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"ABSTRACT

The -problem investigated is that of estiﬁahing
the 'relative gain' in efficiency achieved’ by 1mportance,
or probablllty proportlonal to, estlmated size (ppes)
sampllng, a variance reduction technique. Monte carlo
sampling experiments.afe.conducted,in an eproratofy" 
study of several estimation procedures,teaah”bf WhichtT
originates from either a one-sample or a two—sampie- |
approach to the problem. o

The two-sample- approach reduces to the usual o
variance comparison problem, although the sampled dlstrl-'
butions’ are,somewhat.more restrlcted in this case. Assump—-“
tions of normality and of identical distributiohs, excapt»
for location and scale, however,.a;e>violateé; conse—. |
quently robust estimation prOcedures are réghireq. Jack;
knife techniques, both with and without the natural log 2
transformation, as well as siightly modified versions of .
the Box and Box-Andersen methods of variahce comparison,
are implemented in the Monte Carlo study.- For ' compara-

tive purposes, the classical F method is also included.ff

cid



The two-sample Monte Carlo results indicate
that the jackknife technique with the natural log trans-
formation, and the Box method with subsample 10, are the
leading competitors among the two-sample procedures.

The jackknife proves to be the more powerful of the two,
but tends to yield significance levels below the nominal
level. The Box method, on the other hand, is more conser-
vative and provides significance levels much nearer the
nominal level.

For the one-sample approach, P. V. Sukhatme and
B. V. Sukhatme have suggested an estimation technigque based
on a single sample which yields an estimator that allows
negative estimates of the variance ratio to occur. As an
alternative to the Sukhatme estimator, a non-negative,
one-sample estimator is proposed.

The Sukhatme estimator and jackknifed versions
of the Sukhatme estimator, the non-negative estimator and
the natural log of the non-negative estimator are compared.
Results of the Monte Carlo experiments for the one-sample
procedures tend to indicate that the non-negative estima-

tor is superior ukhatme estimator.
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CHAPTER 1

IMPORTANCE SAMPLING

1.1 Introduction

In sample survey problems, the parameter of
interest is often a population total or mean. To esti-
mate this quantity, the statistician is responsible for
selecting the most appropriate sampling procedure. Deter-
mining the 'best' approach £o the problem requires that
a variety of factors be considered. Perhaps the most
restrictive of these are the limitations imposed:by mone-
tary consideratiohs. As a result, the statistician must
. design a survey which minimizes expenditures while re-
taining an acceptable degreelof precisibn,

In;practice the statistician will often define .
a cost function for the estimation procedures under con-
sideration. This function attempﬁs to account for the.
major factors contributing to the overall expense of the
survey and in its simplest form is a linear function of
the sample size (see Cochran [6, p-82]). The procedure
which minimizes the cost while retaining the desired pre-
7cision is then chosen. To determine which of the esti- |

mation procedures minimizes the cost, reliable estimates



of the relative effiqiency of thg competing eétimators
are eassential. That is, estimates of the relatiﬁe magni-
tudes of the variances of the estimates are required.
These estimates are often obtained by conducting pilot
surveys or by studying the results of previous surveys.
This thesis is concerned with the problem of
estimating the 'relative efficiency' of estimates oﬁ the
mean which arise from importance, or probability propor-
tional to es?imated‘size (ppes) sampling, a variance re-—
duction technique. In its discrete form, importance sam-
pling_involves selecting the sampling units with probabi-
litf proportional to some meaSure_of the ﬁagnitude of
the characteristic of interest, as opposgd to the usual
method of sampling with equal probability. An unbiased
statistic, in the form of a weighted sampie‘mean, is then
used to estimate the population mean. If the 'measure
of size' is positively correlated with the characteristic
of interest, a substantial variance reduction may result.
The following example illustrates the probability'propor-

tional to estimated size (ppes) sampling method.

Example 1. Consider the problem of estimating the mean
(or total) annual dollar volume sales of retail stores in
a given area. From previous surveys it is known that the

distribution of sales is often skewed. That is, a small



percentage of the stores tend to account for é l;rge per-
centage of the total sales. Simple réndom sahpling is 
obviously not the most efficient sampling procedure in
this case; a properly designed sample would include a higﬁl
proportion of all stores with sales over a ceftain size.
Additional‘information, which can be‘utilized
to improﬁe the sampling procedure, is §ften avaiiable.“
If, for example, a record of the number of employees could 
be obtained for each of the stores, then, since positive
correlation is likely to exist between the number of em-
ployees and the volume of sales; thislinformation”coﬁld;
be used as a 'measure' of the volume of sales for each
‘stbre. Suppose that there is a total of M ”stofes and:
that.the‘ ith store has wi employees.; Then, if. W -
is the total number of eﬁployees ﬁorking in the M stores,
the probability proportional to estimated size'(ppes)
sampling method would require that the probability of
selecting an arbitrary store, the jth say, be
Pj = wj/W.  Dhat is, the stores-wou;d be Selectgd with
probability proportional to the number of‘employees wor-—
king in them. Note that if the sales and‘the number of
employees are positively correlated, the stores with the
lérgesﬁ volume of sales would be most‘likely to enter

the sample.



' If the ppes sampling procedure led to the selec-
tion of stores 1,...,n , an unbiased estimate of the mean
volume would be given by

n

V= 3}

h, T./n ,
i=1 1 1

where hi = W/Mwi , and Ti is the wvolume of sales'for

the ith store. An unbiased estimate VT of the total -

volume of sales is obtained by multiplying 'V by the

A A

total number of employees, i.e. VT = MV .

If the relative efficiency of the importance
sampling estimate and the usual éstimate obtained by simple
réndom sampling is to be estimated, a one—samplé or a
two-sample approach may be used. The two—sampie method
requifes that two independent samples be obtained, one
by simple random sampling and the other by importance
sampling. From these samples, independent estimates of
the Variaﬁce]of the competing estimators.are obtained.

The problem is thus reduced to the usual variance compari-
son problem, although the distributions are somewhat re-
stricted in this case. These distributions, however,

are not necessarily well behaved. 1In fact,'extremé non-—

normality is not uncommon and the usual assumption of



identical distributions, except possibly fo? location
and scale, is unrealistic.

The complexity of the two-sample problem dic-
tates the use of robust esﬁimation procedures, that is,
procedures insensitive to departures from the usual
assumptioné. In an articile by Miller [13], Monte Carlo
sampling experiments are conducted to study several'pro;,

- posed robust variance comparison techﬁiques. ‘The proce-
dures entering the study require that the sampled distri-
butions diffef at most by 1ocatioh:ahafscale, but with
slight modifications a number of thesé metho&s,-which are
described in Chapter 3, may be applied to the distribu-
tions arising from the importance sampling problem.

A one-sample approach, requiring that estimates
oftthe variance of both estimators of the mean be obtained
from a single sample, has been proposed by Sukhatme and
Sukhatme [21, pp.50-52]. The ratio of these variance
estimators then provides an eétimate of the relative effi-
ciency;m The Sukhétme;estimator, however,-permits negative
estimates of the ratio to occur. As an alternative to
this estimator, we have proposed a non-negative, one-
sample estimator which.is described'in Section 1.4.

Note that the one~sample approach reqhirés an estimate of



the variance that would have been obtained if the alterna-
tive one-sample estimation procedure had been used.

| The one-sample procedures have obvious prac-
tical advantages over the two-sample methods. Since a
single sample is required, both time and expenses are
reduced. Alterna£ive sampling procedures may also be
investigated, after the fact, thus providing additional
information which'could be used to aid in the design.of
future surveys. One should note, of course, that the
advantage of the one-sample estimatons.would.be negated
if they proved to provide unreliable estimates.

In the remaining sections of this chapter, the

importance sampling problem is discussed in more detail,
and the Sukhatme estimator and.its non-negative alterna-

-tive are introduced.

l.2 The Importance Sampling Problem

Consider the problem of estimating the inte-

gral

I= [E(x)p(x)dx = E,(£) , (1.1)

where p(x) is a density function (with respect to

Lebesgue or counting measure). The usual unbiased



- n
estimator of I 1is Ip = izl f(xi)/n ., where. (xl,...,xn)

is a sample from p{(x) . The variance of Ip is given

by
- _ - 2 _ 2
Varp(IP) = Varp(f)/n [[£7 (x)p(x)dx I.]/n .

To estimate I using importance sampling, an

estimator. Iq based on a sample (yl""'yn) ‘from a

"

distribution with density ‘q(x) is used.’ Iq. is defined
by
~ n ) ' ' ' .
= . L) : . : 1.2
Iy i£1 f(yi)p(yl)/nq(yl) | _ (1.2)

and

Vafq(iq) = Var_(fp/a) /n = 1£2 (0 p2 (%) /g (x) Jdx - T°}/m .

If g(x) is chosen to make  f£(x)p(x)/q(x)
approxiﬁately constant where most of the probability of
g(x) 1lies, we would expect Varq(Iq) +to be small. In

fact, the Schwartz inequality yields

[£%p%/q = (J£2p% /) Jaq) = JIElm 2 .



which is minimized for gq(x) = |£(x)|p(x)/[|£(x)|p(x}dx .

Thus, the optimum choice of q{x) is

q (%) |£(x) |p(x)/[]£(x) |p(x)dx and if £(x) 2z 0 ,

qo(x) f(x)p(x)/1I , for which Varq(iq) =0 .

Sampling with probability proportional .to esti-
mated size is a special case of importance sampling, where
p(x) is the discrete uniform distribution and q(x) is |
chosen proportional to some measure of Ehe 'size' of
f(x) . For example, let (ul,.,.,uN) be the“saﬁpling |
units of a finite population and let. Y; be the value
of a characteristic of interest of the ith sampling
unit. Then, with  f(u,) =y, and plu;) = 1/N ] gflu; )
is chosen proportional to a measure of the size of f(ui) -
This measure is often provided by an auxiliary variablé,
Wy say, that is highly cdrrelated with Yi_; The opti-
mum situation, qO(ui) « |f(ui)[p(ui) , occurs when w,
and Iyi] are proportional, in which case Varq(iq)_= 0,
if yi?.O. ”

A numerical example of ppes sampling, applied
to an agricultural problem in which a total ié estimated,

is given in Sukhatme and Sukhatme [21, pp.50-52].



Although a substantial variance reduction may
be achieved by importance sampling (or ppes sampling),
Hastings [8] has shown that the resulting estimate may
suffer from extreme non-normality, even when g(x) is
arbitrarily close to the optimum qo(x) . This induced

~

non-normality of the estimate Iq not only affects the

~

assessment of error and inferences pertaining to Iq
but also has an adverse effect on procedures used to esti-
mate the ratio Varp(f)/Varq(fP/q) .

If the estimates Ip and Iq are based on the

same number of observations, the ratio

o -~ .
Varp (Ip) /Varq (Iq) Varpi( )/Varq(fp/q)

may be considered as a measure of the relative efficiency
of the estimation procedures.. This thesis is concerned
with the problem of estimating this variance ratio. 1In
sample survey problems, such an estimate would prove to
be a valuable aid in the design of future surveys.

Since, in practice, it may not be economically
feasible to obtain samples from béth p(x) and g(x) ,
an estimate of Varp(f)/varq(fp/q) » based on-a single
sample from either p(x) or g(x)., is desirable._ With

such an estimator, data from previous sample7surveys could



be utilized to study the feasibility of various density
functions g(x) +that may be available.

In some situations, however, it may be possible
ta obtain independent samples from both distributions,
in which case, two-sample estimates can be used. This
will often be the case, for example,.when sampling is

done on a computer.

1.3 The Two-sample Variance Ratio Problem

In the introduction we suggested that the two-
sample situation reduces to the usual variance comparison
problem. To see that this is in fact the case, define
f*(x) = f(x)p(x)/g(x) and let (xl,...,'xn) and
(yl,...,ym) be independent samples from p(x)  and g(x) ,
respectively. Then (f(xl).---,f(xn))' and |
(f*(yl),...,f*(ym)) constitute independent samples from
the distributions of the random variableg f(X) and
£*(Y) , respectively, where X has density ‘p(x) and . Y-
has density q(x) . Note that the variance ratio
Varp(f)/Varq(fp/q) is just the ratio oﬁ the variances of

£(¥) and fF*(Y) , i.e.

Varp(f)/Varq(fp/q) = Var{£(X)]1/var[£*(¥)] .

Thus, by considering f(xi) ,i=1,...,n, and f*(yj) ’

ij=1,...,m , as random observations of the random

10
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variables £(X) and £*(Y¥Y) , respectively, we find that
the problem may be formulated as the usual variance comn-
parison problem. |

It is well known that the classical F statistié
is of little value when the distributions of £(X) and.
f*(Y) stray far from the family of normal distributions
(see Box [4]). Considering the findings of Hastings [8],
it would be unwise to base tests or confidence intervals
on the F distribution.

Several alternative variance comparison tech-
niques that are less sensitive tc non-normality have been
proposed. One such method that has received a considerable
amount of attention in recent years is the 'jackknife
method', a procedure based on an estimator introduced by
Quenouille [18] for its bias reduction properties and later
extended by Tukey [22] to provide approximate confidence
intervals and tests. In a Monte Carlo study by Miller
[13], the jackknife was found to be a leading competitof
among the robust techniques for variance compafisons.
‘Miller's study compared the jackknife's performénce with
procedures suggested by Box [4], Box-Andersen [5], Moses
flS] and Levene [1l], as well as the classical prOCedufe
based on the F distribution.

The distributions of £(X) and

£*(Y) = £(¥)p(Y¥Y)/g(¥Y) , where X has density p(x) and



Y has density g{x) , may be radically different in
nature, further complicating the estimation procedhres.
Miller [13] assumed that the sampled distributions were
practically identical, differing at most by location and

scale parameters. The effect of relaxing the restrictions

imposed by Miller, upon the estimation techniques considered

in this paper, is discussed in subsequent chapters.

In this thesis a Monte Carlo study is conducted
to investigate the behavior of the jackknife method and
slight variations of the methods suggested by Box [4] and
Box—Andefsen [5], when applied to the importance sﬁmpling
problem. These procedures profide dﬁproximate confidence
intervals for the ratio. vp/vﬁ = Varp(f)/Varq(f*) that
are easily calculated on a computer, whereas the methods
suggested by Moses [15] and Levene [l1ll] do not. For com~
parison,.the method based on the f d;stribution is also
used.

A description and diécussion of those methods
implemented can be found in Chapter 3. The Moses [15]
and Levene [l11l] methods, as well as several others based

on ranks, are described in Miller [13].

1.4 The One-sample Variance Ratio Problem

The one-sample approach to the estimation pro-

blem requires that an estimate of the variance ratio
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vp/vq be obtained from a single sample drawn from g(x) .
That is, if (xl,...,xn) is a sample from g(x) , the
estihator of vP/vq is to be.?f #he form h(xl,...,xn) .
where the. statistic h(xl,...,xn) is a function (measurablé)
of these sample values. |

Sukhatme and Sukhatme [21, pp.50-52] have sug-
gested a procedure for estimating, from a single sample
taken from g{x) , the 'relative gain' due to ppes sampling
over simple random sampling without replacement, when a
total is estimated. In this case, p(x) is the discrete
uniform distribution and the quantity of interest“is
(vp - Vq)/vq , where Vp is the variance of the estimated
total that would have been obtained by sampling without
replacement from p'(x) . and .Vq is the variance of the
estimaﬁed total when the sample is ﬁaken'from q(x) .
Obviously, since totals are mérely multiples of means,
the problem is equivalent to estimating
[Varp(ip) - Varq(iq)]/Varq(iq) , when the sampling from
p{x) is without replacement.

In this thesis we assume that the sampling from
p(x) and g(x) is with replacement. By introducing the
finite population Eorrection in the cbvious manner, hoWever}
the procedures developed here can be modified to handle the-'

problem of sampling without replacement when p(x} is the
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discrete uniform distribution. (See Appendix C for an
example involving sampling without replacement.)
In the following, we define two estimators of

the variance ratio vp/vq , both of which are candidates

for the jackknife methodology. The first of these esti-

mators, Bs , is a generalized version of the estimator

introduced by Sukhatme and Sukhatme [21, pp.50-52]. The

second estimator, eW , 1s a non-negative estimator that
we have proposed as an alternative to the Sukhatme esti-

mator ©_ .
s

A

(i) The Sukhatme estimator 6

The procedure followed by Sukhatme and Sukhatme

[21, pp.50-52] can be extended to handle the more general
importance sampling: problem of estimating the ratio
v /v or the ‘'relative gain', (v_ - v )/v when (x})
s g e vy . / g’ P

is an arbitrary density function. Following their method, .
we first obtain unbiased estimates of vp = Varp(f) and
’ vq = Varq(f*) . 'To this end, let (xl""'xn) be a sam-
ple from qgq(x) and define f£#*(x) = f(x)p(x)/ag(x) , as

~

before. Then Iq is an unbiased estimate of I , and

s; , defined by

n - ;
s2 =V rfr(x,) - I 1% @1y, (1.3)
i=1 * 4 o

is an unbiased estimate of vq .
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Define

- 2 n 2
v._ =87+ § [f*{x,}f(x;) - £*"(x.)]1/n . (1. 4)
ps q (21 i i i

Then vPS is an unbiased estimate of vp . To see this,

note that

E (v ) =E (82 + E [E*(x)£(x) - £%2(x)]

g PpsS g d dq

ff*z(x)q(x)dx - 12 + ffz(x)p(x)dx - ff*z(x)q(x)dx

(£ (xpx)dx - 1

= Vv .
jo}

~

The estimator BS of the variance ratio vp/vq

is then defined by

-~ _ ~ 2 .
es = va/Sq ' (1.5)

and the 'relative gain' may be estimated by

20,2 -
- 87)/8" =g -1 .
(Vos = 84 /8q = 0

~

(ii) The non-negative e&stimator ©

W

Although the estimate Vos is unbiased, it
has the undesirable property of allowing negative wvalues.
That is, this estimator can lead to negative estimates

of Varp(f) . As an alternative to this estimator, we
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propcse the use of an estimate Si which, although biased,
does not permit negative values. Recall that we are con-
cerned with the estimation of the ratio vP/Vq and that
BS will not, in general, be unbiased, despite the fact

- 2 .
that v and S are unbiased.

ps 9

To obtain a non-negative estimate of vp r We

first note that
— 2
v_ = [[£(x} - I1%p(x)dx

= J1£(x) - 11°0p(x) /q(x)1q(x)dx

B (P (x) [£(x) - 112/ax)} .

Therefore, 63}p(f) , defined by
Y (5 = ] plr)lEx.) - 11%/nq(x.) (1.6)
P b i i it
i=1
where (xl,...,xn) is a sample from q(x) , 18 an unbiased
estimate of vP . Obviously the parameter I = Ep(f) will

not be known, but if we replace I by its estimate I

in (1.6), we obtain an estimator 'Si defined by

s2= V plfx) -1 12/ng(x.) . (1.7)
w oL L PY i g /Peix? - B

Note that Si has the form of a weighted sum of squares

and is non-negative.
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. . . 2
To obtain an expression for the bias of Sw_,

we proceed as follows. Let p; = p(xi) r Q= q(xi) '

£, = f(x,) and £f* = f*(x.,) . Then expanding 52 . We
i i i i w

obtain ' T h
2 _ .2 3
s, = [ 1 £p./a, - 2( E £5) 2 4 E f*/n) ( Z Py /q )]/n .
w i=1 ** i=1 i=1
But
n n
) % E py/ay) = ] p /9t X £%2 p./d;
i=1 i=1 i=1 i=nj
] 3
+ 2 £%f%*p,./q, + f*f*p /9, -
izg 3L yadek k
therefore,
s = ¢ I £2 {Py /9, /m = 24 { f*2 + ? £4£%) /n’
w 1 7

i=1 A i=]

+ Z f*zp /a; + E £1° py/d; + 2 E £X5%p./q;
i=1 L] J izj J

n
. 3 .
+ ) £*f%p . /q.)/n” .
iz§2k i 3k 7k ,



Taking expectations with respect to g(x) and simplifying

yields
, .
Eq(si) = J’fzp - I + (2x[f*p - 1% - [££%p) /n
: 5
+ (212 + jf*zp ~ 21L[f*p - [££*p)/n” ,

or

2 2'
- 2 *y — -] *
Eq(s ) vp + I IEP(f ) I Ep(ff )J/n

2 %2y _ - £%) - FE% 2
+ [21I° + Ep(f ) ZIEP( ) ﬁp( £¥)1/n” .

Thus, the bias of Sé is given by

2

Bias(s2) = [2IE (f*) - I% - E_(££*)1/n

2 2 2
F*x°y - f*y - E (Ff* .
+ [21° + EP( ) ZIEP(V } P( ‘ }1/n

Note that in the optimum situation, if £(x) = 0 ,l&e have
qo(x) = f(x)p(x)/I and f£*(x) = I , and the bias terms
vanish. This would not be the case, however, if n -1
had been used in the place of n in the definition of

si . In fact, the bias would be egual to vp/(n—l) in
the optimum situation if this alternative form qf Sij
were used.

The non-negative estimator of vp/vq is

defined by

18
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6 = s2/8% - (1.8)
w w o g

~

and the 'relative gain' may be estimated by BW - 1.

The jackknife procedure may be applied to the '~
estimators es and ew to obtain approximate confidence
intervals and tests for the ratio vP/Vq .

To evaluate the behavior of the estimators'
és and GW ; when used in conjunction with the jackknife
method, a Monte Carlo study is conducted. An estimate
of the variance of BS , based on a Taylor series expan-
sion, is also used to obtain approximate confidence inter-
vals for vp/vq ; and this procedure'enters the Monte Carlo
study as well.

Details of the Monte Carlo study and the ésti—
mation technigques are given in subsequent chapters.- A
general discussion of the jackknife method follows in -
Chapter 2, and details of its application to the two-

sample and one-sample problems may be found in Chapters

3 and 4, respectively.
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CHAPTER 2

THE JACKKNIFE

2.1 Introduction

The jackknife estimator was introduced by
OQuenouille [18] for the purpose of bias reduction. A
general method for obtaining approximate confidence inter-
vals was proposed later by Tukey [22], who called his pro-
cedure the 'jackknife'. |

Subsequent papers havé established the jackknife
as a robust procedure that is capable of reducing biaé and
providing approximate confidence intervals and tests.

In this chapter, Quencuille's estimator is de-
fined and the vaiidity of Tukey's conjecture is discussed.
Special emphasis is placed on the results of a paper by
Arvesen [1], in which the asymptotic normality of Tukey's
jackknife is establiéhed for a large cléss of statistics,

the U-statistics.

2.2 Quenouille's Estimator

In the following discussion, we adopt the nota-
tion of Gray and Schucany [7].

Let (xl,...,xN). be a random sample from a.
c.d,f. F_ . Divide the sample into n groups of k

6
observations each (N = nk) , and let 6 = eN(xl,-..,xN)
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be an estimator of © based on the sample. Define 6"
to be the same estimator based on the subsample dbtained
by deleting the ith group of observations. Now let
Ji(e) =ng - (n- 16" , i=12,...,n, (2.1)

and

.Y n ~ ’
Jg(e) = ¥ J.(e)/n . _ (2.2)
. 1 .
i=1
J(8) is called the jackknife estimator and the
estimators Ji(e) »i=1,...,n , are called the pseudo-
values of the jackknife.
Quenouille introduced these estimators in [18].
He noted that for a large class of statistics of the form

~

f = eﬁ(xl,...,xN) , the expected value of s had the form
~ : 2 3
E(6) = o + a)/N +a,/N" + a,/N" + ... . (2.3)

This class, for example, includes all estimators of the
form' 8 = £(%) (a=f(ux)) , where f£(x) admits a Taylor
series expansion about u_ . the mean of x .

When (2.3) holds, the pseudo-values completely
eliminate a bias term of order 1/N , as is established

below.



nE(8) - (n — 1)E(6%)

i

E(Ji(e))

it

n{e +al/N + a2/N2 + a3/N3 +oen.)
—(n - Ll + a/ - k) + a, /0N _k)?

+ay/(N - ¥+ ..

o - a, /N - k) - a, (2 - K) /N2 - k)2 4 ... .

To achieve a minimum loss of efficiency, while
~retaining the bias reduction properties of the pseudo-
values, Quenouille tlB] suggested the use of the estimator
J(a) . He_showed that in many instances the standard
error is increased by a factor of o(l/N) , i.e.

S.E.J(8) = (S.E.é)[l + o(1l/N)] , and since in general the

n -1
S.E. of © will decrease as N - , the reduction in bias

is not accompanied by a comparable increase in variability.
The following example is taken from Quenouille
[18]. Let (xl,...,xN) be a random sample from a normal
distribution with.mean pn and ﬁariance U2 , and suppose
N )

8 = Z (xi - §)2/N is the estimator of '02 to be jack-
i=1

knifed. The bias of the estimator 6 1is —UZ/N . If
k =1, it is not difficult to show that the jackknife

estimator J(8) is the unique minimum variance unbiased

. 2 .
estimate of o , l.e.

22
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o N 5
J(e) = § (x, - x)7/(N -1} .
. i
i=1
Quenouille [18] also suggested a higher order
jackknife estimator to eliminate a bias term of order

1/N2 as well. Details of this second order estimator

can be found in Miller [14] and Quenouille [18].

2.3 Tukey's Conjecture

Tukey [22] proposed that in most instances the
pseudo-values could be treated as n approximately inde-
pendent identically distributed random variables. Define

a statistic T by

T =¥ - 01/t - DY T 19, @ - senHE .
. i=1 :
Tukey then sﬁggested that T has an approkimate Student-t
distribution with n - 1 degrees of freedom.
Miller [12] establisheé the 'trustworthiness'

of Tukey's method in two situations whefe the estimators
have a linear guality to them: one where the estimator
is a linear funcfion of the obseqvationé} such as the
sample mean, and the other where .6 = f(§) (6 = £{(u}))

and f(x) is a real-valued function with a bounded

second derivative in a neighborhood of u .
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In the same paper, Miller illustrafes, by counter
example, that universal application of the jackknife can
be hazardous. He shows that if the estimator
8 = max(xl,...,xN) , for estima#ing a truncation point,
is jackknifed, the statistic T does not necessarily
have an approximate Student-t distribution.’ |

Correlation between the pseudo-values can also 
be a major source of error in the approximate confidence
intervals derived by Tukey's method. The failure of the
jackknife in an example by Milier [12] on the preservation
of normality is a consequence of this correlation. Miller
.[12] showed that T does not necessarily approximate a |
t statistic, even though the pseudo-values have a multi-
variate normal distribution with_intraélass correlation
p and common variance 02 . Gray and Schucany [7, p.173]
consider an essentially equivalent form of Miller's exam-—
ple, in which they assume that (Jl(a).---,Jn(a]) has

a multivariate normal distribution with correlation matrix
)= (pij)an !

where i = 1 if i =3 and Piq = ° if i =3 o

The autho;s show that T is distributed as c¢t , where

t is a Student-t random variable and c 1is a constant

defined by ¢ = {[1 + (n -~ 1)pl/(1 - b)}k . Thus, the
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confidence levels of the approximate confidence intervals
may be suspect when the pseﬁdo—valueslare ﬂighly corre-
lated.

"Gray and Schucany [7, §.165] suggest that in maﬂj
situations the correlation among the pseudo-values may be
modeled more adequately by p = 1/n , rather than p = 0 .
In this case, c = [(2n - 1)/(n - l)];:1 , and the approxi-
mate confidence intervals éhould be increased in length

by a factor of c .

2.4 Jackknifing U-statistics

Arvesen [l] proves that the jackknife technique
can be successfully applied to U-statistics and functioms
of several U-statistics. Under suitable regularity con-
ditions, the results established by Miller [1Zj can bhe
extended to these cases to provide asymptotic convérgence
theérems for the Studentized jackknife estimator. Arvesen
also demonstrates how the jackknife method can be exten-
ded to the two-sample problem and establishes the asymp-—
totic convergence of the estimator in this case as well.

All the estimators that we shall consider as
possible candidates for the jackknife techniqueiare
U-statistics or functions of them. For this reason, the
relevant definitions and theorems of Arvesen [1] will
be stated in this section, with slight notational changes

to be consistent with the notation introduced earlier.
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Definition 2.1.

Let X X_ be N independent identically

17 ¥y
distributgd (IID) random variables, and let k(Xl,--;,Xm)\\
be an unbiased estimate of some parameter n , where m
is the smallest number of observations.required to esti-
mate n . Then there exists a symmetric kernel of
k(xl,...,xm) ; given by
K*(X.,...,X) = (mt) " Y k(X ,.f.,x ) ; ' (2.4)
1 m P a T a

m 1 m
where P indicates that the sum is over the m! permu-
tations of the subscripts.

The U-statistic for the parameter n 1is defined
by
a1
U(xl""'XN) = (mJ XC k*(xa rere X ) . (2.5)
N L m .
where Cy indicates that the summaticn is over all combina-
tions al,.-.,am of m integers chosen from 1l,...,N .
The sample variance 32 is an example of a
U-statistic. To see this, note that at least twolobser—
vations are‘required'to estimate 02 and that the func—'

tion k(X,,X,) , defined by

- ,

is an unbiased estimate of 02 . The symmetric kernel



is then

k*(X1:X2)

= L(X

If we now sum k*(Xl,X2

{i,j) of two integers

U(lecccfo)

But

1L (X

- X.)
J

Therefore

U(xl,-..,XN)

2
%(xl

2
- X + X
X 2

1%2 - X,X)

1" Xz) .

) over all possible combinations

chosen from 1,...,N , we obtain

-1 N

N) : 2
= Tok(x, - X))
(2 i<5 i J

i N
[1/N(N - 1)1 7§

i<j

2 -
(Xi Xj) .

N N 0 9
Y ¥ o7+ xP-2xXx)
j=1 i=1 *+ ] ]
N
2 =2
N( ) X, - NX") .
i=1 *
n
= (3 X2 - Niz)/(N - 1)
i=1 *
2

27
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Now, let
ké(xl""’xc) = EIk* (Xg,-00 X, o xc+l,_...,xm) (2.6)
|xl = xl}...,xc =x1,
t = Varlk*(X,,...,X )] , ¢ = l,'...,m , C(2.7)
and
t_ =0 .

The following theorems appear in Arvesen [1]

and are stated here without proof.

| The first group of theorems establigh the asymp-
totic normality of the jackknife statistic when applied
to a real-valued function g:R »- R of a U-statistic, thus
justiffing the use of the normal approximation to obtain
approximate confidence intervals and tests. The U-statis-
tics, defined as in (2.5), are functionslof independent
identically distributed (IID) random variables, in this

case.

THEOREM 2.1. Let xl,...,XN be IID random variables.

If k*(X;,-..,X ) 1is a real-valued symmetric statistic

with expectation n and finite second moment
2 -
E{[k*(le---;Xm)] } , then as N+» , the limiting distri-
1

bution of Né(U — 1) is normal with mean zero and vari-

2
ance m z, -
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THEQREM 2.2. Let X XN be IID random variables.

lf'."
If k*(xl,...,xm) is a real-valued symmetric statistic

with expectation n and E|k*(Xl,...,Xm)| < = , then

U(X TN ) -> nas N -
1 XN .S, Ll

Before proceeding to the next theorem, we adopt

the following notation. Let
U = U(Xl'-l-’XN) r aS in (2.5) r

and let

' -1
U, = (N'k) ¥ i
1 m Cc
n-1

k*(xbl,-olp% ) 'l i= 1,...,11 r (2-8)
m
where C;_l indicates thdat the summation is over all
combinations (b,,-.-,b ) of m integers chosen from
1 buil i
(L,...,(i-1)k,ik+1,...,N) ;, N =nk , and k*(xl,...,xm)

is as in (2.4).

ILet g be a real—#alued function, and let
~i

6 = g(u) , & = g(Ui) v 8= g(n) .,

A

g, (8) =mo - (n- 1) et ,

. n A _

J(e) = 3 J;(8)/n . ’ . (2.9)
and

- ~ 2
{Ji(B) - J(8}] f



THEOREM 2.3.. Let Xjr.--,Xg (N = nk) be IID random

variables, and let k*(xl,...,Xm) be a feal—yalued Sym-—
metric statistic with expectation n , and finite second
moment. E{[k*(xlr---.Xm)]z} . Let g. be a function de-
fined on the real line, which in a neighborhood of 1

has a bounded second derivative. Then as n+=e ,

n?[3(8) - 8] » N(O,mig [g’ ()1%) .

D

THEOREM 2.4, Let X {N = nk}) be IID random

1772y .
variables, and let k*(xl,...,xm) be a real-valued sym-

metric statistic with éxpectation n and finite second
moment. E{[k*(Xl:---'Xm)]z} . Let g be a function de-
fined on the real line, which in a neighborhood of 1

has a continuous first derivative. Then, as n- e ,

2
s° = m2c [g'(n)]2 .
g p 1

Theorem 7 of Arvesen [1], although a valid re-

sult, appears with a faulty proof. This theorem is stated

below and can be found in Appendix B with an alternative

proof.

THEOREM 2.5. Let Xl""'XN (N = nk) be IID random

variables, and let k*(xl,...,Xm) be a real-valued sym—

metric statistic with expectation n and finite second

2
moment E{[k*(xl.---,xm)] } . Let ¢ be a function

30



defined on the real line, which in a'neighborhood of
n has a continuous first derivative. Then, as ko=

(n £fixed) ,

n%[J(a) - e]/sg > t(n - 1) ,

D

where t(n - 1) denotes thé Student-t distribution with
n - 1 degrees of freedom.

The next group of theorems generalize Theorems
2.3 and 2.4 to establish the asymptotic normality of the
jackknife statistic when applied to functions of seveﬁal ’
U-statistics, where the U-statistics are, in this caSe,
symmetric functions of random vectors.

The advantage of such theorems is obvious.
Suppose, for example, that 2 = (X,¥) is a rﬁndom vec—
tor and that we wish to estimate h(vxnu&:circi) + where
h:R4 + R 1is a real-valued function. Under suitable regﬁ—

larity conditions, these theorems indicate that the jack-

. } - - 2
knife can be successfully applied to h(X,Y,Sx,Sé) to

. 2 2 = = i
estimate h(ux,uyfux;cy) , where X and Y are thg sam--

2
ple means of X and Y , respectively, and SX and Si

are the sample variances of X and Y , respectively.
These generalizations of Theorems 2.3 and 2.4
require the introduction of the following notation. Let

xl""'XN be IID random vectors of p components. Let
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g be a real-valued function of g arguments and let
3] =.g(n]_"”’nq) -

Let Ul,...,Uq be such that

1 .
R

j N j . '
UJ = (mﬂ) zck*j(xa sreesX ) B j = l,..e.q
| N
where Cg is as in (2.5) and k*J is a real-valued Sym-—
metric kernel based on mj obgervations and is an unbiased

estimate of nj . Let

" 1

6 = g(U r---:Uq)
and

1 . ‘
=-g(Ui,...,U§) , i=1,...,n,

j N-k\ "t j : -

U? = E . k*J (X FC ’X ) r l=‘.l’..-'- 'n -i j=l,. - B ’q ’ N
1 b b
C 1 m,
n—-1 "]

and c;; and  (b;,...,b ) are defined as in (2.8).
i
Define Ji(e) ri=1,...,n , J(a) and Sé

as in (2.9). Let

=‘a (t ---’t') at
gk g l' d / k (N,reee,gn )
1 q
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and

= C l
ag(tl,...,tq)/at Btr . (2.10)

g
kr k |(nlr---,ng)
THEOREM 2.6. Let xl,...,XN (N = nk) be IID random
vectors of p components. Let k*J(Xl,;..,Xm )} be a
J
real-valued symmetric statistic with expectation nu.

] . J
and finite second moment E{[k*J(Xl,...,Xm )]2} .

=121,...,9 . Let g be a real-valued function definea_
on RY , which in a neighborhood of (nl,.s.,nq) has
bounded second partial derivatives. Then, as noe ,
n%[J(Q) - 8] is asymptotically normally distributed with

mean zero and variance

2 g N
= m..,.9.9,

where

i,3 _ " %3 .
l_’,c COV[kC (Xl'...,'xc) r kC (Xl"”'}_{c” .

THEQREM 2.7. Let X

l""'xN (N = nk) be IID random.

vectors of p components. Let k*J(Xl,---erw), be a
' J
real-valued symmetric statistic with expectation nj ’

and finite second moment E{[k*J(Xl:---;Xm )]2} ‘

ij=1,...,9 . Let g be a real-valued function defined

q

ecn R° , which in a neighborhood of '(nl;-..,nq) has
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continuous first partial derivatives. Then, as n- = ,

2 » (% % m.m.g.g.ci'j) .
9p =1 4-1 + 31T

Consider the problem of estimating a parameter
which requires sampling from two distinct distributions.
For example, suppose that we wish to estimate 1o§(ci/a§) P
where ci and Ui are the variances of random variables
X and Y , respectively. If independent samples are
obtained from the distributions of each of these random
variables, the jackknife procedure could then be applied
separa#ely-to log(Si) and to 109(55) to provide esti-
mates J(log(si)) of log(oi) and J(log(Si)) of
ldg(di) . The resulté of Theorems 2.3 and 2.4, together
with the independence of the two jackknife statistics,
could then be utilized to obtain an estimate
J(log(Si)) - J(log(sj)) of log(ci/c;) and to provide
approximate confidence intervals and tests.

This method of jackknifing separately and com-
bining the results has obviously relied heavily on the
proper£ies of the log transformation. Another method,
requiring equal sample sizes, but which is applicable
to a larger class of functions, could also have been used.
This procedure requires randomly pairing the observations

. from the distinct distributions and treating the pairs
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of observed values as random observations of the random
vector (X,Y) . Then, with g:R2 + R defined by

g(u,v) = log(u/v) , Theorem 2.6 and 2.7 justify the use
of the statistic J(log(Si/Si)) to estimate log(oi/ci) .
where J(log(si/S;)) is defined as for Theorem 2.6, with
Ul=si and U2=S§.

The final group of theorems establish the vali-
dity of an alternative way to jackknife the two-sample
estimate, which does not require equal sample sizes.

This procedure involves computing an estimate of the un-
known parameter from both the samples, and then jackknifing
by successively deleting each observation (or group of
observations if k > 1) in the first samplé with the

second sample intact and then deleting the observations

in the second sample with the first intact.

The generalization of the jackknife to the two-
sample case proceeds as follows. Let Xl""'le be
IID random vectors of p components, let Yl""'YN2
be IID random vectors of p components and let the X's
and the Y's be independent. Let

k*
Cc

= * -
lcz(x ,...,xc ,yl,...,yc ) E[k (Xl,...,Xm ;Y

1 1 2 1 1 m,

= e s a X =¥ ;Y = aoe gy, ==
lx1 Rt e c 1 Yy “ec Yczl

1 1 1 2

and



= *
z varfk e (X1

"'-'Y )] r
¢1%5 €%,

1 c

yee-1X Y
c 2

1

where k*(xl,...,xm ;Y~,...,Ym )} is a real-valued statis-

1

1 2

tic, symmetric in the X's and symmetric in the Y's.

Define
U = k*(X Fose X ;Y L"'IY } r
ml m2 C a aml bl bm2

where C indicates that the summation is over all com-

binations (a.,-..,a ) from (1,...,N.) and all com-
o 1 my 1

binations (bl,...,.bm ) from (i,...,N

) .
2 2

The two-sample jackknife estimator is défined

as follows. Let Xl,...,XN be Ny cbservations from
1 .

the first population, and let Yl N 5

2
vations from the second population, and split the X's

into ny groups of size kl and the Y's into n2

groups of size k, (Nl =nk, N, = nékz) . Next, let

8 be the estimate of o baéed on all the observations,

~

“and let ei be the estimator obtained after deletion
-

~

of the ith group of X's , i =1,...,n, , and let @

be the estimator obtained after deletion of the jth

group of ¥'s , j=1,...,n, . Then define

2

F RO 'Y be N Obser—

1 er]

"=

36
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Jl,i = nle - (nl - l)ei’. L= l,...,nl r
sz:] = nze - (1’12 = 1)8.'3 r 1= 1r---rn2 r
1{1 | I{z
J, = J, ./n ¢ J, = J /n_ ,
and
n .
s = ni{ln (n -1t Zl(J -3.)%4[n, (n ~117% ;:12(J =J
g 1t Lo, 01 TRy Lo 4
i=1 J=1 :
The two-sample jackknife estimator is given by
Y, |
J = J,. .+ J, )/(ny +1n) .
i=1 1,1 =1 2,3 1 72
The following theorem, which extends Theorems 2.6 and
2.7 to the two-sample case, is stated for kl = k2 =1.
THEOREM 2.8. ILet Xl""'xn be IID random vectors
1
of p components, let Yl""'Yn be IID random vec- .

2
tors of p components, and let the X's and the Y's

be independent. Let k*j(xl,...,xml_ H Yl""'sz.)
J _ - J
be a real-valued statistic, symmetric in the X's and

symmetric in the Y's , with expectation nj and finite

second moment for j =1,...,9 . Let ul be as in (2.11)

37

(2.12)

.
Rl

(2.13)



for j =1,...,9 , and let g be a real-valued function
on RY , which in a neighborhood of (nl,...,nq) has
bounded second. partial derivatives. Let the jackknife

estimate J be defined as in (2.13) with

8 = g(Ul,...,Uq) . Then if n n, and n.,->e such

1572 1
1
that 1im(nl/n2) exists, nf(J ~ p) 1is asymptotically

normally distributed with mean zero and variance

2 . I 4 111,75 2. 21,3 ‘
o = lim { % g.mm.z, 7 + (n./n )imm g, "1}
npoe 1=l jzl glgj 510 1"72"7i73%01 f
where
i,3 ;
4 = Cov[k (XoreoesX Y. seua ¥ ),
C1Cy - 0102 1 cq 1l C,

x*J (XyreeerXy 17000, ¥Y )]

€12 1 . G
and the gy v i=1,...,9 are defined as in (2.1l0).
In addition, 8% + o2 .
9p
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Before proceeding to the next section, we intro-

duce a final theorem which will prove useful in subsequent

chapters. This theorem establishes the preservation of

the asymptotic normality of a random variable when trans-

formed by a function with continuous first partial deri-

vatives.



3%

THEOREM 2.9. Let {X;=(X;j,...0X;) & X,=(X00000X,) 4oun)

be a sequence of random vectors of s components such

that X_ > p , where’' uy = (p,;...,u ) , and let g:Rs »> R
R ~ 1 s _

be a real-valued function with continuous first partial

derivatives in a neighborhood A(y) of p . Then if

Y =0 (X - >¥ ~NO,Z) ,
~ ~1 ~ ~ s
D
s ( oI |
n[g(x ) - g{u)] -~ N(O, g, (g, (wo..) ,
n D i=1 4=1 "+~ "3~ 1
where- Es = (Uij)sxs and gi_= ag(tl,...,ts)/ati ‘

i=11,...,8 .

PROOF. On A(u) we have

3 5 k5
ntlg(x,) - 9wl = I g, (zIn*(X , - u)

where gn:’indicates that the partial derivatives are

evaluated on the line segment between X, and p,

-~

G, = (gl(gn),...,gs(gn)) and (-) denotes the inner

product function.

Now, since gn +~ p and the first partial deri-

P
vatives of g are continuous on A(y) , we have
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gi(gn) - gi(g) ,i=1l,...,8 .
P
Therefore, G_. + G , where G = (g {u),...,9_(u}) .
"nog o~ 1~ s =
Furthermore, since Y, Y ~ N(Q;ES)  Theorem 4.4 of h
D

Billingsley [3, p.27] yields
(¥nr§n) + (Y,G) .
D
To compiete the proof we need only note that the inner
product function is continuous. and apply Corollarf 1l of
Billingsley [3, p.3l1], .which yields
S

s .
'Y > G Y~ N0, § ] g; (Waywo,; ) . O

G
D i=1 j=1 J

n

2.5 The Generalized Jackknife

In a paper by Schucény, Gray and Owen [lo1,
the jackknifé method is genéralized to>handle more general
forms of ‘bias than Quenouille's estimatdr. A comprehensive
study of this procedure, together with a vériety of appli-
cations and examples, can be found in a book by Gray and
Schucany [7]. 1In this book, asymptotic results similar -
to those developed for the jackknife, which is a special
case of the generalized jackknife, are established.
Approximate confidence intervals and tests are obtained

in a manner analogous to those of the jackknife.
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A recent paper by Miller {14] summarizes some
of the latest developments in the jackknife techniqde and
indicates several areés where further research is require@.
In his bibliography, Miller attempts to list all published
works on the jackknife methodology, providing an excellent

source of references.
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CHAPTER 3

THE TWO-SAMPLE VARIANCE RATIO ESTIMATORS

3.1 Introduction

Recall, from Section 1.3, that the two-sample

variance ratio problem reduces to that of estimating
vp/vq = Var[£(X)]/var[£*(¥)] ,

where f£*(x) = f£(x}p(x)/g(x) , X ' has density p(x) and
Y has density gq(x} . We proceed by obtaining indepen-

dent samples (xlp---,x

y. ) from p(g) and  (¥yreeerYy )

1 2
from ¢g(x) so that (f(xl),...,f(xN }Y and
1
(f*(yl),...,f*(yN )} constitute independent samples from

2
the distributions of £f£(X) and £*(Y) , respectively.

The problem is thus reduced to the usual variance com-
parison problem. As we have méntioned earlier, however,
the usual assumptions of normality and of identical dis;
tributions, except for location and scale, are violated.
Consequently, robust estimation procedures are required.
In this chapter we discuss. several two-sample
estimation techniques and define the two-sample estima—
tors of vp/vq that are included in the Monte Carlo
study. Three variations of the jackknife method are

considered; Arvesen's two-sample jackknife [1], applied



to the ratio of the sample variances of f(X) énd £*(Y)
Arvesen's two-sample jackknife, applied to the natural .
logarithm of the ratio of the sample variances; and .
Miller's jackknife technique [13], which involves Jjack-
knifing log(Sz) separately for each sample and then
combining the results. -

Arvesen's two-sample jackknife technique with
logs differs from Miller's method in tha£ Arvesen's pro-
cedure involves computing the natural logarithm of the
ratio of the sample variances and then jackknifing by
successively deleting each group of observations in the
first sample with the secon& intact and then deleting "
each group of observations in the second sample with the
first intact. On the other hand, Miller's method fequifés
jackknifing the natural logarithm of the sample Qariances
separately and then combining'the resulting jackknife
statistics.

The other methods discussed are the classical -
F method of variance comparison; a modified-version of
a method suggested by Box-Andersen [5]; and the”Box‘pro—
cedure [4], which requires dividing the samples into
disjoiﬂt subgroéps, calculating,‘légtsz) for each sub-
group and then comparing the two sets‘of Valﬁes by a

t—test for location.

43
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The following definitions will prove helpful
in the subsequent discussions. Let X and Y be ran-
dom variables with densities p({x) and g(x) , respec-
tively. Denote the kth central moments of f£(X) and

£%(Y) by uk(f) and uk(f*) , respectively, and define

U; = uzpf) ’ Ui*_= uz(f*) .
v (£) = wu,(£) /o> . (£%) = j. (£%) /o> (3.1)
1 3 s 1 3 f* A

; o ’ . 4 .
;08 = [u, (£)/63) =3, v,y (E%) = Dug(£9)/0g,] = 3 .

Y2

=
-

Recall that i = F{x.)/N and
P i£1 1

A 2
I =

g f*(yi)/N2 are unbiased estimates of

1 2

i=1

I = ff(x)p(x)dx s where (xl,;--,xNi) and (yl;....yNZ)

are samples from p(x) and qg(x) , respectiveiy.

3.2 Miller's Two-sample Jackknife Estimator (JM2L)

Miller [13] suggests that the log transformation
applied to the estimator 82 before jackknifing can
prove beneficial. This transformation tends to stabilize
the variance and reduce the asymmetry of the distribution

of the estimate.
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The use of variance stabilizing transformations
on the estimator, in conjunction with the jackknife, is
a widely accepted practice among advocates of the jack- _
knife method. In fact, Miller [14] indicates the need h
for such transformations to prevent distortion of the
results. Relatively little research, however, has been
done to study the connection between transformations and
the jackknife.

We now define J r Miller's estimator aPplied

M21,
to the importance sampling problem. Let (x

PR S
1 Nl
be a sample from p(x) and IEt'-(Yl""'YN ) be a sam-
5
ple from gq(x) , where Nl ='nlkl and N» =.n2k2 .
Define
2 _ 2,
Bf = log(of) ’ ef* = log(cf*} .
and (3.2)
~ 2: A 2
where _
N
52 = Zl [f(x.) - T ]2/(N - 1)
f =1 i P 1
and . : o (3.3}
N _ .
52 = ):2 [E%(y.) - I 1%/, - 1)
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Divide the sample (xl,...,le) into n,y subsamples

of size k. and the sample (y,,....,¥,, ) into n
1 1 N2

subsamples of size k, - Let J.{(6.) ., Jj(ef*) A PY R

2

and J(éf*) be defined as in (2.1) and (2.2), and let

n
2 _ AL 2 _
sp= 1 193680 = 1ty = D)
n .
s?2 = 7 [3.(6.0 - 36,012/, - 1) (3.4)
2 4l J £ £* 2 ‘
and
2 .2 2
sJ = [Sl + (nl/nz)SZ]/nl .
Define
T = {[J(8,) - 6.l - [T(og,) - 0c411/8; - - (3.5)

Then the statistic T 1is suggested as a basis
for tests and confidence intervals for 1og(02/0§*) .
If _72(f) = Yz(f*) and the subsample sizes are equal
(ki = kz)', then the statistic T is to be treated as
a Student-t random variablé with n; + n2 - 2 degrees
of freedom.

It is not difficult to show tﬁat the asymptotic

variance of the pseudo-values, Ji(ﬂf) and Jj(ef*) ’



are [Yz(f) + 2]/kl and [yz(f*) + 2]/k2 , respectively.

Thus, if Yz(f) # Yz(f*) or kl # k2 + the degrees of

freedom are somewhat ambiguous, as for the two-sample

t statistic of mean difference with unequal variances.
In practice it is uniikely that A

Yz(f) = yz(f*) » and, in fact, the importance sampliﬁg

problem may lead to radically different values for

yé(f)' and'ryﬁ(f*)’:z'The effect of yz(f) and yz(f*)

upon the distributions of J(af) and J(af*) will be-

come apparent in the following. The following theorem

is an application of Theorems 2.3 and 2.4,

THEOREM 3.1. Let X,,...,X

1 (N, = nlk be I;D ran-—

1)

Ny

dom variables with density p(x) , and let

1 E:

i 2
8e v 8p ¢ 5y
and ,J(Bf) be defined as in the definition of T (3.5).
Let the fourth moment of f(xl) ’ E[f(xl)4] , be finite..

Then, as nl+n° '

Booon 2

where 52 = y,(f) + 2 . In addition, 52 -+ 02 .
1 2 1 p 1

PROOF. Denote the random variables f(XiT by F. .
i= 1,...,Nl . Then the sample variance S% r defined

as in (3.3), is a U~statistic with symmetric kernel

2 . .
k*(Fl:Fz) = (Fl - F2) /2 , and with k¥ as in 2.6,
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it

. 2 .
EL(F, - F,)7/2 | F, = £]

*
kl(fl)
- ne? - 2 (B)E, + E(FO)] .
1 1 1 2
Now, since E[f(Xl{4} < w cl exists and is given by
= *
4 Var[kl(Fl)]
- War[F? - 2, (£)F.]
1 1 1
= %[Var(Fz) + 4u (f)zu (£) - 4np (f)Cov(F‘ Fz)]
1 1 2 1 . 1’71 ’
which, upon simplifying, yields
i = %l (£) - u (67
1 4 H2

The theorem now follows immediately from Theorems 2.3

and 2.4 with g(x) = log(x) - and n = 0;.. .0

The next theorem establishes. the asymptotic

normality of the statistic T defined in (3.5).

THEOREM 312. Let Xl,...,XNl (Nl = nlkl) be Nl - XID
random variables with density p(x) , let Yl,...,YN

2
(Nz = n2k2) be N, IID random variables with density

q{y) , and let the X's and the Y¥Y's be independent.

Let T be defined as in (3.5), and let the fourth moments
of f(xl) and f*(Yl) be finite. Then, if hl+m such
that lim(nl/nz) exists,
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T o+ N(0,1) .
D

PROOF. From Theorem 3.1, we have

B 0 2
nl[J(ef) Bf] ; N(O,ul)
and‘
2
S -+ g r
1 p 1

2 _
where Ul = Yz(f) + 2 .

A similar result can be obtained for J(Bf*) ;

that is,
R T, 2
n,[J(6.y) - 0 gl ; N(0,c.)
and
2
S, * ¢ r
2 p 2
where 02 = y.(f*) + 2
2 2 -
Now, if 1im(nl/n2) = ¢ , we have
nl—H»

ni[T(6._.) ~ 8..1 + N(O cs?)
1 £* . D f 2

and

2 2
(ny/n,)8, S %%
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But J(éf) and J(af*) are independent, since the
X's and the Y's are independent; thus, as nl+m P
nE(13(6.) - 8. - [J(o.,) - 0.1} » N(0,62 + co?)
1 f £ £* £* D 1 2
and
2 2 2 2
Sl + (nl/nz)s2 ; oy + co,
and therefore the statistic T is asymptotically dis-
tributed as a normal random variable with mean 0 and
variance 1 . ‘ . d
Theorem 3.2 justifies the use of the normal
distribution or the t distribution to obtain approxi—_
: 2, 2
mate confidence intervals for log(op/og,) . The t
distribution will, of course, result in more conservative
confidence bounds. To obtain point and interval esti-
. 2,2
mates of the parameter of interest, vp/Vq = 0p/0sy o
we apply the exponential transformation to the estima-—
tor of .idg(vp/vq) and to its associated confidence
bounds. This yields an estimator J - of the variance

Tyor, = exp(J(Bf) - J(ef*)) . B (3f6)
In the Monte Carlo study, Jyar, is defined
as in (3.6) with Nl = N2 and k1 = k2 =1 . The con-

fidence intervals.for vp/vq are obtained as follows.
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Let

and

Cp = J(0g) = Tlog )= 2, 585

where Prob(V > za/z) = o/2 and V ~ N(0,1) . Then
(Cl'cu) is an approximate 100(1 - )% confidence in-
terval for 1og(vp/vq) , and, since the expoﬁential trans-
formation is a monotonic increasing function,
(exp(Cl),exp(Cu)) is an approximate 100(1 - a}%
confidence interval for vp/vq .

It is worth noting, at this point, that although
the jackknife estimator.may eliminate a first order bias
term for 1og(vp/vq) , the exponential transformation may
reintroduce a first order bias term for vP/Vé . To see
this, consider an estimator 8 of some parameter & ,

and the estimator B8 = exp(8) of exp(e) . Expanding

exp(®) in a Taylor series .about 6 , we obtain

exp(8)[1 + (6 - 6) + (6 — 8)°/2 + ...]

exp(B}
and

E(exp(a)) = exp({6) + exp(e)[bias(a) + %MSE(B) + ...1 .
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A

Thus, the bias of B is given by

bias(é) = exp(e)[bias(a) + MSE(a) + ...] .

A

Note that even if 8 were an unbiased estimate of 6 ,
the bias of B will generally be of order 1/N , since

var(e) is usually of order 1/N .

)

‘3.3 Arvesen's Two-sample Estimator with Logs (J.
. F3Y

2%

The J estimator, defined in this section,

A2L

is based on Arvesen's two-sample jackknife estimator
applied to the importance sampling problem. As for

Millers' estimate J , the log transformation is used

M2L
in-conjunction with the jackknife.
Let Xl,...,XNl (N

varlables.w1th density p(x) , let Yl"'f'YNz ﬁN2.= n2k2)

be IID random variables with density q(y). , and let the

1 = nlkl) be IID random

X's and the Y¥'s be independent. Divide the X's into

ny groups oOf si:ze 'kl and the ¥'s into n, groups

. Let

of size k2

F = f(Xi) ’ i= l:---lNl 7 7

F; = f*(Yi) PR | =_l,...,N2 ’

0 = 1og(s§/s§*)



and

8 =1 v )
og (Vp/ q ’

2

where 52 and 8 , defined as in the previous section,’

£ £*

are the sample variances of (Fyr---/Fy ) and
l .

(Fi,...,F§ ) , respectively.
2
Let ei be the estimator .8 after deletion

r* .
of the ith group of F's , and let 6 . be the esti-
r

~

mator 6 after deletion of the jth group of ¥F¥*'s .

Then Jl,i r J2,j ' Jl r Iy

as in (2.12) and 2.13), become

}=-—3 - A -— 2 .
Ip,1 = 93(0g) - loglsg) v
J, = = loq(Sz) -J (3 ) .
2,.] £ . j  £*
J. = J(8,) - log(s2.)
1 £ f£* r
3. = log(s?) - J(6,,)
2 o f . £+

and

J and J , defined -

53

] X ) .
3 = {n [3(6.) - log(sL,)] + n,[log(s2) - J(6. )1}/ (n +n)) ,

where J(0.) , J{bg,) » J.(e;) and Jj(ef*) are defined

as in the previous section.
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. 2 - . .
The variance estimate Sg , as in (2.12), is .

given by

2 .2 2
Sg = Sl + (nl/n2)52 ’

where si and Sg are defined as in (3.4).

From Theorem 2.8, if the fourth moment of Fl

is finite, the fourth moment of F§ is finite, n, <n,

and n,>e such that 1im(nl/n2) exists, then. -

L
= - ;1) .
Z =n_lJ 1og(vp/vq)]/sg - N(0,1)

. D

Thus, for n, large, Z is approximately nor-

mally distributed with mean zero and variance 1 .

The estimator J

AL of vp/vq, is defined by

J = exp(J) . o (3.7)

A2L
As for the Jy,. estimator, the statistic JAZL » entering
the Monte Carlo study, is defined with Nl = N2 and
k. =k, =1 . Approximate confidence iﬁtervals for

1 2

vp/vq are obtained in an analogous manner to those for

the estimator J . That is, iIf

M2L
. 1.
= + 2
Cu J za/2sg/nl
and -
- L
Cl = J za/zsg/nl ’
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where Prob(Vv > zu/z) = a/2 and V ~ N(O,})_, then
(Cl,Cu) is an approximate 100(1 -.a)% confidehgeiin—
terval for 1og(vp/vq) . Moreover, since the equnen—:‘
tial transformation is a monotonic increasing funcfibn,
(exp(cl),exp(cu)) is an approximate 100(l - a)$%’ con;
fidence interval for vP/vq . | ;-L '
Both Miller's.method and Arvesen's me%hoé,ére;‘:
valid asymptotically, but, as yet, £here_ha5'been-litt1e’_f' iT
research. done to determiﬂe-whether one is-superior to ‘
the‘éther. A comparison of the performance oftfhege twd..w
estimators, .in the Monte Carlo study, is given in_Chaptéf_'

6.

g

3.4 Arvesen's Two-sample-Estimator Without Logs (JA

2} -

'
-

The ‘estimator J is Arvesen's two-sample

A2 -
. - 2,.2 - A
' i ' i B = = .
Jjackknife estimate applied to Sf/Sf* (6 ,vp/vq{. B
"That is, = B

¢

=T G

where J is as in (2.13) with 8 = Si/si*-
mate is included in the Monte Carlo study, thus-allqwiné  :

- "

This esti- . .

-the effect-of the logarithmic transformation of the

.estim t e -studied. A
,quL stimate to be -studied

. ' * * N )
1 .ané Fl’ aré
finite, ny < n2 .and n1+m such that l;?fnl/?z) B

If the fourth moments of F



exists, Theorem 2.8 yields
7 = n%(J - v /v)/8 =~ N(b;l) ’
1°"A2 P a’ gy
where sg is defined as in (2.132).

Thus, for large ng Z 1is approximately dis-
tributed -as a normal random variable-with mean zero and
variance 1 . Confidence intervals for Vp/Vq are then
based on this normal -approxiamtion in the usual manner.
‘Again, the form of the .estimator qum_whichjenters the

Monte Carlo study is as in (3.8) with N, =.N, and .

ky =k, =1

3.5 _The ‘Box Estimator (B, )
- - - K

Let (xl,-..,le) and (yl,..;;yNZ) be inde-

pendent samples from p(x) and q(x)‘, respectively.

“The Box method requires that (f(xl)....,f(xN }) and
_ 1

4f*(yi),...;f*(yN )) each be’divided into subgroups
2

of size k > 1 . Log(Sz) is then computed forneach
subgroup arnd the two sets of values are eompared'by'a
‘two—semple t-test for location. The details of the
.proeedure_are given below. |

Let X ,,..,XN be IID randomrvariables with
reeesyY be IID random variables

1 ) N2

density p(x}) , let Y
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‘wi'‘th-density -q(x)- , and let the X's and the ¥Y's

"be independent. Let

= 3 .' - . & N
Fi f (Xi) ) 1 1,2, s

' F¥ = £5(¥.) , i=1,2,...,N, .

"Then FIr---fFN .are IID random variables and
l .

jfi,...;Fﬁ - .are IID random variables and the F's and
; N, ) ,

F*'s are iridependent. Now divide -the 'F'é and the

F*'s -into subgroups of size k > 1 (N, = nlk, N =‘n2k) .

1 2
‘Define '
i i, . S Lo ‘

Vi = lOg(UF) v L= l,f"'lnl s ‘ ' (3.1.0)
-and

Wj = log(Ug‘*) I j = l,'- .:;1’12 r
.Qhefe ﬁéb'and ﬁg* are 'the sample variances based on
the iith -and jth groups of'the F's .and ‘F*'s , res—
pectively.

The random variables Vl,---,V  and
m

XWl,...;Wn are then treated as independent identically

2 . . .
distributed random variables from normal distriﬁutions
with equdl variances ‘and means .log(0§)~:and '169(Q§*) F

:respectively. Define a statistic T by
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.. 1’5 "'_""_ y ' 2 2 ’ .
L nlnz(nl+n2 2) [v-W log(cf/of*)] ‘ o
T = ‘ (3.11)
(nyny) 2 272 -
[(nl-l)SvfgnzjltSW]
where - C : y RN
n o
1 2 .
2 . - 2 ,
s = Y (v, - V)/(n,; - 1)
v 41 i 1 o
and
n d N
2o 1w -, -1 o
w =1 i 2 : L o

T .is then assumed to have a Student-t distribution with'’

nl=+,n2 - 2 .degrees of freedom and is the basislfof.COn-?,

fidence interval construction“and-hypothesis teéting.,‘

The theoretical .justification of the above t"'

‘approximation requires -that the standardlzed fourth cumu-

‘lants «of the F's and the F*'s be equal, i.e.”

¥.q (£) = Y (£x) This.requirement iS‘necesSary to assure -

ithe.equality of ‘the asymptotic ‘variances of v -and

%Wj vas will, become apparent in the proof of the follow1ng

theorem.

"THEQOREM 3.3. ‘Let Fl,...,FNl be N1 '(N;.= nlk) ‘1n§e—,
pendent identically distributed random variables,-and

let ‘F¥,...,F* be N (N, =.n k) .independeht'identi~
_ 1 N2 2 2 _ ) - _ :
cally distributed random -variables, such that the ﬁF'Sj? 

:and the F*'s .are independent and LD (£) = Y (£%) --,-'



S - R
Défi'ne -v.ri r i = 1' ... 'nl x 'Wj ! j = l'.- ."Inz _'7 \’-’::ar}d .-.l'.w :-A :';5:‘ ;"rr '-! ".\1::'
T :as in (3..10) =and (3.11). Then for -nl .and ;nzj;fixed,”~ﬂ5:f“' d
‘ o N roo ' _ ' ;,;;f*f Efifi .
as Ny~ and NZ' ! BT ST S S
T > t(nl + n2 - 1), . .i ' ' o ) - - :" e : ‘

D T e
swhere 't(nl + n, - 2) .denotes the Studentut dlstrlbutlon 1 Ei»{ff-i‘
‘with ny + n, - 2 degrees of freedom. . Zﬁ‘ﬁfﬂ";:fif%'f"”'” ‘
~PROOE. -The random variables 'Vl"“"vn' iare«independentg'-if;fa "
o ——— \ - A.l * o i _‘; o o " “,..;“ "*‘. : ) _,..}
.and :identically distributed since they=areabased:on~diseﬁ‘ SR
joint subsets of the IID random variables fE SRR

) o .l Eo ‘t;.:
similarly, Wy,.../W ~ are IID random variables. :Also,- ¢~ 0. "
the V's and (W‘s rare independent because .the Fis :“‘f“‘ .
dnd * F*'s -are. 1ndependent : , _lwff: .dhfﬂh’f’

“Now, ‘Erom "Theorem 2.9, 51nce the sample varlance‘ '

-is asymptotically normally dlstr;buted with mean U

AT

«_ -and-variance "iu4(f) wiq4]/k-;~the raﬁdem'varieble .
Vi*=%iog(d§) ‘is asymptotically normal with meantgﬂbﬁ-’””;”:
flogxcé)'eana'varlance w[u4(f)/c, - 11/k = v, (£) +. 2]/k

nSimilarly, ‘ij= log{q ) is asymptotlcally normal w1th
'mean'flog({ﬁ*) and variance [Yz(f*) + 21/k . Thus, ’
as ke , o ;‘",.;;';{g

1 : - - . t.’ P
kﬁIV.--flog(oz)] + A, ~N(O,v,(f) + 2) , i=1,...,n
i £ p 1 277 P A

L)
“
- "
R T
LR S
PR
. e P
¢ “
— “
b
- .
oy i
r ; i
< : '
-~ L
. . *
. A
. . .
. PR
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15 2 - . ] . _ o
k ‘[Wj - lOg(Uf*)] "D> Bj N(O,Yz (f*) + 2) y 1= -l]- . -11’1‘.2 v
--and the random variables A, ,...A aid B.,...sB
1 snl 1 n2
N

retain the:properties of independence: possessed by the

random variables Vl,---;an and Wl,.--,an .

Define the statistic T* by

1
. —oy \%2 o
S i b e M W (A-B)
(nl+n2) o T 2' T z-g ’
[(n;=1)S;+(n,-1)s:]
where
n ' o T
1 . )
-2 o _ -2 _ ‘
Sl e oD ae -
and
g2 = 1212 ®. - B2/ - 1)
B. (21 i ) Ry -

Then, singe' Yz(f) = Yz(f*) , we have Var(Al) = Var(Bi) ;;
1and the sfatistic T* has a Student—t,distribution with M.,f"
g +:n2 - .2 degrees of freedom.

Now, reasoning as.in the proof of Theoreﬁ 2,5
_‘and applying Corollary 1 of Billingsley [3, p.31], we
.obtain |

T o> Tk o~ ﬁcn + n
D 1

2~ 2} . 0
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2 2
_ *
If Yz(f) # Yz(f ) , then on * g (where
2 2
GA = Var(Al) ' OB = Var(Bl)) and, consequently, the

statistic T* will not have a Student~t distribution
with ny + n2 -~ 2 degrees of freedom. That is, the
statistic T will not be distributed asymptotically as

Define a statistic t* by
- . 2 2 1
* = -
t (A B)/(SA/nl + sB/nz) .

2 2

Then, Wetherill [23, p.1l60] suggests that if Op * Tg v

the statistic t* has an approximate t distribution .

with 'effective' degrees of freedom f , where

4,.2 2 4,2 2 :
1/f = oA/G ny(n; - 1) + o /G n,n, - 1) , (3.12)
with
2 2
= + .
G UA/nl ch/n2
2 2
If 9 and o are unknown, they may be replaced by
their sample estimates Si and Sg .

The formula (3.12) is obtained by finding the
degrees of freedom of a t random variable with approxi-
mately the same variance as t*. In the derivation of-.
(3.12),'Wetherill uses 1 + 2/f to approxiﬁate the vari-

ance of the t distribution with £ degrees of freedom,



instead .of its actual variance 1 + 2/(f - 2) . “A deri-
vation-of (3.12) follows.

Let A - B =X and (s'zz,*/m_JL + Sg/n.z) =Y .
‘Then X +and Y are independent, since A and ;Si
are independent, B and Sé are .independent and the
A's and .B's are independent.

Now

Var (t*) ,Var(X/f%)-

E[Var (x/@f%’ly)‘] + Var [E (x/y;ihz).]- ,

~and, 'since X -and Y are -independent,

Var(X/f!'éi]-Y) = Var(X) /Y
-and
;E“(x/f;5 |¥) =.B(X) /Y%
=0,

since E(X) = 0 . Therefore
Var (t*) = Var (X)E(1/Y) ..

‘To evaluate -‘E(1/Y) , we - expand ‘lfY .in a

tTaylor*serig54about -E(Y)v=-G-. -Thué,

1/¥= 1/G - (¥ - @) /6 + (¥ -6 2/c% - ...

L

62
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~and
E(1/Y) = 1/G + Var(Y) /G
=1/G + [Var(sz/n')‘+ Var(Szén ii/Gj"
| 2™ g/ "2’ -
But
S 2. .4 |
Var(SA) = ZUA/(nl .l)
and
2y o 4, o
Var(ﬁB)'— ZUB/(nz_ 1) S
‘Therefore
ere o A2 4,2, o3
E(l/Y) = 1/G + 2[0A/nl(n1 1) + _ch/nz(n2 l{]/G .
Noting that Var(X) = G., we obtain
er 4,2, 4,2, o .,20 .
Var{t*) = 1 + 2[0A/nl(nl 1) *‘“B/?Z(?z l)]/G_”._ . (3.13)

BEquating (3.13) to the‘approxim;te'variahce-dfitﬁe t
distribution with f degrees of freédoﬁ, i.e. to
%l*+ 2/f)‘,rand‘501vingnfor /£ , yields’(?LiZ):

If weé were to equate (3.13)'to‘ﬁhé-éctuélﬂvari-
‘ ance,bf a, t random variable with'-f deg;ees'qf‘f:%e_

| dom,'ﬁe would‘obfain 'effectiﬁé'.degreés“df‘fréédom‘ f",'"‘” ‘
where f' = £ + 2 . Thus,Wetherill“s_proéedu¥e ié'

[

:slightly more conservative.



In practice 0; and ﬂqé -are usually unknown

t«and*the-aSSumption that a§-= qg_ may - be unreallstlc 'iﬁ
2 . o

_If' o is very small relative to 02 ,.most.of-the?error -

A - B

:will be '‘due to G; ; and consequently Ehe!}effecti&e'

-degrees of freedom would be nearer tonfnzf" 1., as is .|

e L ¥

.indicated by (3.12). o LA

. Note that the statlstlc t ., deflned by

RN R 2 o iyl YIS
t=[V-W- log(vp/vq)]((ﬁv/qlu+ sW/nz)h V*i"ﬁ e

Lo =
- !

+

uis‘asymptotically distributed'as £ ;f Thus,-Wetherlll S

-method.may be used to obtaln approx1mate confldence 1n—k“kg

- e
[

texvals and tests for log(vy/V,) When Yz(f) - Yz(f*) L

Point :and -intervals estimates of vé/?qﬁ can- then be -

; . B
iy s v,

15,;'

‘btained :as-for Jy,p and J,,. e c,'”“' h;ﬁixf. |

The problem of determining an- Optlmum subgroup
EsiZe k chasqnot,;as yet,,been'solved. aRecall that the
statistics f and t wiil’be approx1mateiy dlstrlbuted
as & :randomrvariablesvif v, ‘and . WJ are: approx1mately
normally distributed, that is, ' if the subgroup smze"k:?f

is large. Indreasing k , however, results in 1oss of

degrees of freedom of the +t rstatlstlc. Furthermore,iv;a

“

- s ~ : A
EAT S ,lalthough con51stent, is a. blased estlmator of ..~

[

&pg&yp/vq) ‘and small k may result in a- 1argerb1as li,gﬁ~?l

-accompanied by a short confldence 1nterval.. To complm—':'v‘g;

F

cate matters further, if v,(£f) ‘= v (f*) we must use

Y
-zu' -



A . ) ' . ‘.1._,?} ’u','.
“§?':ana g2 iniplace of o? and o , in (5ML2L~2tbuf?"; '
V. W ; A - B o " " Pt .

.estimate the “effective' degrees of freedom £ .. Thus, ".) T ‘
“the~va1ﬁe'obtained for £ .méy not -be reliable ‘for small. - °
. . e .__,q‘?\‘,’(j -

- : S R TR

‘In view of the fact that v,(f) -and Ty (ER)
may differ greatly in magnitude, we shall consider a. .. %

“statistic T, which is distributed asymptotically as ﬂ“ﬁlﬁ“

a t -random variable, but fQQuires‘that the Sémﬁlq sizéé-g;:

1= B 1 = Nywe

. We begin-by randomly ‘pairing the -Vi's and e

P

.and 'the group ‘sizes be equal, i.e. 'n, = n ianq N

‘the W.i-'s -and defining I ' S

z ‘i=l o "’:

“and : . R : .
T“ =in%[§ - log(v /v )]/Sﬁ R R

2 T o p ‘ q ;. z . S

Ehen-nzl,...;zn .are IID random variables and aé¥”k%m‘;ﬁ‘

A . R . T

with ~n fixed, .- ‘ S IR PR N

- ‘ - 7 = - ,
B A K : IR r

-7, >k - 1) . S
D o

Theorem. 3. 3. '

. .
i
v
- . 3
: o T N
N .
e ;
4 4 Ll © oA !
4 \ iy
H L
P
A RO
* iw LS B
. .
‘ 2k
3 Wb -
. L. . e
-t u o
v i \ gt
. . )
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‘Now.:define
‘B, = -exp(Z) , . O A3.14)
. . » ' ~
where .k indicates the group size. Then Bk is.a con- ~

sistent estimator of v'p/vq ; and confidence intervals -

for vé/vq are obtained as . follows. . Let

-— 1
c, = exp(Z + t_, 8 /n7)

a/2
and

~ = iv _ : T
e = expll - 8, /0

where Prob(X > ta/z)-= «/2 and X~ t(n - 1) . Then -
{ClﬁCﬁ) is an .approximate ‘100(1l - a)% confidence“inter-~:
-yal ifor v _/v_ . ' ST e
P4 ceo A

" 'In the Monte Carlo study, the estimators B

.and .B -are .implemented with n = 30 .

10

.3x#6 The Box-—Andersen Estimator (FBA) | _ DR

The Box-Andersen test [5] for comparing Variv?'x
ances involves adjusting the degrees of freedom of the‘;‘:
.cléssical F or beta test in order to reduce the‘éffeéts - o
of non-normality. The .adjustment is_obtained byvéquatiﬁéé.
the first two moments of the beta aistribution'ﬁo the

first two ‘moments of the beta statistic under the permu-’

tation "distribution. "For example, if (xl,..-fxn) and
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(Yl,...,Ym) are independent samples, the test is obtained
by comparing the F ratio Si/S; with the critical points
of an F distribution with d{n - 1),d(m - 1) degrees

of freedom. The adjustment d is given by

a=(L+u) ",

'Y'z

fined in a manner analogous to Ysz) .

where is an estimate of Yz(x) ’ yz(x) being de-
This procedure requires that the random vari-
ables v(xl - ux)/ok anq (Yl - uy)/cfy be identically

. . _ - 2 _
distributed, where u_ = E(Xl) rHy = E(Yl) r 9y Var(Xl}
and g§ = Var(Yi).. With this requirement satisfied,
Yz(x) = Yz(y) and a pooled estimate of T, can be'ob-

tained. Thus, if r = ci/ci , the estimator Y, y SUg-

gested by Shorack [20], is defined by

~ .4 n = 4 m - 4
vyo + 3= (m+n)fr ¥ (X, -X) + § (Y. -Y)1]
2 i=1 1 j=1 3
n m : "
/i) x -®%+ ] (. -DAc. (3.14)
i=1 * j=1 J o :

Y 2 .
is the value obtained under the null hypothesis of equal

Miller [13] defines as in (3.14) with r = 1 , which
variances. Approximate confidence intervals for. r can
be constructed for this procedure, but the calculations

are somewhat tedious.
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TIn view of the.factuﬁhat it isiunrealiétic
'tO-assume~#hat“the random variéblés _(Xl - ﬁ#)/qx and
421__3yy)/cy :are identically distributed, we.conéider‘
_anﬁ&lternative approach, -which is o@tlined in Plackétt
17, pp.83-84]1. |
] Adopting notation siﬁilar to;Plackett'S} let
 §i(T2(x); n - 1) and S;(Yz(y): m - 1f ;pe thé-gample
:yaﬁigncesrof the X's and Y's ,'respectivély,:wheqe

mz(x) ~and yz(y) ‘are the*standardiééd”fourthibumulanﬁs

of X ‘and Y s respectively, as .in (3 1). Then

. 2, . T r=4.2
: E[SX(YZ (x)_un l)‘] .qx r
a rel o fer . 1 =J"2
-E[ﬁy(Yz(y),y 1) ] gy r

Var (g2 (v, (x) jo-1)] = 2§§r1fon—l)vztx)(;n]/gh—l)

N ‘and

*MarDS§&12(ermfl)]*=203[1+(mTl)Yz(yYVZm]Z(mr;) .
' Since S (Y {x) ;n-1) and S (Y (y)*mrl)
asymptotlcally normal they have the same 11m1t1ng dls-“

tributions -as sx(O,ﬁx(nhl)) ‘and ay401ﬁy(mf})y~, respec-

tively, where " o i )
§. = [1 + (n-1)y fx)/zhi;lfﬁ
X 2 .
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— ) '-.'l
-6y = [1 + (m l)y2(y)/2m]_ -
Therefore, the statistic F defined by
F = 820y, (x) ;n-1) /S (v, () sm-1)
x '2 ! y 2 i "
‘has the same limiting distribution as.
rr = s2(0;5. (n-1)) /520075 (m-1)) .
x [ A x . Y y .

Thus, for finite samples we infer that;\rF
is approximately distributed as 'an F random variable -
with Max(n—l),qy(mrl) degrees of”freedom. “Estimates
4 and d_ “of &§_ .and §_ , respectively, are obtained
X y X vy ‘ L
by replacing v,(x) and y,(y) , in (3.15), by sample
estimates 'gz(x) and gzly) ; respectively. .

To apply this procedure to the iﬁportance sam-—

pling ‘problem we proceed as follows. Let ‘El"':'FN‘

A K
and Fi,...;F§ ‘be defined as in (3.9). -Define -
2 : a ot
N .
1 4 | L 4
My (E) = ) (R, - B /0y -1,
i=1 .
2 ) : WL
] *) = * — * ‘ - :
M, (£%) izl (F¥ F.) /(Nz | 1) ,

_ 4 L .
g,(f) = M (£)/5 - 3 e
-and o ‘
4 C ol
g, (£%) =M, (£¥)/S., - 3 ," .
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where 8¢ -and Six are defined as in (3.3). -Then.  -. R
gz(f) .and gz(f*) are consistent estimators .of *Yé(f)“ o
and v, (£*) , respectively. I A TP AN
“ ‘Now -define S ?. i‘“? ‘ '
o= L4 . - g (e/maTh el
~f 1 e S R A el
and ‘ . ‘ ‘:‘:';‘1 o :’,r’;‘" . o - .i‘;
: A, = [+ (N, - Lyg,(er)/an iTE T L0
The estimator Fpa 18 .defined by- . e
Fop = Sg/Sex v T AN e (8426)
‘the -classical F :statistic. \Conf‘idence‘1;;i;nte1:"Va';L‘s- and et
‘tests, -however, .are ‘based on-the F .distribution:-éwith .
:df*x(N_z - 1), 'd,f"(Nl = 1) dedrees ‘o,f lfr;_eec%qm'. _F Tlr':athrls_-, - h
swe .assume ‘that | e - ]
v /P ~F(d - . d_(N, - |
(vp/v.q)/FBA F( £4 (sz ‘l_) ’ ;f( 1" T
VY _ Let PR
= £F .o PR
Cu u pa L
~and o
[ b
= £ o P
cl lF.‘ ' oy -
*.ff: :
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PR
S
L.
P 1
11 =
i o, 2 '

where ‘f -and £, .are.such that Prob(F' >,fﬁ)i=;dzzl“"}r,g,*

T L wl

‘and “Prob(F' < £1) = a/2 , F' ~ F(dg, (N,-1),d(N;-1)) . PN
-Then (Cifcu) _is -an approximate 100(1 - a)'% 1confiaeﬁCe[“

4 EEE U

tinterval for VPVVq.- : S -“‘V T

5 ol o

The interval estimate of vP/VQ' thus aCCbuntS“"”f“;“:?h

for .differences in 5 (f)  and Yz(f*) . Note ‘that large ;';_fii

values of Y, could result in very small values for--;~ﬂ;}_{;gf

maf or. A, - Thls situation, however, would suggest 1;i -
ithatﬁrargeasamples weremrequlred‘to'COmpensate”for’the:?lfyi 'ﬁ
thigh 'dégree of. hon-normality 1ndlcated by Y2 or, 1ts ﬂf?;f_vigrf.:
ssample~estimate. g o _'-T:;ij niarf;ifaii';’
3.7 _fhe Classical F Statlstlc @® "ff "fi;jg:g;Zfd;,:‘ }
It is+well known that the cla551cal L F - Pstatis;k': f?;

“tic is ‘extremely non—robust with respect to departures ﬁ“f;>'g¥?2‘
~from~norma11ty {see Box [4]). Por comparatlve purposes:,;;;;‘i;‘:
this classrcal .procedure of variance comparlson 1;,1n—"& ij“;j 1 EL

FER

,qluded~1n-thefMonte carlo -study. In the . follow1ng we {ﬁﬁ ' 1;wil“f

”ﬁefihe'the F statistic and its as5001ated 1nterval estl—‘?:g:‘

#mate, -applied to the problem of - estlmatlng LV /vqﬁ. ﬂ:' " _ 4
Let )Fll Fue ey FNl and Fl' LIS 'FNz be deflnedf_;: ' _“T :‘I ..I'o.

+as in ,(3.9). .Then define the .estimate :F of Yb/vq

, 2,.2 I
F = Sf/sf* r . )




where 52 .and .S,2 .are as in (3.3).

:—;f f*
Let

and

Cﬁ = qu )

where .Prob(F' < f_l) = g/2 -and Prob(F' > fu) = a'/zl .
| B - - . T . . !
F F(N2 l’Nl 1) Then (ClLCu)‘,lS agssumed to

‘be @ 100(l ~-®)% confidence .interval for VoV

72
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CHAPTER 4

THE ONE-SAMPLE ESTIMATORS

4.1 ‘Introduction

Rédall, from Chapter 1, thaﬁ the one;sample
approach to the problem requires that an estimate of |
‘the variance ratio, vp/vq ; be obtained from a singie
‘sample, (xl,...,xn) , drawn from g(x)} . We introduced
two 'such estimators in Section 1.4; the Sukhatme esti-

.

mator, ‘6, ; and the non-negative estimator, o, -

-~

The -Sukhatme estimator .is defined as in (1.5),

- by

~ n 2 2
,-els =1 + {-‘iZl [£% (x, ) E(x,) - £* (xi)]/n}/Sq ’

and the non-negative estimator is defined .as in, (1.8),

4by
- 22 102
where
2 _ ¢ 2, |
8, = _E p(xi)[f(xi) - Iq] /nq(xi) .
A=1 .

In this chapter we define the one-sample esti-

mators J : T r J, ‘and J and their -associated

51 7 “s1 ' “wi WIL |
interval estimates. .For convenience-we shall use the

.same .symbols when referring to,the‘intérval.eStimates“

as -are used to denote the point estimates.
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The four -methods of obtaining approximate :con=«

fidence -intervals for vp-/vq are; the:jécﬁkﬁifeiprocedure

) ; the jackknife

)

applied to "the Sukhatme estimator (JSl

procedure “applied to -the non—negetive-estfmatdr \ﬂle

the jackknife technique applied to the natural 1ogar1thm

.0f the non-negative estimator {JWIL) ;-and_a method :

based on the asymptotic normality of the“Sukhatmeiestﬁ—wrf

-mator -and a consistent estimate 'of its-variance (Tsl)‘-L“

‘Since thewSukhatme‘estimatorxggs: may yleld
negative estimates of the variance ratlo, we cannot jaCk—~

.knife the log of this estimator. -as we can for the non—‘
negativéjestimator ew . It is p0551ble, however, to '

~

obtaln*an ‘estimate of the varlance of S by estlmatlng

the varlancevof the first.order terms of  a Taylor serles
‘eXxpansion of Bs . As we shall see 1n;Sect10n 4 5, the

-~

Sukhatme.estimator is asymptotically;normallywdmstributed;

and. i'ts variancde estimator converges in{probabilitylto-
“*the \asymptotic variance of Og - ~‘These'results~theh

justlfy the use of a normal approxlmatlon to obtaln aﬁptOXL—
'mate’confldence intervals for -vp/Vq o The resultlng 7
ihtervél estimate is -denoted by ﬁTSl ahd‘tor convenl-if”
«ence .this symbol isalso usédffot'the«p01htfest1mate”

YH.e. T.. =6 . RS T PR S




4.2_The Jackknifed Sukhatme Estimator {(J.,) L &
1 - - - - - T o) A ‘. .

* -

" 5
s

The jackknife technique canfbe,schesqfullyzf‘

~

applied to the.Sukhatme estimator o4 .;_Keepingwnogaf'

{tion.consistentaWith=that of .Section 2.4,1we procéed

as follows. s ;%"i“

P

.Let XI,...,XN (N- = .nk) be IID random vari—

AR

1
"4

P

[ORRE
el
3

doa

dbles with.denmsity q(x) . .Define

:Eia=Jf(xi) , i.= ;,..}in f:;ﬁ

~.,i='-='f* X. . ='. "'-.'

F-:_L ( l) r 1 1!_  -_'N“'t,.
and the ‘random vectors Zi,...:ZN by .

‘D,
1

= (Fi’F]*_) ap ;i — 1',...‘?,?{-:‘;-:
et

et e W, o

(83 - Fo) S/ =1y,

a
—
Il
I 12

i=1 2

’ iana . . - i . . . -,‘ ’ : : ’:-1 v "‘ ’ !: -.V"'* ‘-‘\"“ }
N N '
2 g il
Ut= Y (EFF - FRON L
if1 ‘ L
.. 02 are R
Then U~ .,and U~ .are ‘U-statistics:

imetric kernelks ' S

1, T T
k* '(Z]_'"‘ZZ) = ‘(Fj]&. — Eg)z/z_,.' e

and

3

S

a
*
oy
'




. T6

ekl —m TR o pR2
k* (zl) FlFl Fl ,
. 1 2 2, s :
‘respectively. Note that U = sq » where _Sq is defined -

A

as.in (1.3), -and that BS is given by

2
es = tUl + U )/U1 .
. Now, divide the random vectors Zl....,ZN

2 .4 1 - . .:h
into n subgroups of size k , let g:R +'R be defined

by
gltrty) = (&) + )/t -
and 'let ; |
= %L =
my = E{k* }ZleZ)] =V
and
N ' g
M2 T B bk* (%l)] - Vpl_ ?q i
Define the estimator Ug, bf
A RCIUR I - c43) "
where U(6_) i defined ds in (2.2) with .. , “': iii:

i 1.2

O = g(U”,u”) . . _

. . . ‘1 2

‘Phen, if E{[k* Ferzz)] } <=, J .
E{[kézczl)]z}‘< © and vq > 0 , the hypotheseé of .-

‘Theorems 2.6 and 2.7 are satisfied. Thus, as. h+w-



1
n?(g

.D '
where 'S; is defined as in (2.9).

Let

c. = J_. /n}ﬁ

+ .
u .81 ?a/ZSg
-and . ' .

. 1
_ _ X
€1 = Is1 'za/ZSg/n !

‘where -Préb(Y > z§y2) = /2 and Y ~ N(0,1) . Then
approximate 100(1 - )% -confidence intervals for
qyp/vq .are ‘given. by (Cl,qu) d

i~

4.3 'The JacKknifed 9 %EstimatorwWithout;Logs'(Jw1)

“The HJWl ‘estimator is the jackknife statis-

-

P

.tic obtained by jackknifing & = 8, r Wwith e defined

as in (1.8). as for the Jgq .estimator, Theofems 2.6

._Fana 2.7 guarantee the asymptotic normality of the
wStudentized jackknife when "the regularity conditions ar

~gatisfied. To .define ’JWl

' sing 'ﬁw .as .a function of U~statistics. To this.end

N g and F¥,. . F% be defined as in (4.1,

and ‘define thelrandom variables ‘Cl,-..;CN by -

‘1et B pe e ,F

c; = p(%il/q(xi) YA f,l:w--rN '

.formally, we begin by expres—. &

+
"
13
[
+
;Y
. R
t 1
N 1
t
1
'
it
-
“
L s
v ¥ s
.
"
b .
i
g
;
!
[
L
-
.
W
Y
-
1, ot
¥

- v L
o ‘. - w
e L ,
4, . . -

‘r
.
oL
s - i
% -

. . ol
' i .
17 .- .
P woeo
. .
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;whene.;xl,...;XN' are IID random .variables with density

qg(x) .
Now define the IID random vectors Zl,...,ZN
by »
= * i = ... ..
Zi (FipF-i:Ci) r 1 1, N
Let
N .
, _ = 2 .
vt = 7 rF-EM7@- 1),
i=1
N
2 . ol
g® = Y} C,F./N,
jop il
N
3
uv- o= ) F}/N
i=1 - i
and
N
4
U = 3 c,/N .
i=1 -

1 - e ot
~Then U , U2 ’ U3 and ‘U4 are U-statistics with

symmetric kernels

1 _  _ k) 2
. 2 _ 2
o k¥(Zy) = Gy Fy
3 S,
k* (al) Fl_

and
4
k* (zl) =C, ,

respectively.
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" ry .
Define -a function. g:R —+ R byu

_ . 2 '.;_‘

~

The estimator 9. s thenUgiven;by‘_ﬁ

-~ - 4 .:“-
:e'W = g(UlrU?"-rUBiU ) . e

Now divide the random vectors_f l""'ZN into'ﬂ

n Jsubgrogps-of.51ze k -~ (N = nk) and let

a1 . Ty o
) % . - = e o ;ﬂ. .
ny s Elk (Zl'%Z)]; ;Vq AR :

I

a2
Elk*"(2,)]1

1
<
o+
T
.

o ' N P .
S T o , e .
» - e s,
\ T . - {(4.5)
e T s, e i © ( -
w5 . . s
. , -,

Ii
=1

- 3
= E[k*(2,)]

sand

4
E [k* (?l)]'_

|
=t
Y

Y
where I = [£(x)p(x)dx , as in (Ll.1)-.'; (Note that :
gy engang) = Vp/Vg - TR F A A

The estimator J.4 s then.defined:by:fs:"‘}}‘.

T = OGP et e e (48)

@whene J(B g /s defined as :in (2. 2).._ ;:fx_?éﬁiw
“To satlsfy the. hypotheses of Theorems 2*6 and

L ‘1. A 33'Lt <
‘2.7, we require the ‘second moments of k* o K*LL KRR L .

{ .
i R I
cL -
“ . e
P . o
.
s o
Lo W H
- s
u
i n,
.




and k*4 to be finite and vq > 0 . Having met these

requirements, we then have

* - -
n( VP/Vq)/Sg N(0,1) ,

J,
Wl D

where -Sg is defined as in (2.9).
Approximate 100(l1 - «)% confidence intervals

1
are then given by (J_.-2 ,.5 /n%:J 172, 2Sg/n2) r Where

Wl a/2°g Wl /

is such that Prob(Vv > zu = q¢/2 and V ~ N(0,1)

20/2 /2)

-~

4.4 The Jackknifed 6 Estimator With Logs (JWI )

I,

The form of the estimator BW suggests that

IS

the 1ogaritﬁmic transformation applied to Bﬁ before
jackknifing‘could-prbve advantageous. This‘transformaé
tion has proven its worth when applied to the variance
components problem, as is indicated by thé results of
Arveseh”énd Schmitz [2]. In fact, the jackknife with-
out the log transformation was foﬁnd to behave poorly

with respect to power. - o
To define J r let Ul ' U2 ’ U3 and U4

WIL
be defined as in the previous section and let

g:R4 + R be defined by

2

2
17503 HAELTAS T

Then .
g(nl;n_z;n3:n4) = 109‘(Vp/Vq) ’

80
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"

:‘where n1-1 jzﬁ,;QB ‘and n4 -are‘deflnedkas:lr }r:sy..-l
- Now define
Tr = exp(J(e8)) , L '- - '\:7(A4-7)“
where 6 = g(ut,u%,u°,u%) and J(8) is as in-(2.2).
. The. hypotheses of Theorems 2 6 and 2. 7 w1ll

be satlsfled if the second moments of the kernels of arlx

:Ul,,'Uz ,-U3 and U4 are finite and VP,vq > O',h'

‘When -these conditions ‘are fulfilled;»We_hefe

-ﬁ%{JIg) —'109(YP/VQ)T/Sg B N(O,l)‘,‘ 'f:’ 12-1;‘ kﬂ-S)

where 'S;_ is~as:in (2.9), with é =_g§U1;U2,ﬁ3,&4)‘:|"w '
From (4.8) we maY'obtain apprexiﬁate ebnfideéqe
intervals for 10g(v /v ) based on the normal=distribu»;
‘tion. - ‘Then, by .applying the exponentlal transformatlon fﬂ
+to the confidence bounds, -approximate confldencexlnter—f*

‘vals for the parameter vp/Vq‘ may be obtained. . . “E =

4.5 The Sukhatme Estimator (Tsl)

‘Recall ‘that all the estimators that we have S

ﬂcon51dered as candidates for the jackknlfe method have e

been of the form 6 = g(U) .with o = g(g) o where

U = tﬁ;g...,Us) is a vector of U-statistics and -

~

X

(EWY),...,E(US)) . When 6 is of ‘this férm ‘the '

I

J

L

convergence theorems of .Chapter 2-establish_fhea ; ‘?”fj#, -
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asymptotic normality of N%[J(é) - 6] . The asymptotic
normality of the jackknife estimator, however, should
not be surprising since the statistic N%g(g) is itself
asymptotically normally distributed. In fact, Theorem
7.1 of Hoeffding [9] establishes the convergencé in dis-
tribution of N%(g - n) to the multivariate normal dis-
tribution with mean 0 and covariance matrix

’
and, from Theorem 2.9 of Chapter 2, we

i,3
1

obtain the convergence in distribution of Néfg(g)—g(g)]
to the univariate normal distribution with mean 0 .and

variance

¢ = 'Z } g.g.mm,zrd, - (4.9)

as in Theorem 2.7. Thus, J(g(U)) and g(U) are asympto-

tically equivalent.

2
T

of the variance of the Sukhatme estimator; This variance

In the following, we derive an estimate S

estimate will then be used in conjunction with Sukhatmes®

estimator to obtain approximate confidence intervals

for v /vq s based on the normal distribution.
Since we shall use the same symbol when refer-

ring to both the point and the interval estimate of

vp/vq , we denote the Sukhatme estimator by



83

Tgp = O - S © (4.10)

This notation will remind the reader that TSl is the

one-sample Sukhatme estimator with associated variance

estimator S; .

2 o
- of Var(N‘Tsl) '

we first note that, from Hoeffding [9], we have

.To obtain the estimate S

Llim NCov(Ul,Uj) = mim.zgi’:|
. Noo - J

! 1
Therefore, ¢ , as in (4.9), may also be written as

where mi,mj and ¢t are definéd as in Theorem 2.7:

a? = lim Nvar[ § g.(Ui - n))l ., -

N> i=1 %t *
where 9; ,’i =1,...,8 , are the first partial deriva-
tives of g evaluated at 1 . This suggests that we
may'estimate q2 by obtaining a consistent estimator
of the variance of the first order terms of the Taylor:
series expansion of g(U) abput U=n . | h

‘Now, let Ul and U2 be defined as in (4.2)

and let Y, = F%¥ , i =1,...,N, and W, = F,F* - F*>
i i i iti i
. -2 2 -
1 = l ge e 'N r SO that Ul = SY ’ U L= W and i
= 2 : ' = a2
= 1 + . ) =
Esl 1l W/sy Noting that Var(TSl) Var(W/sy) '

we proceed as follows.

Expand ﬁ/s; about E(S;) = and

Ny
E(W) = n, s to obtain



=2 . = _ 2 cia T R
W/Sya; nz/nl + (W - nz)/nl nz(Sy- _21)/21 T e

and

oo

' SV S
Tim * NVar(W/S ) = lim NVar(W)/ﬂl + lim Nn§Var(S )/nl U €1 I B IO
N N> N-+o _ s P

- 21im NnZCOV(W S )/n .-

PSR r.
. v I T,
N+Oo . S I A
’ " wt 4
I n - ST,
- . W .Y
But : L T
5

Lim NVar (@) /n] = Var (i) /nl o 00 a2
N"’m . . h”‘ nd!:‘:‘u,.‘? ) . . B

2 2., 4 _ 2 R A I SR
”;if N32Var(5y)/nl n2[94(Yl) “1]/?1.1-771 f"f:(4f}?yﬁmﬁ

and' ’ - oo .‘ . s "'.“"'-- .

w . SRR T Rk

Lim-NnzCov (W;87) /n] = n, [Cov (W, ,¥]) - 21Cov (W iiiillni:.f“14«14)ﬁg

Nem 2 e
‘We now define si by substltutlng (4. 12), (4 13) “and- __“iﬁf S
G4, 14),1n (4.11) -and repla01ng all unknown parameters'ézgtr' }x; }i

by their sample .estimates; 1.e.,-def1ne" _”'Affj‘¥ 

2 2, =2 4, .4 _ = I S S RO A PR
= + W Y) -~ 4 - -2 T S

Sp = I8y £ WM, (V) sy]/sY W 5 Y§wy}{sy}[$Yh,;_ S
where ‘ i : o ~';-'f%j?5
_2 ,N “.. “ E 'E: :.:4;\ ; “‘k Ly

- e 2
S = ) (W, —Wy“/(N - 1) , -
W i=1 1 o SalR PR Foan

“ N _ 4 . . r' -. .' ) ._. '-'3 . ' ) “‘:\
M0 = 3 - DY m-n, o
; i=1 1 AR
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N _ _ .
Sy = izl (W, = W) (y, - Y)/(N ~ 1)
-and
N -2 N 5
‘8 o= I (W, - W(YI - ] Y;/MN)/(N-1) .
_ .2 i i .- i
wy =1 =1

Since all the sample estimates in (4.15) are

consistent (assuming that the second moments of _Ul

2 o .
.and U exist), we have

S‘2 > a r
Tp
where
2 . 2 2 .2 4
o= Var(WlL/jl + qz[u4(Y) nll/ﬂl
- 2n, [Cov(W.,¥2) - 2ICov(W.,¥.)1/n3 .
2 N P 1''1 1
. . cexq 2 2 2 .
It is easily verified that Op = 0 , where o is de-

fined as in (4.9) with.~g(tl,t2) =_t2/tl .

1 _ '
Since ﬂNiTS is asymptotically normally dis-

1
tributed with mean vp/vq and variance o; ; we have

Y

N°(T.. - yp/vq)/sT -~ N(0,1) .

sl D
This result justifies the use of the normal
approximation to obtain approximate confidence intervals

for vp?vq . ‘That is, if we define



TR

C =T /n*

1= Te1 = 24250
:and

1
- 0. 274
cu ' TSl + Za/ZST/N: !

~where 2472 dis such that Prob(Vv > zu?é)i=lq(i and
~7 «~“N(0,Y} , then (Cl-';’C;J) ;is‘-‘a'n'approxim’ate ‘_ 100 (1 - a)%
confidence intervalfor vé/yq..j ‘ ‘ l'; J |
. "The performance of ﬁhe; Tslu.egtimafo; and its
.associated interval estimator islcompqréd wifh‘théﬁ of the

'other .one-sample estimatOrs,ianhapﬁeer;-



CHAPTER .5 -

THE MONTE CARLQ STUDY

5.1  Introduction oL .

The Monte Carlo study was run on an IBM 370
~computer, Model 145, and the random number generator was
-taken'from IBM's scientific subroutine packagé;

. The density functions;'p(x)‘ and dg(x) , were
chosen to belong to either the:family of Paretb'distrif
butions or to the family of Gamma distrigutidns. Details
nof.theasampling procedures used to obtéinqsampleé.erm
the Pareéto diétfibution‘and the Gamma distribution are
given - in Sections 5.2 and 5.3, respectivel&. Also found
inithese.sectiOns are the derivations of the eipressions
used to calculate the moments.of f(X). andp E*(Y) ,
where X ‘has density p(x) anﬁ Y  has density ‘q(x) .
“The -measures of skewness and kurtosis (Yl .and 72) of
£4¥) and £*(Y) are easily obtained from\thesé expres-
sions. In Section 5.4 we discuss the rationale behind.
‘the choice of the functions f(x) , p(x)- anduzq(x) .

A total of 18 Monte.Carlo sampling experimenfs
were conducted. For each of these expériments.and for
each -estimator under consideration, 400 independent ob-

servations (the Monte Carlo samples) were obtained and
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their 400 associated confidence intervals were cbnstructed.

Y



l - N :f ( - :‘ . ;8'8 ,
The comparisons of Chapter 6*are;basedicn“these”observea ’
‘values of the point and interval estimators. - . Lo L
For the two-sample estlmators, M 4 400 (the -

~Monte Carlo -sample 51ze) 1ndependent samples<of 51ze

u

&
¥
v u

x

n = 30 were generated from p{x) and . q(x) J The~two— 'T'?‘;y

sample “estimators, 'as well as their approx1mate 90% con—

fidence intervals, were then calculated for each palr of;fi P
! oo e Tp e

samples. The one-sample estlmators -and thelr approxlmate

'90% ‘confidence intervals were obtained for each of "*mgi;fxi;i;lf
M =-400 "samples of size n = 30 generated fron- q(x)k - ‘:
Summary «statistics, such as the mean of the 400 sampler:£3 ”i'
values, the estlmated coeff1c1ent of varlatlon of the’ ii;f* <,
“sample mean, the mean -confidence 1nterval length and ﬂh;:?”,:ﬂ5-~
.the coefficient :0of variation of the mean confldence 1n—w;;w_;ﬁfi

terval .length, were then .obtained for each of the var1ance$ ,;nf

ratio estimators.

If ' répresents an arbitrar& estimator 6f ;

5

ay /vq + the %M.=.400 obserVations,‘ce ,...,e ) zS&Y, ~5‘”n e
»constltute -a -random sample from the dlstrlbutlon of .o .ﬁxfti

Therefore, if ‘the true ratio vp/Vq were known. we could

.‘ o

~then .obtain estimates of the ‘bias and 1ts contrlbutlon :pg; F;

- . A

“to-the mean square: error, ‘based on these sample values. @‘

“In ‘practice, however, we found that, 1n the majorlty~of ﬁ:{;"'

¥ o’
f

cases, the coefficient of variation of the.sample-meanfy*,f‘ﬁ"ﬂ
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#® was “too large, resultingvin.uﬁreliable estimates of"
these guantities. -:An obvious -solution to this problem

would .be to increase the Monte Carlo sample size, but,

»l

to reduce the coefficient of variation of 8 +to an ac-
ceptable level, the Monte Carloc sample size woﬁld have
had to .been increased considerably, making the survey  “

prohibitively expensive. For example, since the‘coéffi—.:\

¥

cient of variation decreases as 1/M° , a ‘Monte Carlo..: . ..~ "~

~Sample's£ze of 1600 wOuldlhave;been'requirea'tqﬁdecreése1ﬁ
the coefficient .of variation by a factor of % . |

‘To study the behavior of the intervai:estimates,‘
coverage percentages were calculated for vérioué muiti; .
.ples of ‘the -true variance ratio, R = vp/vq ;"‘Théf.igf
for each estimator, we calculatedithedfraction'oflthe jll
M= 400 ncoﬁfidence.intepvals-that contgiﬁed c§R ,h; N
‘where twenty values for ¢ were chosen"ranéing frém
'0 to 100. Note that when c¢ =1 , fhe coverage of .
cxR .is an 'estimate of ‘the true confiéence 1evei:'-

- The results of the 18 sampling éxpéﬁiments'Q:fi
.are summarized in Tablés I through XVIII.f:The'main boay'ju"QE
:of the tables records the coverages 6f "CXR-; which, ’ |
sfor ‘notational ‘convenience, are represented as being::f£
-out of a total possible of 1.000. The firsﬁicoiumn to:-::

the right of the coverages recoxrds the Monte Carlo
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ssample mean of the iestimators,:divided by R.= vp/vq P L

‘the 'second ‘column records the -estimated coefficient of

wvariation of the statistic in column 1; the -third column -

‘~records the -average length of the confidence intervals,‘ X
-divided by R’; and the fourth colﬁmn records the. esti-

:mated coeffidient of variation of the statistic_in column

3. Each table also indicates the-true»variance-ratio= R }
‘the “function £(x) ;;theameasurgs Yy -and Yo 0f1skew—'&,, i

'ness -and:kurtosis of -f({X) -and £%{Y) ; the density _“; T;EEJ.J
‘functions -p(x)- -and q{x) -; -and ‘the position:-of R= 1 ;ﬂ lilfk*
‘'which is 'indicated by ‘an arrow. The 'function £ (y)

can. .easily'be ‘Obtained -from the tables as well, -since :"f.';'?{;_qﬁ

£r{y) = £(¥ply)/aty) - 4
‘5.2 The Pareto Distribution ,
‘Recorded “in ‘Pables I to VIII are the :esults:";fﬁTgﬁiﬂjgg

«of .the-Monte Carlo experiments when p(x) and q(x)-.af?ﬂ PR

ﬂarefbotﬁfdensityffunctions:belonging'to“the.Bareto familj::r~3'
‘of distributions. The function £(x) is of the form . L‘.<iﬂ'i S

. . .
E o . e
. Wt o

'f&x)*:ICXk 1ineach case.

In the following, we indicate how samples are .-

obtained from the Pareto distribution and derive expias— f‘li":;
sions,fdr the ‘skewness .and the kuntosié of f£(X) and --?: 'j- .
£*(Y) , where X ~ Pareto(a) -and Y ~ Paretod(b) . ':,aﬁ Jikiflﬁn

iAn rexpression ‘for the-actual value-of the ratio vP/Vq S e

is .a@lso -obtained. 7 L ey e

bR 7 iy
. .
. s
A .
¥ .
£ .
; o d o
. !"I
T
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Thedensity function -h(x) of the Pareto dis~

‘tribution with .parameter .a (a .>.0) ’is given 'by

ﬁ.a/xa+l S AE l<x<e, . ]
Chix) = S (5
0 otherwise. ' :

*The .cumulative distribution function Fx(c) -ig *then

(o if c<1,
zE_‘:‘X('c) = g LD
1 -1/ 4f c2'1 . ;
'TvobtAihﬂa‘samplé from -h(;),; defined?as
udn (5.1), we-use theirandbm‘number ggnerator'to=generate
N find@pendgntrUniformlopl)7obsepvations gulru--;uN .

“Thenpmxi,-..jx defined by

N"

: 1/a L
xi = l/(l - U.i) "'/ r "L ‘=':;‘l'o.-,|§ r d

constitute ‘a sample from'the“Paréto:distfibqtion“with
sparameter .a .. This,result;israﬁ.immediate}cohéequence
Qf Theorem 8A of Parzen [16, p.314} {the E;obability
-Integral T;ansformation), since J R
S “1/a
Fo (u) = l/(lu—‘u)./ .
Let “p(x) and  q{x) be the density functions

of the Pareto distribution -with parameters a ‘and b }

Yot
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respectively. Define the function £f:R + R by
. ‘
f{x) = cx , ' (5.2)
-where ¢ and k are real-valued constants. Let X
and Y be random variables with density~functioné p{x)
and ql(x) , respectlvely. Then if a - rk > 0 , the

rth moment of f(X) is given by

E (crxrk) .

]

ué(f)

{ acrxrk/ 1dx LT " {5.3)

acr/(a - rk) .‘h

“Therefore, the central moments of £(X) ,"denoted'by

| Hr(f) , are

u_ (£) CrEp{[Xk + a/(k - a)1}

c E { Z (;) [a/(k - a)]r LAky s

i=0

r . e
¢* ] (Dla/tk - a)1™ *a/(a - ik) .
150 ST
The value of the integral I is given by ..

I =E& (£f)
p

ac/(a - k) ;.
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and the wvariance vy is

v, = u, (%)

c? ta/(a - 2k) - az/(a‘- k)2] . ‘
= aczkz/(a - 2k) ta —_k)z..

With £(x) as in (5.2), the function f£*(y) .,

defined by £*(y) = £(y)ply)/q(y) . becomes

k btl, a+l
cy ay /by

k+b-a

/b .

Now, if a - k> (r - 1)/rb ., the faw;andréennl ;
tral moments of £*(¥) are obtained by réplacingl x _
by k +b -a-, ¢ by ac/b and a by b in (5.3) <.

and (5.4}. .Thué
.ué(f*)‘=<a#c;/br_l[r(a - k) - b(f - 1)]?1L
cand - * . - o 1. (5.5)

w (£%) = (ao/p)™ § (D) Ib/(k - )1 p/Ib - ilkéb-a)l ,
1i=0 . - “ o

th-

‘where u;(f*) “and pr(f*) are the r° rawkand_cen—“)‘

x,

tral noments, réspectively, of EF*(Y) ..

 The variance ratio R =-vp/vq is given by

Ro= a,(E)/uy (£%) ,



,1 t T 9a e
;whi‘ch, .upon.simplifying, 'yields e V.
3 . \ . -~ \\\l i 1 w . s

R = k%bl2(a-k)-b]/a (a=2k} (a-k) 2-b[2(a-k)-b1} .= L.\ 4

ﬁmhelmeasures-ofeskewhess, Yl(f) and .y, (f*) Ofﬁlftx){i;j.te{f"?

and £*(Y) , respectlvely, and the measures of kurtosis,!’ L

gz(f) and yz(f*) of f£(X). .and £*(Y) . respectlvely;-r

are easily obtainable from (5.4) and (5 5),. where Yy (f) l EAﬂjéim

-and g (£*)y , i = 1,2, are deflned in. Sectlon 3. 1 : f;lﬂ “‘f  }i

5.3 The Gamma.Dlstrlbutlon N o i
‘The results of the Monte Carlo experlmentel A . ;J

‘when +pi(x) <and :q(x) -are densxty*functlons belonglng TQL~ ;e

o’ the family .0f Gamma distributions are recordedAan ,;1{TFLX :
+ P }T-e-“" 4

“Tables 'IX -through XVIZI. For all but one of the cases, P Ll

the function £(x) is of the form cxk ;luTﬁefexcepEieﬁal:

. 4 - . . . o 2 . R : ",:_“ ,;;'rﬁ
case is f(x) x exp{x/9) /60 . S ?{,fréhﬂ*:f i

The den51ty functlon of the -Gamma . dlstrlbutlon ?e".lhgfﬁ

*w;ghaparameters a 'and b (a;b > 0) -is. glven by

: bt
A .. ' [ *

| xa_lexp(vx/b)/bér(a)\ ifox >0 LI
'g (x) = s . . i ;” . . LR ; L v,
0 btherwise.‘c

uWe vdenote "by ‘Gamma(a;b)

.parameters ‘a -“and b .
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For the cases we studied, the parameter a
in (5.6) was chosen to be an integer. This choice of
a simplifies the sampling procedure and saves computer
time. o
To obtain a samplé'from Gamma(a,b) when a
is integer-valued, we proceed as follows. Generate
Na independent observations from the Uniform(0,1)
distribution using the random number geherator, wheré
N is the desired sample size. Divide the Na observa-

tions into N groups of a observations each and de-

fine

Ai =-&Mlog(Ulix...ani) K i= 1,..7,N ’

where U ""'Uai is the ith group of Uniform(0,1l)

1i
values and log is the natural logarithmic transformation.
Then Al,...,AN constitutes a sample from Gamma{a,b) .
The following claim will establish the truth of the

above.

Claim. Let Upreaar Uy be independent Uniform(0,1) ran-

dom variables and let b > 0 be a real-valued constant.

Then the random variable A defined by
A = “b*lOg(le---an) r

has a Gamma(a,b) distribution.



.Proof. To.prove :the.claim we use the moment-generating )
function -technique. The moment generating function of

A is

"MA(t) = E[exp(At)] ot
1 ~bt . ' T
= I(le"“XUa’ dql...dua » by independence, ' = ...

Fa . y B

(A-bpt)" , for t<l/b. -

-’But<this s the.moment generating function of Gamma’{a;B) .

The.-claim-fo¥lows .immediately from the uniquenéss-ofﬁthe

‘moment generating function. w o '“Hmhu:f{;tt'";
In the Ffollowing, “we dérive'expréssiOné for , :;L
. the;m6ments.of -f(X) -and “£*¥(Y) , wheré | '_ ,;; .
X.“hGAmma(alfbl) and Y'~5Gémma(aé§b2) .- The f?ﬁ?tidnsrﬂ ﬂl;ﬁ g
£(x) , p(x) and g(x) are defined to incluae'all:baéés:‘ .
© entering the -Monte Carlo study. | H . ﬁpr‘ 5

Let p(x) 'be the density of the Gamma distri-’

‘bution with parameters and b (Gamma(alfbl))'ﬁﬁkrf

21 A
~let g(x) be the density function of the’ Gamma distri-

(Gammaéazlbz))~:

2

;bution with parameters a, -and b2

and let

F(x) = ckkéxp(dx)',
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where ¢ , d -and k are real-valued constants. Then

fr{x) = £(x)p(x)/g(x) 1is .given by

f*(x) = Cxaéxp(bx) ' \
-where
a a
= 2000 VB L
C = ch, 1"(&12)/b1 I‘(al) ’
a=k%k +'al - a,
and
b = (bybyd = by + b,)/bb, -
Let X and Y be random variables with den-
.sities p(x) and g(x) , respectively. The rth raw
moment of £*(Y) is then given by
nL(E*) = E(LE* ()17}
= CrEq [x* exp (rbX) ]
r® ax+a2-l ’ :
=c [x° exp (-x(1/b, = br))dx ,
0 .

which, for ar + a, > 0 and 1 - rbb2 >0 , yields

, a
iy (E%) = 1C%/b, 1 (a ) 11 (ar + a,) [b,/(1 - rbb))] (37F22) (5 q)



08

The r h raw.moment “of zf(X)';ls obtained - ¢

-in -an "analogous manner and is given by

|

’ '“ch ‘kr+a o
pL(f) = _[Cr/b ria)lr(kr + a )[b /(1 - xdb))] SR )

.providing rk + a, > 0 .and rdbl < 1 ;f‘|

"The central moments of f(X) -and 'f*(Y) and
their measures of skewness and kurt051s can ea51ly be L"

.obtained from (5.7) -and (5.8), as for the Pareto;dlstrie

.-butions. - L e

R

‘5, 4 Selectlon of the Sampling Exgerlments _
| The ‘main objectlve of the Monte Carlo study
ie*to examine the behavior of the varrance"ratlo'estr—_ F

-~mators under varying degrees of non—normallty of the* q
random: variables £(X) "and. f*(Y) ; where: X has den-ih
aity Pp(x) 'and Y - has density 6 q(x) . In practzl.ce,r
the random variables E(X) and ft(f) may dlffer radlf
scally in the degree of. non-normallty that ‘each dlsplays.p
'Phis situation is of partlcular 1nterest 51nce the usual“

+methoeds of 'variance comparison - 1n the two—sample case)
requires the assumptlon of 1dentlcal dlstttbatlch; ‘of
£(X)- and £*(Y) , except for location and scale. We' :
are .also interested in studylng the effect of extreme

'non-normallty of £*(Y) wupon the one—sample estlmators.j

‘Recall that Hastings .[8] .warns -that . 1mportance sampllng



‘may sresult.in extreme non—normallty of f*(Y) ;:even
when gq(x) dis arbitrarily dlose to .the optlmum nq (x) ;3

_Since the Monte Carlo study:is. to serve as an

~eXploratory 1nvest1gatlon involving a 1arge num?er—of‘
-estimators, we have had to limit the numher Bf casest:- Ei
studied. For this reason, and because in practlce it :
is 11kely that-a knowledgeable choice of q(x) ‘w111 '11 K
“lead to a-varlance«reductlon, we have chosen f(x) i\ﬁ;;}

-;ptx) “and -q(x) to~y1eld .R.z2.1 in the majorlty of ?;L:

‘cases - -in fact, R-2 -1 for all’ but one of the sampllng

N

‘experiments. . - f_"piigf*m“fﬁﬁ
‘The..Pareto and Gamma dlstrlbutlons were selec— .

O v

-ted .for 'several reasons, not the least 1mportant of Wthh

is .that. the ‘sampling procedures are- ea31ly programmed

won.a=computerJ "These dlstrlbutlons also allow the use{

f
u_,t,, J

-offSmele “functional forms, such -as f(x) k}; yet‘

1,

-

“still: prov1de a large class of dlstrlbutlons of f(X)

«and £*(Y) . Furthermore, . as we have. seen Ain Sectlons‘r

5.2 and 5.3, the raw and central moments of f(x)
f*(Y) . are obtalnable by stralghtforward caloulatronsjﬂ .

¢and;*from the -expressions for the . central moments of mnfﬂ'

+E(X) wvand JE*(Y) , we'may -then calculate the measures }5,5

TOTﬁSkewneSS.le = u3/u2/2‘, and- kurtos1s,{i,;f

= u4]ﬁ§ - 3 . These'parameters,
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then.be .used to _indicate the degree of non;normality
displayed by <£(X) -and £*(Y) . Recall that for the
-noxrmal distribution Y, = ¥,-= 0 . ‘

Although the calculations of Tl(f)-;_vz(f) .'\
Yl(f*) .and yz(f*) , defined as in (3.1), are rout?ne o
computations once the functions £(x) ,'p(x) and .q{x)
have been specified, it is difficult to obtain specific
values of v, and v, for f(X) and £X(Y) .’ For -
~example, "suppose p(x) and g(x}) are density funétions‘:
of ‘the 'Pareto .distribution withuparametersj a -and »b.,i?'
respectively, and suppose ‘f(x) = #k_. Then, to-guaran-—
tee convergence of the variance ratio ‘estimators, we
.require E{[ftx)]4} < = and E{[f*(YL]4} < w., If,.
in ;addition, -we .require R 2 1 , then the parameters

a , b -and 'k -are subject to T ‘p EEEJW
.a_4k>0,
.a — k > 3/4b
«and
2 2 o
kK°b[2(a-k)=bl/a(a-2k) { (a-k) -bl2(a-k)-bI1} = 1 ..

+

With these restrictions on the parameters a ,-b and -

k , it is apparent that it may, in fact, be impossiﬁle-;
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“to .obtain -prédetermined values of “Ylﬁf) ’ szf) '

'ji(f*) .and ych*)'. , |
‘The method emplbyed>td-select £ (x) ,‘pcx)‘, o i‘} k;;l

.and .gq(x) was essentially-that of tfial»andwerror, N - C

That is, the values of R , Yl(f) . Yz(fj P Yl(f*) 'andl;-:':q

.szf#) were qa;culated fqr a large number of fqnctiogs

£ (x) ,-éix) and g(x) and the cases to be studied wgre'”ﬂ

selected from these. Table~XXIX‘records the.values_of‘x s

‘R ,wyl(f) ; Yz(f) ,'yl(f*J -and yz(f*) mfér;each'of

,theiMonte'Carlo.sampiing*eXperiments. To -aid ‘in .the "-Q‘ifff:?i, E

”disqussions'of‘the'results of -the sampling experiments[ .o

' a ‘digtributional classification scheme is introduced : }
~in . Section 6.2. The ;column on-the right of Tabie“xxixﬁ

frecbrds the distributional classificationlfor each of ‘the .
.sampling experiments. If fuﬁther,details Bfﬂthe‘distri- JE“} ;

sbutions of .£(X) ‘or £*(Y) -are required, one may refer B R

“£o the original tablés,fi.e. to Tables I through XVIII.




CHAPTER 6

THE MONTE CARLO RESULTS

.6.1 Introduction
| In this chapter, we describe the results of

sthe Monte Carlo sampling.experiments and discuss the im-
plications of thesé results with regard to the importance
sampling problem. It is important that the performance
of the estimators be analyzed in the context of the esti-
mation proﬁleﬁ under coﬁsideration: Recall thaf we ﬁish
to .estimate the 'relative efficiency' (Vé/vq) of two
‘competing techniques of estimating a population mean

{(or total). Based on an estimate of the relative €ffi-
ciency, we hope to determine which of the-estimation‘pro—
cedures is préferable. Obvioﬁs;y the wo:ét possible
erraor is ‘to choose the(1east=efficiént.ﬁethod when this
procedure leads.to aﬁ-estimate qf thehpbpulation mean
swhich .displays extreme non-normality. ‘A soﬁewhat less
serious .error is one which leads to the use of the iess
«efficient technique but results in an -estimator of the
~mean which is distributed more closely .to a‘normal_ran—
dom variablé than the alternative statistic.' Ip fact,

.in some instances, unless a substantial gain .in effi-
‘ciency is obtained, it may advantageous to choose the

less efficient method.

102
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‘A detailed description- of éach of the two-
sample -and one-sample estimation teehniqdes*ﬁas given
‘in Chapters 3 and 4, respectively. The class of - two-
sample .procedures consists of (i) the classical F
method (F) ; (ii) -the modified Box—Andersen method

¥_.) r which involves adjusting the degrees of freedom
(aBA

of the usual F statistic; (iii) the Box methods

(35 andlfBlo), which require.dividing the samples into_

di:sjoint .-subgroups, calculafipg ‘ldg(sz)"forweach sub-

. 4

group and comparing these two sets of values by the.
“t-test for?lqcation; (iv) Arvesen's two—sample'jackknife

procedure (J,.) applied to the ratio df'the-éémple

A2
variances; -(v) ArVesen's‘tWOTSample jackknife ﬂkJAzL)
-applied to the natural .log of the ratio of theieample.
) .

-variances; and (vi) Miller's Jackknlfe method ( IMOTL

which involves Jjackknifing theanatural-log of each of
‘the sample variances separately and then eoﬁbining the
~rasults. |

_ The:onefsample methods include (i);the method
-based. on the asymptotic normality of,fhejSukhatme:statiS4
) .

tic .and a consistent estimator of its;variance’;(TSI

2(11) the jackknlfe .method applled to Sukhatmes' estima- -

“tor (iii) the jackknife procedure applled to

{3gq) 7

:the non-negative estimator (J

Wl) ; and - (lv)_?h? ﬁA
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_ﬁackknife version of the natural log of‘the;nonfnegétive
-estimator (JWlL) -

Due to the difference 'in .nature-of thexéner
sample and the two-sample procedures, we have‘discussed
the results pertaining to these two classes of estima-
‘tors :separately. A discussion of the resu;thof-fhe sam—
pling experiments relating to the two4sampie.eétimators
may ‘be found in Sections 6.5 and 6.6 while 'those for -
‘the one—~sample estimators are discussed in-SectiBhS'SuB,
.and 6.4. TFor the reader interested only in'a;summary -
of the findings, Sections 6.3.2, 6.3.3, 6.5.2 aﬂd 6.5.3,
which contain a detailed.examination of the Monte Carlo g
results, may be -omitted. ' c -

Since a large_nﬁmber of estimatOrS"éfe-sfuéied,
-we have had to -limit the'depth.of the sufvey;ﬁ‘The Monté
-Carlo sampling experiments, however, servé aé,a preliMi:
néry"investigatioq‘from which we are able to eiiminate;lxl.
“the 0bviously -poor :estimation pfoceduées aﬁd.suggest |
directions of,furﬁher‘study regﬁrding,the moréxpraﬁising.3
‘téchniques. Some of the obvious -limitations of the sur-
vey .are -those imposed by the small Monte éarlg sample
:s1:ze (M*=v460}, the limited_nuﬁber of ﬁisffibutioﬁs sahr
,;pled, the fixed sample sizés (n'= 30) and the'éiﬁgle

confidence level of 90%.
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‘6.2 ‘Preliminary  Comments

6..2.1 ,Discussionaof the Tables

The results of the ié Monte Carlo.samplingr
-experiments are récorded in Tables I fhroughnXVIII{
Each of these tables, which is described in.Chapfer 5,
-contains the -results for both the one-sample and tﬁe
two-sample estimators for specific functions f{xj -

p(x) .and g(x) . That‘is, each table summarizes-thef“

~

-results .of ‘a particular sampling experiment. ;For con~ | -

venience we identify the sampling experiments by the

number of their associated table.

_Toestuay the effect of non-normality of f(X);_;.

and f*(Y) , we have roughly classified their distribu-

tions as displaying low, moderate or high degrees of non—

normality, denoted by L , M and H , respectively. ot

‘With ‘this classification scheme we can identify, for

each sampling éxperiﬁent, the distributional properties s

of "f(X) and £f*(Y) by a pair of letters, the first
~denoting-the distributional classification of f(Xi _ ’
~and ‘the second denoting the distributional classificaf‘
tion of f£f*(Y) . For example,_L'— M indicates that

f{X) displays .low non-normality and -£*(Y) dispiays ‘

moderate non-normality. When referring to the distri-

butional classification of a single random variable, .-
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'f*(Yi - say, we shall use the notation f* e L ,

f* ¢:M or f* ¢ H, with a similar notatien for £(X) .
Table XXIX lists the Monte Carlo sampling experiments, N
their classification and the values of Ylff) , Yz(f) ,
yl(f*) ’ TZ(f*) and the variance ratio, R =-VP/Yq .

To aid in assessing the behavior of the oneQ
sample estimators, we have reproduced the relevanf por-
tions of Tables I through XVIII and -arranged them accor-
‘ding to the distributional properties of £*(Y) ' in
Tables XIX through XXII. An attempt has been made to
arrange the results in order of increqsing’non—normality
of £*(Y) , beginning with the first entry in Table XIX
' and -ending with the last entry in Table XXII. It must
‘be- emphasized, however, .that this ordering is -approxi-
.mate, being based solely on ‘the values of Yl(f*) . and
w, (£*) . ‘The table 'from which each of the reproduced
'portioﬁs was tékén is indicated'by a Roman.numeral and,ﬂlt
:as ‘for the complete tables, we have indicated with -an |
arrow the posiiion of vp/qu= 1l , thus permitting:the
approximatezpowér of the test Ho:v = v VS.

P q
H :v 2V to be readily obtained.
a p °
For the two-sample estimators we have ‘also
:reproduced-the relevant poftions of Tables I to XVIII.

These results, which are recorded in Tables XXIII to
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“XXViII,;have.been*groupeddaocoraing'toothe drstritu—
-tionalﬁclassifications of both £(X) an@ ‘ff(Y) ; For
'example,‘Table XXITI records the results for the .L-L
—cla551flcat10n ‘and Table XXVII ‘contains- the results ‘for
'the L-H la351f1catloa. As for the one—sample esti~-
mators, we have dindicated, by a Roman numeral, the ori-
ginal table from which each of tte reproduced_portiOns
’waS’taken and have also-indicated*the;position_of‘
'véqu‘= 1 . ‘If -additional iﬁformatioofregardingfthe
distributional properties of (X} and: f*(Y) ‘iS‘re-:
guired, .one may refer to elther kthe orlglnal table or
ito Table XXIX, whlch provides a summary of thls 1nfor—
“matlon;for all distributions .sampled. |
h?ables XXX, oT-and XXXIIL. record the coverages
of 'R , ‘R/5 and “5xR , respectlvely, for both the one-
sample*and ‘the. two-sample estlmators and for all 18
Monte ‘Carlo sampllng experlments. Table XXX 1s parti-
:cularly aseful for comparing the estlmated confldence
levels.” 1In. addltlon to these tables, awtable of maxlmum,
-coverages -has also been constructed., ThlS table'
(Table ‘XXXITIT) records the max1mum coverage and the p01nt
@at*whlch.the maximum occurs “forveach, estlmator and for

i
b

:allwbsgsampllng‘experlmentsm
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#6252 Precision of the Estlmates of thesProbabllltles
R -of“Containment ’

i

‘The :coverages 0f cxR :are-merely:eetimates
‘~of the probability that the point .cxR is-eohtained
in -an:arbitrary confidence interval-constrgcteé*by,thei
'westimator-under‘consideration{'}Tﬁus,:the-ooveregeaof
'R is an eétimate of the true confidence'leveii; obvi—;
ously a statistical procedure is requlred to- compare co-
verages obtained by the varlous estlmatlon prooedures.
Con51der the problem of estlmatlng the proba—
bility of - contalnment, p, ‘say, of -a: p01nt xon.’-;f h

400 confidence 1ntervals\are‘constructed 1ndependently,;.

‘the totdl number of confldence 1ntervals contalnlng %5

Ay

<has :a ‘Binomial ‘distribution w1th parameters VN 400

and p-= pé . . For our purposes, since: q : 400 {is:-:
Zlarge, the normal -approximation: to. the Benomlal élstrl-
bution .is.adequate for constructlng approxrmate confl-'fJ
~dence 1ntervals and tests for Py ..~That 1s, we aseomel‘
that the statlstlc (p =P, )/[p (1—p )/N]% has a normal -
idistribution ‘with mean 0 and varlance 1, where— ; Tis:;J
ﬁthe fraction of the confidence 1ntervals contalnlng

X, o 'i.e. the .coverage of xo . For 1nformat10n regar—_

dlng -approximations 4o the Binomial' dlstrlbutlon we re-

5

fer to Johnson ‘and Kotz '[10, PP-61“51]-{,4L
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¥or each of the Monte Carlo sampling.experi;
ments, ‘the ﬁajority of the estimators were based on the
same saméle. That is, M = 400 samples were obtained
-from pl(x) Land g(x) and for each pair of samples,
iyl,...,yn) from g(x) and (xl,...,xn) froﬁ 7p(x) ’
the one—sample estimators were based on '(Yl""!¥n)
- and the two-sample estimators were based on both
{xl,...,xn) and (yl,...,¥n) . As a resnlt, one.wouldj
exPect-the.roverageSuof -cxR , for the‘variouerestimetors,
to be,pOSitiVely correlated. Furthermore, since. the |
variance of the dlfference of two p051t1vely correlated
estimators is less than the sum of their varlances, .one
would expect tests and, confidence 1ntervals for -the differ-
.ence to be lconservative if they were developed under the
assumptlon 'of independence. ‘

Consider the problem of comparing the ooverages‘
-of ‘a point x, for two competing estimators._ Let p1 |
ibe “the coverage of X, for the first estlmator (1le. the
fraction of the 400 confldence intervals whlch contaln o
x_ ) and let p2 be the coverage of x_ for the ‘second ;“
estimator. Then E(pl)-= p; and E(pz) = p2 . where N
Py ‘and'-pz are the probabilities of containment. of
X for “the first and second estimators,»resbectively.

‘To obtain approximate confidence intervals*for“the
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@drfference,‘pl_— p2 , using the normal appréximation
and -assuming ‘that Py and P, -are uncorrelated, -we

treat

Loy = By - (py = By)1/[FaE(R - P17

as a normal random varidble with mean 0 and variance'l,
where . . f ';: Vﬁ_}
Fr(p; - by) = [py(1 - By + By(l - pHI/N .
Therefore, ~the approximéte.confidenceaboun&s obtéined
‘by this -method are - |
£’1 - P2 t 2 [var(pl - pz)]%
where the appropriate value of =z, is:obtainédhfroﬁi f;;é
.tables of the normal distribution. |
.Note that. var(pl ﬁé) -aqhieves itsimaximum
Yalue of 1/2N when Py = 92 =% . 'Thus, the-ﬁaximum 1
sconfidence interval length obtainable i$ z, (Z/NY%' ) 'f:f ' Ell:
which, for a 90% confidence 1evel is less than .115 and‘
for a 95% confidence level is approxxmately .14 (N 400) 'L‘i”
The maximum confidence interval 1ength obtain- ., ) |
-able for :a single parameter, Py -say, 1s:approx1mately
.08 for a 90% confidence level and app:oximately-;10~for*k o

-a;95% confidence level.



ﬁThenconserxaﬁive'cohffdencefbpundg,'6btaineﬁ
by -assuning ﬁhdt the maximum variance is adhieveaﬁﬁgre  '
_adequate for ‘the majority of comparisons in the following
; ~
*digcﬁssibns.‘“In‘Sect@OnSfG.B and-655,'all'comparisanSQE 
‘probabilities of containment and all tests regarding |
bias .and mean-confidence interval lengths afé made ét- 
the o = .05 level of significance. It will be apparent., ‘igiﬂ"
‘from the context, whether-a two-sided or a ohe-sided S

" “test-has been-used.

}GMB:”The:Dnejﬁample”Egti@ators ré{

6.3.1 fGeneré}ﬁPfOPenties l:*
Recall'that the-Sukhatme estimator 63.”may ”;‘

yiéld nggétivefesﬁimates of’the‘variance :atio” vﬁ/vé'{-fji_“gﬁ;

This property of the Sukhatme estimator led to the pro- o

posal of :the non—negat1Ve estimator Bw . S _,;.“i;#:;:,
The,formuof -ew (defined in .1.8) suggests that qﬂﬁ
. "

“the .log -transformation, applied to this estimator befOre*; ,’ﬂfjlle
jackknifing, could prove beneficial. The results. of the " .

-Monte ‘Carlo sampling experiments, however, indicate that7i

"+the jackknifed version .of Bw without logs (Jwi) is

sqpeﬁior‘to the;jackknifed version with logs (s WlL) .o

In fact, the -J estimator proved generally superior . =

Wl
' ’to ‘the othér one-sample estimators, *JSl and hTSl"

- zas well..
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For each of the one-sample estimators, we now
relate some of the general results of the Monte Carlo

study.

(1) The jackknifed Sukhatme_estimator (J_..)

sl
In the majority of the cases run, the J,

sl
estimator was found to be highly variable. As a result,
confidence intervals based on this'statistic.were genéral;
ly long and uninformative. In fact, the coverage of o
zero was over 90% for 7 of the 18 sampling experimeﬁts.

Although the interval estimates did not, in gene-

Js1 |
ral, proVide reasoqable lower confidence bounds for R,
its estimated confidence levels were usually close to
-the nominal 90% level. It is interesting to note that

if the estimators were compared solely by their estimated

confidence levels, the jél estimator would appear su-

N

perior.

)

1

{ii)- The Sukhatme estimator (TS
The Sukhatme estimator 'I‘Sl was the poorest

of the one-sample estimators. It behaved similarly to
J

sl
but was adversely affected by non-normality of the ran-

with respect to coverages of c¢xR when f* ¢ L

dom variable £*(Y) . Large values of Yz(f*) were
associated with low confidence levels and positive bias.

s1 estimator was also inclined to yield long
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confidence intervals which provided poor lower confidence

bounds.

(iii) 'The jackknifed non-negative estimator (JWi) Y

For the majority of the 18 sampling experiments,

the JWl estimator provided much shorter confidence
intervals than did JSl .  These short confiaence inter-

vals, however, were often shifted slightly to the left
of R , resulting in confidence levels somewhat lower
than desired. The effect of the non-normality of £*(Y)
was to inorease the length of the confidence intérvals;'
which was accompanied by a corresponding increase in the
confidence 1evels; In faot,'the confidence levelsedid
not differ significanfly from the nominal level for the
majority of cases for which f£* é M oor H. This esti~
mator also prbvided rather_conservatiye lower cqnfiaence
bounds in many instances, althoﬁgh‘these conservative .
bounds resulted only when f*(Y) "displayed relatively
‘high non-normality. -

(iv) The jackknifed version of the naturalrlog‘of the g

" non-negative estimator (JWlL)

Containment of zero is not a problem associlated.

with the J.,. interval estimator. Confidence levels

of this estimator, however, were, in general, weil'beloﬁ

the nominal 90% level. Although the JWlL estimator

behaved similarly to JWl rwhen' £f* ¢ L , large yztf*)
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walues-were ‘found to ‘be raccompani:€d by eonsiﬁetéblegpgsi- |

tive -blas.

6.3.2 ﬂCompaniSOn_of‘CoveragesﬂforcSelected ValueS“ofﬁcxﬁ

-t

~(i) Estlmated confldence levels (Table XXX)

gRestrlctlng attentlonrto “the. one—sample estl—

-mators JWlL ’ JWl ’ JSl and TSl y We flnd, fromeab;e
XXX, *that the estimated confldence evels for :Jsl are,

!1n ‘general, -much nearer, the-nominal 1evel of 909 than
ﬂthqserfor the'other-onefsample'estlmators. The;non—
.normality of -“f*(¥) has.no eppatent;effeet.on the con-
ifiaence 1eveysffor-the &Jsl Jestimator. Wlth the excep~
“tion of 'runs XIV {M-H) .and XVIII (HHL)', the coverages

of ‘R for 'q51 are-betweenlSS%Waﬂd'QS%.“:”
Note thé. similarity of the covereges.oﬁ_ R
fdrithe JSl and ;TSl estimdtors &hen ”f* eiL‘._‘Non-

snormality of :f*(Y)., however, appears to. have an. adverse
mméfﬁebt¥on1the:eove:qges of R for TSll': When extreme
‘non-normality of £*(Y) is present;-the'true-confldence‘
,leveISAfor TSl‘ are lower than'those'for-:Jsi ; the
:maximum,coverage—of QR (71%)1for'thisiceteéoryris‘well
.below the nomipal 90% level. ' -
*Withﬁthehexception-of&XV,.the-eonfidence levels
‘for qu are .significantly 10Wer-than.theﬂhomiﬁal level -
dwhenﬂff*~e-L . .The "coverage of 'ﬁ ;“hoﬁevet,taees appear

%
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to be .improved when £* ¢ M- or .H . In fact}-the-

coverages -are -similar to those -for Jsl'.in;these cases. -
‘The confidence levels for the . Jg,; "“interval

estimate .are too ‘low in.general.?-Although’the‘coverages’\

1
™

..of R for JWlL are similar to those for JWl when=:

f* e L , we find that they are lower than ‘those - for

Jyp When £* ¢ M or H . ; " ;x;':fiﬁ”'

(ii) Coverages of SXR (Table XXXII)

Inspectlon of Table XXXII 1nd1cates that the

~.coverages 'of 5xR are generally. hlgher for'sti{

| than for either ”quL or .le . The%estlmator TSl
.behaves ;similarly to Jgq ‘with -respect -to coverage of

"5xR , although the coverages .for T are}'in‘general,

sl:
somewhat “lower than those for JSl 'whén f* e M or ‘H .

- There- is.no strlklng dlfference in the coverages of Sfo
for ”ng -and JWlL . _Both,these estlmatereiteau}t in -

Jlow coverage of 5xR when f* e L ..

(iii) Coverages of R/5 (Table XXXI). -+ .. '

Of the 18 sampling experiments}714:result'in.3
.coverages of R/5 greater :than 70% for the. J. S1- iésti—}'

mator. 'The coverages .for TSl are - 31m11ar ta those

for JSi"When f* ¢ L , but are lower than those for i

JSl .when f*.e M or H . Desplte thls fact,'over half
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~of “the sampling experiments result in7coverageStof;fk%5"-':J_

greater than 70% for T - SRS ‘ ‘h:T: L
When £* ¢ L , .the coverages‘ofwthis.point,{f'e o

(R/5) are, in-. general, substantlally lower for;l7ﬁl -t*

than those for J and T . High coverages of R/5 Vol

Sl sl
for qwlﬂ are associateo with'eitrene non—norma;ity pfﬂj ' ipu
£%(Y) . When £* ¢ L , the coverages'of.'R/s?lare Esééh;-viﬂ -
;fiEIIY-ZerO:for the JWlL_nestimator and; .as ﬁofitheffazﬂifeiy';
wother -estimators, the maximum coverages of. R}SJ occur'?:: k‘ d
when f* . M or H . This estimator prov:.desui,y far i.€ - Qf.“
+the lowest coverages of R/5 ,'1n'genera1.;{?j.ffg;;f%;if; éh‘
{4) Max1mum coverages (Table XXXIII) ; o ‘_é"t_

JInc Table XXXIII, the numbers in parentheses rare

-r N B _,L e 1

the approximate points at Wthh the max1mum coverages v

v e
,‘_‘. . .

v,

*occur,~and the -numbers recorded dlrectly above these ‘5{:; "iufj'h

5 . 5
: Ve F e
ce PSS .

parenthe51zed entries are the coverages. of these 901nts, B

4.e. ithe maximum coverages. ~Erom:the“examlnatxonfof:theihTuJ E
coverages of R/5 , R and 5xR ,‘we'have;seenfthat-inéiﬂ f%éﬁj
-many ‘cases there is little variation:amon; thewooneragesﬂ?':?€;’
wofwthese points - this 'is espéoially‘truefforlthe ?Eé;hqiw“{ ‘{
and ‘TSl estimators. Because of thls fact the p01nts B 3
0f maximum coverage are not well deflned 1n _some cases;llr i
We have found that when f* €/ L ; the:coverages :
. AR ,

L S

of R., R/5 ‘and 5xR are, lnmgeneral,lewer‘for the hﬁ';,1=_
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le . and JWlL éstlmators than for the JSl aéd TSl
- estimators. Since the confidence levels for le and
JWlL are well below the nominal level for the majority

of sampling experiments of this category, one might sus-
pect that the estimates of the standard errors required
to construct the confidence intervals for these estima-
tors are underestimating the actual‘standard-errofs in-
volved. The generally high maximum coverages recorded .
for le‘ and JWiL when f#* ¢ L , however, tend to
indicate that the poor confidence levels are a result
of bias, rather than a fault of the estimates of the
standard errors. It is interesting to note that for the
sampling experiments of this classification, although
the maximum coverages for Jﬁl and Ty, Occur to the

left of R , these estimators generally yield lower co-

verages of R/5 than do either J or TS Before

Sl 1
leaving Table XXXIII, we draw attention to the low maxi-
mum coverages associated with extreme non-normality of

£*(Y) for TSl and JWlL .

6.3.3 The Effect of Non-normality

In the following we compare the performances
of the one-sample estimators under varying degrees of non-
normality of the random variablel £*(Y) . Recall that

Tables XIX, XX, XXI and XXII, which were created for
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sthis purpose, -consist of .the.relevant portions of TablesQf a;-?gu*

ihroughﬁXVIII;~arranged according to the -distributional lﬁ' i L

.properties of F£*(Y) . . Q. ..' ‘if‘f"~f?\;.';‘x,;.
“The‘four~columns'immediately;tONthe right‘dfxfaf;;;:!ff
‘the main body of the tables record the valﬁeS'ofrfour-; f% *:i;;
.statlstlcs calculated from the Monte Carlo sample values f ;
of the various estimators. The first colhmn recotds the““qf
«mean -of -these -sample vaiues,{divided by R,:fthe”seeond“¥:7a&
rrecords ‘the: estlmated coeff1C1ent of wvariation. of the - - X
'statistic in column 1; the third records the mean con~?hf?fiflﬁ'bla'
.fidence interval length, dividedey R ; and=thlepufth;;ff??f; |
xecords the coefficient of variation of the-stetistieugff?iuhi |

in-c¢olumn 3. ‘The 'column on the far right recdrds“theﬁﬂ;l

. . - s . , e eics ok
-samplingexperiment and the distributional classifica- &
“tion for each-data set.. S -’rﬂqiieﬁﬂﬂéf‘“” )

.8ince the - dlscu3510n of the. coverages of CXR ,
“for 'selected ‘values 6f ¢ ,-has revealed the lTSi':infLEI;;‘u{f ol

‘terval sestimate as being of little value,lfuturefdis-uk “ s
-cussions .of this estimator shall be brief. L :%“'~3}}<g;fﬂ€;fiugﬁ"
(1) The case f* ¢« L (Tables XIX and XX) - j: Tﬁi
Examining Tables XIX and XX, we f1nd that the ;ﬁ

‘results of the sampling experiments I II, IV, VII VIII S
andrxv& are .similar in nature. 'In each- of these cases,zht ;

ithe vestimators JSl and TSl wield confldenceilntervalsjjhf




-much .longer than do J, .and L

fidence intervals -appear té6 be caused by‘high variance @ - Q?.ifﬂ

. These long con-

of ‘the Sukhatme .estimators. ‘The resulting conservative -~

. :confidence -bounds for R “are uninformativg. anside:,'““-"TP
for example, ruh nu@bér Iv for which 0 and 20XR belong .
.itodaEprOXimatélnyO%'of~the confidence intervéls‘con—" : B
structed by Jsi ; In this casehthé*mean confidenge iﬁ |
intefval.length»isnaboutxso-timeé'as long as for the .
”%Wl “and W{WIL uestimators. " . "f*' f L ;* :

The¢most- striking difference between the cover- ./

-ages ~for . the SdkhatmeveStimators,.JSl ~and -TSl » and j' %w “'fj‘q
:thOSe»for._le and 'JWlL" in the:smx<sampllng¢exp§rlj

ments listed Jin the previous paragraph, is the rate at . = =, - .
AWHich%these coverages decrease ;as one moves in either

:direction .from thé.point at which the maximums‘occur,'

“The coverages for both qwl and JWIL

drop rapidly
-as-one moves -away from the:.points .of:maximum-:coverage,

“while *the coverages for the’SukhaEme‘estimators-de—

crease almost imperceptively in comparison. =~ = . —:‘f;ﬂ‘i::
Before discussing the results of the three re—;“_'ﬁ:;; g
;maining'samﬁling experimenté of.ﬁhis category, note thé lliffsﬁ' .
ssimilarity of the coverages .of .¢XR for o~ ‘aﬂd"‘{nguz :‘ﬁﬁ
‘when f* & L .:'leL » however, does tend -to yield'éo— ' e
wverages slightly lower‘than ‘Jﬁl‘ for small values of ‘¢ ;.;tf“:” E
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. The results of the remaining cases are dis-
.cussed individually. All the estimators performed well
in XV, :The*confidence:intervalg were short and the
zestimatéd.confidence levels were.Within:4% of the nominai1
level for each of the estimators. No significant bias
was indicated 'for any.of the estimators, .but theipoints
of maximum coveragé were slightly less thaﬁ R .

‘The confidence intervals for »le_énd' qWIL
sare -very rshort in III. tThié,;togetherﬁwith'a_negative
ﬂhias,xresu;;s in poor coverage -of R: f6r”these estima-.
.tors. .The~Sukhatmé estimators.again provide'faixly con-
‘servative lower confidence bounds ‘for R .

tEo£ run-numbgr-XVIII,«allnthé‘estimators be—
';havegpoorly..'The'cpnfidéncé‘levels‘areiwellﬁbeiow the
unoﬁinai-level for each 6f.theméétimato£ssin this case
,and_the}maximum coverages, which occu;xgt :7xR;, are
*Hlso-less.th£n~90%. Perhaps the large“valﬁe of NR5(=QI8)
i:s responsible for these'poornperformances;;further;in;
vestigation is necessary to evaluate thé'éffect_Bf this
”parémétér. . o o
Figures 1 and 2 are normal probébi;ity plots of
qui ‘and flog(quL) ,“respectively}}for ruﬁyﬁuﬁber‘XVI;I.
Although ‘both graphs :indicate that thefdisfributions

.are -skewed to the right, this is much less pronounced
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for log( WlL) . Recall that QWle=lexpTJ(log(§w)l P
thus .logiJ ) is just the jackknife‘estimator applied

Z T WIL
,lngqW) . Therefore, in this case, the log trans-
'formation, useéd in conjunctionvmith the jackknife,Uap- oo

L

pears “to have produced an estlmator whose’ dlstrlbutlon

more-closely - resembles that of a'nmormal ‘random. varlable.

' &

{ii) - The case f* ¢ M (Table XXI) .

For the sampling experlments of thlS category,
(f*) wranges in value from«approx1mately 71 for run
‘nunber 'V ‘to approximately 600 for run number XVII. ‘Thus,
within the . moderate non—normallty category, there is
.considerable varlatlon in the degree of non—normallty

«exhrblted by f*(Y) S

‘The jackknlfed Sukhatme estlmator' J l pro—
wvides conservative confidence bounds for all cases repre—
sented in- Table XXI. Although the coverages of R .are

near the nominal level we flnd that zero is contalned

.over :90% of the time for .all 'the sampllng experlments-'

: ﬂof this category. The long confldence 1ntervals for

‘381 are indicative - -of hlgh varlance of thls estlmator. -

| The non-normality of the random varLable
Hfilx) seems to have caused an 1ncrease 1n the varlance‘,ﬁ‘
:0f “the le estimator. This 1ncreased varlablllty,

however, is compensated for by an 1ncrease 1n the f S




elength“ofsthe;confidence intervals.A As ‘a result the
" coverages 'of ‘R for le are close to- the nomlnal leVel

for each of the sampling experiments in this.category.«'"

*Note -that - although the confidence 1evels have 1mproved
ihe coverages of zero have 1ncreased con51derably.r Re—
call that when f* ¢ L , the coverages for . J ‘were

l. -
similar to those .for JWlL . ThlS is obV1ously not the

case for thewsampling experiments df Table-XXI;' In“fact,ﬁ

o
P

-the qﬁl estlmator appears to. behave more:- llke T S 3;h5u

.,5, o

81

(

than J.. . with respect to coverages of CXR ,awhen LA

w

f* M . With the exceptlon of 'run number XIII, a s1g—”*%””

-

nificant" negatlve -bias is 1nd1cated for the lei estl- 3
_ ‘:mator. ' ’ ’ . . .;:. » ,_7 i Pt' o _‘ "1' . ; : ::
The Ty1L, “estimator performed qulten 3

v and Ix,yalthough the confldence levels Were somewhat

dower .than desired. Desplte the fact that the:non- fflff

normafity'OE £*(Y) appears to have 1ncreased the con—:

E
S -
P

.Fidence “interval length con51derably, the max1mum cover—

] El " -

ages appear, in general, to have decreased. ) 'I‘h:.s could
xbe caused by the jackknife variance ,S:'”underestlmatlng'

P ry
L ¥ . [ ¥ Lo
. ¥ - AR 5

+he wvariance of J(log(e ) .

swas salso. accompanled by a srgnrflcant p051t1ve blas.

A44i%) The case £* ¢ H (Table ¥XIT)

T 1'

For the -sampling- experlments of thls flnal

-category, «.,(f*) is of the_order 4x104 and greater, @3
Yo 1, J

The decréase'in?ooverage;{ﬁ




-of their .confidence .intexvals to contain .zero.: "

Tt -would be -unlikely for -the estimators to perfarmnwellll'_

in these cases' and, in general, this is true.’

The Jackknifed Sukhatme‘eStimatdr-.J n~behavesf

Ssl.

much as it .did.when f* ¢ M:'. That is, its conf%dencej_f?

Pk

intervals “are generally too long ‘and ‘in .some cases con= '

“tain szero.moxre .often than they contain R . .ﬁstimated7~

confidence levels for JSl ‘however, are near the noml—' .

e
.t.‘

‘nal level for -all runs except run number XIV.'iﬁ “_:ﬂfﬁgjjf g

In the _three most .extreme cases, X, XI and XIV, E

confldence 1ntervals than JSl

mum ‘coverages -are compa;able,vJWl'.resuitsjln lowerJ

,gdverages:of zero than does JSl . ,Again,.the majbr«,f:f

it

disadvantage .0f these ‘estimators lies in!the~tehden¢j:‘

N
L

.Ehe J "estimator works suprlslngly well

WLL
for run number VI, for which the value of Yz(f*)

1

*ln5XlO§ . In this 1nstance,hthe confldence level for

‘the JWlLr.estamator 15‘approx1matelys81szandjthe max u

mum coverage of approximately 90%‘occur§'at .QXR ,"f"mi

a

desplte the :fact that a 51gn1flcant p051t1ve blas lS

L

indicated. The mean confidence interval_lenqth;of ; fjf;t

“2.7%R “is'‘smadller than “those for ‘the other one-sample: * .
. . R . N L3 - r,“‘. Fl -
‘ ‘ . " ) W X!

1 ,,-l” 5. o

TJWl and JSlr display almost 1dent1cal behaV1or Wlth

r e f ! -‘,!"V
-respect to coverages of c¢xR . " In the other two cases;’.fﬂ
VT and "XXII, however, the “JWl estlmator ylelds shorter.?i,'r

and, although th81r maxi- . ,;
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-@stimators, in "this case. -
“The Tyt ~estimator performs poorly .in -akl
" other cases. Tts confidence levels are typically too N ‘
‘low (ds low as 55%) and its confidence intervals are L

shifted to the right, indiéating a tendency to oVefegti¥ . :'*:' E
tmate “R-. The-positive bias of ~Jyq. - which is indi- :'_“;aﬁﬁ
,cated for all sampling experiments of this category, . RN A

is .highest -for runs X and XI. | - L "
6.4 -Discussion of the'OnewsamplemEstimators *i
_Berhaps'the-moSt;obvious_disadvahtage of the - - t
g TRY vy s . . . a . . LA a L ) o :1
estlmators ,JSl , TSl an le .lies-in their tendency o ) 3
‘to,provide negative .lower confidence bounds. 'This pro- FROR
-blem,. however, .is not unique to the importance(saﬁpling . ‘

;problem. ;Suppose, fer example, that the.mean..u’ of a- 5‘ ) .
normdl!tandpm-variable X is to be estimated, where. the i}
ﬁvariance_sdz +is known ~and u*> 0 . -If the sample mean- i

54 QESauSed to jestimate p , then gk .

Prob (¥-2(l-s/2)e/n%<0) = Prob(n®(%-n) /o<z (I~a/2)=1/cv(R) G

shere cev(X) = u/nfp is the coeff1c1ent of varlatlon of -

% and .z{l-a/2) is such that Prob(z<z(l—a/2)) 1-a/2 ;i  u
*7 . ~%N(0,1) . ‘Therefore, if v (X) > l/z(l—a/z) ;'the :ﬂ;'ifﬂwﬁtf

lower coﬁfidence-bound-will be less than -zero with;prOth

bablllty greater than.% . Moreover, since Igq Sl and
qﬁl -axe asymptotlcally normally distributed, . one.would expect 1arge 5{




svalues of -theicoefficients of -wvariation of these esti-

125

mators to-.result in high coverages of .zero. Furthermore,’

3y
since the coverages will, in ‘general, decrease -as l/n
-a ssubstantial increase in sample size may be necessary

to achieve a reasonably small probabilitywof“containment

of zero. |

| Although all three,of the estiﬁators~ Jgy

:TSl ‘and 'le often result in hlgh coverages of. zero,
sthe ;Jsl' estimator appears to be the.worst offender.

As -we.have .seen in -the ‘discussion of:the-results, the
'*estimated:probability"of containment of zerc fet "Jél
“was often. over ‘90% -.even when £*-¢ L . .An obvious
consequence of ‘this tendency to- provlde hegatlve lower
~confidence bounds is that a substantlal varlance reduc~
.tion may 'go undetected. ThlS lS, 4in fact the case for
samp Iing experiment number VII,'for»which‘the c0verage
.0f ‘zero is. approxlmately ‘a5%, desplte the fact that “the
~ariance ratio ‘R is approx1mately equal to 25. Al—
though the jackknlfed Sukhatmewestlmatox does tend to
yield.conservative intervel_estiﬁates,]ite'true;confi;
‘dence levels, whichlwere, inﬂgeneral,jthehclosestﬂto
the;hom%nal;level;.appear"unaffectedﬁby}noh—normality

Of E*(Y) .

W

The Monte .Carlo results 1ndlcate that TSl

is the least valuable of the one-sample estlmators.

5
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«When f* . .H , the poor confidence levels,:accompanied
§hy;a’significaﬁt.p0sitive‘hias,‘suggest*that;thenuse'df
+this estimator could be hazardous. That is; & signifi- -
tcant ~variance  reduction may be 1ncorrectly 1ndlcated,l |

resulting in the decision to use the 1mportance\samp11ng

.estimator Iq .instead of the alternatlve estlmator I

‘when f*(Y) displays extreme non—normallty.,AAs'werhavee%

+ .
.

r
o

mentieoned in the 1ntroductlon, th;s is the'most seriousi-

o N
. PR

type of error. K SIS

The Jer estimator-is}pefhaps?theabestiofZthe

-one-gample restimators. This estlmator behaveShsamllarly

to the Jg, estimator when £* ¢ B, resultlng in con- -

servative tests..and confidence 1ntervals, yet appears

' . f 5| .“

to'be.much less variable -than the J 1: estlmator ‘when = |

i‘.:

£* €L . ‘Adthough the confrdence 1ntervals for JWl

-are very.short .when £* ¢.L , this estlmator has a Sllght

L1

negatlve blas which, combined with these short confldence

Yy
T

Anterwvals, ‘results in confldence levels somewhat lower o

o ",

Ahan .desired. This characterlstlc does not appear‘too o

.o

ser:l.ous,r however, .since the maximum’ coverages Wthh are,

rnﬁgeneral, over 90%, occur between .SXR and R for

5

-#the majorltyﬂof cases . and the . coverages of CXR drop j"

» E . Y

off rapidly ‘as ¢ ‘decreases. Thus,: — appears ‘far -

more ‘powerful than JSl , for -testing - Ho:vé =1G--}vs.~"




< rv w2 v ~when "v_ ">V des itedtheFfaét-tﬁat(‘J- 1“?‘f

%PH.-a P q . T:p g ' P ‘ - .o Wl

‘is ‘negatively biased. .
In -an-attempt to explain the dlfference ‘in the

;perfdrmaﬁces of q51 and JWl.' we have. derlved expres—.Vn

sions for their asymptotic variances, thatfls. the.asymptfgz
2 lﬁ '2' ;i 'l_ .
» . - . d L T
totic variances o_ of -N'Jg., =~ an :?w of N Wld o

-These derivations -are found in Appendlx A and the- results T ‘

)

are stated here: G ~;Jf};§;,ff;:ﬁ “f;"5' QE«”
o S g T e

gl o= £%)4+2) (vT/vT) + ATp (Ex)v /vT + 4T /v . -

s (Q()'”p/q “3 ﬁquaéﬂc L

* - *< pEY [ sl w '
+ Var(F F )/v .zKPC?V(Fl JElFl)/Yqﬁ:__ ‘

+ AI(VP—YqTCov(Fi,ElEiJZQZViL i ’t.;
sanid X ;;qg.ﬁgf‘ 5“
ooy + gty - arvcortertien
+ (v.-v ) [2T%y - 4£3cé§tp*;é );f/$3£??“' o
a P q A AT e T
‘where C; = p(Xl)/q(Xl) is definedés:iﬁ:§4:4i,%;??${;rlaﬂ_Vh ;
From the above, we find that" %zi'aﬁa?Téiﬁ;fbiii'ﬁgi”l
are 1ncrea31ng functions of Yz(f*) ’ whtcﬁ could.explalﬁ
the long ;confidence intervals that occur: when f*ve H.;;?
To «obtain ‘further 1n81ght 1nto thé préblem,';§} :

we ‘have derlved an expre531on for the dlfference?i R R
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02 - Ué , when g(x) is 'near' the optimum qo(x) .

This was accomplished by assuming

q(x) = {(£(x)p(x)/[L+cg(x)1}/[{E(x)p(x)/[1+cg(x)1} ,

where the constant ¢ 1is small so that g(x) is close
to the optimum qo(x) . Assuming this form of .q{x) ‘

we find that

3

4 2 2 .
< (21 vpvar (g) + 2I vp[Cévp(f,g)] . (8.1

O " Oy =‘(02/v
- tt1E_(£¢%) - [E_(£0)1%1(E (/D)1 - 1ﬂ + g(cd)
P P P _— ~ .
where 1lim 0103)/c3 equals, a constant. It is easily
c->0 : :

-shown, using the Schwartz inequality, that
2 2
IE (£ - [E_(fg)1” > 0
o g ) [ p g 7
and
. IEp(l/f) -1>0".

The apparent arbitrary nature of g(x) adds
to the complexity of the expreséion (6.1). Onée‘ £,
p and g are specifiéd, however, it may be possible
to obtain a rough approximation of the difference in
variances.

The jackknifed version ofhthé natural log of

the non-negative estimator J

WiL dqes not.yleld negatlve‘
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f . ﬂ- u :‘ T : .
.lower confidence'bounds. We”~ have,seen, however,fthat I

B *

+this '‘estimator behaves similarly to “Jﬁi ?Wlthwrespectiif_ A

to coverages of c¢xR when £*(Y) dlsplays loe nch- -1;:. ‘:i”; :
-normality. -Although no 51gn1f1cant b1as was 1ndlcated '\_,ﬁg,‘k
for the sampling experiments in this categor&,ithe maxr;; .f;" J
-mum coverages occurred sllghtly to . the left of R ~”;%};; .*J" :
The dlsadvantage of using this estimator 11e;frh its :ijﬁc“vﬁsﬁj'f?
tendency to overestimate R and prov1de'poor ccntrdence i 'lﬁ;a )
:levels iwhen- extreme non-normallty of f*(Y)‘ ¢5fdlsp1ayed - ..:4
Ehus,‘as‘for ‘the Tsl‘ estimator, extreme hcn—hormallty .;fj;z‘ﬁf:
-.0f f£*(¥) could result in tests based on; rwiig%rncor—f?:“lh%tZ}.
rectly indicating a -variance reductlon, wmth therebV1oue : : : 
.consequences. ’f,? ‘ ;\?
i&sS”*ThefTwc—eampleJEStimators “fﬂ. :61:25:7 ) e
We begin ‘this - sectlon by relatlng ‘some- of the?;;fﬁffiﬁh‘:
.basic results of the :survey pertalnlng to thehtro—samplecjg.g éi,f"
;vestmmaters. ‘Recall that the two—sample estlmatcrs conlwﬁhv el
'sist of '‘the claSSLcal F statrstlcl (F) v the mcélfied {'1.%?f?ﬁ
‘Box-Andersen statistic (FBA) -the Box statlstlcs w1th ”f f?éhi;:‘
subsample sizes 5.and 10 (B .and Blo), erYeeen e;t?e—'m '1 o ‘
sample jackknlfed varlance ratio estlmetor ( Az)fy - . .
‘Arveseén's two-sample jackknife verelon of the logdof E jyzbiﬂ;ji‘

‘._:' B - J‘.~"

ithesratloﬂdf;the sample variances ) and Mlller”s- o :13¥i~

( a2r’,
jackknlfe restimator with the -log-? transformatlon
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The JA2 estimator permits negative confidence bounds
and is unique among the two-sample estimators in this

regard.

6.5.1 General Properties

O0f the seven two-samplé éstimétors, four were
‘found to be superior to the others. These four consist
of the jackknife estimators with the log‘ﬁransfbrmation,:
J and J L’ and the Box esti@ators,-B |

A2L M2 . 5 10
With the exception of Jao all the two—samﬁle

and B

interval estimators were affected similarly by non-
nofmality of f£(X) and £*(¥) . That is, large values
of yz(f) resulted in the confidence intervals'being
shifted to the left of R while large #z(f*) ‘valuesl
resulted in a shift in the opposite direction. - The

J

A2
left of R in every case, although this shift was more -

interval estimator appeared to be shifted to the

pronounced for large Yz(f) values.
We now comment on the performance of each of

the two-sample estimators individually.

(i) The classical F statistic (F)

The classical F statistic performed poorly,
as expected. Non-normality of £(X) and £*(Y) had . .

a disastrous effect upon this estimator. Even in the .



".cases -where f{X) -and .£*(Y) .were notqdistribufedéradiQ"w

.
o

cally differentxfrom‘normal random 'variables, ‘the ‘true
.confidence levels for this estimator were far too low.

(+i-1) The modified -Box—Andersen estimator (FBA)

The modifiedﬂBox—Andéfsen estimator was~deﬁi—"

.nitely an improvément over the classical F " statistic.. ' . -
This.estimator, however, also resulted.in'confidence,-i,'J;T"

e - Cs AT
levels that were well below the nominal level. - "' .. ... -, .7
NERRD!

;Arvesen 'S ;3ackknife estimator w1thout the log’

transformatlon (d, 2) - ‘”,,Q“ Hm.”

*Without the log transformatlon, the jackknlfe o

kestlmator Jas proved "to be of -little- value.‘-It appeared .

e

to be:much -more sensitive .to the nonhnormallty of f(X) o

§ £k - ) PR -
and f£*(Y) "than did either JAZL or =JM2L' ; ?Pg ?Stl‘ .

mated confidence levels “for this‘statistic‘rangedffromFJ‘}

.22% to 96% .and, although‘it‘seemed‘tolprovide fairly

.good upper confidence bounds, the lower ‘bounds were ofteﬁ(':’

PP " . ’ c',‘ : e "".n A"
negative. ) ' _ . S

&iv) The jackknifed .estimators with the log j' - - Lvii‘{ :
transformation (J,,; and JMZL)--

The JA_2L and JM2L 1nter?a1 egt;ma?o;s”b§f a
haved almost identically with respect to‘coveraggsiof;

‘cxR . Of -the four leading competitors, J and 7,

A2L, ¢ UM2L e
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-appeared 'to be' the most powerful for testing

H v =v vs. # v . These estimators, however,. '

: H_:v
o P q a p ‘
had a tendency to provide confidence levels somewhat
' ~
d1ower than desired. Typical confidence leVéls.wefe be-

tween 70% and B80%.

(v) The Box estimator with subsample size 10 (B, o).

"The B interval estimator was the most con- °

10 :
servative of the tﬁoésample interval estimatoré.‘:C6nfi-_‘1
dence levéls for the Byg estimator werewgenérally E |
‘close’ to the nominal 90% level but the coverages of -

.cX¥R did not decrease as rapidly:as those for JAZL'l

and Jy.. as lc - 1] increased. . S

(vi) .The:BOXvesfimatqr with‘subsampléasize-S (Bs).

‘The 'Bs estimator proved less reliable than

Big and appeared more sensitive to non-normality of.

£f(X) and “£*(Y) . Although this estimator often ied

to confidence levels close to the nbminal level, this

was not a general rule. In fact, on occasion its true

£

-confidence level was far below those for JAéL and
‘JMZL - The ‘B5 estimator provided shorter confidence ,

intervdls than B , yet was often more biased than;

10

this estimator.



6..15..2 Comparisonwof_Coverages:for,Selected_Valueé,of#cxﬂ3&‘

.As for the one-sample estimators, we/conpare Bel TR

the coverages cf R, R/5 "and 5xR and the-maximum

c . -“'ﬁQ .
-coverages .obtained for the two-sample estimators. " . .%o

() Estimated confidence levels (Table XXX) ,Jf o

The - confldence levels for F and FB ?are“

-pbviously far too low. Although F A prOV1des hlgher :?i

B

confidence levels than 'F , 1t is apparent that nelther |
.estimator warrants further con51deratlon;iv”“.‘w}f 15 :a”f}
P 4]" P . ),[;.; ,
“The ,th . estimator yields confldence 1evels
that :are lower than 'those for qAZL and _J M2 for thevﬂi:.l‘

M=L -and JH-L cla351flcatlons, ‘but hlgher than those'

-for JJAz -.and J 2 'for*the L=M ~and -L—H nclaSSLfln:ﬁﬂ}:

.cations. From Tables XXX and XXIX,»we flnd that when N

'close to the nomlnal level for R DA S

¥

The jackknlfe estimators -with the log trans—
‘formatlon,’JAZL and JMZL yleld confldence }eveleg uﬁf

‘between “75% and -85% for -the majorltYEOf cases;A The .;f‘

» v ~

"lowest -confidence levels occur for the: h—Hffandﬂ H-L

.classifications. i, VO

The Box estimator with subsample 51ze “k = 10

n 2

vt

Blo ' prov1des the best c0nfldence levels, 1n general 'f

For 15 -of the .18 samplingﬁexperlments,_thrs:estlmator31

“ S
~A2 g S e - . ) Ty W
- : (e i -
4 E “
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yields estimated confidence levels between 80% and 91%.
The lowest confidence levels (approximately 54%) occur

for runs XI and XVIII, for which the distributional classi-
"

-fications:-are L-H and H-=L , respectively.“H

The By estimator yields coverages of' R

which range in value from approximately.9% to approxi"
mately 91%,. but for-the majority of the sampllng experl—A
ments, - the confldence levels are greater than 70%. -AS' ..
ifor the other non-negative two—sample=est1mators{n£he .
lowest coverages occur for the L-H and . H~L .ciéssifi—l,

‘cations.

(ii) Coverages of R/S (Table XXXI)

With exception of -sampling experlment number -

A2 estimator yields coverages of - R/5

which are greater than or equal to 70%. In fact, the

'XVIII, the J

coverages of R/5 are highef than those of - R for all’
sampling -experiments for which y,(f) > v, (£*} .

‘The JAZL and JM2L estimators yield

scoverages of R/5 which are, in general, betweén 20%
-and 50%. The highest coverages ocgur;when b e!M"of i:
‘H ; the maximum coverages of approximately 70% occﬁr
for runs XVII (H=M) -and XVIII (H-L) .

The B estimator tends to yield coverages

10

of R/5 greater than those for J

a0t rJ and B 1;

M2r,. °° 5

[
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.but less 'than -those- for JA2

80%) occur when f e M or H , and the lowest values

. The highest values dnear

{approximately 30% to 50%) occur when £ e L .°

. RN
‘The coverages of R/5 for ”BS range from '
as low as 1% to approximately 80%. Again, the lowest
coverages occur when £ ¢ L and the highestueovenages"
occur when £ ¢ M or H .- T . .
(iii) VCove:agesrof 5xR (Table XXXIi)ﬂ~ . i; v
The'COVerages'of 5xR  for th' are generally
‘lower than those for the Box estimatOrs,.B5 and Blo
-and the jackknife estlmatqrs, Jaor, and .J 2L . ?he

.highest coverages occur when £*.e M or‘JHh.' With‘ﬁhewj'g'
exception of run number XI, all:coveraéesiqf SXR are l?;
less than 50% the.lowest values occﬁriﬁdiwhen f* e L .jt

The other two-sample estlmators appear o’ yleld‘
,coverages of 5xR of roughly the same magnltude as they
4d1d,for R/S , but the highest - coverages occur when

|.

f* ¢ M or H , in this case.

{iv) Maximum coverages (Table XXXIII)

SRS

The maximum coverages for UAé ‘are close to . °

»90% for +all ‘runs. Note, . however, that“theipdinﬁsjat

which the maximum coverages occur are, with the excep- .

tion of run number IX, to the left of R ;_tbflﬁhe iS"!:"
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sampling -experiments, 14 result in the point of maximum -
coverage ‘being less than or equal to .5xR for:the‘

JA2 .estimator.

For all of .the other two-sampie estihators,
the points at which the maximum coverages occur ere less
than R when yz(f) > Y2(f*) and greater thanJ R wheh:l
Yz(f) < yz(f*) . That is, the confidence intervale - ;
-appear to be shifted to the left of R When' ,ph.ii'}*f”
Yz(f).> yz(f*) and shifted to the‘right of R ;&hen'

Y A < v, (£%) . : . s

The Box estimators yield almost identical maxi- ‘
mum coﬁerages‘end points of maximum coverage.'JFﬁrther;r“
‘more, the maximum coverages for-these‘estimatore'are,
in ‘the-majority of cases, approxlmately equal to 90%.
‘The -coverages of R/5 and 5x%R , however are lower’

“for -55 than for B10 , indicating that the confldence‘;[

1ntervals for B5 ‘are inclined to be shorter than those

for BlO . ‘Thus, we would expect bias to have .a greater

-effect upon the confidence levels for the B5 “estlmator,,

“which would explain. the tendency for Bé to provide

Jlower confidence levels than B10 .

CA2T,
and Jy,; -are, for .the majority of cases, between 75%

Note that the maximum .coverages for J

and 85%. Thie suggests that the jackknife varience“

s ~t . s AN



137

gestimators,*gé ' may“be'underestimating the actu@}-Va~l'
riance of the jackknife statistics. The resultiﬁg tshort"
confidence intervals, together with a slight'Shift*to",J
either side of R , would account .for their coﬁfidendé -

levels being somewhat lower than desired..

'6.5.3 The Effect of Non-normality

In the following, we discuss.the‘perfbrméﬂ;ef‘;
of the two—sample estlmators under the varlous dlstrlbur
tional c1a551flcat10ns. It is apparent from the dls-ui
cussion of the cOveraQes of R/5 , R &and r5xR‘;“Ehat"

‘the .F , Fy, -and J,, .interval estimators are of -little"

value. :F zand FBA .consistently provided confidenbe ,i‘l

levels well“below the nominal level, Whlle J A2 proved !

s

1ncapable of providing realistic lower confldence bounds- 3
As a result, the following discussion shall focus ‘on’,
mor *mar * B5 3P4 By -
Tables XXIII through XXVII shall ‘be used to

the four main competitors, J
‘aid in the discussion. Recall that these-tablesﬂare
comprised of the relevant portions of Tables Iffhrodghk*:
XVI1II, arranged according to the'distributional'claSsi;.;g 
fications of £(X) and ¥E*(Y) . Table XXIX, whiéﬁ - ‘]&E
CERY - amq b -
‘ l(f ) ané |
qz(f*) -and the classification for each .of the sampling

records ‘the 'values of R ,hYl(f)'r Yz(f).: ¥

| experiments,fwill also ‘prove useful.
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&

- .

“Before ‘examining the results of the Monte -Caxle -

sampling experiments in detall, 'we make sometpreliminary'

comments. Let 8 be a random variable with a symmetric =

-dirstribution such that E(B) =B , -and let I be a sym- . "

Yoot

metric confidence interval for g8 . Then, if :c-> 0

is a.real-valued constant, :we have

Prob (cxexp(B) & exp(I)) .Prob (g, + ;Og(c)wsglif;g 

Prob{g - oglc) e I) T

I

Prob(exp(8)/c ¢ exp(1)) . -

‘- - ‘b._ . B.
Now, .since the estimators JAZL ’ JM2L » By

~and “Blo .are of the form exp(f) , where @ has a limiting - %u
wsymmétric -distribution, we would expect the coverages

[

of xR @and R/c to be.approximatély'the.same:'fn'

£1) Classification'LeL {Table XXIII)

As one might expect, all the”eétimatp;s dis-
play their best performances in this case. . The jackknife
-estimators JAZL and JMZL , which behave almost 1dent}—" »

cally ‘with respect to coverages of ' cxR ;lbotthield

.

[}

coverages -of oxR and .R/c that are, as we would hope, .-
-approximately the :same, thus reflecting the s etry 1
-of the distributions before the exponential transforma- .

tion. ‘"Their restimated confidence levels of appfoximately



~83% .and +84%, “however, are below the nominalgleyel.f:'

~—

‘The Blo

-vative than JAZL .and JM2L .

tevels. are-within 4%
-sampling experiments of this category.
dence .interval length for B10
for Jppn 24 Jypr
'not . -decrease .as rapidly as those for .J A2

,,

L

~as "¢ “increases or -decreases from -c'=.1 .}-‘.

'The ’BS

intexrval lengths that -are shorter than'those for B10 -:qu}

<

.is hlgher than those

and J

-M2L

N

.0f the nominal 1evel“forfall;thrée;j

‘estimator ‘appears to be more conser-. '’

The mean confi—:.u

, and the coverages of ch do f .

estimator also yieidstmeaﬁ-confidence ;

These shorter confidence lntervals, comblned w1th a’ 9031- 

-dence “kevel for run number VII.

however,.do .not differ SLgnlflcantly from the nomlnal “f“

lével. Note that B5

xR «and R/c

<

Inor, ¢ Tyor, 3¢ BlO y

-For run number VII, all the estlmators, w1th

‘the exceptlon of Jno

‘vs. :qajvp‘i‘vq ‘which lead to rejectlon of. H

sprobability close to .1.
on JA2
_ considerable variance reductlon is achleved (R

, provide ‘tests of H :Vﬁ

‘appears to yleld coverages of

o N

.-»t,' A

~r

,,

v l \_J._ _h'

B

The power of . the test based

that are less 'symmetric: than those for

g
w1th

25) )

The confldence levels

¥

is less than 50%, desplte the fact that a Q' .

for the other two sampling experlments of thls category, o

¥

N

tlve“blas,vappear to be the reason for the 1ower confl— 5

ItezeStimatedﬂconfidencelﬁ\. ;

. "
S,
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(ii) Classification M-L (Table XXIV)
' In this category, the raﬁdom variable f(X)
"is said to display moderate non-normality. One should
\ not be mislead by this classification. Referring to
‘Table XXIX, we find that Yz(f) ranges in value from
approximately 50 for run number XV to approximately 290
for run number XVI. 1
For the Sampling“experiments of this category,
 all the interval estimateé appear shifted to left of
R . The points of maximum coverage are less than 5;?
R for each of the estimators and the coverages of R/5 '
are greater than those of 5xR in every case. B
épd Ty

The jackknife esFlmators JAZL

again behave similarly with respect to coverages of

2L

cxR , and both provide confidence levels lower than dé— .
sired (74% to 80%). Despite the apparent negative shift .
of the.confidehée intervals, a significant positive'bias
is indicated.fbr JA2L and JMZL for runs I and XVI.
One possible explanation is that the distributions of
these estimators are positively skewed and that é small
number of the Monte Carlo sample values‘arg the major
contributors tb the sample means. Note the large values

obtained for the sample means and for the average confi-.

dence interval lengths for both of these estimators in



~sampling sexperiment number *XV. Although “the 'JM2L

estimator yields much larger values for both of these
-statistics, in this case, -no-.significant difference is
“indicated. (The coefficierits of variation of these
-quantities are very large.)

The negative shift of the qonfidence intervaLs
has had an adverse effect on the confidence levels fox
all the estimators. The .Box estimator ﬁith subsample
'size" 10 appears to be affected the least-in this ‘regard.

.As for the I-L .classification, the *Blo estimator

yields coverages of c¢xR which are, in general, higher

than those for B5 y J and J . This is particu-

A2L M2I,
larly noticeable for values of .¢ ‘between .1 and .5..

The B estimator yields shorter confidence

5

intervals ~than .B .+ -and the covérages decrease more

10 .
rapidly sthan those for By, as one moves in either di-
réction from ‘the points of maximum covefage. Furthéf—

more, :since the points 'of maximum coverage, which occur
to the left of R , are approx;mately'the saﬁe for both

B , the confidence levels for B

-5 10

Jlower than .those for B10 .

‘Before .leaving Table XXIV, we comment on ‘the .

and 3 5

.power of ‘the test Ho:vp = vq vs. ‘HazvP = vq , for

run number XV. As one might expect, JA2’ is the least

141

are generally
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“powerful,=although:the_Bbxvmethods-arefnot.much“better,_

~withfprobability of ‘rejecting H0 approximately .5 for

1both 35 and MBlO . The power of the tests based on
' : ~
JAZL and JM?L is roughly 90%.

(iii) Classification H-L (Table XXV)

‘'The extreme non-normality of £(X) , which is
-characteristic of this category, tends to exaggerate the .
trends mentioned in the M-~L “classification. | _

None of the estimators performed weil for sam-
bling.experiment;number XVIII. -Note the'ex£remely large °

values -of the Monte Carlo- sample means of the JA2L

-and Iyor, -estimators for this sampling experiment.
:Examination of the Monte Carlo-sample values of these
.estimators revealed the existence of extreme values of

-approximately (S,SXlOG)XR for JMZL and (l.2x105)xR

for Jaop

The 'Blo estimator .again .appears superior

with resbect to confidence levels, but yields coverages

-of ¢XR higher than those of J,,. and JM2L for small

values of ¢ .

The power of the test H v =V V5.
c Pp q

'Hazvp ¢‘vq , for run number fII, is high for all :esti- .
‘mators- except 'JAZ , ‘but is much lower for run number

XVIII. .For sampling experiment number XVIII, the Box



’ -
Y
’
'\
= ‘
'
4
w .
v
Lo e

‘estimatoxrs appear .to Tag :far beha.nd,“]:AZL;iall'l,d_.'f[M,ZL_w DOV

An powerjfalthough,additional coverageS*betwéénsohahﬁ3:?{l-;ff .
.0lxR would be necessary to verify this. :flplf: ;:;;f&,; -
_ . ; L i a e
{iv) ‘Classification L—ﬁ (Table XXVI) _; _'“ . %, f? .
Wlth +the exceptlon of th_, the‘nonnnormallty :f]ﬁﬁi*fd
,of_“E*(Y) appears to-have caused the confldence 1nter—*ff;; ii;f‘
vals to be shifted to the right of R {l The‘dlfferencG;%?jffij;n?
1n coverage of cxR and .R/c .are roughly oflthe same‘j;}i e ﬁ;
‘magnltude as in the M—L case, but are,of opp031te451gn.:}¥, r';
sConfidence levels for -the L—M cla551flcat10n~arezalso iﬁf;?j;“iz;l
~approximately ' the ‘same "as those of the1 M—L category.“iixig.%-fléﬁ

A significant positive blas 1sdlnd1cated for H T

- "all-estimators of ‘this categozy, - thus reflectlng -a ten—?i;ff;

»

»

‘dency to overestlmate the variance ratlo‘ R ilw“f’

Noté that for run: number XIII the power of “ )
the test -H :V_=Vv_ vs. H.:v_ = v_ 1s si nlflcantl '-”(ﬁ
: i5tVp q Hg*Vp *q g » Y )

*hi:gher for 35 than for 'EIO ' JAZLA -and - JﬁZL - TheN "wr ?;.:w,

tBlO estimator agaln.appears to lag behlnd JAsznand 1; =

*JMZL ?ln power. JA2 is obv1ously the least posefful, e

*with;probébility of rejecting ‘Héu approxlmately 10% f
Av) ‘Classification L=H (Table XXVII) - ST 2

As -one .might expect,"thsjinqreasea,nonrnqrmaliﬁyfj

de f*(¥Y) tends to exaggerate the effects ﬁentiopeduf;fﬁb:i~fb.

2

div
e
.



+spreviously in the discussion of the L-M CIessfficatioﬁ;v

B

Phat is, the .confidence levels were generally low.and

-

‘the points 'of maximum coverage were shifted ‘to -the right ...

ifor veach of the non-negative two-sample .estimators. - '

Although a significant positive bias‘ié“in@inﬁ

-cated “for -all the»non*negatiﬁe estimators, ‘we do-'nmot

'find such extreme values for Jno1, and J ‘"as‘churied

“M2L
-in the ‘H-L -category. _ J,_" “7'3?J‘{

P

;means,ofﬂtheeBox,estlmators for run number XI." These

Lvalues_indﬁcate»a*veryulargefpositive-bias,JWhich.iS’}

sreflected -by ‘the.points of maximum coverage that bceﬁr,:mf”i

at ;approximately I00xR . ' :‘ *;rﬁ;igﬂ}l

o

(vi) .Classifications M<H:and H-M (Table XXVIII) '

The .four main ‘competitors, Jp,. ¢ Ypyop :_35

and ‘Blo(,'work Surpriéingly well in these~eases;ef}ex;;,w

] [

tremeanp;normality. The 35

*however, 1is :generally superior. Its coverages*of CXR

v

are -comparable to the coverages .of cXR‘, for J

sand JMZL , for values of ¢ less than

“han :5, yet its .confidence levels, of approxmmately 90%,";'-J

[ x

dre hrgherfthan'thosefof ”JA2L .and JM2L Jln each -case.:

Although the “Bsf~estimator is .positively blased,'the‘:{

=

_points of maximum coverage occur near R {between ..8xR :".

and 1.25xR) . ‘ . | S :

-
-
oy
4 b
K K
v s Lo
- Wy
: . da
P
.y .
a .
'

-
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estimator's. performance,;rf'
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,The B estimator also ylelds confldence o

, L0

levels that are not signifiecantly different than the ;m
qpominal level. This eqtimator, however, reSults”ln
“higher coverage of cxR than do the.otherinon—negatite;
two-sample estimators. |

‘Examining the results .of run number XIV, we

~ [3 . ’ ' ] - ‘ ! 2 f
flnd,that' JAZL ’ JM2L and B5 provlde tests o

H iv_= VvV vs. H_:v_ =%V of apprbximately%the same
0 P R a p q -
power. The By, .estimator again proves less powerful

than its competitors.

;6.6 Dlscu551on of the Two—sample Estlmators.

Although the two—sample formulatlon of the
dmportance -sampling problem reduces 'to the form of the-
-usual wvariance comparlson problem, we’ ‘have seen’ that
the nature of the distributions of f(X) and f*(Y)
result in violation of the usual assumptlons of 1dent1— '

cal distributions, except for location and scale:‘ Ther 
woften radically different values of 7v,(f) -and, Yz(f*)
are -indications of the departure'from'these.assﬁmptlons.(
Recall that, with the exception of the ,JAQU estimator,
-when -y Tf) > yz(f*) the two—sampleﬂiﬁtervalfeét;mate%'
-appear shifted to the left of R. and when. ‘.

Y2tf)- ‘yzif#) they appearﬂshlfted in the’ opp031te dl*’

- rection, thus indicating a tendency. to overestimgte R



swhen *ﬁzﬁf*) ;isrthezlarger'value.and:toiuhdereetimatep.f
.R when Yz(fj" is the largerxvalue; This,preperty,éf‘f:r
~these ~estimators is ‘obviously undesirahie sinEeﬂtesté j:;
-based on an estimator .with this property coul’d"II.'ikue'lj,;:_J"-’:=
lead to the use of the less efficient estimate ;f' i |

if itsrstandardized fourth cumulant-were sufficiently

larger -than that of the alternative estlmator.. In ‘this < 0

case, the . dlstrlbutlonal properties of the estlmate

o

-chosenscould have ‘disastrous.-effects upqn»lnferenges

-and ‘tests ‘based on it. . e E

P

" In llght of the very poor performances of the u“

intervédl estimates F , Fp, and JA2“’ we feel” that

they ~do -not .warrant - further con51derat10n ‘as p0551b1e'h§{-

ﬁestlmatgrs,of_the relatlvepeEELC1ency 1n“the‘1mportance'”

o, o
3 - -

sampling -problem. . T o

'Of.the remaining*two—sampleiestiﬁatore, J,

and J

T A1, appear to be the most powerful but generally

3

wield confidence levels- below thexnomlnal 1evel. Con— fp;f-“

sidering the degree of nOn—normallty dlsplayed by 'f(x)

and £*(Y) , however, these estlmators performed reasonably

[

‘In -Miller's review paper - [14], he warns that '

~the jackknife .is not a device for correctlng for outllers.;i“f

In view of this, one should be suspicious if extremely .
: ' w . PR . - - 1" ..-
v N . P
‘ i i;-
. e

< “
et ¥
M2L o, G
;
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large or small variance reductions are indicated. Inspecé
tion of the sample values _f(xi) and f*(yi) -and of "the

pseudo~values of the jackknife estimators would be ad- N

visable in this case.
Recall that for the sampling experiments which

resulted in extreme values of JMZL:

sample means were much larger for the JM2L

over 44 times as large for sampling experiment number

A2L ‘
estimator - -

and ’J , the

XVIiI; Does this indicate that JMZL is more sensitive

to outliers than Jaor, ? This deserves investigation;

Consider a sample (xl:---;Xn) for which x

1

treme value. For our purposes, we assume that Xy is

the only extreme value. Then the saﬁple variance, U

is an ex-~

éay, is approximately equal to xi/n and theljaékknife"
estimator

n .
nxlog(y) - § (n-1)log (U,) /n

J(log(U))
=

= nxhxnxi/n) - (n—l)zlog(xi/(n-l)j/n

N 2
= Zlog(xl) .

Now, suppose Fl is‘the only extreme value

*, Pk .
of (Fl,...,Fn) and (Fl,...,Fn) . . Then

L 2
lOg(JM2L) = 2109(31) .



(Recall that JM2L = exp(J(ef) - J(ef*)) » where
~ 2 A~ 2 '
8. = log(sy) and 6., = log(Sg,).)
For Arvesen's estimator Tnor, ! defined in
Section 3.3, we have
log(d,..) = [3(6,.) - J(a.,) + log(52/52,)1/2
A2L £ £*° b
. 2. ., 2,
= 1og(Fl) + ﬁlog(Fl/n)
. 2
= l.Slog(Fl) .
Therefore,
J. .. %= exp(l.5log(F2)) = F>
A2I, ° 1 1
and
J . = exp(2log(F2)) = ¥ .
M2L, ° 1 1
on thehother hand, if Fi is extreme,
J = exp(—l.Slog(F*z)) = Fx~3
A2L ¢ “L 1L
and
i3 _.‘ 2y - *_4
Jyop, F €X¥p(-2log(F{)) = Ff = .

From the above, it is apparent that Arvesen's method

is, in fact, affected to a lesser degree than JM2L

by extreme values of £(X) and £*(Y) . Since these

148
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;estimdfors.behaveesimilarlyrwith respect to confidence
levels and power, “the JAZLV estimator -appears preferable
the -efifects of .the outliers ipon the -estimator.

. Note tHat jackknifing has actually increased
o

The major drawback of the Box method is that

its bias is largest for small subsample siges, yet‘igcrea—
sing the subsample size results in loss of degrees §f ’
freedom .0f the associated t-statistic, which in turn ..:~
.resu1t5fin'lon§“00nfidence.intervals‘and.consérvative ':fvz?
tests. .If, on the other hand, the”subSample_size~wére‘"
to remain ‘fixed while the sample size was increased, the
biqs~Would‘éventuélly Become;fhe'major contribuﬁor to
the ‘mean -square error of the“estimator,'with«the1obvibus’
'ﬁefﬁect;of?decreasing the confidence -level. fThisJJin '
:fact, .appears to be the reason “for the failure of tﬁe (bkgwé_ﬁfm,f
B -estimator ‘since, as .we have seen, the:ma#imum‘ h e
%¢overage:for“"Bs ‘was close to 90% in each of the.runs ﬂ L

and +the 1ow confidence levels resulted when the bias o fo7i'uiu

was large. ' el
Since the magnitude.ofathe-bias‘depgnds-dn' "
the -distributional properties of £(X) and .£*(¥) , y

-an :gptimumrsubsample. size -may-not -be obtainable in-
general. ‘Further research in this drea is .necessary.

If, however, extreme non-normality of either £(X) ‘Qr‘uﬁ




wor “f*(Y) .-is:suspected, 1t Would be adV1sable to’ choose

Y

Jas large -a ;subsample 'size as p0551ble whlle retalnlng

-an -acceptable number of'degrees'of~freedom;'{‘:;. \V<_:;13“1{]1_1}'
. B e ,i\\f ’U'f ‘
6.7 Summary | ‘ : ‘:_d;;.oﬁi? :ﬁf ;:.1fff B
Although this 1nvest1gatlon has ‘hot ,been. con; ﬁ‘f:;s;ﬁf
UL .
~dlusive, "it has -served to-reveal the complexltyﬂOf.the',fnigff“ -
‘importance -sampling problem, to expose those‘estlmatlonJ(UAng
technlques most sen51t1ve to non—normallty. toqgroolde\ ;}f.ifﬁ“f

a prom151ng alternatlve to Sukhatmes' one—sample estl— ;ﬁ;*_fo

"mdtor and to indicate directions of further study. i :
We have ‘séen ‘that thefestlmators~““?;“FeA nué La.
Ty, -and Io, ‘are of little value as 1nterval*est1mates <tiﬁ¥1i1;~
, Of»the;veriancejpatio R . They were all found to be *f o ;3

~sensiti;e-toﬁnon-normalityhof f(x) or f*(Y) . The ﬁb‘
estimators F -and Fg, con51stently pIOVlded poor con-i*‘jf“aJEQJ

N 't PR

.fidence levels, with the lowest .values occurrlng when S f%ffﬁ‘

‘extreme non-normallty of either £(X) -or f*(Y) '*jf
“indicated. Both ‘the estlmators" Tns "-and Tsl‘-were Q‘fi*!1;f;€fmg;

4dnelined to yield negatlve lower confldence bounds and

B R

‘poor -confidence levels. The confldence 1evels for. -JA£5
R, “..'_

were lowest when £(X) dlsplayed extreme nonrnormallty,

-and the .lowest values for T

1 pccurred;wheng,f*iY)l"*

v ooy

‘displayed -extreme non-normality. ° ' - .
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The two-sample estimators JA2L r J » B

and Blo performed reasonably well, considering the
degree of non-normality exhibited by the random variables
f(X) and f£*(¥) . The Monte carlo results, however, -
indicated a tendency of these estimators to overestimate
R when yz(f) < Yz(f*) and to underestimate R when
Yz(f) > Yz(f*) , an obviously undesirablé property. T6
evaluate the effect of this property upon tests of hypo-~
thesis, a larger number of distributions should be sampled
to provide a wider range of values of the parameters
Yl(f) . Yz(f) ’ Yl(f*) , yz(f*) and R . It would also
be advisable to increase the Monte Carlo sample size

in order to improve the precision of fhe estimators in-
Qolved. Other possible changes to consider are varying
the sample sizes (and subsample sizes of the Box esti-
mators) and changing the significancé level o .

In the discussion of the two-sample estimators
in the previous section, we touched on some of the prob-
lems associated with choosing the most appropriate sub-
sample size for the Box estimator. At this point, we
wish merelf to re—emphasize the need for further research
in this area and remind the reader that By appearsrto
become more conservative as k -increases.~ .

As point estimates, the two-sample estimatoré,

with the exception of Jpo 7 have proven to be far more ”
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biased and.more variable than the one—samplé‘estimators.
Consequently, these poiht estimators appear lesgrréliabiei-
than the one-sample alternatives. A larger Monte Caflo
sample size would have allowed a more detailed 'investi-
gation of the bias and its contribution to the mean square:l
£8rror. |

The one-sample approach to the‘importanée sampliﬁg
problem has received little attention in,the basf.ﬁ;ésia'fl
-result, very little was known about the reliabilitj'of
the Sukhatme estimator prior to this investigatién;wl
The results of this study, h6wever,_d6 suggest - that An
alternative estimatbr is required in view of the;faét-thét |
the Sukhatme estimator (or the jackknifed version;éf it)
"tends to yield negative lower cdnfidénce boundslfsr R .‘
-The jackkhifed versions of the non-negative estimétor: .
(EW) appear to be viable alternatives; although further,;
‘investigation is obviously necessary»to determiﬁe which
is superior. |

In this thesis we have studied the perfo&mance”
-of the one-sample estimators under varying degrees.of
-non-normality of £*(Y) , without regard to the.aistri;
"butional ‘properties of £(¥) or the.relationship bétweep
F*(Y) and f£{Y) , where Y has density gq(x) ; .vaious—f

ly the distributions of Jg and J.,  are affected by



153f.

the distributional properties of both these.randoﬁ
variables, as is indicated by the expressiéns for the
-asymptotic variances of Jg, and 'Jﬁl (see APPén'diX A)-;:
_ AN
Although we.may find that neither of the esti-
‘mators JSl or le is universally gupéripr to the
other, it may be possible to determine cqnditioﬁs under
which one is preferable to the ther.' vaiouslj1this
is another -area requiring further reseafqh. _Ih ,Appendix 
A wezderived‘an expression for the difference iﬁ-the |
asymptotic variances of Jul
Yarbitrarily close' to the optimum density qo(x) -

and JSl when . g(x) qwas

The resulting expression, howeﬁer, was ofLSUCh a éenerai _
nature “that little insight into the probleﬁ was ééhieved.
‘Perhaps an alternative analytic approach,VSuéh'éslgssu-,-
ming a different form of g(x) , might prove moréﬂfruif-_
"ful. It is possible, howe%er,‘that’the éomplexity of .
“the problem will dictate the use of a numérica;‘§§proach
‘to the problem or regquire furthr restriction;-én the l

functions £(x) , p(x) and q(x) .. -~ = -
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Data For Sampling Expériment I

COVERAGE OF MULTIPLES OF THE VARLANCE RATTO (CIR)

V. of

ME YEAY
ESTRUTOR - | Est. | vEa | ot | Ea
czo] .01 0.2 Jo.2]0.3 | 0.5 0:7] 0.8 ] 0.9} 100 [1.25 [L.75] 2.0 ] 2.5 | 3.6 4.0 | 5.0 20 J20 |2d6 | £ | EST. | s | rENom |
Jiny, o] o] o | o[ oooz| 247|785 {972} 780 [ 477 {175 | ic0:joso lo1s [ 0 fo fo [o [o 997 | .009 | 636 | .039
I 015 | 015| 030 [ 037 | 077 | 165} 570.| 885 | 995 | 780 | 445 112 | 060 {022 [005 [0 jo o o |o 968 | 002 | 673 | .o
Jgy 755 { 760 772 | 787 | 807 57| 900 | 915 | 930 | 9u5 | 960 | 982 {980 {957. {785 {265 |05 1 0 | 0 |0 1.07 | .00 | s.07 | .ow9
Te1, 755 | 760] 772 | 782 | 813 | 855| 890 | 907 | 917 | 922 | 947 {940 | 907 {732 516 |205 a5 f o [ o |0 B2 | L0890 | 4463 .015
Jia o | o |cos|430} 630 ei7| e35 | se2| 7ar 775| 672 | 560 | 505 | 447 |395 |330 |277 |160 102 Jo27 | 1.57 | 26 | 58 | k25
dyiox, 0 | 0 |057|357]595| 790 817 | gos | 782 765 | 680|570 | 525 |u57 |40 [3n7 [S92 (182 {112 [owo | 2.6 | 206 | w9 467
B2 | 430) 7] 727 895 | 935 | 900| 792 | 727 | 672 | 6127 515 {385 | 340 | 455 |192 [132 [Bd7 |oz2 [o0f 0 | 1.0 | .o | 262 | .12
F o | o | 0187|360 552| 575|547 | 5157\ k75 | 432 | 337 | F80 210 {265 |92 josd [di2 |oo7 | o 115 ) w5 | Ls2 | L07,
Fra | o | o o32|2us|ur0]és7| mz| 707] 697 | 667 | 617 | 492 | 452 [395 |3ho [272 |210 [1d0 foss o2 | 1.5 | .eis | 736 |- .208
Bs o | o0s| 370|707 | 865 | 927| 850 | 207 | 782.] 730.| 630 [ 465 | 422 [327 }262 [1e2 |12 022 fooz | 6 | 607 | .38 | 20 | Los7
Bro | 0 |o20]467| 752| 67| 922| 912|892 | e70 | 850 [ e02 | 695 | 655 [592 532|438 |370 [212 {202 fous | .77 | 039 | o7 | L1ze
¥ilf)=h6 5, (£") = 0.9 R=1.0 SAMPLED DISTRIBUTIONS: p(X) = Pareto(30)
ES'z(f).= 70.8 Kz(f")=0.l T p(X)= x6 " a(X) = Parato(18)

M=400  n=30

s Coverages are reprs ented as be:..nﬂ otit of a8 tot.a.l of 1000; the nominil

v Indicates the, poait.ion of Ral,
*Samples from p{x) and q_(x) are of equal size.

confidence level is 90%.. '

VST,
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Dita For Safipling Experiment II

— cov%mc':m OF im;'lms ‘O’F THE ﬁmwéz RATIO _(c:di)“ _ i{gfl ' cfﬁe o m:ﬁﬂ zenﬁf
¢=0| .01]0.1}0.2|0.3}0.5| 0.7]0.8] 0,9] 1.0 |1.25 [L.75] 2,0 | 2.5 | 3.0} 4.0|5.0} 20 |20 |10 | +R E5T, o LENGTH
Sar | O] o 0 | o | o [ooa|aes|ro7|ous|7uo|ses (232|135 {oss [oe7 {005 [0 |o [o jo |.i.02 | Lomx |..6m | .di2
Jin 010 -0'3.2 017 Losz fon7 | 102t 607 915 | 9721 747 | 445 15@1‘ o7 |032 10250 |0 0.0 |o .99% | s010 703 JO4L
e | 72| 70| T2 770 | 795 | 870] 905} 932 | 9u2 | 952 980 | 575 | 910 | 620 |325 [077 015 | © | © To | %o | o7 | 2060 | .om
Tsa 707 710| 7o | 757 | 782 | @] e | soz | 922 | 932 938 ) 865 | 765 | 505 1285 1072 015 'o“‘ o |o ML | Jose | 3.40 | 022
Jpor, | 0| o | 135 (u38|677] 777 765.| 732 | 700 | 667 | 602 | 515 {72 [410 [355 |325 {255 (155 jo92 (027 [ 1.51 .132 57.9 +506
N, | 0] 0 |05 | 390|620 5] 750 | 722 | 695 | 667 [ bos | 570 | 4B |435 |375 |35z |26 180.|120 jo37 | 2.37 | .24 | w8 | .566
Jia 342 352 | 680 { 887 | 920 | 815 | 697 | 627 {590 | 552 | 467 332.59‘0: 220° 177\12-7 Q'so 32 foo7 | 0 1,06, .979 2.4 .08
F 0} 0 j037)262)430) 520| 512 502 | 457 | 435 | 392 210 | 220 |175 |42 {077 |063 |017 007 | O 1.0 | 077 | 1.5 | .07
Fau 0 [ o.[o52)297 530647 660635 617._587 547 | 460 [ 430 |355 |315 (255 _2do 110 {055 oz | 1.10 077 6.7 .207
Bs 0 | 002 477 762 | 865 } 870 | 762 730 | 677 | 617 | 535 | 380 | 313 235 177 |115 {090 |o22 005 0 |- .508 .o | 2/03 .057
310 0 {025]575] 807872890 865 | 840 | 817 | 802 [ 740 | 632 ] 582 |527 |70 |365 [305 [155 | 102 s | .66 | .ou6 | 13.8 .323
5, ()= 7.0 8, ()= 0.5 R=1,0 SAMPLED DISTRIBUTIONS: p(X) = Pareto(30)
%,() < 15,10 ¥y(f*)= 0.6 £(x)= X7*4% H=400  n=30" 4(X) = Pabeto(15,002)

"Coveriges dré represented as being out of a fotal of 1000, tha nomi.nal confidence level is 90,%.

Vindicates the position of R=l.

’Samples from p{x) and g(x) are of equal size.

‘ ggT-



TARLE IIX

Ba.ta For Sampl'in'g E‘:xpex:a'.ment III

SrmTo . COVERACE OF !mnms‘ OF T vmmcz RATIO (CxR)’ | o ;ﬁ“ CYE&f Lgé% v ‘;;f
czo| .01 d.1.]0.2 | 0.3} 0.5] 0.7} 0.2 0.9) Lo f1.251.75] 2.0 2.5 | 3.0 )ico |5.0 20 J 20 |300 | +r. | BST. | =r | 1=vom
i ofojo0jofo]|o 007 | Ok7 | 767 | 563 147 {032 | 617 {012 {010'[cb2 |G [0 [0 [o | .om .C09 .26 101
i 04 0p 0 0] 0/ 0| 00|os55|7a2{537 130 for7 {012.f005 [0o2 [0 {0 |o o fo 971 | o7 | w207 | Loss
sy 313| 307 375 | hka | 512 | 6u2| 787 | 630 | 8e7]| 952 | 992 | 632 | 265 | o8y [o50 |o2s [0z f o |0 [0 1.02 | 027 | 92 .034
Tsp | 302] 305| 372 | 430 | 522 | 650 795 | 82 | 892] 9n0 | 920+ 207 b0 foos [ o [ o |o [o Jo |o | .é6.] .03 | wmis | .oes
Jaor | o | o20] 270 | 522 | a2 | eus| euv [ 853 [ a3s | B2z | w57 | 662 | 627 suo (462 372 |3n0 202|115 Jour | 1.0 | .oms | 2m2 | 276
JyzL, 0 | 025 | 260 | 47 | 667 a35| 827 | 32 | e25 | 200 | a0 [ 6ko [ia 547 |k 380 (37 |2a7 [u3s fos2 | zioo ] . | b2 | Lua
Juh 832 | 855 | 922 | 962|967 | 915 | 837 | 07 | 755 | 707 ['632 [ ks | 385 {313 |255 495 %0 los7 Joro | 0 | .07 | .o69 | 3.k | .067
F o | 6 (0675 |337]500| 482 s90 | 467 :‘;a_é‘ ios | 295 | 277 240 | 185 {227 |60 |o2s [002 | o 1.22 053 1,61 .063
Foa o |ob7| 157362517 64z 730 | 727 | 707 | 682 | 635 [ 543 | 4y {420 |360 [292 |45 {15 Joeo |oro | 1.2z | oss | o7 | .1sh
B3 0 |ooz2| 365 | 670 | 820 | 507 915 | 927 | w95 | 870 | 797 | 660°| ex2 |522 |ua7 |37 [277 Jixs fouo | o 878 | 052 |51 | 087
"Eo 0 |og0] 550 | 762 | sbo| 905 | 90 | 897 | 890 | g90 | 872 | Boo | 767 {722 |672 [s97 [522 [360 |235 Jozz | .97 | o535 | 252 | .250
8,(£)=6.9 g, ()= 2.5 ' * R=25,07 SAMPLED DISTRISUTIONS:  p(x) = Pareto(20.2)
AL 2'0"196' ¥,(£%)= 10.5 £(0)=x? M=ioo | n=30 a(X) = Parets(26.255)

*Coverages dre represent.ed as being out of a total oi‘ 10C0; the nofdnal confidence level is 90%.
Vindicates the position of R=l. . -
“Samples from p(x) and g(x) are of édlial siza.

96T



TiRIE IV

Dats For Scfnpling Exﬁerﬁneit v

e

1c=0

L1

0.2

0'.5"

COTERAGE OF IMLTIPL..S OF THE VARIAhGE RA‘I‘IO (GxR)

0.5

07

0.8

0.9

l.

11.25

1. 75.

203

2.5

3.0

4.6

5,0

20

100

HEAN

ST, -
+R

Tk

LE""”'

R

oy . of

MEAY

' 1=%emd

Ty, 0

7

012 .

020

0%0

390

757

982

780

5&3

267

172

095

063

bsz

017

1.01

© 890,

056

Ui 137|

1401 1

182

237

32

590

925

997}

790"

490

-k
202

'

127

067

037

015

co2 -

«932

i.cn

.; L0863

Is1. |-e9s

895

857

[

897.

_?os

907,

gi2

o1y}

917"

925

§5°

§35 .

o

5.

565

975

‘| 902

o7

2,53

+255

52.5

02k |

S I 897}

Y Lo

B97

560

505

907

912

915

915&

=R

915,

938

R

922

925

| 930

ST

938

547

950 |

310

22,61

278

LOiE

5023

J:\2L 0

002

| 255

432

675

795

842

697

b2

550

Jus2

340,

255

o3z

005

1432

. .éﬂ:a

5.4%

Swat, | 0.

005 |

257

L2z

650

776

810

830"

=

810

)

695

s

635 |

552

460

32,

260 |¢

s

{od5

Jad

$053

 6ib7

1226

JE2 597

G|

@32

897 |

925

902

882 |

‘855

ey

f716=

535"

480

367

265

152

092

1.1k

J043

2.81

LOL9

097

330

42

552

860

505

05

565

1465

LN
[

505

332

235

132 -

075"

o

1.25

AR

215

350

577

662

715 |

X3

wy

602"

57 .

165

392,

263

180 |

oL7

Lo

(1,25

AN

3.25

Loe0 |

} | 507

370

792

882

912

907,

907

707"

890

LI

795

740

62

553

420

{292 |0

to1s

0

1.1

;035

L LakS

" ,057

0
'10

5 ° | o
0

5L0

682

837

835

902

'905,

§10-

*‘90‘0 ..

8'3‘5"

797

%7

Ges

592

515

287

230°

co5

- 149

040

10,2

L026 |

b’(f) 2.2
af(f) 79

‘o’ (r )- ~L.9
K (r") b5

L B=1.0

i‘(x)-

4
B

e
e

-

PR -,

S.AI!PLED DISTREUTIOI\S :
T M= AOO

n30

p(X) Pordto (30)
u(X) Pareto(28)

-

Coverages are represented as being out oi' ‘a tota.l of 1000, the nonﬂ.nal cont‘idence level is 90"’

—.‘ - VIndi.cates .the position of HE
Samples from n(x) and q(x) are of equal size,

Ea-

-

LST -
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TABLE V

Data For Sampling Experiment v

ESTDMATOR | .
1c=0]

- ta,

0.1

0.2

0.3

COVL!ULGT‘ of HULTIPLES OF THE VJ\RIANGE RJ\‘I‘IO (CxR)

0.5

0.7

0.8

0-9.

~1.

125

175

3.0

2,5

3,0

4.0

5,0

.10

20

300

VEAR
EST..
<+ R

| oV, of

HEAN

 BST.

...J'\N
LENGTH

=R

din

022

055

122

510

671

922

925-

815

| 650

10

347

'29?

232

160

P

.037 °

L L93

| 590

K92

527

587

627

940

992

980"

867

675

117

340

242

170

{107

070 -

00 |-

.88L.

.ou8

2.56 -

97

957

955

952

550

042

9jo

L

9i7

905"

890"

880

e

830

77

72,

652

575

350

o077

L98L .

15.5

863

862

878

872

872

865

875

870

860

855

832

87

762

7o,

672

587 .

502

277 -

063

3.27

9,20

| o.

020

F e

137

23‘5 .

332

535

617,

662

720,

750

P

7877

800 T

802 |

720

i

505

380

o5

|05

1.76

433

1o

035

w7

265

355

532

620.

677

730

750

785 .

782

770

677

577

i50

[330

060

005

1.70 |

3.92 |

652

657

705

760

| 815

57

870

E

890

g9t

895

365

780

717

o

597

530,

352

260

)
030

0 ‘1

149,

J+-7l.

..¢d

| c0s

045

122

292

530

K72

572

515

575

kel

505

k635

{405

280,

205

030

0 -

i.83 -

04l

2.3

126

210

320

452

550

617

647

i

707

690

X

657

592

510

292

4L

:2._1;,5”

032

'O_

ole]leleloe]eo|leoe|olo

A

. 037

3,05

.0

022,

232

422

557

630

680

.736?. )

807

920 |

917 -

910

887

1813 -

707

370

07

005

2.56

,‘Ojll- _

. 9. ss_,

0
K
0
0

|o1s

370,

195

655

767

802

T e

822

850

392

920 1

e

922

900

:352..

él_é

1752

167

262

020

P

.033

SR

J¥ (f)“-O 9 ‘i;;gﬁ Yy (£ = b R=1.0. :JJiiwfv RS

: e L SAIIPLED DISTRIBUTIOI\S. p(x) pmto(lg)
;':-b'(f) 0.1 - b’(f") 703 SR (¢ 48] (s/s)r I H=aoo “n=30" ' G(R)= Parste(30) |

PR L uoveraves are represented as beincr out oi‘ a total of 1000, 'bhe nomina,l coni'idenca level 1a 9%.
’ Vindlcatef the position of E=1l,

o T . .

L B Sa.mples from p(x) and q(x) &re of equal Slge. . L A g e “'u S L P RN

. ! % . N i
- . , " Lo .
= . & * ¥ ~ R * N
' £ Y - . - . < N
- . . s, < _f - ) .
~ -~ = - E LY
. s . 3 - “ - .
: -y 4 : = '
-
9 %, v I3 -
B - -k .
. 3 ~
A 5 I -
e . - ¥

86T -



TABLE VI

Data For Sampling Experiment VI

g,(£)= -0.6

z;‘ (£*)= 1,5%10

o

£(X)= (30715.ooz)r7-’*‘59 :

Me400

'n"=3p

b

q({X) = Pareto(30)

ESTTLATOR ) - COVERAGE OF MULTIPLES OF THE VARLANCE RATIO (an) | : irgi_u cfé 4;1‘ m-i‘f 6;\:'“ :;
- czo} .01 ]o. Jo.2|0.3]0.5] 0.7] 0.8 0.9] 130 125 1.75] 2.0 2.5 | 3.0 w.0}5.0] 20 |20 |200 | +R | BT, | +r | 1=vom
S, 0 |.do5) 042|200 | 160 | 00| 695 | 8s2 | 895 | 813 | 697.|570 | 517 {iaz 340 | 225 |170 ou7 {020 | O 130 | JG45 | 2.7 | .63
9 575 | 585 | 627 | 665 | 697 | 775| 970 | 997 | 980 | 887 | 737 [563 | 465 | 345 (260 160 (110 Jo17 Joo7 | O | .84 | .072 | 3.76 | 068
Js1 950| 950} 953 | oua | 938 | 912| 885 | se0 | 477 d72 | 262 |eab |87 | 755 [707 655 |s70 f365 Jovz [0 | na | am | 13.6 | .ou
Tgy 800] 795 &oo | 202 | 807 | 205| 782 775 | 780 | 772 |. 757 | 720 | T10 | 660, [ 617 | 565 |507 250 |63 | © 3.24 WSO8 | 7.95 26
JpaL 0 | o27) 155 | 255| 347 472| 563 602 622 667 | 732 | 785 | 777 | 755 [ 695 [ 595 [u3e fu15 [c07{ 0 | 1.95 Gz | w79 | o7
S 0 [ 037) 280 | 285 | 357| 85| 572 605 | 630 €67 | 722 [ 760 | 735 | 702°| 657 | 547 |390 [ 092 [ 005 | 0 1.86 | JOmh | k27 | O35
Jia 657| 660| 700 | M5 | 780 | 825| 872 872 | 870 872 | 867 813 | 775 | 685 | 602 |60 |322. 636 | 002 0 163 L | 5.7 | .om
F 0| o o7} 063130 220| 3h2 392 [-420| 435-| 502 | 5427} 520 | 500 | 465 | 350 {262 |037 {00z | 0 2,06 | 081 | 273 | Loul
Fpa 0 { 012 110{ 200| 300{ 430 502] 547 572 | 587 635 | 657 | 67 [ 620 | 567430 |297 {052 |0os | 0 | 2,06 | omx | sa7 | o3¢
Bs o | o] 020|090 w2 313| 480|535 | 595 | éx7{ 730 822 | 870 | 890 |60 [e32 {762 |u77 [197 fooa | 3.2 | o3 | 12d | 032
. Bio 0 | o1s5| 155] 305 | 420 582 695} 70| 760 s02 exo| a77] 890 | 00 | s77 |ass |eo7 |575 {317 {025 | 2.6 | .37 | 224 | .0a7
%, {£)= -0.5 ¥ M =7.0 . . R= 1,0 SAMPLED DISTRIBUTIONS:  p(x) = Pareto(13.002)

*

Coverages are rapreaented as being out. of a t.ot.al of 1000, the nominal confidence level is 9%,
VIndlca.tes the pesition of R=1. . . .
aamles from p(x) and q(x) are o.f.‘ equal size. !

-y

‘6GT



TABLE VII

Datd For Sahpling Experimént VII

: - COVERAGE OF MULTIFLES OF THE VARIANGE RATIO (CxR)' vEaN | OV, or | MEAN | G, of
ESTDMATOR . ¥ ) ) = ‘ . . S . EST, YEIN LENGTH MEAY
e=0{..0170.1]0.2]0.3]0.5] 0.7} 0.4] 0.9] 2.0 [1.25 h.75] 2.0} 2.5 {3.0) k.0 ]5.0] 30} 20 Jaco |. ¥R EST, | <R | IENGTH
Iy, o| 6| o |ow|ox2|os0| 520|732 | 280 | 7807515 |282 | 202 |087 |052-{ 625 o0 |o [o |o io2 | L5 | .e77 | Lou7
din 110| 230 | 237 | 172 232 | 402 697 | 813 | 917 | 785 | 502 | 230 | 155 {067 |637 |Co7 {do2 {0 [0 | O 964 [ L0l5 | 1.02 ,050
931 952 952 | 963 | 962 | 962 | 967 | 9u7 | 938 |'932 | 912.| 865 | 750 | 705|612 |522 {327 212 (025 Jooz |0 - | a7 | L0786 | B.55 | 036
Tay 72| 752} é20 | au¥ | 885 | ss7| ev7| 77 | 870 { 852 | eor | 705 6!.,5 1570 1,67 232 |190 62'9' o |o _1.'66 | .uis 3.56 029
Jiai, o | o | 070|192 2%0| 502| 705 | 755 | @07 { 827 857 {813 |.750 | 622 480 ?‘.‘57 17 j15.{ 0 | O 1.30 W30 | 2.7 .C20
Ny, 0 | oz 087 | 207|302 | 527 725 | 757 | eo7 | 827 | 852 | 792 | 720 577 | 530 227 {107 [o07 {0 O | 125 | .03 | =253 | .o29
Ii2 542 | 547| 612} 700 | 770 | 852 | 910 917 ‘9,30 92'0 820 .7’22: 645 1465 |319 Jwo 6_63- od |'o | o 1,16 o34 3,02 L3l
F o | o | o |oze|x2]317| 5200 595 | 657 | 692 |75 | €37 | 575 |32 287 |ako |o63 oozl o {0 |.1.36 | Lod9 | 1.0 | Lo
Fza 0 | o |oks|150|277] 522 680 | 750 772 | 802 | 775 | 675 {605 |us5 [332 [a52 oy joor| o | o | 1.a3af w33 | 2w | .o29
B5 o | o f&i]o72|203] 490 637 | 705 | 767 | 800 880 | 870 | 862 [e27 | 785 [630 [su2 |197 Jouz | 0 | 203 | o35 | 6d | .oss
B0 | .0 | o | 133|305 | s 657| 7 | B2z |'euy [ ee2 | 67 [ ds2 ] asr |77 |52 [és2 [532 {332 |10 foro | 285 | .32 | 263 | .oss
¥ (£)= 05 g (£7)= 2.5 R= 24,95 A | SAMPLED DISTRIBUZIONS:. P(X) = Patets(18)
5,48} = -0.7 ?{(f“) 11.0 £(X)= 5/(3x7+89) M=400  n=30" 4(X)= Pareto(30)

VInd_cates the position of R=l, .

*Coverages are reprasented as be_.ng out. of a total oi' 1000 the nominal confidence level is 0%,

"Samples fron p(x) a.nd alx) aré of ecua.l size.
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TABLE VIII

Data For Sampling Experiment VIII

COVERAGE OF uJL'n:PLEs OF THE VARIANCE RATIO (CxR)*

o MEAN [ CV. of | MERM | V. of |
ESTDMATOR ‘ , . EST, | IS4 | LZNGMH | EaN
czo].01106.1 |0.2]0.3}0.5] 04 0.2 0.9 150 [1.25 .75 2.0} 2.5 | 3.0 hio ]5.0] 26 [ 20 {100 | +R 23T, =R | ISNGTH
L 0| o |602|020]032| 32| 472 797 | 980 | 752 |.527 297 [.220 [152°|697 jos0 |o32 jdo2 [ 0 | 0O 102 | .15 | 1.06 | .07
o 180| 105 | 212 | 262 | 313 | 415 682 | 967 [1000] 800 | 510 [ 237 | 180 | 092 fob7 030 or2 [0 |0 fo | .ei6 | Led | 1By | .ok
Jg1 F62| s6a| B6z | 860 | 857 | 855 g52 | 852'| 850 |'8s0.} &u5 {ess | 837 | 830 (813 |785 |772 (682 477 Gk2 | -l.0h ieaL | 543 036 .
Tg3 855 855 | 852 | 852 | 50 | au7| au5 [ 837 | 837 535"-,835 827 | 827 | o1y [815 | 7d2 {755 [655. (w5 Jo35 | 5.30 | .1%0 3.2 | 029
Juor1, 0 | 005 200 '272_ 517 | 672 765 | 800 | 810 | 840 | 832 | 750 | 700 {582 | 500 360 o7 060 |o17 foo2 | 1.29 060 | hal1 105
gar, 0 _oici: 105 | 280 | 415 | 665 | 762 | 792 | o7, 837 820 | 735 | 672 | 582 |492 |332 [250 |06D Joz0 fooz | L.32 | .Ox2 | hush | 8
Jin 630| 537] 732 | 797 | 62| 917 | 905 | 492 | sez | €67 | 787 | 562 | 515 | 397 | 290 167 Jwoz {do5 | o [o | iz | o3 | 2.9% | .038
F 0| o [o12for2|175| w2l 585 | 597 612|617 {610 |u67 | 415 |315 (260 [132 Joss |07 {0 | 0. | 1.2 | .03 | xé9 | .038
Fii o | © |ob2| 180335 | 547 67 | 707 | 732 | T | 715 | 607 | 577 _1;77 385 {260 [215 |60 |012 | O 1.38 | .03 | 3.09 | .08
Bs o | o |oz7|292] 495 | 0] aus 890 | 695 | 907 | o1z | 832 | 792 {ma7 {637 fus7 Jhor |uso.joss | o | 239 | .03 | 5.9 | .06
" Big 0 loos5| 287515 | 652 7971 897 9c0 | 910 { 920 | 502 | 865 | @37 |772. | 7u7 (622 {540 {305 |5 [020 | 1.36 L0L0 | 12,6 i1
5 ()= =19 ¥ (E7)=2.2 R=1.0 SAMPLED DIS_TRIBU*EION' PopX)= Paretol28)
85(8) = b5 8,(£7)= 7.9 £(X)= 15/(1x) ~ M=400 n =30° G(x) =.Pare_‘t_6'(30).

Coverages are represented as being out of & total of 1000; the nominal confidence level is 907,
V’In:iica es the posxt:l.o'l of »=l.
Samples from p{kx) and q{x) are of equal siza.
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TARLE IX

Data For Samplifig Experiment IX

. _ COVERAGE OF MULTIFLES OF THE wmzmcn RATIO (cm) -: | ig%n c:JL ;:r Lgf;}"q 'c;::mc;r
czo| 01 ]0.1 [0.2]0.3 |0.5] 0.7] 0.2 ] 0.9 ] 10 TL.25 [1.75] 2.0 ] 2.5 |3:0 [ 4.0 }5.0] 20 {20 {200 | +r | T | +r | rZkom
S, 0| o |o27|o0s2|1i2{380| 785|857 | ah2 | 807 | 727 | 592 | 515 [hoa [320 |192 |100 [oo5 |0 | © 1,20 2029 | 2.06 .039
din 502| 517 [ 572 | 635 | 690 | e90| 950{ 992 { 950 | 897 | 770 [ 540 | k42 | 327 235 {p00.jor2 j o |0 | O 953 | .037 | 2.62 | 00
Jay 902{ 902| 505 [ 917 | 925 [ 927} 915 912 | 912 | 907 {877 | 8us | 765 | ég0 '575.' L2 290 less j o | o 1.15 076 6.00 031
Toy 707| 710} 737 | 765 | 785 | 205 | e32| 832 | ena| ak2 | 810 | 7h5.| 712 | 632 |45 [405 252 Jo3s [0 | O .86 | .o87 | ko7 | 023
Jaot, 0 | o10] 075|185 | 322 | 520 680 | 722 | 757 | 800 | 840 | 813 | 765 | 675|537 |335 |222 |owo foro | © .48 | 038 | d.50 | 049
Qwi; | 0 |ou2| 082205 | 322 522) 680 | 722 | 755 | 795 | 827 | 797 | 5 | 635 {500 |307 220,__76'35 012 | o .47 | WCho | 3.46 | .057
Lo | 577| 567|675 | ma| ves | 867| 913 | doz | 97| §ob | 862 | 737 | 637°|475 {342 |190 12 foas" 0 to | 132 | Lo | 3.2 | o3
7 o | o0 |oio|css| 115 | 322 492 | 565 | 6171 635 {647 | 560 | 547 |530.1315 |90 |10 [017] 0 | © | L.50 | .036 | .98 | 036
Fai o |oos|.on2] 155 | 267 472 630 | 657 | 702 | 732 | 777 710 | 685 547 |57 [307 [155 [oivfoos | 0 | 17 | .03 | 27 | Load
B o | o |o17{120} 280|552 732 785 | 630 | €57 917 | 925 [ 905 | 845 |2 [595 fus2 135 [orz {0 | 1.8 § L0259 | 5.9 | Loze
Bip o {005 }-177| 377 522 692| 785 | 825 | 857 | 870 | sev | 875 | €70 |e37 | 797 672 |585 |330 (130 [005 | 1.59 | :.035 | 10.9 | .00
) 2-’1‘(1'.)?1.1 __ 25' (£%)= 3.5 ’ R=1.0 SAMPLED n::s’m;aur:ons: p(X) = Gazma(3,1) |
Y, 100 zf(r')-zav (%)= X M=4OO  n=30" q(X) = Gamma(5,1)

*Coverages are represented aa be:.ng out of a total of 1000, the nemnal conf:.dence level is 90t
VT'xdn.cates the position of R=1,
*Samples from p(x) and q(x) are of equa.l size.
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TABLE X

Data For Sa:m'ypli'x;g Eipérimen% X

. COVLRAuE OF JMULTIFLES OF THIZ WLRIANCE RATIO (GxR) MBAN CV, of | MEAN CV..of
ESTDATOR ) , , _ L EST, ¥MEA | LEneTH | MEAW |
czo| 611 0.1 |o.2]0.3]0.5]0.7] c.e] 0.9 170 |1.25 f1.75' 2,0 | 2.5 {3, o]t.0]5.0)20 }20 j200 | +r | EST. =R | LENGT -
Jint, o | 100| 247 | 307 | 362 472| 515 | 522| 535 | 552 577 | 637 862 | 670 690 | T12 702|802 |297 |02 | k.98 066 | 15.5 | .ou5
Jn 880] ss0| 295 | 07| s10| 922| 922| si5| 915| 9101 902 | 907 | 895 | 872 | 85 |'e07 |75 |537 212 | © 657 | 800 | 6.5 .056
51 865| #65| e72 | 80 80 905 907} 907 | 07| 910 | 907 | 900 | 895 | 867 | euy | 17 | 752 |5i2 |225 |o05. 269 | 351 | 278 | 052
51, 460| 460| 4901 512| 525 su7| 565 567 | 577 5971 6cs | 627 | 6us | 635 { 615 ['597 [557°|370 {30 Jobs | 7L | .07 | 107 | 050
Jior | o | Ws| 375 | 537 637] 30| 785 | 767 787 | 730 | @17 [ 817 820 | 800 | 770 | 727 |688 | 550 {47 |20 | 15.3 | 350 3.9«00% | 922
5n, | 0 | 130| 342 | 4d2| 590| 652] 725 | 730 | m2| w52 | 767 | 765 | 757 | 7o | 720 | eso fes f530 o5 (202 | 666 | 653 [3.2410%| 562
Tia o | 967] 967 970 | 970 960 9n0] 925 | 917 e97| 75 | 80 | 767 { 737 | 675 | 6x0 {552 |u9z |325 | 175 |ok3 T 210 | 3.0 | a2
F 6 | o010l oas | 127] 150| 207| 2621 295 290 | 300 [ 325 [ 327.] 315 | 292 | 265 240 [215 [140 | 075 027 | 6.6L | 149 | €15 | M9
Fpa o | 0to] 257| 362 10| k75| 517| 535 | suv] 557 | 567 | 5771575 | 592 | 580 | 525 Jug0 |420 |295 (100 | e.30 | 255 | 119 .340
Bs o | cio| 4x7| 620 | 730| e22| es5 | a7 | 67| 897{ 00| 870 | 857 | 825 | ex5 | 752 |695 |530 32 057 | 2.38 | .o77 | 33.1 | .us8
210, 0 | 262] 627 715 | 782| eno| 865 ee0 | 282 | 692 | 897 902 877 | 895 872 [eu7 |17 {700 (572|317 | 3.73 | 129 | 995 | 398
B (£)713.6 L ¥ (e)m 663 ) R= 1.0 ' SAMPLED n:csrmwxous p(X) = Gamia(13,1)
Bple)= 597 By (£ 3.6x1,of’_ - px)s x8 M=400  ne=30°

Coverages are represented as bemg out of a total of 1000 3 the nominal

-

VIndicates the position of R=l. .
..aa.mples i‘rom p(x) and q(x) are of equal size.

"o

confidence level is 908, -

alX)= Garma(35,1)

€9T .



TABLE XI

Data For Sawpling Experimeént XI

L COVERAGE OF MULTIPLEY OF THE VARIANGE RATIO (an) 5 | wmin |t o | dmmi | v of
'ESTDATOR L , _ _ ~ . S| EsT, | rEM | LmioTd | MEAN
C=0| .0L{0.1 [0.2|0.3}0,5} Q.7}0. 8 09' 1.0 [L.25{1.75] 2.0 25 3.014.0[5,0110 |20 |100 ~y | E=s=7. =R LENGTH
iy, o | 076{ 205|292 | 3io | 470 537 555 | 582 | 6co- 607 | 632 | 622 [ 620 | 610 | 627 |615 [e37-fest |aus | k7 | wom | Sr.0 | a2
qn o42| Gh2{ ou2| 9u2 | 9u2 | 9uo| 930f 927.| 925 | 922 | 917 | 897 | 292 | 877 80 |au2 |a1s 705 {560 {085 | -1.72 i.ca e4.1 .058
I | 930 930 932|932 932 932| 932 932 932 932} 932 | 932 | 932 [ 925 [922 |17 [a7 |e7r 770 {255 | -759 | &2 | 162 | loa
Tqy 715| 715 | 717 | 717 | 72| 720 722 722 [ 727 | 727 {32 { M2 {md | W7 [752 | 762 |772 |e10 |e2y {5 | 305 | L0722 | é8.2 | .020
Ii2 0 | k2| 252 {310 | 337 | 380 | 435 | 435 | 455 465 | 512 | 563 | 577 | 597 | 632 | 657 |68 742 [730 {u65 | 39.6 | 146 | 309 .100
Jyeor 0 {170 285|337 | 357 | k25| 452 | 477 | 487 505 | 535 | 500 | 597 | 605, | 630 {672 685 |Ta7 [665 [355 | 36.2 | .18 | im .101
a2 960| 960 960 | 960 | 960) 960| 960 | 957 | 955.| 957 | 952 | 955 | 950 1 942 | 9b5 |9u0 |927:[eb2 |Tu2 365 | 3.2 | 2013 | 2k 096
F o | o ]o27|ou7|050| 070! 065|077 | 087 090|102 | 130 { 1507|188 | 192 | 210 |235 |265 1255 135 |. as.d | .34 | ss2 | .32
Faa 0] 035} 1271 200 210 260| 292 | 305 |:313 | 322 | 347 | 400 | 405 | K40 | 460 [510 |517 |512 [465 {202 | 4h.O A3h | 96,6 127
By .o| o] o lolo}ows|o32| 063| 670|075 ] 085 [217| 175 {192 215 | 350, {322 [367 | 562.| 722 | 907 159 L0569 -t 2170 o[ .109
Bjo | o {o0s0| 210270335 s12| 465 | 487 | 510] 535 | 557 b22] 637 683 | 697 {2 767 |8b7 {922 {900 | 8.1 | .oe7 | 3dsco | 213
¥y (£)=0.8 ¥, (£*)= 310 _ R= 0046 ] SAMPLED DISTAIBUTIONS: = p(X)= Gama(5,1)
§,(£)= 1,0 ¥, (£")= 120107 - BOOE % © . M=400  n=30" - 400 = G (3,0.9)

Covsrages are represented as bein‘, out of a total of 1000, the nomina.'!. conridence level is 90%.
VIndica.r.es _the.position of R=1. . . P
) aa.:nples from p(x) ‘..ncl q(ac) are of equa.l size. '

v
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TABLE XII . .
Bata ?or Simpling Experimeﬁt. XfI

. .- 1 : : PR
- fa " s h .. . . . . ¥

: comms or' MULTIPLES OF THE vmmcn RATIO (c:n) S _ | ov, o | Pyt C\?.Iof
ESTDIATOR | . & ... s .| EsT, ¥EAY | LEem |oedr )

_ c=0{ .0L{ 0.2 [0.2 [0.3]0.5] 0.7 p:é 0.9 '1.9'1.25'-1.75 2.0]2.5.(3.0 "E:;*d 5010 J20 Jao | +r | EST. } £ tmlom |
Jar | O | ouo| 125 | 200 | 252 367| 460 | 512 | 592 | &35 |72 |37 [ 6la |527 00 223 (107 |0 Jo [0 | 148 | .03 | 2.8 | .50
3 560 1463.,1,'95_ 530 560 617| 685 | 727 | 750 -":7‘72‘ 820 |35 6. k72335 1357 |68 | 6 |0 |o | 107 | .06 346 | 3
T3, | éso] 630| 727 | 762 192 | ea0| e50] 865 | ado| e70 | a3y |77 720 | ka0 [ k7,355 |abo Joso [oor |0 | agos | 539 5599 | .o51
Ts1 17| 172 180 | 272 357| 490 | 557| 595 | 605|605 |.607 | 585 | 557 | 535:[ 42 | 377 200 |og6 foos |0 | 289 | .Gh | 277 | uoe
T | O | o82| 2501 352 138 590] 662 2| a2 | 763 787 | 815 | 87 | 792 | 757 €57 |57% [335 |w2 Jonz | 258 | o076 i3 | .o%1

Dop 6 | 100 257 362 | w7 | 592| 675 705 | 720 Tur| 770 | 760 775 |35 | 695 {600 |520 |285 f1n0 fon7 o| 259 | B8l | Ius w0

Jin | 812 875 907 | 922 | 930 | u2| 9u2 [ 940 | 927 922 | 907 | 817 | 7957} 682 617 500 [u30 {167 jos2:| 0 | L& 555 | 9.90 |. .65 |

F | 6 | ot5| 050|095 | vio| 245 | 350 [ 367 | 392 5| 435 |hss | 470 |75 | 365 305 |255 |0 fose | 0. 7| 262 | .07 Csdr | Jom

0
Fih | o | ods|.ss | 262|342 nea| 563 sy | 6ok 622 | 637 637 | Gis| 567 | 520 |48 {365 [185-joss foo2 | 262 | 072 7._8, 056

|0

0

S 1067 | 170 310| 512 | 6207 662 | 690 | To2| 787 | 862 | 887 |90 |ses b2 |0 a0 |3us [our | m.o3 | Los2 | 2558t o

Brg, | 077|352 | 527 | 615 | 0| a25 |-€52 | 860 | 877 | 902 | 9161 902 J902 | edo | feor |bes|sus [1s0 | 2imn | et 67,7 |, 159
g;(£)= 1.9 : FACOEEEN . Resas | . . SAMPLED DISTRIDUTIONS: p(x)= Camid(saj -
Eleebo 3 (f*> AO*‘O" L E=R L el me30" gl Gark(13)6, 7501

Covera gés are '*epresented as being ouf, oi‘ a t.ota.l of 1000, the norninal conf.‘idence level is 90?3.
, - VInd:.cr.tes the Position of R<l. . - . . ;
o Sanples frcm p(x) and q(x) are: of equal sizd, e

. 4 <
[} h "
. v - .- ; B
5 N & ¥ s > . -
2 . JU
v - - N 3 e - s % T
B - . e
. o " - - B
. P r . = - ="
R > - " =
£ . . . .
: 3 ~ & . . -
4 A ey, . o < o ¢
' + - - = r 2 3k .
. - : N . . ot . T o
;! - % . . B = -
[ + - - e -
e 3 " . i .
= ; s # wr - aat !_ -
- BN - < s i * -




TABLE XTII

Date For Sampling Experiment XTII

CSTDRTOR . COVERAGE OF MILTIFLES OF THE VARIANCE RATIO (CxR)" g@u c;_:m. Aﬁf Lgé.;:ﬂ , c;rém.?f
C=0].CL[0.1 }0.2 0.3 [0.5]| 0,7 |0.8{0.9] 1.0]L,25 [L.75]| 2.0 [ 2.5 | 3,0 4,0}5.,0[10 |20 {100 | +R EST, +R LENGTH
hnr, | 0 | 030| 140 | 222|317 532] 620( 667 | 705 | 722 | 745 {730 | 720 | 672 |615 {517 [402 {117 |010 | © 1.78 0Lk 5,58 | 042
S 720| 732 777 | 825 | 852 | 915 932 | 927 | 912 | 897 | 850 | 775 | 725 |6k (552 |405 [302 |00 fo02 | O «896 J19 6.61 | .05L
951 955| 955 960 | 962 | 960 | 952| 945 | 947 | 945 | 940 | 905 | 8n2 | 797 | 725 | 662 | 552 450 |267 {037 | O 743 »225 lo.8 | .055
Ts1 725 | 725| 752 | 775 | 790| BO2| 815 | 813 | 820 | 825 | 790 | 730 | 700 | 620 [575 |462 {375 {140 {020 [ O 2,60 051 [ 5,23 | .040
Jpar 0 | 035| 207 | 355 k72| 585 6821 720 | 752 | 772 | 805 [ 820 | 822 | 777 [ 730 |6h5 1570 |280 (132 {017 2.32 069 25,5 +569
JIpsL, O | ou5| 227 | 3657 k72| 605 | 685 | 727 | 747 | 762 | 802 {785 | 782 [ 742 | 705 | 617 |507 |27 [102 [020 | 2.45 .103 52,0 | .790
Jaz 875|875} 900|925 | 932| 97| 940 | 930 | 932 | 920 { 892 { 797 | w7 | 685 | 605 {472 [382 {152 [ouo | o 1.61 | .0BL | 8.57 | .059
- F 0 | 0 [oz20]|090{1k2( 287|375} 420 | 438|435 | 432 [ 4h2 | 445 [400 [372 {313 250 o5 [oz0 [ 0 | 2.30 059 1 3,05 | .059
Fas 0 | 010|135 265 | 402 | 517 | 537 | 620 | 632 | 650 | 660 | 645 | 635 | 600 | 565 |457 357 {155 063 [oos | 2.30 | .059 | 6.69 | .07
B3 O | © 037/ 245| 282) 4RO} 580 | 647 | 677 | 720 800 | 830 [ 907 | 915 | 915 |877 |837 |590 {325 [032 | 3.98 | .055 | 22.9 | .076
Big 0 | 030 305 ] 462 560| 700) 772 805 | 817 | 827 ) 862 | 907 902 {900 { &9z (867 |er7 {627 [4k2 w2 3.07 055 108 -] 318
B, (£)= 1.9 ¥ ()= 7.1 R= 6,71 SAMPLED DISTRIBUTIONS: p(X) = Gamna(8,1)
5,(£)= 6.0 ¥, (%)= 337 2= P H=400  n=30° a(x) = Ganna(13,0.8)

*Coverages are represented as being out of a total of 1000; the nominal
VIndlcates the position of R=l,
®Samples from p{x) and q(x) are of equal size.

confidence level is 903,
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TABLE XTIV

Data For Sampling Expsrimént XTIV

B COVERAGE OF MULTIPLES OF THE VARLANCE RATIO (CxR)' MEAN | ov, of | mad, [ CV. of
ESTIMATOR | | ) . _ , P EST, | AN | LERGTR | MEAN
czo| .01]0.1 Jo.2]0.3}0.5] 0.7] 6.8} 0.9} 1.0j1.25}1.75] 2.6} 2.5 | 3.0 4.0]5.0]20 |20 Ja0o | +3 | ES?. | +R | LENOT
d, o | 617 0so [135 {177 | 207 450 | 517 | 5682 | 652 {700 [670 [ 587 430 (307 |iz5 Jorr [0o5 [oo2 |0 | 1. | somx ] 1.on | 052
3 |37 380| b10 |25 | 470 | 552 ew | 705 | 752 795 | 02 |6s5 | 555 |362 |200 105 joso | 0-J o fo | 237 | .ows | 262 | o3
Is1 ‘350 380 | 370 [395 | k27 | 517 632 | 680 | 707 | 735 ?67 662 | 567 {koo 247 foeo [ok2 f.0 {0 |0 1.21 Q83 | 249 | .Gk
Tsy 002} 002 | Goz | 002 | 005 | 087 | 200 | 277 | 350 | 427 | 540 | 543 | 437 | 287 |ido |55 o3z |0 | o fo |- 2.6 |3 | iai | .o30
Jaon, 0 | 067] 287 | u63:| 577 | 707| 765 | 787 | 790 | B02-| 800G 782 | 976 735 | 690 612 1580 [382 |220 o7 | 4.27 230 2010 886
Bon | o |.Géo| 292 |6z | 557 | 60| s | w7 | 7r2 | 775 | o2 [ | 137 |Gy Jes2 |58 515 |3u5 (207 Joss | 9.03 | w7 | 9820 | .owo
Ji2 * | 912|917 952 | 962 | 960 | 940 | 915 | 892 | 865 | ey | 790 {717 | 667 |590 |502 |a1s |du7 [asBujor7 Joor | .93 | .2k | 12 | 252
F . 0 |do2] 670|137 207 300| 375 | 382 395 397 | 397 | 367 | 357 215 | 265 |222 192 [120 J032 Joo5 | 2.88 | .22 | 3.79 222
Fis 0 | 030} 28873247 [ 432 530 | 580 | 595 | 612 | 620 | 630 {620 | 387 (557 séo'«.'zshz‘,séz 235 |2 (035 | 2:86 | .13 | 22,5 | L2786 |-
Bs o |co7| 255|465 | 602 | 752 anz | 857 |er0 | 872 | 912 | 887 | sbo Jas5 | 830 |750 |é92 a7 255 Joto | 2.35 | .059 | 18.0 | .06
Byo . | 0 |105| 467} 652|742 ( 845 | 877|885 {890 | 897 | 890 | 887 870.827 805 {772 [737 |607 (457 {162 | 248 | 081 | 496 756
W (e)=hee % (£%)= 9.9 R= 11034 SAMPLED DISTRIBUTIONS:  p(x)=Gihta(12,1)
¥,(£)=49.0 0,(e*) =6.000° £(x)=x* H=400  n=30° q(X).= Gatina(20,0.751)

*Coverages are represented as being out of a totdl of 1000; the nominal confidénce level is GOF,

VIndicates the position of R=l.

®Sacples from p(x) and q(x) are of equal size,
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'TABLE XV

Dita For Sampling Expériment XV

-

: COVERAGE OF MULTIPLES OF THE VARIANCE RATIO (CXR)' EAn | T, of | ¥mAN | GV, of
ESTTMATOR - : I JO EST. | MEAN | Lmnem | MEAN
{eso| .0110.1 0.2]0.3]0.5] 0.7] 0.8} 0.9 1.0 ]1.25h.75] 2.0] 2.5 |3:0] 4.0 5,010 {20 200 | +=m EST, +n | LENGH
St o| of o | o o|oss|sez|60]e97]{897]|702|2u7]1i0 52 {70 [0 {00 |0 1.03 | .12 | .856 | 023 -
3 | 005} Gos| 610|012 | 027 | 292 815 930 [ 940 | ge7 | 630 [175 | da7 {15 foos.| o fo o fo |0 959 |. W02 | 850 | .oz
Jgy o | coz| 605 | 007 | 027 | 345 | €25 927] 955 | 938 | M2 [202 | de3 [ads | 0 [0 |0 fo |0 |0 1.00 | JOu | 889 | .013
Ty "o | o] o | o |oiz|z05] 6s8| 57 | 525 | 927 | 720 | 217 065 | 00 otlo |o o lo |o Los | W02 | 834 | .02
Jyar, 0.f. 0 125|447 638 | go0| 07| 797 | 772 | 757 é42 | 535-1 507 | 438 375 |300 272 |165 |122 {050 | 2.56 | ..552 3156 | 988
et o.] o |ow|3e3| 6 70| 796 | 782.| TH0| 133 | 665 1515_7‘7 517} k52 1",'60 RES 280 | 188 140 fos5 | 9.87 | 784 | 20900 | .99
Jia 337 363 | 615 | 865 | so7] s6a| 7u7] ¢85 | 622 565 | 462 | 325 | 377 | 227 |177 112 Jogo |oa5 jo07 |0d2 o] 1017 J52 | 2.8 | .212
3 o| o Fo32lazs Fmaz? 587| 550 -517_ 1,9'5’ 7‘;:,5:5'_‘3901_252' 247 185 | 142 |80 oéﬁ 020 {002 [002 1| L.20 151  1,59' 51
Fps 0 | o | 050|300 502 | 685 | 700 695 | 6ea | 65 | 592 | wev| ua7 |72 | 322 [265 |10 {2z joss [orr | 120 | .as1 | 9.97 | e
8 | o (005|515 | B02ér|es7| vea| mr| 652|605 | 512|360 | 320 |220 |17 120 667 {020 Jooz | 0 467 | 083 | .E | .059
B0 | o |ou7] su0| 762 | sto| éso] sto | aur | ecz | 760 685 ] 612 | seo |20 {450 |35 {317 {3vw [odo Jors | Les3 | Loik | s |
R f e LY I ¥ (£¥)= -0.5 ¢ RTll - SAMPLED DISTRIBUTIONS: p(¥) = Gemed(12,1)
\6 (£)=19. 0 ¥y (2*) = 0.9 o #la)= Xt i-i=§90 “n=30" - g} = Gemma(23,1. 1,96016)

Coveraves ara represented as being out of a total of 1000, tho nom::.na.l confidence level is 9%,
' Vlndica.tes the position of R=1l, - .
Samples from p(x) and g(x) are of equal sizey
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Data For SS.mle_nf; E}‘cperm-ént buad

csprition - | COVERAGE OF ]IUL’lIPLFS ‘E;F THE immic?; RATIO (G<R)' | { g’“ Clvmﬁf R G:Il' . cgmgf
0204 .01 (9.1 0.2 0.3)0.5| 0.7|¢C.8]0.9}1.0[1,251,75| 2.0} 2.5 |3.0|4.0|5.0|20 |20 tico’| =B EST, =R LENGTH
g, 0 | o |oos |oi5] 032|160 7e7 | 892 875 {777 | 680 |60 | 380 237 {140 | 057 lozs o | o 1._68 019 | 1.33 .039
Y 177{ 160 | 235 | 305 | 407 | 705 | 967 | 550 {935 | o | 675 |3m5 | 280 |42 Jodo |65 Joro 0 {0 |0 972 | 020 | 155 | .ou3
3q1 845 | a47 | 867 | 890 [ 910 [ 920| 917 | 912 [ 917 910 |'B60 |52 | 662 {515 [352 [172 [072 fo02 [ 0 |0 1.00 | ,050 | 3.58 | .020
Tgi 680 | 6ea| 722 | 753 | 92 | 857| 875 | €72 | 875 |.877 | @32 {725 | 637 |495 {345 [270 ovo Joo2 | 0 [0 .29 | o.omr | 2.9 | Lo
Jib, 0 | o |00 202 |us2| 75| 657 | ea0'| €37 | 800 | 722 |597 | 520 |k (355 [262 185 [o75 [ou7 for0 | ids | Losu | s.29 | .1s8
D, o | o [ o35 |20 35 [ s | s | a2y [ a2z {755 [ 722 {597 | 522 {438 [367 |277 |205 [od2 Jos5 Jorz | T3t | .65 | 6u69 | .93
15 510 | 530 607 | 790 | 887 | 930 [ 360 | 235 | 775 | 720 | 600 {402 | 350 {210 ir2 102 fo57 fo22 [0 | 0 1.01 07 [ 238 | .059
7 0 | 0 |oi7]110] 255 | 567 652 |-647 | 655 | €35 565 |382 |322 [195 |152 (072 |ou3 ’ ololo |0 .08 | L6 | 13 | .ou6
Fai 0 | 0 }.025|165 337 | 655 760 ] 780 | 767 | 737 | 662 {522 | 477 |365 |295 202 |u2 {057 [027 | 0 1,08 | .o46 :{ 3,12 | 093
B 0| o 135|452 692|905 | 930 | 927 | eso | 857 {75 | 6s2 | 552 |aas {317 |202 Jiz0 {017 {0 | 0 | .ée | .3z | 2.65 | .ous
"Bip | 0 [o005}330585 70| 870 660 | 887 | 875 | 870 {825 | 730 | 692 |67 |56 sz 377 {177 Jos3 [eos | Lox2 | Lox0 | 93] 2o
4,(0)=3.5 ¥ (™) =2 . R=l0 SAMPLED DISTRIBUTIONS: p(x) Bami (5,1)
¥, (£) =287 ¥,(17) =100 HX)= 17T 131"%0'0' n=30° q(x)qu(a 1)

Coveraves are represented as being out of a total of 1000, the nomihal

V"’ndica.tes the position of R=1, .
"Samples frem p(x) and g{x) are of equal aiza,

-

coﬁ-fiéenéé 1evei is 03,
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TABLE XVII -

Data For Sampling Expérdiment XVII

o | o COVERAGE OF MULTIPLEB OF THE VARTANCE RATIO (cxn)" ) o E’ﬁﬂ Gymmof m:?é!':ﬁ C}!:ﬂgf
66} .61 ] 01 [0.2]0.3)0.5] 0.7] 0.2 0.9] 1% |25 75 2.0 | 2:5 13.0] 4.0 [5.0 ] 30 | 20 | 180 | =w EST. ~R | IENGTH
Jiny, 0 | 132|262 (385 | 480 (563 | 605 617 '625 622 {637 (680 | 675 692 |688 {660 |635. [n45 1210 | O 3.55 .073 12,1 .050
I 922 | 922 932 |90 | k2 | 935 | 932 | 922 [ 912 | 907 {895 (ab2 ::337_ 200 {750 {ée2 (632 [340 [w0 | O 098 | 3.7 | 207 | .053
Js1 © | 925|925 927 930 [ 932 | 9321 935 | 930 | 930 930 | 920 |80z {75 es2 [210 |Fs2 657 udo lisy ooz | -.0a3 | st | 2wz | Lose
Ty 5371 537) 570 | 597 | 602 | 645 | 662 | 652 | 660 | 652 L6no 630 {632 |627 |607 |565 [n50 {277 lo97 [oo2 | 4.98 | .06 | s.23 .055
YAt o | 210|550 | 688 | 757 | a20 | 822 | s17 [ 757 | 780 | 767 |37 {730 [692 657 [575 [s37 |35 |da7 |ms | ses | k655 2026 | uom
hior, |0 { 222|530 | 657|710 | 757 | 767 | 767|757 | 752 | 130 {697 | 682, 660 1615 [537 [nea 302 |272 [150 | 630 | 756 [a:6%207 | Lo
Js2© | 977|980 | 980 | 950 | 932 | 830 790 | 777 {760 | M3 | 705 | 617 | 577 |02 [as0 [377 3157|185 {102 035 | k2 | uas | 408 | 437
F 0 |27 |10 {215 | 270 | 325 | 337 | 325 | 335 | 300 {295 .| 235 | 207 {177 [157 {137 [127 |oss [o32 joro | 7.k | o7 | 9.8 | o7
FEd o | 120|382 | 507 550|582 | 565 | 570 | 580 | 585 | 560 | 515 |4y {447 [no2 |350 (332 |225 [iéo {077 | 7.ht | o407 120 | 483
B5 o |os7] 530 695 | 790 | 857 | 890 | 900 | 900 | 897 | 872 | 850 | 822 |792 |7é0 |672 {620 |7 242 foto o| 1.53 | L0683 | 21,0 | L127
B1o 0 |317] 700 | 817 | 857 | @97 | 9d0 | 897 | 897 | a92 | 980 | 852 1 a0 e32 jeco {7u7 {715 [617 |uss |26z | 1.78 | a3 | ms0 | 663
€, (£)=66.3 B (£*)=13.6 R=1.0 ] SATPLED DISTRIBUTIONS:  p(x) = Gamma(25,1)
xz(f)=3'.6-ib6 T (E%) =597 = ((2h')/(12!))x'6 =400 © n=30°  q(x)= Gaa(13,1)

) ‘Coverages ara represented. as ba.’mg out of a tota.l of 1000' the no'ninal confidence lcvel is 90"

VIndicates the position of R=l,

Se.mples fron p(x) and g(x) are of equal size.

'
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hebis xvart
Ditd For S‘-{aﬁpling Exo%rment. fCVIII
s 5 o i o

; COVERAGE OF WILTIFLES oF o vmmcm RATIO (C+E)* wehit | 6V, of | iEdR | cv. of

ESTOUTOR | & . ... . . o, | ¥sT, | owmAw | rEem | MEAN
T eeoY Lo 0 Jo:3 ] 0.3 | o.5| 07 }i6.8 | 0.9] 2o fzs 5| o 2530 |4.6]5.0]10 |20 Jaco | +® | EST. | =R | 1Eiom

i o | 0|0 Jovz|osr|svs| vrr | wes | mr ) 6ea | 520,337 | 287 {230 |195 |32 Jog7 a7 |020. ob2 | 107 | .oa7 | 2827 | ez

I o.| o |02 |o32|2s7 | 72] 806 {722 | 637 | 575 | udo"|222 | 170 |os7 o2 {032 a5 [do2 |0 10 956 | .om2 | 102 | Los2

351 | o | o oo |or7|2sr | s aco| %0 | 673 | orsai {222 |i%5 {117 673|030 Jozo fooz [0 |0 | b9 | .o | 168 | .036

Ts1 o1 o | o losa| 550 | 675 | 762 |75 | 633 557 | 375 |172 | 132 | 070 |033 jon5 loos:f0 |o.{0 | .erd | w20 | .es1 | Lowx

Sarh, | o 4z ) vto |92 | 652 | 60| 557 | 535 | 513 505 | ars {433 {u22 [uce |37 332 07 Jaks |mo Jue | 327 | 937 524008 | 993 -

Sm | o 35 |72 | 675 | €7 605 | 577 | 557 | 54| 527 w95 o | s a2 [ios [avr [3eo Jesa o7 hro | wibos | sri |s.dmaold] .oss
i3 | ess | 955 | 665 | 505 | 132 | 332 | 272 | 242 |22y [2i7 |ams |63 {185 Juas i35 107 Jood o [od7 Jowo | 7.7 | vl | s | m7

F . | 0|15 277 | 355 | 222 | 150| 106 | 095 | 087 | 055 | 100 |95 | o5 [6d0 |07z fos2-[d57 |ou7 |oz Joos | e.s2 | 9 | ns | .

Fay o 305 | 497 | 527 | 477 | n2 | koo | 380 | 370 | 367 | 350|305 | 272 [3u2 {210 Jugs |ied |iz7 |ado Joar | es2 | .79 U8 [ w793

Bs. o |507] sk | 367 | 267 | 192 | 135 | 127 107 | o8s | 076 | ouo | 032 |5 [o22 foro foro [ 6 fo {0 | o2 | aei | dm | .3

~*BlO .| o |9do) 8év |67 | 722 | 637 587 | 557 {550 | 535 | 48T nab"mz'ai%o"‘sigs,s’bs'ﬁb |10 [ws [0s0 | .68 | .06, | su3 | .m0

- Y0)=310 0 -0 B ENR0s oL - Reagm L. e 7, shepLEd n:csm:éunbns--- © (X} =Camnd(3,0. 9) L

;'1: ?z(” 1.2a8% " {,32“,'_"3,1'°-"‘_i f(X)" (1/6o)x’éfc'§<x/9> ,::,»; 00 omed0h . og(6) = Gatia(6,n) |

. r Coverazres ara represented as being out of a t.otal oi‘ 1000° the nomina.l confi&ence iév%lis 5%}. Ty B o ,
e VIndica»es thé, position of R3l, ' . et : R P ; AT
aa.mples i‘rom p(x) and q(X) are Of equal 5129- S L R e LT = o E R




TABLE XIX

Thé Oné-Sa7tple Results' for f"¢L} Sampling Experiments I, IT, XV and XVIII

L COVERAGE OF MULITFLSS OF THG VARTANCE RATIO (CxR): vzl | et o | 1min | v, of | me. ¥

ISTDUTOR - ; v o ] o . | T, | MEar |rimom | =a &
c:0| 1[0 |o.2]0.3]0.5{ 0.7) 0.2 9] 20 (0.251,75) 2,0 | 2.5 |3.0] 4.0]5.0 20 |20 100 | &R ST, +r | LTWGW | D.CLASS.

Sime ol of oo o[cox|2e7|aas|o72| 720 |77 |25 | 200 fono Jors [ 0 (o, [0 fo Jo | wo97 | woop | .66 | .o39

&n. o15] 015 | 030 | 037 | 077 | 265 570| 825 | 995 | 70 | 4hs (112 |cée a2z |ces |0 |0 |0 [0 |o | .g68 | .o08 | .67 031 I

Iy 755 | 60| 792 | 707 | 207 | 857 900 | 915 | 930 | 945 | 960 | 982 [-980 | 957 | 735 265 |oss | o o |o 1,07 £050 5,07 o9 | GL)

Tox 755 | 7¢6| 772 | 732 | 13 | 855 | 50| 907 | 9ir | 92 | u7 | 910 907 | 732 {526 [705 |eisf o |0 | o JEUCTR DR I 0 T -2

bain, ol of-0 [o] o [cealats|7s7|ous]|7mo|uss {232]235 {035 [627 foos [0 [0 [0 {0 1,02 | oL | W67 | .G

Sm Ti0] Gz | 017 |ouz | ou7 | 202 6&7 915 | 972 | THT | 445 [152 077 | 032 |01z ¢ |0 Jo-jo {0 | .99% | .00 | .73 oA} I

Iy, 712 72'0 7z | 770 | 795 | 876| 505 | 932 42 952 | 980. 975' 910 (620 {325 {o77 |eas [0 Jo |o 1,03 | ., .047 3.60 on | (R-L)

Tgy 737| Tio| 7ho | 757 | 732 auv| 587 | o2 522 | 97 | 938 8s5 765 |505 |205 [07Z [o15 [0 | © o | .o | o058 | 3.0 | Lcm2

b | 0. o] 0] o} oot se2]760|097[897| 702 Jeir]aso sz 7|0 o [0 {0 [0 | 203 | oz | usBe ) w3 |

e o5 | 003§ oto |onz | car| 292 815 | 930 ono| sey 630 [175.{ 087 {015 {005 | @ [ O {0 [0 |O £99% 012 L850 Jom1 | Xv

Jay 0 | ob2f cos5 |007{ 027 3u5] 825 | 927 | 955 | 938 72 [a02|og3|oos [0 1o fo |Jo. |0 |o 1,0 011 859" .C13 (x-1)

Ty o] | 0| o joxz|z05] é2a| 857|925 9xv 720 27 |065 |05 |0 [0 | O |o|o |o 1,05 012 <834 01z

. of o o [co2losz|s7s| 777|765 | 7 [ 662 [ 520 {337 J207 [230 [250 [132 [o97 four fozo Jooz | .07 | .ou7 | 2.2 | .1e3 ,

Yin 0 | 0 |oo2{o3n (257 |vé2] éco| 722 | 637 ] 575 {4c0 |22z [170 |37 [c2 fo32 fous |eo2 [0 | o 9207 L0322 | de0z7| L0352 . .r.rn‘z

sy o | o | ces [om |2e7 | 75 | 00 | 750 | é72 | ko7 | a7 | 222 | 35 |12 |72 [o30 Joo Joo3 J o |0 | v | om | e | w55 ) T

Ts1 0] o] o |os2|210]875) 762 [ 705 | 632 ] 557 | 392 {192 {132 |ov0 {032 {015 fo0s | o o | .12 | .29 | .61 | Lest

. -

' Phese résiiits were obtained from Tables I, IX, XV and XVIIZ.
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TABLE XX

The One-Safplé Results for £ L SaFpling Dxperindhts ITI, IV,

3

VIE, VIIT afd XVI

coepin | ‘ ) colma oF l-:JLTI!\’fEB. 313 THE :.mﬁﬁ&:c& RATIO (CxR) B R m:.u v, o é;gv{ o7, ot | 2. 4
fesof.c1]o.1 [o.2]0.3]0.5] 0.7]0.a] 0.9] 1.0 [2.25 75| 2,0 | 2.5 | 3,00 |5.0]20 |20 J3co | < | ET. | =3’ s
Yoy [ o} o] o fouz|ono!dho) soo| 757 952700 | 507 267 172 095 |oe3 [32forr [0 o Jo | n0f | Loz | LBso | Les6 :
4 137| wo{ 260 | 182 237 | 3u2] 590 925 | 997 790 | 490 {202 | 127 {067 |o37 |Gas lée2 | 6 1 0 | o 933 1. W03 | 1 | o6 I
Iz 295| 895 | 297 | 2o | 897 | 995| 9o7| 912 | nv| o7 | 925 | 935 [ 935 | $ho [us |sés (975 {9a2 Joo2 Joor |, 253 | .25 ! osas | Lomy | (D)
Tia d97{ #77| 900 | 900 905 | 907] 22| 915 | 925 | 915 | 920 {922 925 |'930 | 933 Jou7 |950 foma 310 ) 0 | -2.61 | .2v@ | Ko | .3
Tinr o | o | oss |oms | os2|260] 7ar | esas7s| 777 650 [nso [ 280 |a37 {130 057 Jozs [0 [0 [0 es | .09 | L33 | .o% )
din 177} 110 235 | 305 | 407 | 705 | 967 | 950 | 935 | £30 | 675 {205 | 290 iz oz |625 Jere |6 o o S | 020 | s | o3 | FE
"y ans | avy| 857 | asc | 520 | 926 917 922 [ 917 [910 | eto [752 {662 {515 |352 192 Jo72 fooz [0 |0 1.00 | 050 | 3.8 | .czo | C=L)
1 | 6e0) &3z 724 | 752 | 192 | @57| 875 | B2 | m15 | ary | 832 [72s | 637 |igs [3u5 |70 foro fooz [0 fo | w2e | Lmr | 24 | Lou
iy, o | 6 [coz]ono|o3z]1se| a7 797 [ 620 | 792 | 527 [ 297 [220 [52. |67 [ds0 |os2 [o2 [0 [0 | 2,62 | wous | 3o | wos7 | .
Y .| leo| 185] 212 262 | 3131 4is| 632 | 957 [2000] 00 | 520 [237 [ 120 [Og2 057 Jd30 |oiz [ & [ o |b 916 L18 | 129 LobL . YIIX
sy g62| s62| 252 febo | 257 | as5| ‘e52 | @52 [ 250 | gs0 | ans | waz [ 437 [B30.|@3 |78 (772 {¢s2 lar lofa | c1on | eer | seis o6 | (L)
o1 255 | 235 [ €52 [e52 | 650 | Bu7| ens | 37| 37| &35 | 935.| ea7 | e27 | a7 | 615 |76z |75 655 ke 035 | .30 | .90 | 4.2 | o2
dinr, ol ol olo o | go7 | on7 | 767 | 5634147 1633 | 017 for2 (010 {oo2 joaa {6 |0 | o e | wcos | 6 | o
dn oo oo 0 010|055 | 762 537|230y jorz |oos Joor |0 [o Jo o |o | .em 037 .207 055 ;x:
d31 313| 217] 375 Lnia | 512 | baa| 7ar] 30 | a7 | sua 952 (632} 265 Joer [odo |25 e [0 Lo |6 | 1.2 | -voer | i | Lom | OV
T Joz| 305 372 |30 | 512 é50| 795 | a4z [ 892 | gm0 | 920 [207 |0s0 Joos J 0 | o [0 [0 [0 o 816 | .07 | e | oo
Sy o1 o] o |ow}om|adol 520) 732|800 | 720 | 525 |282 | 202 |0u7 J0s2 |oas [olo | o jo o .| 02 | L5 [ .7 | .ewr
J, 10| 120} 137 | 172 | 232 | Lo2| 697 | 813 [ 917 | 735 | 5027|230 [ 255 {087 [037 [ 007 [God o jo-lo. 9 | o5 | toz | .o | T
Jey 552| 952{ 952|962 | 962 | 967| 947|938 | 932 | 912 { 865 | 750 | 705 {612 |522 337 (212 [o25 ooz | 06 | . | L0786 | s.s5 | .036 (1)
T4 782 752 [ 820 | 847 | 865 | 837] a77 877 | 870 | 852 | 807 | 705 [ 645 570 467 [3a2 190 [o20 e L.60 | ua | 3.56 €29,
/s

*These results were obtainéd frén Tables IIY, 1V, VII, VIIT and XVI.
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TABLE XKL :
- : ‘u = - I 3 ‘a, T .é;‘-':\: e ,r';“ : ! o
The Orie-Sample Resulta for fel; Sampling Experiments V, IX; XTII and XVII
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A . | s0a] 527572 |35 | 690 296] 930 992 956 ['agzare Tan0 { a2 [327 [235 [100 [cha | o
o] sy |iocz| 9d2) 505 [ vt 9as | 9a7| 15| 12| 912 9o7 [ B77 805 | 765 | 650 | 573 |nad (250, [Cus
' 752 | 79| mof 77 [ 765 | 75 | écs| as2| w2 | enz| sz [ G0 |mas [7az (632 (345 (403 |253 |o3s

olo|l o
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a8
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2
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931 | u249n | 1505 | wokl | (L) -

9.20" | o032

=] L= 5
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.
N
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5
3
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1.20 | L0239 | 2.06 | B35
of 4930 e37 | 282 | o |

Olo{o|ofjo|lafe] o
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Ler)
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o
E
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115 | L0186 | 60 | L83 { (L)
Les | W67 | oneor | ouom
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TABLE 0GXTIV

The Application of -the One-Sample Estimators JSl’ JWl-and JwIL .
to ‘the Sukhatme Example’
ESTIMATED CONFIDENCE -BOUNDS CONFIDENCE .
"ESTIMATOR. VARIANCE : TINTERVAL
ARATIO TOWER 1+ 'UPPER LENGTH
L.K .J:Sl -15 :67 3 008 280 26 25.‘3.8 :

1 (0.67) (30.67) (30.00) -
-'_lg-\*._'.[,‘ 21.15 “'8,:..01 ] 34-.29 . 26,28 . _
Rl (5.49) | (36.81) | (31.32) .

K J 22,67 12,23 42,01, | - 29.78
+NL - (10.87) (47.28) (36.41) -

“*Results for 90% .and 95% confidence levels are recorded; the
entries in parentheses refer to the-95% confidence level,




A Normal.Probability Plot .of .J Wy - for- -Sampling ~wEkpeﬁimeht KVTITL
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.ﬁ-:ﬁl\lomna.lffP.robabiliﬁy ‘Plot of _log('qu“) for ‘Samplingu}.ilxperiment XVITT
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APPENDIX A

‘A_COMPARISON OF 'THE 'ASYMPTOTIC VARIANCES OF JSleND"qu'

A.l The Asymptotic Variance of J

Sl
.In the following, we adopt the notation and -

‘definitions -of “Section 4.2. Recall that -if the hypothe- '’

sis of Theorem 2.6 is satisfiéd, the asymptoticlvarianée

1
e B
of>nN Jgq IS
5 2 2
o= L 1 mmigig

go'd . SN .98 )
i=1 j=1 : Lo !

j71

To evaluate (A.l}), let k*l and k"‘2 be'de;f).

l l 3 o
fined:as in (2.6). Then ' ; | S;nux i
¥ = E[(F F5=F3%) |(F ;F%) = (£ ,£%)]
1 : 171 "1 1’71 .
2 i
- * — f£*%
£f1 - 81 . |
and
k*lf= E[{F*_F*)z/zl(F F*) = 1f f*)]i  i
2 ~ 2 ' .
= 1 * L - "k E * . -
4[fl 2Ifl + E(F2 )]‘.
Thus
i
1,1 0 wxl
2 Var[};l (Zl)]

%[Var(Fiz) + 412Var(Fi)j;

2 ’ .
- 4ICov(FI,FI )1 ’



L 2’2 P 8 ~T .*‘2 N Y
5 Var[k-l (ZI)]
='Var(F.F*5 + VarﬁF*Z) - 2Cov (P F* F*ZJ
11 1 17171
=énd
R 1'2‘= 2’1 = " *1| \ - _*2
Ly £y COV__Ekl (;l),kl (zl)]
= COV[%(F*Q-le*i-F F*-F;zl
, - 1 177171 "1 :
Now
g =29 {n.,.n,) -
1 oty 1772
. 2
= (v_. - Vv)/V
(-q P /“q
and
= 99
92 - “Bt (nAl'nz)
»‘2 ‘
=1/v .
/.9

‘Recalling that my; =2 and m, = 1, we can .

now evaluate (A.1). Thus

2

: W . 2 ‘2 :
‘ * & - * P ;
+ [Var(ElEl).+;Var{Fl ) .ZCov(FlFl,El )]/v“

. . y 2
-+ 4(v. ~v ) [}Cov.(F*
(Vq p)[ (F}

o gyl .3
* * .
+ ICov(Fl,Fl )]/V‘q .

- = - -2_. *2 2 ; ; - 1 : l* *2 8 '
oL (vq.vp) [Var (F§) + 4I°Var(F§) - 4ICov(Fj,F} )]/vq |

. ) 7 ' . .. . . ‘2. -
. *) - * ) F*°Y.
,FlFl) IICov(Fl,FlFI) kVarFFl )

- [P S R
193, - .
- -
. i



Upon .simplifying, the above becomes
2 2,2 3 2
= (E*y+2) (Vo /v + 41 Ex)Yv /v 4+ 417 /v
o = (y,;(£*) )(p/ q) Mgl )p(,q /Iy
+ Var (F F*)/v2 - 2v Cov(F*2 F F*)/v3
171" g o) 17171 g
. 3.
) —_ it k. TR Y S
+ 4I(vp vq)Cov(Fl,FlEl)/vq‘.

A.2 The Asymptotic Variance of J.

Proceeding as in the.previous section, .we adopt
the definitions and notation of Section 4.3 and let
'gl ’ g2 ‘ g3 -and 94 be defined as in -(2.10).

From Theorem 2.6, the asymptotic variance of

I .
N=J is then

Wl
2 § % .

o° = ) m.m.g
Vo=l g=1 * 3

i,3

51

195 .

ITt-is easily-&érified that

g2=l/v r
gs = =21/v
and
2

194

{A.2) -
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Now
g}."‘l = Var[kil(zl)]
= 14.[Var(F*2) +'4I2Va'r(F*) - *4IC°-V("F*rF*Q2)'] r \
1 1 171 o
202 = var (k% (2))]
= Var(ClFi) ' - ) \
ENEE vér[k§3(zl)]
= War (FEI"_)
=V
;‘ir"‘l = var [ki‘q’(zl)]
= var(c,) ., | : _7
--;1*2 = Cov[k;‘_:L (-Zl) ,kiz (Zl) ]
= Cov[Y4(F*2-2IF*),C.F2] ,
1 1711
;1'3 = Cov[kz’il(zl) ,ki3(zl)].
= Cov[-%(Fiz-zIFi) ;F’l‘] '
w1t = covikat(z)) it (27)]

2
= i [ Tiaon ®
Cov[li(}?1 _ZIFl) r({l] ’



-uandtsimpllfylngtylelds

‘ otk l : 311
= ek _Te'k ;

= COV(C J'Fi) s

1

. : 2
.Cov(Clqucl)
;and

22t = cov k¥ (5, ) ka2, )] |

= | * . . ) . "'." ‘ .'_ v
Cov(Flycl) . R

.2.;‘4 _ *2 ) *4 : L .
Covik¥® (2} k7" (Z,)] e

“Noting -that | ' :  3,“_

.
CFy

we can write | : -
2'3 = * *
21 Cov(FlFl SJEEY

.and _ L

|
<
pi}
3]
"‘EI
"‘i

=%

1

= .-p(}sl)f ‘(xl)/q(xl)‘l‘ S

5

L



197

2 _ 2 4 2 _ 2 22 3
o= 9 + I Var(cl)/vq 21 vPCov(Fl ,Cl)/vq
+ 2120w (F.FF,C.) /v2 + 413 (v —v ) Cov(F*,C.) /v .
1171 'q . P g 1'71 g
~
A.3 The Comparison
Consider the difference of the asymptotic
variances
2 2. 2 %2 _ L4 :
9q o [2T VPCOV(Fl ,Cl) I quar(Cl) . (A.3)
- 212v Cov(F. F*,C,) - 4I3(v -v_)Cov(F¥*,C )]/—V3 .
q 17171 P g 1’71 q
Note that.
) 2 2 2
Cov(F F%,Cy) = [£°p"/q - (/p) (f£7p)
=V_Vo
e P
Thus (A.3) becomes
2 2 _ 5.2 o2 .4 |
o o {21 vPCov(Fl ,Cl) I.quar(Cl) (A.4)

2 3 ' 3
+ (vp vq)[2I Yy 41 Cov(Fi,Cl)]}/Vq .

Now, suppose that f£(x) 2 0 and that

g(x) = {£X)p(x)/[l+cg(x)1}/[{f(x)p(x)/[1+cg{x)]}dx ,

where the constant ¢ is small so that g(x) is close

to the optimum qo(x) . Then
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COV(Fi;Cl) = Covq(fp/q:P/Q)
2
= [fp/q - I .
But
[£p2/q = [[£p° (1+cg) /ol [[£p (l-cgtcg ... )]

2 | 2 : , 3
I-cCovp(f,g)+c [Ep(fg )—Ep(g)EP(fg)]+eTc )

where 1lim 8103)/c3 equals a constant. Therefore
c+0 )

L 2 2
Cov(Ff,Cl) = cCovp(f,g)+c [Epﬁfg )—Ep(gJEp(fg)] .

To obtain an expression for vq r we note that

[€%p%/q = [[fp(l+cg)11[Ep(l-cgtcigie ... )]
= 12 + c2{IEp(fgz) - [Ep(fg)lz} + 3(03} ’
thus
.2 2, _ 2
vq = C {IEp(fg ) [Ep(fg)] } .

To evaluate Cov(Fiz,cl) , first note that

2
cov(ry?,c)) = cov_(£2p?/q?,p/q)

= [£%0%/q% - [£%p%/q
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and

18203702 = 122> (14cq) 2762021 [ £p (1-cgrcg?) 1 2

i

= 12 - ZCICovP(f.g)

L2 2 2 : 2 2 3
+c {2IEp(fg )+[Ep(ng] ~41Ep(g)Ep(fg)+I Ep(g ) 46 (c”) .

Thus
Cov(F*2 C.) = -2cICov (f g)+c2{IE (fg2)+2[E (fg)]z}
I R p -’ P P
2.2 2
+c“[I°E ~4TIE E (F .
c [ P(g ) p(g) P( g}l
Finally
Var(Cl) = Varq(p/q)
2
= [p°/q - 1
and

sz/q %_[IPZ(1+Cg)/fp][ffp(l—cg+czg2)]

= Ep(}/fJI+c[IEP(g/f)—Ep(l/f)Ep(fg)]

2 2 3
+c [Ep(l/f)Ep(fg )—Ep(g/f)Ep(fg)]+U(c ) .

Therefore
Var(Cl) = Ep(l/f)I -1+ c[IEp(g/f) - Ep(l/f)Ep(fg)]

2 2
1/f f - £ £ .
+ C [Ep( / )EP( g”) Ep(g/ )Ep( g)]
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Substituting the above quantities into the

numerator of (A.4) and simplifying, we obtain
2 2,3 4 2 : 2
- = (c 21 var (g)+2I Cov (f 1
o o, = _/vq)( vovar, g) VP[ b 1 9)

-14{IEp(fg2)—[Ep(fg)12}[EP(1/f)I—11)+e'(c3) i
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APPENDIX B

THE PROOF,A OF THEOREM 2.5

Before.proving Theorem 2.5, we introduce two

lemmas which will aid in the proof.

Lemma 1. Let xl""'XN (N = nk) be IID random
variables. Let U, be a U-statistic with symmetric

kernel k*(Xé ,...,Xa } and let US be a U-statistic’
=1 m ST

with the -same symmetric kernel, based on a subset

) of (xl,.;.,xN) , where m-<§ £ N . ﬂThén'

(X rens 1 Xgy
CovJUn,US) = Var(Un) .

‘Proof. . R : if

-COV(UanS) =

:(N)Tl(s)—lz 5 B '
. . Cov[k* (X g ,X ) r ‘k* (X R I e 'X ) ] P !
A0 W\I0 cn‘cs al am pl ! bmw | .

swhere Cn denotes the sum over all combinations
=(al,...,am) of m integers chosen from IN = (1l,...,N)

and Cg denotes the sum over all combinations’
{bl,.,.;bm) of m integers choseén from = o
IS = {1',...,8') .
Hoeffding [9] has shown that
COV [k* (‘Xalr .- ’Xa’;m) rk* (Xbl.l ... ’Xbﬂl)] '= ?;c ’



iwherne ﬁc

of 'integers common to

Therefore,

Cov(Un,US)

-Where -Kc is :equal to the number of ways we can choose

a set (bl,...,ym)

{

al,...,am)

HEHE

is defined-as in (2.7)and c¢

.and

m .

of integers from IS

integers (al"i'ram)

from I

N

exactly c¢ "integers in common.

is the number

(bl,

P o -_’,bm) .w

and a set of

such that the sets have'

Now, ‘we can'choose 'm - integers from I in

(i) ways and we can choose the ¢ integers to be com-

S

‘mon to both sets in 62) ‘'ways, thus completely speci-

fying (bl""'bm) .and ¢ of the a's .

a's can be chosen in (

~and

Ke

COV(UnJUS)

‘Lemma 2. Let Xl,...,x

~variables and let Qn and US

Lemma 1, with 8

sk

N

N-m
m-c

(E)m)E)
(371

c=1

m\{ N-m
c/\n—-cC

The remaining

)

) ways. Théréfore,

Var(Un) , from Hoeffding [9].

(N-= nk)

Then if n

be IID random

-and

5

be defined as in

- are fixed,

202

(B.1)



lim NVar(U_ ) =.m"¢
Noreo n 1
and
o .
1lim NVar(US) = (n/s)n cl .

N-+o
Proof. Expanding (B.l}, we obtain

2 (1-m/N) ... (1-(2mt2) /N)
var(u,) = (/N SRy (I D /0 C1

+ (terms-of order tl/N%) .

“Thus, -lim NVar(U_) = m2;1 .
N-re -3
To -obtain Var(Us) , we need only replace N by
.8-= sN/n in "(B.2), which yields
: e ‘2
lim Nvar(u_.) = (n/s)m"c. .
Noreo s 1

‘We now restate and prove Theorem 2.5 of

“Chapter 2.

. ¢ (N =nk) be N IID ran-

1 N

vdomsvariabies and let k*(xl,...,xm) be a real-valued

THEOREM 2.5. Let X

symmetric statistic with expectation .n and finite

second moment E[k*(Xl;..-,Xm)]z . Let g be'a'func— :

*tion defined on ‘the real linewhich, in a neighborhood
-ef n , has a continuous first ‘derivative. Then, as

N+ , with n -fixed,

203

(B.2)
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. -
nﬁ[J(B)-— 81/s_+ &(n - 1) ,
9 p.
where -t(n - 1) denotes the Student-t distribution with

.

n - 1 degrees of freedom.

PROOF. Without loss of generality let 0 . Then

p=]
It

the pseudo-values

J; = ng (U) - (n"l)g(Ui) = g(Vi) + di P 1= ) S NP

where
di = ng(U) - (n~1)g(Ui)r— g(Vi) )

.and v, is-a U-statistic with symmetric kernel _t
ﬁk*(xl,...,xm) , based on the ith group of . X's
] . '
Claim: As N+~ ,.Nd4, -0, 1= l,...,nn .
Tp
To prove the claim, we proceed as follows.
Let i.e (l,...,n) be arbitrary and let Y 'be a ran- - '

dom variable defined by

Y. = Nli

N g' (0) [nU ~ (n-l)Ui‘~'Vi]h;

Then E(YN) = 0 for all N and the variance of . YN

is given by
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Var(XN) = [g'(O)]2N[n2Var(U) + (n—l)2Var(Ui)u+‘Var(Vi)L‘

- 2n(n—l)Cov(U,Ui) - 2nCov(U,Vi)] .
: i O N
Note "that Cov(Ui,Vi) = 0 , :since Ui and Vi‘*are»based
.on disjoint subsets of (Xl,...,XN) .. From Lemmas 1 and
2, we have
lim NVar(U) = lim NCov(U,U,) = lim NCov(U,V,) = mztl r
N> N> 1 N+ - _

]

‘Tim NVar(Ui) [n/(n—l)]mzz;1

N

and

lim"NVar{Vi) = nm ;l .

Neroo

Therefore _ R

i

Iim VarfYN)

mzﬂl[G'(O)J2[n2+n(n—1)+n—2n(n—l)-2n]
N S

=0 .

Hence, Y > 0 , by Tchebycheff's theorem.
“N.p .

-
h

Let A be.an interval-containing' Ow,suchﬂ
“that g; is continuous en A . It can be shoﬁn_(sée
the proof of Theorem 5, Arﬁesen [1]) that
Prob(U,Ui,Vi ¢ A simultaneously) -~ 1 . Qote that

for U,Ui,.V_i ¢ A , .we have
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53 = v -
Ndi YN ZN,
where
1 ‘ 1
; - T ) 2y ] - | - 2
2y lg' (0)-g (£,)InN7"U - [g'(0)-g' (£,)] (n-1)N u,
L
- ] P |
[g' (0)-g" () IN?V, ,
and &4 lies between U and 0 , €, 1lies between u,
and 0 , and £3 lies between Vi and O .
But ZN + 0 , since g'(Ei) 4_g'(0) »1=1,2,3,

1 1 P 1/ K P
and Nﬁvi , nN?U and (n—l)N"Ui are asymptotically nor-

, _ .
mally distributed. Hence, Nidi + 0 , and the claim holds.
P

1
Now, since NéVi is asymptotically normally
distributed, we have

1
N?[g(v,) - 9(0)] » B, , i=1,...,n,
D

where the Bi's are independent normal random variables.

Therefore, ags N-+» , the random vector

¥

1
3= 03 - g(0],...,N’[3 - g(0)]) converges in

distribution to the random veé¢tor B = (Bl;-;.,Bn) .
The theorem now follows immediately from
Corollary 1 of Billingsley [3, p.31], which 'states that

h(J) > h(B) if h is measurable and
D

Prob(B £ (the set of discontinuities of -h)) =0 . g
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APPENDIX C

SUKHATMES' EXAMPLE

In the following, we apply tﬂe estimators R
Jgq Tl and S to an agricultural sampling prob-—-
lem which is discussed in Sukhatme‘& Sukhatme
[21, pp.50-52].

The sampled population (ul,...,uN)‘ consists
of N = 892 villages. For each village (sampling unit)
the characteristic of interest, f(ui) =Yy; ¢ is the area
of land under rice. A record of the total cultivated
area, W, is available for each village,'thus providing
a convenient auxiliary variable.

To estimate the total area under rice by sam-

pling with probability proportional to cultivated area

" (ppes sampling), define

q(ui) = W./z w.. ’ i l,...,N,

and

f*(?i) = f(ui)/Nq(ui) sy 1L =1,...,N .

~

Then, if (ul,...,un) is a sample from q(ui) ; NI

is an unbiased estimate of the total area under rice,

where I is the average of the f*(ui) values. Fur-

thermore, if SZ is defined by
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n
g2 = )

~o.2
*(u.) - I T ,
q i=1 (£ (ul) q] /(p ;)

Amzég/n‘.provides an unbiased estimate of

- 2
‘Var (NI ) = N'v_/n .
q q - v
Now, let p(ui) = 1/N , i=1,...,N., be the
density function of the discrete uniform distribution.
‘Then, if the villages were selected with equallprbbabi;-
Iity and with replacement, the variance of the estimated

R

total area under rice would be
Var (Ny ) = N2y /n ,
n p

‘'where

N . p | N )
Vp T izl [f(ui)]"p(ui) - [i£1 f(ui)P(ui)] ?
N s
= z (Yi'_ Y)Z/N . - . .
i=1 | R o

‘Therefore, in this case,

Var(N§n)/Var(N£q) = vp/vq . ' 'j , (C.1)

If, however, the villages were selected with
equal probability:but without-replacement, the variance

of the estimated total would be
Var (Ny ) = N2K v /n ’ -.-"1C é)
Yn n'p P - e Le.2)

and the ratio (C.l) would become
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Var(N§n)/Var(Niq) = KV /v (C.3)
where
K = (N-n}/(N-1) .

Denote the ratio (C.3) by Vg -
Sukhatme and Sukhatme [21, p.51] havé.proposed

estimating the Var(N§n) in (C.2) by

~ _ 2 s
VS = N Knvbs/n ’

N

where Vps is defined as in (l1.4). (This estimator
appears in an alternative form in [21] but is easily
shown to be equivalent to .GS") ‘Substituting GS

for Var(N§n) and st;/n for Var(Niq) in (C.3),

they obtain an estiamte V,_, o©f the ratio . VR given

R
by
~ 2
N
' begﬁq
=K 6
Kn's 7
where es is defined as in (1.5). Recall that the esti-

>

mator Bs may take on negative values.
An alternative estimator of the rafio v
can be obtained by replacing vp/v by & in (C.3),

q w
where ew is defined as in. (1.8). This yields a

~
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.non=negative estimator V_ defined by

* = K e .
VW Il w

‘The jackknife method-may be applied to “both

A

v.. @and Vw . The resulting estimators, however, will

not necessarily equal zero when n = N . This problem
may be overcome by jackknifing aw and 'és before multi-
-plying by the finite population correction, Kn . Also,
“since <€W ‘is ﬁon—negative,lthe logaritﬂmic‘transformaé
tion .may be used in-conjunction with jackknife in this
case. ‘
The .estimators 'anSl r K Jy -and K Tuir
. were -applied to the data presented in Table 2.1 of
;Sukhatme -and .Sukhatme [21,1p.51]. The results are re— -
‘corded in ‘Table ¥XXIV. |
:Note ‘that the value .of the :estimate KnJSl

“is considerably lower than the values of the estimators

:KdJWl and KnJWlL" All three procedures :for testing
Hav = v vs. H_:v_=# Vv lead to rejection of H
20 - q a 'p -q o
at the e = 0.1 level of significance, but when .
¢ = .05 , the test based on JSl does not lead to re-
jecdtion 6f H . For the one-sided test, H :v_ = v _ -vs.
o . 0 P q |

'4Ha¢v > vq is rejected at the « = .05 level of signi-

ficance in each case.
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