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'ABSTRACT 

The problem investigated is that of estimating 

the 'relative gain' in efficiency achieved.by importance, 

or probability proportional to.estimated size (ppes) _ 

sampiing, a variance reduction technique: Monte Carlo 

sampling experiments are.conducted .in an exploratory 

study of several estimation procedures,.each of which 

originates from either a one-sample or a two-sample 

approach to the problem. 

The two-sample·approach reduces to the usual 
-

variance comparison problem, although the sampled distri-· 

butions·are .somewhat more restricted in this case. Assump­

tions O•f normality and of identical distributions, except, 

for location and scale, however, .are violated; conse­

quently robust estimation procedures are required. Jack-
. ' 

knife techniques, both with and without the natural log 

transformation, as well as slightly modified versions of 

the Box and Box-Andersen methods of variance comparison, 

are implemented in the Monte Carlo study. For:compara­

tive purposes, the classical F method is also included.· 



The two-sample Monte Carlo results indicate 

that the jackknife technique with the natural log trans­

formation , and the Box method with subsample 10 , are the 

leading competitors among the two-sample proc edures . 

The jackknife proves to b e t h e more powe rful of the two , 

but t e nds to yield significanc e levels b e low the nominal 

l e v e l. The Box method , on the other hand , is more conser­

vative and provides significance l evels much nea rer the 

nominal level . 

For the one- sample approach, P . V. Sukhatme a nd 

B. v. Sukhatrne have s uggested an estimation technique base d 

on a single sample which y ields an estimator tha t allows 

negative estimates of t he variance ratio to occur . As an 

alternative to the Sukhatme estimator , a non-negative , 

one-sample e stimator i s proposed . 

The Sukhatme estimator and j ackkni f ed versions 

of the Sukhatme estimator , the non- negative estimator and 

the natural log of the non-negative e stima tor a r e compared . 

Results of the Monte Carlo e x periments for the one- sampl e 

p rocedures tend to indicate that the non-negative estima­

tor is sup erior 



CHAPTER 

1 

2 

3 

TABLE OF CONTENTS 

IMPORrANCE SAMPLING 

1.1 Introduction 

1. 2 The Tolportance Sarrpling Problem 

1. 3 The Two-sample Variance Ratio Problem 

1.4 The One-sample Variance Ratio Problem 

'IEE JACKKNIFE 

2.1 Introouction 

2.2 Quenouille's Est:i.ma,tor 

2.3 Tukey's Conjecture 

2.4 Jackknifing U-statistics 

2. 5 The Generalized Jackknif~ · 

'IEE ~SAMPJ;,E VARil'lNCE RATIO ESTIMATORS 

• I 

PAGE 

1 

1 

6 

10 

12 

20 

20 

20 

23 

25 

40 

42 

3.1 In~uction 42 

3.2 Miller's Two-sarrple Jackknife Estimator (JM2L) 44 

3.3 Arvesen's '.lwo-sarrple Estimator with Logs (JA2L) 52 

3.4 Arvesen's '.lwo-sarnple Estimator without Logs (JA2) 55 

3.5 The Box Estimator CJ\l 56 

3. 6 The Box-Andersen Estimator (FBA) . 66 

3. 7 The Classical F Statistic (F) 71 

.iv. 



CHAPTER 

4 

5 

6 

THE ONE-SAMPLE ESTIMl\.'IDRS 

4.1 Introduction 

4. 2 The Jackknife:! Sukbatme Estimator (Js1) 
A 

4.3 

.4.4 

The Jackknife:! ew Estimator Without IDgs (JWl) 
A 

The Jackknifed e Estimator With IDgs (J,_.,,T) w . v,.u., 

4.5 The Sukhatme Estimator (Ts1> 

THE M'.JNTE CARIIJ STUDY 

5.1 Introduction 

5. 2 The Pareto Distribution 

5.3 The Garrma Distribution 

5.4 Selection of the Sampling Experiments 

THE MONTE CARLO RESULTS 

6.1 Introduction 

6.2 Preliminary Canrnents 

6.3 The One-Sample Estimators 

6.4 Discussion of the One-sample Estimators 

6.5 The 'Iwcrsample Estimators 

6.6 Discussion of the 'lwo-sample Estimators 

6.7 Sumnary 

REFERENCES 

APPENDIX A 

APPENDIX B 

APPENDIX C 

·v 

PAGE 

73 

73 

75 

77 

80 

81 

87 

87 

90 

94 

98 

102 

102 

105 

ill 

124 

129 

145 

150 

190 

192 

201 

207 



LIST OF TABLES 

TABLE 

I Data For Sampling Experiment I 

II Data For Sanpling Experiment II 

III Data For Sanpling Experinent III 

J.V Data For Sanpling Experiment J.V 

V Data For Sampling Experiment V 

VI Data For Sanpling Experiment VI 

VII Data For Sempling Experiment VII 

VIII Data For Sanpling Experiment VIII 

IX Data For Sempling Experiment IX 

X Data For Sampling Experinent X 

,XI Data For Sempling Experinent XI_ 

XII Data For Sanq;>ling Experiment XII. 

XIII Data For Sanq;>ling Experiment XIII 

XJ.V Data For Sampling Experiment XIV 

X5J Data For Sempling Experinent X5J 

X5JI Data For Sempling Experiment X5JI 

X!JII Data For Sanq;>ling Experinent X!JII 

X!JIII Data For Sempling Experiment X!JIII 

XIX The One-Semple Results for f*EL; Sanq;>ling Experiments 
I, II, X5J and X!JIII 

XX The One-Semple Results for f*EL; Sampling Experiments 
III, J.V, VII, VIII and X5JI . 

vi 

PAGE 

" 154 

155 

· 156 

157 · 

158 

159 

160 

· 161 

162 

163 

164 

165 

166 

167 

168 

169 

170 

171 

172 

173 



• 

TABLE PAGE 

XXI The One-Sample Results for f*EM; Sampling Experiments 
V, IX, XIII and XVII 174 

XXII The One-Sample Results f= f*EH; Sampling Experiments 
VI, X, XI, XII and XIV .175 

XXIII The Two-Sample Results for the Ir-L Classification; 
Sampling Experiments IV, VII and VIII 176 

XXIV The Two-Sample Results for the M-L Classification; 
Sampling Experiments I, XV and XVI 177 

·XXV The Two-Sample Resl,U.ts for the H-L Classification; 
Sampling Experiments II, III and XVIII 178 

XXVI The Two-Sample Results for the Ir-M Classification; 
Sampling Experiments V, IX and· XIII 179 

XXVII The Two-Sample Results f= the Ir-H Classification; 
Sampling Experiments VI, XI and XII 180 

XXVIII The Two-Sarnple Results for the H-M and M-H Classifi-
cations; Sampling Experiments X, XIV and XVII 181 

XXIX Surnrnacy of the Distributional Properties of f(X) 
and f*(Y) . 

XXX · Coverages of R 

XXXI Coverages of R/5 

XXXII Coverages of SxR 

XXXIII Maximum Coverages 

182 

183 

184 

185 

186 

XXXIV The Application of the One-Sample Estimators Jsl' JWl 
and JWlL to the Sukhatme Example 187. 

vii 



FIGURE 

1 

2 

LIST OF FIGURES 

A No:rrnal Probability Plot of JWl for Sampling 
Experiment XVIII . 

A Nonnal Probability Plot of log(JWlL) for Sampling 
Experiment XVIII 

viii 

PAGE 

188 

190 



1.1 Introduction 

CHAPTER 1 

IMPORTANCE SAMPLING 

In sample survey problems, the parameter of 

interest is often a population total or mean. To esti­

mate this quantity, the statistician is responsible for 

selecting the most appropriate sampling procedure. Deter­

mining the 'best' approach to the problem requires that 

a variety of factors be considered. Perhaps the most 

restrictive of these are the limitations imposed_by mone­

tary considerations. As a result, the statistician must 

design a survey which minimizes expenditures while re­

taining an acceptable degree of precision. 

In practice the statistician will often define 

a cost function for the estimation procedures under con­

sideration. This function attempts to account for the 

major factors contributing to the overall expense of the 

survey and in its simplest form is a linear function of 

the sample size (see Cochran [6, p.82]). The procedure 

which minimizes the cost while retaining the desired pre­

cision is then chosen. To determine which of the esti­

mation procedures minimizes the cost, reliable estimates 



of the relative efficiency of the competing estimators 

are essential. That is, estimates of the relative magni­

tudes of the variances of the estimates are required. 

These estimates are often obtained by conducting pilot 

surveys or by studying the results of previous surveys. 

This thesis is concerned with the problem of 

estimating the 'relative efficiency' of estimates of the 

mean which arise from importance, or probability proper~ 

tional to estimated size (ppes) sampling, a variance re­

duction technique. In its discrete form, importance sam­

pling involves selecting the sampling units with probabi­

lity proportional to some measure of the magnitude of 

the characteristic of interest, as opposed to the usual 

method of sampling with equal probability. An unbiased 

statistic, in the form of a weighted sample mean, is then 

used to estimate the population mean. If the 'measure 

of size' is positively correlated with the characteristic 

of interest, a substantial variance reduction may result. 

The following example illustrates the probability propor­

tional to estimated size (ppes) sampling method. 

Example 1. Consider the problem of estimating the.mean 

(or total) annual dollar volume sales of retail stores in 

a given area. From previous surveys it is known that the 

distribution of sales is often skewed. That is, a small. 

2 



percentage of the stores tend to account for a large per­

centage of the total sales. Simple random sampling is 

obviously not the most efficient sampling procedure in 

this case; a properly designed sample would include a high_ 

proportion of all stores with sales over a certain size. 

Additional information, which can be utilized 

to improve the sampling procedure, is often available. 

If, for example, a record of the number of employees could 

be obtained for each of the stores, then, since positive 

correlation is likely to exist between the number of em­

ployees and the volume of sales, this information could 

be used as a 'measure' of the volume of sales for each 

store. Suppose that there is a total of M stores and• 

that the i
th 

store has wi employees. Then, if W 

is the total number of employees working in the M stores, 

the probability proportional to estimated size (ppes) 

sampling method would require that 

selecting an arbitrary store, the 

the 

.th 
J 

probability of 

say, be 

p, = w./W. That is, the stores would be selected with 
J J 

probability_proportional to the number of employees wor-

king in them. Note that if the sales and the number of 

employees are positively correlated, the stores with the 

largest volume of sales would be most likely to enter 

the sample. 

3 



. If the ppes sampling procedure led to the selec­

tion of stores l, •.. ,n, an unbiased estimate of the mean 

volume would be given by 

n 
v = I hi Ti/n, 

i=l 

where hi= W/Mwi, and T. 
l. 

is the volume of sales for 

the 
.th 
1. store. An unbiased estimate VT of the total 

volume of sales is obtained by multiplying ·V by the 

total number of employees, i.e. VT= MV. 

If the relative efficiency of the importance 

sampling estimate and the usual estimate obtained by simple 

random sampling is to be estimated, a one-sample or a 

two-sample approach may be used. The two-sample method 

requires that two independent samples be obtained, one 

by simple random sampling and the other by importance 

sampling. From these samples, independent estimates of 

the variance of the competing estimators are obtained. 

The problem is thus reduced to the usual variance compari­

son problem, although the distributions are somewhat re­

stricted in this case. These distributions, however, 

are not,. necessarily well behaved; In fact, extreme non­

normality is not uncommon and the usual assumption of 

4 



identical distributions, except possibly for location 

and scale, is unrealistic. 

The complexity of the two-sample problem die-. 

tates the use of robust estimation procedures, that is, 

procedures insensitive to departures from the usual 

assumptions. In an artic~e by Miller [13], Monte Carlo 

sampling experiments are conducted to study several pro-, 

posed robust variance comparison techniques. ·The proce­

dures entering the study require that the sampled distri­

butions differ at most by locatio~: ancf scale, but with 

slight modifications a number of these methods, which are 

described in Chapter 3, may be applied to the distribu­

tions arising from the importance sampling problem. 

A one-sample approach, requiring that estimates 

of the variance of both estimators of the mean be obtained 

from a single sample, has been proposed by Sukhatme and 

Sukhatme [21, pp.50-52]. The ratio of these variance 

·estimators then provides an estimate of the relative effi­

ciency. The Sukhatme·estimator, however, permits negative 

estimates of the ratio to occur. As an alternative to 

this estimator, we have proposed a non-negative, one­

sample estimator which is described in Section 1.4. · 

Note that the one-sample approach req·uires an estimate of 

5 



the variance that would have been obtained if the alterna­

tive one-sample estimation procedure had been used. 

The one-sample procedures have obvious prac­

tical advantages over the two-sample methods. Since a 

single sample is required, both time and expenses are 

reduced. Alternative sampling procedures may also be 

investigated, after the fact, thus providing additional 

information which could be used to aid in the design.of 

future surveys. One should note, of course, that the 

advantage of the one-sample estimators would be negated 

if they proved to provide unreliable estimates. 

In the remaining sections of this chapter, the 

importance sampling problem is discussed in more detail, 

and the Sukhatme estimator and its non-negative alterna­

tive are introduced. 

1.2 The Importance Sampling Problem 

Consider the problem of estimating the inte-

gral 

I= ff(x)p(x)dx = Ep(f) , 

where p(x) is a density function (with respect to 

Lebesgue or counting measure). The usual unbiased 

6 

(1.1) 



estimator of I is I = 
p 

n 
I 

i=l 
f (x. ) /n , where -

l. 

is a sample from p(x) • The variance of Ip is given 

by 

Var (I)= Var (f)/n = [Jf2 (x)p(x)dx - r 2
J/n. 

p p p 

To estimate I using importance sampling, an 

estimator_ I based on a sample (y
1

, ... , y ) · from a· 
q . n 

distribution with density q(x) is used. Iq is defined 

by 

and 

A 

I = q 

n 
I 

i=l 

var (I)= Var (fp/q)/n 
q q q 

f (y. ) p (y. ) /nq (y.) 
l. l. l. 

2 ·2 
= {f[f (x)p (x)/q(x)Jdx 

If q(x) is chosen to make - f(x)p(x)/q(x) 

approximately constant where most of the probability of 

q (x) lies, we would expect 
A 

Var (I ) 
q q 

fact, the Schwartz inequality yield_s 

to be small. In 

7 

(1.2) 



which is minimized for q(x) = lf(x) lp(x)/Jlf(x) jp(x)dx 

Thus, the optimum choice of q(x) is 

q (x) = If (x) Ip (x) / fl f (x) \ p (x) dx and if f (x) ;;,; 0 , 
0 

' 
q (x) = f(x)p(x)/I, for which Var (I)= 0. 

0 q q 

Sampling with probability proportional .to esti-

mated size _is a special case of importance sampling, where 

p(x) is the discrete uniform distribution .and q(x) is 

chosen proportional to some measure of the 'size' of 

f(x) • For example, let (u
1

, ••• ,'-\.) be the sampling 

units of a finite population and let. yi be the value 

of a characteristic of interest of the 
.th 

1
. 1. samp 1.ng 

unit. Then, with ,f(u.) = y, and p(u.) = 1/N, q(u.) 
l. l. l.· l.. 

is chosen proportional to a measure of the si~e of f (u.) • 
l. 

This measure is often provided by an auxiliary variable, 

say, that is highly correlated with y. • 
l.. 

The opti-

mum situation, q (u.) ~ \f(u.) jp(u.) ,. occurs when w. 
0 l. l. l. l. 

and IY. I 
l. 

if y. ;;,; 0 
l. 

are proportional, in which case 
' var (I l = o, 

q q· 

A numerical example of ppes sampling, applied 

to an agricultural problem in which a total is estimated, 

is given in Sukhatme and Sukhatme [21, pp.50-52). 

8 



Although a substantial variance reduction may 

be achieved by importance sampling (or ppes· sampling) , 

Hastings [8] has shown. that the resulting estimate may 

suffer from extreme non-normality, even when q(x) is 

arbitrarily close to the optimum q (x) 
0 

This induced 

non-normality of the estimate I not only affects the 
q 

assessment of error and inferences pertaining to Iq 

but also has an adverse effect on procedures used to esti·­

ma te the ratio var (f)/Var (fp/q) • 
p q 

A 

If the estimates I and I are based on the 
p q 

same number of observations, the ratio 

A 

Var (I )/Var (I)= var (f)/Var (fp/q) 
p p q q p q . 

may be considered as a measure of the relative efficiency 

of the estimation procedures. This thesis is concerned 

with the problem of estimating this variance ratio. In 

sample survey problems, such an estimate would prove to 

be a valuable aid in the design of future surveys. · 

Since, in practice, it may not be economically 

feasible to obtain samples from both p(x) and q(x) , 

an estimate of var (f)/Var (fp/q) , based on·a single 
p q 

sample from either p(x) or q(x)., is desirable. With 

such an estimator, data from previous sample· ·surveys could 

9 



• 

be utilized to study the feasibility of various density 

functions q(x) that may be available. 

In some situations, however, it may be possible 

to obtain independent samples from both distributions, 

in which case, two-sample estimates can be used. This 

will often be the case, for example, -.. when sampling is 

done on a computer. 

1.3 The Two-sample Variance Ratio Problem 

In the introduction we suggested that the two­

sample situation reduces to the usual variance comparison 

problem. To see that this is in fact the case, define 

f* (x) = f(x)p(x)/q(x) and let (x
1

, ... ,·xn) and 

(y
1

, ... ,ym) be independent samples from p (x) - and q (x) , 

respectively. Then (f(x1 ), ... ,f(xn)) and 

(f*(y
1
), ... ,f*(ym)) constitute independent samples from 

the distributions of the random variables f(X) and 

f*(Y) , respectively, where X has density p(x) and. y· 

ha_s density q (x) • Note that the variance ratio 

Var (fl/Var (fp/q) is just the ratio of the variances of 
p q 

f(X) and f*(Y) , i.e. 

var (fl/Var (fp/q) = var[f(X)]/Var[f*(Y)] • 
p q 

Thus, by considering f (x.) , i = 1, •.. ,n , and 
1. 

f* (y.) , 
J 

j = l, ••• ,m, as random observations of the random 

10 



variables f(X) and f*(Y) , respectively, we find that 

the problem may be formulated as the usual variance com­

parison problem. 

. 11 

It is well known that the classical F statistic 

is of little value when the distributions of f(X) and, 

f*(Y) stray far from the family of normal distributions 

(see Box [4]). Considering the findings of Hastings [8], 

it would be unwise to base tests or confidence intervals 

on the F distribution. 

Several alternative variance comparison tech­

niques that are less sensitive to non-normality have been 

proposed. One such method that has received a considerable 

amount of attention in recent years is the 'jackknife 

method', a procedure based on an estimator introduced by 

Quenouille [18] for its bias reduction properties and later 

extended by Tukey 122] to provide approximate confidence 

intervals and tests. In a Monte Carlo study by Miller 

[13], the jackknife was found to be a leading competitor 

among the robust techniques for variance comparisons. 

Miller's study compared the jackknife's performance with 

procedures suggested by Box [4], Box-Andersen [SJ, Moses 

[15] and Levene [11], as well as the classical procedure 

based on the F distribution. 

The distributions of· f(X) and 

f*(Y) = f(Y)p(Y)/q(Y) , where X has density p(x) and 
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y has density q(x) , may be radically different in 

nature, further complicating the estimation procedures. 

Miller [13] assumed that the sampled distributions were 

practically identical, differing at most by location and 

scale parameters. The effect of relaxing the restrictions 

imposed by Miller, upon the estimation techniques considered 

in this paper, is discussed in subsequent chapters. 

In this thesis a Monte Carlo study is conducted 

to investigate the behavior of the jackknife method and 

slight variations of the methods suggested by Box [4] and 

Box-Andersen [5], when applied to the importance sampling 

problem. These procedures provide approximate confidence 

intervals for the ratio .. v /v = Var (f) /Var (f*) that 
p q p q 

are easily calculated on a computer, whereas the methods 

suggested by Moses [15] and Levene [11] do not. For com­

parison, the method based on the F distribution is also 

used~ 

A description and discussion of those methods 

implemented can be found in Chapter 3. The Moses [15] 

and Levene [11] methods, as well as several others based 

on ranks, are described in Miller [13]. 

1.4 The One~sample Variance Ratio Problem 

The one-sample approach to the estimation pro­

blem requires that an estimate of the variance ratio 
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v /v be obtained from a single sample drawn from q(x) 
p q 

That is, if (x
1

, •.. ,xn) is a sample from q(x) , the 

estimator of vp/vq is to be of the form h(x1 , ••• ,xn) , , 

where the.statistic h(x
1

, ..• ,xn) is a function (measurable) 

of these sample values. 

Sukhatme and Sukhatme [21, pp.50-52] have sug­

gested a procedure for estimating, from a single sample 

taken from q(x) , the 'relative gain' due to ppes sampling 

over simple random sampling without replacement, when a 

total is estimated. In this case, p(x) is the discrete 

uniform distribution and the quantity of interest is 

(V - V )/V , where V is ihe variance of the estimated 
p q q p 

total that would have been obtained by sampling without 

replacement from p·(x) , and .vq is the variance of the 

estimated total when the sample is taken from q(x) • 

Obviously, since totals are merely multiples of means, 

the problem is equivalent to estimating . . . 
[Var (I) - Var (I )]/Var (I) , when the sampling from 

p p q q q q 

p(x) is without replacement. 

In this thesis we assume that the sampling from 

p(x) and q(x) is with replacement. By introducing the 

finite population correction in the obvious manner, however, 

the procedures developed here can be modified to handle the 

problem of sampling without replacement when p(x) is the 



discrete uniform distribution. (See Appendix C for an 

example involving sampling without replacement.) 

In the following, we define two estimators of 

the variance ratio v /v , both of which are candidates 
p q 

for the jackknife methodology. The first of these esti-

mators, e , is a generalized version of the estimator 
s 

introduced by Sukhatme and Sukhatme [21, pp.50-52]. The 

second estimator, ew, is a non-negative estimator that 

we have proposed as an alternative to the Sukhatme esti-

mator e 
s 

(i) The Sukhatme estimator es 

The procedure followed by Sukhatme and Sukhatme 

[21, pp.50-52] can be extended to handle the more general 

importance sampling_·· problem of estimating the ratio 

v /v or the 'relative gain', (v - v )/v , when p(x) 
p q p q q 

is an arbitrary density function. Following their method, 

we first obtain unbiased estimates of v = Var (fl 
p . p 

and 

vq = varq (f*) . To this end, let (x
1
,. ... ,xn) be a sam­

ple from q(x) and define f*(x) = f(x)p(x)/q(x) , as 

before. Then I is an unbiased estimate of I, and 
q 

s2 , defined by 
q 

n 
I 

i=l 

~ 2 
[f* (x.) - I J / (n-1) , 

J. q 

is an unbiased estimate of v q 

14 

(1. 3) 



Then V ps 

note that 

Define 

= s2 + 
q 

n 
I 

i=l 

2 
[f* (x.) f (x.) - f* (x.)] /n 

l. l. l. 

is an unbiased estimate of To see this, 

~ 

E (v . ) 
q ps 

= E (S 2 ) + E [f* (x) f (x) - f* 2 (x)] 
q q q 

15 

(1. 4) 

= ff* 2 (x)q(x)dx - r 2 
+ Jf

2
(x)p(x)dx - ff*

2
(x)q(x)dx 

2 2 = ff (x)p(x)dx - I 

= V p 

The estimator 

is then defined by 

e of the variance ratio v /v s p q 

8 =.;;. /s2 , 
s ps q 

and the 'relative gain' may be estimated by 

(v - s 2)/s2 = ~ -1 
ps q q s 

(ii) The non-negative estimator aw 

Although the estimate vps is unbiased, it 

has the undesirable property of allowing negative values. 

That is, this estimator can lead to negative estimates 

of Var (f) 
p 

As an alternative to this estimator, we 

(1.5) 



propose the use of an estimate s 2 which, although biased, 
w 

does not permit negative values. Recall. that we are con-

cerned with the estimation of the ratio V /V 
p q 

and that 

e will not, in general, be unbiased, despite the fact 
s 

that and s2 
q 

are unbiased. 

To obtain a non-negative estimate of 

first note that 

v = J [f (x) 
p 

2 
I] p(x)dx 

2 ' 
= J[f(x) - I] [p(x)/q(x)]q(x)dx 

= E {p(x) [f(x) - rJ 2/q(x)} 
q 

A Therefore, var (f) , defined by . p 

A var (f) = 
p 

n 
I 

i=l 
p (x. ) [ f (x. ) - I] 

2 /nq (x. ) , 
i i i 

, we 

where (x1 , ••• ,xn) is a sample from q(x) , is an unbiased 

estimate of V 
p 

Obviously the parameter I= E (f) will 
p 

A 

not be known, but if we replace .r by its estimate Iq 

in (1.6), we obtain an estimator s2 
defined by 

w 

n 

16 

(1. 6) 

s2 = 
w I p (x. ) [ f (x. ) 

i i 

A 2 
I l /nq(x.) q i 

. (1. 7) 
i=l 

Note that s2 has the form of a weighted sum of squares 
w 

and is non-negative. 



we proceed 

f. = f Cx. l 
J. J. 

obtain 

n 

To obtain an expression for the bi.as of s2 
w., 

as follows. Let p. = P (x. l I qi = q(x.) I 
J. J. J. 

and f'!' f* (x. l Then expanding 2 = s I we 
J. J. w 

n n 
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s2 = 
w I f~l

2
/n 

J. 
+ c I 

i=l 
f~/n>

2 c I 
J. i=l 

p./q. l ]/n • 
J. J. i=l 

But 

n n n 
( I f~ > 

2 
c I p./q.) = I 

i=l 1 i=l 
. 1 J. 

i=l 

n 
+ 2 I f~f'!'p./q. + 

i;,,j J J. J. J. 

therefore, 

n 
s2 = c I 

w i=l 

n 
+ c I 

i=l 

2 f.p./q.)/n 
J. J. J. 

n 
2 c I 

i=l 

f~2p./q. + 
n 
I f~2p./q. 

J. J. J. i;,,j J J. J. 

n 
I fffjpk/qk , 

i;,,j;,,k 

n 
I 

i;,,j 



Taking expectations with respect to q(x) and simplifying 

yields 

or 

V + [2IE (f*) - I 2 - E (ff*)]/n 
p p p 

+ [2I2 + E (f* 2 ) - 2IE (f*) - E (ff*)]/n
2 

p p . p 

Thus, the bias of s2 is given by 
w 

Bias(S2) = [2IE (f*) 
w p 

E (ff*)]/n 
p 

18 

+ [2I2 + E (f*2) - 2IE (f*) - E (ff*)]/n
2

• 
p p p 

Note that in the optimum situation, if f(x) ;;, 0, we have 

q (x) = f(x)p(x)/I and f*(x) =I, and the bias terms 
0 

vanish. This would not be the case, however, if n - 1 

had been used in the place of n · in the definition of 

In fact, the bias would be equal to v /(n-1) in 
p 

the optimum situation if this alternative form of 
2· s 
w 

were used. 

The non-negative estimator of 

defined by 

V /v 
p q 

is 



e = s 2/s 2 , 
w w q 

and the 'relative gain' may be estimated by e - 1 . 
w 

estimators 

The jackknife procedure may be applied to the , 

e and e to obtain approximate confidence 
s w 

intervals and tests for the ratio V /v . 
p q 

To evaluate the behavior of the estimators 

e and e , when used in conjunction with the jackknife s w 
method, a Monte Carlo study is conducted. An estimate 

of the variance of e , based on a Taylor series expan­
s 

sion, is also used to obtain approximate confidence inter-

vals for v /v , and this procedure enters the Monte Carlo 
p q 

study as well. 

Details of the Monte Carlo study and the esti­

mation techniques are given in subsequent chapters. A 

general discussion of the jackknife method 'follows in , 

Chapter 2, and details of its application to the two­

sample and one-sample problems may be found in Chapters 

3 anp 4, respectively. 
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CHAPTER 2 

THE JACKKNIFE 

2.1 Introduction 

The jackknife estimator was introduced by 

Quenouille 118) for the purpose of bias reduction. A 

general method for obtaining approximate confidence inter­

vals was proposed later by Tukey [22), who called his pro­

cedure the 'jackknife'. 

Subsequent papers have established the jackknife 

as a robust procedure that is capable of reducing bias and 

providing approximate confidence intervals and tests. 

In this chapter, Quenouille's estimator is de­

fined and the validity of Tukey's conjecture is discussed. 

Special emphasis is placed on the results of a paper by 

Arvesen [1], in which the asymptotic normality of Tukey's 

jackknife is established for a large class of statistics, 

the U-statistics. 

2. 2 Quenouille •.s Estimator 

In the following discussion, we adopt the nota­

tion of Gray and Schucany [7). 

Let (x
1

, ••• ,xN) be a random sample from a 

Divide the sample into n groups of k 
A 

observations each (N = nk) , and let e = eN (x1 , .•• , ~) 

20 



be an estimator of e based on the sample. Define ;i 

to be the same estimator based on the subsample obtained 

by deleting the i th group of observations. Now let 

and 

A 

J. Ce l 
J. 

Ai 
= ne - (n - l)e 

n 
Jcei = I 

i=l 

' 
i = 1, 2, ... ,n , 

A 

J. (el /n 
J. 

J(8) is called the jackknife estimator and the 
A 

estimators J. (8) , i = l, ..• ,n, are called the pseudo-
J. . 

values of the jackknife. 

Quenouille introduced these estimators in [18l. 

He noted that for a large class of statistics of the form 
A e = eN(x

1
, •.• ,xN) , the expected value of e had the form 

This class, for example, includes.all estimators of the 

form· e = f (x) (,=f(µ )) , where f(x) admits a Taylor 
X 

series expansion about µx, the mean of x. 

When (2.3) holds, the pseudo-values completely 

eliminate a bias term of order 1/N, as is established 

below. 
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2 3 
= n(e +a

1
/N + a 2/N + a 3/N + .•• ) 

- (n - 1) [e + al/ (N - k) + a2/(N -k) 
2 

3 + a
3

/ (N - k) + ••• ] 

= e - a /N(N - k) - a (2N - k)/N
2

(N - k)
2 

+ 
2 3 

. . . . 

To achieve a minimum loss of efficiency, while 

·:retaining the bias reduction properties of the pseudo­

values, Quenouille [18] suggested the use of the estimator 

J(e) • He showed that in many instances the standard· 

error is increased by a factor of o (1/N) , i •. e. 
,. 

S.E.J(e) = (S.E.8) [l + o(l/N)] , and since in general the 

S.E. of e -½ will decrease as N , the reduction in bias 

22 

is not accompanied by a comparable increase in variability. 

The following example is taken from Quenouille 

[18]. Let (x
1

, ... ,xN) be a random sample from a normal 

distribution with mean µ and variance 
2 ·er , and suppose 

N , 

e = I 
i=l 

is the estimator of 
2 

·cr to be jack-

knifed. The bias of the estimator e is 
2 

-er /N If 

k = 1, it is not difficult to show that the jackknife 

estimator J(e) is the unique minimum variance unbiased 

estimate of 
2 

er , i.e. 



N 
J(e> = I 

i=l 

- 2 . 
(xi - X) / (N - 1) • 

Quenouille [18] also suggested a higher order 

jackknife estimator to eliminate a bias term of order 

l/N2 as well. Details of this second order estimator 

can be found in Miller [14] and Quenouille [18]. 

2.3 Tukey's Conjecture 

Tukey [22] proposed that in most instances the 

pseudo-values could be treated as n approximately inde­

pendent identically distributed random variables. Define 

a statistic T by 

n 
L 

i=l 

Tukey then suggested that T has an approximate Student-t 

distribution with n - l degrees of freedom. 

Miller [12] establishes the 'trustworthiness' 

of Tukey's method in two situations where the estimators 

have a linear quality to them: one where the estimator 

is a linear function of the obse~vations, such as the 

sample mean, and the other where e = f(x) (0 = f(µ)) 

and f(x) is a real-valued function with a bounded 

second derivative in a neighborhood of µ 

23 



In the same paper, Miller illustrates, by counter 

example, that universal application of the jackknife can 

be hazardous. He shows that if the estimator 
. 
e = max(x

1
, ••• ,xN) , for estimating a truncation point, 

is jackknifed, the statistic T does not necessarily 

have an approximate Student-t distribution. 

Correlation between the pseudo-values can also. 

be a major source of error in the approximate confidence 

intervals derived by Tukey's method. The failure of the 

jackknife in an example by Miller [12] on the preservation 

of normality is a consequence of this correlation. Miller 

. [12] showed that T does not necessarily approximate a 

t statistic, even though the pseudo-values have a.multi-

·variate normal distribution with intraclass correlation 

p and common variance 
2 

er Gray and Schucany [7, p.173] 

consider an essentially equivalent form of Miller's exam-. . 
ple, in which they assume that (J1 (e), ••• ,Jn(e)) has 

a multivariate normal distribution with correlation matrix 

where p .. = 1 
l.J 

I = (p .. l , l.J nxn 

if i = j and if i ;,: j • 

The authors show that T is distributed as ct, where 

t is a Student-t random variable and c is a constant 

defined by c = {[l + (n - l)p]/(1 - p)}½. Thus, the 
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confidence levels of the approximate confidence intervals 

may be suspect when the pseudo-values .are highly corre­

lated. 

Gray and Schucany [7, p.165] suggest that in many 

situations the correlation among the pseudo-values may be 

modeled more adequately by p = 1/n, rather than p = 0 
k 

In this case, c = [(2n - 1)/(n - l)] •, and the approxi-

mate confidence intervals should be increased in length 

by a factor of c. 

2.4 Jackknifing u-statistics 

Arvesen [l] proves that the jackknife technique 

can be successfully applied to U-statistics and functions 

of several U-statistics. Under suitable regularity con­

ditions, the results established by Miller [12] can be 

extended to these cases to provide asymptotic convergence 

theorems for the Studentized jackknife estimator. Arvesen 

also demonstrates how the jackknife method can be exten­

ded to the two-sample problem and establishes the asymp­

totic convergence of the estimator in this case as well. 

All the estimators that we shall consider as 

possible candidates for the jackknife technique are 

U-statistics or functions of them. For this reason, the 

relevant definitions and theorems of Arvesen [1] will 

be stated in this section, with slight notational changes 

to be consistent with the notation introduced earlier. 
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Definition 2.1. 

Let be N independent identically 

distributed (IID) random variables, and let k(X1 , ... ,Xm) 

' be an unbiased estimate of some parameter n , where m 

is the smallest number of observations required to esti­

mate n. Then there exists a symmetric kernel of 

k(X
1

, ... ,Xm) , given by 

' l k (X , ••• , X ) , 
Pm al . am 

where Pm indicates that the sum is over the m! permu-

tations of the subscripts. 

by 

where 

tions 

The U-statistic for the parameter n is defined 

. ~1 

U(Xl'" .• ,x ) = (N) l k*(X , ••. ,x ) , 
N . m CN a 1 am 

c indicates that the surmiation is over all combina-N . 

a
1

, ••. ,am of m integers chosen from l, ••• ,N. 

The sample variance s.2 
is an example of a 

U-statistic. To see this, note that at least two obser-

vations are required to estimate 

is an unbiased estimate of 
2 

a 

2 
a and that the func-

The symmetric kernel 
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is then 

= ½(X - X )
2 

1 2 

If we now sum k*(X1 ,x2) over all possible combinations 

(i,j) of two integers chosen from l, ••• ,N, we obtain 

But 

N 
X.) 2 I (X. - = 

i<j 1. J 

= 

Therefore 

= (N)-1 ¥ 
2 .. 1.<J 

½ (X. - X .) 
2 

1. J 

N 
= [ 1/N (N - 1) ] l 

i<j 

N N 2 + x~ ½ I I (Xi - 2X.X.) 
j=l i=l 

N 2 
N( I x. 

i=l 1. 

n 2 
= < I xi 

i=l 

J 1. J 

- NX2) . 
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Now, let 

k*(x1,···•x) = E{k*(X1,···•xc 'X 1•·••1X) c c c+. m 

' c = l, ••• ,m, 

and 

r;o = 0. 

The followihg theorems appear in Arvesen_ [1] 

and are stated here without proof. 

The first group of theorems establish the asymp­

totic normality of the jackknife statistic.when applied 

to a real-valued function g:R + R of a U-statistic, thus 

justifying the use of the normal approximation to obtain 

approximate confidence intervals and tests. The U-statis­

tics, defined as in (2.5), are functions of independent 

identically distributed (IID) random variables, in this 

case. 

THEOREM 2.1. Let x
1

, ..• ,XN be IID random variables. 

If k*(x
1

, ••• ,Xm) is a real-valued symmetric statistic 

with expectation n and finite second moment 

2 
E{[k*(X

1
, ••• ,Xm)] } , then as N+=, the limiting distri-

½ bution of N (U - n) is normal with mean zero and vari-

2 
ance m r;l 
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THEOREM 2.2. Let x
1

, .•. ,~ be IID random variables. 

If k*(X
1

, .•• ,Xm) is a real-valued symmetric statistic 

with expectation n and EJk*(x1 , ... ,Xm) I < 00
, then 

U(X
1

, ••• ,~) + n as N+00 

a.s. L1 
Before proceeding to the next theorem, we adopt 

the following notation. Let 

, as in (2.5) , 

and let 

, i=l, ... ,n, 

where indicates that the summation is over all 

combinations (b
1

, ... ,bm) of m integers chosen from 

(1, ••• , (i-l)k,ik+l, ..• ,N) 

is as in (2.4). 

, N = nk, and k*(X
1

, ... ,X) . m 

Let g be a real-valued function, and let 

' ;/ 6 = g (U) , = g(U.) , . e = g(nl , 
l.· 

' l)~i J. ( 6) = ne - (n - , 
1. 

' 
n ' 

J (6) = I J. (6)/n 
i=l 1. 

and 

2 1)-1 
n ' J(~)]2 sg = (n - l [Ji(el - . 

i=l 
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THEOREM 2.3.: Let x
1

, ••. ,¾ (N = nk) be IID random 

variables, and let k*(x1 , ... ,Xm) be a real-valued sym­

metric statistic with expectation n, and finite second 

2 
moment E{[k*(x

1
, ... ,Xm)] } . Let g. be a function de-

fined on the real line, which in a neighborhood of n 

has a bounded second derivative. Then as n➔®, 

½ ~ 2 2 
n [J(e) - e] 7 N (0,m ~1 [g' (nl l ) 

ti 

THEOREM 2.4. Let X X (N = nk) be IID random 
1'

000

' N 

variables, and let k*(X
1

, ... ,Xm) be a real-valued syrn-

metric 

moment. 

statistic with expectation 

2 
E{ [k* (X

1
, ... ,Xm)] } Let 

n 

g 

and finite second 

be a function de-

fined on the real line, which in a neighborhood of n 

has a continuous first derivative. Then, as n➔®, 

2 2 
m~

1
[g'(nll 

Theorem 7 of Arvesen [1], although a valid re­

sult, appears with a faulty proof. This theorem is stated 

below and can be found in Appendix B with an alternative 

proof. 

THEOREM 2.5. Let x
1

, .•. ,XN (N = nk) be IID random 

variables, and let k* (X
1

, ••. ,X ) 
. m 

be a real-valued syrn-

metric statistic with expectation n and finite second 

moment Let g be a function 
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defined on the real line, which in a neighborhood of 

n has a continuous first derivative. Then,. as k+00 

(n fixed) , 

where t(n - 1) denotes the Student-t distribution with 

n - 1 degrees of freedom. 

The next group of theorems generalize Theorems 

2.3 and 2.4 to establish the asymptotic normalit~ of the 

jackknife statistic when applied to functions of several 

U-statistics, where the U-statistics are, in this case, 

symmetric functions of random vectors. 

The advantage of such theorems is obvious. 

Suppose, for example, that Z = (X,Y) is a random vec-

2 2 
tor and that we wish to estimate h(µx,µy,rrx,rry) , where 

4 
h:R + R is a real-valued functiqn. Under suitable regu-

larity conditions, these theorems indicate that the jack-

knife can be successfully appli~d to 
- - 2 2 

h(X,Y,SX,SY) to 

2 2 where and the estimate h ( µx, µy, rr x, rryl I X y are sam-

ple of X and y respectively, and 
2 and s2 means I sx y 

are the sample variances of X and Y, respectively. 

These generalizations of Theorems 2.3 and 2.4 

require the introduction of the following notation. Let 

x
1

, ..• ,XN be IID random vectors of p components. Let 

31 



. g be a real-valued function of q arguments and let 

0=g(111,·••1lll . q 

Let 
1 q u , •.. , u be such that 

, j=l, .•• ,q, 

where CN is as in (2.5) and k*j is a real-valued sym- · 

metric kernel based on m. observations.and is an unbiased 
J 

estimate of Let 

1 q 
0 = g (U , ••• , U ) 

and 

, i = 1, •.. ,n , 

·where 

32 

j=l, ... ,q , . 

and and (b1 , •.• ,b l• are defined as in (2. 8). m. 
J 

A A 

Define J.(e), i= l, .•• ,n, J(e) 
l. 

and s2 
g 

as in (2.9). Let 



and 

THEOREM 2.6. Let x
1

, ..• ,XN (N = nk) be IID random 

vectors of p components. Let 

real-valued symmetric statistic 

and finite second moment 

k*j(x
1

, ••. ,X ) 
mj 

with expectation 

J 

be a 

j = l, ••• ,q. Let g be a real-valued function defined 

on Rq, which in a neighborhood of (n 1 , ••. ,nq) has 

bounded second partial derivatives. Then, as n-+00 , 

k 
n 2 [J(0) - 0] is asymptotically normally distributed with 

mean zero and variance 

where 

2 
Cl = 

q 

1 
i=l 

q 

1 
j=l 

i,j 
m.m,g,g,i;

1 J.JJ.J 
, 

Cov [k*i (Xl, .•• ,x ) , 
C C 

k*j (X
1

, ... ,X )] 
C C 

THEOREM 2.7. Let x1 , ... ,XN (N = nk) be IID random 

vectors of p components. Let k*j(x1 , •.. ,xm.l. be a 
J 

real-valued symmetric statistic with expectation. Tl, , 
J 

and finite second moment 
. 2 

E{[k*J(x
1

, ... ,X )] } , m. 
J 

j=l, ... ,q, Let g be a real-valued function defined 

on Rq, which in a neighborhood of (n 1 , •.• ,nql has 
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continuous first partial derivatives. Then, as n+00 , 

r 
j=l 

i,j) m.m.g,g.~
1 1 ) 1 ) 

Consider the problem of estimating a parameter 

which requires sampling from two distinct distributions. 
.. 2 2 

For example, suppose that we wish to estimate log(er /er l , 
X y 

where er2 and er 2 are the variances of random variables 
X y 

X and Y, respectively. If independent samples are 

obtained from the distributions of each of these random 

variables, the jackknife procedure could then be applied 

2 2 
separately to log(Sxl and to log(Sy) to provide esti-

mates J(log(s2 )) of log(er 2 ) and J(log(S2 )) of 
X X y 

. 2 
log(er) • The results of Theorems 2.3 and 2.4, together 

Y. 
with the independence of the two jackknife statistics, 

could then be utilized to obtain an estimate 

2 . 2) l J(log(S )) - J(log(S 
X y 

of 2 2 log (er / er ) 
X y 

and to provide 

approximate confiden'?e intervals. and tests. 

This method of jackknifing separately and com­

bining the results has obviously relied heavily on the 

properties of the log transformation. Another method, 

requiring equal sample sizes, but which is applicable 

to a larger class of functions, could also have been used. 

This procedure requires randomly pairing the observations 

.from the distinct distributions and treating the pairs 
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of observed values as random observations of the random 

vector (X, Y) • Then, with 
2 g:R ➔ R defined by 

g(u,v) = log(u/v) , Theorem 2.6 and 2.7 justify the use 

2 2 
of the statistic J(log(S /S )) 

X y 
2 2 

to estimate log(cr /cr) , 
X y 

2 2 
where J(log(S /S )) 

X y 
is defined as for Theorem 2.6, with 

u1 = s2 
and u2 = s2 

X y 

The final group of theorems establish the vali­

dity of an alternative way to jackknife the two-sample 

estimate, which does not require equal sample sizes. 

This procedure involves computing an estimate of the un­

known parameter from both the samples, and then jackknifing 

by successively deleting each observation (or group of 

observations if k > 1) in the first sample with the 

second sample intact and then deleting the observations 

in the second sample with the first intact. 

The generalization of the jackknife to the two­

sample case proceeds as follows. Let x1 , ... ,XN be 
1 

IID random vectors of p components, let Y1 , ... ,YN 
2 

be IID random vectors of p components and let the X's 

and the Y's be independent. Let 

and 



where k*(X
1

, .•. ,X ;Y
1

, ••. ,Y) 
ml m2 

is a real-valued statis-

tic, symmetric in the X's and symmetric in the Y's. 

Define 

where C indicates that the summation is over all com-

binations (a
1

, .•• ;a 
ml 

) from (1, ••• ,N
1

) and all com-

binations (b
1

, ••• ,b 
m2 

) from (1, •.• ,N
2

) . 

The two-sample jackknife estimator is defined 

as follows. Let x
1

, ••• ,XN be N
1 

observations from 
1 

the first population, and let Y1 , ••• ,YN be N2 obser-
2 

vations from the second population, and split the X's 

into groups of size k
1 

and the Y's into n2 

Next, let 

e be the estimate of e based on all the observations, 

. and let be the estimator obtained after deletion 

of the ith group of X's, i = l, ••• ,n
1

, and let 

be the estimator obtained after deletion of the j th 

group of Y's , j = 1,. ; .. ,n
2 

• Then define 

e . 
• ,J 
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-
Jl . = n

1
0 - (nl - ll e. I i = 1, ••• , Ill I 

,J. J., • 

J2 . = n
2

e - (n2 - ll e I j = 1, •.. ,n
2 I 

, J • I j 

Ill n2 

Jl = .I Jl,i/nl I J2 = I J2,j/n2 I 

i=l j=l 

and 

The two-sample jackknife estimator is given by 

Jl. + 
,J. 

The 'following theorem, which extends Theorems 2. 6 and 

2.7 to the two-sample case, is stated for k
1 

= k
2 

= 1. 

THEOREM 2. 8. Let x
1

., ••• , X be IID random vectors 
Ill 

of yl , ..•• , y 
. n2 

p components, let be IID random vec-

tors of p components, and let the X's and .the Y's 

be independent. 

be a real-valued 

symmetric in the 

second moment for 

Let k*j(X
1

, .•• ,X 1 m. 
J 

statistic, symmetric in 

Y's I with expectation 

j = 1, ••. ,q . Let uj 

the X's and 

n . and finite 
J 

be as in ( 2 .11) 

37 

(2.12) 

(2.13) 



for j = l, ... ,q, and let g be a real-valued function 

(n
1

, ... ,nql has on Rq , which in _a neighborhood of 

bounded second partial derivatives. Let the jackknife 

estimate J be defined as in (2.13) 

' 1 q 
6=g(U, ••• ,U) Then if n 1 ~ n 2 

1 

with 

and n +ro 
1 

such 

that exists, n~(J - 9) 
1 

is asymptotically 

normally distributed with mean zero and variance 

2 
CI = 

where 

r 
j=l 

. i 
= cov[k* c 

cl 2 
(X

1
, ••• ,X ;Y

1
, ••• ,Y ), .. 

cl c2 

(X
1

, ••• ,X ;Y
1

, ••• ,Y )] , 
cl . c2 

and the gi, i 

In addition, s2 

= 1, ... ,q 

2 
+ a 

g p 

are defined as in (2.10). 
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Before proceeding to the next section, we intro­

duce a final theorem which will prove useful in subsequent 

chapters. This theorem establishes the preservation of 

the asymptotic normality of a random variable when trans­

formed by a function with continuous first partial deri­

vatives. 



be a sequence of random vectors of s components such 

that 

be a 

X ➔ µ,where· µ = 
-n P - -

s g:R ➔ R 

real-valued function with continuous first partial 

derivatives in a neighborhood A(\!) .of µ Then if 

y 
-n 

- µ) ➔ y ,., N(Q,l: ) , 
s D 

s 
N (0, l 

i=l 

s 

I 
j=l 

g.(µ)g.(µ)cr .. ), 
J. - J - J.J 

where· }: =(er .. ) and g
1
. = a (t

1
, .•• ,t )/at. , 

s J.J sxs g s J. 

i=l, ..• ,s 

PROOF.. On A(!!) we .. have 

s 
I 

i=l 
( ") ½ g. s n (X. - µ

1
.) 

J. •n Ill. 

= G • y , 
-n -n 

where s -· indicates that the partial derivatives are -n 

evaluated on the line segment between X -n and 

G = ( g1 ( s ) , ... , g ( s ) ) and ( • ) denotes the inner -n • -n s -n 

product function. 

Now, since X ➔ µ 
-n P -

and the first partial deri-

vatives of g are continuous on A(~) , we have 

' 
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Therefore, G + G; where G = (g1 (~), ... ,gs(~)) . 
-n P 

Furthermore, since ¥n + Y ~ N(Q,Es) , Theorem 4.4 of 
D -

Billingsley [3, p.27) yields 

To complete the proof we need only note that the inner 

product function is continuous.and apply Corollary 1 of 

Billingsley [3, p.31),_.which yields 

G •Y + G•Y ~ 
-n -n D 

s 
N (0, l 

i=l 

s 
L g.(µJg.(µJcr .. 1 

j=l J. - J - J.J 

2.5 The Generalized Jackknife 

In a paper by Schucany, Gray and Owen [19), 
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the jackknife method is generalized to handle more general 

forms of bias than Quenouille's estimator. A comprehensive 

study of this procedure, together with a variety of appli­

cations and examples, can be found in a book by Gray and 

Schucany [7). In this book, asymptotic results similar 

to those developed for the jackknife, which is a special 

case of the generalized jackknife, are established. 

Approximate confidence intervals and tests are obtained 

in a manner analogous to those of the jackknife. 

. ' 
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A recent paper by Miller [14] summarizes some 

of the latest developments in the jackknife technique and 

indicates several areas where further research is required. 

In his bibliography, Miller attempts to list all published 

works on the jackknife methodology, providing an excel.lent 

source of references. 



CHAPTER 3 

THE TWO-SAMPLE VARIANCE RATIO ESTIMATORS 

3.1 Introduction 

Recall, from Section 1.3, that the two-sample 

variance ratio problem reduces to that of estimating 

v /v = Var[f(X)]/Var[f*(Y)] , p q . 

where f*(x) = f(x)p(x)/q(x) , X has density p(x) and 

Y has density q(x) • We proceed by obtaining indepen­

from p(x) and (y1 , ••• ,yN l 
2 

from q(x) so that (f(x
1
), .•• ,f(xN )) and 

1 

(f*(y
1
), ••. ,f*(yN )) constitute independent samples from 

2 

the distributions of f(X) and f*(Y) , respectively. 

The problem is thus reduced to the usual variance com­

parison problem. As we have mentioned earlier, however, 

the usual assumptions of normality and of identical dis­

tributions, except for location and scale, are violated. 

Consequently, robust estimation procedures are required. 

In this chapter we discuss.several two-sample 

estimation techniques and define the two-sample estima-

tors of V /v 
p q 

that are included in the Monte Carlo 

study. Three variations of the jackknife method are 

considered; Arvesen's two-sample jackknife [1], applied 
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to the ratio of the sample variances of f(X) and f*(Y) ; 

Arvesen's two-sample jackknife, applied to the natural 

logarithm of the ratio of the sample variances; and -, 

Mil.ler's 

knifing 

jackknife technique [13], which involves jack-

2 log(S) separately for each sample and then 

combining the results. 

Arvesen's two-sample jackknife technique with 

logs differs from Miller's method in that Arvesen's pro­

cedure involves computing the natural logarithm of the 

ratio of the sample variances and then jackknifing by 

successively deleting each group of observations in the 
\ 

first sample with the second intact and then deleting 

each group of observations in the second sample with the 

first intact. On the other hand, Mill~r•s method requires 

jackknifing the natural logarithm of the sample variances 

separately and then combining the resulting jackknife 

statistics. 

The other methods discussed are the classical 

F method of variance comparison; a modified version of 

a method suggested by Box-Andersen [5]; and the Box pro­

cedure [4], which requires dividing the samples into 
. 2 

disjoint subgroups, calculating. log(S) for each sub-

group and then comparing the two sets of values by a 

t-test for location. 
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The following definitions will prove helpful 

in the subsequent discussions. Let X and Y be ran­

dom variables with densities p(x) and q(x) , respec-

tively. Denote the kth central moments of f(X) and 

f*(Y) by µk(f) and µk(f*) , respectivel~, and define 

, 

y :i'< f) 
4 

= [µ4 (f)/crf] - 3 , r 2 Cf*l. 
. 4 

= [µ 4 (f*l /cr f*l - 3 . 

Nl 
Recall that I = I f(xil/N1 . and 

p i=l 
N2 

I = I f*(yi)/N2 are unbiased estimates of 
q i=l 

I= ff(x)p(x)dx, where 

are samples from p(x) and q(x) , respectively. 

3.2 Miller's Two-sample Jackknife Estimator (JMZL) 

Miller [13] suggests that the log transformation 

applied to the estimator s 2 
before jackknifing can 

prove beneficial. This transformation tends to stabilize 

' the variance and reduce the asymmetry of the distribution 

of the estimate. 

( 3 .1) 



The use of variance stabilizing transformations 

on the estimator, in conjunction with the jackknife, is 

a widely accepted practice among advocates of the jack­

knife method. In fact, Miller (14] indicates the need 

for such transformations to prevent distortion of the 

results. Relatively little research, however, has been 

done to study the connection between transformations and 

the jackknife. 

We now define JM2L, Miller's estimator applied 

to the importance sampling problem. Let (x1,·••1XN) 
1 

be a sample from p (x) and let· (y1 , ••• ,yN
2

) _ be a sam-

ple from 

Define 

and 

where 

and 

q(x) , where 

ef = log (cr;) , 

2 
ef = log (Sf) , 

s2 
Nl 

= }: [ f (x. ) f i=l l. 

2 
N2 

sf* = I [f*(yi) 
i=l 

and N2 = n
2

k
2

• 

2 
ef* = log (cr f*) , 

2 
.ef* = log(Sf*) , 

- Ipl
2
/(Nl - 1) 

Iq]
2
/(N2 - - 1) . 
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Divide the sample into subsamples 

of size kl and the sample (y 1' .•. 'y N ) into n2 
2 . . . 

subsamples of size k2 . Let Ji< 0 fl I Jj (ef*l I J (efl 
. 

and J ( e f* l be defined as in (2 .1) and (2.2), and let 

s2 
nl . • . 2 

= I [Ji (efl - J ( e f) l / (n1 
- 1) I 

1 i=l 

s2 
n2 . • 2 

= I [Jj (ef*l - J(ef*)J /(n2 ~ 1) 
2 j=l 

and 

Define 

. . 
T = { [J(ef) - efl - [J(ef*l - ef*l }/SJ • 

Then the statistic T is suggested as a basis 
2 2 

for tests and confidence intervals for log(crf/crf*) • 

If .r
2

(f) = r
2

(f*) and the subsample sizes are equal 

(k
1 

= k
2

) , then the statistic T is to .be treated as 

a Student-t random variable with n1 + n2 - 2 degrees 

of freedom. 

It is not difficult to show that the asymptotic . 
variance of the pseudo-values, Ji(ef) and 
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(3. 5) 



are [y 2 (f) + 2]/k
1 

and [y
2

(f*) + 2]/k
2

, respectively. 

Thus, if y
2

(f) ~ y
2

(f*) or k
1 

~ k
2

, the degrees of 

freedom are somewhat ambiguous, as for the two-sample 

t statistic of mean difference with unequal variances. 

In practice it is unlikely that 

y 2 (f) = y 2 (f*) , and, in fact, the importance sampling 

problem may lead to radically different values for 

y 2 (f) · and·,·y:2(f*).· .'_ The effect of y
2

(f) and y
2

(f*) 
. 

upon the distributions of J(0f) and J(ef*) will be-

come apparent in the following. The following theorem 

is an application of Theorems 2.3 and 2.4. 

THEOREM 3.1. Let x1,··-,XN (Nl = nlkl) be IID ran-
1 

2 dom variables with density p(x) , and let ef, ef, s
1 . 

and J(0f) be defined as in the definition of T (3.5). 

Let the fourth moment of 

Then, as n
1

+ 00 , 

where In addition, Si+ cri 
p 

be.finite •. 

PROOF. Denote the rano.om variables f(Xi) by F. , 
l. 

i = l, ••• ,N1 Then the sample variance S~ , defined 

as in (3.3), is a U-statistic with symmetric kernel 

k* 
C 

as in 2.6, 
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2 = ½[fl - 2µ
1

(f)f
1 + E(F;)] 

Now, since E[f(X1)
4J < ., 

I ~1 exists and is given by 

~l = Var[ki(F1 )] 

= !,;var[F2 -1 
2µ

1 
(f)F1J 

2 2 . 2 
= !,; [Var (F 1 ) + 4µ

1 
(fl µ

2 
(fl - 4µ

1
(f)Coy(F

1
,F

1
)] I 

which, upon simplifying, yields 

The theorem now follows immediately from Theorem~ 2.3 

and 2.4 with g(x) = log(x) • and 

The next theorem establishes. the asymptotic 

normality of the statistic T defined in (3.5). 

THEOREM 3.2. Let X1,····x 
Nl 

random variables with density 

(Nl = nlkl) 

p (x) , let 

(N2 = n2k2) be N2 IID random variables 

q(y) I and let the X's and the Y's be 

be 

with density 

independent. 
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D 

Let T be defined as in (3.5), and let the fourth moments 

of and be finite. Then, if n -,.., 
1 

such 



T + N(O,l) • 
D 

PROOF. From Theorem 3.1, we have 

and 

where 

that is, 

and 

where 
2 

02 

and 

S
2 2 

+ ol , 
1 p 

. 
A similar result can be obtained for J(0f*) ; 

k • 2 
n;[J(ef*) - ef*l + N(O,o

2
) 

D 

s2 2 + 02 , 
2 p 

= y (f*) 
2 

+ 2 . 
Now, if lim(n1/n

2
) = C , we have 

n1+"' 

½ • 
ef*l 

. 2 
nl [J(0f*) - + N(O,co

2
) 

D 
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' and J(ef*) are independent, since the 

X's and the Y's are independent; thus, as Il +ro I 
1 

and 

s2 + 
1 

2 2 N(O,cr
1 

+ ca
2

) 

and therefore the statistic T is asymptotically dis­

tributed as a normal random variable with mean O and 

variance 1. 

Theorem 3.2 justifies the use of the normal 

distribution or the t distribution to obtain approxi-

mate confidence intervals for The t 

'· 

distribution will, of course, result in more conservative 

confidence bounds. To obtain point and interval esti­

mates of the parameter of interest, 

we apply the exponential transformation to the estima­

tor of log(v /v) and to its associated confidence -
p q 

bounds. This yields an estimator JM2L 

_ ratio 

as in 

V /V p q 
defined by 

' 
JM2L = exp(J(ef) 

In the Monte Carlo study, JM2L 

(3. 6) with N = 1 N2 and k = k = 
1 2 

of the variance 

is defined 

1 . The con-

fidence intervals for V /V are obtained as follows. p q 
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(3. 6) 



Let 

and 

A 

= J(ef) - J(e .,;.> 
f' 

A A 

cl= J(ef) - J(ef*)- za/2sJ • 

where Prob(V > za/
2

) = a/2 and V ~ N(0,ll • Then 
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a)% confidence in­

terval for log(v /v) , and, since the exponential trans-
p q 

formation is a monotonic increasing function, 

(exp(c
1

),exp(Cu)) is an approximate 100(1 - a)% 

confidence interval for v /v • p q 

It is worth noting,. at this.point, that although 

the jackknife estimator may eliminate a first order bias 

term for log(v /v) , the exponential transformation may 
p q 

reintroduce a first order bias term for v /v . To see p q 

this, consider an estimator e of some parameter e, 

and the estimator S = exp(e) of exp(e) • Expanding 

exp(e) in a Taylor series .about e , we obtain 

exp ( e) 
A 2 

= exp ( e) [1 + ( e - e) + ( e - e) /2 + ••• ] 

and 

E ( exp ( e )) = exp ( e ) + exp ( e ) [ bias ( e ) + ½MSE ( e) + ••• ] • 



Thus, the bias of ~ is given by 

A 

bias ( ll) = exp ( e) I bias ( e) + MSE ( e) + ••• J • 

Note that even if e were an unbiased estimate of e , 

the bias of ll will generally be of order 1/N, since 

Var(e) is usually of order 1/N. 

·3.3 Arvesen's Two-sample Estimator with Logs (JA2Ll 

The JA2L estimator, defined in this section, 

is based on Arvesen's two-sample jackknife estimator 

applied to the importance sampling problem. As for 

Millers' estimate JM2L. , the log transformation is used 

in conjunction with the jackknife. 

Let x1 , •.. ,XN (N
1 

= n
1

k
1

) be IID random 
1 
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variables with density p(x) , let Y
1

, ••• ,YN _(N
2

.= n
2

k 2) 
. 2 

be IID random variables with density q (y). , and· let the 

X's and the Y's be independent. Divide the X's into 

groups of size 

of size k 2 • Let 

= f (X.) 
. J. 

and the Y's into 

i = 1, ••• , N
1 

, 

F~ = f* (Y.) , i = l, ••• ,N
2

, 
J. J. 

groups 



and 

e = log (v /v ) , 
p q 

where s2 
f 

and 2 Sf* , defined as in the previous section,' 

are the sample variances of (F1 , ... ,FN) and 
1 

(Fi, ••• , F; ) , respectively. 
2 

Let e . be the estimator .e after deletion 
1. , • 

of the . th group of F's , .arid let e be the esti-1. 
• I j 

mator e after deletion of the 
.th 

of F*'s J group . 
Then Jl . , J2 . , Jl , J2 and J , defined 

,1. ,J 
as in (2.12) and 2 .13) , become 

A 2 
Jl . = Ji< 6 fl - log(Sf*) , 

,1. 

log (s;) 
A 

J2 . = - J.(ef*> , 
,J J ' 

A 2 
Jl = J (ef) - log (Sf*) , 

log (s;) 
A 

J2 = - J(ef*l 

and 

A A 

where J(ef) 'J(ef*l 'Ji(efl and are defined 

as in the previous section. 
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given by 

where s2 
1 

The variance estimate s2 , as in (2.12), is 
g 

and s2 
2 

are defined as in (3.4). 

From Theorem 2.8, if the fourth moment of F1 

is finite, the fourth moment of Fl is finite, n 1 s n 2 

and n ➔oo 

1 
such that lim(n

1
/n

2
) exists, then. 

z = n½
1

[J - log(v /v )]/S ➔ N(0,1) • 
p q g D 

Thus, for n
1 

large, Z is approximately nor­

mally distributed with mean zero and variance 1. 

The estimator of 

JA2L = exp(J) 

V /v 
p q 

is defined by 
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(3. 7) 

As for the JM2L estimator, the statistic JA2L, entering 

the Monte Carlo study, is defined with N1 = N2 and 

k
1 

= k
2 

= 1. Approximate confidence intervals for 

v /v are obtained in an analogous manner to those for 
p q 

the estimator JM2L That is, if 

and 



.where Prob(V > za/2 ) = a/2 

·(c
1

,cu) is an approximate 

·and V N (0 ,1) , then 

100(1 -.a)% confidence ·in-

terval for log(v /v l 
p q 

Moreover, since the exponen-

tial. transformation is a monotonic inc:i;-easing function,· 

(exp (c
1

) ., exp (Cu)) is an approximate 100 (1 

fidence interval for v /v ·. 
p q 

a)%· con-

Both Miller's.method and Arvesen's method are.· 

valid .asymptotically, but, as yet, there has ·been l·i ttle 

r~sear.ch. done to determine whether one is .superior to 
. . 

the ·other. A comparison of the.performance of:these two 

estimators, .in the Monte Carlo study, is given in Chapt~r 

6. 

3.·4 Arvesen'.s Two-sample -Estimator Without Logs (J~2 >. 

The · est'ima tor J A
2 

is Arvesen' s two-i;ample 

.jackknife estimate applied to 

"That is, 

where J is as in (2.13) with 

2 2 
8 = Sf/Sf* ( 8 = v /v ) . p q. 

This esti-

mate is included in the Monte ·carlo study, thus allo.wing 

"the effect-of the.logarithmic transformation of the 

.,:i:A2 L .estimate to be·studied. 

If the fourth moments of F1 

f.inite, n
1 

,; n
2 

.and n
1

+ 00 such that· 

. and •Fi. are 

1im(n
1
/n

2
) . 

. ' ~ ' 
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exists, Theorem 2.8 yields 

where s2 
g 

V /v )/S + N(O,l) , 
p .q g D 

is.defineo. as in (2.12). 

Thus, for large n
1

, Z is approximately dis­

.tributed -as a normal random variable -with mean zero and 

variance 1 • Confidence intervals for V /v 
p q 

are then 

based on this normal ·approxi_amtion in the usual. manner. 

· Again, the form; of the -estimator JA2 .. wh:i.ch_ ·enters the 

Monte Carlo study is as in ("3.8) with N
1 

=.N2 and 

k = k = 1 
_ 1 .2 

3.5 The -Box·-Estimator (Bk) 

pendent samples from p (x) anc. q (x) •, respectively. 

··The ·Box method ·requires that ( f (x1 ) , •.. , f (~ l) ). and 

,(f* (yil, ..• if* (yN ) ) each be •divided into subgroups 
2 

of size k > 1. Log(S
2

) is then computed for each 

subgroup arid the two-sets of values are compared.by a 

·two-sample t-test for loc·ation. The details of :the 

.procedure_are given below. 

Let x
1

, .•.. ,~ be IID random variables with 
. 1 

density p{x) , let Y
1

, •.. ,YN be IID random variables 
-- 2 

-sG 



'Wi:.th .-density q (x) , and let the X's and -the ·.Y's 

·:be i-naependent. Let 

F. = f (X.) 
J. J. 

, i = 1,2, .•• ,N
1 

, 
and 

F~ = f* (.Y. ) , i = l,2, ••• ,N
2 J. J. 

'·Then Fr' ••• , F N . are IID random variables and · 
1 

· :F,t, ••• ,.~~
2 

-are IID random variables and the F's 

·, 

and 

,F*'s :ar_e independent. Now divide ·the · F's ancl the 

,p* 's ·into subgroups of -size k > 1 (N
1 

= n
1
k, N

2 
= n

2
k) 

.Defi_ne 

•and 

,i 
·where u -and . F. 

/t:he .i 
th 

.cand 

,pectively. 

-j 
UF* are·the sample vari~nces based on 

j 
th 

.groups of the p·• s . and ·F* ',s ., :res-

The random variables v
1

, ••• , V 
nl 

and 

w
1

, ••. ,'W are·then treated as 
·1:\;2 

independent identically 

distributed random variables from normal distributions 

2 · · . ·2 
with equal variances ·and means .log(crf) · and log(cr_f*·) , 

,respectively. Define a stat.ist:ic T by 
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•where 

and 

!. 

[ (n
1
-l)S~+ (,n

2
7l)S~] 

2 

1) 

T .is'then assumed to have a Student-t distrib~tion with· 

n
1 

+ ·n - 2 ,degrees of freedom and is the basis for. con­. 2 

·fidence interval construction and hypothesis testing. 

The theoretical .justification .of _the above t 

-'approximation requires ·that the standardized fourth cµmu:.. 

· 1ants ,.o-f ,the F's and the F*' s be equal, _i.e •.. 

"·SB 

(3.11) 

,y
2

·(f) = y
2

(:f*:l , This requirement is necessary to ,assure ·, 

,the.equality of ·the asymptotic · variances of v . .. and 
J.. 

·wi:j ,, ;'as -will, become apparent .in the proof of. the .following -­

'theorem. 

'THEOREM _3.3. 'Let F 1 , ... ,FN be Nl. :(Nl._= nl.k) _'inde-. 
1 ' 

-pendent identically distributed random variables, ·and 

let ·Ft,· .. ,E'.; be N
2 

(N 2 = .n2k) independent •identi-
. 2 

ca0B:y dis.tributed .random ·variables, such that ·the •F's,: 

. ' 



. W. , j 
J 

Define ·v:i , "i = 1, ..• ,n1 ., 

'.T ·a,s in (3.-10) ,and (3 .11). 'Then for -n
1 

.and .-n
2 

.-. fixed, 

N +ro 
1 

and ,N ➔«> , 

2 

T + t (n
1 

+ n
2 

- 1) , 
D 

"'· .. '. 

•,where ·t(~
1 

+ n
2 

- 2) .denotes the Studen~-t :'distribution ·. 

with n
1 

+ n
2 

- 2 degrees of freedom. 

'' 

... l •. 
, .,, . 

,- ..... •-I, 1 

• ' ' ;._,, ,. , ' 1. • 

-_:-p,R0OF.. The random variables v
1

, ••.• , V - n .1 
are :independent:,· · '-. ·· .; : ·, i · · · 

.and ,identicalLy :distributed since they• are·-.based ,011_·d±s-. ·· .-

<· joint subsets .of the IID random variables _F_1 , ..• ,F~ • 
·, ' 1 -•·. ·,'• ', 

Similar.J.y, -W1 , •• • iW 
. .. n2 

are IID random variables.- .- ·,Also,:,-,' · ·· 

:the 

·,a:nd 

and .W's , are independent because -'the · :F,' s .-, 

F* 's ,are. •independent. ,·, ). 

•;~ ~- ";". ·.1,\ ,·c; 

sample va~iance: . . : ;\•'.', :,.· ·Now, •from "Theorem 2 .·9 , since the 

u; .. is asymptotically .normally distributed with.meii.n··· 

,cr,! and ·,variance [ µ 4 (fl - .'cr.!] /k •, · the random ·variable 

' - ,. I• 

·i 
Vi •= '•log (UF) 

~Iog·( cr.~) ··:and· 

,simi:tarly, w. '= log(Uj ) is 
. J. ~* 

2 
·mean· log(crf*) and variance 

·as k+00 , 

➔ ,A. 

D l. 

·asymptotically ,normal with:'), 
' ' 

·_· 'Thus, 
.•fr ':'.,, ";' 

·: , . 
.. : : -~~ 

•. · .. i 

' ', 

, i "" 1, .. ,·. ,.n
1

' ·1, 
. ' }, . •• . ., ~ .. ' r . ,,_;: 

r I; • 

·,, ·' ; ,A, •, .. 

.·, ' 

_,_ '.~ :1~:.' ·. 
~"/, i'· 

, . .,. ~- . 
i-,,., ,, 

.,_,,,_ , .. ,, . 

,.,'(".•" 
.,.1 • 

··_,•' . 
. ' 

' 
•, I,; ,!·--.. f.• 

''I • ·.,., •· '..'' .\ 

·. 5···" 
.}, . 



and the random variables and Bl' ... ,-B 
. n2 

-retain thei:properties of .independence possessed by the 

random variables v
1

, ••• , V 
nl 

and w
1

, ••. ,w 
n2 

Define the st·atistic ·T* by 

where 

and 

_52 = 
B 

Ci-i.-Iil 
I 

Then, since y
2

(f) = y
2

(f*) , we have Var(A
1

) = var(B1) , 
_and the statistic T* has a Student-t.distribution with 

-n
1 

+ :n
2 

- .2 degrees of freedom. 

Now, reasoning as.in the proof of Theorem 2,5 

. :and applying Corollary __ l of Billingsley [3, p. 31), we 

.obtain 

T + T* ~ t (-nl + n2_ - 2) . □ 
D 



, then (where If 
2 

crA = Var(A
1

) and, consequently, the 

statistic T* will not have a Student-t distribution 

with n
1 

+ n
2 

- 2 degrees of freedom. That is, the 

statistic T will not be distributed asymptotically as 

t (n
1 

+ n
2 

- 2) • 

Define a statistic t* by 

h ·1 [23 1 J ht i"f 2 2 Then, Wet eri 1 , p. 60 suggests ta crA ~ crB, 

the statistic t* has an approximate t distribution 

with 'effective' degrees of freedom f, where 

1/f 

with 

If and are unknown, they may 

their sample estimates s2 
A 

2 
and SB. 

be replaced by 

The formula (3.12) is obtained by finding the 

degrees of freedom of a t random variable with approxi­

mately the same variance as t*. In the derivation of 

(3.12), Wetherill uses 1 + 2/f to approximate the vari­

ance of the t distribution with f degrees of freedom, 

61 
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••insteaa .. of ·its actual :variance -1 + 2/ (f - 2') 

vation·of (3.12) follows. 

- -
(s!/nl s!/n2 ) Let A - -B = X and + = 

-'Then ·.X and y are independent, . since ·A and 

-
are independent, B and 

2 
SB are .independent and 

.A's and .B's .are independent. 

Now 

½ Var (t*) = .Var (X/Y ) 

·A :der-i-

y . 
.. 2 
·s 
.A 

the 

= E [Var (X/.Y½\ Y)·l + Var [E (X/Y½ \ Y)] · , 

••and, :since X ·and Y · ·are ·independent, 

•l,: 
var(X/Y 2;\-Y) ·= ,Var(X)/Y 

·and 

since E(X) = 0 Therefore 

var (•t*J = Var (X) E (1/Y) •. 

·To ev:aluate •E (,1/Y) , we <exparid 1/Y . in ·a 

:Tay.lor ·series ,about · E (Y) . = G ·Thus, 
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E(l/Y) 

and 

·Therefore 

3 
1/G + var(Y)/G 

Nofing that Var (X) = ·G . , we obtain 

1) 

Eguatin_g (3.13) to the ·approximate variance of the -t 

aistribution with f degrees of freedom, i.e. to 

"(1 ·+ 2/f) , and ·solving .. for 1/f , yields· (3.12). 

If we were to equate (3.13) to the ·actual vari­

ance of a t random variable with f degrees of fre_e­

dom, we wo.uld obtain 'effective'' degrees 'of freedom f' , 

where .f' = f + 2 • Thus, Wetherill' s procedure is · 

,slightly more conservative. 
,·, 
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In .practice 
2 and o 

.B 
2' 2 

··r ·. ; .. , ."-t . 

t 

,are usually unknown 
. . . 

.,and ,the ·assumption that a ·= a may A 'B. ·be ·unrealistic'. ·. • 

2 
If oA . is very smal:l relative to 

2 
OB , .most'.o.f -the •error 

;,will ,be 'due to a; , and consequently the . •.effective I 

.degrees of freedom would be nearer to . n 2 .-: 1 ., as is 
{'', 

.indicated by (3 .. 12). 

Note that the statistic t , defi'ned by .,. 

t = [V - ·w · 1og (vp/vq) l / (S,~/~1 + 
-'i 

( •: 

.is ·as,ymptotically distributed · as t* Thus, -Wetheri•11 •,s ;: -. : 

-method,.may be used to obtain approximate confidence :in:.:·_·, 

,.tervals and · tests for log(v/v) p q 

Point ,and •intervals estimates of· v '/v· ·.' ca_n· then·•·be · 
. P 'll ·. 

-'.obtained :as · for 'i ,,, 

The :p:r:,oblem of determining an· optimum subgroup · · 

/size k ,has ,not, ·,as yet, .,be.en solved. 

statistics T and t will be a.pproxirnat.ely. distributed \' 

,a:s :t -random •variables -i:f 

normally distributed, that 

v. and ·w. ·. -are,•·approxirnately · 
l. J .. f • • ' ' , '. '1 ·, . 

is,· if the subgroup size · k, ·:. ·. 
. .. 

,is large. Increasing 
. . . . 

k ., however, results :in· loss ·of · '; 

,degree.s of freedom of the t 
,. , ' . . ~ : " ' . ., . "'·' 

statistic.• <Furthermor.e,·t.·., 
- - ' _ti, , ' "· ' ·,.v -- •W · , ,although .consistent, 'is a ... biased estimator of . : · ., .. 

. . ~ ' '· ... "' . 

,log.(s:lr /v ) :and .small k may res_ult .. •in :a· large_ '!bias . . ,.P q 

accompanied by a short confidence interval. · To j:::ornpl"i-,·:: . 
J • , '; "t, . ' 

., :. 



6-5.:' 

' . 
J:n ,place of cr! , in (3.12),; to :' 

·-eiftimate the '·effective' degrees of freedom f ·. ,, Thus/': • 

·the -value ·optained for f .may not -be reliable :for small-• 

'·k • 

In view of the fact that y 
2 

(fl_ ·and. · y; (f*) :,:_., . 

;nay differ greatly in :magnitude, we shall consider a. 

statistic Tz which is distributed asymptotically as 
.·• "•, 

,; t ,_. 

a :t ran<'i~m variable, but r~quires that _the sample sizes , .; : ,: ·· 
'' •, • •,' _'I 

w. 's 
J. 

We b~gin·by randomly pairing 'the 

and defining 

·z. = v. 
J. J. 

w. 
J. 

, 

n 
l 1) 

i=l 

T = n½[Z - log(v /v )]/Sz·. 
z .P q · , 

V. Is 
J. 

arid ' -; 
' 

' : ;. 

. ~ ";: ' 
,_ ...... ;, 

,• ,:'-';I~ '•• 

< ~ :" -:,~-- ":. 
,_ -·•,, ' . ' 

,Then . _ Z 1 , ... , Zn 

·,with · •n ,fixed, 

.are r:rD random variables and as • k+00 

T z 
+ .t(n - .1) 
D 

··The :proof of this result •is similar to that .for;, 

-.Theorem 3. 3. 

,·_;,, 

:,;,."\,~ 

... ';· '.,'• •;_ 

·' 

,- . . 
'·,·· . ';_ ,. 
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··Now :define 

·B = exp (Z) 
k 

:(3.-14) 

where ,k indicates the·group size. Then Bk is.a con-

sistent estimator of v /v 
.p q 

and confidence intervals·, 

for 

arid 

are obt.airied as . follows. 

C ·u 

Let 

c = exp(Z - t S /~!,_) 
.1 :a/2 .z ' 

wher.e Prob (X > ta/2 ) ·= a/2 arid X ~ t (n - 1) Then · 

·, 

(c
1 

,C~) -is .an .approximate 100 (1 - a)% confidence ·inter-··· 

· va·l •;for . v. /v 
·p ·q 

In the Monte Carlo •study, the estimators B
5 

,and ,B
10 

are .implemented-with n ·= 30. 

3,,,6 ,The Box-Andersen •Estimator (FBA) 

The Box-Andersen test [5] for comparing vari~ 

ances involves adjusting the degrees of freedom of the 

.classical F or beta test in cirder to reduce the ,effects 

of ,non;,.normality. The .adjustment is obtained by ,·equating 

the •first two moments of the beta distribution ':to the 

first two·moments of the ·beta statistic under the permu­

tation 'distribution.· · For example, if (x1 , ... ,Xn) and 

-. 

• -1 - J 
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are independent samples, the test is obtained 

by comparing the F ratio with the critical points 

of an F distribution with d(n - 1) ,d(m - 1) degrees 

of freedom. The adjustment d is given by 

where y' 
2 

is an estimate of 

fined in a manner analogous to 

Y 2 (x) , 

y 2 (f) 

Y 2 (x) being de-

This procedure requires that the random vari-

ables (X - \J )/o 
. 1 X X 

where distributed, 

2 
and cry = Var(Y~). With this requir~ent satisfied, 

y
2

(x) = y
2

(y) and a pooled estimate of y 2 can be ob-

.. d . 2/ 2 h . . taine. Thus, if r = o o , t e estimator y 2 ~ sug­x y 

gested by ShoracK [20], is defined by 

Y2 + 3 
n 

= (m + n) [r4 I 
i=l 

n 
;cr2 I 

i=l 

- 2 (X. - X) + 
i 

m 

I 
j=l 

m 

I 
j=l 

Miller [13] defines y
2 

as in (3.14) with r = 1, which 

is the value obtained under the null hypothesis of equal 

variances. Approximate confidence intervals for r can 

be constructed for this procedure, but the calculations 

are somewhat tedious. 

(3.14) 



-In vi·ew ·of th,e fact \that it is unreal:i!stic 

·to assume that the random variables 

,(Y_
1 

·- .µ ) /er ,are identically distributed, we consider 
.y y . . 

an ·'alternative approach, ,which i•s outlined in Plackett 

{'7, pp.8'3-84]. 

Adciptil:}_g notation similar to Plackett' s, ],et 

~~(y_2 (x); n ~ 1) and s;(y 2 (y); m - 1) :be tJ::i~ sample 

·;Var'i,_ci.n·ces • of the X's and Y'.s , . re_spectively, :where 

·ana y (y) 
2 

:are the :standard:i::zed·: fourth .. cumli;l.?tnt.s 

of :x :and :y . , .respe·ct-ively, as ,j_n · t3 .,1) . Then 

,and 

E[s2.(y (y) ;m-1:)] 
,,.y 2 

.• 2 
Var[S,x (y 

2 
(x) ;n-1)] 

Since 
2 S (y

2 
(x) ;n-1) 

X . 
ar.e 

asymptotically normal, they have ;the same' limiting-dis-

·.tri•butions ·as 

:tively:, -where· 

and 

2 . 
S ·(O·o _(n-1)) 

·X ' X 
and ·S 2 

(0; o (m-1) ) .. , respec­
·y y .. 

. . 
. -1 

o.x = [l + (n-1) y 2 (x) /2n] :. 

(3 .15 l 



Therefore, the statistic F defined by 

-has the same limiting distribution as. 

2 2 · . 
F' = s (O;o (n-1))/S (O;o (m-1)) 

X X y y · 

.Thus, for finite samples· we infer that rF 

is approximately distributed as·an F ;i:-andom variable 

wi'th . o (n-1) , o (m-1) 
. X ·y degrees of ·freedom. 'Estimates 

d arid d ·of o 
.X y X 

,and o , ·respectively, ·are obtained· 
y 

:by replacing Y_
2 

(x) 

estimates ·g
2 

(x) a_nd 

and Y 
2 

(y) , in _(3 .15}, · :by sample 

g 
2

·(y) , respectively •. 

To apply this procedure to the importance sam-

•.p1'ing ·problem we proceed as follows. Let ,F
1

, .. ~·,FN. 
. . . . 1-

and 

·and 

F* ·F* 1•···• N ·be defined·as in (3. 9). -·-nefine -
2 

Nl 
F-)4/(Nl M

4 
(f) = I (F. - 1) I 

i=l J. 

N2 
F*) 4/(N2 M

4 
(f*) = I (F~ 1) , 

i=l J. 

92 (f) 
4 3· = M4 (f)/Sf 

g2(f*) = M (f*)/S4 
~ I 4 f* .-

L '> •• 
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are defined as in (·3. 3) . · Then 

are :consistent estimators .o'f . ·.-y ~- (f) 

'and y 
2
:( f*) , .respectively. 

Now-define 

and 

The estimator 

70 1 

·ca.16) 

·, . . ... ' 

;the ·classical F :statistic. .Confidence ·inter,vals and ·. : · 
. ' ',"- ',, ••. . ::,c 

: .tes·ts , -,however, .. are -bas.ed on · the · F . distributio~1;~i th ; , 

degrees of freedom. · ·.That is,• '-" · 

' -'•We .assume ·that 

1) 
' C - . 

. Let 

., ' 

• d .' 



:and Prob(F' > 

sand ·'-Prob(F' <_f
1

) = a/2_, F' ~F(df*(N2-l),~f(Ni-ln 

:Then (t
1

,cu) _.is an approximate 100(1 a)'% , ;~nfi"dence' · 

,:interval for V /V • 
:p q· 

The interval estimate of v /v · thus accounts · ~­
P q 

:for .di:(ferences in y
2 

(fl and y 
2 

(f*) • Note that large_ 

values of y 
2 

· could result in very small va·lues for .. '. 

·-This situation, however, would. stig,gest '::.:'."' 
' ' 

:.that '.ilarge· .samples were >required to·, comp·ensate '"fo:c;_ ·the. : 
.,. 

' ,., 
·': •., ·: .: 

' ' 

fhigh 'de,gre~ ,of .. hon-normality ind,icated ,~Y 

' ' 

'8 .'} ,The ,;classical :F St~tistic (F) 

.J:t is ,well ,.known that the classical,: F ·,-sta,tis-

I •- ; 

• \ '• ',t ,. 
\l • 

l _· •• ,· 

'.t'i'c is 'extremely non-robust with respec_t to departures\'.' ;., ," ::.' 
. ··- . ·~._f;.~,:i"•_\ 

from norma:li:ty {see ,Box [ 4 J) • For ·comparative .purposes,, . , , . , 
, ~ ~ - ' : :, 

. ' ' ... 
,this ;classical ,pr_oc_edure of variance comparison' is ,,in- :-

. ·-•'· 

·,c,:luded ·in ·the ·.Monte Carlo ·s·tudy. In the.following-we 

·define ·the F statistic - and its associated interva·1. esti.C: 

·,;,mate,: applied to the problem of ·estimating 

·Let 

.oas .. in ,J3 "'9-) • 

,by 

and 

,Then de.fine the .,estimate ,p of -:v Jv 
' ·P, q 

2 2 
F = Sf/Sf* , 



2 .and 2 
in (3. 3). ,where ,•.s. . sf* ,.are as ,,f 

Let 

cl = f
1

F 

and 

c· = f"F I u u 

.where ,Prob (F"' < fl) = a./2 ·and Prob'(F' > f) = a./2, u ' . 

'·be ,a 100(1 - 'r:J.)% 

"Then (c
1 

;cu) .is as.sumed to 

confidence.interval for v /v 
p .q 
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CHAPTER 4 

THE ONE-SAMPLE ESTIMATORS 

4.1 Introduction 

Recall, from Chapter 1, that the one-sample 

c;pprq,ach to the problem requires that an estimate 6:E 

·the variance ratio, v /v , be obtained from a single 
p q 

· sample, _(x
1

, ... ,xn) , d_rawn from q (x) . We introduced 

two ·such estimators in Section 1.4; the Sukhatme esti-

·mator, ·e ; and the non~negative es·timator, e s w 

,The ·Sukhatme estimator is defined as in (1.5), 

.e = l + 
s 

n 
{_}: 
·i=l 

[f*(x.}f(x.) - f* 2 (x.)J/n}/s
2

, 
J. J. . . J. q 

an:d the non-negative estimator is defined-,as in, (1.8), 

'by 

where 

s2 = 
w 

·.n 
I 

-i=l 

• 2 
p (x .. ) ff (x. ) - I 1 /nq (x. ) 

J. J. q J. 

In this chapter we define the one-sample esti­

.mators J
81 

, T
81 

, JWl ·an:d JWIL and their "associated 

interva·l estimates. .For convenience ·we shall use the 

.same -symbols when referring to. the interval .estima.tes · 

as •are .used to denote· :the point estimates. 
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_The ·fo_ur methods -of .obtaining ·approxilllate ,con...: · 

fid_ence ·intervals for V /v 
p q 

applied ·to ·the s.ukhatme estimator (J81 ) ; the jackkni,fe . __ · · 

procedure ·applied .to the non-negative' -estimat~r .. 'C'-!.wil i 
. . ' 

·the jackknife technique applied to the natural· ·logarithm 

.. of ,the .non--negative estimator (JWIL) ; and a method 
- .. - ' 

based on the asymptotic normality of the Sukhatme. esti-, • 

:·mator ·,and a consistent est,imate ·of its' variance /CT81l 

·since. the· •Sukhatme estimator' '..a · i' may "yield · " ' " ' s .' ' . 
' ' 

negative estimates of :the variance rat,"io, .:we cannot jack-:-'. 
,, 

;knife the ·1og of thi.s estimator .. as we can for the non-· 

negative,estimator e 
w 

It is possible, however; to · · 
' ,. _, ' . 

ol:i!;a'in 1an ·estimate of the variance of.: ;a ··by· ·estimating.; 
, S,• ' .. , . . 

•.the·• variance ;of -.the .first. order t,erms of: a :Taylor. series·.· 

expansion of 8 .s 
As .we shall , see 'in "'8edtion · 4 .'5, · 'the · · 

··' - . ,._ ,·, 

Sukhatme estimator is asymptoticallyn~rmally•dxstributed; 

arid. fts variance estimator converges in'._ probability, to· 

·'the •asYil!ptO:tic variance of •8 .• · · · These ·results ,then 
s 

;justify the use of a normal approxima:tio~ to .. obtain approxi-
: ' ',._ - - ' 

·mate· .confidence intervals for -v /v .• -' The ·resulting 
p q ' .. ' 

interva,l estimat_e is ·denoted by 'Tsl ; ; .. a
1
nd fo:i:-·:conveni- .. -• 

,ence .this ,sy!)lbol is ··a.lso used '.for the 'p'oirit··:es·timate,, 
, . 

"T = 8 ·.Sl -s 
, J 

, ,•-: . 
,.\ \';,·{ ,._,, -

/· .. ·· 
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.. 4.2 ,·The .. ,Jackknifed·Sukhatme Estimator ,(J81> 

The jackkntfe technique can '.be .success:ful],y 
' ,• 

a,,pplied to the,Sukhatme estimator e 
s 

Keeping ·ncita- .<' 
• • ~ J -· • • ' ...., " 

,.tion .consistent-with that of .Section 2. 4, we proceed 

as .follows. 

.Let x1 , ... ,XN 

ables w'cith .den·sity q (x) 

·F*· = f* (X.) 1 J. 

: ana the ·•random vectors 

-1 u = 
·-N 
.l 

i=l 

'.ana 

' 2 u ·= 

Then 

,;me.trio ,kernels 

arid 

'. 
(N· = --nk) be IID random vari- ''°.'_, .. · 

, 

' 2 
u 

' , 
-Define 

i 1, .. .. j-N , 

i = l, •.. ,N, 

' . 
,i = 1-, ••• ,N-:~·., -~-

r\· '-, 
..,·; \, 

. , ' .. ,. 
'• .. ,-,:. 

,, 
,:,,•·;_t'• 

_ •• J." 

- ·, )~- . 
' . ~! • 

are . ·u-statistics•·w±th sym-:. 
, ;:- . 

·r:,:·,/r 
. i 

.(4 .1) 



·k* 2 (z) =FF* - F*
2 

l l l l ' 

·respecti v:ely. Note that ·U 
l = s2 , where s2 is defined. 

q ~ 
as,in (l.-3), .and that e is 

s 
given by 

• I 

Now, divide the random vectors ·z1 , ••• ,ZN 

into n subgrmi.ps of size k , ·1et 
2 

g:R + R be defined 

by 

and:let 

and 

V 
q 

2 
Tl_2 = Elk* (Z ·)] . = v ·- v 

.l p q 

De'fine the estil\lator 'Jsl _by 

where 'J.(·0 ) 
s_ 

is defined as in (2.2) with 

l 2 
~s = g (U ,,U ) ,. 

'Then, if E{[k_;1 (-z1 ,z 2 )]
2

} <"', 

E { [K.;z (-Z 
1

) 1'2 } < "' and ·Vg > 0 , the hypotheses of 

"Theorems 2.6 and 2.-t are satisfied. Thus, as. n+«>, · 
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"' n ,(J 
· ·· Sl v /v )/S ➔ N(0,1) , 

· .. p q. ,g D 

where -s 2 is -defined as "in· (2. 9). 
_g 

Le;t 

-and 

where ·Prob(Y > z.a•/2 ) = a/2 and Y ;.., N(O,l) • Then 

ci,pJ>roximat_e -i:00·(1 - a).% -donfidence intervals for 

•e,v /v .are •given. by .(c
1

.,c_.ul • 
p q 

,. 
·-'4 .·3 The ·.rach:kni-fea ew . ·•Est.,imator .Wi:thout ;Logs (JW1 ) 

··The JWl 'estimator is the jackknife statis..: 

:-tic obtained ·by jackknifing .e. = .ew , with e 'defined 
.w 

as in ·c1. 8). As for the '!sl .estimator, Theorems 2. 6 

77 

... 

'~ . 

,and 2. 7 _guarantee the asymptotic normality of the 

<Studen'ti.zed jackknife when •the regularity conditions are 

··satisfied, To .define •Jwl •formally, we begin 'by expres--, 

·/ <. ;. ' -.: 

. 
· si,ng ,e .. as .a function of u-statistics. To this . end 

·w 
"let •F

1
_, •.• ,FN and F.t,··. ,'.:f; be defined as in ·(4.1), 

and ·define the random va:r:iables ·c1 , ••. ;CN by 

Ci. = p(X. )/q(X.) ., i = 1, .... ,N , 
1. . 1. 

' ·~ . 
. ',. .(4._4) ;; , 

.I 



-0whe:r:e ?i' ... ~XN · are IID .random _.variables with densi;ty 

q.'(x) • 

Now define the IID random vectors z1 , •.. ,ZN 

z. = (F.,F~,C.) 
1. 1. 1. 1. 

I i = 1, ••• -,N 

Let 

Ul 
N 

F'.*l} (N = I (F?'° - - 1.) I 

i=l 1. 

u2 
N 

C.F~/N = I I 

i=l 1. 1. 

3 N 
u = I F~/N 

i=l .1. 

.and 

u4 
N 

= I C./N 
i=l 1. 

_ ,Theh 
-1 

u I 
u2 

I 
u3 and u4 are u-statistics with 

,symmetric kernels 

k*l(Zl,Z2) = (F* 
1 F~l

2
/2 I 

k* 2 (z) 2 = ClFl I 1 

.k*3 (Zl) = F* 
1 

and 

k*4(Zl) = cl I 

respectively. 
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. .. .4 
Define ,-a 'function. g:R + R by .. 

The estimator .e .is then:, given_- by·· 
w 

. i. 

Now divide the random vectors_::.z1 , • .'.~z~ -into 
. _-. . ,'_ .. 

n subgro1:1ps of .size k · (N = nk) and .le_t · ·. · 

= .V ,· 
q 

n 3 = E[k* 3 (z )] = I 
1 

. ,,and 
I'.''.", -~ .. 

·Tl =· E [k* 4 (Z )] = 1 , ' 
. 4 1 

where I= ff(x)p(x)dx, as in (1.1) .·/(No;te' that 

·cf(:n_.
1

,~n-2,,:TJ.3:, n.4') · = v /v • ) . .,· . ·P q 

The estimator Jwi . is then defi~ed by · 

\Wher:e 
. 

J (0 ,) 
w 

• 
·.:i:w1 ,= J (ew) ' 

,is·.defined as ,.in ·.(2.-2) •. : 

''To .satisfy the 

·2.7, we require the·second moments of 

y" _; 

'> '··", 
'' ' 

... , 
' ,_,: ~. 

•~, •• :: i "· 

' 
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and k* 4 to be finite and vq > 0. Having met these 

requirements, we then have 

½ n (JWl - V /v )/S + N(0,l) , 
p q g D 

where s 2 is defined as in (2.9). 
g 

Approximate 100(1 - a)% confidence intervals 

I ½ I ½ are then given by (JW1-za/2sg n ,JW1+za12sg n) , where 

za/
2 

is such that Prob(V > za/2 ) = a/2 and V "'N(0,1) 

4.4 The Jackknifed ew Estimator With Logs (JWIL) 

The form of the estimator e suggests that 
w 

the logarithmic transformation applied to e before 
w 

jackknifing could prove advantageous. This transforma~ 

tion has proven its worth when applied to the variance 

components problem, as is indicated by the results of 

Arvesen .and Schmitz [2]. In fact, the jackknife with­

out the log transformation was found to behave poorly 

with respect to power. 

To define JWlL, let u1
, u2

, u3 
and u4 

be defined as in the previous section and let 
4 

g:R + R be defined by 

Then 

= log(v /v) , 
p q 
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,wher:e 

where 

n n ·n ·•and 1 ., .2"' · ·3 

NOW de'fine 

' 
.JWlL = exp(J(.0)) , 

1 2 3 4 
0 = g (U , U , U , U ) and J (0) is as in· (2.2). 

, The .. hypotheses of Theorems 2,6 and 2.7 will. 

satisfied if the second moments of the kerne],s.:of 

and u4 are fini:te and V 1 V > ·o . 
p q 

·when·these conditions·are fulfilled; we have 

where s2 
g 

n½JJ:(~) - log(v /v )l/S -> N(O,1) , 
p q g D 

is -a:s in 
· 1 ·· 2 '3 .4 . · 

( 2. 9) , with . 0 = _g (U , U , U , U ) .• , 

-From (4. 8) we may obtain approximate confidence 

intervals for log(vp/vq) based on the normal,,distribu-,­

tion. :.Then, by .applying the exponential transformation .:, '. 

•to the confidence bounds, -approximate confidence !inter- . · 

·vals fcir.t~e parameter v /v may be obtained • 
. p q 

4.5 The·sukhatrne Estimator (T81 ) 

·Recall•khat all the estimators that we·have 

,considered as candidates for the jackknife metho·d have ' 

b.e.en of the form e = g (g) .with e "' g ( n) · . , where . - , , 

· '1 s ,U = (.U , ••• , U ) .is a vector of U-statistics and : · 

,1 · s '" 
,!] = (E(U ) , ••• ,E(U ) ) ·When 0 is of•this•form'the 

convergence theorems ·of -Chapter 2 establish the · 
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1 ' 
asymptotic normality of N~[J(8) - 8] The asymptotic 

normality of the jackknife estimator, however, should 
!, 

not be surprising since the statistic N 2g(Q) is itself 

asymptotically normally distributed. In fact,. Theorem 

7.1 of Hoeffding [9] establishes the convergence in dis-
, 

tribution of N~(g - nl to the multivariate normal dis-

tribution with mean O and covariance matrix 
I 

(m m ri,j) 
i j"l sxs and, from Theorem 2. 9 of Chapter 2, we-

obtain the convergence in distribution of ½ 
N [g(1!)-g(!]ll 

to the univariate normal distribution with mean O and 

variance 

2 
cr = 

s 

I 
i=l 

s 
I 

j=l 

i,j 
g. g .m.m. ,;

1 l.JJ.J I 

as in Theorem 2.7. Thus, J(g(g)J and g(g) are asympto­

tically equivalent. 

In the following, we derive an estimate s2 
T 

of the variance of the Sukhatrne estimator. This variance 

estimate will then be used in conjunction with Sukhatrnes' 

estimator to obtain approximate confidence int.ervals 

for v /v , based on the normal distribution. 
p q 

Since we shall use the same symbol when refer-

ring to both the point and the interval estimate of 

v /v , we denote the Sukhatrne estimator by 
p q 
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This notation will remind the reader that T81 is the 

one-sample Sukhatme estimator with associated variance 

estimator 2 
ST. 

To obtain the estimate s2 
T 

of 

we first note that, from Hoeffding [9], we have 

l ~= ( i j) i, j ~" NCov U ,u = m.m.~ 1 , 
-~"" l.J 

and ~i,j are defined as in Theorem 2.7. 
1 

where m. ,m. 
l. . J 

2 Therefore, o , as in (4.9), may also be written as 

s 
o2 

= lim NVar[}: 
N+00 i=l 

where gi, i = l, .•• ,s, are the first partial deriva­

tives of g evaluated at ~. This suggests that we 

may estimate 2 
o by obtaining a-consistent estimator 

of the variance of the first order terms of the Taylor 

series expansion of g (~) about 

Now, 

and let Y. = 
l. 

i==l, ... ,N, 

let Ul 

F~ , i = 
l. 

so that 

and u2 

1, ;_ .. , N , 

ul = s2 y , 

Noting that 

we p_roceed as follows. 

u = n . 
be defined as in (4.2) 

and w. = F.F~ F~2 

2 -u .= w 
l. l. l. l. 

and 

= Var (W/S 2) y , 

Expand W/s; about E(S;) = n1 and 

E(W) = n2 , to obtain 
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and 

- 2 
W/S y 

·2 
~ n_

2
/n

1 
+ Ci - n )/n - n (S • 2 1 2 y 

- 2 - 2 
lim•NVar(W/S) = 

"N->-"' y 
lim NVar(W)/n

1
+ lim 

N->-"' N->-"' 

. 'But 

and 

- 2 3 
2lim Nn

2
cov(w,syl/n

1
• 

N->-"' 

. · ,. 84 ,'.: .,, ,,. '" 
'•., ,·' .. 

'. ' 

(4~12),: 

, . , . ( 4. 13) 

2 
·we now define ST ,by substituting (4.12) ,· (4.13) and·, 

• ' ' -·· ,'! ·~ ") ' • . . { ·, .. 
;:,•··'·,., .... ,, 

·:f,4.14) .in ('4 •. 11) -and replacing all unknown parameters ·: ,' · · . . ' ,, 

' ' '· ,,· 
i,·' ' 

' ·~~ ': } ,1:. ',: >. • 

·:];ly their· sample .estimates; ·i.e., define · 
'/ · .•. ,{ ,, _1.' 

2 s = 
':.T 

. -wher.e 

.N 

I 
i=l 

.. N 
·M

4 
(Y) = l . (Y. -

i=l : 1 

2ics 2 
wy 

. : ':})'. 

- 2is )/S2}/s4;;,·::·:. 
.wy:,., y , -'.Y'. . ·-, ', '· :, 

, . 
~:-,' ;.,. ' .. ' -

1) '· 

- 4 
Y) /(N-.1),, 



.N 
s = }: (W. - W) (Y. Y)/(N 1) ,wy i=l ]. ]. 

·and 

N 
W) (Y~ 

N 
Y~/N)/(N s 2 = I (Wi - - I - 1) . 

i=l ]. 
i=l ]. wy 

.Since all the sample estimates in ( 4 .15) 

consistent (assuming that the second moments of u1 

.and u2 
exist) , we have 

where 

2 2 
S· + crT , 

T p 

2 2 

are 

It is easily verif,i.ed that aT = a , where 
2 

a is de-

l, 
Since ··N 2T 

· Sl 
tributed with mean 

is asymptotically normally dis~ 

2 and variance crT, we have V /V 
p q 

½ N (TSl - v /v )/ST+ N(0,1) ·p q . D . 

This result justifies .the use of- the normal 

approximation to obtain approximate confidence intervals· 

for v /v 
p q 

·That is, if we define 
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,is such that 

, :then (C ''C ) 
1.' u 

Pr.ob.CV > za/2 ) = .CJ./2 and 

:is ·an·ap_proximate .100(1 -

.confidence interval for V /v .. · 
p .q . 

a)% 

· The performance of t_he: T81 . estimator and 'its 

,a.ssoci.ated .interval estim.ator is compared with th.at df .tl)e 

'ot:her :one-'sample estimators .in .Chapter ·6. · 
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,CHAP.TER. 5 

THE MONTE _CARLO ST.UDY 

5 .;l Introduction 

The Monte Carlo study was run on an IBM 370 

,computer, Model 145, .and the random number generator .was 

-taken from IBM's scientific subroutine_ package. 

The density funct:i;ons,· p(x)· and q(x)., were 

chosen :to belong to either the f?Jllily of Pareto_ distri-: 

.butions or to the family of Gamma distributions. Details 
' 

.of.the-sampling procedures used to obtain.samples .from 

the .,Pareto distribution ·and the Gamma distribution ar.e 

_given :in :sections 5. 2 and 5. 3, respectively. ,Also · found 

in these sections are the derivations of the expressions 

used to calculate the moments of f(X) and f*(Y) , 

.where X ·has density p (x) and Y .has density q (x) 

'The-.measures of skewness and kurtosis (y
1 

_and y
2

) of 

L(.X.) ahd f* (Y) are easily obtained from ,these expres­

sions. In Section 5.4 we discuss the rationale b~hind 

·the choice of the functions f (x) , p (x) and q(x) • . . 

A total of 18 Monte .Carlo sampling exper·iments 

were· conducted. For _each of these experiments .and for 

•each .estimator under ci_onsideration, 400 independent ob­

servations (the 'Monte Carlo samples) were obtained and 

their ,400 associated confidence intervals· were constructed. 
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.The ·compari,sons of Chapter 6 'are .based on· these' observed 

·values of the point and interval estimators. 

For the two-sample estimators,· M .,,; 400. -(the· 

--Monte Carlo-sample -size) independent•samples ·of 'size 

'n = ·30 were generated from p (x) · and . q (x) · .The two-

saillple '-estimators, ·as well as their approximate ,90% .con:­

fidence intervals, were then calculated for each pair of-.. '.'', 
. . ·: : ' ,~ 

samples. The one-sample esti111ators and their appro:icill\ate •< , .. · 

· ,9·0% ·confidence intervals were obtained -for· each 'of < , . . , ',. ,. ' 
j ,' -.r 

M.=:400 ··samples of size n = 30 generated..froin :·q(x>.'i.·:, 

S:ummary ;;st<!,tistics,. sµch as the mean of th; 1,00:' sample 
' ,.,· ' 

val_ues, the ·estimated coefficient ot' variatio~· of ·the··; . . . 

~ ... 
·samp·le -mean, the mean ·confidence intez::val ·leng~n and .. · 

l • ~ .' I•,. 

--the coefficient ,o'f variation of the meari confi:den.ce .in-·· .. · .. 

. ter-val ,length, were ·then -obtained for .each'of ·the .variance r 

-ratio estimators. 

If 

·w ,/v ., :the 
·p q 

·e represents an arbitrary_ estlmator of ... 
"" . A 1 , 

M .= 40.0 observ<1tions, e,e 1, ..• ·: ;.e.M) ·:·.,say, · 
. . . ~·· ' "•• '-~ 

-constitute a -random sample from the .distribution of e •.. 
•' 

--·Therefore, if •the true ratio 
' . 

v /v were ~nown /~e c:a'~ld · 
p q ", 

,then .cibta_in estimates of the ·bias and. its :contribution··,':,- · · 

-::to -the mean ._square ,error, ·based on these sample ·values. '::. 

•·In ·practi•ce, "however, we found :.that, in' the maj;ority;-~>f·;_ :'. . . . 

' cases, the coefficient of variation of .the. sample mean 

.• -
~' ·:,- ·; ':· 

·,. 
,,< ', . 

••• • -<. 

•,: ~: :,,_,: ~- : 
.',, 

r . ', 
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rn was ··too lar,ge, resulting .in .µnreliable e_stimates of 

.these quantities. An obvious ·solution to this problem. 

wo.uld .be .to increase the Monte ·car lo sample size., but, 

to reduce the coefficient of variation of e -to an ac-

.ceptable level, the Monte Carlo sample size would have 

had to.been increased considerably, making the survey 

prohibitively expensive. For example, since the coeffi-

. cient of .varia-tion decreases as 
½, , V 

1/M , a ·Monte. ·car lo .. 

sample ·size of .·1600 would :have been· required .to ·decrease 

the coefficient.of variation-by a factor of·½,. 

·To study the behavior.of the interval,est1mates, 

coverage percentages were calculated for various multi­

,ples of ·.the -true variance ratio, _R = v /v •. That .i•s, 
p q 

for each estimator, we calculated ·the .. fraction of ·the . ' 
·M •= •400 ·,.confidence interva1s that contained cxR , 

·where tw~nty ·va·lu.es •for c ·.were chosen ranging from 

·o to ,100. Note that when c = 1 , the coverage of 
. ' 

cxR is an·estimate of·the true confidence level. 

The results of the 18-sampling experiments 
I • "·; 

.. are summarized in Tables I · through XVIII.: . The ·main body 

,of the tables records the covera_ges of · cxR , which; 

',for 'notational ·convenience, are represented <!,S ·being 

-out or a total_possible of 1000. The first .column to 

the ·right of the coverages records the Monte Carlo 

) . . . ' 

r ' 

' 



~sample mean of .the ;estimators, :.divided .. by R = V /v ; 
p , q . 

'the ·.sec.ond ·co_lumn records •the estimated coefficient of 

,variation of .the statis:tic _in column l; the ·third column 

·--·rcecord·s the -·average le{:\gth ·of the ·confidence intervals, 

-divided by R; and the fourth column records the.esti:­

._,mated coe·fficien.t of variation .of the statistic in column 

3. Each table· also indicates the· true variance, ratio R .; 

·the \function ,f·(-x) ; 'the -.measures y 
1 

and y_2 of skew- ·, .. 

:ness _,and :.kur,tosis cif · f ,(X) •and ,.f*,(Y) ; the density 

':funct:hons -_p'(x) · -arid q.(x) ; ,and ·the position •of R ·= l , 

whidh is 'indicated 'RY ·an arrow. The 'function f* (y). 

c,an.easi:ly',be·obtained·from.the tables.as well, -since 

f*:CY,) = if (y),p(y)./q (y) • 

_:s. 2 The Pareto .Distribution 

:Recorded '.'•:i,n :Tables I to 'VIII are the results . 

. ,of .the,·.Monte .Carlo experiments when . p_(x) and q (x) 

•a·r.e :both density •functions. ·belongi11:g · to the .Pareto family · 

-0£ dis'tributions. The· function f (x) is of the form 

.k ~f:(-x) ·= ex ·in •.each case. 

In the following, ·we -indicate how samples ·ar·e 

{ibtained from the Pareto distribution and derive e~pr~s­

sions .for the'skewness and ·t)le kurtosis of f(X) arid 

;f*:(-Y) , :where ,X ~ Par·~to (a) -and ·Y ~ Pareto-(b) 

·:'An :expression ·for the ,actual value ,of ·the .ratio· v /v p q 

is a'·lso •obtained. 

.. -'' 

, I : 



:The ·:d§!nSi t:y f:unction h.(x) .of. the I'a;reto dis,­

:tributibn with .parameter .a (a,>. 0) ,'is given ··b,Y 

[ 

I a.+1 a X 

h(x) = . 

0 

if 1<x<oo• , 

.otherwise. 

'The .cumulative distribution function F (c) ··is ·then 
X 

C 
if C ·< ,1 , 

•F (c) ·= . :X . 

1/ca - :if C ·;,: ,1 

· To .obtain· a ·sample _from h (x) . , defined .·as 

·;in (5.'1), we ·.use the randoni number generator to generate 

'•N ·.inde,pend'.=nt ·Uniform( 0 ,.1) :observations u 1 , , ... , ~ 

Then,. ,,x_:J:, ... ,.XN . , def ip.ed l?Y 

X, 
l. 

- 1/(1 - u.)l/a 
·i 

, 

. , 

constitute a sample from the'Pareto'distribution•with 

.,pa:t'ameter .a .. This. result ,:i:s ,an immediate· ,co~sequence 

of Theorem .BA _of· Parzen [16, p. 314] (the I'robabi1i ty 

-Integral Transformation), since 

.Let ··p (x) and q (x) .be the density •.-functions 

o'f the Pareto distribu:tion -with paramet'ers ·a and b -, 
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re~pective~y. Define the function f:R ➔ R py. 

f(x) = k 
ex , 

--where c and k are real-valued constants. Let X 

and Y be random variables with density .functions p(x) 

and q(x) , respectively. Then if a - rk > 0, the 
th 

r moment of f(X) is given by 

"' = f acrxrk/xa+ldx 
1 

r = ac / (a rk) • 

·Therefore, the central. moments of f(X) , denoted by 

µ (f) , are , ·-r 

(:°) [a/(k 
l. 

r r ·r . 
= c l (.) [a/(k - a)]r-ia/(a -·ik) 

i=O l. 

.The value of the integral I is _given by .. 

I = E (f) 
p 

= ac/ (a - k) , 

(5. 2) 

(5 •. 3) 

·(5.4) 



and the variance V 
p 

is 

V = µ2(f) 
p 

2 2 2 = ac k /(a - 2k) (a - ,kl 

.With f (x) as in (5. 2), the function f* (y) ,. 

-defined by f* (y). = f (y) p (y) /q (y) , becomes 

k b+l/ a+l 
f* (y) = cy ay by . 

k+b-a/b = acy . .-

Now, if a - k·> (r - 1)/rb, the raw and cen­

. 't:i:al mo_ments of f* (Y) are obtainea by replacing k 

by ·•k +·b -a-, c by ac/b and a ·by· b · in (5.3) 

and (5.4). Thus 

r r r-1 
_µ• (f*.) = ,a c /b [r(a - k) - b(r 

r 
1)]'' 

;anc! 

·wherce 

T 

= (ac/b)r}: (:)[b/(k 
'i=O J. 

µ' (f*) ·· and µ (f*) 
r r • 

a)] r-ib/ [b. - i (k+b-a) l , 

are the 
th r · raw and cen- · 

tral moments, respectively, of f* (Y) • , · ·· · 

The variance ratio R = v /v is, given-by 
p q 

93 

(5. 5) 



;.wh:i:ch, .upon -,simplifying, yields 

2 . - 2 - . . ' . 
R = k b[2(a-k)-b]/a(a'"'.2k)·{(a-k) -b[2(a-k)-bJ}. ., '' ,.·, ,,., ,, ;-

·:,The •measures -of .. skewness, y 1 (f) and 

and f* (Y) , -respectively, and -the measures of kurtosis,.,.: 

of f (Xl-- . and · f* (Y) ., respectiv:e+y, 

are easily obtainable from (5.4) and .(5.5) ,. where · .. y. (f) · · 
. ' l. '., 

·and y .. (f*.) , :i = 1,.2, are defined :in.Section 3~'1. · 
• l. 

. '!, ., 

5.,3 ,The _Gamma Distribution 
/·.,'., '] 

'The results of the Monte .Carlo _experiments 

,q(x) 

to 'the ifariii-ly .o·f Gamma distributions are recorded -in::·,, 

·:,Tal:>les ·rx ·through -XVI•II. _-For all but one of the cases·, < "· ;• 
the. function, 

:case is f.(x) · 

f(x) is of the 

4· 

form 
'k 

ex The
0

e~ceptional 

= x ·exp(x/9)/60 

The density function of the ,Gamma distribution.:·· · 

·wJth ,parameters a ·and b (a_;b > 0) i.s. given .by 

·g (x) 

_ r•-lex~(-x/b)/ba, (a} if X > 0 

0 otherwise. ;·./(':··· 

•"'i ,•, ,. 

'. ' 1 ,~ 

,;We <denote ·qy ·Gamma (a;b) .the .Gamma ,di·stribution -.with ., · 

.,parameters · 'a -·and b • 

J, J • ' 

.. ' ' - ,,_··).. 
. ·, t ': . 



For the cases we studied, the parameter a 

in (5.6) was chosen to be an integer. This choice of 

a simplifies the sampling procedure and saves computer 

time. 

To obtain a sample from Gamma(a,b) when a 

is integer-valued, we proceed as follows. Generate 

Na independent observations from the Uniform(O,l) 

distribution using the random number generator, where 

N is the desired sample size. Divide the Na observa­

tions into N groups of a observations each and de­

fine 

= -bxlog (u
1

. x ..• xU . ) 
J. ai 

, i = 1, .•• ,N , 

where u
1

. , ••• , U . 
i ai 

is the group of Uniform ( 0, 1) 

values and log is the natural logarithmic transformation. 

Then A1 , •.• ,~ constitutes a sample from Gamma(a,b) • 

The following claim will establish the truth of the 

above.-

Claim. Let u~···,ua be independent Uniform(O,l) ran­

dom variables and let b > 0 be a real-valued constant. 

Then the random variable A defined by 

A= -bxlog(U x •.• xU ) , 
1 a 

has a Gamma(a,b) distribution. 
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,Proof. To .prove •,the .claim we use the moment -.generating 

:function ·:technique. 'The moment .generating function of 

M (t) = 
A 

E [exp.(At) J 

- (1 ·- bt) 
-a , for t < -1/b ._ 

' 96 

-'But.fthis _i·s the,moment ,generati~g function of _ Gaiilma'(a,b) ·,. 

,The. ·.cta'im ·.fo:I:lows ,,iiiunecltately f-rom the uniqueness of \the 

moment'generating function. 

In 'the 'following, '>\'l'e 'derive· expression's for 

the ;moments of ,f·(X) --and '·f*'(Y) , where 

X _ ~ Gamma (a
1 

,b
1

) and Y "' Gamma (a
2 

,b
2

) • · The functions 

f'(x) , p:(:ic) and , q (x-) are defined to include all cases 

.enter.in_g the -Monte Carlo s.tudy. 

'Let ,p(x) be the density of the Gamma distri- ·. 

'butiqn with p'arameters a
1 

and b
1 

(Gamma (a1 ,b1 )) ·, 

',let q (x) be the densi,ty function of the· Gamma distri-

:bution with parameters a.2 and b2 (Gamma ~a
2 
,bi) -

a,no. let 

f (x) 
k exp(dx) = ex , 

' ~- ·' ·~ 
t" ... :· ._ ~ 

:: .. 
,- ; ·,'. : '. \., - ,· 

:t'.}-_· 
\ ~ 



-where :c , d -and k are real-valued constants. Then 

"f*-(x) = ·f(x)p(x)/q(x) is .given by 

a-
f*(x) = ex exp(bx) , 

-where 

and 

Let X and Y be random variables with den-

. sities p (x) sand q(x) , respectively . 

moment of f*(Y) is then given by 

r ar 
=CE [X exp(rbX)] q 

The 
th 

r raw 

00 ar+a -1 · 
= er Jx · 2 exp(-,x(l/b

2 
- br))dx , 

0 . 

,which, for· ar + a
2 

> 0 and 1 - rbb > 0, yields 
2 

·a 
= ·[er /b

2 
2 r (a

2
) l r (ar + a

2
·) [b

2
/(1 
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.The 
th r raw.moment ·of ·.f(X) · ,is obtaine<i 

·i:n an ana:logous manner and is given by 

µ I ( fl ~ 
·r 

.providing and 

The central moments of f (X) and . .'f* (Y) and 

their measures of skewness and kurt.osis can·-easi,ly be 

obtained from (5. 7) and (5. 8) , as for the Pareto :.distri'-

--bUtions. 

•5.·4 •·'Selection .of the Sampling ·Experiments· 

The·main obj'ective:of the Monte,Carlo study 
' . 

. is •to examine tne behavior of the vai:i'ance ·.ratio'• esti­

,..mato:cs .under varying degrees of .non-no~_ali1;:Y .·of .. the 

ran'dom· variables f(X) · arid f* (Y) , where, X ,has 'den-· 

·sity •p (~) · and .Y · has density , q(x) • ·. In practice; 

the random variable_s ,f (X) a_nd f* (Y) .· · may c'\iffer radi_:, 
,. 

,cal-Ly .in the degree of .non-normality that- each displays.· 
' . ' ., ' 

'This situation is of particul~r inte~est since -the ·usu~l . 
: :, 

;,methods of 'var.lance comparison ,in the ·two_:;sample :~a·se 

'requires the assumption of -identical distribu:tion_s .. of 
. ' 

•f (X) · and f* (Y) , except for location ·and »scal_e ~- We . . ' 

are .also 'irite:rested .in studying the ~ffect·_ of extreme 

·n:on~normality of f* (Y) upon the one-'sample· estimators._-

.'Recall that Hastings .~8] ,wa.rns that •.importance _:sampling 

•. , ;i '' ,·· . 

.:' ,.; ~·~ '. 
i 
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--may ~r.e.su1t .in extreme non-normality .of ,'f*'(Y) . ,'_,even 

<when :q('x) is arbitrarily close · to .the optimum.· .,q·· (x) 
. 0 . . 

,,_, ,, •· ' 

.Since "!:he Monte Car.lo study: ·is: to .··serve ,'as :,an. · 
' . ."':"'-

,.,explo'r'atory investigation involving a large numbe~ ·of .. 
. ' 

-estimators, we have had to limit the number of cases · · 

studied. For this reason, a~d because in 'practice· it, 
' ' 

is likely that a knowledgeable choice of· q(x) ··\•will· 

.'lead .. to a -variance .reduction, we have ·chosen·' ·t:-(~i .'·' 

to;yield .R,;,_.l 

,for al-1 ·but :one of ':tlie '.:sampling , .·cases - -in fact,, R,;, ,1 

,:,experiments. 
• , ' ·r,:, ' ' , ' ' •; 

' ::.'.. '.:. , '· 'C 

'The,Par_eto and G.amma distributions .were selec-
. , 

"ted .for ·.s:eveu:;al reasons, not "the least 'important •of -wli.i:cli · 
. ' . . •'. -· . 

. is .,that. ·the ··sampling procedures .ar.e ·easily '.programJ!led ·.\ ·. 

•on a. COlllputer.. "These· 'distributions 

·.of ,simple •·funptionq.l forms, such -as 

also q.l:low' 'the use'. 
.. k:·:.,-",·/. ·•. 

'f(xl:-= x :, yet· 

"still provide ·a large class of distributions· of .·/1: (X) 

,,and if*;,(.Y.) ,. ,Furthermore, . ·a:s ·we have,,see~ .'in· Section,s . , : 

' ' ···:.. .-~' ... ,,. 

, j ' ,•,' • l i'::i• •' ' ·. ' • 
5 •. 2.and 5.3, the raw and ce_ntr.al momen:ts_.of .. f(X): and.<.:, .,, .. 

• :• < ,, • '",' "';~ .'',_ ·:,··•,,,.~.:•~,,_;_••:,~I:-. 

'.f*:(Y) are obtaina):>le by straightforward ca_lculations ,;,'._: ; ,. < 

,and,, \fro'm · the -expressions •,for --the -central moments of·. 
. . 

, we 'may ,th'en calculate .. fhe __ ·mea:sures · 
3/2· . . · :. 

= µ 3;1µ 2 , and •kurtosis,.:};:,.:,• 

These parameters, \l aµd 

• ,.·. f -._ 
., ,, .. ,' ) : 

"· f 

. '· 
-~-. . .'/i ·: ,,.-~ ~.., ,' ,· ,,11 



then .. be .used :to _indicate the degree of non-normality 

di!';played by f(X) and f*(Y) 

.normal di.stribution yl = Y -= 0 -2 

Recall that for the 

Although the calculations of Yl (f) ·, Y2 (f) , 

y
1 

(f*) .and y
2

(f*) , defined as in (3.1), are routine 

computations once the functions f(x) , p(x) and .q(x) 

have been specified, it is difficult to obtain specific 
,. 

values of yl ·and Y.2 for f (X) and f*(Y) . For 

··example, ·suppose p (x) and q(x) are density functions 

of 'the 'Pareto .distribution with-.parameters a·· and -b ,, 
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'k ' -
respectively, and suppose f(x) = x ,. Then, to-guaran~ 

tee convergence of the varii:iil.Ce ratio •estimators, we 

.require 
4 

E{ If (X)] } < oo and < co .• If,·. 

·in ;addition, -_we .;require R " 1 , then tl;le parameters 

a, ·b and ·k ·are .subject to 

.a - 4k > 0 , 

a - k > 3/4b 

.2 2 -
k b [2 (a-k) ~b] /a (a-2k) { (a-k) -b [2 (a-k) -bl} ,;;, 1 .. 

-With these restr'ictions on the parameters _a , - b and -

k , it is ·apparent that it may, in fact, be impossible - . · 
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·tio obtain ·,predetermined -values of ·y 1 (f) , Y2 .(f) , 

·y :(f*) .and y
2 

(f*) . 
. l 

'.!:'he method employed to -select f (x) , p (x) 

-.and ,q (x) was essentially· that of trial -and. error. 

·That is, the values of R , y
1 

(f) , Y2 (f) , Y1 (f*)- -and 

_ Y.
2 

(f*) w.ere calculated for a large number of functions 

£ (x) , p'(x) and q (x) 1;1.nd the cases to be studied were 

,selected from these. :Table -XXIX records the values of 

·R , -y
1 

(-f·) , y
2 

(f) , ·y
1 

(f*) and y
2 

(f*) ,.for,-each ·of 

-the :Monte ·car lo .sampling •experiments. To aid :in .the 

· dii,qussions ·of_ the results of-·the sampling experiments, ,. 

a·distributional classification scheme is introduced 

.•--in ~Section 6 ;_.2. The ,column on -the ·right of Table XXIX 

-recor.ds the :distiibutional classific_ation for each of -·.the 

,samplil"!g :experiments. ·If further .details of··•the .dis:tri­

<butions of . .;f (X) ·or -£* (Y) are .. required, one may re'fer 

'•to the original tables, i.e. to Tables· I through XVIII·. 

:'.":~- .'', 

. ' '. ' ,., 1 

,. \ ,t ~--, .. , . . ' 
','}·:·.:ti' , 



CHAPTER 6 

THE MONTE CARLO RESULTS 

.6.1 "Introduction 

In this ·chapter, -we descr.ibe the results of 

,the Monte Carlo sampling_ experiments and discuss the im­

·p1icati6ns of these results with regard to the importance 

sampling problem. It is important that the performance 

of the estimators be analyzed in the context of the esti­

mation problem under consideration. Recall that we wish 

to .·.estimate the 'rela_tive efficiency' (vp/v q) o'f two 

·competing techniques of estimating a populati_on mean 

(or ·total). Based on an estimate of the relative 'effi­

ciency, we hope ·to determine which of the estimation-pro­

cedures is preferable. Obviously the worst possible 

error is ·to choose the least ,ef-ficient .method when this 

procedur:e leads_. to an -estimate of the population mean 

,-which ... displays extreme non-norm_ali ty. · A somewhat less 

-serious .error is one which leads to .the use of ·the _less 

;efficient technique but results in an ·estimator of the 

.mean which is distributed more closely . to a normal .ran­

dom variable than the alternative statistic. In fact, 

.in some instances, unless a substantial gain .in effi­

·ciency is obtained, it may ·advantageous· to choose the 

less efficient method. 
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•:p,_ -detailEid descr-iption- of each of 'the two­

sampJoe -and one-sample estimation techniques .was given 

·in Chapters 3 and 4, respectively. The class of -two­

s·ample .procedures consists ·of (i) the classical: F 

method (F) ; (ii) ,the modified Box-Mdersen method 

(FBA) , _which involves adjusting the deg;-ees of freedom· 

of the usual F statistic; (iii) the Box methods .· 

(BcS and ·B
10

), which require.dividing the salllples into. 

di:sjoint-subgroups, calculating lo"g(s
2

) · ·for-each sub-

group and .comparing these two -sets of values .by ,the-
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·t-test for.location; (iv) Arvesen' s two-sample jackkni'fe 

p:r:o.cedure (JA
2

) applied to the ratio of the sample 

var.iances,; -(v) Arvesen' s two-;-sample jackknife _-('JA2L) 

.applied to the natural.log of .the ratio.of the sample. 

0v_ariances:; and (vi) Miller's jackknife method -:-_(J'M2L) , 
. . ' ' 

.which. involves jackknifing the -natural -log of each of 

~he sample variances separately and then combining the 

The ~ne-sample methods include (i) the method 

,based on the asymptotic normality of the' Sukhatme · statis­

-:t-ic .and a consistent estimator of its varia~ce ·. ·-(T81) ? 
. . ,, 

'a(i'i) the jackknife'_method .applied to .Sukhatmes'. estima-

(iii) the jackknife.procedur_;;:appl'ied'to 

·the non-negative estimator (JWl) ; and · (iv) the :,_ , 



·:j·ackknife version of the natural .log of· the ,;non-:negative 

,estimator (JWIL) 

Due to the difference·in,nature,of the.one~ 

sample and the two-sample procedures, we have·discussed 

the results pertaining to these two classes of estima­

·tors ,separately. A discussion of the results· .of the sam­

pling experiments relating to the two..:sampleestimators 

may ·be found·· in Sections 6. 5 and 6,. fr while 'those for 

'the one-sample estimators are discussed in· Sections ·6.,3 , 

,and 6 .·4. For the reader interested only in a :summary 

of the findings, Sections 6.3.2, 6.3.3, 6~5.2 and 6.5.3, 

,w_hich contain a detailed. examination of the Monte Carlo 

results, may be,omitted. 

Since a large.number c:if estimatc:irs"are studied, 

-we have had to ·limit the depth. of the survey.·, The Monte 

·Carlo sampling experiments, however, serve asa prelinii­

nary investigation from which we are able to eliminate · 

··-the :obviously .p_oor •estimation procedures and ,5uggest 

•directions of .further _study regarding _the more,promising 

·techniques. Some of the obvious-limitat'ions of-the.sur­

vey.are -those imposed by the small Monte Carl? sample· 

,size (M•·= •400), the limited.number of 'distributions ·sain­

pled, the ·fixed . sample sizes (n · = 3 0) and the singI·e 

confidence level of 90%. 
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'6.2 'Preliminary·Comments 

6 .. 2 .1 .Discussion of the Tables 

The results of the 18 Monte Carlo. sampling 

·experiments are recorded in Tables I through ·XVIII.· 

Each of these tables, which is described in Chapter 5, · 

-contains the-results for both the one-sample and the 

two-sample estimators for specific functi·ons f{x) , 

p (x) .and q (x) . That is, _each table summarizes -the· · -

-.r_esults .o·f ·a particular sampling experiment. ·For con­

venience we identify_ ·the sampling experiments by the 

number of their a_ss_ociated table. 

_ To •study the effect of non-normality of f (X) ·_ 

and f* (-Y) , .we have roughly classified their distribu--: 

tions as displaying low, moderate or high degrees of non-

normali"ty., denoted by L, M •and H, respectively. 

'With '"this classification scheme -we can identify,. for_ 

each sampling experiment, the distributional_ properties. 

of 'f ('X') and f* (Y) by ·a pair of letters, the first 
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• 1. 

,denoting the distributional classificatio"n of f(X) 

·cand ·the second denoting the distributional classifica-

.tion bf f*- (Y) For example, L - M indicates that 

·f'.(-X) displays ,low non-normali·ty and f* (Y) display·s 

moderate non-normality. When referring to the distri­

butional classification of a single random variable, 



'f* (Y) .. say, we shall use the notation f* e L , 

f* e 'M .or. f* e H , with a ·similar notation for f (X) 

Table XXIX lists the Monte Carlo sampling experiments, 

t:heir classification and the values of y 1 (f) , y 2 (f) , 

and the v~riance ratio, R = ·V /v . 
p q 

To aid in assessing the behavior of the one-

sample estimators, we have reproduced the relevant por­

tions of Tables I through _XVIII and -arranged them accor-_ 

ding ·to the distributional prqperties of f* (Y) in 

TabJ:es ·xIX '.thro,ugh ·xxII. An attempt has been ma.de to 

arrange the results in order of inc~easing non-normality 

of f*(Y) , beginning.with the first entry in Table XIX 

and -ending with the last entry in Table XXII. -It must 

·be- emphasized, however, .that this ordering is approxi­

-mate, being based solely on ·the v.alues of Y 
1 

Cf*) • and 

,y
2 

(f*) • 'The table 'from which each of the reproduced 

port1ons was taken is indicated by a Roman.numeral and, 

,as 'for the· complete tables, we have indicated with ·an 

arrow ,the position of v /v = 1, thus permitting the 
p q 

approximate,power of the test H :v 
0 p = V vs. 

q 

H :v 
a p 

;i, V 
q 

to be readily obtained. 

For the two-sample estimators we have 'also 

:reproduced the relevant portions of Tables I to XVIII. 

These results, which are recorded in Tables XX.III to 
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'iXXVL'II, ~have be·en grouped.,a:cco:i:'ding to :the di:str-ibu-

·-tional .classif-ication·s of both ·f_{-X) and f* (Y) .'F.or 

·exampJ:e, 'Table XXIII records the resu·lts for the .. L--,L 

,cJ..assi•fication 'and Table XXVLI ·contains - the results "for· 

·the L~H classification. As for the one--,sample esti­

ma.tors, _we have -indicated, by a Roman numeral, tlae ori­

ginal table from which each of the reproduced portions 

·was ·,taken and ,have also ·indicated ·the ,position of 

v··/v = l p q 
'If ·a:dditiona:l -informat;iop :regarding,.the 

:dI,s,t.r:tbuti•onal _properties of ;f.(X) and --_f* (Y) •is r,e­

,quired, ,one m~y refer to ei t;her ,the original table or 

,to Table XXIX, which, provides a summary .·of· this infor­

:ma:tiqn ifor -a11 ·'distr:ib.utions :sampled. · 

'Tables -·xxx, .xxxt,·:and :xxxrI. record the ·coverages 

<o,f :R , .'R/5 :?,nd ·SxR , ·respective'ly, :fo:i; both the one-: 

samp-le •and ·the. two-sample estimators ··and for all 18 

Mon'te Carlo sampling experiments. Table XXX is parti­

,ctf1ar]jy -useful ·for comparing ·-the estimated ·confidence 

levels.· In -.addition to these tables, ,_a 'table of maximum_ 

-co:vetages -has ·-also .been constructed. , This table·· 

;(--Table ;X'XXIII) records the maximum q::>verage .:and the point 

,,at •.which \the maximum occurs ·for ,each\_estimator ,and -f.o.r 

:a·11 .. 1•8 /sampling ·experiments .. 



• ,"'6-'-_,-'-2"' . .".c.,2'--""P::..•"'r.,.ce_c..;::i:csc..;:rc-·,o-'n'-c-. -'-o'-f_.t_h_e_E--=s_t...,i,...m_a_t,..e_s.,-,-'-._o_f---,-,t_h_e___,_,-•P~-~r_o_b_a_b_1._· _l_i_t~i_-e_s 
,, ,of·"Coiltaihmerit 

·The :coverages :of cx-R · _-are ·merely_ ·_estimates 

· •of the ,probability -that the _poirit cxR is -contained 

in :an ·,arbitrar:y confidence int_erval const~ucted ·by -the 

·,estimator-under. consideration. :'+'hus, ·th_e -coverage -of 

'R is an estimate of the true confidence :level.:, Obvi­

:ously a statistical procedure. is ·required t,o :·c9mpctre _co­

verag.es obtained by the various estimation proce"dures. 
·,·,'. . . ',. 

-Consider the problem of estimating.the· proba-

p .say, o'f-a·point .. x , .• ·I.f 
0 , ,.0 

, . 

"400 con-fiden"Cia! ·-':i:nter.va·Is ,are •constructed _iridependerit:ly; 

·-the .total number of 'con:Ei'dence intervals _;containing· ":i_c
0 

' ·'' . 
-,has ,a ·B:i:nomial ,,distribution with -parameter-s · ·-N, ~ -4.00 

and .P = p
0 

• . For our purposes, since: N' · ;'' 4()0: , _·:ts · · 
. ' . ; ) - ' , . 

. J,arge-, the ,normal ·approximation· to. the Binomial· distri-. . ' . 

bution ,is .,_adequate for constr.ucting approximate ·:confi-:-

•dence ,:intervaTs and 

:£hat the statistic 

tests for •,n ; .'•That ·i-s,·-we -assume .r:o 

(p ~p ) / (p (1--p ·.) iN] ~ . has a norma·l 
0 0 0 0 · 

:d±:s tribtition . with mean O and variance l /-whe;e · ,1 ; - is: 
_. '_ .. 0 ' 
. . .,., 

·the "fraction of the confidence 'intervals· containing' · - · 
' ,. ,, ,, - ,: .. 

x , ·i..e. the ._coverage of x · ,o. · 0 
For infqrmation regar..,; _ 

ding-approximations -to the Binomial distribution we ·re­

:fer :to .Johnson ·and ·Kotz '[10, pp. 61--67,]. 

,. ' ~. ,_, 
.r -.~·: ,, 

.. ; ', 

ro's . 



For ·each of the .Monte Carlo sampling experi­

ments, ·the majority of the estimators were based on the 

same sample. That is, M = 400 samples were obtained 

-from p (x) . •and q (x) and for each pair of samples, 

,(¥1 , ... ,yn) from q(x) and (x
1

, ... ,xn) from p(x) , 

the one-sample estimators we.re based on {y
1

, ... 1:lfnl 

and the two-sample estimators were based on both 

and (y
1

, ... ,y) 
.n 

As a result, one·w,ould' 
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expect -the .. coverages ·.of · cxR , ·for the various. estimators, 

to be .pos:i:tively correlated. Furthermore, ·since .the. 

variance of the difference of two positively correlated 

estimators is less than the sum of their variances,·.one 

.wou:ld expect tests and. confidence intervals for ·the differ-
. . . 

.. ence to ·be .[conservative if they were developed :·under -the 

·ass.umption ·of independence. 

~onsider the problem of comparing the coverages 

for two competing estimators. Let 

;be •,the coverage of ·X 
0 

for the first estimator (i.e. the 

fraction of the 400 confidence intervals which cont.ain · · 

-.estimator . 

be the coverage of 
. x for _the ·second 

0 . 
Then _E(p1 ) = pl and E(p

2
) = p

2 
., wnere 

.-p1 and ·p2 are the probabilities of containment·of· 

.x for ·the 'first and second estimators, -respectively. 
0 

·To obtain approximate confidence intervals·for'the 

. ,, . .. . 



.. ,difference, ·p
1

. - p
2 

, usi11g the norµial approximation 

and.assuming-that p
1 

and p2 -are uncorrelated,,we 

treat 

as a normal random variable with mean 0 arid variance 1, 

where 

A 

p2) = [pl(l 

Therefore, ·the approximate confidence-bounds obtained 

by this·method are 

,wher,e .the appropriate va.lue of z
0 

is, obtained from 

.tables .of the normal distribution. 

·achieves its maximum 

value of l/2N when pl =·p2 ='½ Thus, the maximum 
1 ' ,_ 

,c,on•f::hden,ce interval length obtainable. il;l z (2/N)''i , 
0 " " 
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which, for a 90% confidence level is less than .115.and '-', 

for a 95%·confidence level is approximately,.14 (N.= 400)·· .• 

The maximum confidence intervaJ,, length obtain- , 
' . 

"able for •a single parameter, p1 .say, is·approximately·,:: 

•. '08 for a 90% confidence level an:d appr,oximately·al0 .for·: 

. a 95% confidence. level. 



·'The .co1Jserva:t::ive ·cohfi'dence 'bounds, obtairred 

-by . as·suniing that the maximum variance is achiev.ed ( .•i!l,re 

. adeqi;ia:te for ,the majority of comparisons in the follow.ing 

•'di:![!CUssibns. ·In· Sect~·ons •6. 3 and •6 .~5, · all comp·arisons :df 

•probabilities of containment and all tests regarding 

,bias .and mean -.confidence interval lengths are m_ade at· 

the a=· .OS level of significance. It will be apparent, 

·from j:he con.text_, wheth_er· •a .two-sia:eid or a ohe-sid~d 

·•·test ··has been ·used. 

_·6 •. 3 ···The-One-sample _Estimators 

6 .,3,.1 ''General '.Properties 

Recall·that the·~ukhatme estimator 

yield ne_gative estimates of ·the ·variance ratio v./v .• 
p q 

This.proper~y of the Sukhatme estimator led to the pro-

;posal of .'.the non-'negative .estiiilat,or e 
w 

The: form,of e 
w 

(defined in .l. Bl. suggests that 

·:the .·log .·traris'formation, applied to this ,est•imator before 
, ,- ' . 

jackknifing, could prove beneficial. The results. of. the 

-Monte :carlo sampling experiments, however, indicate that 

· "'<the jackkri'.i,.-fed vers_ion .of e without ·logs 
.w 

is 

superior to the jackknifed version with l':'gs JJWlL) • 

·:In f_act, -th_e -~Wl ·estimator proved general-ly superior· 

· /:to :the o.ther one-sami;ile ·estimators, '.'.!si and 'T51 . , 

,as ,well •. 

·: .,:_';-. '.,-, 
... 



For.each of the one-sample estimators, we now 

relate some of the general results of the Monte CarYo 

study. 

(i) The jackknifed Sukhatme estimator (J81l 
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In the majority of the cases run, the J 81 

estimator was found to be highly variable. As a result, 

confidence intervals based on this statistic were general:.. 

ly long and uninformative. In fact, the coverage of 

zero was over 90% for 7 of the 18 sampling experiments. 

Although the J
81 

interval estimates did not, in gene­

ral, provide reasonable lower confidence bounds for R, 

its estimated confidence levels were usually close to 

the nominal 90% level. It is interesting to note that 

if the estimators were compared solely by their estimated 

confidence levels, the J
81 

estimator would appear su~ 

perior. 

(ii)· The Sukhatme estimator (T81 l 

The Sukhatme estimator T81 was the poorest 

of the one-sample estimators. It beha.ved similarly to 

J
81 

with respect to coverages of cxR when f* e: L, 

but was adversely affected by non-normality of the ran-

dom variable f*(Y) Large values of r
2

(f*) were 

associated with low confidence levels and positive bias. 

The T
81 

estimator was also inclined to yield long 
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confidence intervals which provided poor lower confidence 

bounds. 

(iii) The jackknifed non-negative estimator (Jw1 > 

For the majority of the 18 sampling experiments, 

the JWl estimator provided much shorter confidence 

intervals than did J 81 .. These short confidence inter­

vals, however, were often shifted slightly to the left 

of R, resulting in confidence levels somewhat lower 

than desired. The effect of the non-normality of f*(Y) 

was to increase the length of the confidence intervals, 

which was accompanied by a corresponding increase in the 

confidence levels. In fact, the confidence levels.did 

not differ significantly from the nominal level for the 

majority·of cases for which f* EM or H. This esti­

mator also provided rather conservative lower confidence 

bounds in many instances, although these conservative, 

bounds resulted only when f*(Y) displayed relatively 

high non-normality. 

(iv) The 'ackknifed version of the natural lo of the 
non-negative estimator (JWlL 

Containment of zero is not a problem associated. 

with the JWlL interval estimator. Confidence levels 

of this estimator, however, were, in general, well below 

the nominal 90% level. Although the JWlL estimator 

behaved similarly to when f* EL, large 

' .. 
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\:va1u·es -cw.ere ':fourid .to 'be ,accompan"hfd by conside:c:able· :P.c>~i-

-t-±ve ·,bi:as . 

,6 .,3.2 Compar,ison of ·cove:t;ages for ·.Select.ed Values ·of cx,•R 

·(:i-) ··Estilllated -confidenc'e ·levels (Table ·xxx) 

;Restricting :attention ,to 'the .. one-,sample ·•es ti:.. 

·matdrs JWlL , 'JWl , 'J81 and T81 , we find, from :Table· 

X-X:lC, •that ·the estimated confidence levels .for :J
81 

are, 

in :;general, .•muc;:h nearer ,_th.e· nominal_ level of -,.90% than 

-t!'lose ,for the· other one-sample· eistimators. T_he · non­

_.noi:,nal,:i:,ty of 'f* (Y) has .no apparent ·.effect on the _con­

'fidence l~vels '.for the ·.:rsl .'estimator. With ''the eXCElp-,. 

\!:ion o'f :.runs )UV (M..;H) -anci XVIII (H-,L) , the coverages 

of •R are between 85% ,.and 95%_. 

Note the.similarity of the cover:a.ges.o;fi R 

·for. ;!:he J
81 

and ,'T
81 

esti:matprs when f* .. e: ·-L • Non­

·snormality of ,f* CO, , however,, appears. ·to. have an .,adverse 

·-ef.fiebt •on 1the cove·:r:a,ges of ,R for T81 •. 'When extreme 

·non-normality of f*(Y) is present; the.true confidence· 

level:s for T_
81 

· are lower than ·those for ·• J ; 'the _ , Sl 

·;maximum .coverage of ,R (77_%) 'for ·this category is well 

,b.e1.ow the nominal 9 0.% ,level. 

•for J Wl 

·With ,the _ exception ·of •XV, the -confidence l•evels 

are .signif:i:cantly ·lower than the -nominal 1·evel • 

·'when 'f* ·e: -L • . The ··coverage ·o'f · R , "however, · does appear 
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to . be . iIIJpro:v:ed when f * E M · o.r ., H In· fact, . the 

.cov_er,a_ges -are ·similar to those ·for J 81 · in -these cas·es. 

'.The confidence levels for the . J · · · "in-terva:l WlL . . 

e·stimate ,are too ·1ow in. general. Although· the· coverages 

.. of R for JWlL are similar to those for. Jwi'.-- when 
. \ 

'f* E L , we 'find that they are lower than 'those ··for 

JWl when f* EM or H. 

(ii) Coverages of 5x~ (Table XXXII) · 

Inspection of Table XXXII indicates that the 

· .. coverages ·of are generally .higher ,.for · ::Js:i' 

,than for either .,JWlL or ,JWl • The estimator·. ·:Ts~· 
. ' 

.. behaves :similarly .to J 81 •with ·respect .. to cov:erage of 

'.5XR , · altho.~gh the coverag.es .. for 

·somewhat 'lower than those for "J81 

T Sl : a~e, ,in :·g~rie:i::al, 

when ' f* e: "'M ·: :or 'H 

.The:re is .. no striking difference in the coverages of 5xR · 
' ... , ... ' 

'for J -and J Both these estimators ,result in .. · · ·•~•n · · WlL • 

. low _coverage of 5xR when .f* E L .. 

(iii) Coverages of R/5 (Table XXXI) :.' • · ." .. , 

Of the 18 sampling experimemts ;.· 14 rE?sult · in 

•cov.:era_ges of R/5 greater :than 70% for the·. :J8~ < esti-:: 

,-mator. The ,coverages .for TSl are ,simi·la:r ... ,to those ·. 

:for JSl .. when f* .E L , but 'are lower than: those .. for 
' '' . ' 

\, 

.:r
81 

.when f* .,E M or H Despite this ·.fact,:over half.· 

., ,, ,_· 
" ':°':• ., 

.. 
"' 



. '. 
' 

·:of':th"Ea:! sart)pling·e:x:perimemts -result in ·covera,_ges·.of ,'··R/5 

greater than 70% .for T51 • 

(R/5) 

When f* e: L , .the coverages ,of •thii .point.· . 

are, in_general., substantially lower :for : ,J • , ·· · . ·. · · , Wl ,_ , ; •{ ' 

than those for and High coverages of, R/5 

for .:i:wl are associ_ated with. extreme non-normality of ', 

f* (Y) ·When f* e: L , the coverages of ,R/5 _;, are essen-' 

itiall:y ,zero for the JWlL .,estimator and, .:as .for:·the;' . 
• .· ,\ - .' ! . _, J . 

"-'°o·ther •·estimato'rs, .the. maxi!llum coverages ;of :R/5 :•. occur : · 

when f* •e: :M :or H • This estimator .provides -~Y ·far 
0 

,•.the lowest coverages of R/5 , ·in general.: 
; ,,J. .,'} ,'\, '. ', _., :: -· 

',,; ' 

' 
(•i-v) '.Maximum coverages (Table XXXIII) '', { . 

' •'-• 

-In ··Table XXXIII, the :numbers· in ··parentheses •are 
' '\.. '. ,, 

the appr·oximate points at which the maximum c;:overages 

•occµr,, an_d·,the ,numbers recorded 'directly ··above\.~hese 
'• 

.parenthesized -.-entries. are _the •coverages: of· .these ,.points, 

•i.•e. ;"bhe ._maximum ·coverages. --From the··examination •of ·the 

coverages o'f R/5 , R and 
- . 1:·. r • '.., 

SxR , ·we have;.:seen that in ;'_ ·. 

·-many cases there is little variation ·among the coverages :·_, · ,., . ~ . ,, 

·of ·these 
,, • :, '. ·:· '< .,, 

points - this •is especially true. •.~o~ the. -Is{i_ .. _ ··; ,_. :: ' 
• .• ' I., . ·' 

and T -Sl 
es,timators. _Because. of this t;act, :·the P<;>ints 

.of maximum c_overage are not well .•defined i~ some cases.· 

We have found that ·when 
")' ' 

f* .. e:, 'L ., ··the_:,coverages 
,. 

,. 
;>,< 



and estimators than for the and 

estimators. Since the confidence levels for JWl 

JWlL are well below the nominal level for the majority 

of sampling experiments of this_category, one might sus­

pect that the estimates of the standard errors required 

to construct the confidence intervals for these estima­

tors are underestimating the actual standard-errors in­

volved. The generally high maximum coverages recorded 

for and when f* e L, however, tend to 

indicate that the poor confidence levels are a result 

of bias, rather than a fault of the estimates of the 

standard errors. It is interesting .to note that for the 

sampling experiments of this classification, although 

the maximum coverages for JWl and JWlL occur to the 

left of R, these estimators generally yield lower co~ 

verages of R/5 than do either or Before 

leaving Table XXXIII, we draw attention to the low maxi­

mum coverages associated with extreme non-normality of 

f*(Y) for TSl and JWlL • 

6.3.3 The Effect of Non-normality 

In the following we compare the performances 
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of the one-sample estimators under varying degrees of non-

normality of the random variable f*(Y) Recall that 

Tables XIX, XX, XXI and XXII, which were created for 



,;.this _purpose, -consist of .the .relevant .portions ?f Tables ,·I ·, 
,• 

:through :xv.III, ,arranged according to the ·distribut.iona-1 ·.··. ·; ,; 

,proper,ties of .f* (Y) 

·The •four columns •immediately to the right Of·,. c, ': 

-the main body of the tables record the values of :four .. 

-:s.tatistic.s ._calc.ulated from the Monte _Carlo sample. values·'·: 
. . '·.' . ' 

. ' 

of the various estimators. The first column records the :, . "'>.;'.-
,mean ·of .these ··sample vaJ:ues, ·'divided by 

•.records ·the• estimated coefficient •of .variation: .. 6f the./' ; , .. · ' . f•.· · 
. ,, 

·statistic in column :1; the . third recoros t:qe Il)ean con-
. '_.._ ,,-,., 

.fidence int_erval ·1ength, divided by R ; _and the ·f,ourth 

-recoras the coefficient of .variation of the statistic 

in c:ol'll!fill 3. 'The ·column on the far right records .. the 

•sampling ::experiment· and ·the distributional ·clas·sifica­

\tiion ,for each, data set. 
,. '··. 

, ,, ' 

-Since .-the• discussion of the .-coverages· ·of ·. cx'R,: ~- •· 

···tor ·•selected ·values of c , has reveal'ed, the . T51 : :_in- . ,,:, \.:· 
. •,, ·.t ,· 

'ter,va'l ,,es,timate as ,being of little value, ·.future:dis-· ·. •. ··.·,'\ • 
. ' I. . . , 

,c1.1ssions .,:,f thi_s estimator shall -be brief. _, ·' '.. ·' ,:' 

The case f* ,: L (Tables XIX and ?{X) ' 

:i;:xamip.ing Tables XIX and xx; ~e f-i~d 'that' the . '. 

·results of the sampling experiments· I,.' II,· IV,.·v±I, 'vTII•::' .. ·,· 
, " ·, . . .. ·, , - , " , r ,-: , •": . ' ' ', ·, ._ 

··and :xv-I are .similar in nature. ·In ·each ·of these ·cases,· .. ·, ·"' · .. ;'' ' 
.. ' ·, ··. i:"· 

,.the ,,estimators J 51 :and T5·1 -yield confidence inter:lia'fs_;,. ::·-· .,'_:,-,: 
'~: :;•:, ' ' ' 

. c'.,,' • ', 

, ' 

, " .<< ,· 
.,,., .... 



•.·-
:11-9 . ~ 

-mu.ch .longer than do JWl . and -IwlL •• These long con-
- '-t" ..,-

.fidence intervals .appear to .he caus·ed by high variance 

of ·the :Silkhatme .. es·ti'Inators.. '.T,h,e ;resulting cons'ervative 

.:confidence •bound,s for ·R .·are uninformative. Consid.er, 

for examp'le, rtih number IV ·for which O and 20><R belong 
' .. ' ' ' ' 

'to ,approximately '90% ·of ·the confidence intervals ·con­

structed 'by J
51

• In this case the mean confidence 

:interval 1ength -.is -about .SO .times as long as for· .the 

. ·.'.l;wl ,,and . ~WlL , estimators . 

. The ,most striking _di·fference between the cover-, 

•ages '.for.the Sukhatme •estimators, J 51 .. and ·T51 , .and , 

·.tho·se ,:for ·Jwl and 'JwlL , in the six sampling-.•experi-, 

,men-ts .listed :in the prev-io.us ;pa,ragraph, is :the r.ate :at 

iwnich: thes.e coverages dec:rease •as one moves in either 

· :direction .from the ,point at which the maximuills occur. , 

'The :c.overa,_ges for both ~Wl ·and drop .rapidly • · 

·',as· one moves, away from the ,points .of,.maximum ,coverage, 

·:whf:I!e '.'the ·coverages for the ·sukhatme estimators de­

crease almost imperceptively in comparison. 

Before discussing 'the results of the three re-·· 

maining saJ!11:i'ling experiments of this category, no.te the · . ." 

,,s.imilari ty · of. the coverages. ,of for :and 

,•wh;e'n .f* .·e L • JWlL , .however, does tend •to yield co­

·-verages slightly lower than JWl for small values of · .c 

' ,, 

i'·. 

,. 
''"':~ ., 

', __ ~ -~ ' 



,The results of the remaining cases are dis­

-cussed individually.. A·ll the estimators performed well 

in• XV. ·.The '.·confidence .intervals were .,short and the 

,estimated .cori'fidence levels were. within 4% of the nominal 

level for each of the estimators. No significant .bias 

was ini:ricated '.for any. o·f the estimators, ,but the points 

of maximum coverage were slightly less than R •. 

'The confidence :Lntervals for and 

-:.ar.e ,very rshor.t in .III. '.This, ,together ,,with ·a ne,gati ve 

·bias., -•results in poor cove:r::age. ,of R for these estima-. 

,.tors. .The .s.ukhatme estimato:i::s .again provide ·fairly con­

"Servative lower confidence bounds ·:for R .' · 

'-For ,run numb~r. XVIII, ,all •.the estimators be­

•have ,;poorly.. -The ·c9nfidenc.e levels are ·well .below the 

.. nominal ,level fior each o-f .the .. estimators .in this case 

.and . the ;maximum coverages, .which occur at .7xR., are 
' 

'"cils·o less than·90%. Perhaps the large·value of R (=218) 

is .r·e,sponsible .f.or these ·poor -performances;. further .. in­

vestigation is necessary to evaluate the effect of this 

parameter. 
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Figures 1 and 2 are normal probability plots of 

•.'!wi •and :log (O:wlL) , ··respective:ty, .for rm~· .number XVIII. 

.Although 'both ,graphs ,indicate that the distributions 

.are ,skewed to· the· right, this is much less .. pronounced 



for lqg ( JWIL) . 

thus .log(JWIL) 
'A 

Recall that J ·= exp·(J (log ( e ) ) ; 
;,WIL· • · ·.w · 

is just the jackkni'fe estimat;,r applie~ 

".to - .,log (·8 ) • Therefore., in ,this case, the log trans­
-w 

121 

·formation, used in conjunction -with the jackknife,·.'ap- ·, 
' ' 

pe~rs ·to have produced an estimator who·se"distribution 

•more ·closely ·resembles that of a ·normal random. variable.·· 

(ii) The case f* E: M (Table XXI) 

For the sampling experiments_"of:thiei_,<;:atego:i::y,_ 

-·y (f*-) ·,ranges .in value'fr_om,approxiillateiy·,7Iifqr-run· .. 
,2 

:nun\ber.V to approximately 600 .for :tun nµmber ·XVII. Thus, 

.within the . moderate non-norinali ty catei,gory, "there' is 

,considerable variation· in· .the degree _of, non-normality 

;exhi:J::fited 'by ".f* (Y) ' • 
I , .\., 

·The jackknifep Sukhatme .·estimator . J: ·.··.pro-. ·.,Sl. · 

.vides co:nservative confidence ·bounds· £or 'all ~a!j!eis reP,re-

·seritecl ·in ·Table XXI. Although ·the coverages o:!; -R ,are 
: 

near the nominal level, we firid that 'zero· is -contained ·. · . . . . ' . .. 
. over :90% of the time for ,a];l •the sa!llplin,g.' expe;iments 

.•P.f this category. The lon_g confidence .in:terva-is··for 

.'Jsl are indicative ·of high variance of ·,this ,estimator. 

The non-normality of the random -var.iable ' . 

. ,f*.'(Y) seems ·to have cause_d .an incr.ease in. the variance· 

,of ·the JWI estimator. _Thi•s increased val'.'iabili ty, · 
' 

however, is compensated for by an increase in. ,the'-·.' 
' ;·; ,:. 
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' -d'.en:gth •of >the :confidence ;intervals .. · As ·a re·9ult, •the 

coverages •of ,R for JWl are close ·to· the nominal•' level 

.:'for each of ,the sampling experiments in :th,is . cat~gory. . ·. · 

,N.cite •that .. although the confidence levels have •·ill)proved, . 

. the coverages of zero have increased considerably •.. · Re-

.call that when f* e L , the coverages f.or , JWl .. we_r<,l . , 
... . .~ ._;,~· . 

similar to those.for JWlL .. This is obviously,ncit .the 

case :for . .the sampling experiments o'f Table ·XXI.: 'In.' fact,', 

·the :-1:wl ,estimator appears to .behave more l'ike_ ;~Js·f· 
' .. '. . 

:,: ' 

'f* e. 'M . With the exception o·f •run number· ·XIII, :a sig- ·., 

nificant ·.negative bias is indicated. for the·· 

. ·:mator. 

. .. The . °tWlL 

V •and ,IX, .a•lthough the conf·idence levels ,we;e;:~~~e~h~t: ;,;.;,· · 
• V·' 

,;tower .J:han des'i:r.ed. .Despite the fact t:hat:•.the ,no;i- · · ·. ·,; '. '.: 

nornial'ity · of 'f*.(Y) appears to have :·increased the con- .,.':: .. 
''.,·,' 

:;f;idence ··irtter,val 'length considerably, the maximum·· cover_,:- ·. 
. ' ..; ~., ' " ' .i, - . . . ,, ·?' 

iges appear, in general, to have decreased. , This; cpuld ·'' ··.: 

,be .caused by the jackknife variance .s;: undere~timati~~-
... ' . ' ' ·.:, ' " -' 

:the var,iance of J(log(~;)) :The decrease inicoverage; \, 

,w.as ,.also ... acc,omp·anied by ,a ,signi:fi:cant .positive·._b'ias·.•, 

...... ' ,,; .. ' 
''·· 

;Cifi') :.The case -f* ,e .H (Table XXII') 

For the -sampling •exp·eriments -of ·•this·: final 

is of the order 
4 ' , :", ' 

4xl0 . and ... greater .. 

, ' 
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:i;t-wou];d be-unlikely for -the estimators to perform-well• 

·in these cas:e·s· and, in general, ·this is true. 

:The Jackknifed Sukhatme estimator J 81 _ · behaves·· 

•much as it :did, when f* e: M ·. That is, its confidence 

:i:riterva.1s ·'are gen·erally too long and ·in .some cases con~- , 

,,t,a;iln .-:zero ::mo:i:;e -often than ·they .contain .R .Estimated · .. · 

confidence·1evels for J
81 

, ·however, .,are near···the nomi- ·. '. ' 

'.nal :lev.el ifor :all runs .except .,run numbf,)r XIV. J ' ·• .. , ' 
• : o: • ·,' '"' 

In the three most .. extreme cases;: X, . XI, and· 'X_IV, " :· 
• l' .. '. . ' ' 

.JWl ,and J.sl display .almost identical behavior ·with , , '. 
I , 

;respect ,to cov.erages of cxR • 
' ' 

In ·the other ·two.;cases_.,· "·. 

•VI ·and :·xrr, however., the .. JWl 

conf{p.ence ,int~rvals than ._J
81 

·estimator yields ·shorter ; '., 

· and, al though , th'eir •maxi-
. . ' -·· 

·mum coverages , are comparable, '.:J:wi ·.results, in lower··· .- , :;, 

,coverages of zero than does J
81 

Again, the major-- ,;, :, '· 
. . :. .:_.,::,} ,./' 

,disadvantage .of ·these ·estimators li_es in the· tendenc:y 
,,..,., ,, -

,•of ,their ,:confidence .intervals to contain -~ero._ ·:··:· 

.. The ·JwlL · estimator works suprisinglY, ~ell 
. ' . ''. -'. , -, •£,' 

:for run number 'VI, for which the value of y (f*Y- ·is :, 2 ., ' ., ,.• ( ' 

'the 

In this 'instance, the confidence-'level for· 

.estimator is approximately •81% .and ·the maxi:_ ... _:_:. 
• ' • ' • -· ~- 0 • 

' ' 

' mum c.overage of app:i:-.oximately 9.0% occurs at , .• 9~R , 
' ·;'~ -:;~ ... 

·despite the. fact that a s_ignificant positive '"bias 'is . ,, .•· 
'r<;.1_::·". 

i,ncl'icated. The mean confidence interval ·length ·of · ·C: 
. . ' 

'2. 7 xR -'is ls!lia'ller than ·those for ·the other one-'sampie,>>>, ·;,-:>{. 
• • •, • ('•,' e 

; ' 

-. ,t,'. ' :_. .',.., 

' , . . -·~ '': -: ..... _,. \ 



-estimator·s, in ·.this •case • 

·The . J 
1 

""estimator performs poorly .in ·-al-1 
W·.L · 

· other cases. Tts ·confidence level_s are typically ·too· 

·10w (as low as 55%) and its confidence interval~ are 

shifted to the right, indicat:i,~g a tendency to overes'ti_: 

The ·positive bras -of ,·JWlL , which .is indi­

,cated for -all ,samriling experiments qf this· category, 

is .highest -for -runs. X and -XI. 

6. 4 •Discussion of the One""'sample. Estimator.s 

E.ei:'h_9-ps 'the .most obvious d,is_advantage qf the 

-·est'imators ·J
51 

, 'Tsl and JW'l . li_es in :their ·tendency. 

· to.,prov;ide ·.nega:t'i:ve :lower _con•fidence bounds. ·.This pro­

<blem,. however, ,is .not. unique· to :the importance .s_ampling 

;epr.oblem. ,Sq.ppose, for example, .that the mean .. µ .of a· 

normal ,random- variable ~ is to _be estimated, where the 

-If the sample mean 

,Prob (x-z.(1-.a/2Lcr /n ½<O) = Prob (n ½_(x.,;µ) /cr <z (I-a/2) -i/cv (x) l. ·:, · . 

.,wher.e 
l 

cv (x) = cr/ni:iµ is ·the coefficient of .variation'.of 

:x ,and z(l-a/,2) is.such that :Prob(Z<z(l-a/2)') = l-a/2 ,· . . . 

·z ·~ '.,Ne( 0 ,'l) . ··Therefore, if · :cv {x) > 1/z (l-a/2) ·, , the 

.:l:ower confidence ·bound ·will be -less than ·,zero wi,th ;pro­

bc:tbility greater than .½ • Moreover, since J51 ,, ,T51 and 

JWl ,are ·asymptotically nonnally distributed, _.one would. expect large · •. 

'. 

',,·: ,: 
' 1~. ~ ' 

, .... i 

' -~ .' :/·'. ;, . ', 

.),s•', 

'••,:...-~--:: 
. :~· 'i- ~ , 
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~va,lues of .the .,:-coefficients· of •Nariation ·of. these ei;,ti­

:mat.ors to ,result in high coverages of .. zero.· Furthermore,· 

s-:i,!nce ·the coverages will, ·in ·general, decrease "as 

•a;,subf!tantial increase in .sample size'may be necessary 

to achieve a reasonably small probability of_ contaim_l\en:t 

or ·zero. 

:and 

Although all three. of the es.timators · J 81 , 

J 
·wl 

often·result.in high coverages of. zero, 

,the .J
81 

est:µmator appears -to. be the,,worst .of.fender • 

. As -•we ,-llav.e .se·en in -the discussion of .the· results, tl:ie 

·estimated ,·probability of containment of .zero for J 81 

·-,was often over :9 0% - ,.even when f* · e: L • · ,An obvious 

<consequence .of 'th'is tendency to provid•e negative_. lower 

.con·fid.ence bounds is ·th.at a substantial variance .red.uc­

. tion ·may :go undetected. This is; :in fact, -·.the case for 

,.s•ampl'in.g experiment -number VII, · for :,which. the coverage 

.. Of· zero is -.appr·oximately 95%, despite 'the·· :fact _that ·the 

,v'a,riance .ratio -R -is approximately .equal 'to '.25. .Al­

;though the jackknifed Sukhatme estimator does tend to 

.yield .conservative interval.estimates, .its true,confi­

·'dence :levels, which were, in 'general,_ ·the closest ,to 

.the ,nom':imal ,level, appear una·ffected•'by •·non-normalit;y 

.o'f 'f*(Y) 

The Monte .Carlo results indi~<:te ,th_at: . T81 

is the least valuable of the one-sainple estimators. 

, 



,,,When .f* .e:. H , the .poor confidence levels, .:accompanied 

)by ;a 'signi:fican:t positive ·b±as, ·suggest •that _·the ,use of 

·t'h:is estimator could be hazardous. Th9-t is_; a _si_gnffi-

1.icant ,,var:iance r.eduction may be .. incorrectly ·.indicated, 

resulting in the decision to use the importance.sampling 

,.es.timat_or I •,q 
.instead .o.f the alternative _estimator I 

.P 

. when f*-(Y) displays extreme non-normality. .. As we have_ 

,mentioned in the introduction, this ·is the"·most ·serious· 

. type bf error. 

The 

-one-sample ,estimators. This estimator beh~ves ·sdniilarly 

to the q
51 

estimator when f* e: H, resulting in con-

0ser.vative tests .. and confidence -intervals, - yet':appe~rs 

to :•be .. much less variable. ·than the . J 5'1' -,eiitimator when 
. . ).·! • ' 

,:f* e: ,.L • =A'1though ;the confidence interva:ls ., for : ·- Jwi 
. I - ..• , " ;:,,, 
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-are :ver-y ,ghor.t •when ,f* e: .L , this ·estima,tor .has . ~- slight . 

. negative bias which, combined with 'thesei'-short corifidence · 

,:';inter,va]:s., ·r.esul ts in confidenc.e level~·,' somewhat. ,lower 

.tl:lan ,qesired. This characteristic does not· appea.r too 

·serious, however, .since the maximum· co'll'.erages 
0

which ar.e, 

,.in .',general., over 90'%, occur between .••BxR· ·.and :_,R for· 

1:the ,maj•or'ity·•of ·cases. and ·the. cov-erages- ,of··: ·cxR :-._dr9p . ' 

<of.f ::r;apidl,y as ·C decreases. 

more'powerful than J
51 

, ·for -testing 

., . .,. 

\ ·, 
' '. 
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. ' 

•f~~ :'V p ""' :,"-q -when ·"1;:p · > v q , ;despite ·the ·fact_ ·that · .. JWl .- ' 

•is ·ne_gatively ·biased • 

. In .,an.attempt ·to expl!ain · the ·difference 'in ·the,, 

,;performances 6f .and 'Jwl , we· have _derived•~xpre:s.:.. · 
. ' . 

sions for their asymptotic variances,· that -is,· the. asymp~,·. · .. 

.tot,ic variances 
2 a 
s 

½ of · N .J · and . Sl 

'1'.hese derivations -are found iri Appendix A' and the-res.lllts : _ 

-ar_e .. stated ·here: 

:arid 

where· 

. ' 3 
+ .4I.µ

3
(f*}v /v ' p q 

:a! = ;ci_; + { r 4v.q Var tc1 l 

··2 
+ (V -V } [21 V 

q p q 

• ' • I-, 

is defined as in (4 7 4.).•·.,·,-

From t. he· abov·e , we f · d th t · cr 2 · an·d· · · -~ 2 · ,,. ' J.n a , . _ , ,., , 
,;S_ ,- . • _w· • , , • 

:are increasing functions of y/(·f*) , ~hi.ch· coiila._',•~xpl:a.i~';':· - · 

the .long ;confidence intervals ,that occur.' t-lhen _·,_:f.~ .:e: ,·H ,: , · 
I " • • • ' a • ~. ' • ,, ' a ; ·',' ~•/ • , :: ' • • :: ,;"' 

To ,obtain ·further in~ight. int_o· •.the ·proble_m, •. 

we 'have derived an -expression ·for the -d!i.':ff~rence 



2 
Cl 

s 
2 cr , when 
w 

q(x) is 'near' the optimum 

This was accomplished by assuming 

q (x} • 
0 

q(x} = {f(x}p(x)/[l+cg(x}]}/J{f(x}p(x}/[l+cg(x)]} , 

where the constant c is small so that q(x} is close 

to the optimum 

we find that 

q (x) 
0 

Assuming this form of q{x} , 

2 2 3( 4 2 2 cr = (c /v) 2I v Var (g) + 2I v [Cov (f,g)] w q pp pp . 

where lim tl'(c
3
)/c

3 
equals. a constant. It is easily 

c+o· 

shown, using the Schwartz inequality, that 

and 

[E (fg)] 2 ;;, 0 
p . 

IE (1/f} - 1;;, 0. 
p 

The apparent arbitrary nature of g(x) adds 

to the complexity of the expression (6.1). Once f, 

p and q are specified, however, it may be possible 

to obtain a rough approximation of the difference in 

variances. 

The jackknifed version of the natural log of 

the non-negative estimator JWlL does not yield negative 
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,lower confidence ·.bounds. ·We ·have seen·, however;· ?,that· .. ·· ·. ··1-; 

-·this :estimator behaves similarly .to .:J · · ·with ;,respect· 
Wl .. , ·.· ... 

'.to coverages of cxR when f* (Y) displays · 1ow_ ·nqn:- . ·. 

·•normal± ty. . Al though no sign:ificant bias. wa'~ indicat~d 

-for the sampling experiments in this category, .the maxi­

. mum coverages occurred slightly :to . the ·.left of R- _-
,_ .. ; '. 

The disadvantage -of using this estimator lies in' its 

•'• -

. , l , ~ . . , '. .. , 
and provide ·-poor· confideric:::e·. - .' R .tendency to ·overestimate 

,, -. . 

'. 
:;levels iwhen ,,.extreme· non--normali ty of · '.'•f.* (Y) .. ,is·.-,displ'ayed •. ·. 

. ' . ' 

· ,Thus., ,as :for -the .estimator, ext.rem~ ~on.:'.:normal·i.ty'' ·: . : . 

-of ,f*'(-Y) · :cou'l:d result in tests based ·on 

rect],y •.fatdicating a -variance reductio;;_;· with ··.the··obvious 

,consElquence:s. 

.6.:'5 'The' Two-,·sample 'Estimators 

,·, ... 
" , ... :• 

-,, ; :· . 
. , :. : . ' '. ~, ~ ' 

i • 

• . ; ,,·_ 1 . ,'-• "' ~ 
, ,• • ;:,, •; -• o). , "' ••.''j • I 

We begin ·this -section by' relating .so:me·. of .•the ·:· - , · · • • :·. 
• ... , ' t' ~··:·'•·, •• • . : ' .. ",· ~ '·' ~- -

• • ' .. ••. - • , ·, C •. • . ., 

.. _basic ,resul,ts .of the ,survey PElrta1.ning to :the two-:sample •:, ,: .. ,, -.",·· ·. 
• ' ,, ,, . ; ' ;' ; 'I;:~ ." '• , ' . \ 

. , estimators. ·Recall that the ·two-sample estimators: con:.:. . . " . . . .• . ' 

·sist of ·the classical F stati·stic-·, (F) , '- th
0

e ·modi
0

fied •, 
' : . ,. {; ~ ,- . 

'Box-1'.ndersen statistic (FBA) , -the Box· st"atistics with ·.: : 

subsample :si:zes 5 .and 10 (B
5 

and ·B
10

) ,' '·A:i:-vese~• ef;~wo- i\·;,: ·: ':: ,, 
' ., ·•' ,. . ~ . ,'" . '. ' ' .. ' . 

samp'le jackkriifed:va_riance ratio estimator,, '(J'A2.>>-, _'';:, . ,'_ · 
- . ' . 

.:~vesen's two-sample jac:::kknife ver;ion :o'f',the;:16g;df ,·. ·':' .:•· 
- •, . ~ ' '·i:-· 

st.he ,ratio of :the sample variances (JA2L> .. :ah<i,M±:j:·le1:'.'·s':_.:.:.,- ··,.:\,',:"· · · 
. ·. ··.:_, __ ,,.':;\·.·/·~ •-'',:,-;· _.· •. 

jack-knife :est:i:mator •with the -log ',_transfo_~a~i".n . _.(·JM2L-L· . . •,, :•. ' : , ·· 
• I ,: • } ; • ·• : ·• ·' • • 



The JA
2 

estimator permits negative confidence bounds 

and is unique among the two-sample estimators .in this 

regard. 

6.5.1 General Properties 

Of the seven two-sample estimators, four were 

·found to be superior to the others. These four.consist 

of the jackknife estimators with the log transformation, 

and JM
2
L, and the Box esti~ators,·B5 

and B
10

• 
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With the exception of JA2 , all the two-sample 

interval estimators were affected similarly by non­

normality of f(X) and f*(Y) • That is, large values 

of y 
2 

(f) resulted in the confidence intervals being_ 

shifted to the left of R while large y 2 (f*) values 

resulted in a shift in the opposite direction. The 

JA
2 

interval estimator appeared to be shifted to the 

left of R in every case, although this shift was more 
' . 

pronounced for large y 2 (f) values. 

We now comment on the performance of each of 

the two-sample estimators individually. 

(i) The classical F statistic (F) 

The classical F statistic performed poorly, 

as expected. Non-normality of f(X) and f*(Y) had 

a disastrous effect upon this estimator. Even in the 



· ·ca·ses .,.where f:(X} :and .f* (Y) ,were not .distri_buted,.;radi- .. 

caTly .different .. from .normal random ·variables, the ·:true 

-confidence .. levels for this estimator were :far too ·low. 

-(·ii) The modified, -Box-Ander.sen estimator (FBA) 

The modified.•Box-Andersen estimator was·-def-i­

,riitely an improvement over the c:J,assical F ·statistic.• 
. . 

This.estimator, however, also resulted.in'confidence. 

levels that ':'ere well below the_ nomin?-1 level • 

.. (:u:J,} ,Arvesen·'·s jackknife. estimator .without the .log 
·transformation ·(JA

2
) 

'Without the log transformation,, the ·jackknife' 

,estimator JA
2 

proved ·to be of ·little '.value .. · 'It appeared 

,.to _be<much ·more sensitive .to the non-normality o·f . ·f(X) 

'arid f* (Y) than 'did,_either JA2L or .JM2L :. ; The esti- ·. 
' . . 

. ' ' 

mated confidence levels ·for this statistic ranged '-from'· -~> ·., 
' ' i ··' -:, ·• ' 

,_22% to 96.% -and, although .it sel:!med to -provide fairly '··: . 

-:good ,qpper confidence bounds, the lower ·bounds were ofteri 

negative. 

-.(.iv) The jackknifed .estimators with the loci 
transformation (JA2L and JM2Ll 

and interval estimators be-

haved almost identically with respect to coverag~s of· 

Or ·.the four leading competi·tors , _ J A2L and 

' ' 

,. 
' . 

,. 

' 
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·-app·eared ·to be· the most· powerful for testing 

H :V = V VS. H :V • V 
,o p q a p q 

These estimators, however,. 

had ·a tenuency to provide confidence levels somewhat 

~ower than uesired. Typical confidence levels.were be­

tween 70% and 80%. 

(v) The Box estimator with .subsample size 10 (B
10

)_ 

· The B10 interval· estimator was the most con­

servative of the two~sample interval estimators .. Confi­

dence levels for the B10 Eistimator were ·generally · 

'close' to the nominal 90% level but the coverages of 

,cXR did not decrease as rapidly-as those for JA2L 

and JM2L as I c - l J increased. · 

(vi) .The ;Box ,estimator with subsample .. size -5 (B
5

) 

"The ·B
5 

estimator proved.less reliable than 

·B
10 

•and appeared more sensitive. to non-normality·. of 

f (X) and· '-f* (Y) . Although this estimator often led 

:to ··con-f-idence levels close to the nominal level, ·this 

was not a general rule. In fact, on occasion its true 

-confidence level was far below those for JA2L and 

·JM2L. The -B 5 estimator provided shorter confidence 

·-intervals than B
10 

, yet was often_ more biased than 

,this estimator .. 

.,. 

.'--



,,.', ., 

6 .. ,5 •. 2 _comparison .of. Coverages for .Sel.ected. Values .of~cxR · :·, •·.·.·.: 
' .. 

,As for the One-sample estimators, we :coriipar:e ::, · 

·the cov.era.9es of R , R/5 .··and 5xR and the -maximum 

·coverages .. obtained for the .two-sample estimators. ': 

,,(i.) .Estimated confidence .lev:els (Table' XXX) 

' _,,_ 

The·confidence levels :for· F 

obviously far too low. Although ·FBA provides ,highe~ · · : :: ' 
. ' ' . 

·confidence levels ·than ·p , it-is apparent that neither·,.: 

.. estimator warrants further consideration:··'•. 

··,The .J A
2 

• estimator .yields confidence · 1evels. ·, .· 

that ·.are lower ·.than ,·.those for JA
2

L and _.'JM2L" · .for •the ·•.".· : 
. ' • ,, f ; ' ••• ,: : : .;"-- -., 

,.M-cL .:and ,H-L classifications, but· higher than ''_tl'fose 

for ,JA
2

L .. and .JM2L ·for' the .L~M .. arid .·· L-H ;, :cl:ass'ifi- ., .. "(, 

•cations. ·From Tables ·xxx .and XXIX,. we. fi~d 'that·:when ··.·· -(: '. 

'.Y 2 ( fl < Y 2 C £* l 
,, '' ,',\' . ' .- ~.. . 

, the coverages of ··R .. are,. in'general,' ,,:•.··.:•""·• .. •·::,•.• .. ·• 

close to the nominal leve.l for J · • 
. ·A2 

The jackknife estimators· .. with .the '10g .'trans­

·formatiOn,. JA2L and JM2L , yield ·confia(,mcr levels:, 
,. l 

;.between :7,5% and :85% ·for ·the m·ajority_ of cases. ::The' .. · 

•·1owest ·confidence levels occur for the · L-H· ·;· and:·: H-L • ' . . . ' 

. classifications. 
. ' . 

The Bo'x estimat.or with ·subsample size·,.}'k = 10_.: .. , 
, .. 

:B
10 

, provides th.e -1:,est ,confidence levels;' i~·;general. 
-,:,,' 

F,.or 15 ·of the .18 sampling ,experiments, .this :.estimator.· 

. ,,., ' 
~ , ' ', ·; 



yields estimated confidence levels .between 80% and ·91%. 

The ·1owest confidence levels (approximately 54%) occur 
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for runs XI and XVIII, for which the distributional cl-iJ.SSi­

.:fications · are L-H and H-,L, respectively. 

The BS estimat.or yields coverages·of· R 

which ra_nge in value 'from approximately. 9% · to approxi­

mately 91%, but for the majority of the .sampling experi­

ments,, the >confidence levels are greater than 70%; -As · 

',for ~he other non-negative two·-sample ·estimators, -.the 

lowest coverages occur for the L-H and. H-L .classifi­

·cations·. 

(ii) Coyer·ages of R/5 (Table ':XXXI) 

With exception of •sampling experiment ·.number 

'XVIII, the :J 
2 

estimator yields coverages .of·· R/5 
.A 

-which are gpeater than or equal to 70%. In fact·, the 

cov_erages of R/5 are higher than those of . R for all' 

·sampling •e~periments for which Y 2 ( f) > Y 2 (f*) 

'The J and 
A2L 

estimators yield 

,coverages of R/5 which are, in general, between 20%. 

·and 50%. The -highest coverages occur when f e: M or 

·H ; the maximum coverages of approximately 7.0% occur 

for runs XVII (H-'M) ·and XVIII (H-L) . 
The BlO estimator t_ends to yield coverages 

of .R/5 gr.ea_ter than those for qA2L '. JM2L .and BS I 



.but .less ·than ·those. for JA2 • Th:e hrghest vaiues ,(near 

80%) occur when f e: M or H, and the lowest .values 

(.approximately 30% to 50%) occur when f .e; L • · 

The coverages of R/5 for B
5 

range·from 

as low as 1% to approximately 80%. Again; the lowest 

cov:erages occur when f e: L and the highest _cover~ges 

occur when f e: M or H. 

(iii) Coverages of SxR (Table XXXII) . · 

The ·coverages of sxR· for JA2 are generally_ 

:lower t_han those for the Box estimators, .B5';,- an·d / ~l!O .,, 
. . 

,and the jac::kknrfe estimators, JA2L and JM2L' ~. The 

.highest ·coverages occur when f* .e: M or· .H •· .With ·the 

·exception of run number XI, all .coverages ·of ... SxR are 

less than 50%, the lowest values occuring when . · f* e: L •. 

The other ,two-sample estimators appear ·,to· ·y.i,eld'-' 
. ' . 

. coverages of SxR of rou_ghly the same m<'!,gnitude .,as,: they , 

,did .fcir R/5 , but the highest -coverages· occur wh:en 

'f* e: ·M or H , in this case. 

(iv)· . Maximum coverages (Table XXXIII) 
•.· 

The maximum coverages fo,r JA2 ·arei .close to 

:9.0% for •:all ·,runs. Note, . however, that the'. points at 
. . ' 

which the maximum coverages occur are, with. ·the' excep- · 

tion of run number IX, to the left of R • ··of. ,the 18 · 



sampling ~experiments, l:4 result in the point of maximum 

coverage '·being less than or equal to . 5xR for :the 

.estimator. 

For all of .the other two-sample estimators, 

the points at which the maximum coverages occur are less 

than R when y 
2 

(f) > y.2 (f*) and greater than R when. 

That is, the confidence intervals 

:appear to be shifted to the left of · R when 

·y 
2 

(f) > y 
2 

(f*) and sh:i:fted to the right of .R ·when 

y
2

ff) ,< y
2

(f*) 

The Box estimc1-tors.yield· almost identical maxi­

mum coverages and points of maximum coverage._ ,Further­

·more, the maximum coverages for these estimators' are, 

in ·the-.majority of cases, approximately equal to 90%. 

·The ·coverages of R/5 and SxR, however, are lower· 

•for than for B
10

, indicating that the confidence 

intervals for B
5 

·are inclined to be shorter than those 

•for ~lO . ·Thus, we would expect bias to have .a greater 

-effect upon the confidence levels for the B
5 

. estimator, 

·,which would explain. the tendency for B
5 

.to provide 

.lower confidence levels than B10 • 

Note that the maximum.coverages for·. JA2L .. 
and .:i:M

2
L -are, for -the majority of cases, ·between ,?5% 

and 85%. This suggests that the jackknife variance 



rnstimators, ·s 2 , may be ·underestimating the actual v:a-.. . .g 

riance of the jackknife statistics.. The resulting ·•·short' 

confidence intervals, together with a slight shift ·to 

·either side of R , ·would account .for their confidence 

levels being somewhat lower than desired .. 

:6. -S. 3 ·The Effect of ·Non-norma•lity 

In .the following, we discuss the performance · 

of the two-sample estimators under the various distribu-·. 

tional classifications. It i's apparent ·from the dis­

cuss.ion of the coverages of R/5 , R and SxR , · that 

·the iF ,··FBA and JA2 .interval estimators are of-little·· 

' value. ,F ,and FBA consistently provided confidence , 

leve·ls well 'below the nominal level, while 
< '' \ f 

J 
2 

proved· · 
A . . ,. . 

incapable o·f providing realistic lower confidence bounds. 

As a result, the following discussion shall focus on·. 

the four main coi:ripeti tors, J li:2L , .. JM2L , B5 ··, and ... B10 :. · 

.Tables :x;xIII through XXVII shall 'be used to 

•aid in the discussi·on. Recall that these. tables are 

comprised cif the relevant portions of·Tabies I-through_ 

.XV·III, arranged according to the ·distributional classi-. 

fications of f (X) and r* (Y) . Table XXIX, whic::h · · 
' ' 

records·the·values of .R, y1 (f), y2 (r) .,._:y1 ('r*]·; ·and 

-Y 
2 

'(.f*) ·an_d the classification . for each .of ·the sail)pl:ing 

experiments, ·will also_ ·prove useful. · 

',. 

', .... 

. I' 

/_._ 
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·:Before ·examinin_g the .r:esul ts• of the Monte· Car.lo 

sampling experiments in detail, ·we make some preliminary 

comments. Let S be a ·random variable with asymmetric 

·oi'stribution such that E ($) = ·s , ,and let I be· a sym-. 

metric confidence interval ·for S. Then, if c > 0 

.i_s a.real-valued constant, ,we have 

Pr.ob (ex exp ( s.) e exp (I)) = .Prob ( S, + log (c) E I) 

- Prob(S - log(c) EI) : ' ' 

= Prob(exp(S)/c g .exp(I)) 

.. ' 

Now, .since the .estimators J J· , B' 
. A2L ' M2L ' 5 

,a:n'd ~lO -are of the form exp(S) , where 
A 

S has a limiting 

.,syrilme.tric ·distribution, we would expect the coverages 

' of •cx·R ,and R/c to be approximately the same. : . 

. (i) Classification L-L (Table XXIII) 

As one. ·might expect, all the estimato_rs .dis­

play their best performances in·· this case •. The jackknife 

·estimators JAZL and JMZL , which behave almost identi­

.cal·ly ·with respect to coverages of· · cxR ,· both yield 

covera,ges·of cxR _and .R/c that .are, as we would hope, 

·approximately the ,same, thus reflecting the symmetry 

-of-the distributions before the exponential transforma-

tion. ·,Their ·estimated confidence levels of approximately 



. l . 

·B.3,% :.an:d ··84'%, ·however., are ·below the nominal.,level. 

· Th·e B
10 

· estimator a,ppears •to be more conser-

vative than JAZL -and JMZL • Its -.estimated -confidence 

leve:ts. are ·within 4% of the nominal level· ·for: all ··three, : . . •· , 

·sampling experiments of this category. The mean confi-:. 

dence .interval length .for .B10 . is higher,. than .thos.e .. , 
for and JMZL. , and the coverages of, .. cxR. do 

·not. 'd·ecr.ease .as rapidly as those .for 

•·as .c '·increases or ·decreases· from , c: =, •. l . 

'The ,BS estimator also yie:l:ds: mean ·con-fidence .:_. 

interval lengths that.-are shorter than· 'those •for ;B · • · · , . ,·. ',< · .10 . · .. 

These shorter confidence intervals, combin_ed with a ·posi-

.tive.i;bi'as, ,·1:tppear to be -the reason for the .. lower :confi­

·,dence ·1:evel ·for. run .number VII. The.· confidenc~'-1evels. 
1 ·,· 

, ..... · 
·for -th'e . other two sampling ·experiments·, of· this 'category'; 

howev:er, .. ao .not differ significantly. from the. nominal 
·' 

level.· Note that Bs appears to yield coverages_ of ·· 

.,cxR .. ,and R/ c that are less ·symmetric ;than .. those' · for 

•-1:A2L ' ~M2L ancl . BlO " 

·For run number VI_I, all the 

·the excep·ti'on -of JAZ , provid_e _tests_ of · .H :v ·· =· v 
o P·.· .. q 

'vs. :H .:v .oe·v ·which lead to•rejectionpf, 
•.a p q 

H . , :with · 
·o 
" , ·' 

,probabi·J:i ty close to .1. The power of.the ·test based 

on 'JAZ is less than 50%, despite the fa~t ithat>'a 

considerable variance reduction is .achieved· (R.;~c 25) 

,, •'., 1 •• 

;:~·"i' ::~.; ,:_., 

, ; 

' ' 



(ii) Classification M-L (Table XXIV) 

In this category, the random variable f(X) 

· is said to display moderate non-normality. One sho.uld 

\ not be mislead by this classification. Referring to 

Table XXIX, we find that y 2 (f) ranges in value from 

approximately 50 ·for run number XV to approximately 290 

for run number XVI. 

For the sampling experiments of this category, 

all the interval estimates appear shifted to left of 

R The points of maximum coverage are less than 

R for each of the estimators and the coverages of R/5 

are greater than those of 5xR in every case. 

The jac.kknife estimators and 

again behave similarly with respect to coverage~ of 

cxR, and both provide confidence levels lower than de­

sired (74% to 80%). Despite the apparent negative shift 

of the confidence intervals, a significant positive bias 

is indicated for and for runs I and XVI. 

One possible explanation is that the distributions of 

these estimators are positively skewed and that a small 

number of the Monte Carlo sample values are the major. 

contributors to the sample means. Note the large values 

obtained for the sample means and for the average confi-· 

dence interval lengths for both of these estimators in 

140 



"S,cl.lllpling ,,e'.X:periment number 'XV. .Al though ·the 'JM2L 

e.stlmator y.i.elds much larger values for both of .these 

•statistics, in ·this case,. no -s·ignif-i'cant difference is 

'.'in'dicated. .(The coeff.tcierits of variation of these 

·quantities are very large.) 

The negative shift of the confidence intervals 

ha·s had an adverse effect on the confidence levels for 

all the estimators. The,Box·estJ,mato:t with subsaf!1ple 

'size·',10 appears to be affected the least ·in this ·regard. 

-As i:or the -L-L -classifi_cation, the · •B
10 

estimator 

yields coverages of cxR which ~re, in general, higher 

than those for B J and 'J 
5 ' -·A2L . M2L 

This is particu-

·lar-ly notic.eable for values of -c ·be.tween .1 and • 5 .. 

·The BS estimator yields shorter confidence 

int'e.rvals -·,than .BJ:O ,, ,and .the coverages decrease .mor·e 

·rapi'dly :than those •for B
10 

as one moves in either di­

rection from the points of maximum coverage. Further­

:more-, ·,since the points ·of ,maximum coverage, which occur 

,to the .lef_t of R , are approximately the same for both 

1'41 

BS and B10 , the confidence levels for B
5 

are generally 

:lower -than .those for B
10 

• 

··Before .leavin_g Table XXIV, we ·comment on ·the 

:power of 'the test H .:v = V 
0 p q 

v:s. ·H :v 
a p 

run number XV. As one •might expect, JA
2 . . 

o! V , q 

is the 

for 

least 



•.p0werful, -·although ,the .Box -methods ar_e not.much .. better, 

·with· .probability of ·rejecting H o 
approximately . 5 ·for 

·both B
5 

and ·B
10

. The power of the tests ·based on 

~AZL and JMZL is roug~ly 90%. 

(iii) Classification H-L ('l'able XXV) 

·The extreme ·non-normality of f (X) , whi'ch is 

-characteristic of this cate_go:i::y, . tends to exaggerate the . 

trends mentioned in the M-L -classification. 

None of the estimators performed well ·tor sam­

pli:ng .experiment ·number ·XVIII. ·Note the ·extremely large 

values -of the Monte Car.lo· sample• means of the JAZL 

·and J ·estimators for this sampling e_ xperiment. 
·M2L 

,Exam1:nation of the Monte Carlo · sample values of these 

. estimators •revealed the existence of extreme values o'f 

-approximately 

for J:A2L 

for JM2L and 

The -B
10 

estimator a_gain-appears superior 

with respect to confidence levels, but yields coverages 

• of cxR higher than those of JAZL and JMZL for small 

va·1ues of c . 

The power of the test H :v = V vs. 
0 p q 

·n :v . ., ·v 
I 'f_or .run number I·II, is high for all -•esti-a ,p q 

,mators· ·except JA2 I ·but -is muc.h lower for run number 

XVIII. -For sampling experiment number :XVIII, the Box 

l:42 



,estimator.s ·appear :to :tag ,far ,behind . ·JA2L ,,,ana_,> '-?."wlL 
., ' ,!, • - •• 

. in -power, although additional covera:ges •between ,o·.and 

:0lx.R would be necessary· to verify this. 

-(iv) Classification L-M (Table XXVI) 

, .. 

Wi.th·the .exception of _·J , the ·non-,-nori;nality · 
A2 . , .• ,. 

appears to· have caused the confidence · inter- ·· :, •· 
~ ' -

2.1.:,, ·-· :./ 

v.aJ.:s to be shifted to t:(1e right of .·R The 'differences.:\·.: : . 

in·c::overage ,of cxR and .R/c .,are ;-oqghly . .. 

. . '· 
J • . . 

o·f· the same :·': · :: · 
' .. ' ' . ', _- ' ,- ·1',:., . ' " .. _,,; 

; ': .- '. 

magnitude .as .in the M-,L case, .but are, of opp~si te 'sign:;-:·< , -·· ' 
•-. , ... 

•Cort;fiaence levels for -.the L-M classification· .. are a·lso 

'.approximate'ly ·the ·s.ame ·as those of the·: •M-L •category.· 

A s'ignificant -positive bias is ... indicated 'for 

·•all ·estimat,ors of this_ catetgor,y, · thus reflecting,·a ·,ten- ,,_ 

··aency to over.estimate the ·variance ratio · R . · .;·· 

Note that for run ,·nmnber XI~I ,thei power::_of ·-·· .. , .;-.. , .. :} · 

.the test .,,H .. :.V 
0 ··p 

;h,tgher for B.
5 

= vq .vs. 

than ·for 

H -:.v , a P 

·13_10 ' 

'1,10 estimator again appears to 'lag behind J .. : and ·. ,._ .. : 
.. A2L;.. 

•JM2L · in ·power. is obviously 
" ' ·, . ' ·\·' 

· the least. powe_:i:fil.l ,· · .. · ·, . 
•. • ' - ' "1;-

.,. !_, ,_,, .+. 

·:wi,th probability of rejecting -H 
0 

approximately 10%. ,.• ·_; .• . 
- '~ ' ' ~ 

. of 

' -. . . ' , 
' . ' .. 

. (,.v) .Classification L'."'H (.Table 'XXVII) .·,.,.. 
'·\-::' ·', 

f* (Y) 

As one· .m:Lght expect, . thE,! . increased ,non-,-no.rmal'i ty · . 

tends to exaggerate the effects mentioned. 

Y'. 



5pr.e'l('io.us.ly .in :t:he discussion of the L-M cla:ssi'ficatio~;-

•That.is, the .. confidence levels-w:ere ,generally low.and 

.•the points ·of .maximum ·coverage -were shifted ;to ·the :-r·iglit , . 
' ' 

'.'for ·,ea:ch of ·.the non~negatLve .two~sample .e,stimato,rs .. ·. 

Although a sign'i'ficant positive bias. is 'indi-·': 
' . . ' . . .. . . . '~ .. 

· cated "for -a:1·1 the ··non.:.negati ve estimators, ·we do ··not · 

'find such extreme values for JA
2

L and JM2L: as oc·cur::i::ed ;c . ,,::· 

,in ,the 'H-L ·-ca-tegory. 

Note ,the ,lar.ge values -of _the.-Monte Car.lo ,sample· •·<,•, 

,means .of .-the ,Box ,estimators for r.un number XI.· ·Th~se · 

values .indi:cate .•a 'ver.y .large :positive bias,. which is · 

,re'.flec.tecl:by ·,the.:points of maximum coverage that 'ciccur .· .,,, 

;at ·.approxlmately lOOxR 
' . ., 

' '> ' '.'. ,' 

·.The ,four . main competitors, J A2L , . JM-2~ ·, :,B_i/ \,.\· · r· < 

and BlO , ·work surprisingly weil in these cases ot°.-ex;- .. /: ' . !._ 

treme .. non-normality. The 

'.howeve·r, is •-gener,ally superior. 

estimator's performance,·; . 

cCts coverages ·<>f_ '·'cxR 

,are .. ·compa•rable to the coverages .of . cxR,, .•for 

J •for values .of 
· ,M2.L ' 

C 

-;than 6, yet its .•confidence levels, of .approximatelt 90%_t;' 
:less than ;-s ,and-•greater .. ; ··.· 

a~•,••· . ,,, . ,,, ,,-, 

' . " 
·are higher -·than .those .of :JA2L ,and .JM2L 'in each ·,case"> 

'","• . 
. ~.,.·, ~· ., 

.,,- <' • 
.,"'.; ,,, 

:,t . 

/Although _the \B · -esti:mator is -positively 
.5 

> :: ;,'-, 

biased,'·the \,<'.··, 

_points.of ma:ll;imum coverage occur near 

and ·l,. 25xR) 



The B estimator also yields .con'fidence-, . 10 
' . 

levels that are no:t significantly different than the 

-nominal level. Th.is estimator, however, results· •in 
' 

-higher coverage of _cxR than do the .other non-negative 

two-sampl,a estimators. 

··Exa+nining the results .of. run number XIV, we 

'find that JA2L I JM2L and BS provide tests of 

·H -:V ··= V vs .• H :v ;t V of approximately ··the same 
0 ·P ·q a p q 

power . The .BlO .estimator again .proves less powerful 

. than its COil)peti tors • 

. 6. 6 .Dis.c)lssion of _the Two-,sample -Estimators 

•Although the two-'sample formulation of. the· 

sirr,iportance·sampling problem reduces "to the form-of the 

-usual vari:ance comparison prob_lem, we 'have seen ·that 

_the nature of the distributions of f (X) and ·f* (Y) 

result in violation of the usual ·assumptions of identi­

.caL distributions, except for location and scale_.· The· 

:oTben .-ra"dical·ly different values of y 2 (f) .·and. ·y 2.(if*) 
' .. ,, 

.are ·indi'cations ·of the departure ·from ·these .assumptions •. 

,Recall ·that, with the exception of the J .,.. · estimator, N,,_ . . . . 
,when -Y 

2
··(-f) > y 

2 
(f*) the two-sample ·interval •estimates 

-appear shifted to the left of R. an'd when . 

. 'Yz(·f) ·< ·y 
2

-C:f"':) they appear 0 shi·fted. in the ·opposite ·di­

r.ection, thus indicating a tendency. to overestimate .R 
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"When •y,_
2 

(f*) ,.is ··:the, ,la:r:ger value .and ·;to underestimat.e 

.R .when y
2 

(f.) · is the larger va·lue. This pr:oper.ty. of 

·.;thes.e ·estima·tors .is ·obviously undesirabie since •tests 

. ba·sed on an ·estimator •with this .property could '•likely. 

·l:ead to the use of the less efficient estimate of I 

i'f its .. standardized fourth .cumulant were s:ufficiently 

larger than that of the alternative estimator .. i:_In this 

case., ,the .distr:i:butional properties of. the es.timate 

··cho·sen-,coU:ld :have 'disastrous .. ·effects upon -inferences ... 

. :and -:tests ·bai,;ed on it. 

In light of the very poor performances of the-'. 

interval estimates and 

·they ,do -not .warrant·· further con•sideration •as pci!:lsib:i:e · · 

.. estimators ,of .the 'relative .efficiency' in ·the .importance 

,samplin<J ,probl'em. 

Of .,the remaining ·two-sampl:e '·estimators., JM2~ 

-and J · .A2L 
appear to be the most powerful but generally·.·,::. 

' . 
):{,i'e·ld ·conf-idence .'levels ·below the mominal level: ·con- · 

·. ,,-

sidering the degree of non-normality displayed by; "f(X) .··,.•~ 

,and f•* (Y) , however, these -estimators ,performed· reasonably·.·:-,,:.·.:·: 
'~ . ,,,,.~ ·.'. ., 

:well. 
. ,· 

'In Mil•ler' s review :.paper · [ 14] , · he ·warns -that ' .. ,'. · . . . 

the -jackknife .is not a device ·for :correcting '.':for outliers.' 
• ~ ' e • 

1-' ·,., ~ ' ' 

·In view of this , one should be suspicious "i::f extremely 
.:. ;':'.: 
' ' 

. ·-~ .;'°':; ~:~. ,· 
• 1 ,, 

{ 
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large or small variance reductions are indicated. Inspec-

tion of the sample values f (x.) 
1. 

and f*(y.) 
1. 

and of .the 

pseudo-values of the jackknife estimators would be ad- · 
' 

visable in this case. 

Recall that for the sampling experiments which 

resulted in extreme values of JM2L. and _JA2L, the 

sample means were much larger for the JM2L estimator 

over 44 times as large for sampling experiment number 

XVIII. Does this indicate that JM2L is more sensitive 

to outliers than JA2L? This deserves investigation. 

Consider a.sample (x1 , •.. ,xn) for which x
1 

is an ex-

treme value. For our purposes, we assume that x1 
is 

the only extreme value.. Then the sample variance, U 

say, is approximately equal to xi/n and the jackknife 

estimator 

n 
J (log (U)) =. nxlog(U) - l 

i=l 
(n-1) log (U.) /n 

1. . 

2 2 ... 
(n-1) log(x

1
/(n-1))/n 

Now, suppose F1 is the only extreme value 

of (F1 , •.• ,Fn) and (Ff',·•-,F~) • Then 



(Recall that 

ef = log(S~) 

JM2L 

and 

A 

= exp(J(ef) J(ef*)) , where 

2 
e f* = log (Sf*) • ) 

For Arvesen's estimator JA2L, defined in 

Section 3.3, we have 

Therefore, 

and 

On the other hand, if F* is extreme, 
.. 1 

· 2 -3 
exp (-1. 5 log(ft ) ) = Ff 

and 

From the above, it is apparent that Arvesen's method 

is, in fact, affected to a lesser degree than JM
2

L 

by extreme values of f(X) and f*(Y) • Since these 
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-'estimators .behave :similarly ,·with respect to ·confidence 

revels .. and .power, •·the ·J AZL estimator ·appears .prefer:able 

to Note that jackknifing has actually incre·ased · 

,the •ef-fects o·f .. the ou.tliers upon ·the ·estimator. 

The major drawback· of the Box method is that 

its .bias is largest .for small .subsample sizes, yet increa­

sing the subsample size.results in loss of degrees qf 

:freedom :.o·f .,the associate.d t-statistic, wh:j.ch in turn 

. •results .•·in long conf,idence intervals and. conservative 

tests. .rf., on the other hand, the. ,subsampl·.e size were 

to remain "fixed while the s·ample size was · increased, the 

' bi<!,S•-would eventually become 'the ·major contributor to 

the ·mean ·square error of the ··estimator., with ·,the ,obvious 

.•,effect of. decreasing .the .confidence level. ·This, in 

,fact., .appears to be the :reas.on ·:for the. failure of the 

.B
5 

,es:timator ·since, as ;\'le· have .. seen, the .ma;idmum 

,coverage 'for . BS was ·close to 90% in each of the runs 

•and ,,the low confidence levels resulted when t.he bi:as· 

0
was large. 

Since the magnitude of .the bias depends on· 

the ,dis.tr±butional ·properties of f (X) and .f* (Y) , 

,an :qptimum,,sub5amp·1e size -may,·not •be obtainable in· 

genera·l. 'Further r.esearch in this . area is .necessaFY• 

If, ·however, extreme non-normality of either f(X) · or 

.,,,_,_ 

; ,, ,::.\ 
") ' 
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' .. 
mr 'f*',(Y) . ·is ,.suspected, .it would be ,adv-isable t.o ·choose:'"' . , 

:as J:a:rge -a ;subsample ,size as possibl·e while ·retain;ing 

.. an .acceptable .-number of degrees ·of- freedom; 

Although .this investigation has not .. been.con-
. -; , .. ~; .. ' 

--c'J:usi•v'e, ••it has served to "reveal the complejcity .. Of ·,,the·· . .<< :. ·; 
'.' . ~- ·,,,~-;; ' .' ,, ' 

:importance sart)pling problem, to ·expoia!~ those-:·estimation•::.: 

techriique·s most sensitive to non-normality,· to: provide.' i> 
·a :,promi;1iing .alternative to Sukhatmes·• one-samplie esti­

.. ma.tor and tb indi'cate directions of. fur.th~~ ~study. 

·We 'have ·seen that the ·.estimators 

. , 

·ar.e of ·li'ttle value as interval ':esti111~tes .• .. :·· 
'•. ' .. 

of .. the -variance. •ratio R • '.They, were. all.•found ;-to:1:>e \ .} .. ', ,,,,:,, ;, . 

sensitive to· non-normality •of f {X) or. f* c~i" ·. ·· 0 

;he·;::,·:/·'.:_ .} : ·: ·· 

estimators F ·and F BA consistently ,provided ·poor con--:,,:·· 

.fidence levels, wi.th the lowest ,values· occurring when-,.:_:.· . ' , , '," ',, 

·extre1t1e non-normality of -either ·f (X) ,or £*, CY> :,' was 

ind±cate·d. Both ·the estimators J · ··and , T .. ·. · ·were .• · ·· ' 
A2 Sl : . . 

'1•1" 

,, 

,'·• •.,••,,'" ' •·•.ii, "~.-. ,/c • ; 
. ', t , ' ,. 

<inclined to yie.ld negative lower confidence bounds . .and.··-• 0:, • · · ·, •· ,: : ·' · • 
• ' •' , • •., - : ,: •". I. •·• '.·.•. , • •,: :, ' 

The confide~ce levels. ·for .. ~A2' ;'-'. ·,:_·:,, ., , ,, . 
I .• · .• • .i:. 

·.poor -confidence levels. 

were lowest .when f (X) displayed extreme · non-norniali ty, •. ·::.: 
. ' . ' . . . ,\ 

•.arid the ":lowest values :for TSl occurred_ 'wheri , . f*'(Y)·. ' : :-
, . '· ·, , '· ·,~ , " - · •;- · _-.;>,.,:,1_i~:. ··,_,,: "_ 

displ:ayed ,extreme non-normality. . : ':-.. ' ·' · · ,,,. · ·.•-" / .. 
. ·,. _;., .. ·; -~' . 
. • ,-1 ·•·! 

:- ' , __ ,. 
I • _; ~ • .,. • "\ "' t 

~- ~- l ' 
.. , , ' 

. :: ,:, ... ~ ··, ~ ' ,. :i. 
·, ._, _,. •. ,-. .-,~~"\ :·:'. 
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The two-sample estimators JA2L, JM2L, B5 

and B
10 

performed reasonably well, considering the 

degree of non-normality exhibited by the random variables 

f(X) and f*(Y) • The Monte Carlo results, however,· 

indicated a tendency of these estimators to overestimate 

R when y
2

(f) < y
2

(f*) and to underestimate R when 

y
2

(f) > y
2

(f*) , an obviously undesirable property. To 

evaluate the effect of this property upon tests of hypo­

thesis, a larger number of distributions should be sampled 

to provide a wider range of values of the parameters 

Y
1
(f), y

2
(f), y

1
(f*), y

2
(f*) and R. It would also 

be advisable to increase the Monte Carlo sample size 

in order to improve the precision of the estimators in­

volved. Other possible changes to consider are varying 

the sample sizes (and subsample sizes of the Box esti­

mators) and changing the significance level a. 

In the discussion of the two-sample estimators 

in the previous s·ection, we touched on some of the prob­

lems associated with choosing the most appropriate sub­

sample size for the Box estimator. At this point, we 

wish merely to re-emphasize the need for further research 

in this area and remind the reader that Bk appears to 

become more conservative as k increases. 

As point estimates, the two-sample estimators, 

with the exception of JA2 , have proven to be far more 



'152 

b_i·ased and.more, variable than the one-sample "estimators. 

Consequently, these point estimators appear less reliable . ' 

than the one-sample alternatives. A larger.Monte Carlo 

sample size would have allowed a more detailed ·investi­

gation of the bias and its contribution to the mean square 

.error. 

' The one-sample approach to. the importance sampling 

problem has received little attention in the past •. As a 

.result, very little was known about the reliability-of 

the Su,Rhatme estimator prior to this investigation. 

The results of this study, however, do suggest that an 

alternative estimator is required in view of the'factthat 

_the Sukhatme estimator !or the jackknifed version 'of it) -, 

·:tends _to yield negative lower confidence bounds for -R 

Jrhe jackknifed versions of the non-negative estimator. 
A 

·( e ) appear to be viable alternatives, al though further .. 
w 

·invest:igation is obviously necessary to determine which 

.-is -superior .. 

In this thesis we have studied the performance·.­

,of the one-sample estimators under varying degrees of 

•non-normality of f*(Y) , without regard·to the distri­

"but:j:onal ·properties of f (Y) or the .. relationship between 

'f* (.Y,) and f·(Y) , ,where Y has density q (x) • . Obvious-

ly the distributions of J 81 
and are affected by 
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the distributional properties of both thes.e random 

variables, as is indicated by the expressions for the 

.asymptotic variances of J81 and JWl (see Appendix A).· 
'­

Although we. may find that neither of the es.ti-

-mators or is universally superior to·the 

other, ,it may be possible to determine conditions under 

which one is preferable to the other. Obviously this 

i•s another •area requiring further research. In .- Appendix 

A we.derived ·an expression for the difference in the 

asyl)lptotic variances of JWl and 

•·arbitrarily close' to the optimum density q (x) • 
0 

The resulting expression, however, was of .s·uch a general 

nature·tliat little insight into the problem was achieved. 

·Perhaps an alternative analytic approach,· such as'.assu- · 

·ming a different form of q(x) , might prove more .fruit-. 

· ful. It is possible, however, ·that ·the complexity of , . 

'the ·problem will dictate the use of a mirrierica,l approach 

j"o the ;problem or require further res:trictions on the 

functions f (x) , .p (x) and q (x) 



tw i: 
Data For Sampling Experiment I 

COVEllAGE OF l-filTIPLFS OF THE VARIANCE RATIO (cxa)' MEAH CV. qf l·G,U~ 'cv. of 
E.5TD!ATOR v 

1do 
EST. 1-~AN LE!:G:iH lSA!l 

c:o .Cl- O.l 0.2 0.3 0,5 0;7 0.8 0.9 ·l.O l.25 l.75 2,0 2,5 3.6 4,0 5,0 10 20 +R · EST. +Ii . LENGTri 

J\GL 0 0 b 0 0 002 247 785 972 780 477 175 ioo 040 015 0 0 0 0 0 .997 .009 .636 .039 

J· i;n 015 015 03b 037 077 165 570 885 995 780 445 112 0~ 022 005 .. 0 0 0 ·o 0 .968 .ooa .673 .031 

jSl ·755 760 772 787 807 857 960 915 930 945 960 982 980 957. 
·. 

265 055 0 -0 .;060 785 0 1.07 5.07 .019 
'. 

TC', 
"~ 755 760 772 782 813 855 890 907 917 922 947 940 907 732 510 _205 045. 0 0 0 .642 .089 4.63 .015 

J i21 0 0 095 430 630 817 835 822 787 i16; 672 560 505 447 395 330 277, 160 102 027 1.57 .i26 58.4 .• 42.; 

jl:21 is2· 765 680 '··- 420 '.292. 
. ,. 

040 2.46 0 0 057 357 595 790 817 805 570 525 457 347 182 ll2 .204 11,9 .467 
' 

J).2 672 612· 385 255 
.. , 

.b:i1 022 .i02 430. 41.7 727 895. 935 900 792 727 515 340 192 132 010 0 l.lO .C75 2.62 

F 0 0 017 182 380 552 575· 547 515 475 1,32 337 _iso 210 165' 092 o6b di.2 007 0 l.15 ;(fl5 i.52 .075. 

fDA 0 0 . 032 245 470 657 712 707 697 667 617 492 452 395 340. 272 210 120 055 012 1.15 .C'75 7_;36 ' .203 

B5 0 005. 370· 707 865 917 850 807 782. 730· 630 465 .422 327 262 182 112 022 002 ci .607 _.038 2.40 .057 

B10 0 020 467 752 867 922 912 892 870 850 802 695. 655 592 532 438 370 212 102 015 ,767 .039 9.47 .128 

01 (f) = 4.6 .- 01 (!') = -0,9 R=l.O S.U[PLED DISTRIBUTIONS: p(X) = Pareto(JO) 
o2CfJ = 10.8 o2(r•J = 0.1 ' ~(X):.x6 M=400 b 

n =JQ q(X) = Paroto(l8) 

.. - ... . ' " ,, 
Coverages are repreSentcd as being out ot ~ total of 1000; th~ nominal con!'idence level is 9CT~. 

V Indicates the p'oaition of R•l. , . 
'Sruoples from p(x) and q(x) are of equal sizo. ' 



TABLE II 

Data For SMJpling Experiment II 

COVE!\AGE OF i'lJLl'lPLES o~· THE VARIANCE P.ATIO (CxR)' 
E$TII·L\T0n V c:o .01 0.1 0.2 o.J 0.5 0.7 0.8 0.9 1.0 1.25 1. 75 2.0 2.5 3.6. 4.0 5;0 10 20 100 

Jlfil o·. 0 
.. , 

0 0 0 002. 165 797 945 740 485 232 135 055 027 ·005 0 0 0 0 

J,11 ·010 012 017 ·042 047 102 607 915 972 747 445 152 ·077 032 01.2 0 0 0 0 0 

JSl 712 720 742 rio 795 870 905· 932 942 
' 

952 980 975 9i6 620 325 077 · 015. () 0 0 

TSl 707 710 1!.0 757 782 847 887 902 922 932 938 _865 765 505 285 072 015 0 0 0 .. 
J}.'21.., 0 0 115 438 677 777 765 732 700 667 ~02 515 472 410 355 315 255 155 092 027 

Jf::;fr. 0 0 092 39d 620 735 750 722 695 "667 ·i,05 ·52·0 485 435 375 3.:fa 2/35 ioo. 110 037 
,' \ . ' 

J;.2 342 352 680 897 920 815 697 627 590 552 ii67 332· 290 220·· 177 127 080 032. 007 o· 

F 0 0 037 262 430 520 512. 502 457 435 .. 392 270 220 i75 142 077 063 017 007 0 

FiJA 0 0 052 297 530 647 666 635 617. 58'/ 547 460 430 355 .· 315 255 200 110 055 012 

B5 0 002 477 762 865 870 762 730 677 617. 535 380 313 235 177 115 090 022 005 0 

B10 0 025 575 807 872 890 865 840 817 802 740 632 · 582 527 470 365 305 155 . 102 015 

01(f) 0 7.0 01 er•)= -0.5 R= 1.0 SA}!PLE!i DISTRIBUTIONS: 

o'
2 

{f) = 1.5,106 1(2(£"_) • -0.6 :f'(X)~ x7.499 H-400 n-30' . . 

"cover.ieeS' a'ri= reprCsent8d as being out of a total of 10oof tho l'lominal· confidence level iS 9~--. 
?Indicates the position of R=l. , 
'samples from p{x) and q{x) are of equal size. 

1-IEA!l cY .. o~ }'.ZAN 
EST. l✓.EAN LEliGTH 
+R EST. +Ii 

.- 1.02 .on .677 

.99!; ,010 ;703 

1;03 .ot/t 3;60 

.944 ;05s 3.40 

1.51 .132 '?7-9 

2.37 .m 1.48 

1.06 . .079 2.44 

1.10 .077 1,45 

1.10 .077 0.?l 

.505 .011 2,03 

.666· .046 i.3.8 

p(X) = i;'areto(3.0) 

q(X) = Paroto(l5.002) 

CV. of 
1-SAu 

LEXG'iH 

' .042 

;O!+l 

.014 

.022 

.506 

.566 

.108 

.077 

.207 

.067 

.323 

I-' 
U1 
.Ul 



TW III 
Data For Sampling Experiment III 

,. 

. " , • - • • ... = • , - a 
COVE!lJ\GE OP l·l!JLTIPLES OF THE VARIANCE RAT.IO (CxR) 

ESTD'.AWR .y; ' . 
3,0 ,to C•O ,Cl 0,1. 0.2 0.3 0,5 · 0,7 0.8 0,9 1.0 l,25 l,75 ·2.0 2,5 5;0 10. 20 100 

Jw1~ 0 0 0 0 0 0 007 047 767 563' 147 ·032 017 012 010· 002 002 0 0 0 

JIU. O· 0 0 0 0 0 010 055 782 537 130 .017 012. 00~ 002 ·o 0 0 o· 0 . 
JSl 442 642 

. / . 
942 

- . 
012 313 317 375 512 787 830 837 992 632, ·265 087 050 02;; 0 0 ,.0 

"' 302 305 372 430 ·s1 512 650 795 842 892 91,0 920 207 .o6o 005 0 ,0 0 0 0 0 

JA2L 0 020 270, 522 712 845 847 852 ~35 822 757 662 627. 540 1i62 372 310 202· 115. .047 

JM2L 
,,~ 

2fo 0 025 487 667_ 825 827 832 825_ 800 660 :6i2 547. 1,72 . 3·ao 
; 

·052 740 317 . 217 135 

J1,.2, 832 855 
<•.! 

922 962 967 915 837 807 755 707 '632 i;J.5 
, 

313 
,\ . ' 'I 

382 255 195 _150 037 010 0 

F 0 ii 067 215 337 500 482 490 467 [,42. 405 295 277 240 185 
.. 

127 aso 025 002 0 

inA 0 obi 157 362 517 642 730 727. 707 682 635 542 487 410 360 292 245 145 080 010 

B5 0 002 365 670 820 907 915 917 895 870 797 660' 612 522 447 347 277 iJ.5 040 0 

510 0 09() 550 762 860· 905 910 897 890 s·90 872 800 767 722 672 597 522 360 235 . 022 
o

1
(f)• 6,9 1S (r*)•2,5 . R=25,07 SAMPLED DISTRIEUUO!IS: l. . 

o2(rl• 2.0,106 · '0'2(r'); 10.5 f(X): x5 M=i;oo 
b 

n=30 

'CoVeragCs_ are represented as being out of a total of 1000; the noriti.Il.al Ccintiden·c~ level iS 90'. 
vra:d1cates tile pcisition of R•l. . · 
'Sa.'nples froril p(x) and q(x) are of equal siie. · 

MEAN cV. ,,_ ... -
or I-ZAN 

EST, 1-J:EAN I.ENGTI! 
+R .. 

. OEST • +R 

,984 .009 ,246 

,977 ;007 .207 

1.02 ,027 l::92 

.816 ,037 1,48 

1,50 .085 28,2 

2,'00 .. .121 
:.· ' 

· 56.2 .. 
1,07 .069 3.44 

1.22 .b63 1.61 

.1.22 .'063 7,07 

,87S ;05? - 4.51 

,979 .055 25,2 

p(X) = Paroto(20,2) 

q(X) = Pareto(16,255) . 

/ 

CV, 'or 
lfilAll 

, µ:NOTH 

.101 

,055 

.034 

.025 

,276 

.343 

,067 

.063 

.154 

,067 

.250 

1--,' 
l11 

"' 



TABLE IV 
,_ i<' -.- :.-,,· • ; .: -,-, ;:}. 't .... , ~· 

Data For Sarnpllrig Experiment IV 

• _., • • • ,1 ,\ , --~ ~"-:>. ,, ; ti _,,. :.· a 
COVERAGE OF l·nJLTIPLES OF THE VARIANCE RATIO (CxR) 

. C=O ;Cl o.i 0.2 O,J 0.5 0.7 .a.a 0.9 l~O l.25 l.75 .2.0 2,5 3,0 A,d 5,0 .lO 20 

j~1.L 0 

:I.00 
• 0 

ME,\.'{ 
ESTt; . 
+R 

1.01 

cV~- 0!' 
i,!qA!l 
FST, 

}~Ai1,, 
ID!G'lii 

+R. 

_·J1n 137 v._o 160 182 237 342 59d 925 997.. 190 490 202 121 · 01/1 031 oi5 002 · o o o ,933 .ou i.c4 

1-:EJJl 
, I&'iG'i'.-i 

.056 

,063 

.034 

Ts1 891 897 9CO 900 905 907 912 915 91t }l.5 9io 9:J 925 930 ~38: 947 950 922 310 0 ~2.6i .2'18 _40',ii 
1--c-,J;.-2I,-,_--+--0--+-00-2-+-0-3~5--i: -?-'~5-._._+-43-2-+-6-7-5+-7-95-+-822--l-8-4""2.'+'-83_2 __ l-8-lJ--l-6-97--+~64-2-+5~4-0-+-4-52-+3-4_0_,l-2~_5~5.-+'-!)-72--+.0-3_2_·1-0-05-l---l-'t3-,2-: -+--_-,O~li-~--+-5-.4-.-,-, -+--.1-73-1, ,-

6 1.14 
F 0 o. 012 091 :220 442 542 . 560 .. 595 6as 565 M,5 loiJ 3:i2 23s 132 · 015 •· oi:i o . . a 

0 o . 660 2i5 350 577 662 715 . 747 747. 707 · 602· 547 . l,65 392 , 262 180 052 017 . b . l,25 
, ' ' o o l40 407 570 792 ~82 912 907 .. 907 s90 795 71,0 642 552 4.20 292 .087 012 o 

0 540. 682 :837 ass 902 905. 910 900 835 . 797 1J.1 '6e5 592 515 fa1 130, 005 · .L19, 

01<.t>.:2.2 ._.. . . o1<r~>=. -1.9 
. - .,~2(f) ~ 7.9 •' , .. ,- ''62(£") • 4,5 

R:: l.O - , ., , 
.t(X): X' ,; 
.. ' 

.. ' . 

~~OVer;g~S ii.re rePres'eb;:d a.-s beini'oUt_ o! :a 'total of l.~j th~- iio~ cor:tidenC8.1eVei ·1s 9c,j: 
V.·lnci}C~:!,eS ,the_..:Posi~ion Or R~1. - ,_ ... -" , , 1'. , .• 

bsa,.'llple5 from p(x) and _q(~) a.re of equal size. ..::-• 

~043 2.81_ 

.041, :i,25 ' ,.080 

.057 

_;040 

/ 
c;,' 
(Jl _, 



v.>.: -_-,.; _,.-
,";[ ::, ,-, 

C ,, 

' . 

Data For Sampling E,q,-;;ririu,;,t V 

'! ', ,,;, ·.~ ·c ••• ~ .-- ., <'..,,.,. ~ • . .;:',, • c, • "a 

COVERAGE OF MULTIPLES OF THE VARifJ!CE Ri\TIO (CxR) 
ESTIK\ TOR . v· , . .. 

,C•O 
. '· b,5 o.a 0,9 J,.25 l,75 ,2.·o j,6 J,O 20 '• 

,01 O,l 0,2 0,3 o. 7 .1.0 2,5 4,0 5~0. 100 

J,ru. 0 0 622 055 i22 410 677 922 925· 815 650 440 "' 387 297 232 160 112 oi5 o' 0 

J!il 
,,,,• 

587 490 492 527 627 697 940 992 980 867 675 
.. 

070' 016 417 340 24? ~76 107 0 0 

JSl 957 957 955 952 950 94_2 930 9i7 c,ot 890' 880 847 ji§o 777 742' 652 575 340 077 0 -
"'· s62 862 

., 
' 872 872 865 .0io 860 :si 870 875 832 762 

,· 
.855 787 710 672 587 502 277 063 0 

J_;21, 020 ifi 61'7 662 
,._ .... - _,, 

000 
. ' 622 ,· 

005 0 235 332 525 720 750 7?/7 802 720. 505 380 085 0 

J1,121 0 035 147 ~65 355 532 620- 677 Tio 750, 785 
.,,, - .. -l"..'i'>' 

677 
,_ 

450 060 005 782 770 577 330 0 

J;..i. '652 _657 
,-

705 760 815 857 870 890 897 895 865 '' 597 
' 352 .. 260 • 780_ 717 530 030 0 0 

F () ii 005 045 122 292 430 472 472 515 
_, .. -

46, '_405 575 527. 505 280. · 205,. '030 0 0 .. .. 

_FBA: 0 012 120 210 320 452 590 '617 647 667 .707_ 696 657 592 510 . 392. 
-~~ 

,245 032 0 () 

- li5. 0 232 422 630 680 730' 807 
, 

910 '887 813 '107 370 107 005 0 022 ll? ~57 920 917 
; -

BiQ 212 370 655 767 
-~ . -

9_20 . ' 815 467 262 020 i'" 0 015 495 802 1322 850 89? 922 ,900 892 752_ 

, ... ,, : o (f) • -0,9 '. • -. , ,c_: 1)'1 (f") ~ 4,6 . R:: l,O. _. :-/ .. ,.,,-:.., , . SAl·lPLED DISTRIBUTIO~S: . ~- .-

'. .. • . l , . .- , - ,. ' -- .. , 
. _ icx>'=' (5/J)x:.:6 ;: --

. 
·i,j:;.4oci" _ :· o2(r)•.o.1_ •. -' ::·is' cr•,~·70.s': ,. ._,_,..."--" . , ~=Jbb 

.. 
' .. .., ;., 

' 2. . ' . . .. . ,: 
•J . . . . ~ .. , - ·• 

.'.•,-.: ~--,·:_·_--_ .... , ·-·· - . ·_ ···:~---<. ·., - .,.~,'..,· ·,{;· :;.,"· .~_ ~ '\~·:·-" --.. 
_Coverages are represented as being out of a total of 1000; the nominal confidence level is 9~. 

~:;ndicates the_ positiOn of R;=l. _ -. ,: . -- :- 1 ; 

Samples from p(x) and q(x) are of equal size, 
r .-, 

Y.EA.'1 cv. qr lW 
EST, MEAN LENGTH 
+R EST. +R 
1.14 ,037 i.93 

,881 ,048 2,56 

,981 ,249 15,5 

3,27 .069 9,20 

1,76 ,043 4,j3 

l,7<) ~()45 3.92 

l,49 . ,052 4,71 

i.83. ,041 2,43 

,oj7 
, 

l,74 3,05 

2',56 ,o:i4 - 9,85 

-2~0§· ,033 2i,l · 

p(X) = Paroto(l~i ' ,..--., 
~(X) = Pareto(:JO) 

CV. or. 
MSJJl 

LE!:Gll! .· 

.0;3 

.0;3 

.041 

,032 

,037 

,036 

,040 

,041 

,033 

,05_!\•· 

_,.~20$. 
. - ' .. . . 

-.; . 

I-' 
U1 

.·. 00 



TAflLE VI 

Data For Safuplirlg Experiment VI 

· cov-t:RAGE oi m1Tr!'Wl oF THE vARv;)icE RATro (cxR)' 
ESTJJ.1\TOR v· C:Q • Cl 0.1 0.2 o.J 0.5 0.7 a.a 0.9 l.O l.25 1.75 2.0 2.5 3,0 4.0 5.0 . 10 20 100 

J,D.L 
,, . 

160 400 695 813 697_ 570 340 0 ·" 0 005_ 01,2 100 882 .895 517 412 225 170 047 010 

JWl 575 585 627 665 697 775 970 997 980 887 737 563 465 345 260 160 llO . 017 007 0 

JSl 950 950° 952. 942· 938 912 885 880 877. 872 862 825 ~07 752 707 655 570 265 077 0 

TSl 800 795 800 802 807 805 782 __ 775 780 772 757 720 710 660 6i7 585 507 250 063 0 

JA2L 0 027, 155 255 31,7 472 563 602 622 667 732 785 _777 755 695 595 438 ll5 007 0 
•. 

Ji.121 0 037 180 285 357 485 572 605 630 667 722 760 735 702· ·657 547 390 092 005 0 

ji.2 657 66o 700 745 780 825 872 872 870 872 86r 813 775 685 602 440 322- 050 002. 0 

F 0 0 017 063 130 220 342 392 410 435· 502 542- 520 500 465 350 262 0.37 002. 0 

FDA O; 012 UC 200 300 430 502 547 572 587 635 657 647 620 567'. 430 .297 052 005 0 

B5 0 o. 020 090 142 313 .480 535 595 617 . 730 822 870 890 ·sac 832 762 477 197 002 

B10 0 015 155 305 420 582 695 740 760 802 840 877 890 900 877 855 807 575 317 025 

l5'1 (r) = -0.5 o1 (r') = 7.0 R= 1;0 SAMPLED DISTRIBUTIOh~: 
o2(r)= -o.6 o2 (t~l = 1. 5•106 

~(X): (30/15.002)X-7.499 M=400 ·ri=3,0' 

'Coverlige·s a;e rCpre:ientcd as _be~ng out of a tof.al. of 1000; t,he nominal cOn!'idenca icvel is 90%. 
VInd.ici:tCs the position of R=l. · . - . .. . . . · . 
'sru:iples i:roin p(x) and q(x) are of equal size. ' 

}IBP Ji CV. of ?•.'.Eli..~, 
ES'T' . 1-!EAll !El3TH 
+R EST. +R 

1.30 .045 2.71 

.a64 ,072 3.76 

1.21 .174 13.6 

3.24 ,064 7.95 

1.95 .042 4.79 
i..86 .044. 4.27 

,-

1;65 .051 5.47 

2.06 .d41 2.7.3 

2.06 .041 3.47 

3.42 .039 12.4 

2.61 ,037 22.4 

p(X) = Pareto(i5 .002) 

q(X) = !"areto(.30) 

✓-· 

CV. of 
!P.1,N 

IEm7rl 

.063 

:068 

.044 

.036 

.037 

.035 

.041 

;041 

.036 

.052 

.087 

I-;-' 
u, 
ID 



TAflLE VII 

Data For Sarnplfuk Experlniint VII 

COVERAGE OF l·nJLTIP.LFS OF '.I1IE VARil.li'cE RATIO (CxR)" 
FBTIM.~TOR 

C=O .oi"' ,0.1 0.2 0.3 0.5 0,7 9;8 0.9 •) .• 0 i.25 1.75 2~0 2.5 J.6 4.0 5.0 10. 20 100 

0 () 
. ~ l· 

0 010 012 oso 520 732 880 700· 515 282 202 087 052· 025 910 0 
.·.' 

0 0 

J>.a 0 O &io 192 290 502 705 755 807 827 857 81f . 750 622 480 *57 147 015 0 0 

0 002 087 207 302 527 715 757 807 827 852 792 720 577 ~30 227 107 007 .0 0 

·542 547 612 100 110 a52 9i□- 9i7 930 920 aso .122 645 46s ji1 140 063 005 o 0 

F 0 0 O 022 ll2 317 520 595 657 692 715 637 575 432 2ri7 140 063 002 O 6 

0 0 0 

0 0 oi2 072 202 490 637 705 767 800, 880 870 862 . 827 785 63_0 542 197 , 042 . O 

1-!EA.'-i 
EST~ 
+R 
1.02 

.877 

1.30 

1.25 

1.16 

1.34 . 

2.03 

CV. of 
l•!Ei.N 
FBTi 

.<ii5 

.lli4 

:034 

.029 

.c:l3 

.C35 

. 
i-~A.i~· 

LENGlli 
.;-R 

.877 

i.02 

5.55 

2.71 

2.53 

1.eo 

2.14 

ii?· 305 41>5 657 785 ~22 847 862 867 852 837 777 732 642 532 332' 130. ·010 1.65 .032 _i0.3 
o

1 
(r) • ~o:; 

8'2 (f) • -0. 7 

_ 1S'1 (r") • 2.5 R= 24.99'· SAl!PLED DISTRIBUTIO!lS: - P(X) = Paroto(18) 

. lS'2(f'•) • 11.0 'f(X):: 5/(3x9°89) M c400 n =30' Q(X)= Paroto(3b) 

a ' ~ • • , • I' ' • • I 

Coverac~s are ~~pr~sented as being out of a total of 1000; the nominaI confidence level is 90fo. 
V'Indicates the po5ition of R=l. · . 
'Samples from p(x) a."1d q(x) are ~f equal size. 

CV. or 
}SAN 

J.Eifo'I!i 

.047 

.036 

.029 

.029 

.029 

.oaa 



TABLE VllI 
Data For ~ompling Experiment VIII 

COVERAGE OF MULTIPLES OF THE VARI/J'ICE RATIO (Cxll.)' 
E.STD!.'-.TOR 

C•0 .6i 6.1 0.2 b.3 0,5 0;?. 0.8. 0.9 
V 

1.0 1,25 1.75 2,0 2,5 3,0 i.,;o 5,0 10 20 100 

J~[J.1, 0 0 6o_2 020 032 132 472 797 980 792 .220 
,,, ~ . 

002 .517 297 152 · 097. 050 032 0 0 

JHl iilo 185 2l2 262 313 415 682 967 1000 _800 o!;i o:ici 012 ·' 510 237. 180 092 0 . 0 0 

JSl 862 862 862 860 857 
,. 

855 852 852 850 850. -845: 842 837 830 813 785 772 682 477 042 

-· Tsi 855 855 852 852 850 847 845 837 837 ?JS '835 827 827 817 815 '(82 755 _655 - 41,5 . 035 

JA2L 0 005 ·' 100 272 417 672 765 800 810 _840 832 750 700 582 .500 360 ., 247 060 017 002 

Ji.rzi 0 oio_ ici5 280 415 665 762 792 807 837 82_0 735 672 582 492 332 250 060 020 -ooi 
' 

.. 

J,:.:2 630 6-Ji 722 797 862 917 905 1!92 882 867 787 582 :515 397: 290 ii',y 1.()2 005 0 0 
. • . 

F 0 0 012 072 175 1,42 585 597 612 617 610 467 4i5 315 260 132 085 007 0 . 0. 

FiJA 0 0 052 180 335 547 675 707 732 747 715 607 577 477 385 
' 

280 215 060 012 0 

292 832 792 
.. ' ' 140 li5 0 0 087 495 740 845 890 895 907 912 717 637. 4S7 407 035 0 

B10 0 005 287 515 652 797 89'7 900 910 910 902 865 ·- 837 772_. 717 622 540 305 145 010 

61(f)=-l,9 l)' 1 (r') = 2.2 .. R:1,0 SAJ{PLED DISTRIBU7IONS: 

il":i(f) • 4,5 o'2(r•)• 7,9 f(X): 15/(lJiX) M=4CO ~ =3Qb 

. . 

~CoV'era.eeS are reP.re:lented as being out Of a toi.al of 1000; the nominal 'confidence lev·e1 is 9~. 
VIri"tlicri.t.'eS the" poSition of il=l. · 
'samples from p(x) and q(x) are of equal size, . 

HEAil cy. or 
EST. KE:/J! 
+R EST. 

l,02- ,015 

,9i6 .018 

-1.01, ;eai 

5.30 .190 

1.29 .040 

1.32 .042 

1.i2 ,043 

1.:iii ,038 

1.38 .043 

1.39 ,038 

l,36 ,040 

p(X) = Pa~dto(28) 

_ q(X) = Paret9po) 

/ 

i~~: cv. or 
IE?·!GlH }ZA!l 

i-R ,. i, U:!-:GIB 

1.06 ,057 

1.29 .q64 

58,5 .o36 . 

1;3,2 .029 

4-;ll ,105 
' 

4.44 .Us 
2,94 

J.' • 
,038 

i.69 

3,09 

5,59 

12.6 

.03$ 

.di;5 

,C6l 

.lll 

''• 

f-' 
O'I 
f-' 



bata For Sampling EX]iorimont IX 

COVERAGE OF l·:tJL l'IPLFS OF THE VARIAN CE MTIO ccxi.)' l!EA.~ CV~ or }!!::/J~ cv. or 
!:.ST!ft~TOR ..,: •, EST • ?-SAU m:i;;f.1 tEAU 

C•O .;Cl 0.1 0.2 0.3 0.5 0.7 o.s 0.9 . 1.0 1.25 1.75 2.0 2.5 3;0 4.0 5.0 10 20 100 -;. R EST. -;.R LE!mTI-1 

J~lJ.L 0 0 027. 082 142 380 785 857 842 807 _727 592 515 402 320 192 100 005 o 0 1.20 .029 2.06 ;039 
. 

JWl 502 5i7 572 635 690 890 990 992 950 897 770 540 442 321 235 ;LOO . 01,2 0 0 0 .953 .OJ7 2.62 .&.o 

JSl 902 902 905 .917 925 927 915· 9i2 912 907 877 805 765 680 575 442 290 045 0 0 1.15 .076 6.oo .031 
. ' 

TSl 707 710 737 765 7U5 805 832 832 842 _842 810 745 712 632 545 405. 252 035 0 0 1.ss .047 4.07 .023 

J.\21 0 010 075 185 322 ,5,20 680 722 757 800 840 813 765 675 · 537 335 222 040 010 0 1.48 .63e :i.50 .049 

J,12i; 0 012 082 205 322 522 680 722 755 795 827 797 745 635 500 ~17 220 035 012 0 J..47 .oto 3.46 ,057 

J;,2 675 867 902 897 ·--. ,862 577 587 742 -785 912 900. 737 637 475 342 190 112 015 0 0 1.32 .01+1 3.21 ;034 

F 0 0 010 045 115 322 492 565 617 635' °:647 580 547 430. 315 190 110 '()17 0 0 1.50 .036 1.98 .036 . 
FnA 0 005 042 155 247 472 630 657 702 732 777 710 685 547 457. 307 155 oi7 005 0 1.47 .033 2.71 ,041 

B5 
. ' 

286 o 0 017 120 552 732 785 830 857. _917 925 905 845 742· 595 452 135 012 0 1.68 .029 5.19 .038_ 

B10 0 005 177 377 522 692 785 825 857 870 887 875 870 837 797 672 585 330 130 005 1.59 : ;035 10.9 .010 

ol'(r) = 1,1 1)'1 cr~J- 3.5_ R= 1.0 SAMPLED DISTRIBUTIONS : p(X) = Ga.-::oa(3 ,1) 

·o (r) • 10.0 If (r") • 287 +CX)= X M~400 
. . 

q(X)= ~(5,1) -2 ' 2 n•30 

'CoVera.ges are represented as being out of a total of 1000; the Jlominai contidence level is 90% • · 
V!ndiCates tl'ie position of R=i. . 
'Sa.r.;,les fro~ p(x) and q(x) are o! equal size. 

/ 



TABLE x 
riata For sanlp1i,hg Experimen~ X 

COVERAGE OF .im.TIPLES OF THE VARIANCE RATIO (CxR)' 
SS Tni.A TOR 

C•O ,Cl 0.1 0,2 0,3 0.5 ·0.7 o.8 0,9 
V • .. 

1.0 1.25 1. 75 2.0 2.5 3.0 .4.0 5.0 10 20 100 

JillL o 100 247 307 362 472 515 522 535 552 577 637 662 670 690 712 702 602 297 002 

Jh'l 880 880 895 907 910 922 922 9i5 915 910 902 907 895 ·972 845· '807 ,745 537 212 0 

JSl 865 865 872 8$0 890 905 907, 907 907 910 907 900 895 867 847 817 752 5i2 225 005· 

TSl 460 460 490 512 525 51,7 565 567 577 597 ·605_ 627 645 63;. 615 '597 557 370 160 005 

JA2L 0 lM 375 537_ 637 730 755 767 787 780 817 ·817. 820 800 770 727 6a8 550 ·417 210 

' .. 0 150 31.2 482 590 602 725 730 742 752 767 765 757 737 726 6so 657 5;30 ,405 222 U}l:}1., , , '• 

J .!.2. . 967 967 970 970 960 .91,0 925 917 897 875 840 767 737 675 640 552 492 325 175 01,5 

F 0 010 085 127 150 207 262 295 290 300 325 327, 315 292 265 240 215 140 075 027 

FDA 0 060 257 362 410 .. 475 517 535 547_ 557 567 577 ·575. 592 5S0. 525 490 410 295 
, , 

100 

B5 0 c4o 447 620 730 822 865 872 887 897 900 870 857 825 815 752 .695 530 325 057 

E10. o 262 617 715 782 840 865 880 882 892 , 897 902· 877 895 872 847 817 700 572 317 . 
a"1(r)~ 13.6 ,, t

1 
(r') • 66,3 R= l;O SAMPLED DISTRIBUTIONS: 

. .-
. lS'2(f')• 3,6x106 . f(X)::\ X6, . 

'• na30' ~'z{rl• 597 11=400 

;- ,; •. • r~•"), ~,•• ••• •~ .• ~•• ••• ", ,; • 

Covera.6es ·are represented as being out of a total of 1000; the nominal conf'idonco level is 90",.o. · 
~Inc!ic.iteS tl)e position of R:-1. . , _ - ,. 

Sa.~ples from p{x) and q(x) are of equal size; 

M!':AN cv.,or. }!EA}J 
EST. l-EAlJ LE!iGTH 
+R . EST. -:-R 
4.98 .066 15,5 

.657 ·.800 26,5 

1.69' .351 27.s 

7.11 .071 10:7 

i;.3 .356 '3o9xi'o4 

66,6 .663 :i.2,105 

4,40 .210 31.0 

6.61 ,149 8,75 

8,30 .255 ii9 
2.38 .017 33.l 

3, 73 ,129 995 

p(X):: Gai:.fa(l3 ,1) 

q(X): G~(25 ,i) 

cv •. or 
Y.EAl! 

,LEXGTH 

,045 

.056 

.052 

.050 

;922 

.962 

.121 

.11,9 

,340 

.148 

.398 

I-' 
Cl'\ w. 



TABLE XI 

Data For Samplln°g ·Experiment XI 

. ' 
COVERAGE OF MULTIPLES OF TI!E VARIANCE RATIO (cxnl v }1EJ.N cir, ·or }:EAJi cv. or 

ESTntA'toR 
218 

EST. l{EA!! LE!:G'i:! l-SA?t 
c=ci ._Ol O.l 0.2 b,3 0,5 0,7 0,8 0,9· l,O l,25 l,75 2,0 2.5 3,0 4,0 5,0·. 10 20 loci +R EST. +R u::::GTH 

J . ' ~ ~ 

292 537 600· 607 622 622 627 :iJ;,7 97,? .162 1-llL 0 070 205 · 340 470 555 ,582 620 610 615 637, 637 245 ,091 

J\-,l 942 942 942· 942 942 940 930 927 925 922 917 897 892 877, 860 842 815 705 560 085 -l,72 i.61 84,l ,058 

JSl 930 930 932 932 932 932 932 932 932. 932 932 932 
.. 

932 925 922 917 917 877" 770 255 -. 759 4,61 162 ;o'6l 

Tsl 715 715 717 71.7 717 720 722' 722 727 727 732 732 742 747 752 762 772. s1ci 827 11,5 30,5 ,072 68.2 ,020 

J Air..~ 0 142 252 310 337 380 425 435 455. 465 512 563 
'. 

577 597 632 657 688 742 730 465 39,4 .146 :ib9 .100 

Jr:;;i...L 0 i70 285 337 ·357 425 452 477 487 505 535 580 597 605., 630 672 685 7J.7 665 355 36,2 ,158 174 ,lOl 

JA2 960 960 960 960 960. 960 960 955. 
., . 

957 957 ,952 955 950 942 945 91,0 927' 662 742 365 3,24 2;13 344 ,096 

F 0 0 027 01,r 050 070 065. 077 087. ·090' ·102 130 150· 188 192 2l0 235 .. 265. 255 135 44,0 ,134 58.2 .132 

FnA o· 035 l27 200 210 240 292 305 ·JlJ 322 347 400 405 440 1,60 . 510 517 5l2 465 202 44,0 .i34 96,6 .127 .. 
B5 . Q 0 . 0 010 015 032 063 670 075 085 117 175 

. . , 
.192 -215 250. 322 367 542 . 722 907 159 .069 2170 .• 109 

310 0 050 2l0 270 335 4l2 465 487 510 535 557 '622. 637 6s2 . '742 697 · 767 867 922 900 78,l ,Of':/ 19900 ,213 

__ t 1(r)=0,8 11'1 (r•) • 310 R= ,0046 . SJJ·IPLED DISTRIBUTIOl:S: p(X): Gar,.-:,a(6,l) 

t 2Crl• 1.0 t ;(f•) • l.2•lo5 · t(X)::: X 
• b 

q(X) = G:irn.-h.,(J ,0.9·)· M=400 n= JO. ' 
,; . 

aCoverages a~e ~epreSent~d as being o~t of a total of 1000 i the". no~al cOnfidcnce lev~l is 90%. 
VIridicates the.position of R=l, . ' .. 

. 'Sa;:iples from p(x) and q(x) are of equal size, . . . ·, , . . 



i' ' . 
TABLE ·XII 

•. . ' ' 
,, -~ ' ,' 

' " OF m VtJ!UNCE RKTio' (cxli)' COV'i:RAGE OF ll!JLTIPLES 
ESTDiATOR • . , 

. v .. 
5,6 C:O .01_ O.l 6.2 0,3 0,5 0,7 0:8 0,9 l,O 'i.;25·, i,75 ~~6 ,2,5, 3,if ~:o io 20 ·100 

J'. () 200 252 367 460 512 
, 

635 725 
- ., 

642 527 222 
c.:., .. 

WlL 040 125 592 727, 400 117 0 0 0 
I , .. '. 

Jlh 460 465 . 492 530 56b 617 6S5_ 750 820 .. :l:io 335 
·-, , ;t'; -

ci :·o ?,27 772 ?35 472,; 157 OS2 0 
" ' 

, , 

Js, 690 . 6?§. 72,7 762 '792 s50' 865 880 
.. 

S20 870 . '11'{ 720 620 547., 
~ ~- 2g0 .. 050 007 837 355 0 

. ' ... '· 

' .TSl i67 
. , ',,c; . 

490 
-'·~ 

6()5 '605 ,fo1 5~5 k, 

422 .£l1 290 03,6 005 /'o 172. 180 272 357 557 592 '557 515 ,, ,. 
j) .. 21 082 256 ' . 

590 732 762: 787 sis 
, . ' i,f/ 577 335 ' 0 352 1+38 662 7J2 817 792 757 142 Ql2 

" .. , '• --, ., ',, ' 
J1,:a; 6 362 

;·, 

675' '/40 780 " 695 "600 
,.,, • i,. . 

9'17 100 257. /il,1 592, 705 720 770 775 735 529 285 120 
. ' . ' 

J>.2. 872 875 907 922 930 942 942 940 927 922 907 817 795· 682, 617.' 500 430 ~67 052,, 0 . 

F 0 005 050, 095 140 245 350 '367 392 41f 435 455 !,20 375 36?_ 305 255 
' ~.r ' 
092 032 0 

Flii. 0 oj5_ ,188 .262 342 462 563 587 605 6.22 637 637 6i5' 567 510 . ,/{62 365 185, 085 002· 

,9 - 6 _'067 310 620 .662 690 732. 's62 8~ . '862 ~-,,. 
640 345 5 0 170 512 787 890 685 840 047 -

Efo, ,· 0 /J?7 .352 527 615 :740 s25_· •852 860 iiri 9·02 
., 

845 807 ' 910 ,902 902 880 6es· 515 150 

i; (f) = i.9 )l'
1 

(r•J = B.l . R= s.3s siJ.u DISTRIBUTIONS: 
" i;cn• to f<xJ= ±2 . , i, 

)l'
2
(r*) • 1+,0xl04 ' 

M;, 400 ,, n•30 -- ,. .. 
. . ' . ,. . . 

·,
3 

~- ..._, ... " •• .'•.,,__·. --, ~·•-···· · .. ' • ,\ •• .,,·_,. -~-'-:t;,r•,'_,. ~ "..--~ 
_9ov,9rrig~s are rePre$_e~ted as being out of a total of 1000·; the nof.iinal ConfidEince level is 9(1;i. 

VIndi_cat·es t.he' PositiOll, of ,R=-1. . , .c , • ·, .'. , 
'samples from p(x) arA q(x) are of equal size. , . . , - . . 

'}lEA!i CV ,,,.or 
,;·, ,, ~ 
!~~, 

•EST. J,:EJ;Jl mm'ni 
-:-R EST, c;:ii 
1.1.s ,, 

.033 2.18 

1.07 .c65 
' ' ' 

3·;46 

1,06 
'· .~ 

'• 
.099 5:·99 ,, 

2.0,9 .641! 2;77 

2.5s .076 ' ~;J_ 

2.59 ,081 iJ.·.s 

l.Sl ;093 
' 

9'.90 

2,'62 .4f~ j/47. 

2;62 I .012 7;1ii. 
,05'2 

. 
4,03 25;8. 

2:s1+ :,064, 67,7 

p(X) = Gai£tl(8,Cl) 

. • q(x>:.:. pilnii,,f(13; 0.1501\ · 

' 
tV..jor 

MEA1t 
' iEfa:hH 

·' .QJO . 

.043 

.051 

.,Q42 

.o9i 

.110 

., ,065 

;&12 
,.0'96 

. -974 

' 
' 

,159 

,·,.- I 

. 

..... 
"' lJ1 



TABLE XIII . 

Data For Sampling Experiment XIII 

COVERAGE OF MULTIPLES OF THE VARIANCE RATIO (C~R)' 
ESTIMATOR •• c=o ,01 0,1 0,2 O,J 0,5 0,7 0,8 0.9 1,0 1,25 1,75 2,0 2,5 3,0 4,0 5,0 10 20 100 

J,lll, 0 030 140 222 317 532 620 667 705 '722 745 730 710 672 615 517 402 117 010 0 

J,/1 720 732 777 825 852 915 932 927 912 897 850 775 725 640 552 405 302 060 002 0 

JSl 955 955 960 962 960 952 945 947 945 940 905 842 797 725 662 552 450 167 037 0 

Ts1 725 725 752 775 790 802 815 813 820 825 790 730 700 620 575 462 375 140 020 0 

JA21, 0 035 207 355 472 585 682 720 752 772 805 820 822 777 730 61,5 570 280 132 017 

J1,l2L 0 045 227 365' 472 605 6?5 727 ·747 762 802 785 782 742 705 617 507 247 102 020 

JA2 875 875 900 925 932 947 940 930 932 920 892 797 747 685 605 472 382 152 040 0 

F 0 0 020 090 142 287 375 410 438 4:i5 438 442 445 400 372 313 250 075 020 0 

F3;_ 0 010 135 265 402 517 5,17 620 632 650 660 645 635 600 565. 457 357 155 063 005 

B5 0 0 037 145 282 480 580 647 677 7~0 800 880 907 915 915 877 837 590 325 032 

B10 0 030 305 462 560 700 772 805 817 827 862 907 90.2 900 89.2 867 817 627 442 142 

ll1 (f) • 1,9 °b'1(r"") • 7,1 R: 6,71 SAMPLED D!STRIBUTIOllS : 
o2(r) 0 6.o li'z<r~,. 337 · ~(X): x2 M~400 nt:1'JQb 

11
Covcrages are represented as being out of a total of 10001 the nominal conf'idence level is 90%. · 

VIndicates the position of R•l. • 
'Samples from p(x) and q(x) are of equal size, 

MEAN CV, of M:::A!I CV, of 
EST, 1-:EA!I LENGnt }:EAU 
+R EST, +R LE~:G'!H 

i.78 .044 4,58 .042 

,896 .119 6.61 ,051 

,743 .225 10.a .055 

2.60 .051 5,23 .040 

2.32 .069 25,5 .569 

2.45 .103 52.0 .790 

1.61 .001 8.57 .059 

2.30 ,059 3.05 .059 

2.30 .059 6,69 .107 

3,98 .055 22,9 .076 

3,07 .055 108 ,318 

p(X) = Ga.ma(8,l) 

q(X) = Ga=(l3,0,S) 

/ 



'r.uiiE m 
,, • , . ' '.• ·. ' ·~ '\ t 
Data For Sampling Experiment XIV 

COV'..;J?AGE OF 11ULTIPLES OF THE VARL\NCE RATIO (cxli.)' 
ESTD!.J..TOR v . ,. 

C•O ,01 0.1 0.2· 0.3 0.5 0.7 0.8 0.9 1.0 ;t.25 i.75 2.0 2,5 3.0, 1+.o 5.0 10 20 100 

JWlL 0 017 080 135 177 207 450 517 582 652 710 670 587 h30 307 135 C/77 005 002 0 

Jl;'J. ·377 380 i,io . 425 470 552 647 705 752 795 
. 
802 655 555 382 240 105 040· O· 0 0 

Jsi 340 340 370 395 427 517 632 680 707 735 767 662 .567 400 247 oeo 042 .. o 0 0 

Tsl 002 037 542 
. "' iso 

.,, . 
032· 002 002 002 005 200 277 350 417 .540 457 287 055 0 0 0 

JA2L 0 067 287 46? 577 707 765 787 790 _802· 8o'a' ·782 770 735 690 612 540 , 362 210 077 

J?,D..L 0 ,OSO 292 1.62 557 670 74? 757 772 775 
..... -

697 . 662 782 747 737 ··' 5.82 515 j45 207 035 

JA2 912 917 952 962 96D 940 915 892 865 847 790 717 667 .590 502 415 347 165·, 077 007 

F 0 602 
. 
070 137; 207 300 37_5 382 395 397. 397 367 357 315 265 222 192 120 032 005 

FeA 0 030 186 347 432 530 580 595 612 620 630 -620 587 557 56o 
' 

li42 392 235 142 035 

B5 0 007 255 465 602 752 8/,2 857 ··870 872 912 887 860 855 830 750 ~92 447 255 010 

, B10, o· 105 467 652 742 845 877 885 890 897 890 887 870 827 805 772 737 607 457 162 
' . 

o1 (r) = 4.8 o1<r•)= 9.9 -R:11;34 SAl-!PLEO OIST!UEUTIOlis: 

oz(fl = 49.0 li'2(f"') = 6.0,106 _ .f(X): r' i:i~400 n-30' 

a6overage·s are represented as being ouf of a totil of 1000; the nominal cOnfidE!nce level is 90%. 
V!ridicateS the Position_ of R=l. . 
'sar.,ples from p(x) and q(x) are of equal size; 

· MEAN cv. or :-zJJ.f . . 
ES'J'. •. i-~:J.J mmTH 
+R EST. +R 

1.44 ;031 l.94 

1.17 .045 2.62 

1.21 .043 2.49 

1.64 · .024 i.li 

4.27 .23o 2010 

9.03 ;447 9820 

1.93 .124 12.4 

2.86 • 1?2 3.79 

2;86 .i22 22.5 

2.35 .059 18.0 

2,48 .081 496 

p(X) = G~(l2,i) 

q(X).= &s.inina(20,ci. 751) 

C" .. of 
J-~Ali 

IE!:GTH 

.052 

.039 

·.044 

.030 

.886 

.940 

.152 

.l.22 

.276 

.os6 

.756 

I-" 

"' -.J 



TABIE X!l 

Data For San1plirig" Experiment 'x_v 

coVERAGE or MULTIP1.ES oi? THE vmIIINcE RATIO (cxni" 
ESTIHATOR ·, ... 

C:o .• 01 0,1 0,2 0,3 0,5 0,7 .0,8 0,9 1.ci l,25 l,75 2.0 2.5 _3,0 4.0 5.0 10 20 100 
< 

J\~1L 0 0 0 0 0 063 582 760 897 897 702 247 140 052 017 ·O 0 0 0 0 

JWl 005 005 010 012 027 292 815 930 940 887 630 175 08'7 015 005 · 0 0 0 0 0 

JSl 0 002 005 007 027 345 825 927 95f 938 712 202 cf63 005 0 o· 0 0 .() ·o 

TSl 0 0 o. 0 612 205 688 857 925 917 720 217. 065 005 0 0 0 0 0 0 

JA2L () . 0 125 447 688 800 807 797 772 737, 642 535· 507 438 ff,j 300 272 i65 122' 050 

JJ,t21, 0. 0 075 362 612 770 790 · 782 770 732 665 ?57· 517 452 400~ 325 .280. 188 140 055 

·J12 337 362 645 865 907 862 747 685 622_ ·, 565 462 325 277 227 177 ll2 .090 025 007 002. 

F 0 0 032 225 427 587 550 517 495 455 390 262 247 185 142 080 063 020 002 002; 

FnA () ·o 050 JOO 502 685 . 700 69:S 688 665 592 487' 447 372 322. 265 210 120 055 017 

'O.: 
.· 

005 :-, 0 515 802 877 857 782 717 652 605 5µ 360 320 220 177 llO 067 . 010 002 0 

B10 762 ~60 860 602 760 
,-·., 

6i.2 580 i77 080 0 047 540 890 817 685. 520 450 375 317 015 

. 'il'1 (f) = 4.3, . . o1 (r•) = -o.5 R=ll.34 sA!'.!PLED DISTRIBUTIONS : , 
'· 

, '., 

• o2(rl = 49,:0 
•' 

.f(X): r' 
. .. ' .. , 

n='jQb o/r•) = ~0.9 
.. ~!= 400 . 

. • ., 

~Coverages ~~ reP,~Se~~t'ed as being o,;,t or a ~ota1 oi 1000; tlii· ~or.ti.n~1 Conriae~ci 1e✓e1 is '9()%. 
VIndi_cates the position of R=l. . - _. • · _ _ . 
'Samples from p(x) and q(x) are of equal size. . . 

J,:EAJj c'r. of . ?,:E,UJ CV • of 
F.ST, }:EAII LENGTH MEAN' 
+R EST. +R · LEW}Trl 

l.03 .012 .856 ,023 

,999 
.. 

.012 .850. .021 

1.01 .6u ;889 .013 

1,05 ,012 ,834 .012 

2.56 . • 452 3i5b .988 
. 

9,87 ,7S4 20900 .996 

1;17 ,152 2.ei;, .212 

1.20 ,151 1.59 ,151 

1.20 ,151 9,97 .348 

.467 .043 1.83 .059 

.653 
' .. 

.044 8;55 ,141 

p(X) = Ga.m:na(12,l) 

q(x) = G.,,,,,.:(12,1.J.96oi6) 
\ 

f:-' 
O'\ 
00 



TABLE XVI 
• ' ' : " ,, • ) ( i, .-.. ;, . -

Data For Sampli.."'lg Experiment XVI 

COVERAGE OF l·:llLTI!ID OF THE V'Al!I/JICE RATIO (cxni 
ESTD!ATOR 

i!o ioo · C:o. ,01 0,1 0,2 0,3 0.5 0,7 0,8 0,9 1,25 1,75 2,0 2,5 3,0, 4,0 5,0 10 20 

Jt;i'JL 0 0 005 015. 032 160 787. 892 875 777 680 460 isb 237 · 140 057 025 ·O 0 6 
JWl 177 180 235 '.305 407 705 967 990 935 830 675 385 280 

, _.,. 

025. Olb ci 142 . 000. ·O 0 

JSl 845 847 867 890 910 920 917 912 917 910 '360 752 
0

662 515 352 172 072 002 0 0 

Tsi 6so 688 722 752 792 857 875 872 875 877 832 725 637 495 345 170: 
,. 
070 002 0 0 

J;_k 0 0 040 222 462 765 857 840 837 800 
, 

722 597 520 442 355 262 185 075 047 610 

..l}l21, 0 0 035 220 435 71,5 845 827 822·. 795 722 522 
.. 

' 597 438 J67 277 205 082 · 055 012 

J;_2 . 410 430 607 790 887 930 il6o 835 · 775 720 600 402 350. 240 · 172 . 102 057 022 o. 0 .. 
F 0 0 017 llO 255 547 652 647 655 635 565 382 322 195 152 072 045. oio 0 b . 

.F!L\ 0 0 .025 165 337 655 760 780 767 737 662 522 477 365 295 202 142 057 027 0 

B5 0: . 0 135 452 692 .905 930 917 880. 857 · 785 642 552 415 317 202 120 017 0 0 

. B10 0 005 ·330 585 740 870 a8·o 887 875 870 825 730 692 627 565 462 
., 

377 177 063 005 
'6'1 (r) = ~.5 01 er•)• 1,1 R=l,O .. S.AMPLED DISTRIBUTIOl/S: 
t Cr) =287 lf2 (r•) = 10.0, )·ex):; izx'-1 :'.i=400· n Cl JQb 2 . 

. . ' •- ' . ' .. •. ,._ . 

-~CoveI"ag8s are represented as _being out oi' a_ total ot 1000.; the.llomina.l ·cOhf:1.denCO level is 9~. · 
V!ndicB.tea the position 0£ R=l. ,, . 
'samples from p(x) and q(x) aro of equal aiza, 

!!BAN CV, of 
E,S'!' BEAN 
-;- P. EST. 

l,08 ,019 

,972 .026 

1,00 ,050 

1,29 ,041 

i,i8 ,054 

1,31 ,665 

l,01 .047 

1,08 ,046 

1,08 ,046 

.818 ,032 

,912 ,040 

p(X) = Gair.::i:.(5 ,l) 
-~, 

q(X) a Gai:i:a(J ,l) 

/ 

}IBbl 
G:thit 
+i! 
l,33 

l,55 

3,58 

2.94 

5,29 

· 6.69 
2,18 

1:h:3 
3,12 

2,65 

9,,63 
., 

CV, of 
?~A?l I 

IE!:G'!H 

,039 

,043 

,020 

,014 . 

,158 

,193 

,059 

,046 

.098 

.045 

,291 

j...., 
O'I 
\0 



TABLE XVII· 

Data For Sampling Experiment XVII 

COVERAGE OF M!JLTIPLFS OF THE VARIANCE RATIO (C~R)' 
ESTDL\TOR 

-c;d .Cl 0.1 0.2 b.3 0.5 0.7. o.a 0.9 i':'o i.25 1.75 2.0 2;5 3,0 4,0 5.0 io 20 . 100 

Jim, 0 l.l2 262 385 480 563 605 617 625 622 637 680 !>75 692 688 660 635. .445 210 0 

J\fl. 922 922 932 940 942 935 932 922 9:L2 907 895 862 ·837 eoo 750 682 632. 340 140 0 

JSl 925 925 927 930 932 932 9j5 930 930 ·930 920 892 875 852 810 752 657 430 151 002 

Ts1 537 537 570 597 6o2 645 662 652 660 652 640 630 632 627 607 565 490 277 097 002 

JA21 0 210 550 688 757 820 822 817 797: 780 767 737 730 692 657 !i75 537 375 287 145 

J1.i2r, 0 222 530 657 710 757 767 767 ' 757. 752 730 697 .682. 660 6is 537 .482 342 272 150 

JA2 . 977 980 980 950 932 830 790 777 760 742 705 617 .577 502 450. 377 315· 185 102 035 

F 027 
I 

325 
. . 

0 ·140 215 270 315 337 335 300 295. 235 207 in 157 137 l.27. 085 03? 010 

- FBA 0 120 382 507 550 582 565 570 580 585 560 515 487 41,7 1,02 350 332 225 i6o 077 

B5. 0 057 530 695 790 857 890 900 900 897 872 850 822 792 760 672 620 447 242 040 · . . 

B10 0 317 700 817 857 897 900 897 897 892 880 852 840 832 800 747 715 617 485 262 

ii'1 (r) = 66.3 . '61 (r") = 13,6 Jl:, 1.0 "' 
S.Al;!PLED DISTRIBUTIONS: 

.. 

. 
62(f) = 3',6•~06 • · l( (f") a 597 .. r(X)= ((24!)/(uiJJx-6 .· H•400 n• 30' . 2 

.. aCoverai:!os ~;-~ 'rqp~8sented as b~inS ~ut of a 'total. of 10~; thci rio~ co~idenco icvel- i; 90%. · 
VIndicatCs the position of R~l. 
'.samples irom p(x) and q(x) are of equal. size, 

}!EAN CV. of !•ZAN 
E3'1' .. ?-!!;:Al! LEHG!H 
.;.n EST. .;. R 

3,55 .073 12,l 

,098 3,-7~ 26.7 

-.083 5.44 24.-2 

4,98 ,069 8.23 

56.8 ,655 2,0•:L06 

630 • 756 2;6•107 

4,42 ,445 40,8 

7,44 ,407 9,85 

7.44 ,407 l.20 

1,53 .063 21.0 

l,78 ,033 llS0 

p(X) a G=a(25 ,l) 

q(X) = Gaica(13,:L) 

/ 

cv. oi: 
1:2AN 

I.E~G'ffi 

.050 

,053 

,059 

.055 

,924 

.944 

,437. 

,407 

,483 

,l.17 

.663 

I-' 
-.J 
0 



•': ·,., 
~--, q., -

:·/,---..:, 

,· ,./ . /., ::-:,._f ..... ,; • '. ;_ .... , ' .. , ;: . ', 
Data For Sampling Exper:unent XVIII 

:.... .- • . ,,._ -;. .. _,, : . , , -~~--., -... .., a 
COVERAGE OF l!ULTIPLES OF THE VARIANCE RATIO (CxR) 

ESTD!ATO~ .. 
. C:o ,01 O;l 0;2 o,3 ci,5 2:5 3.0 4,0 5.0 l6 20 10b 

0 o' 0 002 
', 
097 575 777. 765 n1 662 520,, 331 2M · 

' , ? r' 

', '. ·.c~ . ~ ,• 

230 190 132 097 047 620 
,, 

, 002 

o. 0 002 032 257 762 800 722 637 575 400 222 17!) 
', 

032 bis d02 -087 0,7?- 0 Q 

0 0 Q05 ' 077 287 7.45 
,.,. 

ilcio 750 672 607· 417 222 
•:-\ 072, 

,•, 

020 llT· 030', Q02 0 , 0 

0 · .0 032, ifo 675 '632' 557 
,--> 

17~ 372 
- , 

l.32 070 03?-' 015 005,; .0 0 ·o• 

0 41£2 ,760 692 652 602 557 .535 512> i;df .475 i;J~ 210 142 

0 345 .712 (,75 657 605 557 54p, 5:\7i 495, 460' 41!5 427 405 '?77 360 ' 282 237. " 170 

865 955 685 5,05 432 ft:i2 272 242 227. 217 185 i62. i55 135 i.25' 107 ' 092 . 047 
,-'i 

027 o~o 
,, 

255 ci ." ·125 277 222 150 .-· ioo , 
095, 087 0135 oifo 

•,• 
052 

-,;;,· 

072' 037 017 
, '; 

0~ 005 

,205 
,, 

o:· 497 527 477 442 
. ' 400 380 .. 370. 367 340 305 272 24:i 210. 195 iss. 137 100 ·' 027 

,, 
267 0 907 5li2 367 192 135 ui' 107 005 • 070 040 032 625 022 010 010·. o 0 () 

> Bio o 900 s67 767 722 637 587 557 550 535 4Pfl . 440 412 300 °Jk5 , :fo5 270 ho 
., . 

145 050 

· .·. 1\ ci'J = no , ,. •· , , o
1 

cr~i Q o.8 .. . t= zi7• 71 .. ., _, sAi{l't.Eii' DrsTmuTioNS, 

:~ ,· ~2(!')= l,2~I05 .~ ,' i?/r~J:~-0 ·:.'.«", ' . ;f(ii;, (l/6o)xi,q,(X{9) ,. ,, ·:;·: '·M~400 , n=:JO'· • 

~ ,-, .... ' ,_:, -; ,, 

. >.·;• ,. 

s , 

. =.' 

'--~ . -~~· ;~ ,,, 

', 

' 
i-IBAN 

-; -~ ;,t ' ' ( -· 
CV, , MEAN 

EST, l:lEIJl ' ili!-G'i.t 
-;.R ~'l;. +ii , 

l,07 ,047 2.82. 

' ,920 ,032 1.02 

,949 .034 1.08 

'· .872 .029 _,851 
" 5,2,iJ 327 .. .937 

:i:i.600 .974 2.1>1oio 

7.97 ,784 :30·.1 
,; ' . 

8,52 
•, 

,779 ll.3 

8.52 .779 160 
'.' < ,, 

,029 ,101 .384. 
r, 

.io6 ;4;f ,085 

p(X) = Gamm,i(J,0,9) 
- . ·. -~ . . 

;.· _q(Xl.= Ci~(6,l) 
'-' 

, 

dv • . or 
.!ZAJI 

, IE~GTil 

' 

.' 

.. 

.ia3 

.052· 

.o56 

,041 

.993 
' 

.996 

.777 

.779 

,793 

.113 

,440 
. 

,, 

..... 
-.J·, ..... ,, 



T.'.BLE XIX 
. . -· ~- , . . . • a . , • ~ . , , , , .. , " . . " 

The One-Sa.i:plo Results· £or £ eL; Sai,pling Experiment_•_ I, II, x:-l and MII 

COV'.dt:.GE oF' 11.IL'rIPi.Es OF 'I'HB VA.TUIJICE R.\.TIO (C.itR) J.Z.UI 
~T~~Ttl~ V . . ~T. 

c:.o ,01 O,l 0.2 O,J o.s ·0,7 o., 0,9 1.0 1.25 1. ?S 2.0 2,5 ),0 4,0 5,0 10 20 10b +R 
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Those results ware obtained trom Tables I; II, x:-l and x:-lIII. 

Cl/. or }:3k; 
1-:E/J: ~:~~ 
ZS'i'. -!-R 

,009 .6::6 

,000 .673 

.o6o s.01 

.C:!1 4.63. 

:au ,677 

.010 .703 

. • 047 J.60 

.058 J.~b 

.012 .!356 
,012 .aso 
.011 .SS9· 

,012 .S.31. 

.047 2.82 

.0:,2 1.02 

.Ol4 1.00 

.029 · .BSl 

c.•1. or 
}3;;.!; 

I.!:;c::-i 

.039 

.031 

.019 

.015 

.62 
.C!.l 

.014 

.c-22 

.C2J 

.0,.1_ . 

.cu 

,012 

.183 

.0;2 

' ,c;6 , 

""' 

EX?.1/ 
• o.cuss. 

I 

<ii-i.l 

II 

(H-L) 

xv 

(H-L) 

rlIII 

. (H-L) 

~ 
-.J 
N' 



,_,; 
TABLE JO( 

Tho Ono-S,imple Results for r·. L; Sampling Exparimoi\ts III, IV, Vll, VIII and XVI 

• ; '• .- , • • r I • ),. ~ • 
)~AJj cv. or CO'ft:RAGE or l-:!JLTIPI.ES OF '11lE V/JlL'.?-:CE RATIO (cxn) 

ESTDLl-.fui . ... ,. !::S':' • }'.£1.!: 
c:o .Cl 0.1 0.2 O.J 0.5 0.7 o.e o.9 1.0 1.25 11. 75 2.0 2.5 J.o .4;.0 5.0 10 20 iCo "':'R EST. 

J~.3 0 0 0 012 020 090 j90 757 9s2 .. 700 507 267 172 095 06J 9:32. 017 0 0 0 1.oi .012 

J,,,~ 137 11,0 160 182 2)7 J/~2 !j90 925 ,997 nO 490 202 127 o67 OJ? ·&J2 015, 6 0 0 .93) . .013 

J., ,_ g95 895. 397 e91 897 ' 917 905 907 912 917 925 9j~ 935 91,o 945 ii5 975 9a2 902 007 2.5J .255 

•~1 897 8,7 9(.."Q ~00 905 9~7 912 915 915 91S 920. ,92.'.? 925 930 9)3 947 950 922 310 0 -2.61 .21a 

J\·il!, 875 
,Y ·• 

0 0 005 015 0)2 1Go 7a7 892. Tri 6so 1,60 ·,so 2)7 11,0 057 0~; 0 0 0 l~C8 .019 

J:-n. 177 l';.0 2)5 JC$ !.01 10-; 967 990 935 c;o 675 J85 :?!?a. i;.2 c:o 025 010 :o 0 0 .972 .020 

. J~, ,_ 2!,5 ~7 f.~·i 3';C 910 ,j20 9l7 912 917 910 s,o 75~ 662 515 352 1?2 072 CO2 0 ,o 1,00 .050 

•,51 6CO 6.1a 722 752 792 857 875 ,672 S75 81'{ 832 ·125 637 495 345 170, 070 CO2 0 .. 0 1.29 .0!.1 

J-,:u. 0 ci 002 o~o 0)2 132 472 797 9no 192 517 297 220 -J.52. 097 ()50 oj2 002 0 0 1.02 .015 

'111 ieo 212 262 ,.is G32 967 
.. 

185 )13 1000 soo 510 2)7 160 ·()92 057 ()30 oi2 0 0 . 0 ,916 .Cl8 

Jsi 662 s62 e62 860 857 ass 052 e52 8.50 850 1345 1342 D37 830. "1J 72SA 772 M2 477, 042 -1.04 .ea1 

Ts1 h;, Bss,r·es2 852 650 a\1 81+5 337 837 8)5 835 827 827 817 015 782 ?s5 655 445 035 S.JO .190 

Jwll. 0 o· 0 0 0 0 007 Ol,7 767 563· , 147 6J2 017 01?. 010 002 002 0 0 0 .924 ,009 

J:·ll. 0 0 0, 0 0 0, _010 055 7s2 537 lJO 017 012 005 002 ·o 0 o 0 0 ,977 0 0'J7 

JSl 313 ;17 375 1,1+z 512 642. 7d7 8)0 8:37 942 992 6)2 265 007 oio 02s 012 0 0 o 1.02 .027 

•31 :fo2 J,05 372 4)0 512 6.50, 795 81,2 892 -940_ 920 207 o6o 005 0 0 0 0 0 0 .s16 ,0)7 

J,..,'ll, 0 0 0 010 012 Oiio 520 732 C&o 7<l0 515 28_2 202 087 052 025 olo o· 0 0 . 1.02 ,015 
.. , 

•1:,'l 110 l.20 jj7 172 232 i.02 69? 813 917 7o5 ;02· 2)0 155 067 oj7 007 Oo2 0 O· 0 .• 964 .01.5 

JSl 7!i2 952 9.S2 962 96?. 967 947 9)8 9)2 912 065 750 ?OS 612 522 327 2i2 025 002 0 •, .877 .076 

T,Si, 782 792 820 847 a65 887 877 ·a77 870 s52 SC? 705 645 570 467 2ai 190 020 0 0 1,60 ;144 

ainese results were obt"ainE!d .rrom Tab1es m, iv, VII, VIII and XVI. 

}.:::W'l' 
I.E:•:C-;H 

~R 
.890 

1.04 

52.5 

40.a 

1,3:i 

2..ss 
3.58 

~2.94 

l.o6 

1.29 

5a;5 

43.2 

.21.G 

.207 

. i;.92 

1~48 

.877 

1.02 

5,55 

3.56 

/ 

CV. o!' 
:-::.1.~: 

r2:~7:i 

.C56 

.063 

.03_:. 

.C.23 

.CJ-i; 

.C:.3 

.C2o 

.o:u... 

.057 

06' 
. •, 

.o;6 

.c29 

.1cl. 

~o5s 
.o:;!. 

.02i 
.c:.1 

.c;o 

,oj6 

.C29 

Er.?. ii 
& 

D.Cl.ASS. 

ri 
(L-L) 

XVI 

(!{-1.) 

\'III 

(L:;.) 

III 

(H-L) 

VII 

(L-L) 

I-' ...., 
w 



,: 

. ·'',· 

" .. -.-~ 
. 

zs:1K1..roR 
c:·o .01 0.1 

J-,;!!, - 0 0 022 

J\il 490 z.n '527 

J.:, .. 957 '"j5i 955 

. ' 'Sl 862 c::.2 8'/0 

:.,.,,..!, 0 0 027 

. ' ":n. -' ~'o2, 517 572 

. JS1 -,90~ 962 '705 

.T5j_ 7Cf/ 710 737 

·Jwu, - 0, 030 11,0 

J • 
m. •· 720 732 1n 

Js1-· ·955 _-955_ ~ 960_ 
·.n ~ 7iS 725 752 

o/wi.1; . 0 112, 262 

J:-.'i 922 922 9J2 

Jsi ,,, 925 925 927_ 

':'s1 
- - ho 5)7 !i3? 

•' 

," '•,•;':, •-::- ~ C 

TABLE XXI 
- . .:. .. ·-· ~ - ~ . .., ;., a · .. , . . ,.~ . . ~'" ,, • ~ ... ,. -,.- '., . ' .,. 
The One-Srunple Results for r" M; Sampling Experiments V, IX; XIII and XVII 

covd1GE Or JruLrniis: 6? 1?,3· 'VAAI/:i:CE ti.•.Tlo (cxn)' 
·" T '- . ' . ' 0.2 o.3 0;5 _-0.7 o.8 0.9. ,1.0 1~25 ~75 2.0 2.5 3.o 4.0 

655 122 z.10 67'/c 922 9_i~ ~~5 .. 650 1.i.o- 387 297 2)2 160 

5a1 627 697 9!.o· cn,'2 .. 9;1~ '~~7 ~75 417 J40. 21.2. 170 107; 

952 950 %2 9JO 911 905 890 800 Zl.1 SJO Tn• 742 652 

872 '_872 665 815 870 86o 8.55 8.32. ?87 _7~2 710 672 587, 

032 142 J.?.0 7e5 857 Ch2 ,807 727 592 51) ,:o~ 320· 192 

635 670 316 ·. 910 _ 992· 95() im ·,770 51,o !Ji?,_, 327 235 100 

717 '925 9:i.7 915 ' 912 912 907 877 aos. 765 6Cd 575. . 442 
765 7J5 id; 8J2 832 811_2_ 842 Sia· .745 712 632 /45 4ol. 

222 Jl7 532 620 667 105 722 71.5, 7.30 7i6 ~72 615 517 

825 ns2 915 9J2° 927, 912 ,m 1.iso 775 .725 e,;,o 5_52, ,.os. 
962 960 9$2 , 9,5, 947, 945 91.0 905 ~1342 797 725 662 552. 

775 750 802 815 813 820 825 790 730 700 620 575 462 

)35 4$0 563 _605 617 625 622 6j7 · 6co 675· 692 6es Uo 
.940 942 935 9j2 922 9J.:i 907 ;95 862 aj7 800 __ 750, 632. -
930 _9)2 9)? ,935. 9JO, 930 930 ,9:,0, ,$92 ,875 ., 

a52 810, 752 

5971602 645 662 652 660 652 6!;,Ci' /,jo 6;i2 627 607, 565 

1·: 

;a 
s.o 10 20 

ill. ois ,0 

079 010 0 

575 )4_0 im 

soi- 277 o6j 

iCo OOs 0 

c:1\2 0 0 

290, 045 0 

~52 035 0 

1iJ2 117 Dia 
392·- 660 :002 

~50 167 oj7 

375_ JJ.O O?() 

635 445 2~0 

6j2 3!10 JJ.o 
657' 430 151 

490 277 097 

}ZA!l 
EST. 

100 1 +R 
0 - 1.14 

0 .881 

0 ,931 

() j.27, 

a· l.:;!O 

'0 -~ .953, 

0 l,15 

0 1.88 

0 l.78 

0 :ss,6 

,0 . .11;3_ 

0 2.60 

~ ),55, 

0 .09$ ". 

002 .-.osj_,, 

002 , 4,99, 

·,• 
-i,.<' 

cY. er_ 
l-!E:1Jl 
SST. 

.037' 

.O!..ai: 
;Zr 
.669" 

.029 

.0,37 

/11_6 

.o;.1 

~~ .. 
~119 

;.225 . 

~,.051. 

,073 

J,74 ', 

s.~ 
;069 • 

' 
8Th~~:~ -resuitd were obtained r;_;,,~· iabl•• ·v, :c(, ~I 'iind 'i&r:i. 

·,,:~ 

" 
C 

' 

. 
!-::A!: C'l. ,of 

u::::m, }''"'"" .:.,,,,, 

--;- ?. ~:G:ti 

1.9J .~53 

2.56 .053 

15.5 .Cl,l 

9.£0· .c.32 
2.06 .!l.;9 

2.62 .0!.9 

6.00 
_,' 

,OJl 

4.07 .C23 

4.58 .042 

11.61 .o;; 

.. id.8 - ,055 
5,23 .040 

l,'?.i, "" .CsO 
:fo:i ' ',053 

-~.2· .c~9 
8,2) .c55 

/ 

,-

EXP. b· 
ti- /. 

D.CLJ.SS: 

V 

(L-X) 

IX 

(L-!{) 

k;II 

' 
, (L-M) 

" 

XVII 

(~~M) 

.. ~ . 

I-' 
-.J 
~ 

-. 

.. ,_ 



:;.-
:-n 

' L. " •. -

! .. ..,.: . ·" 
. '-.. - ~ :· 
-:· .. · ~~. ;-

., 
•. :.:: .. '1~ 

.. ,,.\; 

.. -

... ,:_~ 

-~T~-!ATO)t 

J:,~. 

Jll'l-

Jsi 
731 

J~.11.' . 
"t."l 

[ 's~ 
•s1: 

Jfa!. 
,;; . 
' ,1'1 

_.:d 
:Tsi 
J1~1!. 

~~"l . -

Js1 ---

·s1. 
., 
"WlL 
Jm_, 

-.,Sl. 

T31·. 

"!~, 

,; 

'-1:-~·-'. -~ __ ,_ 

TABLE XXII 

T°fie· on~:Sample Resu1t'S ,r6r :t-.i H; ·s~pling Exi,e~licfitJ VI; i, XI, ·,xII and if/ 

h_. 

coVERACE ··or ·M.,'Li·uifu oF THE .VXRi.\:t:CB P.ATrO ccxaf 
,,- •• .. - ... ' •, ;_,' ' > ,, 

~A ~9Ul,.LftW2~3,04~5.0W-~ 

(?. _5?2 ~~5 725 ?ifj. '6tq ~2·7, -4~ 222. ll7 . 0 () 

i,f,I 465 I 492 I 530 ls6o I 611Lh35J 727 I 1so I 772 I 820 I 1J5 f.6JO f472f :H, I 157_ foll2 I 0 o· 
6]o I 6,o I 727 f162 I 792 I 82?1, ~50 I C65 I soo I 'i,10 1·0J1 j n2 I 720 I 620 I 51,7 I 355 I 260 l'oso I ~07 

'

<t••~· ..;..-.;J .. I EST, 
100"-,";"R 

0 1.48. 

0 1.07 

0 1.06 

167j 11, t iso I 212 l:is1 I 1,ioL ss1.I si2 I 6cis I 6?s I 6oi I se5 Jsst.! si, i •22 I 217 I 260 joj6 locs I o .f 2,09. 
0 I <05 I 01,2.1 100 I .160 I •col 6_,, !••2 I 895 L'•il I 697aj iioJsii I •12 I 340 1.225 l110 ./o•i- lcio I 0 I ·1,30 

fo I 505 I 621 I 66s I 691 I 115 I -~10 I ,0 j_ 9ao. I cs1 I 1)1 I 56) 1 •65 I j).s I 260 -I i6o !lio Joi? 1001 1. o I .•64. 

CV, or I l:ill! 
i-~t.!l ~:u:n 
!3T •. ,. _+R 

:OJ3 C 2.18 

,065. 3.46 

,09? ; 

5,,9 
.m..-~ 2,77 

,C45. I 2,71 
.012 J,76 

cv. or 
\_,,., . .,:.,,.., 

u::;G~ 

;oJO 

.ci.3, 
;051 

~042 

'" _..,,.., 

.063 
.,, ' ... • , ,. • ' ~· , .. > - '·''"" ,.... • ' • --c . < 

~mmmm=p=m~••~mm~m•~o Ln = u.6 .~ 
~m•~~-~~-~~~~~~~b~~~ J,24 - ~ .d 

ii I 011lcio lus I 1771·201I 450 I 51715e2l"Gs2/1io['610 !"sh? li.36 lio7 lii5 l01i loos l002 I 0 l,1.4 ~031 1.9:.. .c~2 
m I Jee I i.10 f 42; / 470 I 552 I 64'/ hos I 752Jf95 liiod 6Ss-lsss.lf•2'f :,i;o.l105 lei.a ,I 0 0 0 l.17 .0!+5 2.c2 . I .0~9 

J/,o I 3,o I J10 Im I 4a1 I 5111 ·63>.1600.j?ai I 7J5 I 161 J662 I sI1 I 1,00 ·l2i.1 lasq Jii2 1-0 0 0 

·oo,I 002 I CO2 I OC2 f cc; I on I 200 I 21i:I Jsol4i7 I 540 f',42 f J.57, I 207 -I 130 I c;; foJ2 0 0 0 

o I 1001 247 I :io1! 362 I 472f.515 I s22l_m I s;21511 I Gj7 I 662 j610 f 690 l.112 1·102 f6o2.1297 1002 
=l=lffllmt~l•l•lwl~lml~l~l•l~l~JQl~lml~lo 
ail I. ass I sn I a,o I e90 I 905 j 9@1901 I 101 I 9i,o I· 907 I ico I a,s 1}6-il 81,1Jari,l1s2 I 512 I 22; I 005 
i;1,oJ 1,60/490 I 512 I 5,; I 5,,7r ios.l 5671 577 I 597 I 605 I 621 I 61;~ I 635,/ 615 I 597 l:S57. l370 /l,60 /005, 

1;21 

l,l4 

4.98 

.0!.3 

~02/t 

2.49 

l .• -~ 
;066 I - 15,5 

,657 I ,eoo ' 26.s 

1,69. I ,J5l I 2.7.~ , 

0 

7,ll f ,071 f _.10,7 _ 
m••M~~--~~~~~u~~~~~-~ ~ ~b - . ' ·~. , . - ' . ' ~ . ' 

942 

.cu. 

.c;o 

.o.-.s 

.c.;6 

.-0.52 

.cs_o ~ 1 

0 162 I 

?42 942 942 942 91.0 9.10 927, 925 ·9~ 9·11 ~97. a9i' art e6o 8!.2. sis .705 j_6o 085' -i.72 _.1.01 ei..i · ~o"s-~ 

9Joj 9JO_ )J2 9)2 9J2 9)2. 9J2 932 9J2, ,9j2 }» 9)2 9J2 .925 922 ?17, ?17, 877 fro. 255 · . •,759. , 4_,§l . 162, , ,O\i.,I 
~,~~~m•fa~m~~m~-~~~~~w ~ -~ ~ ~ 

:~-":. ;.,•, - ...... -•,. 

;--:= •,_ .--.: _'.:':_· __ --,- ... , .· .' :.-.:,. .. J, _, ; --,f,•, •• ,-·,,.;:, .• '. '-i .· 
These results were obtairi.-d from Tables VI, ·x, XI,_ XII and XIV. 

...... 

c,,•, •,',• ,>,< _, .. ' 

'" . ~ ,_, ... - " 
_; ._ : ~;\ 

--,_, ' , 

' 
,, 

/ 
.. , 
,.-

EX..;. u 
,. l,:;' 
J.,CLJ..SS. 

XII 

(L-.S) 

VI 

(r.-,t) 

Y..IV' 

(i<-H) . 

•,x 
(V-H) 

X. 

. (L-1!) 

., . 

·,4 . 

-....... · 
..,;,J 
V, 



''. 
½-~.'. 

'·. -~ 

~- ~,·~. 

,,-.. 

r '<.,,'., /. n 

TABLE XXIII 

Th8 Two..Sainf,ie nesuit's ro'r thff· i.~~- Cias~ifiCationi; Sampl:tng E,qle?'imeiltS r,/, VII ahd VIII 

c:6'/h;.--U,GS oP rm.TIP'"..E3 OF Tm(v1~JU/J~cn RAtIO (cxn) }::::..\?1 qv. or }::;,'..!~ c·:. o!' 
ESOn'.:.TOR 

j,j ' . I V 1,25 jl,75, ?•!' ,:,;5 '" E?l', }:!JJ! u:::u-rn ,)-::.:.::. 
c:o .Ci 0,1 0,2 0:3 0,7 o·.a 0.9 ·l.O ),O 4.q 5 .• o 10· 20 1100 -!-R a•- ";""R u;::~m-=·· ' . '' ·O 002 c:iS 255 432 615 nit~ 

, .. , aii 69f 6i2 540 452 340 2$5 072 OJi, 005 .,i'l::l. . "').2!. C 795 822 832 1.3? .0!,8 :, , . 5 .44 

J~!."i OCs· 0?0 2•:d . ef!,(? 1Ha ; . 
Glci 6j5 5i.2 3µ Zlo ,"< d5 -

' 

.::::::5 .o l .. '?2 770 010 C27 G95 l;UO 0'37 _ C05 1.41. .C53 6.57 

J}.2 
' 597 ,617 727 832 l97 925 902 re,. c55, 3o5 7lQ m'. A~ 361 ~65 ls2 092 017, a () 1.14 .i;>43 2.e1 , : ,Cl~? 

'' ,. .o 0 012 097 2:?.0 1.42 51'.2 560 ,595 605 .$ls 4/,5 t.o!/ 332 235 132°. 075 012 0 0 i-.25 .CJ,1 i.GI I. .C.Cl 

• ;a:. 0 • o· . 060 350 577 662 ,747 .6Q:{ .547 Ml 262~ '. bs2 ' " 
1.25 3~25 .c::ci; 215 ?15 · ·747 707· 392 180 017. ,o ;.041 

;5 ,.01 ~ ·~ 
9l2 ' •' 

_. .4 

795, 
' . 

,"642 _4io ?-92 
'• ~~ 

012 l.~- k~~5 0 0 140 5?0 7')2 882 907 9Cfl 890 740. · 552 .0:..1, ,0 .035 · .057 

210 oi6 
,,_ 

632 e~1j is5 902 905 9;? 9v0 • -< -?91 747" ,685 '' 515 
.' .. \ 

139 90; 0 305 51.0 035"'· 59~ -;_r,7 · 1.19 0 Cl,.O -•,.10.2 .c::::o 

J>.:,l. 0 lCO 272. 417 672 765 JiOO a;o: i!.o "32 
.. , .. 

OC5 750 700 ,;ai 500 360 247 06_o . 01:1 •• 002 l.~9 .C40 1-:.u .i6s 

. }!<,:L. 0 6?:'.f 105 2~0 41~ 655 :762 792 . 891 BJi a2o 735· 672 582 492 3j2 250 060 o~~ 002 1:32 .0:.2 t.u. .1:,B 

j).2 630 637 722 797 362 ·9l7 9o.s iin . fafa •67 .787 . fii2 _5i5 39? ~'?o ,167 102 005 0 0 1.12 .CJ;3 2.9, • .OJ-'3 . ' , 0 0 _012 072 175 1J.2 585 597 612 _t,17 _6io 467 i+l5 315 260 l;J2 ()35 Q07 0 
' 

0 1.28 0 0JB · l.f9 .o:c 
' 

r-· .!IA ,,.o 0 052 106 J35 547 675 707 7j2 7~7 7~5 6o7 5'77 _477 3?5. iiO :,i5 660· 012 0, 1.j8 .0.'.3 3.09 .C~5 

B5 0 0 .037 292 1~95 740 845 8';0 895 96z 9fa; ,8J2 7.92 7i7 637 lfJ? 407 140 oj5 0 .. l.J9 .OJS ,!i.59 . , .cz.1 

i10 0 co; 2"7 .515 652 797 897 900 910 910 902 s6; -~j7 772 ?17 622" 5.40 ~05 11,5 010 136 .Ot.0 ·· 12.6 ' .lll 

J.1.2L 0 0 ,070 192 290 5cfa 705 755 807 87.l- e51 m,j 750 622 4so; ~7 l!,,7 015 0 0 l.JO . • 030 2.71 .c;.o 
. 
J:t~i 0 CO2 C"1 207 JC2 527 715 757 ·a01 ·&?-7 C52 792 7~0 577 ),JO 227- 107 007,, 0 0 1.25 .C3l 2.53 ;e;:;d_ 

'. 

. Ju 51.2 547 6~2 1in, 776 s52 910 917 9J.o 920 a£ 722 645 465 317 .}hQ oi,j co; 0 0 1.16 .0)4 3.02 ~~~4 . ' 

r 0 ,Q '0 022 ll2 :;l.7 520 ·595 ·057 692 7J5 6)7 $is 432 28i 14!) 063 002 0 0 l.J6 • c29 1.eo .0:9 • 

fs.1. 0 0 oi,5 150 277 522 6CO 750 772 802. 775 im iio}. 455 3J2' J.52 077 ·&:n o. 0 1.31.. .9J3 2,14 .~=:9 . 

2· . ' . .0 0 012 .072. 202 490. 637 70; 767 e6b 880 870 'e62 821 785 i,jo 54~ 197 . oi.i ~o. 2~03 • .C35 6.l.8 ,o5i. 

Bio· ~-0 ll2 657 847 "¢"62 867. •""'" ,777 642 ,·, ' ," ·o;O · 1,6s 10 • .3 
. , 

- 0 305 JJ.5· ,785 822 652 837 732 532 332 13_0 .on ,._ .cas 
' ~.. . ' . "..; ', . ~ ,. .- •.,.,_, - "' \ . ' •, . ~ ,. 

Theee results were obtained ·rrom Tables IT, VII ,foci. VII!. 
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TABLE xhv 
' •.• ·•. . . • t . -,. ... ~-: ~ ' < ii . ,{ --_,. ' . . . . " ' . . ,., 

The Two-SOinj:,IC Re~fults for the M-L ClcissificB.tioti.; Sampling_ Experi.icnta I, A'/ and XVI 

. - . 

is::c-~roit co\r~:uGE OF 1i.m.T1PUS oF 'I'lrE _ V',\RIJJ:CE RATIO (C,c~) }Z,'-..'{ CY. ot ~-=.'JI 

c,o I ;01 
.,. . 

0.7 J ii.a I p.9 I 1.0 1.25 11,75 2,0 2,5 J,o · ;.;o J 5,o 
!:ST• :-:!::/..!! iE::J:'!i 

0,1 0,2 O.J 9.5 16_ 20 ico +ri" ES7. +~ 

JA'4· 0 0 ·125 447 6e3 ~ 807 797 ,?12 737 642 535 501· 4JB J75 Joo 272 165. 122 050 2.56 • .452 3150 

i!EL 0 0 075 JE:2 61.2 77? 790 ·,782 ?10 -7)2 665 557 ;;1. 452 i.oo J.25 2.:0 183 J.40 055 9.~/ .7S4 2o5:.o 

Jil J37 j62 lt.5 e,5 907 €62 747 &35 622 565 462 325 ·27f 227· 177 ll2 _C90 025 007 C?2 1.17 .152 2.e!. 
·• .. . 

F 0 0 0)2 225 427 5"7 550 517 1.95 455 J90 262 ·2117 185 J.42 cco C63 020· 002 002 1.20 .151 1.59 
' 

F;u. 0 0 050 300 502 ~85 7CO '695 li~ 665. 592 Li? . IJ.1 J72 )22 2~s 210 220 055 Oi? 1..20 .151 9.97 

?!; 0 be; 515 ac-2 e77 657 ' 7:Z- 717 652 ic5 51.2 360 "320 220 ~77 iio _067 010 ()".,2 .o .467 .043 1.e;; 

E.:_(i 860 
c,-.. 

7~6 
,·, ,:-::, 

i+so 375, " 6is 0 047 5LO 762 8!0 890 817 ?02 685 612 5c9 520 317· 177' oco .<5J .944 a;,5 

JA2J.. 0 0 075 430 630 .s;1. 
. 

835 822 787 770 672 566 505 ,447, 395 3;,0 2_77 160 1C2 0?-7 1.57 ; .126 5C.4 

J}'.2!, 0 0 957 '.157 595 ,79o 817 805 ,1a2 ·765 6ed 570 525 M7 liZQ j7.7_ 292 182 ll2 _040 2.1.6 .201. iz.9 

.,J i.2 .!.'.JO )J,1 727 e95 · 9J5 9(.'9 792 727 
0

6?2 61.2 5i5 3BS j4Q 255 192 l32 0{7 02?. 010 .0 1.10 .C75 2.€2 

F 0 0 017 132 31;;,:, .5:i2 575 ·547 515 475 1;32 ;Jj7 2ao 210 1~5 072 O?o 0'2 007 0 1.i5 .C75 _1.52 

F:;.:., 0 0. C:32 245 470 6;7 7'2 707 ~97 667 "617 492 ' 452 395 3'40 272 · 2i,o uo· bs5 612 i.~5 " -~75 . 7.36 

"' , 0 cos 370 707 865 917 850 807 7s2 7J6 . 6Jo i-65 422 _327 262 irfa 112 022 002 0 .€07 .c3a 2,!,0 

310 0 020 467 7,;2 867 922 91.2 892 879 e?9 €02 695 . 655 592 532 · i;3s '!:37o 212 102 015 ,767 ,039 9.1..7 

' J.(a 0 iJ ·o:.o 222 1162 '/6$ ~57 ;,?40 8'J7 C::GO 7Z! 597 s2o 442 3,)5 262' 1~5 075 01.1 010 1.1e .0~4 5,29 

.::.:,:1, . 0 0 C)5 220 l;J5 71,5 "' ., e,7 3;;2 7<:5 722 597, 522_ 438 367 277 265 092 055 012 1.:h .065 6.69 

.:)..2 410 l,3~ lo7 116 2,$'{ 936 ~60 835 775 720. 600 402 J50 240 172 102 057 "022 0 0 1.0l ' .01..7 2.ia 

F 0 0 017_· 110 255 547 652 647 655 6J5 565 ,;e2 Ju 195. 152 072 0~5 010 0 0 1.Ca .046 1.43 

Fn}. 0 0 025 165 337 655 76o 730 '767 737 662, 522 . 477 J65 295 :?.C2 U12 C~7 027 0 1.Cia .Oli6 3.12 

Bj 0 c bs . ' 
!;52 692 905 9JO 917 GSO 8$7 725 61.2. 552_ 415 317 202· i20 017 0 0 ,818 .032 2,65 

i;lb 0 c:os :;30 5s; 740 870 :Seo 887 875 870 825 730 692 '627 $65 462 J.77" iTi 06J CC5 .912 ..• ~o 9,63 

~:irneSe results were Obtained i"rcim Tables I> xv alld rri. ' 
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ESTD'..:.-:OR 

F 

J i2!. 

F 

co0~<t.\CE oF 1-11LTIP.LES OP THE v, .. tiIJ:~cE ru:Tro (c~n) 

c•o ,011 o.i 0.2 o,3 ) ;,s I o. 7 o.s I 0,9 i.o )1,25 )1.-is ,g 2.5 J.o 4,0 ,5,0 io 26 100 

0 CC2 :?65 
• I, , 

670 820 967 915 917 E.<)5 870 ._'79'7 660• ·6).2 S22 ]i],,7 )47 .r~i'l li5' C!.0 0 
-

235 022 

l~l 
EST.· 
+n 
1.50 

2.CO 

l.07 

1,22 

1.22 

.979 
327 

o Ji.~ 112 675 657 ·605 577 557 5lo. 527 1.95 460 J..45 421 405 :in )60 232 i37 . i16, 11.600 

C41 021 Oio 7,97 
8,52 

8,52 

0 0 .0:?9 

O. 9CO 867 767 722 637 587 557 550 535 M,7 1.46 412 '.380 345 210 ?..10 145 050 .oes 
0 0 115 438 677 7,77 765 732 ?CO 6l7 6o2 515 472 410 J5S 315 255 155 0')2 027 1,5! 

0 nb_. 037 

CO'l 0 1.06 

1.10 

1.10 

.so; 
o c25 s1s. e01· s12 a99 s6; ez.o 817 ·so2 740 6J2 soi 527 ~10 J{>.5 ::fvs 155 102,; q15 .666 

a'I"rie~e I'esu.lts were oOta~ned from Tablcis II, II! and XVIII. 

c·1. o: 
l-Z:J! 
EST. 

.!21 

.069 

,o6J 

,06J 

,055 

,784 

.779 

,779 

.101 

.1c6 

,l32 

,221 

,077 

,077 

1±:.:: 
U::G::-! 

"7·R 

1.61 

7.07 

L.51 

25.2 

JO.l 

l.l,J 

54.1 

l.ld 
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.C67 
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TABLE XXVI 

The Two-SaJ11ple Results for the L-M Classification'\ SaJ11pling Experiments V, IX and XIII 

COV'i.RACE OF HULTIF.LES OF 'l'IIB VARIJJlCE- RATIO (CltR) }ZAN cv. or X:::Al: 
ESTD!ATOR .., f.ST. ?-Z/JI IZi::ST.1 c:o .Cl 0.1 0.2 0.3 o.s 0.7 a.a 0.9 1.0 1.25 1.75 2.0 2.5 3.0 4.0 s.o 10 20· 100 +R EST. : n 

J,21.. 0 020 137 235 332 525 617 662 720 750 707 800 802 720 · 622 505 380 005 005 0 1.76 .043 4,33 

J~!:!L 0 035 JJ.7 2~5 )55 532 620 677 720 750 785 7J2_ 770 677 577 1.50 330 060 005 0 1.70 .0!.5 3.92 

J,2 652 657 705 76o ru.s 857 270 S?O 097 895 C6S 7eo 717 . 597: 530 352 260 . CJD 0. 0 1.49 .c;2 4.71 

• 0 0 OJ5 04-5 122 292 430 472 472 515 575 527 sos 465 405 280 205 030 0 0 1.83 .041 2.43 

FDA 0 012 120 210 320 452 590 617 61.7 667 7()7 690 657 592 510 392 245 032 0 0 l.74 .OJ7 3.05 

B5 0 0 022 ll2 232 422 557 630 680 730 807 920 917 910 887 813 707 370 107 005 2.56 .034 9.85 

Il1,Q 0 015 212 370 · 495 655 767 602 . 822 850 892 920 . 922 900 892 815 752 467 262 020 _ 2.06 .033 21.1 

JA2L 0 010 075 165 322 5W 6;!0 7,.2 757 

""" 
840 813 765 675 537 335 27.2 040 010 0 1.48 . .oJB· J.50 

J:-r.:1. 0 012 C82 205 322 522 630 722 75!i 795 827 797_ 745 635 500 317 220 035 012 0 1,47 .o, .. o J.!.6 

JA2 577 587 675· 742 735 867 912 902 817 900 .862 737 637 475 31.2 190 ll2 015 o· 0 1.32 .O!.l 3.21 
F .. 0 0 010 045 ll5 ·322 ,.92 565 611 635 6!.1 500 547 430 315· 190 uo 017 0 0 1.50 .036 1.93 

F'3;. 0 OC5 C!.2 155 21.7 472 630 657 702 732 777· ,7~0 6S5 547 457 307 155 017 cos 0 1.47 .033 2.71 

•s 0 0 .017 120 21!0 552 732 785 830 a57 917 925 905 . 8!15 742 59$ 1,52 135 012 0 l.6a .029 5.19 

610 0 005 177 377 522 692 785 825 857 870 837 875 870 837 797 672 585 330 130 005 1.59 .035 10.9 

JJ.a 0 035 207 355 472 585 632 720 752 772 eos 820 822 777 7JO 645 570 28Q 132 017 2.32 .069 25.5 

J}!Z. 0 C45 ,.21 365 472 605 6SS 727 747 762 802 785 782 742 705 617 507 21,7 102 020 2.45 .103 $2.0 

J'J.2 875 675 900 925 932 9/.7 %0 930 932 920 892 797 %7 685 605 472 382 152 C!+O 0 1.61 .c21 8.57 

? 0 0 020 090 142 287 375 410 430 4:;5 438 442 445 400 372 313 250 075 020 0 2.)0 .cs9 3.05 

F'zu 0 010 ·US 265 402 517 5,17 620 632 650 660 645 635 600 S6S 457 357 155 063 005 2.30 .059 6.69 

•s 0 0 037 JJ.5 282 480 580 647 677 720 eoo &lO 907 915 915 877 037 590 325 032 3.98 .055 22.9 

810 0 030 )05 462 '"' 700 772 805 817 827 S62 907 . 902 900 892 867 817 627 442 142 3,07 .055 106 

'These rooults wore obtained from Tables V, IX and XIII, 
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TMLE XX.VII 
: . •. • • , ,. • ·, . • ,,.. . a ' , -. 1'. ~ - - , , • • ' 

Tli8 Two.:.Sampl8 RCsult.5 for the L-H ClaSsifiCationj sampling Experiments VI; JCT and XII 

' 
~TD~'l'OR, 

coV'iri:,GE or JruiTIPL~ OF nm v.mv~CE MTIO (cx,n) ra.u: c•t. or- !-~'{ 

c:6 .. 
o;J I o.s o.e I 0.911.0 h-.2S !1,7s 2.6 ,_2,5 5,o 110 I 20 - 100 

EST. !-:E:J: ~:G:U 
,Cl _0,1_ j 0,2 0.7 3,0 1 .. 0 +n isT, +.a 

J,1.2, o_ cd ·2;6 )S2 ,.;.a 59~ 662 712· 732 762 71l7 a15 82.7 1n. 7S7 6S7 S77 3J; JJ12 0!2 2,513 ,076 22.3 

J~JL 0 165 2S7 36:r i.1.1 S92 675 1bs 720 71.0 770 7CO [15 7)5 69s 600 520 285 ]20 .017 - 2.S9 .?al ll,3 

JJ.'2 m2 315 907 9::!2 'iJ0 ?!,.2 942 9ii'J 927 ·~22 907 817 795 6a.2 6i? soo -430 167 052· 0 1,81 .093 9,90 

' 0 oc,; oso 095 140 245 )50 )67 )92 £1~ 4)5 455 420 J75 :i6s JOS 25S 0')2 0)2 0 2.62 ,072 J,47 

rn:. 0 OJS 103 262 J!,?. 46?- 5-6) 51.37 605 622 6J7 6J7 615 567 510 1,62 J65 18S- _o35 002 2.62. ._072 7,18 

E5 0 0' &,7 170 310 51'- 62b 662 690 7J2, 767 C62 3Er7 
,,., 

862 P.t,o·· ~9? 835 6!10 3t5 0:,7 4.03 .052 25.8 

~10 0 077 352 527 615 740 325 852 360 877 902 910 
,-

902 902 eeo ~ ~5 ric1 .. 6sa 51S 159 2.a4 .064 6?.7 

J,.z.. 0 l-12 252 JlO J37 380 425 435 1,55· _465- 512 563 577 597 632_ 6S7 680 71,2 730 1,55' .. J9.4 .11;6 309 

J~:.2L o_ 176 2a'5 ))1 J57 '425 1152 477 l.87 505 535 .sC6 597 605 _6;0 672 635 717 665 ::ii5 36.2 .1:;e 174 

J;.2 96o . 960 9Gb 960 960 9!>0 ')60 9:i? 955 957 952 955 ·950 .942, %5 9/.0 cj27 1;62 .7i1~ J65 J.24 2.13' 34!. 

; 0 0 027 C!.7 050 070 065 077 001· 090 io2 136 i50 1e2 192 210 235' 265 255 lJS 44.0 ,1J4 53,2 

··a:.. 0 DJS 127 200 210 21.0 2,Z 305 Jl.3 ):?.2 J47 ./,00 405. {.J,o 1,60 510 5-1_7 512 1,65 202 v .. o 13' . . 9!-.6 

B' 06J, 070" 075 
--

~50 9'11 2110· 
' 0 0 0 010 015 OJ.i 035 ll7 175 -192 215 322 367, 542 _722 159 .C69 

-. :?!ci ·- 0 050 210 270 335 412 465 487 5io SJS S57 .622 637- 682 697 742 767 ~67 922 900 73.l ,O"I ·1i;900 

J>.2!. 0 027 155 25S 3117 472 56j 602 62:? 667 732 785 7'17 755 695 595 43!} ll5 007 0 1.95 .042, 4.79 

J1.:.,.L 0 037 11.:0 285 357 4"5 572· 605 6Jo 667 722 760 7.35 .702 657 51.1 39(!, 092 cos 0 l,86 C" . -- 4.~7 

,_- J -
A2 - 657 U<J 7.00_ 71,5 7,:,0 C25 .872 872 870 372. 867 81) 775 685 662 440_ J22 050 002 0 l,65 ;C5l 5.47 

F, 0 0 017 06J 130 220 j42 J92 410 4J5 5h2 S42 520 500 465 J50 262 0')7 002 0 2,o6 - ;Q/,1 2,7) 

--
Fa, 0 012 llO 200 Joo 4JO 502 547 57:i. ·507 635 657 647 620 567 4jo 297 052 

-
,.041 005 0 2.c6 3.47 

·ss 0 o. 020, 090 142 JlJ .Li80, 535 595 6~7 7)0 822 ·S76 1190 ' ·e20 8J2 762 477 l'i7 c·o2 3.42 .039 L'?.l.. 

210 •O OlS 1S5 JOS 420 562 695 740 7o0 eci2 8!10 877 890 900 677 655 807 515 Ji7 025 2.6i :037 22 ,; .. 
;, ! -' ' • < • -~ • -

Tnese results were obtained from Tables VI, XI. and XII. 
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TABLE XXVIII 

'·, •. • ,, •. ,; , \ •. ,. __ , . i' . . -·~ ". - . _,_ a ~· ~~ ,_.__ ' - . ,: ~ , - ·-··. , ; • •. ,._ 
The Two-Sampl~ Results for tho H-M and M-H Classifications; Sampling lj:xperiments X, XIV and XVII 

.,_·• •• . .. i 

~~•,•,<a,·~~,•,,.,; ..... ~-,;"' - " 

--~ ,. CC\'D!!,'3 OF J-!.'!.TIP!.SS QF THE VAR:J;l.?lCE RATIO (cxn.)· }!SA.'{ C'l.-o!. 1-::~: c·:. o'r :6:.?. i1 
.::.;..~ ... 'i'OR , ' ' ·-·· ' ' . .,,..·,. . , ' , - , ' ' ,. -- l:ST. l·Z/J! c:G:!{ !-~.:.!:_ ~.r ·, 

1 c:~o .Cl 0.1· 0.2 0.J 0;5 0.7 o.s 0.9 1.6 ;L;.25 1.75 2:0 2:;5 ,.o 4.Cs ·s;OJ10 2o 100.- +n ~T. ";"R ., 12;:~.:i .. Docl.iss~ 

J,.2I, o 210 sSo 63C 7?7 020 .822 s17 797 100 1?1 73i 1:,0 692 657 575 5J7 375 2J'? ;ui5 56.s .655 !2.0-166. .92.4 

.i{~ o 222 530 G'i;7 710 757 16·/ 767 757 75:z ?:iq 697 _ifo2 600 615 537 _ 4C2, ~:,_2 · 212 iso 6Jo • ?so . 2.6-107 .9~ 

Jj..i 'cn,7 r9.10 . 9~0 950 9.12 e,~ 790 n.1 760 142 105 iii1. 511 so2 450. 377 3.B , ies 10,. 93s 4.42 .us 1.0.s .l.37 xhI 
, : ~ a C27: l!10 ~215_ 270 315· 337._ 325 335 300 295 235 20'7· 177_ 157 J:J7 12.i Oa5. 032 010 . ·7.41~ .407 9.85 .i.~7 (H-M) 

F'fi o 120 382 507 550 s<J?, · 565 576 5so 585 ;lo 51S. 481 .. 1J►1 1102_ J5( 3j2 ~25: i~o 077 7ol.4 .407 120 .!.aJ 

~ &m~Mmm •• Wffl~~fum•-~-~~ l.D ~.h~ .m . "' . . . ' . . ,- . . -

310 0 317 100 a17 €51 Br! 9.::0 e97. an· 'C92 820 s52 '840 832 soo 7i..7, -h.5, 6ri 485 262 · 1.1s .t5e3 :iso · .HJ . . - ' ' '• -.. 
J;.Z, ;o ·l.f,5 31; 537 637 7J0 ·155 10? 787 1&> a17 8i7 620 coo 1.10 121 .6i8 . .55() 4i7 ';ho 15.3, .Jso J.9 ... i04 .c;;:?2 - ,. .. ,- . ' - ,,.. '.. . -. 
J!-✓!., 0 1si · 31;:l 482 590 602 725 ?Jo 742 is2' 761 765 157 7')7 nO 6a0 45), 5Jd .1,05 222 66.6 .~-SJ J.2Jr1ci5_ ~96:: , -

½ -~~mm~M~m~~~~m~~m~~~~ •~ ·= ~ ·= x 
F •-. b 010 ·c;s5 127 150 207 26:'? 295 '290 JOO 325 327. -~15 .292· 265 24{) 21,5 11;0- 075 --0-.C, 6".6i .1119 6~75 .li,9 (1'!-H) 

rD.1. o· 060 257 _J62 z.10 475 5i7 53.5 ,;1d 5~7~ 567 577 57:i 592 s80 525: (9_6 I.lo 295 •100 s~30 - .2;5 119 .3:.0 

Es -· o O!.O ¼1 620 7J0 a22 . eu5 e72 er::, 897 900 .S'J0 857 -825 :.us 752 695 530. J.?5 .051 2.Js ."<fl? 33.l· ,!!,.e '. - , - . - . . 

·~10.: .. o_. 2~2 617 715 1r:2 e:.o ;i65 oeo ee2 an en 902 877_ 895 e12 8!17 811,. 700 572 ~17 3.r:: .129 %5 - .39.? 
1 

•. 

¼ .o~~~5TT~••m~~•mm•~~*~m •~ --~ = .,¾ 
. . .!:~ o oi:o ,292' ,;62 557 670 : 745 757 112 715 722 1111 737 697 662 5s2·, 515 1i.5 z.01. 015 9_03 J;1;7 9C:o .9fr0 

~1..2 912 917 ?i2 962 960 940 .915. c92 e6s ai.1 '790 111 667 590 502- l.15 347 165 011 O'J'/ 1.93 .124 i.'?.4 .::.s2 xr.r_. 

1 -~. O 002- J:do 137 2C7 JO::i Yf5- 382 395 397 397 367 357 315. 265 22i 192 120 C32 005 2.s6 ,122 .J.n .1.22 ci:-ii) . 
. rnA ., ~ o ,oJo 1ed ;41 432 53~ 5?0 595 · 612 620 630• 620 5s7. 557 500 41.2 J9~ 235 p,i ~35 . 2.86 . , .122 22.5 -~76 

a5 ~ 0 .. 'on 2~s 1►65 602 752 -~2 857 i!.10.- s12 912 837 660 S5j; eJo: 7sa 6')2 !i1 255 010. 2.Js , .059 _;a.a . .oi~, 

•10' . _ o i.05· 467 652 742 845 •77 aa5. 890 697 .B'JO £'Z/ 070 ~27 sos ?72 1i1 607, 457 162, 2:4s .o,iJ. 4_96, .756. , , 

· 8 .•; ,;:C .. ..,_, •' 
• Those rosults 

. ..,,_ ,, . 
.. ,, ...... ·, 

",l 
~~ i', ·. 

~· 
., 

,.t'"'": .• _-,;;.· \.,'-. ,:·_·<-,~···/~- --~.·-· . .: .·,'. .,.·.· 
were obtained from Tables X, XIV and XVII, 

, 

. -
,- .. ,_ 

- ·' ,•·; 

. ,"'\" .. .. ~ .... 

_., 

I-' 
co 
I-' 



182 

TABLE XXIX 

Summary of the Distributional Properties of f(X) and f*(y) 

F:£.P,# R o1(f) 02(f) o1(f") 02(f") D.CLASS 

I 1.0 4.6 70.8 -0,9 0.1 M-L 

II 1,0 7,0 i.5x106 -0,5 -0,6 H-L 

III 25,07 6,9 .6 2,0xlO 2.5 10.5 H-L 

IV 1.0 2.2 7.9 -1,9 4.5 1-L 

V 1,0 -0,9 0.1 4,6 70,8 1-M 
.. 

-0.6 i.5x106 VI 1.0 -0.5 7.0 L-H 

VII 24,99 -0.5 -0,7 2.5 11.0 1-L 
.. 

VIII 1.0 -1.9 4.5 2.2 7,9 L-L 

IX 1.0 1,1 10.0 3,5 287 L-M 

X 1.0 13.6 597 66.3 3.6x1ob M-H 

XI .0046 0,8 1,0 310 1.2xio5 L-H 

XII 8;38 1.9 6.o 8.1 4,ox104 1-H 

XIII 6,71 1.9 6.o 7,1 337 L-M 

XIV ll.34 4.8 49.0 9.9 6,ox106 H-H 

xv ll.31~ 4,8 49,0 -0.5 -0,9 M-1 

XVI 1.0 3.5 287 1.1 10.0 M-L 

XVII 1.0 66.3 3 ,6-><106 13.6 597 H-M 

XVIII 217,71 310 1.2x105 o.s 1.0 H-1 
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This ta.ble was construct,ed t'ror:i Tabl'os I thr-iui:b XVIII; tho ontrit:ls 1n paronthoso:1 n.ro tho 
point.:! -~t. wl-,icf\ tho i:-..ixirr.:.i..-:,, covo'r ... e,cs Oi:cur, · '. 
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'Z'his value is l".J.sloadinz, tho covoragos ot .l~R tO 2~R &re tho sa.mo (932). 
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TABLE ,XXXIV 

The ,Application of-the One-oSample•:Estimators Jn
1

, J
1

n ·and J 
- · · " •,.,_ WJL 

·-to the .Sukhatme ,Example a 

-
.ESTIMATED CONFIDENCE,BOUNDS CONFIDENCE _ 

'ESTIMATOR. VARIANCE -
INTERVAL 

·!RATIO 'EO\'IER I 'UPPER LENGTH 
•,• 

., 

,Kn.J;Sl ·15~67 .J.08 28.26 25.is 
(0.67.) (30.67) (30.00) 

. 
·- . .. 

"K,J_ 21.t5 -s..01 34~29 -26.28 -·n•'.Wl (5.49) (36.Sl) (31.32) 

·,-
.. 

K J .. 22.,67 · ·12.23 .42.01 .. 29.78 .n,WJL (10.87) (47.28) ·(36.41) · 

• 

3

Results for 90;1 .and 95% confidence levels are recorded; the. 
entries in ·parentheses refer to the··95% confidence -level, 

-
C 

' 
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,;A :Normal .P.-rqba:b:i:Ltty: Plot .df , .i:w1 .·. for. Sampling ,-Experiment ,,x;vrI-I 
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'Figure 2 

.::\.~Nonnal•:Probabili.ty ·l'lot of .log(Jw:u) for Sampling.Experiment XVIII 
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APPENDIX A 

-A:COMPARISON OF;THE"ASYMP'l'OTIC VARIANCES OF Js1•AND .. Jw1 

-iA .• l ,,The Asymptotic -Va-rianc .. e .. of J Sl 

.In the following, we adopt the notation and 

·deffinitions ··of isection 4.2. Recall that ·if the ·hypothe­

sis of Theorem 2.6 is satisfied, the asymptotic variance 

½ 
of :N ,J Sl •is 

To ·evaluate (A.1) , let 

fine"d ·:as· in (-2 .·6) • Then 

and 

Thus 

=ff* - f*
2 

1 1 1 

2 " . 
- E[(F!-F2) /21 (F

1
,Ft) = ·(f

1
,f!)J 

= ½[fi
2 

.~ 2If! + ·E (F2
2

) J • 

2 2 
= ¼.[Var(Fi) + 41 Var(Fi) 

2 
4ICov(Fi,Ft )] , 
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•&nd 

Now 

,gl = 
,ag I (111,112) at ·1 

= (v 
q 

··= '1/v 
q 

v· )/v2 
p q 

, 

·Recalling that .m
1 

= 2 and m
2 

= 1 , we can 

now evaluate (A.1). Thus 

·~! = (vq-vp)
2
•[Var(;i

2
) + 4I

2
Var(Fil - 4ICov(Fi,Fi

2
)]/~: 

+ [Var(F1Fil .+ var(Ft
2

> - 2Cov(F1Fi,Fi
2
)]/v~ 

+ 4·(v,. ~v ') [½Cov-(F* 2 'F F*) - ICov·(F*
1

,F
1

F*
1
,). - \Va; (F

1
; 2 ) · 

· ·q p · 1 '1 1 

+ ICov(Fi,Fi
2
l]/v

3 
q 

., ' ' 
',: ' 

"• r, . 
. ~ .. .-·,., 

. ' :,-. . ·: ' '' .. ·. :--. ·, 
,, 

, ' : I : ~. ~ ,1,: • 



.upon -simplifying, the above becomes 

:2 
a ·= 

s 
(y

2
· (f*)'+2) (v2 /v2 ) + 4!µ

3 
(f*)v /v3 + 4I2/v p q p q q 

+ Var(F1Fi)/v
2 

- 2v Cov(Fi
2

,F1Fi)/vq
3 

. q p 

+ 4I (v -v ') Cov (:F
1
* ,-F

1
F.

1
*) /v3 

p q q . 

A.2 The Asymptotic Variance of JWl 

•Proceeding as in .the .previous section, .we adopt 

the de'finitions and nota:t:i:on of ·-Section 4. 3 and let 

-and be defined as in -(2.10). 

From Theorem 2.6, the asymptotic variance of 

is then 

·2 
a 
w 

= 
4 
}: 

i=l 

4 
}: 

j=l 

i,j m.m.g.g.z:;
1 l.JJ.J 

·I·t·'is easily .verified that 

·m 1 
= -2 , 

·m. = 1 ' i = 2,3,4 
J. ' 

. I 2 
gl = ...:v V , 

p q 

g2 = 1/v 
. q ' 

g3 = -2I/v: 
q 

and 
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1N.ow 

'= Var (F*) 
1 

~= -v , 
q 

~1•_4 = Var[ki
4

(z1 )] 

1·2 cov[ki
1 cz1 ),ki

2 <z 1)J ·;;; , ·= 
1 

= Cov[½(Fi
2
-2IFi) ,c1Fil 

;;;l, 3 = Cov[ki1 (z1 ) ,ki3 (z1)] 
1 

= Cov[½(Fi
2
-2IFi) ,FiJ , 

.l,A 
;;;l =·cov[-ki1 (z1) ,kt4 (Z1)] 
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,: 
;, 
1· 
II 

,I 
·1 ., 

ia:nd 

''Noting ··that 

--we can ·write 

,and 

~2,3 = 
l 

2 2 
~ I 

l 
= Var(Fj_FiJ 

• ' < j 

< '~7~.---·( .'._,:.' 

:.. .. -;:, , , .. ''z 
,:• .. . :·' . ,_/ 

·. ,.'.,. 1 

Subs ti tu ting. :,the a,bove quarltlties :into. ,(A."2 }, .. . 

,and simplifying, yields , ... ' 

: -,.. . 

,/__:'·,.·< 
·•,'., 

. ... :·-: 

,_'.·,·. 
'.,- '( 

'1 '·•. 

'. 

1' - • 

'' 



2 2 4 2 2 2 3 
aw= as+ I Var(c1 )/vq - 2I vpCov(Fi ,c1 )/vq 

+ 2I2Cov(FlFi,C1 )/v~ + 4I
3

(vp-vq)Cov(Fi,c1 )/v~ 

A.3 The Comparison 

Consider the difference of the asymptotic 

variances 

2 2 2 2 4 
as - aw= [2I vpCov(Fi ,c1 ) - I vqVar(c1 ) 

- 2I2vqCov(F1Fi,c1 ) - 4I3 (vp-vq)Cov(Fi,c1)]/v~ 

Note that 

= V - V 
q p 

Thus (A.3) becomes 

2 
a 

s 
2 

- a 
w 

= {2I2vpcov(Fi2 ,c
1

) - I
4

v Var(c1 ) 
. q 

2 3 3 
+ (vp-vq) [2I vq - 4I Cov(Ff,C1 )J}/vq 

N™,suppose that f(x) ~ 0 and that 

q(x) = {f(x)p(x)/[l+cg(x)]}/f{f(x)p(x)/[l+cg(x)]}dx, 

where the constant c is small so that q(x) is close 

to the optimum q (x) 
0 

Then 
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But 

= Cov (fp/q,p/q) 
q 

= f fp
2 /q - I • 

where lim ~(c
3
)/c

3 
equals a constant. Therefore 

c-+O 

To obtain an expression for v , we note that 
q 

Jf
2

p
2
/q = [ffp(l+cg)] [ffp(l-cg+c

2
g 2- ••• )] 

thus 

To evaluate Cov(Ff2 ,c1 ) , first note that 

2 2 2 
Cov (f p /q ,p/q) q 

198 

\ 



and 

= r 2 - 2cICov (f,g) 
p 

+c
2

{2IE (fg2)+[E (fg)] 2-4IE (g)E (fg)+I2E (g2)}+~(c3) p p p p p 

Thus 

2 2 2 . 2 Cov(F*l ,c1 ) ~ -2cICov (f,g)+c {IE (fg )+2[E (fg)] } 

Finally 

and 

. . p p p 

+c 2 [r 2E (g2)-4IE (g)E (fg)] p p p 

= Var (p/q) 
q 

2 = fp /q - 1 

2 2 2 2 . 
fp /q [fp (l+cg)/fp] [ffp(l-cg+c g )] 

= E (1/f)I+c[IE (g/f)-E (1/f)E (fg)] 
p ' p p p 

+c2 [E (1/f)E (fg2)-E (g/f)E (fg)]+if(c3) p p p p 

Therefore 

Var(c1 ) * E (1/f)I - 1 + c[IE (g/f) - E (1/f)E (fg)] p p p p 

+ c
2

[E (1/f)E (fg2) - E (g/f)E (fg)] . p p p p 
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Substituting the above quantities into the 

numerator of (A.4) and simplifying, we obtain 

2 23 4 2 · 2 cr = (c /v) (2I v Var (g)+2I v [Cov (f,g)] w . q p p . p p 

-I
4

{IE (fg2)-[E (fg)] 2 }[E (l/f)I-l])+~(c3 ) 
p p p 
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APPENDIX B 

.THE PROOF, OF THEOREM 2 . .5 

Before proving Theorem 2.5, we introduce two 

lemmas which will aid in the proof. 

,Lemma 1. Let x
1

, ... ,XN (N = nk) be .IID random 

variables. Let u be a U-statistic with symmetric 
n 

kernel and let u 
s 

be a u-statistic 

with the -same symmetric kernel, based on a subset 

Cov,(U ,u ) = Var(U ) • n s n 

,P.roof .. 

. Cov (U , U ) = n 'S 

'( )-1( )-1 · ·N · S le le cov[k*(X , ..• ,x ) 
·, -m · ,. m . a 1 a 
· n s m 

.,where c denotes the sum over all combinations· 
n 

'(a
1

, .•• , am) of m integers chosen from IN = ,Cl, ••• ,N) 

·and cs denotes the sum over all combinations· 

'(b
1

, ... ;bm) of m integers chosen from 

I
8

=(1', ..• ,S') 

Hoeffding [9] has shown that 

, . 
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,wher,.e ~c .i:s-defined-as in (.2.7) -and c is the number 

o·f ·integers common to 

Therefore, 

.(a
1

, ... ,a ) .and 
-m 

-where -K is,equal to the number of ways we can choose 
C 

-a set (b
1

, ... ,b ) of integers from I
8 

and a .set of :m 
integers (a

1
, •.• ,·am) from IN. su_ch that the sets have· 

exactly c 'integers in common. 

Now, ·we can ,choose ·m 

.ways .and we can.choose the 

integers from -in 

C integers to be com-

·mon to· both ,sets in ·ways, thus completely speci-

,fying ,and C of the a's. The remaini~g 

Therefore, -a'.s 

,and 

can be chosen in 

'K 
C 

(:=:) ways. 

= (!)(:)(!=:) 

m 
}: 

c=l 
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(B. l) 

= var (U ) , from Hoeffding [9]. , □ 
n 

·Lemma 2. Let x1 , .•. ,-XN (N -= nk) be I_ID random 

.variables and let U and U be defined as in 
-n s 

Lemma 1, with S = sk Then if n ·and s are fixed, 



and 

2 
lim NVar(Un) =,m s1 
N+oo 

lim.NVar(Us) = (n/s)ni2 s
1 

N+oo 

Proof. Expandi~g (B.l), we obtain 

2 (1-m/N) ..•• (1- (2m+2) /N) 
Var (Un) ·= (m /N) (1-1/N) .•• (.1- (m+l)/N) ~l 

2 + · ( terms · of order :1/N . ). • 

·.Thu_s, ·1im :Nvar (U ) . n 
2 

= m .sl 
N+oo . -

To-obtp.in 

-S ·.= sN;ln 

Var(U) , we need only replace 
s 

in ·(-B.2), which yields 

. ·2 
lim NVar(Us) = (n/s)m ~l 
N+ro . 

N by 

We now restate ·and prove .The·orem 2. 5 of 

·chapter 2. 

:-THE0REM 2. 5. Let x
1

, .•• , XN (N = nk) be N ·IID ·ran­

•dom •variables and let k*(X
1

, ... ,Xm) be a real-valued 

,symmetric statistic with expectation n and finite 

second moment Let g be a func-

•·tion o.efined on the real line ·which, in a neighborhood 

·o-f n , -has a conti:nuou_s £irst ·der'ivative. Then, as 

:N➔00 , .with n · fixed, 
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where ·t(n - 1) denotes the Student-t distribution-with 

n - 1 degrees of freedom. 

PROOF. Without loss of generality let n = O. Then 

.the pseudo-values 

J. = ng(U) - (n-l)g(Ul..) = g(V.) + d. I ·i = 1, ... ,·n , 
l. l. l. 

where· 

d. = ng(U) - (n-l)g(U.) - g(V.) , 
l. l. l. 

.and V. -is ·a U-statistic with symmetric kernel 
l. 

··k*·cx
1

, ••• ,Xm) , based on the i
th 

group of. X's 

Claim: 
½ 0 i 1, ... ,n As ·N➔oo I -N .d. + I = l. p 

To prove the c:laim, we proceed as follows. 

. Let i .e: (1, •.•. ,n) be arbitrary and let . yN· · be a ran­

dom variable defined by 

YN = N½g' (0) [nu - (n-l)U. - V.] l. l. 

Then for all N and the variance of : .YN 

is given by 



2 2 2 = [g' (0)] N[n Var(U) + (n-1) Var(Ui) + Var(Vi) 

- 2n(n-l)Cov(U,UJ..) - 2nCov(U;V.)] 
J. . 

. , ' 
'Note ·that Cov (U. , V.) = 0 , ·.since 

J. J. 
U. and 

J. ' 
V. ·, ·are •based 

J. 

.on disjoint subsets of (x1 , ... ,XN) • From Lemmas 1 and 

2, we·have 

lim NVar (U) 
.,N-+co 

•rim NVar(Ui) 
N->-"' 

and 

•Therefore 

l:im Var:(Y:N) 
. N+.o:i 

~ence, y -,. 
. N,p 

0 

Let 

'that g' is 

lim NCov{U, U.) 
N->-"' 

J. 

2 = [n/(n-l)]m.~
1 

= lim NCov (U, V. ) 
J. 

2 
= m ~t ' 

2 2 2 = m ~l [g' (0),] [n +n(n-l)+n-2n(n-1)-2n] 

= 0 • 

, by Tchebycheff's theorem. 

A be.an interval . con taini.ng 0, such 

continuous on A . It can be shown (see 

the prciof of 'Theorem 5, Arvesen [11) that' 

Prob (U, U. ,V. e: A simultaneously) ->- 1 • Note that 
J. J. 

for U, Ui ,.V.i e:· A , .we have 
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1 

N'1d. = Y Z J. N - N ,. 

where 

and i; 1 lies between u and 0 I i; 2 lies between u. 
J. 

and 0 I and i; 3 lies between V. and 0 . 
J. 

But ZN + 0 , since g' (l;i) + g I ( Q) , -i = 1,2,3 I 

1 1 
p 1 . p· 

and N'1V. I nN'1u and (n-l)N'1U. are asymptotically nor-
J. J. 

1 

mally distributed. Hence, N'1d. + 0 I and. the claim holds. 
J. p 

Now, since 

distributed, we have 

is asymptotically normally 

½ N [g(V
1
.) - g(O)] + B. 

D J. 
I i = l, ..• ,n, 

where the B.'s are independent normal random variables. 
J. 

Therefore, as N+00 , the random vector 

½ g(O)] , ••. ,N [J - g(O)]) converges in n 

distribution to the random vector B = (B
1

, •.• ,Bn) 

The theorem now follows immediately from 

Corollary 1 of Billingsley [3, p.31], which states that 

h(~) + h(~) if h is measurable and 
D 

Prob(~ e (the set of discontinuities of h)) = O • □ 



APPENDIX C 

SUKHATMES' EXAMPLE 

In the following, we apply the estimators ·, 

and to an agricuitural sampling prob-· 

lem which is discussed in Sukhatme & Sukhatme 

[21, pp.50-52]. 

The sampled population (u1 , ... ,uN) consists· 

of N = 892 villages. For each village (sampling unit) 

the characteristic of interest, f(u.) = y. , is the area 
]. ]. 

of land under rice. A record of the total cultivated 

area, w. , is available for each village, thus providing 
]. 

a convenient auxiliary variable. 

To estimate the total area under rice by sam­

pling with probability proportional to cultivated area 

(ppes sampling), define 

and 

q (u.) 
]. 

N 
= w./ I 

i j=l 

f*(u.l = f(u.)/Nq(u.) 
]. ]. ]. 

I i = l, •.• ,N , 

. , i=l, ... ,N . 

Then, if is a sample from q(u.) , NI 
]. q 

is an unbiased estimate of the total area under rice, 

where is the average of the 

thermore, if s2 
q 

is defined by · 

f* (u. ) 
]. 

values. Fur-
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2 -s = g 

n 
I 

i=l 

A 2 
[f* (u.) - I ] /(n-1) , 

]. q .. 

·2 '.2 · ,N·S _/n provides an unbiased estimate of 
q 

·var(NI) = N2v /n. 
q q 

Now, let p (u.) = 1/N , i = 1, ••. , N , be the 
]. 

density function of the discrete uniform distribution. 

Then, if the villages were selected with equal probabi- -

rity and with replacement, the variance of the estimated 

total area under ·rice would be 

·where 

N . 2 N 2 
.vp ·= I [f(u.)] p(u.) - [ I f (u. ) p (u. ) ] 

i=l 
]. -- ]. 

i=l ]. l. 

.N 
Y) 2/N = I (y. -

i=l ]. 

"Therefore, in this case, 

A 

Var(Ny )/Var(NI) = v /v n q p q 

If, however, the villages were selected with 

equal probabil·ity -but without replacement, the variance 

of the estimated total would be 

Var(Ny) n 
2 = N K v /n , . n p 

and the ratio (C.l) would become 

. ' 
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A 

Var(Ny )/Var(NI) =KV /v I 
n q n p q 

where 

Kn= (N-n)/(N-1) • 

Denote the ratio (C.3) by VR. 

Sukhatme and Sukhatme [21, p.51] have.proposed 

estimating the Var(Nyn) in (C.2) by 

where 
A 

V ps 

2 A 

V = N K v /n, 
S n ps 

A 

is defined as in (1.4). (This estimator 

appears in an alternative form in [21] but is easily 
A 

shown to be equivalent to VS.) Substituting. VS 

for Var(Nyn) and ~
2
s!/n for 

A 

Var(NI) in (C.3), 
q 

they obtain an estiamte VR of the :t.atio . VR given 

by 

= K v ;S
2 

n ps q 

= K 8 n s 
, 

where e is defined as in (1.5). Recall that the esti­
s 

mator e may take on negative values. 
s 

An alternative estimator of the ratio VR 

can be obtained by replacing V /v 
p q 

by e 
w 

in (C. 3) , 

where e is defined as in, (1. 8) • This y.ields a 
w 
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,non-cn~gative estimator .Vw defined by 

·V = K 0 w n w 

"The jackknife· method ··may ·be applied to '·both 

and V 
w 

The resulting estimators, however, will 

not necessarily equal zero when n = N. This problem 

may be overcome by jackknifing e and e before multi-
w s 

·plying by -the finite population correction, K n 
Also, 

•since ,e 'is non-negative, the logarithmic transforma­
w 

tion .may be usecl ·in ·conjunc_t-ion -with jackkn'ife in this 

case. 

The estimators Kn.J:Sl, Kn.:TWl ·and KnJWlL 

were-applied ·to the-data presented in Table 2.1 of 

;Sukhatrne ·and .sukhatme [21, _p. 51]. The -results ·are re­

,cor.ded -in 'Taole .x·xxrv. 

'Note·that the value,of the ,estimate KnJSl 

"is considerably iower than the value·s of the estimators 

,K .J ·and 
n Wl 

Al-1 three procedures ,for testing . 

,H .. ::v ·= V vs. 
, .. 0 -p ,q 

H :v >' V 
a P ,q 

lead to rejection of 

at the a= 0.1 level of significance, but when 

H 
0 

•a = .·05 , _the test based on J 51 does not lead to re-

'jedtion of H For the one-.sided, 
0 

.is rejected at the a = 

ficance in each case. 

test, H :v ·= 
-0 p 

.05 level of 

v ·vs. 
q 

signi-
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