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ABSTRACT

The 3-dimensional gravitational N-body problem, N > 2, in spaces of constant
Gaussian curvature x # 0, i.e. on spheres S}, for k£ > 0, and on hyperbolic manifolds
H?, for k < 0, is considered. In the 3-dimensional curved N-body problem, the
new concept of rotopulsating orbits is defined. This type of solution is used when
the bodies rotate and change size during the motion. Considering the possibility of
having these bodies in spaces of positive or negative curvature, it is feasible to use
the following classification: positive elliptic, positive elliptic-elliptic, negative elliptic,
negative hyperbolic, and negative elliptic-hyperbolic. The necessary and sufficient
criteria for the existence of rotopulsators are provided. Results will be obtained that
describe their qualitative behaviour, which will then be applied to find examples for

each type of rotopulsating orbits.
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Chapter 1

Introduction

In this thesis the curved N-body problem will be studied, defined as the gravitational
motion of N point particles of masses mq,mo,...,my > 0 in a space of constant
curvature, £ # 0. This problem was studied previously by several mathematicians,
such as Lejeune Dirichlet, Ernest Schering, [6], [7], Wilhelm Killing, [8], [9], [10], and
Heinrich Liebmann, [11], [12]. Initially this research direction was undertaken in the
1830s by Janos Bolyai and Nikolai Lobachevsky, who independently formulated a
curved 2-body problem in the hyperbolic space H?.

Different results came from [1], wherein the equations of motion of the curved N-
body problem for any N > 2 and k # 0 were obtained. The existence of several classes
of relative equilibria, including the Lagrangian orbits have been proved. Relative
equilibria are orbits for which the configuration of the system remains congruent
with itself for all time, i.e. the distances between any two bodies are constant while
in motion. In [1], the criterion for the existence of relative equilibria for the N-body
problem of celestial mechanics in spaces of constant curvature, i.e. the 3-sphere for
positive curvature and the hyperbolic 3-sphere for constant negative curvature have

been formulated. Also the qualitative behavior of these orbits and some particular



examples have been described.

In Euclidean space, these are solutions more general than relative equilibria,
namely orbits for which the configuration of the system remains similar with itself. In
this class of solutions, the relative distances between particles change proportionally
during the motion, i.e. the size of the system may vary, though its shape remains the
same. These solutions have been called homographic, therefore homographic solutions
are orbits whose configuration remains similar to itself throughout the motion.

Specifically, when there is a rotation without expansion or contraction, the homo-
graphic orbits are called relative equilibria. Homothetic solutions are homographic
orbits that experience expansion and/or contraction, but no rotation.

On the sphere and on the hyperbolic sphere, the only similar figures are the
congruent ones. Therefore the term homographic, which implies similarity, makes
us no sense anymore. We will therefore replace it with the concept of rotopulsating
orbits. These types of rotopulsating orbits were studied in the curved 3-body problem
in [1].

The first orbit, called Lagrangian, forms equilateral triangle, every time. The
Euclidean plane of this triangle is always orthogonal to the axis of rotation. This
assumption appears to be true because Lagrangian relative equilibria, which are a
particular type of rotopulsating Lagrangian orbits, have this property, and relative
equilibria without this property do not exist. The existence of rotopulsating La-
grangian orbits has been proved and their complete classification in the case of equal
masses, for Kk > 0, and k < 0 has been provided. Moreover, the property that
Lagrangian solutions with non-equal masses cannot exist has been proved.

Another type of rotopulsating solution of the curved 3-body problem is called Eu-
lerian. At any time, the bodies of an Eulerian rotopulsating orbit are on a (possibly)

rotating geodesic. The existence of these orbits has been proved. Moreover, for equal



masses, their complete classification for k > 0 and x < 0 have been provided.

The third type of solution is the hyperbolic rotopulsating orbit, which occurs only
for negative curvature. When the bodies are on the same hyperbolically rotating
geodesic, a class of solutions referred to as hyperbolic Eulerian have been found,
where every orbit is a hyperbolic Eulerian relative equilibrium. It was proved in [1]
that all hyperbolic Eulerian relative equilibria are unstable. In this thesis we provide
the first investigation of the rotopulsating orbits in S* and H?.

In chapter 2 the equations of motion in S* and H? are introduced. Then the
integral of energy and six integrals of the total angular momentum are obtained.
At the end of this chapter, we define rotopulsating orbits and classify them in five
groups: positive elliptic, positive elliptic-elliptic, negative elliptic, negative hyperbolic
and negative elliptic-hyperbolic. The main results are obtained in chapter 3. The
solutions given in each definition are then analyzed. Then we provide a criteria for the
existence of each type of rotopulsating orbits. Examples of each type of rotpulsating
orbit are provided in chapter 4. For the Lagrangian type and the Eulerian types, the

negative hyperbolic and negative elliptic-hyperbolic rotopulsators are provided.



Chapter 2

Extension of Homographic Orbits

2.1 Equations of motion

The main purpose of the first part of this chapter is to obtain the equations of motion
of the curved N-body problem on the 3-dimensional spheres and hyperbolic spheres.
We will start by introducing the basics of the geometry and defining the natural
metric of the sphere and the hyperbolic sphere, and will unify circular and hyperbolic
trigonometry. In the next step, a definition will be presented for the curved potential
function, afterwards, Euler’s formula for homogeneous functions will be used for the
curved potential. The classical variational theory of constrained Lagrangian dynamics
will be introduced in order to obtain the Euler-Lagrange equations with constraints.
Having found the equations of motion for the curved N-body problem, after selecting
suitable coordinate and time rescaling transformations the study of the problem can
be reduced to S* (the unit 3-sphere) and H? (the unit hyperbolic 3-sphere). At the
end of the study the possibility of putting the equations of motion into Hamiltonian

form will be presented. From this form, the first integrals will be developed.



2.1.1 The Basics of the Geometry

Consider

SP = {(w,2,y,2)|w* + 2 + P + 22 =K1} (2.1)

to be the 3-dimensional sphere of curvature x > 0. and

H2 = {(w,z,y,2)|w* +2°+9* — 2> =k, 2 > 0} (2.2)

to be the 3-dimensional hyperbolic sphere of curvature k < 0.

S3 is embedded in R* endowed with standard inner product, whereas H? is em-

bedded in the Minkovski space R*!, which is R* with the Lorentz inner product, [J,
defined below.

As we will show later it is possible to reduce the equations of motions research
to the unit sphere S* and unit hyperbolic sphere H? by applying suitable coordinate

and time-rescaling transformations where,

S* = {(w, z,y, 2)|w* + 2* + y* + 2* = 1}, (2.3)

for positive curvature, and

H3: {(w,x,y,z)|w2+x2+y2—z2 = _1}a (24)

for negative curvature.

For a = (ay,as,a,,a,) and b= (by,b;,b,,b,) in R* (2.5)



we define the inner product a ® b as
a-b:= ayuby, + azb, + ayb, + a.b, for K >0, (2.6)

and

a b = ayby, + azb, + ayb, — a,b, for k < 0. (2.7)

2.1.2 Definition of the Metric

The distance between a and b on the manifolds S} and H3, which, according to the

corresponding inner products, is defined as:

kY2 cos™! (ka - b) k>0
d. (a,b) :={ la— b, k=0 (2.8)
(=) M2 cosh™ (ka@b), k<0,

1
R2»

where R is the radius of S}. For £ < 0, Kk = —, where iR is

For k > 0, Kk = GR?

the radius of the hyperbolic 3-sphere, H. The standard Euclidean norm is specified
by the vertical bars. When x — 0 , then R — oo, whether x > 0 or kK < 0. With R
approaching infinity, S} and H; turn into R?, where a and b make parallel vectors, as
a result the distance between the vectors is presented by the Euclidean distance, as
defined in (2.8). In order to find the equations of motion by applying a variational
principle, the distance from the 3-dimensional manifolds of constant curvature S} and
H3? will be extended to the 4-dimensional ambient space in which they are embedded.

The distance between a and b is therefore defined as

1 ra-b

—1/2 _
K / COS m k>0
d,. (a, b) = ‘a — b‘ , k=0 (29)
(—k) "% cosh™1/? #\zbﬁ Kk < 0.



InS}, vka-a=+vVkb-b=1andin H},vkalJa=+vkb[b = 1. This new defini-
tion reduces to the distance defined in (2.8), when d,, is restricted to the corresponding

3-dimensional manifolds of constant curvature, i.e. d, = d, in S; and H;.

2.1.3 Generalized trigonometry

To find the equations of motion for the curved N-body problem in constant positive
and constant negative curvature spaces, the trigonometric s-functions, which unify
the circular and hyperbolic trigonometry, will be defined in this section. The definition

of k-sine, sn,, is:

k12 gin k1/2g if k>0
sn, (x) := x if k=0 (2.10)

(—)M2sinh (—k)?2 if k<O,

the definition of k-cosine, csn,, is:

cos kY 2z if k>0
esn, () =<1 if k=0 (2.11)

cosh (=) if k<O0.

We defined the k-tangent, tn,, and k-cotangent, ctn,, as follows:

tn, (x) = CS;;(Z) and ctn,, () := Cstriﬁ(g)) (2.12)

This generalized approach can be used to derive the whole trigonometry, though

the fundamental formula below is all we further need,

K sn2 (x) + csn? (z) = 1. (2.13)



It is important to know that all the defined trigonometric x-functions are contin-
uous with respect to k. The real parameter x did not receive any definition when
formulating the unified trigonometric s-functions, but it will represent the constant

curvature of S and H;.

2.1.4 Definition of the Potential Function

The coordinates of masses for N-bodies my, mo,...,my > 0in R?*, for £ > 0, and in
R3! for k < 0 are introduced using q; = (wy, T;, ¥i, 21), 1 = 1,2, ..., N. Having defined
q = (91,42, - --,qn) as the configuration of the system and p = (p1, p2, - - -, Pn), with
pi = miq;, ¢ = 1,2,..., N as the momentum of the system, we define the gradient

operator relative to the vector q; as

Vg = (0u,,0n,,0,,,00..). (2.14)

where ¢ is the signum function

1, fork>0
o= (2.15)

—1 , for k <O.

We define potential of the curved N-body problem as the function —U,, where

N N
1
Ui (q) = 5 Z Z mym;ctny (dy (ds,9;)) (2.16)
i=1 j=1j#i

represents the curved force function. The gravitational constant G does not occur

because we can rescale the units to make G = 1. For k = 0,

ctng (do (Qm %)) = ‘q@' - q]"_l ) (2'17)



so we obtain the classical Newtonian potential in the Euclidean case. As a result, it
is expected to have a continuously varying potential U, relative to the curvature k.
In the following steps, a case will be considered for evaluation where x # 0. By using

the fundamental trigonometric formula (2.18), one can calculate

£ Og;

1
mj(m{) ’ VEQiOdi 4/ £qjOq;

k0, (2.18)
i— i Hq1®q‘| 2
1 j=1,j# \/0 o RqIqu\/R%Qq})

which is equivalent to:

1/2

mym;| K|V R © qj
Ui(q) = J k0. 2.19
W= 2, Craowlaow-daogma ? G

2.1.5 Euler’s formula for homogeneous functions

In this section, Euler’s formula for homogeneous functions and its application to the

curved potential will be presented.

Definition 1. F' : R™ — R s considered as a homogeneous function of degree o € R

iof for allm # 0 and g € R™,

F(nq) =n"F(q). (2.20)

Based on the Euler’s formula, one can represent any homogeneous function of
degree a € R as:

q-VF(q)=aF(q) (2.:21)

for all ¢ € R™. It is important to note that for any n # 0, U, (nq) = U, (q) = n°Us (q)
. This implies that the curved potential is a homogeneous function of degree zero.

Using the same notations and defining m = 3N, one can write Euler’s formula as:
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q®VF(q) =aF(q). (2.22)

Noting that o = 0 for U, with x # 0,

q® VU, (q) =0, (2.23)

The curved force function is derived as Uy (q) = 3 Z U! (q;) where
i=1

K£q;©Qq;
VEAiOdi4 /K9q;OQq;

n m;m; (O'/i)%

U:‘i(ql) = Z ' RO ) )
=L \/ 7~ ma Jroa)

k£ 0. (2.24)

are considered as homogeneous functions of degree (. Euler’s formula can be applied
to F:R?® — R in order to conclude that qi®§qi U' (q) = 0. Then applying the identity

VaUs (q) = %Qi U! (q) the following conclusion can be drawn.

4 OVqU:(q)=0,i=12 . N. (2.25)

2.1.6 Constrained Lagrangian dynamics

In this section, the classical variational theory of constrained Lagrangian dynamics
will be used in order to derive the equations of motion of the curved N-body problem.
Following the instruction of this theory for a system of N particles moving on a

manifold, let

L=T-V (2.26)

be the Lagrangian, where T and V represent the kinetic energy and the potential en-

ergy of the system, respectively. With vectors q;,q;,7 = 1,2, ..., N being the positions
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and velocities of the particles and the equations f* = 0,7 = 1,2, ..., N, characteriz-
ing the constraints, the description of the motion is presented by the Euler-Lagrange

equations with constraints

d (8L) Of i 9L 0,i=1,2,..,N, (2.27)

- — ¢ =

#\oq) " 9a N og
where X; ¢ = 1,2,..., N, are called Lagrange multipliers. In these equations, the
distance is considered in the entire ambient space. This classical result makes the

derivation of the equations of motion of the curved N-body problem possible.

2.1.7 Derivation of the equations of motion

The requirement for deriving the Lagrangian of the curved N body problem is to

define the kinetic energy of the system of bodies as:

N
T, (q,q) = % ; m; (4 © 4;) (ke © q;) - (2.28)
The definition of the kinetic energy was constructed using the factors kq; ® q; =
1; ¢ = 1,2,..., N, in order to enable the equations of motion using a Hamiltonian
structure. V is the potential energy which is defined as V' = —U,. As a result, the

Lagrangian of the curved N-body system is presented as:

Le(q,4) =T, (q,q) + Ux (q) - (2.29)

The requirement of the theory of constrained Lagrangian dynamics is to use a
distance defined in the ambient space. This requirement was met in deriving definition

(2.12), therefore the equations of motion are:
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d (0L.\ OL. . _0Of |
— — — A (t == =1,2,..,N 2.30
i (5) -G -nofE 0 i—12.N (2:50)

where the constraints f' = 0,4 = 1,2,..., N are derived using the function f! =
q; ® q; — k~ 1. This enables the body of mass m; to stay on the surface of constant
curvature x, and A} is considered as the Lagrangian multiplier that corresponds to

the same body. Considering that q; ® q; = x~! presents ¢; ® q; = 0:

d (9L, ) o o

This relation, together with

0L,

Gq. ~ MK @oq Qi+ Ve Ue(q), i=12 N, (2.32)

implies that equations (2.38) are equivalent to
midy — mir (@ © @) & — Vo Us (@) =20, (@ =0, i =12, N, (233)
To determine X, it is important to note that 0 = f; =24; ©q; +2(q; ® §;), so
GOq=—-GoOq, i=1,2,...,N. (2.34)

Remarking that ®-multiplying equations (2.41) by q; and using Euler’s formula (2.33),

the equations of motion became:

m; (4 ©q;) —m; (4 Oq;) —q © %qun (q) = 2)\2(11' ©q; = 2'1_1/\2, 1=1,2,..., N,
(2.35)
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which, by (2.42), means that X! = —km; (q; ©® q;), i= 1, 2, ..., N. By putting the
Lagrange multipliers, A\’ into equations (2.41), the equations of motion and their

constraints, which can be inserted in Hamiltonian form, turn into

mzd - tiUH (Q) — MyK (élz © (.12) q;, q; O, q; = ’1_17 KR 5& 07 1= ]-7 27 ceey N7 (236>

where the q; gradient of the curved force function has the form

2
K7q;0q;
mym; (JN)I/Q(U.‘-@qJ’fU nqﬁ@qi] qai)

~ Z VEAiOq; \/ng' ©gq;
P
KQ; O \/Hq]@q]'

Kk #0, (2.37)

which can be written as:

S — mamy|s[*2 (kq; © q)[(kai © qi)q; — (s © q;)q
quUK<q) — Z .7| ]|€ ( J ])[( ) J ( 5 3/2J) ] (238)
Pyl [o(ka: © qi)(rq; © q;) — o(ka; © q;)?]
Considering kq; ® q; = 1, the gradient can be derived as:
~ i kP2 g — ; AR

_ . )2]3/2
L lo—o(kai ©q;)?]

When trying to show the homogeneity of the gradient, or when there is a need to

differentiate it, the original form (2.39) has to be used. In other cases, one can use the

simpler form (2.39) of the gradient of the force function. Equations (2.36) and (2.38)

provide a description for the N-body problem on surfaces of constant curvature for

Kk # 0.

2.1.8 Hamiltonian formulation

In order to use a more general theory to describe any new problem, the theory of

Hamiltonian systems is used as a framework in the classical N-body problem. Newto-
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nian gravitation is extended by Hamiltonian equations to spaces of constant curvature

and the motion of the N-body problem is described by

where

Z m; pz © p; ("iql O] ql)? (241)

is the kinetic energy of the system of particles and

1 £q;©Oq;

1 v VEQiOdi4/£9;Oq;
U q):_z Z e quaﬁ%(]? (242>

24 j=lj#i Jo—of 1909 )2

’ VEQOdi /KO0,
equivalent to
mym; |k ks © q;

U.(q) = J J kA0, 2.43
(@ Z [o(kq; © qi)(kq; © q;) — o(kq; © q;)?]*/? (2:43)

1<i<j<n

represents the force function.
The equations of motion (2.44) are Hamiltonian. The Hamiltonian function H,

can be written as

Ho(q,p) =130 m (pi © pi) (ks © @) — Un(q)
GOq=r1Kk#0,i=1,2,.., N.

(2.44)

As a result, the equation (2.41) turns into a 6/N-dimensional first order system of

differential equations with 2N constraints
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q = %piHﬁ(qa p) = m;p;
pi = _6%’]_—]5((:1’ p) - 6qz‘Um(p) - miilﬁ(pi . pi)qi (2'45)
Q- qu=k1qop =0 k#0, i=12 .,N,

where the q; gradient of the curved force function is written as:

ml‘mj(o'l{)l/Q(O'qu_Uﬂ:::g;‘jqi)
n
= VEQiOdiy/q;0q;
VoUsl@) = ) o —ac )2]3/2#7&0 (2.46)
J=1g#i VL HOL TRV TIOLT

which is equivalent to

n

_ 3 mym; k[ (kg © qj)[(kay © @5)ay — (kg © q5)qi] (2.47)

T U (q) =
q; (q) j=1,j#i [O-(ffqi ®© ql)(/ﬁlq] ® qj) — O-(qu ® qj)2]3/2

Considering that kq; ® q; = 1, this gradient turns into:

~ B "L omm k[P ?[q; — (kqs © q;)q]
J=L371

It is important to note that whether the kinetic energy is written as

I~ _
T.(q,p) = B Z m;~ (p; © p;) (2.49)
i=1
or
le— _
T.(a,p) = 3 Z m; " (pi © pi) (ke © ) (2.50)
=1

the equations of motion remain the same, but in the former case they can not be

written in Hamiltonian forms.
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2.1.9 The integral of energy

The integral of energy can be derived using the Hamiltonian function:

H.(q,p) =" (2.51)

where h represents the energy constant, in the form of an integration constant. It

can be re-written as:

Ti(q,dq) — Us(q) = h (2.52)

2.1.10 Independence of the value of the curvature

To eliminate the parameter x from the equation of motion in spheres and hyperbolic
manifolds with any dimension, it is necessary to change the coordinates and rescale

the time. A coordinate and time-rescaling transformations is presented by

q = x|, i=1,2,..,N and 7 = |r|**¢ (2.53)

Assuming r/ and r} to be the first and second derivative of r; in rescaled time

variable 7, the equation of motion (2.44) can be written as:

al mj[r; —o(r; ©r;)r)
r] = Z JJ s o (o), i =1,2,..., N. (2.54)

o [0 =0 (r® Fj)z}w

This equation does not show an explicit dependence on . Notice that o = 1 for

k> 0and o = —1 for kK < 0 it is obtained:

r;or=klqoq=kr"=0 (2.55)

Therefore for positive curvature one can write r; € S3, i=1,2,...,N, and for negative
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curvature r; € H?, i=1,2,....N. This illustrates an independent qualitative behavior
for the orbits relative to the curvature’s value. As a result, for a positive curvature,
this study will be restricted to the unit sphere and for a negative curvature the study
will be limited to the unit hyperbolic sphere

The equation is re-written by having the variable r; is replaced by q;, and replacing
the rescaled time 7 by t. Upper dots are used instead of primes to present the
derivatives.

The equations of motion become:

N
. m;|d; —o(di © q;)q;
qi:Z J[J ( J) ]

[0 —o(q; © q;)?]%/2

—0(q;Oq)d, 4, Oqi =0, i=1,2,...,N. (2.56)

J#
In case of a positive curvature, the equations of motion are written as:

N
% m;la; — (9 - g;)4i] . ,
a o i " MM i i:17 :1727"'7N7 2.57
q Z 1 — (qu- qj)g]g/z (4 q))ai; di- g 1 ( )

j=1

J#i
where - represents the standard inner product. Based on the constraints, the motion

takes place on the unit sphere S*. The following system is used for negative curvature

N
. m; [qj + (Qi L] qj)qi] . . .
;= D), i Dgi=—1, i=1,2,...,N, (2.58
q =) (q D) — 12 + (@ Ua)ai, g i (2.58)

j=1

J#i
where [] represents the Lorentz inner product. Based on the constraints, the motion
takes place on the unit hyperbolic sphere H?.

It is important to note that the final term of each equation that has the Lagrange

multipliers is derived based on the constraints that keep the bodies moving on the



manifold. These terms are not present in Euclidean space.

The force function and its gradient are written as

om;m;q; © q;
U q — ] J ’
W= 2. Glaoa)imow) oo ae

1<i<j<n

Y

ﬁqu(q) _ Z mym;[a; — o(q; © q;)q;]

— . 213/2
L lo—olaoq)?

respectively, and the kinetic energy is written as:

N

: 1 ..
T(aq,q) = 5 Z mi(d; © di)(oq; © qi)-
i=1

2.1.11 The integrals of the angular momentum

18

(2.59)

(2.60)

(2.61)

The existence of six angular momentum integrals for equations (2.13) will be proved

in this section. To facilitate this, some new concepts will be introduced. The general-

ization of a vector is the bivector. It is important to note that a scalar has dimension

0, a vector has dimension 1, and a bivector has dimension 2. Bivectors are constructed

with the help of the wedge product.

. 4
Let ey, €5, €y, and e, be a basis of R*. Then e, Aey, e Aey, e Nes, exNey, e Nes,

and e, A e, form a basis of the Grassmann algebra (the space of bi-vectors together

with the wedge product is called a Grassmann algebra) over R*.

For u= (Uy, Uy, Uy, u,) and v = (Vy, Vs, 0y, ;) Of R4,

the definition of the wedge product is written as:

(2.62)
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UAV = (UpVs — UgUy )€ A €5 F (U Uy — Uy )€y A €y +
(WU — UV ) ey A €y + (UpUy — Uy )er A €y +
(UgVy — U Uz )es A €y + (Uyv, — u vy )e, A ey

(2.63)

Assuming Zf\; m;q; A p; as the definition of the total angular momentum of
the particles of masses my,ms,...,my > 0 in R*, the total angular momentum is

considered to be conserved for the equations of motion, i.e.

Z m;q; A p; = ¢ (2.64)

where ¢ = ¢y N ey + CuwyCuw N €y F Cyz€y N €y + Coyly N €y + Cpep N €, + Cyrey N ey,

with the coefficients cyz, Cuy, Cwzs Cay, Czz, ¢z € R. Then

N
N i N\
izl mid; N\ q; = Z Z o i”; - q]?]]?’/?

=1 j=1 j#i

N
Y [Sh s omiaoa)]ana-0 @

=1

SO

Zf\il mi (W%, — W x;) = Cugs Zfil m;(w;y; — Wiy;) = Cuwy (2.66)
fo\il mi(wiZ; — Wiz;) = Cyz, Zz]\il m; (2,9 — TY;) = Cay (2.67)
Zi]il mz(fBzZ’z - ﬂfzzz) = Cgz, Zf\;l mz(yzzz - yzzz) = Cyz, <2'68)

represent the six integrals of the total angular momentum.
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2.2 Definitions and Classifications

In this section some concepts will be introduced which will be explored in the next
parts of the thesis. Five types of orbits, two in S* and 3 in H? are defined. For
each type, the building expressions of the natural definition will be simplified. The
definition for several types of rotopulsating orbits of the curved N-body problem
will be presented. There will be an elaboration of the options and choices made
in classification afterwards. The Euclidean homographic solution is capable of being
extended to spaces of where the constant curvature is not zero using the rotopulsating
orbit.

This concept was introduced in the 2-dimensional case in two previous papers [5],
[9]. The concept presented in these works was to consider the configurations that have
been studies before (mostly polygons) to remain homographic using a perspective in
the ambient Euclidean space. Considering these configurations in intrinsic terms,
especially in a case where a move from two to three dimensions is expected, is more
natural. For example, the only similarity on S? and H? is the congruent triangles.
With a triangle in hand, the angles are not the same in a larger or smaller version
of it while keeping the length ratios (measured in the manifold’s metric) the same
on the sides. The next step is then to define the homographic orbits relative to the
Euclidean geometric figures corresponding to them. This is not reasonable, because
having a constant ratio of the chords of the Euclidean distances among bodies does
not mean having constant arc-distance ratios measured with the help of the natural
distances given by the manifold’s metric. In order to elaborate this in S?, a square
and a regular octagon inscribed in a circle of radius 1 is considered. If D is the length
of the diameter, S the length of the side of the square, and O the length of the side

of the octagon, while f), §, and 5 represent the lengths of the corresponding arcs of
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the circle, one can write

—92 but — = =\/2+ V2,

7 7

n)|9)

2 D S
S0

Q)lw)

so having constant arc ratios does not mean having constant chord ratios or vice
versa. As a result, it is necessary to, in a way, capture the dilation/contraction
and/or the rotational aspects of homographic solutions and to recover the original
definition where the curvature approaches zero in order to extend the concept of
homographic orbit to spaces of constant curvature. This is the reason for introducing
a new adjective, rotopulsating, here that suggests both these features of the orbit
without the need to prove the similarity of the configuration. Rotopulsating orbits
will be named rotopulsators. The following definition is based on the concept of
relative equilibrium of the curved N-body problem, presented in [6], [7]. Different
types of relative equilibria regarding the isometric rotation groups of S* and H? are

presented.

Definition 2 (Rotopulsating positive elliptic orbits).
Let 9 = (41,92, ---,9n), be a position of masses my,mo,..my > 0, N > 2, on the
manifold S*, where q; = (w;, T, yi, z;), @ = 1,2,...,N. Then a solution of system

(2.21) of the form
w; = 1i(t) cos[a(t) + a;], = =ri(t)sinfa(t) + a;], yi = yi(t), 2z =z(t) (2.69)
where a;, © = 1,2,..., N, are constants, there is no limit for the function «, while

the functions r;,y;, and z; meet the requirements

0<r<1l; —-1<vy,2 <1, and r?%—yf—i—z?zl, 1=1,2,..., N,
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and ¢, = 0,
1s called a rotopulsating positive elliptic orbit.

If all the mutual distances are constant, the solution is called a relative equilibrium.

Remark 1. With non constant conditions present and having c,. = 0 it is expected to
have a system with elliptic rotation relative to the wa-plane, while no elliptic rotation
is expected in the yz-plane. One could expect to see rotations relative to other base

planes.

Definition 3 (Rotopulsating positive elliptic-elliptic orbits).

Letq = (qi1,92,--.,dn), be a position of masses my, mo,..my >0, N > 2, on the
manifold S3, where q; = (w;, T, vi, z;), @ = 1,2,...,N. Then a solution of system

(2.21) of the form

w; = ri(t) cos[a(t) + ai], wi = ri(t) sinfa(t) + ail,

yi = pi(t) cos[B(t) + bi], 2 = pi(t)sin[B(t) + b,

(2.70)

where a;,b;, i = 1,2,..., N are constants and there is no limit for the functions «

and B, while the functions r; and p; meet the requirements

0<r,p <1 and r’+p;=1i=1,2,...,N.

15 called a rotopulsating positive elliptic-elliptic orbit.

If all the mutual distances are constant, the solution is called a relative equilibrium.

Remark 2. Considering o and (8 as non constant parameters, it is expected to have
a system with two elliptic rotations relative to wx-plane and yz-plane. One could

expect to see rotations relative to other base planes.
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Definition 4 (Rotopulsating negative elliptic orbits).
Let q = (q1,42,---,9n), be a position of masses my, ma,..m, > 0,n = 2, on the
manifold H3, where q; = (w;, x4, ys,2), @ = 1,2,...,N. Then a solution of system

(2.21) of the form

w; = 1i(t) cos[a(t) + a;], x; =ri(t)sinfa(t) + a;], vi =wyi(t), z = z(t), (2.71)

where a;, 1 =1,2,..., N, are constants and there is no limit for the function o, while

the functions r;,y;, and z; meet the requirements

z>1 and 72 +yl—22=-1, i=12...,N.

and ¢, = 0,
15 called a rotopulsating negative elliptic orbit.

If all the mutual distances are constant, the solution is called a relative equilibrium.

Remark 3. Considering « as a non constant parameter, and ¢,, = 0 it is expected to
have a system with an elliptic rotation relative to the wx-plane, but no hyperbolic
rotation relative to the yz-plane. One could expect to see rotations relative to other

base planes.

Definition 5 (Rotopulsating negative hyperbolic orbits).
Let 9 = (41,92, --.,49n), be a position of masses my,mo,..my > 0, N > 2, on the
manifold H?, where q; = (w;, 4, 9i,2;), 1= 1,2,...,N. Then a solution of system

(2.21) of the form

where by, i =1,2,..., N, are constants, no restriction is imposed on the function f3,
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whereas the functions w;, x;, z;, and n; satisfy the conditions

z>1 and w!+azi—-n7=-1, i=12,...,N.

?

and Cyp = 0,
1s called a rotopulsating negative hyperbolic orbit.

If all the mutual distances are constant, the solution is called a relative equilibrium.

Remark 4. Considering 3 as a non constant parameter and with ¢, = 0 it is expected
to have a system with a hyperbolic rotation relative to the yz-plane, but no elliptic
rotation relative to the wz-plane. One could expect to see rotations relative to other

base planes

Definition 6 (Rotopulsating negative elliptic-hyperbolic orbits).
Let 9 = (q1,92,---,9n), be a position of masses my,mo,..my > 0, N > 2, on the
manifold H?, where q; = (w;, 3, 9;,2;), = 1,2,...,N. Then a solution of system

(2.21) of the form

w; = 1(t) cos[a(t) + a;], x; = r;i(t)sin[a(t) + a4,

yi = ni(t) smh[B(t) + b, 2z = n:(t) cosh[B(t) + bil,

(2.73)

where a;, b;, 1 =1,2,..., N are constants and there is no limit for the function «, f3,

while the functions r;,n;, and z; meet the requirements

z > 1 and r?—n?:—l, 1=1,2,...,N.

18 called a rotopulsating negative elliptic-hyperbolic orbit.

If all the mutual distances are constant, the solution is called a relative equilibrium.

Remark 5. Considering a and [ it is expected to have a system with an elliptic
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rotation relative to the wx-plane and a hyperbolic rotation relative to the yz-plane.

One could expect to see rotations relative to other base planes.
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Chapter 3

Criteria for the Existence of

Rotopulsators

In chapter 2, we defined rotopulsators of the curved N-body problem as a starting
point for this research. We will next provide existence criteria for these orbits and

later apply them to find particular rotations.

3.1 Rotopulsating positive elliptic orbits

In this section a criterion will be provided for the existence of positive elliptic ro-
topulsators. The solution introduced in Definition 2 can be explained in more detail
considering this criterion. The integral of energy and the six integrals of the total
angular momentum will be derived, which are specific for these orbits. These results
provide necessary and sufficient conditions to prove the existence of positive elliptic

rotopulsators.

Criterion 1. A solution of the type (2.69) is a rotopulsating positive elliptic orbit for
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system (2.57) if and only if

. c
=N ) (3.1)
Zj:l m;(1 — ?JJQ' - 232)
where ¢ 15 a constant value and the variables y;, z;, 1 = 1,2,..., N, meet the require-
ments of the system of 2N second-order differential equations
(
s NNV my (Y —asyi)
Y = ;;:ﬁlz W - Giy;
.o N mj(z;—qijzi)
Zi = o W — Gz, (3.2)
rdh 4 2yc = YO, Marasin(e i)
\ g (1=q3)2
where
2 22 : )2 2 2 2
C o+ zZ7 — (Yizi — 2 c (1 —y; — 2

a2 _ 2 N PR
L=yi == [ijlmj(l—yf—%?ﬂ

i=1,2,...,N, and, for anyi,j € {1,2,..., N}, ¢; is represented by

1 1
Gij =i a5 = (1= y7 = 27)2 (1 =y — 2})2 cos(ai — a;) + ysy; + 2i%;.

Proof. Considering a solution of the type (2.69) under the initial conditions in the

theorem, one can conclude from the computation that for any i,7 € {1,2,..., N}

g =aqi o= (1-y - 21-2)%(1 - yf - Zf)% cos(a; — a;) + yiy; + 2%,

w; = T cosa — rasina (3.4)

T; = rsina + rdcos « (3.5)
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Yi=y (3.6)
=2 (3.7)

and for any ¢ = 1,2,..., N it is presented that

L P E = (k- )+ (L -yl - 22)%aR

For all + =1,2,..., N, each r; can be expressed in terms of y; and z; to derive
: Ui + 2iZ;
Tzz(l_yf_zzz)%a ry = — Yiy )

(1-y? )2
(Yizi — 203)® — 97 — 22 — (L — y7 — 22) (il + z:%:)
(1—y?—2P):

Ty =

W; = (¥ — ré®) cosa — (rév 4 27c) sin o (3.8)
i = (¥ — rd®)sina + (ré + 2rd) cos a (3.9)
Ui =19 (3.10)
5 =3 (3.11)

With putting a solution of the type (2.69) into system (2.57) and using the for-
mulas presented above, for the equations corresponding to #; and Z; it is obtained

that

) my(y; — qys) 17+ 5 — (Wit — 200) i s e
T B - =y —2)ua’, 3.12
’ Z (1—¢3)3 1—y? — 27 (1-y )y (3.12)

JFi



29

= Z mily —ayz) WA WA s g p oy (31)

)] "
J#z
w; = (' — ;&) cos(a + a;) — (rici + 27 sin(a + a;) (3.14)

N |
_ jlrjcos(a+ a;) + qyricos(ae+a;)] 5 5.4 TIT b o
— Z (qij 1)3/2 + (i +r;ac— ) —(14r;)B%)r; cos(a+a;)
(3.15)
But
cos(ae+ aj) = cos(a + a;) cos(a; — a;) + sin(a + a;) sin(a; — a;) (3.16)

a i[rj cos(a + a;) cos(a; — aj) + rjsin(a + a;) sin(a; — a;) + gijr; cos(a + a;)]
ne e

+(r? +ria’ — m — (1 +77)8%)r; cos(a + a;)

(3.17)

= mylrycos(a; — aj) + qiril 6.0  TITE )
Py — il :Z JLJ (q.z.—l);/Q L2+ (PP i —(1;;) (1+72)5?%) (3.18)
7j=1 () 7
20 N s sin(a; — a;)
L : 3.19
« Z r; ng )3/2 ( )

whereas the equations related to w; and Z;, through extensive calculations using (3.12)

and (3.13), lead to identities or equations
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N .

ri+ 200 =y 14 Sm(a; —a) 19N (3.20)
j;; (1 - Qij)2
j#i

For every i = 1,2, ..., N, the ith equation in (3.20) is further multiplied by m;r;, and

summation of N equations results in the following equations, considering:

Z Z m,mjmrj sin aj —a;) 0
) )

=1 j=1 qz]
JF
. .. myr;sin(a; — a;)
mreiv = —2m;r;6c — m; Z J(;Z. — 1) J (3.21)
=1 1]
Thus we obtain the equation
N N
( Z m,rf) o+ 2 ( Z mﬂ“m) a=0,
i=1 i=1
And the equation is derived as
2(3, M)y ¢

d: =

N N )
> s mr? > img mai(l— yi — 27)

where ¢ is an integration constant. As a result, equations (3.12) and (3.13) turn

into
N
=3 my(y; — qigyi) 197+ 3 — (yzzz — Ziyz)2]yi -y -2y
(2 3 . N 29
1= (1— ;) Ly — 4 [Zj:l m;(1—y; — 22)}
VE=!

(3.23)
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N . . : .
5 — Z m;(2j — gijzi) _ 97 + 27 — (yiti — 29:)*) 2 _ Al —y? —2))z
i = 3 2 2 N 2
= (1= g5)° L=y (2= mi(1 =7 = 27)]
VESD
(3.24)
i=1,2,...,N, where, recall, for any 7,5 € {1,2,...,N}:
1 1
¢j =9q;-q;=(1— y? —22)2 (1 — y?- — zj2)2 cos(a; — aj) + yiy; + 2i2j.
L]

Remark 6. It is important to note that c,,, the total angular momentum, is in the

form

N N
i=1 =1

therefore ¢ (which is a non zero constant) describes the rotation of the particles

relative to the wzx-plane.

Remark 7. Criterion 1 is satisfactory in order to confirm the existence of any candi-
date solution, though it might be difficult to use if that candidate is not a solution.
Therefore, there is a value in having simpler nonexistence methods, which can be
derived using the integrals of motion. In order to prove nonexistence, enough to
show to present that the functions involved in the integrals are not constant. It is
important to note that the first expression in the result stated below stands for the
energy integral. The others are derived from five out of six total angular momentum

integrals.

Corollary 1. If system (2.57) has a solution of the form (2.69), then the following
expressions are constant:

energy:
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b f: mily7 + 2 — (viti — 2i9:)°]
= 2(1—y7 — 27)

= (3.25)
c i ;qi5
+ N - ——
2305 mi(1 —y? — 27) 1<i<Zj<N (1_%'2]')5
total angular momentum relative to the wy-plane:
Cuy = iy (Wi — ;)
N . .
Cuy = Z m; {(1 -yl - 2'12)%?/1 + ((fzyz _Z lezz)yi ] cos(a + a;)
i=1 —Yi — %)
. N (3.26)
+ 1— ?—zf%isina—}—ai,
Zz—l ( yz 7 =1
total angular momentum relative to the wz-plane:
Cpz = sz\il ml(wzzz - wzzz>
N . .
cur = Yo (1= = s PR
i=1 (1 —yi—27)2 (3.27)

N

& 1

+ (1 —y? — 2} 2z sin(a + a;),
21111 m;(1 — yiz - 212) ;

total angular momentum relative to the xy-plane:

Coy = Zfil mi(T: — T:y;)
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N . )
1, (yili + zizi)yi | .
S | sinta -+
; (1 —yi—27)2

(3.28)
— ¢ ﬁ:(l — 7 —22)%y~cos(a+a«)
Eﬁilmi(l—yf—zzg) i=1 Z o -

total angular momentum relative to the xz-plane:

Cpz = Zf\il ml(xzzl - .I',L,Zz)

(3.29)

C 1
— 1 —9y? — 22)2z cos(a + a;),
SiLimi(l =y} = 2) ;( ) ( )

total angular momentum relative to the yz-plane:

Cyz = 2511 m;i (Vi — ¥i%)

N
Cye = Y mi(yidi — Giz) = 0. (3.30)
=1

3.2 Rotopulsating positive elliptic-elliptic orbits

A criterion for the existence of positive elliptic-elliptic to analyze the solution intro-
duced in Definition 3 is provided in this section. Afterwards, the integral of energy
and the six integrals of the total angular momentum is derived which are specific for
the orbits. It is elaborated that the results provide necessary and sufficient conditions

for the existence of positive elliptic-elliptic rotopulsators
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Criterion 2. A solution of the type (2.70) is a rotopulsating positive elliptic-elliptic

orbit for system (2.57) if and only if

. C1 : Co
o = —’ = B 33].
N 2 M =5 1'111 m;r? (3:31)

D e T

ry satisfy the N second-order dif-

with c1,cy constants, and the variables 1,72,

ferential equations
2 2 2
:7"1<1—7“22)|: NCl - - C]\Q] . . r1r22
Oim murd)® (M = 32 mry)? 1—r;
+ij [rj(1 —=77) cos(a; — a;) —7i(1 —7’2-2)%(1 —T?)%cos(bi—bj)] (3.32)
(1— E?j)% 7
J#l
al m;r;sin(a; — a;)
Tt 4 2700 = — 7 J L i=1,2,...,N, 3.33
; (1— E?j)% ( )
J#
258 1 o= m;p; sin(b; — b;)
go_2b 1 jPy S Yi 3.34
Pi Pi JZ:; (1- %)3/2 ( )
N 1
. : m;(1 —r2)z sin(b; — b;)
i+ 28 = — ! . i=1,2,...,N 3.35
2T Ay (3:39)
J#i

where, for any i,j € {1,2,..., N} with i # j, as denoted

(1 —r; )% cos(b; — b;).

N|=

i=q; - qj =17 cos(a; — aj) + (1 —77)

Proof. Considering a solution of the type (2.70) for system (2.57). with having p; in

the form of r;, i = 1,2,..., N, it is obtained that

_ M s
) % (1—7‘12)% ’
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€j :=q; - q; = rirjcos(a; —a;) + (1 —r; )%(1 —; )% cos(b; — bj),
W; = 7 cos a — rasin (3.36)
&; = rsina + racos a (3.37)
y; = peos B — pBsin B (3.38)
2 = psin 8 + pBcos B (3.39)
7252 .
Q- q =7 +rid’ + T + (1 —r2)B2

(2

— (26 g+ P rscos(a + a)

N
my[r; cos(a + a;j) — €;r; cos(a + a;)]
-y L

J=1

(3.40)

cos(a + a;) = cos(a + a;) cos(a; — a;) + sin(a + a;) sin(a; — a;) (3.41)

; f: mj[cos(a + a;) cos(a; — a;) + rjsin(a + a;) sin(a; — a;) — €;;7; cos(a + a;)]
w; =

1 (1— &)

.
Il

— (17 + 1267 + p? + p? + p?B)ri cos(a + a;)

(3.42)
N
F—rdd =Y mylrycos(@ —ap) meumd o mse py 2y (3.3)
T (1—€2)3/2 pi+ 0 '
j=1 i
Al m-r-sin(a a;)
. S il i j
j=1
P = rad — T3oz2 — 7T 2 szz — szlBQ
3.45
— b;)] (3:45)

m;[r; cos(a; — a;) — r?rjcos(a; — aj) — ripip; cos(b;
D3 oot
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Wik o M7 i (a; — ay)
O A 3" (]
T 2 (1 — 2,372 (3.46)
Jj=1 v
rifs o I (3.48)

yvr SR b
With putting a solution candidate of the form (2.70) into system (2.57), and using
the formulas presented above, the equations representing w; and &; the following

equations will be derived

B = rid® —rld” =l — e (1= )5
(1 1) cos(a; — a;) = ri /L= )= rJeosh b)) O
— €2)3/2
j=1 (1 6ij) /
al m;[r;(1 —r?)cos(a; — aj) —ri(1 — 7’?)%(1 — r]z)% cos(b; — b;)] (3.50)
Jj=1 %]
i
W; = (¥ — ré®) cosa — (rév 4 27é) sin a (3.51)
i = (i — ré®) sina + (ré + 27¢) cos a (3.52)
i = (5 — pB°) cos B — (pf + 25) sin 8 (3.53)

& = (p— pB°)sin B+ (B + 268) cos B (3.54)
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Wi 1 m;r;sin(a; — a;)
. i A ()
= — - — 3.9
@ r; T Z (1 — 62-)3/2 ( )
J:]_ (¥
a myr;sin(a; — a;)
ridi+ 20 = — Y TSR )G 19N, (3.56)
]:;1' (1 - E?j)§
jF#i

whereas for the equations corresponding to §;, Z;, we find equations (3.50) again as

well as the equations

- N .
G 2piB 1 m;p;sin(b; — b;) (3.57)
Pi Pi (1- 6%)3/2
. . N (1 —r2)z sin(b; — b;)
rif+ 200 == e , i=1,2,...,N. (3.58)
= (1 -
VE

Equations (3.56) can be solved the same way the equations (3.20) were solved,

N .
m;r;sin(a; — a;)

maryt = —2maiicc —m; Y =2 i=1,2,---,n (3.59)
j=1 g
N N
O mr)a+20) mi)a =0= d =~ (3.60)
=1 i=1
N .
c_ _2(27;:1 mir)y - C1 (3.61)
7= N L e ST 2 :
Do T myry + -+ mpyry
. C1
A= ——,
Zﬁvzl mr?

where ¢; is an integration constant. To solve equations (3.58), using the similar
solution technique, with a difference in having multiplied by m;(1 — 7’2-2)% instead
of m;r;, for each ¢ = 1,2,..., N the corresponding equation will be derived. After

addition
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N N
(Z mip;) B + Q(Z mip;)f=0= =9 (3.62)
i=1 i1
o 2 > iy Mifid 5— C2 B Co
N Zf\;mipi 7 _mp1+"'+mNp%\/_ml_m1T%+"'+mN_mN7”12\7
Ca

M — (mar+ -+ myr%)
(3.63)

M=my+---+mpy

C2
= = >
M — Zi:1 my;T;

B
where M = 3>N 'm; and ¢, is an integration constant. Then equations (3.50) turns

into

2 2 . 2
7"1:7“1<1—7“22)|: Ncl — C]\% _ TZTZQ
(> iy mir?)2 (M =320, mﬂ’?)Q 1—r;
N i m;[r;(1 —r?)cos(a; — aj) — ri(1 — r2)z(1 — 7“]2-)% cos(b; — b;)] (3.64)
3 )
=1 (1— E?j)Q
J#
where, recall, for any ¢,7 € {1,2,..., N} with i # j
€ =q; - d; =rrjcos(a; —a;) + (1 — 7‘?)%(1 - r?)% cos(b; — b;).
[

Remark 8. It is important to note that the constants ¢,, and c,, of the total angular

momentum are

N N
_ . . . . 2 o
Cwz = mi(wid; — wir;) = & mgr; = C1,
i=1 i=1
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N N
Cyz = Zmi(yiz‘i — Zy;) = 5277%(1 —17) = ¢,
=1 1=1

respectively, as a result, ¢; and ¢, represent the rotation of the particle system relative

to the wx-plane and yz-plane, respectively.

Remark 9. One can conclude from (3.31), that & and B are not independent of each

other, the relationship governing this dependence is
— 4+ —==M, (3.65)

written assuming that the o and [ are not constant. In particular, if o and 3 are

only different in one additive constant, then they are linear functions of time, i.e

(3.66)

Then system (3.32) turns into

r?) cos(a; — aj) — ri(1 —r2)2(1 — 72)2 cos(b; — bj)]

(1- Egj)%

r, = — ’

.9 N
ril my[r; (1 —
1—r? * Z
J

ji
(3.67)

i=1,2,...,N.

Criterion 2 can confirm the existence of any solution candidate for a rotopulsating
positive elliptic-elliptic orbit, but it may be difficult to use if that candidate is not
a solution. It is preferred to have a simpler nonexistence methods. There is a way
to obtain such a result using the integrals of motion. Proving the nonexistence is
as straightforward as showing that the functions involved in the integrals are not
constant. It is important to note that the first expression in the following result

represents the energy integral, while the other equations are deducted from five of
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the six total angular momentum integrals.

Corollary 2. If system (2.57) has a solution of the form (2.70), then the following
expressions are constant

enerqy:

N .

1 mir? a2+ (2 MM €5

h=-= v — S A 3.68

221—r12+ 2 Z (1—e2)3’ (3.68)
i=1 1<i<j<N 1]

total angular momentum relative to the wy-plane:

Cuy = Zfil mi(wig; — Wiy;)

N
Cuy = % Zml {ri(l - rf)%(d + B)sin(a — B 4 a; — b;)
i=1

+ri(1—r2)3(q — f)sin(a + B+ a; + b;) — cos(a — B +a; —b;)  (3.69)

(1)}
_ﬁ cos(a+ B+ a; + b)|,

(2
total angular momentum relative to the wz-plane:

N
Cuwz = %Zml |:Ti(1 - rf)%(d + B) cos(a + B + a; + b;)
i=1
—I—Tz(l — 7"12)%(0( —B) COS(O( —B—kaz — bz) + u:ﬂﬁ)%

1

sin(a — B +a; —b;) (3.70)

_msm(a +B8+a;+b)|,

total angular momentum relative to the xy-plane:
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Cay = Zfil mi(x:9 — T;y;)

N
Coy = —% Zmi {m(l — 22 (& + B) cos(a — B+ a; — by)

i=1

+ri(1 — 7"@'2)%((5‘ - B) cos(a + B+ a; + b;) + sin(a — B+a; —b;) (3.71)

(1_7}')%
ks
+———sin(a+ B +a; +b)|,
TR )

Cpz = Zf\il ml(xlzl - xzzz)

total angular momentum relative to the xz-plane:

=

(& + B)sin(a— B+ a; — b;)

1 N
o= 3 dom =)

=1
—ri(1 — 7‘@'2)%(@ - 5) sin(a + 8+ a; + b;) — ﬁ cos(a — B+ a; — by) (3.72)
—1r2)2
7
—————~cos(a+ B +a;+b)|,
T eoslat s )

3.3 Rotopulsating negative elliptic orbits

A criterion will be presented in this section for the existence of negative elliptic
rotopulsators to be used to analyze the solution introduced in Definition 3. In the
next step, the integral of energy and the six integrals of the total angular momentum
will be derived which are specific for these orbits. These results provide necessary

and sufficient conditions for the existence of negative elliptic rotopulsators.

Criterion 3. A solution of the type (2.71) is a rotopulsating positive elliptic orbit for



42

system (2.58) if and only if
b
(3.73)

= N 2 2 ’
Zj:l mj(%’ —Y; - 1)

., N, meet the requirements

where b 1s a constant, and the variables y;, z;, 1 = 1,2,

of the system of 2N second-order differential equations

(

. N my(y i ye)
. N mj(zj+pijz:)

W= 2 Ty T (3.74)

. Lo N mjrjsin(a;—a;)
\7’1’0& + 27"1'06 = ;;11 J(/j?j—l)é/Q ’
where
(yizi — zah)® + 27 — U7 i V(22 —y; — 1) (3.75)
N ) :
D omimy(zf —y: = D)2

Fi =
7y -1
i=1,2,...,N, and, for any i,5 € {1,2,..., N}, p;; is given by

1 1
Hij ‘= Qi - Q5 = (ZZQ - y? - 1)2(Z]2 - y]2 - 1)2 COS((IZ' - a’j) +yiyj — Zi%j.

Proof. Considering a solution of the type (2.71) which has the initial conditions pre-

sented above, and for any i,j € {1,2,..., N} there is:

1 1
pij =q; gy = (ZZQ - y? - 1)2(2]2 - %2 — 1)z cos(a; — a;j) + yiy; — 2%,

and for any ¢ = 1,2,..., N it is found that
(yizi — 2a03)* + 5 — 97 + (5 —yi —1)*a
27—yl -1 '

q; g =
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For all +=1,2,..., N, each r; can be presented in the form of y; and z; to derive

Zizi — YilYi

2 2 1 .
r,= (2 —y; —1)2, 1=
( ) (2 92— 1)

?

(22 —y? — V(2% — widh) + 97 — 22 — (yidi — 200:)°
(Z —y?— 1)

Putting a solution with (2.71) type into system (2.58) and using the above formulas,

the equations representing y; and Z; are derived that

N . . . .
i = Z m;(y; + HijYs) X [(yizi — 29:)* + 27 — 7]y
v 3 2 2
j=1 (M?j —1)2 zi —y; —1
J#

+ (2 =y = Dwd®,  (3.76)

N . . . .
5= m;(zj + pijzi) N [(yizi — z0:)” + 27 — 072
T 3 2 2
j=1 (:u?j - 1)2 “p Y 1
J#i

+(2F —yi — Dzd®, (3.77)

whereas for the equations representing w; and Z;, leads to following identities or

equations detailed computations using (3.76) and (3.77):

W = i m; [Tj COS(a + aj) + i T COS(a + az)]

2 _
=1, (i = 1) (3.78)
32 2 G )2
+ 2 y12+ <y;ZZ %) + (27 — y7 — 1)&%r cos(a + a;)
zi—y; —1
cos(a + a;) = cos(a + a;) cos(a; — a;) + sin(a + ;) sin(a; — a;) (3.79)
L il my;[r; cos(a + aj) cos(a; — aj) + rjsin(a + a;) sin(a; — a;) + w7 cos(a + a;)]
=) (m2 — 1372
i=1,5i i
22 2 L2
+[ y;i(iféz’_ 4 (22 4 )% cos(a+ a)
T (3.80)
il myr;sin(a; — a;)
il — 26 = Z 97 i (3.81)

=1 (pij — 1)3/2
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N .
. y myr; sin(a; — a;)
ricv+ 2700 = — E S R (3.82)
=1 (:uij —1) /
. .. al m;r; SiIl(CLj — ai) .
ritv 4 2700 = E —, 1=1,2,...,N. (3.83)
= (=)
Jj=1 v]

J#i
It is clear that for every ¢ = 1,2,..., N, after multiplying the ith equation in (3.83)

by m;r;, calculating the summation of the resulting N equations:

Z Z mim;r;r; sin aj —a;) 0
(13— 1)

=1 j=1

JFi
Thus the following equation is derived
N N
i=1 i=1

which has the solution

=1, 72—(zﬁ' 2),72—1r—7 (3.84)

Zi:l myTs; Zi:l myTs;

b b
S ma? SN (2 -y - 1)

where b is an integration constant. As a result, equations (3.76) and (3.77) turn into

=3 myy; + pigys) (i = zi0i)® + 22 — 97y N V(27 —yi — Dy
i = 3 )
= (w3 —1)> -yi—1 [N my(22 — g2 — D)2
ji
(3.85)
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N . . : .
5 — Z m;(z; + pijzi) n [(yizi — 20:) + 22 — 92z N b (22 —y? — 1)z
v 3 2 2 N )
ORI -y -1 S my(eh — g — )P
VES
(3.86)
i=1,2,...,N, where, recall, for any 7,5 € {1,2,...,N}
1 1
Hij =i - Qj = (ZZQ - yi2 —1)2 (2]2 - y? —1)2 cos(a; — a;) + yiy; — 2%
L]

Remark 10. It is important to note that the constant c,, of the total angular mo-

mentum is

N N
Cwz = Zmz(wzxz — WiT;) = dZmi(zf —yi—1) =0,
i=1 i=1

so b represents the rotation of the particles relative to the wz-plane.

Corollary 3. If system (2.58) has a solution of the form (2.71), then the following
expressions are constant:

enerqy:

=1

=Y mil(yidi — zigi)* + 2 — 93]
B 2(2f —yi — 1)
(3.87)

b2 M i
2y oy my(zl —yi—1) 1<i<j<N (i — 1)

total angular momentum relative to the wy-plane:
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N . :
iYi — 2i%i)Yi
Z [z g 1)y iy cos(a + a;)

Y
S (3.88)
+ m,z—yz—l yisin(a + a;),
S i)
total angular momentum relative to the wz-plane:
= L. (it — 2i%:) 2
Z (22 —y? —1)2% + | cos(a+ a;)
- (= —yi = 1)z
B (3.89)
1
+ mlz—yz—l5 ;sin(a + a;),
valmxz —y 1) Z frasinlact o)
total angular momentum relative to the xy-plane:
— Z m; {(zf —y? — 1)%;91- + ((y;yl Zzzliih sin(a + a;)
X y _yl
(3.90)
1
— my(z; —y; — 1)2y; cos(a + a;),
valmz(z 1) Z Freosterta)
total angular momentum relative to the xz-plane:
L. (it — zizi)z | .
Zml 22—y —1)25+ - | sin(a + a;)
(27 —yf —1)2
(3.91)

b 1
ml,z—l—lE s cos(a + a;),
S e~y — 1) Z v et a)

_yl

total angular momentum relative to the yz-plane:
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N
Cy> = Z mi(YiZi — Yizi)- (3.92)
i=1

3.4 Rotopulsating negative hyperbolic orbits

A criterion will be presented in this section for the existence of negative hyperbolic
rotopulsators to be used to analyze the solution introduced in Definition 5. In the
next step, the integral of energy and the six integrals of the total angular momentum
will be derived which are specific for these orbits. This result provides necessary and

sufficient conditions for the existence of negative hyperbolic rotopulsators.

Criterion 4. A solution of the type (2.72) is a rotopulsating positive elliptic orbit for

system (2.58) if and only if

: a
b= , (3.93)
S my(w? +a? + 1)
where a is a constant, and the variables w;, x;, 1 = 1,2,..., N, that meet the require-
ments of the system of 2N second-order differential equations
' ( )
. N mji(wi+v;jw;
W; = = 21/2]1—1);/2 + Hyw;
= YO RS o+ He, (399
it Vi
3 s hH N mjn; sinh(b; —b;)
\771'5 + 2,8 = 232 J(f,izj_—l)sj/z>
where
Hi — [( ) 7 7,] ( 1 (] ) (395)

wfaf S0, my(w? a2+ D
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i=1,2,...,N, and, for any i,j € {1,2,..., N}, v;; is given by
vi; = q 0 q5 = waw; + z2; — (0F + 27 + 1)%(w]2 + i + 1)% cosh(b; — b;).

Proof. Considering a solution of the type (2.72) with having the initial conditions

presented earlier. Then, for any 7,5 € {1,2,..., N} there is
vy = q; 0 q5 = waw; + zi7; — (0] + 17 + 1)%(10]2- + m? + 1)% cosh(b; — b;),

for any ¢ = 1,2,..., N it is found that

S w? +a? 41 '

For all +=1,2,..., N, each r; can be presented in the type of y; and z; to derive

(w? +a? +1)7

m= (W a4 1), 0=

(w} + a2 + 1) (wit; + @) + bf + & + (wid; — wiab)

(w? + 22 +1)3

M =

Putting a solution with (2.72) into system (2.58) and using the above formulas,

the equations representing w; and z; are derived that

2 2 52
- S+ 1)w; 8%, (3.96
e T o+ (wf + a4+ 1w, (3.96)

2 2 n2
; C+ 1)z, 87, (3.97
Mg
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whereas for the equations representing ¢j; and Z;, leads to following identities or equa-

tions detailed computations using (3.96) and (3.97),

. . m;n; sinh(b; — b;)
i+ 208 =) —+ — L i=1,2,...,N. (3.98)
J:;l' (Vij_1)2
jFi

For every i = 1,2,..., N, and further multiplying the ith equation in (3.83) by m;r;,

add the resulting N equations, it is noticed that

m,mjnm] Slnh(b —b)
Sy b,
_ 1)5

=1 j=1

J#i

Thus the equation is obtained

N N
(X e ) 2( X i ) =0
=1 =1

which has the solution

a a

8= = ,
Zﬁil min; sz\il mi(w} + 7 + 1)

where a is an integration constant. As a result, equations (3.96) and (3.97) turn into:

. o (w; + vgwi) | [(wids — @) + wf + @, a?(w? + a2 + Dw;
e ; (Vg = 1) ! wi + i 41 o my(w? + 22 + 1))
” (3.99)

B ﬁ: my(@; + virs) | [(widi — i) + WP + i) N a?(w? + 22 + 1)z
A (- b} w; +xf +1 [ my(w? + a2 4+ 1))
! (3.100)

i=1,2,...,N, where, recall, for any ¢,5 € {1,2,..., N}
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]

Remark 11. It is important to note that the constant ¢, of the angular momentum

18

N N
Cye = Y milyidi — iz) = =B Y mi(w] + 27 +1) = —a.
=1 i=1
Corollary 4. If system (2.58) has a solution of the form (2.72), then the following

expressions are constant:

energy:

. i m[(widi — wiay)® + 0} + @7
B 2(w? + 22 4+ 1) (3.101)

i=1

a® MMV
+ = + 2—”7
22;’:1 mj(wgz + m? +1) 1<§<N (Vij - 1)

total angular momentum relative to the wx-plane:

N
i=1
total angular momentum relative to the wy-plane:
N (wid — @aiy) — i)
cw — (2 7 11 (2 (2 7 Sinh(ﬁ + bZ)
’ 2; (w? +aF + 1)? .

N
a 1
+ =% E maw;(w? + o7 + 1)2 cosh(3 + b;)
23:1 mj(w]z + x? +1) o

total angular momentum relative to the wz-plane:



N . . .
my; [ﬂfz(wzxz - ZUﬂUz') - wi}
Cuwz = cosh(fB + b;
; (wf + a7 +1) ( )
N

1
+ m,wlw +:v + 1)2 sinh(8 + b;
Zjvlmj(w —i—x —i—l); ) ( )

D=

total angular momentum relative to the xy-plane:

N . .
Z m|w; (wx; — wzxz) — @]
Py (w? 422 +1)2

N

+—x mx;(w? + 23 +1)%cosh(ﬁ+bi)
Z] 1m](w —i—x —0—1);

sinh(58 + b;)

a

total angular momentum relative to the xz-plane:

Al i[w; (w;z; wj:) ]
:Z oo = cosh(B + b;)
Py (w? 422 +1)2

N

mzi(w; + a7 —i—l)ésinh(ﬁjtbi)
ZNlmJ(w + 23 —i—l);

a
+

o1

(3.104)

(3.105)

(3.106)

3.5 Rotopulsating negative elliptic-hyperbolic or-

bits

A criterion will be presented in this section for the existence of negative elliptic-

hyperbolic rotopulsators to be used to analyze the solution introduced in Definition

6. In the next step, the integral of energy and the six integrals of the total angular

momentum will be derived which are specific for these orbits. These results provide

necessary and sufficient conditions for the existence of negative elliptic-hyperbolic
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rotopulsators.

Criterion 5. A solution of the type (2.73) is a rotopulsating negative elliptic-hyperbolic

orbit for system (2.58) if and only if

d . d
= [= 2 , (3.107)
D iy T M+ 370 mr?
with dy,ds constants, and the variables r;, © = 1,..., N, satisfy the N second-order
differential equations
d2 d2 12
f*izri(lJr?"?){ T - % rrlQ
imimar?)? (M + 370 mr?)? 1+7;
N i m;[r;(1+r?) cos(a; — aj) —ri(1+ r2)z(1+ TJQ-)% cosh(b; — b;)] (3.108)
3 )
=1 ((512] - 1)z
J#
al m;r; sin(a; — a;)
ricv + 200 = 77 I Y i=1,2,...,N, 3.109
2 3109
Jj= )
J#i
N 2yLi .
. : m;(1+r3)z sin(b; — b;)
i+ 218 = ! ] . i=1,2,...,N. 3.110
Zl (62 —1)3 ( )

im
J#i
where, for any i,j € {1,2,..., N} with i # j, it is denoted

0i =q; D qj = rrjcos(a; —aj) — (1 + rf)%(l + r?)% cosh(b; — b;).
Proof. Considering a solution of the type (2.73) for system (2.58). with having p; the
form of r;, e =1,2,..., N, it is presented that

A.A -2 . 2 ..‘
Th':(l—i-rg)%a fli:Ll; ﬁi:Ti+TZ(1+Zi)rz
(L+77)2 (L+77)2

Y
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61']' =q; CJ q; =TTy COS(CLZ‘ — (lj) - (1 + 7"12)%(1 + T?)% COSh(bZ’ — bj),

2.9 7’27'2 o\ 59
.z‘ ] ‘z = _ ii (] A .
QD =77 +ria T2 (1+7r)p
w; = (5 — 13:0%) cos(a + a;) — (ryéi + 27;0) sin(a + a;) (3.111)
Myl cos(a+ ag) + qigricos(a+ ag)] Ly 5.y I b
- ; (qu 1)3/2 +(r+ric ——<1 n rg)—(1+ri)ﬁ )r; cos(a+a;)
(3.112)
But
cos(a + a;) = cos(a + a;) cos(a; — a;) + sin(a + a;) sin(a; — a;) (3.113)

al ilrj cos(a+ a;) cos(a; — a;j) + rjsin(a + a;) sin(a; — a;) + gijr; cos(a + a;)]
-3 il

r?f?
+(7? +ria® — (1;;2) (147 )ﬁ )ri cos(a + a;)
(3.114)
N )
lrj cos(a; — a;) + qijri . iy
T — 10 = Z ] @ - 1>;/2 I (PR 4ria® — T —(14+72)5?%) (3.115)
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T = 7’,0& + T a + TzTZ - Tznz — N, BQ
ﬁ: mj[r; cos(a; — a;) + r3r; cos(a; — a;) — rymn; cos h(b; — bj)] (3.116)
2 _1)3/2
j=1 (Qij 1) /
27’ al myr;sin(a; — a;)
Y — i _ J ] i j
a = Z T qZJ _ 1 3/2 (3.117)

Putting a solution with (2.73) into system (2.58) and using the above formulas, the

equations representing w; and x; are derived that

22
2 T
(1 +r)(@® = 5%) + =2
N i m;lr;(141?) cos(a; — a;) — ri(1+ 7“1»2)%(1 + 7’]2)% cosh(b; — b;)] (3.118)
3 )
=1 (512] — 1)z
JF#
N s sin(a; — a;)
rid+27'“iéz:z J(j(;,z_i)g L. i=1,2,...,N, (3.119)
j#i ’
3,2
iy =16t ria? gt — Bl ri(1+ 723+
’ b ’
) > 2 (3.120)
N my[r;(1+r7) cos(a; + a;) — 7"@-\/(1 +7r3)(1+ rj) cos h(b; — b;)]
2 _ 1)3/2
1 <N myr; sin(a; — a;)
o _ J'J Y
T g g 1 502 (312
. N :
b= 28 1 3 m;; sin h(b; — b;) (3.122)

niom (@5 —1)*?

Jj=1
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. N
- 2,8 1 m;(1+r2)Y2 sin h(b; — b;)
f=_E_ 3.123
Us i ]Z; ( 5= )3/2 ( )
M = —2mie—m; Y sin(a; — a;) (3.124)

2

(Z m;r;)é + Q(Z mir)a =0, &=y (3.125)

: 2 f\i miYi)y c
fo (Zﬁl ) Sy = s (3.126)

Zz‘:l myT; Zi:l miT;

whereas for the equations corresponding to i, Z;, we find equations (3.118) again

as well as the equations

(1+72)2 sin(b; — b;
rifi 24 — Zm] T)QSHEJ ) i1 N (3.127)
(5% —1)2

J#z

O - mr)B+20d mia)B=0, f=4 (3.128)

=1 =1

. 2 f\i mz% Y C

V= (zﬁl ) B A=y — (3.129)

D im M D i T
These equations (3.119) can be solved in the same way that equations (3.20) were

solved to obtain
d;

S mar?
i=1 Ul

where d; is an integration constant. To solve equations (3.127), and proceed-

a =

ing similarly, with the only change that for each ¢« = 1,2,..., N, the corresponding

equation gets multiplied by m;(1+ rf)% instead of m;r;, to obtain after addition that

da

8= ,
M + Zfil mir?
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where M = 3>~ 'm; and d, is an integration constant. Then equations (3.118) turns

into
d2 d2 2
fi:ri(lJFT?)[ N - 13 +
Qi mir?)® (M + 3y mar)? L4
N [ri(1 4 72) cos(a; — a;) — (1 4+ 12)2 (1 4 72)2 cosh(b; — b;)] (3.130)
—|—Z gL 7 ? J 1 31 j i i ’
% -1

JF

where, recall, for any 7,7 € {1,2,..., N} with i # j
61’]‘ = q; CJ q; =TTy COS(CLi — aj) - (1 + Tf)%(l + T?)% COSh(bi — b])

]

Remark 12. It is important to note that the constants c,, and ¢, of the total angular

momentum are

N N
. . . . 2 o d
Cor = Y mi(wid; —ww;) =&y myr; =dy,
i=1 =1

N N
Cyz = Zmz(yzzz — &) = —ﬂZmi(l +77) = —da,
=1 1=1

respectively, as a result d; and ds represent the rotation of the particle system relative

to the wx-plane and yz-plane, respectively.

Remark 13. Equation (3.107),leads to a conclusion that & and ﬁ are connected by
the relationship

b_h_ gy (3.131)

B
In the following steps, the proven criteria will be used.
Corollary 5. If system (2.58) has a solution of the form (2.73), then the following
expressions are constant:

enerqy:
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mr? d3 d3 mim;0;
B i 1 I 2 + Y (3.132)
Z 2(1+ T2) 2 Z Comgr? o 2(M + Zjvzl m;r?) 1<i<Zj<N (65 — 1)z

i=1 3 J

total angular momentum relative to the wy-plane:

N .
m;r;
Cuy = — E m cos(a + a;) sinh(5 + b;) s

N
+ Z miri(1 4 r2)2 [drsin(a + a;) sinh(8 + b;) + B cos(a + a;) cosh(8 + b;)],
i=1

total angular momentum relative to the wz-plane:

N :
Cwz = — Z % cos(a + a;) cosh(B + b;)
(3.134)
+ Z mri (1 4+ T?)% [asin(a 4 a;) cosh(B + b;) + B cos(a + a;) sinh(8 + b;)],

i=1

total angular momentum relative to the xy-plane:

N
= — Z it T sin(a 4 a;) sinh (8 + b;)
(1477
(3.135)

+ Z mri(1+ r?)% [Bsin(o + a;) cosh(B + b;) — v cos(ar + a;) sinh(3 + b;)],

total angular momentum relative to the xz-plane:



N
— _ § & SID(CY -+ a,z) COSh(ﬁ + b; )
(1+472)2

N

+ > mari(1+ 122 [Bsin(a + a;) sinh(8 + bi) — d cos(a + a;) cosh(B + by)].

=1

o8

(3.136)
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Chapter 4

Examples

4.1 Rotopulsating positive elliptic Lagrangian or-
bits

The Lagrangian orbits we present here are examples of positive elliptic rotopulsators of
the curved 3-body problem. These bodies stay at the vertices of a rotating equilateral
triangle in S® that changes size. These systems rotate relative to the waz-plane,
without a rotation relative to other planes.

Consider three equal masses, m; = my = mz =: m, and a candidate solution of

the form

q=(q1,d2,93), = (Wi, 75,¥;,2), i=1,2,3, (4.1)
wy = r(t)cosa(t), x1(t) = r(t)sinalt), y1 = y(t), z1(t) = 2(t),
wy = r(t) cos|a(t) + 2w /3], x2(t) = r(t) sin[a(t) + 27/3],yo = y(t), 2z2(t) = 2(t),

wz = r(t) cos|a(t) + 4 /3], x3(t) = r(t)sin[a(t) + 47/3],ys = y(t), 23(t) = 2(t).
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As a result

32 +322 -1 | c
= = = — o =
q12 = q13 = §23 9 ) 3m(l — 2 — 22)’

and that the variables y and z satisfy the equations
j="F(y,zy,2)y
i=F(y, 2,9, %)z
where

8m c?

F 2 '72'( = -
(¥, 2,9, 2) V31— g2 — 22)3(1 432+ 322)2  9Im?(1 —y? — 22)

The other equations are identically satisfied. As a result of (4.2), 3z = yZ, which
means

yz — zy = k (constant).

But, considering (3.30), one can say that 3m(yz — zy) = c¢,,, and following this,

k = ¢,./3m. It is important to note that the energy relation (3.25) turns into

3m[y® + 22 — (yz — yz)?] ? V3m2(3y? + 322 — 1) B
2 2 T 2 2y I T =h
2(1 —y?2 — 22) 6m(l —y2 —22) (1 —y2 — 22)2(1 + 3y2 + 322)2

which means that F' can be written as

2m[5 — 9(y? + 22)?] _2h
V3(1 — 2 — 22)3(1 + 3y2 4 322)2

F = .
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Since
sin v + sin(a + 27/3) + sin(a + 47/3) = cos a + cos(a + 27/3) + cos(a + 47 /3) = 0,

because of (3.26), (3.27), (3.28), and (3.29), it follows that c,, = cy. = ¢y = €z = 0,
as the triangle does not rotate relative to the planes wy, wz, xy, and xz. Having no
rotation relative to the plane yz, i.e. if ¢, = 0, then k = 0, so yz — 2y = 0. With
the assumption that z does not become zero, then it is concluded that %g = 0. This
means that y(t) = vz(t), where v is a constant. If one assumes that § =2 +1 > 1,

system (4.2) turns into the equation

2m(5 — 9522%) 2h
- - — — |z
V3(1 —022)2(1 +3022)2  3m

(4.3)

It is necessary to study this system qualitatively and draw the phase plane for some
values of h and § > 1, etc. In order to derive the roots of the polynomial, the first
step is to calculate the fixed points of the vector field which are the zeros of the

polynomial

P(z) = 27(9m* + h?)6*2® — 18(15m* + h?)6%2* — 8h?02% + 7T5m* — h?.

Considering the Descartes’s rule of signs, we have two cases: (i)|h| < 5v/3m?, where
P has either two positive or no positive root; (ii) |h| > 5v/3m?, where P has exactly

one positive root.

Remark 14. In a case where y or z is a nonzero constant, the motion takes place on
a 2-dimensional non-great sphere. In a case where y = 0 or z = 0, the motion takes

place on a 2-dimensional great sphere, i.e. on S?. A complete classification has been
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given for this, kind of Lagrangian orbits in [1].

4.2 Rotopulsating positive elliptic-elliptic Lagrangian
orbits

The Lagrangian orbits we present here are examples of positive elliptic-elliptic relative
equilibria of the curved 3-body problem. These bodies stay at the vertices of a rotating
equilateral triangle in S that does not change size. These systems rotate relative to
wz-plane and yz-plane without rotation relative to the other planes

Consider three equal masses, m; = my = mz =: m, and a candidate solution of

the form

q=(a,%,q), &= (0i,2y;,z), i=123 (4.4)
wy = r(t)cosa(t), xi(t) = (t)sina(t), y1 = p(t) cos f(t), z1(t) = p(t) sin B(1),
wy = 7(t) cosla(t) +27/3], w5(t) = (t) sin[a(t) + 27/3],
y2 = p(t) cos[B(t) + 21 /3], 2(t) = p(t) sin[B(t) + 27/3)],
ws = r(t) cos[a(t) + 47 /3], z3(t) = (t) sinfa(t) + 47/3],
ys = p(t) cos[B(t) +4m/3], z5(t) = p(t) sin[5(t) + 47/3].

It is important to note that €19 = €31 = €13 = €31 = €93 = €35 = —1/2, which
means that this particular elliptic-elliptic rotopulsating orbit is a relative equilibrium.
Although r and p are not constant. In order to describe the motion of the bodies one

has to analyze the behaviour of r.

Remark 15. In a case where there are separate masses assumed and the same function

r is applied to all of them, it means that the masses must be equal. If in addition to
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e e e R et et Ml )

€ij 2 A

meaning that the triangle does not have to be equilateral, therefore it is possible to

have an orbit which is not Lagrangian at all.

It is important to note that, the bodies of a rotopulsating elliptic-elliptic relative

equilibrium have a continuous movement among the Clifford tori of a given foliation

of S? which is different from the standard elliptic-elliptic relative equilibria, in which

each body rotates on a fixed Clifford torus. In order to understand how this transition

happens for the rotopulsating elliptic-elliptic Lagrangian orbit presented in (4.4), it

is important to note that

7,2 +,02 — 1
)
réi + 2ré = 0
pB+2p3 =0
F=r(l—r?)(a? -5 - &5
. . . 52
| A=p(1=p*)(&* = 5?) — £

. rr
AN

4

Q="
B=46
rT=u
j= -2
| 6= 4

(4.5)

(4.6)

(4.8)
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m:i=1m; =My = M3 (4.9)
C1 Co
=—, 0 4.10
7= 5 - (4.10)
r=1u
(4.11)
i = 2 (1—r%)2—(c2+u?)rt
r3(1—r2)

r=1u
22, ,2).4 2.2 .2 (4'12)
0 = (cf—c3+u?)rt—2cir?+ct
r3(1—r2)
. C1 ; Co
= = 4.13
CT 3 p 3m(1—1r2) (4.13)
therefore the equation representing r turns into

9m?2 r3 1 — 72

The change of the angular velocities & and B against r is presented using the equations
in (4.13): when r approaches 0, |&/ is large, while |3| is small, and the other way
around when 7 is close to 1. The statement ¢ and /3 are in line with equation (3.65).
Here a qualitative description equivalent with the first-order system will be presented

for equation (4.14)

r=u,

(4.15)
c2(1-r2) . r(9m2u?+c2)
9m?r3 Im2(1—r?) °

U =
The point of initiation is to search for fixed points, which means that » = u = 0,

which leads to:

2 2\.4 2.2 | 2
(] —c3)r® —2cir® +¢f =0.

There are a maximum of two fixed points r = , /Clcjcz and ro = L for ¢y # co,

c1tca’?
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with only one point between 0 and 1, while for ¢; = ¢, there is a single fixed point,

which is named o = 1/ V2

Remark 16. The energy relation (3.68) turns into

B =

3mi? n 1 [a L 3 n 4m?
2(1—r2)  18m?2|rt (1 —1r?)?

c1

it which means

Remark 17. Tt is important to note that, when & = 3, then 2 =

that if r exists, it must be constant, so

As a result of these facts, the orbit turns into a standard (not a rotopulsating) relative
equilibrium. It is also important to note that the third equation in (4.14) meets the
requirements at the same time and the integrals (3.68), (3.69), (3.70), (3.71), and

(3.72) are constant, as expected.

4.3 Rotopulsating negative elliptic Lagrangian or-
bits

In this section, a class of specific examples will be provided for negative elliptic
rotopulsators of the curved 3-body problem, which are called Lagrangian orbits in
H3. These systems have a rotation against the wx-plane, with no rotations against

the other base planes. m; = my = m3 =: m, and a solution of type

qa=(q1,92,93), q = (w;,7;,y;,2), i=1,2,3, (4.16)

wy = r(t)cosa(t), x1(t) =r(t)sina(t), y1 = y(t), z1(t) = 2(t),



66

wy = r(t) cos|a(t) + 27/3], x2(t) = r(t)sina(t) + 27/3],y2 = y(t), 2z2(t) = 2(¢),
wz = r(t) cos|a(t) + 4w /3], x3(t) = r(t)sin[a(t) + 47/3],y3 = y(t), 23(t) = z(t).

Then

3y? —322+1 . b

g =z = flog = —— 5, 4= 3m(z2 — 2 — 1)

and that the variables y and z meet the requirements of the equations

y - G(:U? Z? y? Z)y
(4.17)

'.Z: = G<y7 Z’ y? Z>Z7

where
R (LT ) atatt &
G —
(y,2,9,2) 2_y2_1 Im?(22 —y? — 1)
8m

V3(22 — 2 —1)2(322 — 32+ 1)2
The other equations are identically satisfied. From (4.17), it can be concluded that

1z = yZ, which means that
yZ — zy = k (constant).

But, from (3.92) it is clear that 3m(yz — zy) = ¢,,, furthermore k = ¢,,/3m. It is
important to note that the energy relation (3.87) turns into
3m[(yz —yz)* + 22 — 7] v? V3m?(3y? — 322 + 1)

-+ + 1 T — h7
2(22 —y2—1) 6m (2 —y? —1) (22 —y2 —1)2(322 — 3y2 + 1)2

meaning that G can be written as

B R e
3m \3(22—y2—1)2(322 — 32+ 1)z

G(y,2)
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Since
sin v + sin(a + 27/3) + sin(a + 47/3) = cos a + cos(a + 27/3) + cos(a + 47 /3) = 0,

according to (3.88), (3.89), (3.90), and (3.91) is it clear that ¢,y = ¢y, = Cyy = ¢4z = 0,
implying that the triangle does not have any rotation relative to the planes wy, wz, xy,
and zz. Having no rotation relative to the plane yz either, i.e. if ¢,, = 0, means k = 0.

As a result yZ — zy = 0, and the assumption that z never turns to zero, leads to a

2

4Y — 0. It is y(t) = y2(t), where v is a constant. If e = 1 — 42, is

conclusion that i
z

considered, the system (4.17) turns into

. [2h 2m(5 — 9¢e%2%)

= |— S z 4.18
3m  \/3(ez? —1)2(3e22 +1)2 (4.18)

It is important to note that since a point (w, z,y, z) on H? meets the requirements of
the equation w? +22+y?—22 = —1 and z > 1, it can be necessarily shown that ¢ > 1.
It is clear that there is a fixed point on the vector field in (4.3) as (z,2) = (0,0), but
it is outside the domain z > 1. In case of having any other points, they need to be of

the form (z,0), where the positive values of z are given by the roots of the polynomial

Q(z) = 27(h* — 9Im")e*2® — 18(h* — 15m*)e*2* — 8h*ez® — h* — THm’.

Using Descartes’s rule of signs and taking in mind that the two cases: (i) |h| < v/15m?,
when @ has no positive roots at all; (ii) |h| > V15m?, when @ has exactly one positive
root, are not the same. Using case (i) results in having no fixed points for equation
(4.3). Using case (ii) turn into having one fixed point because the unique positive

root, 2o := 29(m, h, €), is also larger than 1. In order to present this fact, let & = ez
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An association can be made in this way to ) the polynomial

Q&) = 27(h* — Im™*)E* — 18(h* — 15m*)€* — 8h*¢E — h? — T5m*.

Because € > 1, in order to prove that zy > 1 it is satisfactory to present that &, :=
€z9 > 1. While moving in this direction it is important to note that Q(1) = —48m?* <
0. Since limg 4o Q(€) = +00, Q has a single positive root that is also larger than
1. It is now possible to prove the following result and prove that having suitable
conditions, there exist rotopulsating negative elliptic Lagrangian orbits that are not

relative equilibria

Proposition 1. In the curved 3-body problem in H?, with having masses m; = my =
mg =: m > 0, for admissible initial conditions the bodies form a negative elliptic ro-
topulsating Lagrangian orbit. In addition to this, on energy levels there are negative
elliptic rotopulsating Lagrangian orbits that meet the requirements of the inequality
|h| > V/15m?, these tend to (eject from) a negative elliptic Lagrangian relative equi-

librium that is a fized point for equation (4.18).

Proof. The above remarks and standard existence and uniqueness result for the theory
of ordinary differential equations are in line with the general existence of negative
elliptic rotopulsating Lagrangian orbits. If z5 > 1 represents the fixed point of (4.3),

then the related eigenvalues A;  are written using

2h
A— %+S(20,m,6) :0,

where S(zg, m, €) is a finite number. Therefore, considering that h is large enough, one
eigenvalue is positive and the other is negative, so there is a stable and an unstable

manifold for the fixed point. This remark completes the proof. O
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4.4 Rotopulsating negative hyperbolic Eulerian or-
bits

To check the existence of solutions of the form

q-= (q17q27q3)7 q; = (wiaxbyiazi)? 1= 172737 (419)

w; =0, x1=0, y; =sinhf(t), 2z = coshp(t),
wy = w(t), x1=x(t), y1 =n(t)sinhp(t), 2z =n(t)cosh5(t),
wy = —w(t), z1=—x(t), yr=n(t)sinh5(t), 21 =n(t)coshB(t),
with w? + 22 — n? = —1, we compute that:

a

Vio = = 2+ 2% :—2 2 2 ‘:
12 = V13 (w 33')7 Va3 (w +$>7 B m(2w2+2x2+3)’

and the equations of motion turns the system into

W= J(w,z,w, )w
(4.20)

&= J(w,z,w, 1),
where

. m(w? + 22)2 m
J(w,x,w,x) = 3 1 3
(w2+a22—-1)2  (2w?+222+1)2(2w? + 222 —1)2

(wi — zw)? + w? + i? a*(w? + 2% + 1)
w2+ 22+ 1 m2(2w? + 222 + 3)?
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The other equations are identically satisfied. It is important to note that the energy

integral (3.101) turns into

m([(wi — zw)? + w? + 7] a?
w2+ 2241 2m(2w? + 222 + 3)
2m2(w? + 1)z B 2m?(w? + z?%) _a
(w2422 —1)2 (2w +222+1)2 (20w +222 1)z

meaning that J can be presented as

J(w, z) h m[2(w? + 2%)(2w? + 222 — 1) + 1]
w,xr) = —
mo (2u? + 222 4+ 1)2 (2w? + 222 — 1)2

m(w? 4 22)2 (2w? + 222 — 3) a?
(w2 + 22 — 1)3 2m2(2w? + 222 4 3)2

The conclusion from (4.20) is that Wa = wi, which means

wi — wx = k (constant).

From (3.102) it can be shown that 2m(wi — Wx) = cu,, it follows that k = .

From (3.103), (3.104), (3.105), and (3.106) it follows that c,, = cy: = ¢4y = ¢z = 0,
therefore the orbit does not have any rotation against the planes wy, wz, zy, and zz.
When there is no rotation against the plane wx either, i.e. if ¢,, = 0, then &k = 0, so
w —wr = 0, and it is assumed that x never turns to zero, it can be concluded that
d

2L — 0, so w(t) = Ex(t), where { is a constant. Assuming ¢ = £+ 1 > 1, system

(4.20) turns into

£+ m[4¢?z* — 2¢2% + 1] B m(Cz?)2 (2(x? — 3) B a’
mo (2022 4 1)z (222 —1)2 (Ca2—1)3 2m2(2Ca2 + 3)2

z. (4.21)
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Standard existence and uniqueness results prove the existence of the rotopulsating

orbits.

4.5 Rotopulsating negative elliptic-hyperbolic Eu-
lerian orbits

Consider candidates for negative elliptic-hyperbolic rotopulsating Eulerian solutions

with equal masses, presented by

q = (a1, %,4q3), A = (wi, T3, 4, %), i=1,2,3, (4.22)
wi =0, 21 =0, y = sinh B(t), z(t) = cosh B(t),
wa =r(t)cosa(t), za =r(t)sina(t), y2 =n(t)sinh B(t), 22(t) =n(t) cosh 5(t),
wy = —r(t) cosalt), a3 = —r(t)sinal(t), ys = n(t)sinh B(t), 23 = n(t) cosh B(t),

Then the variables relevant to Criterion 5 turn into

mi; = Mo = Mgz =:M, M:3m, &1:a2:a3:b1:b2:b320,

T1:O7 ro =7, T3=-—T, 771:17 n2:773:77:(1+r2)1/27

012 =091 =13 =031 = —(1 + 7“2)1/2, o3 = O30 = —2r° — 1,

PR I I

2mr?’

da

3T 27 with d;,d, constants. (4.23)

In system (3.108), the equation representing #; is an identity, while the equations

representing 7, and 73 are identical, as written in
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.2 2
L N2 42 rit o m(5+4r%)
F=r(l+r7)(a" - 8%+ L+r2  4r2(1+r2)1/2

As a result, the problem becomes as simple as having and understandable system

T (4.24)

. 2 a d3 rp? m(5+4r?)
P = T(l +r ) 4Am2r4 m2(3+27.2)2 + 1472 4T2(1+T2)1/2 .

It is important to note that if d; = 0, i.e. when the orbit has no rotation against the
wz-plane, then & = 0, which is in line with (3.131) meaning that f is constant. Then
(4.23) means that r is constant, in agreement with Theorem 8 in [1], which works on
the problem in H2. In other words, the only rotopulsating solutions similar to this
are the standard elliptic hyperbolic Eulerian relative equilibria. Now it is possible to
prove the following result. Notice that for the sake of simplicity and by preserving

the generality, m is taken equal to 1.

Proposition 2. There is at least one elliptic-hyperbolic Eulerian relative equilibrium
for every m =1, dy,dy # 0, with |dy| < |da| in the curved 3-body problem in H3, that

eject the rotopulsating elliptic-hyperbolic Fulerian orbits eject.

Proof. In order to prove the result presented above, one needs to show that system
(4.24) has at least one fixed point with at least one real positive eigenvalue or one
with positive real part. In order to illustrate this fact, it is important to note that the

vector field of system (4.24) disappears if p = 0 and for those values of r for which

(14 r2)32[4(d? — d2)r* + 12d20% +9d3) = r(5 + 4r%)(3 + 2r?)2,

For any dy,ds # 0, with |d;| < |d3|, and 7 > 0, the left hand side function will finally

decrease, while the right hand side is always increasing. As a result, the equation has
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at least one positive solution, ry, which depends on d; and ds, therefore system (4.24)
has at least one fixed point of the form (p,7) = (0,7ry). The two eigenvalues of the

fixed point are

To 1 rd
—t [ ————- +4
2(1—}-7‘%) 2\/(1+T%)2+ g<TO>7
where ¢ is the derivative with respect to r of the right hand side in the second equation

of (4.24). Independent of the value of g(rg), at least one eigenvalue is real positive or

has positive real part. This remark completes the proof.
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