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Abstract. Motivated by  several recently  demonstrated
applications of a theorem on generating functions in (for example)
the derivation of a number of interesting expansions for the
generalized hypergeometric  F_ function in series of Bessel

functions, we present here a generalization of the theorem and
briefly indicate how the general result and its several consequences
can also be applied in various directions.

We begin by recalling the following result on generating functions, which was applied
recently by H.M. Srivastava and R.M. Shreshtha [7] with a view to deriving various interesting
expansions of the generalized hypergeometric F function in series of the Bessel functions
I(2) and J (2), and of their such products as [ /\(z)I#(z) and [ (2)J (2) (cf, eg. [9)):

THEOREM 1 (Srivastava and Panda [6, p. 472, Theorem 2]). Corresponding to the given

sequences {A }7_o and {Q}7 ., let
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where (), = L(A+n)/T(N), m zs an arbitrary posztzve integer, and the complex parameter A
is neither zero nor a negative integer. Suppose also that G(2) is defined by
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provided that Ay Q4 #0, |2t < S, |t| < T,, and the series on the left has a meaning.
The object of the present paper is to prove a generalization of Theorem 1 and to show
how our main result (Theorem 2 below) and its various consequences would apply not only in
the aforementioned context, but also in the derivation of new classes of generating functions
for such familiar orthogonal polynomials as Jacobi, Laguerre, Hermite, and Bessel polynomials,
and also for numerous interesting generalizations of some of these polynomials studied in the



literature.

THEOREM 2. Given two suitably bounded sequences {An}‘zzo and {Qn}‘;';;o of complex
numbers, define
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where m s an arbitrary positive integer, and X # 0,-1,-2,--- and p are suitable (real or
complez) parameters. Suppose also that G(z) is defined, for 0 < Sg < o, by Equation (3)

above.
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provided that AyQ, # 0, |2t™) < Sg» |8l < Ty, and the series on the lefi-hand side of (6)

has a meaning.
Proor. For the sake of convenience, let w(z,t) denote the left-hand side of the
generating function (6). Then, we find from the definition (5) that,
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upon interchanging the order of summation and setting

r=N—-n (OénéN, N:0,1,2,-..),
(7) yields
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where rFs denotes, as usual, a generalized hypergeometric series with r numerator and s
denominator parameters (cf, e.g., [4]).

The hypergeometric 5y series occurring in (9) is well-poised. By applying a
terminating version of a known summation theorem [4, p. 244, Equation (III.13)], its sum can
easily be seen to be the Kronecker delta ¢ N Thus (9) reduces immediately to
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which proves the assertion (6) of Theorem 2 under the hypothesis that the various
interchanges of the order of summation are permissible by absolute convergence of the series
involved.

REMARK 1. Replacing ¢ by {¢/p, and z by z;um, and letting p - o, Theorem 2 would
yield Theorem 1.
REMARK 2. A limiting case of Theorem 2 when ¢ is replaced by At/u, and z by

o(p) ,\)m, and A\u - o, leads us to a result on generating functions due to Srivastava and
Panda [6, p. 468, Theorem 1].

REMARK 3. If, in Theorem 2, we replace ¢ by M, and z by zA ", andlet -, we
shall obtain the generating function:
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where G(2) is given, as before, by (3), and
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It may be observed in passing that, since (1)7(1! Y (z,t;m) given by (12) is actually a product of
two series (just as in the case of Theorem 1), the assertion (11) can be applied to derive
bilateral and bilinear generating functions as well.

For suitable special values of the coefficients An and Qn (n=0,1,2,--+), Theorem 2
and its various consequences indicated above can be applied with a view to obtaining further
expansion formulas in series of Bessel functions (and of their aforemented products) and
numerous (linear, bilinear, and bilateral) generating functions for the classical orthogonal
polynomials of Jacobi, Laguerre, and Hermite (¢f [5] and [8]), the Bessel polynomials of Krall
and Frink [3], the many classes of generalized hypergeometric polynomials studied in the
literature ([1], [2], and [6, Section 3]), and so on. The details of such interesting derivations
from the results considered here are already provided in the earlier works [6] and [7].

REFERENCES

—

F. Brafman, Some generating functions for Laguerre and Hermite polynomials, Canad. J.
Math. 9(1957), 180—-187.

b0

H.W. Gould and A.T. Hopper, Operational formulas connected with two generalizations of
Hermite polynomials, Duke Math. J. 29(1962), 51-63.

3. H.L. Krall and O. Frink, A new class of orthogonal polynomials: The Bessel polynomials,
Trans. Amer. Math. Soc. 65(1949), 100-115.

4. L.J. Slater, "Generalized Hypergeometric Functions", Cambridge Univ. Press, Cambridge,
London, and New York, 1966.

5. H.M. Srivastava and H.L. Manocha, "A Treatise on Generating Functions", Halsted Press
(Ellis Horwood Limited, Chlchester) John Wiley and Sons, New York, Chichester,
Brisbane, and Toronto, 1984.

6. H.M. Srivastava and R. Panda, A note on certain resulis involving a general class of
polynomials, Boll. Un. Mat. Ital. A (5) 16(1979), 467-474.

7. H.M. Srivastava and R.M. Shreshtha, Some ezpansions in series of Bessel functions,
Quart. Appl. Math. 46(1988), 451-458.

8. G. Szego, ”Orthogonal Polynomlals Fourth ed ( mer. Math. Soc. Collog. Publ. 23),

Armer. Math. DUL rIOVquHCE, Rhode mlauu, 187

C.n

9. G.N. Watson, "A Treatise on the Theory of Bessel Functions", Second ed., Cambridge
Univ. Press, Cambridge, London, and New York, 1944,

Department of Mathematics
University of Victoria

Victoria, British Columbia VEW 2Y2
Canada



