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ABSTRACT 

The rel a.Live distance of a potentially stable sign pattern Lo the unstable 

mat rices is introduced. The computation of the precise value of this distance 

is a nonlinear opt imizaLion problem. For order 2, an optimal s1 able mat.rix 

in the unique minimally potentially stable sign pattern is determined analyt­

ically. This analysis of the order 2 minimally potentially stable sign pallern 

shows how difficult the computation of this distance can be. Furthermore. it 

is shown that this distance can be arbitrarily small for potentially stable sign 

patterns of large order. Therefore, an adequate estimatio11 of this distance 

becomes increa5ingly important. 

A solution is introduced for such an estimation. Firstly, guided by the 

heuristic hierachy of the minimally potentially stable tree sign patterns, 

graph theory is used to obtain a good minimal subpattern. Secondly, a 

sequence of algorithms is introduced to estimate the distance to the unstable 

matrices of the minimal components of this subpattcrn that. have a properly 

signed nest. The algorithms an' applied to those order 3 and 4 minimally po­

tcnt.ially st able tree sign patterns tl1aL have a properly signed nest, as well as 

to order 5 minimally potentially stable rooted tree sign pat.terns. An ad hoc 

procedure is used to find a good st.able matrix in each of the two minimally 

potentially stable tree sign patterns of order 4 that. do not have a properly 

signed nest. 
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The Distance of Pote ntially Stable Sign Patterns 

To The Unstable Matrices 

Qing Lin 

Department of Computer Science 

l' niversity of Victoria 

§1. Introduction 

In science and technology, a problem is often formulated in terms of func­

tional relationships between certain endogenous (internal) variables (x 1 , · · ·, Xn) 

and certain exogenous (external) variables (o1 , ···,am): 

{1.1) fi(x1, · · ·, X n , 01 1 ··· ,Om), for i = 1, 2, · · · , n. 

For exam pie, in economic theory, (x1, · · ·. Xn) are economic variables and ( a 1 . · · · , am) 

are certain shift parameters (see (HLMQ) and [Q]) . In a particular labor market 

problem in economics (see (Q. p. 301)) , 

x 1 = price level, x 2 = interest rate, and :i.·3 = wage rate. 

m = 1 and o 1 = parameter shifting the demand for labor, 

h(xi, x2, x3. a 1) = excess demand for money balances. 
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h(x1,x2,.t3,o.1) = excess demand for labor. 

An equilibrium position of the system (1.1) is a vector (x 1 , .i2, · · · , Xn, a1 . · · ·, &m) 

such that 

A central problem in the theory of equili bria is the .. (local) stability of an equi­

librium question'' : does a system remain in an equilibrium position when slightly 

disturbed from it? 

Consider an equilibrium position (.i 1 , · · · , Xn ,o.) of (1.1) with m = l, i.e .. 

(1.2) /i(i-1, ·· · ,Xn,&) = 0, for i = 1.2,· ·· ,n. 

In this context, an example of a dynamical adjustment system is 

(1.3) dxi/dt=bdi(X1, ··· ,xn,&), fori=l,2, ··· ,n, 

where & is the constant from (1.2), bi is a positive constant (referred to as the 

"speed of adjustment" of the i-th variable) and Xi(O) = Xi, i.e., starting at the 

equilibrium position (see [Q]). To determine the stability of the equilibrium posi­

tion (x1 , • • • , Xn, &) of (1.2), on replacing the right side of (1.3) by its linear Taylor 

expansion at (.r 1 • · · ·.in), we obtain 
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Let A= [ai;] , where a,j = fJJ;/8x;(i 1 , .. · , Xn , o.). be the n x n .Jacobian matrix 

of the /i's at (i 1, · · ·. Xn, &). D be the diagonal matrix with dii = bi, and z be the 

vector with j-th entry equal to Xj - Xj , Then (1.4) can be rewritten as 

(1.5) dz/dt = DAz, 

a linear differential system. Given a fixed A, the asymptotic stability of the equi­

librium position (x1 , · · ·, Xn. &) is equivalent to the existence of D such that (1.5) 

is asymptotically stable, i.e., z(t)-+ 0 as t--+ oo. 

For a diagonalizable matrix B for which PBP-1 = diag(>.1. · · ·, >-n), the linear 

differential system 

dz/cit= B z 

can be simplified by the change of variable y = Pz to give 

dy/dt = diag(>.1 . · · ·, >-n)y. 

So 

z(t) -+ 0 as l --+ oo 

-¢::::::} y ( t) -+ 0 as t -+ oo 

-¢::::::} Re(>.j)<O. forj=l,2, ··· ,n. 

For a nondiagonalizable matrix B, a similar result can be derived using the .Jordan 

normal form (see (HS]). The above motivates the following definition. 

3 



Definition 1. J. A square matrix is (negative) stable if all of its eigenvalues have 

ncgatire real parts. 

Thus the "stability of an equilibrium question" can be restated as follows: if 

A is the Jacobian matrix of the Ii 's at an equilibrium position, is there a positive 

diagonal matrix D such that DA is stable? 

However, the situation may not be as simple as stated above. For example. in 

economics, chemistry, biology, and the social sciences, we are often concerned with 

the situation where the /i's are not completely known. Instead, only the variables 

appearing in the relationships and the nature of their direct influence are known. 

That is, it is known if fJ Jd8xj is zero, positive or negative; consequently, only the 

signs of the entries of A are known. These circumstances lead to consideration of 

the stablility of sign pattern classes of matrices, which is a central theme of this 

thesis. 

Definition 1.2. The sign pattern of a real matrix A is the matrix with entries +, 

- or O obtained by r·eplacing each entry of A by its sign. Matrix .4 determines a 

s ig n pa t ter n class consisting of all matrices with the same sign pattern as A. 

:'\ote that, in general, we do not distinguish between a sign pattern and the sign 

pattern class that it determines. 

Definition 1 .3. A sign pattern is potentially stable if there is a stable matrix 
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in the sign pattern class. A sign pattern is sign stable if all matrices in the sign 

pattern class are stable. 

For example, ( : ) is a sign stable pattern. However, in practical appli-

cations, sign stable patterns do not occur very often (as pointed out by the US 

economist J ames Q uirk [Q]) . More frequently occurring are sign pattern classes in 

which some matrices are stable and some matrices are unstable. For example, the 

sign pattern class ( : ) is potentially stable but not sign stable, since the 

matrix (-l 1 
) is stable but the matrix (-l 1 

) is unstable. 

-1 1/2 - 1 1 

Definition 1.4, A matrix A is row scalable stable if there is a positive diagonal 

matrix D such that DA is stable. 

Notice that the matrices A and DA have the same sign pattern when D is 

a positive diagonal matrix . So determining if a sign pattern is potentially stable 

will be the main focus in answering the ·'stability of an equilibrium question·· . 

Reformulating the problem in this way, we face two fundamental questions: 

(i) Which sign patterns are potentially stable? 

(ii) In a potentially stable sign pattern, which matrices are row scalable stable? 

Fisher and Fuller [FF], whose work was inspired by the famous British economist 
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John R. Hicks [Hl), gave a sufficient condition leading to an affirmative answer for 

the second question. The first question is still far from being answered . 

Definition 1.5. ([J,\,JQV}) Ann x 11 matrix has a properly s igne d nest if up to 

a symmetric rearrangement of rows and columns, the leading principal minor of 

order k has sign (-l)k fork= 1, · · · , n. 

Theorem ([FF}). If a matrix has a properly signed nest, then it is row scalable 

stable. 

It follows from this theorem that if a sign pattern contains a matrix having a 

properly signed nest, then it is potentially stable. The converse of the theorem is 

not true (sec A4 ,6 and A4 ,7 in Section 7). It is worthwhile pointing out that, in 

certain important economic applications, every matrix from a given sign pattern 

class has a properly signed nest. For example, every matrix in the sign pattern 

class 

0 + 

0 0 + 

0 

has a properly signed nest. However, the constructions in the existing proofs of 

Fisher and Fuller's theorem (see [FF), [Bl]) result in matrices that are very close 

to being unstable. and so are not of practical value. In the presence of round off 
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errors, such matrices may even be unstable. 

Unfortunately, it is not the case that Fisher and Fuller's theorem can be ex­

tended to conclude that there is a universal positive constant c such that. for any 

stable matrix A having a properly signed nest, there is a positive diagonal matrix 

D such that the distance of DA/II D.4 II to the unstable matrices is at least c. 

The precise definition of the distance of a stable matrix to the unstable matrices 

is given in Definition 2.1. We prove that (see Example 2.3), for each n ~ 2. there 

is an n x n minimally potentially stable tridiagonal sign pattern (i.e .. irreducible 

and replacing any nonzero entry by zero results in an unstable sign pattern) An 

such that the distance of A/II A II to the unstable matrices is less than 1/n for any 

stable matrix A in An. 

The proof of the theorem of Fisher and Fuller determines a positive diagonal 

matrix D such that DA is stable with simple. real eigenvalues. However, it seems 

to be difficult to find a matrix D such that DA is stable with some complex eigen­

values so that the distance of DA/II D.4 II from the unstable matrices is greater 

than that given by the Fisher and Fuller result. Thus we believe that it is un­

realistic to directly improve their theorem to go from a matrix with a properly 

signed nest to a numerically stable matrix. Given a fixed potentially stable sign 

pattern and a matrix A in this pattern that has a properly signed nest. rather than 

attempting to find a positive diagonal matrix D so as to maximize the distance 
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of DA/II DA II from the unstable matrices, we aim to determine a matrix in the 

pattern that is not too close to any unstable matrix. Such a matrix we call a 

"good" stable matrix. 

The details of the approach and an outline of the thesis are now described. 

In Section 2, relative measures of the distance to the unstable matrices for a 

fixed matrix and for a sign pattern are introduced. In Section 3, the concept of a 

minimally potentially stable sign pattern is introduced, and a conjecture regarding 

the relative distance of a general potentially stable sign pattern to the unstable 

matrices in terms of its minimal subpatterns is given. The structure of minimally 

potentially stable tree sign patterns is explored, especially those corresponding to 

a rooted tree. For order 2, there is (up to permutation and signature similarity) 

only one minimally potentially stable sign pattern and an optimal stable matrix 

(i.e., the relative distance from the unstable matrices is maximized) in this pattern 

is determined analytically in Section 4. This nontrivial analysis shows that it is 

unrealistic to find an optimal stable matrix in a pattern of higher order. Examples 

of some good stable matrices for particular tree sign patterns are given in Section 

5. In Section 6, attention is restricted to those minimally potentially stable tree 

sign patterns that contain a matrix with a properly signed nest. Based on some 

theoretical results and numerical experience, some algorithms are given to find a 

good stable matrix in such a pattern. In Section 7. these heuristic algorithms are 
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applied to find a good stable matrix for each minimally potentially stable tree sign 

pattern of order 3 and 4, and for rooted trees of order 5; an ad hoc procedure is 

used for those patterns without a properly signed nest. A hierarchy of minimally 

potentially stable tree sign patterns with respect to the relative distance from the 

unstables is given in Section 8. Here criteria are identified that contribute to this 

relative distance being large or small. In Section 9, some conclusions and directions 

for future research are given. 
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§2. The R e lative Distance to the Unstable Matrices 

\\'e denote the sp<>ctral radius of an n x n matrix B = [b;;] hy p(/3). Tht> matrix 

2-norrn of 13 is II B 11 2 = J p( /J B). and II B IIF = Jt r(l3· /J) = Jr:,, Li lb,,I'.! is 

the Frobenius norm of B. 

In (\ . \·an Loan pointed out that th<> maximum real part of the eig<>n,-alu~ 

i::, not au adequate rneasurenwnt of the distance of a 0 h·en :;table matrix to the 

unstable matricc•s. For exampl<'. considc>r the 11 XII matrices 

A= 

lJ = 

-1 2 

0 

0 

0 

-1/"2 

0 

0 

0 

-1/"2 

0 

0 

0 

-1/2 l 

0 

0 

-1/"2 

0 

-1/'l. 

0 

Ai-.. stable and Bi:-. un:-,table (singular). but 

11,1- B 112 = 1/2". 

10 
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although the eigenvalues of A are all a distance 1/2 away from the imaginary axis. 

Van Loan [V] proposed an alternate measurement of the distance of a (possibly 

complex) stable matrix A to the set of all unstable matrices, using the Frobenius 

norm. The notation dus(A) is from [HW]. 

Definition 2.1 If A is a stable matrix, then 

dus(A) = min{II A - E IIF : Eis a (possibly complex) unstable matrix}. 

In the literature, dus(A) is sometimes called the complex stability radius of A, 

and in the case that Eis restricted to be a real matrix, the corresponding distance 

is called the real stability radius; see, for example [HW]. In [H2], it is shown that 

the Frobenius norm can be replaced by the matrix 2-norm in Definition 2.1. We 

include a proof in Theorem 2.2, which uses the following result of \'an Loan, in 

which O"min(B) denotes the minimum singular value of a matrix B. 

Theorem 2.1 ([VJ) . For a stable matrix A, 

dus(A) = min{O"min(A - µil) : µE R }. 

Proof. The crucial fact used here is that, for a matrix A, 

(2.1) O"min(A) = min{II A - E IIF : Eis singular} (see [V, p. 246]) . 

For any unstable matrix E, consider the linear section 0:A+(l-a)E, 0 ~a~ 1 

connecting the stable matrix A and the unstable matrix E. By continuity of 
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eigeO\alue:,. there must exist oo. 0::; oo < 1. such that l'l'o.4. + (l - oo)E has an 

eige1l\'alue with real part zero. Thu:, o 0A + ( l - oo)B is unstable and 

ConsC'quent ly, 

(2.:2) du.,(A) = min{II A - E IIF: E has an eigenvalue with real part zero}. 

011 the oth<>r hand. for any real n11111bc>r ,,. l,y (1.l) 

O"min(- \ - ,,i /) = min {II (.! - jli I - £) II, : e is :,ingular} 

Thu:-.. on letting H = Jtil + D. 

(2.3) min {<Tmin(A - pi/) : /l E R } 

= min { II A - n ,. : B has an eiµ,envaluC' 11i} . 

:\o\\ (:2.2) and (2.:J) togl•ther gi\·e the d~ir<'d result. □ 

The Frobenius norm in Definition 2.1 can he replac('(I hy the 2-norm. as -..hown 

in I hi" following rPsult. 

T/11 or< m. 2. 2. I or a .,tnfJ/t matrix \ , 

du8 (A) = min{II A - E 112 : Dis unstable}. 

Proof. lJsing tlw fact that 
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Gmin(A) = min {II A - E 11, : l.:,' b sinp,ular} 

= min {II .1 E 11 2 : J;; is singular} 

(s<'<' [\\'. C'or. , .:3.10]) and th<' proofofThc>orern :.U. 

= min {II .4 - Jtil - E 11 2 : Eis singular. JL E R } 

= min { II .4 13 1'2 : B has an <'ige1n·al11e with real part zero} 

= min {II .4 H 11 2 : 13 is unstabl<'} □ 

Corollary J. I. If \ i. " .,table mat,·iJ· th< 11 

Proof. Let ,\ = p + iq he an eigenv,tlue of \. Then iq h- an ei~e11,·alue of.\ - pl. 

'I hus. by 1 hcorem 2.2. du8 (. \ ) ~ II \ - ( \ - pl) 112 = IP• □ 

Corollary J. (. If \ is a r<al .,table 11 x II matri.r. lhr.11 d11 •1 (A) ~ !tr(.1)1/n. 

Proof. ">inn• 1 b r<'al and stable. 

!'he result now follows from Corollar~ 2.:3. O 

Obsern• that, if A is :-;table, so is r. 1 for a positive constant c. but dus(<' 1) = 

<: d 11$(A) can be arbitrarily large. ~oticc that II c. l lb can be VNY large a-; well. 
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Therefore, we define a normalized measure of closeness to the unstable matrices 

as follows. 

Definition 2.2. For a stable matrix A. the relative distance of A to the un-

stable matrices is 

Here the 2-norm is used rather than the Frobenius norm, so that Ous(-I n) (see 

Example 2.2 below) is independent of n; recall that for the n x n identity matrix 

In, II In. 11 2 = 1 and II In IIF = ,/ii. Note that Ous(cA) = 8us(.4) for c > 0. Notice 

also that, if U is a unitary matrix, then Ous(A) = Ous(l' AU"), i.e .. Ous is invariant 

under unitary similarity. The following result shows that 1 is the upper bound for 

Lemma 2.5. For any stable matrix A, 0 < Ous(A) ~ l. 

Proof. This follows from Theorem 2.1 with µ = 0: 

dus(A) :S Omin(A) = (min eigenvalue of A" A) 1l 2 ~ Jp(A" A)= II .4 lb- D 

The following two examples illustrate the range of Ous(A). 

( 

1 2k ) Example 2.1 . If A= , then 

-2k 0 

14 



A ( 0 ll2k -
-1 

Since the 2-norm of A/2k is greater than 1, consequently, 

which can be made as small as possible. 

Example 2.2. Let A= -In· Since 

forµ E R , 

by Theorem 2.1. Consequently, 

which is the maximum possible value for Ous(A) by Lemma 2.5. 

It is well known that the relative distance of a nonsingular matrix A to the 

nearest singular matrix is equal to the reciprocal of the condition number, i.e .. 

1 1 

ti:2(A) - II A 11211 A-l 112; 

15 



see, e.g .,[\\', Cor. 7.3.10]. 

Lemma 2.6. For any 8table matrix A. Ous(A) s; ,.
2
(A) . 

Proof. From Theorem 2.1. with µ = 0, 

see. e.g .. [W. p. 416]. Thus, 

- ( ) _ dus (A) < 1 
<>us A - II A 112 - II A llzll A-l ll2 . D 

We now extend the concept of distance to the unstable matrices to sign pat-

terns. 

Definition 2.3. For a potentially stable sign pattern class A. the distance of the 

sign pattern class A to the unstable matrices is defined as 

Ous(A) = sup A {8us(A) : A EA is stable}. 

:\f otice that, by compactness of the set 

{A : II A 112 = 1, A is n x n real va.lued matrix}, 

and continuity of Ous(A), there is a stable matrix Ao E A with 11 Ao llz = 1 such 

that 

Dus(A) = dus(Ao) = max{Ous(A) : A EA is stable and II A 112 = l}. 

16 



For such a matrix Ao. any matrix cA0 with c > 0 is called an opt imal stable 

matrix in the sign pattern class A. For example, -cln is an optimal stable 

matrix in then x n sign pattern class diag(-,···,-). It is well knmrn that the 

computation of dus(.4) is a difficult nonlinear optimization problem. Therefore, 

finding an optimaJ stable matrix in a potentially stable sign pattern class is often 

extremely difficult. However, a lower bound on Ous(A) may be possible. 

Example 2.3. It. is well known that then x n tridiagonal matrix sign pattern 

+ 

0 + 

0 + 

An= o 

0 

0 

+ 

0 

is a sign stable pattern. ,\Tote that any matrix .4 E An can be normalized such 

that its unique nonzero diagonal entry is a 11 = -1. and, if e1 denotes the column 

n-vector (1, 0, • •., o)t 

So by Corollary 2.4, 
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6,,8 (A) < 1/n, 

for all A E An and thus 

Although the computation of 6,,8 (A) is difficult, one of the most feasible meth­

ods is based on the following result. 

Theorem 2. 7 ({B2}) . For any real stable matrix A and positive number o., let 

( 

A -o,J ) . 
H(a) = 

ad -AT 

Then H (a) has an eigenvalue with real part zero if and only if a ~ dus (A). 

Corollary 2.8. For any real stable matrix A and positive number a, let 

HH(fr) = ( A 
0 11 A llzl 

Then H H (a) has an eigenvalue with real part zero if and only if fr 2': 6us (A) . 

For a sequence of real stable n x n matrices {Adt~1 and a number t > 0, these 

results suggest the following procedure for attempting to show that 6us (Ak) > t 

for/,·=1,2, ··· ,N. 

18 



Algorithm 2.1. 

Fork= 1 to N 

For j = 1 to 2n 

print "Break at k'.; 

break; 

End if 

End for / / for j 

End for / / for k 

IL for any of the matrices Ak, there is an eigenvalue Aj of the associated matrix 

H H such that I Re(>.j (H If)) I < 10-10 , then H H likely has an eigenvalue with real 

part zero, and thus Ous(Ak) ~ t . Otherwise, it is likely that Ous(Ak) > t for 

k=I,2, ··· ,N. 

For a fixed potentially stable sign pattern A, this procedure further suggests 

a method for attempting to show that Ous(A) > t. Let S be a subset of the stable 

matrices A in A such that O < {3 ~ II A llz ~ 1 . If a finite sequence of real stable 

matrices {Ak}f=i in S can be selected that is sufficiently dense in S. then the 

above procedure can be applied to this sequence to try to determine if 8us(A) > t . 

19 



Notice that such a selection is highly nontrivial. The validity of obtaining a lower 

bound for Ous(A) in this way is supported by Theorem 2.10 below, the proof of 

wh ich depends on the following lemma that is also of independent interest. 

Lemma 2. 9. For any two stable matrices A1 and A2 of the srzme order. 

Proof. For any unstable matrix E, by Theorem 2.2, 

Taking the minimum of the right hand side over all unstable matrices E, and using 

Theorem 2.2 again, we obtain 

Interchanging the roles of A1 and A2 and repeating the above process, 

which gives the result. D 

Theorem 2.10. For any two stable matrices A1 and A2 of the same order, 

Proof. Without loss of generality, assume II A1 1'2 2:: II A2 lb• Then 

20 



< ldus(A1) - dus(.4.2)1 dus(A2) (II A1 112 - II A2 llz) 
- II A1 112 + II A2 112 II A1 llz 

< 211 A1 - A2 112 
- II A1 llz 1 

by Lemmas 2.5 and 2.9. D 

Corollary 2.11. If A 1 , A2 E An. defined as in Example 2. 3. and 

-1 a1 0 

-a1 0 a2 

-a2 0 a3 

A1= -a3 0 

0 -an-1 0 

21 



-1 bi 0 

-bi 0 b2 

-b2 0 b3 

-'2= -b3 0 

0 0 

Proof. L<'t Ci= a, - bi. 1 ~ j ~ 11 - l. By Th<'or<>m 2.10. it suffice~ to sho\\ that 

? 2 
C_1.rn-1 

from whid1 th<' r<•~ult follows. D 

We clo:-<' thi-.. -..cction by determining (for u:-<• n '-ir< tio11 I) th<' charact£ ri~t f 

polynomial of the matrix H(o). a~ d<'fined in Th<'orem 1.,. 
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Thwrcm 2.12. Th< characteri.,tic polynomial of H(o) i.~ 

whir.h i,, an fl'UI polynomial i11 >.. 

Proof. For any n x n matrix r, 

Consider 

lf J' == (A - ,\J )/o. then I - oF - ,\J · 0 and so 

Ohs<>n·e that. if B i~ symmetric and C is skew symmetric. then 

det(/J + >.C) == det(B - >.C). for all>., 

23 



i.e., det(B + ).C) is an even polynomial in A. Applying this result with B = 

(o2 +).2)ln -AAT and C =AT-A, we conclude that the characteristic polynomial 

of H(a) must be an even polynomial in A. □ 

Corollary 2.13. det(H(a.)) = det(o2 l n - AAT). 

Replacing ).2 in det((a2+).2 )In-AAT +).(AT -A)) by-µ gives a polynomial of 

degree n in fl. Theorem 2.12 shows that the 2n x 2n matrix fl (a) has an eigenvalue 

with real part zero if and only if this degree n polynomial in JL has a nonnegative 

real root. This observation is used in Section 4 to simplify our computations. 
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§3. Minimally Potentially Stable Sign Patterns 

Definition 3. 1. A sign pattern P is reducible if there exists a permutation matrix 

Q such that 

QPQ = . T ( P11 P12 ) 

0 P22 

where P 11 and P22 are square, nonempty sign patterns. A sign pattern that is not 

reducible is called irreducible. 

The stability of a reducible sign pattern P is determined completely by that 

of the patterns P 11 and P 22 . Therefore, without loss of generality, it suffices to 

consider irreducible potentially stable sign patterns; see [JS, p. 7]. 

Definition 9.2. A sign pattern is minimally potentially stable if it is irre­

ducible, potentially stable and replacing any nonzero entry by zero results in a sign 

pattern sttch that every matrix in this sign pattern is unstable (i.e .. it is an unstable 

sign pattern). 

For example, the sign pattern 

is irreducible and potentially stable (in fact, it is sign stable) . To verify that Pis 

minimally potentially stable. let 
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_4 = ( -a b J 
-c 0 

where a, b, c ~ 0. Then det(A) = be and tr(A) = -a. If A is stable, then it has a 

positive determinant and a negative trace, hence a, b, c > O. Thus P is minimally 

potentially stable. 

We now show that minimally potentially stable sign patterns are the atoms 

among potentially stable sign patterns, in the sense that every potentially stable 

sign pattern contains a subpattern that is a direct sum of minimally potentially 

stable sign pat terns. 

Definition 3.3. A subpattern P' of a sign pattern P is a sign pattern obtained 

by replacing one or mor·e nonzero entries of P by zero. 

If an irreducible potentially stable sign pattern is not minimal. then it must 

have a potentially stable subpattern. [f this subpattern is reducible, it can be 

decomposed into irreducible blocks. If any of these irreducible blocks is not mini­

mally potentially stable, the above process can be repeated. After a finite number 

of steps, a direct sum of minimally potentially stable sign patterns is obtained that 

is a subpattern of the given potentially stable sign pattern. 

Definition 3.4. A minimal subpattern of a potentially stable sign pattern is a 
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subpattern that is a di1·ect sttm of minimally potentially .stable sign patterns. 

For exam pie, P 1 = ( +o ) 
( 0 

0 ) are both minimal sub-

patterns of P = ( - + ) . However, it follows by Lemma 2.5, Example 2.2 and 

a continuity argument that 

whereas (see Section 4) 6us(P1) < 0.273. Thus, not all minimal subpatterns of 

a potentially stable sign pattern P can be used to determine bus (P) . However. 

experience with several examples suggests the following conjecture. 

Conjecture. ff P is a potentially stable sign pattern, then 

Ous(P) = max{ous(P') : P' is a minimal subpattern of P}. 

In Section 8, we describe how to determine a minimal subpattern P' of a given 

sign pattern P so that Ous(P') is a good approximation to bus(P) . 

To understand the st ructure of minimally potentially stable sign patterns and 

the choice of a good minimal subpattern of a potentially stable sign pattern, we 

consider a graph representation of a sign pattern. 

Definition 3. 5. The (undirected) graph of an n X n sign pattern is a graph on 
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vertices 1, 2, • • •, n with an undirected edge between i and j # i if and only if either 

the (i, j) entry or the (j. i) entry is nonzero. 

It is well known that if a sign pattern 'P is irreducible and its graph is a tree, 

then its (i,j) and (j,i) entries a.re either both zero or both nonzero. Moreover, if 

A = [aij] E 'P, then the eigenvalues of A depend on the product aijaji (i =/= j), 

and not on the individual values aij or aii· Therefore, the stability classification 

of such a sign pattern depends only on the sign of aijaji and is independent of the 

sign of Uij or aii· See [JS] for related concepts on trees, including the following 

definition. 

Definition 3. 6. A sign pattern is called a tree sign pattern ( t.s . p ) if it 1s 

irreducible and the graph of the pattern is a tree. 

For a t .s .p ., the following signed graph representation is useful because it con­

tains all the information pertinent to classifying the stability of a pattern. 

Definition 3. 7. Let G be the undirected graph of a tree sign pattern 'P = [p;j], The 

i-th vertex is signed+ or - in agreement with the sign of Pii (if Pii = 0, then the 

vertex i is unsigned and is called a zero vertex), and the edge between i and j is 

similarly signed + or - according to the sign of PijPji. This graph is called the 

s igned tree of a tree sign pattern. 
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For example, the signed tree of 

+ 0 

+ + 

0 0 

I 2 3 
8---EB--~o 

is 

A s ig nature matrix is a nonsingular diagonal matrix with diagonal entries 

±1. A signat.ure similarity is a similarity transformation given by a signature 

matrix. A similarit.y transformat.ion given by a, permutation matrix is called a per­

mutation similarity. Up t.o signature similarity and permutation similarity (which 

do not affect the stability of a t.s.p.), there is a one-to-one correspondence between 

tree sign patterns and signed trees. 

Example 3.1. 

0 + 0 

+ + 

0 

+ + + 

0 0 0 

correspond to the (unordered) signed tree 

and 

8 ---$ ---0 

0 

+ + 

0 + 

0 

From now on, we identify a t .s.p. (up to signature and permutation similarity) 

with its signed tree. 

29 



\Ve now state a theorem that uses the following concept and indicates the 

power of the signed tree representation. 

Definition 3.8. A complete mat ching in a signed tree is a set of disjoint edges 

and nonzero vertices that covers the vertex set of the tree. 

Note that a signed tree of a tree sign pattern has a complete matching if and only 

if there exists a matrix in this sign pattern that has a nonzero determinant. 

~ow, we begin to explore the structure of minimally potentially stable sign 

patterns. If a signed tree has a unique nonzero vertex, then we call it a rooted 

tree, with the nonzero vertex as the root. 

Theorem 3.1. A potentially stable trec sign pattern with exactly one non.::ero diag­

onal entry (i.e., corresponding to a rooted tree) is minimally potentially stable. 

Proof. Since the trace of a stable matrix must be negative, a potentially stable 

sign pattern cannot have all diagonal entries zero. Let A = [aij] be a sign pattern 

satisfying the conditions in the theorem . [f aii # 0, i I- j, then replacing a iJ or a;i 

by zero breaks the signed tree into two (connected) subtrees, one of which must 

have all diagonal entries zero and thus is not potentially stable. This proves that 

A is minimal. D 

Note that the converse of Theorem 3.1 is not true in general; see Example 3.3 

in this section. However, more can be said on sign patterns corresponding to a 
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rooted tree. A signed tree with all edges negative is called skew-symmetric. 

Definition 3.9. A tree sign pattern with exactly one nonzero diagonal entry (which 

is negative) and having a skew-symmetric signed tree is called a canonical t.s .p. 

Example 3.2. The following is a canonical t.s.p. that is potentially stable but not 

sign stable: 

0 0 e 0 0 

For exam pie, the matrix 

-1 1 1 0 0 

-1 0 0 1 0 

-1 0 0 0 l 

0 -1 0 0 0 

0 0 -1 0 0 

has this sign pattern, but is unstable since it has eigenvalues ±i. 

Theorem 3.2. Ann x n tree sign pattern corresponding to a rooted tree is minimally 

potentially stable if and only if it is a canonical tree sign pattern and has a complete 

matching. 

Proof. Assume that the t.s.p. is canonical and has a complete matching. As in the 

proof of (J MOV, Corollary 3.7], the t .s.p. allows a properly signed nest. By the 
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theorem of Fisher and Fuller [FF] (see Section 1), the t.s.p. is potentially stable, 

and is minimal by Theorem 3.1. 

For the converse, assume that the t.s.p. is minimally potentially stable. By 

the proof of Theorem 4.2 in [Jl\,IOV). each edge of the t.s.p . is negative. Thus it 

is a canonical t .s.p., and the potentially stability implies that it has a complete 

matching. D 

Theortm 3.3. LetP be annxn t.s.p whose signed tree is a rooted tree. IJ.4., REP. 

then there exist positive diagonal matrices Di and D2 such that B = Di AD2. 

Proof. \Ve use induction on n. For n = 2, without loss of generality 

and the assertion follows since 

Assume now that the result is true for any rooted tree sign pattern of order 

n - 1, and let P be an n x n tree sign pattern whose signed tree is a rooted tree. 

Let A, lJ E P = [pi1] and assume without loss of generality that p11 =/= 0 and 

vertex n of the signed tree corresponding to P is a leaf. Specifically, suppose that 

Pnk and Pkn are the only nonzero entries in the n-th row and column of P. Let 

'P denote the t.s.p. of order n - l obtained by deleting row and column n from 

32 



P. Clearly. the signed tree off> is also rooted. By the induction hypothesis. if 

.4, BE f>, then there exist, positive diagonal matrices D1 = diag(d1. · · ·, dn-i) and 

which complet,es the proof. □ 

Note that if .4, B E 'P as in Theorem 3.3, then they are either both singular 

or bot,h nonsingular. However, the result of Theorem 3.3 is not in general true 

for a non-rooted tree, even if the sign pattern is minimally potentially stable. For 

example, the pattern may contain matrices with determinant +. 0, and -; see. for 

example, the t,.s.p. A4 ,5 in Section 7. In the following example, all matrices in the 

given non-rooted t .s.p. Pare nonsingular, but the conclusion of Theorem 3.3 does 

not hold . 

Example 3. 3. The pattern 

+ + 

+ 0 

+ 0 0 

is a minimally potentially stable t.s.p. 

(see A3_2 in Section 7) whose underlying graph is the non-rooted tree 

o ---'-+_ 0 --- EB 

The matrices 
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A= -l 1/2 0 

0 0 

-I 1 

and 13 - -1 1/ l O 

0 0 

ar<' both in the pattern. but /J is not a row and column <;caling of .4. 

The• following rC'~ult ghC's an 11pp('r bound for ~u~(D1. l/h) in terms of 1•11tri<':-. 

of A and .4- 1 • 

'I hwrt m 3 .. /. If /J = Dul !Ji i., a ~foblc 11 x n malri.r. when D1 and Ih an 

Proof. It follow:, from Lemma 2.6 that 

(:!.l) tJ ( H) ~ 
B 

I I 

I B I 112 ~ (¾ tr(BI JJ))l /2(¾ tr(/3 rs 1)) 1/2' 

since (tr(B1 /J)) 112 = II B 11 1• ~ \. n I B 11 2 (sec. C'.g., [H.J. p. :311-:31,3)}. I.et B = 

(b,1 ) and n- 1 = (Hi,)/det(JJ). Tlu•n 

-tr(B1 JJ) ~tr(B-1 B- 1 ) = L-,., '' L-,,, i• (
l )1/2( )1/2 (" b1)1 /2(" 82 )1/2 

11 11 nld<'t(IJ)I 

- - - - - _________ ..;....., 



So by the Cauchy-Schwarz Inequality, 

> Ei,j jbiJBjil 
- nldet(B)I 

_ E i,J laijAjil 
nldet(A)I ' 

and the result follows from (:3.1). D 

Finally, the following result is used to restrict the magnitudes of entries in 

finding an approximation to an optimal stable matrix in a given sign pattern: see 

Section 6. 

Theorem 3. 5. For a stable matrix A in a minimally potentially stable sign pattern, 
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Proof. If ai; :/; 0. let B = . \ -a,;l:.."1,, where E,1 is the matrix with the (i,j) ('ntry l 

and all other entrie:. 0. ince the -..ign pattern of A i-.. minimally potentially stahle. 

the matrix H is unstable. I hus by Tlwore1n 2.1. dua( \) ~ II A - B lb = la,,1 -

On the other hand, II A 11
2 
~ max,.,{la,1 1}. l'he conclusion follow!-> from these two 

inequalities. □ 
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§4. An Optimal Stable Matrix of Orde r Two 

We first consider 2 x 2 minimally potentially stable sign patterns. Recall from 

Section 3 that the sign patLern A = ( : ) is a minimally potenfolly stable 

sign pattern (that is also sign stable). 

Lem ma 4. 1. The sign pattern A = ( : ) is the only 2 x 2 mfoimally pot rn-

tially stable sign pattern. up to signature and permutation similarity. 

Proof. Let B be an arbitrary irreducible 2 x 2 potentially stable sign pattern. 

Because of irreducibility. Bis neither upper nor lower triangular . Furthermore, B 

must have at least one negative diagonal entry. that without loss of generality is 

in the (1,1) position. 

Thus, let B = ( b
11 

bt2 ) E B be stable with b11 < 0. Then detB = 
b21 b22 

bub22 - b12b21 > 0. If b22 = 0, then b12b21 < 0 and B = A (up to signature 

similarity) is minimally potentially stable. If b22 > 0. then A is a potentially 

stable subpattern of B, making the pattern B not minimally potentially stable. If 

b22 < 0, then setting either b12 or b21 to zero gives a sign stable subpattern of B. 

making the pattern B not minimally potentially stable. D 

As Ous(-4) = 8us(c.4.) for c > 0, without loss of generality, assume that 
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(
-] (l ) 

A= E: A. 
-b 0 

with a, b > O. Und<'r this normalization. we only n<'ed to d<>termine a. b !--O that 

E, ,( 1) Ou,(A) g,ives an optimal stablt> matrix of order two. 

From Tlworem :2.1. recall that 

di (.\) min{ami11 (.1- /11/): Jl E R }. 

\\"<> now deterrnint• an analytic. formula for 

f(Jt) Omin(.1- Jli/). 

where A i::. tht> abO\c :2 x :2 matrix. 

Proof. Since 

and it is easily \·erified that 



and 

it follows that 

J2(JL) 

= ½(tr(A-Jtil)"(A-µil)-/(tr((A - µif)•(A - Jtil))2 
- 4det((A- Jtif)"(A. - µil)) 

= ½(c+2p2
- Jd+4µ2(a+b)2). □ 

In order to determine dus(A), note that 

if and only if either /l = 0 or (a+ b)4 = d + 4µ2 (a + b)2
. We consider two cases. 

Case 1. d < (a+b) 4 . 

I h 2 (a+b)4-d "f h . . 1 S n t is case, µ = 0 and /.L = 4 (a+b)2 spec1 y t ree cnt1ca points. ince 

/2(µ) = f 2 (-1-t) and J2 (µ) ➔ +oo asµ ➔ ±oo. µ = 0 gives a local maximum and 

2 (a+b)4 - d . l I . . S µ = 4(a+b)2 gives oca mrn1ma. o 

2 1 ( ( a + b) 4 
- d 2) 4ab - 1 

d us (A) = 2 c + :2 ( a + b )2 - ( a + b) = •l ( a + b) 2 . 

Case 2. d ~ (a+ b)4
. 

In this case, µ = 0 is the only critical point of /2(Jt). Since J2 (µ) ➔ +oo as 

µ ➔ ±oo, 
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\otc that ,Jt,(A) is continuous at d = (a+ b) 1 • 

\\e summarize thC'sC' two cases in the following theorem. 

Thwnm f .9. l fl A - ( - l a ) , c = l + ,1'2 Tb'! a11d d = c1 - 4a2b'!. Tiu 11 

-b 0 

d
2

, ( I) = { 
if d < (a+ b)\ 

(

-1 I ) . Comllary 1,-1, Lr.I /3 = 
-t 0 

Th<n 

d'.,(B) = { 
112-1 r 2 1 ""iift,· i l + It < 16t . 

~(l + 2/2 JI+ 1/2 ). if l + 1/ 2 ~ 16/ 
1

• 

In the next theorem. it b shown that the \'alue of t5.,, (A) occurs at a matrix 

Bas in Corollary I.I. \ote that any matrix 1\ a.'> in 'l'heorC'm 1.:1 is diago11ally 

similar to such a matrix B. but that in general 6.,,(A)-:/; 6.,8 (B}. 

(-1 a ) (-1 Thwrem 4-,'j, ff ,\ = aTI(/ B -
-b O -t 

du, (A) $ du,(H). Equol,ty hold, t/ and 011/y ,J \ = B. 

0

/ ) trit/1 t val>. then 
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Proof. VVith c = 1 + a2 + b2 and d = c2 - 4a2 b2 as before, consider Case 1 above: 

~ 1 + (2 - 4ab)(a + b) 2 < 4ab. 

Thus the arithmetic geometric mean inequality (a+ b) 2 2:: (2Vab) 2 = 4t2 gives 

d < (a+ b)4 implies 1 + (2 - 4t2)4t2 < 4L2 , which is equivalent to 1 + 4t2 < 16t4
. 

By Corollary 4.4, if 1 + 412 < 16t4 , then 

2 4t2 - 1 4ab - 1 2 
dus(B) = 16t2 2:: 4(a + b)2 = dus(A), 

using the arithmetic geometric mean inequality. Clearly, in this case. dus(A) = 

dus(B) implies that a = b = t, i.e., A= B. 

For Case 2 above, if d 2:: (a+ b) 4 and 1 + 4t2 2:: 16t4, then 

= d~s(B), by Corollary 4.4 . 

Again. in this case. dus(A) = dus(B) implies that A= B. 

The only case left is when d 2:: (a+ b)4 and 1 + 4t2 < 16t4 , i.e .. 
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The desired inequality d~8 (A) ~ d~5 (B) in this case follows from Lemma -L belo¼.'. 

□ 

We prove Lemma 4.8 indirectly using a result of Byers (see Theorem 2.7) and 

the notation c = l + a2 + b2 , d = c2 
- 4a2b2 as before. 

Lemma 4.6. If A= (-l a ) and E-I(o) = ( A. -a/ ) , where a, b. a> 0. 
-b O od -AT 

then the characteristic polynomial of H (a) is X1 + E2>-. 2 + £ 4 = 0, where 

Proof. From Theorem 2.12, the characteristic polynomial of H(a) is det((a2 + 

>-.2) [2 + >-.(AT - A) - AAT). Expanding this 2 x 2 determinant gives the result. 

D 

Setting x = ->-.2 • H(o) has an eigenvalue with real part zero if and only if 

x2 - E2x + £ 4 = O has a nonnegative real solution (in which case, >-. = ±iJx is an 

eigenvalue of H(a)), and this occurs if and only if 

However, 
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or 

2 c- JJ 
a, < 2 . 

Also 

2 1 - 2ab 
E2 > 0 {=:> a, > 

2 

and 

2 4ab- 1 Ei ~ 4E4 {=:> a: > )2 . 
- 4(a + b 

This leads to the following result. 

Lemma 4- 7. With the notation as in Theorem 4.S, 

d2 (A) < c - JJ. 
us - 2 

Moreover, the strict inequality occurs here if and only if 1-:;ab < c-!4 and 4(~~b)2 < 

c--✓ci. 
-2--

Proof. Since 
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the inequality in this lemma follows from Theorem 2.1. 

Assume d;9 (A) < a~in(A) . Let a be a positive number such that 

By Theorem 2.7 and the above discussion on the characteristic polynomial of H(o:). 

H(0:) has an eigenvalue with real part zero but E 4 > 0. Thus we must have E2 > 0 

and E? ~ 4E4 , which implies that 

1 - 2ab 4ab - l 2 2 
max ( 2 '4(a + b)2)::::; o. < amin(A). 

For the converse, there must be some positive number o such that 

l - 2ab 4ab - 1 2 2 
max(---, ( bf) < a < amin(A). 2 4.a+ ~ 

Following the above discussion on the characteristic polynomial of H(o.), we see 

that £4 > 0, E2 > 0 and E? ~ 4£4 , which implies that H(a) has an eigenvalue 

with real part zero. By Theorem 2.7, 

This completes our proof. D 

Lemma 4-8. With the notation as in Theorem 4.3 and Corollary 4-4, if d ~ (a+b)4 

and 1 + 4t2 < 16t4 . then dus(A) < dus(B). 
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Proof. Lemma 4.7 can be restated as: d~s(A) = c-:(J if and only if either 1-r•b ~ 

d;s(A) or 4(~~1,)2 ~ d;s(A) . 

If d~s(A) ~ 4(~~b)2 , then 

d2 (B) _ 4t
2 

- 1 > 4ab - 1 > d2 (A) 
us - 4(2t)2 - 4(a + b)2 - us . 

If d;8 (B) = d;s(A) in this case, then A = B, which implies that 1 + 4t2 ~ 1614 , 

contradicting the assumption that 1 + 4t2 < 16t4
• Therefore, in this case d~s ( B) > 

If 4(~~b)2 < d;5 (A), we must have l-iab ~ d;8 (A). On the other hand, 1+4t2 < 

16t4 if and only if 

1 - 2t2 4t2 - 1 
2 < 16t2 ' 

and d;s(B) = 4i~;;1
. Thus 

d2 (A) < 1 - 2ab 4t
2 

- 1 = d2 (B). 0 
us - 2 < 16t4 us 

By direct computation, 

II A II;= max eigenvalue of (AT A)= ½(c + vld) 

~ ½(l + 2t2 + ✓1 + 4t2
) = II B 11;. 

Thus, by Theorem 4.5, 
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and consequently it suffices to look for an optimal stable matrix in the sign pattern 

class A in the form 

B = with t > 0. 
(

-_lt Ot ) ' 

We can restate Corollary 4.4 for the matrix B as 

{ 

41
2
-1 ·r t2 > ~ 

(4.1) o~s(B,) = 8/2(1+212+✓1+.412)' I 8 ' 

4t4 if t2 < ~ 
(!+2t2+../1+4t2)2 I - 8 • 

Using this formula, we can determine the absolute maximum of ot8 (B1), which 

leads to the following result . 

Theorem 4- 9. For the sign pattern A= ( +o ) I 

l ff 
Ous(A) = 3y 3 = 0.272165,5 ... 

,'vloreover, this optimal value is achieved only at pB where B = ( -l t
1 

) E A. 

-l1 0 

with t 1 = -/3/2 and p > O. 

Proof. Consider first the second part of (4.1). With x = t2 and the function 

g(x) = 1+2.r~✓1+4x' we claim that g(x) is increasing when x > 0. 
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To [HOH' t hi:.-. claim, con1->ider h (:r) = n(~). 'I hen 

h'(x) = - l + 1r .J.. Jl + Lr < 0. if x > 0. 
2.r2Jl + l.r 

\\hich pro\'<''> tllC' rlaint. Thus. 16 = 1±..,05 gives tl1e 111aximu111 of 6118 (/3,) for 

l 1 E (0, 1±6:fi]. In ordN to d<'(Nmi11C' this maximum. uoticc• that 1\ 15 is a solutiou 

of the quadratic <'quation y2 -y- 1 = 0. 'I hus y = Jy+T. i.e .. ,¥ = J1 + llfi. 

~11 b:-.tit II ting this i 11to the dc•11omi11ator oft he S<'rond part of (I.I) giY,•:-. 

\O\\ consider the fir:,t part of ( 1.1). It i:-, clear that t5,15 (Bt) ~ 0 as f ---t oc. '-lo 

to detNmine the 111axi111um of c5~,(Bt) for t2 ~ ¥- let .r. = t'! and consid<'r th<' 

minimum of the function 

for .r > ¥- Taking the dc•rh·athl'. WP obtain 

p'(.x) = 0 

~ 4(sx(l + "l;r +JI+ 4.r)) 

~ 6.r + 1 - ;r
2 JI t 4.z:( ;r2 

- Ix - I) 

~ 61.r.3 - 61.r.'! + .t + :J = 0. by :-,quaring tlw abo,·e. 
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The only solution of the last equation that is also greater than ¥ is 3/ 4. Check 

that. indeed, p'(3/4) = 0. 

Thus with t1 = -/3/2, the first part of (4.1) gives 

1 /2 
8us(B1 1 ) = 3v 3 = 0.2721655 ... 

Since 8us(Bt0 ) < 8us(Bt1 ) and the fact that the relative distance is invariant under 

multiplication by a positive constant. our proof is completed. O 

Comment: The fundamental computation in the derivation of Theorem 4.9 for 

n = 2 is the explicit analytic solution of a quadratic equation. Thus, in principle, 

it is possible to compute an optimal stable matrix for n = 3 or 4 in any minimally 

potentially stable sign pattern. although the computation would be more difficult . 

In order to use Theorem 2.7 to prove a result analogous to Theorem 4 .5, we have 

to obtain necessary and sufficient conditions for a cubic or a quartic polynomial 

(with real coefficients) to have a nonnegative solution. Clearly, for n ;::: 5. it is 

not possible to use this approach . Therefore, for n;::: 3, we turn our attention to 

,. good·· stable matrices rather than optimal stable matrices. We first give some 

examples in the next section. 
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§5. Examples of Good Stable Matrices 

Let A be a potentially stable sign pattern with 6us(A) < M . A stable matrix 

A E A is called a good stable matrix if there is a positive number m such that 

m < 6us ( .4) and the ratio m/ M is not too small (e.g., in the following, we use 

m/M > 0.01) . 

Example 5.1. Consider then x n tridiagonal sign stable pattern 

+ 

0 + 

0 + 

An= O 

0 

In Example 2.9, it was shown t hat 

For n 2: 3, let An E An be 
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-1 a1 

-a1 0 a2 0 

-a2 0 a3 

An= -a3 0 

with a1 = 0.8 - (j - l)sn for j = 1, 2, · • · , ri - l. where Sn= 0.6/(n - 2). An 

implementation of Algorithm 2.1 in ;\IATLAB (see the Appendix) shows that. for 

3 :5 n '.5 550, 

We believe that this bound holds for all n, but we have not been able to prove 

it. Based on these computations, An is a good stable matrix in 1,he sign pattern 

An, Furthermore, this result shows that bus(An) = O(¼)- Note: 8~ is not a tight 

bound for Ous(An)- For example. 

see Example 6.3. 
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Note that, in Example 5.1, the (i,j) and (j. i) entries of An have the same 

magnitude for all i i- j and the parameters a; are evenly decreasing from 0.8 to 

0.2. If aij = -aj; = w > 0, we say that w is the weight of the matrix on the edge 

( i, j) of the underlying graph. 

In the remainder of th is section, various star shaped rooted trees are considered. 

Such a tree is said to be balanced if the number of edges on each branch from 

the root is equal. We describe a heuristic way for assigning weights to the edges 

of such a tree, or equivalently, assigning values to the entries of a matrix with its 

graph. 

Example 5.2. Consider the balanced tree with n = 9 and the weighting as illus­

trated below. 

0.7 

0 0 
0.1 0.6 

0.5 
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Taking the root as vertex 1. this weighting is equivalent to assigning the entries of 

the matrix A = [aij] as 

a59 = -a95 = 0.2, 

with all other entries zero. In this case, numerical computation using Algorithm 

2.1 gives 

0.01 < 8118 (A) < 0.015. 

Since II A lb > 1 (as in Example 2.1) the relative distance from the sign pattern 

(corresponding to the signed tree above) to the unstable matrices is less than 

Jf = 1/9 (see Corollary 2.4) and so m/M = ~-1J = 0.09. Thus A is a good stable 

matrix in the t.s.p. 

Example 5.3. Consider the balanced tree with n = 17 and weighting as illustrated 

below. 
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0 0 

)------{}-----r-r-------o-----0 

/ 0.1 
0 

First assign -1 to the root vertex, and weight 1 to the edges on one branch, as 

illustrated above. The heuristic used for the remaining edges is that weights are 

assigned to the edges adjacent to the root (counterclockwise), then those a distance 

2 away from the root. More precisely, the weights on the inner circle centered at 

the root are {1, 1, 1, 1, 0.9, 0.6, 0.4, 0.4} counterclockwise; the weights on the outer 

circle centered at the root are {l,0.8,0.7,0.5,0.4,0.3,0.2,0.l} counterclockwise. If 

A is the corresponding matrix, then it is stable and numerical computation gives 

0.0007501 < Ous(A) ~ 0.0007502. 

Since II A 1'2 > l. the relative distance from the sign pattern ( corresponding to 

the signed tree above) to the unstable matrices is less than J;J = 1/17 and so 

rn/M = 0
-
0fJ[;01 = 0.0127517. Thus A is a good stable matrix in the t .s.p. 

Example 5.4- Consider the following very unbalanced rooted tree with n = 14 and 

the weighting below, where s = 0.5/9. 
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0.365 

0.59 

0A55 I - .~ l - 2.s 

If A is the corresponding matrix with a11 = -1, then A is stable and numerical 

computation gives 

0.01 < 8us(A) < 0.015. 

Since II A 112 > 1, the relative distance from the sign pattern (corresponding to 

the signed tree above) to the unstable matrices is less than i'vf = 1/14. and so 

m/.M = ~i~~ = 0.14. Thus, A is a good stable matrix in the t .s.p. 

For most potentially stable sign patterns A, we do not have adequate bounds 

m and M (for 8us(A)) so that m/M > 0.01. In such a case, the definition of a 

good stable matrix given above is not applicable. Instead, we use the term ,. good 

stable matrix'· somewhat loosely; see Section 6. 
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§6. Heuristic Algorithms for Determining Good Stable Matrices 

In this section, we consider the determination of a good stable matrix in a 

minimally potentially stable t .s.p. that contains a matrix with a properly signed 

nest. Since the construction of a good stable matrix with a given sign pattern 

is dependent upon the particular structure of the sign pattern, we cannot expect 

that a general algorithm exists for constructing a good stable matrix. However, 

there are still some general approaches for a minimally potentially stable t .s.p. 

containing a matrix with a properly signed nest. We begin by introducing some 

new terminology, which extends that of Section 5. 

Definition 6.1 . A matrix A is weight symmetric if Jaijl = Jaiil for all i =fc j. 

Furthermore, Jaiil = Jaiil = w > 0 if and only if the edge (i,j) in the graph of A 

has weight w and is denoted as follows: 

' j 
0--=W'--~O 

Similarly, Jaiil = w > 0 if and only if the vertex i of the graph of A has weight 

w. A matri:i: A is normalize d if a11 = -1. Similarly, a labeled weighted tree is 

normalized if vertex 1 has negative sign and weight 1. 

Note that all the example matrices in Section 5 have aij = -aji and au= -1 and 

thus are weight symmetric and normalized. 
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We adopt the following con\'entions throughout the rest of the thesis. 

(1) For a given signed tree, we always choose a corresponding t.s.p. with all of 

its strictly upper triangular entries nonnegative. 

(2) If a signed tree is labeled with vertex 1 negative, we always consider a 

normalized matrix in the corresponding sign pattern (i .e., a11 = -1). Consequently 

the weight 1 may be omitted on vertex l in the weighted tree. 

If a matrix in a t.s.p. is given, there is a unique way to label the signed 

tree compatible with the matrix. If the matrix has a leading properly signed 

nest, then vertex l must be a negative vertex . .Moreover, if the matrix is weight 

symmetric, there is a unique way to assign the weights on the labeled signed tree 

such that the matrix has this weighting. Conversely, given a normalized labeling 

and weighting of a signed tree, under the above conventions, il corresponds to a 

unique normalized and weight symmetric matrix in the sign pattern. Therefore, 

under our conventions, weight symmetric and normalized matrices in a t .s.p. are 

in one-to-one correspondence with normalized, labeled . and weighted signed trees. 

Example 6.1. The singular matrix 

-1 0.5 1 

-0.5 0 0 

-1 0 0 
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h, weight symmetric and normalized. and corrc::.ponds to the following normalized. 

la be led. we>igh t <'cl t:.igned t r<'e: 

0.5 
o ,-..-----,01--~o 

,I I 1 

Th<> heuristics ll"<'d in '-;ection 5 to constrnct good stable matricc.-, in a giYen 

minimally potcntiall~• stabl<' t.s.p. (containinp, a matrix with a propc>rly sign<'d 

(I) They arc weight s~·m m('t ric and normalized. 

(2) Each nonzero entr) has magnitud<' in the range (0.1, l]. 

111 a fix<'d t.s.p .. a matrix -,atisfJ ing ( I) and (:2) aboH• is -,aid to be a candidate 

matrix. 

\\(' now focus attention on the con~truction of good ..,table mat rice:-. that are 

candidate matricf's in a fix<'d minimall~ potentially :-table t.s.p. A. \ote> that. in 

g<'neraL the <'Xi!-.tcnce> ofa stable candidate matrix ha1, not bee11 prowd. llowf'\Pr, 

in practical numNical computation. ,,·cha,'<' ne,·<•r had diffirnlt~• find inf!, stable can­

didate matrices. The following procedure :-.pecifie>s th<' main ideas of the heuristics 

de>Yeloped in this :-;ection. First fix a labeling of a minimalh potentially stable t.s.p. 

A with vertC'X l having ne>gati\'(~ sign. and then proce>ed as follows to dete>rmirl<' a 

:-.equerrce of :;ta hi<' candidate mat rice ... , t (kl EA. 
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(i) Consider the set of all candidate matrices with weights from 

{0.1, 0.2, · · · , 0.9, 1} 

that are stable. Find a matrix in this set with maximal 6us(A) and denote it by 

A(l) = [a1?] - In the case that this set is empty, we broaden the set of weights, for 

example, to {0.10, 0.11, 0.12, · • · , 0.99, 1}, until a stable candidate matrix is found; 

the sequential steps (ii), (iii), ... have to be modified accordingly. '"-'e continue to 

the following steps only when this set is nonempty. 

(ii) Consider the set of all stable candidate matrices with the (i,j) entry equal to 

aU)±eW, where eU) E {0,0.01,0.02,· .. ,0.09} and a\;l f: 0. Find a matrix in this 

new set with maximal 8us(A), and denote it by .4(
2

) = (aU\ Clearly, 

(iii) Consider the set of all stable candidate matrices with (i,j) entry equal to 

aW ± eU), where eU) E {0. 0.001, 0.002, .. ·, 0.009} and aU) f: 0. Find a matrix in 

this new set with maximal 8us(A). and denote it by .4(3) = [a\Jl]. Clearly. 

Continue this procedure until no significant increase in 8us(A(k)) is achieved . 

The theoretical basis of this systematic search is Theorem 2.10. In addition, 

it is implicitly assumed that 8us(A) is smooth at an optimal stable matrix with 
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respect to A in a minimally potentially stable t.s.p . (while this has not been 

proved in general, it is indeed supported by the 2 x 2 minimally potentially stable 

sign pattern in Section 4, and our numerical experience). However, there are two 

difficulties with the above procedure. Firstly, when is the pwcedure terminated? 

Secondly, it is too difficult to find the maximal 8us(A) in a finite set (when it 

is large) and it is even too costly to determine the exact value of 8us(A) for a 

stable matrix A . In order to be more practical, we lower our expectations and 

concentrate on finding a good stable matrix in each finite set. The following 

algorithm implements the above procedure and addresses these two difficulties. 

While the following algorithm is not necessarily optimal, it is a practical working 

algorithm. 

For a finite set S of stable matrices from the fixed t.s.p. A, denote max{ bus (B) : 

BES} by 8us(S) . When the set Sis large, the computation of the exact value of 

bus(S) remains difficult. As an alternative to computing bus(S), we find a small 

interval containing this value. A matrix A E S is said to be a good stable 

matrix in S if we can find two intervals of length 10-r and 10-r-l that contain 

both bus(A) and dus(S). This leads to the following definition . 

Definition 6.2. Let S be a finite set of n x n stable matrices. Let b = O.d1d2 · · ·dr 

be a positive number, where the dj 's are integers between O and 9 and dr > 0. Let 
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.4 E S be 5uch that b < bus (A) and 8us(S) ::; b + 10-r. If also b + plO_,._, < bus (A) 

for some intege1' p between O and 9, and bus(S)::; b + (p+ 1)10-r-1 . then A is a 

good stable matrix in S. 

Note that a good stable matrix A in Smay not be equal to Ous(S). However, 

and 

In the following algorithm, it is assumed that a fixed n x n minimally potentially 

stable t.s.p. A with a properly signed nest is given. Also, it is assumed that an 

arbitrary labeling of the signed tree with negative sign and weight 1 on Yertex 1 

is given. We then assign weights to t,he labelled signed tree to find a good stable 

candidate matrix. 

Step 1. Let S 1 be the set of all stable candidate matrices with weights from 

{0.1, 0.2, · · · , 0.9, 1 }, and proceed as follows to find a sequence of matrices leading 

to a good stable matrix in S1 • 

Step 1.1. (Initialization) Find 1 ::; r ::; 10 such that there exists A E S1 with 

10-r < bus(A), but ot,s(S1 ) ::; 10-r+l. Note that it is not necessarily the case that 
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bus(A) = bus(S1), since the first matrix A E S1 satisfying the above conditions is 

selected. However, 

Algorithm 6.1.l implements Step 1.1. If no such r exists, then the search for a 

good stable matrix in the sign pattern A terminates. 

Step 1.2. If Step 1.1 finds a value 10-r with 1 ~ r ~ 10, we refine the bound 

on 8,,5 (S1) within (lo-r , 10-r+1J. Algorithm 6.1.2 determines a matrix A E S1 

(possibly different from the A determined in Step 1.1) and a value j 1 (1 ~ j1 ~ 9) 

such that j110-r < bus(A) and 6us(S1) ~ ()1 + 1)10-r. Thus, 

Step 1.3. Given that Step 1.2 has found a value ji10-r, we further refine the 

bound on 8,,5 (S1) within {j110-r . (j1 + 1) 10-r). Algorithm 6.1.3 finds a matrix 

A E S1 and a value jz (0 ~ i2 ~ 9) such that j 1 10-r + j210-r-l < <'11.s (A) and 

6us(S1) ~ i1l0-r + (jz + 1)10-r-L _ Thus 

If this matrix A is the same as that determined in Step 1.2. then Step 1 terminates 

and, by Definition 6.2, /\ is a good stable mat,rix in St. 
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Step 1.4- If Step 1.3 does not terminate. we continue to further refine the bound 

The procedure in Step 1 continues until the same matrix A is determined in two 

consecutive steps, say Step 1.k and 1.(k+l), for some k 2:: 2. Then, by Definition 

6.2, A is a good stable matrix in S 1 with 

\Ve now state the algorithms for Step 1. Given a value t (O < t $ l) and a 

finite set S of stable matrices, the following function uses Corollary 2.8 to attempt 

to find a matrix AES for which 8us(A) > t (see Algorithm 2.1 in Section 2) . This 

function returns either such a stable matrix A or, if none is found, the zero matrix. 

~otice that. in a fixed t.s.p .. this function is implemented by a special indexing of 

the set Sin the sign pattern (see Example 6.2). 

function Search (t, S) 

count= 0: 

For each AES 
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( 

A -tll ..t 1121 ) 
I/ JI= 

111 .1 lbl, - \T 

eiv = cigC'nvalues of Jill; 

For p = 1 to 2n 

If ( abs(real part(C'iv(p))) < 10-10 ) 

count= I; 

End if; 

End for; 

If (count= 0) // 6,,,( A) > t 

r<'turn A; 

End if; 

End for; 

return zeros(n, n); 

1/gorilhm 6.1.l. 

count[l l] = 0: 

For r = 1 to 10 

If ( A(t) f= zeros(n. 11)) 

• 
I 



// there doc:, exist an . \ S1 \\ ith c5ua (A) > 10-r 

br<'ak; 

l~nd if: 

End for; 

If ( rou11l[l l] = 0 ) 

return:// l'he entire search algorithm terminal~! 

Ebe 

Continue the :-.earch for a good :,lable matrix in S1 

// by refining the intcn,il (co1111t[ll].co11nt[ll]* 10] 

'->tart \ lgorit h 111 6.1.1; 

End if; 

Algorithm tU.2 Given the m·,ult of Algorithm 6.1.l. 

For j = !) to 1 

n = '-;('arch ( COIi nt [11] J. Si): 

If ( H -:/: zcros(n, n) ) 

co11111[12] rounl[ll] * j: 
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break; 

End if: 

End for; 

// Continue the search for a good stable matrix in S1 

/ / by refining the interval ( count[12], count[12] + count[ll ]] 

Start Algorithm 6.1.3; 

Algorithm 6.1.3. Given the result of Algorithm 6.1.2. 

C - A(l). 
1- ' 

For j = 9 to 0 

C2 = Search(count[l2]+count[ll] *}/I0,S1); 

If ( C2 =I= zeros(n, n) ) 

count[l3] = count[l2] + count[ll] * j /10; 

break; 

End if; 

End for 

// C 1 is not changed and so A(1) is a good stable matrix in 

// the set S1 . stop! 
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return: 

Else 

// Continue the search for a good stable matrix in S1 , 

// by refining the smaller interval (counl[l3], count(l3] + count[ll]/10] 

Start Algorithm 6.l.4; 

End if: 

Algorithm 6.1 .4- Given the result of Algorithm 6.1.3, define count[l-1] = count[l3]+ 

count[l l] * j /100 and proceed as above. 

Example 6.2. Consider the tridiagonal 5 x 5 minimally potentially stable t.s.p. As 

given in Example 2.3. We use the above a lgorithms to find a good stable matrix in 

the set S1 of all candidate matrices with weights from {0.1, 0.2, · · ·, 0.9, l} in As. 

ote that, since this t.s.p. is sign stable, all candidate matrices are stable. The 

~IATLAB function Searchl below is an implementation of the general function 

Search by a special indexing of S1 for this particular t.s.p. 

function [.4] = Searchl(t); 

A= zcros(5, -5); 

A(L 1) = -1: 

for j = 1 : 10 
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fork= 1 : 10 

A(1. :3) = 0.1 * k: 

for Ii = 1 : 10 

.\(:J,4) = 0.1 i h; 

for g = I : I 0 

r.ounl = 0: 

A( 1.->) = 0.1 * g: 

1(2. 1) = -A(L 2): 

J\(:3. 2) = -. \ (2. 3): 

l ('1. :3) = -Jl(:J. '1): 

11(5. t) = -A( I. 5): 

II I{= [,L -11orm(,\ ) * t * <'ye(-'>): norm(A) *I* eye(->). -.11; 

1 iv= <'if!,(ll ll ): 

for p I : 10 

if ( ah~(real(, iv(p))) < 10-10 ) 

('OU/II = I: 

br<'ak: 

end: 

if ( r.01111/ = 0 ) 
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di:,p("~ucce<'d<'d in first :-;earch!'); 

end; 

<'lld : 

end: 

end: 

Using .\ lgorithm 6.1.1 on this example. the first nonzero matrix ..4(1) that 

is rcturn<'d by the function Searc hl OC'cur:-. wh<'n ,. = 2: that is. count[! I] = 

0.01. Continuing to refin<• the .,earch in (0.01.0.l] 11sit1$!, \ l$!,orith111 6.1.2 le;ids to 

co1111t[I2] = 0.0,. Continuing to r<'fine the S<'rlrch in (0.07. 0.0 ] using \ lgorithm 

6. 1.:3 leads to r.ounl 13] 0.077. Further refin<'nH'nt oft he s<'Mch in (0.011. O.O,s] 

using Algorithm 6.1.1 l<'.ids to cou11/[l-!] = 0.0779. In thc--e la.st t,,o rPfi11e11u•nts. 

the matrix 

-1 0.9 0 0 0 

-0.9 0 0.7 0 0 

1(1) = 0 -0.7 0 0.6 0 

0 0 -0.(j 0 0.1 

0 0 0 -0.! 0 



is unchanged, and thus k = :3 and A(1) is a good stable matrix in S1 • with 0.0779 < 

Ous(A(l)) ~ 8u8 (S1) ~ 0.0780. 

Step 2. This step is parallel to Step l. Assume A(l) = (aU)J is obtained from Step 

1. Let S2 be the set of all stable candidate matrices in A with (i,j) entry aU)±eU) 

if aW =/= 0. in which e~]) E {0,0.0l.0.021 · · ·,0.09}. Proceed as follows to find a 

good stable matrix in S 2 . t ote that, since we cannot exclude the existence of a 

stable matrix A in S2 with Ou8 (.4) > 10-r+l, where the integer r is taken from 

Step 1.1. we have to do an initialization step for the new set S2. 

Step 2.1 . (Initialization) With k ~ 2 and r E {l. 2, · · · , 10} from the result of Step 

1. find p such that 1 ~ p ~rand there exists .4(2) E S2 with 

Note that it is not necessarily the case that 8us(A(2
)) = Ou8 (S2), since the first ma­

trix A E S2 satisfying the above condition is selected. Algorithm 6.2.1 implements 

Step 2.1. 

Step 2.2. Given the integer p (l ~ p ~ r), we refine the bound on Ous(S2) within 

(10-P, 10-p+l]. Algorithm 6.2 .2 determines a matrix A E S2 and a value i1 (1 ~ 

i1 ~ 9) such that i110-P < Ous(A) and <>us(S2) ~ (i1 + 1)10-P. Thus, 

i110-P < <>us(A) ~ Ous(S2) ~(it+ 1)10-P. 

69 



Step 2.,"J. Gi,en that Step 2.2 has found a value i 110-f, we further refine the 

bound on 8us(S2) within (i11Q-P, (i 1 + 1)10-"] .. \lgorithm 6.2.a fincb a matrix 

A E S2 and a value i2 (0 ~ 12 ~ 9) such that i110-P + 1210-p-t < 8us(• \) and 

8us(S2) $i110-P + (i2 + 1)10-p-l _ Thus 

If this matrix.\ is the same as that determined in Step 2.2, then Step 2 terminate.-, 

and. b~ Definition 6.2. A is a good stable matrix in S2. 

Step 2.4. If Step 2.3 does not terminate, we continue to further refin<' the bound 

on 8us(S2) within the interval (i110-P + i210-p-l_ i110-v + (i2 + 1) 10-p-
1
]; sec 

Algorithm 6.2.4. 

The procedure in St<'p 2 continues until the same matrix. l is determined in two 

consecuti,·e steps. say 5tep 2.q and 2.(q+ l ). for some q 2: 2. Then. by Definition 

6.2 .. 1 is a good stable matrix in S2 with 

\\'e now state the algorithms for Step 2. 
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.1/gorithm fi.2.1. 

count[21] = 0: 

For p = I to r 

A12l - 5earch(10 P,S2): 

If ( Ji(i) f- zNo:-.(11. n)) 

I I Tlw first time encountering a p such that there exists a A ( S2 

I I :-.o that 6us(.4) > 10-P 

co1111t[:21] = 10-P: 

brPak: 

E11d if: 

End for: 

Stdrt .\ lgorithm 6.2.2: 

Algorithm 6.2 . .!. Gin,11 the rP,-.ult of \IJ?;orithm (i.2.l. 

For j = 9 to 1 

B = "P,Hch(rou11t[2l] * J. S2): 

If ( B -:f. zero:-.(n. 11) ) 

,.i(2) = /J: 

co1111t[22 - co1111t[:21] * j: 

break: 
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End if; 

End for; 

Start Algorithm 6.2.3; 

Algorithm 6.2.9. Given the result of Algorithm 6.2.2. 

C - A(2). 1- , 

For j = 9 to 0 

C2 = Search( count[22] + count[21] * j /10, S2); 

If ( C2 :/= zeros( n, n) ) 

count[23] = count[22] + count[21] * j / 10; 

break; 

End if; 

End for; 

// C1 is not changed and so A(2) is a good stable matrix in 

// the set S2, stop! 

return; 

Else 

// Continue the search for a good stable matrix in S2 
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// l>y rdining th<' int<'mtl [count[:tJ], count 2:3] rmmt[2l]/ 10) 

5tart Algorithm 6.2.1: 

End if: 

llgoritl,m 6.2.J. Gi\'en the r<'Sult of Algorithm 6.2.:3. define wut11[24] = rount [2:J]-r­

count[11] ~ j / l00 and pro<"C'<'d a:,,abo,·c. 

If count[I I]= 10-r and ,. ~ :3. we continue with ',tC'p :3 (:,,imilar to t, p 2). but 

with £!jl E {0.0.00I.0.002.···.0.009}. and continue> until the completion of ">tc>p 

r. 

I.ramp/, 6. ,'J. Continue the> computations of Example 6.2 for th<• tridiagonal .i x ,3 

minimally potentially stable t.:,,.p .. ,k I.et _l(l ) = [a~; )] be the good :,,tabl<' matrix 

of S 1 obtain<'d from Example 6.2. Let S2 be tlw :,,et of all stable candidat<• matrice:,, 

with th<• (i.j) entry ai;) ± e!;'. where c~;l E {0.0.01.0.01.· ... Q.09} and a!; 1 -/:-

0. '1 he :\IA'l L\B function Search2 h<'low is an implementation of thP genNal 

function Search by a sp<'cial ind<'xing of S)., 

function [B] Search2(/. A) 

R = zero:,,(5. ,i ) : 

B(l. l) = -1: 

for J = 0: 9 



B(l.2) = A(l.2)±0.01 *j: 

fork= 0 : 9 

n (2. :n = .t1(2. :3) ::L 0.01 * 1.•: 

forh 0:9 

B ( :3. I ) = A ( :3. 4) ± 0. 0 I ,. h; 

for !J = 0: 9 

/J(4. 5) =. t(4. J) ± 0.01* g: 

count= 0: 

/3(2.1) = -B(l. 2): 

/J(:3. 2) = - B ('2. :3): 

IJ ( I. ;3) = - B ( ;3. l) : 

IJ(5. 4) = - B ( I, 5): 

II /I = [B, - norm(B) • t * <':Ve(5): norm(/3) * I 1 <':Ve(,>), -B']: 

, i1• = <'ig(l/ II ): 

for p = 1 : 10 

if ( ab,-,(r<'al(1 ir(v))) < 10-10 ) 

count= l: 

brl'ak: 

end: 
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if ( count = 0 ) 

disp('Succeeded in second search!'); 

return; 

end; 

end; 

end; 

end; 

end; 

Recall that the stopping point in Example 6.2 is count[l4] = 0.0779. Algorithm 

6.2.1 returns count[2l] = 0.01 = count[ll], Algorithm 6.2.2 returns count[22] = 

0.08, and Algorithm 6.2.3 returns count[23] = 0.083, Algorithm 6.2.4 returns 

count[24] = 0.0830 = count[23], Algorithm 6.2.5 returns count[25] = 0.08305. 

In these last two refinements, the matrix 

-1 0.95 0 0 0 

-0.95 0 0.72 0 0 

A(2) = 0 -0.72 0 0.60 0 

0 0 -0.60 0 0.44 

0 0 0 -0.44 0 

is unchanged, and thus A(2) is a good stable matrix in S2 with 0.08305 < c5us(A(2)) ::; 

0.08306. 
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When do we terminate the entire search algorithm? We terminate it when the 

increase of Ous(A) is negligible. In our practical experience. this often occurs after 

Step r when count[ll] = 10-r from Step 1.1. and the search algorithm is then 

stopped after Step r. Notice that, when r = l. we terminate the entire search 

algorithm after Step 2. ln Example 6.3, since count[ll] = 0.01 from Example 6.2, 

we terminate the search algorithm after Step 2. 

We have tested the entire algorithm on the 2 x 2 minimally potentially stable 

sign pattern given in Section 4. Jn our test. Step 1 finds a good stable matrix .1(1) 

in the set S1 , namely 

A(l) = : 
( 

-1 0.8 ) 

-0.8 0 

Step 2 further finds a good stable matrix A(2) in the set S2 . namely 

A(2) = 
( 

-1 0. T ) 

-0.8, 0 , 

with 0.2721602 < 0115 (A(2l) ::; 0.2721603, which is very close lo the optimal stable 

matrix determined analytically in Section 4. 

When can we theoretically guarantee that an increase in Ous(J\) is negligible? 

Denote the stable matrix found in Step k by A (k). Note that II A (k) 112 > 1 (because 

it is normalized) . With r from Step 1.1, let [( denote the integer part of r + 
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log10(20nvn), so that 20nfo10-K-l < 10-r. By Theorem 2.10 and using norm 

results in [HJ]. 

< 2n 'n max ja(k) - al~-i)I - V ,. I J I) 

~ l8nfo10-k. 

Consequently, for p ~ 0, 

Thus in the search for a good stable matrix in the sign pattern A. the algorithm 

can definitely be stopped after Step J<:. Recall that r = 2 for Example 6.3, and 

thus K = 4, whereas in practice the search algorithm is terminated after Step 2. 
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§7. A Good Stable Matrix in each Minimally Pote ntially Stable 

Tree Sign Pattern of Orders 3 and 4 . 

Having formulated a heuristic algorithm in Section 6 to find a good stable 

matrix in a t.s.p., we apply this to all min imally potentially stable tree sign patterns 

of orders 3 and 4. We take advantage of the known list of all irreducible potentially 

stable tree sign patterns of orders 3 and 4 ([JS], [Jl\1O\'], [P]) . From this list, the 

set of all (up to permutation and signature similarity) minimally potentially stable 

tree sign patterns of orders 3 and 4 is extracted . These are listed below. 

~ 

©,___-0 + 0 

A 4,1: 
0 0 0 0 

A-1.2: 
0 0 0 0 

A-1,3 : 
0 0 0 0 + + 

A -1,4: 
0 0 0 0 + + 
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.,4 1,5: 
0 0 0 (l) 

+ 

A 1.6: e 0 
-t-

0 
T 

© 

_A4_7: 
G © -r 

0 0 

Au,: 
0 0 E!) 0 + + 

.A-1_9: 
EB 0 0-----:--0 + T 

A -1.11: 

\\'e now pro,·c that each of thc> abo\'e pattern:-- i~ minimal. In order to show 

tlw minimality of an irreducible potentiall~ stable sig,n pattern, it is sufficient to 

show that replacing any nonzero <•ntry 1,y ZNO re.-.ult:-. in an um,table sign pattern . 

Thc wcll-knmrn Routh-Hurwitz t heor<'m ('I hcorcm A 1.7 in [HL\lQ, p. Hi]} gi\'cs 
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necessary and sufficient conditions for a matrix to be stable. This may be used to 

prove the minimality of an irreducible potentially stable sign pattern. However, 

this is wry costly and complicated. We use a much easier way that relies on our 

methods and results developed in Section :3 . 

It is obvious that, if .4 is a real stable n x n matrix, then 

tr(A) < 0 and (-ltdet(A) > 0. 

Also, a reducible sign pattern is potentially stable if and only if its irreducible 

components are all potentially stable. Thus, as was shown in Theorem 3.1. all 

rooted trees (i.e., A3,1 , A4 ,1 and A4 ,2 ) in the list are minimally potentially stable. 

Examining the remaining trees and removing any one edge results in at least 

one sign unstable irreducible component. Thus, if i f:. j and a,j f:. 0, then the 

sign pattern obtained by setting a,j = 0 is not potentially stable. Furthermore, 

replacing any nonzero diagonal entry by zero in any of the patterns except A4,9 and 

A.1,11 results in a rooted subtree and Theorem 3.2 shows that the corresponding 

subpattern is sign unstable. This leaves only the patterns A4,9 and A1.11 to show 

to be minimally potentially stable. 

To show that pattern A4 ,9 is minimally potentially stable, label the signed tree 

as follows: 

3 I 2 
(D-----<0>---+---10 

4 

+ 0 
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Take a genNic stable matrix 1\0 in the sign pattern 

b1 c-i 0 (I 3 

Ao= 
-b2 0 C3 0 

0 b3 0 0 

where a,. b, > 0 and c, ~ 0. ',ince lo is stable. 

and thus CtC:3 f- 0. To show that r2 f- 0. note that as , \o is :-.tahl<'. the sum of it:-. 

2 x 2 principal minors i:-. po:-.itive (see [11.J, p. 42]). Thus 

implies cici i- 0. Cmnbinrd with the pre\ious disnissio11 011 the nonzero off-

diagonal ent ri<'s. this shows that pat tern .A 1,o is minimal. 

To s how that pattNn .A 1,11 is miuirnally potentially stable. label the sign<'d 

t r<•e as follows: 

j 1 
- ~ + 

0 CD 
I .3 
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Take a generic stable matrix Ao in the sign pattern 

-C1 a1 a2 a3 

-b1 Cz 0 0 
.1o = 

b2 0 C3 0 

-b3 0 0 0 

where a3 , b3 > 0 and c1 2'. 0. Since tr(Ao) < 0. we must have c1 # 0. Since 

we must have c2c3 # 0. Combined with the previous discussion on the nonzero 

off-diagonal entries, this shows that pattern A4 •11 is minimal. 

A good stable matrix in each of the minimally potentially stable sign patterns 

given in the list is depicted in the labeled and weighted graphs below. They are 

found by an application of the algorithm described in Section 6, except for the 

patterns A4,6 and A4 ,7 that contain no matrix having a properly signed nest. A 

good stable matrix in these cases is found through a large number of random 

examples and certain ad hoc adjustments. We list a stable matrix A with tight 

upper and lower bounds for 8us(A) in each minimally potentially stable t.s.p. 

The fact that such a matrix is a good stable matrix is justified by the following 

argument. By Corollary 2.4, the patterns A3 ,1 and A3 ,2 have 1/3, and the pat terns 

A4,3, A 4 ,4 and A 4,9 all have l /2. as an upper bound for the relative distance to 
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unstable matrices (by considering all stable matrices in a pattern with maximal 

magnitude 1 among negative diagonals) . All other order 4 minimally potentially 

stable tree sign patterns have an upper bound of 1/4 for the relative distance to 

unstables. Thus, by the definit ion at the beginning of Section 5, the stable matrices 

listed below are all good stable matrices in their respective sign patterns. 

A3,1 : I 2 3 

~ 

0.15545 < Ous(A3,1) ~ 0.1.5546 

2 + 3 

©----------0---
0 .4 0.9'1 0.38 

0.044969 < Ous(A3,2) ~ 0.044970 

0.10859 < Ous(A4,1) ~ 0.10860 
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2 3 

0~8 O 0~7 O 

0.10864 < Ous(A4,2) ~ 0.10865 

3 

0 
0.23 

1 2 I 
+ Gl-----iQ + 0 

0.70 0.91 0.22 

0.023805 < Ous(A4,3) ~ 0.023806 

3 + 2 l + 4 
0 0.65 Q>--1 - 0 0.37 ° 0.99 

'1 3 
Q----10 

0.13 

l 2 
+ 81-----,Cf! 
0.'16 OAO 

0.03174 < Ous(A4_5) ~ 0.03175 

84 



I 2 ,! + 
E) + 11 0-----'() 

0.911,h 1.,3,.; .3.ti!l,I I 0.2111 

A.,,;: I 2 + .I I 

0 CD 0 0 
O.ti2 0.,125 

o .. fi!l:, 

0.007 < ou., (...11.-=-) < 0.00~ 

.! + I :.! 1 
0--0,_-© + 0 

0.(i I 0.:.!i 0.1:1 

0.0211 < Ou.,(A 1,s) < 0.0211 

A1,11: :3 I + 2 + I 

EB 0 0 0 
O.:.!iO O. lhh 0.160 0.102 

0.:'i9:3 

5 



. I 1,10: 

,I 
(+I 0 .. 1:, 

- IJ., • 

6 
o.9 

0 
0 .. 19 

0 
I :l + I 

2 
O.,, I 

- 0.9.) 

·>---O_A_O G;) 0.10 
+ ;1 

We conclude thi:- ,P.Ction b~· !i'.-.ting all 111inimall~· poteutially stable tree :-.ign 

pattern!'> ,orrc:,pondiug to rootC'd t re£'s with .j n•rt i,es. \II mutually non isomorphic. 

rooted tree's with ll'ss than 50 \Nti,<'s have bN'II listC'd ([H]). By 'I'IH'orem :J.2. only 

those with a complete matching can b<' minimally potentially stable. For example. 

tltere an• exactly ;3. 7. 10 root<'d trC'es corre:-.ponding to minimally poteutially 

stabll' ,i~n patterns \\ith .';, 6. i ,·c-rtices. rC'spectiH~l~. \umerical computation 

(with an older ,er:-ion of the algorithms) show:,, that all of the.st• patterns hav<• 

di:,tan,e grc>atcr than 0.01 from the uni;tablc mat ricc>s. Good stable matrices for the 

minimally poteutially c:;table rootNI tr<'<' with 5 ,-ertircs found t1!->i11g thE> algorithms 
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of Section 6 are listed below. 

l 2 3 I 5 
8 0~5 O 0~2 O o~o O o~,, O 

0.08305 < i5us(.4.s,1) ~ 0.08306 

5 3 1 2 ,, 

O 0~2 0 0~9 0 0~4 O 0~6 O 

0.08308 < i5us(A5,2) ~ 0.08309 

4 

-r0.1-1 
I 2 3 

0..--0.9-8 ~58° 

5 
- 0 
0.78 

0.083083 < i5us(A5,3) ~ 0.083084 
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§8. Hie ra rchy of Minimally Potentially Stable Tree Sign Patterns 

with resp ect to Distance to the U nst ables. 

The computation in the previous sections clearly shows that the relative dis­

tance to the unstable matrices of some minimally potentially stable tree sign pat­

terns is greater than that of others. In this section, we specify the attributes that. 

based on numerical results, determine their distance to the unstable matrices rela­

tive to other such patterns. This suggests a hierarchy of these patterns, which we 

then use to find a good minimal subpattern (see Section 3) of a potentially stable 

sign pattern that has a spanning forest consisting of minimally potentially stable 

trees. 

The use of numerical results to compare different minimally potentially stable 

tree sign patterns is limited by the fact that there is no complete listing of all such 

patterns beyond order 4. However, ou r numerical computations point to several 

observations that contribute to a hierarchical structure of minimally potentia.lly 

stable tree sign patterns. We itemize these below in points 1-6. 

\Ve divide the minimally potentially stable tree sign patterns into three groups: 

those corresponding to rooted trees, those not corresponding to a rooted tree but 

containing a matrix with a properly signed nest, and the remaining patterns. The 

second group will be further subdivided by Definitions 8.1 and 8.2. 
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l. Within the first group above, the larger the order of a min imally potentially 

stable t.s.p., the smaller is its distance to the unstable matrices. 

2. All minimally potentially stable rooted tree sign patterns of the same order 

have approximately the same distance to the unstable matrices. 

3. Among minimally potentially stable tree sign patterns of the same order, rooted 

tree sign patterns are generally at a greater distance to the unstable matrices than 

nonrooted tree patterns. 

4. Among the minimally potentially stable nonrooted tree sign patterns of the 

same order, those containing a matrix with a properl_v signed nest are generally 

further from the unstable matrices than those that do not contain such a matrix. 

To classify nonrooted t ree sign patterns that contain a matrix with a properly 

signed nest, we introduce the following two definitions. \Ne say that a matrix has 

a leading properly signed nest if all its even order leading principal minors are 

positive and its odd order leading principal minors are negative. 

Definition 8.1. Given a fixed labeling of a nonrooted tree corresponding to a mini­

mally potentially stable t .s.p., if the pattern contains two matrices compatible with 

this labeling such that one has a leading properly signed nest and the other does 

not, then this labeling is called an oscillating labeling. 

Example 8.1. Consider the minimally potentially stable t.s.p. A4,9· Consider the 
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la h<>ling oft he signed tree d<'t<>rmin<'d by the following matrix 

a b 0 

A= 
- b O d2 0 

0 C 0 0 

whNe a, b, <. d
1

• d
2 

> O. Th<> matrix .,\ has a leading proper() signed n<>st if and 

only if 

For exampl<'. 

-1 0 

1 - ..fifi 0 

-1 0 ..fS/2 0 

0 l 0 0 

has a leading propc>rly signc>d ne:,t, hut 

-I 1 0 

-2 0 1 

-1 0 'l. 0 

0 1 0 0 
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does not since the leading 3 x 3 submatrix is singular. So this labeling is an 

oscillating labeling. 

Definition 8.2. Consider a fixed oscillating labeling of a nonrooted tree correspond­

ing to a minimally potentially stable t.s.p. An edge or nonzero vertex in the signed 

tree is called an oscillating edge if by increasing or decreasing the weight on the 

edge or nonzero vertex (while fixing the other weights), it is possible to obtain both 

a normalized matrix in the sign pattern that has a leading properly signed nest 

as well as a normalized matrix in the pattern that does not. The total number of 

oscillating edges in a labeling is called the oscillating length of the labeling. 

In Example 8.1 above, a, b, d1 and d2 correspond to oscillating edges of the 

labeling but c does not. Thus the oscillating length of this labeling is 4 . All of our 

numerical experience suggests that the oscillating length of an oscillating labeling 

is the same for all oscillating labelings of a fixed nonrooted minimally potentially 

stable t .s .p. that contains a matrix with a properly signed nest. 

Vve now state the remaining two observations based on our numerical results. 

5. Among nonrooted minimally potentially stable tree sign patterns that contain 

a matrix wit h a properly signed nest, a pattern that has an oscillating labeling is 

closer to the unstable matrices than one without an oscillating labeling. 

6. Among nonrooted minimally potentially stable tree sign patterns that contain 
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a matrix with a properly signed nest and have an oscillating labeling, the larger 

the oscillating length . the closer is t.he pattern to the unstable matrices. 

Example 8.2. Consider the minimally potentially stable t.s.p. A4,5 . The labeling 

with a, b, c, d and e > 0 corresponding to the matrix 

-1 C d 0 

-c b 0 0 

d 0 0 e 

0 0 -e 0 

is oscillating. It has a leading properly signed nest if and only if c2 > b. Thus, 

this labeling has oscillating length 2. Using the algorithms in Section 6, there is a 

stable matrix Ao in this sig,n pattern such that 

Ous(Ao) > 0.031. 

However, the pattern A4,9 discussed in Example .1 has oscillating length 4 and 

the best stable matrix A1 that we can find in A4,9 has 

Ous(A1) < 0.0084. 

The above six observations are the basis for a heirarchy of minimally potentially 

stable tree sign patterns with respect to distance from the unstable matrices. \\'e 

conclude this section with the following example, in which we show how to use 
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some of the above observations to obtain a good minimal subpattern for a non­

minimally potentially stable sign pattern with a spanning forest. 

Examvle 8.3. The following 11 x 11 potentially stable sign pattern is from 

[JMOV]. 

Guided by obsen·ations l, 2 and 3 above. the following spanning forest consist­

ing of three minimally potentially stable rooted trees is a good minimal subpattern. 
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There is a :-tablP matrix. I in thi), minimal subpat tern :-11ch I hat 

6u, (A) > 0.10 59. 

which is approxirnately the minimum of 8ua( \3,i), 6u~(1\ 1,t) and 6us(A 1.2) by ll!-,ing 

the weights p.,iH'l1 for t hesc matrices i11 ~ection 7. ' I hcr<>for!'. b) filling in s11 lfici<>11 t I)· 

small weights on the r<>maining ('(lge:-, we can ca:-,i)y dNin• from .tl a :-tablP matrix 

in tlw sign pattNn which ha:- relatin' distance greater than 0.10 59 to the unstable 

matrices. 
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§9. Conclus ions and Fut ure Research 

The distance of a potentially stable sign pattern to the unstable matrices is 

defined (Definition 2.3), based on the relative distance of a stable matrix to the 

unstable matrices (see Definitions 2.1 and 2.2). The computation of the precise 

value of this distance is a nonlinear optimization problem. Our analysis of the 

2 x 2 sign stable pattern (see Section 4) shows how difficult the computation of 

this distance can be. Furthermore, Example 2.3 shows that this distance can be 

arbitrarily small for a pattern of large order. Also, the constructive proof of the 

theorem of Fisher and Fuller (see Section l) does not provide stable matrices that 

are at an adequate relative distance from the unstable matrices. Therefore. an 

estimation of this distance for a potentially stable sign pattern is an interesting 

and practical problem. 

The solution provided in this thesis uses the following strategy to find a good 

estimation. Firstly, guided by the heuristic hierachy of the minimally potentially 

stable tree sign patterns (see Section 8) . graph theory is used to obtain a good 

minimal subpattern. Example 8.3 shows how such a surgery may be conducted. 

Secondly. the algorithms in Section 6. which are based on a result of Byers [B2], 

are used to estimate the distance of the minimal components that have a properly 

signed nest to the unstable matrices (some of these are listed in Section 7). 

This solution brings in both opportunity and new challenge. This solution 

95 



separates the problem into two stages: how to do the graph theoretical surgery 

and how to estimate the distance to the u nstables from minimally potentially stable 

sign patterns. The second stage is solved analytically for order 2 (see Section 4) 

and numerically for orders 3 and 4 (see Section 7) . Based on the rooted tree 

enumeration (see [R]). numerical estimates for minimally potentially stable rooted 

tree sign patterns for order 5 are given in Section 7. and the algorithms provided 

in Section 6 could be used for larger orders. Lists of minimally potentially stable 

nonrooted tree sign patterns for orders 5 and larger remain to be constructed. 

Finally. the results in this thesis suggest the following new problems for future 

research. 

1. Enumerate all nontree minimally potentially stable sign patterns of small order. 

Note that Example 4.1 of [JMOV) gives such a pattern of order 3. 

2. Make the algorithms of Section 6 more computationally efficient for minimally 

potentially stable tree sign patterns, and extend them to tree patterns without a 

properly signed nest and to nontree paUerns. 

3. Prove that the heuristics on which the algorithms of Section 6 are based give 

good stable matrices in general. 

4 . Develop a graph-theoretic algorithm for the reduction of a (general) potentially 

stable sign pattern to a good minimal subpattern (see Sections 3 and 8). 
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Appendix 

Let .An denote the tridia~onal sign .._table pattern defined in Example 1.:3: :-Pc 

al:-o Exampl<' 5.1. Th<' input to the follo\\'ing \ I \ 'I I \B proc<'dure is a pair of 

po,-.,iti,·e int<'~er.; p < q. The procedur<' clwcks. for each n such that p '$ n ~ q. if 

.. /n < bu,(.An)· The procedur<' can be execut<'d in the background and the r(•turn<'d 

n•,-.,ult can hl' stor<'d in a file nam<'<l .. \'\" ... If the ch<'ck is succe:-;,.,,ful. it r<'turm, 0: 

otherwise. it return~ 1. 

function [r.011nt] = Tridiagonal(p, q): 

r.011nt = 0: 

for n = p: q 

.t = Zl'ro~(n. n): 

/ \. (1. I)= -1: 

.... = o.s/(11 - 2): 

d = 1/(S * 11): 

fork= I : (11 - I) 

:1 ( h'. h' + 1 ) = I - .<; ,.. ( k - 1 ) : 

A (h' + 1. k) = -A(h·. k + 1): 

end: 
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nn = norm(/\): 

JI lf = [A.-1111 * d~<'ye(n):1111 * d*<'YC(n),-A1; 

{ II' = f'ig ( II If): 

for p = I : :2 -. n 

if ( abs(rN1l(cit•(p))) < 10 10 
) 

count = I: 

brNtk: 

end: 

end: 

if (count = I) 

brt'ak; 

end; 

t'nd; 

sa,·e \, co11 nt -asc:ii -double; 
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