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Let Sn (n 2 0) be a simple symmetric random walk, i.e., S0 =0 and
Sn = X1 + X2 + ovee 4 Xn for n > 0, where the Xi are independent
identically distributed random variables with P(X; = 1) = P(X, = -1) = & .
Let N be an arbitrary positive integer and let T be the first time that
the difference betveen the maximum and minimum of the random walk is N, i.e.,
let

T = min{n: max Sk — min Sk = N}.
0<k<n o<k<n

Find the expected value of T.
Solution by Bruce B. Johnson, University of Fictoria, Victoria, B.C.,
Canada. Ve will show that E(T) = N(N+1)/2.

Let max Sk — min Sk be called the spread of the random walk after
0<k<n o<k<n

n steps. For i€ {1,2,...,N} define

Yi = the number of steps after the spread first reaches i-1 until
the spread first reaches 1i.

When the spread first reaches i-1, the random walk is at either a current
minimum or maximum and is i-1 units away ffom the other extreme. Thus, Yi
has the same probability distribution as the duration of play in the classical
gambler’s ruin problem where

(a) the gambler is just as likely to win one unit as lose one unit on

each play,
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(b) the gambler has initial capital 1 unit, and

(c) the game continues until the gambler’s capital is either reduced to
zero or increased to i+l.
Therefore, from gambler’s ruin theory! (See pp. 245-246 of K.L. Chung’s
Elementary Probability Theory with Stochastic Processes, 3rd. ed.,
Springer-Verlag, New York, 1979; or pp. 348-349 of W. Feller’s 4n Introduction
to Probability Theory and tts Applications, Vol. 1, 3rd. ed., Wiley, New York,
1968.)

E(Y;) = expected duration of play (1) ((i+1)-1) = 1i.

Hence,

E(T)

E(Y1 + Y + eee 4 YN) E(Yl) + E(Y2) + oo 4+ E(YN)

1+2+ -2 +N=N(N+1)/2,

lLetting ey denote the expected duration of play for a gambler with
initial capital k units, we condition on the outcome of the first play to
obtain the difference equations
1 1 .
ey = (ek_1+1)§ + (ek+1+1)§ for k=1,2, -+, 1i.

Expressing these equations in the form

€ ~ €k g T g ~ O *+ 2

and equating the telescoping sum of left-hand-sides to the telescoping sum of
right-hand-sides, we obtain
e; — €y = €, — € t 2i.

The boundary conditions e, = 0 = e,

i+l and the symmetry condition e, = e,

i
nov yield the desired xesult e = i.



