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ABSTRACT

Switched systems, as a superior modeling tool, are generally composed of a finite

number of subsystems and a logical principle interpreted by switching signals that

regulate the mode transitions between subsystems. Throughout the past few decades,

switched systems have achieved phenomenal success in a wide range of engineering

industries, such as the chemical process industry, robotics field, power electronics

industry, generic engineering, smart automotive industry, waste treatment industry,

etc. In addition to the prevalent industrial applications, switching dynamics has also

stimulated broad interest in academia since the transient responses induced by mode

transitions may introduce instability factors into the control synthesis and analysis

even with all subsystems operating stably.

Considering the exposure to the challenging and volatile industry environment,

switching control systems may also face threats to numerous inevitable failures, e.g.,

asynchronous switching, unconstrained switching, and controller failures, and many

switched systems may also encounter physical limitations owing to spatial and sys-

tem constraints as well as external disturbances. To this end, majority of previous

studies have concentrated on switching control design against an individual fault,

but few results are devoted to investigating the attenuation of the combined effect

of multiple faults which happen simultaneously while fulfilling system constraints.

Switched model predictive control (MPC), as an optimal control methodology of

switched systems, can effectively incorporate system constraints into the optimiza-

tion problem while providing optimal control actions with a certain degree of inherent

robustness. However, how to ensure the closed-loop stability and recursive feasibility

of the switched MPC algorithm is still an open problem nowadays. Therefore, to

achieve the goal of reliable and executable switching controller design, this disserta-

tion studies three problems in switched MPC and one switching stabilization control

problem for a class of constrained switched systems from a theoretical context. Ef-

fective switched MPC algorithms are designed with guaranteed closed-loop stability

and recursive feasibility. Additionally, a novel robust stability criterion for switched

systems is explored subject to the aforementioned faults.

In Chapter 1, we present a comprehensive literature review of state-of-the-art

switching control techniques, fault-tolerant switching control design, and switched

MPC synthesis and analysis as well as the motivations and objectives of this dis-

sertation. Chapter 2 provides some notations and preliminaries which are useful in
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succeeding chapters. In Chapter 3, we study the switched MPC problem without

using terminal constraints. With the prescribed switching sequences information, a

sufficient condition on the prediction horizon that guarantees the closed-loop stability

and feasibility of the switched MPC design is proposed based on reasonable assump-

tions. In addition, the length of the prediction horizon is quantitatively determined

based on the estimated suboptimal parameters.

Chapter 4 concerns the asynchronously switched MPC problem with mode-dependent

dwell-time (MDT) constraints. In the light of the proposed strategy, the lower bound

of MDTs that ensures the persistent feasibility of the switched MPC in the presence

of asynchronous switching is determined by letting the evolved reachable set be in-

cluded in a target feasible region. Then, a common terminal set is designed and a

superior stability property with respect to this terminal set is found. Two stability

criteria are claimed by driving state trajectories into the devised terminal set.

In Chapter 5, the stabilization problem for a class of constrained switched linear

systems is investigated subject to multiple faults. To mitigate the negative effect of

multiple faults while fulfilling system constraints, a contractive set for initial states

is established with MDT restriction and a non-conservative uniformly asymptotic

stability condition is developed regarding the contractive set. Then, the necessary

and sufficient stability condition is further extended to perturbed switched systems.

In Chapter 6, we investigate the robust MPC (RMPC) for asynchronously switched

linear systems in the presence of joint effects of controller failures and additive dis-

turbances. In order to eliminate the adverse impact of external disturbances, the

tube-based MPC technique is employed so as to let the nominal switched systems

satisfy the tightened mode-dependent constraints. Inspired by Chapter 5, a fault-

tolerant MDT contractive set is constructed serving as the common terminal set for

all modes. The closed-loop stability is guaranteed by forcing the state trajectories

into this target set.

Chapter 7 concludes this dissertation and provides some promising future research

directions.
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Chapter 1

Introduction

In this chapter, the introductory information of switched systems and stability ana-

lyzing tools with respect to switched systems is first depicted. Then, typical faults

of switched systems, i.e., asynchronous switching, unconstrained switching, and con-

troller failures, are introduced and the stabilization techniques in dealing with each

individual fault are presented with the detailed literature review. Thereafter, the

preliminary knowledge of model predictive control (MPC), robust MPC (RMPC),

and switched MPC is given, followed by a comprehensive review regarding the recent

development of switched MPC. Finally, the research motivations and contributions

are presented for each completed work.

1.1 Switched Systems

1.1.1 Overview

With the rapid development of advanced information technologies including wire-

less information transmission and information processing techniques, complex sys-

tem dynamics may encounter the coupling between continuous processes and isolated

events [2]. Typical examples of such kind of systems are ubiquitous exist in control

engineering, such as chemical process control systems [3], complex network control

systems [4], intelligent transportation systems [5], and so on. In order to achieve bet-

ter overall performance, employing a single continuous-time system or a discrete-time

system to depict such completed and diverse system behavior is no longer appropri-

ate. To this end, the concept of hybrid systems which refers to a dynamic system

demonstrating the interaction and coexistence of discrete-time systems and continu-
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ous system is proposed in [6]. Serving as a powerful modeling tool, hybrid systems

have received enormous research attention in academia since the transitions between

different natures of the system over time may lead to challenging theoretical prob-

lems. Many important works have demonstrated their efforts in studying hybrid

systems from control synthesis [7, 8] and analyses [9]. However, in a certain amount

of instances, the continuous process is the main interest of their study rather than

the detailed behavior of the hybrid dynamics which motivates the investigation of

switched systems [1].

As an imperative class of hybrid systems, switched systems arise when a continuous-

time system isolated by several discrete events [2]. Specifically, switched systems

usually consist of a group of subsystems or modes orchestrated by control decisions,

e.g., switching signals [1]. Figure 1.1 displays a commonly adopted switching archi-

tecture [1]. The control decisions, e.g., switching signals, will be transmitted from the

plant side to the mode-dependent controller side. Then, the corresponding controller

will generate the control actions for the activated subsystem. Compared with hy-

brid systems, such a hierarchical architecture of switching dynamics naturally brings

autonomy and adaptability since the control decisions can be appropriately designed

depending on the system states, time scales, fuzzy policies, etc. Moreover, as a promi-

nent modeling tool, switching dynamics also provide a feasible framework to achieve

tailored controller design for each subsystem.

Controller 2Controller 1 … Controller n

Subsystem 1 Subsystem 2 Subsystem n…

Switching law

Switching signals
Control input

Exogenous 
disturbances

Figure 1.1: The schematic diagram of a switched system in the closed-loop [1].

In a broad spectrum of engineering fields, the application of switched systems

has achieved great success over the past decades. In [10], switched systems are em-

ployed to model the process of a chemical reactor recycle system with Takagi-Sugeno
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(T-S) fuzzy approach. By using the state-feedback controller, the closed-loop expo-

nential stability is guaranteed. In [11], switching dynamics are serving as a “medical

weapon” to conduct genetic therapy for mice with diabetes and the next generation

of cell-based therapies has achieved positive protein expression. Switching dynam-

ics also play an instrumental role in designing the powertrain system of a fuel-cell

vehicle [12]. The optimal configurations to attain fuel efficiency heavily depend on

the switching law between each powertrain subsystem, e.g., fuel-cell power systems

or battery power systems. For unmanned combat air vehicles, in [13], the aircraft

dynamics are decomposed into a set of simplified predefined maneuvers. Thus, the

complexity of the control design process for the overall maneuver of air vehicles can

be reduced to a great extent while presenting better control performance. In [14],

the dynamic process of social network links changing with time is also modeled as a

switched system and the internal characteristic of the switching topologies is explored

therein. Figure 1.2 displays a practical illustration of the above-mentioned applica-

tions of the switched systems. All these real-world applications actively motivate the

academic research on switched systems.

Social network links changing with time

Fig. 1 Expression of cell surface and secreted IgD and IgM, as well as Iμ-Cδ transcripts by alternative splicing, alternative transcription termination
and CSR. a Alternative splicing and alternative transcription termination underpin the expression of germline Iμ-Cμ and Iμ-Cδ transcripts, as well as
membrane and secreted IgM and IgD in B cells. Expression of IgD stems from either Zfp318-dependent alternative mRNA splicing or Sμ–σδ CSR. In the
presence of Zfp318, which represses the transcription termination sites (TTS) of the Cμ gene, mature B cells constitutively transcribe long primary VHDJH-
Cμ-Cδs–m transcripts initiated by the VH promoter. These long primary transcripts undergo alternative splicing which removes intronic regions, leading to
dual expression of mature VHDJH-Cμs and VHDJH-Cδm transcripts encoding IgM and IgD. In the absence of Zfp318, transcription stops at Cμ TTS, resulting
in a shorter primary transcript, which does not contain Cδ exons, and leads to expression of a mature VHDJH-Cμ−s–m transcript only. Mature B cells also
transcribe Iμ, Cμ, and Cδ regions under control of the Iμ promoter. When Zfp318 is expressed, unswitched mature B cells constitutively transcribe long
primary Iμ-Cμ−s−m-Cδ–s−m transcripts, which undergo alternative splicing to removes intronic regions, leading to dual expression of germline Iμ-Cμ and
Iμ-Cδ transcripts. In the absence of Zfp318, Iμ promoter-initiated transcription stops at Cμ TTS, and only germline Iμ-Cμ transcripts are expressed. b
Expression of Iμ-Cδ transcripts, and membrane and secreted IgD by CSR. Schematic representation of CSR from IgM to IgD. The Sμ region recombines with
the σδ region and loops out the intervening DNA, which forms a switch circle. The recombined DNA is transcribed leading to expression of VHDJH-Cδ−s–m
and Iμ-Cδ transcripts, initiated by the VH and Iμ promoters, respectively—in this case, Iμ-Cδ transcripts are generated as post-recombination transcripts.
Graphics depict portion of the IgH locus and the resulting primary and mature transcripts. Inset depicts the detection of Sμ–σδ junctional DNA (CSR to IgD)
by nested PCR amplification followed by Southern-blotting using specific Sμ and σδ probes (Southern-blotting of amplified recombined Sμ–σδ DNA from
human naïve and germinal center B cells). The amplified Sμ–σδ DNA is sequenced for further analysis of the junctional sequence as well as identification
and census of mutations. iEμ, IgH intronic enhancer; Iμ, intervening μ exon; μm, exon encoding the transmembrane region of IgM; δm, exon encoding the
secretory piece of IgM; σδ, noncanonical switch-like region 5′ to Cδ; δs, exon encoding the secretory region of IgD; Cδm, exon encoding the
transmembrane region of IgD. Dotted gray lines show splicing of primary transcripts to yield secreted and transmembrane forms of IgM and IgD.
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 controllers [20] offer robustness to a wide class of uncertain-
ties, and the controllers can be integrated with a dynamic 
compensator to overcome the NMP effect (to a certain 
degree) on nonlinear aircraft control [27]. 

In addition to the theoretical developments and simula-
tion studies, a substantial amount of experimental work 
has been conducted on the planning and control of agile 
aircraft. For instance, fast transitions have been demon-
strated between hovering and level-flight positions for a 
fixed wing micro-aircraft flying indoors [28]. A control law 
has been designed for a specific aerobotic maneuver in 
which the control system fused a prior pilot-executed feed-
forward commands with trajectory tracking feedback con-
troller [29]. This controller was successfully demonstrated 
for a specific aerobatic trajectory by using an outside flying 
microhelicopter. Recently, machine learning techniques 
have been applied for the autonomous control of specific 
aerobatics maneuvers such as inverted flight [30]. This 
technique was also successfully demonstrated for a series 
of specific maneuvers and trajectories on a microhelicopter 
flying outdoors. 

In this article, the treatment of agile flight hinges on 
the development of a multimodal flight control frame-
work. The basic idea of the framework is to develop a 
family of parameterized maneuver sets that can be used to 
decompose an arbitrary flight path. This idea is inspired 
by maneuver sequences explained in aerobatics instruc-
tion books [31], [32], [33] and strategic maneuvers executed 
by fighter pilots [34]. These references indicate that most 
of the combat maneuvers are flown by combining 
sequences of elementary modes. This approach also sim-
plifies the maneuver execution process. An aerobatic 
flight example which utilizes this sequencing process is 
illustrated in Figure 1. 

The main advantage of this approach is the ability to 
treat the control and planning problems separately for each 
submaneuver. This separation results in a considerable 
complexity reduction during the design process. In the 
subsequent sections, we first present the modeling of agile 
maneuvers by using a set of maneuver modes and associ-
ated modal inputs that span the flight envelope of the air-
craft. Later, a family of nonlinear feedback controllers is 

FIGURE 1 A maneuver sequence executed for an aerobatics competition. 1) The sequence starts with a split-S, a popular aerobatics 
maneuver, where the aircraft is inverted to enter the loop with head inside. 2) The sequence continues with a hammerhead, in which the 
aircraft climbs with 90° pitch angle relative to the ground and yaws to right at the top of the climb to change the direction of !ight to a 
rapid descent. 3) The sequence ends with the aircraft back in level !ight in a knife edge position, where the aircraft is completely banked 
to the left. Although the overall sequence is complex, it is seen that it can be decomposed into smaller segments.

Fuel-cell vehicles

Stirred tank reactors Genetic Engineering

An aerobatics competition

Figure 1.2: Practical illustrations of the switched systems.

In order to have a comprehensive literature review of control synthesis and analysis

for switched systems, we first introduce the general classifications of switched systems.

Based on the switching events, switched systems can be categorized as:
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• Time-dependent switched systems in which the active subsystem depend on the

switching signals over time;

• State-dependent switched systems where the resulting operating mode depends

on the family of switching surfaces [2].

From the perspective of the nature of system behaviors, switched systems can also

be classified as:

• Deterministic switched systems if the switching rule and the dynamics of each

mode are known with certainty;

• Stochastic switched systems where the enabled subsystems are determined by

the probabilities of a stochastic process.

Figure 1.3 summarizes the classifications of switched systems. Among all these cate-

gories, in this dissertation, we mainly concentrate on studying deterministic switching

dynamics since it can effectively capture the abrupt changing of system behaviors over

time or partitions of space without unpredictable mode transition uncertainties. In

the following section, a thorough literature review is given to present state-of-the-art

research regarding the control design of switched systems.

Switched
systems

Switching
events

Nature of system
behaviors

Time-dependent
switched systems

State-dependent
switched systems

Deterministic
switched systems

Stochastic
switched systems

Figure 1.3: Classifications of switched systems.

1.1.2 Literature review

The stabilization problem of switched systems is still a vibrant research topic now

a day since the switched systems may encounter the instability issue even if all the
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subsystems are stable. A comprehensive literature review with respect to the stabi-

lization problem of switched systems is given from three aspects:

Stability with arbitrary switching

In [15], a common Lynapunov function method is proposed for a class of switched lin-

ear systems under all subsystems to be stable with identical dimensions in Euclidean

space. However, for switched systems with more than two subsystems, the sufficient

condition to acquire a common Lyapunov function is every two subsystems must

share a Lyapunov function. In [16], the existence of a common Lyapunov function is

guaranteed by another conservative condition that the system matrices are required

to satisfy the commutative law. Some research interests are focused on using Lie

Algebraic conditions to construct common Lyapunov functions whereas solving the

Lie algebras naturally brings the difficulties [17]. Later in [18], a gradient iteration

algorithm is presented so as to obtain a quadratic common Lyapunov function for

the switched systems with multiple stable modes. Nonetheless, for the majority of

switched systems, a common Lyapunov function may not exist which makes this

approach appear to be conservative.

In order to reduce conservatism, constructing switched Lyapunov functions are an

alternative way for the stability study of switched systems. In [19], a switched Lya-

punov function is established by considering the linear combination of all individual

Lyapunov functions for each mode. The resulting system is proved to be asymptotic

stable. However, for nonlinear switched systems, the quadratic form Lyapunov func-

tion might be challenging to construct. Thus, in [20], the converse Lyapunov theorem

is presented which ensures the infinitesimal increasing rate of the Lyapunov function.

Stability with local constraints of Lyapunov functions

Although the aforementioned approaches can ensure the closed-loop stability of switched

systems with arbitrary switching features, the decay rate design of the global Lya-

punov function might be conservative for the local Lyapunov function of each individ-

ual subsystem. With this concern, a multiple Lyapunov function method is proposed

in [21]. This criterion requires that the value of each subsystem’s Lyapunov function

is non-increasing in any adjacent switching instant for an identical subsystem in the

closed-loop. Additionally, for each subsystem in the closed-loop, the value of the

mode-dependent Lyapunov function requires decreasing. In [22], the non-increasing
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condition of the multiple Lyapunov function in [21] is relaxed and the resulting system

is asymptotic stable with the generalized condition. Later in [23], a modified multi-

ple discontinuous Lyapunov function is employed to tackle the stabilization problem

for switched systems with slow switching characteristics. The presented stability

condition is accommodated to switched systems with unstable modes. In [24], the

switching control problem with white noise is converted to a stochastic switching

problem. With the assistance of multiple Lyapunov functions, the closed-loop sys-

tem is demonstrated to be globally uniformly asymptotically stable. For nonlinear

switched systems, in [25], the integral-type multiple Lyapunov function is also demon-

strated to be effective to confront the stabilization issue by designing the feedback

controllers with more stringent restrictions.

Except for the above-mentioned representative works, some other important works

concentrate on developing less conservative stability analyzing tools. In [26, 27], a

stability condition based on multiple weak Lyapunov functions is developed. In con-

trast with the multiple Lyapunov function approach, the monotonically decreasing

requirement of mode-dependent Lyapunov function for a certain subsystem in the

closed-loop is relaxed. Nevertheless, it demands, at the next activation switching

instant of the identical subsystem, the value of the Lyapunov function is supposed

to be less than the value at the time instant when this mode is lastly enabled. For

easy understanding, Figure 1.4 illustrates three examples to indicate the basic ideas

of stability strategies with local constraints of Lyapunov functions. It is observed

that the value of Lyapunov functions V or mode-dependent Lyapunov functions Vq

satisfy the corresponding stability criteria.

Stability with scheduling of switching signals

In addition to the stability strategies of state sensitive switched systems, many switch-

ing dynamics with slow switching features may allow the appropriately designed

switching sequences under residence time restrictions to attenuate the transient effects

of switchings. To this end, the concept of dwell time (DT) which refers to the amount

of time that the subsystem resides in each activated mode is introduced to address

the switching control problem [2]. In [28], the DT constraint is initially employed

to stabilize the time-dependent switched systems. The DT-based approach claims

that, for each subsystem in the closed-loop, the value of the Lyapunov function is

monotonically decreasing whereas, at any switching instants, the incremental value



7

Common Lyapunov
function

Multiple Lyapunov
functions

Multiple weak
Lyapunov functions

V

! = 1 ! = 2 ! = 2! = 1
%

Examples:

! = 1 ! = 2 ! = 2! = 1
%

! = 1 ! = 2

&! &!

! = 1 ! = 2 ! = 2! = 1
%

! = 1 ! = 2

Figure 1.4: Three examples to respectively illustrate the basic ideas of stability strate-
gies with local constraints of Lyapunov functions where mode q ∈ Q := {1, 2} and σ
denotes the switching signals.

of the Lyapunov function is bounded. The main purpose to design a sufficient length

of DT is to mitigate the negative effect of the switching-induced increasing value of

the Lyapunov function. Then in [29], the Lyapunov-Metzler inequality is employed

for seeking the minimum DT in order to attain the asymptotic stability of switched

closed-loop systems. In [30], the stabilization problem of switched systems with para-

metric uncertainties is considered. By setting the DT constraint, the time-varying

state-feedback gains are obtained such that the convergence of state trajectories is

ensured. Some interesting results are also presented to study the closed-loop stability

of Markov jump systems subject to DT constraints [31–33].

Afterward in [34], a more general average dwell time (ADT) approach is proposed

by assigning the upper bound of switching times during a finite interval. The expo-

nential stability is guaranteed as long as the ADT is sufficiently long. Inspired by [34],

in [35], the stability result based on the ADT condition has been extended to switched

positive systems in which the system state always stays in the positive orthant. The

developed results are accommodated with both continuous-time and discrete-time

switching dynamics. To facilitate the controller design, in [36], the switched system

model reduction problem is studied with ADT constraints. The exponential stability

of the resulting error system is successfully guaranteed. From the noise attenuation

aspect, the H∞ filtering problem for two-dimensional switched systems with ADT re-

striction is explored in [37] and the resulting filtering error converges at an exponential

speed.

Considering the specific ADT constraint for each mode, a more applicable mode-
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dependent average dwell time (MDADT) technique of stabilizing switched systems

is developed in [38]. The simulation results verify that the system performance of

switched systems can be improved to some extent with a more flexible MDADT re-

striction compared with directly applying ADT constraints. In [39], by constructing a

quasi-time-dependent Lyapunov function with detailed increment value requirement

of either closed-loop system within subsystems or at switching instants, the global

uniform asymptotic stability is ensured for switched linear systems. Moreover, con-

traction analysis of switched systems is conducted via MDADT constraints in [40].

Necessary and sufficient stability conditions are presented so as to guarantee the ex-

ponential stability of switched systems with the designed controller. For the sake

of clarity, Figure 1.5 shows two examples to respectively illustrate the basic ideas of

stability strategies with ADT and MDADT constraints.

Dwell-time
Methods

Average dwell-time
!!

""
! = 1 ! = 2 ! = 1 ! = 2 #

""

Mode-dependent
average dwell-time

!!

""#
! = 1 ! = 2 ! = 1 ! = 2 #

""$

Figure 1.5: Two examples to respectively illustrate the basic ideas of stability strate-
gies with ADT and MDADT constraints where τa is ADT and τa1 as well as τa2 are
MDADTs of mode 1 and mode 2, respectively.

1.2 Switched Systems with Typical Faults

In addition to the fundamental stability requirement of switching control, with the

rapidly growing demand for safety and reliability in engineering practice, resilient

and robust control synthesis is almost the prerequisite to meet this requirement. In

this section, several typical encountered faults, e.g., asynchronous switching, uncon-

strained switching, and controller failures, with respect to switching dynamics are

presented and then a detailed literature review is given to exhibit the state-of-the-art

control technique in dealing with these malfunctions, respectively.
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1.2.1 Asynchronous switching

Asynchronous switching which refers to the mismatch between the desired controller

and currently enabled subsystem is one of the common failures of switching systems

[41]. The main reason for this phenomenon is the generated switching signals cannot

be immediately detected by the mode-dependent controllers. Thereby, the lagged

controller of the last activated subsystem is still applied in the currently enabled

mode which may result in diverging of state trajectories. The asynchronous switching

phenomenon is intuitively demonstrated in Figure 1.6. In real-world applications,

asynchronous switching ubiquitously exists. In [42], a robot manipulator with load

shift is modeled as a switched system. The asynchronous switching happens when the

load change is not detectable in real time. A payload transport problem by employing

drones with electromagnetic grippers is studied in [43]. By taking the pick-up and

drop-off maneuvers as two subsystems, asynchronous switching may encounter when

the electromagnetic inference affects the transmission of switching signals.

! "
…

!$ !

…

Activated controllers
!

Enabled modes

"

!% !& !'

!$ !% !& !' !

: Asynchronous switching

Figure 1.6: Illustration of all asynchronous switching where Q = {1, 2} denotes the
set of admissible modes.

From theoretical perspective, many important results have been reported on study-

ing the switching control problem in the presence of asynchronous switching [41,44–

52]. For a constant length of asynchronous switching periods, the switching control

problem is initially explored in [47]. Both the online and offline state feedback gains

design methods which satisfy the asymptotic stability and exponential stability condi-

tions are presented, respectively. Then, the assumption of fixed length asynchronous

switching duration is relaxed in [46] by conducting a more precise estimation of the

overshoots regarding transition matrices.

With the assistance of ADT constraints, in [41], the asynchronous switching con-

trol problem for a class of switched linear systems is investigated. By providing proper
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increasing and decreasing rates of Lyapunov functions, the resulting system is glob-

ally uniformly exponentially stable with the maximal length of asynchronous switch-

ing. In [44], the asynchronous H∞ control technique is employed and this method

is proved to be effective in stabilizing switched systems under the joint effects of

asynchronous switching and external disturbances. In [45], the stabilization problem

for asynchronously switched systems with time delays in both states and the state

derivatives is studied. A sufficient exponential stability condition is derived with ADT

constraints and the linear matrix inequalities (LMIs) solvability condition for com-

puting feedback gains is also claimed. Subsequently, with less conservative MDADT

constraints, the asynchronous switching control problem for two-dimensional switched

systems is studied and H∞ controller design is discussed for noise attenuation [50].

Rather than enforing DT restrictions, in the light of a modified Lyapunov function

method, global asymptotic stability of asynchronously switched systems is ensured

and the detrimental impact of exogenous disturbances is eliminated with the designed

non-weighted l2 gains [49]. In [48], the control issue of switched systems under asyn-

chronous denial-of-service (DoS) attacks is converted to the stabilization problem of

asynchronously switched systems. In order to mitigate the adverse effect of asyn-

chronous switching, the authors devise an active strategy based on predictor and

buffer mechanisms to compensate for the unreceived data such that the estimation

error between practical states and real states is bounded. Other research interests are

concentrating on developing control strategies for stochastic switched systems with

asynchronous switching [51,52].

1.2.2 Unconstrained switching

Apart from asynchronous switching issues, intermittent unconstrained mode transi-

tions, i.e., unconstrained switching, may also pose threat to the reliability of switched

systems. The terminology unconstrained switching is used to describe the situation

that the switching signals may intermittently disordered switch to other admissi-

ble modes without obeying the prescribed DT constraint. Figure 1.7 demonstrates

the disordering switching signals compared with the residence period which satis-

fies the DT constraint. Note that many engineering control systems may encounter

unconstrained switching issues. In [53], a tunnel diode circuit system is modeled

as a switched system. The disordered fast switching between two parallel resistors

with different values can cause the unconstrained switching issue which may result in
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diode failure due to the rapidly changing current levels. Another practical example

of switching dynamics with disordered switching appears in [54]. To regulate the

output voltage at a desired level, the rapid switching scheme of a physical switch of a

pulse-width-modulation (PWM)-driven boost converter is adopted. Thereby, it may

lead to the problem of intermittent unconstrained switching.

! "
…

Enabled modes

!$ !% !& !' !

: Unconstrained switching

…

!" !
#! #!

Figure 1.7: Illustration of unconstrained switching where Q = {1, 2} denotes the set
of all admissible modes and τa is the lower bound of DT.

In order to eliminate the negative effect of unconstrained switching, many works

are dedicated to studying the switching control problem from the theoretical per-

spective [55–58]. In [55], the concept of persistent dwell time (PDT) is introduced

to deal with the switching dynamics with intermittently disordered switching. The

switched system which satisfies the PDT constraint requires that the length of un-

constrained switching interval cannot exceed a certain threshold. With the PDT

constraint, uniform exponential stability is achieved of the switched closed-loop sys-

tem. Thereafter in [56], adaptive output feedback controller design regarding switched

nonlinear systems with PDT constraints is conducted. The output feedback stabi-

lization problem is tackled by establishing the error dynamics for the observed state

trajectory and real system states and the convergence of the resulting error system is

obtained. For the perturbed switched linear systems, a quasi-time varying stabilizing

controller is devised and a robust positive invariant (RPI) set is constructed with

the mode-dependent persistent dwell time (MDPDT) constraint [57]. Furthermore,

the asymptotic stability of the resulting system is guaranteed by letting the state

trajectories converge into the RPI set. Later in [58], a generalized non-conservative

stability criterion is proposed by precisely characterizing PDT constraints. Remov-

ing the inadmissible or redundant switching sequences is the main advantage of the

control scheme therein.

Several critical results are focusing on discussing the filter design problem of

switched systems for noise attenuation purposes. In [59], the H∞ filtering prob-

lem is considered for disturbed switched systems in the presence of unconstrained
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switching. The global uniform asymptotic stability of the resulting filtering error sys-

tem is attained by adopting the quasi-time-dependent Lyapunov stability criterion.

The filtering problem is also explored in [54] by taking into consideration all possi-

ble truncated admissible switching (TAS) sequences with PDT constraints. Instead

of utilizing the quasi-time-dependent Lyapunov technique, the novel Lyapunov func-

tions in the light of the admissible switching sequences are established such that the

closed-loop global uniform asymptotic stability is achieved.

1.2.3 Controller failures

Another frequently encountered failure for switched systems is the occasional dis-

connection of controllers, i.e., controller failures. Specifically, during the period of

controller failures, the systems in the closed-loop will not receive any control inputs,

i.e., zero control input signal. Figure 1.8 provides an intuitive illustration of con-

troller failures. It is worth mentioning that many environmental factors may result

in controller failures, such as data transmission congestions, packet dropouts, and

unreliable communications [60]. Exposure to a complex environment, various engi-

neering control industries may face the potential threat of controller failures. In [61],

the control failures issue is investigated with respect to magnetic bearings. The hier-

archy distributed control structure is devised so that the adaptability is improved in

case of the happening of controller failures. A resilient distributed control scheme of a

power distribution system is proposed to mitigate the detrimental effect of centralized

controller failures caused by cyber attacks [62].
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…
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Figure 1.8: Illustration of controller failures where Q = {1, 2} denotes the set of all
admissible modes.

Switched systems, as a powerful modeling tool, are capable of depicting a control

system with controller failures by supplementing additional faulty modes. In [63], a
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linear time invariant (LTI) system with controller failures is modeled as a switched

system. By employing a piecewise Lyapunov function, the authors show that if the

duration of controller failures is upper bounded and ADT is sufficiently long, the

global exponential stability of the LTI system is attained. Thereafter, the switching

control problem under the joint effects of controller failures and time-varying delay

is explored in [64]. The stabilization problem is tackled by using the predefined

frequency of controller failures with the piecewise Lyapunov function method. In [65],

an LTI system in the presence of controller failures is further investigated in the light

of time-scheduled Lyapunov functions. A convex stability condition is claimed which

guarantees the Lyapunov function to be monotonically decreasing during both DT

and controller faulty portions.

Since the intermittent failure to receive the input signal may lead to state trajecto-

ries diverging, an alternative way to study the controller failure problem for switched

systems is to explore the stabilization problem for switching dynamics with unsta-

ble modes. In [66], the stability properties of switched linear systems with unstable

modes are examined by taking the advantage of ADT methods. As long as the ADT

constraint is satisfied, exponential stability is achieved with the bounded operation

time of unstable modes. The stabilization of switched linear systems with all modes

unstable is studied in [67] based on the discretized Lyapunov functions. An algorithm

is provided to determine the stability region of maximal and minimal DTs. In [68],

the theoretical results of discussing the stabilization problem for switched nonlin-

ear systems with unstable subsystems are presented. By appropriately scheduling

the switching sequences, the diverging of state trajectories caused by the unstable

mode in the closed-loop is effectively attenuated such that the global converging of

system states is ensured. Inspired by the aforementioned works, the stabilizing con-

troller design of two-dimensional switched systems with unstable modes is presented

in [69, 70]. The ADT approach and admissible switching sequences-based Lyapunov

function method are respectively utilized to conduct the control synthesis and analysis

so as to eliminate the activation of unstable modes-induced instability issues.

Table 1.1 summarizes the representative works on studying switching control prob-

lems with typical faults. It is observed that more research attentions are still in great

desire to explore switching nonlinear control design for fault tolerant control purposes.

Moreover, to realize reliable control of switched linear systems, less conservative sta-

bility criteria are still worth investing efforts to explore.
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Table 1.1: The representative works on studying switching control with typical faults.
Asynchronous switching Unconstrained switching Controller failures

Linear Nonlinear Linear Nonlinear Linear Nonlinear

ADT [41, 44,45] [63,66,69]

MDADT [50] MDPDT: [57]

DT [48] [65,67] [68]

PDT [54–56,58]

Lyapunov functions [46, 47,49,52] [51] [54,57–59] [63,64,67,70]

1.3 Model Predictive Control

MPC first presented in the late 1970s, such as dynamic matrix control (DMC) or

model algorithmic control (MAC), has witnessed great success over the past decades

in a broad spectrum of engineering fields [71], e.g., power electronics [72], robotics [73],

intelligent transportation systems [74], smart building operations [75], metallurgical

industries [76], and pollutant treatment industries [77]. The reason behind is MPC, as

an advanced and prominent optimal control methodology, provides a systematic way

to predict the future behaviors of system states and generate optimal control actions

based on prescribed performance index and system constraints [78]. Compared with

conventional control schemes, the primary advantage of MPC is that it can take the

system dynamics and constraints explicitly into consideration which essentially grants

the MPC the ability to forecast the future events and control commands by solving the

optimization control problem. Since the control implementation of MPC is conducted

with a receding horizon manner in which the finite horizon optimal control problem

is repeatedly solved at each sampling instant, MPC is also known as receding horizon

control (RHC).

State (

Control )

Predicted state
MPC input

# # + 1

Past information Predict future

Step3

Step2Step1

Reference trajectory
Measured state
Past input

# + , # + 1 # + 2

Step3

Step2Step1

# + , + 1#… …

Past information Predict future

Prediction horizon

Figure 1.9: The schematic diagram of MPC.
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To intuitively demonstrate the philosophy of MPC, in Figure 1.9, the schematic

diagram shows the trajectories of system states and the control input of a reference

path tracking problem with the MPC scheme. For standard MPC:

• In Step 1, at time instant t, the system state is measured by sensors or estimated

by observers. The past information of system states is the utilized in this step.

• In Step 2, a prediction horizon length control sequence is acquired by solving the

finite horizon optimal control problem in the light of the current measurement

of system states.

• In Step 3, according to the MPC law, only the first element of the optimal con-

trol sequence is implemented while the other elements are discarded. Thereby,

the feedback mechanism is introduced into this scheme in essence [79].

Then, at the next time instant t + 1, the optimization procedure from Step 1 to 3

will be conducted again based on the new measurement of state information. The

gap between the actual states and predicted states is essentially reduced through the

repetition process and it grants the inherent robustness of the MPC scheme to some

extent regarding multiplicative uncertainty and additive disturbances [79].

1.3.1 Classic MPC

Inspired by the wide range of applications, some early research works focus on study-

ing the stabilization issue which is an overriding requirement for the closed-loop sys-

tem with an MPC scheme [80–85]. In [80], the RHC scheme with an infinite prediction

horizon is proposed. As long as the prediction horizon is designed sufficiently long,

the closed-loop stability is ensured without constraint violation. However, prolonging

the prediction horizon will driectly increase the computational burden which leads

to a shift toward control solutions with the finite horizon. With a finite prediction

horizon, the equality terminal constraint is designed in [81] by forcing the terminal

state to reach the equilibrium point. Nonetheless, such a stringent constraint may

result in the optimal control problem being unsolvable since a fast convergence rate

of system states is required over a finite prediction horizon.

In [82], a dual-mode RHC scheme is presented by introducing the terminal region

or terminal constraint. When the terminal state enters the terminal region, a local

stabilizing state feedback law is activated. Therefore, the mechanism of switching
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between two control laws is named dual-mode RHC scheme. Motivated by [82], with

the terminal constraint, the authors in [83] propose a nonlinear MPC scheme by sup-

plementing a terminal cost to penalize the terminal states. Under the assumption

of initially solvable condition with respect to the optimal control problem, the re-

cursive feasibility which guarantees the optimal control problem to be continuously

solvable as well as closed-loop stability are ensured by constructing a candidate input

profile with the determined decremental lower bound of the terminal cost function.

In [84], the MPC problem is discussed in a practical way without considering the

terminal constraint. The authors show that if the terminal cost function is weighted

by a decent positive constant, the terminal constraint is redundant. In addition,

the asymptotic stability of the closed-loop system is also ensured by constructing

the domain of attraction. Later, the stability results in [84] have been extended to

continuous-time nonlinear system [85]. The lower bound of prediction horizon in each

sampling instant is devised such that the exponetial stability of the closed-loop sys-

tem is ensured without terminal constraints. All these aforementioned works lay the

theoretical foundation to investigate the following RMPC and switched MPC issues.

1.3.2 Robust MPC

Although the RHC scheme naturally possesses certain degree of inherent robustness,

it only has the capability to tolerant sufficiently small external disturbances [86]. An

example in [87] claims that MPC for linear system with convex constraints may pre-

serve robustness with relatively small disturbances. However, for nonlinear system

with both state and terminal constraints, the robustness of MPC scheme is never

retained even if in the presence of arbitrarily small disturbances. Based on the above

observations, in this section, we aim to present a thorough literature review to intro-

duce two classic RMPC techniques to handle the exogenous disturbances.

Min-max MPC

The idea of min-max strategy originates from the game theory [88]. Specifically,

the admissible control actions and time-varying disturbance vectors are regarded as

opposing players, i.e., the minimizing control input is obtained by considering the

worst case of external disturbances [88]. The min-max strategy is initially proposed in

[89] by recasting the minimax problem into a linear programming problem for a single-

input-single-output (SISO) system. Then, the min-max control strategy is further
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extended by considering the MPC problem with time-varying prediction horizons [90].

For the nonlinear MPC problem, the min-max control strategy is implemented with

an auxiliary H∞ control law and, under the proposed robust control law, the stability

margin is guaranteed [91]. A more general min-max MPC framework is presented

in [92] for a class of nonlinear systems. Input-to-state practical stability (ISpS) for

closed-loop system has been ensured by constructing the ISpS Lyapunov functions.

In [93], a sufficient stability condition which ensures input-to-state stability (ISS) of

the nonlinear closed-loop system is derived. A detailed summary of stability issues

and robustness of min-max MPC design for nonlinear systems is provided in [94].

Tube-based MPC

In spite of the fact that the min-max strategy can effectively tackle external dis-

turbances for both linear and nonlinear system dynamics, the computational load is

heavily demanding for the online implementation of such a control strategy. There-

fore, many research interests convert to finding an offline-based approach to deal

with the RMPC problem [95–100]. The tube-based technique is another alternative

way to eliminate the negative impact of additive disturbances. In particular, the

term tube provides an intuitive geometric description for the tightened admissible

constraint [88].

In [95], the MPC problem for linear systems subject to persistent bounded distur-

bances is studied. In order to retain the system constraints satisfaction, a sequence

of disturbance invariant sets {Zj} [96], j ∈ Z+, is employed to tighten the system

constraint iteratively, i.e., X 	 Zj and U 	KZj, where X as well as U respectively

denote the state constraint and input constraint and K is the state feedback gain and

	 represent the operation of Pontryagin set difference. Thus, the asymptotic stability

of the nominal system is ensured with xt ∈ Z∞, j → ∞. Then, in [97], instead of

computing the tightened constraint stepwise, the disturbance invariant set Z∞ is di-

rectly subtracted by original constraints, i.e., X 	Z∞ and U 	KZ∞. By considering

the initial condition identical to the nominal system, the robust exponential stability

of the closed-loop system is claimed. Later, the tube-based MPC technique is further

extended to the nonlinear system scope [98]. In addition to the aforementioned rigid

tube technology which the shape of disturbance invariant set is fixed and determined

offline, a dynamic homothetic tube-based MPC design is explored in [99, 100]. The

cross-section of each tube is decided by an online determined scalar obtained via solv-
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ing the MPC optimization problem. Table 1.2 concludes the representative works on

investigating classic MPC and RMPC.

Table 1.2: The representative works on studying classic MPC and RMPC.

Methodology Linear system Nonlinear system

Classic MPC With terminal constraints [81,82] [83]

Without terminal constraints [80] [84,85]

RMPC Min-max MPC [89,90] [91–94]

Tube-based MPC [95,97,99] [98,100]

1.4 Switched MPC

As shown in Figure 1.2, switched systems plays an instrumental role in modeling

complex dynamical process in real engineering practice. Switched MPC, being an

optimization-based control method, can explicitly incorporate dynamical systems

with switching features (or a continuous process with sudden changes) as well as

system constraints into the control design phase. Such a seamless integration of

powerful modeling tools and advanced control techniques naturally infuses autonomy

and flexibility with the optimization-based control framework, thereby improving the

system performance to a great extent.

1.4.1 Applications of switched MPC

Considering the merits of switched MPC, enormous real-world applications with hier-

archical switching logic regulations adopt switched MPC method to realize the opti-

mum performance-oriented control synthesis. In [101], the switched model predictive

attitude control design for an unmanned aerial vehicle (UAV) subject to bounded wind

disturbances is studied. The experimental results verify the good attitude-tracking

performance of UAVs under switching logic determined by the rate of rotation angles.

In [102], the vehicle steering control problem is investigated via switched MPC strat-

egy. Mode-dependent MPC controllers based on the current tire force conditions are

devised and the convergence of system states is ensured in terms of the steady state.

A path-tracking problem of autonomous vehicles is explored in [103]. By establish-

ing the simplified linear dynamic model of the vehicle, the optimal control actions

of steering angles and angular velocities can be successfully obtained by employing
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switched MPC with a fuzzy switching law. Furthermore, in [104], the vehicle cruise

control problem which aims to adjust appropriate velocity for autonomous vehicles in

the light of surroundings is studied via the MPC design. A state-dependent switch-

ing law is considered between acceleration mode and braking mode. Moreover, a fast

nonlinear MPC algorithm for automotive dynamics with maneuver mode switching is

designed in [105] for real-time application purposes. Except for automotive switched

MPC issues, in order to achieve the energy efficient and time-saving railway vehi-

cles traveling target, the authors in [106] discuss the switched nonlinear MPC design

under the velocity and jouney time constraints. The case study demonstrates the

improvement of energy efficiency by adopting the switching control scheme.

Switched MPC has also been an attractive control method in the power electrics

field over recent years. In [107], the switched MPC scheme is used in power switches

fault-sensitive rectifiers. By employing such a method, a more reliable current value

is achieved with guaranteed suppressed offset voltage compared with proportional

integral (PI) controller. A constant switching frequency MPC strategy is proposed in

[108] to optimize the distribution of the output current harmonics. The filtering design

facilitated higher-order harmonics of the output current is manifested in contrast with

the conventional MPC approach. In addition, switched MPC has also proved to be

effective for realizing the optimal control of direct current (DC) to DC converters [109].

Switched MPC has also seen many successful applications in some promising in-

dustries. In [110], the switched model predictive controller design is discussed for the

purpose to achieve pneumatic artificial muscles’ optimal motion control. In addition,

switched MPC is applied to a drinking water distribution network for regulating water

storage in each tank [111]. The water consumption is guaranteed without violating

the volume capacity and flow constraints. Wastewater treatment industries find that

the switched MPC method can effectively control the amount of coagulation chemi-

cals to meet the desired water quality [112]. The fuzzy logic of operation regimes is

described as switching dynamics therein. Furthermore, a softly switching MPC al-

gorithm is proposed in [113] to obtain acceptable transient behaviors of aero-engines

caused by system parameter changing.

1.4.2 Theoretical results of switched MPC

In view of the fruitful practical applications of switched MPC, in this section, we

intend to introduce the switched MPC strategy intrinsically from a theoretical per-
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spective. Compared with the conventional MPC strategy, in Step 1, except for the

initial condition of system states, the information of the switching signal at each

sampling instant is also required for switched MPC scheme. Thus, considering the

state-dependent switched system, the switching signal σ depends on the partition of

space, i.e., σ := q, if x ∈ Xq, where Xq denotes a non-overlapping partition of state

constraint X . For time-dependent switching dynamics, the switching signals are de-

termined by a piecewise constant function over time t, i.e., σ(t) : N → Q, where Q
denotes the set of admissible modes. Then, in Step 2, based on the detected switching

signals, the performance indices of the objective function and mode-dependent con-

straints are determined. In Step 3, by solving the optimal control problem, the first

element of the obtained optimal control sequence is applied to the currently activated

mode and the optimization procedure from Step 1 to 3 will be repeated at the next

sampling instant. A schematic diagram of switched MPC is shown in Figure 1.10.
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Figure 1.10: The schematic diagram of switched MPC.

Many academic works demonstrate their enthusiasm to provide theoretical support

for applying switched MPC since the MPC controller design with abrupt changing

of switching system behaviors is challenging or even intractable. Lyapunov-based

switched MPC approaches receive the research attention first. In [114], the switched

MPC problem is discussed under the Lyapunov-based MPC framework with the

known switching pattern. The mode transition constraint is designed to retain the

recursive feasibility of switched MPC algorithm and multiple Lyapunov constraints

are imposed for the convergence of system states. In [115], the MPC design for
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switched linear systems is considered as a combinatorial optimization problem. The

regional control law based on the piecewise Lyapunov function is explored for stabil-

ity concerns. Later in [116], the MPC problem for switched nonlinear systems which

decomposite into the linear model and the nonlinear part is tackled via a Lyapunov-

based approach. The upper bound for the nonlinear term is constructed and the ISS

criterion is proposed to guarantee closed-loop stability.

Numerous efforts have been dedicated to study the In [117], the ADT approach is

employed to tackle the nonlinear switched MPC problem. The authors show that as

long as the ADT constraint is satisfied, even if switching signals are delayed detected

within a small range by the mode-dependent controller, the convergence of state tra-

jectories is guaranteed. Without terminal constraints, the stabilization problem of

switched MPC is studied in [118] with ADT constraints. The closed-loop asymp-

totic stability is ensured with controllability assumptions. In [119], the MPC design

for the Markov jump system with ADT constraints is investigated. Computational

efficiency pursued control strategy is their main interest. Considering all possible

truncated switching sequences in the prediction scheme, the switched MPC design is

conducted with DT constraints [120]. The recursive feasibility is ensured by adding

an additional input constraint. In [121,122], a non-conservative condition of enforcing

the constraint satisfaction for switched systems with DT restrictions is first claimed.

Then, an algorithm to calculate the switched-robust invariant set is introduced to

ensure the recursive feasibility of switched MPC algorithm. The proposed switched

MPC scheme is further extended to nonlinear switched systems [122]. Novel optimiza-

tion techniques are also employed to deal with the switched MPC problem by aligning

optimal switching sequences with DT constraints [123,124]. The mixed-integer linear

programming is used to develop efficient MPC algorithms for switched systems with

DT restrictions. However, no theoretical proof is given. Subsequently, to reduce the

computational load of solving the mixed-integer optimal control problem, suboptimal

solutions of the nonlinear switched MPC problem are obtained with the decomposi-

tion method [125]. Recursive feasibility is proven by establishing a control invariant

set under the DT constraint.

A less conservative MPC strategy for switched systems is discussed with mode-

dependent dwell time (MDT) constraints [126, 127]. The lower bound of MDT is

determined with the persistent feasibility retained by letting the reachable set into

the common feasible region. Moreover, the proposed control scheme is shown to

be effective to tackle the RMPC problem for switched linear systems combing with
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tube-based techniques. The RMPC problem for switched linear systems is further

investigated in the presence of mode-dependent disturbances constraints [128]. MDTs

are also a decision variable to guarantee closed-loop exponential stability. Later,

the RMPC result is extended to switched nonlinear systems with mode-dependent

equilibria [129]. In [130], the PDT constraint is utilized to address the MPC controller

synthesis for switched linear systems under intermittent switching disordering. The

mixed-integer nonlinear programming optimization problem is formulated to find cost-

effective switching sequences.

Some other imperative issues regarding switched MPC have also been explored.

Distributed MPC (DMPC) for switched nonlinear system is studied via Lyapunov-

based MPC approach [131]. The theoretical results are validated in a multiple-stirred

tank reactor network. For saving communication resources purposes, the event-

triggered mechanism is introduced in the MPC design for switched linear systems

with ADT restrictions [132,133]. For constrained Markov jump systems, the stochas-

tic MPC strategy is developed [134] and the mean square stability is achieved by

employing the robustness constraint. [135] provides the theoretical basis for MPC

design with switching cost functions. Table 1.3 summarizes the representative works

on exploring switched MPC.

Table 1.3: The representative works on exploring switched MPC.

Linear system Nonlinear system

Switched MPC Lyapunov-based approach [115,134] [114,116]

ADT [118,119] [117]

DT [120,121] [122–125,129]

MDT [126,128]

PDT [130]

Others Distributed control [131]

Event-triggered control [132,133]

Switching cost functions [135]

1.5 Research Motivations and Contributions

Based on the observations from the comprehensive literature review, there are still

numerous open problems that remain to be conquered. As shown in Table 1.1, al-

though many theoretical results are devoted to considering the stabilization problem
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for either switched linear or nonlinear systems under one of the typical faults, rare

results have shown their interest to address the stabilization problem for constrained

switched systems with multiple faults. Furthermore, non-conservative and effective

stability conditions to stabilize switched systems are still in great desire. For switched

MPC design, it can be observed from Table 1.3 that few results concern finding an

executable and straightforward way to ensure the closed-loop stability and recursive

feasibility of the switched MPC algorithm without employing terminal constraints.

Additionally, for switched systems in the presence of typical faults or additive dis-

turbances, the computationally efficient switched MPC algorithm, to the best of our

knowledge, has not been discussed from the theoretical perspective with rigorous

proof. Therefore, several questions naturally arise:

• How to design a switched MPC algorithm for all admissible switching sequences

without terminal constraints?

• How to attenuate the negative effect of typical faults as well as external distur-

bances while retaining the closed-loop stability and recursive feasibility of the

switched MPC design?

• How to establish a necessary and sufficient stability condition regarding switched

systems with multiple faults?

To this end, in the dissertation, we will answer these questions to some extent from

a theoretical point of view. Figure. 1.11 displays the overall structure of this disser-

tation. The objectives and motivations of each chapter are detailed as follows:

• Chapter 2 presents the useful notations and preliminaries throughout the dis-

sertation.

• In Chapter 3, the switched MPC problem is studied for a class of switched

linear systems with DT constraints. Considering the prescribed switching se-

quences are prevalent in real-world applications, e.g., stirred tank reactors with

predefined mixing rates [117] and stick shift actions for aerobatics competi-

tions [13]. The designed control strategy with prescribed switching sequences

is particularly demanded. In addition, to avoid the complexity of designing

the terminal constraints for all subsystems, an alternative stability condition

without using the terminal constraint is urgently in need of resolution. To con-

quer the above issues, we propose a sufficient stability condition on prediction
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Figure 1.11: The overall structure of the dissertation.

horizons under reasonable assumptions and the corresponding suboptimal pa-

rameters are quantitatively estimated [136]. The simulation results are given to

verify the theoretical results.

• In Chapter 4, the MPC problem for a class of asynchronously switched sys-

tems is explored with MDT constraints. Since the mismatch between lagged

mode-dependent controllers and the enabled subsystems may result in detrimen-

tal effects on the closed-loop stability and recursive feasibility of the switched

MPC design. To address this issue, we use the reachable set technique to ensure

that all the state trajectories are included in a target feasible region. Further-

more, through the determination of the lower bound with respect to MDTs, two

executable asymptotic stability strategies are proposed by driving the system

states into the constructed common terminal set. Numerical examples validate

the advantages of the proposed control scheme.

• Chapter 5 investigates the necessary and sufficient stability criteria for con-

strained switched linear systems with multiple faults. The terminology multiple

faults refers to the situation that the three typical faults, i.e., asynchronous

switching, unconstrained switching, and controller failures happen individually

or simultaneously. Therefore, it may introduce additional vulnerability and re-

liability risks to the switching control problem. To mitigate the negative impact
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of multiple faults, a fault-tolerant contractive set is designed under MDT re-

strictions and we prove the existence of such a set is equivalent to the uniformly

asymptotic stability of switched closed-loop systems. Moreover, the stability

results are further extended to disturbed switched systems. The simulation

results are given to show the effectiveness of the proposed control strategy.

• In Chapter 6, the RMPC problem for asynchronously switched systems with

controller failures is addressed with MDT constraints. As mentioned earlier,

the RHC scheme has a limited degree of inherent robustness to tolerant more

than sufficient small external disturbances [86]. Even worse, the controller fail-

ures phenomenon may introduce unstable modes into the switching dynamics.

Hence, the joint effects of additive disturbances and controller faults as well as

the asynchronous switching issue may cause severe diverge of system states and

control performance degradation. To tackle this issue, we adopt the tube-based

MPC technique to eliminate the negative impact of exogenous disturbances.

Moreover, inspired by Chapter 5, the non-conservative stability condition is

employed to guarantee the closed-loop uniformly asymptotic stability. The ef-

ficacy of the RMPC scheme is illustrated via a numerical study.

• Chapter 7 concludes this dissertation and presents some potential future re-

search directions.
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Chapter 2

Background Theories

The commonly used notations and some preliminary results which are useful in this

dissertation are presented in this chapter.

2.1 Notations

The notations used in this dissertation are standard. We respectively define the set

of all real numbers and non-negative integers as R and N. The real number set from

a to b is denoted by R[a,b] and R+ is the set of positive real numbers. The sets of

positive integers is denoted by Z+. The positive integer set from a to b is represented

by Z+
[a,b]. The n-dimensional Euclidean space is represented as Rn.

Given a matrix X, XT represents the transpose of X. ρ(X) is used to denote

the spectral radius of matrix X. X � 0 and X � 0 mean that the matrix X is

positive definite and semi-positive definite. Given a vector z and a matrix Q, we

define ‖z‖Q :=
√
zTQz. The Euclidean norm and infinity norm of z are represented

as ‖z‖ and ‖z‖∞, respectively.

Suppose X , Y ⊆ Rn are two compact polyhedral sets, the Minkowski sum opera-

tion is defined as X ⊕ Y := {z ∈ Rn | z = x + y, x ∈ X , y ∈ Y} and the Pontryagin

difference operation is X 	Y := {z ∈ Rn | z+y ∈ X ,∀y ∈ Y}. The distance between

a vector z ⊆ Rn and a set Y is defined as D(z,Y) := infy∈Y ‖z − y‖. The Hausdroff

distance between set X and Y is D(X ,Y) := max{supy∈Y D(y,X ), supx∈X D(x,Y)}.
The convex hull operation is denoted by Co{·}. Boldface 0 refers to the origin

and the vector
[
1 1 · · · 1

]T

with appropriate dimensions is denoted by 1. The

floor function, bac, maps a to the greatest integer less than or equal to scalar a



27

2.2 Basic Stability Concepts

Consider a general discrete-time autonomous system as follows:

xk+1 = f(xk). (2.1)

where xk ∈ Rn is the system state and k ∈ N denotes the sampling time instant. x0

is the initial state. The definition of a positive invariant set Y is recalled.

Definition 2.1. [79] A set Y ⊆ Rn is said to be a positive invariant set for the

system dynamics (2.1), if xk ∈ Y implies f(xt) ∈ Y for t ≥ k.

The concepts of stability, attractivity, and asymptotic stability with respect to a

positive invariant set Y and system (2.1) are given.

Definition 2.2. [79] Suppose Y ⊆ Rn is positive invariant for the system (2.1).

Define B as the ball in Rn with unit radius. Then, the origin of the system is (a)

stable in Y if for all ε > 0, there exists a δ > 0 such that for all x0 ∈ Y ∩ δB implies

that ‖xk‖ ≤ ε for all k ≥ 0; (b) attractive in Y if ‖xk‖ → 0 as k →∞ for all x0 ∈ Y;

(c) asymptotically stable in Y if it is stable in Y and attractive in Y.

Then, we consider a constrained discrete-time system

xk+1 = f(xk, uk), (2.2)

where xk ∈ Rn and uk ∈ Rm are the system state and control input. In addition, the

system (2.2) satisfies the following compact polyhedral state and input constraints

containing the origin:

xk ∈ X , uk ∈ U . (2.3)

The concept of a control invariant set Y is presented

Definition 2.3. [79] A set Y ⊆ Rn is said to be control invariant with respect to

the system dynamics (2.2), uk ∈ U , if for all xk ∈ Y there exists a uk ∈ U such that

f(xk, uk) ∈ Y.
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2.3 Definitions of Switched Systems

2.3.1 Set-theoretic definitions of switched systems

Consider a class of constrained discrete-time switched linear systems

xk+1 = Aσ(k)xk +Bσ(k)uk, σ(k) ∈ Q, (2.4)

where the switching signal σ(·) : N → Q is a piecewise constant function of time

k. The set Q := {1, 2, · · · , q, · · · ,Q}, q ∈ Q, collects all the admissible switching

subsystems and Q ∈ Z+ denotes the total number of subsystems. The switching

dynamics (2.4) is subject to the compact polyhedral constraint containing the origin

xk ∈ X ⊆ Rn, uk ∈ U ⊆ Rm. (2.5)

We also define the switching instants where the mode transitions happen as ks ∈
{k0, k1, · · · , ks−1, · · · }, s ∈ Z+

[1,∞), with k0 = 0. k ∈ [ks−1, ks) indicates that the

state trajectory is evolved with subsystem σ(ks−1). Based on the defined switching

instants, the concept of MDT is presented as follows:

Definition 2.4. [137] The MDT τq ∈ Z+, associated with mode q ∈ Q, is the

minimum amount of time that the system (2.4) has to stay in mode q. Thus, the

dwell time τq imposes the inequality ks − ks−1 ≥ τq when σ(k) = q for k ∈ [ks−1, ks),

s ∈ Z+.

Then, the definition of admissible switching sequences with MDT constraints is

given below.

Definition 2.5. A switching sequence ζ(k) := {σ(0), σ(1), · · · , σ(k − 1)} is said to

be admissible if the MDT constraint ks − ks−1 ≥ τq fulfills for all q ∈ Q.

In the following, the constrained switched system with the state feedback control

law µq := Kqxk from (2.4) is considered

xk+1 = (Aσ(k) +Bσ(k)Kσ(t))xk = Aσ(k)xk, σ(k) ∈ Q,
xk ∈ X , (2.6)

where Kq, q ∈ Q, is the mode-dependent state feedback gain. We recall the definitions

of an MDT contractive set and a constraint admissible MDT contractive set.
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Definition 2.6. [137] Given a contractive factor λ ∈ (0, 1), a set Y ⊆ Rn is said

to be MDT contractive regarding system (2.6) for all admissible switching sequences

ζ(k), if xk ∈ Y implies that
∏k−1

n=0 Aσ(n)xk ∈ λY.

Definition 2.7. [137] Given a contractive factor λ ∈ (0, 1), a set Y ⊆ Rn is said

to be constraint admissible MDT contractive regarding system (2.6) for all admissible

switching sequences ζ(k), if the set Y is MDT contractive and xk ∈ X .

The definition of uniform asymptotic stability (UAS) is presented regarding (2.6).

Definition 2.8. [2] Given a constant δ > 0, the system (2.6) is said to be uniformly

asymptotically stable for all admissible switching sequences ζ(k), if for ‖x0‖ ≤ δ, xk

fulfills xk → 0 when k →∞.

Consider the following constrained discrete-time disturbed switched systems with

feedback control law µq, q ∈ Q

xk+1 = (Aσ(k) +Bσ(k)Kσ(t))xk + wk = Aσ(k)xk + wk, σ(k) ∈ Q,
xk ∈ X , wk ∈ W , (2.7)

where wk ∈ Rn denotes the time-varying disturbance signal andW ⊆ Rn is a compact

disturbance set. Regarding Definition 2.5, the concept of an allowable disturbance

sequence is presented.

Definition 2.9. A disturbance sequence ζw(k) := {w0, w1, · · · , wk−1} with respect to

(2.7) is said to be allowable if all wk ∈ W, k ∈ N.

The definitions of a disturbance MDT invariant set and a constraint admissible

disturbance MDT invariant set are introduced below.

Definition 2.10. [138] A set Y ⊆ Rn is said to be disturbance MDT invariant

regarding system (2.7) for all admissible switching sequences ζ(k), if xk ∈ Y implies

that xt ∈ Y for all t ≥ k with every allowable disturbance sequence ζw(t).

Definition 2.11. [138] A set Y ⊆ Rn is said to be constraint admissible disturbance

MDT invariant regarding system (2.7) for all admissible switching sequences ζ(k), if

the set Y is disturbance MDT invariant and xk ∈ X , ∀k ∈ N.
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2.3.2 Reachable/backward set computation

Consider the system (2.6). Given a set Y ⊆ Rn, the r-step reachable set of the system

(2.6), r ∈ N, is computed as

Rr
q(Y) := {A r

q x|x ∈ Y , q ∈ Q}, (2.8)

with R0
q(Y) = Y . Define a r-step backward set for the system (2.6) as

Prq (Ξ) := {x|A r
q x ∈ Y , q ∈ Q}, (2.9)

where the number of steps r ∈ N with P0
q (Y) = {x|x ∈ Y}.

2.4 Standard MPC Setup

In this subsection, we consider system in (2.2) subject to (2.3). The finite horizon

cost function to be optimized is defined as

J(xk, ûk) =
N−1∑
i=0

(‖x̂k+i|k‖2
Q + ‖ûk+i|k‖2

R) + T (x̂k+N |k), (2.10)

where ûk = {ûk|k, ûk+1|k, · · · , ûk+N−1|k} represents the ith predicted control sequence

at sampling instant k. x̂k+i|k and ûk+i|k, i ∈ N, represent the predicted state and the

control input, respectively. Q and R are weighting matrices and terminal cost function

is T (x̂k+N |k) := ‖x̂k+N |k‖2
P where P is the terminal penalty matrix. N denotes the

length of the prediction horizon. xk = x̂k|k denotes the initial state. Then, the

standard MPC problem is formulated as

û∗k = arg min
ûk

J(xk, ûk) (2.11a)

s.t. x̂k+i+1|k = f(x̂k+i|k, ûk+i|k), i ∈ Z[0,N−1] (2.11b)

x̂k|k = xk (2.11c)

x̂k+i|k ∈ X , i ∈ Z[0,N−1] (2.11d)

ûk+i|k ∈ U , i ∈ Z[0,N−1] (2.11e)

x̂k+N |k ∈ Ω (2.11f)
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where the optimal control sequence is û∗k = {û∗k|k, û∗k+1|k, · · · , û∗k+N−1|k} and Ω ⊆ Rn is

the terminal set which is designed for closed-loop stability consideration. The receding

horizon implementation of MPC stipulates that, at time instant k, the optimal control

sequence û∗k is computed and only the first element in û∗k is implemented, i.e., ûk =

û∗k|k. Then, at the next sampling instant, the optimal control problem (2.11) is solved

again to obtain ûk+1.

2.5 General Switched MPC Setup

Consider the switching dynamics (2.4) subject to mode-dependent system constraints

xk ∈ Xq, uk ∈ Uq, (2.12)

where Xq ∈ Rn and Uq ∈ Rm are the compact state and input constraint sets with

origin in each interior, respectively. The mode-dependent finite horizon cost function

Jq : Rm × Rn → R, q ∈ Q, is defined as

Jq(xk, ûk) =

Nq−1∑
i=0

(‖x̂k+i|k‖2
Qq + ‖ûk+i|k‖2

Rq) + Tq(x̂k+N |k), (2.13)

where Qq and Rq, q ∈ Q, are mode-dependent weighting matrices and terminal

cost function is Tq(x̂k+N |k) := ‖x̂k+N |k‖2
Pq

where Pq is the mode-dependent terminal

penalty matrix. Nq denotes the length of the mode-dependent prediction horizon.

The switched MPC problem is formulated as

û∗k = arg min
ûk

Jσ(k)(xk, ûk) (2.14a)

s.t. x̂k+i+1|k = Aσ(t)x̂k+i|k +Bσ(t)ûk+i|k, i ∈ Z[0,Nσ(k)−1] (2.14b)

x̂k|k = xk (2.14c)

x̂k+i|k ∈ Xσ(k), i ∈ Z[0,Nσ(k)−1] (2.14d)

ûk+i|k ∈ Uσ(k), i ∈ Z[0,Nσ(k)−1] (2.14e)

x̂k+N |k ∈ Ωσ(k) (2.14f)

where Ωq ⊆ Xq denotes the terminal constraint regarding the detected mode. Similar

to standard MPC implementation, only the first element in û∗k is implemented at

time k, i.e., ûk = û∗k|k. Then, the optimal control problem (2.14) is solved repeatedly
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to obtain ûk+1 at each sampling instant after k.
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Chapter 3

Switched Model Predictive Control

with Scheduled Mode Transitions

without Terminal Constraints

This chapter provides a stability and recursive feasibility criterion for the switched

MPC design without employing terminal constraints. With the known information

of switching actions subject to DT constraints, the appropriate length of prediction

horizon can be designed offline. Thus, the challenge of devising a common terminal

region is circumvented.

3.1 Introduction

As aforementioned in Chapter 1, in the past two decades, the switched MPC problem

has been discussed mainly via two distinctive tools, i.e., the Lyapunov-based MPC

method and various DT-based strategies [114–126, 128–130]. However, compared

with the Lyapunov-based method, directly assigning the minimum DT restriction for

regulating switching sequences to stabilize the switching systems would be a more

efficient and executable way in practical assignments allocation [117]. Hence, in this

work, minimum DT constraints are used in the design of future possible switching se-

quences. In addition, considering the theoretical difficulties of designing the terminal

constraints to stabilize the switched closed-loop system, the work in this chapter will

further extend the theoretical results of MPC without terminal constraints in [139] to

discrete-time switched linear systems by employing the information of all admissible
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switching sequences. Under the proposed switched MPC framework, the performance

degradation induced by introducing terminal constraints for closed-loop stability con-

sideration can be reduced to some extent.

Note that the scheduled mode transitions are assumed to be known a priori in this

work. It is necessary to indicate that the prescribed operating schedules universally

exist in real-world applications, for instance, a stirred tank reactor with fixed mixing

rates to trigger the chemical reactions [10], the maneuver actions executed for an

aerobatics competition [13], or a series of operations with a stick shift of a manual-

transmission vehicle driving on a designated route. They are all typical switching

system models with scheduled mode transitions. Consequently, demanding a pre-

designed switching sequence is a reasonable assumption.

Motivated by the above practical problems with targeted switching sequences

requirement, in this work, we aim to study the switched MPC problem with scheduled

mode transitions without considering terminal contraints. The main contributions

of this work are threefold:

• Comparing with the conventional switched MPC algorithm that performs the

prediction based on the detected switching mode, we propose a switched MPC

method by taking into consideration the targeted switching sequences within

the prediction horizon to obtain the control input actions.

• To reduce the complexity to design the terminal constraint, we propose the

switched MPC scheme without the terminal constraints. Under certain rea-

sonable assumptions, the stability analysis for the closed-loop system and the

feasibility of the developed switched MPC algorithm are rigorously studied.

• Based on the modified algorithm targeting the constrained DT invariant (CDI)

set, some necessary parameters under the advisable assumptions can be quan-

titatively evaluated. In addition, the lower bound of the prediction horizon

is calculated through the established inequality and the suboptimal estimated

function.

The rest of the work is organized as follows. Section 3.2 presents the problem

formulation. The stability and feasibility analyses of the proposed switched MPC

algorithm are conducted in Section 3.3. Section 3.4 provides a method to evaluate the

essential parameters to support the derived results. Simulation results are provided

in Section 3.5. Section 3.6 concludes this work.
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3.2 Preliminaries and Problem Formulation

3.2.1 Preliminaries

To begin with, several standard definitions for the switching system are presented in

advance. Consider a family of constrained discrete-time switched linear systems:

xk+1 = fσ(k)(xk, uk) = Aσ(k)xk +Bσ(k)uk, σ(k) ∈ Q, (3.1)

where the time instant k ∈ N; xk ∈ Rn and uk ∈ Rm are the state vector and

control input vector, resepctively; fσ : Rn × Rm → Rn is a map which determines

the successor state. The switching signal σ(·) : N → Q, is generated by a well-

designed smart switched signals generator (SSG) and the set of switching modes

Q := {1, 2, · · · , q, · · · ,Q} in which Q ∈ Z+ represents the number of modes in

system (3.1), q ∈ Q ⊂ Z+. It is assumed that there exists a finite number of modes

in Q for the switching system (3.1). In addition, the switching signal σ belongs to

the switching indices set Σ:

Σ = {σ | T (σ) ≥ τd},

where T (·) : Z+ → Z+ denotes the dwell duration of the signal σ and T (σ) = {ks −
ks−1|s ∈ Z+} where ks−1 ∈ N is the switching instant satisfying ks−1 < ks with k0 = 0.

The next switching instant ks is defined as ks := min{k > ks−1|σ(k) 6= σ(ks−1)}. τd
is the minimum DT for all modes of the switching system (3.1) such that T (σ) ≥ τd.

To clarify the specific utility of SSG, the definitions related to switching sequence are

presented as follows.

Definition 3.1. [120] A switching sequence ζ(k) is said to be admissible if the

switching instants satisfy the inequality ks − ks−1 ≥ τd for all s ∈ Z+. The switching

sequence ζ(z) emanating from time z = 0 with total z consecutive steps is represented

as

ζ(z) := {σ(0), σ(1), · · · , σ(z − 1)}, z ∈ Z+. (3.2)

Based on Definition 3.1, we assume that the switching sequences generated by

SSG are well-designed offline and the sequences are admissible and adequately long.

To make the switching sequence setup consistent with the following switched MPC

problem, we now introduce the concept of the TAS sequence.
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Definition 3.2. Suppose a truncated switching sequence ζta(k) is drawn from ζ(z)

from time instant k ∈ Z+, z � k. Then, we define a TAS sequence ζta(k) = ζta(k, k+

m− 1; z) from time k as follows:

ζta(k) := {σ(k), σ(k + 1), . . . , σ(k +m− 1)|ζta(k) ⊂ ζ(z)}, (3.3)

where 1 ≤ m < k,m ∈ Z+ and ζta(k) contains the successive m steps switching

signals.

Considering the length of prediction horizon N for the following switched MPC

problem formulation, the length of a TAS sequence is designed as m = N , N ∈ Z+.

We also assume that the switching instants and the number of switches with respect to

ζta(k), i.e., Pk := P(ζta(k)) ∈ Z+, can be detected instantly, once ζta(k) is generated.

Furthermore, the upper bound P̄ of the number of mode transitions within the TAS

sequence ζta(k) is given as

Pk ≤ P̄ , ∀t ∈ N, (3.4)

where P̄ = dN/τde, P̄ ∈ Z+. Inequality (3.4) is also employed as one of the switching

constraints when the admissible switching sequences are designed offline.

The system state and input vectors of switched system (3.1) are subject to state

and input constraints, respectively. Furthermore, the state constraint set X and the

input constraint set U are applicable to all modes

xk ∈X ⊆ Rn, (3.5a)

uk ∈ U ⊆ Rm. (3.5b)

Before introducing the following problem formulation, two standard assumptions for

the switching dynamics (3.1) are made.

Assumption 3.1. All the subsystem pairs {Aq, Bq} are stabilizable for q ∈ Q.

Assumption 3.2. The constraint sets X and U are compact polyhedral convex sets

and the origin is contained in each interior, respectively. In this work, the equilibrium

points for all modes of system (3.1) are assumed to be the origin.

3.2.2 Problem Formulation

In this section, the switched MPC problem by taking into consideration the targeted

switching sequences within the prediction horizon is presented. The cost function
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J(xk, ζta(k), ûk) to be minimized at time instant k along ζ(z) is defined as

J(xk, ζta(k), ûk) :=

Pk−1∑
s=1

ks−1∑
i=ks−1

`k+i|k +
N−1∑

i=kPk−1

`k+i|k, (3.6)

where `k+i|k := ‖x̂k+i|k‖2
Q + ‖ûk+i|k‖2

R represents the ith step stage cost predicted at

time instant k, i ∈ N. Q � 0 and R � 0 are positive definite weighting matrices.

x̂k+i|k and ûk+i|k respectively represent the corresponding predicted state and the

control input based on the state information which is measured at time k. x̂k|k = xk

represents the initial condition. N denotes the length of prediction horizon. ks is

the sth switching instant of ζta(k) ⊂ ζ(z) with k0 = k with s ∈ {0, 1, . . . ,Pk − 1}.
ûk ∈ U = {ûk|k, ûk+1|k, . . . , ûk+N−1|k} denotes the predicted input sequence. Note

that (3.6) consists of the summation of (Pk + 1) subsections, i.e., J(xk, ζta(k), ûk) =∑Pk
s=0 Js(xk, ζta(k), ûk) and each subsection Js(xk) := Js(xk, ζta(k), ûk) is defined as

Js(xk) =



ks−1∑
i=ks−1

`k+i|k, s ∈ N[0,Pk−1]

N−1∑
i=kPk−1

`k+i|k, s = Pk.
(3.7)

In addition, the horizon Hk
s of each corresponding subsection is described as

Hk
s :=

ks − ks−1, s ∈ Z+
[1,Pk−1]

N − kPk , s = Pk.

According to the designed cost function (3.6), at sampling instant k, given a suffi-

ciently long admissible switching sequence ζ(z) generated by SSG, the switched MPC
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optimal problem is formulated as follows:

û∗k = arg min
ûk

J(xk, ζta(k), ûk) (3.8a)

s.t. x̂k+i+1|k = Aσ(k+i)x̂k+i|k +Bσ(k+i)ûk+i|k, i ∈ N[0,N−1] (3.8b)

x̂k|k = xk (3.8c)

ζta(k) = ζta(k, k +N − 1; z) (3.8d)

σ(k + i) ∈ ζta(k), i ∈ N[0,N−1] (3.8e)

x̂k+i|k ∈X , i ∈ N[0,N−1] (3.8f)

ûk+i|k ∈ U , i ∈ N[0,N−1] (3.8g)

where û∗k ∈ U = {û∗k|k, û∗k+1|k, . . . , û
∗
k+N−1|k} is the optimal input sequence obtained

by solving the optimization problem at time k. σ(k+i) ∈ ζta(k) represents the switch-

ing signal of (k+ i)th step based on the information of ζta(k) at time k. The successor

optimal state x̂∗k+i+1|k = fσ(k+i)(x̂
∗
k+i|k, û

∗
k+i|k) is gained based on the optimal input

sequence û∗k. In addition, let `∗k+i|k and J∗(xk) := J∗(xk, ζta(k), ûk) =
∑Pk

s=0 J
∗
s (xk)

denote the optimal stage cost and the optimal value of the cost function, respectively.

For optimal control sequence û∗k, only the first element of this control sequence, i.e.,

û∗k|k, is implemented.

3.3 Main Results

In this section, the main theoretical results of this work are presented. Instead of using

the conventional terminal constraints to ensure the closed-loop stability, a sufficient

condition on the prediction horizon is derived under general assumptions to achieve

the asymptotic stability and recursive feasibility of the closed-loop system. To begin

with, we define the feasible set as follows.

Definition 3.3. [126] For the fixed prediction horizon N and x̂k|k = xk, the feasible

set FN is characterized as

FN := {xk ∈X |x̂k+i|k ∈X , ûk+i|k ∈ U , ûk 6= ∅, i ∈ N[0,N−1]}.

In the light of Definition 3.3, if an initial state xk ∈ FN , the existence of an

adequately large constant β > 0 is guaranteed such that the upper bound of the cost
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function satisfies J(xk) ≤ β. Then, the following modified controllability assumption

which is intended to ensure the convergence of state trajectories is employed.

Assumption 3.3. Suppose that the each subsection of the cost function Js(xk), s ∈ N,

and the switching times Pk exist such that the following inequality holds:

Js(xk) ≤ α(N)`(x̂k+i|k) ≤ α(N) sup `(x̂k+i|k) ≤
β

Pk + 1
, ∀x̂k+i|k ∈ O ∩X ,

where the set O represents the neighbourhood of origin; α: Z+ → R+ is a bounded

and non-decreasing suboptimal estimated function, i.e., α(N) = γ
µ
(1 − e−µN) where

γ, µ > 0 are two constants [140]. `(x̂k+i|k) := `(x̂k+i|k, ûk+i|k) in which ûk+i|k ∈ ûk

denotes the predicted stage cost.

According to the suboptimal estimate for Js(xk), the following inequality for the

cost J(xk)

J(xk) ≤ (Pk + 1)α(N)`(x̂k+i|k),∀x̂k+i|k ∈ O ∩X , (3.9)

is derived. Let L := inf `(x̂k+i|k) be the lower bound for the states x̂k+i|k ∈ X \O,

and then the upper bound of J(xk) can be derived as

J(xk) ≤
β

L · L ≤
β

L · `(x̂k+i|k), ∀x̂k+i|k ∈X \O, (3.10)

where X \O := {x̂k+i|k|x̂k+i|k ∈ X , x̂k+i|k /∈ O}. Combining the inequalities in (3.9)

and (3.10), J(xk) yields

J(xk) ≤ η`(x̂k+i|k), ∀x̂k+i|k ∈X , (3.11)

where η := max{(Pk + 1)α(N), βL}. Considering the reasonable upper limit of the

number of switches for TAS sequences with appropriate minimum DT setup, we

redefine η as η := max{(P̄+1)α(N), βL}. Based on Assumption 3.3 and the analytical

expression for the upper bound of J(xk), Theorem 3.1 is proposed to ensure the

stability and recursive feasibility of the closed-loop system.

Theorem 3.1. Suppose that Assumption 3.3 and the inequality (3.11) are fulfilled.

Given the well-designed function α(N) satisfying (3.9), there exists a lower bound of

prediction horizon N ∈ Z+ such that the inequality

b− (P̄ + 1)α(N) > 0 (3.12)
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holds with the coefficients b = ( η
η−1

)N−2 and η = max{(P̄ + 1)α(N), βL}. Therefore,

the inequality

J(fσ(k)(xk, û
∗
k|k))≤J∗(xk)− (b− (P̄ + 1)α(N))`∗k+N−1 (3.13)

holds for xk ∈ FN where `∗k+i := `k+i(x̂
∗
k+i|k, û

∗
k+i|k) denotes the stage cost for i ∈

{k, k+1, · · · , k+N−1}. Thus, the prediction horizon N satisfying (3.12) indicates the

asymptotic stability of the closed-loop system and recursive feasibility for the switched

MPC design.

Proof. Suppose that there exists an admissible control sequence û∗k ∈ U . The

cost function J∗(xk) can be decomposed as

J∗(xk) =

kPk−1∑
i=0

`∗k+i + J∗Pk(xk), (3.14)

where J∗Pk(xk) =
∑N−1

i=kPk
`∗k+i. Meanwhile, from (3.11) we have J∗Pk(xk) ≤ η`∗kPk

.

Hence, the inequality

J∗(xk) ≤
kPk−1∑
i=0

`∗k+i + η`∗kPk
(3.15)

holds. If fσ(k)(xk, û
∗
k|k) ∈ FN holds, we can have

J(fσ(k)(xk, û
∗
k|k)) ≤ J∗(xk)− `∗k − J∗Pk(xk) + J(x∗(kPk , N ;xk)), (3.16)

where the suboptimal solution is J(x∗(kPk , N ;xk)) =
∑N

i=kPk
`k+i(x̂k+i|k, ûk+i|k). To

verify the above inequality, the next step is to evaluate the magnitude of J(x∗(tPk , N ;xk)).

From (3.11), the inequality J∗(x∗(kPk + 1, N − 1;xk)) ≤ (η − 1)`∗kPk
is obtained. It

implies that

N−1∑
i=kPk

`∗k+i ≥ (
η

η − 1
)

N−1∑
i=kPk+1

`∗k+i ≥ · · · ≥ (
η

η − 1
)N−kPk−1`∗k+N−1, (3.17)

where kPk ∈ [1, N − 1] and J∗Pk(xk) ≥ ( η
η−1

)N−2`∗k+N−1 holds with kPk = 1. Therefore,

the above inequality implies that J∗(xk) > ( η
η−1

)N−2`∗k+N−1. It can be observed that

`∗k+N−1 < L contradicts with inequality (3.10). Consequently, the state x̂k+N−1|k
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belongs to the set O ∩X . Then the inequality

J(x∗(kPk , N ;xk)) ≤ (P̄ + 1)α(N)`∗k+N−1,

holds under inequality (3.9). Finally, the asymptotic stability could be achieved by

J(fσ(k)(xk, û
∗
k|k)) ≤J∗(xk)− `∗k − J∗Pk(xk)

+ (P̄ + 1)α(N)`∗k+N−1

≤J∗(xk)− (b− (P̄ + 1)α(N))`∗k+N−1,

when inequality (3.12) is fulfilled.

Hence, inequality (3.12) indicates that fσ(k)(xk, û
∗
k|k) ∈ FN holds and the op-

timization problem (3.8) is recursively feasibility if it is feasible at the beginning.

Therefore, the prediction horizon N satisfies

N >
ln ((P̄ + 1)α(N))

ln(η)− ln(η − 1)
+ 2. (3.18)

In summary, the asymptotic stability of the closed-loop system and recursive feasi-

bility for the switched MPC design are achieved. �

3.4 Parameters Evaluation

In this section, the algorithm to construct the invariant set O is presented. Based

on the obtained invariant set O, the parameters β and L are evaluated by solving

the quadratic programming (QP) problems. Before introducing the computational

algorithm, we first give the definition of a constrained DT invariant set.

Definition 3.4. [138] For all the admissible switching sequences ζ(z), a CDI set

D ⊂ Rn with respect to system (3.1) with a minimum DT τd and the constraint set

X̃ := {x ∈ X̃ |x ∈X , Kqx ∈ U , ∀q ∈ Q} is defined as

D := {x ∈ D |Āζ(z)x ∈ D , x ∈ X̃ }, (3.19)

where Āζ(z) =
∏z−1

n=0 Āσ(n) represents the product of matrices Āσ(n) with respect to the

admissible switching sequence ζ(z); Āσ(n) = Aσ(n)+Bσ(n)Kσ(n) and Ā = {Ā1, Ā2, · · · , ĀQ};
Kq, q ∈ Q, denotes a state feedback gain for each mode of system (3.1).
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To estimate the set O, we employ the state feedback control law µq := Kqx, q ∈ Q
for the switching system (3.1) to design such an invariant set D that the states and

input constraints are satisfied. For the state feedback gains Kq, q ∈ Q, the following

assumption is required.

Assumption 3.4. [120] For the unconstrained switching system x(k+1) = Āσ(k)x(k)

with Āσ(k) = Aσ(k) +Bσ(k)Kσ(k) being Schur-stable, there exist state feedback gains Kq

such that the system is asymptotically stable with minimum DT τd for the switching

sequence.

Following Assumption 3.4, we recall Lemma 3.1 for the convenience to present the

computational algorithm of the CDI set D .

Lemma 3.1. [138] Suppose that Assumptions 3.1, 3.2, and 3.4 hold and define the

set Td = {τd, τd+1, · · · , 2τd−1}, a set Ξ ⊂ Rn is called a DT invariant for the system

x(k + 1) = Āσ(k)x(k) with DT τd, if and only if for x ∈ Ξ,

Āt
′

q x ∈ Ξ, ∀t′ ∈ Td, ∀q ∈ Q, (3.20)

where Āt
′
q indicates that the mode q dwells t′-time instants.

3.4.1 Computational Algorithm

In this section, the algorithm to estimate the invariant set O is presented. We modify

the algorithm to compute the constraint admissible DT contractive set mentioned in

[138] to accommodate the constraint set X̃ without considering the contractive factor.

For notational convenience, the constraint set X̃ is rewritten as X̃ := {x|Fx ≤ 1},
where the matrix F is decided by the state constraint X and the state feedback

matrices Kq, q ∈ Q, where 1 = [1, 1, · · · , 1]T. We define a r-step backward set

Crq (Ξ) = {x|Ārqx ∈ Ξ, q ∈ Q} where the integer r ∈ N and C0
q (Ξ) = {x|x ∈ Ξ}.

Then, the intersection of the r-step backward set Crq (Ξ) for all modes of system (3.1)

is denoted as C r(Ξ) =
⋂
q∈Q Crq (Ξ). The calculation procedure is summarized in

Algorithm 3.1.

In step 1 of Algorithm 3.1, the computation of the initial set D0 is to guarantee

that all the states of the first τd − 1 steps for the system x(k + 1) = Āσ(k)x(k) are

included in the constraint set X̃ . The step 2 stringently follows the condition (3.20)

in Lemma 3.1 to ensure that the next r-step states, r ∈ Td, still remain in the set
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Algorithm 3.1 Computation of a CDI set for admissible switching sequences

Require: Constraint set X̃ ; system matrices set Ā ; minimum DT τd.
1: Initialize k = 0, calculate the initial set D0 = X̃

⋂
r=1,2,··· ,τd−1 C r(X̃ );

2: Compute the set Dk+1 = D0

⋂
Ξk, where Ξk =

⋂
r=τd,τd+1,··· ,2τd−1 C r(Dk);

3: if Dk+1 ≡ Dk, end the procedure and obtain D∞ = Dk;
4: else set k = k + 1 and return to step 2;
5: end.

Dk+1. Therefore, once the invariant set D∞ is obtained, all the states evoluting along

all the feasible admissible switching sequences will stay in the CDI set D∞. Moreover,

origin is contained in D∞. Consequently, the CDI set D∞ is employed to estimate

the neighbourhood of origin O with constraints satisfaction.

3.4.2 Parameters Evaluation

Based on the information of the invariant set O, the process to evaluate the parameters

β and L are presented in this section. By solving the optimization problem (3.21),

the value of β can be evaluated through the further computation via inequality (3.9).

max `(x̂k+i|k) (3.21a)

s.t. x̂k+i|k ∈ O ∩ X̃ (3.21b)

ûk+i|k = Kqx̂k+i|k, q ∈ Q. (3.21c)

Another parameter L which is directly related to the suboptimal estimated parameter

η is also assessed by the following optimization problem (3.22)

min `(x̂k+i|k) (3.22a)

s.t. x̂k+i|k ∈X \O (3.22b)

ûk+i|k ∈ U . (3.22c)

Thus, based on the optimization problems (3.21) and (3.22), the suboptimal estimated

parameter η can be calculated such that the minimum length of the prediction horizon

to stabilize the closed-loop system can be determined.
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3.5 Simulation Results

To illustrate our proposed control scheme, we consider a switched system with the

minimum DT τd = 3 and there exists four distinct modes. The dynamics of each

mode is

A1 =

[
0.32 −0.4

0.8 −0.8

]
, A2 =

[
0.08 −0.26

1.2 −1.12

]
,

A3 =

[
0.16 0.24

−2.4 −0.96

]
, A4 =

[
0.2 0.18

−1.2 −0.88

]
,

B1 =
[
2 1

]T

, B2 =
[
1 −1

]T

;B3 = B4 =
[
0.8 −1

]T

.

The input constraint is −2.5 ≤ u(t) ≤ 2.5 and the state constraint is −2 ≤ xi(t) ≤ 2,

i = 1, 2. The weighting matrix of states is set to be Q = diag(1, 1) and the input

weighting matrix is designed as R = 1. The initial state of the system is given as

x0 = [0.5,−0.5]T. The suboptimal estimated function α(H) is designed as α(N) =

0.7(1 − e−0.08N) with µ = 0.08, γ = 0.056 and α(N) ∈ (0, 0.7), ∀N ∈ Z+. The

number of switching times constraint P̄ for the admissible switching sequences is set

to be P̄ = 4, i.e., Pk ≤ 4, ∀k ∈ N. The feedback gain of each subsystem is given

as K1 = [−0.1659 0.1982], K2 = [0.4866 −0.3742], K3 = [−0.0325 −0.2006], and

K4 = [−0.4785 −0.3627]. According to the parameters setup, the prediction horizon

satisfies N ≥ 27. Thus, we set N = 27 to verify the corresponding theoretical

results. Denote three admissible switching sequences generated by the SSG as ζ1(z),

ζ2(z), and ζ3(z), i.e., ζ1(z) = A3
1A

3
2A

3
3A

3
4A

55
1 , ζ2(z) = A3

2A
3
1A

3
4A

3
3A

55
2 , and ζ3(z) =

A3
3A

3
1A

27
2 A

20
4 A

14
1 where Aτq indicates that the mode q stays τ -time instants.

The calculated CDI set is achieved by using the MATLAB MPT3 toolbox through

Algorithm 3.1, as shown in Figure 3.1. Region I and region II illustrate the polytopes

O of the neighbourhood of origin and the set X \O, respectively. Based on the

computational results of the CDI set O, the corresponding estimated parameters are

obtained by solving the optimization problem (3.21) and (3.22).

Figure 3.2, Figure 3.3, and Figure 3.4 show the optimized control input, system

states, and the cost function of the closed-loop system using the designed switched

MPC controller for three different cases. It can be observed that the asymptotic

stability of the closed-loop system and the feasibility of the developed switched MPC

algorithm have been achieved without violating the system constraints.
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Figure 3.1: The CDI set for example of Section V: I: the invariant set O of the
neighbourhood of origin; II: the set X \O.
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Figure 3.2: Trajectory of control inputs along three admissible switching sequences.
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Figure 3.3: Trajectory of system states along three admissible switching sequences.
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Figure 3.4: Evolution of costs along three admissible switching sequences.

3.6 Conclusion

In this chapter, the switched MPC problem for a class of constrained discrete-time

switched linear systems with the known information of the future admissible switch-

ing sequences under the minimum DT constraint satisfaction is studied. A sufficient

condition which is directly related to the length of the prediction horizon on guar-

anteeing the closed-loop system stability and the proposed algorithm feasibility is

derived. The computational process of the suboptimal estimated parameters by em-

ploying the CDI set is presented. Numerical simulations are provided to verify the

theoretical results.
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Chapter 4

Model Predictive Control for

Asynchronously Switched Linear

Systems with Mode-Dependent

Dwell Time

In Chapter 3, we have investigated the switched MPC strategy without terminal

constraint. This chapter presents the result of asynchronously switched MPC design

subject to MDT constraints with constructed terminal constraints for all subsystems.

4.1 Introduction

According to the literature review of switched MPC, it is worth mentioning that

almost all the existing works related to switched MPC design rely on the assump-

tion of the instantly detected switching signals [114–126, 128–130]. Note that, in

practical engineering, aligning the mode-dependent MPC controller to the detected

switching mode is unrealistic since the real-time detection of the switching mode by

controllers is not practical [41]. This mismatch results in the asynchronous switching

issue since there exists a time delay between the practically activated controller and

the ideally matched controller. Many practical situations such as networked-induced

delays during the signals transmission, long-distance signals transmission, or using

the aging physically detected facilities to receive signals, etc. may inevitably cause

asynchronous switching phenomena.
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However, very few literature explore the control design of switched MPC un-

der asynchronous switching. To the best of our knowledge, only in [117], the asyn-

chronously switched MPC problem is discussed based on the modified ADT condition.

However, the asymptotic stability of the closed-loop system can only be achieved when

the initial feasible region is contained in a sufficiently small set. Therefore, the de-

termination of DT to ensure the closed-loop stability and the persistent feasibility of

the asynchronously switched MPC design has not been fully solved. Moreover, con-

sidering the unknown switching pattern and the realistic situation with the switching

signal detection delays, a novel framework to study the asynchronously switched MPC

problem is in great desire.

To address the above issues, in this chapter, we study the asynchronously switched

MPC problem for a class of linear discrete-time switched systems via a more general

MDT criterion. Note that if the order of magnitude between the length of MDT

and the asynchronous switching period differs a lot, the negative impact of system

performance can be neglected [41, 117, 141]. Therefore, this chapter focuses on the

case that durations of MDT and the asynchronous switching period are in the same

order. The main contributions of this chapter are threefold:

1) This chapter provides the first attempt to tackle the asynchronously switched

MPC problem by using the MDT restrction. A strategy to ensure the persistent

feasibility of the asynchronously switched MPC design is proposed. Thereby,

the switched MPC problem is continuously solvable at both switching instants

or within a mode.

2) A constraint admissible contractive asynchronous switching MDT invariant

(AMI) set is designed to serve as the common terminal set for all subsystems.

Meanwhile, a necessary and sufficient stability condition is proposed based on

the AMI set. The rigorous proof is delivered to demonstrate the existence of

such an invariant set is equivalent to the asymptotic stability of the closed-loop

system.

3) In order to guarantee the closed-loop asymptotic stability with the switched

MPC design, we present two executable ways to drive the system states into

the designed constraint admissible contractive AMI set. Thereby, the minimum

value of the admissible stage MDT is acquired offline which significantly reduces

the online computational load. Furthermore, detailed proofs are studied.
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The remainder of this chapter is organized as follows. Section 4.2 presents the

preliminaries and the problem formulation. Section 4.3 is devoted to the persistent

feasibility analysis of the derived MPC algorithm. Section 4.4 demonstrates that the

stability of the closed-loop system is guaranteed by the proposed algorithm. Simula-

tion results are given in Section 4.5. Section 4.6 concludes this chapter.

4.2 Preliminaries and Problem Formulation

4.2.1 Preliminaries

Consider the following constrained discrete-time switched linear system

xk+1 = Aσ(k)xk +Bσ(k)uk, σ(k) ∈ Q, (4.1)

where the time instant k ∈ N; xk ∈ Rn and uk ∈ Rm are the state vector and control

input vector, respectively. The switching signal σ(·) : N→ Q is a piecewise constant

function of time k and it indicates the currently activated mode of the system in (4.1).

Additionally, in this chapter, the switching signal σ(·) is considered to be unknown a

priori . The set of all switching modes Q is given as Q := {1, 2, · · · , q, · · · , Q}, q ∈ Q,

in which Q ∈ Z+ represents the total number of modes in system (4.1). The system

state and the control input are respectively subject to the following mode-dependent

constraints, i.e., ∀σ(k) = q ∈ Q,

xk ∈Xq ⊆ Rn, (4.2a)

uk ∈ Uq ⊆ Rm, (4.2b)

where Xq and Uq are all compact polyhedral sets that contain the origin in each

interior. Define the switching instants kj−1 ∈ J := {k0, k1, · · · , kj−1, · · · }, j ∈ Z+
[1,∞),

with k0 = 0 and kj−1 < kj. Hence, k ∈ [kj−1, kj) indicates that the system mode or

the subsystem σ(kj−1) is activated.

Based on the definition of switching instants, in the following, the concept of MDT

is introduced.

Definition 4.1. [137] The MDT τq ∈ Z+, associated with mode q ∈ Q with

respect to the system dynamics (4.1) and the corresponding switching instants at

k0, k1, · · · , kj, · · · with k0 = 0 is the minimum amount of time that the system (4.1)
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has to stay in mode q. Hence, the dwell time τq imposes the inequality kj − kj−1 ≥ τq

when σ(k) = q for k ∈ [kj−1, kj), j ∈ Z+, and τq ∈ T := {τ1, τ2, · · · , τQ} where T is

the set of all the admissible MDTs which satisfy the above inequality.

Define the jth stage of mode transition beginning at switching instants kj−1 and

ending at kj. Then, the definition of stage MDT is presented.
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Figure 4.1: Illustration of ideally activated modes and practically empolyed activated
controllers during the mode-unmatched portion.

Definition 4.2. [126] Likewise, τ
(j)
q ∈ Z+ associated with the mode q ∈ Q is said

to be the jth stage MDT, j ∈ Z+, with respect to the dynamics (4.1) and the corre-

sponding switching instants at k0, k1, · · · , kj, · · · with k0 = 0 if kj − kj−1 ≥ τ
(j)
q when

σ(k) = q for k ∈ [kj−1, kj).

Note that, in most of the existing literatures [120–122, 126, 128], the switching

signals are considered to be unknown a priori and the currently activated subsystem

is dependent on the instantly detected mode. However, the immediate switching

detection is difficult to achieve in real time. This may lead to the mismatch between

the desired mode-dependent controller and the currently enabled switching mode.

Therefore, as shown in Figure 4.1, we first define the ideal switching instants where

the desired mode-dependent controller is supposed to be activated with respect to the

switched mode as k′0, k
′
1, · · · , k′j, · · · , j ∈ N, with k′0 = k0. The corresponding practical

switching instants where the desired mode-dependent controller is practically taken

into action are denoted as k̄′0, k̄
′
1, · · · , k̄′j, · · · , j ∈ N, with k̄′0 = k0. The mode-matched

portion refers to the interval on which the activated mode and the mode-dependent

controller are perfectly matched. The mode-unmatched portion stands for the interval

where the asynchronous switching happens. In addition, k̄′j satisfies

k̄′j = k′j + dj, j ∈ Z+, (4.3)
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where dj ∈ [0, d̄], dj ∈ N, represents the length of the jth stage switching signal

detection delay; dj = 0 stands for the mode-matched situation; d̄ ≥ 1, d̄ ∈ Z+,

indicates the length of the upper bound of the detection delay. In the following

statement, d ∈ [0, d̄], d ∈ N, is used to denote the length of detection delay if no

specific stage is mentioned.

To have a concrete description of the mode-unmatched portion, we also have the

following assumption.

Assumption 4.1. The length of the mode-unmatched portion is upper bounded by

d̄ and it has the identical magnitude order with the length of MDT. To simplify the

problem setup, we also assume that there are no switches in the interval [k′j, k
′
j + dj)

for dj ∈ [1, d̄]. In addition, both the ideal switching instants k′j and the practical

switching instants k̄′j coincide with the sampling instant k.

Remark 4.1. Assumption 4.1 ensures that all the switches can be detected in chrono-

logical order and there exists an upper bound on the period of asynchronous switching

for all the switches. In real practice, the value of d̄ can be obtained by measuring the

duration for the switching signal to be transmitted from the plant side to the controller

side by using stopwatches or utilizing an oscilloscope directly.

In the following, an admissible MDT switching sequence in the presence of the

asynchronous switching is defined.

Definition 4.3. A switching sequence with the MDT set T , ideal switching instants

k′0, k
′
1, · · · , k′j, · · · , and practical switching instants k̄′0, k̄

′
1, · · · , k̄′j, · · · , j ∈ N is said to

be admissible in the presence of asynchronous switching, if the inequlity k′j − k̄′j−1 ≥
τq, j ∈ Z+ holds for all q ∈ Q, d ∈ [0, d̄]. This sequence on the interval [0, k − 1] is

represented as ζT [d̄](k) := {σ(0), σ(1), · · · , σ(k − 1)}.

4.2.2 Problem Formulation

In this section, the switched MPC problem is introduced first and then the objectives

for the design of subsequent feasibility and stability strategies are presented. Define

the cost fuction Jq(·) of each subsystem q ∈ Q at time instant k as follows

Jq(xk, ûk) :=

Nq−1∑
i=0

`q(x̂k+i|k, ûk+i|k) + Fq(x̂k+Nq |k), (4.4)
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where xk = x̂k|k is the initial state of the predicted state sequence at time instant

k and ûk := {ûk|k, ûk+1|k, · · · , ûk+Nq−1|k} is the predicted control sequence; x̂k+i|k

and ûk+i|k represent the (k + i)th step predicted state and control input obtained by

solving the optimization problem at time k; Nq ∈ Z+ denotes the prediction horizon

with respect to mode q ∈ Q. The stage cost and terminal cost functions of mode q

are respectively given as `q := ‖x̂k+i|k‖2
Qq

+ ‖ûk+i|k‖2
Rq

and Fq := ‖x̂k+Nq |k‖2
Pq

where

Qq � 0 and Rq � 0 are mode-dependent weighting matrices of `q while Pq � 0 is the

mode-dependent terminal weighting matrix, q ∈ Q. The following shows the switched

MPC problem at time k

û∗k = arg min
ûk

Jσ(k)(xk, ûk) (4.5a)

s.t. x̂i+1+k|k = Aσ(k)x̂i+k|k +Bσ(k)ûi+k|k, i ∈ N[0,Nσ(k)−1] (4.5b)

x̂k|k = xk (4.5c)

x̂k+i|k ∈Xσ(k), i ∈ N[0,Nσ(k)−1] (4.5d)

ûk+i|k ∈ Uσ(k), i ∈ N[0,Nσ(k)−1] (4.5e)

x̂k+Nσ(k)|k ∈ Tσ(k) (4.5f)

where û∗k := {û∗k|k, û∗k+1|k, · · · , û∗k+Nq−1|k} is the optimal control sequence and only the

first element of û∗k is implemented as the optimal predicted control input, i.e.,

uMPC
q (xk) := û∗k|k. (4.6)

The Tq ⊆ Xq, q ∈ Q, denotes the terminal set with respect to the detected mode.

For notational convenience, we also define the feasible region XNq
q associated with

mode q ∈ Q as

XNq
q := {xk ∈Xq|x̂k+i|k ∈Xq, ûk+i|k ∈ Uq, ûk 6= ∅,

x̂k|k = xk, x̂k+Nq |k ∈ Tq, i ∈ N[0,Nq−1]}. (4.7)

Remark 4.2. Note that the asynchronous switching is undesired in practice. We

do not aim to design the switched MPC controller for the purpose of alleviating the

detrimental effect of asynchronous switching, as in the most existing results on this

particular case; instead, in this chapter, we utilize another important control tool to

keep the system performance, the switching logic, i.e., the dwell time is designed to
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be extended when the asynchronous switchings occur. As a result, the system perfor-

mance would not be sacrificed to a great extent due to the relatively short asynchronous

duration. In addition, the slow switching is the key focus of the control design in (4.5).

Hence, the prediction scheme based on the currently activated subsystem is employed.

To ensure the asymptotic stability of the closed-loop system for the special case

that the switched system (4.1) stays in one single mode q, q ∈ Q, in this chapter, we

make the following assumption.

Assumption 4.2. The subsystem matrices pairs {Aq, Bq} are stabilizable for all q ∈
Q. Assuming there exists a mode-dependent feedback control law µq(·), q ∈ Q, such

that the corresponding terminal set Tq is control invariant regarding the closed-loop

system xk+1 = Aqxk+Bqµq(xk). In addition, the control input obeys uk = µq(xk) ∈ Uq

for ∀x ∈ Tq and the following inequality holds

Fq(Aqx+Bqµq(x))− Fq(x) + `q(x, µq(x)) � 0. (4.8)

Remark 4.3. Assumption 4.2 is a commonly used assumption for analyzing closed-

loop stability under the MPC control law [79]. Inequality (4.8) guarantees that the

feasible set XNq
q for the subsystem q, q ∈ Q, in closed-loop with the control law (4.6)

is a region of attraction.

The objectives of this section are presented: (i) To determine the lower bound

of MDT such that (4.5) is continuously solvable with asynchronous switching; (ii)

To compute the admissible stage MDT such that the resulting closed-loop system is

asymptotically stable. The skeleton of the following theoretical analysis is shown in

Figure 4.2.

4.3 Feasibility Results

The terminology persistent feasibility refers to that the switched MPC problem (4.5)

is continuously solvable at both switching instants or within a mode [126]. Note that

the initial state xk ∈ XNq
q , q ∈ Q, only ensures the feasibility of the switched MPC

problem (4.5) without any mode transitions. The persistent feasibility of the switched

MPC problem (4.5) is not guaranteed since the occurrence of a switch may result in

the system state being excluded from the feasible region of the target mode, e.g.,

XNl
l , ∀l 6= q, l ∈ Q. What is even worse, the mode-unmatched behavior caused by the
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Figure 4.2: Schematic illustrating the relation of the presented algorithms and theo-
ries.

asynchronous switching may also lead to infeasibility for the switched MPC problem

(4.5).

Hence, to ensure the persistent feasibility of the switched MPC problem (4.5) un-

der the asynchronous switching, in this chapter, we employ the technique of reachable

sets computation. Comparing with [126,128], the set-theoretic-based techniques that

we adopted include both synchronous and asynchronous reachable set computation

so as to drive the state trajectory in the presence of asynchronous switching into the

target region. The definition of the one-step reachable set along the subsystem q ∈ Q
is recalled [126]

R1
q (Z) := {x|x0 ∈ Z, x = Aqx0 +Bqu

MPC
q (x0)}, (4.9)

and the S-step reachable set is given as

Rs
q (Z) := R1

q (Rs−1
q (Z)), s ∈ Z+

[1,S], (4.10)

with R0
q (Z) = Z. Considering the mode-unmatched portion, the one-step asyn-

chronous reachable set when a mode transition occurs from mode q to mode l, q 6= l,

q ∈ Q, l ∈ Q, is defined as

D1
q,l(Z) := {x|x0 ∈ Z, x = Alx0 +Blu

MPC
q (x0)}. (4.11)
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Likewise, the S-step asynchronous reachable set is given as

Dsq,l(Z) := D1
q,l(Ds−1

q,l (Z)), s ∈ Z+
[1,S], (4.12)

with D0
q,l(Z) = Z.

Theorem 4.1. Consider the switched MPC problem (4.5) under asynchronous switch-

ing with XNq
q , ∀q ∈ Q, being the feasible region of subsystem q. Suppose that As-

sumptions 4.1 and 4.2 hold, then the switched MPC problem (4.5) for system (4.1) is

persistently feasible, if the MDT τ
(j)
q ≡ τq, j ∈ Z+, where τq fulfills

⋃
l∈Q,l 6=q

i=d̄−1⋃
i=1

Diq,l(Rτq
q (XNq

q )) ⊆ XNq
q , d̄ ≥ 2, (4.13)

and τq also satisfies
Rτq
q (XNq

q ) ⊆
⋂

l∈Q,l 6=q

XNl
l , d = 0⋃

l∈Q,l 6=q

Dd̄q,l(Rτq
q (XNq

q )) ⊆
⋂

l∈Q,l 6=q

XNl
l , d̄ ≥ 1.

(4.14)

Proof. As in Remark 4.3, the feasible set XNq
q is positively invariant if the switched

system (4.1) in the closed-loop stays in mode q, q ∈ Q, i.e., Rr
q (XNq

q ) ⊆ XNq
q , r ∈

Z+. Hence, R
τq
q (XNq

q ) ⊆ XNq
q can be guaranteed. For d = 0, following [126], the

reachable set is also required to be contained in the intersection of the feasible sets⋂
l∈Q,l 6=q XNl

l . Then we have R
kj−kj−1
q (XNq

q ) ⊆ R
τq
q (XNq

q ) ⊆ ⋂l∈Q,l 6=q XNl
l , j ∈ Z+,

due to the fact that kj − kj−1 is no less than τq. However, in the presence of the

asynchronous switching, the mode-unmatched switched MPC controller based on the

last activated subsystem q ∈ Q still performs in the period of k ∈ [k′j, k̄
′
j), j ∈ Z+,

and the predicted control input is implemented in the ideal switching subsystem.

Therefore, the asynchronous reachable set is employed to ensure that the evolution

of states by using the mode-unmatched controller are contained in the feasible region

XNq
q , q ∈ Q, when k ∈ [k′j, k̄

′
j), j ∈ Z+, i.e., (4.13). In addition, the reachable set needs

to be included in the target region
⋂
l∈Q,l 6=q XNl

l so as to guarantee the switched MPC

optimization problem to be persistently feasible when the mode-matched controller

is reactivated at instant k = k̄′j, j ∈ Z+. Thus, the MDT τq, q ∈ Q, is required to be

designed sufficiently long to satisfy both (4.13) and (4.14). �
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Remark 4.4. Theorem 4.1 provides a strategy to compute the minimum admissible

MDT τq, q ∈ Q, to guarantee the switched MPC problem (4.5) to be persistently

feasible under the detrimental effect of asynchronous switching. However, such an

approach does not guarantee the convergence of all the state trajectories within the

union of all feasible regions
⋃
q∈QX

Nq
q , q ∈ Q, because the evolution of states may

remain in the feasible set. The convergence analysis of system states will be discussed

in the following section.

4.4 Stability Results

In this section, the stability analysis is conducted on the switched MPC problem (4.5)

in the presence of asynchronous switching. Initially, a direct criterion with guaranteed

convergence characteristics of system states is proposed. Then, in order to design

the common terminal set for all subsystems, an algorithm to compute a constraint

admissible contractive AMI set is introduced. Finally, two approaches based on the

designed AMI set to calculate the admissible value of MDT are presented. The closed-

loop system under the asynchronous switching is asymptotically stable as long as the

computed MDT restrictions are satisfied.

4.4.1 A Direct Criterion

Lemma 4.1. Consider the switched MPC problem (4.5) in the presence of asyn-

chronous switching with XNq
q , ∀q ∈ Q, being the feasible region of subsystem q. Sup-

pose Assumptions 4.1 and 4.2 hold, the closed-loop system is attractive in the feasible

region
⋃
q∈QX

Nq
q , if the MDT τ

(1)
q fulfills (4.13) and (4.14) and τ

(j)
q , j ∈ Z+

[2,+∞),

fulfills 

τ
(1)
q −τ

(j)
q⋃

n=0

R
τ

(j)
q +n
q (

⋂
l∈Q,l 6=q

Rj−2
l (XNll )) ⊆ XNqq , d̄ = 1

⋃
l∈Q,l 6=q

i=d̄−1⋃
i=1

Diq,l(
τ

(1)
q −τ

(j)
q⋃

n=0

R
τ

(j)
q +n
q (

⋂
l∈Q,l 6=q

Rj−2
l (XNll )))

⊆ XNqq , d̄ ≥ 2

(4.15)
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and τ
(j)
q , j ∈ Z+

[2,+∞), also satisfies



τ
(1)
q −τ

(j)
q⋃

n=0

R
τ

(j)
q +n
q (

⋂
l∈Q,l 6=q

Rj−2
l (XNll ))⊆

⋂
l∈Q,l 6=q

Rj−1
l (XNll ),

d = 0

⋃
l∈Q,l 6=q

Dd̄q,l(
τ

(1)
q −τ

(j)
q⋃

n=0

R
τ

(j)
q +n
q (

⋂
l∈Q,l 6=q

Rj−2
l (XNll )))

⊆
⋂

l∈Q,l 6=q
Rj−1
l (XNll ), d̄ ≥ 1.

(4.16)

Proof. (i) Persistent feasibility: Note that τ
(1)
q , q ∈ Q, fulfills (4.13) and (4.14). It

indicates that the state trajectory enters the feasible set
⋂
l∈Q,l 6=q XNl

l . The switched

MPC problem (4.5) is therefore solvable at the first stage. When the stage index

reaches j ∈ Z+
[2,+∞), the reachable set is forced within

⋂
l∈Q,l 6=q Rj−1

l (XNl
l ). Due

to
⋂
l∈Q,l 6=q Rj−1

l (XNl
l )⊆ ⋂

l∈Q,l 6=q XNl
l , the persistent feasibility of the problem in

(4.1) is ensured. (ii) Attractivity: Based on Assumption 4.2, there is no doubt that⋂
l∈Q,l 6=q Rj−1

l (XNl
l )→ {0} as the number of stages j →∞ since the inequality (4.8)

guarantees that the system states converge to the origin for only a single subsystem

q, q ∈ Q, in closed-loop. Hence, ‖xk̄′j‖ → 0 as j → ∞ holds which conforms to the

definition of attractivity. �

Remark 4.5. It can be observed that the target region
⋂
l∈Q,l 6=q Rj−1

l (XNl
l ) in (4.16)

contracts one step innerly as j, j ∈ Z+
[2,+∞), increases by one stage. The attractive

property of the reachable sets is therefore achieved. It is also worth pointing out

that the attractive rate of the target region design can be accelerated by requiring the

contraction with every two steps or more.

Remark 4.6. As mentioned in Theorem 4.1, the computed τ
(1)
q , q ∈ Q, by using

(4.13) and (4.14) is the minimum value of MDT to ensure the switched MPC design

under the asynchronous switching to be persistently feasible. Thus, when the value of

MDT τ
(1)
q is greater than τ

(j)
q , j ∈ Z+

[2,+∞), the calculation of the reachable set with

all the possible steps for τ
(j)
q ≤ τ

(1)
q needs to be considered for the feasibility concern.

Lemma 4.1 provides a way to compute the minimum admissible MDT offline in

each stage for the attractivity property of the closed-loop system. However, it is not
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realistic to consider infinite numbers of switching stages. Hence, in the following two

subsections, a more practical way to determine the minimum value of MDT within

finite switching stages is proposed.

4.4.2 Computational Algorithm

Before introducing the definition of a constraint admissible contractive AMI set, the

constrained switching mode-matched closed-loop system by using the feedback control

law uk = Kqxk, q ∈ Q, is firstly defined

xk+1 = Āqxk, q ∈ Q, xk ∈X , (4.17)

where Āq := Aq + BqKq and Āq ∈ Ā := {Ā1, Ā2, · · · , ĀQ}; Kq denotes the feedback

gain with respect to the subsystem q, q ∈ Q, and X ⊆ Rn denotes the state constaint.

The constrained switching mode-unmatched closed-loop system with the feedback

control law uk = Kqxk, q ∈ Q, is given as

xk+1 = Āq,lxk, l 6= q, q ∈ Q, l ∈ Q, xk ∈X , (4.18)

where Āq,l := Al + BlKq; Āq,l ∈ Āq := {Āq,1, Āq,2, · · · , Āq,Q} and Ā :=
⋃
q∈Q Āq

represents the union of asynchronous system matrices. The system dynamics (4.18)

indicates that the asynchronous switching control law performs in the currently acti-

vated switching subsystem l, l ∈ Q.

Definition 4.4. A set Ω ⊆ Rn is said to be a constraint admissible contractive AMI

set with respect to a contraction factor λ ∈ (0, 1), the MDT set Γ := {γ1, γ2, · · · , γQ},
and the closed-loop systems (4.17) and (4.18), if x0 ∈ Ω implies xt ∈X , for t ∈ Z+

[1,k]

and Āζ
T [d̄] (k)x0 ∈ λΩ where the product of the closed-loop system matrices associated

with the switching sequence ζT [d̄](k) is

Āζ
T [d̄] (k) :=Ā

dj
σ(k′j−1),σ(k′j)

Āt
(j)

σ(k′j−1) · · · Ād2

σ(k′1),σ(k′2)Ā
t(2)

σ(k′1)

Ād1

σ(k′0),σ(k′1)Ā
t(1)

σ(k′0),

where dj ∈ [0, d̄], j ∈ Z+; t(j), j ∈ Z+, respresents the stage MDT and k =
∑j

v=1 t
(v)+∑j

v=1 dv, v ∈ Z+.

Based on Definition 4.4, we aim to modify the algorithm which is designed to
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compute the MDT constraint admissible contractive invariant set for all the admissible

switching sequences in [137]. The purpose is to make it compatible with the closed-

loop systems (4.17) and (4.18) by considering all the admissible switching sequences

defined in Definition 4.3 under the asynchronous switching.

The invariant set computation is proceeded in two stages. Let the first stage

MDT set be T̃q := {1, 2, · · · , γq − 1}, γq ∈ Γ, q ∈ Q, with T̃ :=
⋃
q∈Q T̃q. The second

stage MDT set is denoted as Tq := {γq, γq + 1, · · · , 2γq − 1}, γq ∈ Γ, q ∈ Q, with

T :=
⋃
q∈Q Tq. The reason behind such a division is that the truncated behavior of

the switching sequence is demonstrated by using the MDT in the first stage. The

evolution of system states under the admissible switching sequence can be manifested

with the MDT in the second stage [142].

In order to establish the AMI set, the concept of backward sets is employed. Define

a r-step backward set for the mode-matched closed-loop system (4.17) as

θrq(Ξ) := {x|Ārqx ∈ Ξ, q ∈ Q}, (4.19)

where the number of steps r ∈ N with θ0
q(Ξ) = {x|x ∈ Ξ}. Then, the intersection of

the r step backward set for every r ∈ T̃q is characterized as Θ̃q(Ξ) :=
⋂
r∈T̃q θ

r
q(Ξ).

Likewise, the intersection of the reachable set θrq(Ξ) for every r ∈ Tq is denoted as

Θq(Ξ) :=
⋂
r∈Tq θ

r
q(Ξ). For the mode-unmatched closed-loop system (4.18), the i-step

backward set is represented as

θ̂iq,l(Ξ) := {x|Āiq,lx ∈ Ξ, l 6= q, q ∈ Q, l ∈ Q}, (4.20)

where the number of steps i ∈ N with θ̂0
q,l(Ξ) = {x|x ∈ Ξ}. In addition, we define

the asynchronous set which collects all possible length of mode-unmatched portion

as T̂ := {0, 1, 2, · · · , d̄}.
In the following, the computational algorithm of designing a constraint admissible

contractive AMI set is presented in Algorithm 4.1.

The set Iλ0 computed in step 1 collects all the possible state trajectories under

the truncated switching sequence for every r ∈ T̃q. The target region that the system

states finally converge into is the intersection of the terminal sets for all modes, i.e.,⋂
q∈QTq. The design of steps 2 to 6 considers the backward evolution of system states

of the closed-loop systems (4.17) and (4.18) in the presence of asynchronous switching.

For every r ∈ Tq, q ∈ Q, the operator Θq is applied to calculate the intersection of
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Algorithm 4.1 Computation of a constraint admissible contractive AMI set

Input: Terminal sets Tq, q ∈ Q; system matrices sets Ā and Ā ; upper bound d̄;
contraction factor λ; MDT sets T and T̃ .

1: Initialize m = 0 and d = 0 and calculate the initial set Iλ0 :=
(
⋂
q∈QTq)

⋂
(
⋂
q∈Q Θ̃q(

⋂
q∈QTq));

2: while d ≤ d̄
3: Compute Ξ =

⋂
q∈Q(

⋂
l∈Q,l 6=q Θq(θ̂

d
q,l(λIλm)));

4: Calculate Iλm+1 = Iλm
⋂

Ξ;
5: Set d = d+ 1;
6: end while
7: if Iλm+1 ≡ Iλm then
8: Set Iλ∞ = Iλm and Stop;
9: else

10: Set m = m+ 1 and return to step 2;
11: end if
12: Output: An AMI set Iλ∞.

the backward sets for all possible mode transitions. Furthermore, such an identical

procedure will be applied to every mode for q ∈ Q. Once the condition in step 7 is

satisfied, a constrained contractive AMI set is obtained.

Theorem 4.2. Suppose Assumptions 4.1-4.2 are satisfied. Then, under the asyn-

chronous switching, the closed-loop system (4.1) by using the feedback control laws in

(4.17) and (4.18) is asymptotically stable under the MDT O := {o1, o2, · · · , oq, · · · , oQ}
if and only if the constraint admissible contractive AMI set Iλ∞ generated by Algorithm

4.1 under an MDT set O and a contraction factor λ ∈ (0, 1) is non-empty.

Proof. (i) Sufficiency: Consider an admissible MDT switching sequence ζT [d̄](k).

The evolution of the system state is xk = Āζ
T [d̄] (k)x0. The existence of such a constraint

admissible contractive AMI set Iλ∞ indicates that ∀x0 ∈ Iλ∞, the evolution of state

xk = Āζ
T [d̄] (k)x0 ∈ λµρd1

σ(k′0),σ(k′1)ρ
d2

σ(k′1),σ(k′2) · · · ρ
dj
σ(k′j−1),σ(k′j)

Iλ∞, µ := b t(1)

τσ(k′0)
c + b t(2)

τσ(k′1)
c +

· · · + b t(j)

τσ(k′
j−1

)
c; ρσ(k′j−1),σ(k′j)

, j ∈ Z+, denotes the maximal Euclidean norm of all

eigenvalues with respect to system matrices Āσ(k′j−1),σ(k′j)
. In order to prove the above

statement, it requires that the inequality λµρd1

σ(k′0),σ(k′1)ρ
d2

σ(k′1),σ(k′2) · · · ρ
dj
σ(k′j−1),σ(k′j)

< 1

holds. Note that we have no additional assumptions requiring the asynchronous

system matrices to be stable, i.e., ρσ(k′j−1),σ(k′j)
≥ 1. This may result in the divergence

of the state trajectory. However, according to Assumption 4.2, we have ρ(Āq) < 1,

q ∈ Q. Thus, λµ can be designed sufficiently small since the admissible MDT is the
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decision variable. Due to λ ∈ (0, 1), therefore, as k → ∞, µ → ∞, which ensures

that the system states converge to the origin, i.e., ‖xk‖ → 0.

The stability proof is given as below. Since the origin is contained in the ∩q∈QTq,

we have

δ′B ⊆ Iλ∞ ⊆ ∩q∈QTq ⊆ ε′B,

where δ′ > 0 and ε′ > 0 are two positive constants. B denotes a unit ball in Rn.

Given two constants ε ≥ ε′ and δ ∈ (0, δ′], we have ‖x0‖ ≤ δ which indicates that xk ∈
Iλ∞ ⊆ ε′B ⊆ εB. Hence, ‖xk‖ ≤ ε holds. For ε < ε′, due to the contractive property

of Iλ∞, there must exist a series of parameters λµρd1

σ(k′0),σ(k′1)ρ
d2

σ(k′1),σ(k′2) · · · ρ
dj
σ(k′j−1),σ(k′j)

,

j ∈ Z+, such that λµρd1

σ(k′0),σ(k′1)ρ
d2

σ(k′1),σ(k′2) · · · ρ
dj
σ(k′j−1),σ(k′j)

ε′ < ε. Likewise, given

δ ∈ (0, λµρd1

σ(k′0),σ(k′1)ρ
d2

σ(k′1),σ(k′2) · · · ρ
dj
σ(k′j−1),σ(k′j)

δ′],

we have ‖x0‖ ≤ δ which implies that

xk ∈ λµρd1

σ(k′0),σ(k′1)ρ
d2

σ(k′1),σ(k′2) · · · ρ
dj
σ(k′j−1),σ(k′j)

Iλ∞
⊆ λµρd1

σ(k′0),σ(k′1)ρ
d2

σ(k′1),σ(k′2) · · · ρ
dj
σ(k′j−1),σ(k′j)

ε′B ⊆ εB,

i.e., ‖xk‖ ≤ ε. Thus, ∀ε > 0, there exists a δ > 0 such that ‖x0‖ ≤ δ implies that

‖xk‖ ≤ ε. Hence, the asymptotic stability of closed-loop system (4.1) is achieved.

(ii) Necessity: Define the operation ‖·‖Iλ∞ as the norm induced by the AMI set Iλ∞.

In addition, there exists a parameter λ̄ρ ∈ (0, 1) such that ‖Ādjσ(k′j−1),σ(k′j)
Āt

(j)

σ(k′j−1)‖ <
λ̄ρ < 1, ∀dj ∈ T̂ , j ∈ Z+. Then, we reformulate the set Iλ0 in the form of {x|Gmx ≤
1,m ∈ N}. In the following, inspired by [142], we will show that the constraint

admissible contractive AMI set Iλ∞ can be obtained for a sufficiently large index m.

Considering the set evolution of Algorithm 4.1 from Iλm−1 to Iλm with any λρ > λ̄ρ,

λρ ∈ (0, 1), the additional inequality GmĀζ
T [d̄] (k̄

′
m)x ≤ λmρ is required. The subsequent

inequalities are derived along the mth step iteration of Algorithm 4.1

GmĀζ
T [d̄] (k̄

′
m)x ≤ max

a∈B(‖Āζ
T [d̄] (k̄

′
m)x‖)

Gma

≤ max
b∈B(‖Āζ

T [d̄] (k̄
′
m)x‖Iλ∞ )

β1Gmb ≤ max
b∈B(λ̄mρ ‖x‖Iλ∞ )

β1Gmb

≤ max
ã∈B(‖x‖)

λ̄mρ β1β2Gmã ≤ λ̄mρ β1β2‖Gm‖‖x‖ < λmρ ,



62

where β1 and β2 are two positive real numbers. The last inequality holds since λ̄ρ <

λρ < 1. Hence, the additional inequality is redundant for Iλm−1 to obtain Iλm since the

convergence of the next step iteration is already guaranteed. The proof is completed.

�

Remark 4.7. Theorem 4.2 indicates that once the state trajectories enter the con-

straint admissible contractive AMI set with the admissible switching sequence, the

system states will converge to the origin.

4.4.3 Stability Criteria Based on the AMI Set

By employing the computed constraint admissible contractive AMI set as the com-

mon terminal set for all switching modes, two criteria are proposed to calculate the

minimum admissible MDT. The first stability criterion is detailed in the following

Theorem.

Theorem 4.3. Consider the switched MPC problem (4.5) in the presence of asyn-

chronous switching with XNq
q , ∀q ∈ Q, being the feasible region of subsystem q. Sup-

pose Assumptions 4.1-4.2 hold and the feedback gain within Tq is Kq, q ∈ Q. If a

constraint admissible contractive AMI set Iλ∞ exists for closed-loop systems (4.17) and

(4.18) with an MDT set O and a contraction factor λ ∈ (0, 1), then the closed-loop

system (4.1) under the control law (4.6) is asymptotically stable regarding the region

of attraction
⋃
q∈QX

Nq
q with the MDT τ

(j)
q , if τ

(1)
q fulfills (4.13) and (4.14) and τ

(j)
q ,

j ∈ Z+
[2,y], y ∈ Z+

[2,+∞), satisfies (4.15) and (4.16). Furthermore, for j ≥ y + 1, the

following inclusion relationship ⋂
l∈Q,l 6=q

Ry−1
l (XNl

l ) ⊆ Iλ∞ (4.21)

holds and τ
(j)
q ≥ oq.

Proof. Assume that a constraint admissible contractive AMI set Iλ∞ exists with

an MDT set O and contraction factor λ ∈ (0, 1). From Lemma 4.1, it follows that⋂
l∈Q,l 6=q Rj−1

l (XNl
l )→ {0}. Then, a sufficient large y must exist such that (4.21)

holds. The proof is stated from the following three aspects. (i) Feasibility: For

j ∈ Z+
[2,y], Theorem 4.1 and Lemma 4.1 ensure the persistent feasibility by using the

admissible MDT τ
(j)
q . When j ≥ y + 1, the state trajectory along the admissible

switching sequence will remain in Iλ∞ as long as the inequality which ensures the
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existence of the AMI set τ
(j)
q ≥ oq holds. Based on the iteration procedure of Al-

gorithm 4.1, it imples that the set inclusion relationship Iλ∞ ⊆ ∩q∈QTq ⊆ ∩q∈QXNq
q

stands. Thus, the persistent feasibility can be guaranteed. (ii) Stability: The sta-

bility analysis is similar to the proof of Theorem 4.2 and omitted here. (iii) Attrac-

tivity: It can be observed from (4.21) that the system states are forced to converge

into Iλ∞ at the practical switching instants k̄′j, j ∈ Z+. Then for j ≥ y + 1, if

xk̄′y ∈ Iλ∞, it implies that xk = Āζ
T [d̄] (k)xk̄′y ∈ λcρ

dy+1

σ(k′y),σ(k′y+1) · · · ρ
dy+c

σ(k′y+c−1),σ(k′y+c)
Iλ∞

where c represents the number of switching stages after k̄′y till k. Due to λ ∈ (0, 1)

and λcρ
dy+1

σ(k′y),σ(k′y+1) · · · ρ
dy+c

σ(k′y+c−1),σ(k′y+c)
< 1, we have ‖xk‖ → 0 as k → ∞. Hence, the

asymptotic stability of the closed-loop system is achieved. �

Remark 4.8. In contrast with the criterion presented in Lemma 4.1, the sufficient

condition in Theorem 4.3 is more practical since the computation of the admissible

stage MDT can be terminated in finite stages as long as (4.21) satisfies.

Lemma 4.2. Consider the switched MPC problem (4.5) in the presence of asyn-

chronous switching with XNq
q , ∀q ∈ Q, being the feasible region of subsystem q. Sup-

pose Assumptions 4.1-4.2 hold and the feedback gain within Tq is Kq, q ∈ Q. If a

constraint admissible contractive AMI set Iλ∞ exists for closed-loop systems (4.17) and

(4.18) with an MDT set O and a contraction factor λ ∈ (0, 1), then the closed-loop

system (4.1) under the control law (4.6) is asymptotically stable regarding the region

of attraction
⋃
q∈QX

Nq
q with the MDT τ

(j)
q , j ∈ Z+

[1,+∞), if τ
(1)
q satisfies (4.13) and

⋃
l∈Q,l 6=q

d=d̄⋃
d=0

Ddq,l(Rτ
(1)
q
q (XNq

q )) ⊆ Iλ∞, (4.22)

and τ
(j)
q ≡ oq, for all j ∈ Z+

[2,+∞).

The proof of Lemma 4.2 is omitted here. Lemma 4.2 requires the reachable set

to be contained in Iλ∞ in the first stage. For the stage j, j ∈ Z+
[2,+∞), the minimum

value of the admissible MDT only needs to guarantee the existence of the AMI set.

4.5 Simulation Results

The simulation is conducted by using the MATLAB MPT3 toolbox [143]. To verify

our control scheme, we consider a switched discrete-time linear system in the form of
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(4.1) with two modes. The two subsystems are

A1 =

[
0.5 −1

1 0.7

]
, A2 =

[
1.5 1

0.3 0.58

]
, (4.23a)

B1 =
[
0.4 1

]T

, B2 =
[
−1 2.3

]T

. (4.23b)

The state constraints are X1 := {xk ∈ R2|‖xk‖∞ ≤ 10} and X2 := {xk ∈ R2|‖xk‖∞ ≤
8}. The input constraints are U1 = U2 := {uk ∈ R|‖uk‖∞ ≤ 2}. The prediction

horizon is set to be N1 = N2 = 5. The state weighting matrices are Q1 = [10 0; 0 10]

and Q2 = [5 0; 0 5] while the input weighting matrix is Rq = 1, q = 1, 2. P1 =

[11.0973 − 0.8344;−0.8344 27.7253] and P2 = [148.6817 110.5895; 110.5895 90.1414]

are served as the terminal weighting matrices. The stabilizing feedback gains are

K1 = [−0.9786 −0.5219], K2 = [−1.5917 −1.3731] and the corresponding eigenvalues

of Ā1 and Ā2 are 0.1433± 0.1572i and 0.5039, 0.0096, respectively. The upper bound

of the mode-unmatched portion caused by asynchronous switching is set to d̄ = 3 and

d ∈ [0, d̄].

Table 4.1 shows the calculation results of MDT by employing distinct criteria in

the presence of asynchronous switching. The minimum values of admissible MDT

τ q and the stage MDT τ
(j)
q , q = 1, 2, j ∈ Z+, are obtained by considering all the

possible lengths of the mode-unmatched portion for d ∈ [0, d̄]. The MDT calculated

by Theorem 4.2 is to ensure the existence of a constraint admissible contractive AMI

set. It can be observed from Table 4.1 that the value of τ
(2)
1 is greater than τ

(1)
1 by

using the criterion of Theorem 4.3. This is because the target region R1
2(XN2

2 ) ⊆ XN2
2

and the system states need to consume more time to reach the target set. Note

that the admissible MDT computation based on Lemma 4.1 is required to consider

an infinite number of switching stages. Hence, we only demonstrate the simulation

result of other criteria which can be determined in a finite computational time.

The asynchronous reachable sets D1
1,2, D2

1,2, and D3
1,2 which are evolved for the

mode transition from mode 1 to mode 2 are illustrated in Figure 4.3. The state

trajectory with dot marks is plotted by a feasible MDT τ 1 = 7 under the mode-

unmatched period d = 3. The x0 = [−3.2;−4.2] is chosen as the initial state. It can be

observed that after the state trajectory leaves three asynchronous reachable sets, the

system states will stay in the feasible region XN2
2 which indicates that the persistent

feasibility is ensured. The state responses of the closed-loop system based on the

switching sequences which obey the minimum MDT requirement of Theorem 4.3 and



65

Table 4.1: The computational results of MDT based on distinct criteria
Theoretical Criteria Minimum Values of MDT

Theorem 4.1 τ 1 = 7, τ 2 = 8

Theorem 4.2 τ 1 = 3, τ 2 = 4

Theorem 4.3 τ
(1)
1 = 7, τ

(1)
2 = 8; τ

(2)
1 = 8, τ

(2)
2 = 8;

τ
(3)
1 = 7, τ

(3)
2 = 7; τ

(4)
1 = 6, τ

(4)
2 = 6;

τ
(5)
1 = 5, τ

(5)
2 = 6; τ

(6)
1 = 5, τ

(6)
2 = 5;

τ
(7)
1 = 5, τ

(7)
2 = 4;

τ
(8)
1 = 3, τ

(8)
2 = 4, ∀j ≥ 8

Lemma 4.2 τ
(1)
1 = 8, τ

(1)
2 = 9; τ

(2)
1 = 3, τ

(2)
2 = 4, ∀j ≥ 2

Lemma 4.2 are shown in Figure 4.4 and Figure 4.5, respectively. The initial state to

verify Theorem 4.3 is given as x0T3 = [2.79; 4.66]. The initial state to validate Lemma

4.2 is chosen as x0L2 = [−3.2;−4.2]. Both of these two initial states are included in

the feasible set XN1
1 . The simulation results clearly demonstrate that asynchronous

switching leads to the divergence of system states. Hence, both these two criteria

play a significant role in asymptotically stabilizing the closed-loop system.

Figure 4.3: Illustration of the asynchronous reachable sets D1
1,2, D2

1,2, and D3
1,2 and a

feasible state trajectory.

Figure 4.6 shows the computed constraint admissible contractive AMI set Iλ∞ by

using Algorithm 4.1. The contraction factor is set to λ = 0.999 and the eigenvalues

of asynchronous system matrices Ā1,2 and Ā2,1 are 0.9291 ± 0.7536i and −1.3992,

0.5894, respectively. It is worth knowing that the closed-loop system by using the

asynchronous switching control law has not to be stable which is also consistent with

the nature of most asynchronous switched systems. The state trajectories 1 to 4 which
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Figure 4.4: State responses which satisfy the MDT
constraint in Theorem 4.3.

Figure 4.5: State responses which satisfy the MDT
constraint in Lemma 4.2.

are denoted by traj1 to traj4 are plotted to intuitively demonstrate the convergence

once the states enter the AMI set Iλ∞. The initial states with respect to traj1 to

traj4 are respectively designed to be the four vertices of Iλ∞: x01 = [1.2911;−1.0354],

x02 = [−0.3816; 1.145], x03 = [0.3816;−1.145], and x04 = [−1.2911; 1.0354]. The

corresponding four admissible switching sequences which satisfy the requirement in

Definition 4.3 are generated arbitrarily. It can be seen from Figure 4.6 that the sys-

tem states move out of Iλ∞ in the first step. The reason for this phenomenon is the

truncated behavior of switching sequences with the first stage MDT. By giving the

adequate length of admissible MDT, the convergence of state trajectories is guaran-

teed.

4.6 Conclusions

This chapter provides the first attempt to tackle the asynchronously switched MPC

problem by using the MDT approach. The criterion to ensure the persistent feasibil-
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Figure 4.6: Illustration of the constraint admissible contractive AMI set Iλ∞ and state
trajectories.

ity of the switched MPC algorithm has been designed. An algorithm to compute a

constraint admissible contractive AMI set has been established. Based on the com-

puted AMI set, a sufficient and necessary condition is proposed with a rigorous proof.

Two strategies with respect to the minimum MDT determination are proposed so

as to guarantee the asymptotic stability of the closed-loop system. The proposed

control scheme has the advantage of reducing the online computational load by de-

termining the MDT restriction offline while preventing significant sacrifice of system

performance. Theoretical results are validated and the advantages of the proposed

method are highlighted via a numerical example.
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Chapter 5

Non-conservative Stability Criteria

for Constrained Switched Linear

Systems with Multiple Faults

In the previous two chapters, we focus on studying the switched MPC design with

or without terminal constraints. In this chapter, we further extend the theoretical

results to stabilize the constrained switched system from a set-theoretic perspective.

5.1 Introduction

Considering the possible exposure to the unreliable and changeable industry envi-

ronment, switched systems may simultaneously encounter multiple faults, i.e., lagged

mode-dependent controller to be applied to the currently activated mode, controller

intermittent disconnection, and unexpected mode transitions disorder. Figure 5.1

shows a schematic diagram of a switched system in a typical stirred-tank reactor

under multiple faults. These commonly experienced faults may cause severe adverse

effects on reliability and closed-loop stability which makes this issue important yet

challenging to be confronted. In the light of the literature review in Chapter 1, some

remarkable results have been reported in studying the stabilization problem of switch-

ing dynamics in the presence of a single fault [41, 44–52, 54–59, 63–70]. Nonetheless,

rare results are devoted to investigating the non-conservative stability strategy for

switched systems when multiple faults are encountered concurrently.

Another pivotal issue to address in the field of switched systems is to alleviate
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…

Delays

Sensor node

Controller 1 Controller 2 Controller m
Delays

(i)

(ii)

Mode m

(iii)

…

Mode 1 Mode 2

Motor

Mixed product

Reactant feed

Figure 5.1: Switched systems in a typical stirred-tank reactor with m modes under
multiple faults [(i) controller failures; (ii) asynchronous switching; (iii) unconstrained
switching].

the adverse effect of additive uncertainties. Although some promising results [54,

57, 59, 63, 128, 144–146] have been dedicated to studying the disturbance attenuation

problem of switched systems through the distinct control design, scarcely any results

emphasize employing the appropriate MDT constraint individually to alleviate the

impact of additive uncertainties. Moreover, it is worth mentioning that the identical

magnitude order of the MDT durations and the length of multiple faults are studied

in this chapter since the negative impact of the sufficiently short faulty portions on

the closed-loop system is negligible.

To conquer these problems, this chapter provides a novel approach to handle the

stabilization problem regarding the switched system under multiple faults in the ab-

sence or presence of additive disturbances by using the MDT constraint. Despite

concentrating on the conventional control design in the majority of works mentioned

above, our main interest is employing the powerful switching logic based on the con-

structed invariant sets. The main contributions of this chapter are threefold:

1) An algorithm to compute the maximal constraint admissible fault-tolerant-

MDT (CAF-MDT) contractive set is designed. Moreover, a necessary and suf-

ficient condition to guarantee the nominal switched closed-loop system under

multiple faults to be uniformly asymptotically stable is proposed with a rigorous

proof. The lower bound of the MDT is determined.
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2) For the disturbed switched system with multiple faults, the fault-tolerant disturbance-

MDT (FD-MDT) set which can serve as the ‘artificial equilibrium’ for all switch-

ing modes is constructed and critical characteristics have been perceived.

3) Moreover, the non-conservative stability criterion for nominal switched systems

with multiple faults has been further extended to disturbed switched systems

based on the designed constraint admissible FD-MDT (CAFD-MDT) invariant

set. In addition, the satisfaction of the state constraint is ensured with the

determined MDT.

The skeleton of this work is shown in Figure 5.2 and the rest of this chapter is

organized as follows: For the nominal switched systems, in Section 5.2, the prelimi-

naries and problem descriptions are presented. Section 5.3 is dedicated to the stability

analysis based on the designed CAF-MDT set. Regarding the switched systems ex-

erted by additive disturbances, the system descriptions and notations are stated in

Section 5.4. Section 5.5 demonstrates the FD-MDT set design and theoretical results

and Section 5.6 is devoted to providing the stability results with respect to the estab-

lished CAFD-MDT set. Simulation results are reported in Section 5.7. Section 5.8

concludes this chapter.
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sequence ⇠w
T [�̄](·) is calculated by using the backward operator

as follows:

P(O, W) := \m2M(\⌫2T S
m

(\N
i=1P̃⌫

m(Pci(O)))) (22)

where Pci(O) := Ps
ci
1

mci
(P̂ ŝ

ci
1

mci
,nci

· · · Ps
ci
r

mci
(P̂ ŝ

ci
r

mci
,nci

(O))) is
the operator to calculate the backward set in the presence of
cith faulty combination.

V. FD-MDT SET DESIGN AND ANALYSES

In this section, Theorem 2 is firstly proposed to investigate
three equivalent statements with respect to the FD-MDT
invariance based on the defined operators.

Theorem 2: Suppose Assumption 2 is satisfied and the
operators R(·, ·) and P(·, ·) are defined in (18) and (22). For
a non-empty set O ⇢ Rnx , the three equivalent statements are
presented as follows: (i) R(O, W) ✓ O; (ii) O ✓ P(O, W);
(iii) The set O is an FD-MDT invariant set.

Proof: (i))(ii): The condition (i) implies that, for all
⌫ 2 T S

m , m 2 M, and i 2 N for all faulty combinations,
the inclusion Rci(R̃⌫

m(O)) ✓ O stands. Thus, applying the
operator P̃⌫

m(Pci(·)) on both sides of Rci(R̃⌫
m(O)) ✓ O, we

have

P̃⌫
m(Pci(Rci(R̃⌫

m(O)))) ✓ P̃⌫
m(Pci(O)). (23)

Note that on the left-hand side of (23), it directly follows
P̃⌫

m(Pci(Rci(R̃⌫
m(O)))) = O. Therefore, by taking the

intersection for all possible ⌫ 2 T S
m , m 2 M, and ci 2 CN

for all faulty combinations, the statement (ii) O ✓ P(O, W)
is obtained.

(ii))(iii): Given x0 2 O, the inclusion (ii) indicates
that x0 2 P(O, W). Thus, considering all the admissible
switching sequences ⇠T [�̄](k) under the allowable disturbance
sequences ⇠w

T [�̄](k), the inclusion Rci(R̃⌫
m(O)) ✓ O follows

for all ⌫ 2 T S
m , m 2 M, and i 2 N , i.e., xk 2 O, k 2 Z+.

The FD-MDT invariance of set O holds.
(iii))(i): This part of the proof can be completed via

contradiction. Assume that the set O is FD-MDT invariant, but
(i) is not fulfilled. Thus, there exists a ⌫ 2 T S

m , m 2 M, or a
ci 2 CN such that R̃⌫

m(O) * R(O, W) or Rci(R̃⌫
m(O)) * O.

Note that the definition of the FD-MDT invariant set requires
that, for all x0 2 O, it implies that xk 2 O, k 2 Z+,
with all the admissible switching sequences ⇠T [�̄](k) under
⇠w
T [�̄](k). However, the inclusion R̃⌫

m(O) * R(O, W) or
Rci(R̃⌫

m(O)) * O does not hold which contradicts the
statement (i). ⇤

Remark 8: Two necessary and suffcient conditions are
presented in Theorem 2 for a set O to be FD-MDT invariant
under the allowable disturbance sequence ⇠w

T [�̄](·). However,
based on Definition 8, for a set O to be CAFD-MDT invariant,
a more stringent condition is required, i.e., R(O, W) ✓ X for
all ⌫ 2 T S as well as ci 2 CN and ⌫ 2 T F when ⌦2,s = 0,
s 2 N.

A. Design of FD-MDT Sets

The computational algorithm of designing an FD-MDT set
is established in this subsection. The aim is to let such a

Algorithm 2: Computation of a minimal FD-MDT
invariant set Z1

Input: System matrices sets A, Ã, and Â; the upper
bound �̄; a total number N ; an MDT set T S .

1 Initialize j = 0, m = 1, i = 1, ⌫ = ⌧m, Z0 = {0} and
Z1 = {0};

2 while m  M do
3 while ⌫  2⌧m � 1 do
4 while i  N do
5 Zj+1 = co{Zj+1, Rci(R̃⌫

m(Zj))};
6 Set i = i + 1;
7 end
8 Set ⌫ = ⌫ + 1;
9 end

10 Set m = m + 1;
11 end
12 If Zj+1 ⌘ Zj , set Z1 = Zj and stop; else set

j = j + 1 and goto step 2.

set serve as the artificial ‘origin’ for the perturbed switched
closed-loop system (12) under multiple faults. Based on the
definition (18), the jth stage iterative reachable set Zj ⇢ Rnx ,
j 2 Z+, is initially defined as

Zj :=R(Zj�1, W)

= [m2M ([⌫2T S
m

([N
i=1R

ci(R̃⌫
m(Zj�1)))) (24)

with Z0 = {0}. The Z0 is designed as the origin because
it is desirable to design a minimal FD-MDT set such that
the system states can eventually oscillate in a relatively small
region. However, it is worth to aware that the union operation
does not retain the convexity of the result set. Thus, the convex
hull is employed so as to obtain a convex boundary of Zj . Let
Zj denote the convex hull of Zj

Zj := co{Zj}. (25)

Thus, instead of using the union operation, Zj defined in (24)
is transformed into

Zj =co{R(Zj�1, W)}
=co{Rci(R̃⌫

m(Zj�1)), 8⌫ 2 T S
m , m 2 M, ci 2 CN}

(26)

by taking its convex hull. The computational algorithm of Z1
is shown as follows. In Algorithm 2, by collecting all the
convex hulls of the reachable set Rci(R̃⌫

m(Zj)) for every ⌫ 2
T S

m , m 2 M, under all possible faulty combinations ci, ci 2
CN , from step 2 to step 11, a minimal FD-MDT invariant set
Z1 is achieved.

B. Theoretical Analyses

In Theorem 3, some important properties of the computed
FD-MDT invariant set and the convergence of Algorithm 2
are presented with a rigorous proof.

Theorem 3: Suppose Assumption 2 is satisfied and a min-
imal FD-MDT Zj , j 2 Z+, is computed through Algorithm
2. The following statements stand:
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that x0 2 P(O, W). Thus, considering all the admissible
switching sequences ⇠T [�̄](k) under the allowable disturbance
sequences ⇠w

T [�̄](k), the inclusion Rci(R̃⌫
m(O)) ✓ O follows

for all ⌫ 2 T S
m , m 2 M, and i 2 N , i.e., xk 2 O, k 2 Z+.

The FD-MDT invariance of set O holds.
(iii))(i): This part of the proof can be completed via

contradiction. Assume that the set O is FD-MDT invariant, but
(i) is not fulfilled. Thus, there exists a ⌫ 2 T S

m , m 2 M, or a
ci 2 CN such that R̃⌫

m(O) * R(O, W) or Rci(R̃⌫
m(O)) * O.

Note that the definition of the FD-MDT invariant set requires
that, for all x0 2 O, it implies that xk 2 O, k 2 Z+,
with all the admissible switching sequences ⇠T [�̄](k) under
⇠w
T [�̄](k). However, the inclusion R̃⌫

m(O) * R(O, W) or
Rci(R̃⌫

m(O)) * O does not hold which contradicts the
statement (i). ⇤

Remark 8: Two necessary and suffcient conditions are
presented in Theorem 2 for a set O to be FD-MDT invariant
under the allowable disturbance sequence ⇠w

T [�̄](·). However,
based on Definition 8, for a set O to be CAFD-MDT invariant,
a more stringent condition is required, i.e., R(O, W) ✓ X for
all ⌫ 2 T S as well as ci 2 CN and ⌫ 2 T F when ⌦2,s = 0,
s 2 N.

A. Design of FD-MDT Sets

The computational algorithm of designing an FD-MDT set
is established in this subsection. The aim is to let such a

Algorithm 2: Computation of a minimal FD-MDT
invariant set Z1

Input: System matrices sets A, Ã, and Â; the upper
bound �̄; a total number N ; an MDT set T S .

1 Initialize j = 0, m = 1, i = 1, ⌫ = ⌧m, Z0 = {0} and
Z1 = {0};

2 while m  M do
3 while ⌫  2⌧m � 1 do
4 while i  N do
5 Zj+1 = co{Zj+1, Rci(R̃⌫

m(Zj))};
6 Set i = i + 1;
7 end
8 Set ⌫ = ⌫ + 1;
9 end

10 Set m = m + 1;
11 end
12 If Zj+1 ⌘ Zj , set Z1 = Zj and stop; else set

j = j + 1 and goto step 2.

set serve as the artificial ‘origin’ for the perturbed switched
closed-loop system (12) under multiple faults. Based on the
definition (18), the jth stage iterative reachable set Zj ⇢ Rnx ,
j 2 Z+, is initially defined as

Zj :=R(Zj�1, W)

= [m2M ([⌫2T S
m

([N
i=1R

ci(R̃⌫
m(Zj�1)))) (24)

with Z0 = {0}. The Z0 is designed as the origin because
it is desirable to design a minimal FD-MDT set such that
the system states can eventually oscillate in a relatively small
region. However, it is worth to aware that the union operation
does not retain the convexity of the result set. Thus, the convex
hull is employed so as to obtain a convex boundary of Zj . Let
Zj denote the convex hull of Zj

Zj := co{Zj}. (25)

Thus, instead of using the union operation, Zj defined in (24)
is transformed into

Zj =co{R(Zj�1, W)}
=co{Rci(R̃⌫

m(Zj�1)), 8⌫ 2 T S
m , m 2 M, ci 2 CN}

(26)

by taking its convex hull. The computational algorithm of Z1
is shown as follows. In Algorithm 2, by collecting all the
convex hulls of the reachable set Rci(R̃⌫

m(Zj)) for every ⌫ 2
T S

m , m 2 M, under all possible faulty combinations ci, ci 2
CN , from step 2 to step 11, a minimal FD-MDT invariant set
Z1 is achieved.

B. Theoretical Analyses

In Theorem 3, some important properties of the computed
FD-MDT invariant set and the convergence of Algorithm 2
are presented with a rigorous proof.

Theorem 3: Suppose Assumption 2 is satisfied and a min-
imal FD-MDT Zj , j 2 Z+, is computed through Algorithm
2. The following statements stand:

<latexit sha1_base64="6D+7uDIKqR7R2P9wvm4vtNhQKNk=">AAAB/nicbVDLSsNAFJ34rPUVFVduQovQVUlErMuiG5cV+oKmhsl00g6dTMLMjRBCwf9w5caFIm79BbfuRD/G6WOhrQcGDufcw71z/JgzBbb9aSwtr6yurec28ptb2zu75t5+U0WJJLRBIh7Jto8V5UzQBjDgtB1LikOf05Y/vBz7rVsqFYtEHdKYdkPcFyxgBIOWPPPQrQ8oYM9lIoD0xuU62sOeWbTL9gTWInFmpFgtlL6/Ku/3Nc/8cHsRSUIqgHCsVMexY+hmWAIjnI7ybqJojMkQ92lHU4FDqrrZ5PyRdayVnhVEUj8B1kT9nchwqFQa+noyxDBQ895Y/M/rJBCcdzMm4gSoINNFQcItiKxxF1aPSUqAp5pgIpm+1SIDLDEB3Vhel+DMf3mRNE/Kzln59Fq3cYGmyKEjVEAl5KAKqqIrVEMNRFCGHtATejbujEfjxXidji4Zs8wB+gPj7QesYpmw</latexit>

⇥�
1

Figure 5.2: Schematic illustrating the relation between each section and the theoret-
ical analysis framework.
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5.2 Nominal switched systems

5.2.1 Preliminaries

Consider a class of constrained discrete-time switched linear system with unstable sys-

tem matrices Am ∈ Rnx×nx , m ∈ M, where M is the set of all admissible switching

modes and M := {1, 2, · · · ,m, · · · ,M}; M ∈ Z+ denotes the total number of sub-

systems. Given the input matrices Bm ∈ Rnx×nu , m ∈ M, assuming the matrix pair

(Am, Bm) is stabilizable and a group of mode-dependent state-feedback controllers can

successfully stabilize the corresponding subsystems with feedback gains Km ∈ Rnu×nx ,

m ∈M, i.e., ρ(Ãm) < 1, where Ãm = Am+BmKm and Ãm ∈ Ã := {Ã1, Ã2, · · · , ÃM}.
The constrained switched closed-loop system integrated with the feedback control law

µm := Kmxk, m ∈M, is given as

xk+1 = Ãσ(k)xk, σ(k) ∈M, (5.1a)

xk ∈ X ⊆ Rnx (5.1b)

where xk ∈ Rnx is the system state and x0 is the initial state. The switching signal

σ(·) : N→M is a piecewise constant function of time k and it implies the currently

activated mode of system (5.1). The switching signal σ(·) is considered to be un-

known a priori. The set X denotes the state constraint and we have the succeeding

assumption of X .

Assumption 5.1. The constraint set X is a compact non-empty polyhedral region

denoted by X = {x|Hx ≤ 1} for some proper matrix H ∈ Rnz×nx. In addition, for at

least one Ãm ∈ Ã, the matrix pair (Ãm, H) is observable.

Remark 5.1. Assumption 5.1 is a mild assumption since it ensures the compactness

of the evolved sets [137]. This assumption can be relaxed if only the observable mode

Ãm in system (5.1) is taken into consideration.

For simplicity, let the synchronous portion refer to such a mode-matched inter-

val when the mode-dependent controller and the activated subsystem are perfectly

aligned. In the following, the characteristics of mode-dependent dwell time (MDT) is

introduced. We firstly denote the synchronous portion as Ω1,s := [k2s, k2s+1), s ∈ N.

Thus, k ∈ [k2s, k2s+1) indicates that the subsystem σ(k2s) is enabled. Moreover, the

time instant k2s and k2s+1, s ∈ N, coincide with the sampling instant k. The concept

of MDT is presented as follows:
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Definition 5.1. [137] The MDT τm ∈ Z+, associated with mode m ∈ M and the

synchronous portion Ω1,s, s ∈ N, is the minimum amount of time that the system

(5.1) has to stay in mode m. Hence, the dwell time τm imposes the MDT constraint

k2s+1 − k2s ≥ τm when σ(k) = m for k ∈ [k2s, k2s+1), s ∈ N, and τm ∈ T :=

{τ1, τ2, · · · , τM} where T is the set of all the admissible MDTs.

Let us consider the scenario that the mode-dependent controllers may fail to per-

form at any time k, k ∈ N, i.e., uk = 0, where uk ∈ Rnu is the control input. Thus, the

switching dynamics under the controller failures are reconstructed as the following

constrained discrete-time switched linear system

xk+1 = Amxk, m ∈M, xk ∈ X , (5.2)

where Am ∈ A := {A1, A2, · · · , AM}. Meanwhile, the interval when the controller

fails to perform is named as the controller faulty portion and h[F ] ∈ N denotes the

length of the controller faulty portion.

Since the immediate detection of the switching signal is hard to achieve, the asyn-

chronous switching issue extensively exists in engineering practice. For this concern,

the constrained asynchronously switched system with the feedback control law µn,

n ∈M, is given as

xk+1 = Âm,nxk, m, n ∈M,m 6= n, xk ∈ X , (5.3)

where Âm,n = Am + BmKn; Âm,n ∈ Âm := {Âm,1, Âm,2, · · · , Âm,M} and Â :=⋃
m∈M Âm represents the union of asynchronous system matrices. The closed-loop

system (5.3) implies that the lagged controller is applied to the currently enabled

subsystem. For simplicity, let the asynchronous portion denote the mismatch inter-

val between the desired controller and the enabled mode. The variable h[A] ∈ N
represents the duration of the asynchronous portion.

In addition to the controller failures and the asynchronous switching issues, the

unconstrained switching encounters in engineering industries. Rather than satisfying

the MDT constraint as in Definition 5.1, during the portion of arbitrary switching,

switching signals change frequently. Thus, under the unconstrained switching fault,
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switched systems (5.2) and (5.3) are reformulated as

xk+1 = Amcxk, mc ∈M, xk ∈ X , (5.4a)

xk+1 = Âmc,nxk, mc, n ∈M,mc 6= n, xk ∈ X , (5.4b)

where mc ∈ M denotes the faulty activated mode induced by arbitrary switching.

Define h[I] ∈ N by the duration of the unconstrained switching portion.

5.2.2 Problem Description

In this work, the stabilization problem for the switched closed-loop system (5.1)

under multiple faults is firstly considered. To have a concrete problem description,

let Ω2,s := [k2s+1, k2s+2), s ∈ N, denote the duration of the faulty portion where

multiple faults may occur. Note that the boundless faulty portion may result in the

state trajectories to be divergent and uncontrollable. Therefore, we have the following

assumption with respect to the margin of the faulty portion Ω2,s.

Assumption 5.2. The magnitude order of the length of MDT Ω1,s, s ∈ N, and

duration of the faulty portion Ω2,s, s ∈ N, are identical. The faulty portion satisfies

0 ≤ k2s+2 − k2s+1 ≤ ∆̄, ∀s ∈ N, where ∆̄ ∈ Z+ is the upper bound of the faulty

portion. Furthermore, both of the times k2s+1 and k2s+2 coincide with the sampling

instant k.

Remark 5.2. Assumption 5.2 guarantees that the faulty portion is upper bounded

by ∆̄ and it also implies that two faulty portions cannot be adjacent to each other.

Ω2,s = 0, s ∈ N, means that there is no occurrence of multiple faults.

According to Assumption 5.2, the durations of h[F ], h[A], and h[I] are also bounded

by ∆̄, i.e.,

h[F ], h[A], h[I] ∈ [0, ∆̄], h[F ], h[A], h[I] ∈ N,∀s ∈ N. (5.5)

Figure 5.3 demonstrates three types of faulty intervals and enabled modes with the

corresponding activated controller of each interval. The Ω2,0 in (1) shows the con-

troller failure scenario while Ω2,1 in (2) displays the asynchronous switching case. The

activated subsystems and controllers under the multiple faults are illustrated with Ω2,2

in (3). It can be seen the unconstrained switching together with controller failures

and the asynchronous switching have witnessed the negative impact comparing with

the synchronous portion Ω1,2.
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Figure 5.3: Illustration of three types of faulty intervals and the activated controller
of each interval, m,n, l, q ∈M.

Remark 5.3. It is also worth pointing out that the superimposed effect of uncon-

strained switching and asynchronous switching may accidentally result in the synchro-

nization between the enabled modes and controllers. This particular circumstance has

been taken into consideration since once the subsystems and controllers are matched

the MDT restriction is supposed to be obeyed.

Remark 5.4. Due to the impact of the arbitrary switching, the resulting faulty com-

binations may be expressed in the identical form as the asynchronous switching.

In the following, the concept of an admissible MDT switching sequence under

multiple faults is presented.

Definition 5.2. A switching sequence with the MDT in set T , synchronous portions

Ω1,s, and faulty portions Ω2,s, s ∈ N, is said to be admissible in the presence of

multiple faults, if the inequlities k2s+1 − k2s ≥ τm and 0 ≤ k2s+2 − k2s+1 ≤ ∆̄ hold,

∀s ∈ N. On the interval [0, k − 1], the admissible switching sequence is denoted as

ξT [∆̄](k) := {σ(0), σ(1), · · · , σ(k − 1)}.

The subsequent example illustrates all the possible admissible switching sequences

in the presence of multiple faults by using a directed graph. An automaton type rep-

resentation is shown in Figure 5.4 [147,148]. Each node represents the finite length of

the sequence and the path which points to the node denoting the admissible switching

sequence transitions. Let M = {1, 2} with τ1 = 3 and τ2 = 2. The light green block

exhibits the admissible switches during the synchronous portion. Define N ∈ Z+

as the total number of all the possible faulty combinations. If the upper bound of

the faulty portion is ∆̄ = 2, the N = 21 possible faulty combinations including
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the no-fault situation are shown on the right pink ellipse. It is observed that a bi-

directional path exists between the synchronous and faulty portions. This connection

is equivalent to a single self-looping node which is shown at the bottom of Fig. 5.4.

Then, for instance, an admissible switching sequence is ξT [2](7) = {1̃, 1̃, 1̃, 1, 2, 2̃, 2̃}
where the notation of each variable is shown in the legend of Figure 5.4. However,

ξT [2](8) = {1̃, 1̃, 1̃, 1̃, 1, 2, 2̂1, 2̃} is not admissible since the MDT restriction of this

switching sequence is violated and the upper bound of the faulty portion is exceeded.

For notational simplicity, each faulty combination is labeled as ci, i ∈ Z+, and

the set ci ∈ CN := {c1, c2, · · · , cN} collects all the possible faulty combinations for

every i ∈ [1, N ]. As an illustration, c1 denotes the ∅ situation while c2 represents the

specific faulty portion of 1 displayed on right pink ellipse, etc.

Faulty combinations ( ሻ

Synchronous portions

, : Synchronous ( , ), , : Controller failures ( , )
, : Asynchronous ( , ), SF: (S) portions to (F) portions

Synchronous
portions (S)

Faulty
portions (F)  𝑺𝑭

Figure 5.4: An automaton-type representation of admissible switching sequences with
multiple faults.

5.3 Stability Results for Nominal Switched Sys-

tems

This section begins with the introduction of the computational algorithm to estab-

lish a constraint admissible fault-tolerant mode-dependent dwell time (CAF-MDT)

contractive set. The definition of a CAF-MDT contractive set is described as follows:

Definition 5.3. A set Ξ ⊆ Rnx is said to be CAF-MDT contractive with respect to a

contraction factor λ ∈ (0, 1), the MDT set Φ := {φ1, φ2, · · · , φM}, and the closed-loop

system (5.1) in the presence of multiple faults, if x0 ∈ Ξ implies xt ∈ X for t ∈ Z+
[1,k]

and Aξ
Φ[∆̄] (k)x0 ∈ λΞ where the product of the system matrices associated with the
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switching sequence ξΦ[∆̄](k) is

Aξ
Φ[∆̄] (k) := Â

ŝ2s+1,r

σ(k2s+1+α2s+1
r +α̂2s+1

r−1 ),σ(k2s+1+α2s+1
r−1 +α̂2s+1

r−1 )

A
s2s+1,r

σ(k2s+1+α2s+1
r−1 +α̂2s+1

r−1 )
· · · Âŝ2s+1,1

σ(k2s+1+s2s+1,1),σ(k2s+1)

A
s2s+1,1

σ(k2s+1)Ã
Ω1,s

σ(k2s)
· · · Âŝ1,r

σ(k1+α1
r+α̂

1
r−1),σ(k1+α1

r−1+α̂1
r−1)

A
s1,r
σ(k1+α1

r−1+α̂1
r−1)
· · · Âŝ1,1σ(k1+s1,1),σ(k1)A

s1,1
σ(k1)Ã

Ω1,0

σ(k0), (5.6)

where ŝ2s+1,r ∈ N and s2s+1,r ∈ N are the length of the rth asynchrounous subsection

and the rth controller faulty subsection in the faulty interval Ω2,s, s ∈ N, respec-

tively. The summation variables are respectively defined as α2s+1
r :=

∑r
v=1 s2s+1,v

and α̂2s+1
r :=

∑r
v=1 ŝ2s+1,v, v ∈ Z+. Thus, the duration of the faulty portion is

Ω2,s = α2s+1
r + α̂2s+1

r ∈ [0, ∆̄] and k =
∑s

z=0 Ω1,z + Ω2,z, z ∈ N.

The representation in (5.6) indicates that the admissible switching sequence ξΦ[∆̄](k)

consists of a concatenation of (s+ 1)-stage subsequences. As an illustration, the first

stage is in mode σ(k0) for Ω1,0 steps and then in the mode regarding ci faulty combi-

nation for Ω2,0 steps and the second stage is in mode σ(k2) for Ω1,1 steps and then in

the mode with respect to ci faulty combination for Ω2,1 steps, etc. To be consistent

with the expression in (5.6), let ŝcir ∈ N and scir ∈ N represent the length of the rth

asynchronous subsection and the rth controller faulty subsection with respect to the

ci faulty combination, respectively. Since the unconstrained switching may result in

the desired activated mode replaced by a faulty one, we denote mci ∈M as the faulty

activated mode induced by the ci faulty combination, ci ∈ CN .

5.3.1 Design of CAF-MDT Sets

In the following, based on Definition 5.3, Algorithm 5.1 is introduced to compute

the CAF-MDT contractive set. Inspired by [137], the computational algorithm is

modified and the aim is to make it accommodate with switched closed-loop system

(5.1) in the presence of multiple faults.

To this end, the computation of the contractive set is proceeded in two phases.

Define the MDT set of the first phase as T Fm := {1, 2, · · · , τm − 1}, τm ∈ T , m ∈M,

with T F := ∪m∈MT Fm . The MDT set of the second phase is T Sm := {τm, τm +

1, · · · , 2τm− 1}, τm ∈ T , m ∈M, with T S := ∪m∈MT Sm . The rationale for designing

the first phase MDT set is to collect the truncated behavior of the system states [137].
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Algorithm 5.1 Computation of a CAF-MDT set Θλ
∞

1: Input: The state constraint X ; system matrices sets A, Ã, and Â; upper bound
∆̄; total number N ; contraction factor λ; MDT sets T F and T S.

2: Initialize ` = 0 and p = 1 and calculate the initial set Θλ
0 := X⋂(

⋂
m∈M Ψ̃m(X )).

3: while p ≤ N do

4: Compute Ξ =
⋂
m∈M Ψ̃′m(ψ

s
cp
1
mcp (ψ̂

ŝ
cp
1
mcp ,n · · ·ψs

cp
r
mcp

(ψ̂ŝ
cp
r
mcp ,n

(λΘλ
` ))))

5: Calculate Θλ
`+1 = Θλ

`

⋂
Ξ

6: Set p = p+ 1
7: end while
8: If Θλ

`+1 ≡ Θλ
` , set Θλ

∞ = Θλ
` and stop; else set ` = `+ 1 and goto step 2.

The state evolution subject to the MDT constraint is reflected on the MDT set of

the second phase.

In order to construct the CAF-MDT contractive set, the technique of the backward

sets computation is employed. A γ-step backward set for the closed-loop system (5.1)

is given as

ψ̃γm(Ξ) := {x|Ãγmx ∈ Ξ,m ∈M}, (5.7)

where the number of steps γ ∈ N with ψ̃0
m(Ξ) = {x|x ∈ Ξ}, Ξ ⊆ Rnx . For every

γ ∈ T Fm , the Ψ̃m(Ξ) :=
⋂
γ∈T Fm

ψ̃γm(Ξ) denotes the intersection of the backward steps

in the first MDT phase. Similarly, Ψ̃′m(Ξ) :=
⋂
γ∈T Sm

ψ̃γm(Ξ) represents the intersection

of the backward set for every γ ∈ T Sm . Likewise, a γ-step backward set for the system

(5.2) under the controller failure is characterized as

ψγm(Ξ) := {x|Aγmx ∈ Ξ,m ∈M}, (5.8)

with ψ0
m(Ξ) = {x|x ∈ Ξ}. Furthermore, a γ-step backward set for the asynchronously

switched system (5.3) is defined as

ψ̂γm,n(Ξ) := {x|Âγm,nx ∈ Ξ,m, n ∈M,m 6= n}, (5.9)

with ψ̂0
m,n(Ξ) = {x|x ∈ Ξ}.

Subsequently, the Algorithm of designing a CAF-MDT contractive set is proposed.

Within the constraint set, the initial set Θλ
0 in Step 2 collects all the possible state

trajectories under the truncated switching sequences with the MDT in the first phase.

All possible faulty combinations ci, ci ∈ CN , and synchronous portions satisfying the

MDT constraint Ω1,s, s ∈ N, are considered in the backward set computation from
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Step 3 to Step 7. Then, the iterative set Θλ
`+1 is obtained by intersecting all the

backward sets. Once the condition in step 8 is satisfied, a CAF-MDT contractive set

is acquired.

Remark 5.5. For the switched system possessing numerous modes and relatively long

faulty portions, the rationality of each possible faulty combination is supposed to be

reconsidered.

5.3.2 Stability Results

To begin with, the definition of uniform asymptotic stability (UAS) is introduced.

Definition 5.4. [2] The switched system (5.1) under multiple faults is said to be

uniformly asymptotically stable along all the admissible switching sequences ξT [∆̄](t),

if for ‖x0‖ ≤ δ̂ with a existing positive constant δ̂, xt satisfies xt → 0 as t→∞.

Theorem 5.1. Suppose Assumptions 5.1 and 5.2 are satisfied. Then, the closed-

system (5.1) in the presence of multiple faults with admissible switching sequences

ξΦ[∆̄](·), is uniformly asymptotically stable if and only if the CAF-MDT set Θλ
∞ gen-

erated by Algorithm 5.1 under the MDT set Φ and a contraction factor λ ∈ (0, 1) is

non-empty.

Proof. (i) Sufficiency: The proof of sufficiency is aimed to show that the existence

of such an CAF-MDT set indicates that the closed-loop system (5.1) under multiple

faults is uniformly asymptotically stable with an MDT set Φ. Consider an admissible

switching sequence ξΦ[∆̄](·). For every x0 ∈ Θλ
∞, we have

xk = Aξ
Φ[∆̄] (k)x0 ∈ λ˜̀

(ρ̃
Ω1,0

σ(k0)ρ
s1,1
σ(k1)ρ̂

ŝ1,1
σ(k1+s1,1),σ(k1) · · ·

ρ
s1,r
σ(k1+α1

r−1+α̂1
r−1)

ρ̂
ŝ1,r
σ(k1+α1

r+α̂
1
r−1),σ(k1+α1

r−1+α̂1
r−1)
· · · ρ̃Ω1,s

σ(k2s)

ρ
s2s+1,1

σ(k2s+1)ρ̂
ŝ2s+1,1

σ(k2s+1+s2s+1,1),σ(k2s+1) · · · ρ
s2s+1,r

σ(k2s+1+α2s+1
r−1 +α̂2s+1

r−1 )

ρ̂
ŝ2s+1,r

σ(k2s+1+α2s+1
r +α̂2s+1

r−1 ),σ(k2s+1+α2s+1
r−1 +α̂2s+1

r−1 )
)Θλ
∞, (5.10)

where ˜̀ := b Ω1,0

φσ(k0)
c + b Ω1,1

φσ(k2)
c + · · · + b Ω1,s

φσ(k2s)
c, s ∈ N. The parameters ρ̃σ(·), ρσ(·),

and ρ̂σ(·),σ(·) denote the maximal Euclidean norm of all the corresponding eigenvalues

of system matrices Ãσ(·), Aσ(·) and Âσ(·),σ(·), respectively. Let %k, k ∈ Z+, denote

the production of the norms in (5.10) within the bracket. In order to force xk to

converge to the origin, it is required that λ
˜̀
%k < 1 stands. It is worth pointing out
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that %k is bounded since Assumption 5.2 restricts the duration of the faulty portion,

i.e., Ω2,s ∈ [0, ∆̄], s ∈ N. To mitigate the detrimental effect of multiple faults, the

duration of Ω1,s can be designed sufficiently long such that the inequality λ
˜̀
%k < 1

holds for all ξΦ[∆̄](k). This is because the admissible MDTs are decision variables.

Since λ ∈ (0, 1) and ˜̀→ ∞ as k → ∞, the origin of the closed-loop system (5.1)

under multiple faults is attractive in Θλ
∞, i.e., ‖xk‖ → 0.

Subsequently, the stability proof is presented. Since the origin is contained in the

state constraint X , it follows that

δ̃B ⊆ Θλ
∞ ⊆ X ⊆ ε̃B, (5.11)

where δ̃ > 0 and ε̃ > 0 are two positive constants and B ⊆ Rnx is a unit ball.

Considering that there exist another two positive constants δ ∈ (0, δ̃] and ε ≥ ε̃.

It follows that, for ‖x0‖ ≤ δ, we have ‖xk‖ ≤ ε because the inclusion relationship

xk ∈ Θλ
∞ ⊆ ε̃B ⊆ εB holds. For ε < ε̃, the inequality λ

˜̀
%k ε̃ < ε stands due to the

attractivity property of Θλ
∞. Similarly, for δ > δ̃, we have δ ∈ (0, λ

˜̀
%kδ̃]. Therefore,

for all ε > 0, there exists a δ > 0 such that for all ‖x0‖ ≤ δ implies that ‖xk‖ ≤ ε,

∀k ∈ N. Combining with the attractivity result, the UAS of the closed-loop system

(5.1) with multiple faults is claimed.

(ii) Necessity: Let ‖ · ‖Θλ∞
denote the norm induced by the CAF-MDT set. There

exists a contraction factor λ̄% ∈ (0, 1) such that Aξ
Φ[∆̄] (k)Θ

λ
∞ ⊂ λ̄

˜̀
%%kΘ

λ
∞ stands. Then,

it follows that

‖Aξ
Φ[∆̄] (k)‖Θλ∞

< λ̄
˜̀

%%k < 1.

According to Assumption 5.1, reformulate the set Θ
λ̄%
0 in step 2 of Algirothm 5.1 as

Θ
λ̄%
0 := {x|HMx ≤ 1,∀M ∈ Z+}. Inspired by [142], we will show that a CAF-MDT

set can be obtained through finite-time iterations. Considering the iteration from

Θ
λ′%
`−1 to Θ

λ′%
` , for any λ′% > λ̄%, an additional inequality HMA ′

ξ
Φ[∆̄] (k)x ≤ λ′

˜̀
% %k1 is

required where

A ′ξ
Φ[∆̄] (k) := Ã

Ω1,0

σ(k0)A
s1,1
σ(k1)Â

ŝ1,1
σ(k1+s1,1),σ(k1) · · ·A

s1,r
σ(k1+α1

r−1+α̂1
r−1)

Â
ŝ1,r
σ(k1+α1

r+α̂
1
r−1),σ(k1+α1

r−1+α̂1
r−1)
· · · ÃΩ1,s

σ(k2s)
A
s2s+1,1

σ(k2s+1)

Â
ŝ2s+1,1

σ(k2s+1+s2s+1,1),σ(k2s+1) · · ·A
s2s+1,r

σ(k2s+1+α2s+1
r−1 +α̂2s+1

r−1 )

Â
ŝ2s+1,r

σ(k2s+1+α2s+1
r +α̂2s+1

r−1 ),σ(k2s+1+α2s+1
r−1 +α̂2s+1

r−1 )
.
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In order to prove that the additional inequality is redundant, we have the following

inequalities at the `th iteration

HMA ′
ξ
Φ[∆̄] (k)x ≤ max

α1∈B(‖A ′
ξ
Φ[∆̄] (k)

x‖)
HMα1 ≤ max

α2∈B(‖A ′
ξ
Φ[∆̄] (k)

x‖
Θ
λ̄%
∞

)
η1HMα2

≤ max
α2∈B(λ̄˜̀

%%k‖x‖
Θ
λ̄%
∞

)
η1HMα2

≤ max
α3∈B(‖x‖)

λ̄
˜̀

%%kη1η2HMα3 ≤ λ̄
˜̀

%%kη1η2‖HM‖‖x‖ < λ′
˜̀

% , (5.12)

where η1 and η2 are two positive real numbers. Due to λ̄% < λ′%, the last inequality

holds. Thus, the additional inequality is redundant. Therefore, the CAF-MDT con-

tractive set Θλ
∞ generated by Algorithm 5.1 under an MDT set Φ and a contraction

factor λ ∈ (0, 1) is ensured to be obtained via finite-time iterations. The proof is

completed. �

Remark 5.6. Theorem 5.1 implies that once the state trajectory enters Θλ
∞ with the

admissible switching sequence ξΦ[∆̄](·), the system state will finally converge to the

origin.

Corollary 5.1. Suppose that the synchronous portion Ω1,s does not fulfill the MDT

constraint and the length of faulty portions Ω2,s ≡ 0, ∀s ∈ N. The switched closed-loop

system (5.1) is asymptotically stable if the mode transitions are well scheduled, i.e.,

%k < 1.

Corollary 5.2. Suppose the length of synchronous portions Ω1,s ≡ 0 for all s ∈ N.

The asynchronously switched system (5.3) under controller failures and the arbitrary

switching fault is asymptotically stable if the switching sequence is elaborately de-

signed, i.e., %k < 1.

Remark 5.7. It is worth mentioning that the UAS of the closed-loop system cannot be

claimed in both Corollaries 5.1 and 5.2 since only the prescribed switching sequences

are considered. However, by employing Algorithm 5.1 with the predefined switching

sequence, the constraint satisfaction of the closed-loop system can also be ensured if

x0 ∈ Θλ
∞.

5.3.3 Maximum Θλ
∞

The maximal characteristic of the set Θλ
∞ with respect to a contraction factor λ is

rigorously proved in Lemma 5.1.
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Lemma 5.1. Suppose Assumptions 5.1 and 5.2 are satisfied. A non-empty Θλ
` ,

∀` ∈ N, is obtained by using Algorithm 5.1. Then, Θλ
∞ is the maximal CAF-MDT

contractive set with respect to a contraction factor λ ∈ (0, 1).

Proof. The CAF-MDT contractive property of Θλ
∞ is directly achieved due to the

inclusions Θλ
`+1 ⊂ λΘλ

` and Θλ
` ⊂ X , ` ∈ N, from Algorithm 5.1.

The reason behind the acquired Θλ
∞ is the maximal CAF-MDT set is explained by

using contradiction. Suppose Θλ
∞ is not the largest contractive CAF-MDT invariant

set. There must at least exist a set Θ′ ⊆ X such that Θ′ 6⊆ Θλ
∞. Then, the inclusion

Θ′ ⊂ Θλ
0 holds because the set Θ′ is constraint admissible. Let x0 ∈ Θ′. Due to the

CAF-MDT contractive property of Θ′, it folllows that xk ∈ Θ′, for all ν ∈ T Sm ,m ∈M
and for all ci ∈ CN . Note that Θ′ ⊂ Θλ

0 and x0 ∈ Θ′ indicate that x0 also belongs to

Θλ
1 , i.e., x0 ∈ Θλ

1 . Then, we have Θ′ ⊆ Θλ
1 . Applying the above identical procedure

for all ` ∈ N, it follows that Θ′ ⊆ Θλ
∞ = lim`→∞Θλ

` . It contradicts with the statement

Θ′ 6⊆ Θλ
∞. Hence, Θλ

∞ is the maximal contractive CAF-MDT set with respect to a

contraction factor λ ∈ (0, 1). �

5.4 Switched Systems with Additive Disturbances

5.4.1 Preliminaries

This section begins with introducing the switching system dynamics exerted by addi-

tive uncertainties. Consider the following constrained switched synchronous closed-

loop system (5.1) integrated with the feedback control law µm, m ∈ M, under the

additive disturbance

xk+1 = Ãmxk + wk, m ∈M
xk ∈ X ⊆ Rnx , wk ∈ W ⊆ Rnx , (5.13)

where wk ∈ Rnx is the the unknown and time-varying disturbance vector andW is the

disturbance constraint set. It is assumed that W is a compact polyhedral region and

the origin is reuqired to be contained in W . The constrained discrete-time switched

linear system with additive disturbance in the presence of the controller failure is

given as

xk+1 = Amxk + wk, m ∈M, xk ∈ X , wk ∈ W . (5.14)
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Furthermore, the constrained asynchronously switched system (5.3) in the presence

of the external disturbance is characterized as

xk+1 = Âm,nxk + wk, m, n ∈M,m 6= n, xk ∈ X , wk ∈ W . (5.15)

Likewise, in the presence of the unconstrained switching, perturbed switched systems

(5.14) and (5.15) are reformulated as

xk+1 = Amcxk + wk, mc ∈M,

xk+1 = Âmc,nxk + wk, mc, n ∈M,mc 6= n. (5.16)

Similar to in Section 5.3, in order to stabilize the switched closed-loop system

(5.13) with multiple faults, we desire to propose a comparable stability condition

regarding the constructed invariant sets designed as follows. To begin with, based on

the admissible switching sequence of ξT [∆̄](·), the allowable disturbance sequence is

defined as ξwT [∆̄](k) := {w0, w1, · · · , wk−1} with each wk−1 ∈ W . Then, the definitions

of the fault-tolerant disturbance-MDT (FD-MDT) invariant set and the constraint

admissible FD-MDT (CAFD-MDT) invariant set are presented as follows:

Definition 5.5. [138] A set O ⊆ Rnx is said to be FD-MDT invariant with respect

to the closed-loop system (5.13) in the presence of multiple faults with an MDT set

Φw := {φw1 , φw2 , · · · , φwM}, if x0 ∈ O implies xk ∈ O, k ∈ Z+, for every admissible

switching sequence ξΦw[∆̄](k) under the allowable disturbance sequence ξw
Φw[∆̄](k).

Definition 5.6. [138] A set O ⊆ Rnx is said to be contractive CAFD-MDT invariant

with respect to a contraction factor β ∈ (0, 1), an MDT set Φω, and the closed-loop

system (5.13) in the presence of multiple faults, if x0 ∈ O indicates that xt ∈ βO
and xt ∈ X for t ∈ Z+

[1,k] and every admissible switching sequence ξΦw[∆̄](t) under the

allowable disturbance sequence ξw
Φw[∆̄](t).

5.4.2 Techniques

The first technique is the reachable set computation. For a given set O ⊆ Rnx , the

ν-step reachable set of the closed-loop system (5.13), ν ∈ N, is given as

R̃ν
m(O) :={Ãνmx+ · · ·+ Ãmw + w|x ∈ O, w ∈ W ,m ∈M}

=ÃνmO ⊕ Ãν−1
m W ⊕ · · · ⊕ ÃmW ⊕W , (5.17)
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with R̃0
m(O) = O. Likewise, the ν-step reachable set for system (5.14) is

Rν
m(O) :={Aνmx+ · · ·+ Amw + w|x ∈ O, w ∈ W ,m ∈M}

=AνmO ⊕ Aν−1
m W ⊕ · · · ⊕ AmW ⊕W , (5.18)

with R0
m(O) = O. In addition, the ν-step reachable set for the asynchronously

switched system (5.15) is

R̂ν
m,n(O) :={Âνm,nx+ · · ·+ Âm,nw + w|x ∈ O, w ∈ W ,m, n ∈M,m 6= n}

=Âνm,nO ⊕ Âν−1
m,nW ⊕ · · · ⊕ Âm,nW ⊕W , (5.19)

with R̂0
m,n(O) = O. Consider the closed-loop system (5.13) in the presence of multiple

faults. The union of one-stage all possible reachable sets for (5.13) with the MDT

set T S under the total N possible faulty combinations and the allowable disturbance

sequence ξwT [∆̄](·) is defined as

R(O,W) := ∪m∈M(∪ν∈T Sm (∪Ni=1R
ci(R̃ν

m(O)))), (5.20)

where Rci(O) := R̂ŝ
ci
r
mci ,n

(Rs
ci
r
mci
· · · R̂ŝ

ci
1
mci ,n

(Rs
ci
1
mci

(O))) is the operator to compute the

reachable set under the cith faulty combination.

The other technique is the backward set calculation. The ν-step backward set for

the closed-loop system (5.13) and a non-empty set O ⊆ Rnx is denoted as

P̃νm(O) :={x|Ãνmx+ · · ·+ Ãmw + w ∈ O, w ∈ W ,m ∈M}
={x|Ãνmx ∈ O 	W 	 ÃmW 	 · · · 	 Ãν−1

m W}, (5.21)

with P̃0
m(O) = O. Similarly, the ν-step backward operator assiociated with the

system (5.14) is represented as

Pνm(O) :={x|Aνmx+ · · ·+ Amw + w ∈ O, w ∈ W ,m ∈M}
={x|Aνmx ∈ O 	W 	 AmW 	 · · · 	 Aν−1

m W}, (5.22)

with P0
m(O) = O. Likewise, the ν-step backward set for the asynchronously switched
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system (5.15) is

P̂νm,n(O) :={x|Âνm,nx+ · · ·+ Âm,nw + w ∈ O, w ∈ W ,m, n ∈M,m 6= n}
={x|Âνm,nx ∈ O 	W 	 Âm,nW 	 · · · 	 Âν−1

m,nW}, (5.23)

with P̂0
m,n(O) = O. Based on the definitions from (5.21)-(5.23), the backward set

which ensures the state trajectory driving into the set O in one-stage along the

admissible switching sequence ξT [∆̄](·) with the MDT set T S under N the possible

faulty combinations and the allowable disturbance sequence ξwT [∆̄](·) is calculated by

using the backward operator as follows:

P(O,W) := ∩m∈M(∩ν∈T Sm (∩Ni=1P̃νm(Pci(O)))), (5.24)

where Pci(O) := Ps
ci
1
mci

(P̂ ŝ
ci
1
mci ,n

· · · Pscirmci (P̂
ŝ
ci
r
mci ,n

(O))) is the operator to calculate the

backward set in the presence of the ci faulty combination.

5.5 FD-MDT Set Design and Analyses

In this section, Theorem 5.2 is firstly proposed to investigate three equivalent state-

ments regarding the FD-MDT invariance.

Theorem 5.2. Suppose Assumptions 5.1 and 5.2 are satisfied and the operators

R(·, ·) and P(·, ·) are defined in (5.20) and (5.24). For a non-empty set O ⊂ Rnx,

the three equivalent statements are presented as follows: (i) R(O,W) ⊆ O; (ii)

O ⊆P(O,W); (iii) The set O is an FD-MDT invariant set.

Proof. (i)⇒(ii): The condition (i) implies that, for all ν ∈ T Sm , m ∈ M, and

ci ∈ CN for all faulty combinations, the inclusion Rci(R̃ν
m(O)) ⊆ O stands. Thus,

applying the operator P̃νm(Pci(·)) on both sides of Rci(R̃ν
m(O)) ⊆ O, we have

P̃νm(Pci(Rci(R̃ν
m(O)))) ⊆ P̃νm(Pci(O)). (5.25)

Note that on the left-hand side of (5.25), it directly follows P̃νm(Pci(Rci(R̃ν
m(O)))) =

O. Therefore, by taking the intersection for all possible ν ∈ T Sm , m ∈M, and ci ∈ CN
for all faulty combinations, the statement (ii) O ⊆P(O,W) is obtained.

(ii)⇒(iii): Given x0 ∈ O, the inclusion (ii) indicates that x0 ∈ P(O,W). Thus,

considering all the admissible switching sequences ξT [∆̄](k) under the allowable dis-
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turbance sequences ξwT [∆̄](k), the inclusion Rci(R̃ν
m(O)) ⊆ O follows for all ν ∈ T Sm ,

m ∈M, and ci ∈ CN , i.e., xk ∈ O, k ∈ Z+. The FD-MDT invariance of set O holds.

(iii)⇒(i): This part of the proof can be completed via contradiction. Assume that

the set O is FD-MDT invariant, but (i) is not fulfilled. Thus, there exists a ν ∈ T Sm ,

m ∈ M, or a ci ∈ CN such that R̃ν
m(O) * R(O,W) or Rci(R̃ν

m(O)) * O. Note that

the definition of the FD-MDT invariant set requires that, for all x0 ∈ O, it implies

that xk ∈ O, k ∈ Z+, with all the admissible switching sequences ξT [∆̄](k) under

ξwT [∆̄](k). However, the inclusion R̃ν
m(O) * R(O,W) or Rci(R̃ν

m(O)) * O does not

hold which contradicts the statement (i). �

Remark 5.8. Three equivalent statements are presented in Theorem 5.2 for a set O to

be FD-MDT invariant with ξwT [∆̄](·). However, based on Definition 5.6, for a set O to

be CAFD-MDT invariant, a more stringent condition is required, i.e., R(O,W) ⊆ X
for all ν ∈ T S as well as ci ∈ CN and ν ∈ T F when Ω2,s = 0, s ∈ N.

5.5.1 Algorithm Description

The computational algorithm of designing an FD-MDT set is established in this

subsection. The aim is to let such a set serve as the ‘artificial origin’ for the disturbed

switched closed-loop system (5.13) with multiple faults. Based on the definition

(5.20), the jth stage iterative reachable set Zj ⊂ Rnx , j ∈ Z+, is initially defined as

Zj :=R(Zj−1,W)

= ∪m∈M (∪ν∈T Sm(∪Ni=1R
ci(R̃ν

m(Zj−1)))), (5.26)

with Z0 = {0}. The Z0 is designed as the origin because it is desirable to design

a minimal FD-MDT set such that the system states can eventually oscillate in a

relatively small region. However, note that the union operation does not retain the

convexity of the result set. Thus, the convex hull is exploited so as to obtain a convex

boundary of Zj. Let Zj denote the convex hull of Zj

Zj := Co{Zj}. (5.27)
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Algorithm 5.2 Computation of a minimal FD-MDT invariant set Z∞

1: Input: System matrices sets A, Ã, and Â; the upper bound ∆̄; a total number
N ; an MDT set T S; the disturbance constraint set W .

2: Initialize j = 0, m = 1, i = 1, ν = τm, and Z0 = {0}.
3: while m ≤M do
4: while ν ≤ 2τm − 1 do
5: while i ≤ N do
6: Zj+1 = Co{Zj,Rci(R̃ν

m(Zj))};
7: Set i = i+ 1;
8: end while
9: Set ν = ν + 1;

10: end while
11: Set m = m+ 1;
12: end while
13: If Zj+1 ≡ Zj, set Z∞ = Zj and stop; else set j = j + 1 and goto step 2.

Thus, instead of using the union operation, Zj defined in (5.26) is transformed into

Zj =Co{R(Zj−1,W)}
=Co{Rci(R̃ν

m(Zj−1)),∀ν ∈ T Sm ,m ∈M, ci ∈ CN}, (5.28)

by taking its convex hull. The computational algorithm of Z∞ is shown as follows.

In Algorithm 5.2, by collecting all the convex hulls of the reachable set Rci(R̃ν
m(Zj))

for every ν ∈ T Sm , m ∈M, and ci ∈ CN , from step 3 to step 12, an FD-MDT invariant

set Z∞ is claimed.

5.5.2 Theoretical Analyses

In Theorem 5.3, some important properties of the computed FD-MDT invariant set

and the convergence of Algorithm 5.2 are presented with rigorous proofs.

Theorem 5.3. Suppose Assumptions 5.1 and 5.2 are satisfied and a minimal FD-

MDT Zj, j ∈ Z+, is computed through Algorithm 5.2. The following statements

stand:

(i) Zj ≡ Co{Zj}, ∀j ∈ N;

(ii) {0} ⊆ Zj and Zj ⊆ Zj+1, ∀j ∈ N;

(iii) The FD-MDT set Z∞ := limj→∞Zj exists. Thus, a series of sets Zj, j ∈ Z+

obtained from Algorithm 5.2 converges to Z∞;
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(iv) A bounded set Z∞ := limj→∞Zj exists;

(v) Z∞ = Co{Z∞}.

Proof. (i) For notational convenience, define Dci[m,ν] as

Dci[m,ν] =A ci
mci
Ãν−1
m W ⊕ · · · ⊕A ci

mci
ÃmW ⊕A ci

mci
W ⊕ · · · ⊕ Âmci ,nW ⊕W . (5.29)

where A ci
mci

:= Âŝ
ci
r
mci ,n

As
ci
r
mci
· · · Âŝ

ci
1
mci ,n

A
s
ci
1
mci

is the product of system matrices under the

cith faulty combination. Due to Z0 = Z0 = {0}, from (5.28), it directly follows that

Z1 =Co{Dci[m,ν],∀ci ∈ CN ,∀ν ∈ T Sm ,m ∈M} = Co{∪ν∈T Sm ,m∈M ∪Ni=1 Dci[m,ν]} = Co{Z1}.

Suppose that Zj = Co{Zj} holds. In the following, we aim to show that if Zj+1 =

Co{Zj+1} can be drived based on the induction approach [138]. For this purpose, the

reachable set Zj+1 is expressed by using (5.29)

Zj+1 = ∪ν∈T Sm ,m∈M ∪Ni=1 (A ci
mci
ÃνmZj ⊕Dci[m,ν]). (5.30)

Note that, in the process of computing Zj, every possible admissible switching se-

quence ξT [∆̄](·) with multiple faults ∀ν ∈ T Sm , m ∈ M, and ∀ci ∈ CN is taken into

consideration. The reachable set along each considered switching sequence is denoted

as Γ1,Γ2, · · · ,Γ(NMτ )j where Mτ =
∑M

m=1 τm is the total number of elements in T S.

Reformulate Zj as Zj = ∪(NMτ )j

v=1 Γv. Thus, Zj+1 is transformed into

Zj+1 = ∪ν∈T Sm ,m∈M ∪Ni=1(A ci
mci
Ãνm(∪(NMτ )j

v=1 Γv)⊕Dci[m,ν])

= ∪(NMτ )j

v=1 ∪ν∈T Sm ,m∈M ∪Ni=1 (A ci
mci
ÃνmΓv ⊕Dci[m,ν])

= ∪(NMτ )j+1

f=1 Υf , (5.31)

where Υf represents the reachable set along the fth admissible switching sequence in

the (j + 1)th iteration of Algorithm 5.2. Following the concept of a convex hull, we

have

Zj+1 =Co{A ci
mci
ÃνmZj ⊕Dci[m,ν],∀ν ∈ T Sm ,m ∈M, ci ∈ CN}

={∑NMτ

h=1 ah(A ci
mci
ÃνmZj ⊕Dci[m,ν])|

∑NMτ

h=1 ah = 1} (5.32)

from (5.28) by using the linear combinations. Due to Zj = Co{Zj} = {∑(NMτ )j

v=1 bvΓv|
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∑(NMτ )j

v=1 bv = 1}, substituting Zj into Zj+1, we have

Zj+1 ={∑NMτ

h=1 ah(A ci
mci
Ãνm(

∑(NMτ )j

v=1 bvΓv)⊕Dci[m,ν])|
∑NMτ

h=1 ah = 1,
∑(NMτ )j

v=1 bv = 1}
={∑NMτ

h=1

∑(NMτ )j

v=1 ghv(A ci
mci
ÃνmΓv ⊕Dci[m,ν])|ghv = ahbv,

∑NMτ

h=1

∑(NMτ )j

v=1 ghv = 1}

={∑(NMτ )j+1

f=1 gfΥf |
∑(NMτ )j+1

f=1 gf = 1} ≡ Co{Zj+1}.

Thus, we have Zj ≡ Co{Zj}, ∀j ∈ N.

(ii) Since {0} ⊆ W , from (5.28), it follows that {0} ⊆ R(Zj−1,W) and {0} ⊆
Zj ⊆ Zj. Due to Zj ⊆ R(Zj,W), we have Zj ⊆ Zj+1.

(iii) Consistent with the notations in (i), define W := Co{Dci[m,ν],∀ν ∈ T Sm ,m ∈
M,∀ci ∈ CN}. Following [96], there must exist a λp ∈ (0, 1), a constant ω > 0, and

a proper norm ball B(e) such that W ⊆ ωB(e) and A ci
mci
ÃνmW ⊆ λpωB(e), ∀ν ∈ T Sm ,

m ∈M, and ∀ci ∈ CN . This is because an MDT is a decision variable. Subsequently,

from (5.32), we have

Zj+1 =Co{A ci
mci
ÃνmZj ⊕Dci[m,ν], ∀ν ∈ T Sm ,m ∈M, ci ∈ CN}

⊆Co{A ci
mci
ÃνmZj ⊕W ,∀ν ∈ T Sm ,m ∈M, ci ∈ CN}.

Considering the iteration of Zj in Algorithm 5.2, due to Z0 = {0} and A ci
mci
ÃνmW ⊆

λpωB(e), it follows that

Zj ⊆ Co{A cji
m
c
j
i

Ãν
j

mj · · ·A
c1i
m
c1
i
Ãν

1

m1Z0 ⊕A
cji
m
c
j
i

Ãν
j

mj · · ·

A
c2i
m
c2
i
Ãν

2

m2W ⊕ · · · ⊕A
cji
m
c
j
i

Ãν
j

mjW ⊕W ,∀ν ∈ T Sm ,

m ∈M, ci ∈ CN} ⊆ ω(λj−1
p + · · ·+ λp + 1)B(e), (5.33)

where the production A
cji
m
c
j
i

Ãν
j

mj represents the jth iteration of system matrices evo-

lution in (5.29) through Algorithm 5.2 under the ci faulty combination, ci ∈ CN .

Considering a Hausdorff metric space formed by a series of compact set in Rnx [149],

define the Hausdorff distance as D(G,H) := max{supg∈G D(g,H), suph∈HD(h,G)}.
Since Zj ⊆ ω(λj−1

p + · · · + λp + 1)B(e), it indicates that the Hausdorff distance be-

tween Zj+1 and Zj is bounded by ωλjpB(e). As j →∞, λjp → 0, therefore, Z∞ exists.

Moreover, a series of sets Zj, j ∈ Z+, obtained from Algorithm 5.2 is Cauchy and

converges to Z∞.

(iv) The proof is similar to (iii) and omitted here.
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(v) The proofs of (iii) and (iv) guarantee the existence of Z∞ and Z∞. Similar to

the proof in (i), Z∞ = Co{Z∞} holds. �

5.5.3 Minimum Z∞

The minimal characteristics of the FD-MDT set Z∞ is proved in Lemma 5.2.

Lemma 5.2. Suppose Assumptions 5.1 and 5.2 are satisfied and an FD-MDT set

Z∞ is obtained by using Algorithm 5.2. Then,

(i) Z∞ is the minimal FD-MDT invariant set;

(ii) For every admissible switching sequence ξT [∆̄](·) under the allowable distur-

bance sequence ξwT [∆̄](·), the state trajectory starting from any x0 will converge to Z∞.

Proof. (i) The set Z∞ is acquired once Zj′+1 = Zj′ is satisfied for a finite j′ ∈ Z+.

Thus, we have the inclusion

Co{Rci(R̃ν
m(Z∞)),∀ν ∈ T Sm ,m ∈M,∀ci ∈ CN} ⊆ Z∞,

since Z∞ = Zj′ . Then, the invariance of the FD-MDT set Z∞ is ensured based

on the necessary and sufficient condition (i) in Theorem 5.2. From (5.28), since the

initial Z0 is chosen as {0}, the computed Z∞ is the minimal FD-MDT invariant set.

(ii) As k → ∞, the production A
cji
m
c
j
i

Ãν
j

mj · · ·A
c1i
m
c1
i
Ãν

1

m1x0 will converge to the ori-

gin. Therefore, the state trajectories starting from any x0 with admissible switching

sequence ξT [∆̄](k) under the allowable disturbance sequence ξwT [∆̄](k) converge to the

Minkowski sum of the rest of the terms except the first term of (5.33), i.e., Z∞. �

5.6 CAFD-MDT Set Design and Stability Results

The design algorithm of CAFD-MDT sets and a sufficient and necessary stability con-

dition of switched systems (5.13) with multiple faults as well as the critical properties

of a CAFD-MDT set are studied in this section. The primary reason to develop such

a set is to include all feasible initial states of the perturbed system (5.13) along all

admissible switching sequences under multiple faults such that the state trajectories

are driven innerly into this set without violating the state constraint. An essential

Assumption 5.3 is presented as follows:

Assumption 5.3. It is assumed that W is small enough such that Z∞ ⊂ X .
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Algorithm 5.3 Computation of a contractive CAFD-MDT set Qβ∞
1: Input: The state constraint X ; system matrices sets A, Ã, and Â; the upper

bound ∆̄; a total number N ; a contraction factor β; MDT sets T F and T S; the
disturbance constraint set W .

2: Initialize y = 0 and p = 1 and calculate the initial set Qβ0 = X ∩
(∩m∈M(∩ν∈T Fm P̃νm(X ))).

3: while p ≤ N do
4: Compute Ξ = ∩m∈M(∩ν∈T Sm P̃νm(Pcp(βQβy )));

5: Calculate Qβy+1 = Qβy
⋂

Ξ;
6: Set p = p+ 1;
7: end while
8: If Qβy+1 ≡ Qβy , set Qβ∞ = Qβy and stop; else set y = y + 1 and goto step 2.

Remark 5.9. Assumption 5.3 guarantees the existence of a CAFD-MDT invariant

set. It is a reasonable assumption which ensures the set of the accumulated effect of

uncertainties will not exceed the state constraint.

5.6.1 Design of CAFD-MDT Invariant Sets

According to (5.21) and (5.24), let Qβy ⊂ Rnx , y ∈ Z+, denote yth stage contractive

backward set as

Qβy :=P(βQβy−1,W)

= ∩m∈M (∩ν∈T Sm (∩Ni=1P̃νm(Pci(βQβy−1)))), (5.34)

with Qβ0 = X ∩ (∩m∈M(∩ν∈T Fm P̃νm(X ))) where β ∈ (0, 1) is a contraction factor.

In the following, the algorithm to calculate the contractive CAFD-MDT set Qβ∞ is

presented. Step 2 of Algorithm 5.3 is designed to acquire all the system states evolved

along the truncated switching sequence. The state trajectories with the admissible

switching sequence under each faulty combination are collected by using the backward

set operators (5.21) and (5.24) from step 3 to step 7. Algorithm 5.3 is terminated

until Qβy+1 = Qβy .

5.6.2 A Non-conservative Stability Criterion

To begin with, the concepts of asymptotic stablity and UAS with respect to the

switched closed-loop system (5.13) with multiple faults and ξwT [∆̄](·) are presented as
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follows:

Definition 5.7. [2,57] The switched system (5.13) under multiple faults is said to be

asymptotically stable, if for ‖x0‖ ≤ δ̂ with a existing positive constant δ̂, xt satisfies

D(xt,Z∞)→ 0 as t→∞.

Definition 5.8. [2,57] The switched system (5.13) under multiple faults is said to be

uniformly asymptotically stable along all the admissible switching sequences ξT [∆̄](t)

and the allowable disturbance sequence ξwT [∆̄](t), if for ‖x0‖ ≤ δ̂ with a existing positive

constant δ̂, xt satisfies D(xt,Z∞)→ 0 as t→∞.

Subsequently, a necessary and sufficient stability condition for the switched closed-

loop system (5.13) with multiple faults is proposed.

Theorem 5.4. Suppose Assumptions 5.1 to 5.3 are satisfied. The following two

statements are equivalent.

(i) The CAFD-MDT set Qβ∞ := limy→∞Qβy generated by Algorithm 5.3 with an

MDT set Φw exists.

(ii) The switched closed-loop system (5.13) with multiple faults along the admis-

sible switching sequence ξΦw[∆̄](k) and the allowable disturbance sequence ξw
Φw[∆̄](k) is

uniformly asymptotically stable in the sense that D(xk,Z∞)→ 0 as k →∞.

Proof. (i)⇒(ii): The sufficiency proof is presented in this part. The target is to

show that the existence of such a CAFD-MDT set Qβ∞ implies the state trajectories

along the admissible switching sequence with x0 ∈ Qβ∞ converging to Z∞. Consider

the iteration from (y−1)th stage to yth stage by using Algorithm 5.3. For x0 ∈ Qβy−1,

we have

A ci
mci
ÃΩ1,y
m x0 ∈ (βQβy−1 	Dci[m,Ω1,y ]), y ∈ Z+ (5.35)

from (5.29), m ∈ M, ci ∈ CN . In order to ensure the state trajectory converging to

Z∞, it is desirable that ρ(A ci
mci
Ã

Ω1,s
m ) < 1 holds for all m ∈M and for all ci ∈ CN . As

mentioned in Assumption 5.2, the faulty portion is upper bounded. Thus, by design-

ing an MDT set Φw with appropriate lengths of each element, ρ(A ci
mci
Ã

Ω1,s
m ) < 1 can

be achieved for all admissible switching sequences exerted by the allowable distur-

bance sequence. Therefore, the inequality β ỹ%wk < 1 is satisfied for all m ∈M and for

all ci ∈ CN where %wk is the production with respect to the maximal Euclidean norm

of the eigenvalues regarding every system matrix of A
cỹi
σ(k2s)

c
ỹ
i

Ã
Ω1,s

σ(k2s)
· · ·A cyi

σ(k0)
c
y
i

Ã
Ω1,0

σ(k0)

where ỹ := b Ω1,0

φw
σ(k0)
c + b Ω1,1

φw
σ(k2)
c + · · · + b Ω1,s

φw
σ(k2s)
c, s ∈ N and cyi ∈ CN is associated with
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yth stage. Since β ∈ (0, 1) and ỹ → ∞ as k → ∞, the trajectories of system states

will finally converge to Z∞ if x0 ∈ Qβ∞, i.e., D(xk,Z∞) → 0 as k → ∞. Thus, the

closed-loop UAS of (5.13) is claimed. The proof of sufficiency is completed.

(ii)⇒(i): The argument of this part is to demonstrate that the contractive CAFD-

MDT invariant set Qβ∞ can be obtained through finite-time iterations by employing

Algorithm 5.3. Define ‖ · ‖Qβ∞ as the induced norm of the CAFD-MDT set Qβ∞.

Assuming there exist a contraction factor β̄ ∈ (0, 1) such that

‖A cyi
my
c
y
i

Ã
νy
my · · ·A

c1i
m1
c1
i

Ãν1

m1‖Qβ̄∞ < β̄y%wk < 1 (5.36)

for all νy ∈ T Sm ,my ∈ M and for all cyi ∈ CN , y ∈ Z+. Rewrite the set Qβ̄0 as

Qβ̄0 := {x|H̃Mx ≤ 1,∀M ∈ Z+}. Consider the iteration of Qβy to Qβy+1 from step 3

to step 7 of Algorithm 5.3 for any β̃ > β̄. An additional inequality is supposed to be

applied to Qβ̃y in the form of

H̃M(Ãν1

m1Ā
c1i
m1
c1
i

· · · Ãνy+1

my+1Ā
cy+1
i

my+1

c
y+1
i

)x ≤ [β̃y+11−

β̃yĒ
c1i
[m1,ν1,w](H̃M)− β̃y−1Ē

c2i
[m2,ν2,w](H̃M Ã

ν1

m1Ā
c1i
m1
c1
i

)−

· · · − Ēcy+1
i

[my+1,νy+1,w](H̃M Ã
ν1

m1Ā
c1i
m1
c1
i

· · · ÃνymyĀ
cyi
my
c
y
i

)] (5.37)

for all νy ∈ T Sm ,my ∈M, and for all cyi ∈ CN , y ∈ Z+, where Ā ci
mci

:= A
s
ci
1
mci
Â
ŝ
ci
1
mci ,n

· · ·Ascirmci Â
ŝ
ci
r
mci ,n

and

Ē
cyi
[my ,νy ,w](H̃M) := max

w∈W
H̃M Ã

νy−1
my Ā

cyi
my
c
y
i

w + · · ·+

max
w∈W

H̃M Ã
νy−1
my Amciw + max

w∈W
H̃M Ã

νy−1
my w+

· · ·+ max
w∈W

H̃M Ãmyw + max
w∈W

H̃Mw. (5.38)

The right-hand side of (5.37) is greater than 0 beacuse each Qβ̃y is non-empty. The

following proof will show that the additional inequality (5.37) is redundant when

Qβ̃y+1 is evolved from Qβ̃y . Inspired by [138], for each row of (5.38), we assume that

Ē
cji
[mj ,νj ,w]

(H̃M) = κ. Then, for all νv ∈ T Sm ,mv ∈ M, and for all cvi ∈ CN , v ∈ [1, y],

y ∈ Z+, we have β̄Ē
cvi
[mv ,νv ,ω](H̃M Ã

νv
mvĀ

cvi
mv
cv
i

) ≤ β̄gv%vκ where gv > 0 and %v ∈ (0, 1).
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Thus, let

κ̄ := max
νy∈T Sm ,m∈M,ci∈CN

Ē
cyi
[my ,νy ,w](H̃M).

Therefore, a g > 0 and a % ∈ (0, 1) can be found such that

max
νv∈T Sm ,mv∈M,cvi ∈CN

β̄Ē
cvi
[mv ,νv ,w](H̃M Ã

νv
mvĀ

cvi
mv
cv
i

) ≤ β̄g%κ̄.

Subsequently, each row of the item in the bracket of (5.37) is bounded by

β̄y+1 − (β̄yκ̄+ β̄y−1g%κ̄+ · · ·+ g%yκ̄)

= β̄y+1 − β̄yκ̄− β̄y−1g%κ̄
1− (%/β̄)y

1− %/β̄

= β̄y+1(1− κ̄/β̄ + g%κ̄
1− (%/β̄)y

β̄2(%/β̄ − 1)
).

(5.39)

For the left-hand side of (5.37), from (5.12), it follows that

H̃M(Ãν1

m1Ā
c1i
m1
c1
i

· · · Ãνy+1

my+1Ā
cy+1
i

my+1

c
y+1
i

)x ≤ β̄y+1%wk η
′‖H̃M‖‖x‖ ≤ β̃y+1, (5.40)

where η′ > 0 is a positive real number. Since β̄ < β̃, the last inequality of (5.40)

holds. Hence, similar to Theorem 5.1, inequality (5.40) is also eligible for a larger β̃.

Since the magnitude of % and β̄ are adjustable, from (5.39) and (5.40), a sufficiently

large ŷ must exist such that

max{%wk η′‖H̃M‖‖x‖|x ∈ Qβ0 ,M ∈ Z+} < 1− κ̄/β̄ + g%κ̄
1− (%/β̄)ŷ

β̄2(%/β̄ − 1)
(5.41)

suffices for all y ≥ ŷ. Hence, the contractive CAFD-MDT invariant set Qβ∞ ≡ Qβŷ can

be obtained with finite-time iterations by using Algorithm 5.3. The proof of necessity

is accomplished. �
Similar to Corollaries 5.1 and 5.2, the convergence performance of system states

along two categories of particular switching sequences which violate the requirement

of admissible switching sequences in Definition 5.2 is studied next.

Corollary 5.3. Suppose that the synchronous portion Ω1,s does not fulfill the MDT

constraint and the length of faulty portions Ω2,s ≡ 0, ∀s ∈ N. The switched closed-loop

system (5.13) is asymptotically stable in the sense that D(xk, Z̃∞)→ 0 as k →∞, if

the mode transitions are well scheduled, i.e., %wk < 1, where Z̃∞ is the FD-MDT set
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designed for the prescribed switching sequence.

Corollary 5.4. Suppose the length of synchronous portions Ω1,s ≡ 0 for all s ∈ N.

The asynchronously switched system (5.13) under controller failures and the arbitrary

switching fault is asymptotically stable in the sense that D(xk, Z̃∞) → 0 as k → ∞,

if the switching sequence is elaborately designed, i.e., %wk < 1.

Remark 5.10. By adopting Algorithm 5.3 with the above predefined switching se-

quence, the constraint satisfaction of the closed-loop system can also be guaranteed if

x0 ∈ Qβ∞ is satisfied.

5.6.3 Maximum Qβ
∞

The maximal characteristic of the set Qβ∞ with respect to a contraction factor β is

rigorously proved in Lemma 5.3.

Lemma 5.3. Suppose Assumptions 5.1 to 5.3 are satisfied. An non-empty Qβy , ∀y ∈
N, is obtained by using Algorithm 5.3. Then, the inclusion Qβy ∈ X and Qβy+1 ⊆ βQβy
hold, ∀y ∈ N. In addition, Qβ∞ is the maximal CAFD-MDT invariant set with respect

to a contraction factor β ∈ (0, 1).

Proof. From step 2 and step 5 in Algorithm 5.3, it directly follows that Qβy ∈ X
and Qβy+1 ⊆ βQβy .

The contractive CAFD-MDT invariant property of Qβ∞ is firstly proved. Since

Qβ∞ is generated once the condition Qβy∗+1 = Qβy∗ is satisfied, y∗ ∈ N. Therefore,

Qβ∞ ⊆P(βQβ∞,W)

is satisfied, ∀ν ∈ T Sm ,m ∈ M,∀ci ∈ CN . Hence, Qβ∞ is FD-MDT invariant because

of the necessary and sufficient condition (ii) proposed in Theorem 5.2. Since the

inclusions Qβ∞ ⊆ X and Qβy+1 ⊆ βQβy follow from step 1 and step 4 of Algorithm 5.3,

the computed Qβ∞ is also a contractive CAFD-MDT invariant set for all admissible

switching sequence ξT [∆̄](·) under the disturbance sequence ξwT [∆̄](·).
The proof that Qβ∞ is the maximal CAFD-MDT set with respect to a contraction

factor β ∈ (0, 1) is similar to Lemma 5.1 and omitted here. �
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5.7 Simulation Results

The simulation regarding each algorithm is conducted via MATLAB MPT3 toolbox

[143]. The following switched linear system with two modes is considered

A1 =

[
0.94 0.56

0.3 −0.46

]
, A2 =

[
0.75 0.23

0.75 0.53

]
,

B1 =
[
−0.69 2.65

]T

, B2 =
[
1 −1

]T

.

The state constraint is X := {xk ∈ R2|‖xk‖∞ ≤ 3} and the disturbance con-

straint is W := {wk ∈ R2|‖wk‖∞ ≤ 0.008}. The stabilizing feedback gains are

K1 =
[
−0.5 0.3

]
and K2 =

[
−0.2 −0.3

]
and the corresponding eigenvalues of

Ã1 and Ã2 are 0.81 ± 0.3691i and 0.69 ± 0.2166i, respectively. When the controller

failure occurs during the faulty portion, there is no control action which results in

the switched systems (5.2) and (5.14) with unstable system matrices back into use.

The eigenvalues of A1 and A2 are 1.0512, −0.5712 and 1.0697, 0.2103, respectively.

Note that there is no specific assumption requiring that the asynchronous system

matrices in (5.3) and (5.15) are supposed to be stable. Therefore, two unstable asyn-

chronous system matrices Â1,2 and Â2,1 which the eigenvalues are respectively 0.9998,

−1.1768 and 1.054, −0.574 are employed to validate the proposed control strategy.

The contraction factors are respectively chosen as λ = 0.999 and β = 0.98.

Table 5.1 and Table 5.2 show the obtained minimum MDT requirement for switched

systems (5.1) and (5.13) under 3 distinct durations of faulty portions, respectively.

It can be observed that, as the length of faulty portions increasing, a much longer

MDT restriction is required. The reason behind this is that the incremental length

of the faulty portions will exacerbate the adverse effects on the convergence of sys-

tem states. Note that the minimum MDT constraint regarding the perturbed system

(5.13) is larger than or at least equal to the MDT requirement with respect to the

nominal switched system (5.1). This is because the disturbed system (5.13) employ-

ing the minimum MDT constraint regarding the nominal system in Table 5.1 may

lead to the minimum FD-MDT set exceeding the system constraint, i.e., Z∞ 6⊂ X .

Thus, no solutions of the feasible initial states can be found for the switched system

(5.13) under additive uncertainties.

Figure 5.5 illustrates the computed CAF-MDT contractive set in the presence of

multiple faults ∆̄ = 2 under 3 distinct combinations of admissible MDTs via Algo-
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Table 5.1: The minimum MDT requirement under different lengths of faulty portions
regarding the nominal system (5.1)

The Length of Faulty Portions Minimum Values of MDTs

∆̄ = 1 τ1 = 3, τ2 = 2

∆̄ = 2 τ1 = 4, τ2 = 3

∆̄ = 3 τ1 = 6, τ2 = 4

Table 5.2: The minimum MDT requirement under different lengths of faulty portions
regarding the perturbed system (5.13)

The Length of Faulty Portions Minimum Values of MDTs

∆̄ = 1 τ1 = 4, τ2 = 2

∆̄ = 2 τ1 = 5, τ2 = 3

∆̄ = 3 τ1 = 6, τ2 = 4

rithm 5.1. It is worth mentioning that the inclusion Θλ
∞(τ1 = 4, τ2 = 3) ⊂ Θλ

∞(τ1 =

5, τ2 = 3) ⊂ Θλ
∞(τ1 = 5, τ2 = 4) holds where the applied MDT constraint is described

in the bracket. The existence of such an inclusion is because extending the duration

of the synchronous portion will enhance the performance of state convergence. Figure

5.6 demonstrates the calculated CAF-MDT set under 3 distinct lengths of faulty por-

tions from ∆̄ = 1 to ∆̄ = 3. The identical MDT constraint τ1 = 6, τ2 = 4 is applied

in the 3 sets computation since it can guarantee the existence of a CAF-MDT set

when ∆̄ = 3. It can be seen that, as the length of faulty portions increased, a tighter

CAF-MDT set is obtained. In other words, it means that the region for choosing

the initial state x0 of closed-loop system (5.1) which ensures that the evolved states

to be constraint admissible is getting smaller. Four state trajectories in Figure 5.7

which are respectively denoted by traj1 to traj4 are plotted to demonstate the con-

vergence of system states under multiple faults ∆̄ = 2. The initial states of traj1

to traj4 are chosen as the four vertices of the CAF-MDT set x10 =
[
−0.668; 3

]
,

x20 =
[
−1.9463; 3

]
, x30 =

[
1.9463; −3

]
, and x40 =

[
0.668; −3

]
, respectively.

The corresponding admissible switching sequences are generated arbitrarily satisfy-

ing restrictions in Definition 5.2.

Similarly, Figure 5.8 displays the acquired FD-MDT sets and CAFD-MDT sets

under 3 sets of admissible MDTs. The inclusion Qβ∞(τ1 = 5, τ2 = 3) ⊂ Qβ∞(τ1 =

5, τ2 = 4) ⊂ Qβ∞(τ1 = 6, τ2 = 4) still holds. However, for the FD-MDT set, the

opposite inclusion Z∞(τ1 = 6, τ2 = 4) ⊂ Z∞(τ1 = 5, τ2 = 4) ⊂ Z∞(τ1 = 5, τ2 = 3)

stands since a relatively long synchronous portion leads to a smaller convex hull in
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Figure 5.5: Illustration of the CAF-MDT set in the presence of multiple faults ∆̄ = 2
under 3 distinct combinations of admissible MDTs.

Figure 5.6: Illustration of the CAF-MDT set under different lengths of faulty portions
(MDT constraint: τ1 = 6, τ2 = 4).
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Figure 5.7: Illustration of the CAF-MDT set in the presence of multiple faults ∆̄ = 2
and state trajectories.

Figure 5.8: Illustration of the FD-MDT and CAFD-MDT sets in the presence of
multiple faults ∆̄ = 2 under 3 distinct combinations of admissible MDTs.
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Figure 5.9: Illustration of the FD-MDT and CAFD-MDT sets under different lengths
of faulty portions (MDT constraint: τ1 = 6, τ2 = 4).

the calculation process in Algorithm 5.2. In Figure 5.9, under 3 faulty portions from

∆̄ = 1 to ∆̄ = 3, the computed FD-MDT and CAFD-MDT sets are demonstrated.

The similar inclusions Z∞(∆̄ = 1) ⊂ Z∞(∆̄ = 2) ⊂ Z∞(∆̄ = 3) and Qβ∞(∆̄ = 3) ⊂
Qβ∞(∆̄ = 2) ⊂ Qβ∞(∆̄ = 1) hold. Comparing with Figure 5.6 and Figure 5.9, it can

be observed that the region of the CAFD-MDT set is smaller than the CAF-MDT set

in the presence of the identical MDT constraint and the same duration of multiple

faults. The reason behind is that the existence of additive disturbances results in

the shrinking region for choosing the feasible initial states. Figure 5.10 shows the

state responses for closed-loop system (5.13) under multiple faults ∆̄ = 2. The initial

states of traja and trajb are chosen as xa0 =
[
−0.4908; 3

]
and xb0 =

[
1.9385; −3

]
which are two vertices of Qβ∞(τ1 = 5, τ2 = 3) in Figure 5.8. The activated modes

and controllers of traja and trajb are respectively shown on the top and bottom of

this figure. The convergence of system states verifies the effectiveness of the proposed

control scheme in Theorem 5.4. Another interesting finding is that the maximum

tolerance of ‖w‖∞ regarding the switched system (5.13) with multiple faults can be

explored by testing whether the solution of a Qβ∞ exists or not.

5.8 Conclusion

In this chapter, the non-conservative stability criteria for a class of constrained

switched linear systems under multiple faults have been proposed from a set-theory
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Figure 5.10: State trajectories in the presence of multiple faults ∆̄ = 2 and additive
uncertainties as well as the corresponding activated modes and controllers.

perspective. For nominal switched systems, an algorithm to calculate the maximal

CAF-MDT contractive set has been established. In addition, a necessary and suf-

ficient UAS condition for the switched closed-loop system under the multiple faults

is provided with a rigorous proof. In the presence of additive uncertainties, compu-

tational algorithms to construct the minimal FD-MDT set and maximal contractive

CAFD-MDT set have been designed. In the sense of the FD-MDT set serving as the

equilibrium, the switched closed-loop system under multiple faults is guaranteed to be

uniformly asymptotically stable as long as the designed MDT constraint is satisfied.

Furthermore, the satisfaction of the state constraint is ensured. Numerical examples

verify the validity of the theoretical results.
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Chapter 6

Robust Model Predictive Control

for Asynchronously Switched

Linear Systems with Intermittent

Controller Failures

Chapter 5 presents the non-conservative stability strategy for a class of constrained

switched systems in the joint effects of multiple faults and external disturbances. In

this chapter, we aim to utilize the superior stability results in handling the RMPC

problem for switching dynamics.

6.1 Introduction

In engineering practice, switching dynamics are considered a powerful modeling tool.

However, such systems are vulnerable to the variations from the environment, such

as external disturbances, as well as unreliable networks, such as desired controllers

delayed to enabled subsystems or even controllers disconnecting with activated modes.

These challenges may result in the malfunction of switched systems and eventually

pose risks to safe and reliable operations. Consequently, to confront these issues, this

chapter aims to address the RMPC problem for asynchronously switched systems with

controller failures. Figure 6.1 shows a disturbed asynchronously switched system with

controller failures in a typical airplane control system by utilizing mode-dependent

MPC controllers. The primary objective of this illustration is to provide an intuitive
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understanding of the theoretical problem that the paper aims to tackle.

Representative works summarized in Table 1.3 indicate that very few efforts have

been conducted on the challenging yet significant asynchronously switched MPC prob-

lem, particularly when considering the joint effects of external disturbances and con-

troller failures [114–126, 128–130]. In [117], the MPC problem for switched systems

with switching detection delays is explored. However, the use of ADT conditions

may cause the shrink of feasible regions for all modes. Inspired by RMPC design for

switched linear systems presented in [126], a less conservative methodology subject

to MDT constraints is proposed to address this problem via switching logic schedul-

ing so as to reduce the sacrifice of system performance to some extent. The main

contributions of this chapter are threefold:

• This chapter addresses the significant yet challenging RMPC problem for a

class of asynchronously switched linear systems with controller failures via the

tube-based MPC approach. Constraint satisfaction is guaranteed by properly

tightening original system constraints.

• Regarding the switching dynamics with asynchronous switching and controller

failures, the persistent feasibility of the switched MPC design is ensured by

forcing the evolved reachable sets to be included in a target feasible region.

Thereby, the minimum MDT is determined offline. Moreover, the attractivity

of the closed-loop solutions is achieved with the online stage MDT computation.

• In order to guarantee the uniform asymptotic stability (UAS) of the closed-

loop system, a common terminal set is designed for all switching subsystems.

Meanwhile, a non-conservative stability condition is proposed for switched sys-

tems with the state feedback control law. Furthermore, two UAS criteria are

developed by driving the state trajectory into the common terminal set and the

determination of MDT is achieved offline.

The remainder of this chapter is organized as follows. Section 6.2 introduces

useful definitions and preliminaries. Section 6.3 provides the preliminary results of

constructing disturbance invariant sets, which are crucial for the employment of tube-

based MPC techniques. Then, Section 6.4 formulates the problem of RMPC for

switched linear systems. Persistent feasibility results and stability analysis are pre-

sented in Section 6.5 and Section 6.6, respectively. In Section 6.7, the numerical
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Figure 6.1: A practical example of an asynchronously switched system under the
joint effects of external disturbances and controller failures with three modes (Mode
1: taking off mode; Mode 2: cruise mode; Mode 3: landing mode).

simulation results are demonstrated. Finally, Section 6.8 concludes this paper and

highlights promising research directions.

6.2 Preliminaries

Consider a constrained discrete-time switched linear system in the presence of additive

disturbances with unstable mode matrices Am ∈ Rnx×nx , m ∈ M, where M :=

{1, 2, · · · ,m, · · · ,M} contains all admissible switching modes and M ∈ Z+ represents

the total numbers of subsystems. The disturbed switched system is given as

xk+1 = Aσ(k)xk +Bσ(k)uk + wk, σ(k) ∈M, (6.1)

where the time instant k ∈ N; xk ∈ Rnx and uk ∈ Rnu are state and control input

vectors, respectively. wk ∈ Rnx is the unknown and time-varying disturbance vector.

The switching signal σ(·) : N→M is a piecewise constant function of time k and it

indicates the currently activated mode in (6.1). In addition, the switching signal σ(·)
is considered to be unknown a priori, but is known instantly. The system constraints

are denoted as follows:

xk ∈ Xσ(k) ⊆ Rnx , uk ∈ Uσ(k) ⊆ Rnu , (6.2a)

wk ∈W ⊆ Rnx , (6.2b)
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where the state constraint Xm and control input constraint Um, m ∈ M, are mode-

dependent while an unified disturbance constraint W is imposed on all subsystems

in (6.1). It is assumed that the constaint sets are all compact, convex polytopes and

the origin is contained in each of their interiors. In addition, we also assume that the

subsystem pairs (Am, Bm) are stabilizable, ∀m ∈ M, and all the state information

can be measured at any time k ∈ N.

Before introducing advanced control techniques, namely mode-dependent dwell

time (MDT) and stage MDT, we first define the switching instants ks−1 ∈ S :=

{k0, k1, · · · , ks−1, · · · }, s ∈ Z+
[1,+∞), with k0 = 0 and ks−1 < ks. Thus, the switched

system (6.1) stays in subsystem σ(ks−1) when k ∈ [ks−1, ks). The definition of MDT

is given below.

Definition 6.1. [137] Consider the switched system in (6.1) with switching instants

k0, k1, · · · , ks−1, · · · . The MDT τm ∈ Z+, associated with mode m ∈ M is the min-

imum amount of time that the system (6.1) has to stay in subsystem m. Thus, the

MDT constraint ks− ks−1 ≥ τm is imposed when σ(k) = m for k ∈ [ks−1, ks), s ∈ Z+.

The set of all admissible MDTs which satisfy the MDT constraint is denoted as

T := {τ1, τ2, · · · , τM}. Consider the sth stage mode transition beginning with ks−1

and ending with ks, s ∈ Z+. The definition of stage MDT is presented as follows:

Definition 6.2. [126] Consider switched system (6.1) with the switching instants

k0, k1, · · · , ks−1, · · · . The MDT τ
(s)
m ∈ Z+, s ∈ Z+, associated with mode m ∈ M is

said to be the sth stage MDT if ks − ks−1 ≥ τ
(s)
m when σ(k) = m for k ∈ [ks−1, ks).

Due to the delay in transmitting switching signals to the mode-dependent con-

troller side, it is impractical to consider the mode-dependent controller can be applied

to activated subsystem in real time [44, 66]. What is even worse, the controller may

disconnect with the enabled subsystem, i.e., uk = 0. Hence, the adverse effects of

asynchronous switching and controller failures are essential to be considered. To have

a concrete description of the above two challenging issues, let T[A] ∈ N represent the

duration of the asynchronous switching and denote T[F ] ∈ N as the duration of con-

troller failures. Moreover, we define the synchronous portion Ω1,s−1, s ∈ Z+, which

obeys the MDT constraint and the faulty portion Ω2,s−1 affected by the asynchronous

switching and controller failures as{
Ω1,s−1 := [k̄′s−1, k

′
s),

Ω2,s−1 := [k′s, k̄
′
s), s ∈ Z+,

(6.3)
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where k′0, k
′
1, · · · , k′s−1 · · · with k′0 = k0 denote the ideal switching instants at which the

aligned mode-dependent controller is supposed to be implemented and k̄′0, k̄
′
1, · · · , k̄′s−1 · · ·

with k̄′0 = k0 representing the time instants at which the switched system (6.1) reverts

to synchronous portions.

Assumption 6.1. The length of the faulty portion Ω2,s−1, s ∈ Z+, satisfies 0 ≤
k̄′s − k′s ≤ ∆̄ where ∆̄ ∈ Z+ denotes the upper bound duration of Ω2,s−1. Moreover,

the time instants k′s and k̄′s coincide with the sampling instant k.

Remark 6.1. Assumption 6.1 ensures the faulty portion Ω2,s−1 ∈ [0, ∆̄], ∀s ∈ Z+

and Ω2,s−1 = 0 indicates that there is no occurrence of either asynchronous switching

or controller failures. In addition, the durations T[A] ∈ [0, ∆̄] and T[F ] ∈ [0, ∆̄] are

also fulfilled, ∀s ∈ Z+.
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Figure 6.2: Illustration of the activated subsystems and controllers during the faulty
portions, m,n, q ∈M (k′1–k′4 denoting ideal switching instants and k̄′1–k̄′4 representing
time instants that (6.1) reverts to synchronous portions).

Figure 6.2 illustrates the enabled subsystems and practically applied controllers

during the faulty portions. The asynchronous switching which happens during Ω2,1 is

displayed in (a) while the controller failure scenario with Ω2,2 is demonstrated in (b).

The combining effect of the asynchronous switching and controller failures with Ω2,3

is shown in (c). It is seen that the controller with respect to subsystem q, q ∈M, fails

to perform in the second half of Ω2,3. Subsequently, the definition of an admissible

switching sequence with faulty portion Ω2,s−1 and additive uncertainties is presented.

Define the allowable disturbance sequence as ζwT [∆̄](k) := {w0, w1, · · · , wk−1} with each

wk−1 ∈W.
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Definition 6.3. A switching sequence in the presence of allowable disturbance se-

quences ζwT [∆̄](·) with an MDT set T , synchronous portions Ω1,s−1, and faulty portions

Ω2,s−1, s ∈ Z+ is said to be admissible if the MDT constraint k′s−k̄′s−1 ≥ τm, ∀m ∈M,

s ∈ Z+, is satisfied and Ω2,s−1 ∈ [0, ∆̄], ∀s ∈ Z+, is bounded.

For notational convenience, let ζT [∆̄](k) := {σ(0), σ(1), · · · , σ(k − 1)} denote the

admissible switching sequence during interval [0, k− 1]. In order to have an intuitive

understanding of ζT [∆̄](·), an elementary example is exploited to demonstrate the

admissibility of a switching sequence.

Example 6.1. Suppose M = {1, 2}, τ1 = 3, τ2 = 2, and ∆̄ = 2 then ζT [2](7) =

{2̄, 2̄, 1̃2, 1̃2, 1̄, 1̄, 1̄} and ζT [2](7) = {1̄, 1̄, 1̄, 2, 2, 2̄, 2̄} are two admissible switching se-

quences where 1̄ and 2̄ denote that the mode-dependent controller is aligned with cor-

responding subsystems 1 and 2, respectively. 1̃2 means the subsystem 1 is controlled by

the lagged controller with respect to mode 2 and 2 in ζT [2](7) denotes that no control ac-

tion is applied when Subsystem 2 is enabled. However, ζT [2](8) = {2̄, 2̄, 1̃2, 1, 1̃2, 1, 1̄, 1̄}
is not an admissible switching sequence since the MDT constraint is violated and ∆̄

is exceeded.
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2̃1

<latexit sha1_base64="t2QV6n3Fy4JzZ1mQI3u6RXJjIcw=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lKUU9S8OKxgv2ANJTNZtMu3eyG3YlQQn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZF6aCG3Ddb6e0sbm1vVPereztHxweVY9PukZlmrIOVULpfkgME1yyDnAQrJ9qRpJQsF44uZv7vSemDVfyEaYpCxIykjzmlICV/AFwEbHcmw0bw2rNrbsL4HXiFaSGCrSH1a9BpGiWMAlUEGN8z00hyIkGTgWbVQaZYSmhEzJivqWSJMwE+eLkGb6wSoRjpW1JwAv190ROEmOmSWg7EwJjs+rNxf88P4P4Jsi5TDNgki4XxZnAoPD8fxxxzSiIqSWEam5vxXRMNKFgU6rYELzVl9dJt1H3rurNh2atdVvEUUZn6BxdIg9doxa6R23UQRQp9Ixe0ZsDzovz7nwsW0tOMXOK/sD5/AEGfpEV</latexit>

1̃2

<latexit sha1_base64="V+gqRBd4VQUxyH7pHXwo/wM3bZo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD5k37ZcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8/Ro3G</latexit>

1
<latexit sha1_base64="tfC2TNtnhTEcNF7e9nsjvdAC+oQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUU9S8OKxoq2FNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWus9q03654lbdOcgq8XJSgRzNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzyMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiXtWtW7qNbv6pXGdR5HEU7gFM7Bg0towC00oQUMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AQMuNxw==</latexit>

2

<latexit sha1_base64="pW4Gkk+MOp0QcSDcuIDhX7/rHlY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYxX5AG8pmO2mXbjZhdyOU0n/gxYMiXv1H3vw3btoctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2MbzO//YRK81g+mkmCfkSHkoecUWOlB6/UL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjT6kynAmclXqpxoSyMR1i11JJI9T+dH7pjJxZZUDCWNmShszV3xNTGmk9iQLbGVEz0steJv7ndVMTXvtTLpPUoGSLRWEqiIlJ9jYZcIXMiIkllClubyVsRBVlxoaTheAtv7xKWhdV77Jau69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A7CUjM4=</latexit>

1
<latexit sha1_base64="TouhIHP1Py2H2Rnrf0vk58PkhkY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUU9S8OKxiq2FNpTNdtIu3WzC7kYopf/AiwdFvPqPvPlv3LQ5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvsn8xydUmsfywUwS9CM6lDzkjBor3ddK/XLFrbpzkFXi5aQCOZr98ldvELM0QmmYoFp3PTcx/pQqw5nAWamXakwoG9Mhdi2VNELtT+eXzsiZVQYkjJUtachc/T0xpZHWkyiwnRE1I73sZeJ/Xjc14ZU/5TJJDUq2WBSmgpiYZG+TAVfIjJhYQpni9lbCRlRRZmw4WQje8surpF2rehfV+l290rjO4yjCCZzCOXhwCQ24hSa0gEEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH7IZjM8=</latexit>

2

: Synchronous : Asynchronous
: Controller failures

<latexit sha1_base64="wMk9LGfnfQA+JFK2v+p93kvGFPA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ae0oUy2m3bpZhN2N0IJ+RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqKGvTWMSqF6BmgkvWNtwI1ksUwygQrBtM7+Z+94kpzWP5aGYJ8yMcSx5yisZK3UGAKvPyYbXm1t0FyDrxClKDAq1h9WswimkaMWmoQK37npsYP0NlOBUsrwxSzRKkUxyzvqUSI6b9bHFuTi6sMiJhrGxJQxbq74kMI61nUWA7IzQTverNxf+8fmrCWz/jMkkNk3S5KEwFMTGZ/05GXDFqxMwSpIrbWwmdoEJqbEIVG4K3+vI66VzVvet646FRazaKOMpwBudwCR7cQBPuoQVtoDCFZ3iFNydxXpx352PZWnKKmVP4A+fzBzbNj3U=</latexit>

1̄
<latexit sha1_base64="9TQrpWMJl87XnAB82Z4MHqRvgzc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKqR4LXjxWsB/QhrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzSxBP6JjyUPOqLFSdxBQldXmw3LFrbpLkE3i5aQCOVrD8tdgFLM0QmmYoFr3PTcxfkaV4UzgvDRINSaUTekY+5ZKGqH2s+W5c3JllREJY2VLGrJUf09kNNJ6FgW2M6Jmote9hfif109NeOtnXCapQclWi8JUEBOTxe9kxBUyI2aWUKa4vZWwCVWUGZtQyYbgrb+8STq1qteo1h/qlWY9j6MIF3AJ1+DBDTThHlrQBgZTeIZXeHMS58V5dz5WrQUnnzmHP3A+fwA4Uo92</latexit>

2̄
<latexit sha1_base64="AtGgCDvdtNp3jatnTXSND8+/1pk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2FZoQ9lsNu3STTbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJXCoOt+O6WNza3tnfJuZW//4PCoenzSNSrTjHeYkko/BtRwKRLeQYGSP6aa0ziQvBdMbud+74lrI1TygNOU+zEdJSISjKKV+gMUMuS5Nxs2htWaW3cXIOvEK0gNCrSH1a9BqFgW8wSZpMb0PTdFP6caBZN8VhlkhqeUTeiI9y1NaMyNny9OnpELq4QkUtpWgmSh/p7IaWzMNA5sZ0xxbFa9ufif188wuvFzkaQZ8oQtF0WZJKjI/H8SCs0ZyqkllGlhbyVsTDVlaFOq2BC81ZfXSbdR967qzftmrdUs4ijDGZzDJXhwDS24gzZ0gIGCZ3iFNwedF+fd+Vi2lpxi5hT+wPn8AQN8kQs=</latexit>

1̃2

<latexit sha1_base64="5yOUSj2fimI1iFxP4pbKhc/o3KU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2FZoQ9lsNu3STTbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJXCoOt+O6WNza3tnfJuZW//4PCoenzSNSrTjHeYkko/BtRwKRLeQYGSP6aa0ziQvBdMbud+74lrI1TygNOU+zEdJSISjKKV+gMUMuR5Yzb0htWaW3cXIOvEK0gNCrSH1a9BqFgW8wSZpMb0PTdFP6caBZN8VhlkhqeUTeiI9y1NaMyNny9OnpELq4QkUtpWgmSh/p7IaWzMNA5sZ0xxbFa9ufif188wuvFzkaQZ8oQtF0WZJKjI/H8SCs0ZyqkllGlhbyVsTDVlaFOq2BC81ZfXSbdR967qzftmrdUs4ijDGZzDJXhwDS24gzZ0gIGCZ3iFNwedF+fd+Vi2lpxi5hT+wPn8AQN/kQs=</latexit>

2̃1

<latexit sha1_base64="S0cm/cPrKmWeqpBAhT8FsewVnBQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVE9S8OKxgv2ANpTJdtMu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFWUtGotYdQPUTHDJWoYbwbqJYhgFgnWCyd3c7zwxpXksH800YX6EI8lDTtFYqdMPUGXebFCuuFV3AbJOvJxUIEdzUP7qD2OaRkwaKlDrnucmxs9QGU4Fm5X6qWYJ0gmOWM9SiRHTfrY4d0YurDIkYaxsSUMW6u+JDCOtp1FgOyM0Y73qzcX/vF5qwhs/4zJJDZN0uShMBTExmf9OhlwxasTUEqSK21sJHaNCamxCJRuCt/ryOmlfVb16tfZQqzRu8ziKcAbncAkeXEMD7qEJLaAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wc5z49/</latexit>

1̄
<latexit sha1_base64="HnTW9fURvhns3gclDhCQKWE+wWc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUU9S8OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1OkHVGe12aBccavuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddKuVb2rav2hXmnc5nEU4QzO4RI8uIYG3EMTWsBgAs/wCm9O4rw4787HsrXg5DOn8AfO5w87VI+A</latexit>

2̄

<latexit sha1_base64="nq258j8SNCuvygM7MwE6hwaE7+A=">AAAB/nicbVDLSgMxFL2pr1pfo+LKTbAIrsqMFHUlBTcuK9gHtEPJpJk2NJMZkoxQhoK/4saFIm79Dnf+jWk7C9t64HIP59xLbk6QCK6N6/6gwtr6xuZWcbu0s7u3f+AcHjV1nCrKGjQWsWoHRDPBJWsYbgRrJ4qRKBCsFYzupn7riSnNY/loxgnzIzKQPOSUGCv1nJNuQFTmTRZbzym7FXcGvEq8nJQhR73nfHf7MU0jJg0VROuO5ybGz4gynAo2KXVTzRJCR2TAOpZKEjHtZ7PzJ/jcKn0cxsqWNHim/t3ISKT1OArsZETMUC97U/E/r5Oa8MbPuExSwySdPxSmApsYT7PAfa4YNWJsCaGK21sxHRJFqLGJlWwI3vKXV0nzsuJdVaoP1XLtNo+jCKdwBhfgwTXU4B7q0AAKGbzAG7yjZ/SKPtDnfLSA8p1jWAD6+gVF8ZWw</latexit>

1̄1̄1̄
<latexit sha1_base64="pAeanciB4nkKD8sbDijd29p9Qi0=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT1JwYvHCvYD2rVk07QNzWaXZFYpS/+HFw+KePW/ePPfmLZ70NYHwzzemyGTF8RSGHTdbye3tr6xuZXfLuzs7u0fFA+PmiZKNOMNFslItwNquBSKN1Cg5O1YcxoGkreC8c3Mbz1ybUSk7nEScz+kQyUGglG00kM3oDqtTLPWK5bcsjsHWSVeRkqQod4rfnX7EUtCrpBJakzHc2P0U6pRMMmnhW5ieEzZmA55x1JFQ278dH71lJxZpU8GkbalkMzV3xspDY2ZhIGdDCmOzLI3E//zOgkOrvxUqDhBrtjioUEiCUZkFgHpC80ZyokllGlhbyVsRDVlaIMq2BC85S+vkmal7F2Uq3fVUu06iyMPJ3AK5+DBJdTgFurQAAYanuEV3pwn58V5dz4Wozkn2zmGP3A+fwB89pKB</latexit>

2̄2̄

<latexit sha1_base64="G1mQyZqRHropTYkv2joxDK8zBuU=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBg5SNFPXgoeDFYwX7Ae1Ssmm2DU2yS5IVSulf8OJBEa/+IW/+G7PtHrT1wcDjvRlm5oWJ4Mb6/rdXWFvf2Nwqbpd2dvf2D8qHRy0Tp5qyJo1FrDshMUxwxZqWW8E6iWZEhoK1w/Fd5refmDY8Vo92krBAkqHiEafEZhK+wLhfrvhVfw60SnBOKpCj0S9/9QYxTSVTlgpiTBf7iQ2mRFtOBZuVeqlhCaFjMmRdRxWRzATT+a0zdOaUAYpi7UpZNFd/T0yJNGYiQ9cpiR2ZZS8T//O6qY1ugilXSWqZootFUSqQjVH2OBpwzagVE0cI1dzdiuiIaEKti6fkQsDLL6+S1mUVX1VrD7VK/TaPowgncArngOEa6nAPDWgChRE8wyu8edJ78d69j0VrwctnjuEPvM8fwtKNZA==</latexit>

1, 11
<latexit sha1_base64="Iu3b68IsqEaSDzCN0n8oUcMZFqU=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJKEoh48FLx4rGA/oA1ls920S3c3YXcjlNC/4MWDIl79Q978N27aHLT1wcDjvRlm5oUJZ9q47reztr6xubVd2inv7u0fHFaOjts6ThWhLRLzWHVDrClnkrYMM5x2E0WxCDnthJO73O88UaVZLB/NNKGBwCPJIkawySX/0vcHlapbc+dAq8QrSBUKNAeVr/4wJqmg0hCOte55bmKCDCvDCKezcj/VNMFkgke0Z6nEguogm986Q+dWGaIoVrakQXP190SGhdZTEdpOgc1YL3u5+J/XS010E2RMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6yDcFbfnmVtP2ad1WrP9SrjdsijhKcwhlcgAfX0IB7aEILCIzhGV7hzRHOi/PufCxa15xi5gT+wPn8AcdijWc=</latexit>

2, 22

<latexit sha1_base64="Iu3b68IsqEaSDzCN0n8oUcMZFqU=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJKEoh48FLx4rGA/oA1ls920S3c3YXcjlNC/4MWDIl79Q978N27aHLT1wcDjvRlm5oUJZ9q47reztr6xubVd2inv7u0fHFaOjts6ThWhLRLzWHVDrClnkrYMM5x2E0WxCDnthJO73O88UaVZLB/NNKGBwCPJIkawySX/0vcHlapbc+dAq8QrSBUKNAeVr/4wJqmg0hCOte55bmKCDCvDCKezcj/VNMFkgke0Z6nEguogm986Q+dWGaIoVrakQXP190SGhdZTEdpOgc1YL3u5+J/XS010E2RMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6yDcFbfnmVtP2ad1WrP9SrjdsijhKcwhlcgAfX0IB7aEILCIzhGV7hzRHOi/PufCxa15xi5gT+wPn8AcdijWc=</latexit>

2, 22
<latexit sha1_base64="G1mQyZqRHropTYkv2joxDK8zBuU=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBg5SNFPXgoeDFYwX7Ae1Ssmm2DU2yS5IVSulf8OJBEa/+IW/+G7PtHrT1wcDjvRlm5oWJ4Mb6/rdXWFvf2Nwqbpd2dvf2D8qHRy0Tp5qyJo1FrDshMUxwxZqWW8E6iWZEhoK1w/Fd5refmDY8Vo92krBAkqHiEafEZhK+wLhfrvhVfw60SnBOKpCj0S9/9QYxTSVTlgpiTBf7iQ2mRFtOBZuVeqlhCaFjMmRdRxWRzATT+a0zdOaUAYpi7UpZNFd/T0yJNGYiQ9cpiR2ZZS8T//O6qY1ugilXSWqZootFUSqQjVH2OBpwzagVE0cI1dzdiuiIaEKti6fkQsDLL6+S1mUVX1VrD7VK/TaPowgncArngOEa6nAPDWgChRE8wyu8edJ78d69j0VrwctnjuEPvM8fwtKNZA==</latexit>

1, 11

<latexit sha1_base64="M4Kd3eymXTmsTJhzT5HrAMzJEgI=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB4UAnrwGME8ILuG2UknGTL7YKZXCUv+w4sHRbz6L978GyfJHjSxoKGo6qa7y4+l0Gjb31ZuZXVtfSO/Wdja3tndK+4fNHWUKA4NHslItX2mQYoQGihQQjtWwAJfQssfXU/91iMoLaLwHscxeAEbhKIvOEMjPbg+U6l7AxLZ5KrSLZbssj0DXSZORkokQ71b/HJ7EU8CCJFLpnXHsWP0UqZQcAmTgptoiBkfsQF0DA1ZANpLZ1dP6IlRerQfKVMh0pn6eyJlgdbjwDedAcOhXvSm4n9eJ8H+hZeKME4QQj5f1E8kxYhOI6A9oYCjHBvCuBLmVsqHTDGOJqiCCcFZfHmZNCtl56xcvauWapdZHHlyRI7JKXHIOamRW1InDcKJIs/klbxZT9aL9W59zFtzVjZzSP7A+vwBJ82SRw==</latexit>

�̄ = 2(iii)

<latexit sha1_base64="AAi2neoG31fsEolFFaFPYf01R4I=">AAACG3icbZBPS8MwGMbT+W/Wf1WPXoJD8DBGO4Z68DDw4nGC24StlDRNt7A0LUkqjLLv4cWv4sWDIp4ED34b062HuvlA4JfnfV+S9/ETRqWy7R+jsra+sblV3TZ3dvf2D6zDo56MU4FJF8csFg8+koRRTrqKKkYeEkFQ5DPS9yc3eb3/SISkMb9X04S4ERpxGlKMlLY8qzlUlAUka848p17ism2WLs266Vk1u2HPBVfBKaAGCnU862sYxDiNCFeYISkHjp0oN0NCUczIzBymkiQIT9CIDDRyFBHpZvPdZvBMOwEMY6EPV3DulicyFEk5jXzdGSE1lsu13PyvNkhVeOVmlCepIhwvHgpTBlUM86BgQAXBik01ICyo/ivEYyQQVjrOPARneeVV6DUbzkWjddeqta+LOKrgBJyCc+CAS9AGt6ADugCDJ/AC3sC78Wy8Gh/G56K1YhQzx+CPjO9f8MSgDA==</latexit>

2̃1, 2̃12̃1, 2̃12,
<latexit sha1_base64="lJORM2Zi8cfrUVYkmfAKw//xVow=">AAACB3icbVDLSsNAFJ34rPEVdSnIYBFcSMmEoi5cFNy4rGAf0IYwmUzaoZNJmJkIJXTnxl9x40IRt/6CO//GpM2ith64cOace5l7j59wprRt/xgrq2vrG5uVLXN7Z3dv3zo4bKs4lYS2SMxj2fWxopwJ2tJMc9pNJMWRz2nHH90WfueRSsVi8aDHCXUjPBAsZATrXPKsE6evGQ9o5kw8dIHmHyZyTM+q2jV7CrhMUEmqoETTs777QUzSiApNOFaqh+xEuxmWmhFOJ2Y/VTTBZIQHtJdTgSOq3Gx6xwSe5UoAw1jmJTScqvMTGY6UGkd+3hlhPVSLXiH+5/VSHV67GRNJqqkgs4/ClEMdwyIUGDBJiebjnGAiWb4rJEMsMdF5dEUIaPHkZdJ2auiyVr+vVxs3ZRwVcAxOwTlA4Ao0wB1oghYg4Am8gDfwbjwbr8aH8TlrXTHKmSPwB8bXL97sl1w=</latexit>

22̃1, 12̃1, 12
<latexit sha1_base64="hhL052rXvHq4FhVZgftbEuxzI5A=">AAACB3icbVDLSsNAFJ34rPEVdSnIYBFcSMmEoi5cFNy4rGAf0IYwmUzaoZNJmJkIJXTnxl9x40IRt/6CO//GpM2ith64cOace5l7j59wprRt/xgrq2vrG5uVLXN7Z3dv3zo4bKs4lYS2SMxj2fWxopwJ2tJMc9pNJMWRz2nHH90WfueRSsVi8aDHCXUjPBAsZATrXPKsE9TXjAc0QxPPuXDmH6aDTM+q2jV7CrhMUEmqoETTs777QUzSiApNOFaqh+xEuxmWmhFOJ2Y/VTTBZIQHtJdTgSOq3Gx6xwSe5UoAw1jmJTScqvMTGY6UGkd+3hlhPVSLXiH+5/VSHV67GRNJqqkgs4/ClEMdwyIUGDBJiebjnGAiWb4rJEMsMdF5dEUIaPHkZdJ2auiyVr+vVxs3ZRwVcAxOwTlA4Ao0wB1oghYg4Am8gDfwbjwbr8aH8TlrXTHKmSPwB8bXL97al1w=</latexit>
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1̃2, 1̃21̃2, 1̃21,

Figure 6.3: Admissible switching sequences with automaton-type representations for
(i) ∆̄ = 0 (ii) ∆̄ = 1 (iii) ∆̄ = 2.

Inspired by [147,148], a directed graph is employed to display all possible combi-

nations in the faulty portion. Figure 6.3 illustrates the admissible switching sequence
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with automaton-type expressions. The finite length of the sequence is represented by

a node while feasible switching sequence transitions are depicted by paths that point

to a node. Define V ∈ Z+ as the total number of the faulty combinations for the mode

transition from m to n including one fault-free situation, i.e., Ω2,s−1 = 0. For nota-

tional convenience, label each faulty combination for the mode transition from m to n

as c[mn,v], v ∈ Z+, and c[mn,v] ∈ CmnV := {c[mn,1], c[mn,2], · · · , c[mn,V ] | m,n ∈M, n 6= m}
where CmnV is the set encompassing all the faulty combinations from subsystem m to

n and CmnV ⊂ CmV =: {Cm1
V , Cm2

V , · · · , CmnV } ⊂ CV := {C1
V , C2

V , · · · , CMV }, m 6= n. For the

sake of clarity, taking (ii) in Figure 6.3 as an example, V = 4 is obtained including

the fault-free situation representing as c[12,1], 2̃1 as c[12,2], 1 as c[12,3], and 2 as c[12,4]

when mode 1 switches to mode 2.

To facilitate the theoretical analysis, an admissible switching sequence with MDT

constraint and bounded faulty portions is reconstructed by an arbitrarily stage-based

concatenation of nodes [54, 137]. Each stage of an admissible switching sequence

contains a synchronous portion, i.e., {mj}, j ∈ Tm := {τm, τm + 1, · · · , 2τm − 1},
m ∈M, where j represents the length of the switched system (6.1) staying in mode m

and a faulty portion c[mn,v] ∈ CmnV . Employing (iii) in Figure 6.3 as an example, a stage

segment of an admissible switching sequence is {1̄j, c[12,v]}, j ∈ {3, 4, 5} or {2̄j, c[12,v]},
j ∈ {2, 3} with c[12,v] ∈ C12

11 . Figure 6.4 illustrates the structure of theoretical analysis

in the following sections.
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Attractivity

Section VI.D

Section VI.A

Theorem 2
Persistent feasibility

Section III
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Uniform asymptotic

stability

Theorem 4
Uniform asymptotic

stability

Figure 6.4: The roadmap of theoretical analysis.
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6.3 FDMI set design and analysis

Motivated by [79,97], we intend to employ the tube-based MPC robust control tech-

nique to attenuate the adverse effect of additive uncertainties. Thus, this section

provides the preliminary results for the facilitation to construct the disturbance in-

variant set [96] serving as the rigid tube. To begin with, let the nominal switched

system be defined as

x̄k+1 = Aσ(k)x̄k +Bσ(k)ūk, σ(k) ∈M, (6.4)

where x̄k ∈ Rnx is the nominal system states and ūk ∈ Rnu is the nominal control

input vector. Considering the MPC control strategy, the following robust control law

is derived

uk = ūk +Kσ(k)(xk − x̄k), (6.5)

where Km, m ∈ M, is the mode-dependent feedback gain such that Ām = Am +

BmKm, ∀m ∈ M, is Schur stable, i.e., ρ(Ām) < 1, ∀m ∈ M, and Ām ∈ Ā :=

{Ā1, Ā2, · · · , ĀM}. Form (6.1)(6.4)(6.5), the error dynamics between the actual state

xk and the nominal state x̄k is obtained

ek+1 = Āσ(k)ek + wk, (6.6)

where ek := xk − x̄k. Considering the mode switching from mode m to n with

m,n ∈ M, the error dynamics (6.6) in the presence of asynchronous switching is

represented as

ek+1 = Ãm,nek + wk, (6.7)

where Ãm,n = An + BnKm; Ãm,n ∈ Ãm := {Ãm,1, Ãm,2, · · · , Ãm,M} and Ã :=⋃
m∈M Ãm is the union of all asynchronous system matrices. Moreover, the error

dynamics (6.7) under controller failures is described by

ek+1 = Amek + wk, (6.8)

where Am ∈ A := {A1, A2, · · · , AM}.
Note that the conventional rigid tube construction through

∑∞
i=0 Ã

i
mW [96] is not

competent for switching dynamics, especially for a class of asynchronously switched

systems under controller failures, since one can seldom obtain a converged disturbance
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invariant set. Hence, a generalized fault-tolerant disturbance MDT invariant (FDMI)

set is required and the definition of FDMI set is given as follows.

Definition 6.4. [138] A set Θ ⊆ Rnx is said to be an FDMI set for the system in

(6.6) in the presence of asynchronous switching and controller failures with an MDT

set Φ := {φ1, φ2, · · · , φM}, if e0 ∈ Θ implies ek ∈ Θ for every admissible switching

sequence ζΦ[∆̄](k) and allowable disturbance sequences ζw
Φ[∆̄](k), k ∈ Z+.

6.3.1 Algorithm Design

For a given set Θ ⊆ Rnx , the `-step reachable set computational operator, ` ∈ N,

along system (6.6) is characterized as

H̄`
m(Θ) :={Ā`me+ · · ·+ Āmw + w | e ∈ Θ, w ∈W,m ∈M}

=Ā`mΘ⊕ Ā`−1
m W⊕ · · · ⊕ ĀmW⊕W, (6.9)

with H̄0
m(Θ) = Θ. The operator for computing `-step reachable set along the asyn-

chronous error system (6.7) is defined as

H̃`
m,n(Θ) :={Ã`m,ne+ · · ·+ Ãm,nw + w | e ∈ Θ, w ∈W,m, n ∈M,m 6= n}

=Ã`m,nΘ⊕ Ã`−1
m,nW⊕ · · · ⊕ Ãm,nW⊕W, (6.10)

with H̃0
m,n(Θ) = Θ. Similarly, the `-step reachable set for the system (6.8) is denoted

as

H`
m(Θ) :={A`me+ · · ·+ Amw + w | e ∈ Θ, w ∈W,m ∈M}

=A`mΘ⊕ A`−1
m W⊕ · · · ⊕ AmW⊕W, (6.11)

with H0
m(Θ) = Θ. Thus, for the given set Θ, the reachable set evolved after c[mn,v]

faulty combination, c[mn,v] ∈ CmnV under ζwT [∆̄](·) is represented as

Hc[mn,v](Θ,W) := H̃d̃
c[mn,v]
r
m,n (Hd

c[mn,v]
r
mc[mn,v]

· · · H̃d̃
c[mn,v]
1
m,n (Hd

c[mn,v]
1
mc[mn,v]

(Θ))), (6.12)

where d̃
c[mn,v]
r and d

c[mn,v]
r denote the duration of the rth asynchronous switching por-

tion and the rth controller faulty portion, respectively. In addition, the summation

satisfies Ω2,s−1 =
∑r

z=1(d̃
c[mn,v]
z + d

c[mn,v]
z ) ∈ [0, ∆̄], ∀s ∈ Z+. mc[mn,v]

∈M denotes the

index of the susbsystem of (6.8) depending on the specific faulty combination.
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Algorithm 6.1 Computation of an FDMI set E∞
1: Input: W, Ā, Ã, A, CV , M , and T .
2: Set p = 0, m = 1, ` = τm, v = 1, and E0 = {0}.
3: for every m ≤M , m ∈ Z+,
4: for every ` ≤ 2τm − 1, ` ∈ Z+,
5: for every v ≤ V , v ∈ Z+, and n ∈M, n 6= m,
6: Ep+1 = Co{Ep,Hc[mn,v](H̄`

m(Ep))};
7: end
8: end
9: end

10: If Ep+1 = Ep, then output E∞ = Ep and stop; else set p = p + 1 and goto step
2.

Define T :=
⋃
m∈M Tm and |T | the total number of elements contained in T .

Algorithm 6.1 presents the computational procedure to obtain an FDMI set E∞. Note

that the convex hull of each iterative set Ep is exploited below

Ep := Co{Ep} (6.13)

since the convex hull operation of a group of convex sets can preserve the convexity

of the result set. From Algorithm 6.1, it is seen that all the possible reachable sets

are considered in the one-stage convex hull calculation from step 3 to step 9. E∞ is

achieved until the condition Ep+1 = Ep is fulfilled.

6.3.2 Convergence Analysis

This subsection aims to provide the theoretical basis for the FDMI set design.

Theorem 6.1. Suppose Assumption 6.1 holds and Ep, p ∈ Z+, is obtained through

Algorithm 6.1. (i) We have Ep = Co{Ep} for all p ∈ N; (ii) For an FDMI set

E∞ := limp→+∞ Ep, the inclusion Ep ⊆ E∞ holds, ∀p ∈ N.

Proof. (i) We first define the superimposed disturbance set Λ for a pth-stage faulty

portion as

Λp
[mn,v] :=

(
g=`−1⊕
g=1

Fp[mn,v]Ā
g
mW

)⊕
Fp[mn,v]W

⊕
· · ·
⊕

Ãm,nW
⊕

W, (6.14)
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where ` ∈ Tm, m ∈M, and the product of system matrices Fp[mn,v] with c[mn.v] is

Fp[mn,v] :=

k̄′p−1∏
k=k̄′p−d̃

c[mn,v]
r −1

Ãd̃
c[mn,v]
r

m,σ(k) · · ·
k′p+d

c[mn,v]
1∏

k=k′p

A
d
c[mn,v]
1

σ(k) .

Thus, from Algorithm 6.1, we have

E1 = Co{
`=2τm−1⋃
`=τm

v=V⋃
v=1

Λ1
[mn,v],∀m,n ∈M} = Co{E1}. (6.15)

Inspired by [138], the subsequent proof is conducted by the induction method. As-

suming that Ep = Co{Ep} stands. Then, for Ep+1, we have

Ep+1 =
`=2τm−1⋃
`=τm,m∈M

v=V⋃
v=1

(
Fp+1

[mn,v]Ā
`
mEp

⊕
Λp+1

[mn,v]

)
=

l=ξp⋃
l=1

`=2τm−1⋃
`=τm,m∈M

v=V⋃
v=1

(
Fp+1

[mn,v]Ā
`
mGl

⊕
Λp+1

[mn,v]

)
=

f=ξp+1⋃
f=1

Of , (6.16)

where ξp = (V |T |)p represents the total number of possible switching sequences in

pth stage and Gl denotes the reachable set along the lth switching sequence. Thus,

Ep and Ep+1 can be rewritten as Ep =
⋃l=ξp
l=1 Gl and Ep+1 =

⋃f=ξp+1

f=1 Of , respectively.

From (6.16), it follows that Ep = Co{Ep} = {∑l=ξp
l=1 glGl |

∑l=ξp
l=1 gl = 1}. Then, we

have

Ep+1 = {
l=ξp∑
l=1

a=ξ1∑
a=1

yagl

(
Fp+1

[mn,v]Ā
`
mGl

⊕
Λp+1

[mn,v]

)
|
l=ξp∑
l=1

a=ξ1∑
a=1

yagl = 1}

= Co{
l=ξp∑
l=1

a=ξ1∑
a=1

za,lOf |
l=ξp∑
l=1

a=ξ1∑
a=1

za,l = 1, za,l = yagl}

= Co{Ep+1}.

The last equation holds because of
∑l=ξp

l=1

∑a=ξ1
a=1 za,l =

∑f=ξp+1

f=1 zf = 1. Hence, Ep =

Co{Ep} holds, ∀p ∈ N.

(ii) The convergence analysis of Algorithm 6.1 is conducted as follows. Define the

convex hull of (6.14) as Q = Co{⋃`=2τm−1
`=τm

⋃v=V
v=1 Λp

[mn,v],∀m,n ∈ M}. Therefore, fol-

lowing [138], it is obtained that Ep ⊆ Co{⋃`=2τm−1
`=τm

⋃v=V
v=1 Fp[mn,v]Ā

`
mEp−1⊕Q,∀m,n ∈
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M}. Let a norm ball with the radius of l > 0 be defined by B(l) ⊂ Rnx . Since W is

compact, for an appropriate lb > 0 and a proper ν ∈ (0, 1), the inclusions Q ⊆ B(lb)

and Fp[mn,v]Ā
g
mQ ⊆ νB(lb) hold, ∀g ∈ Tm, c[mn,v] ∈ CmV ,m ∈ M, and p ∈ N. Thus, we

have the following inclusion

Ep ⊆ Co{Fp[mn,v]Ā
`p
m · · ·F1

[mn,v]Ā
`1
mE0

⊕
Fp[mn,v]Ā

`p
m · · ·

F2
[mn,v]Ā

`2
mW

⊕
· · ·
⊕

Fp[mn,v]Ā
`p
mW

⊕
W}

⊆
(
νp−1 + · · ·+ ν + 1

)
B(lb), (6.17)

where `p ∈ Tm denotes the duration of the pth-stage synchronous portion. From

(6.17), it follows that Hausdorff distance between Ep+1 and Ep is bounded by νpB(lb).

Thus, a finite number of sets {Ep | p ∈ N} is a Cauchy sequence and the inclusion

Ep ⊆ E∞ stands with E∞ := limp→+∞ Ep. �

Remark 6.2. The theoretical studies of Theorem 6.1 ensure the computation of an

FDMI set can be obtained within a finite number of iterations with Algorithm 6.1.

6.4 RMPC for switched systems

The problem formulation of RMPC for nominal switched systems (6.4) is introduced

and then the control objectives for the successive proposed feasibility and stability

criteria are presented. The cost function Jm(·) with respect to subsystem m, m ∈M,

is defined as

Jm(xk, ūk) :=
Nm−1∑
i=0

Lm(x̄k+i|k, ūk+i|k) + Fm(x̄k+Nm|k), (6.18)

where the initial state x̄k = xk = x̄k|k is considered and ūk := {ūk|k, ūk+1|k, · · · , ūk+Nm−1|k}
is the control sequence to be determined. x̄k+i|k and ūk+i|k represent the ith step pre-

dicted state and control input, respectively. Nm, m ∈ M, is the mode-dependent

prediction horizon. The stage cost function is Lm : Rnx × Rnu → R[0,+∞) and Lm :=

‖x̄k+i|k‖2
Qm

+ ‖ūk+i|k‖2
Rm

with Lm(0, 0) = 0 where Qm � 0 and Rm � 0 are the mode-

dependent weighting matrices. The terminal cost function is Fm : Rnx → R[0,+∞) and

Fm := ‖xk+Nm|k‖2
Pm

with Fm(0) = 0 where Pm � 0 is the mode-dependent terminal

weighting matrix.

Based on the constructed FDMI set, the tightened constraint associated with
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mode m, m ∈M, is expressed as

X̄m = Xm 	 E∞, Ūm = Um 	KmE∞. (6.19)

The constrained optimization problem is formulated as

ū∗k = arg min
ūk

Jm(xk, ūk) (6.20a)

s.t. x̄k+i+1|k = Amx̄k+i|k +Bmūk+i|k, i ∈ N[0,Nm−1] (6.20b)

x̄k|k = xk (6.20c)

x̄k+i|k ∈ X̄m, i ∈ N[0,Nm−1] (6.20d)

ūk+i|k ∈ Ūm, i ∈ N[0,Nm−1] (6.20e)

x̄k+Nσ(k)|k ∈ Ξm (6.20f)

where Ξm ⊆ X̄m, m ∈ M, is the mode-dependent terminal constraint. By solving

the optimization problem at k, the optimal control sequence and optimal state se-

quence are obtained respectively as ū∗k := {ū∗k|k, ū∗k+1|k, · · · , ū∗k+Nm−1|k} and x̄∗k :=

{x̄∗k|k, x̄∗k+1|k, · · · , x̄∗k+Nm|k}. In addition, only the first element of ū∗k is implemented.

Thus, the following switched MPC law is applied

uMPC
m (xk) := ū∗k|k. (6.21)

Let XNm
m denote the feasible set below associated with mode m, m ∈M,

XNm
m :={xk ∈ X̄m | x̄k+i|k ∈ X̄m, ūk+i|k ∈ Ūm, x̄k|k = xk,

x̄k+Nm|k ∈ Ξm, ūk 6= ∅,∀i ∈ N[0,Nm−1]}. (6.22)

Remark 6.3. Following [117,126], we adopt the prediction scheme which only takes

into consideration the currently enabled subsystem within the prediction horizon in

(6.20). We aim to utilize the scheduling of switching signals to mitigate the negative

impact of asynchronous switching and controller failures. Compared with the pre-

diction strategy in [120] which takes all the possible future switching sequences into

account, the advantage of this control design is that the massive sacrifice of the system

performance can be avoided to a great extent with respect to slow switching dynamics.

We have the following two general assumptions regarding (6.20).
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Assumption 6.2. (i) The constraint sets X̄m and Ūm, m ∈ M, are non-empty

polytopes. For some proper matrix Zm ∈ Rnz×nx, X̄m can be denoted by X̄m = {Zmx̄ ≤
1}. Moreover, (Ām, Zm) is observable for at least one Ām ∈ Ā. (ii) The terminal

constraint set Ξm, m ∈M, satisfies ĀmΞm ⊂ Ξm and ∩m∈MΞm ⊂ ∩m∈MX̄m.

Remark 6.4. Assumption 6.2(i) is made to facilitate the common terminal set cal-

culation. Assumption 6.2(ii) is a standard assumption which is a prerequisite for the

subsequent feasibility analysis.

Assumption 6.3. Suppose there exists a state feedback control law Km(·) associated

with subsystem m, m ∈M, such that the terminal constraint Ξm is control invariant

for the closed-loop system x̄k+1 = Amx̄k + BmKm(x̄k) with Km(x̄k) ∈ Ūm. Moreover,

∀x ∈ Ξm, the following inequality is required

Fm(Amx̄+BmKm(x̄))− Fm(x̄) � −Lm(x̄,Km(x̄)). (6.23)

Remark 6.5. Assumption 6.3 is necessary for analyzing the closed-loop stability un-

der the switched MPC control law (6.21) [79]. Furthermore, inequality (6.23) ensures

that the feasible set XNm
m is a region of attraction for the subsystem m in the closed-

loop.

The control objectives of this chapter are stated in two points:

• To design a minimum MDT restriction such that the optimal control problem

(6.20) is feasible under the joint effects of asynchronous switching and controller

failures;

• To find the lower bound of MDT in an executable way such that the closed-loop

system is stable.

6.5 Persistent Feasibility

In this section, a strategy to retain the persistent feasibility for (6.20) is proposed.

The switched MPC problem (6.20) is said to be persistently feasible if the solutions

of (6.20) are obtained continuously within a mode or at switching instants [126].

Followed by the reachable set defined in (6.9)-(6.11), one-step reachable set along

subsystem m, m ∈M, of (6.4) with the switched MPC law (6.21) is

S̄1
m(Θ) := {x̄k+1 | x̄k ∈ Θ, x̄k+1 = Amx̄k +Bmu

MPC
m (x̄k)}, (6.24)
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and the `-step reachable set, ` ∈ Z+, is obtained by

S̄`m(Θ) = S̄1
m(S̄`−1

m (Θ)),

with S̄0
m(Θ) = Θ. Consider the mode transition from mode m to mode n with

m,n ∈M. The one-step reachable set of (6.4) under the asynchronous switching is

S̃1
m,n(Θ) := {x̄k+1 | x̄k ∈ Θ, x̄k+1 = Anx̄k +Bnu

MPC
m (x̄k)}, (6.25)

with `-step reachable set S̃`m,n(Θ) = S̃1
m,n(S̃`−1

m,n(Θ)) and S̃0
m,n(Θ) = Θ. Thus, under

controller failures, the one-step reachable set along subsystem m of (6.4) is

S1
m(Θ) := {x̄k+1 | x̄k ∈ Θ, x̄k+1 = Amx̄k}, (6.26)

with `-step reachable set S`m(Θ) = S1
m(S`−1

m (Θ)) and S0
m(Θ) = Θ. Based on (6.25)

and (6.26), for a certain faulty combination c[mn,v] ∈ CmnV , the evolved reachable set

is achieved by

Sc[mn,v](Θ) := S̃ d̃
c[mn,v]
r
m,n (Sd

c[mn,v]
r
mc[mn,v]

· · · S̃ d̃
c[mn,v]
1
m,n (Sd

c[mn,v]
1
mc[mn,v]

(Θ))). (6.27)

The proposed feasibility strategy is presented in Theorem 6.2.

Theorem 6.2. Suppose that Assumptions 6.1-6.3 hold with XNm
m , ∀m ∈ M, being

the feasible set of mode m. The RMPC problem (6.20) for nominal switched system

(6.4) in the presence of asynchronous switching and controller failures with CmV is

persistently feasible, if the stage MDT τ
(s)
m ≡ τm, s ∈ Z+, where τm satisfies

⋃
n∈M,n6=m

v=V⋃
v=1

α=r⋃
α=1

Sd
c[mn,v]
α
mc[mn,v]

· · · (S̃ d̃
c[mn,v]
1
m,n (Sd

c[mn,v]
1
mc[mn,v]

(S̄τmm (XNm
m )))) ⊆

⋂
mc[mn,v]

∈M

X̄mc[mn,v]

(6.28)

for k ∈ [k′s, k̄
′
s) with

∑r
α=1 d

c[mn,v]
α 6= 0 and Ω2,s−1 ∈ [2, ∆̄], ∆̄ ≥ 2, s ∈ Z+, and

⋃
n∈M,n 6=m

v=V⋃
v=1

α=r⋃
α=1

S̃ d̃
c[mn,v]
α
m,n (Sd

c[mn,v]
α
mc[mn,v]

· · · S̃ d̃
c[mn,v]
1
m,n (Sd

c[mn,v]
1
mc[mn,v]

(S̄τmm (XNm
m )))) ⊆ XNm

m (6.29)

for k ∈ [k′s, k̄
′
s) with

∑r
α=1 d̃

c[mn,v]
α 6= 0 and Ω2,s−1 ∈ [2, ∆̄], ∆̄ ≥ 2, s ∈ Z+. In addition,
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τm also satisfies

⋃
n∈M,n 6=m

v=V⋃
v=1

Sc[mn,v]
(
S̄τmm (XNm

m )
)
⊆

⋂
n∈M,n6=m

XNn
n , (6.30)

with k = k̄′s.

Proof. Assumption 6.2 guarantees that the feasible set XNm
m , m ∈M, is a region of

attraction as long as the switched system (6.4) stays in subsystem m, i.e., S̄γm(XNm
m ) ⊆

XNm
m , γ ∈ Z+. Then, it follows that S̄τmm (XNm

m ) ⊆ XNm
m and

S̄k
′
s−k̄′s−1
m (XNm

m ) ⊆ S̄τmm (XNm
m ), s ∈ Z+,

since k′s − k̄′s−1 ≥ τm, m ∈ M, is required. Note that, in the presence of controller

failures, the state constraint X̄m is supposed to be satisfied. Hence, the reachable

set is included in
⋂
mc[mn,v]

∈M X̄mc[mn,v]
, c[mn,v] ∈ CmnV considering all possible mode

transitions, i.e., (6.28). Similarly, to retain the persistent feasibility of the switched

MPC problem (6.20), the reachable set with the asynchronous switching is forced to

be contained in XNm
m which is the feasible set regarding the last enabled switching

mode, i.e., (6.29). When the faulty portion switches back to synchronous portions,

the target region is designed as
⋂
n∈M,n 6=mXNn

n due to XNn
n ⊕ E∞ ⊆ Xn, ∀n ∈ M.

Since e0 = 0 ∈ E∞, the sufficient condition guarantees the persistent feasibility of

(6.20) as long as the MDT τm, m ∈M, is well designed. �

Remark 6.6. Note that the sufficient condition proposed in Theorem 6.1 does not

imply the closed-loop stability by using switched MPC law (6.21) since the closed-loop

solution may stay in the feasible set without converging.

6.6 Stability analysis

6.6.1 Stage-based Attractivity Criterion

This subsection provides a more stringent attractivity criterion with guaranteed per-

sistent feasibility of the switched MPC algorithm.

Lemma 6.1. Suppose that Assumptions 6.1-6.3 hold with XNm
m , ∀m ∈M, being the

feasible set of mode m. Within the feasible set
⋃
m∈MXNm

m , the closed-loop system with
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asynchronous switching and controller failures is attractive, if τ
(1)
m satisfies (6.28)-

(6.30) and τ
(s)
m , s ∈ Z+

[2,+∞), satisfies

⋃
n∈M,n 6=m

v=V⋃
v=1

α=r⋃
α=1

Sd
c[mn,v]
α
mc[mn,v]

· · · (S̃ d̃
c[mn,v]
1
m,n (Sd

c[mn,v]
1
mc[mn,v]

(

τ
(1)
m −τ

(s)
m⋃

η=0

S̄τ (s)
m +η
m (

⋂
n∈M,n6=m

S̄s−2
n (XNn

n ))))) ⊆
⋂

mc[mn,v]
∈M

X̄mc[mn,v]
(6.31)

for k ∈ [k′s, k̄
′
s) with

∑r
α=1 d

c[mn,v]
α 6= 0 and Ω2,s−1 ∈ [2, ∆̄], ∆̄ ≥ 2, s ∈ Z+

[2,+∞), and

⋃
n∈M,n 6=m

v=V⋃
v=1

α=r⋃
α=1

S̃ d̃
c[mn,v]
α
m,n (Sd

c[mn,v]
α
mc[mn,v]

· · · S̃ d̃
c[mn,v]
1
m,n (Sd

c[mn,v]
1
mc[mn,v]

(

τ
(1)
m −τ

(s)
m⋃

η=0

S̄τ (s)
m +η
m (

⋂
n∈M,n6=m

S̄s−2
n (XNn

n ))))) ⊆ XNm
m (6.32)

for k ∈ [k′s, k̄
′
s) with

∑r
α=1 d̃

c[mn,v]
α 6= 0 and Ω2,s−1 ∈ [2, ∆̄], ∆̄ ≥ 2, s ∈ Z+

[2,+∞).

Moreover, τ
(s)
m , s ∈ Z+

[2,+∞), also satisfies

⋃
n∈M,n6=m

v=V⋃
v=1

Sc[mn,v](

τ
(1)
m −τ

(s)
m⋃

η=0

S̄τ
(s)
m +η
m (

⋂
n∈M,n6=m

S̄s−2
n (XNnn ))) ⊆

⋂
n∈M,n6=m

S̄s−1
n (XNnn ),

(6.33)

with k = k̄′s.

Proof. To start with, the proof of persistent feasibility for (6.20) is given. The

optimization problem (6.20) is solvable in the first stage since τ
(1)
m obeys the feasibility

criteria (6.28)-(6.30) proposed in Theorem 6.2. For s ∈ Z+
[2,+∞), during the faulty por-

tion, by letting the reachable set be contained in the target region
⋂
mc[mn,v]

∈M X̄mc[mn,v]

and XNm
m , respectively. The possible infeasibility issue is tackled by designing stage

MDTs τ
(s)
m via (6.31) and (6.32). Since⋂

n∈M,n6=m

S̄s−1
n (XNn

n ) ⊂
⋂

n∈M,n 6=m

XNn
n (6.34)

holds for all s ≥ 2, the persistent feasibility of (6.20) is guaranteed as long as τ
(s)
m
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satisfies (6.33).

The attractivity proof is given. As s→∞, the target region
⋂
n∈M,n 6=m S̄s−1

n (XNn
n )→

{0} because Assumption 6.2 ensures the convergence of system states as long as nom-

inal switched system (6.4) with MPC law (6.21) stays in certain mode without mode

transitions. Thus, the attractivity is achieved since D(xk, E∞)→ 0 as s→∞. �

Remark 6.7. Lemma 6.1 provides a sufficient condition to ensure
⋃
m∈MXNm

m serv-

ing as a region of attraction for the switched closed-loop system under asynchronous

switching and controller failures. Note that the convergence rate of the closed-loop

solution can be accelerated by forcing the reachable step of
⋂
n∈M,n 6=m S̄s−1

n (XNn
n ) in-

cremented by every two steps or more, e.g., replacing (s− 1)-step with (2s− 2)-step

or (3s− 3)-step.

6.6.2 Design of Common Terminal Sets

It is worth pointing out that the criteria proposed in Lemma 6.1 might be computa-

tionally intractable since τ
(s)
m , s ∈ Z+, has to be determined for each stage. To reduce

the computational burden, this section aims to design a common terminal set which

is competent for all m ∈ M such that the calculation of stage MDTs can be termi-

nated once the state trajectory steps into this set. We first introduce the subsequent

nominal switched closed-loop system (6.4) with control law Km within the terminal

set Ξm

x̄k+1 = Āmx̄k,m ∈M. (6.35)

Thus, the switching dynamics (6.35) with asynchronous switching and controller fail-

ures is respectively given as

x̄k+1 = Ãm,nx̄k, (6.36)

x̄k+1 = Amx̄k. (6.37)

Then, the definition of the designed common terminal set, namely a terminal con-

straint admissible fault-tolerant MDT contractive (TFMC) set, is presented.

Definition 6.5. [138] A set Θ ⊆ ⋂m∈M Ξm is said to be TFMC regarding closed-loop

systems (6.35) with asynchronous switching and controller failures and a contractive

factor µ ∈ (0, 1) as well as an MDT set Φ, if x0 ∈ Θ indicates that xt ∈ µΘ for

t ∈ Z+
[1,k] and every admissible switching sequence ζΦ[∆̄](t).
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Algorithm 6.2 Computation of a TFMC set Oµ
∞

1: Input:Ξm, m ∈M, Ā, Ã, A, CV , M , µ, T ′, and T .
2: Set y = 0 and define Oµ

0 as

Oµ
0 := (

⋂
m∈M

Ξm)
⋂

(
⋂
m∈M

⋂
`∈T ′m

L̄`m(
⋂
m∈M

Ξm));

3: Let Oµ
y+1 be defined by

Oµ
y+1 := Oµ

y

⋂
(
⋂
m∈M

⋂
`∈Tm

⋂
c[mn,v]∈CV

L̄`m(Lc[mn,v](µOµ
y )));

4: If Oµ
y+1 = Oµ

y , then output Oµ
∞ = Oy; else set y = y + 1 and goto step 2.

The backward set technique is employed to design a TFMC set. For a given set

Θ ⊆ Rnx , define the `-step backward set operator, ` ∈ N, for closed-loop system

(6.35) as

L̄`m(Θ) := {x̄ | Ā`mx̄ ∈ Θ,m ∈M}, (6.38)

with L̄0
m(Θ) = Θ. Likewise, regarding closed-loop systems (6.36) and (6.37), the

`-step backward set operators are respectively defined as

L̃`m,n(Θ) := {x̄ | Ã`m,nx̄ ∈ Θ,m, n ∈M}, (6.39)

L`m(Θ) := {x̄ | A`mx̄ ∈ Θ,m ∈M}, (6.40)

with L̃0
m,n(Θ) = Θ and L0

m(Θ) = Θ. Thus, the backward set before the occurrence of

c[mn,v] is denoted as

Lc[mn,v](Θ) := Ld
c[mn,v]
1
mc[mn,v]

(L̃d̃
c[mn,v]
1
m,n · · · Ld

c[mn,v]
r
mc[mn,v]

(L̃d̃
c[mn,v]
r
m,n (Θ))). (6.41)

Let T ′m be defined by T ′m := {1, 2, · · · , τm − 1} with T ′ :=
⋃
m∈M T ′m.

In the following, Algorithm 6.2 to compute a TFMC set is presented. Once Oµ
y+1 =

Oµ
y is satisfied, a TFMC set is obtained.

6.6.3 Uniform Asymptotic Stability

To begin with, we introduce the concept of uniform asymptotic stability (UAS).

Definition 6.6. [2] The system (6.35) in the presence of asynchronous switching
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and controller failures is uniformly asymptotically stable with all admissible switching

sequences, if there exists a δ > 0 such that for all x0 ∈ Θ
⋂
δB implies that x̄t → 0

as t→∞ where Θ ⊆ Rnx is a positive invariant set.

Theorem 6.3. Suppose Assumptions 6.1-6.3 hold. Two equivalent statements are

presented as follows: (i) For a given MDT set Φ, the TFMC set Oµ
∞ obtained from

Algorithm 6.2 is non-empty. (ii) The closed-loop system (6.35) is uniformly asymp-

totically stable with asynchronous switching and controller failures.

Proof. (i)⇒(ii): Let the product of s stages system matrices be denoted by

Aζ
Φ[∆̄] (k) :=

 k̄′s−1∏
k=k̄′s−d̃

c[v]
r −1

Ãσ(k̄′s−1),σ(k) · · ·
k′s+d

c[v]
1∏

k=k′s

Aσ(k)

 k′s−1∏
k=k̄′s−1

Āσ(k)

· · ·

 k̄′1−1∏
k=k̄′1−d̃

c[v]
r −1

Ãσ(k̄′0),σ(k) · · ·
k′1+d

c[v]
1∏

k=k′1

Aσ(k)

 k′1−1∏
k=k̄′0

Āσ(k), (6.42)

where c[v] ∈ CV denotes the simplified label each faulty combination if no specific

mode transition is considered. d
c[v]
r and d̃

c[v]
r are the duration of the rth controller

faulty portion and asynchronous portion, respectively. A non-empty TFMC set indi-

cates that

x̄k = µsAζ
Φ[∆̄] (k)x0 ∈ µsβOµ

∞, (6.43a)

β := max{β > 0 | Aζ
Φ[∆̄] (k)Oµ

∞ ∈ βOµ
∞, k ≥ k′1 − 1}, (6.43b)

where β represents the maximal Euclidean norm of the eigenvalue with respect to

(6.42). Since 0 < µ < 1 and φm ∈ Φ is a decision variable, it follows that x̄k → 0 as

k →∞.

For two positive constants δ1 > 0 and ε1 > 0, we have

B(δ1) ⊆ Oµ
∞ ⊆

⋂
m∈M

Ξm ⊆ B(ε1). (6.44)

Considering the inclusions B(δ) ⊂ B(δ1) and B(ε1) ⊂ B(ε), it follows that, for ‖x0‖ ≤
δ, we have ‖x̄k‖ ≤ ε since x̄k ∈ B(ε1) ⊂ B(ε). For a norm ball B(ε) ⊂ B(ε1),

from (6.43a), we still have B(ε1) ⊂ µsβB(ε). Likewise, for δ1 < δ, it follows that
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0 < δ < µsβδ1. Therefore, for any x0 ∈ B(δ), it holds that

x̄k ∈ Oµ
∞ ⊆

⋂
m∈M

Ξm ⊆ B(ε). (6.45)

Thus, the closed-loop system (6.35) is uniformly asymptotically stable even with

asynchronous switching and controller failures.

(ii)⇒(i): Convergence of Algorithm 6.2 is proved succeedingly. Rewrite Oµ
0 as

Oµ
0 = {x̄ | ZM x̄ ≤ 1, ∀M ∈ Z+}. Let the norm induced by set Oµ

∞ be represented

as ‖ · ‖Oµ∞ . Assuming that there exists a contraction factor µ1 ∈ (0, 1) such that

‖Aζ
Φ[∆̄] (k)‖Oµ1∞

< µs1β < 1. Thus, considering the computational process to obtain Oµ2
y

over Oµ2

y−1 with any µ2 > µ1, µ2 ∈ (0, 1), an inequality

ZM Âζ
Φ[∆̄] (k)x̄ ≤ µy2β1 (6.46)

has to be held where

Âζ
Φ[∆̄] (k) :=

k′1−1∏
k=k̄′0

Āσ(k)

k′1+d
c[v]
1∏

k=k′1

Aσ(k) · · ·
k̄′1−1∏

k=k̄′1−d̃
c[v]
r −1

Ãσ(k̄′0),σ(k)

 · · ·
k′y−1∏
k=k̄′y−1

Āσ(k)

k′y+d
c[v]
1∏

k=k′y

Aσ(k) · · ·
k̄′y−1∏

k=k̄′y−d̃
c[v]
r −1

Ãσ(k̄′y−1),σ(k)

 .

Inspired by [142], we will show (6.46) is no more required in the yth iteration with

Algorithm 6.2 based on the following inequalities for each row of ZM Âζ
Φ[∆̄] (k)x̄:

ZM Âζ
Φ[∆̄] (k)x̄ ≤ max

θ1∈B(‖Âζ
Φ[∆̄] (k)x̄‖)

ZMθ1 ≤ max
θ2∈B(‖Âζ

Φ[∆̄] (k)x̄‖Oµ1∞
)
λ1ZMθ2

≤ max
θ2∈B(µy1β‖x̄‖Oµ1∞

)
λ1ZMθ2

≤ max
θ3∈B(‖x̄‖)

µy1βλ1λ2GMθ3 ≤ µy1βλ1λ2‖GM‖‖x̄‖ < µy2,

where λ1 and λ2 are two positive constants. Hence, the inequality (6.46) is no longer

required even with µ2 > µ1. Thus, the convergence of Algorithm 6.2 is proved. This

proof is completed. �

Remark 6.8. Theorem 1.2 provides the theoretical basis for the stability analysis of
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the switched MPC design. Once the state trajectory enters the common terminal set

Oµ
∞, the nominal state x̄k is driven to the origin as k → ∞, i.e., D(xk, E∞) → 0 as

k →∞.

6.6.4 UAS Criteria for Switched MPC Design

In light of the above stability result, two UAS criteria are proposed.

Theorem 6.4. Suppose that Assumptions 6.1-6.3 hold with XNm
m , ∀m ∈M, being the

feasible set of mode m. In addition, a TFMC set Oµ
∞ exists for the closed-loop system

(6.35)-(6.37) with an MDT set Φ. Regarding the region of attraction
⋃
m∈MXNm

m ,

the switched closed-loop system (6.4) in the presence of asynchronous switching and

controller failures is uniformly asymptotically stable if τ
(1)
m satisfies (6.28)-(6.30) and

τ
(s)
m , s ∈ Z+

[2,s̄], satisfies (6.31)-(6.33). Moreover, for the stage index s ≥ s̄ + 1, s̄

satisfies ⋂
n∈M,n 6=m

S̄ s̄−1
n (XNn

n ) ⊆ Oµ
∞ (6.47)

for τ
(s)
m = φm.

Proof. (i) Persistent feasibility: The design of τ
(1)
m , m ∈ M, directly follows

the criterion proposed in Theorem 6.2. For s ∈ [2, s̄], according to Lemma 6.1,

system states are required to be included in
⋂
n∈M,n6=m S̄s−1

n (XNn
n ) which is a subset

of
⋂
n∈M,n 6=mXNn

n . The feasibility criterion (6.31)-(6.33) is obeyed. In addition, from

Theorem 6.3, the inclusion

Oµ
∞ ⊆

⋂
m∈M

Ξm ⊆
⋂
m∈M

XNm
m (6.48)

holds. Thus, for s ≥ s̄+ 1, the persistent feasibility of optimal control problem (6.20)

is guaranteed.

(ii) Uniform asymptotic stability: Note that the nominal state is driven into a

common terminal set Oµ
∞ after (s̄+ 1) stages. Once x̄k̄′s̄+1

∈ Oµ
∞ the feedback control

law Km, m ∈M, is applied to (6.35) and (6.36). Therefore, from the stability criteria

proposed in Theorem 6.3, it implies that

x̄k = Aζ
Φ[∆̄] (k)x̄k̄′s̄+1

∈ µsβOµ
∞

for all admissible switching sequences. Then, we have ‖x̄k‖ → 0 as k → ∞. The
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stability proof is similar to Theorem 6.3 and omitted here. This completes the proof.

�

Remark 6.9. Compared with the stage-based attractivity criterion in Lemma 6.1, the

determination of stage MDTs can be terminated in (s̄+ 1) stages, s̄ ≥ 2, once (6.47)

is satisfied.

Lemma 6.2. Suppose that Assumptions 6.1-6.3 hold with XNm
m , ∀m ∈M, being the

feasible set of mode m. In addition, a TFMC set Oµ
∞ exists for the closed-loop system

(6.35)-(6.37) with an MDT set Φ. Regarding the region of attraction
⋃
m∈MXNm

m ,

the switched closed-loop system (6.4) in the presence of asynchronous switching and

controller failures is uniformly asymptotically stable if τ
(1)
m , m ∈ M, satisfies (6.28)

and (6.29) and ⋃
n∈M,n 6=m

v=V⋃
v=1

Sc[mn,v]
(
S̄τmm (XNm

m )
)
⊆ Oµ

∞. (6.49)

Furthermore, the MDT τ
(s)
m = φm for all s ∈ Z+

[2,+∞)

Remark 6.10. The criterion proposed in Lemma 6.2 forces all possible trajectories

of system states to be included in Oµ
∞ in the first stage. After the first stage, the stage

MDT constraint is used to guarantee the existence of the set Oµ
∞.

6.7 Simulation Results

To validate the effectiveness of the proposed control scheme, we consider a switched

linear system with two subsystems

A1 =

[
1.6 0.1

0.3 −0.49

]
, A2 =

[
0.6 0.5

0.85 0.5

]
, (6.50a)

B1 =
[
−0.9 2.7

]T

, B2 =
[
1.5 −1.4

]T

. (6.50b)

The state constraints of mode 1 and mode 2 are respectively given as X1 := {xk ∈
R2|‖xk‖∞ ≤ 14} and X2 := {xk ∈ R2|‖xk‖∞ ≤ 12}. The input constraints of both

mode 1 and mode 2 are U1 = U2 := {uk ∈ R2|‖uk‖∞ ≤ 4}. The disturbance

constraint is W := {wk ∈ R2|‖wk‖∞ ≤ 0.008}. The weighting matrices of mode 1 are

Q1 = [10 0; 0 10] and R1 = 1. The weighting matrices of mode 2 are Q2 = [5 0; 0 5] and

R2 = 1. Then the linear quadratic regulator (LQR) feedback gains are computed as
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K1 = [1.0481 0.1375] and K2 = [−0.8353 − 0.6301]. Additionally, the corresponding

terminal weighting matrices are P1 = [157.2674 − 5.3006;−5.3006 10.2219] and P2 =

[55.2919 34.5284; 34.5284 28.7092], respectively. Moreover, N1 = N2 = 5 are served as

the prediction horizon. The upper bound of the faulty portion is ∆̄ = 2. Note that,

in (??), the spectral radii of A1, A2, Ã1,2, and Ã2,1 are all greater than one, which

results in the infeasibility and instability issues of the closed-loop system caused by

controller failures and asynchronous switching. We use this general example to verify

the theoretical findings.

The simulation results are obtained by employing MATLAB YALMIP [150] and

MPT3 [143] toolboxes. Table 6.1 demonstrates the computational results of mini-

mum MDT values by employing the proposed algorithms and criteria. The MDT

constraints adopted in Algorithm 6.1 and 6.2 ensure the existence of an FDMI set

and a TFMC set, respectively. The lower bound of MDTs obtained by utilizing the

designed strategy in Theorem 6.2 guarantees the persistent feasibility of the switched

MPC algorithm. For the UAS criterion proposed in Theorem 6.4, it is worth men-

tioning that τ
(2)
1 is greater than τ

(1)
1 . The reason behind is that the state trajectories

reaching a tightened target region, i.e., S̄1
2 (XN2

2 ) ⊆ XN2
2 , require a longer stage MDT.

Table 6.1: The simulation results of minimum MDT values with respect to distinct
proposed algorithms or strategies.

Algorithms/

Criteria Lower Bounds of MDTs

Algorithm 6.1 τ1 = 5, τ2 = 4

Theorem 6.2 τ1 = 7, τ2 = 13

Algorithm 6.2 τ1 = 5, τ2 = 4

Theorem 6.4 τ
(1)
1 = 7, τ

(1)
2 = 13; τ

(2)
1 = 32, τ

(2)
2 = 10;

τ
(3)
1 = 7, τ

(3)
2 = 4; τ

(4)
1 = 5, τ

(4)
2 = 4, ∀s ≥ 4

Lemma 6.2 τ
(1)
1 = 8, τ

(1)
2 = 13; τ

(2)
1 = 5, τ

(2)
2 = 4, ∀s ≥ 2

Figure 6.5 displays the feasible regions of subsystem 1 and 2, i.e., XN1
1 and XN2

2 ,

as well as the reachable sets S̃1
1,2 and S̃2

1,2 during the faulty portion with S̃1
1,2 ⊂ XN1

1

and S̃2
1,2 ⊂ XN2

2 . It is also seen that the state trajectory starting from an initial

feasible state xT2
0 = [2.7; 10.5] of mode 1 along an admissible switching sequence with

MDT constraint in Theorem 6.2 successfully enters into the feasible region of mode

2 after leaving the S̃1
1,2 and S̃2

1,2 sequentially. Thereby, the persistent feasibility of

switched MPC algorithm is ensured. The obtained TFMC set is displayed in Figure

6.6 with a contractive factor µ = 0.99. Four closed-loop state trajectories by using
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Figure 6.5: The trajectory of system states which satisfies the feasibility requirement
in Theorem 6.2 and reachable sets.
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Oµ
1

Figure 6.6: Illustration of the FDMI set and TFMC set and state trajectories.

the feedback control law (6.35)-(6.37) are plotted and the initial states are chosen

as the four vertices of Oµ
∞, respectively. Note that the system states may leave the

constructed common terminal set Oµ
∞. This is because the calculation of Oµ

∞ only

collects the system behavior along the admissible switching sequences via Algorithm

6.2. However, the state evolution with all the truncated switching sequences is not

considered. The FDMI set E∞ which is used to tighten the original state and input

constraints is also shown in Figure 6.6 and the inclusion E∞ ⊂ Oµ
∞ holds.

The nominal state responses of the closed-loop system along the admissible switch-

ing sequences which satisfy the stage MDT constraints in Theorem 6.4 and Lemma

6.2 are manifested in Figure 6.7 and Figure 6.8, respectively. The initial states are

set as xT4
0 = [−2.7;−10] and xL2

0 = [−8; 4] which are respectively within the initial

feasible regions of XN1
1 and XN2

2 . The corresponding control input trajectories are
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Figure 6.7: Trajectories of system states with the MDT constraint satisfaction in
Theorem 6.4.

Figure 6.8: Trajectories of system states with the MDT constraint satisfaction in
Lemma 6.2.

shown in Figure 6.9. The convergence of closed-loop state trajectories verifies the ef-

fectiveness of the proposed UAS criteria to mitigate the joint effects of asynchronous

switching and controller failures with respect to switching dynamics.

6.8 Conclusion

In this chapter, the RMPC problem for a class of disturbed asynchronously switched

linear systems with controller failures has been investigated. A tube-based switched

MPC strategy has been developed by taking the advantage of the appropriately tight-

ened original constraints. To retain the persistent feasibility of the switched MPC
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Theorem 4

Lemma 2

Figure 6.9: Trajectories of control input.

algorithm, we have proposed a criterion to enforce the state trajectory staying in a

commonly feasible region for all modes with the MDT constraint. Additionally, we

have explored a non-conservative stability property: The existence of a TFMC set is

equivalent to the UAS of the switched closed-loop system. This essential property

further facilitates the arise of the stability criteria by letting all the possible state

along the admissible switching sequences to be contained in the TFMC set. The

simulation results have been provided to demonstrate the effectiveness of the theo-

retical results. Future work involves extending the current theoretical findings for a

single switching dynamics to multi-agent switched systems with fault-tolerant control

design purposes.
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Chapter 7

Conclusions and Future Works

7.1 Conclusions

In this dissertation, three works on switched MPC and one work related to the stabi-

lization of switched systems have been studied. Executable switched MPC strategies

are proposed with guaranteed closed-loop stability and persistent feasibility of the

switched MPC algorithm. Under the typical faults of switching dynamics, switched

MPC design has also been discussed from a theoretical perspective and the stability

results have been further extended to constrained switched systems in the presence

or absence of external disturbances.

Chapter 3 has studied the MPC problem for a class of constrained switched

linear systems with DT constraints. With the known a priori switching sequences, a

sufficient condition regarding the length of the prediction horizon has been proposed

to ensure the closed-loop stability as well as the recursive feasibility of the switched

MPC algorithm. By employing the estimated suboptimal parameters, the length of

the prediction horizon has been quantitively determined. Numerical simulations have

verified the effectiveness of the theoretical results.

Chapter 4 has investigated the asynchronously switched MPC problem with

MDT constraints. For retaining the persistent feasibility, the lower bound of MDT

has been determined offline to ensure that every step evolved reachable set can be

included in a target feasible area. Moreover, a constraint admissible contractive AMI

set has been designed to serve as a common terminal set for all subsystems. Based

on the superior properties of the terminal set, two asymptotic stability criteria have

been proposed by driving the system states into the constructed terminal set and the
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stage MDT has been computed offline. The advantage of theoretical results has been

verified via a numerical example.

Chapter 5 has explored the reliable control strategy for constrained switched lin-

ear systems with multiple faults. A CAF-MDT set has been established to collect all

the admissible initial states subject to MDT constraints. In the light of the computed

CAF-MDT set, a non-conservative stability condition has been found and the theo-

retical findings have been rigorously proven. Then, this condition has been extended

to constrained switched systems in the presence of bounded additive disturbances.

The simulation studies have demonstrated that the proposed stability condition leads

to uniformly asymptotic stability of the closed-loop system.

Chapter 6 has been concerned with the RMPC problem for a class of asyn-

chronously perturbed switched linear systems with controller failures. To collect the

disturbance behaviors along all the admissible switching sequences, the algorithm

to calculate the FDMI set is designed. Afterward, in order to fulfill the system con-

straints, a tube-based MPC strategy is used to tighten the original constraints. Based

on the modified TFMC set, the proposed persistent feasibility algorithm of asyn-

chronously switched MPC and stability criteria in Chapter 4 have been developed

further to nominal asynchronously switched systems under controller failures with

rigorous proof. Simulation studies have been provided to demonstrate the efficacy of

the switched MPC scheme.

7.2 Future Works

According to the inspection of the comprehensive literature review in Chapter 1,

it can be seen that switched MPC as well as switching control problems are still

emerging and vibrant research topics. In the following, we list three potential research

directions for future studies.

Distributed MPC for constrained switched linear systems with asynchronous

communication delays

Asynchronous communication delays in a distributed multi-agent system refers to

one agent providing information while other recipients receive the information with a

time delay. Compared with the centralized MPC for a multi-agent system in which all

control decisions are concentrated on a single node, the distributed formulation can
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allow control actions generated across each controlled individual agent such that the

scalability is enhanced and the overall reliability of the multi-agent system is improved

to some extent. Inspired by [131], we intend to study the distributed MPC for a group

of constrained switched linear systems in the presence of asynchronous communication

delays. In contrast with distributed MPC design for LTI systems, the information on

switching signals will also be sent to the recipients. Hence, considering the severely

detrimental effects on the stabilization of a group of switching agents caused by the

transmission delays with respect to the switching signals as well as the system states

in a distributed MPC network, a feasible and effective solution to tackle this issue is

worth investigating.

Event-triggered control of disturbed switched linear systems with multiple

faults

In advanced networked control systems, many interacting components may pos-

sess identical communication networks to exchange information and share resources.

Therefore, the communication cost for periodic signal transmission is supposed to take

into consideration due to the limited communication bandwidth. In order to tackle

this issue, the aperiodic event-triggered control strategy is employed to circumvent

unnecessary information exchange unless some unexpected behaviors happen. Con-

sidering the joint adverse effects of external disturbances and multiple faults, the

introduction of the event-triggering mechanism can effectively monitor whether the

deviation between the real state trajectories and assumed state trajectories exceeds

the devised threshold with constraint satisfaction while reducing additional commu-

nication effort. Thus, the event-triggered control strategy offers a promising solution

for achieving reliable and efficient control synthesis of networked control systems.

MPC for switched linear systems with false-data injection attack

These days, resilient control design for cyber-physical systems against cyber-attacks

has received enormous attention in both academia and engineering practice since var-

ious cyber-attacks may pose severe threats to the safety and reliability of applications

embedded in cyber-physical systems. False-data injection attacks, as one of the classes

of deception attack, can partially or fully get access to the sensor or actuator channels

and acquire model knowledge so as to characterize attack policies for the convenience

to achieve stealthy false-data conversion [151]. Since the attack policies may replace
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the MPC law originally in the closed-loop, this can result in instability and infea-

sibility issues of the switched MPC design. Furthermore, the control performance

will be affected to a great extent. Hence, an interesting potential research direction

is to propose a resilient switched MPC strategy against stealthy false-data injection

attacks while preserving the recursive feasibility of the switched MPC algorithm.

Experimental validation

The ultimate goal of my future research is to validate the proposed switched MPC

strategies in a real switched system, such as a UAV model with different maneuver

action modes (taking-off mode, landing mode, and hovering mode). In the real-

time implementation of MPC, whether the optimal control action can be updated

within a sampling time is a primary challenge. To this end, a fast-switched MPC

algorithm needs to be designed. In addition, an appropriate way to mitigate the

transient behavior caused by mode transitions in real switched systems still needs

more research endeavor.
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Publications

• Journal papers:

J1. L. Zhang, B. Cai, T. Tan and Y. Shi, “Stabilization of Non-homogeneous

Hidden Semi-Markov Jump Systems with Limited Sojourn-time Informa-

tion,” Automatica, vol. 117, pp. 108963, 2020.

J2. T. Tan, S. Zhuang, and Y. Shi, “Model Predictive Control for Asyn-

chronously Switched Linear Systems with Mode-dependent Dwell Time,”

Automatica, submitted, February 2022 (Accept provisionally as brief pa-

per).

J3. T. Tan, S. Zhuang, and Y. Shi, “Non-conservative Stability Criteria for

Constrained Switched Linear Systems under Multiple Faults,” IEEE Trans-

actions on Automatic Control, submitted, July 2022 (Under review).

J4. T. Tan, S. Zhuang, and Y. Shi, “Robust Model Predictive Control for

Asynchronously Switched Linear Systems with Intermittent Controller Fail-

ures,” IEEE Transactions on Automatic Control, submitted, April 2023

(Under review).

• Conference papers:

C1. T. Tan, S. Zhuang and Y. Shi, “Switched Model Predictive Control with

Scheduled Mode Transitions without Terminal Constraints,” in Proceedings

of 2021 IEEE 4th International Conference on Industrial Cyber-Physical

Systems (ICPS 2021), Victoria, Canada, May. 10–12, pp. 185–190, 2021.

C2. T. Tan, X. Shang, L. Yang, and Y. Shi, “Model Predictive Control of Asyn-

chronously Switched Systems with Exogenous Disturbances,” in Proceed-
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ings of the 24th IEEE International Conference on Industrial Technology

(ICIT 2023), Orlando, USA, Apr. 04–06, pp. 1-6, 2023.
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