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Abstract: In this article, we make use of the q-binomial theorem to introduce and study two new

subclasses ℵ(αq, q) and ℵ(α, q) of meromorphic functions in the open unit disk U, that is, analytic

functions in the punctured unit disk U∗ = U \ {0} = {z : z ∈ C and 0 < |z| < 1}. We derive

inclusion relations and investigate an integral operator that preserves functions which belong to these

function classes. In addition, we establish a strict inequality involving a certain linear convolution

operator which we introduce in this article. Several special cases and corollaries of our main results

are also considered.

Keywords: q-derivatives of binomials; Jackson’s q-integrals; analytic functions; starlike and convex

functions; analytic and meromorphic functions; hadamard product (or convolution); q-Bernardi
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1. Introduction, Definitions and Preliminaries

Basic (or quantum or q-) derivatives have various applications in different branches of
mathematics that make the study of Geometric Function Theory interesting and pertinent
(see [1,2]). Some applications of the q-operator are studied by Aral and Gupta [3] and
Elhaddad et al. [4,5]. Many of the different q-derivative problems can also be found
in [6–12].

In this article, we assume that 0 < q < 1. We start with the definitions and various
results from the q-analysis, including the q-factorial [ν]q! for every non-negative integer
ν ∈ N0, which is characterized by

[ν]q! =





[ν]q[ν − 1]q · · · [2]q[1]q (ν ∈ N \ {1}) 1

1 (ν = 1) 0

0 (ν = 0),

(1)
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where, in general,

[λ]q =





1 − qλ

1 − q
(λ ∈ C \ {0})

0 (λ = 0),

(2)

N being the set of positive integers and N0 = N∪ {0}. In the limit case when q → 1−, [λ]q
tends to the complex number λ ∈ C.

Here are some definitions and concepts from the q-calculus, including the q-derivative
operator Dq and the q-integral, as follows:

Dq[ f (z)] =





f (z)− f (qz)

(1 − q)z
(z 6= 0)

f
′
(0) (z = 0),

(3)

provided that the derivative f
′
(0) exists. When q → 1−, the q-derivative Dq[ f (z)] reduces

to the ordinary derivative f
′
(z).

The q-derivative operator Dq, defined by (3), satisfies each of the following properties:

Dq[ f (z)h(z)] = Dq[ f (z)]h(z) + f (qz)Dq[h(z)], (4)

Dq

[
f (z)

h(z)

]
=

Dq[ f (z)]h(z)− f (z)Dq[h(z)]

h(z)h(qz)
(5)

and

Dq

[
log
(

f (z)
)]

=
Dq[ f (z)]

f (z)
. (6)

As long ago as 1910, Jackson [2] introduced the q-integral defined by

∫ z

0
f (τ)dqτ = (1 − q)z

∞

∑
k=0

qk f (qkz), (7)

provided that the series involved in (7) is convergent. In particular, for a power function
f (z) = zk, we note that

∫ z

0
f (τ)dqτ =

∫ z

0
τkdqτ =

1

[k + 1]q
zk+1 (k 6= −1), (8)

and

lim
q→1−

∫ z

0
f (τ)dqτ = lim

q→1−

1

[k + 1]q
zk+1 =

1

k + 1
zk+1 =

∫ z

0
f (τ)dτ, (9)

where
∫ z

0 f (τ)dτ denotes the ordinary integral.
Several researchers have investigated many different subclasses of analytic functions

by using the q-derivative operator Dq defined by (3) (see, for example, [4,5,13,14]).
Let Σ be the class of meromorphic functions in U, that is, the class of analytic functions

in the punctured unit disk

U
∗ = U \ {0} = {z : z ∈ C and 0 < |z| < 1}. (10)

with the power-series expansion of the form:

f (z) =
1

z
+

∞

∑
ν=0

aν zν. (11)
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When f is a function of the form (11), it is clear that

Dq[ f (z)] = −
1

qz2
+

∞

∑
ν=0

[ν]q aν zν−1. (12)

Definition 1. Let the function f be as in (11) and suppose that

h(z) =
1

z
+

∞

∑
ν=0

bν zν. (13)

Then, the Hadamard product (or convolution) of f and h is given by

( f ∗ h)(z) := (h ∗ f )(z) =
1

z
+

∞

∑
ν=0

aν bν zν =: (h ∗ f )(z). (14)

In the year 1989, Ganigi and Uralegaddi [15] introduced an operator Dn : Σ → Σ,
which they defined by means of the Hadamard product (or convolution) as follows:

Dn[ f (z)] =
1

z(1 − z)n+1
∗ f (z)

=
1

z

(
zn+1 f (z)

n!

)(n)

=
1

z
+ (n + 1)a0 +

(n + 1)(n + 2)

2!
a1z + · · · ,

where n ∈ N0 = N∪ {0}. By using the convolution operator Dn, Ganigi and Uralegaddi [15]
considered the function class Mn given by

Mn =

{
f : f ∈ Σ and ℜ

(
Dn+1[ f (z)]

Dn[ f (z)]
− 2

)
< −

n

n + 1
(z ∈ U

∗; n ∈ N0)

}
. (15)

They also showed that Mn+1 ⊂ Mn. More recently, Ahmad and Arif [16] introduced
and studied the q-operator Rn

q : Σ → Σ defined by

R
n
q [ f (z)] =

1

z
+

∞

∑
ν=1

[n + ν + 1]q!

[n]q![ν + 1]q!
aν zν (n ∈ N). (16)

The classical binomial expansion is known to possess the following q-extension in
terms of the basic (or quantum or q-) hypergeometric function rΦs with r numera-
tor parameters and s denominator parameters. We have (see, for details [17] (pp. 346–
348) and [18] (p. 8))

1Φ0(λ; ; q, z) :=
∞

∑
n=0

(λ; q)n

(q; q)n
zn

=
(λz; q)∞

(q; q)∞
(|z| < 1; |q| < 1),

where (λ; q)n denotes the q-shifted factorial which is defined for λ ∈ C by

(λ; q)n :=





1 (n = 0)

n−1

∏
j=0

(
1 − λqj

)
(n ∈ N).

(17)



Mathematics 2023, 11, 2496 4 of 10

It is easy to see from (17) that

lim
q→1−

{
(qλ, q)n

(1 − q)n

}
= (λ)n (λ ∈ C; n ∈ N0), (18)

where (λ)n is the well-known Pochhammer symbol defined by

(λ)0 = 1 and (λ)n = λ(λ + 1) · · · (λ + n − 1) (n ∈ N). (19)

We now introduce the function ψ(α, q, z) given by

ψ(α, q, z) = z−1
1Φ0(a;− ; q, z) =

1

z
+

∞

∑
ν=0

(α; q)ν+1

(q; q)ν+1
zν (z ∈ U

∗). (20)

By means of the Hadamard product (or convolution) with the function ψ(α, q, z), we
define a linear operator L(α, q) on Σ as follows:

L(α, q)[ f (z)] = ψ(α, q, z) ∗ f (z) =
1

z
+

∞

∑
ν=0

(α; q)ν+1

(q; q)ν+1
aν zν. (21)

Then, by applying Equation (12), it is easily seen that

zDq

[
L(α, q)[ f (z)]

]
= −

1

qz
+

∞

∑
ν=0

[ν]q
(α; q)ν+1

(q; q)ν+1
aν zν. (22)

Furthermore, for the operator L(α, q), we can readily show that

(
1 − α

1 − q

)
L(αq, q)[ f (z)] =

(
1 − αq

1 − q

)
L(α, q)[ f (z)] + αqzDq

[
L(α, q)[ f (z)]

]
. (23)

Remark 1. For f (z) ∈ Σ, we have

L(qβ+1, q)[ f (z)] =
1

z
+

∞

∑
ν=0

(qβ+1; q)ν+1

(q; q)ν+1
aν zν = R

n
q [ f (z)]. (24)

Definition 2. Let ℵ(α, q) (0 ≦ α < q) be in the subclass of Σ whose members are defined by the
following condition:

ℜ

(
L(αq, q)[ f (z)]

L(α, q)[ f (z)]
− (1 + q)

)
< −

q − α

1 − α
(z ∈ U). (25)

Remark 2. If we set α = qβ+1 in Definition 2 of the function class ℵ(α, q), a new function class
ℵ̃β,q (β ≧ 0) is obtained, which is given in Definition 3 below.

Definition 3. A function f ∈ Σ of the form (11) is said to belong to the class ℵ̃β,q (β ≧ 0) if it
satisfies the following condition:

ℜ

(
R

β+1
q [ f (z)]

R
β
q [ f (z)]

− (1 + q)

)
<

[β]q
[β + 1]q

(z ∈ U). (26)

We note the following limit relationship:

lim
q→1−

{ℵ̃β,q} = Mn. (27)
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In recent years, the q-derivative operator Dq was extensively used to create a num-
ber of analytic function classes (see, for examples [19–25]). In this paper, we construct
inclusion relations for the families of meromorphic functions which we have introduced
and described above. We also successfully apply some class-preserving integral operators
upon the functions belonging to these classes of functions. Additionally, we derive a strict
inequality involving a linear convolution operator which we introduce in this article.

We choose to remark in passing that the inclusion properties, the class-preserving
q-integral, and the strict inequalities involving linear convolution operators, which we have
presented below for functions in the subclasses of the normalized meromorphic function
class Σ, not only yield various known (or new) results upon appropriate specializations,
but are also potentially capable of further developments for other function classes that can
be introduced by means the operators of q-derivatives and q-integrals.

2. The q-Jack Lemma and ITS Consequences

We need the following lemma to prove our main results in this section.

Lemma 1 (q-Jack Lemma [26]). Let the function u(z) be analytic in U with u(0) = 0. If |u(z)|
attains its maximum value on the circle |z| = r (r < 1) at a point z0, then

z0Dq[u(z0)] = ku(z0), (28)

where k is real and k ≧ 1.

We now state our first main result as Theorem 1 below. This result provides an
inclusion property of the subclass ℵ(α, q) (0 ≦ α < q) of the normalized meromorphic
function class Σ, which is given by Definition 2.

Theorem 1. It is asserted that ℵ(αq, q) ⊂ ℵ(α, q) for each q (0 < q < 1) and for each
α (0 ≦ α < q).

Proof. Let f ∈ ℵ(αq, q). Then

ℜ

(
L(αq2, q)[ f (z)]

L(αq, q)[ f (z)]
− (1 + q)

)
< −

q(1 − α)

1 − αq
. (29)

In order to show that

ℜ

(
L(αq, q)[ f (z)]

L(α, q)[ f (z)]
− (1 + q)

)
< −

q − α

1 − α
, (30)

we define u(z) in U by

L(αq, q)[ f (z)]

L(α, q)[ f (z)]
− (1 + q) = −

[
q − α

1 − α
+

α(1 − q)

1 − α

(
1 − u(z)

1 + u(z)

)]
. (31)

Clearly, u(0) = 0. Moreover, Equation (31) can be expressed as follows:

L(αq, q)[ f (z)]

L(α, q)[ f (z)]
=

(1 − α) + (1 + α − 2αq)u(z)

(1 − α)[1 + u(z)]
. (32)

Now, by using some basic computations and the properties of the q-derivative, we
find from (32) that

zDqL(αq,q)[ f (z)]

L(αq,q)[ f (z)]
−

zDqL(α,q)[ f (z)]

L(α,q)[ f (z)]

=
2α(1−q)zDq [u(z)]

[(1−α)+(1+α−2αq)u(z)][1+u(z)]
.

(33)
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From (23) and (31), we obtain

L(αq2,q)[ f (z)]
L(αq,q)[ f (z)]

− (1 + q) + q(1−α)
1−αq

= αq(1−q)
(1−αq)

(
− 1−u(z)

1+u(z)

+
2αq(1−q)zDq [u(z)]

[(1−α)+(1+α−2αq)u(z)][1+u(z)]

)
.

(34)

We assume that |u(z)| < 1 in z ∈ U. Therefore, by Lemma 1, there exists a point z0 ∈ U

such that
z0Dq[u(z0)] = ku(z0), (35)

where |u(z0)| < 1 and k ≧ 1. From (34) and (35), we obtain

L(αq2, q)[ f (z0)]

L(αq, q)[ f (z0)]
− (1 + q) +

q(1 − α)

1 − αq

=
αq(1 − q)

(1 − αq)

(
−

1 − u(z0)

1 + u(z0)

+
2αq(1 − q)ku(z0)

[(1 − α) + (1 + α − 2αq)u(z0)][1 + u(z0)]

)
.

We thus obtain

ℜ

(
L(αq2, q)[ f (z)]

L(αq, q)[ f (z)]
− (1 + q) +

q(1 − α)

1 − αq

)
> 0, (36)

which contradicts (29). Hence, |u(z)| < 1, and from (31), it follows that f (z) ∈ ℵ(αq, q).

If we put α = qβ+1 in Theorem 1, we obtain the following result.

Corollary 1. Suppose that β ≧ 0. Then

ℵ̃β+1,q ⊂ ℵ̃β,q. (37)

Remark 3. In the limit case when q → 1−, Corollary 1 yields the corresponding result proved by
Ganigi and Uralegaddi [15].

3. The q-Bernardi Integral Operator

For a function f ∈ Σ, we denote by Iρ,q the q-Bernardi integral operator Iρ,q defined
by (see [27–30])

Fq(z) := Iρ,q[ f (z)] =
[ρ]q

zρ+1

∫ z

0
τρ f (τ) dqτ (ρ ∈ N0). (38)

The q-Bernardi integral operator Iρ,q : Σ → Σ, defined in (38), satisfies the following
relationship:

qρ+1zDqL(α, q)[Fq(z)] = [ρ]qL(α, q)[ f (z)]− [ρ + 1]qL(α, q)[Fq(z)]. (39)

We now state and prove the following result. More precisely, Theorem 2 establishes
the fact that the q-Bernardi integrals of functions in the subclass ℵ(α, q) (0 ≦ α < q) of the
normalized meromorphic function class Σ, which are defined by (38), are also in the same
class ℵ(α, q) (0 ≦ α < q). This essentially means that the q-Bernardi integrals preserve the
class ℵ(α, q) (0 ≦ α < q).
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Theorem 2. If f ∈ Σ defined by (11) is in the function class ℵ(α, q), then Fq(z) defined by (38)
also belongs to the class ℵ(α, q).

Proof. Let

ℜ

(
L(αq, q)[ f (z)]

L(α, q)[ f (z)]
− (1 + q)

)
< −

q − α

1 − α
, (40)

which, by using Equations (39) and (23), can be written as follows:

ℜ




qρ(1 − αq)
L(αq2,q)[Fq(z)]

L(αq,q)Fq(z)
+ (αq − qρ)

(αq − qρ+1)
L(α,q)[Fq(z)]

L(αq,q)[Fq(z)]
+ qρ+1(1 − α)

− (1 + q)


 < −

q − α

1 − α
. (41)

We need to prove that (41) implies the inequality given by

ℜ

(
L(αq, q)[Fq(z)]

L(α, q)[Fq(z)]
− (1 + q)

)
< −

q − α

1 − α
. (42)

For this purpose, we define the function u(z) in U by

L(αq, q)[Fq(z)]

L(α, q)[Fq(z)]
− (1 + q) = −

[
q − α

1 − α
+

α(1 − q)

1 − α

(
1 − u(z)

1 + u(z)

)]
. (43)

Clearly, we have u(0) = 0. Moreover, Equation (43) can be written as follows:

L(αq, q)[Fq(z)]

L(α, q)[Fq(z)]
=

(1 − α) + (1 + α − 2αq)u(z)

(1 − α)[1 + u(z)]
. (44)

Now, by using some simple computations and the properties of the q-derivative, we
find from (44) that

zDqL(αq,q)[Fq(z)]

L(αq,q)[Fq(z)]
−

zDqL(α,q)Fq(z)

L(α,q)[Fq(z)]

=
2α(1−q)zDq [u(z)]

[(1−α)+(1+α−2αq)u(z)][1+u(z)]
.

(45)

Thus, from (23) and (43), we obtain

qρ(1−αq)
L(αq2,q)[Fq(z)]

L(αq,q)[Fq(z)]
+(αq−qρ)

(αq−qρ+1)
L(α,q)[Fq(z)]

L(αq,q)[Fq(z)]
+qρ+1(1−α)

− (1 + q) + q−α
1−α

= α(1−q)
(1−α)

(
− 1−u(z)

1+u(z)

+
2qρ+2(1−q)zDq [u(z)]

q[(1−qρ)+(1+qρ−2qρ+1)u(z)][1+u(z)]

)
.

(46)

The final part of the proof of Theorem 2 is analogous to that of Theorem 1. We,
therefore, choose to omit the details involved.

If we put α = qβ+1 (β ≧ 0) in Theorem 2, we obtain the following corollary.

Corollary 2. If f ∈ ℵ̃, then the function Fq(z) defined by (38) belongs to the class ℵ̃β,q.

Remark 4. If we let q → 1− in Corollary 2, we are led to the corresponding result given by Ganigi
and Uralegaddi [15].
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4. Strict Inequalities Involving the Linear Convolution Operator L(α, q)

In this section, we derive some strict inequalities which are based upon the linear

convolution operators L(αq, q) and R
β
q , which are defined by (21) and (16), respectively.

Theorem 3. If f ∈ Σ satisfies the following strict inequality:

∣∣zL(αq, q)[ f (z)]− 1
∣∣ < 1, (47)

for 0 ≦ α < q, then ∣∣zL(α, q)[ f (z)]− 1
∣∣ < 1. (48)

Proof. Defining the function u(z) by

zL(α, q)[ f (z)]− 1 = u(z) (49)

for f ∈ Σ, we see that
u(z) = u1z + u2z2 + u3(z) + · · ·

is analytic in U∗, and u(z) 6= 0. It follows from (49) that

αL(α, q)[ f (z)] + αqzDq(α, q)[ f (z)] = αDq[u(z)]. (50)

Thus, by using (23), we find that

L(αq, q)[ f (z)] = L(α, q)[ f (z)] +
α(1 − q)

1 − α
Dq[u(z)]. (51)

Therefore, we have

∣∣zL(αq, q)[ f (z)]− 1
∣∣ = u(z) +

α(1 − q)

1 − α
Dq[u(z)]. (52)

Suppose that there exists a point z0 ∈ U∗ such that

max
|z|<|z0|

|u(z)| = |u(z0)| = 1. (53)

We now apply Lemma 1 and let

z0Dq[u(z0)] = κu(z0),

so that κ ≧ 1. We then find from (52) that

∣∣zL(αq, q)[ f (z)]− 1
∣∣ =

∣∣∣∣1 +
α(1 − q)

1 − α
κ

∣∣∣∣ ≧ 1, (54)

which contradicts (47). Therefore, |u(z)| < 1 in U∗, and thus,

∣∣zL(α, q)[ f (z)]− 1
∣∣ < 1 (z ∈ U

∗), (55)

which evidently completes the proof of Theorem 3.

Upon setting α = qβ (β ≧ 0) in Theorem 3, we are led to the following corollary.

Corollary 3. If the function f ∈ Σ satisfies the following strict inequality:

∣∣zRβ+1
q [ f (z)]− 1

∣∣ < 1 (z ∈ U
∗; β ≧ 0), (56)
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then ∣∣zRβ
q [ f (z)]− 1

∣∣ < 1 (z ∈ U
∗; β ≧ 0). (57)

5. Conclusions

There has been a resurgence of interest in the study of q-series and q-polynomials
and related topics, which has a history dating back to the 19th century, as a result of the
creation of quantum groups and their applications in mathematics and physics beginning
in 1980 (see, for details, [31]). The works of Srivastava and Karlsson [17], Gasper and
Rahman [18], Kac and Cheung [32], Annaby and Mansour [33], and Ismail et al. [34],
among others, emerged primarily from that of Jackson [1,2]. In this study, a novel subclass
of meromorphic functions in the punctured unit disk U∗ has been introduced by using the
q-binomial theorem. For functions belonging under this class, inclusion relations and a
class-preserving q-integral operator have been investigated. We have also established a
strict inequality involving the linear convolution operator L(α, q), which is defined by (21).

The inclusion properties and the class-preserving q-integral operators, as well as strict
inequalities involving linear convolution operators, which we have presented for functions
in the subclass ℵ(α, q) (0 ≦ α < q) of the normalized meromorphic function class Σ, not
only yield various known (or new) results upon appropriate specializations, but are also
potentially capable of further developments for other function classes that can be introduced
by means the operators of q-derivatives and q-integrals. Remarkably, however, it is clearly
demonstrated in the recently published survey cum expository review articles (see [35] (p. 340)
and [36] (section 5, pp. 1511–1512); see also [31]) that any attempts to trivially translate the
q-results in this paper and in other publications into the corresponding (p, q)-results by
forcing in an obviously superfluous (or redundant) parameter p will surely not lead to any
non-trivial consequences.
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