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INTRODUCTION

This paper is concerned with the study of the n-body problem of particles
moving in the 3-dimensional Euclidien space IR® under the influence of a law
of attraction described by quasihomogeneous potentials (see [3]). For given
initial conditions, the problem has regular or singular solutions. We consider
the case of singular solutions.

A natural question one may ask is whether all singularities are due to
collisions.  This question was initially formulated in the Newtonian n-body
problem, where there are examples of noncollision singularities. Our goal is
to offer a necessary condition for the existence of noncollision singularities,
analogous to a result of the Swedish mathematician Hugo Von Zeipel (see
[7].[8]). In the context of the classical n-body problem he stated that: “If a
solution has a singularity at #* and if some of the particles do not tend to finite
limiting positions as / tends to t*, then one necessarily has lim,_; R(t) = oo,
where R is the maximum of the mutual distances between particles.”

This thesis has four chapters. The first chapter gives a brief description
of the n-body problem with quasihomogeneous potentials and its ten first
integrals.

In chapter two we show that the minimum distance between all pairs of
particles must approach zero at a singularity. This result generalizes Painlevé’s
criterion for the encounter of a singularity in the classical n-body problem (see
[6]) and allows us to formulate the definition which establishes the nature of
singularities of the n-body problem with quasihomogeneous potentials.

In chapter three we decompose the moment of inertia of the system of

particles into components corresponding to subsystems. For this, we define



a new inner product on IR* and regard IR*" as the direct sum of two linear
orthogonal subspaces.

In chapter four we continue to study the behavior of singular solutions.
We prove that at a singularity instant, the moment of inertia [ always has
a limit (which may be finite or infinite). We conclude with the proof of Von
Zeipel's theorem for the n-body problem with quasihomogeneous potentials,
which states that: “If * is a singularity for a solution (q.p) of the n-body
problem with quasihomogeneous potentials and lim,_« [(q()) is finite, then
™ is a collision singularity.” This means that a necessary condition for having a
noncollision singularity is that the motion of the particles becomes unbounded

in finite time.



Chapter 1

THE N-BODY PROBLEM

In this section we formulate the equations of motion of the n-body problem
and establish its first integrals.

Consider n particles (bodies, point masses) in the 3-dimensional Euclidien
space IR?. Denote by m; > 0 the mass and by q; = (q!, g%, q’) the position
of the 2-th particle, 2 = 1,..., n, in a fixed Cartesian coordinate system, so

that q; is an element of IR? and call

q=(d1,92,--,q,) € R™

the configuration of the n-particles. A configuration (qi,qz,....q,) of the
particles is called a collision if q; = q; for some 7 # J.

Suppose the particles move in a potential field with potential energy —W,
where IV is the quasihomogeneous potential function defined on IR* — A
by

W(q) = U(a) + V(q). (L.1)

The functions U : R — A — Ry and V:R* — A — R, are given by

U(q) = Z M a € R,a>1,

1<icen A —ail"

B(mi, m;)

Viq] = Z ——, bER,b>a,
1<i<j<n |qi —q;
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where o and 3 are functions of the masses satisfying the following conditions

el ;) >0, Blmi,m;) >0, Vi3 =1,...m,
and
a(ms,m;) = almgami), Blmgmg) = Bl ), ¥4,0 = 100050
Note that | . | : IR? — [0,00) is the Euclidien norm and IRy = (0,00). The set

A is defined as
A= |] Ay (1.2)
1<i<y<n

where A;; is called the set of collisions of the i-th and j-th particles, i.e.,
Azj = {q € “{:En|qi = q_,~}. i < Je (1.3)

Thus A is a linear subspace of IR*. A denotes the set of all collision config-
urations. Observe that A;;, A are closed sets in IR and U/, V, W are analytic
functions on the open set IR — A.

The motion of the particles in Newtonian formulation is described by the

nonlinear second order autonomous system of differential equations on IR* —A
mQ; = ViWilq). t=1,..., n, (1.4)

where the double dot denotes the second derivative with respect to time ¢ and

the symbol V; denotes the gradient with respect to the i-th variable, i. e.,

ow 0w ow ow

V:W(q) = =—I(q) = (= s T y a
Let M = diag(mq,mqy,mq, ..., Mys 1y, My, ) be a 3n-dimensional diagonal
matrix, each index 7 € {1,2,..., n} appearing three times and let ¥V be the
gradient operator V = (Vq,..., V..). Then, the equations of motion (1.4) take

the abbreviated form

M§ = VIW(q)
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or

q=M"'"VIW(q),
where M~' = diag(m;',m;" . mi"'...., m; ' m>',m;'). Newton’s equations

can be rewritten in such way that they become a first order system of 6n

differential equations with the vector field defined on (IR* — A) x IR,
T
qi=m; Pi

]Z.),’ = V,H(q) B L yiesllly

where p; = m;q;, + = 1,...,n denotes the momentum of the -th particle.
Let p = (p1,--.,pPx) be the momentum of the system of particles. Then the

abbreviated form for (1.5) is

q=M""p
(1.6)
p = VW(q).

The n-body problem consists of solving the system of equations (1.6)
for arbitrary preassigned initial data in (IR*" — A) x IR*".

et us construct the ten known first integrals of the n-body problem. Re-
call that a continuously differentiable function /' : (IR*" —A)xIR*" — IR of the
6Gn variables q. p is said to be a first integral for the system of equations (1.6)
if it 1s constant along each solution (q.,p) of it (i.e., F(q,p) = ¢ (constant)
along a solution (q.,p) ). A relation like this between the components of a solu-
tion reduces the dimension of the system by one. Given [ integrals Iy, Fy, ..., F}
of (1.6), they are said to be independent if the Jacobian matrix formed with
the 6n partial derivatives with respect to q;,pi, ¢+ = 1,...,n has rank . It
is known that systems of m first order differential equations have locally m
independent first integrals. In general, a function f is said to be algebraic
with respect to the variable r if there exists a polynomial P(x,y) such that

P(x, f(x)) = 0.
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Observe that
ViW(q) =V;U(q) + V:V(q)

" a(m;,m; ) 3(mi,m; .
=0y ST (g HZ i iic LRV R R )
=1 ‘q/ - ll o q1|}+2
)% i
for q € R™ - A, for i € {1,2,..., n}. By (1.4), (1.7), and the property of
q

symmetry of the functions o and 3 we have

Sobi =Y mid = Y VW (q)
1=1 i=1 i=1

n

i)
B2 e UL P i

.l

Blmg,m; ) =0
/, q —q;)=0V.
q; — qil ”

yind

By integrating this equation with respect to ¢, we obtain

>_pi(t) =ci, (1.8)
i=1
where ¢; = (cl.¢2.¢}) € IR? is a constant of integration. We obtained thus

three scalar first integrals called the momentum integrals.

By integrating equation (1.8) we obtain
Zm,»qi(f)—cll, = Cg, (1.9)
=1

where ¢, = (e}, ¢2,¢}) € IR? is also a constant of integration. Thus we found
another three scalar first integrals, called the integrals of the center of

mass. The center of mass of the system of particles is defined at time ¢ by
> miqi(t)
c(t) = &
Z ey

i=il
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We define the kinetic energy of the system of particles as to be
(1.10)

. T Ipi|?
T : R R, .
— 4 Z m;

Using (1.4), we have
(l l (/ Tl ) ) n )
= 57 (Z zzzilq,»(l)|l> = Z Izziqi(i)qT(f)
i=1

dt —~
d
(a(t)).

= Zq, VI ()):W”

where the upper index “7” means transposition. By integrating this equation

we obtain the integral of energy
(1.11)

I'(p(t)) = W(q(t)) = h,
where h € IR is an integration constant called the constant of energy

We define the angular momentum of the system of particles with respect

to the origin of the Cartesian system to be the function

n

A: (R*™-A)xR™ - R®, A(q,p) =) (a: X pi),

=1

where “x7 is the cross product of two vectors in IR”,

ai x pi = (¢'p] — ¢’} ¢’p! — 4l vl 4! P} — a’p}).

One can easily see that
d (/q (lp,
i el Lt S T

Then., we have

/ n n . . mn .
= (Z(qf X p,-)) =Y miq x q)+ Y mi(q; x g
i=1 =1

(H i=1

Y= 3 mala: x &)
=1
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By (1.4),
Y mi(qi x &) =Y (a4 x ViW(q))
r=1, =1
e~ e, ;) LA (mi,m;
:(IZZ rx+2(q' ><q/ ”ZZ ,,+2(CL Xq:)
=1 J:l |q/ - q1| =1 J 1 |q/ |
- 3(mim; D e Dl
+1)ZZ h+2(q' X ql bzz 1)+2(q1 X qz)
i= “#1 ; — o =141 lql qi

But q; xq; =0, q; x q; = —(q; X q;) and thus
d

(/f (Z(ql X pz)) =0.

Integrating, we obtain

n

Y (s % pi) = e, (1.12)

i=1
where ¢3 = (cl, ¢, ¢3) € IR” is an integration constant. The three scalar first
integrals obtained are called the integrals of the angular momentum.

Thus, the left sides of (1.8), (1.9), (1.11), (1.12) are ten first integrals
algebraic with respect to q, p and ¢ for the n-body problem, which are easily
seen to be independent. One may ask if there are any additional integrals
of this kind. The German mathematician H.Bruns proved in 1887 [1] that
there are no further first integrals of (1.6) algebraic with respect to q, p and
t, independent of these ten.

With the aid of the ten first integrals, by eliminating ten coordinates q,p
from the equations of motion (1.6), the system can be reduced to 6n — 10 first
order differential equations. The local existence and uniqueness of the analytic
solution of (1.6), for given initial data in (IR* —A) x IR™, is assured by results
of the theory of ordinary differential equations (for the existence theorem of
Cauchy, see [7]).

We shall close this section by a remark which will be used from now on.

The equations (1.8) and (1.9) show us that. from the physical point of view,
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the center of mass of the n-bodies system is moving uniformly (with constant
speed ¢ (-7, m;)~", if ¢; # 0) or rests (at ¢y, if ¢; = 0) for the time interval
where the solution is defined.

We assume in the following that the center of mass is at rest (fixed) at the

origin O. This restricts the configurations to the invariant set

Q ={qe R > mq, =0}

3=1

and the momentum to the invariant set
. 7
P={peR™| > pi=0}.
t=1
Since T'— W is constant along solutions of (1.6), the set defined by

M(h) = {(q.p) € (@ —A)x P [ (T'= W)(q.p) = h}

is an invariant set for each real constant h (i.e., if (q,p)(0) € M(h), then
(q,p)(t) € M(h) for all t where the solution is defined). The set M(h) is
called the constant energy surface. Thus, without loss of generality, we

shall fix an & € IR and restrict the equations of motion to the invariant set

AI(/))



Chapter 2

NATURE OF
SINGULARITIES

Suppose we are given an initial position q(0) € IR* — A and an initial velocity
q(0) € IR?. Then the standard theorems of differential equations assure the
existence and uniqueness of an analytic solution of equations (1.6), defined
locally on some interval (1=,¢%) with 0 € (17,¢%). Because of the symmetry
of mechanical laws with respect to the past and future, one can study the
problem on (17,0] or on [0,1%) without loss of generality. We choose to work
on the second interval. The solution can be extended analytically to a maximal
interval [0,¢*), with 0 <+ < t* < 0.

Definition 2.1. If I* = oo, the solution is called regular. If ¥ < oo,
the solution is said to be singular, 1* is called a singularity of the solution
and we say that the solution experiences a singularity at t* (i.e., is defined and
is analytic on [0,1*) but not at t).

Our study will be concerned with the behavior of singular solutions of the
n-body problem. We shall start by describing the physical behavior of the

particles close to t*. To this end, we define the function

) : R*™ — [0,00), » = min ¢, 2.1
f [0,00), pla)= min a; (2.1)
where ¢;; = |q; — q;|. Because t* > 0, we shall use the notation ¢ — t* for

10
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t — " with t < t~.

A first result stated in the following proposition tells us that the minimum
distance between all pairs of particles must approach zero at a singularity.

Proposition 2.2. If (q.p) is a solution of the equations (1.6) defined on
the maximal interval [0,1%), then t* is a singularity of the solution tf and only
if

,]_il}l inf p(q(t)) = 0. (2.2)

Proof: Recall that / € IR is the limit inferior of poq at t*, ie, [ =
limy_« inf p(q(t)) if and only if the following conditions are satisfied:
i) for each ¢ > 0 and for each & > 0 there exists a {5 € [0,1*) such that
[ts —t*] < & and p(q(ts)) < [+ ¢,
ii) for each ¢ > 0 there exists a 6 > 0 such that for all ¢t € [0,1%) satisfying
[t —t*] < &, we have p(q(t)) > [ —c.
L is the limit superior of poq at t*,i.e., L = lim;_; sup p(q(?)) if and only if
i) for each ¢ > 0 and for each & > 0 there exists a {5 € [0,1) such that
ts —t*| < 6 and p(q(ts)) > L — ¢,
ii’) for each ¢ > 0 there exists a ¢ > 0 such that for all ¢ € [0,¢*) satisfying
[t — t*| < &, we have p(q(t)) < L +¢.

Notice also that limy_sup p(q(t)) = oo if and only if
iii’) there exists a sequence (¢,).eN, t, € [0,¢"), Vn € N with ¢, — t* as
n — oo, such that p(q(t,)) — oo when n — oo.

Let us prove the necessity of the condition stated in Proposition 2.2. Let
[ = limy_inf p(q(t)). p: R*™ — [0,00), so [ > 0. Assume [ > 0. Then, there
exists a @ > 0 such that [ > 0. Take p € (0,0) and ¢ = [ — p. By ii), there
exists a & > 0 such that if ¢ € [0,¢*) with [t — *] < 6 then p(q(t)) > | — € = .
Let ty =t —6/2. Then p(q(t)) > p on [to, *), which implies that

qij(t) > p, Yt € [to,t*), Vi,j=1,2,...,n, i #j. (2.3}
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By (1.4) and (1.7) we have

(mi,m; = B(mi,m;) ,
m,q,—(lz prre q,-)-}-hz _q.—.bﬁ—(q~f—qi)’ Yi=1l,...,m.
=1 1)
19!' E

This implies

n

a(m;,m; F(mi,m; ,
G| <ad) ——= ”+l IZ : R T RS

b+l
=1 Miqi; =1 Miqi;
1# J#1

on [to,t*). From here, by (2.3) we have

b o Blrog,m;)

B @ o ol m;)
Iqll < /I"+l z: + I“lv+l Z
=1

Vi=1,....n, (24)

e m; m;
1#1 FE]
on [to, ™), i.e., q; is bounded by a positive constant on [{¢,1%). Denote by M

this constant, i.e., the right side of (2.4).

The next step is to prove that for t — ¢*, limq(#) and limq(?) exist,
this means limq,(f) and limq,(¢) exist, forallz=1,....,n.

For this we shall use Cauchy’s criterion for the existence of the limit of
a function at a point, criterion which, applied to our case, states: “The limit
limy—« qi(1) (respectively limy_;+ q;(1)) exists if and only if for ¢ > 0 there
exists & > 0 such that whenever ty,1, € [to,t*) with |t; —t*| < é, then |q;(

t2)] < e (respectively |q;(t1) — qi(l2)] < € ).”

First', we shall show the existence of lim,_p qlt), Vi = L...;n Fix
i€ {1,2.0.,4 n}. Let € > 0 and 6 = ¢/2M. Let {15 € [to,t*), t1 < t3, such
that [t; —t*| < ¢ and [ty — | < é. The solution is analytic on [0,7*), thus
differentiable on (#,,1;). The mean-value theorem assures the existence of a

& € (ty,ty) such that
qi(,'z)_ql( ) qz(fl)(fZ_fl)-
Then, by (2.4) we have

lGi(t2) — qi(th)| = |Qi(&)| - |tz — 1] < M|tz —t4],
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where
[t — ty| < |ty — 7|+ [h — 7| < 26.
Thus,
. 2Me
Al Fs ) =l 2 ) — —
lqi(t2) — qi(ty)| < 2Mé T
Therefore, by Cauchy’s eriterion, lim;_+ q;(1) exists.
Let pf = limy—psqit) , V2 = 1,...,n and let p* = (P}, P+ =5 p;). Now
fixs € {1,244 n}. We shall show that lim,_; q;(1) exists. Let ¢ > 0. By the

definition of the limit of a function at a point, there exists a & > 0 such that

Vit € [lo, 1*) satisfying |t — t*| < &', we have
|9:(1) — pi| < e

Then

8%}

|qi(1)] < [4i(t) — pi| + |Pi] < ¢ + [Pjl, (2.5)

with  satisfying [ — t*] < &'. Let & = min{é’,¢/2(c + |p7])} and let ;, ¢, €
[to.17), 11 < 1y, such that |t; — "] < 6. The mean-value theorem assures the

existence of a & € (11,13) such that
qi(f2) — qi(t1) = Qi(&)(t2 — 1) (2.6)
C'ombining (2.5) and (2.6) we obtain
|qi(t2) — qi(t1)] < (e +[p]) - [f2 = ta| < (e +|P][)26 < e

Therefore, by Cauchy’s criterion, lim;_; q;(t) exists. Let qF = lim_s q.(1),
qQ* = (qj,-.-»q;), and ¢ = |qf — qf| for all 4,5 = 1,..., n, 1 # j. Letting
I — 1™ in relation (2.3), we obtain

> >0, Vigj=1,....n i#j (2.7)

To the equations (1.6) we further apply the existence and uniqueness theorem
for differential equations with initial conditions sufficiently close to t*, q* (re-

lation (2.7) assures that the initial position is in IR* — A) and p*. It follows
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that there is an interval (1* —~,t* ++) with 4 > 0 depending on ¢ and g, but
not on 1*, where the solution remains analytic, i.e., the solution is defined on
t*, a contradiction. The necessity is thus proved.

Let us prove the sufficiency. Suppose lim;_;+inf p(q(t)) = 0. From the
equations of motion m;q; = V,W(q), : = 1,..., n, we observe that if q(?) is
unbounded as ¢ — *, i.e., if there exists an i € {l,....n} and a sequence
(tn)nen, tn € [0,1%), Yn € IN, with ¢, — {* as n — oo such that q,(t,) — oo,
then lnn,,d,x, V.W(q(t,)) = oo, i.e., limy_ sup V;W(q(t)) = oo. This makes
the equations of motion meaningless. The solution cannot be defined at t*,
and so 1* is a singularity of the solution. Assume that q is bounded, i.e., there

exists a ¢; > 0 such that

llat)|] < e, V€ [0,17),

where || . || is the Euclidien norm in IR*. But q({) = M~'VW(q(1)), so it
follows that VW (q(t)) is bounded on [0, ). Notice that |q;(#)| < ||q(?) =
| P n, and apply Cauchy’s criterion for the existence of lim;_;« q(1) as we

did previously. It follows that lim;_;+ q() exists. Denote it by p*. Let ¢ > 0.
Then there exists a 6 > 0 such that for ¢ € [0,¢7) satisfying |t — t*] < é we
have ||q(t1) — p*|| < ¢. Thus,

la)Il < lla(t) = p*[[ + [Pl < ¢+ [Ip7l
on (t* — o6,1*). Recall that
—Wi(q(t)) = (VW(q(t)).q(t)), Vte[0,17)

where (... ) : R"™ x R — IR is the standard inner product defined over

3 m . .~ \ . .
[R™. The inner product satisfies the Schwarz inequality, so

l—” < IVW ()] - la()ll. v € [0,17)
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Since q(t) and VW (q(1)) are bounded on [0, %), it follows that |(d/dt)W (q(t))]
< ¢y, YVt € (1" — 6,17), ¢y being a positive constant. Fix t3 € (t* — 6,t*). Let
t € (t* — 6,t") be an arbitrary moment. By the mean-value theorem, there

exists a & between 15 and ! such that

l i
[W(a(ts)) — Wiq(t))| = I(;—,‘f"'(q(&))l |tz — 1] < 6.
This implies that
(W(a(?))] < 20 + |W(alts))|, Ve (™ —é.17),

i.e., W is bounded on (#* — 6,1*). On the other hand, lim;_; inf p(q(?)) =0
implies that

’l_il}l. sup W(q(t)) = oo,

i.e., W is unbounded on [0, 1), a contradiction with the above conclusion. The
proposition is thus proved.

Painlevé established a finer result than Proposition 2.2.(see [6]), stating
his criterion as follows:

Theorem 2.3. (Painlevé). If (q.p) is a solution of the equations (1.6)
defined on the maximal interval [0,t), then t* is a singularity of the solution

if and only if

—_
o
o8
)
~—

lim p(q(t)) = 0.

t—t*

Proof: Recall that lim,_ p(q(t)) = L if and only if

:“I}l inf p(q(t)) = ,lil}lsup p(q(t)) = L.

With this remark, the sufficiency follows obviously by Proposition 2.2. To

prove the necessity we apply again Proposition 2.2. and obtain that
lim inf p(q(t)) = 0.
t—t*

It remains to prove that lim,_;sup p(q(?)) = 0. Let L = limy_; sup p(q(t)).
Then L > 0. Assume L > 0. Then, there exists a @ > 0 such that L > 6. Let
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¢=L—0. Byi) page 11, for each m € IN there exists a t,, € [0,1%) such that
|t,, — | < 1/m and p(q(t,,)) > L — ¢ = 0. This means there is a sequence

(t)meNs tn — 1 when n — oo, such that
gii(tn) 2 plaltn)) >0, Yme N, Vi,j=1,...,n, 2 # 5 (2.9)

From here and by the definition (1.1) of W, we have

) a(m;,m; B(mg,m; .
”/’(q(lm)) = Z —(()”—I) + Z /({)—l)J)’ Ym S IN. (210)

1<i<3<n 1<i<j<n

Denote by pu the constant which bounds the sequence (W(q(?,,)))men, st > 0.
Then (2.10) becomes

Wi(q(t,)) < p, ¥Ym e IN. (2.0}

By the integral of energy (1.11) it follows that
T(p(tn)) < p+h, ¥YmeN. (2.12)

Let M = max{m;, i=1,..., n}. Then, by the definition (1.10) of 7', we have
Z Ipi(tn)]* < 2M(p + h), ¥Ym € IN.
i=1

This means

Ha(ta)l)? = 3 1aita)” < S5 Ipiltn)|* < 2M (p + h),
=1 1=1

la(ta)ll <7, ¥m € NN, (2.13)

where v = /2M (y + h) is a positive constant.

Applying the existence theorem for some t,, q(1x), p(fx) with #; sufficiently
close to 1* (relation (2.9) assures that the initial position is in IR*™ — A), it

follows that there is an interval (* — 5, t* + 5) with » > 0 depending on 6
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and v, but not on t*, where the solution remains analytic, i.e., the solution is
defined on t*, a contradiction. The sufficiency is thus proved.

Define the function d : IR* x IR*™ — [0, 00) by
d(q,A) =inf{ ||g—p||, p€ A}, q€ R*™, ACR". (2.14)

d(q.A) denotes the Euclidien distance in IR* from the point q to the set A
defined at (1.2).

Observation 2.4. With p defined at (2.1) we have
p(q) = V2d(q,A), Vqe R*.

Using this remark, Theorem 2.3. can be stated as it follows:

Corollary 2.5. If (q.p) is a solution of the equations (1.6) defined on
the maximal interval [0,1%), then t* is a singularily of the solution if and only
of

,]E}l d(q(t),A) = 0.

This statement gives us a slightly different interpretation of Theorem 2.3.
[t says that ¢* is a singularity for the solution of (1.6) if and only if the distance
from q(?) to the set A tends to zero as t — t*. This is the same as saying:
“q(t) tends to A as t — t*7. Based on this remark, we shall formulate the
following definition which establishes the nature of singularities of the n-body
problem.

Definition 2.6. Suppose that (q.p) has a singularity at t*. This singu-
larity is called a collision singularity if q(¢) tends to a definite limit when
t — =, i.e., if there exists a @ € A such that limy_;» q(t) = q*. The singu-
larity is then due to a collision. Otherwise, the singularity is called a pseu-
docollision or « noncollision singularity.

Thus, there might be two possibilities for q(7) to approach the set A:

. By tending to some point q* € A as t — t*. Then each of the particles

has some limiting position at time {*. Since q© € A, at least two of these
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limiting positions must coincide, which means that these particles must collide
as t — t~.
2. By approaching A without a limit. In this case at least one particle may
oscillate between some others without colliding, but coming closer and closer
to a collision. Then d(q, A) tends to zero as t — t*, but q(f) does not have a
definite limit.

The goal of this paper is to prove that in the n-body problem with quasiho-
mogeneous potentials, if the motion remains bounded at the singularity, then

the singularity is a collision.



Chapter 3
A DECOMPOSITION

To achieve our main goal, which consists of the proof of Von Zeipel's theorem
for quasihomogeneous potentials, we consider first Von Zeipel's decomposition
of the moment of inertia of the system of particles into components correspond-
ing to subsystems. Today this decomposition is best understood in terms of
the geometry of the space IR* viewed as a Hilbert space with inner product

defined in the following way:

< .5+ 2 RPxR™* =R, <4,p>= Zm,-(q,-.p,-).
=1
where (., .):IR*™ x IR* — IR denotes the standard inner product on IR?,

i.e.,
(ai i) = 4P = ¢/pi + {0} + ¢}
In the rest of this paper we denote by || .|| : R*" — [0,00) the norm induced

by this inner product (i.e., ||q|| = /< q.q > ), while |.]: R* — [0,00)
further denotes the Euclidien norm in IR®. Also, we consider the gradient of
W with respect to this inner product and denote it by VW. That is VI (q)

is the vector in IR defined by

<VW(q),p> = DW(q)p, Vge R — A, Vpe R, (3.1)

19
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where DW (q)p is the derivative of W at q (which is the linear map DW (q) :
R*" — IR) evaluated at p. Let V = (Vy,..., V.), where V; is the gradient
with respect to the i-th particle, Vi = 1,..., n. On the other hand, we have

the following fundamental equality

DW (q)p = Z

By (3.1), (3.2) we obtain

ow

(q),pi)- (3.2)
()qI

n ] 7 (‘)“' . . ' 3n
Z m;(ViW(q),p:) = Z(W(q)p,) Vqe R*™ — A, Vp e R™,
=1 =1 i
and it follows that
)W N
m;V:W(q) = (,), (q), Vqe R3" — A.
Jq;

Then, the equations of motion can be written as
=VWidg), Vi=1...;0

or in the abbreviated form

q=VW(q). (3.3)

Definition 3.1. The moment of inertia of the system of particles is

defined as
n

[:IR* — [0,00), I(q)=|lall* =3 milq:*. (3.4)

t=1
[ is a physical measure of the distribution of particles in space.

Denote by N the set of the n integers which label the n particles,

Let y1 be a subset of N, and call the set of particles having indices in u, a

subsystem g of the system of n particles. The set of points in the set A
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corresponding to a collision between all the particles in the subsystem g is
denoted by

A,={qe R q =q;, Yi,je€nu}

Thus, points in A, can be regarded as points of “total collapse™ of the subsys-
tem g. Observe that if u = @, A, is undefined. If y contains a single point,
then A, = R*>". If u = {¢,5}, 1,j € N, i # j, then A, = A;;, as defined in
formula (1.3).

Let w be a partition of N, i.e., a set of mutually disjoint subsets of N
whose union is all of N. A partition of N corresponds to a decomposition of
the total system into subsystems, each corresponding to one of the elements
of the partition. Let A, be the set of points in IR* corresponding to total

collapse simultaneously in each subsystem, i.e.,
Ay=N8u=N{aeR™ ai=q;, ¥i,j€ p}. (3.5)
Hnew NEW

Notice that since A, is a hyperplane for every p € w, it follows that A,
is a hyperplane in IR*. If 4 C N. we define the center of mass of the

corresponding subsystem as

Z m;q;

¢ R*™ 5 R3, cu(q)= . (3.6)
Zm,
1E
Define a map
T IRI{/J sy IRR”. (ﬂ-wq)[ = (.u(q) 1{ 1. & [ & i (';7)

i.e., the components (7,); corresponding to all 7 of an element y of w are equal
to the center of mass of the corresponding subsystem p. One can easily see
that ¢, and therefore 7, are linear functions (i.e., if q,p € R*, a. 3 € IR, then

T.(aq+ #p) = ar,(q) + S7.(p)). As a linear function from a 3n dimensional
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8]
8]

normed linear space to the same linear space (actually IR”" is a Banach space),
7, 1s continuous.
Let us establish the null space (kernel) and the image (range) of m,. The

null space of 7, is the set
X, = {q € R*| r,q =0},

where 0 = (O0,..., 0) € R* is the null element of IR™".
We have

T.q=0 <<= (7.,q);i=0, Viepu, Ypu€Ew < ¢,(q)=0, Vpew
Zie;z m;q;

— =0, Vpew = Zm,‘qizﬂ. Yp € w .
ZIGN m; €1
Thus,
X,={qe€ ]R"”'| Zv:uqi =0, Yuew}. (3.8)
1E U

The image of 7, 1s the set
r.(IR*") = {r.q| q € R*"}.
Proposition 3.2. The following equality applies
. (R™) = A,

Proof: Let us prove the inclusion 7,(IR*") C A,,. Take p € IR*". By (3.7),
(mup)i = cu(p) for i € p € w, i.e., for all p € w, (7,p)i = (7uP); = cu(P)
for all 7,j € p. This means 7,p € N,eu{q € R q; = q; Vi,j € u} = A,.
To prove that A, C 7, (IR*), take g € A,. Then, by (3.5), for all p € w,
q; =9q;, Vi,j € p. Computing

Zie,l m;q; (Zie,, m;)q;

TLq)i = — = q;, V‘I'Elﬂ\V/[Eud,
( q) Zie,u. m; Zie;l m; e ¢ G

we observe that q € 7, (IR*™). We notice also that 7,(q) = q for all g € A,
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One can easily see that X, and A, are closed subsets of IR*". We shall
show that IR* can be written as the direct sum of A, and X,.
Proposition 3.3. The scts X, and A, are orthogonal subspaces of
(R*™, <., .>) and
R* = X, & A,

where the symbol “1™ denotes the direct sum of X, and A,.
Proof: Due to the linearity of 7, its nullspace and range are linear sub-
3n

spaces of IR To prove their orthogonality, let ¢ € X, p € A,. We shall

show that < q,p > = 0. By (3.5) and (3.8) we have
Lqp>= Z m,vq,p;-" = Z Z‘rn,;q;piT = Z(Z m,-qg)pf =,
i=1 HEw iEp pew iep
where, for y € w we have denoted those p; with ¢ € g by p,.
To prove that IR™ is the direct sum of the two subspaces, we have to show
that
XM, =10} (3.9)

and that

R = X, + A, (3.10)
where X, + A, = { x+y|x € X,, y € A,}. From (3.9) and (3.10) it follows

then easily that any element in IR* can be uniquely represented as the sum
of elements of X, and A_.

To prove that X, N A, = {0}, observe that 0 € X, and 0 € A,. Let
q€ X,NA,. Then Vi € w, Y, miq; =0 and q; = q;, Vi,j € p. Denote
by q, those q; with ¢ € p. Then Vu € w, Y, miqi = (Zie,mi)au = 0,
ie., q, = 0 Vi € w, i.e., q = 0. Thus, (3.9) is proved. To prove that

3n

R* = X_ + A,. we have to show that given a q € IR?", there exist x € X,
and y € A, such that q = x+y. Take y = 7,q and thus y € A,. Let
x = q — Y. It remains to prove that x € X,. Let ¢ € w. We have

Zm,;xi = Z m,-[q,- — (7ru,q),-] = Z m;q; — Z‘Hi,‘(ﬂ'wq),‘

LE tEp TE LEN
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i m;q;
— T g = Y i — T (Ze_q)
Tien

1EN 1EN 1EN 1€
D
1€ v
— Yma— Y mia (—) -
€N 1Ep Ziel’ m;

and thus x € X,. The proposition is proved.

Some important properties of 7, are stated in the following:

Proposition 3.4. 7, is an orthogonal projection of R onto A, is
self-adjoint and idempotent.

Proof: To prove that 7, is an orthogonal projection of IR*" onto A, let
q € IR” and consider the unique x € X, and the unique y € A, such that

q=x+Yy. We have to show that n,q=1y. Let g € w. Then, for all 7 € p we

have
ZiE/l m;q; ZiEu 777,'()(1' +Y:) Zie;l miyi (ZEEu ‘”III)YII
(ﬂ-wq)i p— = = = = yi’
Zie/l ne; Zie;z my; Zi,e;: my; ZiGN m;
Le., K= ¥.

Recall that 7, is a self-adjoint operator if it satisfies the following con-
dition

<7,q,p>=<q,mp>, Vq,p€R™ (3.11)

Let q=x+yand p=x"4+y, withx,x’ € X, and y,y’ € A,. Observing
that < y,x’ > =0 and < x,y’ > = 0 by the orthogonality of X, and A_, we

have

TP F=<nX+Y) R+ =2y ¥ >4+ ¥ =<9 >
and

CYTP>=<X+¥:7.X+¥Y)I>=<x¥>+<cy ¥V =<y >

thus (3.11) is proved.
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Recall that 7, is an idempotent operator if it satisfies the condition

where 7,2 = 1,07,
Let x € IR*. Then m,x € A, and so 7 (7,x) = 7 X, using the remark we
made at the end of the proof of Proposition 3.2. Thus 7, is idempotent, and

the proof is complete.

Define 11, : R* — IR* by
[, =id—r,,

where id is the identity function id : R*™ — IR*, id(x) = x, Vx € IR*".
Obviously. 11, is linear.

Proposition 3.5. The following properties hold
a) 1, is an orthogonal projection of IR*" onto X.,.
b) Vq € R”",

lall* = lIm.all* + |Tall*. (3.12)

e} ||mll = 1.

Proof: Let q € IR” and let q = x + y be its unique representation with
X€E Xy ¥ € A

a) We have
[log=(td—7m,)g=1d(x+y)—7,(x+y)=xX4+y -y =X,
i.e., 11, is an orthogonal projection of R* onto X,.
b) Because < x,y > = <y,x >= 0, we have
lal = <qg>=<x+y,x4+y>=<xXx>+2<xX,y>+<y,y>
= |IxII* + IyII* = [Meall® + [I7.all’,

and (3.12) is proved.

¢) Since 7w, is linear and continuous, its norm is defined by

» lalf < 1}

|Imel| = sup{ [|7.q
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Relation (3.12) implies that ||7.q|| < ||q]|, Vq € IR*" and thus ||7.q|| < 1,
Vq € IR* with ||q|| < 1. It follows that sup{ ||7r.qll, |lq|| < 1} <1, i.e.,

[|7.|| < 1, and the proposition is proved.

We digress briefly to give a physical interpretation of the relation (3.12).

With the aid of the linear operators 7, and I, we define the functions
I,:R*™ = [0,00), I.(q)=|7r.ql’°, q¢&R* (3.13)

and

J, :IR* = [0,00),  Jo(q)=||.q|*, q€R*™. (3.14)

By simple computations, we have

I.(q) = <mq,mq> =Y mi((7.q)i (7.q):)

1=1

= }:(Z g} = 6880 = Z(Z7m) - |enq

HEW 1€ HEW €N

’, VYqe R™.

Thus, 1,(q) is the moment of inertia of a system of particles consisting, for
each p € w, of a fictitious particle of mass 3", m; located at the center of
mass of the subsystem corresponding to .

We also compute

J.(q) = <l qll,q>=<q-7r,q9,q—7,9>

= Z mi(q; — (7T,;Q)isq:‘ - (Trwq)i)

t=1
= Z Z mi(qi — ¢,.q, Qi — €,.q)

HEW i€/l
= 22 milai-cqf =3 Jua). ¥Yqe R,
HEW iEp HEW

where

.]’1 : “{3” = [().OO), ,]“(q) == Zn”'qi — (,“q|2. q & “{371.

=
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Thus, J, is the moment of inertia with respect to its center of mass of the
subsystem corresponding to g
Therefore, relation (3.12) states that the moment of inertia of the system
of particles can be decomposed into the sum of the moments of inertia of
each of the subsystems plus the moment of inertia of a system composed of a
fictitious particle at the center of mass of each subsystem.
The potential energy can be decomposed in an analogous way.
Define the functions Wi : R™ — A — Ry, i,j € N by
L #(m;,m;) s 3.
= if 4

a(mg,m;)

|
Vge R — A, Wij(q)=% 2lai—q;|"  2|q—q,|
0 il &= 3
Then we can write
. alm,m;)  Blm;,m;)
W (CI) - Z [ _J!l JI)
1<i<j<n 9 —q la; — q
1 i [()(m;.m‘,) ,x)’(m,-.'m.,)}
2 52 llai—aqil® g —q;f°
)
= Y Wi@) =YY Wi(q), Yge R —A. (3.15)
i€EN jEN

i,J=1
Regard the subsystem of particles corresponding to y as isolated from the rest
of the system. Its quasihomogeneous potential function is then defined by

Z,: IR - A =Ry,
; alm;,m;)  Blm;,m;) l & |almi,m;)  Blmi,mj)
/Ju(Q) = Z J«, J[, = ; Z Jn J[,
“TIQ_M lai — q;] ~f]M—%| g — g
<7 LE )
= Y Y Wi(aq), Vqe R’ — A. (3.16)
1€ JEN
Define
- A. (3:17)

=3 Z/q). Yqe R

HEW

2B~ Ry, Zig)
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Then Z, is the total potential of the isolated subsystems.
Denote by W, : IR — A — IRy the remaining potential, i.e.,
W,=W—-2,. (3.18)

This potential is due to the interactions between the subsystems. To be more

precise, for any g, v elements of the partition w, define the functions
3
W :R™ - A — Ry,

Z Z Wi;(a) fpunev= (0)

Vge R*™ — A, W, (q) =1 icujer (3.19)
0 i p=w

Observe that using (3.15), (3.16), (3.17), (3.19) the following equalities hold

Wiq) = > > Wila)=)_ [ZZWq)

{€EN jJEN HEW |[i€EN jEN

+ 2ads lZZ”L(q)] =Y Z,(q)+

HEW "Ew 1Ep JEV HEW

+ Z Z ”’VW(Q) s Zw(q) + Z Z M"‘,V(Q). \V/q € H{:m = A\,

HEW VEW HEW VEW

From here, by (3.18) it follows that

=3 Y Wulq), Yae R —A, (3.20)

HEW VEW
an expression which characterizes the potential energy due to the interactions
between the subsystems.
We shall state and prove some properties which are useful in our further
study.

Proposition 3.6. For all q € IR” — A we have

7.V Z.(q) = 0. (3.21)
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Proof: Let q € R — A . Let z € A, such that (q+2z) € R — A,
Then z;, =z;, Vi,j € p and Vu € w. By (3.16) and (3.17) we have

Zoa+z) = ¥ Y Wiyla+2)

HEW 1,7€Ep

B Z Z 1 l a(m;,mj) B(mi,m;)

e G llaitzi—ai—zl"  |gi+zi—q; -z
B Z Z | [n(m,‘,mi,-) B(m;, m_,-)l
o 9 a b

HEW i,jEpN ‘2 |ql - qll |q1 Es q/|

= Z Z Wii(q) = Z.(q).

HEW {,JEN

Recalling that A, = 7,(IR*), we have z = 7 p for some p € IR*". Let
D ={p € R”| (r,p+q) € R — A}. The last equality can be then written
as

Z,(q+mp)=Z,(q), with pe R?>, z=n,p. (3.22)
Differentiating (3.22) with respect to p on the open set D, we have
DZ,(q+w,p)=0, VpeD. (3.23)

To compute the left hand side of (3.23), define A : IR* — IR*", A(p) =q, p €
IR™, to be a constant function with respect to p, and B : R* — IR*, by

B(p) = A(p) + m.p, p € R™ . We have thus
Z,(a+ 7.p) = Zu(A(D) + 7up) = Zu(B(p)) = (Z, 0 B)(p), Vp € D.
By using the differentiation rules for composed functions it follows that
DZ.,(q+ m,p)=D(Z,0B)(p)=DZ,(B(p))o DB(p), Vpe D. (3.24)

But
DB(p) = DA(p) + Dr.(p) = Dr,(p) = 7., Vpe€ D, (3.25)
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where we took into account that, by the linearity of 7, D= ,(p) = 7,. Vp €
R . By (3.23), (3.24), (3.25) we have

DZ,q+r.,p)or, =0, VpeD. (3.26)
Let p=0(0€ D) in (3.26). Then #,p =0 and we obtain

DZ,(q)om, =0,

(DZ,(q)o7,)(a) =0, Yo € R™

or

(DZ,(q))(r,a) =0, Va € R™.

On the other hand, by (3.1) we have
(DZ,(q))(r.a) = < VZ,(q), 7o >, Ya € R,
The last two relations imply that
<VZ,q),r,a>=0, Va e R™.

From here, using the fact that =, is self-adjoint, the property emphasized in

Proposition 3.4., we have
<7,(VZ,q),a>=0, Vaec R,

which leads us to the conclusion: (7,0 VZ,)(q) = 0.
Proposition 3.7. Let (q.p) be a solution of the equations (3.3) defined

on the marimal interval [0,1%). The following relation takes place

d? .
L(q(t)) = 2||m.q)||> + 2 < 7uq(t), VW.(q(t)) >, Vte[0,t%). (3.27)

A
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Proof: From the definition (3.13) of 1, it follows that
2

d .
Slual) = (II,, m.a(t)|[*4 < T uq(f).mq(/)>)~ vt e [0,17).

Let p € w, 1 € p. Using (3.6) and (3.7), compute
d d d [ >ie,miqi(t)
ki — —_— i t)) = — A TR =
(/l7r alt )>[ (“(7r alt) dt ( Yien Mi
e (1 :
= ZiemGl) ). Ve 0,4),
Zie,u m;

and further,

d? d . d [ Yie,miqi(t)
S — —T ! — o f E=tEk VL) —
((HZ ‘/Tu.;q(l))i ((// 71'4(]( ))' (II ( Zie“ m;

Zign ™) _ (0 a))., Ve [0,6%).

Zieu m;
Thus,
d ) d? . " & 50
anq(l) = w8t Fn'“,q(l) = 7. q(t), Vte[0,t7). (3.29)
/ ¢

We have defined in (3.18) the quasihomogeneous potential W,,. It follows that
T, VWo(q(t)) = 7, VW(q(t)) — 7.V Z.(q(t)), Vte[0.17)

By the fact that q(7) satisfies the equations (3.3) on [0,7") and by equation

(3.21) proved in Proposition 3.6., we have next that
. VW, (q(t)) = m.q(t), Vte[0,t7). (3.30)
By (3.28), (3.29), and taking into account that =, is self-adjoint and idempo-
tent, properties stated in Proposition 3.4., (3.28) becomes
_lat) = 2 (|lma)*+ < roa(). .Y Wa(a(t) >)
= 2||rq()|l* + 2 < m q(t), VW.(q(t)) >
= ra()]* + 2 < maa(t), VW.(a(t) >, Vi€ [0,17).

The proposition is proved.



Chapter 4

THE THEOREM OF VON
ZEIPEL

One of the standard results of the theory of differential equations applied to
the equations (1.6) is the following

Theorem 4.1. Lel (q.p) be a solution of (1.6) on a maximal interval

[0,17), t* < oo. Then given any compact set K C IR* — A x IR™, there is
some t € [0,17) with (q(1),p(t)) € K.
This means, [[(q,p)(?)|| becomes unbounded when ¢ — t*. Obviously, this
always happens at a collision instant, because the velocities of the particles
are infinite. (At a collision, when W (#) tends to infinity, to satisfy the integral
of energy (1.11), the kinetic energy has also to become infinite).

In 1908 Von Zeipel established an important condition for the occurrence
of noncollision singularities of the classical n-body problem. He showed that
a necessary condition for having a noncollision singularity at ¢* is that the
motion becomes unbounded in finite time. This theorem, as it appeared in his
paper in May 1908 (see [3]), states:

Theorem 4.2. (Von Zeipel). In the context of the classical n-body prob-

lem, if some of the particles do not tend to finite limiting positions as t — 1*,
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then one necessarily has

lim R(t) = oo,

t—t*

where R is the maximum of the mutual distances, i.e., R(1) = maxi<icj<n |Qi(t)—
q;(1)].

Remark 4.3. We could reformulate this theorem in the terms of Theorem
I.1. and obtain the following statement:
“If (q.p) is a solution of (1.6) on a maximal interval [0,1%) with t* a noncol-
lision singularity, then, given any compact set K C IR — A, there is some
t € [0,t%) with q(t) &€ K.
This means ||q(?)|| becomes unbounded when ¢ — t*,

An article published in 1986 [5] by R.Mc Gehee provided a translation in
modern mathematical language of Von Zeipel’s proof, considering the equa-

tions (1.6) with the potential function for Newton’s law of attraction

W:iR™-A Ry, W= Y i

1<ici<n 19 — il
where (i is the gravitational constant (i.e., @ = b = | and a(m;,m;) =
Blm;,m;) = (G/2)m;m; in the definition (1.1) of W).

We shall show that Von Zeipel’s theorem is true also for the quasiho-
mogeneous potential defined at (1.1). First, however, we shall prove another
important result stated in Proposition 4.5., by using

Lemma 4.4. (Lagrange-Jacobi). Let (q,p) be a solution of the equations
(3.3) defined on a maximal interval [0,t*). On [0,t%) the following identity

applies
d?
dt*

where h is the energy constant.

[(q(t)) = 2(2 — a)U(q(t)) + 2(2 = b)V(q(t)) + 4h, (4.1)

Proof: Differentiating relation (3.4) twice with respect to ¢, we obtain

d

Slal) = 2<4().q(t) >, Ve o,r),
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d?

—zllat)) = 2(<q(t),qt) > + < q(t),q(t) >), vie[0,17). (4.2)

By the definition (1.10) of the kinetic energy T, we have

<q(t),q(t) >= [la)|® = 3 mila(t)|* = 2T, vt € [0,17). (4.3)

=1
Using the equations of motion (1.4), we have

" “ . = oW
<q(t),q(t) >= Zmiq,-q,»l(l) = Z
1=i

—(q(t))-q] (1), Vte[0,7). (4.4)
=1 ()qi

We shall show that W is a sum of two homogeneous functions, one of degree
—a. the other of degree —b, in the coordinates q. Let r > 0, q € R — A.
Then rq € IR™ — A and we have

) alm;.m; | alm;,m; —
Ura) = ¥ -2 5 ST - p)
1<i<j<n Irqi — ra;| ™ 1<i<i<n la: — qj
. A(mi,m;) bys
V(rq) = W)
1<i<j<n |rgz — "q‘il
Thus, 7 is a homogeneous function of degree —a in q and V' is a homogeneous

function of degree —bin q. Being differentiable on IR* — A (and 0 € IR*" —A),
[/ and V satisfy the hypothesis of Euler’s theorem for homogeneous functions
and thus we have

oo

=1 ()q’

()‘
Z

= ()q,

With the aid of these two equations, (4.4) becomes

= —all(q), Yge R*™ — A,

T'= —bV(q), Yge R™-A.

< §(t),q(t) >= —al/(q(t)) — bV (q(t)), Vqe R* — A. (4.5)
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Using (4.3) and (4.5), (4.2) becomes

d?

rl(a(t)) = =2al(q(1)) = 26V (a(t)) +47(1), Vi€ [0,17).

Using the integral of energy (1.11) in the above equation, we have

d?

dr*

I(q(1)) = 2(2 — a)l(q(t)) + 2(2 — b)V(q(t)) + 4h, Vi€ [0,17),

which is the conclusion of the Lemma.

The next result states that at a singularity instant the moment of inertia
always has a limit (which may be finite or infinite).

Proposition 4.5. Lel (q.p) be a solution of the equation (3.3) defined
on a maximal interval [0,17). If q(t) experiences a singularity at t*, then there
cxists an 1™ € [0, 00] such that

lim I(q(t)) = I".

t—t*

Proof: By Theorem 2.3. it follows that

lim {/(q(t)) = oo, lim V(q(t)) = oc.

t—t* t—t*

We consider the following cases:

1) a < b < 2. Using the Lagrange-Jacobi relation (4.1) one can see that
(d*/dt*)I(q(t)) > 0 for any t sufficiently close to t*, say ¢ € [r,1*). Hence,
(d/dt)I(q(t)) is an increasing function in this neighborhood of * and we may
assume that (d/dt)I(q(t)) is always positive or always negative in [7,1%).
Thus, (d/dt)I(q(t)) >0 or (d/dt)I(q(t)) <0 on [r,t*) (if it should change
sign there, say at 7/, we need only to replace 7 by a number between 7’ and
t7), which implies the fact that the positive function I is monotonic increasing
or decreasing near 1*, and therefore has a limit I* when t — 1.

2) 2 < a < b. Using again Lagrange-Jacobi relation (4.1), we obtain that
(d*/dt*)I(q(t)) < 0 for any  sufficiently close to ¢* and thus (d/dt)I(q(t)) is
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a decreasing function in a neighborhood of t*. The proof continues as in case
1)
3) a<2<b By (4.1) we have

(IZ r 7 ¢ i 6 . 7

Crla() = AU(a(n) + V(aln)] - 2a(a(t) — 26V (at)) + 1

AW (q(t)) — 2al/(q(t)) — 26V (q(t)) + 4k
> AW (q(t)) — 2bU(q(t)) — 26V (q(t)) + 4k
AW (q(t)) — 26W (q(t)) + 4h = 2(2 — b)W (q(t)) + 4h.

The proof is analogous with that of case 2), due to the fact that 2 < b and

limy—« W(q(t)) = oo.

1) a =2 or b = 2 Suppose a = 2. Then 2 — b < 0 and by (4.1),
(d*/dt*)1(q(t)) = 2(2 — b)V(q(t)) + 4h < 0 in a neighborhood of t*. The
proof continues as in case 2). If b = 2, then 2 — a > 0 and by (4.1),

(d*/dt*)I(q(t)) = 2(2 — a)U/(q(t)) + 4h > 0 in a neighborhood of t*. The
rest of the proof is the same as in case 1). The proposition is thus proved.
We now use the above facts to state and prove an equivalent version of
Von Zeipel's Theorem 4.2.
Theorem 4.6. (Von Zeipel). If (q.,p) is a solution of the equations (3.3)
defined on [0, %) with a singularity at t* and such that liny_ I(q(t)) is finite,
then t* is a collision singularity.

Proof: Denote by

" = ,12}1 I(q(t)) (4.6)
and let
&= [ o6E (4.7)
o<t<t*

where q((Z,t*)) denotes the closure of the set

q((t,17) = {q(r) eR™-A|r€ (r,f*)}, ¢ & Jo,4%),
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We prove now that A* is non-empty and compact. The solution is defined
on [0,t%), so Vi € [0,17), q((t,1*)) # @. We shall prove that V¢ € [0,¢%)
q((t,1)) is bounded. Because q((f,1*)) C q([0,¢%)), Vt € [0,1*), it suffices
to show that W is bounded, i.e., there exists an M > 0 such that

[lal| £ M , Vq € q([0,1*)). Let ¢ > 0. By (4.6) and I* < oo, there exists a

0 > 0 such that for all ¢ satisfying *— 6 <t < t* we have
Nl - | < . (18)

Let q€ m and (7,),en be a sequence in [0,#%) such that q(7,) — q
when n — oc. This means there exist an ng € IN such that [|q(7,) — q|| <
¢, YVn € IN, n > ng. By (4.8) it follows that for those 7, with n > ng and
T, € (1* = &,t*) we have ||q(7,)|| < V/I* + € , and further

llall < [la(m) —qall + [la(m)]| < Ve+ I* +e.

For 7, € [0, —é], n € IN, we have q(7,) € q([0,¢* — é]). On the compact
interval [0,¢* — 6], q is continuous, so q([0,1* — ¢]) is a compact set in
IR*" and therefore closed and bounded by, say, a constant L > 0. Taking
M = max{\T* + ¢ + ¢, L}, we can conclude that q([0,7*)) is bounded by
M. Being closed and bounded in IR*, q((¢,1*)) is compact for all ¢ €
[0,7%). Take a finite subcollection of the collection C = {m 0 <

t € t*}; e {0 = q{t:t™))s 0 € <8 < «ov € 86, € ). Observe
that N2, C; = q((t..t*)) # O and therefore C is a collection of subsets of
the compact q([0,*)) , which satisfies the finite intersection condition. It

follows that Neee O # @, ie., No<t<r al( i t*)) # ¢. This is equivalent to
No<t< gl ( q((t,17)) # @ . By the definition of A* it follows that A* # @. For
any ¢ € [0,1%), q((t,t*)) is closed, so ﬂ05t<z‘m is closed, i.e., A* is
closed in IR*™. Obviously, A* C q([0,7*)). Being a closed subset of a compact
set of R™, A* is compact.

We shall show next that A is a subset of A. Let q” € A*. This means
that q° € q((1,1)), VI € [0,17), i.e., VI € [0,17) there exists a sequence
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(1) e, 7 € (1,1%), Yn € IN, such that q(7!) — q” as n — oo. From all these
sequences choose a sequence (7,),en which satisfies 0 < 7 <7 < ... < 1" and
7, — 1* when n — oo. The fact that ¢* is a singularity implies, by Corollary
2.5., that d(q(t),A) — 0 when t — t*. It follows that d(q(7,),A) — 0 when

n — 0o. Let ¢ > 0. Then, there exists n; € IN such that
inf{ |la(.) —pll, p€ A} <e¢/2, Vn>ny.
But q(7,) — q", so there exists ny € IN such that
lld” — a(m)|| < €/2, Vn > n,.
Take ng = max{ny,nz}. Then for any p € A we have
la’ = pll < [la” —a(7)Il + lla(7.) — pll, Vn = no.

By the last three inequalities it follows that, for n > ng, n € IN,

inf{ ||q° = p||, p€A}<||q"—q(r)||+inf{ ||a(r.) —pll, pE A} <e

Therefore, d(q", A) < ¢, Ye > 0, i.e., d(q°, A) = 0. Since the set A is closed,

q” € A. Thus we have proved that
il . N
As a remark, note that
I{q)=TI" Yqe&A"

For this, let q° € A*. Let (7.)new C [0,¢*), 7» — t* as n — oo, such that

q(7,) — q” as n — oo. Then ||q(7,)|| — ||q"|| as n — co. On the other hand,
by (4.6) we have ||q(T71)||2 — [* as n — oo. The last two relations imply that
I = ||q|[% i.e., I(q°) = I*.

For each partition w of N = {1,2,..., n} define

A* = A*n A,
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where A, is defined at (3.5). Denote by S the set of all partitions w of N such
that A* # ). We claim that S is non-empty, i.e., there exists at least one w

such that A% # (). Observe that
A C AT C A

Take q@" € A* (A* # @). Then q” € A, i.e., there exist ig,jo0 € N, 0 < Jjo
such that g = q . Let

WO = { {ioa.jo}s {A} ke N — {it)aj()}}‘

w? is a partition of N. Let puo = {io,jo}, px = {k}, ¥ € N — {io,jo}. Then
@ € Aw(= {q € R™|q, = qi} = Aiyy) and @° € A, (= R™), Wk €
N — {io,jo}. So q° € Auy N ( NkeN={io,jo} Dux)s i€, 4° € Ayo. The fact that
A*y # @ implies w® € S, i.e., S # 0.

By Corollary 2.5., we know that q(/) tends to A when ¢t — #*. This means
either q(¢) tends to a definite limit when ¢t — t*, i.e., there exists a q* € A
such that q(t) — q* as t — (7, or there is at least one particle which does not
have a limiting position at (*, oscillating between some of the others (the case
of a pseudocollision).

If the first case happens, then the proof is done (this situation includes
also the case of total collapse, when q* = 0, i.e., all the particles collide at
their center of mass).

Assuming the second case happens, we consider any partition w € § of
minimal cardinality. This choice assures that, for all g € A, all the denomi-
nators of W, are nonzero for any ¢ € [0.¢*) and hence that W, is well defined
on A (W, is defined at (3.18) and characterized at (3.20)). Our goal is to
prove that for these partitions w we have AX = A*.

We claim that AY is a compact set. Indeed, for any p € w, A, is closed,
so A, is closed, and taking into account that A* is also closed, A = A*N A,
is a closed set in IR”™. Being a closed subset of the compact set A%, A% is

compact.
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Since A~

© is compact, by the continuity of W, with respect to q, there

exists an open neighborhood (¢ of A¥ and a finite constant M, depending on

(7, such that
[IVW.(q)|| <M and |<7,q,VW,(q)>|< M, VqeG. (4.9)

We identify the direct sum of X, and A, with their Cartesian product,

1.e., we establish the isomorphism
A B Dy 22 X B By

Every q € IR” has the unique representation q = x +y, with x € X,, and
y € A,. By Proposition 3.4. and Proposition 3.5., we know that x = ll,q
and y = m,q. Then the function & : X, & A, — X, x A, given by
®(q) = (llLq,.7.q) is well defined and one can easily check that ® is an
isomorphism of Hilbert spaces.

Consider A, as a space endowed with the relative topology (induced from
IR?"). As a subset of IR™, A, is a locally compact Hausdorfl space in which
G AL is open and A is closed. Then, a fundamental result in topology
assures the existence of a subset B of A, relatively open in A, such that B
is compact and

AcBcBcA,NGcCG.

Then B is compact in IR*. Denote by d,B = B — B the boundary of B with
respect to the topology relative to A,. d,B = BN (A, — B), so ,B is a
closed subset of the compact set B and therefore compact.

For each constant o > 0 define
D, = { x € X, |)xl| < o}.

D, is an open subset of X,. Let D, denote its closure, i.e., D, = { x €

Xol [[x]] € e}, and let 9D, denote the boundary of D,. Define by

K,=D,xBc X, xA,=R"
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Being bounded and closed, D, is compact, therefore I, is compact.

We shall prove further that
d.BNA*= . (1.10)

Denote by ('(B) = R™ — B. Since B C A, and A* C B, the following

sequence of relations takes place

d,BNA* = (B-B)NA*=BnC(B)NA,NA*C A, NC(A%)N A
= A,NC(A*NA,)NA*=A,N(C(A*) UC(AL)) N A*
= [(A,NC(A™)) U ((A, N C(AL))] N AT
= A,NCANA* =@,

so (4.10) 1s proved. This implies that the distance between A* and d,B is
positive. Using the fact that A, is a hyperplane and that A is a finite union of
hyperplanes, one can prove that the distance between A* and da B is positive,
where da B is the boundary of B in the topology relative to A. Therefore,

there exists a gy > 0 such that
A*N (D, x 0aB) = 0. (4.11)

By a “reductio ad absurdum”™ argument we show now that there exists a

to € [0,17) such that
q([/(,,l*))ﬁ(mxi),_\l')’): 0. (4.12)

For this suppose that Vt € [0,1%), q((t.t*))N (D, x IaB) # @, i.e., () nens
t, — t* as n — oo, such that q(t,) € D,, x daB, ¥Yn € IN. Since D,, x
daB is compact, (q(t,)),cn has a convergent subsequent (q(?,,)).cn With
limi—q(t,,) = q € D,, x daB. By the definition of A*, ¢’ € A*. Hence
q € AN (D,, x daB), contradiction with (4.11).
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We have (¢ ¢ IR* = X, x A, thus, by B C G N A, and by the definition

of D,, we may assume that o is chosen small enough so that
Ko =D ¥ BCG. (4.13)
The most important step in the proof is to show that
A* € Ay
Assume the opposite, i.e., A* is not a subset of A,. Let
alt) = (x(1),y(1)), Vi€ [0.1%),

where x(1) = Il.q(t) € X,, y(t)=rm.q(t) € A,, Vte[0,17).

We shall prove further that there exists a o € (0,0) such that q(t) € K,
for infinitely many values of ¢ tending to t*. We assumed that A* ¢ A,, so
let @ € A* such that @ € A,. As we have seen before, there exists a
sequence (t,)nen C [0,7), t, — * as n — oo, such that q(t,) — q’ as
n — oo. This means (x(4,))nen and (y(4,))nen have limits as n — oco. Let
x" = lim, . x(%,). Then x” # 0. The set X, is closed, so x* € X,. Let ¢ > 0
such that 0 < ||x°|| — € < 0. Then there exists a ng € IN such that Vn > ng
(Il = 11X | < €, 50 |Ix(ta)l| > [Ix°]] — €.

Let o =|x°| — ¢. Thus, Vn > ng, x(t,) € D, and therefore

we have

Vn >no, q(t,) € D, x B=K,, with 0<o < oy.

Henceforth we fix o at this value.

By (4.6), there exists a 6 > 0 such that
[I(q(t)) = I"| < 0®/12, Vi€ [t,17), (4.14)

where t, € (1* — 6,1*) is chosen such that t; > ;.
Observe that, due to the orthogonality of X, and A, and the fact that

A C A, we have

d(a(1), A7) > [[x()]| = [[Ma(®)|| = Du(@)]', Ve [tt7),  (4.15)
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where .J, was defined at (3.14).
From the way the partition w was defined and by the definition of A* we
can state that q(7) comes infinitely often arbitrarily close to A% as t — 1~

Since AX C B C A, and due to the orthogonality of X, and A, we have
At cD.xB=Kk,.

We have shown that q(7) must leave A, infinitely often as ¢t — ¢*. Thus, q(?)
must enter and leave K, infinitely often as t — t*. Observe that o € (0, 0¢)
implies D, C Dy Thus, D, x 0AB C D,, x daB. Using (4.12) and that

1y > ty, we conclude
q([t1,t*)) N (D, x 8aB) = .

Therefore, q(1) must enter and leave K, infinitely often via 9D, x B so long as
ty <t < t*, while d(q(t),A%) — 0 when t — t*. This implies the existence of
a time interval T' close to t*, T C (1, "), such that min,er d*(q(t),A%) < o?/2
or, using (4.15),

111i111 J.(q(t)) < a?/2. (1.16)
teT

Consider as endpoints of T' the moment instants 7 and 7, 1, < 73 < 7 < 1%,
when q(?) enters I,, i.e., q(7y) € dD, x B and when q(t) leaves K,, i.e.,
q(7z) € 9D, x B with

q(t) € K,, Vte€ [r, 7] (4.17)
Then ||x(m)|| = |[|x(72)|| = o, or
Ju(a(m)) = Ju(q(r2)) = o”. (4.18)

Being continuous on the compact interval [ry, 7], J, o q attains its min-
imum on [7, 7], i.e., there exists a 7/ € [r, ] such that J,(q(7")) =

Milye[r,,r] Jw(q(t)). Therefore, by (4.16),

Jlal#')) < e*/2. (4.19)
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Since such an interval 7" occurs arbitrarily close to *, we can consider
,—1 < o/V3IM. (1.20)
I, o q attains its maximum on [71, 72|, so there exists a T € |7, 72| such that

1,(q(7)) = max_[,(q(t)). (4.21)
te[r1,m2]

Assume 7T & {1, 72}.

Equation (3.12) implies that
I(q) = J.(q)+ I.(q), Yq€ R™. (4.22)
Relations (4.14), (4.18), (4.22) imply for t = 75 that
L(q(m)) < I* — 116*/12. (4.23)
Relations (4.14), (4.19), (4.21), (4.22) imply for ¢t = 7’ that

I —o* /12 < Ju(q(7") + L.(q(7") < 0°/2 + L.(q(T)).

I(q(7)) > I* — 16*/12. (4.24)

Adding up (4.23) and (4.21) term by term, it follows that
I(q(T)) = L(q(r2)) > o*/3. (4.25)

Observe that o < o( implies K, C K, and by (4.12), K, C (. From here
and (4.17) it follows that q(t) € i, ¥Vt € [r1, 2] and therefore, the inequalities

(4.9) are true on [y, 7], i.e.,
IVW.q(t)|| < M and | < m,q(t),VW,q(t) > | < M, Vi€ [n, ).

Using the second inequality and the relation established in Proposition 3.7..
| )

we have .
d*

Flw(q(/)) +2M >0, Vi€ [r, ]
a
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By integrating this continuous positive function from 7 to ¢ € (7, 2], we obtain

d d

—1.,(q(t)) — = 1,(q(F)) + 2M(t —7) > 0, Vi€ (T, 7]
dt dt

Since 7 is a local maximum, (d/dt)[,(q(7)) = 0. Integrating the last relation

from 7 to 75, we obtain

I(q(m2)) — L(q(T)) > —=M(m, — 7).

C'ondition (4.20) now implies that
Iw(q(?)) o [u/(q(TZ)) < "10’2/;‘] = 0'2/3.

which contradicts (4.25).

If 7 = 71, we obtain the same contradiction following the same proof.

If 7 = 7y, relations (4.23), (4.24) are still true. Combining them, we obtain
I*—7T0%/12 < I,(q(m)) < I — 116?/12 , a contradiction.

Thus, we have shown that A* must be a subset of A,. It follows that
& = A&7,

and furthermore, (¢ is a neighborhood of A*.

Let us now see that x(t) — 0 as { — t*. From the definition of A*, if
t, — t* when n — oo, then q(t,) — q' € A*, or (x(t,),y(t,)) — (X',y') €
A=Ay C A, = {0} x A, when n — oo. Therefore x’ = 0. Since this is
true for every sequence 1, — t* as n — oo, it follows that

lim x(¢) = 0. (4.26)

t—t*

We show that there exists a t, € [0,1) such that q(t) € (7, Vt € (12,17).
Assume the opposite, i.e., (¢, )en, 1, — t* when n — oo, such that q(t,) €
C(G) = R™ — (/, Yn € IN. [” is finite, so there exists a compact K such

that q([0,#*)) € K. Then q(t,) € K N C(G). The set K N C(G) is compact,
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hence there exists a subsequence (q(f,4)),en of the sequence (q(?,)), ¢ such
that q(t,x) — q" € KN N C(G) C C'(G) when k& — oo. On the other hand,
q’ € A" C (7, a contradiction. Taking into account that =,q(#) = y(?), by
the relations (3.29) we have y(t) = 7,q(t) on [0,¢*) which, combined with
(3.30), gives

y(t) = m,VW,q(t), Vte[0,t7).

By the linearity and continuity of 7, and VW, it follows that
YOI < [I7all - IVWoa(t)]], Ve [0,7).

In Proposition 3.5.c) we have shown that ||7,|| < 1. By (4.9) we have

|IVW.q(t)|| < M for t € (15,17), so it follows that
[[¥(D]] < M, Vte (ta,t7),
wikich tplies dhast
¥:(1)] < M, Vi€ (tg,t7), Vi=1,...,n.

In the proof of Proposition 2.2. we showed how a condition of this form implies
the existence of limy_ y(1) and of limy_; y(1) by using Cauchy’s criterion.

So we draw the conclusion that there exists a q* € IR* such that

o
|

limy(t)=q". (4.

t—t*
Since y(t) € A,, Vt € [0,t*) and A, is a closed set,
q €A,

By (4.26), (4.27) and since q(t) = x(#) + y(t) on [0, ), it follows that

*

[li1}1 gt =4".

Finally, observe that A, € A and conclude that q* € A. Von Zeipel's theorem

for quasihomogeneous potentials is thus proved.



CONCLUSION

[n this thesis we pointed out some problems which arise studying the qualita-
tive behavior of solutions with singularities of the n-body problem. We showed
that in the n-body problem with quasihomogeneous potentials the results of
Painlevé and Von Zeipel concerning the classical (Newtonian) n-body prob-
lem remain true. The n-body problem with quasihomogeneous potentials has
opened a new direction of investigation in celestial mechanics. Our study is a

modest contribution to it.
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