
N



N



N N > 2

κ ̸= 0 S2
κ κ > 0 H2

κ

κ < 0

N N = 4

κ = 0

4

5

S2
κ

H2
κ κ < 0

H2
κ

3

S2
κ

2 3

2

3



κ

κ

S2
κ



N = 3

N = 4

N = 4

N = 4

N = 4 H2
κ

H2
κ

H2
−1

S2 H2

S2

H2

6

6

6 S2
κ

2 3 H2

L2

(0, 1, 0, 0)





4

R1(Γ, z)

4 H2

3 3

y(t), ẏ(t) x(t) = 0







N

κ κ

κ < 0

κ = 0 κ > 0

N

N

1/r2 r

1/ sinh2(|κ|1/2r) r κ < 0

coth(|κ|1/2r)



N

N

N N > 2



N

κ ̸= 0

κ = 0

5

κ > 0 κ < 0



S2

S2

H2

2 3

2

3



N

N ≥ 2

m1, . . . ,mN > 0

κ > 0

S3
κ := {(x, y, z, w) |x2 + y2 + z2 + w2 = κ−1},

R4 κ < 0

H3
κ := {(x, y, z, w) |x2 + y2 + z2 − w2 = κ−1},

R3,1

M3
κ := {(w, x, y, z) |w2 + x2 + y2 + σz2 = κ−1, with z > 0 for κ < 0}.

R3,1 (+,+,+,−)



qi = (xi, yi, zi, wi) mi

x2
i + y2i + z2i + σw2

i = κ−1,

σ

σ :=

⎧
⎨

⎩
+1 for κ ≥ 0

−1 for κ < 0.

qi = (xi, yi, zi, wi) qj = (xj, yj, zj, wj)

qij = qi · qj := xixj + yiyj + zizj + σwiwj.

mi mj S3
κ R3 H3

κ

d(qi,qj) :=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

κ− 1
2 cos−1(κqij) κ > 0

|qi − qj| κ = 0

(−κ)−
1
2 cosh−1(κqij) κ < 0

∇ =

(
∂

∂x
,
∂

∂y
,
∂

∂z
, σ

∂

∂w

)
.

κ

κ

snκ(x) :=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

κ− 1
2 sin(κ

1
2x) κ > 0

x κ = 0

(−κ)−
1
2 sinh((−κ

1
2 )x) κ < 0

κ

csnκ(x) :=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

cos(κ
1
2x) κ > 0

1 κ = 0

cosh((−κ
1
2 )x) κ < 0

κ κ



tnκ(x) :=
snκ(x)

csnκ(x)
and ctnκ(x) :=

csnκ(x)

snκ(x)

κ κ

m1, . . . ,mN N N ≥ 2 q1, . . . ,qN

q = (q1, . . . ,qN) κ ̸= 0

−Uκ

Uκ(q) =

⎧
⎨

⎩

∑
1≤i<j≤N coth(d(mi,mj)) κ < 0

∑
1≤i<j≤N cot(d(mi,mj)) κ > 0

κ = 0 Uκ(q)

Uκ(q) κ

Uκ(q) =
∑

1≤i<j≤N

mimj|κ|1/2κqi · qj

[(κqi · qi)(κqj · qj)− (κqi · qj)2]1/2

κ ̸= 0

F : q = (q1, ...,qn) ∈ Rm → F(q) ∈ R, m

α ∈ R η ̸= 0 q ∈ Rm

F (ηq) = ηαF (q).

q ·∇F (q) = αF (q)

Uκ

q ·∇F (q) = αF (q)

q ·∇qiUκ(q) = 0.



N

N

Lκ(q, q̇) = Tκ(q, q̇) + Uκ(q)

Tκ(q, q̇) =
1
2

∑N
i=1 mi(q̇⊙ q̇) ⊙

d

dt

(
∂Lκ

∂q̇i

)
− ∂Lκ

∂qi
− λi

κ(t)
∂f i

κ

∂qi
= 0, i = 1, ..., N,

f i
κ = (qi ⊙qi)− κ−1 f i

κ = 0, i =

1, 2, ..., N λi
κ λi

κ = −κmi(q̇⊙ q̇), i = 1, ...., N.

miq̈i = ∇qiUκ(q) − miκ(q̇i · q̇i)qi, qi · qi = κ−1, qi · q̇i = 0, i = 1, . . . , N.

κ ̸= 0

∇qiUκ(q) =
N∑

j=1
j ̸=i

mimj|κ|3/2(κqj · qj)[(κqi · qi)qj − (κqi · qj)qi]

[σ(κqi · qi)(κqj · qj)− σ(κqi · qj)2]3/2
.

2N

κqi · qi = 1, qi · q̇i = 0.

∇qiUκ(q) =
N∑

j=1,j ̸=i

mimj|κ|3/2 [qj − (κqi · qj)qi]
[
σ − σ (κqi · qj)

2]3/2 , κ ̸= 0, i = 1, ..., N.

κ = 0



κ ̸= 0

κ = 0 κ ∈ R

2qij = q2i + q2j − q2ij,

qij :=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

[(xi − xj)2 + (yi − yj)2 + (zi − zj)2 + (wi − wj)2]1/2 κ > 0

[(xi − xj)2 + (yi − yj)2 + (zi − zj)2]1/2 κ = 0

[(xi − xj)2 + (yi − yj)2 + (zi − zj)2 − (wi − wj)2]1/2 κ < 0

mi mj R4 κ > 0 R3 κ = 0

R3,1 κ < 0

mi mj

qik ≤ qij + qik

Uκ

Vκ(q) =
∑

1≤i<j≤N

mimj(κq2i + κq2j − κq2ij)

[2(κq2i + κq2j )q
2
ij − κ(q2i − q2j )

2 − κq4ij]
1/2

,

Vκ(q) =
∑

1≤i<j≤N

mimj

(
1− κq2ij

2

)

qij
(
1− κq2ij

4

)1/2 .

Uκ

κ = 0 κ = 0

V0(q) =
∑

1≤i<j≤N

mimj

qij
.

Fκ : Rm → R,κ ∈ R
κ Fκ



α κ α Fκ α

κ κ

α

Vκ κ κ ∈ R
κ = 0

0 κ ̸= 0 −1 κ = 0

Vκ κ κ ̸= 0 Uκ

Vκ ∇qiUκ(q)

q ·∇qiUκ(q) =
N∑

j=1
j ̸=i

mimj|κ|3/2(κqj · qj)[(κqi · qi)(qj · qi)− (κqi · qj)(qi · qi)]

[σ(κqi · qi)(κqj · qj)− σ(κqi · qj)2]3/2
= 0

κ ̸= 0

Uκ

κ = 0

q ·∇U0(q) = −U0(q).

U0 −1

q̈i =
N∑

j=1,j ̸=i

mj

[
qj −

(
1− κq2ij

2

)
qi

]

(
1− κq2ij

4

)3/2
q3ij

− κ(q̇i · q̇i)qi, i = 1, . . . , N.

ωi = wi − |κ|−1/2, i = 1, . . . , N,

R = (0, 0, 0, σ|κ|−1/2), ri = (xi, yi, zi,ωi), rij = qij, i = 1, . . . , N,



r̈i =
N∑

j=1,j ̸=i

mj

[
rj −

(
1− κr2ij

2

)
ri +

Rr2ij
2

]

(
1− κr2ij

4

)3/2
r3ij

− (ṙi · ṙi)(κri +R), i = 1, . . . , N,

2N

κr2i + 2|κ|1/2ωi = 0, κri · ṙi + |κ|1/2ω̇i = 0

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẍi =
∑N

j=1,j ̸=i

mj

[
xj−
(
1−

κr2ij
2

)
xi

]

(
1−

κr2ij
4

)3/2

r3ij

− κ(ṙi · ṙi)xi

ÿi =
∑N

j=1,j ̸=i

mj

[
yj−
(
1−

κr2ij
2

)
yi

]

(
1−

κr2ij
4

)3/2

r3ij

− κ(ṙi · ṙi)yi

z̈i =
∑N

j=1,j ̸=i

mj

[
zj−
(
1−

κr2ij
2

)
zi

]

(
1−

κr2ij
4

)3/2

r3ij

− κ(ṙi · ṙi)zi

ω̈i =
∑N

j=1,j ̸=i

mj

[
ωj−
(
1−

κr2ij
2

)
ωi

]

(
1−

κr2ij
4

)3/2

r3ij

− [κωi + (σκ]1/2)(ṙi · ṙi)ωi

κ = 0 N

r̈i =
N∑

j=1,j ̸=i

mj(rj − ri)

r3ij
, i = 1, . . . , N.

κ = 0 ri = (xi, yi, zi, 0)

ṙi = (ẋi, ẏi, żi, 0) R3

R4



mir̈i i = 1 i = N

N∑

i=1

mir̈i =
N∑

i=1

N∑

j=1,j ̸=i

mjmi
r2ij
2

(
κri +R

)

(
1− κr2ij

4

)3/2
r3ij

−
N∑

i=1

mi(ṙi · ṙi)(κri +R).

κ = 0
∑N

i=1 mir̈i = 0

N∑

i=1

miṙi = a

a = (a1, a2, a3)

N∑

i=1

miri = at+ b

b = (b1, b2, b3)

N∑

i=1

miṙi = 0 and
N∑

i=1

miri = 0,

κ ̸= 0

κ = 0

miq̈i · q̇i i = 1 i = N

N∑

i=1

miq̈i · q̇i =
N∑

i=1

q̇i ·∇qiVκ(q)−
N∑

i=1

mi(q̇i · q̇i)(κqi · q̇i) =
d

dt
Vκ(q).



Hκ(q, q̇) = Tκ(q, q̇)−Vκ(q) = h,

h Hκ Tκ

ωi = wi − |κ|−1/2

Tκ(r, ṙ) =
1

2

N∑

i=1

mi[κr
2
i + 2(σκ)1/2ωi + 1](ṙi · ṙi).

1

2

N∑

i=1

mi[κr
2
i + 2(σκ)1/2ωi + 1](ṙi · ṙi)−

∑

1≤i<j≤N

mimj

(
1− κr2ij

2

)

rij
(
1− κr2ij

4

)1/2 = h.

κ = 0

1

2

N∑

i=1

mi(ẋ
2
i + ẏ2i + ż2i )−

∑

1≤i<j≤N

mimj

rij
= h.

N∑

i=1

miqi ∧ q̇i

∧ R4,

R4

N∑

i=1

miqi ∧ q̇i = c



c = cwxew ∧ ex + cwyew ∧ ey + cwzew ∧ ez + cxyex ∧ ey + cxzex ∧ ez + cyzey ∧ ez,

cwx, cwy, cwz, cxy, cxz, cyz ∈ R, R4

ex = (1, 0, 0, 0), ey = (0, 1, 0, 0), ez = (0, 0, 1, 0), ew = (0, 0, 0, 1).

N∑

i=1

mi(xiẏi − ẋiyi) = cxy,
N∑

i=1

mi(xiżi − ẋizi) = cxz,
N∑

i=1

mi(yiżi − ẏizi) = cyz,

N∑

i=1

mi(wiẋi − ẇixi) = cwx,
N∑

i=1

mi(wiẏi − ẇiyi) = cwy,
N∑

i=1

mi(wiżi − ẇizi) = cwz.

ωi = wi − |κ|−1/2

N∑

i=1

mi(xiẏi − ẋiyi) = cxy,
N∑

i=1

mi(xiżi − ẋizi) = cxz,
N∑

i=1

mi(yiżi − ẏizi) = cyz,

N∑

i=1

miẋi + (σκ)1/2
N∑

i=1

mi(wiẋi − ẇixi) = (σκ)1/2cwx,

N∑

i=1

miẏi + (σκ)1/2
N∑

i=1

mi(wiẏi − ẇiyi) = (σκ)1/2cwy,

N∑

i=1

miżi + (σκ)1/2
N∑

i=1

mi(wiżi − ẇizi) = (σκ)1/2cwz.

κ = 0

κ



S2
κ H2

κ

κ κ > 0

1/
√
κ R3

S2
κ κ = 0 R2 κ < 0

x2 + y2 − z2 = −1/
√
−κ,

R2,1 R3

a, b ∈ R3, a⊙ b = axbx+ayby−azbz

H2
κ

R3

R2

S2
κ := {(x, y, z) |κ(x2 + y2 + z2) + 2κ

1
2 z = 0} for κ > 0,

H2
κ := {(x, y, z) |κ(x2 + y2 − z2) + 2|κ| 12 z = 0, z ≥ 0} for κ < 0.



mi > 0, i = 1, 2, 3, 4

ri = (xi, yi, zi), ṙi = (ẋi, ẏi, żi), r̈i = (ẍi, ÿi, z̈i), i = 1, 2, 3, 4.

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẍi =
∑N

j=1,j ̸=i

mj

[
xj−
(
1−

κr2ij
2

)
xi

]

(
1−

κr2ij
4

)3/2

r3ij

− κ(ṙi · ṙi)xi

ÿi =
∑N

j=1,j ̸=i

mj

[
yj−
(
1−

κr2ij
2

)
yi

]

(
1−

κr2ij
4

)3/2

r3ij

− κ(ṙi · ṙi)yi

z̈i =
∑N

j=1,j ̸=i

mj

[
zj−
(
1−

κr2ij
2

)
zi

]

(
1−

κr2ij
4

)3/2

r3ij

− (ṙi · ṙi)(κzi + σ|κ|1/2), i = 1, 2, 3, 4,

σ = 1 κ ≥ 0 σ = −1 κ < 0

rij :=

⎧
⎨

⎩
[(xi − xj)2 + (yi − yj)2 + (zi − zj)2]1/2 for κ ≥ 0

[(xi − xj)2 + (yi − yj)2 − (zi − zj)2]1/2 for κ < 0

i, j ∈ {1, 2, 3, 4}

κ(x2
1 + y2i + σz2i ) + 2|κ|1/2zi = 0,

κri · ṙi + |κ|1/2żi = 0, i = 1, 2, 3, 4.

S2
κ,R2 H2

κ κ = 0

4

r̈i =
N∑

j=1,j ̸=i

mj(rj − ri)

r3ij
,

ri = (xi, yi, 0), i = 1, 2, 3, 4.



N

N

t ∈ R

S2
κ H2

κ

κ

R3

R3

z

A(t) =

⎛

⎜⎝
cos t − sin t 0

sin t cos t 0

0 0 1

⎞

⎟⎠ ,

κ

(R2,1,⊙)

κ < 0 qi = (xi, yi, zi) qj = (xj, yj, zj)

qi ⊙ qj := xixj + yiyj − zizj.



z > 0

(iR)

(iR)2 = κ−1

T : R2,1 → R2,1 T (x) ⊙ T (x) = x ⊙ x

x ∈ R2,1

O(R2,1) = {T (x) ⊙ T (x) = x ⊙ x, x ∈ R2,1}
±1

SO(R2,1) = {T ∈ O(R2,1), det(T ) = 1}
+1 G(R2,1) O(R2,1)

T H2
κ G(R2,1)

Lor(R2,1) := G(R2,1) ∩ SO(R2,1).

Lor(H2
κ,⊙)

H2
κ

Lor(H2
κ,⊙) 1−

Lor(L2,⊙)

A(t) = P

⎛

⎜⎝
cos t − sin t 0

sin t cos t 0

0 0 1

⎞

⎟⎠P−1,

A(t) = P

⎛

⎜⎝
1 0 0

0 cosh t sinh t

0 sinh t cosh t

⎞

⎟⎠P−1,

A(t) = P

⎛

⎜⎝
1 −t t

t 1− t2/2 t2/2

t −t2/2 1 + t2/2

⎞

⎟⎠P−1,

P ∈ Lor(H2
κ,⊙) Lor(H2

κ,⊙)



Lor(H2
κ,⊙)

S2κ

(ϕ,ω)

N = 3 S2
κ ϕ

x xy ω

z

x2
i + y2i + ω2

i + 2κ−1/2ωi = 0, i = 1, 2, 3, 4, 5, ..N.

Ωi = x2
i + y2i = −κ−1/2ωi(κ

1/2ωi + 2) ≥ 0, ωi ∈ [−2κ−1/2, 0], i = 1, 2, 3, 4, ..N

(ϕ,ω)

xi = Ω1/2
i cosϕi, yi = Ω1/2

i sinϕi.

ϕ̈i = Ω−1/2
i

N∑

j=1,j ̸=i

mjΩ
1/2
j sin(ϕj − ϕi)

ρ3ij(1−
κρ2ij
4 )3/2

− ϕ̇iΩ̇i

Ωi
,

ω̈i = Ω−1/2
i

N∑

j=1,j ̸=i

mj

[
ωj + ωi +

κρ2ij
2 (ωi + κ−1/2)

]

ρ3ij

(
1− κρ2ij

4

)3/2

− (κωi + κ1/2)(
Ω̇2

i

4Ωi
+ ϕ̇i

2Ωi + ω̇2
i ),

Ω̇i = −2κ−1/2ω̇i(κ
1/2ωi + 1)



ρ2ij = Ωi + Ωj − 2Ω1/2
i Ω1/2

j cos(ϕi − ϕj) + (ωi − ωj)
2, i, j = 1, 2, 3, 4, .., N i ̸= j.

N = 3

ω = −κ−1/2

ωi = −κ−1/2, ω̇i = 0, Ωi = κ−1, Ω̇i = 0,

ρ2ij = −2κ−1[1− cos(ϕi − ϕj)], i, j = 1, 2, 3, i ̸= j.

ϕ̈i = κ3/2
3∑

j=1,j ̸=i

mj sin(ϕj − ϕi)

| sin(ϕj − ϕi)|3
, i = 1, 2, 3.

α ̸= 0

ϕ1 = αt+ a1, ϕ2 = αt+ a2, ϕ3 = αt+ a3,

t a1, a2, a3

ϕ̈i = 0.

s1 :=
κ3/2 sin(ϕ1 − ϕ2)

| sin(ϕ1 − ϕ2)|3
, s2 :=

κ3/2 sin(ϕ2 − ϕ3)

| sin(ϕ2 − ϕ3)|3
, s3 :=

κ3/2 sin(ϕ3 − ϕ1)

| sin(ϕ3 − ϕ1)|3
,

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

m1s1 −m3s2 = 0

−m2s1 +m3s3 = 0

m2s2 −m1s3 = 0,

s1 =
m3

m2
γ, s2 =

m1

m2
γ, s3 = γ,



γ ̸= 0

S2
κ

m1,m2,m3 > 0

κ

N N = 4, 5, 6

N = 4

S2
κ

ωi = −κ−1/2, ω̇i = 0, Ωi = κ−1, i = 1, 2, 3, 4,

ϕ̈i = κ3/2
4∑

j=1,j ̸=i

mj sin(ϕj − ϕi)

| sin(ϕj − ϕi)|3
, i = 1, 2, 3, 4.

α ̸= 0

ϕ1 = αt+ a1, ϕ2 = αt+ a2, ϕ3 = αt+ a3, ϕ4 = αt+ a4,

a1, a2, a3, a4

ϕ̈i = 0, i = 1, 2, 3, 4.

s1 :=
κ3/2 sin(ϕ1 − ϕ2)

| sin(ϕ1 − ϕ2)|3
, s2 :=

κ3/2 sin(ϕ2 − ϕ3)

| sin(ϕ2 − ϕ3)|3
, s3 :=

κ3/2 sin(ϕ3 − ϕ1)

| sin(ϕ3 − ϕ1)|3
,

s4 :=
κ3/2 sin(ϕ4 − ϕ1)

| sin(ϕ4 − ϕ1)|3
, s5 :=

κ3/2 sin(ϕ2 − ϕ4)

| sin(ϕ2 − ϕ4)|3
, s6 :=

κ3/2 sin(ϕ3 − ϕ4)

| sin(ϕ3 − ϕ4)|3
,



S2
κ

m1,m2,m3,m4 > 0

s1s6 + s3s5 = s2s4.

ϕ̈i

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

−m2s1 +m3s3 +m4s4 = 0

m1s1 −m3s2 −m4s5 = 0

−m1s3 +m2s2 −m4s6 = 0

−m1s4 +m2s5 +m3s6 = 0.

m1 = m2 = m3 = m4 = 0

s1s6 + s3s5 = s2s4.

ωi

κ(x2
i + y2i ) + (|κ|1/2zi + 1)2 = 1,

zi

zi = |κ|−1/2[
√

1− κ(x2
i + y2i )− 1].

z1, z2, z3, z4

r2ij σ(zi − zj)2

σ(zi − zj)
2 =

κ(x2
i + y2i − x2

j − y2j )
2

[√
1− κ(x2

i + y2i ) +
√

1− κ(x2
j + y2j )

]2 .



κ

κ > 0

ẍi =
N∑

j=1,j ̸=i

mj

[
xj −

(
1− κρ2ij

2

)
xi

]

(
1− κρ2ij

4

)3/2
ρ3ij

− κ(ẋi
2 + ẏi

2 + κBi)xi

ÿi =
N∑

j=1,j ̸=i

mj

[
yj −

(
1− κρ2ij

2

)
yi
]

(
1− κρ2ij

4

)3/2
ρ3ij

− κ(ẋi
2 + ẏi

2 + κBi)yi,

ρ2ij = (xi − xj)
2 + (yi − yj)

2 +
κ(Ai − Aj)2

(
√
1− κAi +

√
1− κAj)2

,

Ai = x2
i + y2i ,

Bi =
(xiẋi + yiẏi)2

1− κ(x2
i + y2i )

, i = 1, 2, 3, 4.

κ = 0

N = 4

m3 =

m4 = 0

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ẍ1 =
m2

[
x2−
(
1−κρ212

2

)
x1

]

(
1−κρ212

2

)3/2

ρ312

− κ(ẋ1
2 + ẏ1

2 + κB1)x1

ÿ1 =
m2

[
y2−
(
1−κρ212

2

)
y1

]

(
1−κρ212

4

)3/2

ρ312

− κ(ẋ1
2 + ẏ1

2 + κB1)y1



⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ẍ2 =
m1

[
x1−
(
1−κρ212

2

)
x2

]

(
1−κρ212

4

)3/2

ρ312

− κ(ẋ2
2 + ẏ2

2 + κB2)x2

ÿ2 =
m1

[
y1−
(
1−κρ212

2

)
y2

]

(
1−κρ212

4

)3/2

ρ312

− κ(ẋ2
2 + ẏ2

2 + κB2)y2

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ẍ3 =
m1

[
x1−
(
1−κρ213

2

)
x3

]

(
1−κρ213

4

)3/2

ρ313

+
m2

[
x2−
(
1−κρ232

2

)
x3

]

(
1−κρ223

4

)3/2

ρ323

− κ(ẋ3
2 + ẏ3

2 + κB3)x3

ÿ3 =
m1

[
y1−
(
1−κρ213

2

)
y3

]

(
1−κρ213

4

)3/2

ρ313

+
m2

[
y2−
(
1−κρ232

2

)
y3

]

(
1−κρ232

2

)3/2

ρ332

− κ(ẋ3
2 + ẏ3

2 + κB3)y3

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ẍ4 =
m1

[
x1−
(
1−κρ214

2

)
x4

]

(
1−κρ214

4

)3/2

ρ314

+
m4

[
x4−
(
1−κρ242

2

)
x2

]

(
1−κρ242

4

)3/2

ρ342

− κ(ẋ4
2 + ẏ4

2 + κB4)x4

ÿ4 =
m1

[
y1−
(
1−κρ214

2

)
y4

]

(
1−κρ214

4

)3/2

ρ314

+
m4

[
y4−
(
1−κρ242

2

)
y2

]

(
1−κρ242

4

)3/2

ρ342

− κ(ẋ4
2 + ẏ4

2 + κB4)y4,

ρ2ij = ρ2ji, i ̸= j

ρ2ij = (xi − xj)
2 + (yi − yj)

2 +
κ(x2

i + y2i − x2
j − y2j )

2

[
√

1− κ(x2
i + y2i ) +

√
1− κ(x2

j + y2j )]
2
.

m1 = m2 =: m > 0 m3 = m4 = 0

S2
κ

m1 = m2 =: m > 0

m3 = m4 = 0 S2
κ 0 < r < κ−1/2

m1,m2

m3,m4

r

r



m2 m1

m4

m3

m2 m1

m3

m4

q = (q1, q2, q3, q4) ∈ S2
κ, qi = (xi, yi), i = 1, 2, 3, 4.

x1 = r cosαt, y1 = r sinαt,

x2 = −r cosαt, y2 = −r sinαt,

x3 = r cos(αt+ π/2) = −r sinαt, y3 = r sin(αt+ π/2) = r cosαt,

x4 = −r cos(αt+ π/2) = r sinαt, y4 = −r sin(αt+ π/2) = −r cosαt,

x2
i + y2i = r2, ρ2 = ρ213 = ρ214 = ρ223 = ρ224 = 2r2, ρ212 = ρ234 = 4r2.

α2 =
m

4r3(1− κr2)3/2
,

α2 =
2m(1− κρ2

2 )

ρ3(1− κρ2

4 )3/2(1− κr2)
.



m1

m3

m2

m4

m

4r3(1− κr2)3/2
=

2m(1− κρ2

2 )

ρ3(1− κρ2

4 )3/2(1− κr2)

1

8r3(1− κr2)3/2
=

1

2
√
2r3(1− κr2

2 )3/2
,

3κr2 = 2.

S2
κ

r =
√
2/3κ−1/2.

r < κ−1/2 S2
κ



N = 4

m1,m2,m3 = m > 0 m4 = 0

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ẍ1 =
m2

[
x2−
(
1−κρ212

2

)
x1

]

(
1−κρ212

4

)3/2

ρ312

+
m3

[
x3−
(
1−κρ231

2

)
x1

]

(
1−κρ231

4

)3/2

ρ331

− κ(ẋ1
2 + ẏ1

2 + κB1)x1

ÿ1 =
m2

[
y2−
(
1−κρ212

2

)
y1

]

(
1−κρ212

4

)3/2

ρ312

+
m3

[
y3−
(
1−κρ231

2

)
y1

]

(
1−κρ231

4

)3/2

ρ331

− κ(ẋ1
2 + ẏ1

2 + κB1)y1

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ẍ2 =
m1

[
x1−
(
1−κρ212

2

)
x2

]

(
1−κρ212

4

)3/2

ρ312

+
m3

[
x3−
(
1−κρ232

2

)
x2

]

(
1−κρ232

4

)3/2

ρ332

− κ(ẋ2
2 + ẏ2

2 + κB2)x2

ÿ2 =
m1

[
y1−
(
1−κρ212

2

)
y2

]

(
1−κρ212

4

)3/2

ρ312

+
m3

[
y3−
(
1−κρ232

2

)
y2

]

(
1−κρ232

4

)3/2

ρ332

− κ(ẋ2
2 + ẏ2

2 + κB2)y2

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ẍ3 =
m1

[
x1−
(
1−κρ213

2

)
x3

]

(
1−κρ213

4

)3/2

ρ313

+
m2

[
x2−
(
1−κρ232

2

)
x3

]

(
1−κρ232

4

)3/2

ρ332

− κ(ẋ3
2 + ẏ3

2 + κB3)x3

ÿ3 =
m1

[
y1−
(
1−κρ213

2

)
y3

]

(
1−κρ213

4

)3/2

ρ313

+
m2

[
y2−
(
1−κρ232

2

)
y3

]

(
1−κρ232

4

)3/2

ρ332

− κ(ẋ3
2 + ẏ3

2 + κB3)y3

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẍ4 =
m1

[
x1−
(
1−κρ214

2

)
x4

]

(
1−κρ214

4

)3/2

ρ314

+
m2

[
x2−
(
1−κρ242

2

)
x4

]

(
1−κρ242

4

)3/2

ρ342

+
m3

[
x3−
(
1−κρ243

2

)
x4

]

(
1−κρ243

4

)3/2

ρ343

−κ(ẋ4
2 + ẏ4

2 + κB4)x4

ÿ4 =
m1

[
y1−
(
1−κρ214

2

)
y4

]

(
1−κρ214

4

)3/2

ρ314

+
m2

[
y2−
(
1−κρ242

2

)
y4

]

(
1−κρ242

4

)3/2

ρ342

+
m3

[
y3−
(
1−κρ243

2

)
y4

]

(
1−κρ243

4

)3/2

ρ343

−κ(ẋ4
2 + ẏ4

2 + κB4)y4.

m1 = m2 = m3 := m > 0

m4 = 0 S2
κ



m1

m2

m3

m4

x1 = r cosαt, y1 = r sinαt,

x2 = r cos
(
αt+

2π

3

)
, y2 = r sin

(
αt+

2π

3

)

x3 = r cos
(
αt+

4π

3

)
, y3 = r sin

(
αt+

4π

3

)
,

x4 = r cos
(
αt− π

3

)
, y4 = r sin

(
αt− π

3

)
,

ρ212 = ρ213 = ρ223 = 3r2, ρ243 = ρ241 = r2, ρ224 = 4r2.

α2 =
m√

3r3(1− 3κr2

4 )3/2
,

α2 =
m

4r3(1− κr2)3/2
+

m

r3(1− κr2

4 )3/2
.



1√
3(1− 3κr2

4 )3/2
=

1

4(1− κr2)3/2
+

1

(1− κr2

4 )3/2
.

r

P (r) = a24r
24 + a22r

22 + a20r
20 + a18r

18 + a16r
16 + a14r

14 + a12r
12+

a10r
10 + a8r

8 + a6r
6 + a4r

4 + a2r
2 + a0,

a24 =
6697290145

16777216
κ12, a22 = −2884257825

524288
κ11, a20 =

18063189465

524288
κ10,

a18 = −4241985935

32768
κ9, a16 =

21267471735

65536
κ8,

a14 = −584429805

1024
κ7, a12 =

737853351

1024
κ6, a10 = −41995431

64
κ5,

a8 =
109080063

256
κ4, a6 = −1530101

8
κ3,

a4 =
446217

8
κ2, a2 = −9318κ, a0 = 649

r ∈ (0,κ−1/2) S2
κ

x = r2

Q(x) = a24x
12 + a22x

11 + a20x
10 + a18x

9 + a16x
8 + a14x

7 + a12x
6+

a10x
5 + a8x

4 + a6x
3 + a4x

2 + a2x+ a0.

κ

S2
κ κ > 0 Q

Q(κ
−1

2 ) = −2.4959 < 0 Q(0) = 649 > 0

x ∈ (0,κ−1/2) r ∈ (0,κ−1)



N = 4 H2
κ

H2
κ

H2
κ

H2
κ

N ∈ N m > 0 z > 1

ω A(ωt)

N

−1

m1 = m2 = m > 0 m3 = m4 = 0

q = (q1, q2, q3, q4) ∈ H2
κ, qi = (xi, yi), i = 1, 2, 3, 4.

x1 = r cosαt, y1 = r sinαt,

x2 = −r cosαt, y2 = −r sinαt,

x3 = r cos(αt+ π/2) = −r sinαt, y3 = r sin(αt+ π/2) = r cosαt,

x4 = −r cos(αt+ π/2) = r sinαt, y4 = −r sin(αt+ π/2) = −r cosαt,

x2
i + y2i = r2, ρ2 = ρ213 = ρ214 = ρ223 = ρ224 = 2r2, ρ212 = ρ234 = 4r2.

κ = −1 < 0



α2 =
m

4r3(1 + r2)3/2
,

α2 =
m√

2r3(1 + r2

2 )
3/2

.

m

4r3(1 + r2)3/2
=

m√
2r3(1 + r2

2 )
3/2

,

4(1 + r2)3/2 =
√
2(1 +

r2

2
)3/2,

3r2 = −2,

H2
−1

H2
−1

m1,m2,m3 = m > 0 m4 = 0

x1 = r cosαt, y1 = r sinαt,

x2 = r cos
(
αt+

2π

3

)
, y2 = r sin

(
αt+

2π

3

)

x3 = r cos
(
αt+

4π

3

)
, y3 = r sin

(
αt+

4π

3

)
,

x4 = r cos
(
αt− π

3

)
, y4 = r sin

(
αt− π

3

)
,

ρ212 = ρ213 = ρ223 = 3r2, ρ243 = ρ241 = r2, ρ224 = 4r2.



κ = −1 < 0

α2 =
m√

3r3(1 + 3r2

4 )3/2
,

α2 =
m

4r3(1 + r2)3/2
+

m

r3(1 + r2

4 )
3/2

.

1√
3(1 + 3r2

4 )3/2
=

1

4(1 + r2)3/2
+

1

(1 + r2

4 )
3/2

.

r

P (r) = a24r
24 + a22r

22 + a20r
20 + a18r

18 + a16r
16 + a14r

14 + a12r
12+

a10r
10 + a8r

8 + a6r
6 + a4r

4 + a2r
2 + a0,

a24 =
6697290145

16777216
, a22 =

2884257825

524288
, a20 =

18063189465

524288
,

a18 =
4241985935

32768
, a16 =

21267471735

65536
,

a14 =
584429805

1024
, a12 =

737853351

1024
, a10 =

41995431

64
,

a8 =
109080063

256
, a6 =

1530101

8
,

a4 =
446217

8
, a2 = 9318, a0 = 649.

P (r)

H2
−1



S2
κ

S2
κ

si, i =

1, 2, . . . , 10,

s1 :=
κ3/2 sin(ϕ1 − ϕ2)

| sin(ϕ1 − ϕ2)|3
, s2 :=

κ3/2 sin(ϕ1 − ϕ3)

| sin(ϕ1 − ϕ3)|3
, s3 :=

κ3/2 sin(ϕ1 − ϕ4)

| sin(ϕ1 − ϕ4)|3
,

s4 :=
κ3/2 sin(ϕ1 − ϕ5)

| sin(ϕ1 − ϕ5)|3
, s5 =

κ3/2 sin(ϕ2 − ϕ3)

| sin(ϕ2 − ϕ3)|3
, s6 :=

κ3/2 sin(ϕ2 − ϕ4)

| sin(ϕ2 − ϕ4)|3
,

s7 :=
κ3/2 sin(ϕ2 − ϕ5)

| sin(ϕ2 − ϕ5)|3
, s8 :=

κ3/2 sin(ϕ3 − ϕ4)

| sin(ϕ3 − ϕ4|3
s9 :=

κ3/2 sin(ϕ3 − ϕ5)

| sin(ϕ3 − ϕ5)|3
,

s10 :=
κ3/2 sin(ϕ4 − ϕ5)

| sin(ϕ4 − ϕ5)|3
.



⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−m2s1 −m3s2 −m4s3 − s4m5 = 0

m1s1 −m3s5 −m4s6 −m5s7 = 0

m1s2 +m2s5 −m4s8 −m5s9 = 0

m1s3 +m2s6 +m3s8 −m5s10 = 0

m1s4 +m2s7 +m3s9 −m4s10 = 0,

m1 =
s10s5 − s6s9 + s7s8
s1s8 − s2s6 + s3s5

γ

m2 =
s10s2 − s3s9 + s4s8
s1s8 − s2s6 + s3s5

γ

m3 =
s10s1 − s3s7 + s4s6
s1s8 − s2s6 + s3s5

γ

m4 =
s9s1 − s2s7 + s4s5
s1s8 − s2s6 + s3s5

γ

m5 = γ,

γ ̸= 0

5

S2
κ

m1 = m2 = m3 = m4 = m5 > 0

mi > 0, i = 1, 2, 3, 4, 5 x

ϕ1 = 0, ϕ2 =
2π

5
, ϕ3 =

4π

5
, ϕ4 =

6π

5
, ϕ5 =

8π

5
.



m1

m2

m3

m4

m5

s1 :=
−1

sin2(2π5 )
, s2 :=

−1

sin2(4π5 )
, s3 :=

−1

sin2(6π5 )
, s4 :=

−1

sin2(8π5 )
, s5 :=

−1

sin2(2π5 )
,

s6 :=
−1

sin2(4π5 )
, s7 :=

−1

sin2(6π5 )
, s8 :=

−1

sin2(2π5 )
, s9 :=

−1

sin2(4π5 )
, s10 :=

−1

sin2(2π5 )
.

mi = [γ, γ, γ, γ, γ]T , i = 1, 2, 3, 4, 5.

S2

H2

κ

κ > 0 κ < 0



κ < 0

H2

qi = (xi, yi, zi) mi

x2
i + y2i + σz2i = κ−1,

σ

σ :=

⎧
⎨

⎩
+1 for κ > 0,

−1 for κ < 0.

qi = (xi, yi, zi) qj = (xj, yj, zj)

qij = qi · qj := xixj + yiyj + σzizj.

mi mj S2
κ H2

κ

qij := [(xi − xj)
2 + (yi − yj)

2 + σ(zi − zj)
2]1/2

κ = ±1

mi > 0, i = 1, 2, 3, 4

qi = (xi, yi, zi), q̇i = (ẋi, ẏi, żi), q̈i = (ẍi, ÿi, z̈i), i = 1, 2, 3, 4,

m5 (0, 0, 1)

q̈i =
N∑

j=1,j ̸=i

mj

[
qj − σ(qi · qj)qi

]

[σ − σ(qi · qj)2]3/2
− σ(q̇i · q̇i)qi, i = 1, 2, 3, 4, 5.



⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẍi =
∑N

j=1,j ̸=i

mj

[
xj−σ(qi·qj)xi

]

[
σ−σ(qi·qj)2

]3/2 − σ(q̇i · q̇i)xi,

ÿi =
∑N

j=1,j ̸=i

mj

[
yj−σ(qi·qj)yi

]

[
σ−σ(qi·qj)2

]3/2 − σ(q̇i · q̇i)yi,

z̈i =
∑N

j=1,j ̸=i

mj

[
zj−σ(qi·qj)zi

]

[
σ−σ(qi·qj)2

]3/2 − σ(q̇i · q̇i)zi,

x2
i + y2i + σz2i = σ, xiẋi + yiẏi + σziżi = 0, i = 1, ...n.

S2

m5

m1,m2,m3, m4

z

z = 0

S2

R

m2 m1
m4

m3

m5

4



S2 m1 = m2 =

m3 = m4 = m

m5 (0, 0, 1)

κ = 1

q̈i =
N∑

j=1,j ̸=i

mj

[
qj − (qi · qj)qi

]

[1− (qi · qj)2]3/2
− (q̇i · q̇i)qi, i = 1, 2, 3, 4, 5.

q = (q1, q2, q3, q4, q5) ∈ S2, qi = (xi, yi, zi), i = 1, 2, 3, 4, 5.

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1 = r cosαt, y1 = r sinαt, z1 = ±
√
1− r2,

x2 = −r cosαt, y2 = −r sinαt, z2 = ±
√
1− r2,

x3 = −r sinαt, y3 = r cosαt, z3 = ±
√
1− r2,

x4 = r sinαt, y4 = −r cosαt, z4 = ±
√
1− r2,

x5 = 0, y5 = 0, z5 = 1,

r

α

xi yi

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

q1 · q2 = q3 · q4 = 1− 2r2 = A,

q1 · q3 = q1 · q4 = q2 · q3 = q2 · q4 = 1− r2 = B,

qi · q5 = ±
√
1− r2 = C, i = 1, 2, 3, 4.

xi

ẍi = Rxi, i = 1, 2, 3, 4.



R = − m

4r3
√
B

− 2mB

[r2(2− r2)]3/2
± m5C

r3
− r2α2.

S2

α2 =
m

4r3(1− r2)3/2
+

2m

r3(2− r2)3/2
± m5

r3(1− r2)1/2
.

m

m1 = m2 = m > 0

m3 = m4 = M > 0 m = M

n

m1 = m2 = m m4 = m3 = M

m1,m2 m3,m4

m5 (0, 0, 1)

x1 x2

α2 =
m

4r3(1− r2)3/2
+

2M

r3(2− r2)3/2
± m5

r3(1− r2)1/2

x3 x4

α2 =
M

4r3(1− r2)3/2
+

2m

r3(2− r2)3/2
± m5

r3(1− r2)1/2
.

m

4r3(1− r2)3/2
+

2M

r3(2− r2)3/2
=

M

4r3(1− r2)3/2
+

2m

r3(2− r2)3/2
.

m(δ − 8γ)

4γδ
=

M(δ − 8γ)

4γδ
,

γ = (1− r2)3/2 δ = (2− r2)3/2 m = M

S2



m1 = m2 = 0 r =
√

2/3

m1,m2 m3,m4

m1 m2

m1 = m2 = 0

m3,m4 = M

m5 (0, 0, 1)

x

ẍ1 = −2MBr cosαt

r3(2− r2)3/2
± m5Cr cosαt

r3
− r3α2 cosαt,

ẍ2 =
2MBr cosαt

r3(2− r2)3/2
± m5Cr cosαt

r3
+ r3α2 cosαt,

ẍ3 =
MBr sinαt

4r3B3/2
± m5Cr sinαt

r3
+ r3α2 sinαt,

ẍ4 = −MBr sinαt

4r3B3/2
± m5Cr sinαt

r3
− r3α2 sinαt,

ẍ5 = 0.

m1 m2

α2 =
2M

r3(2− r2)3/2
+

m5

r3(1− r2)1/2
,

m3 m4

α2 =
M

4r3(1− r2)3/2
+

m5

r3(1− r2)1/2
.

2M

r3(2− r2)3/2
=

M

4r3(1− r2)3/2
.



4

S2
κ r =

√
2/3κ−1/2

S2

α M m5

S2

0 < r < 1

mi = m, i = 1, 2, 3, 4

m M z > 0 z < 0

R1(Γ, z) = {(Γ, z)|− 1 < z < 0 ∧ Γ > 2

√
z2

(z2 + 1)3
− 1

4z2
}.

Γ = m5
m

α2

m
= ± 1

4z3(1− z2)3/2
± 2

(1− z4)3/2
± Γ

z(1− z2)3/2
= f±(Γ, z)

z3 = (1− r2)3/2, r3 = ±(1− z2)3/2, (2− r2)3/2 = (z2 + 1)3/2

(1 + z2)3/2(1 − z2)3/2 = (1 − z4)3/2.

f±(Γ, z) ≥ 0 z > 0

f+(Γ, z) =
1

4z3(1− z2)3/2
+

2

(1− z4)3/2
+

Γ

z(1− z2)3/2
.

f+(Γ, z) > 0 z ∈ (0, 1)

z Γ



R1(Γ, z)

z < 0

f−(Γ, z) = − 1

4z3(1− z2)3/2
− 2

(1− z4)3/2
− Γ

z(1− z2)3/2
.

z < 0

f−(Γ, z) =
µ(Γ, z)

δ(z)
,

µ(Γ, z) =
√
1− z2

(
8z3 +

(
z2 + 1

)3/2 (
4Γz2 + 1

))
,

δ(z) = 4z3
(
1− z2

) (
z2 − 1

) (
z2 + 1

)3/2
.

δ(z) > 0 z ∈ (−1, 0) z3 (z2 − 1)

z ∈ (−1, 0)

µ(Γ, z) > 0

R1(Γ, z) = {(Γ, z)|− 1 < z < 0 ∧ Γ > 2

√
z2

(z2 + 1)3
− 1

4z2
}.

R1(Γ, z)



H2

m2 m1

m4

m3

m5

4 H2

H2

H2

H2

m1 = m2 = 0

H2

mi = m, i = 1, 2, 3, 4

mi = m, i = 1, 2, 3, 4, m m5

r z > 1

κ = −1

q̈i =
N∑

j=1,j ̸=i

mj

[
qj + (qi · qj)qi

]

[1 + (qi · qj)2]3/2
+ (q̇i · q̇i)qi, i = 1, 2, 3, 4, 5.

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1 = r cosαt, y1 = r sinαt, z1 =
√
1 + r2,

x2 = −r cosαt, y2 = −r sinαt, z2 =
√
1 + r2,

x3 = −r sinαt, y3 = r cosαt, z3 =
√
1 + r2,

x4 = r sinαt, y4 = −r cosαt, z4 =
√
1 + r2,

x5 = 0, y5 = 0, z5 = 1,



⎧
⎨

⎩
q1 ! q2 = q3 ! q4 = −(1 + 2r2), qi ! q5 = −

√
1 + r2, i = 1, 2, 3, 4.

q1 ! q3 = q1 ! q4 = q2 ! q3 = q2 ! q4 = −(1 + r2).

xi

ẍi = Rxi, ẍ5 = 0, i = 1, 2, 3, 4.

R = − m

4r3
√
1 + r2

− 2m(1 + r2)

r3(r2 + 2)3/2
− m5

√
1 + r2

r3
+ r2α2.

α2 =
m

4r3(1 + r2)3/2
+

2m

r3(2 + r2)3/2
+

m5

r3(1 + r2)1/2
=: f(r).

m r m m5 r H2

α

Γ = m5
m r > 0 z2 = r2 + 1,

α2

m
=

1

4z3(z2 − 1)3/2
+

2

(z4 − 1)3/2
+

Γ

z(z2 − 1)3/2
=: f(z).

f(z) z > 1 m,Γ > 0 z > 1

α



6

6

S2
κ

si, i = 1, 2, . . . , 15,

s1 :=
κ3/2 sin(ϕ1 − ϕ2)

| sin(ϕ1 − ϕ2)|3
, s2 :=

κ3/2 sin(ϕ1 − ϕ3)

| sin(ϕ1 − ϕ3)|3
, s3 :=

κ3/2 sin(ϕ1 − ϕ4)

| sin(ϕ1 − ϕ4)|3
,

s4 :=
κ3/2 sin(ϕ1 − ϕ5)

| sin(ϕ1 − ϕ5)|3
, s5 :=

κ3/2 sin(ϕ1 − ϕ6)

| sin(ϕ1 − ϕ6)|3
, s6 =

κ3/2 sin(ϕ2 − ϕ3)

| sin(ϕ2 − ϕ3)|3
,

s7 :=
κ3/2 sin(ϕ2 − ϕ4)

| sin(ϕ2 − ϕ4)|3
, s8 :=

κ3/2 sin(ϕ2 − ϕ5)

| sin(ϕ2 − ϕ5)|3
, s9 :=

κ3/2 sin(ϕ2 − ϕ6)

| sin(ϕ2 − ϕ6)|3
,

s10 :=
κ3/2 sin(ϕ3 − ϕ4)

| sin(ϕ3 − ϕ4|3
, s11 :=

κ3/2 sin(ϕ3 − ϕ5)

| sin(ϕ3 − ϕ5)|3
, s12 :=

κ3/2 sin(ϕ3 − ϕ6)

| sin(ϕ3 − ϕ6)|3
,

s13 :=
κ3/2 sin(ϕ4 − ϕ5)

| sin(ϕ4 − ϕ5)|3
, s14 :=

κ3/2 sin(ϕ4 − ϕ6)

| sin(ϕ4 − ϕ6)|3
, s15 :=

κ3/2 sin(ϕ5 − ϕ6)

| sin(ϕ5 − ϕ6)|3
.

S2
κ

m1,m2,m3,m4,m5,m6 > 0



s3s9s11 − s3s8s12 + s4s7s12 − s4s9s10 − s5s7s11 + s5s8s10 − s2s7s15 + s2s8s14

−s2s9s13 + s3s6s15 − s4s6s14 + s5s6s13 + s1s10s15 − s1s11s14 + s1s12s13 = 0.

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−m2s1 −m3s2 −m4s3 −m5s4 −m6s5 = 0

m1s1 −m3s6 −m4s7 −m5s8 −m6s9 = 0

m1s2 +m2s6 −m4s10 −m5s11 −m6s12 = 0

m1s3 +m2s7 +m3s10 −m5s13 −m6s14 = 0

m1s4 +m2s8 +m3s11 +m4s13 −m6s15 = 0,

m1s5 +m2s9 +m3s12 +m4s14 +m5s15 = 0.

6

S2κ
(3+3)

xy S2
κ m4 = m5 =

m6 = m > 0 m1 = m2 = m3 = 0

q = (q1, q2, q3, q4, q5, q6) ∈ S2
κ, qi = (xi, yi), i = 1, 2, 3, 4, 5, 6.

x1 = r cos(αt), y1 = r sin(αt)

x2 = r cos(αt+ 2π/3), y2 = r sin(αt+ 2π/3)



m1

m4

m2

m5 m6

m3

3 3

x3 = r cos(αt+ 4π/3), y3 = r sin(αt+ 4π/3)

x4 = r cos(αt+ π/3), y4 = r sin(αt+ π/3)

x5 = r cos(αt+ π), y5 = r sin(αt+ π),

x6 = r cos(αt+ 5π/3), y6 = r sin(αt+ 5π/3).

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ẍ1 =
m4

[
x4−
(
1−κρ214

2

)
x1

]

(
1−κρ214

4

)3/2

ρ314

+
m5

[
x5−
(
1−κρ251

2

)
x1

]

(
1−κρ251

4

)3/2

ρ351

+
m6

[
x6−
(
1−κρ261

2

)
x1

]

(
1−κρ261

4

)3/2

ρ361

− κ(ẋ1
2 + ẏ1

2 + κB1)x1

ÿ1 =
m4

[
y4−
(
1−κρ214

2

)
y1

]

(
1−κρ214

4

)3/2

ρ314

+
m5

[
y5−
(
1−κρ251

2

)
y1

]

(
1−κρ251

4

)3/2

ρ351

+
m6

[
y6−
(
1−κρ261

2

)
y1

]

(
1−κρ261

4

)3/2

ρ361

− κ(ẋ1
2 + ẏ1

2 + κB1)y1

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ẍ2 =
m4

[
x4−
(
1−κρ224

2

)
x2

]

(
1−κρ224

4

)3/2

ρ324

+
m5

[
x5−
(
1−κρ252

2

)
x2

]

(
1−κρ252

4

)3/2

ρ352

+
m6

[
x6−
(
1−κρ262

2

)
x2

]

(
1−κρ262

4

)3/2

ρ362

− κ(ẋ2
2 + ẏ2

2 + κB2)x2

ÿ2 =
m4

[
y4−
(
1−κρ224

2

)
y2

]

(
1−κρ224

4

)3/2

ρ324

+
m5

[
y5−
(
1−κρ252

2

)
y2

]

(
1−κρ252

4

)3/2

ρ352

+
m6

[
y6−
(
1−κρ262

2

)
y2

]

(
1−κρ262

4

)3/2

ρ362

− κ(ẋ2
2 + ẏ2

2 + κB2)y2



⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ẍ3 =
m4

[
x4−
(
1−κρ234

2

)
x3

]

(
1−κρ234

4

)3/2

ρ334

+
m5

[
x5−
(
1−κρ253

2

)
x3

]

(
1−κρ253

4

)3/2

ρ353

+
m6

[
x6−
(
1−κρ263

2

)
x3

]

(
1−κρ263

4

)3/2

ρ363

− κ(ẋ3
2 + ẏ3

2 + κB3)x3

ÿ3 =
m4

[
y4−
(
1−κρ234

2

)
y3

]

(
1−κρ234

4

)3/2

ρ334

+
m5

[
y5−
(
1−κρ253

2

)
y3

]

(
1−κρ253

4

)3/2

ρ353

+
m6

[
y6−
(
1−κρ263

2

)
y3

]

(
1−κρ263

4

)3/2

ρ363

− κ(ẋ3
2 + ẏ3

2 + κB3)y3

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ẍ4 =
m5

[
x5−
(
1−κρ254

2

)
x4

]

(
1−κρ254

4

)3/2

ρ354

+
m6

[
x6−
(
1−κρ264

2

)
x4

]

(
1−κρ264

4

)3/2

ρ364

− κ(ẋ4
2 + ẏ4

2 + κB4)x4

ÿ4 =
m5

[
y5−
(
1−κρ254

2

)
y4

]

(
1−κρ254

4

)3/2

ρ354

+
m6

[
y6−
(
1−κρ264

2

)
y4

]

(
1−κρ264

4

)3/2

ρ364

− κ(ẋ4
2 + ẏ4

2 + κB4)y4

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ẍ5 =
m4

[
x4−
(
1−κρ254

2

)
x5

]

(
1−κρ254

4

)3/2

ρ354

+
m6

[
x6−
(
1−κρ265

2

)
x5

]

(
1−κρ265

4

)3/2

ρ365

− κ(ẋ5
2 + ẏ5

2 + κB5)x5

ÿ5 =
m4

[
y4−
(
1−κρ254

2

)
y5

]

(
1−κρ254

4

)3/2

ρ354

+
m6

[
y6−
(
1−κρ265

2

)
y5

]

(
1−κρ265

4

)3/2

ρ365

− κ(ẋ5
2 + ẏ5

2 + κB5)y5

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ẍ6 =
m4

[
x4−
(
1−κρ264

2

)
x6

]

(
1−κρ264

4

)3/2

ρ364

+
m5

[
x5−
(
1−κρ265

2

)
x6

]

(
1−κρ265

4

)3/2

ρ365

− κ(ẋ6
2 + ẏ6

2 + κB6)x6

ÿ6 =
m4

[
y4−
(
1−κρ264

2

)
y6

]

(
1−κρ264

4

)3/2

ρ364

+
m5

[
y5−
(
1−κρ265

2

)
y6

]

(
1−κρ265

4

)3/2

ρ365

− κ(ẋ6
2 + ẏ6

2 + κB6)y6

ρ212 = ρ246 = ρ256 = ρ213 = 3r2,

ρ216 = ρ236 = ρ241 = ρ242 = ρ252 = ρ253 = r2,

ρ262 = ρ215 = ρ243 = 4r2.

α2 =
m

4r3(1− κr2)3/2
+

m

r3(1− κr2

4 )3/2
,



α2 =
m√

3r3(1− 3κr2

4 )3/2
.

1

4(1− κr2)3/2
+

1

(1− κr2

4 )3/2
=

1√
3(1− 3κr2

4 )3/2
.

4

S2
κ

m4 = m5 = m6 = m > 0

m1 = m2 = m3 = 0

S2
κ



2 3 H2

M

m

κ κ = −1

H2
κ

H2
κ

L2

x2 + y2 − z2 = −1 R2,1 R3

+,+,−

H2 = {(x, y) ∈ R2|y > 0}
ds2 = (dx2 + dy2)/y2

N H2

Q = (H2)N \∆ ∆

L : TQ → R

L =
1

2

(
∑

i

miv
2
i

)
−
∑

i<j

mimjU(dij).

mi v2i
ith dij



ith jth U : R+ → R

U(d) = − coth(d), d > 0.

N

UN(d) = 1
d

R3

U(d)

H2

N

H2

d (x1, y1), (x2, y2) ∈ H2

cosh(d) = 1 +
(x1 − x2)2 + (y1 − y2)2

2y1y2
.

dij = cosh−1

(
1 +

(xi − xj)2 + (yi − yj)2

2yiyj

)

coth(cosh−1(z)) =
z√

z2 − 1

z > 1

L =
1

2

(
∑

i

mi
ẋ2
i + ẏ2i
y2i

)
+
∑

i<j

mimj

(xi − xj)2 + y2i + y2j√
((xi − xj)2 + (yi − yj)2)((xi − xj)2 + (yi + yj)2)

.

ẍi =
2ẋiẏi
yi

+
∑

j ̸=i

mj8(xj − xi)y4i y
2
j

[((xi − xj)2 + (yi − yj)2)((xi − xj)2 + (yi + yj)2)]3/2
,

ÿi =
ẏ2i − ẋ2

i

yi
+
∑

j ̸=i

mj4y3i y
2
j ((xi − xj)2 + y2j − y2i )

[((xi − xj)2 + (yi − yj)2)((xi − xj)2 + (yi + yj)2)]3/2
,

i 1 N

mi

H2



m1

q1 = (x1, y1) q2 = (−x1, y1)

|q1| = |q2| = 1 y1 > 0 m

q = (x, y)

ẍ =
2ẋẏ

y
+

8(x1 − x)y4y21
[((x− x1)2 + (y − y1)2)((x− x1)2 + (y + y1)2)]

3/2

+
8(−x1 − x)y4y21

[((x+ x1)2 + (y − y1)2)((x+ x1)2 + (y + y1)2)]
3/2

ÿ =
ẏ2 − ẋ2

y
+

4y3y21((x− x1)2 + y21 − y2)

[((x− x1)2 + (y − y1)2)((x− x1)2 + (y + y1)2)]
3/2

+
4y3y21((x+ x1)2 + y21 − y2)

[((x+ x1)2 + (y − y1)2)((x+ x1)2 + (y + y1)2)]
3/2

L2

r1

r2 (x1, 0,
√
x1 + 1) (−x1, 0,

√
x1 + 1) q ∈ L2

q = (x, y,
√

1 + x2 + y2)

U = − cot(d(q, r1))− cot(d(q, r2)),

d L2 a, b ∈ H2 cosh(d(a, b)) =

−a1b1 − a2b2 + a3b3 =: −a⊙ b

T =
1

2
(q̇ ⊙ q̇).



q

d

dt

(
dLk

dq̇

)
− dLk

dq
− λ

df

dq
= 0,

λ f

L2

q̈ =
2∑

i=1

ri + (ri ⊙ q)q

(−1 + (ri ⊙ q)2)3/2
+ (q̇ ⊙ q̇)q.

H2 = {w ∈ C|Im(w) > 0}

−ds2 =
4

(w − w̄)2
dwdw̄.

q (x, y)

r1 r2 (x1, y1) (−x1, y1) |r1| = |r2| = 1

U(q, q̄) = −
2∑

i=1

(q̄ − q)(r̄i − ri)− 2(|q|2 + 1)

Ti
,

Ti =
(
4(Re(q)−Re(ri))

2
[
(Re(q)−Re(ri))

2 + 2(Im(q)2 + Im(ri)
2)
]
+

4(Im(q)2 − Im(ri)
2)2
)1/2

,

T =
2|q̇|2

(q − q̄)2
.

q̈ = −2(q − q̄)2
2∑

j=1

(q̄ − q)(r̄j − rj)2(q − rj)(r̄j − q)

T 3
j

+
2q̇2

q − q̄
.



q = x + iy

(x, y, ẋ, ẏ) = (0, 1, 0, 0) y

ẋ(0) = 0

x(t) ≡ 0 y

ÿ =
ẏ2

y
+

8y3y21(1− y2)

((x2
1 + (y − y1)2)(x2

1 + (y + y1)2))3/2
.

(x(t), y(t)) = (0, 1)

y

ẏ =ν,

ν̇ =
ν2

y
+

8y3y21(1− y2)

((x2
1 + (y − y1)2)(x2

1 + (y + y1)2))3/2
.

g(y, ν) = ν̇
ẏ g(y,−ν) = −g(y, ν)

y

ν = ±

√

− 8y4y21(1− y2)

((x2
1 + (y − y1)2)(x2

1 + (y + y1)2))3/2
=: h(y).

y < 1
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