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ABSTRACT

In modern cyber-physical systems (CPSs) where the control signals are gener-
ally transmitted via shared communication networks, there is a desire to balance the
closed-loop control performance with the communication cost necessary to achieve it.
In this context, aperiodic real-time scheduling of control tasks comes into being and
has received increasing attention recently. It is well known that model predictive con-
trol (MPC) is currently widely utilized in industrial control systems and has greatly
increased profits in comparison with the proportional-integral-derivative (PID) con-
trol. As communication and networks play more and more important roles in modern
society, there is a great trend to upgrade and transform traditional industrial systems
into CPSs, which naturally requires extending conventional MPC to communication-
efficient MPC to save network resources.

Motivated by this fact, we in this thesis propose robust MPC and scheduling
co-design algorithms to networked CPSs possibly affected by both parameter uncer-

tainties and additive disturbances.
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In Chapter 2, a dynamic event-triggered robust tube-based MPC for constrained
linear systems with additive disturbances is developed, where a time-varying pre-
stabilizing gain is obtained by interpolating multiple static state feedbacks and the
interpolating coefficient is determined via optimization at the time instants when the
MPC-based control is triggered. The original constraints are properly tightened to
achieve robust constraint optimization and a sequence of dynamic sets used to test
events are derived according to the optimized coefficient. We theoretically show that
the proposed algorithm is recursively feasible and the closed-loop system is input-to-
state stable (ISS) in the attraction region. Numerical results are presented to verify
the design.

In Chapter 3, a self-triggered min-max MPC strategy is developed for constrained
nonlinear systems subject to both parametric uncertainties and additive disturbances,
where the robust constraint satisfaction is achieved by considering the worst case of
all possible uncertainty realizations. First, we propose a new cost function that re-
laxes the penalty on the system state in a time period where the controller will not be
invoked. With this cost function, the next triggering time instant can be obtained at
current time instant by solving a min-max optimization problem where the maximum
triggering period becomes a decision variable. The proposed strategy is proved to be
input-to-state practical stable (ISpS) in the attraction region at triggering time in-
stants under some standard assumptions. Extensions are made to linear systems with
additive disturbances, for which the conditions reduce to a linear matrix inequality
(LMI). Comprehensive numerical experiments are performed to verify the correctness

of the theoretical results.
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Chapter 1

Introduction

1.1 Networked Cyber-physical Systems and Ape-
riodic Control

The term networked cyber-physical systems (CPS) represents a new generation of
systems with tightly integrated cyber and physical components that can interact with
each other via wireless communication networks to achieve increased computational
capability, flexibility and autonomy over conventional systems. An illustration of
operation principles of modern CPSs can be found in Figure 1.1. The development of
CPSs serves as a technical foundation to a lot of important engineering applications
spanning automotive systems, industrial systems, smart grid and robotics. It is worth
noting that the communication and control that help form the interplay between cyber
and physical spaces in CPSs play a key role in advancing future developments of CPSs,
which is also the main topic of this thesis.

In typical networked CPSs, the interacting system components are generally spa-
tially distributed and connected via shared communication networks. In controller

design of such systems, the communication cost used to realize feedback control should
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Figure 1.1: Operation principles of CPSs.

be taken into account. In this respect, the conventional periodic control may be not
suitable, as it samples system state, calculates and delivers control input signals in a
periodic way, possibly leading to unnecessary over-provisioning and therefore higher
communication and computation costs. This problem, also faced by embedded control
systems, becomes more serious for large-scale CPSs. To elaborate this, we consider

the following discrete-time nonlinear system:

Top1 = f2, ur) (1.1)

where z; € R", u; € R™ represent the system state and control input, respectively,
at time ¢t € N. f: R" x R™ — R" is a nonlinear function satisfying f(0,0) = 0. Let
the sequence {tx|k € N} € N where t;,1 > t; be the time instants when the control
input u; needs to be updated. If the system is controlled by a periodic controller,
one should derive in advance the maximum open-loop time period that the system
equipped with such a controller can endure while preserving the closed-loop stability.
This process, obviously, does not take the dynamical behavior of the closed-loop

system into account and may give a conservative sampling strategy that leads to



unnecessary use of computation and communication resources that are quite scarce
in networked CPSs.

To tackle this problem, significant research has been devoted to the co-design of
scheduling and control of CPSs, that is, generating and broadcasting control signals
only when necessary. In particular, event-triggered control has been proposed and
received considerable attention recently. In sharp contrast to periodic control, event-
triggered control only generates network transmissions and closes the feedback loop
when the system being controlled exhibits some undesired behaviors. In other words,
the dynamical behavior of the real-time closed-loop system is taken into account to re-
duce the conservativeness of periodic schedulers. To be more specific, event-triggered
control involves comparing the deviation between the actual state trajectory and the
assumed trajectory at last triggering instant with a pre-defined, possibly time-varying
threshold, thereby adapting the nonuniform sampling period in response to the sys-
tem performance. A typical event-triggered control paradigm can be found in Figure
1.2. It is worth mentioning that continuous state measurement is necessary in event-
triggered control. Intuitively speaking, the state deviation serves as a measure of
how valuable the system state at current time instant is to the performance of the
closed-loop system. If the deviation exceeds a pre-specified threshold, the current
state is deemed as essential and will be used to generate control signals. Theoretical
properties about how this threshold magnitude impacts the lower bound of the sam-
pling period and the closed-loop system behavior are then analyzed by using different
stability concepts in the literature. The hope of event-triggered control is to pro-
vide a larger average sampling period than periodic control while largely preserving
the control performance. For a recent overview on event-triggered and self-triggered
control, please refer to [28,31,37].

Early works on event-triggered control can be found in [1,2,29] for scalar systems.



Recently, there are some works addressing high-order systems using event-triggered
control. For example, an event-triggered control strategy for a class of nonlinear
systems based on the input-to-state stable (ISS) concept was developed in [61]. The
event-triggered state-feedback control problem for linear systems was investigated
in [46], where the performance was evaluated by using an emulation-based approach,
i.e., comparing the event-triggered control with the corresponding continuous state-
feedback. In [27], Heemels et al. proposed an event-triggered control strategy for
linear systems where the event-triggered condition is only required to be verified
periodically. In [14], Donkers et al. designed an output-based event-triggered control
strategy for linear systems and studied the stability and £.-performance of the closed-
loop system. Results on distributed event-triggered consensus were reported in [13]
for first-order multi-agent systems and [64] for general linear models.
Event-triggered control generally requires continuously sampling system state and
then checking triggering conditions, which may be not feasible for practical imple-
mentation. An example of triggering times in event-triggered control is plotted in
Figure 1.3. To overcome this drawback, the self-triggered control has been devel-
oped. In contrast to event-triggered control, it no longer monitors the closed-loop
system behavior to detect the event but estimates the next triggering time instant
based on the knowledge of system dynamics and state information at current trigger-
ing time instant. Please see Figure 1.4 for an example of self-triggering time instants.
This, although leads to a relatively conservative sampling strategy, makes the prac-
tical implementation much easier. In [62], Wang et al. developed a self-triggered
control strategy for linear time-invariant systems with additive disturbances where

the control performance is evaluated by the finite-gain [y stability.
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Figure 1.2: An event-triggered control paradigm.
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Figure 1.3: An example of triggering times in event-triggered control.
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Figure 1.4: An example of triggering times in self-triggered control.

MPC and Aperiodic MPC

1.2.1 MPC

Model predictive control (MPC), also known as receding horizon control, is an ad-

vanced control strategy that combines the feedback mechanism with optimization.

The control signal is derived by solving constrained optimization problems where the

objective function is essentially a function of the system state at current time instant

and a sequence of control inputs over a certain time horizon in the future, and the

constraints are determined according to the limitations inherent in practical systems.

MPC has now been widely used in various engineering areas such as process control

systems [53] and motion control of autonomous vehicles [19]. Interestingly, the idea



of iteratively optimizing a performance index has been also used in path planning for
robotics [59].

Take the nonlinear system in (1.1) for example. Suppose that the system is subject
to state constraints r; € X C R™ and input constraints u; € U C R™. The cost

function to be minimized at each time instant can be set as

2
L

J(ze,up ) = L(zis,uip) + F(zny)

I
o

where N denotes the prediction horizon, z;; and w;; represent the predicted state

and input trajectory emanating from time ¢ and obey

Lot = Tt
(1.2)
Tiv1p = f(Tig,wig), 1 € Npo,n-1),
T
and u, n = [U({tw - ’u%l»tk:| . L:R"xR™ = Ry and F' : R" — Ry are the

stage cost function and terminal cost function, respectively. It is assumed that they
are both continuous and satisfy L(0,0) = 0 and F'(0) = 0. Then the control input at
time ¢ is derived by solving the following.

* .
u; y = arg min J(xe, ug N
LN uo,t €U, uN 1t EU ( T )

st (1.2)
wiy = U, x5, € X1 € N n_yq
TNt S Xf
Once a sequence of future control inputs, i.e., uj y, is derived, the first element of it,

i.e., ug,, is applied to the system. As time evolves, the MPC law can be obtained by

re-sampling the system state and re-activating the optimization iteratively. Please



see [49] for more details on MPC. Note that the objective and constraints in MPC-
based controllers are usually set as functions of future system states and inputs to
conveniently encode the desired control performance and system constraints in prac-
tice. However, given a system model, the future system states are functions of the
current state and the future control actions. This implies that, at each time instant,
the decision variable of the optimization problem becomes only the future inputs since
the variable “current state” is fixed.

In the literature, there are some typical MPC schemes that are carefully designed
in order to provide performance guarantees, e.g., recursive feasibility of optimization
problems, closed-loop stability and robustness against additive disturbance and/or

parametric uncertainties.

e First, to ensure recursive feasibility and stability, the authors in [10] proposed
to add some tailored terminal ingredients including usually a terminal state
penalty and terminal state constraints to the optimization problem in MPC-
based controllers. The essential idea of this stabilizing MPC framework is that,
by assuming the linearization of the original system is stabilizable, a static feed-
back law that stabilizes the linearization also works for the original nonlinear
system locally and can be used to produce feasible control input solutions to
optimization problems. The stability then follows from the use of this feasible
control input and optimality. There are also some other stabilizing MPC strate-
gies. For example, a Lyapunov-based constraint characterized by a stabilizing

control law was used to ensure the feasibility and stability of MPC in [12].

e Second, there are three typical robust MPC schemes in the literature, that is,
robust MPC with nominal cost [42,48], robust MPC with min-mazx cost [43,54],

and tube-based MPC [11,50].



1. In the first method, the Lipschitz continuity of the cost function [48] or
the exponential stability of the local feedback [42] was explored to estab-
lish some degree of inherent robustness and the constraint satisfaction in
presence of additive disturbances was achieved by properly tightening the
original constraints. This approach generally yields conservative robust-
ness margins as the prediction in this scheme is conducted in an open-loop
fashion with which the disturbance effect exponentially increases according

to the Gronwall-Bellman inequality [33].

2. In the second strategy, the controllers consider the worst case of all possible
disturbance and/or uncertainty realizations to ensure robust constraint
satisfaction and solve a min-max optimization problem to generate control
inputs. This strategy provides larger robustness margins due to the so-
called feedback prediction process [54] but also becomes computationally
expensive. Trade-offs between computation and performance in min-max
MPC were made in [43,44]. Note that in the above two methods, the

control input is purely optimization-based (Opt-based).

3. In robust tube-based MPC, the control law is composed by a pre-stabilizing
linear feedback and the optimization-based input, in which the static linear
feedback helps attenuate disturbance impacts and the latter contributes
to the constraint satisfaction. It is worth mentioning that, with a pre-
stabilizing feedback in the prediction model, the conservativeness caused by
the constraint tightening procedure in [48] can be alleviated, especially for
unstable linear systems and nonlinear systems where the model is Lipschitz

continuous with a constant larger than 1.

An overview of typical MPC algorithms can be found in Table 1.1.



MPC schemes Optimization | Constraints Control input
Standard MPC in [10] | Minimization | Original Opt-based
[48] | Minimization | Tightened Opt-based
Robust MPC | [54] Min-max Original Opt-based
[50] | Minimization | Tightened | Opt-based + pre-stabilizing

Table 1.1: An overview of typical MPC algorithms.

1.2.2 Event-triggered MPC and self-triggered MPC

It is well known that MPC is currently widely utilized in the industrial control sys-
tems and has greatly increased profits in comparison with the proportional-integral-
derivative (PID) control. As communication and networks play more and more im-
portant roles in modern society, there is a great trend to upgrade and transform tradi-
tional industrial systems into CPSs, which naturally requires extending conventional
MPC to communication-efficient MPC to save network resources. In this context,
aperiodic MPC comes into being and has received increasing attention recently.

One widely used methodology in existing works on event-triggered MPC is to make
use of the cost function to derive event-triggering conditions. For example, the event-
triggered mechanisms, recursive feasibility and closed-loop stability in [15,16,24-26]
were developed by taking advantage of the Lipschitz continuity of the cost function;
specifically the authors in [24-26] considered the sample-and-hold implementation of
the control law with different hold mechanisms. The authors in [24] further proposed
a computationally efficient method for adaptively selecting sampling intervals while
ensuring some degree of sub-optimality. Moreover, the robust constraint satisfaction
therein was achieved by properly tightening the original constraints according to the
Gronwall-Bellman inequality [33]. The authors in [20, 39,43, 63] introduced a new
variable that provides a degree of freedom to balance the communication cost and

the control performance to the standard MPC cost function, and by solving a more
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complex optimization problem, the next triggering time can be explicitly determined
at current triggering time instant. The essential idea is to relax the state cost penalty
in a certain time period by multiplying the cost by a constant smaller than 1 if the
controller during this period will not be triggered. The decrease in the optimal cost
caused by the relaxed penalty may be seen as a reward due to a larger sampling
period. By performing optimization, a trade-off between communication and control
performance is sought. Amongst them, references [5,20,39] considered nonlinear
systems without disturbances; the authors in [3,6,63] considered disturbed linear
systems and [43] dealt with uncertain nonlinear systems.

Another standard routine, known as the emulation-based event-triggered control,
involves setting a threshold that limits the deviation between the actual state and the
predicted state at last triggering time instant and investigating how this threshold
will affect the recursive feasibility and closed-loop stability of MPC algorithms; see
7,8,22,23,38,40,42| for example. The MPC-based control in these schemes should
have some degree of robustness. This is primarily because that these works either
considered systems with zero-order hold control inputs or/and additive disturbances.
In this respect, these strategies differ from each other by the different types of robust
MPC strategies used. In particular, the works in [22,23,38,40,42] recruited the robust
MPC with nominal cost mentioned in the last subsection and [7,8] used the robust
tube-based MPC. Note that the solution proposed in [7,8] may be less conservative
since the tube-based MPC can better cope with the disturbance thanks to the pre-
stabilizing linear feedback. When dealing with continuous-time systems within this
framework, the effect caused by bounded additive disturbances is usually explored in

order to make the event trigger Zeno-free [23,38,40,42].
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Aperiodic MPC Mechanism Disturbance | Uncertainty
[24, 26] Self-triggered Yes No
Cost-based [25] Event-triggered Yes No
120, 39] Self-triggered No No
Emulation-based | [8,23,38] | Event-triggered Yes No

Table 1.2: An overview of aperiodic MPC algorithms.

1.3 Motivations

Although the event-triggered and self-triggered MPC have received enormous atten-
tion recently and great progress has been made in the literature, the existing schemes
mostly presented a separate design of MPC and triggering strategy, as surveyed in the
previous section. Notable exceptions include [20] where undisturbed nonlinear sys-
tems were considered and [3,6] addressing linear systems with additive disturbances.
These methods cannot be easily extended to disturbed nonlinear systems with or
without parametric uncertainties primarily because the tube-based MPC framework
mainly applies to linear systems and cannot handle parameter uncertainties. This two
reasons motivate the research in this thesis to present a robust MPC and scheduling
co-design framework for general nonlinear systems subject to both additive distur-
bances and parametric uncertainties. Specifically, the main motivations are summa-

rized in the following two aspects.

e Dynamic event-triggered tube-based MPC. The co-design frameworks
in [3,6,20] are all self trigger-based. In other words, the event-triggered sched-
ulers and MPC in the literature are all separately designed in the sense that
the threshold that characterizes the event trigger does not relates to the con-
strained optimization problem in the MPC framework. Considering that the
optimization problem lies at the core of MPC, it would make perfect sense

that the event-triggered threshold and the optimization problem can be jointly
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designed, i.e., the dynamic threshold is determined by the optimization prob-
lem at each triggering time instant. A better trade-off between communication
and control performance can be expected due to the new optimization-based

dynamic event trigger. This idea will be pursued in the first part of the thesis.

e Self-triggered min-max MPC. None of the existing results can handle gen-
eral nonlinear systems affected by parametric uncertainties, although model
uncertainties are almost unavoidable in system modeling. This is mainly due to
the robust MPC schemes on which the existing results build are the robust MPC
with nominal cost and the tube-based MPC, and cannot handle parametric un-
certainties. Besides, the prediction in these two schemes is performed in an
open-loop sense, leading to conservative attraction regions in presence of uncer-
tainties. Robust min-max MPC can well handle general nonlinear systems with
both parametric uncertainties and additive disturbances and provides relatively
large attraction regions mainly thanks to the feedback prediction. However,
how to introduce self-triggered schedulers to min-max MPC is unexplored and

will be investigated in the second part of the thesis.

1.4 Contributions

The co-design problem of robust MPC and scheduling for networked CPSs is investi-

gated in the thesis. The main contributions are summarized as follows.

e Dynamic event-triggered tube-based MPC for disturbed unconstrained
linear systems. The first part of the thesis is concerned with the robust event-
triggered MPC of discrete-time constrained linear systems subject to bounded
additive disturbances. We make use of the interpolation technique to construct

a feedback policy and tighten the original system constraint accordingly to
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fulfill robust constraint satisfaction. A dynamic event trigger that allows the
controller to solve the optimization problem only at triggering time instants is
developed, where the triggering threshold is related to the interpolating coef-
ficient of the feedback policy and determined via optimization. We show that
the proposed algorithm is recursively feasible and the closed-loop system is ISS
in the attraction region. Finally, a numerical example is provided to verify the

theoretical results.

e Self-triggered min-max MPC for uncertain constrained nonlinear sys-
tems. In the second part, we propose a robust self-triggered MPC algorithm for
constrained discrete-time nonlinear systems subject to parametric uncertainties
and disturbances. To fulfill robust constraint satisfaction, we take advantage of
the min-max MPC framework to consider the worst case of all possible uncer-
tainty realizations. In this framework, a novel cost function is designed based on
which a self-triggered strategy is introduced via optimization. The conditions
on ensuring algorithm feasibility and closed-loop stability are developed. In
particular, we show that the closed-loop system is input-to-state practical sta-
ble (ISpS) in the attraction region at triggering time instants. In addition, we
show that the main feasibility and stability conditions reduce to a linear matrix
inequality (LMI) for linear case. Finally, numerical simulations and comparison

studies are performed to verify the proposed control strategy.

1.5 Thesis Organization

The remainder of the thesis is organized as follows. In Chapter 2, the co-design of
event trigger and the tube-based MPC for constrained linear systems with additive

disturbances is investigated. A self-triggered min-max MPC strategy for uncertain
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constrained nonlinear systems is proposed in Chapter 3. Chapter 4 concludes the

thesis and gives some future research directions.
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Chapter 2

Dynamic Event-triggered
Tube-based MPC for Disturbed

Constrained Linear Systems

2.1 Introduction

In this chapter, the focus is on event-triggered MPC of discrete-time constrained lin-
ear systems subject to bounded additive disturbances. When additive disturbance is
considered in the MPC framework, the original state constraint should be tightened
to achieve robust constraint satisfaction as the actual state and the predicted state
do not coincide necessarily. The authors in [25,42,48] quantified the effect caused by
the worst case disturbance on the system state by taking advantage of the Lipschitz
continuity of the nonlinear system model; by set subtraction, a sequence of time-
varying tightened constraints can be obtained. However, the use of the open-loop
prediction strategy and the Lipschitz continuity essentially results in conservative at-

tractive regions. To better attenuate the disturbance effect, the feedback prediction
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strategy [43,54] can be employed to limit the growth of the disturbance effect along
the prediction horizon. With this strategy, the well-known min-max MPC framework
was developed in [58], where the controllers consider the worst case of all possible
disturbance realizations to achieve constraint satisfaction and performs min-max op-
timization to derive optimal control policies. However, such a min-max optimization
problem is computationally intractable, and parameterization of certain policies is
often used [54] to reduce the degree of freedom in decision variables to make the op-
timization problem relatively easy to solve. Another application of this strategy can
be found in tube-based MPC [11,50], where a fixed control policy is used for predic-
tion, leading to a sequence of limited sets (known as the “tube”) characterizing the
deviation between the actual state and the predicted state. Based on this approach,
the authors in [8] developed a robust event-triggered MPC scheme by exploiting the
fact that, during some open-loop spans, the realized disturbances that may be of
insignificant impact will not bring the actual state farther away from the predicted
state trajectory than the assumed worst case disturbance with feedback, it is then
possible to not calculate and transmit control signals periodically.

Note that the linear feedback control policy used to attenuate the disturbance
effect in [8] is static. It is also worth mentioning that a high-gain feedback law, i.e.,
LQR gain, that provides superior control performance may suffer from a small event-
triggering threshold and thus a high sampling rate, while low-gain feedback laws may
lead to a larger deviation bound and larger average sampling period with relatively
poor control performance. This implies that a constant linear feedback gain may can-
not finely balance the control performance and communication cost in robust event-
triggered MPC. To solve this important issue, we propose a robust event-triggered
MPC method featuring the following: (1) The feedback policy interpolates between

low-gain feedback laws and a performance controller and (2) the interpolating coef-
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ficients are subject to optimization at triggering time instants to achieve a co-design
of the triggering mechanism and the feedback policy. The idea of using interpolating
strategy within periodic MPC was originally proposed and explored in [4, 51,56, 57]
for undisturbed linear systems to enlarge the associated feasible region while pre-
serves the control performance; extensions to disturbed linear systems can be found
in [52,60]. However, the proposed control methodology differs from that in [52, 60]
in the following two aspects: First, the controllers in [52,60] solve constrained opti-
mization problems periodically while the proposed controller conducts optimization
aperiodically; this poses a challenge to ensuring robust constraint satisfaction and
closed-loop stability. Second, compared with the existing control configuration [60]
where the closed-loop state trajectory is a convex combination of the disturbed tra-
jectory associated with a performance controller and some undisturbed trajectories
governed by low-gain feedback laws, the proposed controller interpolates between
multiple disturbed closed-loop state trajectories, and optimizes the interpolating co-
efficient at each triggering time instant in order to generate an optimized triggering
mechanism.

The main contributions of this chapter are two-fold:

e A robust MPC strategy is developed for discrete-time constrained linear sys-
tems with bounded additive disturbances, where the feedback policy that helps
attenuate the disturbance effect in the prediction process is constructed based
on the interpolation technique. To fulfill robust constraint satisfaction, the
system constraint sets are properly tightened according to a set of stabilizing
feedback gains and the interpolating coefficients between them. The control
input and the interpolating coefficients are derived by solving constrained opti-
mization problems where the cost penalizes the weighting factors of the low-gain

feedback laws in order to balance the size of attraction region and the control
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performance.

e An event-triggered control mechanism with dynamic triggering threshold is in-
troduced to the interpolation-based robust MPC strategy such that the con-
troller only needs to solve the constrained optimization problem and transmit
the control signals at particular triggering time instants to reduce computation
load and communication cost. Rigorous studies on algorithm feasibility and
closed-loop stability have been conducted. Simulation examples are provided

to validate the theoretical design.

The rest of this chapter is organized as follows. Section 2 formulates the control
problem. Section 3 develops the robust event-triggered MPC algorithm. In Section
4, the algorithm feasibility and closed-loop stability are analyzed. Simulation results
are provided in Section 5. Finally, Section 6 concludes the chapter.

Notations: In this chapter, we use the notation R, and N to denote the sets of
real and non-negative integers, respectively. R™ represents the Cartesian product
RxR---xR. For some ¢; € R, c; € R>,,, let R5., and Ry, ., denote the sets
{t € Rn: t>ctand {t € R:c; <t < ey}, respectively. Given a symmetric matrix S,
S > (S > 0) means that the matrix is positive (semi)definite. I,,, denotes an identity
matrix of size m for some m € Nyy. Given two sets X,Y C R"™ and a vector x € R",
the Minkowski sum of X and Vis X @Y ={: e R": 2=z +y,z € X,y € Y}
and the Pontryagin set difference is X Y = {z e R": 2 +y € X,Vy € Y}, and
r® X = {2} ® X. Given a polytope Z = {z € R"" : Az < b}, proj(Z,n) =

T
{z € R" : Ju € R™ such that A [mT UT] < b}, proj*(Z,m) = {u € R™ : Jx €

T
R" such that A [xT UT} < b}.
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2.2 Problem Statement and Preliminaries

Consider the following constrained linear system

x(t+ 1) = Ax(t) + Bu(t) + w(t), (2.1)

where z(t) € R", u(t) € R™, w(t) € R™ denote the system state, the control input,
and unknown, time-varying additive disturbance at discrete time ¢ € N, respectively.
A and B are constant matrices of appropriate dimensions. The system constraints are
given by z(t) € X, u(t) e U, w(t) € W, t € N. It is assumed that X CR", Y C R™,
and W C R” are compact, convex polytopes containing the origin in their interiors.
We further assume that the pair (A, B) is controllable and the state information can
be measured at any time ¢t € N.

The objective of this chapter is to stabilize the disturbed constrained system
(2.1) asymptotically by using event-triggered MPC, where the control inputs are only
required to be calculated and transmitted at some particular time instants {¢; :
k € N} € N to save communication and computation resources. In particular, the

controller will be scheduled by an event trigger of the form

th =0, tpr1 =t + H*(Qf(t)), (2.2)

where H* : R" — N3, is a function. The MPC-based control law becomes

u(t) = p(z(ty), t —tr), t € Ny o1 (2.3)

where 1 : R” x N — R™ is a function to be later designed.
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2.3 Robust Event-triggered MPC

2.3.1 Control Policy and Constraint Tightening

Assumption 1. K, € R™" p € Ny, are static feedback gains that render @, =
A+ BK, Schur.

We consider the following control policy
u(t) = K,my(t), v €N, (2.4)
p=0

where variables x,(t) = A,(t)z(t),p € Ny, with the coefficients \,(t),p € Ny,

satisfying the following:

> N(t) =1 0(t) € Ry (2.5)

The recruitment of control policy in (2.4) in the MPC framework will lead to an
enlarged terminal set (convex hull of individual terminal sets that are associated with
K, p € Ny for undisturbed linear systems [51,57]) and therefore a larger attraction
region. Note that the parameterization design in control policy may introduce con-

servativeness, as it essentially reduces the degree of freedom of the decision variables.

Remark 1. To implement a controller of the form equation (2.4), one should first
derive a group of feedback gains K, that render ®, = A + BK,, stable and then use
the coefficients to partition the state; the coefficients can either be fixed or optimized
online as done in this chapter. Then the control input can be generated by following

equation (2.4).

Due to disturbance, the original system constraints should be tightened to address

any possible disturbance realization, and thus to fulfill robust constraint satisfaction.
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Define the following tightened constraint sets

Xj = X O (Dy_g\p(t)FT),
U =U S (BE_g\p(t) KR FT), (2.6)

FP =&l ;(A+ BK,)'W.

Rewrite the prediction policy in (2.4) as

with

It follows

u(t) = Kox(t) + Y (K, — Ko)zy(1),

p=1

in closed-loop with which the system (2.1) becomes

z(t+1) = dox(t) + B XU:(KP — Ko)z,(t) +w(t).
Consider

2,(t 1) = B, (1) + Ap(Bw(t), p € Ny

and define
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We then have

2(t+1) = Pz(t) + Ed(t), (2.7)
where
&y B(K; — Ky) B(K, — Ky)
0 o 0
b = ,
0 0 P,
- - N (2.8)
I, 0 0
0 I, 0
FE =
0 0 I,

Let Z; be the maximal robust positively invariant (MRPI) set [9] of the system (2.7)

with the following constraints

z(t) € X, Kox(t) + i(Kp — Ko)x,(t) € U,
p=t (2.9)
dit) eWx -+ xW.

v+1
Lemma 1. [52] For the system in (2.7), define the cost function V (z(t)) = z(t)* Pz(t),
where P > 0 and P € RO+Ynx(v+n,

V(z(t+1) = V(=(1)) (2.10)

< —2(t)TQx(t) — u(t)" Ru(t) + ad(t)*d(t),
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where Q > 0, Q € R, R >0, R € R™™ and o € Rx, if the following holds

P-Q-R 0 (9)TP

0 oly, ETP | >0, (2.11)
P PE P
with
T T
Q= {In 0} Q{[n 0},72: {KO K} R{KO K],
and
K:|:K1_K0 e K’U_KO:|'

The proof can be found in [52]; we sketch the proof below for completeness.

Proof. Using (2.7), we have

v(z(t +1)) —v(z(1))
= (Pz(t) + Ed(t))" P(D2(t) + Ed(t)) — z(t)* Pz(t)

= {z(t)T d(t)T] Li] p [QD E] ;EZ] - [z(t)T d(t)T] {l: Z]

We turn to consider

2(t) |
d(t)
—z(t)"Qx(t) — u(t)" Ru(t) + od(t)"d(t)

z(t) |
d(t)

= 2(t)"(—=Q = R)z(t) + od(t)"d(1)

-Q-R 0

= [z(t)T d(t)T] . .
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It remains to show that if equation (2.11) holds then

P O —-9Q—-R 0
<
0 ol

which is equivalent to

P-Q-R 0 o
e o] 2o
0 ol ET

This is true by the positive definiteness of P and the Schur complement. O

2.3.2 Robust Event-triggered MPC Setup

At each triggering time %, the controller solves a constrained finite horizon optimiza-

tion problem, where the decision variable is

A(ty) = M) - A(tr)]| €RY (2.12)
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The constrained optimization problem is formulated as

min J(z(tg), A(tx)) (2.13a)
A(tr)

st Y M(te) =1\ (t) € R, (2.13b)

p=0
ZL’p(O, tk) = )\p(tk)x(tk),p € N[o’v}, (2130)
zp(J + 1, tk) = Ppap(dtr), J € Nov-1y, P € Ny, (2.13d)
u(fite) =Y Kpry(j, t), § € N, (2.13¢)
p=0

.73(] + 1,tk) = A.Q?(], tk) + BU(], tk), ] S N[O’N,H, (213f)
.ﬁE(], tk) € ‘)(j7 U(], tk) € uj7 J € N[O,N*l]; (213g)

[:C(Na tk)Tv $1(N, tk)T7 e 7xv(N7 tk)T]T

€ Z5 © Fy(A(tr)), (2.13h)

where J(z(ty), A(tx)) = z(tx) " Pz(ty) + A(tp)TTA(ty) with T > 0 and T' € R"*,
Fn(A(tn) = {(zo, -+ @) € RMTD g € @A\, (tn) Fhy w1 € Mi(ti) Fay, -+ @y €
Ao(tr) FN }-

Let Dy(z(tx)) = {A(ty) € R” : (2.13b) to (2.13h)} be the set of feasible deci-
sion variables for a given state z(t;). The optimal solution of optimization problem
(2.13) is denoted as A*(tg) = Ai(tg), -+, A5(tg) |, and the corresponding optimal
control input and state are written as u*(j,%),7 € Njgn_1) and 2*(j,tx),J € Ny ny,

respectively. The optimal cost is denoted by J*(z(x), A(tx)).

Remark 2. Note that we use the interpolation technique to construct the control pol-
icy and optimize the coefficients online in order to achieve larger region of attraction
and better control performance. Due to disturbances and system constraints, real-

time tightened constraints must be generated according to the time-varying control
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policy to achieve robust constraint satisfaction. As a limitation, the controller may
suffer relatively heavy computation load compared to other standard tube-based MPC
schemes where the control policy is fixed, as it needs to perform Pontryagin Difference
and Minkowski Sum of polytopes online. Some algorithms for efficiently conducting
such set operations have been reported in the literature. Specifically, the Pontryagin
Difference can be derived for polytopes by solving a sequence of linear programming
problems [34]; the derivation of Minkowski Sum involves a projection operation from

R?™ down to R"™ or vertex enumeration and computation of convex hull [30].

2.3.3 Triggering Mechanism

In this chapter, we employ an event trigger that is realized by testing whether or not

the deviation between the predicted state and the true state exceeds a threshold as

in [8,38,40,42]
to = 0, tk—i—l = tk + mln{l S N21 : Z(tk + ’L) ¢ Z*(’L, tk) D 7;}, (214)
where
T
and
Ti = AN Fi (W () © (W X A ()W x - A ()W), (2.16)
(S N[LN—l]) with 7—0 = {0}7 7d]\/' = @7
0
0 A - 0
A=|" . (2.17)
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and F, (A*(t)) = {(20,- -+ ,x,) € R*TD 1 x4 € Do\ (te) FF w1 € Aj(te) F} -+ @y €

Ao (te) F7 )

Remark 3. The computational complexity of the proposed event-triggered control
algorithm mainly results from the test of triggering conditions and the optimization
problem in equation (2.13). Testing triggering conditions requires to check whether or
not A(z(ty +1) — 2* (i, 1)) is in the set Fi i (A*(t)) © (W x Xf(tg) W X - Xi(t)WV).
Besides, the optimization problem (2.13) is a convezr quadratic problem, and can be

efficiently solved via various optimization packages, e.q., CPLEX and Gurobi.

2.4 Analysis

Under the event-triggered scheduler (2.14) and controller (2.13), the closed-loop sys-
tem becomes

x(t + 1) = Ax(t) + Bu*(t — tk,tk) + w(t), te N[tk,tkﬂfl]; ( )
2.18

tk+1 = tk -+ min{i c NZl : Z(tk + Z) §é Z*(i,tk) D 7;},

where ¢, k,t, € N, z(0) € R", t = 0, and w(t) € W. In this section, recursive
feasibility of the proposed control strategy and stability of the closed-loop system
(2.18) will be analyzed.

2.4.1 Recursive Feasibility

A useful lemma is presented before proceeding to the main result.
Consider the set S = {(z,u) € R"™ : Go 4+ Hu < b}, where G € R**", H € R®
and b € RY,. Let S, = proj(S,n) and S, = proj*(S,1).

Lemma 2. Suppose that conver sets 1 C S,., Q9 C S, both contain the origin in their
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interiors, and define Q = {(z,u) € R"™ : z € Qy,u € O}, then proj(S © Q,n) C

(S: © ).
Proof. Following the Fourier-Motzkin elimination method [32], we have
S;={r eR": G2 <b Vicl’}n{r e R": (H'G' — H'G"x
(2.19)
<HWY -HVVielt,jel},
where I ={i: H' =0}, [T ={i: H > 0} and I~ = {i : H" < 0} are subsets of the
set {1,2,---,s}. Using the support function operation [34], we have

So0={(z,u) e R" Gz + Hu < V'
(2.20)

- Sup(zl,ZQ)eQ(Gizl + H'z),i € Ny g},
and

S, 60 ={z e R": G’z <V —sup,cq,G'2,Vi € I°}
N{z e R": (H'G' — HG"z < H'Y)
(2.21)
— HY' — sup,cq,(H'G' — HG')z,

Vielt,jel }.
Similarly, it can be verified that

proj(SeQ,n) ={zr eR": G'z <V — SUP(2, 25)€0
(G'zy + H'zy),i € I°}
N{z eR": (H'G' — H'G")z
(2.22)
< Hl(b] - Sup(zl,zz)GQ(szl
—+ HJZQ)) — Hj (bz — Sup(zl’n)eﬂ

(G'z1 + H'z)),Vie I, j €I}
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Since €, contains the origin in its interior and H* > 0 and H’ < 0, we have

—H"sup(ZhZZ)eQ(szl + Hz) + Hjsup(thz)eQ(Gizl + H'z)

(2.23)
< - HisupZeQIsz + HjsupzeﬂlGiz,
Consider
— SUP.eq, (HZG] - HJGZ)Z
> — {sup,cq, (H'G2) + sup,cq, (—H'G'2)} (2.24)

=— HisuszQIsz + HjsupzeQIGiz.

By summarizing (2.23) and (2.24), it readily follows that proj(S © Q,n) C (S, ©
). O
Lemma 3. Given A(ty), for FX,p € Ny defined in (2.6) and Z;, Fy(A(ty)) defined
in (2.13h), proj(Zs o ]:]/V(A(tk)), n) C proj(Zs,n) & (@ZZOAp(tk)]:}’(,) holds.

Proof. Based on Lemma 2, Lemma 3 can be proved by following the idea in Lemma
2 in [60]; indeed it reduces to Lemma 2 in [60] by setting Fy(A(ty)) = {(w0,0) €
R - g € F ). O

The recursive feasibility result is summarized in the following lemma.

Lemma 4. For the system (2.1) with initial state x(ty), if Dn(x(to)) # O and the
time series {ty}, k € N is determined by the triggering mechanism (2.14), then
Dn(z(tg)) # 0, k € N holds.

Proof. We make use of the induction principle to prove the optimization problem
(2.13) is recursively feasible. Assume that Dy (x(tx)) # 0 for some t;. Based on

A*(t;) at time ¢, a decision variable candidate can be constructed as follows

Althrn) = | Ni(te), - Nolte) | 5 (2.25)
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the satisfaction of constraint (2.13b) follows. Due to x(tx +1i) = Azx(ty +i — 1) +
By o Kprp(i — 1) +w(ty +i—1),i € Ny, ), the constraint (2.13¢) can be

satisfied by choosing

tk+1—tk—1
Ep(0,th1) =2p(thrs — e te) + > Ap(te) Aw(tper — 1 = j)
j=0
bopr o1 (2.26)
=M(t) (@t — o te) + >, Aw(ten —1—4)),p € Ng)-
7=0

From the prediction dynamics (2.13d) and the definition of decision variable candidate

A(tp41), one gets, for j € Nig w1, p € Ny,

Tp(J, tis1) =P (Tp(thsr) — Tp(tisr — tio i) + Tp(tisr — b + J, i), (2.27)
with, for 7 € Nin s, 641,37
Tp(trsr — te + J, te) = PN (N 1), p € Nygy). (2.28)
It follows, for j € Ny,

E(fotrr) = D (Ep(ter) — Tp(trps — b b)) + 2(tigs — b+, L),
0 (2.29)
W(j, tear) = > K@ (Fp(tr) — pl(tipr — b, b)) + ultip — b + 4, 1),
p=0
which implies that constraints (2.13e)-(2.13f) are satisfied.

Note that no event was triggered during time period ¢ € N, 1, ., 1], Which means

that

Tp(te + 7+ 1) — 2, + 1,8x) = Alap(te + J) — (4, &) + A" (fe)w(te +j)



holds for j € Ny, ., —¢,—2. By induction, we have

J?(tk_H) — I(tk_H — tk,tk) S @;:0)\;(25]@)./—"?

tpy1—tg?

Tp(0,ths1) — Tp(thrr — tho tr) € \p(te) it —t» P € Njoo-

Considering that

I(tk-‘rl - tk +.]7tk:) € th+1—tk+j’j € N[O,N+tk—tk+1]7

and

Xpir—titi © (Do (1) PLFL, )

pY lp+1—tk

=X © (Do (tr) Ff,

tet1—tkt+J

) @ (Do (L) FT )

pY lpt1—tk

QX @ (@;}720)\;(16]?)}?)7 .7 e N[O,N+tk—tk+1}7

and similarly,

utk+17tlc+.7’ EB <EB;:O>\;<tk)Kp¢%ftpk+1—tk)

gu © (@ZZO)\;(tk>KP‘F7p)7 J € N[O,N+tk—tk+1]7

it follows, for j € Njo N1t —t).1]5

T(J, tes1) € X, u(f, trgr) € U,

31

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

Since Z; is a robustly positively invariant set of the system (2.7), one gets, for j €



32

NNttt 141N

v 41—+ —1
(O wpltes —te+5. )+ Y SN ()w(@),
p=0 i=0
tpr1—tet+i—1
(@1t —te+ 5 t) + > PN (E)w()T, - (2.35)
=0

41 —tp+7—1
(oltrer — e+ 0.t + > EXt)w(i)T]" € 2y,
=0

and

U(tpyr — te + 7, t) = Ko(x(tesr — te + 7, tk) + )

v (2.36)
+ > (K — Ko)(@p(tess — te + 5, 1) +97) €U,
p=1
where y € ®)_o Ay (te) FRs Y € Ny (tk)Fty,,—tp 45 P € Njip- 1t follows
[ (tpar — b+ G te) 2 (topn — b+ 5, 00) T
To(trer — te+ 5,10 1" € Zp 0 Fi (A7), (2.37)
J € NiNtty—typ1+1.N]-
Considering (2.29) and (2.36), one gets
fl,(j, tk—i—l) cUS (EB;:O)‘;(tk)KPf;p)v j S N[N+tk—tk+1+1,N]‘ (238>
By application of Lemma 3, one gets z(ty+1 — t, + j, 1) € Xr S @f):OA;(tk)Fwi_,_l—tk—i-j
where &’y denotes the projection of Z; onto z space. Due to
Xf S/ (@;}1:0)‘;(’516)};2“—75”]‘) © (@z=0>\;(tk)¢£fi+1*tk) (2 39)

C X © (Do (tr) FY),
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we have

T(J, thy1) € Xp © (Bpoo My (t)F), 7 € NNty —typr+1,87- (2.40)

By summarizing (3.2), (2.38) and (3.3) and considering Xy C X, we have that con-
straint (2.13g) is satisfied.

By letting j = N in (2.35) and considering (2.29), we have

[‘%(N7 tk+1)T7j1(N7 tk+1)Ta e 757U<Na tk-l-l)T]T € Zf S ‘F;V(A*(tk))’ (241>

implying that the satisfaction of constraint (2.13h) can be achieved by A(ty4;). The

proof is completed.

2.4.2 Stability

The closed-loop stability result is presented in the following theorem.

Theorem 1. For the system (2.1) with initial state x(to), if Dy (z(to)) # {0} and the
time series {ty}, k € N is determined by the triggering mechanism (2.14), then the

closed-loop system in (2.18) is ISS.

Proof. Without loss of generality, the following two cases are considered to prove the
theorem. First, if the event is not triggered at time instant ¢, + 1, from Lemma 1 we

have

J(z(ty + 1), A*(ty)) — J(2(tg), A*(tx))
< V(z(te + 1)) — V(2(t)) (2.42)

< —2(ty)TQx(ty) — u(ty) " Ru(ty) + od(ty)Td(ty).

Second, if the event is triggered at time instant t;,; = t; + 1, from Lemma 4 we
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have that A(t; + 1) = A*(t;) is a feasible solution of the optimization problem (2.13).

Similarly, we consider

J(2(te + 1), A" (ter1)) — J (2(tr), A" (tr))
< J(z(te + 1), A% (t) — J (), A" (1))

(2.43)
<V(2(ty + 1)) = V(z(ty))

< —2(te) " Qr(te) — u(te) " Ru(ty) + od(te) " d(te).

Therefore, J(z(t), A(t)) is an ISS Lyapunov function of the closed-loop system (2.18),

implying that the closed-loop system (2.18) is ISS. This completes the proof. n

2.5 Simulation

Consider the following linear system [11,60]

1.1 1 1
z(t+1) = x(t) + u(t) +w(t), (2.44)

0 1.3 1
where the constraint sets are given by X = [-30,30] x [—10,10], & = [-5,5] and
W = [-0.2,0.2] x [-0.2,0.2]. Set v = 1. Ky = |—0.4991 —0.9546| is derived by

using the LQR technique by setting (@), R) to be (I3, 1); a low-gain feedback is chosen

as K1 = |—-0.0333 —0.4527| - Set N = 5 and z(0) = [—30;10]. The weighting

matrix ) )
1980.1 522.5 —1947.4 —398.4

522.5 15173 —494.9 —1368.3
P= (2.45)

—19474 —4949 1953.3 495.4

—398.4 —1368.3 4954 1842.4
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and o = 8186.2 are derived by solving the following optimization problem:

i .t. (2. 2.46
min o s.t. Eq.(2.11), (2.46)

where () and R are chosen as identity matrices of appropriate dimensions. Set I' =
20000.

By using Multi-Parametric Toolbox 3.0 [30], the terminal regions for Ky, K
and the proposed control strategy are plotted in Fig. 2.1; it can be seen that the
proposed strategy enjoys a much larger terminal region compared with that for static
feedback gains Ky and K;. To highlight the advantages of the proposed control
strategy, its periodic counterpart is also executed. The additive disturbances in this
simulation are randomly chosen, but keep the same for both event-triggered and
periodic control cases. The optimization problems are solved by using YALMIP [45].
The results are reported as follows. Table 2.1 compares the average sampling period

and the closed-loop performance of these two cases, where the performance indices

J. - S psim T () TQa(t)+u(t) T Rult
L=

T ) with Ty = 1000 being the simulation time. It can be

seen that the proposed control strategy significantly reduces the sampling frequency
while preserves the closed-loop control performance. Note that J, in event-triggered
control is even smaller than that in periodic case; it may be because that there is
a gap between the cost function to be optimized and J,. To clearly illustrate the
simulation results, only for the first 30 steps the closed-loop behavior is plotted. It is
worth mentioning that the number of triggering in the first 30 steps is 17. Specifically,
Fig. 2.2 shows the evolution of the system state, Fig. 2.3 depicts the control input

trajectory, and Fig. 2.4 illustrates the change of A\ over time.
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Figure 2.1: Comparison of terminal regions.
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Figure 2.2: Trajectories of system state.
Average sampling time | J,
Periodic 1.0000 3.8873
Event-triggered | 1.2019 3.8599

Table 2.1: Performance comparison

36
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Figure 2.3: Trajectories of control input.
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Figure 2.4: Trajectories of A;.

2.6 Conclusion

We have studied the robust event-triggered MPC problem for discrete-time con-
strained linear systems with bounded additive disturbances. A novel robust event-

triggered MPC strategy has been developed, where the robust constraint satisfaction
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is guaranteed by taking advantage of an interpolation-based feedback policy within
the MPC framework and appropriately tightening the original constraint sets. At
each triggering time instant, by solving a constrained optimization problem the con-
troller generates a sequence of control inputs and a set of interpolating coefficients
that characterizes the triggering threshold of the event trigger. The recursive feasi-
bility and closed-loop stability have been rigorously analyzed. A simulation example

has been provided to illustrate the effectiveness of the proposed approach.
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Chapter 3

Self-triggered Min-max MPC for
Uncertain Constrained Nonlinear

Systems

3.1 Introduction

Self-triggered MPC for uncertain systems is of particular importance as uncertain-
ties are not avoidable in practice, which is also the focus of this chapter. Among
the results of self-triggered MPC, [15,16,25, 38| use nominal models to formulate the
optimization problems, the stability is ensured by exploring the inherent robustness
of MPC and the original system constraints are tightened to achieve robust con-
straint satisfaction. In these cases, the closed-loop stability is usually established by
exploiting the system inherent robustness. Unfortunately, this method suffers from
very small attraction regions, especially for unstable linear systems and nonlinear
systems with relatively large Lipschitz constants, due to the constraint tightening

procedure. To enlarge attraction region, the authors in [3, 6] recently investigated
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the robust self-triggered MPC problem for discrete-time linear systems based on the
idea of tube-based MPC [18,50], where a pre-stabilizing linear feedback controller is
introduced into the prediction model to attenuate disturbance impacts. In contrast
to robust self-triggered MPC using a nominal model, self-triggered MPC with a tube-
based strategy has less conservative tightened constraints, therefore offering relatively
large regions of attraction.

It is worth noting that the existing results of self-triggered MPC might not be able
to handle systems with generic parameter uncertainties, though model uncertainties
are almost unavoidable in system modeling. Besides, enlarging the region of attraction
is always preferred for MPC design. Motivated by these facts, this chapter proposes
a robust self-triggered min-max MPC approach to constrained nonlinear systems
with both parameter uncertainties and disturbances, leading to an enlarged region of
attraction in comparison with [6].

The main contributions of this chapter are two-fold:

o A self-triggered min-max MPC algorithm is designed for generic constrained
nonlinear system with both parameter uncertainties and disturbances. The de-
signed algorithm is proved to be recursively feasible and the closed-loop system
is ISpS at triggering time instants in its region of attraction. Compared with
existing self-triggered MPC strategies where nominal models are used for predic-
tion, we take advantage of the worst case of all possible uncertainty realizations
in the self-triggered control, ensuring robust constraint satisfaction in presence

of parametric uncertainties and external disturbances.

e More specific results are developed for linear systems with parameter uncer-
tainties and external disturbances. In particular, we show that for linear sys-
tems with additive disturbances, the approximate closed-loop prediction strat-

egy [21,36,47,54] can be adopted to facilitate the self-triggered min-max linear
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MPC design to yield an enlarged attraction region, the feasibility and stability

conditions reduce to an LMI, which can be solved easily.

The rest of the chapter is organized as follows. Section 2 introduces some pre-
liminaries and formulates the control problem. The robust self-triggered feedback
min-max MPC strategy is developed in Section 3. The feasibility and stability anal-
yses are conducted in Section 4. The extension to linear case is further presented
in Section 5. Simulations and comparison studies are provided in Section 6, and the
conclusions are given in Section 7.

The notations adopted in this chapter are as follows. Let R, and N denote by the
sets of real and non-negative integers, respectively. R™ denotes the Cartesian product

R x R--- x R. We use the notation R>., and Ry, ] to denote the sets {t € R|t > ¢}
N\ / - k)

and {tne Rley <t < ea}, respectively, for some ¢ € R, ¢2 € Rs,,. The notation |-|| is
used to denote an arbitrary p-norm. Given a matrix S, S > 0 (S < 0) means that the
matrix is positive (negative) definite. A scalar function a : R>g — Rxg is of class K
if it is continuous, positive definite and strictly increasing. It belongs to class K if
a € K and a(s) — 400 as s — +00. A scalar function  : R>g xRs¢ — R is said to
be a KL-function if for fixed k € Rxy, 5(-, k) € K and for each fixed s € Rxg, 5(s, )
is non-increasing with klim B(s, k) = 0. For m,n € Nyg, I,,x, denotes an identity

— 00

matrix of size m and 0,4, represents an m X n matrix whose entries are zero.

3.2 Preliminaries and Problem Statement

3.2.1 Preliminaries

Consider the discrete-time perturbed nonlinear system given by

Tiy1 = g<xt7dt)7 (3-1)
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where 7, € R", d; = [w],vf]T € D C R? are the system state, unknown time-
varying model uncertainties, respectively, at discrete time ¢ € N. More specifically,
wy € W C R" denotes parametric uncertainties and v, € ¥V C R stands for additive
disturbances. W and )V are compact sets, and contain the origin in their interiors.

g :R" x RY — R" is a nonlinear function satisfying ¢(0,0) = 0.

Definition 1. (RPI). A set ) is a robust positively invariant (RPI) set for the system

(31) if g(ﬂft,dt> € Q, V:Ct € Q,dt e D.

Definition 2. (Regional ISpS). The system in (3.1) is said to be ISpS in X if there

exist a ICL-function B, a K-function v and a number 7 > 0 such that, for all xy € X,

T T
all w, = [wg’... ’th_l] e W, v, = |:UOT7"' 7U7:T—1] € V', the state of (3.1)

satisfies

lzell < BCllzoll, £) + (l[viall) + 7,V € N>y
We recall a useful lemma from [36], which provides sufficient conditions for ISpS.

Lemma 5. Given an RPI set X with {0} C X' for the system (3.1), let V : R" — Rx

be a function such that,

ay([zf]) < V(z) < ax(llz]]) + 7, (3.2a)

Vig(z,d)) = V(z) < —as(llzl]) + o([[v]]) + 72, (3.2b)

for all x € X,d = [w",v"] € D, where ay(s) £ as*, as(s) = bs* and as(s) = cs
with a,b,c, 7, T, A € Ryg and ¢ < b, and o is a K-function, then the system (3.1) is

ISpS in X with respect to v.

Proof. By V(z) < as(||z]|) + 7 for all z € X, one gets, for all z € X\ {0},

as([l]])

V(@) = asllizl) < o

(V(z) =) = pV(2) + (1 = p)1y
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where p = 1 — # € Rp,1). It can be verified that if z = 0 the preceding inequality also

holds since
V(0) = a3(0) = V(0) = pV(0) + (1 = p)V(0) < pV(0) + (1 = p)71.
Further, this inequality in conjunction with equation (3.2b) gives
Vig(z,d)) < pV(z) +o(lol) + (1 = p)m + 7
for all x € X', d € D. By recursion, one obtains

V(2e41) < pV (0) + Zp (lve=ill) + (1 = p)71 + 72)

=0
T
for all x € X and any uncertainty realizations, i.e., w; = {wa e 7th] e Wittt
T
vy = [vg,--- 71}?] € V. Considering equation (3.2a), o(||v;]]) < o(||v¢]), and

41

, we have

ZZ:O pi =1

V(1) < pan(llwoll) + o' +ZP (lve=ill) + (1 = p)71 + 72)

=0
t+1

o(||vill) + —” T

1-—
<p
as(lfooll) + 7 + —— -

< p"ag([laol))

1 1
o(||vel|) + Ty
— (H I+ =

T T
for all zyp € X, w; = [wg,--- 7th} € Wil v, = [%Tf" ’UtT] € V't Define
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=7 4+ ——7 and a5 * as the inverse of a;. We have
1—p 1

el < 07 (V@)

o(lvil) 43)
< al—l(pt+1a2(||x0|]) +&+ Tp)a

which in conjunction with

ar'(z4+y+s) <oy (32) + a7 (By) + oy '(3s)

gives
_ _ 1120 ([[vel])
2]l < art (3 as(llzoll)) + a7t (36) + oy 1(3Tp)
T T
for all xg € X, w; = {ona ... 7th} e Wil v, = [U(T? . ,UtT} € V. Two cases

are considered in order.

e p#0. Define B(s,t) = oy (3p'asz(s)). Since p € Ry 1), B(s,t) is a KL-function.

Let v(s) = 041’1(31%(;)). We then have ~(s) € K since 1%,; >0, a;' € Ko and

o(s) € K. € > 0 by definition and therefore a;*(3¢) > 0.

e p = 0. From equation (3.3), one gets that
el < a7 (36) + a7 (3o ([[verlD) < B(llzoll, 1) + 77 (36) + ar ' (3o ([[ve-rl]))

holds for any 8 € KL and Vt € N>;.

This completes the proof. n
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3.2.2 Problem Statement

Consider a discrete-time perturbed nonlinear system given by

Tiy1 = f(xta Uy, dt)7 (34)

where z; € R", u; € R™, d; = [w},v}] € D C R? are the system state, the control
input, unknown, possibly time-varying model uncertainties, respectively, at discrete
time ¢t € N. More specifically, w; € W C R"Y represents parametric uncertainties and
vy € V C R stands for additive disturbances. f : R" x R™ x R — R is a nonlinear
function satisfying f(0,0,0) = 0. It is assumed that the system is subject to state
and input constraints given by x; € X, u; € U, where X and U are compact sets
containing the origin in their interiors. Throughout the chapter, we assume that W
and V are compact sets and contain the origin in their interiors. We further assume
that the state is available as a measurement at any time instant.

The control objective of this chapter is to design a self-triggered MPC strategy
to robustly asymptotically stabilize the system (3.4) while satisfying the system con-
straints. Let the sequence {tx|k € N} € N where ¢, > t; be the time instants when

optimization problem needs to be solved. In particular, the control law is of the form

Ut = M(xtkvt - tk)? te N[tkvtk-‘—l—l]’ (3'5>

where 4 : R" x N — R™ is a function, and {tx|k € N} € N are sampling instants that

are determined by using a self-triggering scheduler, i.e.

to = O, tk+1 = tk + H*(.Ttk), ke N, (36)

where H* : R" — N3, is a function.
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3.3 Robust Self-triggered Feedback Min-max MPC

3.3.1 Min-max Optimization

For a given prediction horizon N € N>; and H € Np uj, the cost function at time

ti € N is formulated as

=
!
i

A

L(xj,tlw uj:tk) + L(xjytk7uj7tk) + F(xN,tk)v

™|

J]I\?(Jztjm utk,Na dtk,N>

<
I
o

<.
Il
=

where 8 € R, is a fixed constant, z,,, denotes the predicted state for system (3.4)

at time j € Njp y_qj initialized at xg;, = x;, with the control input sequence

T
= T DEEIY T
utk,N |:u07tk7 5 /U/Nl,tk:|

and the disturbance sequence

T
== T DY T
dtka |:d[)7tk7 7dN—1,tJ )

We assume that L and F' are continuous functions. Specifically, the stage cost is
given by L : R" x R™ — Rso with L(0,0) = 0, and the terminal cost is given by
F:R"™ — Ry with F(0) = 0.

We make use of the min-max MPC strategy to achieve robust constraint satisfac-

tion in this chapter. In particular, the control input is derived by solving the following
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min-max optimization problem.

u0,ty, €U, ug—1,4;, €U L do,gy €D, \dg—1,4, €D

H-1
. 1
Vi (zy,) = min { max { > BL(xj,tm Ujp,,) + VNfH(SUH,tk)}
=0

such that xg ., € Xn_p,Vdot, €D, -+ ,dy_14, € D},
st. @y, =xy, Ty €X, J€Npn_1),

Tiviee = (Tt Wi, i), 7 € No—1j,

(3.7)

where

Vi(wig,) = ur?,jgu { d?}?é) {L(%tk, Wity) + Vier (f(@igy, Wi, di,tk))} 58

such that f(ziy,, Ui, diy,) € Xi1,Vdiy, € D},

where 1 € Ny ny_pg; and X; C X denotes the set of states that can be robustly
controlled into the terminal set Xy in 7 steps by using feedback laws. The optimization

problem is defined for ¢ = 1,--- , N with the boundary conditions

Xy = Xy
The optimal solution of optimization problem (3.7) is denoted as
*T ]T

* _ *T
utk,N - [uo,tk’ o 7uN—1,tk )

and the optimal predicted model uncertainty is written as

* _ T *T T
dtk,N - [do,tk’ e 7dN—1,tk:| :
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In the sequel, we particularly denote, for the optimization problem in (3.7) with 8 = 1
and H = 1, the cost function by Jy(zy,, s, n,ds, n), the corresponding optimal cost

by Vi (x,), and the initial feasible region by X.

Remark 4. It is worth noting that, we formulate a new cost function JI(.) in min-
mazx optimization in order to design a self-triggered strategy. The solution of op-
timization problem in (3.7) is a combination of a sequence of control values u}, ,
J € Njr_1 (generated by open-loop min-maz strategy) and a sequence of control
policies v}, , j € Ny n_1) (generated by feedback min-max strategy). This config-
uration 1s necessarily formulated to facilitate the self-triggered design as the state
information is not available to construct feedback laws during triggering time instants
i self-triggered control; it will reduce to the conventional one in standard feedback
min-max MPC by letting H = 1 and § = 1, and recovers the standard open-loop
min-maz MPC' framework [36, 47, 54] by setting H = N and 5 = 1. Also note that
the proposed optimization problem can conveniently incorporate the sparsity of con-
trol inputs, ujy, = 0,7 € Ny g_1 or ujs, = Uoy,,J € Npu_1 as in [3,5,6, 20/, if

necessary.

3.3.2 Self-triggering in Optimization

At some sampling time instant ¢ € N, the control input is defined as

ST *

Uy (:Utk> = gty 420 te N[tk:thrl*l]? (3'9)
where uy_, , , t € Np, 1, ,, 1) represents the optimal solution of optimization problem
(3.7). Tt can be observed that the control input u77 is open-loop for t € Nt 1,t000-1]
since it only depends on the state at the last sampling time instant .

In the standard scheme of self-triggered MPC, both the control input and the
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next triggering time need to be decided at each sampling time instant. In general,
the triggering time instants are derived by checking whether or not the optimal cost

is deceasing. In this chapter, the triggering time instants are determined as follows:

thpr =t + H (), (3.10)

H*<Itk) é maX{H e N[17H111ax]|v]\}fl('rtk) S V]\lf('rtk)}J

where Hy,ax € Njg n) denotes the maximal length of the open-loop phase.

The self-triggered min-max MPC strategy is formulated in Algorithm 1.

Remark 5. It is worth noting that, the triggering condition in [3, 6] leads to a sep-
arate design of feedback control and triggering time instant, but the triggering con-
dition in (3.10) with the min-max framework provides a co-design of the feedback
control and triggering time instant, and the model uncertainty is explicitly considered
in the co-design. Specifically, the co-design is realized by the self-triggering scheduler
that involves comparing min-maz costs with different open-loop spans. As a result,
for linear systems the proposed strategy will provide a larger attraction region and
achieve a better trade-off between average sampling time and the control performance,
and it involves min-max optimization over all possible uncertainty realizations that is

computationally more expensive than general min-mazx optimization used in [6].
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Algorithm 1 Self-triggered min-max MPC algorithm
Require: Prediction horizon N; design parameters § and Hpay.
1: Set t =ty = k = 0;
2: while The control action is not stopped do
3:  Measure the current state z;, of system (3.4);

4:  Solve the optimization problems in (3.7) and (3.10), obtain u*(z;, ) and H*(zy, );
5. whilet <t,+ H*(z;) — 1 do

6: Apply u;_,, ,, to the system;

T Set t =1+ 1;

8: end while

9 Setk=k+1, t,=t;
10: end while

3.4 Feasibility and Stability Analysis

By applying Algorithm 1 to system (3.4), the closed-loop system becomes

Ti1 = f('rta U’tST7 dt>7 (31]'&)
UtST = u:ﬁtk’tk, t e N[tkvtk-&-l_l]? (311b)
b = b + H*(21,). (3.11¢)

To approach the feasibility and stability problem for the closed-loop system (3.11),

we first make the following assumptions.

Assumption 2. There exist a function x; : R* — R™ with x;(0) = 0, a K-function

o, and oy, of, ap, A € Ry with oy < ap such that:

1) Xy C X and 0 € int(Xy);

2) Xy is an RPI set for system (3.4) in closed-loop with u = k¢(x);
3) L(z,u) > oy||z||* for all x € X and u € U;

4) ayllz|]* < F(z) < ap|z|* for all z € Xy;

5) F(f(x,kp(x),d)) — F(x) < —L(x,ks(x)) +7(||v|) for all x € Xy and d € D.
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In Assumption 2, the terminal cost F(z) serves as a local ISS Lyapunov function
for the closed-loop system x;41 = f(x¢, kf(2¢),d;). In the literature regarding robust
MPC, some methods for deriving ISS Lyapunov functions satisfying Assumption 2
have been proposed in [35] for linear systems, and [54] for nonlinear systems.

Before proceeding to the main result, we first present two useful lemmas.

Lemma 6. For all z9g € Xy and any realization of the disturbances d; € D witht € N,

if Assumption 2 holds for system (3.4), then
F(xm) = F(ro) <= ) (L(ze, rg(ae)) — a([|ue)), (3.12)
where x,, is derived by applying the local stabilizing law k¢ to system (3.4), and

m e N[l,N] .

Proof. According to Assumption 2, there exists a feedback law x; for system (3.4)
such that

F(zi41) = F(zy) < =L@, (@) +([|vl]), (3.13)

for all x; € Xy. Since X is an RPI set for system (3.4) in closed-loop with xy, by

summing (3.13) from ¢t = 0 to ¢ = m — 1, we obtain the inequality (3.12). O

Lemma 7. For the optimization problem defined in (3.7),

V(@) < V(). (3.14)

Proof. Without loss of generality, assume the solutions corresponding to Vi (zy, ) are
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w oy = [ugh o uny, ]t di v =[dg o dN -1, ] Due to optimality, we have
V]\lf(xtk)
< max ‘]Jl\f(xtm u:k,Na dtk,N)
de N
- (3.15)
< max ‘]N(Itm u:k,N7 dtk,N) + —L(xO,tk7 ug,tk)
dey N 5
1— 5 *
=Vn(zy,) + TL(xo,tka Ug g, )-
Since L(woy,, up,, ) > 0 and 8 € Rxy, we can obtain the inequality in (3.14). O

The main results on the algorithm feasibility and closed-loop stability are sum-

marized in the following theorem.

Theorem 2. For the perturbed nonlinear system (3.4) with xy € Xy, suppose that
Assumption 2 holds, then Algorithm 1 is recursively feasible, system (3.4) in closed-
loop with the self-triggered feedback min-max MPC control (3.9) and (3.10) is ISpS

with respect to v in Xy at triggering time instants.

Proof. We sketch the proof in two steps. First, we show that Xy is an RPI set for
closed-loop system (3.11) to prove the recursive feasibility of the optimization problem
(3.7). Second, we prove that the min-max MPC optimal cost function V'(-) is an ISpS
Lyapunov function for the closed-loop system at triggering time instants.

Without loss of generality, we assume that x; = x;,, € Xy and the calculated
span of open-loop phase is H*(zy,) at time ¢;. Due to Assumption 2-2), a vector of
feedback control polices can be constructed as a feasible solution for the optimization

problem (3.7) at time tx, as follows

(U’}—I*(astk),tk’ e 7u*N—1,tk7 K’f(xN,tk)’ e ) K’f('TN+H*(Itk)71,tk))7 (316)
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implying that Xy is an RPI set for system (3.4) in closed-loop with the proposed
self-triggered min-max MPC law. Note that each element of the vector in (3.16) is a
feedback law, i.e., its value depends on the actual disturbance realization.

Then we will derive lower and upper bounds on the min-max MPC optimal cost
function at triggering time instants. From the definition of the optimization problem

(3.7), for all z;, € Xy we have

H*(xtk) H*({L‘tk)

VN ($tk) = JN (xtk7 u:k,Nv z(k,N)
. H* (x¢
> min Jy ( k)(’xtk7utk7N70) (3.17)
U, ,N
«
> EZHMHA-

For all z;, € Xy, we consider

J]1V+1 ($tk7 Uy, N1 dtk,N+1)
=(—= Fleng) + Flenin) + Lang,, wp(zng,))) (3.18)

1 *
+ JN(xtkv U, n» dtk7N>7

where

Uy vt = (U y, fp(@ng) '] (3.19)

By application of point 5 of Assumption 2 and sub-optimality of the control input

sequence Uy, N4 H*(xy, ), 16 follows, for all z;, € Xy,

V]\lerl(xtk) < dmax (J]l\/Jrl(‘xtk?ﬁtk7N+17dtk,N+1))
e (3.20)

< Vi (z,) + maxa(||v])).
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Analogously, we have

Vi () < Vi () + (N = 1) maxa(||v]))

< Fla) + N maxa(lol) + =5 Lzoa 1 (z0s) (321)

< apllzy, |* + N max7([o])

for all z;, € Xy. Recalling the triggering mechanism in (3.10), it follows
Vi (zr,) < apllay,[|* + N maxa(||v]) (3.22)

for all z,, € X;. For 2, € X\ Xy, one can establish the upper bound of Vi (z,) by

following the idea in [41] (Lemma 1) as follows. Define a set
B, ={z € R*|l|lz < r} < &,

where r > 0. Following the compactness of X, U, VW and V), there always exists a

finite Jy > 0 such that Vi (z;,) < Jy for all xy, € Xy. Define 6 = max(ar, z—ff) It

follows

Vi (@) < Ollwe, |* + N maxa(|Jo]])

for all ;, € Xn.

Next, we will show that ij *(xt’“)(:vtk) satisfies condition (3.2b). From the trigger-
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ing mechanism in (3.10), we have

VN s ('rtk-!—l) - VN * ('Ttk)
H*(LBz )
S‘/J\lf(xtk-u) - VN g (ztk>
H*(xtk)—l 1
<V — Lz, ut _H*
_VN(-Ttk+1) do,tkeD,mzﬁ_ukeD{ ~ ﬁ (xj,tlwu],tk) + VN H (ztk)(xH,tk)}
H*(z4),)—-1 1
SVJ\%(l’tkH) - VN—H*(ltk)(xtkH) - EL(xthrj?u;,tk)vvxtk € Xy.
=0

(3.23)

By using Lemma 6 and an analogous reasoning as in (3.18) — (3.21), one can get

VN(ztk+1) - VN*H*(xtk)(xtk-&-l) <H" ('Itk) mvaXE(“UH% <3‘24)

for zy,,, € Xn_m+(,). Considering Lemma 7 and plugging (3.24) into (3.23), we

have

H* (x4, ) H*(21;,)
VN k+ (mtkﬂ) - VN * <xtk>
H*(:Dtk)—l 1
=0

J

1 » _
< - BaszEtkHA + H () maxa([[o]]),

for all x;, € Xn.
By now, we have shown that VNH *(zt’“)(xtk) is an ISpS Lyapunov function at trig-
gering time instants. With the aid of Lemma 5, we can conclude that the closed-loop

system (3.11) is ISpS in Xy with respect to v at triggering time instants. O]

Remark 6. Note that Theorem 1 investigates the stability of the closed-loop system

at triggering time instants. For system states at time instants in between, one can
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ensure r; € X. However, if the states in between are expected in a smaller set, one
could tighten the state constraints in (3.7) to achieve the goal, or if the asymptotic
stability of the closed-loop system is desired, one could utilize the dual-mode strategy

to satisfy the requirement.

Remark 7. Theorem 2 indicates that the closed-loop system (3.11) is ISpS in Xy.
From the derivations, we can see that there is a trade-off between the frequency of
optimization and the size of the convergence set with respect to the control parameter
B. That is, a larger 3 lowers the average sampling rate to alleviate the computa-
tional load, however it enlarges the size of the convergence set (This argument will be

elaborated by means of numerical simulations in the sequel).

3.5 The Case of Linear Systems with Additive Dis-
turbances

In this section, we develop more explicit results for linear cases.

Consider the following uncertain linear system
Tir1 = A(wt)xt -+ B(wt)ut -+ Vg, (326)

where the pair (A(w;), B(w;)) is assumed controllable for all w; € W.
In this case, the feedback control law can adopt the following linear structure for
prediction [44]:

w, v £ ¢ v + My, N, (3.27)

where ¢;, v = [couy, "+ ,CN—11,]" With c.;, € R™, vy, y denotes disturbance sequence,
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and
0Hm><n 0Hm><n T 0Hm><n 0Hm><n
H MH,O o MH,H—l 0m><n 0m><n
MN =
0m><n
My-10 -+ v Myoan-2 Onxn

with M € R™*".

Note that the disturbance parameterization min-max MPC introduces conser-
vatism, as the inputs to be optimized are not completely free.

In what follows, we consider a particular case, namely, the system matrices A and
B are static and known, which is also the system studied in [6]. For this particular
case, we develop an optimization-based method to calculate the control parameters

satisfying Assumption 2. The results are summarized in the following corollary.

Corollary 1. For the perturbed linear system (3.26) with fivred w; and zo € Xy,
consider the stage cost L(x,u) = x*CTCz + w* DT Du with CTC = 0, DTD = 0,
a([[v]]) = yv v with v € Ry, kp(x) = Kz with K being a matriz, and the terminal
cost F(x) = 2T Pz with P = 0. If matrices Q, R, P and K are designed by solving

the following optimization problem

min y
s.t.
P Onen (P(A+BEK)T CT KTDT
Onin Al P Onsn O (3:28)
P(A+BK) P P Onscn Onsem | 05
¢ Onxn Onxn Lisn  Onxm
| DK Omxcn Omxcn Omxn L |
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then Algorithm 1 is recursively feasible, and the system (3.26) in closed-loop with the

self-triggered min-max MPC control (3.9) and (3.10) is ISpS with respect to v in Xy.

Proof. Assumption 2-3) and 2-4) hold since the quadratic cost is used. By pre- and

post-multiplying (3.28) by diag{l, I, P~ I, I} and using the Schur complement lead

to
P Open (A+ BK)T T KTDT
— X
Onxcn ’7[n><n Insn Onsn Onxem
P Oun Owen| |(A+BE) I (3.29)
0n><n [n><n 0n><n C 0n><n - 0
OnXTL Oan ]TLXTL DK 0m><n
It follows

(A+ BK)x +v)"P((A+ BK)z +v) < 2" Pz — 2" Qr — 2" K"RKz + yvTv,

implying the satisfaction of Assumption 2-5). A + BK being stable ensures the
existence of set Xy. Therefore, Assumption 2-1) and Assumption 2-2) hold true.
Furthermore, the corresponding RPI set Xy can be calculated as [55]. The recursive
feasibility of Algorithm 1, stability of the closed-loop system can be analogously

analyzed as that in Theorem 2. O]

Remark 8. The results in Corollary 1 can be directly extended to a more general
case, i.e., [A(wy), B(w)] = Zle Xs[A(w®), B(w*)], Z;g:l Xs = 1 with s € N, x* being
nonnegative reals and w® being the vertices of W, by following the similar lines of [35]

(pp: 151-158) provided that W is a polyhedral set.

Remark 9. In comparison with conventional min-max MPC, Algorithm 1 might need

less computational load. This is because, though the additional optimization problems
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(at most Hyax quadratic programs) needs to be solved at each triggering time instant,
the optimization frequency is greatly reduced due to the triggering strategy. Also note
that for linear case with quadratic cost, the min-max optimization problem (3.7) can

be solved as the conventional min-max MPC in [9,17, 21, 44].

3.6 Simulation and Comparisons

3.6.1 Comparison of Xy with [6]

Consider an unstable system

L1 = ‘ Ty + . Uy + Ut, (330)
0 1.2 1

where for all t € N, v, € V with V = [-0.2,0.2] x [-0.2,0.2]. The state and input
constraints are given by & = [-10,10] x [—10,10] and U = [-2,2]. We set the
prediction horizon as N = 5. The stage cost is designed as L(x,u,v) = 2TCTCx +
uTDTDu where C' = diag(1,1) and D = 1, respectively, and the terminal cost is
set as F(z) = 2T Px. Set K = |—0.8286 —1.5013|. Note that the constant v and
the matrix P should be designed to satisfy Assumption 2 . We take advantage of

the optimization toolbox YALMIP [45] to solve the optimization problem (3.28), and
4.4888 2.2715

get v = 6.4547, P = . Finally, the RPI set for system (3.30) in
2.2715 3.6604

closed-loop with v = K= is derived by using Multi-Parametric Toolbox 3.0 [30].

To illustrate the advantages of the proposed self-triggered min-max MPC with
disturbance parameterization strategy over the event-triggering strategy with tube
MPC [6], we plotted their regions of attraction in Fig. 3.1, where the darkest shade

denotes the RPI set of the system (3.30) in closed-loop with u = Kz, the lighter
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one stands for the region of attraction of the strategy in [6], and the lightest one
represents that of the proposed strategy.

It can be seen that the proposed control strategy gives a larger region of attraction.
This is primarily because that the feedback gains are jointly optimized with the next
sampling time depending on the current state, whereas the feedback gain in [6] was
fixed. Considering that the inputs are not completely free but parameterized as in

(3.27), only a suboptimal solution of the min-max problem in (3.7) is obtained.

5| P Xy of proposed strategy
g0
Xy
5t
. z‘(;n,v in Brunner‘ et al., 2016 . |
-10 -5 0 5 10

1

Figure 3.1: Comparison of regions of attraction.

3.6.2 Comparison with Periodic Min-max MPC

Consider the discrete-time nonlinear system [54] as follows

x1(1) =2 (1) + Ty (2)

r m — hT T T T
xt+1(2> == Eeiwi(l)l‘t(l) + Tl’t(z) + EUt - Ewtl’t(Q) + Evt,

(3.31)
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where the system parameters are given by: m =1 kg; { = 0.33 N/m; h = 1.1 Ns/m;

T = 0.4 s. The model uncertainties are limited by

—0.1<w, <0.1

—0.2< v <04,

The system constraints are set as

—45N<u <45N

—2m < x(1) <2m.

The prediction horizon is chosen as N = 5. Set H,.x = 4. The cost function is set as

L(z,u) = 27 Qx + u" Ru

with

064 O
Q= R=1.
0 0.64

By following the method for deriving min-max MPC parameters developed in [54],

the local stabilizing law and terminal stage cost are derived as

kp(z) = | —0.7797 — 1.1029| =,

and

F(z) =2 Px
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4.5678 3.2018
with P = , respectively. The terminal region is numerically chosen

3.2018 4.3500
as

X = {x:2"Pr <38]}.

The policies

ule) = arp(2) + b(a? +23) + c.

where a,b,c € R, are used for prediction from the prediction horizon N — H to N.
The initial state is given by zo = [0.5,0.4].

The simulation is conducted by following the self-triggered min-max MPC Algo-
rithm 1, where the MATLAB subroutine fminimax is employed to solve constrained
min-max optimization problems. We consider two configurations in the simulation,
that is, f = 1.2 and 8 = 3. Besides, the periodic min-max robust MPC is also ex-
ecuted in the simulation with the same system parameters. In the simulation, the
chosen trajectories of uncertainties are plotted in Fig. 3.5. The results are reported
as follows. Fig. 3.2-3.3 show the evolutions of system states, and Fig. 3.4 depicts
the control input. To further illustrate the difference of control performance, the

performance indices
Tsim—1 T T
o Ty Qry + uy Ruy

Tsim

Jp =

and the average sampling instants are presented in Table 3.6.2, where T, is the
simulation time. It can be observed from Table 3.6.2 that the self-triggered min-
max MPC strategy reduces the computation load while achieves comparable control
performance as the periodic one. It can also be seen that the proposed self-triggered
strategy is feasible and the closed-loop system is stable, and with a larger 3, the

controller has a lower optimization frequency but also a larger convergence set.
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Figure 3.2: Trajectories of system state z;.
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Figure 3.4: Trajectories of control input w.
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Figure 3.5: Trajectories of disturbances.
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Average sampling time | J,
Periodic | 1.0000 0.0477
g =12 | 1.2000 0.0519
g =30 | 3.3333 0.0560

Table 3.1: Performance comparison

3.7 Conclusion

We have studied the robust self-triggered min-max MPC problem for constrained un-
certain discrete-time nonlinear systems. A self-triggered control scheduler has been
proposed to maximize the inter-sampling time of feedback min-max MPC, and the al-
gorithm feasibility and closed-loop ISpS at triggering time instants have been proved.
Numerical simulations and comparison studies have verified the effectiveness and ad-

vantages of the proposed results.
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Chapter 4

Conclusions and Future Work

4.1 Conclusions

In this thesis, the co-design problem of robust MPC and scheduling for networked
CPSs has been investigated.

The co-design problem of event trigger and robust tube-based MPC for constrained
linear systems with additive disturbances has been studied in Chapter 2. Based on
multiple stabilizing feedback gains, the interpolation technique is used to construct
a feedback policy where the interpolating coefficient is determined via optimization.
According to the dynamic interpolation, the original constraints are properly tight-
ened to achieve robust constraint optimization and a sequence of threshold sets that
characterize the maximum endurable deviation between the predicted and actual sys-
tem states are generated, leading to a co-design between the event trigger and the
tube-based MPC. The recursive feasibility and closed-loop stability have been rigor-
ously studied. Numerical results have been provided to verify the design.

A robust self-triggered min-max MPC strategy for constrained nonlinear systems

with both additive disturbances and parametric uncertainties has been proposed in
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Chapter 3, where a new cost function that relaxes the stage cost penalty for a
prediction horizon period during which the controller will not be invoked is designed.
The triggering instant is then determined by solving the optimization problem in the
min-max MPC framework. Note that the constraints in presence of both additive
disturbances and parametric uncertainties can be well handled as min-max MPC
considers the worst case of all possible uncertainty realizations. The closed-loop
system has been proved to be ISpS in the attraction region under some standard
conditions. Extensions have been made to linear systems; the feasibility and stability
conditions reduce to an LMI. Numerical simulations and comparison studies have

been conducted to verify our theoretical findings.

4.2 Future Work

There are many interesting issues that are worth exploring in the future. Here, two

main research branches are listed.

e The thesis is concerned with the centralized control of CPSs. When the dimen-
sion of the system state becomes very large, which is always the case in CPSs,
the controller should collect all the state measurements, generate and distribute
control signals to multiple modules at triggering time instants. This sort of
paradigm might be undesirable as it requires one-to-all communication and the
breakdown of one communication channel completely disables the controller. It
would be much more beneficial if the overall system can be firstly decoupled
into multiple subsystems and then a number of controllers that work coopera-
tively to stabilize the overall system based on peer-to-peer communication are
assigned to the subsystems. Generally speaking, this distributed framework is

not only more flexible and reliable, but also lowers down the requirement on
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computation for each controller, which can be seen as a byproduct.

Although this is a quite promising solution to the control of CPSs, how to
achieve a co-design of distributed MPC and scheduling is very challenging. This
is mainly because that the aperiodic scheduling of subsystems naturally intro-
duces asynchrony which makes the cooperation pattern between subsystems

unreliable and thus threats the closed-loop stability.

Another research direction would be how to alleviate the computation burden
in self-triggered min-max MPC designed in Chapter 3. The min-max optimiza-
tion problem with general feedback policies is intractable, the introduction of
parameter H and the modification of the standard optimization problem make
the computation even more computationally expensive. There are two possible
research avenues to tackle this. The first one is to fix the state feedback policy,
e.g., disturbance feedback as done in Chapter 3.6 for linear systems with addi-
tive disturbances or state feedback, used for the prediction in min-max MPC.
The second one is to devise efficient optimization algorithms for constrained

optimization problems.
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Appendix A

Publications

e Refereed Journal Papers

1. C. Liu, H. Li, J. Gao, and D. Xu. Robust self-triggered min-max model
predictive control for discrete-time nonlinear systems. Automatica, 89:

333-339, 2018
e Journal Papers Under Review

1. C. Liu, H. Li, Y. Shi, and D. Xu. Co-design of event trigger and feedback
policy in robust model predictive control. Submitted to IEEE Transactions

on Automatic Control, under the second-round review, 2019.

2. C. Liu, H. Li, Y. Shi, and D. Xu. Distributed event-triggered model pre-
dictive control of coupled nonlinear systems. Submitted to SIAM Journal

on Control and Optimization, under the second-round review, 2019.

3. C. Liu, H. Li, Y. Shi, and D. Xu. Distributed event-triggered gradient
method for constrained convex minimization. Submitted to IEEE Trans-

actions on Automatic Control, under the second-round review, 2019.

4. C. Liu, H. Li, and Y. Shi. Distributed subgradient method for convex



70

constrained optimization: Non-ergodic convergence guarantees. Submitted

to Automatica, under the first-round review, 2019.
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