Aj" with Ag , Aĵ ŷ  with A^yg, and A+ with A^.

4.4 P hysical In te rp re ta tio n

In this section we give physical interpretations of the results mentioned in the two 

previous sections. Since the motion on the collision manifold is hctitious we wih
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consider only the orbits outside the collision manifold. In particular we are interested 

in analyzing the collision orbits. We can divide the orbits tending to (emerging from) 

the collision manifold into three classes:

(i) the orbits on the stable manifold (unstable manifold) of one of the equilibria

(ii) the orbits on the stable manifold (unstable manifold) of one of the periodic

orbits Pc for u E (--\/26//i, \/26/p)

(iii) the orbits on the stable manifold (unstable manifold) of one of the periodic 

orbits for u E (—\ / ^ ,  — \/26/p) or u E (-\/26/p, V%) (i.e. one of the

periodic orbits on the bumps).

In the case (i) the solutions tending to (emerging from) the equilibria represent 

collisions (ejections) which have limiting zero angular momentum. We call those 

solutions frontal collisions {ejections) or just frontal collisions for short. There are 

two kinds of hontal collisions the Aomotetic ones and the nonAomotetic ones.

The hrst ones coincide with the orbits 7±T/2,7o,T)r that we introduced in the 

previous sections. Therefore in the physical space the homotetic orbits are straight 

lines that he on the z  or p-axis.

The nonhomotetic orbits have a different behavior. For example, Figure 4.2 de­

picts a (doubly asymptotic) nonhomotetic collision orbit that was found numerically. 

Taking an appropriate initial condition on the p-axis the corresponding solution de­

parts from the p-axis and then collides at the origin coming from the negative part 

of the æ-axis. The orbit is tangent to the rc-axis at the collision point. Integrating 

backwards one hnds that the orbit colhdes coming from the positive part of the 

æ-axis.

Let us now describe case (ii). The orbits on the stable manifold (unstable 

manifold) (of those periodic orbits) are collision (ejection) orbits that spiral around
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- 0.6

Figure 4.2: A nonhomotetic collision orbit obtained numerically for /j =  3, 6 =  0.1

the origin infinitely many times. Their angular momentum does not vanish. They 

are called spiroKng cofWons and an example of a spiraling collision is represented 

in Figure 4.3.

Finally the orbits of case (iii) have an oscillatory behavior. This is because 

these orbits are on the stable (unstable) manifolds of the cycles on the "bumps" 

and therefore they oscillate about one of the coordinate axes (see Figure 4.4 ). 

Consequently they are called ogcillafory collisions. The angular momentum of these 

orbits also oscillates about zero since it is clear that the variable u changes sign. An 

example of an oscillatory orbit is depicted in Figure 4.4. This orbit was obtained 

numerically for p =  1000 and 6 =  0.1.

R em ark  4.1. The behavior described above is only local and therefore the collision 

(ejection) orbit can look remarkably complicated. However the numerical examples 

depicted in Figure 4.2-4.4 are relatively simple.

R em ark  4.2. Observe that as p increases the Lebesgue measure (computed on
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0.01

. 0.01

.0.03

.0.04

41.06
0.0541.1 41.05.0.2

X

Figure 4.3: A spiraling collision obtained numerically for // =  1.5, 6 =  0.1 and initial 
conditions æ =  -0.1621258, ;/ =  2.736857 x 10'^, =  3.003735, Py =  -2.080168

the three dimensional energy level) of the oscillatory collisions increases while the 

measure of the spiraling collisions decreases. Indeed the orbits on the bumps have 

u 6 (— —\/26/p) or u E (-\/26/p, v ^ )  while the other periodic orbits have 

u E \ /2 6 / / j ) .  Consequently as p  —> œ  the measure of the spiraling

collisions tends to zero.

4.5 A P e rtu rb a tiv e  A pproach

We will now write the anisotropic Manev problem as a perturbation of the classical 

Manev case. Consider weak anisotropies, i.e., choose the parameter p close to 1. 

Introducing the notation p — 1 =  e > 0 with e 1, we can expand the equation of
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0.8

0.6

0.4

0.2

0
-0.05 -0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04

Figure 4.4: An oscillatory collision obtained numerically for /r =  1000, b = 0.1 and 
initial conditions x  — 0, y — 1, Px = —1 , Py = 0

motion in powers of e to obtain

r  =  rv
v' — 2r^h + r — e(r/ 2  cos^ 6) 
O' = u
u' =  e /2 (r + 2b) sin 2 0 .

The energy relation becomes

(4.1)

— 2r — 26 +  e(r +  26) cos^ 0 =  2r^h. (4.2)

For 6 =  0, system (4.1) and equation (4.2) yield the Manev problem. We now recall 

some important facts from Section 2.3. The collision manifold is the set of solutions 

given by

r =  0, = 26. (4.3)

and the collision manifold is a cylinder in the three-dimensional space of coordinates 

(n, 0, u) that can be identihed with a torus. Furthermore the how on the collision
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manifold is formed almost exclusively by non-hyperbolic periodic orbits, except for 

the upper and lower circles of the torus given by r  =  0, u — 0, i; =  d :V ^, which 

consist of equilibrium points. Moreover for every periodic orbit on the collision

manifold with 0 < t; < \/%  there exists a manifold of orbits, lying on a cylinder, 

which emerge from On the other hand, for every orbit with —\/%  < w < 0, 

there exists a manifold of orbits, lying on a cylinder, which tend to

If f  =  0 both types of manifolds exist, so the two orbits have a homochnic 

manifold. Indeed, the equations that describe the manifold can be found explicitly: 

they have u =  ± \ / ^ .  From the energy relation we get

V = ± \^ 2 r ^ h  +  2r, (4.4)

and using the equation of motion we obtain

r' =  ±.r\/2r'^h +  2r. (4.5)

By integrating equation (4.5) it is easy to hnd that

      b! — -
2|h| +  (T -  To)̂  ' (2|h| +  (T -  To)̂ )̂

and

Furthermore

[I(T — To) =  =  w and i)(T — To, %) =  0(T — To) -  0o, (4.8)

where 8 (T —To) =  w (T —To). As To and % vary, equations (4.6-4.S) describe the entire 

2-dimensional homoclinic manifold. The capital letters are introduced to denote the 

homoclinic orbits. An orbit lying on the homoclinic manifold is represented in Figure 

4.5. Such an orbit is obtained by choosing % =  0; it emerges from the equator of the
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Figure 4.5: An homoclinic orbit to lying on the homoclinic manifold. This orbit 
spirals out of the equator of the collision manifold and then spirals back to it.

collision manifold, spiraling around it and moving upwards, then changes directions, 

goes downwards and upwards again, spiraling towards the periodic orbit fÿ". The 

homochnic manifold plays an important role in the fbllowmg section and is necessary 

for developing the generalization of the Melnikov technique.

4.6 A G eneralized M elnikov M ethod

Let X =  y(T), 8 (r) , [/(y)) be the homoclinic orbit selected when we choose

To =  0 and % =  0. Consider solutions of the form

r(T , To) =  A (T  -  To) +  f (T , To) 

w(T, To) =  y  (T -  To) +  Ü(T, To) _ 

g(T , TO, % ) =  e ( T  -  To) -  % +  ^(T, To) 

n(T , To) =  (7(T  -  To) +  Ü(T, To)

(4.9)

where, in the Grst line of the previous system of equations, f (T , To) is the diSerence 

between the solution of the anisotropic Manev problem r(T, To) and the homochnic 

solution of the unperturbed problem B (T  — To). The explanation for the other lines 

of the system above is similar. Let z =  (f,ü,Ô, ù), then the variational equation is

z' A(T)Z 4- b(z, X, T, TO, % , 6), (4.10)
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where

and

b(z,X,T,To,Oo,e)

/  \
62
63

\  64

/  y  A 0 0 \
l+ARA 0 0 0 

0 0 0 1
\  0 0 0 0 /

f ( T  -  T o ) n ( T  -  To)

- e  ( ^ ^ c o 8 2 ( 8 - 0 o  +  ê))
0

\  § ((A 4- f) +  26) sin2(e -  6o +  Ô) /

(4.11)

(4.12)

(4.13)

The general solution of the variational equation (4.10) is

z =  $ (r) /  $"^(a)b da,
Jto

(see [41]), where 0  is the fundamental matrix. If we let c =  0""^b, the previous 

equation becomes

^ ( r )  =  f  Cj(a) da, (4.14)
Jto

where Cj =  det f)j(t)/(det0)(t) and Dj is the matrix obtained replacing the j-th  

column of 0  with b  Furthermore the following formula for the trace holds:

det0(T) =  C e4^'-^W (4.15)

One solution of the homogeneous part of the variational equation is given by

%'(T -  To, % ) =  (JR'(T -  To), y ' ( T  -  To), 0 ' ( T  -  To), f / '(T  -  To)), (4.16)

where
=  - ( 2 j f e | + ( r - T o ) 2 ) 2

T / ' ____ 2____________I 4 (r-T o )^
2|/i|+(t- to)2 (2|/i|+(t- to)̂ )2 (4.17)

&' — ± V ^ - 
[/' =  0.

It is easy to check that two other independent solutions are (0,0,1,0) and (0,0, T, 1). 

Knowing three independent solutions of a linear system, it is possible to End a fourth
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independent solution This is achieved through the following lemma, which will 

be used to estimate how fast ^  diverges.

Lem m a 4.5. Let z' =  Az 6e the homogeneous jxirt o/ G*i%n the three

independent solutions oboue, a /ourth is de/ined

,T^ -  4TQT̂  +  (12|h| +  6T^)T^ +  (—12|h|To -  3To)T — 12|hp
=  - 4 -

(2|h| +  ( T -  To)^)^

<h =  (4.18)

^3 =  1
, V'4 0.

f  roo/. Observe that the Grst two and the second two equations of the homogeneous 

part of 4.10 are completely independent. Hence we can analyze the hrst two equa- 

tions independently from the others. They can be written as a system:

{
f  ' =  F f  +  An 
Û' =  (1 +  4Hh)f (4.19)

or as a second order linear differential equation

f" =  2 y f ' +  ( y  - y ^ +  H(1 +  4Hh))f (4.20)

where ü is
-  y f (4.21)

Obviously is a solution of the differential equation. To ffnd another solution 

we use the so called reduction o/ the order and we look for solutions to (4.20) of 

the form /(T)H'. We now substitute /(T)H' in (4.20). Upon collecting terms that 

involve derivatives of /  of the same order, we have

H ' r  +  ( 2 H ''- 2 y H ') f +  ((H " '-2yH '') +  ( - y '  +  y ^ - H ( l  +  4Hh))H ')/ =  0. (4.22)
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The coeÆcient of /  vanishes , since A' is a solution of equation (4.20). Therefore 

the diSerential equation for /  has the form

B '/"  +  (2A" -  2 y A ')/ ' +  (fC" -  2FE") =  0. (4.23)

Since this equation has no term involving /  itself it can be regarded as an equation 

of hrst order for the derivative Solving for and then integrating again one 

Gnds the general solution

/ ( r )  =  A + i———r(T^-47bT^ +  (12|A|+6To)T^ +  (-12|h |To-37o)T-12|hp) (4.24) 
[T -  To)

If we choose A =  0, B =  1 we obtain a solution of (4.20), independent from the one 

we already knew, that has the form

— 4tot^ +  {12\h\ +  6tq)t^ +  (-12|/i|tq -  Stq )r  — 1 2 |/ip 
(2|h| +  (r -  To)2)2

j  ' -  -*'0' -r -r t  ~ o i q ; i -  25)

Furthermore one sees immediately that

V, =  (4.26)

To complete the proof of the Lemma, since the second two differential equations are 

independent from the hrst two, we can set

^3 =  1 , ^4 =  0 (4.27)

□

R em ark  4.3. To End a fourth independent solution it would have been natural to 

use the technique of 'deduction to a smaller system" that can be found in the book 

of Hartman [41]. However the formulas given in [41] are only "local", i.e. they are, 

in general, applicable only to subintervals of the domain of deSnition of the system
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of diSerential equations and they vary from subinterval to subinterval. If we apply 

this "reduction" method to hnd a fourth independent solution of the homogeneous 

part of equation 4.10 we may obtain, after considerably long computations, solutions 

that are only dehned on subintervals of the real line. Consequently such solutions 

are not suitable for our purpouses. Indeed, in the following, we will need to use 

solutions dehned on the real line.

To obtain necessary and su&cient conditions such that the negatively and pos­

itively asymptotic sets intersect transversely, we hrst obtain conditions for the exis­

tence of solutions bounded on R for the non-homogeneous linear variational equation 

around %.

For this, let 5(R) = { b : R —> ^ R x R x S ^ x R  bounded, continuous} with ||b|| =  

^upTeR||b(T)|| for b  G B(R). Then we have the following version of the Fredholm 

alternative for solutions bounded on R (see [12, 13, 15] for a similar approach).

L em m a 4.6. Let z G R x Rx x R and assume that z =  0 in the expression o/ 

the /unction b. Then the uariational equation

z' =  A(r)z -I- b(z,X, T, To, e) (4.28)

has a bounded solution i/ and only i/

/  g -  A '(T  -  To) b 2 (x , T, To, % , e) dT =  0 . (4 .2 9 )
J  — 00

The solution is unigue and continuous and has the /orm z =  L(b) -t-w, where L is a

bounded linear operator, w  =  (0, 0, ^(To),u(oo)), when f(To)A'(To) -t- €(To)y(To)) =

0, and 64 satis^es the relation below,

/ +00
k (x , T, To, c) dT =  0. (4.30)

-00
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froo/. Using Lemma 4.5 it is easy to determine the behavior of as T — ±oo, 

precisely,
const.

T ^ ± c o  . (4.31)%  const.
^4 const.

Using (4.14) and (4.15), the general solution of the complete (non-homogeneous) 

equation (4.10) can be written in integral form as

=  -  y e -  V^bi) da

4- c" -  U'6i) ds

0 =  y '  -  V^(>i) da
J rn

-t- ^2 +  /  e -̂ 'o '̂""̂ W''''(B'62 -  y'bi) da
\  -/TO  ̂  ̂ (4.32)

9 =  ±V %  f A — / e ^ — i 2̂ bi) ds 

-M/,3 ^B  -K O T T A WA , _ y'(^)

- t - C -  r  k - y 'V '3  j= V ^ 2 ) b i  +  (B'lAs ±  V ^ i ) b 2
irn '•'To

Ù — D -j- j  64 da,
J TO

where, for notational convenience, we failed to mention the dependence on z, %, To, 

etc.

Consider now the linearization of the problem (4.32) around the solution z(T) =  

0; in particular this amounts to deleting the high-order terms in the expression of 

b  (i.e. 61 =  0, etc.). Taking also into account the different behavior of the different 

solutions given in Lemma 4.5, it is easy to see that to have bounded solutions we 

need to require that

^A -  ^  e" -̂ 0 To, go, c) da^ for i =  1, . . . ,4,  (4.33)
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remains bounded as T —̂ ± 00. More precisely z is bounded on [To, 00) if and only if

A =  /  e ds (4.34)
J TO

and bounded on (—0 0 , To] if and only if

A =  — /  e jg  (4.35)
J — 0 0

We also require

û (± o o )=  lim ü(T) =  D +  lim /  b4(x, s,To,% ,e)ds, (4.36)
T-> ± 0 0  T-)-±00 y

where, obviously, ü(oo) =  û(—00). The latter condition is not needed for the bound­

edness of the solution, but its role will be clear later when analyzing some properties 

of the negatively and positively asymptotic sets. It is easy to see that the above

conditions are simultaneously satisfied both at t  =  —00 and at r  =  4-00 if for some 

To the following Melnikov-type conditions:

/  e" -̂ 0 a, To, %, e) da =  0
%  (4.37)

/  h4(x,a,To,%,e) da =  0
J —00

are fulfilled. Thus we can rewrite the general solution (4.32) using (4.37) and, by 

neglecting to mention the dependence on %, a, etc., we obtain

T =  - A ' ^
'TOJ 0 0  \  J To )

Û =  — y '  /  .^0 da +  ^  4- /  e da
J 00 \  J To /

Ô — e" .^0 da 4- ^ 3  4- e .̂ 'o da^ (4.38)

4- C -  /  e" .^0 4: V ^^ i)b2
Jro

Ü =  û(oo) 4 - / 6 4  da.
J 00
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To obtain f(ro)j{'(To) +  n(To)y(To)) =  0 we must have

 ( ^ ( T o )  +  y^(To))
^ i( '

Moreover we also get

rTo

c
and

0(To) ±  V% /  e -̂ 0 da (4.40)
J  00

pro
D =  ü(oo) +  /  64 da. (4.41)

J  0 0

This uniquely dehnes B, C — 0(ro), and D — ü(oo) as continuous linear functionals 

on B(R). Prom (4.38) we observe that the corresponding solution is of the form 

z =  L(b) +  w, where L is a bounded linear operator. It follows that this operator 

is continuous and hence the solution z =  L(b) +  w is continuous on B(R). This 

completes the proof. O

To obtain necessary and su&cient conditions that the negatively and positively 

asymptotic sets intersect, let us hrst consider all the solutions of (4.10) which are 

bounded as t  —)• —0 0  and such that their angles remain close to the ones on the 

periodic orbit. The solution z is given by (4.32) satisfying (4.35) and (4.30) with neg­

ative sign. In particular the solutions of the variational equation that are bounded 

as T -4  ̂ —0 0  (i.e. which remain in a su&ciently small neighborhood of the periodic 

orbit as T — —0 0 ) and with perturbed angles that do not drift but remain near the 

angles on the periodic orbit, must be on the negatively asymptotic set. In the same 

way, we obtain the positively invariant set hrom the solutions that remain bounded 

as T — 0 0  and whose angles stay close to the one of the periodic orbit, which was 

in fact the reason why we required that condition (4.30) be satished.

Moreover it is important to remark that the solutions we found are not only 

bounded but also such that f —̂0, n - 4 0 a s T —̂ 00 and this is important since, on
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the collision manifold we have many periodic orbits and this condition is needed to 

show that the orbits are actually asymptotic to the equator.

With the preparations above, we can now prove the following result.

Theorem 4.1. ^.1^ Ana trananeraaf Aomocfimc aolutfona */and only i/ there

eziat Tg an j  o aucA (hot

where
1-4-00

f  0, (4.42)
60=05

Mi(To,%) =  /  e 4o ^  b2(z*,T,To,%,E) d r ,
J  ~ o o

/ - f o o

64(2*, T, To, 00, e) dT,

-00

(4.43)

and z* fa 0 aolution o /z  =  L ( b ( z , T , T o , % , e ) )  +  w. Moreover %/the perturbation ia 

periodic we get in/initetp manp interaectiona.

f  roo/. The stable and unstable manifolds intersect if and only if the solution (4.32) 

satishes the Melnikov-like conditions (4.29) and (4.30) of Lemma 4.6. This was 

already proved in the case when b did not implicitly depend on z But because of 

this implicit dependence we need to apply the implicit function theorem, which states 

that given z =  L(b(z, T, To, %, e))4-w with z — w =  L(0, T, To, %, 0) =  0, there exist a 

J and a unique solution z*(e. To, 0̂ ) (that has continuous derivatives up to order 2 in 

To, % , e) such that e < 6, |z| < ^ if the linearized operator z =  L(b(0, T, To, 00, ^)) 4-w  

is invertible. But Lemma 4.6 proved that such an operator is invertible. Moreover 

the homoclinic solutions are transversal if and only if the integrals (4.43) have simple 

zeroes, as functions of To and % (see [12, 13]). This concludes the proof. O

Unfortunately the Melnikov integrals of Theorem 4.1 are difficult to compute 

explicitly. To overcome this diSculty we need to rewrite these integrals to the
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Erst order approximation in e. Hence if we let z* =  and b  =  ed with d  =  

(di, da,((3,^4), the next result follows immediately.

Corollary 4.7. S'ÿafem Ana tmnaweraol /lomocZmtc aoWiona */ ond only */ 

t/iere eziat Tq end a Og ancA (Aot

M .W .®  =  M .W .9S) =  0 «né 

where

=T: f  0, (4.44)T0—<o
9o=0q

M l (To, ^0) =  f  e  -̂ 0 ^ ( T  -  To) &2(%(T -  To), e ( T  -  To) -  @o) dT,
J —00/ + 00

A 4(x(T -  To), 8 ( T  -  To) -  % ) dT.

-00 (4.45)

Moreoi;er ÿ  the perturbation ia periodic we pet in/initely mony interaectiona.

Corollary 4.7 generalizes the Melnikov integrals obtained in [44, 78] to nonhy- 

perbolic whiskered tori (periodic orbits) in non-Hamiltonian systems. We remark 

that the second integral in (4.45) converges only conditionally. This is not a new fea- 

ture of this non-Hamiltonian system since the same nuisance was present in [44, 78]. 

However some authors, more recently, found a way to write the Melnikov conditions 

for hyperbolic whiskered tori in Hamiltonian systems using only convergent integrals 

see [20, 75]. It would be interesting to generalize those results to nonhyperbolic tori 

in non-Hamiltonian systems and to apply the newly developed technique to the 

problem under discussion in this paper. But this is not a project we aim to develop 

here.
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4.7 T he M elnikov In teg rals

Now we would like to apply Corollary ?? to our problem. The Melnikov conditions 

take the form
"+00

Ml (To e 3 ."TO A ( r  -  T o ) A '( T  -  To)

X C08 (̂w(T -  To) -  %)
( 4 .4 6 )

dr — 0

and

M 2 (T o , Oo) =  -  /  ( A ( T  -  To) 4 - 2 6 )  s i n ( 2 ( w ( T  -  To) -  % ) )  d T  =  0 .
^ J  — 0 0

( 4 .4 7 )

Let Ô0 =  — WTQ. With this assumption we can rewrite the Erst Melnikov condition 

as

M l  =  c o s ^  Ô oT Î +  s in ^  00 ^1  -  s i a 2 0 o ^ i ,  ( 4 .4 8 )

where
I f  = e 2 -fro cos^ WT dr

e  ̂-̂ 0 siu^ WT dT ( 4 .4 9 )

+ ° °  c 2 /rn sin WT COS WT dr.

The second Melnikov condition can be expressed as

M2 =  cos 20of2 +  8m20o76: ( 4 .5 0 )

where

( 4 .5 1 )
r  7 ^  =  /  j ^ ( A  +  2 6 )  sin 2 w T  d T  

I  ^2  — & ( R  +  2 6 )  cos 2 w T  dr.

All the integrals above can be computed using the method of residues. Straightfor­

ward computations give

=  -7?a  _  rb ^  z l  ( T - T o ) c O s 2 w T

|/l| 7-00 (2|E| +  ( T -  T o )^ )2
dr =  (4,52)
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and

^  —1 /"*"°° (T  -  To) sinW T C O B C JT  7 T C 0 8 ( 2 w T o ) e " ^ V ^

= W L  1 ^ | T F - T . ) T  = -----------w ÿ # ------- “ ■ <'‘■̂ 3)

Particular care is needed when integrating 7̂  and 7g since they converge only con­

ditionally. To obtain computational convergence, we choose the limits in 7g such

that

/ N'!rf2u) /  1 \
2|h| +  (T -T o )V

7T sin(2 o;ro)e“ “̂V ^
"  '

The integral was also computed using the method of residues. Similarly, for Jf, we

have

/ Ntt/Tui /  1 \

-NW2W V 2|h| +  (T -T o )V

7T

iV7r/2üJ , , . - ,  ,

cos(2w To)e"^V ^

and thus

Ml = M 2 0 J =  sin(2(wTQ + Oo))----- ----- — w. (4.56)
v2 |h |

We therefore have only one independent condition; this is clearly a consequence of 

the energy relation.

We can hnd simple zeroes when sin(2(wTo +  @0)) =  0, i.e., for — (wTo +  %) =  

0Q =  ±t7r/2 for A =  0 ,1 ,2 ,. . . .

Hence, by Corollary ??, we have proved the existence of an infinité sequence 

of intersections on the Poincaré section of the negatively and positively asymptotic 

sets of the periodic orbit and the existence of homoclinic orbits leaving the equator 

of the collision manifold and going back to it. This situation is clearly reminis­

cent of the chaotic dynamics described by the Poincaré-BirkhoE-Smale theorem in
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terms of symbolic dynamics and the Smale horseshoe. Unfortunately this theorem 

cannot be directly applied, nor can the theorems proved in [6], since the Poincaré- 

BirkhoS-Smale theorem considers hyperbolic hxed points while the arguments in 

[6] apply to area-preserving diSeomorphisms. However the arguments contained in 

those theorems strongly suggest the occurrence of chaotic dynamics.

Moreover it is easy to veri^, and interesting to remark, that the orbits we found 

above are not 5'o-symmetric, where the symmetry is dehned by 5'o(r, u, 6, u, r) =  

(r, —t), —u, —T) (see [18]) and an orbit 'y(T) is said to be 5'o-symmetric if 5o (?(?")) =

'/(r). Indeed an orbit is 5^o-symmetric if and only if it has a point on the zero 

velocity curve, i.e., if there is a  f  such that v {t ) = u {t ) = 0 (see [64]). But this 

cannot happen in our problem b eca u se  the unperturbed solution verifies u = ± V ^ . 

Thus for e small enough the perturbed orbit can never have u = 0.

We can now summarize the above discussion as follows:

Theorem  4.2. Tef us consider tAe anisotropic Maneu proWem gioen tfie equation

of motion (3.10) with the energy relation (3.11). Then there is an infinite sequence of 

intersections in the Poincaré section of the negatively and positively asymptotic sets 

o/ tfie periodic orbits at tfie eguator o/ tbe collision moni^old (possibly giving rise to 

cbaotic dgnomicsj. fhrtbermore tbere ezist tbe bomoclinic non So-symmetric orbits 

to tbe periodic orbit described above.
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Chapter 5

Sym m etric Periodic Solutions 
Via the Continuation M ethod

5.1 Overview

In this chapter we study the existence of symmetric periodic solutions in the anisotropic 

Manev problem via the analytic continuation method. The idea of this technique 

is to use a known periodic solution and, by small changes of the parameters and of 

the initial conditions, continue analytically the known solution. This allows us to 

find periodic solutions of the anisotropic Manev problem for small perturbations, 

i.e. for weak anisotropies. Most of the material of this chapter can be found in 

[64]. In the next section we study the periodic orbits of the "second kind" (i.e. the 

non-circular ones). The proof of the existence of the periodic orbits is realized using 

the variables (2.35) that put the system in a simple form, particularly suitable to 

study periodic orbits. The idea of the proof is based on the work of various au­

thors that studied symmetric periodic orbits in Hamiltonian systems. In particular, 

while the main ideas of the continuation method are already contained in the work 

of Poincaré, especially enlightening is the work of Barrar (see [4]) and Milani (see 

[55]) that study symmetric periodic solutions of the restricted circular three body 

problem. Barrar observes that the problem of finding periodic solutions can be done
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more readily using particular variables. In his problem Barrar uses the Delaunay 

variables and suggests that the Poincare variables are equally suitable. Milani in 

[55] uses Poincaré variables. Similarly we use the variables (2.35) and we prove the 

existence of Si-symmetric non-circular orbits for i =  1,2,3. In Section 5.3.1 we study 

the periodic orbits of the "hrst kind", i.e. the circular ones. The proof in this case 

is more complicated eind we follow a diEerent approach. We use the continuation 

method described in the book of Siegel and Moser [66].

5.2 5̂ ;-Sym m etric P eriod ic  Solutions w ith  2 =  1,2

In this section we want to study the 5i-symmetric periodic solutions of the anisotropic 

Manev problem using the Poincaré continuation method. In order to do that we will 

use the canonical variables (2.35) that were obtained from the action angle variables. 

Such variables transform the system under discussion into a simple form that is es- 

pecially suitable for studying periodic orbits. The importance of choosing the right 

variables to study periodic orbits was already clear from the work of Barrar [4] 

that uses the Delaunay variables to prove the existence of periodic orbits of the 

second kind in the restricted circular three body problem. The next result proves 

the existence of orbits of the "second kind" (i.e. non circular ones).

Theorem  5.1. 'y(t) an 5̂ -̂symmetric periodic orbit o/ the Maneo problem

witb i =  1,2. Tet tbe period be T ond set e =  p — 1 with e 1. Tben tbere 

ezists o T-periodic solution o/tbe dnisotropic Afaneu problem 'yg(t) such that %(t) =  

?(t) +  0(e).

Proo/. Let's consider an ,S'i-symmetric orbit of period T =  2irm/& (m, A relatively 

prime integers). We remark that, since the equations of motion are autonomous, we 

need only study the symmetric orbits that have either the pericenter or the apocenter 

on the positive z-axis at t  =  0.
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If at f =  0, 6 =  0, the pericenter of this orbit is on the positive z-axis, it is 

crossing the T-axis perpendicularly, and we have

g(0) = 0  and 1(0) =  0. (5.1)

Since the periodic orbit is 5'i-8ynunetric, by Proposition 3.3, at the half period one 

has

gir/2) =  mir l ( r / 2 ) =  kir (5.2)

which follows hrom the solution of (3.46) for e =  0:

L  =  const. G  = const. , .
l =  wz,t 9 =  wet  ̂  ̂ ^

Now if, for e ^  0 we consider only S'l-symmetric solutions of (3.46), it follows from 

the implicit function theorem that if the functional determinant

at

t  =  r /2  e  =  0 ( 5 .5)

then (5.2) would be satished for c > 0 . To compute the determinant we can by

analyticity substitute (5.2) into (5.3) to find out at the time t  =  r /2  that

D = -----------  P-6)
( - G  +  y ( G  +  T )2 -26 )7 ((G  +  T)2 -  26)3/2 

Thus the existence of 5^i-symmetric periodic orbits of period r  obtained from the 

T-periodic 5i-symmetric solutions of the unperturbed problem, that at f =  0 have 

the pericenter on the positive æ-axis, is readily established.

On the other hand, if at t  =  0, e — 0, the apocenter is on the positive z-axis, 

and it is crossing the z-axis perpendicularly, we have

p(0) =  vr/A and 1(0) =  —7r/A (5.7)
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where A =  — WG)/wf,. By Proposition 3.3, at the half period we have

ÿ(r/2) — {m + 1 /A)7r /(r/2 ) =  (-1 /A  +  k)iT. (5.8)

Instead of computing the functional determinant directly, in this case, it is easier to 

consider the new variables given by the relations,

(5.9)

that deûne a family of canonical transformations parametrized by Ao(Z^,Go). For

each orbit choose a different transformation from the family (5.9), where Aq =  A is 

a fixed quantity defined by the value of the action variables along the periodic orbit 

under consideration.

The equations (5.8), expressed in the new variables, are of the same form as in 

(5.2). Thus the functional determinant, in the new variables, is exactly D, and the 

existence of the remaining 5^i-symmetric T-periodic orbits follows.

Now the proof for the 5'2-symmetric orbits can be done along the same lines. 

Consider an ^-symmetric periodic orbit of period r  — 2nm lk.  If at t =  0, e =  0 

the pericenter of the orbit is on the positive y-axis and it is crossing the {/-axis 

perpendicularly, we have

g(0) =  7r/2 and /(O) =  0 (5.10)

Since the periodic orbit is 52-symmetric one has, at the half period

^(r/2) =  m n + tt/2 /(r/2) =  k%. (5.11)

Now we consider only %-symmetric solutions of (3.46) for e ^  0 again it follows 

from the implicit function theorem that if the determinant Z) computed at t =  r /2  

for e =  0 is non-zero then (5.11) would be satisfied for e > 0. It is trivial to see
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&om (5.6) that D ^  0, and hence we found 5 '2-synmietric periodic orbits for the 

perturbed problem.

For the ^-symmetric orbits having the apocenter on the positive T-axis at t =  0 

the canonical transformation (5.9) can be used. Again we hnd the same expression 

for the functional determinant and hence, by the implicit function theorem, the 

existence of the remaining %-symmetric periodic orbits is proved. O

R enm rk  5.1. Note that the theorem above also proves the existence of noncircular 

5'3-symmetric orbits, since %  =  S'! o %.

R em ark  5.2. It is worth mentioning that the Theorem above and its proof can be 

easily extended to consider any ^'i-symmetric perturbation with i =  1,2 and a very 

general class of nondegenerate integrable Hamiltonians, however such a generaliza-

tion is trivial and not strictly related to the problem under consideration and hence 

it will not be discussed any further.

R em ark  5.3. We can also observe that far 6 =  0, i.e. for the Kepler problem, the 

determinant in (5.6) is zero. Thus in the case of the Anisotropic Kepler Problem, the 

continuation theorem proved above cannot be apphed, and the existence of symmet­

ric periodic orbits of the "second kind" (for weak anisotropies) remains unclear. On 

the other hand the continuation theorem that we prove in the next section (for the 

circular orbits) can be applied to the Anisotropic Kepler Problem [76] and hence at 

least the existence of symmetric periodic orbits of the hrst kind is a well established 

fact.
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5.3 T he C ircu lar O rb its

To retain the same notation as in [64] consider the following canonical transforma­

tion:

and with an abuse of notation denote the new coordinates with (z, ;/,pz,py). Then 

the new Hamiltonian is of the form

^  = v P T ; ?  “

which is the same Hamiltonian studied in [64]. Clearly studying the circular solu­

tions of the Hamilton equations with Hamiltonian (5.13) is equivalent to studying 

the original equations (3.3). Therefore we will study the circular orbits of the Hamil- 

tonian system with Hamiltonian (5.13). Take the parameter fj, close to 1 as in the 

previous section. Let $(f, (r, r),/^) be the how of the equations of motion. In this 

section we prove the following theorem:

T heorem  5.2. Let r°(f) 6e an ^-symmetric periodic orkif o/ the Manen protZem, 

i.e. a circular one. ^et e =  p — 1, and let T 6e the period o /r°(t). Then there erists 

a T-periodic solution $(t, (r(e), r(e)),e) o/ the Anisotropic Maneu problem such that 

0(t, (r(0),r(0)),0) =  (r°(t),r°(t)).

5.3.1 T h e  e q u a tio n  o f  m o tio n

Now using the same notation as in [76] let r°(t) be a circular solution of the Manev 

problem which corresponds to p =  1 in the zy-plane, w its angular speed and o its 

radius. For e =  p — l^ O w e  set,

r(t, e) =  r°(t) -|- e s(t, e). (6.14)
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Expamding in powers of - 1  snSciently small, after substituting the expression 

for r  given above, considering the notation r°(t) =  zo(t) +  and s =  u 4- we 

have that r(t, e) is a solution of the equation of motion dehned by (3.1) if, and only 

if, s(t, e) is a solution of the equations

“ =  +  +  » +  >)(*) +  0(e)

where
n(t) = a « l  +

C o n sid er  th e  o rth o n o rm a l fram e in  R^, ei(t) a n d  62 (t) d efin ed  by

irOI

(5.15)

Cl =  =  e =  COS ojt +  i s in  Wit, eg  =  ie i

for which we have

êi =  W62, 02 =  —wei. (5.16)

Setting

s =  z ie i +  3:262, s =  2/iei 4- 3/262 (5.17)

or equivalently,

u  =  r i  cos w t — 3:2 s in  w t, u =  3:1 s in  w t +  3:2 c o s  w f

Û =  3/1 cos w t — 3/2 s in  w t, û =  3/1 s in  w t +  3/2 c o s  w t

equations (5.15) can be written in an equivalent form as:

(5.18)

z =  Ao(t) +  Az 4- 0(e), (5.19)

where z =  (3:1, 3:2, 3/1, 3/2)^, and
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Ao —

/  0 \
0 

a(f)

V y V

0

—w

0

w 1 0 \

0 0 1

0 0 Ü0

— —  ÜJ 0 y
where

or equivalently,

a(t) cos wt — sinwt =  ?;(t)
a(t) sin wf +  ) cos wf =  ^ (f )

(5.20)
o(t) =  sin^ wt ( ^  +  g )

/9(f) =  -s in w f coswf ( ^  +  ^ )

The eigenvalues of A are 0, with multiplicity two, and — . One of the two

eigenvalues vanishes because the system is autonomous, and the second due to the 

presence of the Erst integral ff.

Now consider the real Jordan form J  of A. The matrix J  is de&ned by the 

relation J  =  T"^A T where T  is

T=
0

0

w(w^a'*+2 b)

0

w(3u^a^+2b)
a

I  4 a ( w ^ a ^ + f e ) + 2  ( tci^a^+26)^

0

uj‘̂ a'^+2 b 
a

0

0

and the columns of T  are the generalized eigenvectors of A. 

The vector Jo =  ? ^Aq and the matrix J  are:

â^+26)

*+26)

(ŵ a*+2 bY 

0

J o
/  Ji(f) \  

.72(f) 
;s(f)

\  j4(f) y

j =

^ 0 0 0 0

1 0 0 0

0 0 0
s/a
a?

1 0 0
\/E

0 )
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where the fact that (t) =  (2w o — ) is the only information about

Jo that we need to retain. Furthermore we remark that — a — 26 =  0 gives the 

relation between o and w and solving this equation gives only one positive solution 

(for 6 > 0).

Letting z =  T (, the equation of motion becomes

C — Jo{t) ■+ JC +  0 (e),

and its how is given by

(5.21)

V"((, (, c) = ?(() + 4- 0(e)

where by the variation of constants

ŷ(t) =  /  e"''^^Jo(s)ds
Vo

Therefore we have

(5.22)

(5.23)

/ 1 0 0 0 \

gjf =
t 1 0 0

0 0 COS s i n ^ t

\  0 0 -  sin cos /

7(t) =

and hom (5.23) we obtain
/  ?i(t) \  

72(<) 

73(()

\  74 (t) y
where we retain only the information that

3 2 w(w^o^ +  26) .
7i(t) =  (2w''o^ -   ̂ /  /3(a)ds.

Vo

(5.24)

(5.25)
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5.3 .2  T he p er io d ic ity  equation

Since the Hamiltonian ZT of the anisotropic Manev problem is Sg-symmetric, as we 

have shown, we can write the periodicity equation as in [76],

$  (r, r), c) =  - (r , f). (5.26)

Then it is easy to check that 0 (t, (r, r),e) is a periodic solution of the equation of 

motion with period T. To &nd periodic solutions we have to veri^  that (5.26) is

satished for a family of initial conditions. Equation (5.26) in (  coordinates is

-  (  =  0 (5.27)

where ^(t, (, e) is the how of (5.21). Let us denote by P ((,e ) the left hand side of

the periodicity equation (5.26), that is, let

7̂ ( ( , 6) =  ^  ( r / 2 , ( , € ) - (  =  7 ( T /2) +  =  0 . (5.28)

Using (5.22) we notice that the requirement

P ( C , 0) =  7 (T /2) +  - / ) ( *  =  0 , (5.29)

imposes the restrictions

7i(T/2) = 0 , (* =  -^'Y2(T/2), (2 =  arbitrary (5.30)

and
(3 =  2(i-(La') (-73(T/2)(cos a* -  1) +  ?4(T/2) sin a*)

-1 (5.31)
a  =  2(1-008c )  ('X sW ) 8™ a* +  7 4 (r/2)(cos o*  -  1))  

where a* =  ?r(l +  25/o)"^/^. It easy to see horn (5.20) and (5.25) that 'yi(T/2) =  0, 

therefore, we take

r  =  (C n C 2 ,c ;,( :f , (5.32)



5.3: The Circular Orbits_________________________________________________^

with (2 arbitrary, for the moment. Now using the how (5.22), we determine that the 

Jacobian matrix of "P with respect to the variables (  evaluated at the point ((*,0) 

is given by
/  0 0 0 0 \

0 0 cosa* - 1  sin a* '
\  0 0 — sin a* cos a* — 1 /

Consider the system of three equations formed by those in (5.28) correspond­

ing to the indices i—2,3,4 and hx the variable (2 =  Cz- Its Jacobian matrix has 

determinant T(1 — cos a*), that is always positive since 0 < %(! 4- 26/ 0)"^/^ < vr. 

Therefore the implicit function theorem guarantees the existence of analytic func­

tions C* =  Ci( )̂i * =  1,3,4 in a neighborhood of e =  0, satisfying the equations

where

and such that

P i(C ,€)=0, (* =  2,3,4) (5.34)

((e) =  ((1(6), (^ ,(3(6), (4(G)) (5.35)

0(0) =  C  (* =  1,2,3,4). (5.36)

It remains to show, in order to have periodicity, that also the remaining equation

P i  (((€ ), * /(e ) ,e )= 0 , (5.37)

is satished in a possibly smaller neighborhood of e =  0. That will be done employing

a hrst integral of the system under discussion, i.e. the Hamiltonian.

6 .3 .3  Integral o f  m otion

Since the Hamiltonian is a integral of motion of the problem under discussion we 

can apply the same analysis as in [76, 66]. In particular using the same notation as 

in [76] we can deûne

I^e(z,^) =  ^ ( r ,r ,e ) .
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where f T e ( z , t )  is a time-dependent, T-periodic &rst integral for system ( 5 .1 9 ) .  The 

above integral satishes the following relation

g ( ( z , t - l - T / 2 )  = g ( ( z , f )  ( 5 .3 8 )

for all t, since ÆT(—r, —r) =  jf ( r ,f ) ,  r(t) =  r''(t) -t- e s(t) and

r°(t 4 - T / 2 )  =  -r ° ( t)  , s(z, 1 4- T / 2 )  =  -s (z , t ) .

Performing a change of coordinates we can dehne % (((,() =  JTe(T(,t), hence 

( 5 .3 8 )  can be written as

% , ( ( , t 4 - T / 2 ) = - M , ( C , t ) .  ( 5 .3 9 )

Moreover since is an integral of motion it verifies that

% ( , ^ ( ( , 6 , t ) ) = f f , ( C , 0 ) .  ( 5 .4 0 )

Thus applying equations (5.39-5.40) it follows that

% « ( ^ ( T / 2 , C , e ) , 0 ) = % ( C , 0 )

and by means of the Mean Value Theorem we obtain

V ( ? ^ , ( ( , 0 ) . p ( C , e ) = 0 ,  ( 5 .4 1 )

where is the gradient of with respect to (, and (  is a point on the segment 

joining (  to %A(T/2,(,e).

Expanding Ÿ(€) =  ^(T/2, e) in powers of e suÆciently small it is easy to show 

(see [76]) that $(e) =  (* 4- 0(e) and consequently

(  =  +  (1  -  a ) ^ ( e )  =  ( *  4 - 0 ( e )

for some a E (0,1). Moreover if we also expand the Hamiltonian j?e(z, 0) in powers

of e we get

Ĥ g(z, 0) =  ffo 4- e(ffi 4- z) 4- O(e^)
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or, in ^ coordinates

0) =  %  +  +  % - ( )  +  0 (6 ^ ), (5.42)

where %o =  ifo =  and =  T^(o-2 +

25o"^ ,̂ 0,0, ow) =  (ow^(i, 0,0,0). Hence we obtain

^ ((, 0) =  %  +  0 (e). (5.43)

With these preparations equation (5.41) reduces to the equation in the unknown

[ow^ +  0 (e ) ]P i  =  0, (5.44)

since, for small e, we already found in Section 5.3.2 that "Pi =  0 for % =  2,3,4.

It is easy to see that for e =  0 the equation above has solution Vi =  0. Thus, 

by continuity, +  0(e)] is diSerent from zero for e suSciently small. Therefore

for such values of e this equation has a unique solution that is the trivial one.

Consequently the remaining equation

P i(C (e),e)=0,

is also satished in a possibly smaller neighborhood of e =  0. Hence all the equations 

of the periodicity system (5.28) are satished when (  =  ^(e), as long as e is su&ciently 

small. This completes the proof of Theorem 5.2.
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Chapter 6

Sym m etric Periodic Solutions 
V ia Variational Techniques

6.1 Overview

In this chapter we prove the existence of symmetric periodic solutions of the anisotropic 

Manev problem. To find the periodic orbits we use cartesian coordinates, the sym- 

metries S'!, % and that we defined in Section 3.3, and the variational principle 

according to which extremum values of the action integral yield periodic solutions 

of the equations (3.3). The techniques used in this chapter were recently applied to 

the three body problem to find a remarkable periodic solution: the so called figure 

eight orbit [9]. However these techniques are not completely new, indeed already 

Poincaré realized the importance of variational methods in connection with periodic 

orbits:

La théorie des solutions périodiques peut, dans certains cas, se rattacher 

au principe de moindre action.

In the next section we give some preliminary definitions and Lemmas. We introduce 

the definition of strong force (to which the variational methods apply) and we prove 

that the anisotropic Manev problem is strong. We recall some notation and defi-
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nitions and we prove that the spaces of symmetric T —periodic loops deûned below 

are Sobolev. Finally we classify the loops according to their winding number.

In Section 6.3 we show that Ending a minimizer of the action, among the sym­

metric closed loops of period T, is equivalent to End solutions of the Hamilton's 

equations. Moreover we End a way to exclude the possibiEty that the minimizers 

are obtained when the bodies are at inEnite distance from each other or when they 

are collision orbits.

In the following section we recall some properties of lower semicontinuous func- 

tions that will be needed to prove the main result of this chapter.

In the last section we state and prove the main result of this chapter: i.e. the 

existence of symmetric periodic orbits.

6.2 P relim inaries

The variational methods that we use here do not apply (directly) to every potential, 

for example they do not apply in the case of the Newtonian potential, as Poincaré 

was well aware [63]. Therefore we now wish to introduce a class of potentials for

which we know variational techniques apply directly and then to verify that the 

anisotropic Manev potential is in this class. We will use Gordon’s general definition 

of strong /orce [32]. Consider a general Hamiltonian system with Hamiltonian

g  =  l/2q^ -k If(^) (6.1)

where ^ =  (^i, - ,^w) denotes a general point of q =  (%, ...,qjv) denotes the 

canonical momenta and 17 is a real valued function of R ^. We assume 17 to be 

of class everywhere on R^ except at a closed nonempty set 5̂  at which [7 has 

infinitely deep wells (i.e. [7 —> —oo as $ -4̂  5'). We can now introduce the fbfiowing

D efinition 6.1. The Hamiltonian system with Hamiltonian 77 =  l/2q^ +  17(^) is 

said to satis^ the strong force condition if and only if there exist a neighborhood
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#  of 5  and a function J  on .ZV — S such that J(() —oo as ^ 5̂  and

-[/($ ) >  for all g in jV -  S.

We can now veri^ that the anisotropic Manev potential satisfies the strong 

force condition

L em m a 6.1. 7%e onwofnopic Maneu pro6Zem tAe strong /orce condition.

Proo/. In this particular case ^ =  q =  (a;,g) and =  p =  (pz,Py) and the set 5' 

consists of a single point, the origin. Set J(^) =  \/6/(2^/p) ln(pr^ +  g^); clearly 

J  —> —oo as q  —> 0. Furthermore

+^2)2 -  (/iz2+g2)'

Accordingly we can verify that — Z7(q) > |V J(q)p. Indeed we have that 

since the previous inequality is equivalent to

Vp$2 +  y2 > 0 (6.4)

for every æ, g 6 R — {0}. O

We can now introduce some notation and preliminary de&nitions. Let C°°([0, T], 

be the space of T-periodic cycles /  : [0, T] — 1^. De&ne the inner products

and let ||Hi,2, || ||gi be the corresponding norms. Then the completion of C°° ([0, T],

with respect to the norm || - 1|̂ 2 is denoted by and it is the space of square into-

grable functions. The completion with respect to || - ||gi is denoted by and is the
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Sobolev space of aU absolutely continuous T-periodic paths that have derivatives 

dehned almost everywhere (see [32]).

Let S^([0,T],R^) denote the subset of formed by the 5'i-symmetric paths, 

with * € {0,1,2,3,4,5,6}. It is easy to see that each 2 , is a subspace of in fact 

they are Sobolev spaces. Let us now prove the following result.

Lemma 6.2. Let 6e denned oa akme, tAen tAe awbapoces 2  ̂ o/ 5'i-symmetric 

patAs udtA I =  0,1,2,3,4,5,6 ore complete wdtA respect to tAe norm || - ||g i, and 

tAere/ore tAep ore 5'o6oleu apoces.

Proo/. To prove that 2 , is complete it is enough to show that every absolutely 

convergent series in 2^ converges. Let be an absolutely convergent series.

Accordingly, since is complete, we have that YlT=i llTfelliji =  ||i'||gi < oo and 

2 2 ^ 1 7k converges to an element of Thus for every c > 0 there exists an iV 

such that for every n > iV, 7k "  7 ||g i < e. Clearly we have that

^ 7 k - 7
k = l m «=1

E ^ k ( 7 k ) - g i ( 7 )
k —1

< €. (6 .6)

since it is easy to verify that \\g\\fji — | | 5 j ( 5 ) | | ^ i .  Let’s verify this statement ex- 

phcitly for the symmetry 5', with * =  0. The other cases are analogous. Consider 

g =  (gz,gy), then

r]" \  1/2/  cT \
l t % ( g ) l l n i  =  f ^  g z ( - t ) ^  +  p y ( - t ) ^ d t j

 ̂ (-g i( - t) )^  +  (-g ÿ (-t)) ' dt
1/2 (6.7)
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which with the substitution fy =  —t can be written as

ro \  1/2

1/2

rT \  1/2 (6 .8)

/  rT \  1/2
+  U  (-9z(l7))^ +  (-gy(T?))^df,j =  ll̂ y liîi

where the penultimate equality holds because g(t) is a periodic path of period T. 

Letting g =  ^ |L i7 «  — 7 one proves equation (6.6).

On the other hand if '/t G 2^ then S'i('yt) =  7k- Consequently =

<9* (7k)- Prom this last observation and from equation (6.6) it follows imme­

diately that 'y =  <9X7 ) and thus -y E 2i. This concludes the proof since every 

absolutely convergent series in 2 % converges to an element of Sj. □

We now need to present some definitions. Introducing the complex variable 

z =  z 4- ig we have

D efinition 6.2. The winding number of a contour 'y about a point zo, denoted 

n('y,zo) is

and gives the number of times -y passes (counterclockwise) around a point.

Counterclockwise winding is assigned a positive winding number, while clock­

wise winding is assigned a negative winding number.

D efinition 6.3. A path in 2^ is of class n =  0, ±1, ±2, d=3,. . . ,  if its winding 

number about the origin of the coordinate system is n.
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Figure 6.1: Four periodic orbits of the Manev Problem, (a) % -symmetric orbit of 
class 2,1 (b) 6'i-symmetric orbit of class (c) ^-symmetric orbit of class (d) 
^g-symmetric orbit of class 2s

For instance Figures 6.1(a), 6.1(b), 6.1(c) and 6.1(d) depict a path of class 2%, 

2s, 2_5 and 2s respectively. The paths represented in Figure 6.1 are symmetric 

periodic orbits of the isotropic Manev problem (p =  1) and were found numerically. 

Consider the sets Z i([0 ,T ],R ^ \{ 0 } ). Notice that they are open submanifolds of the 

spaces Ili([0,TI; ^ 4  that the family (2n)»ez provides a partition of those spaces 

into homotopy classes, also called components.
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6.3 T he  V ariational P rincip les

The Lagrangian T(q, q) =  T(q) +  (7(q) of the anisotropic Manev problem given by 

system (3.3) has the expression

=  +  =+ (6.10)

and the action integral along a path /  &om time 0 to time T, whose Euclidean 

coordinate representation is q =  q(t) =  (æ(t),ÿ(t)), takes the form
rT

^T(/) =  /  f:(q(t),q(t))df. 
Vo

According to Hamilton's principle, the extremals of the functional Ay are solu-

tions of the equations (3.3). Hence we want to obtain periodic solutions of (3.3) by 

finding extremals of the functional A. For this we will use a direct method of the 

calculus of variations, namely the lower-semicontinuity method (see [69]). In prepa- 

ration for a satisfactory theory of existence, the notion of an admissible function has 

to be relaxed since the extremals we obtain belong to a Sobolev space. Therefore 

the above method provides only "weak" solutions of our problem. To show that 

the paths are regular enough to be classical solutions, we need the following result, 

proved in [32].

Lem ma 6.3. TAe critical points o/ 2] R̂ \{o}) T-periodic solutiona o/

egnationa

In particular it is well known that if /  is a minimiser of the action Ay in the 

space Ff^([0, T], R^) and if /  has no collisions, then /  is a T-periodic solution to (3.3). 

Collisions have to be excluded because equations (3.3) break down at collisions and 

because the action is not diSerentiable at paths with collisions. In this chapter we 

are interested in restricting ourselves to the spaces Si of 5'i-symmetric paths for 

t =  1,2,3.
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Now it ia not obvions that a collisionless minimiser in 2^ is a periodic solution 

of system (3.3). However, according to the principle of "symmetric criticality" (see 

for example [10, 60]) this is actually true. Indeed, it can be proved that if /  is a 

collision-free path with dAt(/)(h) =  0 for every /  E then dA r(/)(h) =  0 for all 

/  E H^([0,T],R^) and thus /  is a critical point in the bigger loop space (see 

[10]).

The only obstacle left for applying the direct method is the "noncompactness" 

of the conhguration space. Indeed we want to exclude the possibility that the min­

imizers are obtained when the bodies are at inhnite distance hom each other or 

when they are collision paths. The hrst problem is solved by restricting ourselves to 

non-simple cycles, i.e., to cycles that are not homotopic to a point and thus are not 

in the homotopy class L q. The second problem is solved by the following result.

Lem m a 6.4. v4ny T o/non-simple Aomofopic cycles in Zi([0,T],R^\{0}) /or

i =  1,2,3 on which J{ f )  = ^\q{t)\‘̂ dt and E{ f )  — U{q{t))dt are bounded, is

bounded otuoy /rom tAe origin.

The proof of this result follows from [32] if we remark that the anisotropic Manev 

potential is "strong" according to Gordon's dehnition and that the Lagrangian is

positive.

6.4 Some P ro p e rtie s  of Lower Sem icontinuous F unctions

To apply the direct method of the calculus of variations we still need to recall some 

properties of lower semicontinuous (l.s.c) functions.

D eûnition  6.4. Let .F : % (—00, 00] be a real valued function on a topological

space %. Then F  is l.s.c. if and only if F "^ (—00, o] is closed for every o E R

From the previous dehnition the proposition below follows immediately
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P roposition  6.6. 5'uppoae .F : % —> R ia a reaf-voZuej /unction on on .Eouadof]^ 

apoce % onj

00,6] ia compact/or eoerp neat 6.

T6en F  ia Z.a.c., bounded beiotu, and attaina ita *n/imum uatue on %.

Proo/. Since % is HansdorE then compact sets are necessarily closed and thns F  is 

l.s.c by deûnition. Therefore F  is bounded below and it attains its inSmum on every 

compact subset of %. O

Another useful debnition is the one of weakly sequential lower semicontinuity:

D efinition 6.5. A functional Q : > [0, +oo] is weakly sequentially lower semi­

continuous in if the lower semicontinuity inequality

Q (z ) <  lim in fQ (T n ) (6.11)

holds for all æ E and {z»} weakly converging to z  in Zf^.

We will also need the following property of the norm:

Lemma 6.6. The norm || - ||gi ia weaWp aeguentiattp totuer aemicontinuoua^.

Proo/. If /n -> /  weakly in Zf  ̂ we have (g ,/n)gi -4' (g ,/)g i for every g E Zf .̂ 

In particular one can choose g =  / .  Consequently ||/ | |g i  =  limn_+oo(/n,/)gi =  

lhun_^oo |( /n ,/)g i |-  On the other hand |(/n ,/> g i| < ||/n |W i||/ ||g i by the Schwarz 

inequality. This implies ||/ | |^ i  =  lim in f |( /n ,/)g i| < liminf ||/n ||g i ||/ ||g i .  There­

fore, E ||/ | |g i  0 we conclude that ||/ ||g i < liminf ||/n ||g i. If | |/ | |g i  =  0 then the

inequality is trivially true, since liminf ||/n ||g i > 0 . O

 ̂ Clearly a much more general statem ent is true. Indeed the proof of the Lemma holds true for 
any H ilbert space.
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6.5 M ain  R esu lt: th e  E xistence of S ym m etric  P eriod ic  
O rb its

We can now prove the main result of this chapter

T heorem  6.1. fo r  any T > 0 and any n =  ±1 ,±2 , ± 3 , . . . ,  fAere w at feast one 

S'i-symmetHc ^ =  1,2,3^ periodic orbit o/ tAe anisotropic Manew probfem tAat Aas 

period T  and winding number n (̂ i.e., belongs to tAe Aomotopy class

froo/. Let % be a component of S^([0,T], R^\{0}) for i =  0,1,2,3, that consists of 

non-simple cycles. Endow X  with the weak topology it inherits from 

Then % is a subset of an Hilbert space and it is weakly compact if and only if it is 

weakly closed and bounded.

We wish to apply Proposition 6.5 with f  =  Ay and thus we have to show that 

% n  oo, b] is a bounded and weak-closed subset of E*([0, T],R^).

Since J  =  Ay — E  and 17 > 0, we have f  > 0 and therefore

J  < h  on 0 0 , b] =  6],
(6 .12)

E  =  At  — J  < b  on At  [̂0, b].

Since J  < b the elements of % are bounded in arc length, and from Lemma 6.4 it 

follows that the elements of X  are bounded away from the origin. Moreover the 

elements of % are non-simple and thus bounded in the (7  ̂ norm and hence in the 

norm. This last fact combined with J  < b shows that % is bounded in the || ||gi 

norm. Thus also X D oo, b] is bounded in the norm.

Now suppose that {/n} =  {(/» ,/»)} is a sequence in % n  b] that con­

verges weakly to a cycle /  E Ei([0,T],R^) for i =  0,1,2. From general principles, 

is bounded and -> ll/llz,: because weak E,-convergence imphes C°-

convergence. Since J(/n ) =  l/2 ||/n ||^ i — it means that J(/» ) is bounded

and since f  < bon b] it follows that { f  (A)} is bounded. Moreover, Lemma
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6.4 guarantees that the functions are bounded away from the origin so that /  is 

homotopic to the in R^\{0}. Therefore /  E %.

To complete the proof we have to show that /  E y4T"^[0, &]. We know that 

E(/n) Æ7(/) since weak convergence in imphes C^-convergence. For each n let

1 1
S n ( t )  — /  y  :..7-;.o7TVxo'

V Æ W h J M ?  +  W (t)P

and denote

di^) — / / ^ 1  /Axb".:...../

Each Qn is of class since A rifn )  < oo. This implies that the set of all t for which 

fn{t) = 0 has zero measure, otherwise the integral of gn{t) would be unbounded. So 

9n(f) - t  g(t) almost everywhere. Also gn(t) dt < A r(/n) < 5. By Fatou's lemma

it follows that g is and that

fT fT fT

fo

(see [69]), thus

fT fT fT
/ g(t) dt =  /  liminfgrn(^) dt < liminf / gn(t) dt.

Vo Vo Vo

ItVllI: =  ll/llgi -  ll/IlL < liminf llVnll^i -  ||/ ||^ i =  liminf H/nlI^z, 

where the last equaUty holds since {/»} converges strongly to /  in Consequently

-^r(V) =  gllVltIz +  /  g(*) dt
(6.13)

< lim inf-||V n ||^2 +  liminf y  g»(t) dt < liminf A r (A) < b- 

Relation (6.13) now imphes that /  E A r"^[0,6]. This completes the proof. O

Recall now that two intersections of every -symmetric (%-symmetric) orbit 

with the æ-axis (g-axis) must be orthogonal. To distinguish them &om accidental
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Figure 6.2: Two symmetric periodic orbits of the anisotropic Manev Problem with 
p =  1.5, 6 =  0.1. (a) An Sg-symmetric periodic orbit of class A_i. (b) An %- 
symmetric periodic orbit of class

o rth o g o n a l in te rse c tio n s , which do n o t fo llow  b ec a u se  o f  the sy m m etry , w e w ill ca ll 

them essential orthogonal intersections. From the proof of Theorem 6.1 and obvious

in d e x  th e o r y  c o n sid er a tio n s , th e  fo llow in g  resu lt  fo llow s (see  a lso  F ig u re  6 .1  ).

C orollary  6.7. ^  the essentiol orthogonal intersections with the r-a iis  (g-aa:isj o/ 

an Si-symmetric (S2 -symmetric) periodic orbit lie on the same side of the axis with 

respect to the origin 0/  the coordinate system, then the orhit hos an enen winding 

nnm kr. ^  the essential orthogonal intersections are on opposite sides with respect 

to the origin, then the periodic orbit has an odd winding number.

Theorem 6.1 allows us to hnd one 5i-symmetric periodic orbit, with i =  1,2,3, 

for every T > 0 and n E Z — {0}. This result generalizes Theorem 5.1 and Theorem 

5.2 of the previous chapter, where symmetric periodic orbits were found only for 

small perturbations of the Manev problem.

The results of Theorem 6.1 can be verihed integrating numerically the equa­

tions of motion and looking for symmetric periodic orbits. A numerical integration
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Figure 6.3: Four symmetric periodic orbits of the anisotropic Manev Problem with 
p =  1.5, 6 =  0.1. (a) An 5'i-symmetric periodic orbit of class 1,6- (b) An 
symmetric periodic orbit of class 1,6. (c) An ^-symmetric periodic orbit of class 
I 7. (d) An 5'i-symmetric periodic orbit of class l,g.

was performed choosing 6 =  0.1 and /j =  1.5. Some of the periodic orbits found 

numerically are depicted in Figure 6.2 and Figure 6.3.

It is interesting to note that considering the anisotropy parameter as a pertur­

bation and the anisotropic Manev problem as a perturbation of the isotropic case, 

the 5i-symmetric (i =  0, 1, 2) periodic orbits of the isotropic problem are deformed 

but not destroyed by introducing the anisotropy, no matter how large its size. This
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shows that the S'i symmetries (i =  1,2,3) play an important role in understanding 

the system since some important properties of the system remain for any value of 

the anisotropy.

R em ark  6.1. It would be interesting to investigate the existence of non-symmetric 

orbits. However this is a very diScult task because, in all the techniques we applied, 

the symmetry plays a very important role. More accessible would be a numerical 

analysis of the non-symmetric orbits. Nevertheless a numerical analysis would not 

provide a proof of the existence of non-symmetric orbits and thus it would not be a 

completely satisfactory approach.



Chapter 7

Some Remarks On the  
Anisotropic Kepler Problem

7.1 O verview

In the previous chapters we analyzed the anisotropic Manev problem with 6 > 0 

an d  m o st o f  th e  r e su lts  w e p roved  are tru e  o n ly  in  th a t  case . In  th is  ch ap ter  w e  

consider the anisotropic Kepler problem, which can be considered a particular case 

of the Manev case (with 6 =  0).

A s w e h ave a lr ea d y  m en tio n ed  th e  A n iso tr o p ic  K ep ler  P r o b le m  (A K P ) w as in- 

troduced by GutzwUler and was presented as a classical mechanical system which 

approximates a quantum mechanical system describing the bound states of an elec­

tron near a donor impurity of a semiconductor (for more details on the physics of 

the problem see [34, 35, 36, 37, 38, 40]). Various authors studied many qualitative 

features of the Anisotropic Kepler Problem analyzing features that are of interest 

in the theory of differential equations. Many results and a detailed account of the 

qualitative properties of the Anisotropic Kepler Problem can be found in the work 

of GutzwiHer [38, 39, 40], in the papers of Devaney [21, 22] and in the work of 

Casasayas and Llibre [8].

In this chapter we want to consider a different approach to the AKP, i.e. we
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want to study the problem as a geodesic dow on a manifold. In particular we wish 

to study the integrability of the system. We wiU prove the non-existence of linear 

integrals in the Anisotropic Kepler Problem.

Let M  be a manifold and let TM  and be the tangent and cotangent 

bundles of M, respectively. Moreover let be a Riemannian metric on M. The 

corresponding dow on TM  is given by the Lagrangian /I =  (l/2)gij(r)a;'i^. The 

resulting Hamiltonian system on has Hamiltonian =  (l/2)g'^ (a;)p^pj.

Such systems are very important examples of Hamiltonian systems, since many 

problems in mechanics reduce to the study of geodesic dows on Riemann and Finsler 

m etrics  [48] . For ex a m p le , w ith  a su ita b le  transformation, the K ep ler  p ro b lem  can 

b e  d esc r ib ed  as th e  g eo d es ic  flow  o n  a  sphere [57, 59].

W e reca ll th a t  a n  H a m ilto n ia n  sy s te m  w ith  n  d egrees o f  freed om  is integrable 

if there exist n drst integrals f i , . . . ,  7» with the property that {7^,7)} — 0 for all i 

and y, and such that they are functionally independent. In particular the dednition 

above can be used when the Hamiltonian describes the geodesic dow on a manifold.

I f  M  is an a n a ly tic  m an ifo ld  an d  the m e tr ic  g i j  is  a n a ly tic  th e n  th e  flow  is 

said to be anolÿficaR;/ integroMe if the indicated integrals 7i, - - ,7^ exist and can 

be chosen to be analytic.

In [48, 47] it was proved that the geodesic dow of any analytic metric on an anar 

lytic compact two-dimensional manifold of genus g > 1 is not analytically integrable 

and in [71] the discussion was generalized to n -dimensional manifolds. However it 

is clear that the obstructions to integrabihty are not only of topological origin. This 

is because diderent Riemannian metrics can be associated with the same manifold, 

even if the topology (of the manifold) imposes restrictions to the possible metrics. 

Indeed Donnay [26] and Bums and Gerber [5] have constmcted real analytic metrics 

on the sphere whose geodesic dows are Bernoulli. Knieper and Weiss [45] constmcted 

real analytic metrics with positive curvature and positive topological entropy. Thus,
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even if the sphere has genus g =  0 they found that there are metrics on the sphere 

such that the geodesic how is not analytically integrable. Hence to rehne the criterion 

of Kozlov (and Taimanov) it is necessary to End a geometrical approach that takes 

into account the peculiar metric dehned on the manifold. Moreover the topological 

considerations of Kozlov and Taimanov can be applied only to compact manifolds 

and it would be useful to End a technique applicable in the non-compact case. The 

main purpose of this chapter is to consider such a geometrical approach that both 

takes into account the peculiar metric and can be applied to non-compact manifolds 

and apply it to the anisotropic Kepler problem.

The approach we consider relies on the simple idea that if you have an inte­

grable system and you add a perturbation that destroys the initial symmetry then, 

u n less  a  new sy m m e tr y  a p p ea rs, y o u  o b ta in  a  n o n -in teg ra b le  sy s te m . E x a m p le s  o f  

this situation are d iscu sse d  in [25] a n d  [65], where su ita b le  g en e r a liz a tio n s  o f  the 

P o ic a ré-M eln ik ov  m e th o d  (see  for e x a m p le  [14, 15] an d  referen ces th e re in )  are ap- 

plied to the perturbed systems. In [25] the anisotropic Manev problem is discussed 

for weak anisotropies, and resorting to the Melnikov method the occurrence of chaos 

on  th e  zero  en ergy  m a n ifo ld  is proven . In  [25] th e  b rok en  sy m m e tr y  is th e  r o ta t io n a l  

in varian ce . S im ila r ly  in  [65], w h ere w e d iscu ssed  b lack  h o les  im m ersed  in  u n iform  

electric and magnetic Eelds, the broken symmetry was the rotational invariance.

To formalize this intuitive idea, in the next section some results of Riemannian 

geometry are recaUed, in particular the isometries, the inEnitesimal isometrics and 

some of their properties are discussed. Then we observe that the equations of Killing 

can be used to End the symmetries that preserve the equation of motion and hence 

if those equations have only the zero solution no Erst integral can be found other 

than the HamEtonian.

In Section 7.3 we introduce the anisotropic Kepler problem and we show that 

with a suitable canonical transformation it can be reduced to the geodesic Eow on
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a Riemannian surface with non-constant curvature.

The last section of this chapter is devoted to showing that the equations of 

Killing do not have any non-trivial solutions for the AKP and hence that, by the 

results of Section 7.2, the Anisotropic Kepler Problem has no linear integrals.

7.2 Isom etries an d  Infin itesim al Isom etries: T he K illing 's 
F ield

We will now recall some results and known facts from Riemannian geometry that we 

need in order to prove the main result of the chapter; for a more detailed discussion 

see, for example, [27, 46, 29] .

Let M  be an n-dimensional manifold with a Riemannian metric gij. An isometry 

o f  M  is  a  transformation o f  M  which leaves the m etr ic  in varian t. M ore p rec ise ly , 

given the coordinates Z i,. . .  ,Zn on M, a transformation Zi =  . . . , z») is an

iso m etr y  (or m o tio n  o f  the m etric ) if

gij(æ i,. . . ,Tn) =  g ij(zi(3),. . . ,%n(z)). (7.1)

It is dear that such motions form a group, which is often called the group of motion. 

Moreover a vector held ^  is called an inhnitesimal isometry (or a Killing vector 

held) if the local 1-parameter group of local transformations generated by ^  in a 

neighborhood of each point of M  consists of local isometries. The set of inhnitesimal 

isometries of M, denoted by i(M), forms a Lie algebra. Now a transformation is an 

inhnitesimal motion of M  into itself, i.e. a transformation that preserves the metric, 

if the Lie derivative vanishes, that is, if the equations of Killing

-  0 (7 2)

are satished [29]. In order that there may he a non-nuH motion we must have the
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additional condition

(7.3)

The Erst fact to veri^ is that the inEnitesimal isometries are all the (linear) trans­

formations that preserve the variational problem  ̂ deEned by the Lagrangian Z =  

( l / 2 ) g i j s o  that we can reduce the study of the symmetries preserving the 

equation of motion to the study of the isometries. This problem is solved by the 

following

L em m a 7.1. vin transformation linear in the «velocities is an isometry

for M  with the metric gij if and only if it preserves the variational problem defined 

6y the Lagrangian L =  (l/2)gijzW  on T M .

f  roof. Let us remark that a transformation is an inEnitesimal isometry if and only 

if the Lie derivative of the metric is zero, i.e. if the Killing's equations (7.2) are 

satisEed. On the other hand a transformation preserves the variational problem 

deEned by the Lagrangian (7.13) when the Lie derivative with respect to the Eeld 

^  is zero,

which after a few manipulations takes the form

ck n e k

 ̂ + S j» }  = “■ (7.5)

It is trivial to see that (7.2) imphes (7.5). The converse is also true since z ' is 

arbitrary and the tensor in the braces is symmetric. This concludes the proof. O

 ̂ Such transform ations are called variational sym m etries  (see [58]). Observe th a t, in general, a 
variational sym m etry is a  sym m etry of the Euler-Lagrange equations, however it is not true  
th a t every sym m etry of the Euler-Lagrange equations is a variational symmetry. For example 
consider the Lagrangian £  =  (l/2)m æ^ ~  gx. The Euler-Lagrange equation is x  =  —g. Clearly 
the translation  z - t  z  4- n is a  sym m etry of such equations. However translations are not a 
variational symmetry, since Lç(£) — —g where (  =  d {x  +  a ) /d a  =  1
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It is now easy to prove the following

Theorem 7.1. M be on onalytic n-mam/oM twtA Aiemannmn metric gjj ond 

vC =  (l/2)g;,æ'z^ be tAe Tngranginn denned on TAf. 1/ tAe Killing's equations /or 

M  Ao«e Tn independent solutions, wAere m < n tAen tAe geodesic /lote Ans m linear 

integrals.

froo/. The proof follows immediately hom  a fundamental property of the Killing 

vectors. Indeed the inner product of a Killing vector with a tangent vector to the 

geodesic of the manifold M  is constant along the geodesics. Therefore contracting

a Killing vector with a tangent vector one obtains a first integral (linear in the 

velocity) of the geodesic equation (see [29]). □

Using the celebrated Noether theorem (see [58] for details) we easily obtain the

following

P roposition  7.2. /f  (Ac only solution o/ tAe Killing's eguotion is ^  =  0, tAe corre-

sponding geodesic flow does not have any linear integrals.

Proof. The Noether theorem says that there is a one-to-one correspondence between 

equivalence classes of non-trivial conservation laws of the Euler-Lagrange equations 

and equivalence classes of variational symmetries^. Therefore if there are no non­

trivial solutions of the Killing's equations it follows that there are no linear integrals.

□

We now want to consider some more properties of the infinitesimal isometries. 

A classical result [46, 29] is the following

 ̂ Note th a t two variational symm etries are equivalent provided th a t they differ by a trivial 
symmetry, meaning one whose characteristic vanishes on all solutions of the Euler-Lagrange 
equations. Moreover two conservation laws are equivalent if they differ by a  trivial conservation 
law.
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P roposition  7.3. TAe Tie aigebro 0/  in^nifegimof iaometriea i(M ) 0/  0 connected 

Aiemannian mani/ofd M ia 0/  dimenaion at moat tn (n  +  1), tuAere n =  dimM. jy 

dim i(M) =  ^n(n +  1), tAen M  ia a apace 0/  conatant curratnne.

This Proposition gives the maximum number of inhnitesimal isometries and 

hence also the maximum number of hrst integrals for a geodesic how on a manifold 

of dimension n. In particular in the two dimensional case we have

Corollary 7.4. jy M ia a two-dimenaionaZ connected Aiemannian mangold oy non- 

conatant cnruatnre tAen tAe Tie aZgeAra o/ in^niteaimaZ iaometriea i(Af) ia o/ dimen-

sion at most 1.

One example that illustrates the results above is the Kepler problem on the 

plane. Such problem can be described as the geodesic how on a sphere 5^, hence 

the isometries form a Lie algebra isomorphic to 5^0(3), and there are three hrst 

integrals other than the Hamiltonian (one component of the angular momentum 

and two components of the Runge-Lenz vector). On the other hand, if we consider, 

for instance, an homogeneous potential, other than the harmonic oscillator and the 

Kepler one, we can describe the motion only as a geodesic how on a surface that has 

an 5^0(2) symmetry.

7.3 T he A niso trop ic  P rob lem s as G eodesic Flow on a 
Surface

The Hamiltonian function for the Anisotropic Kepler Problem on the plane can be 

written as

^K (q, P) =  Y  -  +  ^^2)1/2

where p > 1 is a constant and q =  (z, p) is the position of one body with respect to 

the other, considered hxed at the origin of the coordinate system, and p  =  (pz,p^)
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is the momentum of the moving particle. The constant measures the strength of the 

anisotropy and for p =  1 we recover the classical Kepler Problem.

With some canonical transformations^ we want to write the problem as the 

geodesic how on a surface. To accomplish this task we need the following Lemma

Lem m a 7.5. Let (q(t),p(t)) a solution o/ the Æ^amiltonian system with Hamilto­

nian H(q, p) which lies on the leoel suf/oce H  =  0. Let us chonge the time variable 

t  to T along this tnÿectory according to the /ormula d r/d t =  1/G (q(t),p(t)) ^

0. Then (q(T),p(T)) =  (q(t(r)),p(t(T))) is a solution o/ the Homiltonian system

(with respect to the same symplectic structure) with Hamiltonian H  =  HG. If 

G = 2{H +  a) with a  =  const, one can also put H  = {H + a)^.

The statement above can be found in [3] and the proof is based on the idea 

of extended phase space (see [27]). If we perform the change of time d r/d t =

{x"̂  +  on the submanifold H k — h, according to Lemma 7.5, we obtain the

new Hamiltonian

-I- - h )  =  (i^ +  py^)^/^ (7-7)

Then again change the time r  to s by d s/d r =  2((z^ -f py^)^/^(Hx — h) -I- a) on 

the same level surface =  h. By the second part of Lemma 7.5 we obtain the 

Hamiltonian system with Hamiltonian

= (7.8)

Finally, applying Legendre's transformation, regarding p  as coordinates and q  as 

the canonically conjugate momenta, we can write

 ̂ In  th is context canonical transformations are transform ations th a t preserve the canonical form 
of the  Hamilton-Jacobi equations. However according to  a different definition the canonical 
transform ations are those transform ations th a t preserve the  differential 2-form 'Yfi=i dp» Adg,. 
The first definition is more general. For more details see [72]
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Pi =  ^  =  #(P" -  2).)" 

p ; = ^ = f ( p " - 2 ' > ) "
where the prime indicates the derivative with respect to s. Consequently

^ -  (p -̂2A):'
_ %  

w -  XP^-2k)2

where

(7.9)

(7.10)

Moreover since we have that

=pLa;(p,p^) +Pyp(p,Py) -  % (r(p,p[c),p(p,Py),P i,Py) (7.H)

we obtain a natural Lagrangian system with Lagrangian

^  (p2 -  2h)2

and if we let Pr =  u,Py =  n and z* =  (u, n) we obtain

=  -g ij iW  (7.13)

(u2 + 1,2 _  2h)2 (  0 1/p )  '

The Lagrangian above dehnes a Riemann metric of Gaussian curvature given by

A- =  -(1  -  p)(u^ -  n^) -  2h(l +  p) (7.15)

that for p =  1 describes a metric of constant Gaussian curvature (positive for h < 0 

and negative for h > 0) [57, 59, 2]. It is interesting to remark that, by Corollary 

7.4, for p ^  1 we have at most one inhnitesimal isometry (and hence also at most 

one hrst integral), since the curvature is not constant.
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7.4 N onexistence of In teg rals L inear in th e  M om en tum

In the previous section we reduced the Anisotropic Kepler Problem to a geodesic 

how on a two-dimensional surface, and hence we can apply the results obtained in 

Section 7.2. This section is devoted to proving the non-existence of linear integrals 

in the AKP. Thus we are well on our way to proving the following

T heorem  7.2. Anwofmptc Kepler Problem does not Anoe any linear /irsl in­

tegral.

Proo/ The only fact that remains to be proved is that the Killing's equations does 

not have any non-nub solution. The equations of Killing for the metric (7.14) can 

be written as . . .

+  =  0 P-16)

Subtracting the third equation from the second we get

du dv ’

and combining (7.17) with the hrst equation in system (7.16) we obtain

(7.17)

^2^2 ig2^2

Now multiplying the second equation in system (7.16) by (n^ — 2A) (assume

A < 0), diherentiating with respect to u and using equation (7.17) and the hrst 

relation in (7.16) we get the following second order diherential equation

2/i(n^ -I- -  2A ) ^ ^  -  4/ ; « ^  -t- 4^̂  =  0. (7.19)ov^ ov
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Similarly from the third equation in (7.16) we get another second order diSerential 

equation

It is easy to see that i f h < 0 ,  u =  O i s a n  ordinary point since the functions 

—2u/(u^ +  — 2h) and 2/(/i(u^ +  — 2h)) are analytical in u at u =  0. Let each

of these functions be represented by its Taylor series at u =  0 on the real line, then 

every solution of (7.19) on R is analytic at u =  0 and can be represented on R by its 

Taylor series at u =  0. Similarly every solution of (7.20) can be represented on R by 

its Taylor series at u =  0 since n =  0 is an ordinary point. Therefore we can look 

for solutions of equations (7.19) of the form Om(u)u" and solutions of

(7.20) of the form Routine calculations show that, from (7.19)

we must have

and the following recurrence relation

2 +  pn,(fi — 3)
X " " - 2 h ) ( n  +  2)(n +  l )^ "  ™

holds for n > 1. From equation (7.20) we get

(t ,2-2h) ' s t ^ - 2 h )

and the recurrence relation

for n  > 1. With the preparations above we can hnd the general solution of (7.19)

=  Oo(u) (1 -  +  . . . )  +
\  \ (725)

+ai(u) "  j
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(7.26)

and the general solution of (7.20)

(2 =  &o(%) ( l  -  («2^2/,)"^ +  +  - - ) +

+6i(u) -  3(^21^) +  - )

We wUl not need the explicit form of the solutions, but we wQ retain the recurrence 

relations. Now we need to check that the solutions we found above satis^  the 

"consistency" relations (7.18). Consider a solution of (7.19) written as a power 

series using the hrst of equations (7.18) we hnd the relations

dv? =  -2/10^4-2 (7.27)

since, by analyticity, we can exchange the sums with the derivatives. It is easy to 

check that choosing n =  0 the previous relation reduces to

=  -2/^02 =  (^2 28)

which is solved by oq = {u  ̂— 2h). For n = 2 instead we have

^  =  -2/^04 =  3(^2 (7.29)

From the first of equations (7.21) with qq =  (n^ — 2h) we get that 02 =  —l// i  does

not satisfy (7.29) if /i ^  1. Thus the consistency conditions impose that og =  0 and

consequently 02» =  0 for every integer n.

Now, to show that the odd terms of the series also vanish, we consider equation 

(7.27) with n =  1 and we get

^
Also for n — 3 we obtain
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DiSierentiating the second of equations (7.21) twice and combining the result with 

equation (7.30) and (7.21) we End the following diSerential equation

3 ( u ^ - 2 h ) ^  +  1 2 u ^  +  2(2 +  / i )o3=0  (7.32)
du

Combining (7.31) and (7.32) we can ehminate the second order derivatives and we 

obtain the following hrst order differential equation

^  =  _ 2 ( 2 + ^ K 3 / 5 ^ ^  =  (7.33)

where -y =  and the general solution is 03 =  and satishes equation

(7.31) if and only if C =  0. Consequently 03 =  0 and hence 0 2 n+i =  0 for every 

integer n. Therefore =  0.

Similarly we can apply the same reasoning to prove that =  0. Indeed it is 

enough to consider again equations (7.28-7.33) exchanging u and u, replacing with 

l / / j  and On with 6^. Therefore we can conclude that there is no non-null motion, i.e.

— 0 consequently, by Corollary 7.2, the geodesic how does not have linear 

integrals in the velocity and this implies that the Anisotropic Kepler Problem does 

not have linear integrals. This completes the proof of Theorem 7.2. □
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The king's a beggar, now the play is done:
All is well ended, if this suit be won.

That you express content; which we will pay, 
With strife to please you, day exceeding day: 

Ours be your patience then, and yours our parts;
Your gentle hands lend us, and take our hearts.

A ll’s well that ends well 
WILLIAM SHAKESPEARE




