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Abstract 

In this thesis we consider the motion of n particles under the influence of 
a law of attraction given by a quasihomogeneous potential function depending 
on two parameters. Ollr main goal is to prove that if a solution of then-body 
problem has a singula rity at which the moment of inertia has a finite limit , 
then the singularity is due to a coll ision. In other words, a pseudocollision may 
occur only if the mot ion becomes unbounded in finite time. 
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INTRODUCTION 

This papC'r is co11cf'rnecl with Llw study of Llw n-body problf'm of particlf's 

moving in t.hC' :J-dimensional Euclidif'n space JI(3 under Llw influence of a law 

of at.t radion dC'scril)('d by quasihomogf'neous potentials (sC'e [:)j). For givf'11 

initial conditions, l.hC' problem has regular or singular solutions . We consider 

t.lw case' of singular sol11t ions. 

A natural qu<'slion one' may ask is wliether all singula.riLif's a.re duf' to 

collisions. This qu<'stion was initially formulatf'd in the Newtonian n-body 

probl<'lll, wlwrC' there' ar<' <'xarnplt>s of noncollision singularities . Our goal is 

to off<'r a. llC'CC'ssa.ry condition for tlw C'XisLence of noncollision singulariLiC's, 

analogous t.o a rf'sult. of the' SwC'dish mathematician liugo Von Zeipel (sC'f' 

[7],[8]). In the contf'xt of the classical n-bocly problem he stated that: "If a. 

solution has a singularity at /"' and if some of the particles do not tend to finite 

limiting posit.ions as/ tends tot*, then one necessarily has lim1_ 1• R(t) = oo, 

wlwrC' H is t lw maximum of Lite mutual distances between pa.rticlf's." 

This tlwsis has four chaptrrs. Tlw first chapter gives a. brief description 

of t lie 11-body problf'rn with quasihomog<'nt>ous potentials and its teu first 

intf'gra.ls. 

In chapt<'r two WC' show l liaL lllf' minimum distance' betw<'en all pairs of 

part icl<'s must. approach :,r,ero at a singularity. This result generalizes Painlevc's 

crit<'rion fort lie cncotllll.t>r of a singularity in the classical 11-body problem (see 

[G]) and allows us lo formula le' t lw d<'finiLion which Psla.blishes tlw na.tuw of 

singulariLi<'s of tlw 11-bocly problC'lll with quasihomogcn<'ous potPntials. 

In chapter tlirf'C' wc df'compos<' thC' moment of inertia of the system of 

part iclC's into cornpon<'11ls corresponding lo subsystems. For this, WC' dPfine 
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a 1ww i1uwr product on IR :311 and regard IR3
n as the dir<>ct sum of two linear 

orthogonal subspaces. 

111 chapter four Wf' con(.inuf' to st ud y the behavior of singular solutions. 

'vVf' prove t.liat. at a singularity inst.ant. , the monwnt of in<'rLia 1 always has 

a limit (which may be fin it.<' or infinite). We conclude with the proof of Von 

Zeipcl's tlwore111 for t lw 11-bocly problem with quasi homogeneous potential s, 

which st.ates that.: '' lf t* is a singularity for a solution (q,p) of the n-bocly 

problem with quasi homogeneous potentials and lim,~t• l(q(/)) is finite , then 

/" is a collision singularity." This means that a necessary condition for having a 

11oncollision singularity is that. the motion of the particles becorn<'s unbounded 

in finite time. 



Chapter 1 

THE N-BODY PROBLEM 

In t hi s sect. ion Wf' forrnul a t. f' tlw eq uat ions of mot ion of t he n- body p roblcm 

a nd cst.ab li sh it.s first int f'g rals. 

Conside r II part. iclcs (bodi f's, po in t. masses) in !. hf' :3-di mensiona l Euclicli <>n 

spa.cf' IF( 3
• Df' notf' by m ; > 0 t he mass a nd by qi = ( q ), q; , qr) the position 

of t.lw i-t.h part. iclf', i = l, ... ,11, in a fixed Cartesian coordin a.t.f' system, so 

t. hat. q; is an f' lcnw nt of lR3 a nd call 

t he configuration of t he 11 -pa rt. icks. A configu rat ion (q 1 , q2 , ... , q11 ) of t. hf' 

pa rt ic lf's is ca. ll f'd a collision if q; = qi fo r some i-/- j. 

Suppose t.he pa rt icif's move in a potentia l Fie ld with potent ial energy - vi/, 

where 1,1/ is t. he quas ihomogeneous potential function defi ned on IR3
" - ~ 

by 

W( q ) = U( q ) + V( q ). ( l. l ) 

The fun d. ions { ! : ]] ( 311 - ~ ----+ m+ and V: Il~3
" - 6 ----+ IR+ are given by 

~ o(rn ;,rnj) 
{ f (q )= L.., 

I <i<i<n lq ; - qj 1° 
1 

\ ' (q ) = 
/j(rn i, m.i ) 

lq; - q ;lb, 

a E IR , a ~ L, 

bE lR,b > a, 
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whe rP n a nd /3 a.re fun ctio ns of t be m a.ssPs sat isfy ing t h e following condition s 

a(rn;,m1) > 0, /J(m;,rnj) > 0, 'i i , j = l , ... ,n, 

a nd 

Note th a t I . I : ur 3 
---t [O, 00) is t he E uclidi en no rm a nd lR+ = (0 , 00 ) . T he set 

6 is cl Pfin ed as 

( 1.2) 

w liere ~ i.i is call ed t he set of colli s ion s of th e i- Lh a nd j - th pa rti c les, i. P. , 

(1.:3 ) 

Thu s 6 ;.i is a linear subs pace o f IR 3
n . 6 denotes t he Sf't of a ll co lli sion config­

urat ion s . Observe Lh a.t C. ;_; , 6 a re closPd sets in lR.311 a nd U, V, W a re a na lyt ic 

fun ct io ns o n Lhe o pe n sPt Ift111 
- ~-

T he m ot io n o f t he part ic les ill Newto ni a n formul at io n is descrilw d by t be 

no nlinear sPcond or der a u to no mo us system of d ifferenti a l Pquat ion s o n IR. 311 - 6 

m;q; = V ;lt\l' (q ), i = 1, ... ,n, ( J .4 ) 

whe re t he do uble dot deno tes t he second deri vati ve wit h respect to t ime t a nd 

t h e symbo l V ; de no tes Lit e gradient wit h rf's p ect to t he i-t h vari a ble, i. e. , 

uw o11v aw aw 
V ;W(q ) = ~(q) = ( ~(q), ~(q), ;:i 3 (q)). 

uq1 O(f.; uq1 uq; 

Let M = cli ag(m 1 , rn 1,rn 1, •• . ,m11 ,rn 11 ,mn) be a :Jn- dirnension a l diagona l 

m at ri x, each index i E { L, :2, .. . , n} a ppearing three t imes and let V b e Lhf' 

gradi e nt. o pera.Lo r V = ( '\7 1 , ... , V n)- T he n, t he eq ua ti ons of m ot ion ( l .4) take 

t.lw a bhrf'v iatcd fo rm 

A!q = VIV( q ) 
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or 

q = J\ / - 1 VH/ ( q), 

I /\ /. I , . ( - J - ) - I - I -I - ) ) N t ' t · w1C' rf' - =c 1ag 1111 ,m 1 ,m 1 , .. . ,rn n ,m n , 1n
11

• ew ,on sequ a ,.1ons 

can be rcw ri Ltcn in such way t hat t bcy lwcomc a fi rst orde r system or 611 

d iffe rC'n( ia.l eq uations with t hc Vf'cto r fif' ld defi ned on (IR311 
- .6. ) x IR.311

, 

( J. 5) 

wlw rC' p; = m ;q , , 1 = l , .. . , 11 denotf' s tlw momentum of t he i-t h par t icle. 

Ld p = (p 1, .• . , p 11 ) bC' t he moment um of t he system of part icles. T hen thC' 

a bbrf'v ia.LC'd form for ( l. -5) is 

( J.6) 

T hC' n-body problem consists of solving the system of f'q uat ions (1.6) 

fo r ar bi trary prf'ass ignf'd init ia l data in (IR 3
n - .6. ) x IR3

n _ 

LC'L us const ru ct t he k n known first integrals of then-body prob lem. Re­

ca.ll t hat. a cont. inuously dirff' rf' nLiab lf' fun ct ion P : (IR 3
" - ~ ) x IR3

n ---+ ill of the 

611 va ri abks q , p is said Lo bC' a first integral for t he syst.cm of f'quat ions ( 1.6) 

if it. is canst.a nt a long each so lu t ion (q,p ) of it (i .e., F( q, p ) = c (constant. ) 

a long a solu t ion (q,p ) ). A rd at ion like thi s between the com po1w nts o [ a so lu­

t ion redu ccs t hc clin wnsion oft hf' system by onf'. Given l in tegrals F1, F2 , .. . , ] ~ 

of ( J .6), t lwy a re sa id Lo be independent if t he .J aco bi an mat ri x formf'd wit h 

t he 611 par t. ia l de ri vat.i ves wit. h rPS J) PCL to q; , p;, i = I, . .. , n has rank l. It, 

is know n t. hat s_vs t,<· ms of m fi rst. order cl irfcrcntial equ at. ions havc loca.ll y rn 

iudepcndcn t first in tegrals. In gC'neral, a fun ct ion I is said t.o be algebraic 

wit.Ii res pect Lo the va ri abk .r if th<' rC' C'x isLs a polyno mi al P (.r, y ) such t hat 

P ( ,r, I ( .r)) = o. 
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0 bsf' rv<' t h at 

fo r q E m.311 
- ~ , f"or i E {1,2, .. . ,n} . Ry (J.1 ), ( 1. 7), and tlw p ro1w rty of 

sym111 ct ry of t he fun ct ions o and (J we hav<' 

n n n 

L Pi = L m ;q i = L v';vV( q ) 
i= I i = I i= I 

By inkgra t ing t !ti s <'q ua.t ion wit. h r<'spect to I , we obtain 

n 

LPi(t)= c1 , (1.8) 
i = l 

wlwrc c1 = (c : ,cf,c;) E 11( 1 is a constant of in teg rat ion. WP obtai,wcl t hus 

t hrP<' sca la r first. inkgra ls ca ll ed th<' momentum integrals. 

By integrat ing <>q uat ion (1.8) Wf' obtain 

n 

L m iq i(t) - c, l = c 2 , 

i =l 

( 1.9) 

wlw re c2 = ( d, c~, ci) E lR 3 is a lso a consta nt of in tegrat ion. T hus we found 

another t hr<'<' sca la r first. in tegra ls, ca ll ed t he integrals of the center of 

mass . T h<' center of mass of 1 he syst<'m of particles is clC'finecl at t inw I by 

n 

L rn;q; (l) 
c( / ) = _i=_t_n __ _ 

Z: rn; 
i = I 



CHAPTER 1. T II E N-BODY PROBLEM 

We dert 1l<' the kinetic energy of the system of pa.rt.ic lPs as Lo lw 

llsing (1.1), we have 

d 
-, T(p(t)) 
r:/ 

T(p ) = ~ t IPl. 
2 i =J rn ; 

7 

( L. I 0) 

wh<'rf' the uppN inclrx "T" means transposition. By in t<'grat ing this equat ion 

we obtain t lie integral of energy 

T( p (/)) - lV(q(l)) = h, (1. 11 ) 

where h E IH is an inkgrat.ion con stant ca ll ed t he constant of energy. 

WP define Llw angular momentum of thf' syslrm of part icles with respect 

Lo t.lw origin of the Cartesian system to be the function 

n 

A : (lR311 
- ") x IR 311 

--+ IR3
, A( ) ~ ( ) w q, p = ~ q; X p; ' 

i =I 

wll<'rf' " x " is !hr cross product of two vf'dors in IR 3
, i.r., 

2 3 32 3 1 1 3 12 21 q i X p; = (l/ · 7J . - G/ · ]J • q. 7J . - q. 7J . C.] · ]'J · - q. P· ) 1 /- 1. 1, 1 ' t t i i l' i , i t ·1, l • 

One can eas il y scr that. 

d dqi dp ; 
di ( q ; X p ; ) = di X Pi + q ; X Yt· 

Tlwn, we have 
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n n 

i = I i =l 

" 11 ( ) 11 n ( ) _ ~~ n rn i ,rn.i . ·) ~~ 0 rn i ,m.i ( . ·) 
- a L.,, L.,, n + 2 ( q, X q , - a L.,, L.,, n +2 q, X q, 

i= I j= I lq i - q;I i=l j=I lqi - q;I 
r t-• J'F ' 

Bu t q; x qi = 0 , q; x qi= -(q; x qi) and thus 

= 0 . 

ln LPgra.Ling, we- obtain 
n 

L (q; X pi)= C3 , (1. 12) 
i=l 

wlwre c3 = ( c:~, c5, d) E m3 is an in Lc-gra.Lion cons Lant. T he th ree sea.Jar first 

in tegra ls obt.ai,wd are ca.li e-cl Lhe integrals of the angular momentum . 

Tints, t he- ldt. sides of ( l.8), (l.q), (J. IJ), (1.12) are te n first in tegrals 

a lgc-bra. ic wit.h respc-d to q , p and t for Uw n-bod_v problf'rn, which are eas ily 

SP<>n Lo be- inclPpf'lldent. One may ask if Llwre are any addit iona l in tegrals 

of this kind. The (;Prman mathematician I-I.Brun s proved in 1887 [l] that 

I.here arc- no furtlwr first inLPgra.ls of (1.6) algebraic with respect to q, p and 

l, independent. of Lltese ten . 

Wit.h the aid of the ten first inL<"grals , by eliminat ing ten coordinates q , p 

from the Pquat. ions of mot.ion ( 1.6), Lite- systc-m can be reclucPd to 611 - lO first 

order dirfercnt.ial equations. The local existence and uniquPncss of the ana lytic 

so lu t ion of ( l.6), for gi vcn in i Lia ! data in ( IR:3n - ~) x IR.3" , is ass ured by rf'sults 

of Lhe t.lwory of ord in ary cliffcre11Lial equal.ions (for the existence t heorem of 

Cauchy, sec- [7]). 

\Ve shall close t hi s sect. io11 by a remark whi ch wi ll be use-cl from now on . 

T h<" equa tions ( 1.8) and ( 1.9) show us t. li at., from the physical point of view, 
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Lil<' cf'nter of mass of Lhe 11 -boclies system is moving uniformly (wi t h constant 

spe<> cl ci(I::7= 1 rn i) - 1
, if c 1 -f. 0) or rests (at c2 , if c 1 = 0) for the t ime inte rval 

where t he so luti on is den ned. 

We ass ume in Llw foll ow ing t hat the center of mass is at rf'st (fi xed) at t he 

ori gin 0. Thi s restri cts t he co nG gurat ions to the in vari ant set 

" CJ = {q E ffi 3nl I:: m ;q ; = O} 
i = I 

and t.li e moment. urn t.o the invari ant set 

n 

p = { p E IR 3n I L p; = 0}. 
i = l 

Sin ce T - \,I · is constant a long solu t ions of ( L.G ), t. hf' set definf'cl by 

J\l (h ) = { (q , p ) E (CJ - Cl ) X p I (T - \;1/ )( q , p ) = h} 

1s an in va ri a nt. set for <>a.ch rea l consta nt. h (i. e., if (q , p )( O) E Al (h), th en 

(q , p )(t) E J\/ (h) for all/ wh ere the solu t ion is den ned ). The set Al (h) is 

ca. li ed the constant energy surface. Thus, wit hout loss of generality, we 

sha ll Ax an h E ill and rest. ri d t he equ ations of mot ion to tlw in varian t sf' t 

J\l (h). 



Chapter 2 

NATURE OF 
SINGULARITIES 

Suppose WC' a.rP givf'n an initial position q(O) E JR:3n - 6 and an initial ve locity 

q(O) E IR 3
" . Tlwu the standard theorPms of differential equations assure the 

f'Xislence and u11iqurnf'ss of' an analytic so lu tion of f'quations (1.6), defined 

locally on sonw interval (/ -, t+) with O E (C , t+). Because of Lhe symmetry 

of' nwcl1anical laws with rPSj)('cL to Llw past and fut urf', one ca.u study the 

probkm on (1 - , O] or on [O, t+) without. loss of generality. We choose to work 

011 !.hf' second i1ll,f'rval. The solution can be extended analytically to a. maximal 

intnval [O , /"' ), with O < t+ ~ 1~ ~ oo. 

Definition 2.1. l.f I * = oo. lhc solulion i.c; rnlled regular. if t* < oo, 

!hr .-,ofut/011 i8 .-,n/rl lo be singular, l* is cnlled a singularity of the solution 

and wr say that !hr· sohttion c.rprrirncrs n si11g11/arlty al/* (i.r. , is dr.fi11ed 011d 

is 0110/ylic 011 [O, / * ) but not al / * } . 

Our study wil l I)(' concf'nlC'd with the behavior of ·ingular solutions of the 

11-bocly problem. We shall start by describing Lhe physical l)('ha.vior of the 

particl<"s close' to l " . To this <"nd , we ckftne the function 

(2 .1 ) 

whrrf' C/ ij jq ; - q i l• Brca.usP / * > O. wr shall usf' I.he not.at.ion / --+ /. * for 

10 
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I -+ I "" with I < I "' . 

A first r<'sult st.a.l<'d in Uw following proposition Le li s us tha.1. the minimum 

distance betw<'<'n a. II pairs of particles must approach ZPro a.t a. singularity. 

Proposition 2.2. fl (q ,p ) is a solution of the eq1wlions (1.6) defi11Fd on 

th r ma.rimal i11!cn1al [O, /"'), thcn t* i-" a sing1darity of th P solution i; f and only 

,f 
lim inf p(q(/)) = 0. 
1~1• 

(2.2) 

Proof: Recall that l E IR is tlw limit. inferi or of p o q a.I. l *, i.e. , l = 
lim1~ 1• inf p(q (t )) if and onl y if the following conditions are sat isfi ed: 

i) for rnch t > 0 and for ca.ch 8 > 0 there Pxists a. I r, E [O, l *) such that 

lt c1 - rl < f> and p(q(/ s)) < l + (, 
ii) for <'a.ch c > 0 !.11<'rf' <'xisl.s a. E, > 0 such tba.t for a ll l E [O, l *) satisfying 

It - /*I < 5, WP han' p(q(t)) > l - c 

Li s t.lw limit super ior of po q a.t I*, i.P., L = lim1~ 1• supp(q (/)) if a.n d only if 

i') for <'a.ch c > 0 and for <'a.ch 8 > 0 t lwre <'xists a / c1 E [O, /*) such that 

ll c1 - /*I < [, and p(q(/ c1 )) > L - E, 

ii') for <'acl1 c > 0 tlwre ex ists a. E, > 0 such Lha.t for a. II I E [O, t*) sat isfying 

It - t"' [ < 8, we have p( q (t)) < l + c 

Notic<' a. lso that lim1~ 1• sup p(q(/ )) = oo if and only if 

iii' ) tlwre Px ists a. Sf'CJ U('l1Cf' (/ n ) n E N , I ,, E [0, /*) , \:/11 E N with /11 -+ l * as 

11 -+ oo, such I.hat p( q(i 11 )) -+ oo wlwn n -+ oo . 

Ld us prove Uw ncc<'ssity of Uw condition stated in Proposition 2.2. Let 

l = lim1~t• infp(q (l)). p: IR3
" -+ [O,oo), sol~ 0. Assume l > 0. Then, there 

exists a. 0 > 0 such t hat l ~ 0. Ta.ke fl E (0, 0) and e = l - I'·· By ii) , there 

ex ists a f, > 0 such Iha! if/ E [O, t* ) with [t - t""[ < 8 then p( q(/ )) > l - e = p. 

Let. /0 = t * - b/2. Tlwn p(q (t )) > I' on [1 0,l*), which implies Lha.t 

(f;J( l ) > /I, \:/ I E [/0 , t*), \:/i,j = l, 2, ... , n, i =/= j. (2.:3) 
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By ( 1.4) an d ( 1.7) we hav<" 

.. _ ~ n ( m ;, rn .i ) _ _ b ~ /3 ( m ; , rn .i ) ( _ _ 
rn, q ,-a ~ . n+

2 
(q,- q,)+ ~ . b+

2 
q,- q,), Vi= l , . .. ,17. 

J=I (f ,.7 J= I (f iJ 
rt-• r l- 1 

Th is implies 

I 
.. I ~ n ( 111 ;, m .i ) l ~ /3 ( m ;, rnj) 
q; < o ~ ----+J ~ b ' - 1n -q --"+1 m -c.7-- +1 

J= I ! 1] J = I 1 I) 

Vi= l , . .. , n, 

r l- 1 r t-• 

O il [ / 0 , /*). Fro m her<', by (:2 .:3) we have 

lq·· ,-1 < _ o_ Ln o(m;,m _; ) +-b_ Ln /1(rn;, m j )' 
b 

---- Vi= l , .. . ,11, 
11 "+ 1 n1 - 11 + 1 m -t J= I I J =I I 

(:2.4) 

Jt-• Jt-• 

O il [lo, r), i.e., q; is bounded by a positive consta nt on [to, /*) . D<" note by Al 

t hi s consta nt. , i.e., t he ri gli t siclf' of (:2.4) . 

T lw 1wxt. step is to provf' t. hat for l ---t t *, li m q (t) and lirnq(t ) <"xist, 

t. hi s means li111q;( / ) a.nd lirnq;(t) ex ist, for a.11 i = l , .. . , 11. 

For t hi s Wf' sha ll usf' Cauchy's cr it<' ri on for t he ex istence of the li m it of 

a fun ct ion at. a. poin t., cr itf' ri on whi ch, appli ed to our case, states: "The limit 

lim1~ 1• q;(l) (res pect ive ly lirn 1~t• q;(/ )) exists if and only if for E > 0 there 

ex ists{, > 0 such t. ha.t wlwne\'f'l' t 1, t 2 E [to, l*) wit h lt2 - t*I < 8, t hc- u ICJ.;(t1 ) -

q ;(l2)I < c (rf'spect iVf'ly lq ;(t i) - q ;(t2)1 < E ) . " 

First, we sha ll show t he f'X istcncc of li mt-t• q ;(t) , Vi = 1, ... , n . Fix 

i E {1,:2, ... ,n}. Ld c > 0 a. ll cl 8 = (j:21\1. Let. / 1,t 2 E [t0 , l "'), l 1 < t 2 , such 

t.h a.t. It, - t *I < b a. llcl 112 - t"'I < 8. T he so lu t ion is analyt ic on [O, l "'), thus 

cliff<'rent.ia.b lf' O il (! 1, / 2 ). T he mean-va lue t heorem ass ur<:'s the <"x istencc of a 

f. ; E (/ 1, / 2) such t. ha.L 

T hc- 11 , by (2 .•l ) we have 
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wllC' r(' 

T lrns, 

lq;(/2)- q;(l i)I < 2/118 = ~J\~ c = L 

T bcrdorC', by Cauchy's crite ri on, lim i-t• qi(l ) ex ists. 

13 

Ld p )' = Jin11_ 1. q;(/ ), Vi = l, .. . ,11 and !Pt. p* = (p7, p;, ... , p;, ). Now 

fix i E {I. 2, ... , 11 }. WC' sha ll show t hat limi-t• qi(!) ex ists . LPt. c > 0. By thP 

cl <'n ni t ion of t h<' limi t of a fun ct ion at a po in t, there' Px ists a 8' > 0 such t hat 

Vt E [10 , /*) sati sfyin g It - /*I < fj' , we have 

T lw n 

lq;(t)I :::; lq;(l) - P~I + IP~I < c + IP71, ( 2.,5) 

wit h I saL isfy iug It - t*I < ti'. Ld l, = min{ 8
1

,<../2(t + IP71)} and let l1 ,l2 E 

[10 , /*), / 1 < /2 , such t hat It 1 - /*I < 8. T hP mean-va lue theorem ass ures the 

C'x ist<> ncC' of a f_ ; E (I 1, / 2 ) such t hat 

(2 .6) 

Combining (2.!5) and (2.6) WP obtai n 

T lw refore, by Ca uchy's cri te ri on, li mt-t• q;(t) ex ists. Let q;' = limi-t• q;(l ), 

q * = (q7, . . . ,q;, ), and q(i = lq7- q; I for all i,j = l , . . . , 11 , i -/- j . Letting 

/ -t t "' in relat ion (2.:3), WC' obtain 

q iJ 2 /I > 0, Vi , j = l , ... , 11 , i -/- j. (2 .7) 

To t IH' C'qu at ions ( 1.6) WP fur t IH'r apply t.llC' Px isknce and uniqueness theorem 

for differC' 11ti a. l C'qua.t ions wi t h initi a l condi t ions suffic ientl y cl osP Lo t *, q* (re­

lat ion (2.7 ) ass ures t hat t he in iti a l pos it ion is in IR3
n - 6 ) and p*. IL fo llows 
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tha.t there is a.n intcr va. l (l * - 1 , t * + 1 ) with 1 > 0 depending on 0 a.nd /l , but 

not on / *, wl1C'rP the so lu t ion rPmains analytic, i. e., the solution is defined on 

I * , a. contradict ion. T hc necessity is thus proved. 

Let us prove ih<' suffici<'ncy. Suppose lim1_ 1• in[ p(q(t)) = 0. From the 

eq ual.ions of motion m iq i = ~\ vV(q), i = l, .. . , n , we observe that if q(t) is 

unbounded as I - I "', i.c., if there ex ists a.n i E {l, .. . ,11} and a. seqLwnce 

(l ,1 )nEIN, I n E [0,t*) , Vn E IN, with t ,, - l * as n - oo such that q;( f,, ) - oo, 

tltc11 lim,, _ 00 V ; W(q(/ 11 )) = oo, i. e., lim1_ 1• sup v iv\/( q(i, )) = oo. This rna.kes 

thc cquations or mot. ion mcaningless. The soluti on cannot be defined a.t l * , 

and so /" is a singul a rity or Lhc solu t ion. Assu me t hat. q is bound<'d, i.e., I.here 

cx ists a c 1 > 0 such that 

wherc II . II is t.hc S uclidi en norm in JR.3n . But q(t ) = A1- 1vW( q(t )), so it, 

follows that Vl;\/( q (t)) is bounckd on [0, t *). Notice that l<ii (t)I S ll<i(t )II, Vi= 

1, .. . , 11, an d app ly Cauch_,·'s criterion for thc cxistcnce of lirn 1_ 1• q(t ) as we 

did previously. lt follows t hat lin11_ 1• q(t ) exists. Denote it by p". Let f > 0. 

Thcn t herP exists a. 8 > 0 such that for l E [0 , t·) satisfying It - / *I < b we 

have I lei ( I ) - p• I I < c. Th us, 

llci(t)II s ll ci (t ) - p *II + IIP*II < C + II P*II 

on ( /* - b, l*). HPca.11 that 

d 
-
1 

W (q(I )) = (V\11/(q(l)),q(t)), Vt E [0, t*), 
(, t 

where ( . , . ) : Ili.311 x m:111 
- JR is t he standard inner product defined over 

[R 311
. The inner product. sat isfies the Schwarz inequality, so 

d 
Id, W(q(/))1 s II V\tll (q(l ))ll · llci(t))II, Vt. E [0,t*). 
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Siner q(/ ) and VW(q(t )) a rr bounclcd on [0 , /*), it foll ows that l(d/dl)lV( q (t))I 

:S , 2 , Vt E (/* - 6, / *), c2 being a positive constant.. Fix t 3 E (/* - b, t *) . Ld 

l E (t * - 6, / *) lw an a rbitrary moment. By the mean-value t heorem, the re 

exists a f. 1 bdwrrn /1 and l such t hat 

This implirs that 

i. f' ., IV is boundrd on (t* - b, / *). On t lw oth<"r hand , lim,_,. inf p( q (t)) = 0 

impli es that 

Jim sup W( q(/)) = oo, 
1-1• 

i.f'., ii · is unbou11clecl on [O, / * ), a contrad iction with t he above conclusion . T lw 

proposition is thus provE'd. 

Painlcvf establi slwd a finer res ult. than Proposition 2.2.(see [6]), stating 

his criterion as follows: 

Theorem 2.3. (Painleve). If (q.p) is a solution of ihf rqv,alions (l.6) 

dr.fin rd on !hr mruimal inlunal [O, l*), th en t* is a singnln1·ily of th e solution 

U a11d 011/y if 

lim p(q(/)) = 0. 
1-1• 

Proof: Hcca.11 that lim,-t• p(q(/)) = L if and onl y if 

lirn infp(q (/ )) = lim supp( q (!)) = L. 
1-t• t- t • 

(2.8) 

Wit.Ii thi s rrm ark, the su f-fi cirn cy follows obviously by Proposition 2.2. To 

prove t.lw necessity we app ly again Propos ition 2.2. and obtain that 

lim inf p( q(/)) = 0. 
t-t• 

It remains to prove that lim,_,. supp(q (t )) = 0. Let L = lim1_ 1• supp(q(t) ). 

Then l 2 0. Assume l > 0. T hrn , there ex ists a 0 > 0 such that L 2 0. Let 
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f = l - 0. By i') pagP 11 , for ca.ch m E 1N there ex ists a t 111 E [O, /*) such that 

lt111 - /*I < 1/ rn and p(q (/m)) > l - f = 0. This mPa.ns t here is a seq uence 

( I m ) mE IN, I m -+ I * when 77-+ oo, such that 

% Um ) ~ p(q(lm)) > 0, Vm E IN , Vi, j = I, . .. , n, i -f j. (2. 0) 

From here and by t. hf' defin it ion (1. 1) of W, we havf' 

a( rn · ·m ·) 
t , .1 + 
0n 

/3( m;, mj) 
06 

, Vm E TN . (2.10 ) 

Denote by I' t he constant whi ch bounds t he seq ucncr (W (q (lm)))m0'1, fl > 0. 

T lwn (2.10 ) l)('co1ncs 

W (q (tm)) < 1.1, Vm E IN. (2.11 ) 

By t hr integ ra l of energy ( 1.1 L) it fo llows that 

T (p (tm)) < 11 + h, VmE IN. (2 .1 2) 

Lrt Al = rn a.x{rn ;, i = L . . . ,11}. T lw n, by t he defini t ion (1.10) of T, we havr 

n 

L lp;(/m)l 2 < 2J\I (fl, + h ), Vm E IN. 
i = I 

T hi s means 

Tl. n 

Jl q(l ,,, )IJ 2 = L Jq;(lm)J 2 ~ L Jp;(fm)J 2 < 2/\f (fl + h), 
i = I 

i. e.' 

JJ q(lm)JI < 1, Vm E IN , (2. 13) 

wlw re 1 = J2/\ J (p + h ) is a pos it. iv<' constant . 

Appl ying tli f' cx istencr tllf'o rf'rn for somf' tk, q (tk), p (tk) with tk suffic ient ly 

closr to I * (rr la. Li on (2 .9) ass urf's that tlw init ial pos it ion is in IR3
" - ~ ), it 

fo ll ows I. hat 1 hr rr is an in tr rva l (/* - 17, I* + 17) wit h 17 > 0 dependi ng on 0 
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a.ncl ,, but. noL 011 / *, when· Llw so lu Lion remain s analytic, i. e., the solution is 

clefinf'cl on / '", a contrad ict. ion. Thf' suffi ciency is t hus proved. 

Df' fin e Lhc fun ct ion cl: IR 3
" x IR3

" - [O, oo) by 

d( q , ~ ) = inf{ liq- PII, P E ~ }, q E 1R3
" , ~ C JR3

" . (2. 14) 

d( q , ~ ) clf'not.f's t.hf' 8udidif'11 distance in IR 311 from Llw point q Lo the sf't ~ 

clf'fincd a.t ( 1.2). 

Observation 2.4. With p rl rfin rd al (2. 1) we hmlf 

p( q ) = v'2d( q , ~ ), \fq E 1R 3" _ 

Us ing this re mark , Theorf'm 2.:J. ca n be stat.eel as it follows: 

Corollary 2.5. If (q.p ) is a solution of th e cqMlions (1.6) definrd 011 

th e mn.rimnl inlrrMI [O,r). thrn I * is a singv ln rity of !h r solut ion if nnrl 011/y 

ff 

This stat.f'mcnt gives us a sli ghtl y different interpretation of Theorem 2.:3. 

[L says that t "' is a si ngul arity for Lhe solu tion of (1.6 ) if and only if thf' distance 

from q(I) tot.lie set ~ tends to zero as / - / *. This is the same as saying: 

"q( t) lf'nds to ~ as / - t *" . 13asecl on this remark , we sha.11 forrnu late the 

foll ow ing definition whi ch eslab li slws Lil e nat ure of singul a.riLi es of t hen-body 

problf'm. 

Definition 2.6. Suppose that ( q .p ) has a singularity al t "'. This singu­

la rity is en/Irr/ n collision singularity if q(i ) lends lo a defi'llile limit when 

I - I * , i.e., if lh eff c.ris/s a q* E ~ ...;uch th at limt-t• q ( l ) = q*. The singu­

larity is //1(11 d1u lo a collision. O/h(rwiM, th e singularity is callrd a pseu­

docollision or a noncollision singularity. 

Thus, t.lwrc might be two possibiliLies for q(I ) to ap proac h the set ~ : 

I. By i.f'nclin g Lo somf' point. q "' E ~ as l - / *. Then f'a.c h of Lhe pa.r tidf's 

has some limiting position at. t imf' /"'. Since q"' E ~' at lf'ast. two of these 
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limitin g pos it.ions must. coin cide, whi ch means that t hf'se part icl<'s must co llide 

as t -t / *. 

2. By a pproac hing ~ wit li out a limit.. [n t hi s casf' a.t i<'ast 0 11 <" part icle m ay 

osc ill a t,f' lwLw<'en som<' ot.llC'rs without colliding, but coming close r a nd closer 

to a co l li .- ion . T hen d( q , ~ ) tends to zn o as / -t / "', but q ( t ) docs not have a 

defini t<' limit.. 

T he goa l of thi s pa p<' r is to prove t hat in thf' n- body probkm wit h quasiho­

mogPncous potf'n t. ial s, if Lhf' mot ion rf'main s bounded at t he singularity, Uw n 

Llw sin gul a ri ty is a. co lli sion. 



Chapter 3 

A DECOMPOSITION 

To arhif'V<' our main goal, which consist.s of thf' proof of Von Zei1wl's theorem 

for quasihornog<'neous potentials, WP consider first Von Z<' ipPl's decomposition 

of Ll1<' 111011wnt of inC'rt.ia oft he syste111 of pa.rticl<'s into compon<'nts corr<'sponcl­

ing t.o suhsystf'ms. Today t hi s decomposition is best undnstoocl in terms of 

t he g<'onwtry of the spare' ffi 311 vif'wf'd a.s a Hilbert space with inner product 

denned in the following way: 

71 

< . , . > : IR :Jn X IR 311 
----+ IR , < q , P > = L m i ( q;, Pi ) , 

i= I 

where ( . , . ) : IR 311 x lR 311 
----+ 1H denotes the standard inner product. 011 IR 3, 

l.f'.' 

In the l'<'SL or this pa.pn Wf' clf'tlOtC' by 11 . 11 : IR3
n ----+ [O , 00) Lil<' norm inducf'd 

by this innf'r product (i.e. , llqll = J< q, q > ), while I. I: IR3
----+ [O,oo) 

further cl<'not.E's the Euc licli cn norm in IR 3
. Also, we consider the gra.clif'nt of 

IV with respect Lo t hi s inrwr product. and clf'note it by VW. That is VvV(q) 

is Llw Vf'do r in IR 3
" clc-nned by 

< ~11,' (q ), p > = DH'(q)p, Vq E IR 311 
- .0. , Vp E 1R3

n , (:3.1) 

19 
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whcrf' DW(q)p is Lhe clerivat.ivr of Wat q (which is Lhe linear map DW(q): 

JR 3
" ---+ IR ) rva. lua.L<'cl at p . Ld V = (V 1, . •. , V n), where V ; is the gra.cliPnL 

with rPsprcL to thr i-tb pa.rtic l<', Vi = L, . .. , n . On thr other hand , we bav<" 

the fo ll owing rundamental rqua.lity 

By (:3 .1 ), (:3.2) wr obtain 

and it rollows Ll1at. 

aw 
rn 1V ; H' ( q ) = ~( q ), Vq E 1R 3

n - ~­
uq; 

Thrn , t.he eq uations of motion can be wr itten a.s 

q; = V 1W(q), Vi= l, .. . , n 

or in Lhe abbrcv ia.t.rd form 

q = VW(q). 

(:3.2) 

(3.3) 

Definition 3.1. Thr moment of inertia of the system of particles is 

dcJinrrl as 
n 

/: IR 3
n---+ [O, ), I (q ) = llqll 2 = L milq;j2. ( 3.4) 

/ is a physica l mrasurc or tlw distribution of particles in space. 

Dr note by N the set. oft.hr n intPgr rs which la.l)f'I Lhr 11 parLiclPs, 

N = {1,2, ... , n}. 

Let. I' be a. suhs<' l of N, and ca ll t lw sd, of particles having indi ces in fl , a 

subsysff'm I' of the system o[ 11 part. ides . The set of points in the sd ~ 
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co rrf'spo nd ing t.o a. co lli sion l)('t.wf'en a. II Uw pa.rt.ides in thP subsyskm p, 1s 

denoted by 

Thus, points in ..::. 1, can be rega rded as points of "tota l collapse" of the subsys­

tem p. Observe Lha.t if fl= (/), 6 1, is undefined. If J-l contains a. single point, 

t.hen 6 1, = lR 3
n. ff 11 = {i,j}, i,j EN, i -=J j, then 6µ = 6 ;.i, as defined in 

formula. ( 1.:3). 

Ld w be a. partition of N, i.e. , a sd of mutually disjoint subsets of N 

whose union is a ll of N. A part.it.ion of N corresponds t.o a decomposition of 

Lhe Lota.I system into su hsystcms, ea.ch corresponding to one of the elements 

of the partition. Let ....}.w be the set of points in 1R3
n corresponding to total 

co ll apse simulta.11 co11s ly in ea.ch subsystem, i.e., 

Not ice t.ha.L sin cf' ..::. 1, is a. hyperplane for every fl E w, it follows tha.t Liw 

is a. hy p<'rpla.nc in lR 3
n. ff I'· C N, we define Lhe center of mass of the 

corresponding subsystem as 

:Z:::: rniq; 
. . [1) 3n m 3 

( /I • ~ --t If\ , 
iE11 

C1,( q ) = ---I:: m ; 
( :3.6) 

iEµ 

Define a. map 

.,,.w •• n, 3n --+ JR 3" , ( ) ( ) " \ 'Tf'w q ; = c., q if i E I'· E w, (3.7) 

i.e., !.he co111po1w11t.s (7rw)i corresponding Lo all i of an clement p. of w a.re equal 

to the center of mass oft.he corrf'sponding subsystem p. One ca.n easily sec 

that. c1, a nd t.herdorf' 'Tf'w a.rf' li, wa r functions (i.e ., if q, p E IR 311 ,o, /-J E IR , t hen 

7rw(o q + /3p ) = n7rw( q ) + /hw( P )). As a linear function from a. :311 d inwnsional 
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nornwcl linear spa.c<' to the same linear space (actually IR3
n is a Banach space), 

7rw is cont inuous. 

Let us estab li sh tbe null space (kernel) a.ncl the image (range) of 7rw · The 

null spa.cf' of 7rw is the set 

where 0 = (0 , ... , 0 ) E IR3
n is t he null element of 1R3

n . 

We have 

L iE,, m iq , ---- = 0 , \:/ /l E w ¢::::=? 
L iE,, 111 ; 

L m iq ; = 0 , \:/ fl E w. 
i E11 

Thus, 

X w = { q E IR 3n I L m i q; = 0, \:/ fl E W } • (3.8) 
iE,1 

The ima.g<' of 7rw is th<' set 

Proposition 3.2. Th e following equality applies 

Proof: Let us prove the inclusion 7rw(1R.3n) ~ 6-w . Take p E IR 3n. By (3.7), 

(1rwp ); = c1,( p ) for i E p E w, i. e., for all p. E w, (1rwp ); = (7rw P)j = c,,(p) 

for a. ll i ,) E I'· This means 7rwP E npEw{ q E 1R3
" I q; = q i \:/i, j E id = 6- w . 

To prove that 6-w ~ 7rw(rR:3n), take q E 6-w . Then, by (3 .,5), for a.II fl E w, 

q; = q i, \:/i,j E ,, .. Computing 

W(' observ<' t.ha.t. q E 7rw(IR 1 11
) . w(' noti ce also that 7rw( q ) = q for all q E 6-w . 
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On<> can casily S<"<' that )(w and ~ w are closcd subsds of IR3
n . We shall 

show t.liat. IH 111 can bc written as the dirPct sum of ~ wand Xw-

Proposition 3.3. 7'hr sr/s X w and ~ w arr orthogonal .'mbspacrs of 

( ll(1",< . ,. > ) (//Id 

whcrr !hr symbol '\fl ,. rfrnotcs the direct sum of X w and 2lw. 

Proof: Due to Llw lincarity of nw, it s nullspace and range arc li near sub­

spaces o f lff3
n. To provc their orthogonali ty, Id q E X w, ]J E 2lw, We shall 

show that < q , p > = 0. By (:3 . .S) and (:3.8) we have 

1l 

< q , p > = I::: m;q;p; = L I::: m;q;pf = L (L miqi)P~ = 0, 

where, for 11 E w wc have denoted those p; with i E f,l by p1,. 

To provc that [R
1

n is Llw dirPct sum of the two subspaces, we have to show 

that 

(3 .9) 

and that. 

IR311 = X w + 2lw, 

wli e rf' Xw + ~ w = { x + YI X E X w, y E 2lw}. From (:3.9) and (:3.10) it follows 

t. hcn casi ly that. any elcmrnt in II(3" can be uniquely rf'presented as the sum 

of f' lenlC'nts of X w and ~ w-

To prove t hat X w n 2lw = {0 }, obS<:' [' V(' that 0 E X w and 0 E 2lw, Let 

q E )(w n ~ w - Then v,, E w, L i E11 rn; q ; = 0 and q; = qj , Vi ,J E fl. Denote 

by q,, t hosP q; with i E 11. Then Vp E w, LiEµ m;q; = (LiE,, m; )qµ = 0 , 

i.e., q 1, = 0 Vp E w, i.e. , q = 0 . Thus, (3.9) is proved. To prove that 

IR311 = X w + ~ w, WC' have to show that given a q E lR.311
, there ex ist x E X w 

and y E ~ w such that. q = x + y. Ta.kc y = nwq and thus y E 2lw. LPt 

x = q - y. IL remains to prov<" that x E X w, Let. I' E w. Wc have 

I:::m ;X; 
iE 11 iEp i EJ.l i E11 
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a nd tlrns x E X w. T he propositi on is proved. 

Some import.ant. pro p<' rLies of Irw a. re stat.eel Ill Lhe following: 

Proposition 3.4. Irw is an orthogonal projeclion of IR3
n ont o .6.w, is 

sr~f-adjoint and idem pol en /. 

Proof: To prov<' that. Irw is an orthogonal project ion of lR3
n onto .6.w, let 

q E Ut3" an d consider t he uni quP x E Xw and t he uni que y E .6.w such t ha.t 

q = x + y . We hav<' t.o show I. hat rrwq = y . Let. I' E w . T lwn, for a ll i E /l we 

h av<' 

l. f' . , Irwq = y . 

L iE,, rn ;(x ; + y ;) 

L iE,, m; 

L iEp 171 iY i 

L iE,,.mi 

Reca.11 I. hat Irw is a self-adjoint operator if it sa.t. isfi<'s t he foll owing con­

di t ion 

(3. 11 ) 

Let. q = x + y a nd p = x ' + y ', with x , x ' E Xw a.nd y , y' E ~ w - Obs<' rving 

that < y , x' > = 0 and < x , y' > = 0 by the ort hogonali ty of Xw and .6.w, we 

have 

< 7r wq , P > = < 7r w ( x + y ), x' + y' > = < y , x ' > + < y , y' > = < y , y' > 

a nd 

+ ( ' + ') I I I < q ,7rwP > = < X Y ,Irw X Y > = < x , y > + < Y, Y > = < Y, Y >, 

t hu s (:3.11 ) is prov<'cl. 
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Recall that rrw is an idempotent operator if it sa.t isnes the condition 

wlwre rrw 2 = rrw o rrw . 

LcL X E IT(311
• Then 1rwX E D.w and so 7rw (7rwX ) = 1rwX , using the remark we 

ma.cl<' at Llw <'nd of Llw proof or Proposition :3.2. Thus rrw is icl<'mpotPnt, ancl 

Uw proof is compld.c. 

D<'nn<' l lw : IR3
" -t a1 3

n by 

wlwre id is Llw identity fu11 d iou id : IR3
" -t IR 3

n , id(x) 

Obviou sly, llw is litwa r. 

Proposit ion 3. 5 . The .following properties hold 

a} ITw i-4 an orthogonal project io n of IR 3
n onto Xw. 

b) \fq E m=1n, 

x , \Ix E lR 311
. 

(:3.12) 

c) llrrwll::::; I. 

P roof: LcL q E 1TI 3
" and let q = x + y be its unique rPprPsentation with 

X E Xw, Y E ~ w-

a,) We ba.vP 

ff wq = (id - 7rw)q = id(x + y ) - 7rw ( X + y ) = X + y - y = X, 

i.P., llw is an orthogonal projection or nt1
n onto Xw. 

b) 11<'ca.u s<' < x , y > = < y , x >= 0, we have 

ll q ll
2 < q, q > = < x + y , x + y > = < x , x > +2 < x , y > + < y , y > 

ll x ll
2 + II Yll

2 = ll llwq ll
2 + llrrwq ii 2, 

and (:L 12 ) is pron:'cl. 

c) Sin ce 7rw is linea r a nd continuous, its norm is dPnn<'d by 
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Hel a t.i on (:3. L2) implies t.h aL ll1rwqll :S: jjq jj, \/q E IR3
n and Lhu s il 1rwq ll :S: 1, 

\/q E IR 311 wit h jj q jj :S: J. It fo ll ows t. ha.t sup { ll1rwq jj, jjq jj :S: l } :S: 1, i.P., 

il1rwll :S: 1, a.nd t he propos it ion is proved. 

We digrPss bri eny to give a. physical in tPrpreta.t ion of t he relat ion (:3. L2) . 

Wi t h tl w a id of t he lirwar opera tors 1fw and 11w WP dPfin e t he fun ctions 

a nd 

By sim pl P compu tations, we have 

71 

f w( q) < 1fwq , 1f wq > = L m ;( ( 1fwq ); , ( 1rwq ); ) 

T hus, l w(q ) is t he moment. of inert ia of a system of part icles consist ing, for 

eac h I' E w, of a fi ct it ious par t iclP of mass L- iEp m ; loca.tecl at t lw cpnter of 

mass of tlw subsystem corrC's ponding t.o fl. 

'vVC' a lso compu te 

n 

L mi(q; - (1rwq);, q; -( 1rwq)i) 

J P : m 3n --t [O,oo), .J,,(q) = I:: rn;i q; - C1, ql 2, q E 1R3n_ 
i Ep 



CHAPTER :3. A OECOAJPOSJ'TJON 27 

T hu s, J,, is t it<' monwnl. o f inert ia. with respect to i ts center of mass of t he 

subsysl.<'m cor rf'spo nding to fl. 

T hf' rdo r<', rf' lat io n (:3. l2) staks I. hat the motn<' ll t of iner tia of t he system 

of pa.rt icl<'s ca n be df'compos<'cl into I.he sum of the mome nts of inert ia. of 

<'ad1 of t he subsystems plus t he moment of inertia. of a. system composed of a. 

fict it io us par ticle at t he center of mass of ea.ch subsystem. 

T he potrntia.l energy can be decomposed in an ana logous way. 

Deri n<' tl lC' fu nct ions kl/;.i : m3
n - i6. -t IR+, -i,j E /V by 

if ; =f j 

if / = J . 

T ht' n W<' ca.n wri te 

IV(q ) = 

n 

L W;j (q ) =LL W;_i( q ), \lq E 1R3n - ,0., (:3. J 5) 
·i,.i=J iEN j EN 

Rega.rd t he subsystem of pa.rtic lf's corresponding to /l a.s isolated from the rf'st 

of t.lw system. Hs q uas ihornogf'nf'ous potent ial funct ion is t lwn defined by 

Z1, : IR 3
" - i6. - IH +, 

LL ~Vi,i ( q), \lq E IR 3n - ,0. , (3. 16) 
iE11 .i E~, 

Odin<' 

Z- ITT :ln " Il' 
:.J i.,; : - ,j - \ +· Zw( q) = L z,,( q), \lq E n-( 311 

- ~ - (:3. l 7) 
11Ew 
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Then Zw is t he Lota.I potent ial of t he iso lated subsyste ms. 

Denote by Ww : JR 3
n - ~ --. 1H+ t he remain ing potentia l, i.e ., 

(3 .18) 

T hi s poten t ia l is clue to t he in t.e radions lwt.wf'en tlw subsysten1s. To be more 

prec ise, fo r a ny 11 , 11 element s of t.lw pa rt ition w, define Lhf' fun ct ions 

\fq E IH1n - ~ , (3 .19) 
if p. = /,/. 

Observe t. ha.t. usin g (:3.l -5), (:1 .J G), (:3.17), (:3. 19) the following equ a li t ies hold 

\1\/ (q ) = LL W;_j (q ) = L [I: L W;_j (q )l + 
iEN jEN ,, Ew iE11 .i E1 , 

+ ,1 ~ [~ f IV;;(q )l = f Zµ(q ) + 
V ~Jt 

+ L L 11\l,w( q) = Zw( q) + L L W,w( q), \fq E m3
n - ~ -

Fro rn here, by (:3. l8) it follows t ha.t 

Ww(q ) =LL w,, ,, (q ), \fq E JH_3n - ~ , (3. 20) 
11Ew vEw 

an ex press ion whi ch cha.ra.ct.P ri zes the poient. ia.l energy cl ue to the int.e ra.ct.ions 

bet ween Llie su bsystf'ms. 

We sha ll slate a.nd p rovc some propert ies whi ch a.re usf'ful in our fur t her 

st ucl y. 

Proposition 3.6. F'or nl/ q E IR311 
- ~ WC ha ve 

(3 .2L) 
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Proof: LC'L q E 1113
" - ~. Let z E ~ w such that (q + z ) E IR3

n - ~­

Then z ; = ZJ, Vi,j E fl and V;1 E w . By (:3.16) and (:3.17) we have 

11Ew i,,iE;, 

RC'ca lling t hat ~ w = 7rw(IR3n), we have z = 7rwP for ~ome p E IR3
n . Let 

D = {p E 1R 3"1 (7rwP + q ) E JR 311 
- ~ } - The last equality can be then written 

as 

DiffC'rC' 11 t. iating (:3.22) with rC'spccL to p on the opC'n set D , we have 

(:3.23) 

To compute tbC' left, hand side of (:3.23), define A : ]R 3
n - JR311

, A( p) = q, p E 

£R 311
, to be a const.anL function wiLh rC'sped to p , and B : IH 3

" - [R 3
n , by 

B( p ) = A( p ) + 7rwP , p E 1113
" . We have Lhus 

By using the differentiation ruks fo r composed functions iL fo llows Lhat 

DZw(q + i'rwP ) = D(Zw O B)( p ) = DZw(B( p )) 0 DB( p ), Vp ED. (:3.24) 

But 
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wlwrf' we Look into account that, by Lhe lin<>arity of 1fw, D1rw(P ) = 1fw, Vp E 

IR 3
" . By (:3 .2:3) , (:3 .2,1 ), (:3.25) we have 

DZw(q + 1fwP ) 0 1fw = 0, Vp ED. (3.26) 

Let p = 0 (0 E D) in (3.26). T hen 7fwP = 0 and w<> obtain 

1.e.' 

( D Zw ( q) o 1r w )( a ) = 0, Va E lR 311 

or 

011 Lhe otlwr hand, by (:3.1) we ha,·e 

The last two re lations imp ly that 

From here, using the fact that 1fw is se lf-adjoint, the property emphasi zed in 

Propos it ion :J. ,I. , WP have 

which if'a.ds us Lo t he conc lusion: (1rw o "v'Zw)(q ) = 0. 

Proposit ion 3.7. Let (q .p ) be n 80lutio11 of 1hr fq11atio11s (:3 .:3) df.fined 

011 the 111n.ri111a l i11len1nl [O, /*) . Tin following relatio11 lakr..:; place 
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VtE[O, /*). 

(3.28) 

Let JI E w, i E /1. Using (:J.6) and (:3.7) , compute 

((ir,/.//1rwq (f) ) 1. = ~(1rwq (t)) ; = .!}__ ( Lifa,m,~q;(t) ) = 
di cit L iE,, m , 

VI E [O, /*), 

and f urLher, 

Vt E [O, t*). 

Th us, 

r,// 7rwq (i) = 7rwCJ. (/), d
2

2 1rwq (l) = 7rwq (/) , Vt E [0,/*). (:3.29) 
c.! dt 

We lrnve defined in (3. 18) Uw qua.sihomogeneous potentia l Ww. It follows thaL 

Hy Lhe fact t hat, q(/) satisfies the equations (3.3) on [O, l *) and by equat ion 

(:3.2 1) pro,·ed in Proposition :J.6., we ha,·e ncxL that 

(J.:30) 

By (:3 .28), (:3.29), and Lak ing into account LhaL 7rw is self-adjoint and idempo­

LenL, properties sLa.Led in Proposition :J.4., (3.28) becornes 

2 (ll1rwq (l)ii2+ < 1l'wq (t),7rwVWw(q (l)) >) 
2ll1rwq(!)ii2 + 2 < 7rw2q (t), VWw(q (/)) > 

= 2ll1rwq(l)ll 2 + 2 < 7rwq (/) , VWw(q (/ )) >, VI E [O, /*). 

The proposition is proved. 



Chapter 4 

THE THEOREM OF VON 
ZEIPEL 

On<' of t lw sLanclarcl results of th<' t lwory of diffcr<'ntia.l <'qua.t ion s appJiPcl to 

the equa.t.ious ( 1.6) is th<' following 

Theorem 4.1. Lfl (q ,p ) bf' a solution of (1.6) on a ma.rimal intrn,ol 

[O, / *), t* < oo. Thrn gi11cn any compact sci ]\' C IR.3n - ~ x IR3
n . th ere is 

.-;omc I. E [0, /*) with (q (t), p (t)) (j_ !{. 

This means , ll( q , p )(t)II lwco111Ps unbounded wlwn t --+ /*. Obviously, this 

a lways lia.pp<'ns at a co lli sion in sLanL, because the ve loc ities of the particles 

are infinite. (At a. collision, when W(l) tends to infinity, to satisfy the integral 

of energy ( 1.11 ), the kinetic Pnergy has a lso to beconw infinite). 

ln 1908 Von Zeipel estab li shed an important condition for the occurrence 

of noncollision singu larities of th<' cla.ssica.l n-body problem. He showed that 

a. 11ec<'ssa.ry condition for having a. noncollision singularity a.t t* is tha.t the 

,not ion lwcom<'s unbouud<'cl in finite Lime. This theorelll, as it. appea.rPd in his 

paper in May 1908 (sPe [8]), stat.<'s: 

Theorem 4 .2. (Von Zeipe l). /11 th e contr.rt of the classical n -body prob­

lem . if somr of th e particlrs do not trnd lo finite limiting positions as I--+ t*, 
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Ih m on f nccrssarily has 

lim R(t ) = oo , 
1- t • 

wh ere H is !h r ma.rim vm oflh. r muhwl distances, i. e. , R (i) = m a.x 1::;i<j::;n lqi (t)­

q i (t )I . 

R emark 4 .3. WP could reformul ate thi s t.h eorf'm in th e terms of T heorem 

1.1. aucl obtain t lw foll ow ing sta.tf' Dl f' tJ L: 

"ff (q ,p ) is a .c;olution o.f ( L. 6) on a m o.rimal inl cr1Jal [0,l'") with t * a non eol­

lision ..:; ingularily. Ih m , give n ony compact se t I\" C Il1311 
- ~ . !lure is some 

/ E [ 0 , / * ) wi I h q ( I ) (t X ., . 

Th is nwans I lq( / ) 11 becomes unbounded when t --+ t *. 

An a rt icle publi shed in 1986 [.SJ by R.Mc Gehee prov ided a translation in 

modern 1na.thr rn a t.i cal la.nguag<> of Von Zeipcl's proof, consid r ring t he r qu a.­

t ions ( 1.6) wit h t he pol<>ntial fun ction for ewton 's la.w of attraction 

l \/:TR 3"- ~ --+ IR+, 

where (,' is t lw gravita.t iona.l constant (i.e., a = b = l and a (m;,ni_; ) = 
J-J(m i , m .i ) = (G/ 2)m im.i in t he defi nit ion (1. 1) of W ). 

W e sha ll show t bat Von Zcipel's t heorem is t ru <' also for the qu a.s iho­

mogenPous potPntia l c! Pfinecl a t (1. 1). First , however, we shall prove another 

important rPs ult stated in Propos it ion Ll. 5., by using 

Lemma 4.4. (Lagrange-J aco bi ). Lei ( q ,p ) be a solution of lh c equations 

(:3.3 ) drftned 0 11 a ma.rim al in terval [O, t*) . On [O, t*) th e follo wing identity 

oppli rs 
c/'2 
dt 2 f (q (l)) = 2(2 - o)U( q(t)) + 2(2 - b)V(q(t )) + '1 h, (4. 1) 

where h is 1l1f rncrgy co·11.-;/ an/ . 

Proof: Different iat ing relat ion (:3.cl) twice with m, pcct to / , we obtain 

d 
-
1 

I (q (t )) = 2 < q(t ),q(t) >, Vt E [O,t*), 
G / 



CHA PTER 1/. T f/ E T HE OR EJ\1 OF VON ZEIPEL 34 

c[2 
-1 2f (q (l )) = 2( < q (/), q (t) > + < q (t) , q (t) > ), VtE [O ,t*) . (4 .2) 
r. I 

By Lhf' cl en ni tio n ( 1.10 ) oft hf' ki net ic Cl1f' l'gy T, Wf' havf' 

n 

< q (t ), q (1) >= llq(/)11 2 = I: mdqi(t)l 2 = 2T, Vt E [O , t*). (4. :3 ) 
i=l 

1 s ing t he equat ions o f mot io n ( 1.4), Wf' have 

~ r ~ aw r < q(l ), q (I ) >= ~ m ;q;q ; (I)= ~ ~ (q(t )) · q; (l), Vt E [O , t*). 
i=l i = I q, 

(4.4) 

We sha ll show t hat vii is a sum of two ho mogeneous fun ct ions, o ne of degr<'c 

- o , t he o the r o f degree - b, in t bf' coo rdin a tes q. Let r > 0, q E JR 3
n - ~­

The n r q E IR 3
" - ~ a nd we have 

V (r q ) = 

Thus, {I is a ho m og<' neo us fun d ion o f degree -a in q a nd V is a ho mogeneous 

fun ct ion of cl f'g rcc - bin q . l3 <' ing diffewnt ia ble on IR3n- ~ (and O (/_ IR3n- ~ ), 

U and \/ sat is fy th<> hy pothes is of E uler 's t heorem fo r homogeneo us funct ions 

a nd thu s we have 

n au ' 
I: -(q) · q; = -oU( q ), Vq E IR3

n - ~ , 
i = I Oq ; 

n av '_f L ~ (q ) · qi = - bV( q ), Vq E IR3
n - ~-

i = I q, 

Wi t h t. lw a.id o f t. ltcsc two <'q ua.L ions , ( -t 4) becomes 

< q(I ), q ( l ) >= -aU( q(t )) - hV( q(t )), Vq E Il1 :3n - ~- (4.5) 
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Using (4.3) and (,1. 5), (L2) brcomes 

J2 
dt 2 l(q(l)) = -2aU( q (I )) - 2bV(q(t)) + 4T(t), Vt E [O, t") . 

l/sing the integral of enrrgy (l.J 1) in the above equation, we have 

cf2 
dl 2 f(q(t)) = 2(2- n)U( q(/ )) + 2(2 - b)V(q(l)) + 4h, Vt E [O , t*), 

which is th0 conc lu sion ol' thr Lemma.. 

35 

The next result states that at a. singularity instant the moment of inertia. 

always has a. limit. (wh ich m ay be fin ite or infini te) . 

Proposition 4.5. Lr! (q.p ) be a ,c;o /utio11 of the cq1wlion (3.:3) defined 

on n mn.rimal inlrrvnl [O, I*). lfq(I ) e.rpcrirncr,c; n ,c;ingvlarit.y al f*, then there 

c.ris/,c; nn I * E [O, oo] ,c;uch Iha/ 

lim l (q (l )) = I*. 
,~t• 

Proof: By Theorrm 2.3 . it fo ll ows that 

li m U( q (t)) = oo, Jim V( q (l)) = oo. 
1~1• 1~1• 

We consider I. he fo ll ow ing cases : 

l) a < b < 2. Using the La.grange-.Ja.cobi relation ( L l) one can see that 

(cl2/cll 2)l (q (t)) > 0 for any t sufficiently close tot*, say t E [T,1.*). Hence, 

(d/dl) l (q (l)) is an increasing function in this neighborhood ol' I* and WP may 

assume t hat (d/dt )J(q (l)) is a lways positive or always negative in [T,l*). 

Thus, (d/dl) }(q (l )) > 0 or (d/dl )J(q (I)) < 0 on [T,t*) (if it should change 

sign therP, say at. r', WP 1wed on ly to rrpla.ce r by a number betwPen T
1 and 

/ *), which implies the fact that Uw positive function 1 is monotonic increasing 

or decreasing near t*, and therefore has a limit}* when t---+ t *. 

2) 2 < a < b. Using again Lagrange-Jacobi relation ( 4.1 ), we obtain that 

(cl2/dt 2 ) / (q (t)) < 0 for any t sufficient ly close to/* and thus (d/clt) J(q (t)) is 
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a. d<'crcasing l"undion in a. 1wighborhood or t*. The proof continues as in cas(" 

l). 

3) a< 2 < b. By (Ll) W(" have 

4[U( q (t)) + V( q (t))] - 2aU( q (t)) - 2b\/( q (t)) + 4h. 

4W( q (/)) - 2al l (q (I)) - 2bV( q (/)) + 4h 

> 11\' (q (/)) - 2bU( q (t)) - 2bV( q (/)) + th 

c!W( q (/)) - 2bW(q(t.)) + 4h = 2(2 - b)W( q (/)) + 4h. 

The proof is analogous with that of case 2), due to the fad that 2 < b and 

lim1~1• W( q(t)) = oo. 

4) a = 2 or b = 2. SupposP a = 2. Then 2 - b < 0 and by (4.J), 

(rl2/dt 2 )l (q (/)) = 2(2 - h)\/( q (t)) + 4h < 0 in a neighborhood of I*. Tlw 

proof continues as in case 2). If b = 2, then 2 - a > 0 aJ1d by (4.J ), 

(d2 /dt 2 )J(q (/)) = 2(2 - a)U( q(l)) + 4h. > 0 in a neighborhood of/* . The 

rest of Lh<' proof is Llw same as in case l). The proposition is thus proved. 

VVe now use the abov<' facts Lo state and prove an equivalent version of 

Von Zei p<' I 's Tli<'o r<'rn 1. 2. 

The orem 4.6. (Von Z("ip("l). fl ( q ,p ) is a solution of th e cqu.ations (3.:J) 

dc.finPd 011 [0,/ *) with n singvlnrily alt* and .<mch that lim1~ 1• I( q (I)) is.finite, 

thrn /* is a collision singulnrily. 

Proof: Ocnot.P by 

T* = Ii m 1 ( q (t)) 
1~1• 

( 4.6) 

and let. 

~ * = n q((t,t*)), ( 4.7) 

wlwr<" q((/,/*)) dP11ot.cs Llw closure or Lhc set 

q ((l,t*)) = { q(r) E Il1 311 -~IT E (t,t*)}, i E [O , t*). 
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We prov<" now Lha L ti. * is no n-empty and compac t . Th<' solution is clf'fi.ned 

o n [0 , t *), so Vt E [0, t * ), q( (t , t*)) =J (/) . We sha ll prove that Vt E [0 , t *), 

q ((t , I*)) is bo unded . Beca.us<' q (( t , t*)) ~ q ([0 , t*)), Vt E [0 , t*) , it suffi ces 

Lo show t.hat q ([0, 1*)) is bo undPd , i. e., t here exists a n A1 > 0 such th at 

I lq l I ::; /\ I , Vq E q( [0 , t*) ). Le t c > 0. By ( 4 .6 ) and /* < oo, t here exists a 

5 > 0 such that fo r a ll t sat isfy ing / * - 5 < t < l * we have 

(4.8) 

L<' t q E q ([0,t *)) a nd (T11 )nEIN be a sequ ence in [0, t*) such t hat q (Tn ) --t q 

wlwn 11 --too . T hi s lllC'a ns LherC' Px ist a n n0 E fN such t ha t [[ q (Tn) - q ll < 

<, Vn E 1N , n 2 n 0 . By ( 4 .8) it fo ll ows that for those Tn with n 2 n o and 

T n E (/ * - b, I*) we have' [l q (T,,) 11 < ~ ,and furtlw r 

For Tn E [0, I * - c5], 11 E IN , WC' have q( Tn) E q ([0 , t * - h] ). On the compact 

inter val [0 , / * - c5], q is co nt inuo us, so q( [0, t* - 5]) is a compact set in 

IH,3 " a nd t herefore' closed and bounded by, say, a con st an t L > 0. Ta.king 

M = m ax { ~ + c, L} , WC' can conclude tha t q( [0 , /*)) is bounded by 

J\1 . Be ing closC'd and bo und ed in JR311
, q(( t , l *)) is compa.d for a ll t E 

[0 , t*) . T a ke a fini te sub coll ect io n of Lh e collection C = {q (( l , t*)), 0 ::; 

t < t*}, e.g ., {C; := q ((t ;, t*)), 0 ::; t 1 < 12 < ... < t ,, < t*}. Obse rve 

Ll1at n ;'~ 1 C; = q ((l ,,, l *)) =J (/) and therefor <" C is a co ll ect ion of subsets of 

t he compact q([O, t *)) , whi ch sa t isfi es the finiL<"' in te rsection co ndi t io n. It 

fo ll ows th a t n ('EC C' =J (/) , i.e ., n o:Sf<t • q (( t , I *)) =J (/) . Thi s is equi vale nt to 

n o'.':'.t<t• q (( t , l *)) =J (/). By the de fini t io n of ti. * it follow s t hat .6.* =J (/) . For 

any l E [0 , t *), q (( t , t *)) is c los<'cl , so n o'.':'.t<t • q (( t , t*)) is clos<'d , i. e ., .6.* is 

closed in Ili 3n. Obviously, ~ * C q ([0 , t*)) . Being a closed subset of a compact 

t i. lR 3n , * . t Sf' , o , Ll 1s compac ,. 

\Ak shall show 1wx t. Lh a L ti. * is a subset o f ti. . Ld q0 E .6. *. This m eans 

I.ha t. q0 E q (( t ,1*)) , Vt E [0 , l *), i. e ., Vt E [0,1'') tl1 e r<' ex ist s a sequen ce 
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(T~ ),,E IN, T,; E (/, /*), Vn E 1N, such that q (T,~ ) --t q 0 asn --too . From a. II these 

sf'q u<'n Cf'S choos<' a sf'quenc<' ( T,, )nEIN which satisfies O ::; T 1 < T2 < . .. < t* and 

T11 --t / * when n --t oo. Tlw [ad that t * is a singular ity implies, by Corollary 

2.5. , Lha.t d(q (t) , 6 ) --t O wh<'n t --t t* . IL follows that cl( q (Tn), 6) --t O when 

'11 --t Lf'L f > 0. Thn1 , tlwrc ex ists n 1 E IN such that 

inf{ llq(T,,) - PII, p E ~ } < t/2, 'r/11 ~ 771. 

Bu t q (Tn) --t q 0
, so t herf' <'x ists n2 E IN such that 

Take n0 = ma.x{n 1, n2 }. Tlwn for any p E 6 we hav<' 

By Llw la.st thr<'E' in<'qualiti<'s it follows that, for n ~ n0 , 11 E IN , 

Therdore, d(q0 , D- ) < t, Ve> 0, i. e., d(q0 , 6 ) = 0. Since the set 6 is closed, 

q0 E 6. T hus W<' hav<' prov<'d that 

As a r<'nia.rk , note that 

l (q )=I*, Vq E6*. 

For t hi s, lf't q0 E ~ "' . Lf't (Tn)nEIN C [0, t*), Tn --t l'" a.s n --too, such that 

q (T,,) --t q0 a.s n --too . Then ll q(T11 )II --t jjq0 jj as n --too . On Uw other hand , 

by ( 1.6) we hav<' jj q(Tn)ll 2 --t 1"' as 77 --too. The last two relations imply that 

I *= ll qoll2, i.<'. , / (qu) = I"'. 
For <'ach pa rtition w of N = {l,2, .. . ,n} df'fi ne 
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where 6.w is de-fined a.t (3.5). Denote by S the set of all partitions w of N such 

that 6.: -/- (/). We claim that S is norH'mpty, i.e., the re ex ists at least one w 

such that 6.:-/- (/). OhservP that 

Take q0 E 6.* (6.* -/- (/)). Then q0 E 6., i.e., there exist io,Jo E N, 10 < Jo 

such that q0 = q0 
. Let 

10 .10 

w0 = { {io,Jo},{l,·}, kEN-{io,Jo}}. 

w0 is a partition of N. Let flo = {i 0 ,j0 }, f lk = {k:}, k EN - {io,Jo}- Then 

q0 E 6.,10 (= {q E IR3"[q;0 = q10 } = 6. io.io) and q0 E 6.,,.k (= IR3"), \:/k E 

N - {io,Jo}. So q0 E 6. ,,o n ( n kEN-{io,.io} 6.,,k), i.e., q0 E 6.wo. The fact that 

6.:o -/- (/) impli es w0 ES, i.e., S -/- (/). 
By Coroll ary 2 . .5., we know that q(I) tPncls to 6 wlwn i---+ t *. This means 

Pit her q(i) tends to a. definite limit when t---+ t*, i.e., there exists a q* E 6. 

such t hat q( t) ---+ q* a.s t ---+ I *, or there is a.t least one particle which does not 

have a. li miting position a.t I *, osci ll ating between some of the others (the case 

or a. psPuclocollision). 

1f the first ca.s<' happPn s, then the proof is clone (this situation includes 

also the case of total collapse, when q* = 0 , i.e., a.11 the particles collide at 

t hPir centPr of mass). 

Assum ing t.lw second casP happens, we consider any partition w E S of 

minimal cardinality. This choice assures that, for all q E 6.: , a ll the denomi ­

nators of vVw a. re nonzno for any t E [O, t*) and hence that v\lw is well clefi1wcl 

on 6.: ( Hl w is defirwcl at (:3.18) and characterized a.t (3.20)). Our goal is to 

prove that for these partitions w we have 6.: = 6.*. 

WP claim that 6.: is a compact set. Indeed, for any µ E w, 6." is closed, 

so D.w is closPd, and ta.king into account that 6. * is also closed, 6.: = 6. * n 6.w 

is a closPd set. in ITT :3" . Being a closed subset of thP compact set 6.*, 6.: is 

com pad. 
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Since 6.: is compact, by the continuity of \1Vw with respect to q , t here 

exists a.n open neigh borhood (,' of D.: and a finite constant .Jl / , depending on 

(,', such that 

We identify t.hE' direct. sum of Xw and ~ w with their Cartesian product. , 

i.e .. we <'stab li sh the isomorphi sm 

Every q E IT(3
" has the unique representation q = x + y , with x E Xw and 

y E ~ w- By Proposit ion :JA. and Proposition 3.5. , we know that x = Ilwq 

and y = 7rwq . Then Llw function <I> : Xw Efl ~ w ---+ Xw X D.w givPn by 

<l> (q ) = (flwq , 7rwq ) is we ll defined and one ca.n easily check that <I> is an 

isomorphism of Hilbert spaces . 

Conside r ~ w as a. spa.cc endowed with the rPlative topology (induced from 

1R:3n) . As a subset of lR 3
" , ~ w is a locally compact Hausdorff spa.ce in which 

C,' n D.w is op<'n a.nd ,6.: is closed. Then, a fundamental result in topo logy 

assures tlw existence of a. subset B of ~ w, relatively open in ~ w , such that B 

is compact. and 

~ : C B C B C ~ w n G' C C.'. 

Then /3 is compact in 1R 3
n . Denote by i"lwB = B - 13 the boundary of B with 

respect to the topo logy relative t.o ~ w- UwB = B n (~w - 8), so awB I S a 

closed subset. of the compact sf'L B and therefore compact. 

For ea.ch constant CY > 0 define 

D(T is a.n open subset of Xw. Let Drr denote its closure, i. e ., D<J 

.\ "wl llxll::::; CY}, a nd lf't aD(T denote the boundary of D<J . Define by 

{ X E 
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Be in g boun ck·cl and c losPcl , Der is compact, t hPrefore A'a is compact. 

We s ha ll prove fur t he r t hat 

( 4. JO ) 

Dcno Lr by C( B ) = Df3" - B. Sin er B c ~ w a.nd ~ : c B, t he fo llowing 

sequrn ce o f rPla t.io ns ta kPs pl acr 

( B - B ) n c,. * = B n C ( B ) n ~ w n ~ * c ~ w n C ( ~ : ) n ~ * 

~ w n C ( 6 * n ~ w) n ~ * = ~ w n ( C' ( ~ *) u C' ( ~ w)) n c. * 
[ ( ~ w n C ( ~ *)) u ( ( ~ w n C ( ~ w)) l n ~ * 

c.w n C( ~ ") n ~ * = (/) , 

so ( 11.10 ) is provPd . Thi s impli es th a t the di stance beLwePn ~ * a.nd OwB is 

pos it ive . Us ing th e fa ct tha.L ~ w is a. hyperpl a ne and t hat ~ is a finite union o f 

hy perplanes , o ne ca.n provP that t hr di stance be twePn ~ * and 86 B is positive, 

wh r rc Ot,. B is t be bo uucl a ry of B in t he to pology rPlative to ~ - Therefore , 

th e rr ex ists a. cr0 > 0 such t ha t 

(4. Ll ) 

Hy a. " rcclu ct. io ad a bsurdum"' a rg ument. we show now th at there ex ists a. 

l o E [O , t * ) such t. ha.L 

q ([ lu, / *)) n (Dao X Ot,.B ) = (/). ( 4 . 12) 

For thi s supposr th at Vt E [O, /" ), q( (t , t *)) n (Dao X 06.B ) =/- (/) , i. e ., :l (/n),,EIN' 

I n - I * as n - oo , such th at q(ln) E Dao X Ot,.B , Vn E IN. Sin ce Dao X 

Ot,.B is co rnpa.cL, (q(/ 11 )) nEIN has a con vergent subsequPnt (q(tnk) \ .o,J with 

limk-00 q (/ 11 k) = q' E Drr0 x f)t,.B. B y the de fin it ion of~ *, q' E ~ *. He ncP 

q' E ~ * n (Dcro x Ot,.B ), co ut.rndiction wi th (4 .J 1). 
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W(' ha.vc (; C IR 3
n = X w x ~ w, t.hus, by B C ( ,' n 6-w a nd by Lit e defin ition 

of Drr, we may as. ume t hat a0 is chosPn sma.ll enough so Lha.L 

( 4.13) 

T hf' most importan t. step in tbc proof is to show that 

Ass ume t he oppos ite, i.e .. ~ * is noL a. subset of ~ w - Ld 

q (t ) = (x (t), y (I)), Vt E [0,t*), 

wherf' x (t ) = llwq (I) E X w, y (I) = 1rwq (t) E 6-w, Vt E [O, t"'). 

Wf' sha. ll provf' fur l. her t hat Lherf' f'X ists a. a E (0, ao) such Lha.t q (t) ~ l \ 'a 

for in fin itf' ly rn a.ny va.lues of I Lending to/*. We assumed that 6-* (/.. 6-w, so 

k t. q0 E ~ * such t ha.t q 0 ~ ~ w - J\s Wf' ha.vf' seen befo re, t hcrP ex ist.s a. 

Sf'C!ll f' ll Cf' ( t n)nE IN C [O, I * ), l 11 -+ I * a.s 11 -+ oo, such t ha.t q (t 11 ) -+ q0 a.s 

11 -+ oo . T hi s lllf'a ns (x (/11 ))nE IN a.nd (y (/ n))nEIN have li mits a.s 11 -+ oo . Lf't 

x 0 = lim11 ~/X., x ( / 11 ) . T hen x 0 
:/ 0 . T lw set X w is cl osed, so x 0 E X w. Let c > 0 

such I. hat O < I lx0 1 I - c < a0 . Then there exists a. 110 E IN such t ba.t. Vn 2: no 

we ha.vf' I llx(tn)ll - llx0 11 I < c, so llx(t,,)11 > llx0 II - f. 

LPt a= llx0 11- <. T hus, V11 2: n0 , x ( t,,) ~ D{T a nd t. herPfo rf' 

Uencefort h we fix a at this va lue. 

By (4.6), t here ex ists a. 8 > 0 such t hat 

II (q (t ))- l *I < a
2 / J2, Vt E [ti , /*), ( 4. 14) 

where t I E (I* - 8, /"') is chosen such I. hat t , 2: 10 . 

Observe t ha.t, due to I. he orthogonali ty of X w a.nd 6 w a.nd the fact that 

6 : C ~ w, WC' havf' 
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wlw rf' Jw was de fined a t. (3. LLl ). 

From t hf' way t.h f' pa.ri.it.i oll w was de fin ed a nd by the defini t ion of~: we 

can sLa.tc t ha.t. q(I ) co rnf's infini t f'l y o ften arbi t ra rily close to ~ : as t - t * . 

Sin cf' ~ : C /-3 C ~ w a. ncl cluf' Lo t.h f' o rtl10gona. lity of Xw and ~ w, Wf' ha.ve 

We have show n th a.L q(t ) must lea.VP /\'(T infini te ly o ften as t - I * . Thus, q (t ) 

must. e ntf'r and leave J \ ' (T infinite ly oftP n a.s t - t * . Observe th at er E (0, er0 ) 

irnplif's D(T C !)(To • Thus, D(T x oc:,_B C D(T 0 x oc:,_B . Osing (4. 12 ) a nd t hat 

t, 2 l o, WC' co nc lude 

Th e re fore, q( I ) mus t. f' nl.er and leave /\'(T infinite ly ofte n vi a. cJD(T x B so long as 

t1 < f < l * , whik d(q (l ), ~ ::, ) - 0 when t - t*. T hi s impli es the ex is ten ce o f 

a Lime inte rval T c lose Lo !*, T C (l 1, t*), such t hat mintET ci2 (q (t ), ~ : ) < er 2 / 2 

o r , us in g (Ll.1 -5), 

Cons ide r as e nd po in ts of T th e moment instants T1 a nd T2, t1 < T1 < T2 < f * , 

when q (t ) e nters I<(T , i. e ., q (Ti) E uD(T x B and wheu q (l) leaves l\'a, i. e., 

q (T2) E cJD(T x B with 

q(l )E f{a, Yt E[T1 , T2]. (4 .17 ) 

Tlw n llx(Ti) IJ = llx(T2)II = er, o r 

.lw(q (T1 )) = .lw(q (T2)) = er2
• ( 4 .18) 

8 f' ing continuou s o n t he compact inter val [r, , T2], Jw o q a LLa ins its min ­

imum o n [T1, T:2], i. e ., t here exists a T1 E [ri , T2] such t hat l w(q (T' )) = 
mi ll tE[ r 1 , r2 ] Jw( q(l)). T hNf'fo rc , by ( 1.1 6) , 

(4 .19) 
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Sin ce- such an in te rval T occu rs a rbitrarily close to /*, we can considPr 

l w o q attain s it.s max imu m on [Ti, T2], so there ex ists a.YE [T1, T2 ] such that 

(4.2 1) 

Assume T {i { T1, T2}. 

Equ al. ion (:3. l2) illlplics t hat 

( 4.22) 

Relat ions (-1.14 ), ( 4.18), ( 1. 22) imply fo r l = T2 t hat 

( 4.2:3) 

H<> lations (Ll.1 4), (,LL 9), (,1. 21), (Ll. 22) imply fo r t= T
1 that 

I.('., 

(4 .24) 

Adding up ( 1. :2:{) and (Ll.2,l) term by term, it fo llows t hat 

Observe t hat <7 < O'o impli f'S /\'er C X ero and by (4. 12), I<er CG. From here 

a.nd (4 .1 7) it fo llows that q(/ ) E G, Vt E [Ti,T2] and therefore, tlw inequali t ies 

(,-J.. 9) a.re t rue on [T1, T2], i.f'., 

Us ing the second ineq uality and t he- rc- lat ion establi sh<>cl in P roposit ion :3. 7. , 

we have 
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By in tf'grating t hi s cont inuous positivf' function from T tot E (Y, r2 ], we obtain 

Since Y is a. local max imum, (d/dt )fw(q(r)) = 0. Integrat ing t he last relation 

frorn T Lo r2 , .,·c obta in 

Condi t. ion (•l. 20) now irnpli Ps t hat 

whi ch conLra.cli cLs ( 1. 25). 

If T = r 1 , wc obta in t he same contradi ction fo ll owing t he sa.nw proof. 

[f y = r2 , rf' lat ions (4.2:3), ( 1. 24) a.re st ill true. Combining t hem , WP obi.a.in 

I * - 7c,2 / 12 < fw( q (r2 )) < f * - llc,2 / 12, a contradi ction. 

T hu s, wc ha.ve show n th at ~ * must bP a. subset of ~ w - It follows tha.L 

a.ncl fur t hermorc, (; is a neighborhood of ~ *. 

Let us now sec that x (l) -t O as / -t t* . Prom t he defini tion of ~ *, if 

I ,, -tr whcn n -too, t hcn q(i n) -t q' E ~ *, or (x (ln), y (l n)) -t (x' , y' ) E 

~ * = ~ : C ~ w = {O} X ~ w when n -t oo . Therefore x' = 0. Since thi s is 

t.rue fo r cvny fwquence I ,, -t / * as 11 -too, it fo llows t. ha.t 

li m x ( l ) = 0. 
1~1• 

(4.26) 

We show t hat Lherf' ex ists a l 2 E [0, /*) such that q (t) E (;, Vt E (1 2 , t *) . 

Assume the oppos ite, i. e., 3( /n)nEIN, In -t t* when 7l -too, such t hat q (t n) E 

C((,') = m ~.in - (,', 1:/11 E lN . I * is fini te, so there exists a compact A' such 

Lha. t. q ([0,t *)) c /\·. T lwn q (/ n) E /\. n C(G) . T hc sd K n C(O) is compact, 
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hc11 ce there cx ist.s a. subseq uence (q(t11 iJ\.ElN of the sequence (q(in))nEIN such 

t.hat. q(! nd ---. q" E }\" n C'( (,') C C( ( ,' ) when /..- ---. oo . On t he other ha nd , 

q" E ~ "" C (,', a contrad iction. Taking in to acco un t that 11'wq (! ) = y (t ), by 

the relations (:3.:29) we havf' y(t) = 1rwq(t) on [O,l'' ) whi ch, combined with 

(:1.:30 ), gives 

By the Lirwa.r ity an d cont.inui ty of 11'w and Vl1Vw it follow s t hat 

115'(!)11 ::; ll1rwll · II VWwq(f)II, V/ E [O,f*). 

In Proposit ion :3.5 .c) we have shown that ll1rwll < L. By (4.9) we havf' 

II VWwq(l )II ::; J\,/ fort E (/2,l*), so it follows that 

ll5'(l)II::; J\I, Vt E (t2,l* ), 

whi ch impli es that. 

ln the proof o f Proposit ion :2.:2. WP showed how a condit ion of t hi s form implies 

the existence of Lim1_, 1• y(/ ) a nd of 1imt-t• y (t) by using Cauchy's crite rion . 

So we <lrnw t.hP conc lu sion t hat therP exists a q* E lR. 311 such that 

lirn y(! ) = q*. 
t-t• 

Since y(! ) E O.w, Vt E [O , /* ) an d 2i.w is a closed set, 

13y ( 1.26) , (4.27) and sin ce q(t ) = x(/ ) + y (t) on [O, /*), it follows that 

Jim q(t ) = q*. 
t-1• 

( 4.27) 

Fin a lly, observe t.ha.t O.w E ~ a nd concludP that. q"' E o.. Von Zeipel's theorem 

for qua.sihornogcncous potcnt.ials is thus proved. 



CONCLUSION 

In t hi s t lws is WC' poin ted ou t sotnf' problems wl1ich a ri sP s t udy ing the quali ta­

t ive behavio r of so lu t io ns wit h s ing ulari t ies o r t hen-body pro blem . WC' showPd 

t hat in t he 11- bo cl y pro bl em wi t h qu asihomogeneous potent ia ls t he res ults of 

Pa inl evc and Von Zeipe l concerning the c lass ical (Newtoni an ) n-body prob­

km re m a in t ru f' . T he 11- body prob lem with q uas ihornogeneous potent ia ls h as 

01w ned a new clirecLio 11 of invest igation in ce lest ial m echani cs . Our st udy is a 

m ock-st contri buti o n to it.. 
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