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ABSTRACT

The frequent occurrences of natural and technological disasters have incurred
grave loss of life and damage to property. For mitigating the miserable aftermaths,
multi-robot teleoperation systems have been developed and deployed to cooperate
with human rescuers in post-earthquake scenarios, and to sample, monitor and clean
pollutants in marine environments. With a bidirectional communication channel, hu-
man users can deliver commands/requests to guide the motions of the remote robots,
and can receive visual/audio feedback to supervise the status of the remote envi-
ronment, throughout multi-robot teleoperation. Furthermore, the remote robots can
send force feedback to human operators to improve their situational awareness and
task performance. This way, a closed-loop multi-robot teleoperation system becomes
bilateral in which coordinated robots physically interact and exchange energy with
human users, and hence needs to be rendered passive for safe human-robot interac-
tion.

Beyond guaranteeing closed-loop passivity, the control of a bilateral multi-robot
teleoperation system faces two challenging problems: preserving the communication
connectivity of the remote robots; and dispatching the teleoperation authority to mul-
tiple human users. Because wireless transmission of radio/acoustic signals between
the remote robots is constrained by their distances, bilateral multi-robot teleopera-
tion control must coordinate the motions of the remote robots appropriately so as
to maintain their communication network connected. Further, multiple human users
can send possibly conflicting teleoperation commands to the remote robots, a dis-
tributed authority dispatch algorithm is thus needed for the remote robot network to
recognize and follow the most urgent user commands at runtime. This thesis develops
an energy shaping strategy to preserve the connectivity of the remote robots, and to
dispatch control authority over the remote robots to human users, during bilateral
multi-robot teleoperation.

Chapter 1 introduces the application background of multi-robot teleoperation as
well as the state-of-the-art development in related research areas. In Chapter 2, a
dynamic interconnection and damping strategy is proposed to reduce and constrain
the position error between the local and remote robots to any prescribed bound dur-
ing bilateral teleoperation. Chapter 3 derives a gradient plus damping control from
a bounded potential function and then unifies it into an indirect coupling frame-

work to preserve all communication links of an autonomous multi-robot system with
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time-varying delays and bounded actuation. On these bases, Chapter 4 develops a dy-
namic feedforward-feedback passivation strategy to preserve all communication links
and thus the connectivity of the tree network of the remote robots while rendering
the bilateral multi-robot teleoperation close loop passive. Specifically, by blending
the sliding variable in Chapter 2 with the bounded potential function in Chapter 3,
the dynamic passivation strategy decomposes the dynamics of the remote robots
into a power-preserving interconnection of two subsystems, and regulates the en-
ergy behaviour of each subsystem to preserve the tree communication connectivity
of the remote robots. To handle time-varying communication delays, the strategy
further transforms the communication channels between the local and remote robots
into a dynamic controller for passivating bilateral teleoperation. Superior to existing
controls, the strategy using a bounded potential function can circumvent numerical
instability, reduce noise sensitivity and facilitate future extensions to accommodate
robot actuator saturation. On the other side, Chapter 5 designs a distributed and ex-
ponentially convergent winners-take-all authority dispatch algorithm that activates
the teleoperation of only human users with the most urgent requests in real time.
After formulating the problem as a constrained quadratic program, we employ an
exact penalty function method to construct a distributed primal-dual dynamical sys-
tem that can solve the problem at an exponential rate. Because the equilibrium of
the system changes with user requests, we then interconnect the dynamical system
with physical robot dynamics in a power-preserving way, and passivate closed-loop
multi-robot teleoperation using multiple storage functions from a switched system
perspective. Finally, Chapter 6 provides some conclusive remarks and two problems

regarding connectivity preservation and authority dispatch for future study.
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Chapter 1
Introduction

This chapter firstly presents a brief application background of, manipulation- and
navigation-oriented control designs for, and open research problems in, multi-robot
teleoperation. It then reviews existing control designs for bilateral teleoperation,
connectivity-preserving multi-robot coordination, and winners-take-all (WTA) au-
thority dispatch. On these bases, it further discusses the motivations and contri-
butions of this thesis. Some preliminary knowledge of dissipative systems, Fuler-
Lagrange (EL) robot dynamics and algebraic graph theory, and the notation used in
this thesis, are given at the end of this chapter.

1.1 Multi-Robot Teleoperation

1.1.1 Background

Two recent reports of the Emergency Events Database have shown that the total
numbers of natural [1] and technological [2] disasters have experienced significant
increases over the past forty years. Among these disasters, the Great Sichuan earth-
quake in 2008 and the MV Dona Paz tragedy in 1987 are two terrestrial and marine
representatives that are incurred by natural and technological factors, respectively.
Due to the lack of precise prediction, effective monitoring and rapid response, it has
been reported that over 69000 people lost their lives and 374176 people were injured
in the former catastrophe [3], and that 4386 people were presumed dead or missing in
the later calamity [4]. Besides the deplorable loss of human lives, these disasters have
also caused extremely severe property damage. For example, the Chinese government

has invested approximately 441 billion U.S. dollars to the post-earthquake relief and



reconstruction [3]. Therefore, exploring the possibility of, and finding well-grounded
solutions for, mitigating the miserable aftermaths of these disasters are highly desired

and emergent.

R |
"\L ]
User 1 %

Figure 1.1: Multi-robot teleoperation can be deployed for search and rescue in earth-
quake ruins.

It is worth noting that disaster areas are hazardous and risky, and that nooks and
crannies therein are normally hard-to-access for human rescuers. For example, a series
of aftershocks have occurred throughout the rescue of the Great Sichuan earthquake,
paths to the earthquake area have been obstructed by collapsed buildings and debris,
human divers can possibly get trapped after entering a shipwreck for searching sur-
vivors, and the surrounding ocean water can perhaps be polluted by its spilled toxic
chemicals. With the great advances of sensing, communication and control techniques,
coordinated multi-robot systems, either semi-autonomous or fully autonomous, have
been developed and deployed to cooperate with or substitute for human workers in
search and rescue missions [5-8], and to sample, monitor and clean pollutants in
marine environments [9-13] in recent years. In particular, these prior attempts have
practically substantiated that, in comparison with a single complex/bulky robot, a
group of appropriately coordinated robots can considerably improve the effectiveness
and efficiency of task performance in these large-scale application scenarios, thanks
to their higher dexterity, handling capability, loading capacity and robustness.

Despite the progress of robot intelligence, distributing a fully autonomous multi-
robot system for trustworthy and comprehensive task executions in a generally dy-
namic, uncertain and unstructured disaster setting is still far from being reached. For
this reason, multi-robot teleoperation, as a specific format of human-robot teaming,
has been extensively studied to seamlessly complement the superior capabilities of hu-

man participants in cognitive reasoning and decision making, and that of coordinated



Communication Channel

Figure 1.2: Multi-robot teleoperation can be deployed for marine exploration, sam-
pling and monitoring.

robots in repetitive and precise missions [14]. For example, human users can assist in
determining a set of attachment points and contact forces for multiple robots to co-
operatively and reliably grasp and transport unstructured rubbles, and in identifying
a set of positions and orientations for multiple robots to capture informative images
of their surrounding environments. In this aspect, a pioneer field implementation
of a multi-robot teleoperation system has successfully exploited the heterogeneity of
a robot team for simultaneous manipulation and navigation in a shared remote en-
vironment [15]. After that, a variety of multi-robot teleoperation control strategies
have been designed with special attentions devoted to collaborative manipulation and

navigation, as summarized in the following two sections respectively.

1.1.2 Manipulation-Oriented Multi-Robot Teleoperation

A key challenge of the control design and stability analysis for manipulation-oriented
multi-robot teleoperation is the kinematic and dynamic couplings among the remote
robots. Based on the numbers of the local and remote robots, various earlier tele-
operation control architectures for multi-robot cooperative manipulation have been
categorized into four groups and systematically reviewed in [16]. Nevertheless, some
most recent control designs have not been included. For this reason, this section
will briefly overview some representative works on manipulation-oriented multi-robot
teleoperation by dividing them into two classes: generic stability analysis and grasp-

enforcing control.

1. Generic Stability Analysis



Using p-synthesis, a cooperative tele-manipulation system has been modelled
and robustly stabilized in [17] with flow of position and force information among
all robots. Accounting for potentially non-passive interactions among the re-
mote robots, a projection-based force reflection approach has rendered a net-
worked multi-robot teleoperation system weakly input-to-output stable (IOS)
by appropriate adjustment of local control gains and/or force reflection gains
in [18], and has been experimentally validated in a minimally invasive surgical
teleoperator in [19]. Focusing on collaboration passivity, an energy monitoring
and shaping approach has been developed within the port-Hamiltonian mod-
elling framework in [20]. A two-layer control method has implemented two
energy tanks for all local robots and all remote robots, respectively, acting pas-
sively while minimizing the conservativeness of the design in [21]. Time-domain
passivity approach has passivated dual-user cooperative teleoperation [22] with
feedforward transmission of the user-local robot interaction forces and multi-
user cooperative teleoperation [23] with unknown time-varying communication

delays.

. Grasp-Enforcing Control

A critical prerequisite for the secure grasping of a rigid object by multiple robots
is to maintain their formation shape invariant during cooperative teleoperation.
Toward this goal, a passivity-based strategy has firstly been proposed in [24]
and then extended in [25] to decompose the dynamics of a holonomic and a non-
holonomic robot team, respectively, into a locked system and a shape system.
In doing so, the human operator can bilaterally tele-drive the robot team as a
whole without interfering with its formation through interconnecting their local
robot with the locked system. Later, the strategy has been employed for manip-
ulating microscopic objects in [26] and for fixtureless object grasping/transport
from a first-person view in [27]. In the same spirit, a task abstraction con-
cept based on null-space projections has also been designed in [28] and applied
in [29] for a remote robot team to prioritize cooperative object manipulation
over the teleoperation command. Following the formation-based methodology,
the dynamics of the manipulated object have been integrated into the design
of a cooperative manipulation system [30], where the human user guides the
robot team in a leader-follower modality with no force feedback. Furthermore,

a communication-free strategy has aligned the interaction forces of all follower



robots with the steering force of the human user/leader robot for reinforcing
their motion intention in [31], and a force regulation control has balanced the
interaction forces between the task object and two remote robots in correct

directions for tele-grasping the object successfully in [32].
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Figure 1.3: An exemplary application of manipulation-oriented multi-robot teleoper-
ation: Cooperative transportation of earthquake survivors.

1.1.3 Navigation-Oriented Multi-Robot Teleoperation

With all remote robots synchronized with the local robots, existing navigation-oriented
multi-robot teleoperation designs permit human users to remotely explore and sam-
ple data in unknown environments. To facilitate the maneuver of the remote robots
and to enhance the telepresence of human users, the local robots have to be con-
nected with the remote robot group appropriately. On the remote side, the remote
robots need to measure the relative motion information of, or to transmit their own
motion information to, other robots, via onboard sensing/communication modules,
which is typically limited by inter-robot distances. In view of this, we will review
some representative works on navigation-oriented multi-robot teleoperation by cate-
gorizing them into two groups: designing the local robot-remote robot couplings and

designing the proximity-limited inter-remote robot couplings.

1. Designing The Local Robot-Remote Robot Couplings
By interconnecting all remote robots with a single local robot, a Proportional-
Derivative plus damping (PD+d) control has passivated bilateral teleoperation
in the presence of constant communication delays in [33], and a saturated Pro-
portional plus damping (P+d) control has passivated bilateral teleoperation
with both time-varying communication delays and actuator saturation in [34].

Similarly, two local robots have been connected to all remote robots in [35] for a



single user to haptically tele-control the translation and expansion/rotation of a
bearing-only formation of the remote robots. Further, a unilateral teleoperation
architecture in [36] has facilitated tele-switching the remote robot formations by
letting the user define and maneuver a virtual structure of which all vertices are
tracked by corresponding remote robots. By interconnecting a leader remote
robot with a single local robot, an optimization formulation has opportunely
enabled multi-robot teleoperation in [37] by including the vision-based coordi-
nation of the remote robots as a constraint and the teleoperation command as
the objective function. Along this line, a computational trust model has been
proposed in [38] and augmented with self-confidence in [39] to reduce the user’s
workload by dynamically scaling their tele-driving force on, and their received
force feedback from, the leader remote robot. Further, the trust model has
been utilized in [40] to select a leader among all remote robots on the move for
empirically improving the tracking performance. For the same purpose, a peri-
odic leader selection strategy has been derived for a remote robot group with
single-integrator [41] and double-integrator [42] dynamics, in accordance with
their possibly time-varying communication topology. In addition, the passivity
of the decision procedure of the human user in multi-robot teleoperation has

been experimentally investigated in [43].

. Designing The Proximity-Limited Inter-Remote Robot Couplings

When the leaders interconnected with the local robots account for only a por-
tion of the remote robots, a shared control framework has been formalized
in [44], which abstracts the motion of the remote robot group by a consoli-
dation of tracking the local robots and synchronizing the remote robots. Fol-
lowing the idea, a passivity-based design in [45] has equipped every remote
robot with an energy tank for storing and employing the dissipated energy for
adding/deleting interconnections between the remote robots in a passive man-
ner. Then, a handshaking mechanism together with a time synchronization
algorithm have been integrated into the design for (re)establishing connections
between the remote robots with communication delays in [46]. Along this vein,
a passivity-constrained optimization has been formulated and solved at leaders
for dynamically scaling their couplings with followers within the remote robot
group, thereby improving the quality of force feedback displayed to a single [47]

and multiple [48] human users. Also, a passivity-based policy in [49] has em-



powered the human user to temporarily detach leaders from followers for, and to
promptly restore their connections after, exploring some narrow portions of the
remote environment. Beyond exploiting the benefits of establishing/eliminating
inter-robot couplings at runtime, existing literature has also inspected the pos-
sibility of maintaining them throughout teleoperation. In [50], all interconnec-
tions between the remote robots have been preserved by properly restricting
the distances between their kinematic virtual proxies using an unbounded po-
tential function. Built on this structure, the impact of various types of force
feedback on the maneuverability and perceptual sensitivity of the remote robots
and environment, respectively, has been compared via psychophysical experi-
ments in [51]. For the sake of flexibility, in [52], a power iteration algorithm
has estimated, and an unbounded potential function has maintained, the global
communication connectivity of a teleoperated remote robot network, which per-
mit to maximally create/break interconnections among the remote robots. And
as an extension, an additional teleoperation channel has been established in [53],
which enables the human user to tele-control the degree of connectivity of, and
hence the compression/dispersion of, the remote robot team. A user study
in [54] of the design has also experimentally confirmed the superiority of haptic
feedback over its visual substitution in raising user’s awareness of the commu-

nication connectivity of the remote robots.

~ Remote Environment

Figure 1.4: An exemplary application of navigation-oriented multi-robot teleopera-
tion: Cooperative marine salvage of shipwrecks.

1.1.4 Open Issues

Being a particular teleoperation formalism, multi-robot teleoperation extends the su-

perior capabilities of human users in cognitive perception and reasoning and dexterous



manipulation to large-scale remote environments. Through a forward communication
channel, each human user can operate their local robot in a unique location to send
commands/requests to, and hence guides the motion of, the remote robot group in
a shared remote environment. Through a backward communication channel, each
human user can receive visual/audio signals from the remote robots, thereby super-
vising the status of the remote environment and robots therein. Preferably, a multi-
robot teleoperator, the robotic local robots-communications-remote robots system,
can considerably enhance the situational awareness and task performance of human
users by delivering also informative force feedback to them via backward communica-
tion channels. In doing so, multi-robot teleoperation becomes bilateral, in which the
multi-robot teleoperator physically interact and thus exchange energy with human
users. For the purpose of human-robot interaction safety [55], a closed-loop multi-
robot teleoperation system needs to be rendered passive by designing controllers for
the local and remote robots appropriately.

Under the premise of teleoperation passivity, the remote robots in an unstructured
environment can perform missions designated by, and respond to requests from, hu-
man users by effectively synchronizing themselves with the local robots. Because
central communication and control units are expensive and even unavailable in field
environments, distributed coordination of the remote robots with 1-hop information
exchanges and their onboard controllers becomes thus a favourable, and possibly the
only viable, solution in most cases. However, the communications between the re-
mote robots are constrained by their relative distances. For example, dispatching data
via radio signals between unmanned aerial and ground vehicles [56-58], and trans-
mitting packets via acoustic signals among autonomous underwater vehicles [10-13],
both are restricted by inter-robot distances because of the rapid attenuation of ra-
dio and acoustic signals. Given that communications between the local and remote
robots are independent of their distances, a connected communication network among
the remote robots ensures the needed continuity in the data flow among all robots
and thus possibility to share and distribute the needed information over time. As a
fundamental topic, maintaining the proximity-limited communication network of the
remote robots connected during passive bilateral teleoperation has been investigated
in [50,52-54]. Nevertheless, these multi-robot teleoperation control designs adopt
unbounded potential functions to derive inter-robot couplings, which grow infinite
as inter-robot distances approach the communication radius, and make these designs

numerically unstable and sensitive to noise in practice. For this reason, how to design



distributed controls without using unbounded potentials to preserve the connectivity
of the remote robots throughout passive haptic teleoperation is an emergent problem.

When multiple human users are teleoperating a remote robot group in parallel,
each of them can explore and surveil a portion of the remote environment by receiv-
ing visual/audio/haptic feedback signals from their associated and individual remote
robot. Because a number of urgent incidents can occur and be encountered by the
remote robots in the remote environment concurrently, in response, multiple human
users can separately send multiple requests to the remote robot group in different
locations. The level of urgency of every human user’s request stands for that of their
monitored incident in the remote environment. Yet, due to the limited problem-
solving capacity, all remote robots can collaboratively handle only one urgent event
each time. As a compromise, the remote robot group is supposed to compare all
user requests, identify the most urgent one, and cooperatively transport to the cor-
responding region for emergency treatment. Furthermore, every remote robot can
receive the request from at most an individual human user, it thus demands a dis-
tributed WTA authority dispatch algorithm for the remote robot network to pick out
winners, human users sending the most urgent requests. More specifically, with a
local decision variable adapted with the received user request and messages obtained
from communication neighbours, every remote robot can determine if its received user
request is the most urgent one by evaluating its own decision variable. And what is
more, to activate exclusively the teleoperation of winners, the physical dynamics of all
robots have to be coupled with the WTA authority dispatch algorithm to coordinate
all remote robots with the local robots of winners. Consequently, the passivity of
closed-loop multi-robot teleoperation is influenced by the dynamics of both physical
robots and their WTA algorithm. However, how to design such a WTA authority dis-
patch algorithm and couple it with physical robot dynamics in a distributed manner
to compose passive multi-robot teleoperation remains an unanswered problem.

In view of the above two open problems in multi-robot teleoperation, this thesis de-
velops a distributed energy shaping control strategy for rendering bilateral multi-robot
teleoperation passive, preserving the communication connectivity of the remote robots
and dispatching teleoperation authority equitably and exclusively to winners. Before
describing the primal contributions of this thesis, the following section surveys most
representative works related to passivity-based bilateral teleoperation, connectivity-

preserving multi-robot coordination and distributed WTA authority dispatch.
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1.2 Literature Review

This section firstly reviews a number of seminal and state-of-the-art passivity-based
bilateral teleoperation control methods by comparing them with finite-gain stability-
based designs. Given that the connectivity-preserving multi-robot teleoperation de-
signs [50, 52-54] have been discussed in the last section, it then summarizes some
paradigmatic connectivity-preserving coordination methods for autonomous multi-
robot systems. Lastly, this section introduces authority dispatch designs in multi-user
teleoperation, (k-)WTA neural networks, economic dispatch results in power network
research, and passivity-based optimization algorithms because they are closely related
to the results in Chapter 5.

1.2.1 Passivity-Based Bilateral Teleoperation

With the dynamics of human users and the robotic teleoperator tightly coupled, the
stability analysis and control design for a closed-loop bilateral teleoperation system
must take into account the dynamics of human users. Yet, an accurate and generic
model of human users is hard and even impossible to be obtained because the biome-
chanical characteristics vary greatly across human users and specific tasks in practice.
Thanks to the compositionality of dissipativity, finite-gain stability and passivity, as
two major branches of dissipativity [59], have been extensively employed to guide
bilateral teleoperation control designs. By assuming or controlling human users to be
finite-gain stable/passive, the modular design lies in rendering the robotic teleopera-

tor finite-gain stable/passive with respect to the physical interaction ports.

Table 1.1: Selected bilateral teleoperation control designs based on finite-gain stability
and passivity.

Criteria for Teleoperation Stability Related Work
Finite-Gain Stability [60-66]
Energy Monitoring [69-78]
Passivity
Lyapunov-Like Analysis [79-91]

Treating the user force as an exogenous input, a projection-based force reflec-
tion algorithm in [60] has decomposed the reflected force into “interaction” and

“momentum-generating” components with measured user forces, and has attenuated
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the latter while displaying the former to the human user. Because the projected
force feedback does not incur unwanted motions of the local robot, input-to-state
stable (ISS) bilateral teleoperation is ensured without injecting extra damping to the
system, thereby mitigating transparency deterioration. A succeeding extension of the
algorithm has then eliminated the need for measuring the user forces with an elab-
orately designed high-gain input observer in [61]. Using the small-gain theorem, an
explicit condition on the user force has been derived in [62] for closed-loop stability
of bilateral teleoperation with the projection-based force reflection algorithm. Af-
terwards, first-order filters have been consolidated in the algorithm to enable direct
feedback of high-frequency force-reflection signals in [63], thus improving the fidelity
of the transient force response. By identifying the £; gain of human users, the al-
gorithm has further been practically implemented in a haptics-enabled telerobotic
rehabilitation system to deliver resistive/assistive motor therapy in [64]. Built upon
Lo-gain stability, a generalized scattering transformation matrix parameterized as the
product of two rotation and scaling matrices has encoded power variables into wave
variables to robustify communications against constant time delays in [65]. Likely, £o-
gain stable bilateral teleoperator with time-varying communication delays has been
established in [66] by transmitting robot positions directly.

Although finite-gain stability-based approaches reviewed in the above favours
modular designs, their field implementations require to identify or estimate the input-
output gains of human user dynamics in accordance with particular application sce-
narios. Because human users can be assumed passive [67] or passivated [68], a great
deal of passivity-based designs have been reported in the existing literature to fa-
cilitate the control of, and to generalize the application of, bilateral teleoperation
systems. In the light of this, the following reviews some most seminal works by
categorizing them into two classes.

Teleoperation passivity can be ensured using energy monitoring techniques. In [69],
a time-domain passivity approach has passivated a bilateral teleoperator by injecting
sufficient damping with passivity controllers after measuring excessive energy accu-
mulation with a passivity observer. Later, a two-port augmentation of time-domain
passivity approach has been developed in [70] to preserve teleoperation passivity ir-
respective of the amount of communication time delays. To remedy the position drift
problem, time-domain passivity approach has been extended in [71] by transmitting
the encodings of robot velocities and positions, and has been utilized in [72] to dis-

sipate the extra energy of the local robot’s proxy with only position transmissions.
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Recently, time-domain passivity approach has also been blended with tele-impedance
control in [73] for mitigating the “phantom force” and thus user fatigue through-
out time-delay teleoperation. Unlike time-domain passivity approach, a passive set-
position modulation strategy proposed in [74] has preset a fixed amount of damping
injection to the local and remote robots and then modulated their proxies in accor-
dance with the passivity margin of the teleoperator, thus bypassing any temporarily
active robot behaviours. Within a port-Hamiltonian modelling framework, energy
tanks have firstly been proposed in [75] to compensate the position drift caused by
the transmission of scattering variables, and have then been formalized in [76] as
virtual dynamical systems that are interconnected with physical robots in a power-
preserving way to keep track of their dissipated energy. On this basis, a two-layer
approach has been developed in [77] to implement any desired teleoperation con-
trol in the transparency layer and to regulate the level of system passivity with two
energy tanks interconnected in the passivity layer. Restricted to a force-reflection
teleoperation architecture, the two-layer approach has been further upgraded in [78]
by decoupling the two energy tanks in the passivity layer to reduce the workload of
human users.

Teleoperation passivity can also be investigated using Lyapunov-like energy anal-
ysis. By encoding power variables into scattering variables and transmitting the
latter, the communication channel between the local and remote robots and thus the
closed-loop teleoperator have been rendered passive in [79] regardless of constant time
delays. With suitable selections of control gains, an extension in [80] of the scattering-
based method has matched the impedance of the communication channel with that
of the human operator and environment, thereby eliminating wave reflections. As
the scattering-based communication channel is physically equivalent to a mass-spring
system, a performance index describing its capability of instantaneously transferring
energy, and an optimization problem opportunely extracting its energy and comput-
ing force/velocity inputs to robots, have been formulated in [81] and [82], respectively,
for evaluating and optimizing the teleoperator transparency. By transmitting both
robot positions and velocities, in [83], a PD+d control has proven able to passivate
teleoperation with bounded constant delays. Along this line, two criteria for selecting
gains of a simpler P+d control have been established in [84] and [85] to cope with
bounded time-varying delays. In the absence of gravity compensation, adaptive con-
trol strategies have also been developed to estimate unknown parameters of the local

and remote robot dynamics. Specifically, a sliding variable summing robot velocity
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and position has synchronized both the local and remote robots to the origin in [86],
and a modified sliding variable has instead achieved mutual synchronization of both
robots by adding robot velocities and position errors in [87]. In addition, to exploit
the kinematic redundancy of the remote robot, a task-space adaptive synchronization
strategy has been derived in [88] accounting for uncertain robot dynamics, and has
further been augmented in [89] by incorporating also uncertain robot kinematics into
the design. A systematic extension of earlier works using storage function analysis to
tackle time-varying communication delays, and a comprehensive review of them, can

be referred to [90] and [91], respectively.

1.2.2 Connectivity-Preserving Multi-Robot Coordination

The communication network connectivity is a fundamental condition for distributed
coordination of a multi-robot system. With a communication path between every pair
of robots, the information of each of them can be explicitly or implicitly propagated
to the other, enabling their mutual information exchanges and motion synchroniza-
tion. However, wireless communications between mobile robots through radio and/or
acoustic signals are typically limited by their distances in practice. If controlled inap-
propriately, the movements of robots can probably grow their distances to break their
proximity-limited communications, thereby defeating their distributed coordination.
In this respect, substantial attention has been paid to coordinating a multi-robot

system while maintaining the underlying communication network connected.

Table 1.2: Selected connectivity-preseving coordination control designs for fully au-
tonomous multi-robot systems.

Types of Robot Network Connectivity Related Work
Local [56,92-99]
Non-Resilient 1-hop [100-108]
Continuous Global
2/k-hop [110-112]
Resilient [113-118]
Intermittent [58,119-123]

A simple strategy is local connectivity preservation which aims to maintain all

communications of an initially connected robot network. As an initial step, a radio
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connectivity map relating the signal strength to inter-robot distances has been built
and integrated into a potential function-based reactive control to empirically preserve
wireless communications between unmanned ground vehicles in [56]. Motivated by
the successful experiment, an unbounded potential function has been proposed to
derive interconnections between single-integrator robots with its gradient in [92]. By
limiting the distance between every pair of initially adjacent robots to the commu-
nication radius, the control can rigorously maintain the robot network connected by
sustaining all communication links. Following the design, a generalized unbounded
potential function has been characterized for connectivity-preserving coordination of
nonholonomic kinematic robots with dynamic link creations in [93]. Nevertheless, the
gradients of unbounded potential functions can increase to infinity as inter-robot dis-
tances approach the communication radius, leading to infinite control inputs. Given
bounded actuation of practical robots, several types of bounded potential functions,
including the navigation function in [94] and [95], and the composition function in [96]
and [97], have been proposed after that. Uniquely, a bounded potential function
evolved from the unbounded one in [92] has been employed to rigorously maintain all
communication links between double-integrator robots in [98]. Based on this func-
tion, a variety of control approaches have coordinated second-order and even EL robot
networks while preserving their connectivity [99].

A more flexible strategy is global connectivity preservation which aims to ren-
der the algebraic connectivity of the communication graph positive with link ad-
ditions/deletions at runtime. On the grounds that the algebraic connectivity is a
concave function of the graph Laplacian, a decentralized supergradient algorithm has
firstly been developed in [100] to compute the Fidler eigenvector and to maximize the
algebraic connectivity of a single-integrator network. For scalability, a power itera-
tion algorithm has been decentralized by a Proportional-Integral average consensus
protocol to estimate the algebraic connectivity in [101]. In the same spirit, a decen-
tralized and robust algebraic connectivity estimation and maintenance strategy has
been designed in [102] for single-integrator robots with additional bounded control
inputs. Further, in [103], the concept of critical robots has been introduced, and the
connectivity-preserving control action has been imposed only on critical robots for re-
ducing the control effort and mitigating its interference with other control objectives.
Given bounded velocity input, the disturbing impact of the connectivity-preserving
control on other control objectives has been quantified in [104] using input-to-state

stability analysis. Taking a different path, hybrid approaches have permitted robots
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to actively establish or remove communication links without violating network con-
nectivity by synthesizing discrete-time decision-making algorithms, like auction au-
tomatons in [105] and [106] and event-driven predictions in [107] and [108], with
continuous-time potential-based actuation. However, the integration of discrete-time
decision-making algorithms can significantly complicate control designs, performance
analyses and practical implementations.

Global connectivity preservation controls, in contrast with their local counterparts,
can grant robots with greater freedom of movement and workspace but requires higher
bandwidth and thus consumes more power for large-scale communications. Compara-
tive simulations in [109] have demonstrated that, under global connectivity-preserving
control, the maximum speed of robots is severely restricted by communication delays.
To retain system flexibility while avoiding sluggish robot motions, a supervisory k-
hop routing method in [110] has allowed robots to break communication links without
destroying network connectivity by detecting an alternative k-hop path. Further, a
node permutation approach in [111] has enabled a pair of adjacent robots to swap
their neighbours at each time instant while keeping network connectivity invariant.
With no algebraic connectivity estimation, a 2-hop communication strategy in [112]
has also preserved global connectivity by permitting every robot to predict, at each
time step, the next movements of its 1-hop neighbours.

Resilient connectivity preservation against single and multiple robot failures has
been explored by enforcing biconnectivity and k-connectivity, respectively, in multi-
robot systems. More specifically, a condition on the lower bound of the third smallest
eigenvalue of the network Laplacian has been established in [113] for every robot
to check biconnectivity, and, based on the condition, a decentralized gradient control
law has maintained a robot network biconnected in [114] using eigenvector estimation.
In addition, a vulnerability metric has been defined based on 2-hop communications
in [115] for empirically optimizing network resilience to a single robot failure. For what
concerns k-connectivity maintenance, a subgraph algorithm in [116] has computed a
set of inter-robot communication links to be maintained with minimal disruption to
primal tasks, and a spanning tree algorithm in [117] has accommodated the possibility
that multiple robot subgroups perform different tasks simultaneously. Further, a
network reconfiguration strategy in [118] has enabled a multi-robot network to recover
k-connectivity in the presence of robot failures.

Rather than keeping the network connected at all times, intermittent connectivity

control allows a robot to detach from the remaining group of robots temporarily and
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to rejoin at a later time point. In [119], experimental results have confirmed that
multi-robot informative path planning with periodic connectivity can facilitate target
searching in an outdoor urban environment. After this, formal methods have rendered
a network of robots jointly connected over time and infinitely often by constraining
them to move forward and backward on links of environmental graphs [120,121], by
forcing them to meet at certain environmental points [122], and by organizing them
into connected subgroups [123]. By synchronizing the speed of every robot with that
of other robots in neighbouring perimeters, an intermittently connected network has
been constructed in [58] with information propagation guarantees. However, these

designs require to plan robot motions carefully prior to field deployments.

1.2.3 Winners-Take-All Authority Dispatch

The dexterity, handling capability and redundancy of a multi-robot teleoperation sys-
tem can be significantly reinforced by permitting multiple human users to participate
in the control. Despite these advantages, the controller design and stability anal-
ysis of such a multi-user multi-robot teleoperation system need to face and resolve
three challenging problems: How to allocate teleoperation control authority over the
remote robots to every human user so as to optimize their cooperation; what kind
of force feedback every human user should perceive for improving their situational
awareness; and how to stabilize the physical interaction between the teleoperator and
human users. Because Chapter 5 develops a WTA authority dispatch algorithm for
passive multi-robot teleoperation using distributed optimization, the following liter-
ature review covers existing designs that are closely related to authority allocation
in multi-user teleoperation, (k-)WTA neural networks, economic dispatch in power
networks, and passivity-based optimization.

The problem of sharing teleoperation control authority between two/multiple hu-
man operators has primarily been studied for expert-in-the-loop supervised hands-on
training in medical robotics [124]. Starting with dual-user teleoperation, a pioneer
design in [125] has enabled two human users to share the control authority with a
dominance factor and its complement while keeping the linear teleoperator robustly
stable via H., control. However, the teleoperator offers each user the force of the
other rather than forces from the remote site. With regard to this, two control ar-
chitectures inheriting the concept of dominance factor have been proposed in [126]

for providing each user with a force feedback informative of the action of the other
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Table 1.3: Selected designs for teleoperation authority sharing, (k-)WTA neural net-
works, economic dispatch and passivity-based optimization.

Research Topics in WTA Authority Dispatch Related Work
Static [125-130]
Authority Sharing in Teleoperation
Dynamic [131-135]
Centralized [136-138]
(k-)WTA Neural Networks
Distributed [139-143]
Decoupled [144-150]
Economic Dispatch in Power Networks
Coupled [151-153]
Krasovskii Passivity [154-156]
Passivity-Based Optimization
Equilibrium-Independent Passivity [159-167]

as well as the remote robot-environment interaction. Regarding the environment as
a load termination, unconditional stability of the resulting system has been estab-
lished by applying Llewellyn’s criterion to its two-port network equivalent. Following
the design, four measures based on the transmitted impedance have been adopted
in [127] to analyse and evaluate its kinesthetic performance, and an extension of the
Zeheb-Walach criteria has been applied in [128] for enlarging the stability margin.
To expand the authority-sharing scheme to a multi-user context, an unconditional
stability criterion has further been characterized in [129] by converting the n-port
network model of the resulting system into a two-port network, and a small-gain ap-
proach in [130] has guaranteed IOS teleoperation in the presence of nonlinear robot
dynamics and time-varying communication delays.

However, the aforementioned designs are limited to fixed (invariant) dominance
factors. In view of this, a dynamic authority distribution strategy has been devised
in [131], which builds a kinesthetic coupling between two users, classifies their energy
interaction into leader /follower behaviour, and then adapts their control authority ac-
cordingly. Thereafter, intrinsically passive control has been blended with time-domain
passivity approach to accomplish passive authority sharing for single-trainee [132] and
multi-trainee [133] haptic training. A fuzzy logic interface has been integrated into a
dual-user surgical training system in [134] for empirically evaluating the proficiency

level of, and for adjusting the haptic guidance provided to, the trainee surgeon in
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real time. With an emphasis on the supervisory role of the trainer surgeon, the ISS
teleoperator in [135] has enabled them to manually transfer task authority to/from
the trainee by changing the magnitude of their force.

In Chapter 5, a WTA algorithm is devised for allocating control authority to mul-
tiple human users in distributed multi-robot teleoperation, of which the theoretical
foundation is k&-WTA neural networks. In [136], a zero-one integer linear program
has been formulated to activate exactly k neurons receiving the k largest inputs. On
this basis, in [137], a convex linear program has been rigorously proven to fulfill the
same purpose by relaxing binary constraints to be continuous. Assuming a proper
gap between the k-th and the k4 1-st inputs, a quadratic program with the same con-
straints has also been introduced in [138] with global convergence guarantees. Besides
these centralized designs, distributed WTA neural networks have also been explored.
In [139], a nonsmooth model has been constructed to perform WTA computation
over a star communication network. In [140], a smooth WTA model has been devel-
oped based on a consensus protocol, and has been proven to work over any connected
network by Lyapunov’s indirect method. In the same spirit, a k-~-WTA computational
model has been designed in [141], of which the convergence is shown by Lasalle’s
invariant principle. On the application side, two k-WTA algorithms have enabled a
group of redundant robot manipulators in [142] and a group of wheeled-mobile robots
in [143] to elect the k fittest members for tracking a moving target. However, all these
distributed WTA algorithms enjoy only asymptotic convergence.

Interestingly, the convex quadratic programming of WTA computation [138] co-
incides with the economic dispatch problem of distributed power networks. With
nontrivial initialization, a Laplacian-nonsmooth-gradient algorithm has been derived
from an exact penalty function in [144] to search the optimal solution. Afterwards,
the initialization requirement has been eliminated by upgrading the design with a dy-
namic average consensus-based estimator in [145] and by employing projected gradient
flow dynamics in [146,147]. Some trendy designs also attempt to reduce the communi-
cation and computational burden incurred by the algorithm dynamics. For example,
a dual-gradient-based method [148] and a singular perturbation method [149] have
been constructed to reach suboptimal solutions. In particular, incremental passiv-
ity has been leveraged in [150] to simplify the algorithm in [146] via removing the
Proportional term in the dual dynamics therein. To provide holistic economic dis-
patch, in [151], a primal-dual algorithm has been coupled with a tree power network

as a dynamic feedback controller. In [152], the power system dynamics have been
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reverse-engineered and unified into the optimization-based formulation to derive a
partial primal-dual controller. Also, the port-Hamiltonian modelling framework has
been adopted in [153] to explore the power-preserving interconnection between the
passive primal-dual dynamics and the passive power system.

A variety of primal-dual algorithms have been reported for solving convex opti-
mization problems. Among them, some passivity-based designs have enlightened the
WTA algorithm in Chapter 5. Specifically, a Krasovskii function has firstly been
proposed in [154] to demonstrate the passivity of a projected primal-dual algorithm
solving inequality-constrained convex program. Later, the internal power-preserving
interconnection between the primal and dual dynamics of the algorithm has been
revealed in [155]. Built upon the algorithm, a distributed control has been developed
and coupled with a microgrid for current sharing and voltage regulation in [156],
and the concept of Krasovskii passivity has been formally defined in [157]. Alter-
natively, equilibrium-independent passivity [158] has guided the design of another
type of storage functions for studying the passivity of primal-dual algorithms. In
this context, the source and link update laws in passivity-based network flow control
have been reformulated as primal and dual dynamics interconnected for optimizing
network utility in [159]. Later, the asymptotic convergence of primal-dual algorithms
for solving strictly convex programming problems with equality [160] and inequal-
ity [161] constraints has been established. On top of this, a distributed algorithm
has been implemented in conjunction with scattering-based communications for solv-
ing a constrained program over an undirected network with constant delays in [162],
and a distributed algorithm has been decomposed into an output feedback intercon-
nection of several input feedforward passive subsystems for solving an unconstrained
program over a jointly connected balanced network in [163]. To asymptotically solve
non-strictly convex programs, a generalized primal-dual algorithm has been developed
by the phase lead compensation in [164], and has been implemented with scattering-
based communications over a network with constant delays in [165]. With every
agent estimating the actions of all other agents, in [166] and [167], passive primal-
dual algorithms have also been applied to distributed Nash equilibrium seeking over

networks.
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1.3 Research Motivations and Contributions

In spite of the above-reviewed designs, preserving the communication connectivity of,
and dispatching control authority to multiple human users over, a distributed remote
robot network impose several unique challenges on passive multi-robot teleoperation.

For connectivity preservation, the distances between, and hence the energy stored
in, the remote robots need to be bounded appropriately, while human users can inject
an unknown amount of energy into the remote robot group for teleoperation. Existing
multi-robot teleoperation designs [50, 52-54] have attempted to unify connectivity-
preserving coordination of the remote robots and passive bilateral teleoperation by
deriving the inter-remote robot couplings from unbounded potential functions. When
the distances between the remote robots approach the communication distance, or
when the remote robot communication network is about to get disconnected, the
connectivity-preserving actions produced by these designs become infinitely large and
thus cannot be fully executed by physical robots due to their limited actuation in prac-
tice. Moreover, the excessively high gains of these connectivity-preserving controls
make them sensitive and vulnerable to the noises contained in the position and ve-
locity measurements of robots. For these reasons, it is more desirable to maintain
the communication network of the remote robots connected and to render closed-loop
bilateral teleoperation passive without using unbounded potential functions.

For authority dispatch, the remote robot group ought to adapt their behaviours in
a well-defined and distributed way in response to the actions/commands/requests of
multiple human users. Available authority allocation approaches [125-135] are devel-
oped mostly for the purpose of hand-by-hand haptic training, ignoring the distributed
implementation of multi-robot teleoperation systems. More precisely, predetermined
and fixed authority allocations in [125-130] cannot react to the variations of user
intentions during teleoperation, adjustable but manually-controlled authority alloca-
tions in [132, 133, 135] require a single user to supervise the entire system and to
tune the task authorities of every other users, and autonomous authority allocations
in [131, 134] are heuristically designed and empirically validated, lacking strict per-
formance guarantees. For these reasons, it is essential to tailor an authority dispatch
algorithm to multi-robot teleoperation, which can adapt to time-varying user inten-
tions, favours distributed implementation, and is provably functional. On top of this,
suitable force feedback should be delivered to every human user to inform them about

the actions of other users and/or the motions of the remote robots, and the passivity
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of the closed-loop teleoperator should be rendered to ensure the safety of its physical
interactions with human users.

This thesis develops an energy shaping strategy to preserve the connectivity of
the remote robots based on a bounded potential function, and to dispatch control
authority over the remote robots to human users with the most urgent request, while
ensuring the closed-loop passivity of distributed multi-robot teleoperation. Toward
this goal, the main ingredients of this thesis, Chapters 2-5, contrive an exponentially
ISS teleoperator, an autonomous connectivity-preserving multi-robot system, a pas-
sive multi-robot teleoperation system with connectivity-preserving containment, and
a multi-robot teleoperation system with online WTA authority dispatch, respectively.

Figure 1.5 provides a map of the thesis!.

Bilateral Teleoperation Multi-Robot Coordination
(Chapter 2) (Chapter 3)

Figure 1.5: An outline for this thesis.

Chapter 2 proposes a dynamic interconnection and damping injection strategy for
reducing and constraining the position error between the local and remote robots to
any prescribed bound during bilateral teleoperation with time-varying delays. At each
robot, a sliding surface adding its velocity and its displacement from the other firstly
transforms the EL robot dynamics into a first-order system. Based upon this, a dy-
namic feedback control is designed for each robot, and, by updating its gains with the
robot velocity, is proven to render the teleoperator exponentially ISS. Rewriting the
dynamic control illustrates that it essentially adapts the interconnection between, and
the local damping of, both robots with their velocities. Accounting for time-varying
communication delays, every robot is dynamically interconnected with a second-order
proxy, and both sides are then coupled by static P-+d control. By rigorous Lyapunov-

like analysis, it proves that the resulting teleoperator is exponentially ISS even with

In Figure 1.5, MRT means multi-robot teleoperation.
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time-varying communication delays. As a result, the proposed strategy can steer the
position error between the local and remote robots arbitrarily close to zero under the
human and environment perturbations.

Chapter 3 establishes a connectivity-preserving synchronization control for au-
tonomous multi-robot systems with time-varying communication delays and bounded
actuation. For every pair of initially adjacent robots, a gradient plus damping control
firstly couples them using the gradient of a bounded potential function and injects
into each of them a constant amount of damping. By selecting parameters for the
bounded potential function and gains for the control appropriately, the distance be-
tween every pair of initially adjacent robots can be sufficiently constrained, and all
time-delay communication links in the robot network can thus be maintained. Con-
sidering bounded robot actuation, a second-order proxy is simulated at, and coupled
via P—+d control with, each robot locally, and the proxies of every two initially adja-
cent robots are interconnected through a gradient plus damping control. The energy
analysis of the entire robot network indicates that the proposed indirect coupling
control can preserve all time-delay communication links between robots regardless
of their actuator saturation, and can thus better exploit robot actuation for rapid
synchronization.

Chapter 4 contributes a passive multi-robot teleoperation system that enables
multiple human users to cooperatively tele-transport a remote robot group with con-
nectivity maintenance while receiving informative force feedback over time-delay com-
munication channels. Inspired by the sliding variable in Chapter 2 and the bounded
potential function in Chapter 3, the dynamics of the tree network of the remote
robots are firstly decomposed into a power-preserving interconnection of two subsys-
tems. Then, by regulating the energy behaviour of each subsystem, all communication
links in the tree network of the remote robots can be preserved under bounded per-
turbations. On this basis, each local robot is coupled with a unique remote robot via
saturated Proportional control to close the force feedback loop, and is damped for
passivating the teleoperator. In the presence of communication delays, a kinematic
proxy is simulated at each leader remote robot as a medium for interconnecting the
leader with an associated local robot, recasting the teleoperator into a “control as
interconnection” paradigm. Because the dynamic feedforward-feedback passivation
strategy is developed using a bounded potential function, it can sidestep the numeri-
cal instability and reduce the noise sensitivity of unbounded potential function-based

multi-robot teleoperation designs.
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Chapter 5 formulates an online WTA authority dispatch algorithm to permit ex-
clusively human users with the most urgent requests to collaboratively teleoperate
a remote robot group in a distributed fashion while preserving the passivity of the
closed-loop system. Based on the Oja’s rule for principal component analysis (PCA),
it firstly constructs a preliminary WTA algorithm using a distributed consensus pro-
tocol. With the vector of all decision variables exponentially convergent to a hy-
persphere, a quotient function illustrates that the preliminary WTA algorithm can
identify a single winner at an exponential rate. However, the passivity of the algorithm
is unclear, impeding its integration into passive teleoperation. We therefore resort
to a constrained quadratic program for WTA authority dispatch. After proving the
correctness of program, Chapter 5 converts the program into an equivalent strongly
convex optimization problem using an exact penalty function method, and further de-
rives a distributed primal-dual algorithm for solving the problem. Because the WTA
algorithm is not only exponentially convergent but also equilibrium-independent pas-
sive with respect to a customized power port, it is elaborately interconnected with
physical robot dynamics through the port in a power-preserving way, acting as a dy-
namic feedback controller. Given that the equilibrium of the algorithm varies with
users’ requests, the passivity of the closed-loop teleoperation system is studied with

multiple storage functions from a time-dependent switched system point of view.

1.4 Preliminaries

To streamline the presentation, this section introduces some prerequisite information
of dissipative systems, EL robot dynamics and algebraic graph theory, and unifies the

notation to be used in the remainder of this thesis.

1.4.1 Dissipative Systems

Consider a continuous-time dynamical system,

where x(t) € R", u(t) € R™ and y(t) € RP are its state, input and output, respec-
tively, and f: R" X R™ +— R™ and h : R"™ x R™ — RP are continuously differentiable
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mappings. Given the input u(-) and the initial condition x(¢y), the solution state
trajectory x(:) of (1.1a) and the resulting output y(-) of (1.1b) are unique on the

infinite time interval [0, +00).

Definition 1.1. [59, Chapter 3.1] The dynamical system (1.1) is dissipative with
respect to the supply rate s(u(t),y(t)) € R if there is a positive semi-definite func-
tion V : R" — Rsq, called the storage function, such that for every initial condi-

tion x(tg) € R™ at any time ty, and for every input u(-) and all t; > to, such that

t1
V() < Vix(t) + [ su(r).y(n)i. (1.2
0

The dissipation inequality (1.2) describes the fact that V' (x(t1)), the “stored en-
ergy” of the dynamical system (1.1) at any future time t;, is at most equal to V' (x(ty)),
the energy storage at present time ¢y, plus j:;l s(u(r),y(7))dr, the total externally
supplied energy during the time interval [tg, t;]. Based on Definition 1.1, finite-gain £,
stability and passivity, as two important types of dissipativity, can be characterized
by the following choices of supply rates.

A first class of supply rates is

s(u(t),y(t)) =7l = Iy @),

where v > 0, and [[u(?)|| and ||y (¢)|| are Euclidian norms of u(¢) and y(t), respectively.
It defines finite-gain £, stability of the system (1.1) as follows.

Definition 1.2. [59, Chapter 3.1] The dynamical system (1.1) has Ly gain no greater
than v if it is dissipative with respect to the supply rate s(u(t),y(t)) = v*|u(t)|]* —
ly()||?. The Ly gain of (1.1) is defined by

v =inf{y | (1.1) has Ly gain no larger than v}.
A second class of supply rates is
s(u(t),y(t) = u' (t)y(t)

if the dimensions of the input u(¢) and the output y(t) are equal, i.e., m = p. It
defines passivity of the system (1.1) as follows.
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Definition 1.3. /59, Chapter 3.1] The dynamical system (1.1) with m = p is passive
if it is dissipative with respect to the supply rate s(u(t),y(t)) = u'(t)y(t), is (5-
Jinput strictly passive if there exists § > 0 such that (1.1) is dissipative with respect
to s(u(t),y(t)) = u'(t)y(t)=d|u(t)||?, and is (e-)output strictly passive if there exists
€ > 0 such that (1.1) is dissipative with respect to s(u(t),y(t)) = u' ()y(t)—e|ly ()|

Indeed, output strict passivity implies finite-gain L, stability:

Proposition 1.1. [59, Chapter 4.2] If the dynamical system (1.1) is e-output strictly

passive, then it has Lo gain no greater than 1/e.

Further, the dynamical system (1.1) is is said to be zero-state detectable if u(¢) = 0
and y(t) = 0 for any ¢ > 0 implies that . lifrn x(t) = 0. The following then establishes
—+00
a connection between the dissipativity of the system (1.1) and the stability of its

autonomous configuration with u(¢) = 0.

Proposition 1.2. [59, Chapter 3.2] Let the system (1.1) be zero-state detectable and
dissipative as in Definition 1.1. Suppose further that the storage function V(x(t))
is continuously differentiable and positive definite, and the supply rate s(u(t),y(t))
satisfies that s(0,y(t)) < 0 and that s(0,y(t)) = 0 implies y(t) = 0. Then, x* =0
is an asymptotically stable equilibrium of the system (1.1) with u(t) = 0 for any
t > 0. If additionally, the storage function V(x(t)) is radially unbounded, then the
equilibrium x* = 0 1s globally asymptotically stable.

An alternative approach to studying the stability of the non-autonomous sys-
tem (1.1) is provided by the theory of input-to-state stability. A continuous func-
tion « : [0,a) — [0,00) belongs to class K if it is strictly increasing and «(0) = 0.
Further, the function o belongs to class K, if it belongs to class K, a = oo and
TILIEO a(r) = oo. A continuous function 3 : [0,a) %[0, 00) > [0, 00) belongs to class KL

if: the function f(r, s) belongs to class K for each fixed s; and the function 5(r, s) is

decreasing with respect to s and lim £(r,s) = 0 for each fixed 7.
5—00

Definition 1.4. [168] A controllable continuous-time dynamical system,

x(t) = f(x(t),u(t)), (1.3)

is ISS with the input u(t) and the state x(t) if there exist some functions a(-) € K
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and B(-,-) € KL such that

(el < 8(0x()l = to)+a  sup a(r)l) ¥ = 1020,
to<T<ty
By Definition 1.4, the following proposition indicates the close relationship be-

tween input-to-state stability and finite-gain Lo stability.

Proposition 1.3. [59, Chapter 8.5] The dynamical system (1.1) is 1SS if there exist
some functions P(-) € Koo and ¢(-) € Ko such that the system with the output y(t) =
h(x(t),u(t)) = x(t) is dissipative with respect to the supply rate s(u(t),y(t)) =
Y(|lu@®)|) = o(ly()|) with a continuously differentiable, radially unbounded and pos-
itive definite storage function V (x(t)).

Note that the supply rate s(u(t),y(¢)) in the above proposition can be regarded
as a generalization of the £o-gain supply rate in Definition 1.2. Letting ¥ (-) and ¢(-)
be quadratic functions ¥(|lu(t)]) = vllu(®)|* and ¢([ly(t)|]) = [ly(t)|]* recovers the
case with Ly-gain no greater than v for y(t) = x(t).

Despite the connection to Lo-gain stability, the input-to-state stability of time-
delay systems is defined in a slightly different way.

Definition 1.5. [169] A controllable continuous-time time-delay dynamical system,

x(t) =f(x,u(t)), t=to ae., (1.4a)
x(0) =€o(0), o€ [to—T,t)], (1.4b)
with x; : [~T,0] — R™ the standard function x,(7) = x(t +7), and T the mazimum

involved time delay, and & : [to — T,to) — R, is ISS with the input u(t) and the
state x(t) if there exist some functions a(-) € KK and §(-,-) € KL such that

()| < B(olpsts — to) + ( sup ||u<¢>||) >0,

to<t<t1

In addition, the following two theorems facilitate proving ISS systems without

delays and with time-varying delays, respectively.

Theorem 1.1. [168] The delay-free dynamical system (1.3) is ISS if and only if there
exist an ISS-Lyapunov function V : R™ — Rsq, and some functions aq(-), as(-) € Ko
and as(-), p(+) € K such that:
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(o) an(lIx@)]) <V (x(t) < ax(llx(®)]), vx € R";
(6) V(x(t)) < —as(||x(t)]l), ¥x € R" and u(t) € R™ with |x(¢)] = p(|[u(®)]).

Let C([-T,0];R") denote the set of continuous functions defined on [T, 0] and
with values in R®. For any essentially bounded function n(-) € C([-T,0];R"), let

Inl7z = sup |n(7)| and |n|, be a norm of n such that k;||n(0)|| < 1] < ku|n|F for
—-T<7<0
some positive reals k; and k,.

Theorem 1.2. [169] The time-delay system (1.4) is 1SS if there exist a Lyapunov-
Krasouskii functional V : C([-T,0];R") = Rsq, some functions a;(-), as(+) € Ke
and as(+), p(+) € K such that:

(a) on(lx(®)]]) < V(xe) < aa(fxila), Vi € C([=T, 0] R");

(b) V(Xt> < —as(|xla), V%, € C([-T,0]; R™) and u(t) € R™ with |x], > p(|[u(t)]]).

1.4.2 Robot Dynamics

Throughout the thesis, we assume that every robot with n degrees of freedom pos-

sesses the following EL dynamics with gravity compensated:
Mg (xg)Xr + Cr(Xr,Xr)Xp = g, (1.5)

where the subscript R is the index of the robot, xg, Xg and X are n-dimensional
position, velocity and acceleration vectors of the robot, M(xg) and Cr(xg,Xg) are
its matrices of inertia and of Coriolis and centrifugal effects, and fy is its control input,
respectively. For example, for the two types of experimental robots, the Geomagic
Touch? and Novint Falcon® haptic devices in Figure 1.6, their end-effector motions
under task-space controls can be described by the dynamics (1.5) with xp = (z,y, 2)T.

Some properties of the robot dynamics (1.5) are adopted from [170, Chapter 2] and

listed as follows to facilitate the control designs and stability analyses in Chapters 2-5.

Property 1.1. The matriz of inertia, Mg(xg), is symmetric, positive definite and
uniformly bounded by 0 < A1 = MRg(xg) < Aol < 400, where Ao > Ay > 0.

Property 1.2. The matrix MR(XR) — 2CRr(xg, XR) is skew-symmetric.

Zhttps://www.3dsystems.com/haptics-devices/touch
Shttps://en.wikipedia.org/wiki/Novint_Technologies
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End Effector

End Effector

(a) A Geomagic Touch robot. (b) A Novint Falcon robot.

Figure 1.6: Two types of haptic robots that have end-effector dynamics in the form
of (1.5) with xg = (x,y,2)".

Property 1.3. There ezists cg > 0 such that ||Cr(xgr,y)z|| < crl|lylllz|, VXr, ¥, 2.

In particular, Properties 1.1 and 1.2 together imply the open-loop passivity of the
robot. Let the storage function of the robot be defined by

1. .
Vk = §X£MR(XR)XR.

Along the dynamics (1.5), the storage function Vj, changes with

1. . .1y . 1. ..
‘/k 25 EMR(XR>XR + §X£MR(XR)XR + §X-II%MR(XR)XR
1. . , . 1. . . e .
:§X£MR<XR)XR + X—II_—;:MR(XR)XR = éx—EMR(XR)XR - X—IJ%(3R<XR7 XR)XR + X;fR
1

25 ; MR<XR) — QCR<XR, XR) XR + XRf = X-I]:sz7

which means that the robot is passive (lossless) with the input fz and the output xg.

A classical and elegant application of passivity is the position regulation of the
robot via Proportional-Derivative (PD) control. Suppose that the target point of the
robot is x*. Designing a PD control by

fR = P(X* — XR) -+ D(X* — XR)
with P and D symmetric and positive definite can then steer the robot to its target

location. To show this, let the storage function of the system be

1. . 1 . .
Vip = g%XpM(xr)%r + 5 (xr — x") P (xg —x7),
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of which the derivative along (1.5) is

. ) 1. » . 1 . . .
Viep :x]T%fR + §(XR —-x )TP(XR —x") + §(XR —x )TP(XR - x¥)

=X%LP(x* — xg) + X5D(X* — Xg) + (Xg — X*) "P(xz — x*)

=x}D(x* — xp) — X" TP(xp — x*) = —%x},Dxp

because x* = 0 for fixed x*. The time integration of both sides from ¢y to t; leads to

t1
Vip(t1) = Vip (o) —/ X (T)DXR(7)dT,
to
which implies that the closed-loop system is passive with the supply rate —xpDxg
according to Definition 1.3. It can then conclude from Proposition 1.2 that xg globally
asymptotically converges to 0. Because Xp is bounded by the derivative of (1.5), using
Barbalat’s lemma then gives that Xy also converges to 0. From (1.5), they together

result in the convergence of fg and thus of x* — xz to 0.

1.4.3 Algebraic Graph Theory

A time-varying undirected graph G(t) = {V,£(t)} can encode all interactions within
a multi-robot system. Specifically, the vertex set V = {1,---, N} collects the indices
of all robots. The edge set £(t) C V x V includes all bidirectional communication
links (7,7) between pairs of distinct robots ¢ and j at time t. Let N;(t) = {j €
V| (i,7) € E(t)} be the set of the neighbours j of the robot i at time ¢. The degree
of the robot 4, d;(t), is then the cardinality of N;(t), d;(t) = |N;(t)]. The N x N
diagonal degree matrix D(t) has d;(t) as its i-th diagonal element. If the robot j is
a neighbour of the robot 4, i.e., j € N;(t), the robot j is said to be adjacent to the
robot i. Let a;;(t) = 1 if j € N;(t), and a;;(t) = 0 otherwise. The N x N adjacency
matrix A(t) has a;;(t) as its (i,7)-th component. Then L(t) = D(¢) — A(t) is the
unweighted Laplacian matrix of the graph. Because G(t) is undirected, A(t) and L(t)

both are symmetric.

Example 1.1. In Figure 1.7(a), the graph G has a vertex set V = {1,2,3,4,5} and
an edge set € ={(1,2),(1,3),(2,3),(3,4), (4,5)}. The neighbourhood of the vertex 3
is N3 = {1,2,4} and thus the degree of the vertex 3 is d3 = 3. The adjacency matrix
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Figure 1.7: Different types of graphs of 5 vertices: (a) a connected graph G; (b) an
oriented version of G; (c) a disconnected graph Ggs; and (d) a spanning tree 7 of G.

and the unweighted Laplacian matriz of G are defined, respectively, by

(0 1 1 0 0] 2 -1 -1 0 0]
10100 -1 2 -1 0 0
A=1]11010/, L=|-1 -1 3 -1 0
00101 0 0 -1 2 -1
0 0 0 1 0] 0 0 0 -1 1]

Let there be M pairs of mutually adjacent robots. The cardinality of the edge
set £(t) is then |E(t)| = M. An oriented version of G(t) can be derived by assigning
a unique index e, with the subscript £ = 1,--- , M and an arbitrary orientation to
every link (7,7) € £(t). Then, an N x M incidence matrix B(¢) associated with the
oriented version of the graph G(t) can be defined by letting its (¢, k)-th element be

1 if vertex 7 is the head of oriented edge ey,
bir = { —1 if vertex i is the tail of oriented edge ey,

0 otherwise,

and the edge Laplacian matrix L. () of G(t) can be defined by L.(t) = BT(¢)B(t).
Further, associating a weight w;; to every edge (4, j) of G introduces an N x N weighted
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Laplacian matrix L(t) with its (i, j)-th entry being
if j #iand j €N,
ifj # i and j ¢ N,

zhe]\fi wy, ifj=1.

lij=40

Let an M x M diagonal matrix Z(t) collect every edge weight w;; corresponding
to eg by its k-th diagonal component with £ = 1,--- , M. The following proposition

regarding B(t), L(¢), 2(¢) and L(¢) is instrumental to the designs in Chapters 5 and 6.

Proposition 1.4. For any undirected graph G(t), its incidence matriz B(t) can de-
compose its unweighted Laplacian matriz into L(t) = B(t)BT(t) and its weighted
Laplacian matriz into L(t) = B(t)E(t)BT ().

To better understand the incidence matrix, we give an example as follows.

Example 1.2. The graph G in Figure 1.7(a) has M = 5 edges weighted by wyy =
Wez = 2, Wiz = w3y = 1 and wys = 3. An oriented version of G is obtained by assigning
an arbitrary orientation and a unique index ey to every edge of G, see Figure 1.7(b).

Then, the associated incidice matriz and the weighted Laplacian matrixz of G are

-1 0 0 0 (3 —2 -1 0 0
1 -1 0 0 0 —2 =2 4 0 0
B=|0 1 -1 1 0 L=|-1 -2 4 -1 0
0 0 0 -1 -1 0 0 -1 4 -3
(0 0 0 0 1 0 0 0 -3 3|

respectively. It can also verify that L = BBT and L = BEBT.

A path in G(t) is a sequence of edges that joins a sequence of distinct vertices. If
a path exists between every pair of distinct vertices, then G(¢) is connected. A tree

is a connected graph with the minimum number of edges.

Proposition 1.5. IfG(t) is a tree, the smallest eigenvalue of its edge Laplacian L.(t)
18 positive, Ay, > 0.

Example 1.3. The graph G in Figure 1.7(a) is connected, while the graph G4 in Fig-
ure 1.7(c) is disconnected because of no path between the vertices 3 and 4. In Fig-
ure 1.7(d), the spanning tree T of G is obtained by removing the edge (1,2) from G,
of which the edge Laplacian matriz L. has the smallest eigenvalue A\, = 0.5188 > 0.
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Refer to [171, Chapter 2| for more details on graph theory.

1.4.4 Notation

In the remainder of the thesis: bolded upper- and lower-case letters indicate matrices
and vectors, respectively; regular fonts denote scalars; the superscript ' transposes
a matrix or vector; A ® B is the Kronecker product of A and B; A > B and
A > B imply that A — B is positive semidefinite and positive definite, respectively;
AP? is the product matrix taking A and multiplying it by itself p-times; I (I,,) is the
identity matrix of proper dimensions (dimension n X n); 0 (0,, x,.) denotes a matrix
of appropriate dimensions (dimension n, X r.) with all entries 0; 0,, is a column
vector of dimension n with all components 0; 1 (1,) is a column vector of proper
dimension (dimension n) with all elements 1; Diag{M,} is a block diagonal matrix
with M; the i-th diagonal block; ||v|| is the Euclidean norm of v = (vy,---,v,)7;
v = (Jou], - - ,|vn\)T; v > 0 and v > 0 indicate that v; > 0 and v; > 0 for all i =
1,--- ,n, respectively; diag{v} is a diagonal matrix with v; the i-th diagonal element;
sign(v) = (sign(vy),-- - ,sign(v,))" with sign(v;) = {1} if v; > 0, sign(v;) = [—1, 1]
if v; = 0, and sign(v;) = {—1} if v; < 0; Sp(v) = v if ||v|| < b, and Sy(v) = bv/||v||
if ||v] > b, for b > 0; for two vectors v; and v, having the same dimension, v o vy
is the Hadamard product of v and vs; for any set C € R", its algebraic operation
with the vector v is imposed on all its elements, forming a new set; C > 0 and C > 0
indicate that all elements of C are nonnegative and positive, respectively; for C closed
and bounded, int(C) and OC are the interior and boundary of C, respectively; if C is
countable, |C| is its cardinality; C; © Cy is the Minkovski difference of C; and Cs; and
the time argument is omitted when clear from the context.

Given a closed convex set C € R" withn = 1,2, 3, -+, a vector n is a normal vector
of C at the point ¢ € Cif n"(z—c) < 0 for any z € C. Further, the normal cone N¢(c)
of C at c is the collection of all normal vectors n, i.e., Ne(c) = {n € R"| n"(z—c) <
0, Vz € C}. Let Ng(c) = {0} if Ne(c) = {0}, and NVg(c) = {n € R"| |n| =
landn'(z —c) <0, Vz € C} if Ne(c) # {0}. Then, for any vector g € R", the
projection operator Projq(c,g) on C is defined by Projc(c,g) = (I — n,n) g, where

n, € Nj(c)is given by n, = arg Hj{/a)(( )nTg. That is, Proj.(c, g) = g if N (c) = {0},
neNg (c

and ng > 0 if Nz (c) # {0} because 0 € N (c).
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Chapter 2

Input-to-State Stable Bilateral
Teleoperation By Dynamic
Interconnection and Damping

Injection

This chapter introduces a novel strategy for ISS time-delay bilateral teleoperation.
The new strategy blends a dynamic local robot-remote robot interconnection with dy-
namic damping injection to each robot. Although force-reflection [78] architectures
can improve transparency, the force and acceleration measurements are unavailable
or noisy for many commercial robots. Therefore, the proposed strategy relies on a
position-position structure. Its controllers require only the position and velocity of
each robot, plus the delayed position of the other robot. Compared to conventional
controllers based on Lyapunov-like analysis [91] or energy-monitoring [77], which sta-
bly connect the local and remote robots but cannot quantify their error a priori,
the proposed strategy can limit the impact of the user and environment on it. A
key design step to bring about this property is the transformation of the system dy-
namics into a first-order form through some properly designed sliding variables. The
proposed strategy then suppresses the Coriolis and centrifugal effects of the EL dy-
namics without compensation, by simply and locally modulating the Proportional and
damping gains according to the velocities of robots, making time-delay teleoperation

exponentially ISS based on damping injection control.
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2.1 Teleoperation Controller Designs

This section presents the control design and stability analysis for ISS bilateral tele-
operation, considering communications both without, and with time-varying, delays.

Let the local and remote robots have n-degree-of-freedom (n-DOF) dynamics:

M, (x)%; + Ci(xy, %)% =f; + fj,, 2.1)
Mr(xrﬁ&r + CT<XT7 Xr>5(r :fr + fe7 .

where the subscript ¢ = [,r indexes the local and remote robots, f; are the control
inputs, and f; and f, are the user and environment forces.
The following assumptions on communication delays and on the user and envi-

ronment forces facilitate the later control design and stability analysis.

Assumption 2.1. The time-varying communication delays T;(t) from the robot in-
dexed by i to the robot indexed by j are bounded by 0 < T;(t) < T, fori,j =1,r.

Assumption 2.2. The user and environment forces are bounded by ||f|| < f., for
k=nh,e.

2.1.1 Teleoperation Without Time Delays
Define the sliding variables for the local and remote robots by
S; :Xi+U(Xi—Xj>, (22)

where 4,7 = [,7 and ¢ # j, and ¢ > 0 is a constant to be determined. Then, the

teleoperator dynamics (2.1) can be transformed into

where ¢+ = [, and k = h, e, respectively, and the state-dependent mismatched dy-

namics A,(t) of the local and remote robots are
Ay(t) = Mi(x) (% — %;) + Ci(xi, %) (% — X5), (2.4)

with ¢, 7 = [,r and ¢ # j. Given that the local and remote robots receive each other’s

position instantly, their dynamic interconnection and damping injection controllers
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are designed by

where 7,5 = [,r and i # j, and K;(¢), P and D, are diagonal positive definite gain
matrices to be determined.

The velocity-dependent gains K;(t) are designed to suppress the state-dependent
mismatch A;(?) in (2.4). Rewritting (2.5) in the form:

where i,7 = [,r and i # j, reveals that the controller dynamically modulates the
local robot-remote robot interconnection and the local damping through K;(¢). The
transformed system dynamics (2.3) are input-output passive with the input f; + f +
oA;(t) and the output s;, where i = [,r and k = h, e, respectively. However, the
teleoperator (2.1) in closed-loop with the controller (2.5) is not guaranteed stable
because the modulated interconnection between the local and remote robots, shown
in Figure 2.1, may not be passive. The following rigorous analysis is required to show

ISS teleoperation.

P+ oK, (t)
f <—AAA— fo
—>| Local AAAS— Remote [€&—

D, +Ki(t) % Pt oki(® % D, + K, (t)

Figure 2.1: The diagram of the teleoperator (2.1) in closed-loop with the control (2.5).

The following Lyapunov candidate:

1 T 1 T
V=3 2 sIMi(a)s: 5 (0 = x) TP Oy =) (2.6

i=l,r

serves to evaluate stability. After using Property 1.2, the time derivative of V' along
the transformed dynamics (2.3) in closed-loop with the control (2.5) can be evaluated
by

V=) [os]A; —s/Ki(t)s; — s]D%;] +s[f, +5/f.
= (2.7)

+xP(x; — x,) — 8] P(x; — x,) + X P(x, — x;) — 5] P(x, — ;).
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The definitions of A;() in (2.4) together with Properties 1.1 and 1.3 lead to the

following inequalities for ¢ = [, r:

s;A(t) <|sTM(x) (% — %, )| + [8] Cil(xi, %) (30 — %)
20 T aTe | oTe Cif e o T ) (2.8)
§7(2si si +X X + X %,) + Z(4HXZH s;si + [|x = x.|?).

The inequalities (2.8) reveal that the impact of the local and remote robot mis-
matches can be upper-bounded using the velocities of the two robots and their position
error. Thus, they indicate the demand for a dynamic interconnection and damp-
ing injection strategy. More specifically, as will be illustrated in Equations (2.11)-
(2.12), ||%;||?s[s; in the inequalities (2.8) can be dominated by selecting the velocity-
dependent gains K;(t) in the control forces f;. Alternatively, s]C;(x;,%;)(x; — x,)
can be bounded by (c¢;/4)(4|x; — x,||*s]s; + x%;), and the gains K;(¢) can be up-
dated based on the local robot-remote robot position error. Therefore, the velocities
of both the local and remote robots and their position error can be used to dynam-
ically modulate their coupling and local damping injection, to achieve ISS bilateral
teleoperation.

The definitions of the sliding variables s; in (2.2) lead to

— 5] P(x; — x;) — s, Dix; + %, P(x; — x;)

1
< — 206 = x)T (4P — 1D, (x; = x;) = — (i — o)X Dix;
Hi

where ¢, 7 = 1,7, 1 # j and u; > 0. Further algebraic manipulations yield

IEll” | JIEel®

2.10
4wl 4wT ’ ( )

sleh + srTfe < Z wisZ-Tsi +

i=l,r

where w; > 0,1 =1,r.
After substitutions from Equations (2.8)-(2.10), the time derivative of the Lya-
punov candidate V in (2.7) can then be bounded by

L NI+ (el

1% < - Z [S;I—Ki(t)si + XZTEZXJ —(x = XT)TF(XZ —X;) Ao )

i=l,r

(2.11)
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where w = min(w;, w,) and

Kz(t> = (t) — (wi + 0'/\7;2 + O'CZ||X1||2)I
D, :(1 — o /pi)Di — [0 (N2 + A2) /2],
P =20P — (0/4) ) (wD; + cil).

i=l,r

Theorem 2.1. The bilateral teleoperator (2.1) under the control (2.5) is ISS with
respect to the input u = (£, feT)T and the state x = (x] X (x; —XT)T)T if the control
gains K;(t), D;, P, o and the positive parameters u;, w;, k, i = l,r, are selected to
satisfy that

2P = kP, 2K;(t) = kAl and D; = 0. (2.12)

Proof. The definitions of the sliding variables s; in (2.2) imply that ||x;]|* < 2][8;]|* +
20%|x; — x,.||* and ||s;]]* < 2|%|* + 20%|x; — x,|[>. Let pI < P < PI. Then,
Property 1.1 and Equations (2.6) and (2.2) together lead to

= Z [lsill® + —IIXz =% > aa (x|, (2.13)

i=l,r

where a1 (||x||) = a;||x||* with

and also to \ P
i2
V<) Sollsil + S lx = x* < aa(llx])), (2.14)
i=l,r
where as(||x||) = (a2/2)||x||* with ay = max [2)\l2, 2X\0, P+ 202 (N2 + )\7«2)]. Because
the functions oy and ay are of class Ko, V satisfies the condition (a) of Theorem 1.1.
If the condition (2.12) is satisfied, V in (2.11) can be further upper-bounded by

e L (2.15)
- )

Choosing the class K functions as(||x]|) = (a1£/2)||x[|? and p(||u]]) = \/1/(2a1kw)]|u|
ensures that V' in (2.6) also satisfies the condition (b) of Theorem 1.1 and thus, that

the teleoperator is ISS. [ |
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Corollary 2.1. Let d; = (2/p)[V(0) + [ /(4rw)] and da = f~/(2prw) with f~ =
f? + f2. 1SS teleoperation renders the set Sy = {x; — x, € R" | ||x; — x,||* < d;}
I

wmvariant and the set Sy = {Xl —x, € R" | ||x; — x,||* < dA} globally exponentially

attractive.

Proof. Apllying Gronwall’s inequality to the time integration of V in (2.15) yields

V) S exp(=rt) - V(O) + 15 [ explonlt =] fu(r)|ar

w
o I
<exp(—xt) - V(0) + E/o exp[—k(t — 7)]dr < exp(—kt) - V(0) + T

which, together with (2.13), completes the proof. [ |
2.1.2 Teleoperation With Time-Varying Delays
For each robot, construct the following auxiliary system (virtual proxy):

- K, [ +7(Pi(% — x;) + P(x; — Xja))] (2.16)

- DX, — Pi(Xx; i)_P<X’i_de)7

where 4,7 = [,r with ¢ # j, ¢ > 0, ﬁi, IA(i, IA)Z-, P; and P are diagonal positive
definite matrices to be determined; and X;4 = X;(t — Tj(¢)) is the output of the
auxiliary system of the robot indexed by j received with a time-varying delay T}(t)
by the other robot indexed by . Define a sliding variable s; for the proxy of the robot
indexed by 7 by

S =X, + 06, (2.17)

in which &; = P; (X; — x;) + P (%, — X;). Then, the dynamics (2.16) of the auxiliary

systems can be rearranged in the form:

/M\zgz :aﬁi [Pi (iz - Xl) + f)(il o ﬁﬂ)] — @i

N . ~ ~ . (2.18)
Define a sliding variable for the robot indexed by ¢ by

with ¢ > 0. As in Section 2.1.1, the local and remote robot dynamics (2.1) can be
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transformed into (2.3) but with the mismatched dynamics redefined by
Ai(t) = My(xi) (% — %) + Ci(xi, %) (xi — ). (2.20)

Correspondingly, the local and remote robot controllers are designed by
f; = —K;(t)s; — Pi(x; — X;) — D;%; (2.21)

with K;(t) and D; diagonal positive definite gain matrices to be determined.

1+ 6K)P, (I1+6K,)P 1+ 6K,)P,

f <—HMWA—] —AWA—1
—h>Local AAAAH B-PrOXy—’\/W'|—) Proxy_EIM,

D, + K (0) P+ oK, (b) 1+ 6KR,)P  PHoK®
D, +K, D, +K,

Figure 2.2: The diagram of the teleoperator (2.1) in closed-loop with the proxies (2.16)
and the control (2.21).

D, + K, (t)

As shown in Figure 2.2, the auxiliary systems (2.16) have inertia ﬁi, are connected
to each other through static Proportional control, and are driven by the local and
remote robots through a static interconnection and damping control. In contrast, the
local and remote robots are connected to their proxies by the dynamic interconnection
and damping injection controls (2.21), which are updated according to each robot’s
velocity x;. Because the communication delays distort only the information trans-
mitted between the statically coupled proxies, classical damping injection [84] can
overcome their destabilizing effect. The state-dependent mismatches A;(t) in (2.20)
affect only the local and remote robots, as in the case of non-delayed communications
in Section 2.1.1. The dynamic control strategy (2.21) will be designed in Theorem 2.2
to address these mismatches.

The stability is validated using the Lyapunov candidate V = V; + V5, with

Vi :1 Z [siTMi(xi)si + (% — %) "Pi(x; — il)}

2
i=l,r
+ = Z STMSS; + xl & —%)"P(® —X,), (2.22a)
i=l,r

/ / expl—(t — 0)] - %, (0)Qik,(0)dbdr (2.22b)



40

accounting for the kinetic and potential energy of the overall system, and the energy
injected by time-varying delays, respectively, where Q; = 0, i = [,r.
Using Property 1.2, the time derivative of V; along the transformed local and

remote robot dynamics (2.3) and their auxiliary dynamics (2.18) is

i=l,r
—§TD%; + 65T MiP; (%, — %) — 8] (K + D)P(®; — ﬁjd)]
AT DA A AT~ A 2.23
+ Z os, M,P (x; — %;) + %, P(X; — X;) (2:23)
i=l,r
~ AT~
+ Z [XIPZ(Xl —X;) +X; Pi(x; — xl)] + s/ £, + s £,

i=l,r

where j = r,[ for ¢ = [, r, respectively. The time derivative of V5 is bounded by

i=l,r i=l,r

. . _ t . .
<+ Y TR Q- Z exp(—T}) / IIEACLE0N
t—T;(t

i=l,r i=l,r

(2.24)

By Property 1.3, the definitions of the mismatches A;() in (2.20) further lead to

Ai2 T ST AT C; 2T ~ 112 (225)
The sliding variables s; designed in (2.19) imply that
R R 1 (2.26)
with g; > 0. Similarly, the sliding variables §; designed in (2.17) imply that
AT ATAr AT A AT o ~
x, Pi(x; —x;) —5,¢;, — 5, D)X, + X, P(X; — X,)
1 ST~ G (2.27)
< - = i—AA»DiAi—— 41 — D i
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2t T (2.28)
2 (0% % + %, %, + X %)

%

<(ST (PP + P;P)S; +

with v;, (; positive and /):7;2]: - ﬁl Thereafter, Lemma 1 in [85] yields

t
T S =~ ~ — =T By
5T (K, + DP(R, — %0) — exp(—T) / % (0)Q,%,(6)d0
=) (2.29)
T' —_— A~ o~ o~ o~
SZJ exp(—T;) - 5] (6K, + I)PQ;IP(’U\KZ» +1)s;.

After substitutions from (2.25)-(2.29) and (2.10), the sum of (2.23) and (2.24) is

: = AT~ ST - AT =
i=l,r

2.30
162+ g2 (230

_Z Z [ — %) "Pi(x; — X)) + 0e, (4I — I/Z]/ji)/éz} + "

zlr

where x;; = oo + 20)\ 5/ Ci + J)\QQ/CJ and

Ki(t) = (t) — (X2 + oci||%i|)* + wi) 1,

P, =oP; — (0/4) (eI + ;Dy),

D, =(1— a/ui) i — [ohi2/2 + 503/ (20)]1,
K, =K; - 5¢;(PP + P,P,) — ¢'T(T,/4)(6K; + I)PQ;'P (5K, + 1),
D

=(1— (/)'\/Vi)]/:\)i - T,Q; — (xij/2)L.

A~

Letting X = ((x, — )" (x, — %) 7 (% — QT)T)T and using €; in (2.17) lead to

i=l,r
in which P = [B;;] with the (7, j)-th blocks B;; defined by By; = P, (4I—Vl]3[)Pl—|—4Fl,
Bi; = By = 0, Bjy = By = P,(41 - yD))P, By, = P, (41 — 1,D,)P, + 4P,
By; = By, = P, (41 — ,D,)P and Byy = P(8I — yD; — ,D,)P. The following

proposition about P contributes to ISS teleoperation in Theorem 2.2.

Proposition 2.1. Let P, = P, ]/:\)Z = f), v, = v, P, = 0, and 41 — vD = 0 for
1 =1,r. Then there exists 6 > 0 such that 2P = 4 - max (P, 13)



42

Proof. 1t suffices to show that P - 0. Using the Schur complement decomposition,
P > 0 if and only if B33 > 0 and

0 By

B3
Bas

By, [B], B - 0.

From Equations (2.30)-(2.31), it follows that Bss = 0, that

B13

23

N\ P2
s |y 4| @ ler-wDype.

_ 111 1
B331 [BE B-zrg} i [

and, further that

B; 0 Bis| ., P, 0 111 =1 .
_ B [BT BT]: g ®[4I— DP?}

0 By| |By| 271872 o P,| 8|-1 1 (41 - D)
is positive definite. [ |

Theorem 2.2. The teleoperator (2.1) in closed-loop with the prozies (2.16) and the
T - T

control (2.21) is 1SS with the input u = (£ feT)T and the state x = (%] X} X, X, (x—

)" (x,—%)7 (% —QT)T)T if the parameters and control gains satisfy the conditions

wn Proposition 2.1 and

2K,(t) = ¥Anl, 2K; = ¥Apl, D; =0, D; =0, (2.32)

where 1 = 1,r and ¢ > 0.

Proof. The definitions of §; and s;, i = [,r, imply that [|%;]|2 < 2|[8;]|2 + 252|/&;]%,
ISill* < 201 + 262[[&:1%, (1%l < 2llsill* + 202[x; — Ril|* and [|s]]* < 2||5i]* +
202||x; — %;||?. Given that V3 > 0, pI < P < PI and pI < P < PI, it follows that
[€;]]2 < 2P2||x; — X;||2 + 2P%||X; — X, ||, and thus that the Lyapunov candidate V can
be lower-bounded by

1 S e oy P s
V2o (allsil? + Xl + pllas — @l®) + 5@ — @l 2 @s(lxl).  (2:33)

i=l,r
where \;; = M;(x;), il = M, and as(||x||) = as||x]||? is a function of class K, with

1 4 4 4 4  402+85°P?  1652DP2
— = — 4+ =+ + =+ + —.
as >\l1 /\ll )\rl )\7"1 p p
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Further, the definition of V5 indicates that

V2<ZQ‘xz}T/ / exp[—v(t — 0)]dodr < = ZTQ,|X,|T, (2.34)

i=l,r zlr

where ;1 = Q;. Then V' can be upper-bounded by

~

1 ~ ~ P . ~
V<3 > aallsill + XzllSil® + Pllxs — %il1*) + SR = el* + V2 < @u(|xl7),

i=l,r

(2.35)
where Aol = M;(x;), Ao = M, @u(|x|7) = (a4/2)[x[2 with

a, = m?x [max (2)\12, 2)\12 + T Q 4)\1'2(/7\2§2 + ﬁ, 2)\1'20'2 + 4)\120'2P2 + P):|
Let v, = \/ag and 7, = /a4, define |x;|, = \/V(x;), and select o (||x||) = as(||x]|)
and as(|x¢|a) = |x¢|? of class K to trivially ensure the condition (a) of Theorem 1.2.

After the substitution from (2.31) in (2.30), using the condition (2.32) and setting
Kk = min (1, 9,7), V can be upper-bounded by

V< —kV + M. (2.36)
4w
Then the functions az(|x|.) = (£/2)[x/]? and p(|[uf) = +/1/(2kw)|[u]| of class K
ensure the condition (b) of Theorem 1.2.
Thus, the Lyapunov candidate V' obeys both conditions of Theorem 1.2 and the
teleoperator (2.1) in closed-loop with the proxies (2.16) and the control (2.21) is
exponentially ISS. [

Corollary 2.2. Let d; = 4V(O)/p’+72/(p’/<aw) and dy = TZ/(p’/-ﬁ;w) with 72 = fi+f§
and p' = min(py, p., p). 1SS teleoperation renders the set S = {Xl —x, €R" | ||x; —
x,||* < dr} invariant and the set Sy = {x; —x, € R" | [|x; — x,||* < da} globally

attractive.

Proof. Applying Gronwall’s inequality to the time integration of (2.36) leads to

—2

V(t) < exp(—~xt) - V(0) + 4J;—w
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while the definition of V' implies that
pi - Die = 4
=Y EHXz‘ — Xil* + §HXI —%|* > ZHXI - x|

i=l,r

and completes the proof. [ |

2.1.3 Discussion

Closed-loop bilateral teleoperation includes uncertain and practically uncontrollable
user and environment dynamics. To robustly stabilize closed-loop teleoperation, this
chapter regards the user and environment forces as time-varying and unpredictable
teleoperator inputs, and designs controllers to render the teleoperator ISS. It guaran-
tees robust position synchronization of the local and remote robots under the user and
environment perturbations [172], and thus, reflects the remote robot-environment in-
teraction to the operator [78]. According to Definition 1.5, ISS teleoperation implies:
(i) {xi, %, x; — X, } € Loo; and (ii) {x, %, x, — %} — 0if f, =f. = 0.

By Corollary 2.1 and Corollary 2.2, an invariant set S; and a globally attractive
set Sy characterize the local robot-remote robot position error x;(¢) — x,(t) of ISS
teleoperation: the error stays in Sy and exponentially approaches S4 for t > 0. The
Lebesgue measures of §; and Sy can be reduced by increasing p;, p, w and k. The
speed of (exponential) convergence to S, is determined by k. When the user and
environment forces disappear, the steady-state position error becomes zero by the

definition of input-to-state stability.

2.2 Experiments

In this section, four experiments’ with a pair of 3-DOF Geomagic Touch haptic
devices displayed in Figure 2.3 compare the dynamic interconnection and damping
injection strategy to three position-based approaches: P-+d control [84], two-layer
control [77] and passive set-position modulation control [74]. The human user seeks
to drive the local robot along the same Cartesian path in each successive experiment.
The time-varying communication delays obey T; = 5 ms with 4 = [,7. The robust po-

sition tracking performance of the teleoperator with the four controllers is illustrated

'https://youtu.be/xBXDh5BX3uY
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by plotting the Cartesian paths of the local and remote robot end-effectors, and is

quantitatively evaluated through their maximum and average position errors.

Task-Space Paths of Local and Remote Robots

Figure 2.3: The experimental setup for ISS teleoperation with time-varying delays.

All parameters are selected heuristically for optimal performance of each con-
troller. All controllers connect the local and remote robots by Proportional control
and stabilize the teleoperator by local damping injection. The robot joint positions
are measured by encoders, and their joint velocities are estimated by second-order
low-pass filters with the recommended cut-off frequency 200 rad/s and damping ra-
tio 1. The damping injection for all four controllers is then restricted by the unreliable
velocity estimation in experiments. In turn, the limited damping injection constrains
the Proportional gain of each controller by their design criteria. Because larger Pro-
portional gains generally decrease position errors, the parameters of all controllers are
tuned to maximize their Proportional gains for the damping gains that practically sta-
bilizes the system. Basically, the coupling between the local and remote robots of each

controller is maximally tightened without destabilizing the teleoperation experiments.

P+d Control [84]

After choosing the damping gain B; = 0.01, a maximum Proportional gain K; =
3.5 can couple the local and remote robots stably. Figure 2.4(a) depicts the paths of
the local and remote robot end-effectors. It shows that the remote robot follows the
local robot with increasing tracking errors and vibrations during the changes of the

direction of motion.
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(a) P+d control. (b) Two-layer control.
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(c) Passive set-position modulation control. (d) The proposed control (2.16) and (2.21).

Figure 2.4: The task-space paths of the local and remote robot end-effectors un-
der P+d control, two-layer control, passive set-position modulation control and the

proposed control (2.16) and (2.21).

Two-Layer Control [77]
Selecting an identical threshold Hp = 0.3 J and 8 = 0.01 for the energy tanks

of the local and remote robots firstly synchronizes them quickly. Then, a Propor-
tional gain K; = 3 in the transparency layer and a nonlinear local robot damper with
a = 0.3 in the passivity layer maximally stiffen the coupling between the local and
remote robots without destabilizing the teleoperator. The experimental end-effector
paths in Figure 2.4(b) indicate a position tracking performance similar to P+d con-

trol. Yet, the momentarily active behaviours lead to more severe vibrations in the

final phase of this experiment.

Passive Set-Position Modulation Control [74]
For an energy tank with the capacity £; = 0.3 J and the initially stored en-
ergy E;(0) = 0.15 J, the coupling and damping gains K; = 5 and B; = 0.1, re-

spectively, guarantee agile and oscillation-free position tracking. The experimental
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results in Figure 2.4(c) show that the set-position (proxy) of each robot is exactly the
position of the other robot. The controller does not modulate the reference signal
of either robot, but is a static P+d controller during the experiment. Nevertheless,
its triggering mechanism with a time period of 0.01 s permits larger K; and B; gains

than P+d control and, hence, couples the local and remote robots tighter.

The Proposed Control (2.16) and (2.21)

From the EL model of the haptic device in [173], A\ = 1.6 and ¢; = 0.1 are
employed in the design. After choosing o = 0.01, ¢ = 0.001, yu; = 10 and (; = 0.1,
each robot is connected to its proxy tightly and damped suitably while guaranteeing
P, = 0 and D; > 0 by setting D; = 0.081 and P; = 20I. With v; = 0.25, ¢ = 0.001,
~ = 0.1, M; = 0.01T and Q; = 501, selecting P; = 501, D; = 0.275I and K; = 0.011
then makes K; > (Q/J/)\\Z'Q /2)I and D; = 0 and connects the proxies of the local and
remote robots tightly. Given w; = 0.01, K;(¢) can be updated according to (2.32)
to stabilize the teleoperator. Figure 2.4(d), which plots the experimental paths of
the local and remote robot end-effectors and of their proxies, indicates that: (i)
compared to P+d (Figure 2.4(a)) and two-layer (Figure 2.4(b)) control, the proposed
dynamic interconnection and damping injection control eliminates vibrations when
the local robot slows down; and (ii) compared to passive set-position modulation
control (Figure 2.4(c)), it synchronizes the local and remote robots better, through
larger static Proportional gains P;, IA’Z and IA(l and dynamically updated gains K;(t).

Table 2.1 evaluates the robust position tracking performance of the time-delay
teleoperator under the four controllers through the maximum tracking error:

Emax = k:rnl,a}fN ||X§(k) - Xi(k)||a

and the average tracking error:

N

_ 1

Save — N E ”X?lt(k) - Xi(k)||a
k=1

where x!(k) is the end-effector position of the robot indexed by 7 in its task space at the
k-th sampling instant, and N is the number of sampling instants. It illustrates that
the proposed dynamic interconnection and damping injection control can reduce both
the maximum and the average position errors between the local and remote robots

during the experiments. By Corollary 2.2, the position error between the local and
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remote robots can be reduced by increasing the Proportional gains. Then, a greater
amount of physical damping injection is needed to practically stabilize the system.
However, the unreliable velocity estimations limit the amount of injected damping
and hence the coupling stiffness between the local and remote robots by Theorem 2.2.
Therefore, the average position error =, remains 1.8 mm even though the parameters

of the proposed control have been opportunely tuned in the experiment.

Table 2.1: The position tracking errors during teleoperation under four controllers.

Controller B max Bave
P+d Control 25.4 mm 3.3 mm
Two-Layer Control 30.1 mm 3.6 mm
Passive Set-Position Modulation Control 18.5 mm 2.6 mm
The Proposed Control (2.16) (2.21) 10.8 mm 1.8 mm

The proposed dynamic interconnection and damping injection control has force
feedback performance similar to passive set-position modulation control, and has the
average and maximum local robot control forces approximately 40% larger than P+d
and two-layer control. The larger forces incured by the larger damping injection are

needed to stabilize the stiffer interconnection between the local and remote robots.

2.3 Conclusion

This chapter has presented a constructive dynamic interconnection and damping in-
jection strategy for robust stabilization of bilateral teleoperation without, and with,
time-varying delays. Lyapunov stability analysis has proven that the proposed strat-
egy renders bilateral teleoperation exponentially ISS, even in the presence of time-
varying delays. Using an invariant set and a globally attractive set, it has also char-
acterized the position error between the local and remote robots during teleoperation
under the proposed control. Suitable selection and update of the control gains can
reduce the position error between the local and remote robots to any prescribed level
with a certain rate of convergence and, thus, can improve the robust position track-
ing performance. The experiments have illustrated that, compared to state-of-the-art
controllers, the proposed control can reduce both the maximum and the average po-

sition tracking errors during teleoperation with time-varying delays.
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Chapter 3

Connectivity-Preserving

Synchronization of Time-Delay
Robot Networks with Bounded

Actuation

This chapter proposes a strategy to overcome the threats posed to connectivity-
preserving synchronization of robot networks by time-varying delays and bounded
actuation. It first introduces a suitable distributed gradient plus damping control,
based on which it establishes that the local connectivity of time-delay robot networks
can be preserved by appropriately regulating the interconnections between robots and
increasing their local damping injection. Yet, actuator saturation may impede the
proper modulation of inter-robot connections and the injection of sufficient damping
and, thus, may threaten the maintenance of connectivity. The chapter then de-
velops an indirect coupling control which accommodates bounded robot actuation.
The design endows every robot with a virtual proxy and couples initially adjacent
robots through their virtual proxies. The inter-proxy couplings then tackle time-
varying delays and robot-proxy couplings account for the saturation of actuators.
By Lyapunov-Krasovskii analysis, it proves that the indirect coupling strategy can
drive time-delay robot networks with bounded actuation to connectivity-preserving
synchronization by limiting the energy of the robot-proxy and inter-proxy couplings
according to actuation constraints. Three experiments validate the proposed designs
compared to P+d control [174].
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3.1 Connectivity-Preserving Controller Designs

This section first develops a gradient plus damping control for connectivity-preserving
synchronization of time-delay robot networks with unbounded actuation. Then, it in-
tegrates the gradient-based control into an indirect coupling framework that provably
copes with saturating actuators.

Consider a network of N robots with EL dynamics:
M (x)%; + Ci(x4, %)% = fj, (3.1)

where ¢ = 1,--- | N are indices of robots. Further, consider that each robot of (3.1)
can both send and receive information from other robots that are closer than the
distance r from it. The robots ¢ and j are called adjacent, or neighbours, at time ¢ if
they exchange information at all times until ¢. Note that, to be adjacent at time ¢,
the robots ¢ and j must have been within the communication distance r of each other,
and thus neighbours, at all times, i.e., ||x;(7)| = ||xi(7) — x;(7)|| < r, VT € [0,1].
The communication graph G(t) = {V,£(t)} of the robot network (3.1) consists of a
set of vertices V = {1,--- | N}, each associated with one robot in the network, and a
set of communication edges £(t) = {(i,j) € V x V| ||x(7)[| < r ¥r € [0,#]}, each
associated with a communication link in the network.

In [98], the connectivity-preserving synchronization of delay-free EL networks has

been formulated as follows:

Definition 3.1. For the robot network (3.1), find a distributed control such that: (1)
% ()] <7, Vt >0 andV(i,j) € £(0); and (2) ||x;;(t)|| = 0 ast — oo V(i,5) € £(0).

A connected communication graph is sufficient for synchronizing an EL network.
In practical applications in which robots can exchange information only when they
are sufficiently close to each other, graph edges and, with them, graph connectivity
may be destroyed during control. Then, the synchronization task may fail due to the
disconnection of the communication graph. The threat posed to synchronization by
a limited inter-robot communication distance r can be overcome by preserving local
connectivity during synchronization, i.e., by guaranteeing £(t) = £(0), ¥Vt > 0. In
the absence of communication delays, all initial edges of the communication graph
are maintained at all times iff all pairs of initially adjacent robots are kept within
their communication distance r at all times, ie., iff ||x;(¢)|| < r, ¥(i,j) € £(0)

and Vi > 0. Compared to conventional consensus, in Definition 3.1, the connectivity-
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preserving synchronization problem imposes an additional constraint (1) on the inter-
robot distances ||x;;(t)]|.

To preserve the connectivity of the robot network (3.1) in the presence of time-
varying communication delays and bounded actuation, this chapter relies on the fol-

lowing three assumptions.

Assumption 3.1. The transmission of information from the robot ¢ to the robot j
is affected by the time-varying delay Ty;(t) upper-bounded by Ti;j(t) < Ty, for any
1,5 € V.

Assumption 3.2. Initially, every robot i of the network (3.1) is at rest, and has been

at rest longer than the maximum transmission delay from it to its neighbours j, i.e.,

x;(17) =0, V7 € [—Ti,O] and Vi € V, where T; = max Tj;.
(4,5)€€(0)

Assumption 3.3. The initial communication graph of the network (3.1) is undirected
and connected, and each pair of initially adjacent robots (i, 7) is strictly within their

communication distance r at t = 0, i.e., ||x;;(0)|| = [|x;:(0)]| < r — € for some € > 0

if (i,7) € £(0).

3.1.1 Time-Delay Network With Unbounded Actuation

Let the following potential function describe the energy stored in each initial commu-
nication link (7, j) € £(0) at time ¢:

Pllx;;?

dllixisl) = 5= %42 + Q’

(3.2)

where P > 0 and @ > 0 are to be determined, and ||x;;|| is used in place of ||x;;(¢)]|

to simplify notation. Then, let the connectivity-preserving control of the robot i be

£, =— ) V(x| — K, (3.3)

JEN;

where K; > 0, xzdj = X; — X;q With x;4 = x;(t — T};(t)) the delayed data received by
the robot ¢ from the robot j, and
2P(r* + Q)
2
(= Ix{ 12+ Q)

Vi (llxil) = (xi = X;a)
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is the gradient of ¢(||x{]|) with respect to x;.

The potential function ¢ (||x;;||) in (3.2) is continuous, positive definite and strictly
increasing with respect to ||x;;|| € [0,7]. Using Assumption 3.3, ||x;;(0)|| <7 —e <
for every (i,7) € £(0), it can be shown that the controller (3.3) can be designed to
guarantee ¥ (||x;;(t)]|) < ¥(r) = Pr?/Q, Vt > 0. In turn, this condition implies that
the robots ¢ and j are within the communication distance r of each other at all times
in the absence of time-varying transmission delays [98].

For delay-free communications, ||x;;(t)|| < r for allt > 0 is a sufficient condition for
preserving the undirected communication link between the robots ¢ and j during syn-
chronization, i.e., (i,7) € £(0) = (4,7) € &(t), Vt > 0. For delayed communications,
at time ¢, the robot ¢ receives the information sent by the robot j at time t — 7};(t)
and the robot j receives the information sent by the robot ¢ at time ¢ — 7T;;(¢). The
undirected communication link between the robots ¢ and j exists at time ¢, i.e.,
(i,7) € E@), HF [Ixi(t) — x;(¢ = Ty(t)]| < rand [[x;(¢) —xi(t — T (@) < 7. To
account for bounded time-varying communication delays, this chapter defines the set
of neighbours of the robot i at time ¢t by N; = {j € V| (,7) € £(0) and |x;;|r < 7},

where

Ixijlr = sup X)) = x;(t + 7).
—T]ZSTSO

Connectivity-preserving synchronization can then be analyzed using the following
Lyapunov candidate:
\% IVk + VZD + de, (34)

where w > 0, and
L N
Z Z W(l1x1)),

1=1 jEN;(0)

Vi = ZZ ﬂ/ \xj )|[2d6.

= 1]6_/\[

with j € N;(0) if and only if (7, ) € £(0) by Assumptions 3.2-3.3. In Equation (3.4),
V} is the kinetic energy of the robot network; V), is the potential energy of all initial
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inter-robot links (7, j) € £(0); and V; measures the impact of time-varying delays on
connectivity maintenance.

The analysis is facilitated by the following lemma.

Lemma 3.1. Let the robot network (3.1) satisfy Assumptions 3.1 and 3.3, let T = r —
ke with0 < k < 1, and select P, Q andw by [T> — M(r — €)?]Q > [F* + M (r — 7)%] (r—
€)2—=72r%, where M = |E(0)| is the size of G(0), and by w > P7?/[k*e*(r* =7 +Q)]. If
V(r) <V(0), V7 € [0,1], then |xylr <1 and thus ||x|| <7, ¥(i,7) € £(0), namely,

all initial links are preserved regardless of communication delays.

Proof. Assumption 3.2 on zero initial velocities of the network implies that Vi (0) =
V4(0) = 0, and thus V' (0) = V,(0). Choosing @ as required leads to V,(0) < M P(r —
€)?/[r* — (r —e)?> + Q] < Pr*/(r* — 7 + Q). Because Vj, and V; are non-negative,
it follows that V,(7) < V(r) for every 7 € [0,¢]. Therefore, if V(7) < V(0), then
Vo(T) V(1) SV(0) = Vp(0) < PP?/(r* =72 + Q).

From #(||x;;||) continuous, positive definite and strictly increasing on ||x;;|| €
[0, 7], it follows that 0 < ¥ (||x;;(0)]]) < P(r—e)?/[r*—(r—e)?*+Q] < Pr?/(r*—7*+Q)
by Assumption 3.3 and the definition of ¥ (||x;;||) in (3.2). Suppose that, at time ¢,
the link with maximal length among all initial links is (I,m) with ||x;,(¢)|| = T
It follows then that ¢(||xu.(t)]|]) = P7*/(r* =7 + Q). Since ||x;; ()| < ||xum(t)]],
V(i,7) € £(0) — {(I,m)}, it further follows that 0 < ¥(||x;;(¢)||) < PF?/(r* — 7+ Q),
V(i,j) € £(0)—{(l,m)}, and that V,(t) > Pr*/(r? —7*+Q), which contradicts (3.11).
Thus, 0 < ¥(||lxi;(0)|)) < Vp(t) < PF2/(r* =7+ Q), V(i,7) € £(0), and further that
Ixi; (0| <7, ¥(i, 5) € €(0).

The application of the Cauchy-Schwarz inequality leads to

t n t
/ ||xj(9)||2d9:2/ |¢§(9)|2d9_ Z/ |x )| d@/ 1240
t—Tji k=1 t_Tji ]7’ k=1

j’L

1 n t 2 1 n 9
>— / 1%(0)|do | > = { sup  2¥(t47)— _inf 2F(t+ 7)}
TJZ ]gZ; ( t_Tji ’ T]’L k=1 —TjiSTSO ! 7Tj7.'§7§0 /
1
> = sup Ix;(t +711) — x;(t + 1)|* > sup  [|x;(t) — x;(t +7)|)%,
Tji *Tji§7'177'2§0 7t 7Tﬁ§r§0

where xf is the k-th element of x;. Thus, V; can be lower-bounded by

>Z Z sup || (1) — x;(t + 7).

i=1 jeN;(0 TJ1§7'§0
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With w selected as required, it follows that

(1)~ + 7)) < V) < 4 LD

—T;;<7<0

S\/@ = \/%LO) = \/w@“2 f: Q)

which, together with ||x;;(¢)|| < 7 and the definition of |x;;|r, lead to

xijlr = sup [|x;(t) — x;(t) +x;(t) — x;(¢t + 7)]

;<7 <0
<% (O + sup  |x;(t) —=x;(t+7)|| <T+re=1r V(7)€ &E0).
~T;;<7<0

Therefore, all initial links are preserved regardless of communication delays. |

The above proof of Lemma 3.1 is in four steps: (i) given V(¢) < V(0) and the
selection of @, Vi, > 0, Vy; > 0 and V(0) = V,,(0) imply that V,,(7) < P7?/(r* =T +Q);
(ii) because 9(||x;;]) is continuous, positive definite and strictly increasing on ||x;;|| €
0, 7], Assumption 3.3 together with (i) then imply that ||x;;(¢)|| <7 by contradiction;

iii) the application of the Cauchy-Schwarz inequality bounds V; and, together with

(

(i) and the selection of w, leads to  sup |[|x;(t) — x;(t + 7)|| < re; (iv) lastly,
~Ti<r<0

the definition of |x;;|7 and the triangle inequality imply |x;;|r < 7. The proof of

|x;;(t)|] < T by contradiction in (ii) has been developed in [98] for mobile robots with
delay-free communications. By contrast, the proof of Lemma 3.1 is for time-delay
EL networks. Connectivity preservation in time-delay networks must account for the
delay-induced distortions x;(t) — x;(t + Tj;(t)). In the proof, the function V; in the
Lyapunov candidate V serves to bound x;(t) — x;(t + T};(t)) and further |x;;|7.

Theorem 3.1. Let the robot network (3.1) satisfy Assumptions 3.1-3.3. Then, the
controls (3.3) preserve all initial communication links and synchronize the network if
the parameters P, ) and w are selected as in Lemma 3.1, and the control gains K;
are chosen by

— 1 — —
K, =K, — 5 Z [(2&) + U)Tz‘j + UT]'Z} >0, (35)

JEN;(0)
where v =2PQ73 (r* + Q) (4> + Q).
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Proof. By Property 1.2, the time derivative of Vj is

N
V=D xlu=— Zx > Vil ZKH&H2 (3.6)
i=1

=1 JEN;

The initially undirected network by Assumption 3.3 implies that ;7 € N;(0) iff i €
N;(0), and thus that

Z > Van(lxgll) + %) V(=i )] Z Z %IV 1) (|51

i=1 jEN;(0) =1 jEN;(0 (3.7)
3.7

The bounds T'j; of time delays then lead to

Z Z i[5 = 1%, (t = Tj0)|17]. (3.8)
i=1 jeN; (0

Because N;(t) = N;(0) foralli =1,--- | N at time t = 0, V(1) < V(0), V7 € [0, ]
implies by Lemma 3.1 that N;(t) = N;(0), i.e., that all initial links are maintained
V7 € [0,t]. Set invariance [175] can then be leveraged to prove connectivity mainte-
nance by induction on time [98]. Let V(1) < V(0) and thus N;(7) = N;(0), V7 € [0, 1)
n (3.6). It then suffices to prove that V' (t) < V(0) as follows.

After adding (3.6)-(3.8), the time derivative of V' becomes

N
V<Z > IVl = Vx| - 3 (Kl = Y wTalkl?).
i=1 jeN;(0) i—1 JENO)

By the definition of N;, j € N; = |x;|r < r, and thence ||x;;| < |x;|lr < r and
x4 < |xijlr < 7. It follows from Appendix A that

x; V(i) — % Vi (lIxgll) < vllillllx; — x;all (3.9)

and further that V is upper-bounded by

N
<D wlikillllxg = xall - ZKlllel2+Z Z JTHlI%l2 (3.10)

i=1 jeN;(0) i=1 jeN;(0

In (3.10), the first double summation captures, linearizes and upper-bounds the im-
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pact of the delay-induced distortions x; —x;4 on connectivity-preserving synchroniza-
tion. As shown below, this property is key to determining how much damping to
inject locally to overcome the threat posed by delay-induced distortions.

By Lemma 1 in [84], the Cauchy-Schwarz inequality helps bound the cumulative

effect of delay-incurred distortions as follows:

U I5:(6 yd9+/ ;0 |d9]

where Assumption 3.2, i.e., %;(#) = 0 for § € [~T};,0], has been used. Then, the

time integration of V from 0 to ¢ leads to

UOES DS {Z / (15 (0) 1> + 115, (6)11%) d6 + T, / 15:(0)] de}
-) K / I%(6)|°d6 = V(0) = > K, / I5:(6)]%d6.

The selection of K; > 0 in (3.5) guarantees that: (i) V(¢) < V(0), V¢ > 0; and (ii)
X; € LoN Ly for i = 1,--- N.
With the parameters P, ) and w selected as required, Lemma 3.1 together with

[ 151 - x0)

(3.11)

V(t) < V(0) Vt > 0 prove that all initial communication links are preserved, i.e.,
N;(t) = N;(0) for all t > 0and i =1,--- , N. By Barbalat’s lemma, x; € £, N L, for
i=1,---, N implies the synchronization of the robot network (3.1) [174]. |

The proof of Theorem 3.1 above is by making N;(7) forward invariant [175]:
assume that N;(t7) = N;(0) and V(7) < V(0) for all 7 € [0,¢) and obtain that
V(t) < V(0) which, in turn, implies that A;(t) = N;(0). The connectivity-preserving
synchronization controllers (3.3) can be designed by selecting () and setting w after
choosing P heuristically to satisfy the conditions in Lemma 3.1, and then by injecting
sufficient local damping according to (3.5).

Practical robot networks have limited actuation and the controls (3.3) may satu-
rate it and become invalid. Existing work has proposed controllers for connectivity-
preserving consensus of first-order [176] and second-order multi-robot systems [98].
Connectivity-preserving consensus of first-order networks with bounded actuation
has been studied in [97]. Connectivity-preserving consensus of EL networks with

time-varying delays and bounded actuation has remained an open question. The key
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challenge in this question is the saturated actuation. Given unlimited actuation, this
section has shown that proper modulation of the inter-robot couplings together with
sufficient local damping injection can preserve the local connectivity of time-delay
EL networks during synchronization. Actuator saturation, however, limits the cou-
pling stiffness and the injected damping. Thereby, it prevents existing controllers
from guaranteeing connectivity and, implicitly, synchronization. The following sec-
tion develops an indirect coupling control framework to integrate the constraints due

to bounded actuation into the controller design.

3.1.2 Time-Delay Network With Bounded Actuation

The indirect coupling framework proposed in this section: (i) endows every robot with
a second-order virtual proxy; (ii) interconnects the proxies of initially adjacent robots;
and (iii) couples all robots to their proxies. As shown below, the intervening dynamics
of virtual proxies permit to decouple time-varying delays from actuator saturation
because they can tackle time delays in the inter-proxy couplings and actuation bounds
in the robot-proxy couplings.

The designed dynamics of the virtual proxy of the robot ¢ are

M.%; = Sat; (PX;) — Y Vap([®4]]) — Ki%;, (3.12)
JjeN;

where X; = x; — X;, X = X; — Xjq with Xjq = X;(t — ﬂ( )), Sat;(-) is a vector-valued
saturation function with bounds to be determined, MZ» is a tunable positive diagonal
matrix, P, and [/(\} are positive constants, N; is to be defined, and the potential

function QZ(HQUH) is defined by

P|Ix; |
— =~
7 — %[+ Q

D(lIx1l) = (3.13)
with 7 = r — 2¢/3, and P and @ positive constants to be determined. The gradient
of w(HX ||) with respect to X;,

2P(P+Q)

W(|Ixe ) = - % ||2+Q) 5 (Xi — Xja)

provides the coupling between the proxies of two initially adjacent robots ¢ and j.
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The nominal control:

f, = —PX, — K, (3.14)
where K; is a non-negative constant, connects each robot i to its virtual proxy, and
completes the design of the indirect coupling framework.

Let the actuation bound of each robot i be f; = [71 .

i fﬂT The actual control

input f; is then a saturated version of the nominal control /f;-, typically modelled by
f, = Sati@-) = [sat} (ﬁl) -+ satl (ﬁ”)}T, refer to [177]. In (3.14), Sat,(-) saturates f;
component-wisely by the standard saturation functions sat?(-) with the bounds 75,
k = 1,---,n. Because the Proportional gains P; and the damping gains K; can
be tuned freely, independent of time-varying delays and actuator saturation, the
controller (3.14) can exploit the available bounded actuation more fully, as discussed
in [177-179].

The virtual proxy designed in (3.12) can be regarded as a virtual inertia ﬁl with
the position X; and forced by the right-hand side of (3.12). The saturated Proportional
term Sat; (PX;) in (3.12) connects the proxy to its robot i passively. The gradient
term — V1 (IXE ) connects the proxies of two adjacent robots i and j via time-delay
communications. Because every two neighbouring robots ¢ and j are connected to
their proxies and the proxies, in turn, are connected to each other, the adjacent robots
are indirectly coupled through their proxies.

For delay-free communications, connectivity preservation requires that ||x;;(t)|| <
r, ¥(i,j) € £(0) and V¢t > 0. By the triangle inequality ||x;;|| < ||x:|| + [|%i;1] + [1%;]],
it suffices to guarantee that ||X;;(t)|| < 7, V(4,5) € £(0), and that ||x;(¢)]| < €/3,
Vi =1,---,N. For delayed communications, ||X;;(t)|| < 7 does not guarantee that
the proxy of the robot i can receive at time ¢ the information sent by the proxy of
the robot j at time t — Tj;(¢). Thus, [|X;;(¢)|] < 7 is not sufficient for connectivity
preservation. To account for the delay-induced mismatches ||X;(t) —X;(t—T}:(t))]|, the
set of neighbours of the robot i is re-defined by N; = {j € V| (i, j) € £(0) and |%;;|r <

?} , where

Xijlr = sup [IXi(t) = X;(t + 7).
—T]',L'STSO
Assumption 3.3 implies that ||x;;(0)|| < r—e€ <7, V(i,7) € £(0). Letting the initial
state of the virtual proxy (3.12) be X;(7) = x;(7) and %;(7) = 0, V7 € [T}, 0], ensures
that j € NV;(0) if and only if (¢,j) € £(0). Then, the connectivity of the time-delay
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robot network with bounded actuation is preserved if the set N is rendered invariant,
Le., Ni(t) = N;(0), and if ||x;(¢)|| < €/3,Vi=1,---, N, Vt > 0. More specifically, the
undirected communication link between the robots ¢ and j exists at time ¢, namely,
(1,7) € E(1).  xi() — x;(t = T (]| < v and [1x;(8) = xi(t — Ty (8) | < r. With
N;(t) = N;(0) and ||x;(t) < €/3]|, it ensures that

xgle IR+ swp R0~ Kyt + 1)+ sup (Kt + 7]
—T;;<r<0 —T;<r<0
€

- R N &
=|x:()[| + [Xijlr + sup Xt +7)| < 3 +r4+-=r,

—Tji<7<0 3
where V(i,5) € £(0), and is thus sufficient to maintain the connectivity of the time-
delay robot network with bounded actuation.

By the design of the virtual proxies (3.12), actuator saturation makes the robot-
proxy couplings dynamic but symmetric and thus passive. The potential energy

stored in the coupling between the robot ¢ and its proxy is

(%) = /0 " Sati(Po) T do. (3.15)

Then, the following three propositions combined give an optimal ¢* such that ||X;(¢)|| <
€/3 is guaranteed if ¢;(X;) < ¢*.

Proposition 3.1. The potential function ¢;(X;) is convex with respect to X; on R™.

Proof. The gradient of ¢;(X;) with respect to X; is V¢;(X;) = Sat;(PX;). Lety €
R" and z € R™. Then, it holds that [V¢;(y) — V#ﬁ(z)r(y —z) = [Sat;(Py) —
Sati(Piz)}T(y —z) = r_, [satF(Py*) —satf(P2")] (y* — 2F) > 0, because satf(-) are

non-decreasing. By the first-order convexity condition, ¢;(X;) is convex on R". W

Proposition 3.2. On the ball B(0,¢/3) = {x; € R" | ||xi]| < ¢/3}, the potential
function ¢;(X;) is mazimum on the boundary ||X;|| = €/3 and minimum at the ori-

ginx; = 0.

Proof. The potential function ¢;(X;) is continuous on the ball B(0,¢/3) C R™. There-
fore, by the Weierstrass theorem, ¢;(X;) attains its global minimum and maximum
on B(0,¢/3). Further, ¢;(X;) is convex on R™. Hence, on the ball B(0,¢/3), ¢;(X;)
attains its global maximum on the boundary of B(0,¢/3), and its global minimum at
the point with V¢;(x;) = Sat;(PX;) = 0, that is at x; = 0. [ |
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Proposition 3.3. Let ¢} be the minimum of ¢;(X;) on the boundary of B(0,¢/3),

¢ = minimize gbz(;(l):/ ZSati(Pia')Tda
0

X;ER™

subject to |Ix:]| = €/3.

Proof. Suppose there exists X; ¢ B(0,¢/3) such that ¢;(X;) < ¢f. Then, there exists
0 < A < 1 such that x = A0 + (1 — A\)x; is on the boundary of B(0,¢/3), namely,
|x|| = €/3. By the convexity of ¢;(-), it follows that ¢;(x) = ¢; (A0 + (1 — N)x;) <
Api(0) + (1= N)oi(X:) = (1 = N)pi(X;) < ¢F, which contradicts ¢;(x) > ¢;. Therefore,
¢i(X;) < ¢f implies that x; € B(0,¢/3). [

The Lyapunov candidate used to investigate connectivity-preserving synchroniza-

tion of the time-delay robot network (3.1) with limited actuation is
V=V V- OV (3.16)

where W > 0 and

N
1 T
5;[ M(xl)xz—kx Mxl],
LN R N
Vp:§z > wIRsl) + D ei(x),
i=1 jeN;(0) i=1
W=Y ST [ ko
i=1 jeN;(0)

Compared to that in (3.4), the Lyapunov candidate V' in (3.16) accounts for the
kinetic energy of the robot network plus all proxies in Vj, the potential energy of all
robot-proxy and inter-proxy couplings in V), and the impact of time-varying delays
on the constraints imposed on the inter-proxy distances by connectivity preservation
in Vy.

Then, the following lemma facilitates the proof of connectivity maintenance.

Lemma 3.2. Let the robot network (3.1) satisfy Assumptions 3.1-3.3, and let 7 =

~

r—re/3with0 < k <1, M =|E(0)|, and ¢* = ‘—nme ¢f. Choose the parameters P, Q
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and & such that [F* — M(r — €)?] Q> [72 + M (7% —72)] (r—e)? = 7272, 7P = ¢ (72—
T+ @) and Kk*€W > 9¢*. Then V(1) < V(0), V7 € [0,1], implies that N;(t) = N;(0)
and ||%;(t)|| < €/3,Vi=1,--- N and ¥Vt > 0, and further that |x;;|r < r, ¥(i,]) €

E(0). That is, all initial communication links are maintained regardless of time delays.

Proof. By Assumption 3.2 and the initial state variables X;(0) = x;(0) and Xo(0) = 0
of the proxy of every robot i, it follows that Vj(0) = V;(0) = 0 and ¢;(x;(0)) = 0 for
i=1,---,N. Then, selecting Q and P as required leads to V(0) < Mﬁ(r —€)?/[r? -
(r—e?+Q] < PP/[P -7 +Q] = ¢*. It V(t) < V(0) for any ¢ > 0, then V;(t) > 0
and V; > 0 imply that V,(t) < ¢*. Further, ¢;(x;) > 0 by (3.15), and thus V], defined
in (3.16) implies that

Y 5 PP
> WIRll) < ¢" = 5———=
Q

i=1 jEN;(0) re—ro+

N | —

An analysis by contradiction similar to the analysis in Lemma 3.1 leads to

PR _
7~ Ryl +Q

*

0 < P([IRi (1)) =

and thus to [|X;;(¢)]| <7, ¥(i,7) € £(0). Because 12)\(||§”(t)||) >0, V,(t) < ¢* implies
that ¢;(X;) < ¢* and, by Proposition 3.3, that ||x;(¢)|| <€/3,Vi=1,--- ,N.

With @ selected as required, ?Z(Hiw(t)H) >0, ¢i(X;) > 0 and V(t) < V(0) = ¢*
lead to Vy(t) < ¢* /& < k*¢*/9. Similarly to the proof of Lemma 3.1, the Cauchy-
Schwarz inequality can be applied to lower-bound V; by

Z Z sup [[%;(1) — %5t + 7).

i=1 jeN;(0) ~T7iST<0

Hence, it follows that

KRE

sup 1%;(t) = %t + 1)l < VValt) < 7,

—TJZSTSO
which, together with ||x;(¢)|| < €/3 and the definition of |X;;(t)|r, leads to

~ ~ ~ RE e
Xi;(®)|r <[IXi; )] + sup [|%;(t) = X;(E+7)|| <7+ 3=
—T]'iSTSO
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to X4 <7, V(i,7) € £(0), and, with ||X;|| < €/3,Vi=1,---, N, to the maintenance

of all communication links regardless of time delays. [ |

The following proposition facilitates the proof of connectivity-preserving synchro-

nization in Theorem 3.2.

Proposition 3.4. Let Sat(-) be a standard vector valued saturation function. For any
x € R", y € R", it follows that —x"Sat(x +y) < —x" Sat(y).

Proof. The proof is by enumeration and is omitted. [ |
Theorem 3.2. Let the time-delay robot network (3.1) with bounded actuation sat-
isfy Assumptions 3.1-3.3. Then, the controls (3.12) and (3.14) preserve all initial

communication links and synchronize the network if the parameters 13, @ and & are
selected as in Lemma 3.2, and the gains P;, K; and l?z satisfy that

. 1

K=K —> Y [(20+0)T;+0T;] >0, (3.17)

JEN;(0)

where U = 2?@*3 (?2 + @) (47"\2 + @) .

Proof. By Property 1.2 and Proposition 3.4, the time derivative of V} becomes

N
=y [ TSat, (P, — Kik) +%, Sat, (PX,) — %, 3 V(IR fgnzﬂ
i=1 JEN;
N .
<Y [xTsati (- PX; + % Sat; (PX,) )% DS V(IR - Rif1%)1°]
i=1 JEN;
=— Z}NCZ»TSatZ- (PX;) ZK %% — Z Z X; V ||x
=1 i=1 jeN;

(3.18)
Assumption 3.3 and the definitions of 12)\(||§U||) in (3.13) and ¢;(x;) in (3.15) lead to

V= Z > % V(%) +Zx Sat; (PX;) (3.19)

i=1 jEN;(0) i=1

The upper-bounds Tji of time delays indicate that

=33 T 1% (011 = 3¢ = T0) 7] (3.20)
i=1 jEN;(0
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Because N;(t) = N;(0) Vi = 1,--- N at time ¢ = 0, and V() < V(0), V7 €
[0,t], implies that N;(t) = N;(0) and [|x;(¢)|| < €/3, V¢t > 0 and Vi = 1,---, N,
by Lemma 3.2, set invariance [175] can again be leveraged to prove connectivity
maintenance by induction on time [98]. Let V(7) < V(0) and thus N; = N;(0),
V7 € [0,t), in (3.18). It then suffices to prove V(t) < V(0) as follows.

The definition of N implies that |xz]|T < 7, and thus, that %551 <7 and [|X] <
7. Then, adding (3.18)-(3.20) and using X, V,@/J(HX”H) V ¢(||§ 1) < UHXZH“X]
Xjdll, V7 € N;(0), yield

| /\

§j§j[wimm>' PRSI + BTl ()] }:KWW
=1 jEN(0
23

N
Z (BIill11%; = Rjall + T l1%:l17) = > Kl x>
JENL(O0 i=1

(3.21)
Applying the Cauchy-Schwarz inequality as in (3.11) leads to
[ 15@l%0) - a0 < 2] [k [ 1%010)
Then, the time integration of (3.21) from 0 to ¢ gives that
al T
vin<y 3 [52 [ (k@ + @)+ T, [ 1))
THIENO (3.22)

ZK/WzMW—@—Z&A@@W&

Because K; are positive, Equation (3.22) guarantees that V(¢) < V(0) and, by
Lemma 3.2, that all initial communication links are preserved.

Synchronization can be concluded by noting that (3.22) also yields that X; €
£2 N L, which implies that f(z — 0. After obtaining the time derivative of ﬁz

(3 12), Barbalat’s lemma yields X; — 0. The bounded second derivative of X; leads
to X; — 0 and further to XZ — %X; — 0 and X;; — 0. The derivative of (3.1) gives
X; — 0 and thus Sat; [P;(X; — x;)] — 0. Together, all the above inferences lead to
x; — 0 and X;; — 0, i.e., to x; — X;. [ |

The first stepping-stone in the proposed indirect coupling framework is to connect
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all robots only to their proxies through saturated P+d control. The regulation control
of a single robot in [177] provides the impetus for employing saturated P+d terms for
robot control, by showing that the control exploits actuator capabilities better than
other saturating controllers, potentially speeding up the convergence. These virtual
proxies decouple the actuator saturation and time-varying delays in the robot-proxy
and inter-proxy couplings, respectively, thereby permitting the control design to tackle
them separately. The second stepping-stone of the framework is to convert the impact
of limited actuation on connectivity maintenance to a constraint on the time-delay
inter-proxy couplings. A single Lyapunov candidate V' in (3.16) can then verify all

constraints after synchronizing the upper bounds of their potential functions.

3.1.3 Discussion

This chapter focuses on connectivity-preserving synchronization of time-delay EL

robot networks without and with bounded actuation.

1. Given unbounded actuation (Section 3.1.1), a gradient-based control couples
every two initially adjacent robots symmetrically. In particular, —Vo([|x%|)
in the control f; designed in (3.3) connects the robot ¢ to the robot j. Corre-
spondingly, —V;4(|[xJ]|) in the control f; connects the robot j to the robot i

because i € Nj iff j € N; for undirected communications.

2. Given bounded actuation (Section 3.1.2), a saturated Proportional control in-
terconnects each robot with its proxy while a gradient-based control couples
the proxies of two initially adjacent robots symmetrically. In particular, the
saturated Proportional control —P;X; in (3.14) and Sat;(P;X;) in (3.12) inter-
connect the robot ¢ with its proxy. Further, the gradient terms —VﬂZ(HiZH)
and —VJQZ(HQ%H) mutually couple the proxies of the initially adjacent robots i
and j according to (3.12). In this context, the adjacent robots are intercon-

nected indirectly through their proxies.

3.2 Experiments

This section compares the controllers, proposed in (3.3) for time-delay robot networks

with full actuation, and in (3.12) plus (3.14) for time-delay robot networks with



65

limited actuation, to conventional P+d control [174] through experiments® with N =
3 Geomagic Touch haptic robots shown in Figure 3.1. Each robot can drive its end-
effector with 3 actuated joints: An inner-loop controller for gravity compensation in

joint space; and an outer-loop controller for synchronization in task space.

End-Effector Positions of All Robots

Figure 3.1: The experimental setup for connectivity-preserving synchronization of
time-delay robot networks.

The experimental robots are initially at rest at x;(0) = (=150, =100, —100)T mm,
x5(0) = (=150, 150,120)T mm, x3(0) = (—200,0, —50)T mm. Their communication
radius is 7 = 250 mm. Hence, the robots 1 and 3, and the robots 2 and 3 are initially
adjacent, i.e., £(0) = {(1,3),(2,3)}, see the dark grey lines in Figure 3.1. The time-

varying communication delays T;;(t) are up to Ty; = 5 ms.

P+d Control [174]

Let the parameters giving the synchronizing Proportional gains be p; = 1, w3 =
ws1 = 200 and we3 = wse = 0.5. If the communication distances of robots are unlim-
ited, conventional P+4d control with the damping gains d; = 8, dy = 5 and d3 = 3
stably synchronizes the robot network. However, it cannot synchronize the three
robots with the given communication radius » = 250 mm. Because the robot 3 has
a much stiffer coupling to the robot 1 than to the robot 2, it moves away from the
robot 2 so quickly that the distance between them increases to about 300 mm before
the robot 2 can track it, see Figure 3.2. The controller cannot maintain the initial

communication link (2,3). As a result, the network loses connectivity. The robot 2

https://youtu.be/P5sY_810ihw
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becomes isolated and the controller cannot synchronize it with the other two robots,
as seen in Figure 3.2(b). This experiment verifies that the connectivity of robot net-
works whose robots have limited communication distances must be guaranteed during

synchronization.

—[x1sl7 —[xas|r

= <[xs1lr - “[xs|r 200

—Robot 1
—Robot 2|

°
300 120
2 = 40 Robot 3
% 200 £ 0
2 120
100 200 | * %’"
200
140 -120
80 -140
0 20 © - -160
0 0.5 1 L5 2 , . p 180
Time [s] Y [mm -0 200 X [mm]
(a) The inter-robot distances. (b) The end-effector paths.

Figure 3.2: The experimental inter-robot distances and end-effector paths of three
robots under conventional P+d synchronization control.

The Proposed Control (3.3)

After setting Q = 0.0047 as required in Lemma 3.1, P = 0.2 is tuned heuristi-
cally to couple all initially adjacent robots. In the presence of friction in joints and
inaccurate velocity measurements, the local damping gains which practically stabi-
lize robots are selected by K; = Ky = 3 and K3 = 6. Figure 3.3(a) verifies that
the proposed gradient plus damping control (3.3) restricts the distances between the
robots 1 and 3, and between the robots 2 and 3, below r. Hence, it preserves all initial
links, (1,3) and (2,3), during synchronization. Its gradient terms V;i(|[x{]|) make
the inter-robot couplings more compliant when the inter-robot distances decrease.
The parameters P and () can reduce overshoots by weakening initially stiff couplings.
However, they make the inter-robot couplings over-compliant when the inter-robot
distances become small. The compliant inter-robot couplings demand relatively large
position errors to balance gravity compensation errors and intrinsic friction in robot
joints. Therefore, the three robots can only be driven close to each other in Fig-

ure 3.3(b), with steady-state position errors smaller than 30 mm.

The Proposed Control (3.12)-(3.14)
The control force in each direction k = z,y, 2z is bounded by Tf = 0.5 N for all
robots. Each robot ¢ = 1,2,3 is tightly connected to its proxy by P, = 500 and
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(a) The inter-robot distances. (b) The end-effector paths.

Figure 3.3: The experimental inter-robot distances and end-effector paths of three
robots under the proposed gradient plus damping control (3.3).

K; = 5. Given 7 = 240 mm, the selection of @ = 0.0013 guarantees the conditions
in Lemma 3.2. Then, P = 0.2 and IAQ = 24 practically stabilize the system. All
actuators of robots saturate for a certain time during the first 10 s of the synchro-
nization. The actuator force time histories are presented in Figure 3.4. Although
the saturation of actuators makes the inter-robot distances fluctuate during the first
10 s, the indirect coupling strategy maintains the distances between the robots 1
and 3 (the red solid line and the green dashed line in Figure 3.5(a)), and between the
robots 2 and 3 (the blue solid line and the pink dashed line in Figure 3.5(a)), strictly
smaller than their communication distance r and thus, preserves the connectivity
of the network. Compared to Figure 3.3(b), it synchronizes all robot end-effectors
better, with steady-state errors reduced to about 20 mm in Figure 3.5(b). The pa-
rameters P and @ can be selected to stiffen the inter-proxy couplings even for small
inter-proxy distances, and the virtual damping with l?z can be injected to address

the delay-induced instability regardless of inaccurate robot velocity measurements.

)C/\‘/\/\/\/\/\ ~—— g o M \\/[WW e

AAR AR

(a) £ = (F7, f2, 17) (b) 2= (f3, 12, f5)". () £ = (2, 12, 15)".

Figure 3.4: The control forces f; = ( z oy ff)T of all robots 7 =1, 2, 3.

1 J
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Figure 3.5: The experimental inter-robot distances and end-effector paths of three
robots under the proposed indirect coupling strategy (3.12)-(3.14).

3.3 Conclusions

This chapter has investigated the impact of time-varying delays and actuator satura-
tion on connectivity-preserving synchronization of EL robot networks. For time-delay
robot networks with unbounded actuation, this chapter has proposed a gradient plus
damping control that modulates the inter-robot connections dynamically and injects
damping locally to preserve connectivity during synchronization. For time-delay robot
networks with bounded actuation, this chapter has developed an indirect coupling
strategy that decomposes the inter-robot couplings into the robot-proxy and inter-
proxy couplings, and overcomes actuator saturation in the former and time-varying
delays in the latter. The experiments with three Geomagic Touch haptic robots have

validated the proposed designs.
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Chapter 4

Passive Multi-User Teleoperation
of a Multi-Robot System With
Connectivity-Preserving

Containment

This chapter enables multi-user teleoperation of a remote multi-robot system through
a control strategy that: robustly synchronizes a multi-robot system with a tree topol-
ogy and proximity-limited 1-hop intra-network communications; permits multiple
users to tele-guide the multi-robot system and to feel actions of other users over
time-delay communication channels between the users’ local robots and the remote
multi-robot system; and enforces steady-state containment by driving the multi-robot
system to the convex hull spanned by all local robots held stationary by users. A
control design, proactively addressing practical requirements on the connectivity of
the multi-robot system and on the passivity of the multi-local robot-remote multi-
robot system teleoperator, ensures effective coordination and safe teleoperation. A
suitable decomposition of the teleoperator into interconnected subsystems facilitates
a dynamic feedforward-feedback passivation strategy that guarantees stable teleop-
eration and steady-state containment. The analysis of storage functions, and thus
input-output relations, of all subsystems and their interconnections proves fruitful
properties of the design. Two comparative experiments in a teleoperation testbed

with 4 local and 10 remote robots validate its practical efficacy.
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4.1 Dynamic Feedforward-Feedback Passivation

An innovative decomposition of the overall teleoperator dynamics permits to inte-
grate the connectivity of the remote robot network and the passivity of the closed-
loop teleoperation system into a unified paradigm. This section introduces the new
decomposition in steps, starting with a control design for delay-free teleoperation. It
then augments the design to incorporate time-delay communications between local
robots and the remote multi-robot system. The analyses of steady-state teleoperation
and of containment control end this section.

Let a bilateral teleoperator have NN, local robots and a remote multi-robot system
with NV, remote robots, N, > N; > 1. The communication network of the multi-robot
system is encoded by G(t) = {V,E(t)}, in which V = {1,--- , N, } collects indices of all
remote robots. Further, let the local robot ¢ be connected to the remote robot ¢ across
the Internet. Then, the first N; remote robots are leaders and the remaining N, — NN,
remote robots are followers. With local gravity compensation, the EL dynamics of

the local robots are

My (%)% + Cri(xai, X1i) %0 = £ + £ (4.1)

fori=1,---  N;, and the EL dynamics of the remote robots are
M, (%r5)Xpi + Cri(Xpi, Xpi) X = £ (4.2)
fori =1,---, N,, where f, with the subscript * € {li,ri} are the control inputs of

corresponding robots; and fj,; is the force applied by the human user 7 on their local
roboti=1,---, N,.

Let the communication range of all remote robots be » > 0. Then, the remote
robots ¢ and j can exchange information at time ¢ > 0 if they are within the dis-
tance ||x,;;(t)]] < r of each other, where x,;;(t) = x,;(t) — x,;(t). Notably, every
two initially non-adjacent remote robots (i,7) ¢ £(0) are not allowed to interact at
a later time ¢ > 0 even if ||x,;;(¢)|| < r. This condition streamlines the presentation,
although is not required by the proposed design. Instead, the design relies on the

following assumptions.

Assumption 4.1. The human users are passive, i.e., fot x; (7)) (T)dT < +00 for
t1=1,--- ,Nyandt > 0.
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Assumption 4.2. The user forces are bounded by |£,:(t)| < f1: component-wisely,
and have finite time derivatives Hf’w(t)H < 4o00,Vi=1,---,N.

Assumption 4.3. The remote multi-robot system is initially at rest, i.e., X,;(0) = 0,
Vi=1,---,N,.

Assumption 4.4. The initial communication network G(0) of the remote multi-robot
system is a tree, and ||x,;;(0)|| < r — € with e > 0 for all (i,j) € £(0).

Assumption 4.5. The time-varying communication delays T.(t) between the local
robots and the remote multi-robot system are bounded and have finite time derivatives,
ie., 0 < T, (t) < T, < +oo and |T*(t)‘ < 400 for x = li,ri with¥i=1,--- N, and
vt > 0.

Because the proposed design preserves all initial communication links, the commu-
nication network of the remote multi-robot system is invariant, G(t) = G(0), Vt > 0.
Hence, the remainder of this chapter indicates the degree, adjacency, incidence and
edge Laplacian matrices of the remote multi-robot network G(¢) by D, A, B and L.,

respectively, without time arguments.

4.1.1 Teleoperation With No Delay

This section develops a passivity-based control that ensures the connectivity of the
remote multi-robot system and the passivity of the teleoperator in this order of pri-
ority. Two lemmas summarize conditions for selecting and updating various control

gains.

4.1.1.1 Controller Design

For every remote robot ¢ = 1,--- | N,, define a sliding variable s; by

Xri+o_0ri+ eria izla"'>N7
. ™ : (4.3)
XTi+O-0Ti7 i:Nl+17"'7NT7

where o and 7 are positive constants, 6;.; connects the leader remote robot ¢ to its
associated local robot i by 6,,; = Fj; - tanh [Kl”(xri — xli)} with F;, = diag {fm‘},
K;; > 0, and 0,; couples the remote robot ¢ to its neighbours j € N; by 0,; =
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v Vib(]|x,44]|) with the partial derivative of ¥ (||x,;:||) with respect to x,;,
JEN; J J

2P(r* + Q)
(r2 = %5511 + Q)*

Vi ([|%-i5]]) = (Xri — Xrj),

P >0 and @ > 0, where the potential function 1 (||x,;|), similar to (3.2), is given by

P[]
72 — [|xp45 | + Q

Ul ll) =

Note that ¢(||x,]|) is strictly increasing and bounded by 0 < ¢(||x4;]|) < Ymax =
Pr?/Q for ||x,.| <.
Let L(x,) = [lij(xr)] be an N, x N, weighted Laplacian matrix of the tree network

of the remote robots, where the (i, j)-th element /;;(x,) is given by

2P T‘2+ . . .
~eglrgr 47 iamdjEN

lij(x:) = 40, j#iand j ¢ N,
- Zk;ﬁi lik(Xr)7 ] = 1.

The notation L(x,) of the weighted Laplacian matrix indicates its dependency on the

remote robot positions x, = (x[,--- ,XTTNT)T because l;;(x,) = l;i(x,) depends on
the distance ||x,;;|| between a pair of adjacent remote robots (i,5) € €. Let 1;(x,) be
the i-th column of L(x,). It follows then that 8,; = [liT(xT) ® In} x, fori=1,--- N,.

The sliding variables s; in (4.3) for all remote robots can be reorganized into
I, : x,=—0[L(x,) ® L]x, +s—nu,, (4.4)

where LT (x,) = L(x,), and s — nu, is the input to the dynamical system II; in Fig-
ure 4.1(a), with s = (SIT, e ,s}rl)T and u;, = (BlTTl, cee OlT"Nz’ OT)T. They also convert

the remote robot dynamics (4.2) into
Mm’(xri)si + Cri(xriy Xri)si = UAM’Z' + nAlri + f’ria (45)

where the mismatched dynamics resulting from the inter-remote robot and local
robot-remote robot couplings are A,,; = MM(XM)QM + C,i(xi, %4)0,; and Ay =
Mm(xri)ém + Cri(xpi,%,4)0y; if i = 1,- -+ | N;, and Ay; = 0 otherwise, respectively.
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Let the controllers of the remote robots ¢ =1,--- , N, be
fm' = —Km(t>SZ — DM‘XT,” (46)

where the gains D,; > 0 and K,;(t) are scalars to be determined. After stacking the

mismatched dynamics A,,; and Ay,; of all remote robots into
AT = (O’Al—“ + 77A111—~17 o 70—A1TTNT + UA;NT)Tv (47)

and combining their inertia and Christoffel matrices into M,.(x,) = Diag{M,;(x,;)}
and C,(x,,%,) = Diag{C,;(x,;,%X,;)}, the remote robot dynamics (4.5) under the

control (4.6) become
Iy M, (x,)$ + C.(x,,%,)s = A, — K, (t)s — D, %, (4.8)

with K, (t) = Diag{ K,;(t)L,} and D, = Diag{D,;I,,}. The dynamical system II, has
the state s, the dynamic feedback —K,(¢)s, the input —D, %, and is perturbed by
A, see Figure 4.1(b).

(a) The input-output diagram of II;. (b) The input-output diagram of II5.

Figure 4.1: The input-output diagrams of the systems II; in (4.4) and Il in (4.8).

Therefore, the sliding variables s; in (4.3) restructure the remote multi-robot sys-
tem (4.2) under the control of (4.6) into a negative feedback interconnection II3 of II;
in (4.4) and Il in (4.8): the output s of II5 is the input to II;, and the output %, of II;
is negatively fed back to Il,. As shown in Figure 4.2(a), the feedback interconnected
system I3 has two inputs: (i) —u,., from the couplings between the local robots and
the remote multi-robot system; and (ii) A, the uncertainty in the reshaped dynamics
of the remote multi-robot system.

The force feedback to every user ¢ = 1,---, N; is obtained by connecting their
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local robot 7 to their associated leader remote robot 7 via
fii = 01s — Dyixy; (4.9)

with Dy; > 0. With M;(x;) = Diag{M;(x;;)} and C,(x;,%;) = Diag{C(xy, %)}, all
local robots (4.1) under the control of (4.9) form

H4 : Ml(Xl)}"{l + Cl<Xl7 5(05([ = fh + ]Iuh. - lela (410)

where x; = (x},- - ,xEVl)T and f, = (£, ,f,;er)T group the positions and user
forces of all local robots, and I = [INZ ONzx(N7-—Nz)] ® I, and D; = Diag{D;1L,}. As
seen in Figure 4.2(b), the dynamical system II; has: two inputs, f;, from all users and
;- from all couplings between the local robots and the remote multi-robot system;

and one output, x;.

(a) The input-output diagram of II5. (b) The input-output diagram of 1.

Figure 4.2: The input-output diagrams: (a) of the remote multi-robot system I3 (the
feedback interconnection of II; and Ily); and (b) of the local robots Il,.

4.1.1.2 Connectivity Maintenance

This section shows that, with no prerequisite for the closed-loop passivity, the con-
nectivity of the remote multi-robot system can be preserved by selecting appropriate
gains for the designed system II3. Maintaining the tree network G(t) of the remote
robots is equivalent to rendering the edge set £(t) invariant. Therefore, the proof
shows how to choose gains to shape the energy production of II3 to guarantee that
all remote robots that are initially adjacent remain adjacent throughout time, i.e.,
%45 (t)]| <7, V(i,7) € £(0) and Vt > 0.

Because II3 is a negative feedback interconnection of I1; and Il,, see Figure 4.2(a),
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its energy production depends on the energy productions of II; and II,. Define the
storage function of the system II; by

Z > w(lxi5)- (4.11)

i=1 jEN;

After stacking all 6,;,i =1,--- , N, into 6, by 8, = (07, --- , 0] )T = [L(x,) ®L,]x,,
the time derivative of V; along the dynamics (4.4) of 11, is

v —O’Z Z % Va( |1%i5]]) = GZXT 0, =o0x'0, = ox [L(xr) ® In} X,
i=1 jeN; (412>

T . .T . .T.
=X, (s — Ny, —X,,) =X,S —77X7~ u, — X, X,

which implies that the dynamical system II; is output strictly passive with the in-
put s — nu;,. and the output x,.
Further, let the storage function of Iy be the following anisotropic scaling of its

kinetic energy:

lon 1 .
i—1 CTi

After using Property 1.2, the time derivative of V5 along the dynamics (4.8) of I, is

‘/2 Z D UATM + nAlM - KTi (t)sl - D”X”} (4 14)

:STDT_IAT —s'x, —s'D'K,(t)s,

which implies that the dynamical system Il is output strictly passive with the in-
put A, — D,x, and the output s.
Then, the storage function of the system Il3 is defined by

Vs =Vi+ 154, (4.15)
which, by (4.12) and (4.14), varies according to

Va=s"D 1A, —nxlu, — %%, —s"D 'K, (t)s, (4.16)

r

where the zero sum of XIS in V; and —s'%, in Vg proves that the negative feedback
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interconnection of I1; and Il (see Figure 4.2(a)) is power-preserving. Equation (4.16)
implies that Il3 is output strictly passive with the input ( —u, AI)T and the out-

put (%, sT)T.

Proposition 4.1. Under Assumption 4.4 and given any A > 0, choose Q and P by
(12— (N, = 1)(r—e)!]Q+[r*—(r—¢)!]r? > 0 and [r* — (r —¢)>+ Q] Pr* — (N, — 1)(r —
€)2PQ > [r? — (r —€)* + Q|QA. It ensures then that V1(0) + A < 0 Pr?/Q = 0¥max-

Proof. Assumption 4.4 and the definition of ¢ (]|x,;;||) imply that V1(0) < o P(N, —
D(r —¢)?/[r* — (r — €)*> + QJ, where N, — 1 is the number of links in G(0). Let
w=cP/([r* — (r—e)?*+ Q] Q) > 0. It follows then that oty — V1(0) > o Pr?/Q —
oP(N,—1)(r—e)?/[r*—(r—e)?’+Q| =w[r*(r* — (r—e)?+ Q) — (N, —1)(r—¢)?Q] =
w([r* = (N, = 1)(r — €4 Q+[r? — (r — €)*] %) > 0 can be ensured by selecting @ > 0
as required. Afterthat, choosing P > 0 as required can make V;(0) + A < 0¥yax. B

Proposition 4.2. Under Assumption 4.4 and given any A > 0, select Q and P as
required in Proposition 4.1. At any time t > 0, if Vi(1) < V1(0)+ A, V7 € [0,t], then
|%:; ()| <1 for every (i,7) € £(0).

Proof. By Proposition 4.1, Vi(7) < V1(0) + A implies that Vi(7) < 0¢max, V7 € [0, t].
Assumption 4.4 and the property of 1 (||x,;;||) further lead to 0 < 9 (||x;;(0)[]) < ¥max,
V(i,7) € £(0). Suppose that, at time ¢, the link (¢, j) has among all links in £(0) the
maximal length [x;;(t)]| = r. Then, $(Jx;(B)]]) = tmas and 0 < G(lxin(®)]) <
max for any other (I,m) € £(0) because ||x;,(t)|| < r and 9(-) is continuous,
positive definite and strictly increasing on [0,7]. Hence, Vi(t) = oto(||x;;(t)|]) +
0> wmezo VXim @) = 0Ymax, where £(0) = £(0) — {(i,5)}, which contradicts
Vi(1) < Vi(0) + A < 09Ymax. Thus, ||x;;(t)|| < r for every (i,7) € £(0) |

For connectivity maintenance, V3 should also be upper-bounded by o).« (by the
above two propositions). As shown in the following, V3 can be limited appropriately
by controlling the excess of output passivity of Il3.

Let X, = [BT ® I,] x, and define a diagonal matrix W (x,) whose diagonal collects
the weights [;;(x,) of N, —1 edges (7,7) € £ in the tree network of the remote robots.
Thereafter, the edge Laplacian L, serves to bound V; by

ok,
V; <
=g

x, [LT(x,)L(x,) ® L] x,, (4.17)
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where k, = (r*+@Q)/P, refer to Appendix B for detailed derivations of (4.17). The dy-
namics in (4.4) and further algebraic manipulations yield o?xT[LT(x,)L(x,) ®L,]x, =
(s —nug — %) T (s —quy, — %) < 4% %, +4s"s + 2n?u] w;,., and V3 can thus be linked

to the output passivity indices of II3 by

kr ot 1
Vs < S (2% %, + 2s"s + p’uju,) + §STD;1ATS, (4.18)
where A, = Diag{\;L,} with A\.;I, = M,;(x,;) for every remote robot i = 1,--- | N,.

Similarly, the power supplied to II3 via the port ( — ., )'(T) can be measured by
—4nxw, < X%, + 4n°u) wg,. (4.19)

The power injected into II3 by the mismatched dynamics A, resulting from the state

transformation (4.5) is upper-bounded in Appendix C by

sTD;'A, <15, D7 )T+ 0(3D + 2A) @ 1] %2 + s "D, 'TS(t)s + n°F, ID; ' T'E,,
(4.20)
where T§(t) = nI'T¢ (¢)14 oT,,.(t), with T'¢ (¢) a function of the position and velocity
differences between the leader remote robots and their associated local robots, and
I',-(t) a function of the displacements between the remote robots. Note that the i-th
main diagonal blocks of both I'f.(¢) and I',..(t) require solely 1-hop exchanges of the
remote robots’ states for all ¢ =1,--- , N,.
Following Appendix D, Equations (4.16)-(4.20) together bound the power produc-
tion of I3 by
ALy LT Do - sTDK,(1)s,
4k, 2
(4.21)
after using uu;, < fZHTfh, where D, = D, — 2nI'I — 20(3D + 2A) ® I, and
K. (t) = K, (t)— (o AL A, + 2k, D,) /(8k,)—T%(t). The bound on Vj in (4.21) indicates

that the maximum rate of energy injection into II3 is determined by f),, while the

. 772_1- —
‘/53 S gfh]:[ (91Nrn _'_ SD;l) ]ITfh —

excess/shortage of output passivity of II3 depends on Vi, %X, and s. The following
lemma defines the level of passivity of II3 that guarantees the connectivity of the

remote multi-robot system.

Lemma 4.1. For the remote multi-robot system (4.2) under the control of (4.6),
select D,; and update K,;(t) to guarantee that D 'D. 1y, > 0 and K..(t) = 0 and
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such that
k.n?

Fo1(9Tn, + 8D, )ITF) < 0. (4.22)
20>\L

Va(0) +

Then, the tree network of the remote robots remains invariant, E(t) = £(0), vt > 0.

Proof. The conditions that D 'D,.1y,,, > 0 and K..(t) = 0 lead to

by _
o ng_i_T]_fZ

2
Ve < —
P 4k, 8

I(9Ly,, + 8D, " )I"f,.

Then, applying Gronwall’s inequality to it yields
2 oA Lt
4k,

k.m
< <
W) < V() <5

?Zﬂ(glm + 8D, )I'f), + V3(0) - exp (— ) < 0Vmax,

and the tree network of the remote robots is positively invariant by Proposition 4.2.
[

The above proof of connectivity maintenance is by induction on time. Together
with V5 > 0, Proposition 4.2 gives a sufficient condition for preserving the tree net-
work: V3(t) < 09max for every t > 0. Given that V3(0) < 0t¢max by (4.22), it suffices
to prove that V3(t) < o¥max if V3(7) < 0¢max for all 7 € [0,¢). The assumption that
V3(7T) < 0¢max for all 7 € [0,%), namely, that the edge set £ is invariant during the
time interval [0, 1), precludes two logical paradoxes in the proof of V5(t) < 0t¢max: (i)
that the controller (4.6) of every remote robot i can employ the information of all its
initial neighbours j € A; in the tree network; and (ii) that ||x,;;|| < r for every pair
of initially adjacent remote robots (i,7) € £(0).

All conditions in Lemma 4.1 are feasible by Assumptions 4.3 and 4.4, refer to Ap-
pendix E. The assumed tree communication network of the teleoperated multi-robot
system leads to (4.17) through L, > Ay Iy, . It then contributes to bounding V}; by V3
in (4.21), and thus to connectivity maintenance in Lemma 4.1. Because a spanning
tree is fundamental for every connected network, the proposed control paves the way
for global connectivity maintenance with switching spanning trees.

The design of the system Il3 is motivated by the equivalence between maintaining
the tree network connectivity of the remote multi-robot system and rendering the
associated edge set £(t) invariant. The potentials ¢ (||x,;||) of all initial inter-remote
robot links (4,7) € £(0) convert the problem of rendering £(¢) invariant into the
problem of upper bounding the energy V3 by 0¢,.x. Then, the condition (4.22) implies
that the connectivity of the remote multi-robot system (indexed by V3) depends
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both on the initial energy V3(0) of II3 and on the energy injected into Il by the
local robot-remote robot interconnections —uy, (with the bounds f,,). By (4.15), the
dependence on V5(0) of (4.22) constrains the initial velocities x,,;(0) of, and the initial
distances ||x,;;(0)|| between, the remote robots. The impact of the local robot-remote
robot couplings can be tuned by n*/o in (E.2). In the light of (4.4), increasing o
strengthens inter-remote robot connections, and reducing n attenuates the perturbing
effect of —u;,. Together, the ratio n?/o regulates @ and, with it, the energy injected
into I3 by the local robot-remote robot couplings as per (E.2).

The uncertainty A, in the dynamics (4.8) of all remote robots, which changes with
the their states, is an input to the system II3, whose power injection is upper-bounded
by (4.20). Because I'{.(¢) and I',,(t) are time-varying, the condition K..(t) = 0
imposes that K, (¢) be updated dynamically. Nevertheless, the update of K,(t) is
distributed in the sense of implementation because all remote robot controls rely
exclusively on 1-hop communications. By the definitions of I',,(¢) and I'}.(¢) in Ap-
pendix B, each follower ¢ needs only the positions of its neighbours j € N; in the tree
network, and each leader needs the positions of its neighbouring remote robots and
the position and velocity of its associated local robot.

In summary, the storage function V3 can be upper-bounded so as to guarantee
the tree network connectivity of the remote multi-robot system. Because —uy,. is an
exogenous input to the system II3, the power which it injects into II3 needs to be
measured and compensated by an excess of output passivity of II;. A particular chal-
lenge is that —u;,. depends on the distances between the leader remote robots and
their associated local robots. Dynamically updated damping could dissipate the en-
ergy injected into I13 via the port (—uy,., X,.), but the power-preserving interconnection
of I} and I, (see in Figure 4.2(a)) prohibits such an update. Therefore, the proposed
controller saturates the local robot-remote robot couplings 6;,; to f,; in (4.3). This
coupling saturation limits the power injected into Il through the port (—u,.,%,) as
in (4.19) and further in (4.21), and permits to upper bound the energy V3 of Il to
guarantee the connectivity of the remote multi-robot system with constant damping

injection as in Lemma 4.1.

4.1.1.3 Closed-Loop Passivity

This section develops a dynamic feedback passivation strategy for multi-user teleop-

eration of a remote multi-robot system with connectivity maintained as above. The
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energy behaviours of the local robots and local robot-remote robot couplings guide the
proposed modulation of inter-remote robot couplings and of local damping injection
at the remote robots.

Let the storage II4 in (4.10) of the local robots be quantified by the following

weighted sum of kinetic energies:

Vi= gXZTMl(Xl)Xl- (4.23)

The time derivative of V} along the local robot dynamics (4.10),
Vi = nx] £, + n%/ Tuy, — nk] D, (4.24)

shows that Il is output strictly passive with respect to the input fj, + Iu;,. and the
output x;, see Figure 4.2(b).

The controllers (4.9) and (4.6) interconnect the local and remote robots via the
inputs —nuy, to I1; in (4.4) and Iuy, to Il in (4.10). Modelling them as a two-port
coupling network IT5 with the power ports (X,,u;.) and (ITx;, —uy,), see Figure 4.3,

the energy of Il5 can be quantified by

Xiri o
Vs=n)_ / tanh (K;,:6)" Fydd, (4.25)
0

i=1

which is a positive definite function of (x,,--- ,x/. Nl)T as tanh(-) is strictly increas-
ing and odd. The derivative of V5,

N, N

V5 =n Z tanh [Klri<xli - Xm')} TFhi (5411' - Xm') =7 Z 9le- (Xm' - 5(11')
P im1 (4.26)

:77(0?7—117 R el-l;va OT)XT - 77(91Tr17 T el-lq—"Nﬂ OT)]ITXZ = UuzTrXr - Uu;HTXZ

shows that the two-port network Il5 is passive (lossless) with respect to the in-
puts (%, )'(?—]I)T and the outputs (u]. — u;)T.

Then, the two-port network obtained by interconnecting Il3, 14 and II5 in Fig-
ure 4.3 models the multi-local robot-remote multi-robot system teleoperator. Its
power port (fh, 5(1) is for the physical interaction, and hence for the energy exchange,
with human users. Given Assumption 4.1, multi-user teleoperation of the remote

multi-robot system will be rendered stable by making the teleoperator passive with
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Figure 4.3: A schematic representation of the internal power interconnections of the
closed-loop bilateral teleoperator with multiple local and remote robots.

respect to (fh,)'cl). To this end, the energy potentially injected by A, will be dissi-
pated by feedback passivation.

Let the storage function of the teleoperator be
V=W+W)+Vi+Vs=V3+Vi+ V5 (4.27)

where V;-s are the storage functions of the networks I;, i = 1, --- | 5. By adding (4.16),
(4.24) and (4.26), its time derivative becomes

V =nx/f, +s"D A, — 9%/ DX, — x %, — s DK, (t)s, (4.28)

where —nx I u;, +nx; T, +nu x, —nu] I7x; = 0 confirms that the interconnection of
IT; and II4 through II5 is power-preserving. Further, V demonstrates that the overall
teleoperator is output strictly passive with the inputs f;, and A, and the outputs x;,
x, and s, with the output passivity index determined by the control gains D;, D, and
K. (%).

However, the energy injected by the uncertainty A, may be unbounded. Because
A, in (4.7) is a function of the states of the teleoeprator, the possible lack of passivity
induced by A, can be approximated by (see Appendix F)

s'D'A, <nx/D,%; + 15 D 'Rx2 4+ s"D; T (¢)s, (4.29)

where D, = ID,'I", R = 2nI"I+ 0 (3D 4+ 2A) ®1,, and I} (¢) = nI'T) (1)1 + oL, (¢)
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a function of the states of the teleoperator that entails dynamic feedback passivation.
The inequality (4.29) suggests to rectify the potentially detrimental perturbation A,
through the surplus of output passivity. Using (4.29), the supply rate (4.28) can be
further bounded by

V <nx) £, — 5[ Dyix; — 1% ,D,,%2 — sTK,,,(1)s, (4.30)

where ﬁpl = n(D;—D,) and ﬁm = D, '(D, — R) are constant, and IA{pT(t) =
D, ! K, (t) — I'/(t)] is state-dependent. Therefore, the dynamic feedback can make

the teleoperator passive. The following lemma explicitly formulates the selection and

update of control gains.

Lemma 4.2. Consider the teleoperator with multiple local (4.1) and remote (4.2)
robots under the control of (4.9) and (4.6). Let Dy and D,; be set and K,.;(t) be
updated to obey all conditions in Lemma 4.1 and to make f)pl =0, f)prlN n >0 and
IA{pT( t) = 0. Then, the teleoperator is passive with respect to the power port (fh,xl)
Further, if Dpl = 0, DprlNTn > 0 and Km() = 0, then X;, X, and s are square

integrable.

Proof. The conditions in Lemma 4.1 guarantee the tree connectivity of the remote
robot network. Then, if IA)pl = 0, [A)prlNTn > 0 and IA(pr(t) = 0, the passivity
of the teleoperator can be directly concluded from (4.30). Further, if f)pl >~ 0,
ﬁprlNTn > 0 and I/ipr( t) = 0, then there exists k& > 0 such that V < n%/f;, —
k(%% + %%, +s's). The time integration of V then leads to k [ ||%;(7)|%dr +
k Jo 1% (7)|[2dr + K [y [s(r)|2dr < V(0) — V(t) + 5 [, %] (T)E,(7)dr, and, together
with V' (t) > 0 and Assumption 4.1, proves that X;, X, and s are square integrable. W

The multi-local robot-remote multi-robot system teleoperator is a networked robotic
system in physical interaction with its multiple human operators via the power-
preserving ports (fhi,xli). Since power-preserving interconnections of passive com-
ponents yield passive systems, this chapter assumes passive human operators and
passivates the teleoperator to guarantee stable multi-user teleoperation of a remote
multi-robot system with tree connectivity.

To the teleoperator, the user forces fj,; are inputs that are transmitted to the
remote multi-robot system through couplings of the leader remote robots to the local
robots. In return, the teleoperator feeds haptic cues back to human users through

couplings of the local robots to the leader remote robots. Those haptic cues may
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convey unwanted fluctuations of the remote multi-robot system. More importantly,
improper inter-remote robot couplings may amplify unfavourable motion deviations
at the local robots and jeopardize the safety of the system [180].

To eliminate the reflection-induced instability, this section renders the teleoperator
passive. It designs a feedback passivation strategy that modulates the couplings
and damping injection throughout the teleoperator based on inter-robot distances
and velocities. Intuitively, the remote multi-robot system collectively behaves like a
deformable multinodal object interacting with multiple local robots: the local robots
are linked to their associated leader remote robots by the saturated Proportional (;,;)
plus damping (—Dy;%;;) control (4.9), while the remote multi-robot system adaptively
tracks the local robots using the dynamic controllers (4.6). Typically, nK,;(t) # 1 and
the local robot-remote robot couplings are time-varying and asymmetric. Further, the
control inputs —o K,;(t)0,; in f.; to the remote multi-robot system imply that inter-
remote robot couplings are also dynamically adjusted based on the distances between
the remote robots. Nonetheless, the gain selection in Lemma 4.2 provably renders
the teleoperator passive with respect to its power port (fh, )'cl).

This chapter considers multi-user teleoperation of a multi-robot system in free
motion without the environment forces f,; in (4.2). Because the teleoperator ex-
changes energy only with users via the power ports (fz;,%;;), Assumption 4.1 and
Lemma 4.2 guarantee its closed-loop stability. The stable teleoperation of a multi-
robot system in interaction with its environment remains a challenge. Early research
preserves the local [50] and global [52] connectivity of the multi-robot system with
inter-robot couplings derived from unbounded potentials. Those couplings grow infi-
nite when inter-robot distances approach the communication radius. Therefore, un-
bounded potential-based designs can become numerically unstable and are sensitive
to noise in the practical implementation. Instead, this chapter embeds the gradient of
a bounded potential into the sliding surfaces s; and converts the multi-robot system
dynamics (4.2) into (4.5) to circumvent numerical instability, but cannot guaran-
tee passive interactions between the remote multi-robot system and environments.
Future research can investigate how to update coupling and damping gains of the re-
mote multi-robot system to render the teleoperator passive with respect to the power
ports (fe;, X,;).

It is not trivial to adapt the passive regulation of the interaction of a multi-robot
system with external entities in [47,48] to connectivity maintenance via bounded

potentials. Section 4.1.1.2 shows that inter-remote robot couplings preserve the con-
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nectivity of the remote robot network by limiting its energy to a certain threshold.
During physical interaction, a passive environment can inject an unknown amount
of energy into the remote multi-robot system, thwarting the quantification of an en-
ergy threshold for connectivity maintenance. A viable solution is: (i) to prescribe a
maximum energy to be stored in the remote multi-robot system; (ii) to monitor the
global power injection; and (iii) to adjust the energy dissipation of the multi-robot
system appropriately. To this end, the tank-based energy monitoring technique and
the dynamically scaled interconnection method in [47,48] can be employed to extend
our design to address physical interactions between the remote multi-robot system

and environments.

4.1.2 Teleoperation With Delays

A multi-local robot-remote multi-robot system teleoperator can have time-varying
delays in both the local robot-remote robot and inter-remote robot communications.
In a first step towards overcoming delay-induced challenges, this section extends the
feedback passivation strategy in Section 4.1.1 to cope with time delays in the local

robot-remote robot communications.

4.1.2.1 Control as Interconnection

In Section 4.1.1, the sliding variables s; designed in (4.3) split the remote multi-robot
system dynamics (4.2) into two dynamics II; and I, that are negatively feedback
interconnected. The resulting dynamics 1I3 are consistently perturbed by the uncer-
tainty A,, in which A, is injected by the local robot-remote robot couplings 6;,;.
To preserve the tree connectivity of the remote robots and ensure the passivity of
bilateral teleoperation, the control gains K, (t) of the leader remote robots are up-
dated as in Lemma 4.1 and Lemma 4.2, using the transmitted positions and velocities
of the local robots. The time-varying communication delays between the local and
leader remote robots may thwart the adaptation of K, (t). Hereafter, the harmful
effect of delays is overcome by insulating A, from the local side with appropriate
local robot-remote robot interconnections.

Endow every leader remote robot ¢ with an auxiliary variable &; that evolves with

€i - chi(xlid - Ez) + 007‘1’7 (431)
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where i =1,--- | N}, Kjei > 0, x50 = x35(t — T3;(t)) is the position of the local robot i
delayed by Tj;(t), and 0,; = F; - tanh [Km-(xri — &)] with K.; > 0. Further,

reconstruct the sliding variable s; of each leader remote robot 7 = 1,--- , N; by
S; = Xpi + 06 + 10, (4.32)
and rearrange the dynamics (4.2) of all remote robots into
M,i(%,4)8i + Cri(Xris Xpi)8i = 0D + 1A + £, (4.33)

where i = ]., ety NT, A,,-m‘ are giVGl’l in (45), and Ac’ri = Mri(xri)écri+cri (Xm‘, XM)OCM
fori =1,--- N, and A.,; = 0 otherwise. Then, as in Section 4.1.1.1, the remote
multi-robot system dynamics II; with the control (4.6) can be cast into a feedback

interconnection of

A~

I, : x, = —O’[L(Xr) ® In}xr +s—nug, (4.34)
and the transformed remote multi-robot system dynamics,

Oy: M,(x)8 4 Cr(x,,%,)s = A, — K, (t)s — D, %,, (4.35)

~

where u., = (GCTM, S OcTer» OT)T and A, = (crAIquLnA;l, . O'AITN +77ACTN )T,

see Figure 4.4(a).

_ucré E ol ; ﬁl X, : XT>
i +4 \ 2N
; b7
s s = “+ A
€« I, —
| = K, (@)
LI e
(a) The input-output diagram of ;. (b) The input-output diagram of M.

Figure 4.4: The input- output. dlagrams (a) of the remote multi-robot system I, (the
feedback interconnection of II; and II,); and (b) of the local robots Il,.

The force feedback is rendered to every operator ¢ by connecting their local robot
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to an associated leader remote robot 7 via
fii = Kici(&ia — 1) — Diiks, (4.36)

where &4 = &(t — T,;(t)) arrives at the local robot i at time t with a delay 7,(t).

Then, the local robot dynamics ﬁ4 become
ﬁ4 . Ml(xl)kl + Cl(Xl, XZ)XI = fh — Uy, (437)

where the input w,. = D;%x; — wjq with wy = K (€4 — %), Kie = Diag{chiIn}
and &; = (&],, - ,EI,ld)T. Unlike Figure 4.2(b), Figure 4.4(b) depicts the damping
injection —ID;x; as an input to the local robot dynamics II,. This treatment of
the injected damping is key to passivating the time-delay local robot-remote robot
interconnections hereafter.
Let & = ( I ,f}l)T and group the dynamics (4.31) of the auxiliary variables §;
into
£ = wg, + Iu,, (4.38)

where wq. = K. (xiq — €) with the time-delay positions xiq = (x/}4, - ,xlTNld)T of
the local robots. The teleoperator can then be modelled as in Figure 4.5, where the
shaded region groups the dynamics II. of the time-delay local robot-remote robot
interconnections. Note that ﬁc includes the damping injection —D;x; at the local
side and the auxiliary dynamics (4.40) at the remote multi-robot system side, to
facilitate the passivation of those interconnections in this section. Note also that ﬁ5
and ﬁ6 possess integrator-type dynamics: ﬁ5 is a nonlinear single integrator with the
inputs [x, (]ITS)] and the outputs [u.. — u.], as shown in Figure 4.6(a); in contrast,
ﬁ6 has the inputs [}'{l E} and the outputs [—u;.q — W] and includes, besides a linear
single integrator, the uncertain dynamics A;. = ( — &l x] — XL)T induced by
time-varying delays, see Figure 4.6(b).

Grouping ﬁg and ﬁ4 into a physical component and ﬁ5 and ﬁﬁ into a cyber
component permits to reorganize the teleoperator in Figure 4.5 as in Figure 4.7. The
physical component therein is a block diagonalization of the dynamics ﬁ4 and ﬁg
and has two input-output pairs: ([f, A,],[%; s]) and (—[w. u.], [%; %,]). The first
pair of the inputs [fh BT] and the outputs [Xl s] comprises: the power port (fh,)'cl)
reserved for the physical interaction, and hence for the exchange of energy, with

users; and the power port (AT, s) to be damped by internal feedback passivation for
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Figure 4.5: The input-output dynamic interconnections of the teleoperator with time-
delay communications between the local and remote robots.
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(b) The subsystem ﬁ6 combines a linear integrator with the delay-
induced uncertain dynamics A..

Figure 4.6: The subsystems II; and ﬁg of ﬁc (the system of time-delay local robot-
remote robot couplings) in Figure 4.5.

connectivity maintenance, and by external energy dissipation for closed-loop passivity.
The second pair of the inputs —[u,. u..] and the outputs [%; X,] is the power-preserving
interconnection with the cyber component ﬁc.

The cyber component ﬁc of the teleoperator consists of a block diagonalization
of the dynamics ﬁ5 and ﬁﬁ. It couples the local and remote sides, and comprises
the delay-induced uncertain dynamics A, in ﬁﬁ. The feedforward damping injection
at the local side and the feedback auxiliary dynamics S at the remote multi-robot
system side render the cyber component passive. Note the “control as interconnec-
tion” paradigm of the proposed strategy: a power-preserving interconnection of a

non-passive physical component with a passive cyber component.
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Figure 4.7: The controlled teleoperator as a power-conserving interconnection of a
non-passive physical component with a passive cyber component.

4.1.2.2 Connectivity and Passivity

Similar to Section 4.1.1, this section first maintains the tree connectivity of the remote
multi-robot system without assuming a passive teleoperator. It then renders passive
a teleoperator whose remote multi-robot system is connected.

At the remote multi-robot system side, ﬁg is a feedback interconnection of ﬁ1 and
ﬁg. In turn, ﬁl and ﬁQ are analogous to II; and Il,. Then, V5 in (4.15) can measure

the energy of Ils. Its derivative along the dynamics (4.34) and (4.35) is

S;r [UArri + nAcri - Kri (t>Sz - Dmxm]

N
. 21
Vs =ox, [L(XT) ® In} X, + Z e

i=1 "™

~ 4.39
=%, (s —nue, — %,) +s'D;'A, —s'D, 'K, (t)s — s"%, (4.39)

r

:sTDjlﬁr —nxTu, — %%, —s"D 'K, (t)s.

Appendix G shows that ﬁr injects power bounded by

s'D;'A, <1}, D [T+ 0(3D + 2A) @ L,]%% + s"D; 'T5(t)s + n*F, ID; 1T,
(4.40)
with T5(¢) = "I ()] 4+ oT,,(t), and the remote multi-robot system II5 extracts
the maximum power,
—dnxu, < %1%, + 4n’uu,,, (4.41)
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from the local robot-remote robot couplings ﬁc. Similar to (4.18), the input —u,, and
the outputs x, and s of the remote multi-robot system determine an upper bound on

the energy V3 of ﬁg as follows

K, T 1 _
Vi < (2%, %, + 2s"s + p’uju.) + =s'D; 'A;s. (4.42)
20’/\L 2
From Appendix H, Equations (4.40)-(4.42) then result in the upper bound on Vs
in (4.39) by
O')\L 1 I - i
i Vs — §1TNMDT 'D.x? —s"D,; 'K, (t)s,
(4.43)

where u! u,, < fZMTE has been used, [A)CT, =D, — 2911 — 20(3D + 2A) ® I,,, and
K. (1) = K.(t) — (6 A\ A, + 2k,D,)/(8k,) — TS(t).

The strong similarity between (4.43) and (4.21) is expected as II; and II, have

. 7]2_‘[‘ —
Vg < =1 (9Iy,n + 8D, ") I'f), —

the same input-output properties and feedback interconnection in ﬁg as I} and Ily
have in II3. With the inputs [—u;. A,] to II3 replaced by the inputs [—u,, AT} to
ﬁg, the control gains K, () of the leader remote robots need to be updated online to
make IA(C,,(t) rather than K,,.(t) positive semi-definite, and thus to preserve the tree
network of the remote robots, in the presence of time-delay communications between
the local and remote robots. More specifically, the auxiliary dynamics (4.38) at the
remote robots eliminate the need for the quantities of the local robots when updating
K, (t) to maintain connectivity.

The following lemma summarizes the conditions for preserving the tree connectiv-

ity of the remote multi-robot system with time-delay communications to local robots.

Lemma 4.3. Consider the remote multi-robot system (4.2) under the control (4.6).
Let the auxiliary variables &; have the dynamics (4.31) and the sliding variables s; be
redefined in (4.32) for all leader remote robots. Also, select D,; and update K,;(t)
to make D;lﬁCTle > 0 and I/icr(t) = 0 and to satisfy (4.22). Then, the tree
communication network of the remote multi-robot system is invariant, i.e., E(t) =
£(0), vt > 0.

Proof. The proof is similar to the proof of Lemma 4.1 and is omitted. |

Consider the teleoperator with dynamics recast as in Figure 4.7 and with the tree

connectivity of the remote robots preserved as in Lemma 4.3. Its passivity can be
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inferred from the passivity of its physical (the local and remote robots, or the plant)
and cyber (the local robot-remote robot couplings plus the local robot damping, or
the dynamic controller II,) components.

Let Vj in (4.23) be the storage function of the local robots Ily, and

V,=Vs+V, (4.44)

be the energy of the physical component. By Appendix I, the uncertain dynamics A,

may cause a shortage of passivity of physical component:
sTD'A, < n€™D,£ + 1%, D; 'R + 8D Th(1)s (4.45)

with D, and R defined in (4.29) and T%(t) = nI'T? (t)I + oT,.(t). Then, (4.39),
(4.45) and the derivative of V} along (4.37) lead to

~

Uy < T — 0 (0 K7) (ul ul) "+ €7D, ~ 1T, B, - SR, (t)s,  (1.46)

r cr r

for D,, = D;'(D, — R) and K,,.(t) = D; ' [K,(t) — T5(t)].

By (4.46), the physical component exchanges energy with users via the port (fh, Xl) ,
and with the cyber component ﬁc via the port (—[w. uq), [%; X,]). Given that the
feedback passivation control —K,(t)s — D,x, can dissipate only part of the energy
potentially injected into ﬁg through the power port (&r,s), the controller ﬁc will
be designed to extract sufficient power by néT]D)ré in (4.46) to make the teleoperator
passive. Namely, the excess passivity of the cyber component ﬁc will be designed
to compensate the potential lack of passivity of the physical component (the plant).
Nonetheless, time-varying delays in communications between the local and remote
multi-robot system sides can lead to the uncertainty A;. in ﬁﬁ and, hence, to a
non-passive composition of ﬁ5 and ﬁﬁ. The potential shortage of controller passivity
caused by delays will be tackled by the damping in feedforward at the local robots
and by the auxiliary dynamics € in feedback at the remote robots.

To evaluate the passivity of the composition of ﬁ5 and ]./—\.[6, first quantify the energy

of the nonlinear single integrator ﬁ5 by

—~ Xri—&; o
‘/5 =1 Z / tanh (Kcri(si)T Fhidéi; (447)
: 0
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which is positive definite in x,; — &; since tanh(-) is strictly increasing and odd. By
U, in (4.34), the derivative of 1//\}) is

Z tanh cri X'rz Ez)} th Xm - z =" Z Ocm X'rz -

(49T

crly

(4.48)
008, 0T) %, —n (00,00, oT) I'¢ = nul (%, —I'¢),

and indicates that II; in Figure 4.6(a) is passive (lossless) with respect to the in-
puts [X, ]ITQ and the outputs [u, — u..]. Second, measure the storage of the linear

integrator ﬁﬁ with the delay-induced uncertainty A;. by

Vs =

l\DI\‘\S

(x; — &) Kue(x, — £), (4.49)
of which the time derivative is

‘76 =n(x — é)TKZC(Xl — &) = 0% Kie(x; — &) + n€ Kio(€ — x))
=nx] Kio(x; — &1+ & — &) + n€ " Kio(€ — Xia + X140 — X)
= — 0% Kie(€g — %)) — 1€ " Kie(x1a — &) — % Kie(€ — €q) — n€ Kie(x1 — X14)
= — %] Wea — n€ Wige — %) Kio(€ — &4) — n€ Kie(x; — x14)
= —n(ulyul) (57 €N =€) (L oK) A,
(4.50)

Then, the energy stored in the interconnections between the local and leader remote

robots (the composition of 5 and Ilg) is
Vo= Vs + s, (4.51)
and summing (4.48) and (4.50) leads to its time derivative as follows

Ve=n(ul, —ul) (& (7T = n(ul, ul,) & €M) =0 €N) (L o Ki) A,
=n( = uly ul) (4 %) = n(uf ul) v 1€ - 0 €7) (L @ Ki) A

In ‘76, the potential lack of passivity —n(XlT €T) (IQ ® ch) A resulting from the
delay-induced uncertain dynamics A;. depends on the input x; and on the auxiliary
dynamics €. Lemma 1 in [84] inspires the following passivation strategy: include the

damping —D;x; of local robots as a feedforward loop in ﬁc to convert the output —uy.g
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into u;,. to compensate for the shortage of passivity linked to x;; add a feedback
loop inside 11, to connect the outputs [—We — ug] to the inputs [€ IT€] by the
adaptation of € in (4.38); and inject adequate dissipation in I to balance the lack of
passivity of both the cyber component (the local robot-remote robot couplings) and
the physical component (the local and remote robots). Thus, the gist in this section
is a feedforward-feedback passivation strategy that transforms the local robot-remote
robot couplings into a dynamical controller ﬁc that is interconnected with the physical
component and regulates the passivity margin of the teleoperator.

More specifically, the feedforward loop by u;,. = Dix; — wjeq in (4.37) and the
feedback loop by £ = wg. + Iu,, in (4.38) jointly convert ‘76 into

‘70 =n (ui - X?—D?— ul—r) (X?— X;I—)T - n(uLc + u;:rrHT)s - U(XZT £T) <I2 ® ch) Alc
=n (ul ucTr) (XT X:)T - UXJTDZXI - UéTé - U(XZT fT) (12 ® ch) Ay,

from which it follows that

T.(t) =02(0) + 1 / (ul.(r) ul (1) (& () &7 (7)) Tdr — g / 7 (r)Dysa () dr

—n [ € —n [ () €)1 0 Ki) Av(r)ar
<T0) 0 [ (alr) k() G (7) %) ar = 30 D [ (o)

+g/0 ||€(T)||2dr—n/0 HE(T)HQdT+n;Kfa (Tfﬁ?fi)/o 5 (7)|*dr
<V.(0) + /0 (uf(r) ul (7)) (%7 () %7 (7)) " dr

¢ ¢
~ . n . 2
=D [ W(olPar = 3 [ ) Par,
0 0
(4.52)
by Lemma 1 in [84], where ﬁpl =n rlninN {D, — K}, (T?Z + Ti)} By (4.52),
i=1,--,N;

lei
the dynamical controller ﬁc is passive with respect to the inputs [%x; X,] and the
new outputs [u;,. u..], with the excess of passivity controlled by the feedforward and
feedback loops.

Then, interconnecting the passive dynamical controller ﬁc with the non-passive
physical component as shown in Figure 4.7 can lead to a passive time-delay teleoper-
ator. Specifically, after adding the time integration of XA/p in (4.46) and V, in (4.52),
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the energy stored in the teleoperator,
V=Vt Va)+ (Vs+ Vo) =V, + Vi, (4.53)

can be bounded by

t

(1) <V(0) +1 / &7 (1) (r)dr — D / |é@)|Par
. / Is(r)|dr — 3 By / () P,

i=l,r

=

(4.54)

where K,,.(t) = I?WINT”, D, = ﬁpTINTn and nly,,/2 — 9D, > ﬁgINm. The zero
sum of the time integrals of the duality product of [%; x,] and [w. u.] confirms
that the physical component of the teleoperator and the dynamical controller ﬁc
in Figure 4.7 are interconnected in a power-preserving way. In doing so, the dynamical
controller ﬁc can extract the excess of energy from the physical component through
their interconnection, and the feedback loop formed by € inside ﬁc can dissipate it to
keep the overall teleoperator passive.

The following lemma provides the conditions on control gains that guarantee the

passivity of the teleoperator.

Lemma 4.4. Consider the teleoperator with multiple local (4.1) and remote (4.2)
robots under the control of (4.36) and (4.6). Let the auxiliary variables &; have the
dynamics (4.31) and the sliding variables s; be redefined in (4.32) for all leader remote
robots. Under the conditions in Lemma 4.3, set Dy and D,; and update all K,;(t)
such that ﬁpl, lA)pr, [A(pr and lA)g in (4.54) are nonnegative. Then, the teleoperator is
passive with respect to the power port (fh,iq). Further, if lA)pl, lA)p,,, l?pr and 135 are

positive, then X;, X,., s and & are square integrable.
Proof. The proof is similar to the proof of Lemma 4.2 and is omitted. [ |

From an energy perspective, the feedforward damping at the local robots, —D;x;
in ﬁc in Figure 4.7, dissipates both the energy of the physical component and the
energy accumulated due to the delay-induced uncertainty A,;.. The feedback auxiliary
dynamics & split each coupling between a local and a leader remote robot into a series
of two springs, and dissipate part of the energy of one spring as they transfer the rest
to the other spring. The dissipation injected by (4.38) alleviates the destabilizing
effect of Ay in (4.52) and of A, in (4.54). BEquation (4.52) also shows that the
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dynamics (4.38) can dissipate and transfer energy only when the energies stored
in the two springs are unbalanced, i.e., € # 0. Balancing the two springs is not
equivalent to depleting them of energy. Thence, as will be proven in Theorem 4.1,
the synchronization of the local and remote robots would still rely on their damping
to deplete them of energy.

The damping injection in fj; and f,; can exacerbate the “phantom forces” perceived
by users without correspondence to any remote interaction [73]. These forces oppose
users’ motions and increase their effort when tele-driving the remote multi-robot
system, especially for substantial communication delays. They slow down and fatigue
human operators. For smaller delays, lower damping could reduce the “phantom
forces” and mitigate the deterioration of performance [181]. Yet, the extra damping
injection can haptically cue human users about the velocities of remote robots through
their elastic couplings, and is critical for safe teleoperation of the remote multi-robot

system by novice users.

4.1.3 Steady-State Performance

This section evaluates the steady-state performance of time-delay multi-user teleop-
eration of a remote multi-robot system under the proposed connectivity-preserving
passivation control, in two cases: (i) Theorem 4.1 confirms the position synchroniza-
tion and accurate force feedback when passive users manipulate the teleoperator; and
(ii) Theorem 4.2 specifies the spatial distribution of the remote multi-robot system

based on the locations of the local robots held stationary by users.

Theorem 4.1. Consider the teleoperator with multiple local (4.1) and remote (4.2)
robots under the control of (4.36) and (4.6). Define the auziliary variables &; by (4.31)
and the sliding variables s; by (4.32) for all leader remote robots. Under the conditions
in Lemma 4.3, let lA)pl, ﬁpr, I?pr and 135 in (4.54) be positive. Then:

1. All local and remote robots become stationary at infinite time: X;(t) — 0 and
%X.;(t) = 0 ast — +oo foralli=1,--- N and all j=1,--- | N,.

2. The force feedback to every user approaches the sum of all other user forces:
£i(t) = >, fj(t) ast — +o0 foralli=1,--- N;.

3. If no users operate their local robots, the positions of all robots converge asymp-
totically: x;;(t) — x,;(t) = 0 ast — +oo for alli = 1,--- N, and all j =
1,---,N,.
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Proof. The conditions in Lemma 4.3 guarantee connectivity preservation for the tree
network of the remote robots. Given Assumption 4.1, positive lA)pl, ZA)W, [A(pr and lA)g
lead to {%;,%,,s,€} € Lo by Lemma 4.4. Further, (4.44), (4.51), (4.53) and (4.54)
together indicate that V3, Vj, Vs and Vg are upper-bounded. By (E.1) and (4.13),
finite V5 in (4.15) ensures finite [L(xr) ® In}xr and s. Similarly, x; is finite because
Vi in (4.23) is upper bounded. Finite Vs in (4.47) and Vg in (4.49) guarantee that
Ix, — & and x; — & are bounded, respectively. Then, using (4.34) and (4.38), it follows
that {x;, %,,s, E} € Lo N Ly and thus that {x(t), %, (), s(t),é(t)} — 0 ast — +o00.

Given Assumptions 4.2 and 4.5, the time derivative of (4.37) leads to bounded X;.
Then, by Barbalat’s lemma, %;(t) — 0 implies that %X;(t) — 0. Further, x;(t) — 0
and €(t) — 0 make w,.(t) =& —weq(t) = wge(t). Then, Equations (4.37)-(4.38) lead
to w.(t) +Iu,,(f) — 0 as t — +oc0. From (1, ®In)TuCT = [(1}1 15 ) ®L]u, =
[(1& OJTVT—NZ) @ IL]ue = (1y, ® In)THuCT, it follows that

Jim n(Ly, © 1) ue (1) + n(1y © 1) wie(t)
. . (4.55)
= lim 77(11\71 ® In) []Iuc,.(t) + ulc(t)} =0.

t—+00

Further, X, (t) — 0, s(t) — 0 and (4.34) imply that nu,, (t) = —o[L(x,(¢)) @ L,]x,(t).
From n Zf\]:’l f,;, = U[ILT.L(XT)(X)L@] Xr—n(l]\/l(}bIn)TulC = a(lNr®In)T [L(XT)(X)LJ X, —
77(1Nl ® In)Tulc, it follows that

tg+moo 77(1Nr ® In)Tucr(t) + 77(1Nz ® In)TU-IC(t)

= — lim o(ly, @ L) [L(x.(t) ® L] x(t) + Jim n(Ly, @ L) we(t) (4.56)

Together, Equations (4.55)-(4.56) lead to tliin SM £:(t) = 0. From x,(t) — 0 and
— 400
%;;(0) — 0 and the local robot dynamics (4.1), it follows that —f;;(t) — £:(¢) as

t — +ooforallz=1,---,N;. Thence, force feedback is achieved in the steady state,
£ii(t) = >, i (t) as t — +o0.
When no users operate their local robots, namely f,; = 0 forall: =1,--- |, N;, then

%(t) — 0 and %, — 0 and (4.37) imply that u,4(t) — 0. Also, £(t) — 0 and (4.38)
lead to wge(t) + Tug(t) — 0 as t — +oo. Together, X;(t) — 0 and £(t) — 0 yield
x;(t) — &(t) — Ix,.(t). Then, u. in (4.34) implies that u..(f) — 0 and thus that
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[L(x,(t)) ® L] x,-(t) = 0 by x,.(t) — 0 and s(t) — 0. The preserved tree network of
the remote robots then ensures the convergence of their positions: x,;(¢) —x,;(t) — 0
for all 4,5 = 1,--- , N,. Together with x,(t) — Ix,(¢), it implies the synchronization
of all robots: x;;(t) —x,,(t) > 0ast — 4oo0,Vi=1,--- ,NyandVj=1,--- ,N,. W

For the freely moving multi-robot system (4.2), Theorem 4.1 shows that, in the
multi-user teleoperation context, the steady-state force feedback to each human user is
the aggregation of all other user forces. This property permits users to haptically per-
ceive the intentions of their peers in applications like the cooperative tele-deployment
of a robotic sensor network. During the transient phase, the local robot-remote robot
interconnections also convey to users the dynamics of their associated leader remote
robots. Because the leader remote robots are coupled to other remote robots, hu-
man users can feel the dynamics of the entire multi-robot system together with other
user-applied forces. An analysis to relate the force feedback to the states of the tele-
operator and a control method to shape the feedback are intriguing and challenging
problems [54]. An initial passivity-constrained optimization [47] dynamically scales
the viscoelastic interconnections of a leader remote robot with its neighbours, but
requires the leader robot to estimate all interaction forces between the remote multi-
robot system and environments and to broadcast the optimal scaling factors to all its
neighbours.

The proof of the steady-state force feedback in Theorem 4.1 leverages the assump-
tion of an undirected communication network of the remote robots in (4.56). More
precisely, the bidirectional inter-remote robot information exchanges enable intra-
multi-robot system couplings that permit each user to perceive the sum of all other
user-applied forces in the steady state. If intra-multi-robot system communications
are directed, not all user-applied forces can be transferred to other users across the
multi-robot system network due to the lack of a directed transmission path. Instead,
human users would feel the dynamics of some remote robots to which their local
robots are connected during teleoperation.

Theorem 4.1 evaluates the position synchronization and force feedback perfor-
mance of the teleoperator in the steady state. Theorem 4.2 resolves the spatial dis-
tribution of the remote multi-robot system in the steady state using the locations of

the local robots.

Theorem 4.2. Consider the multi-local robot-remote multi-robot system teleoperator

controlled as in Theorem 4.1. Let all users hold their local robots immobile, X;;(t) = 0
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and x;;(t) = x3; for alli=1,--- ,N; and all t > 0. Then, all remote robots converge
asymptotically to the convex hull spanned by all local robots, namely, X,;(t) — 0 and
x,i(t) = X%, € Cp, with the convex hull Cy, defined by

N; N,
Ch = {ZA].X;; Aj>0and Y N = 1}.
j=1 j=1

Proof. When all human users hold their local robots fixed, x;(t) = 0 for all t > 0 and
they inject no energy into the teleoperator, which itself is passive with the proposed
controller. Theorem 4.1 then leads to {5(7«, S, S} € Lo, N Ly, and further to x,(¢) — 0,
s(t) — 0 and £(t) — 0 as t — 4oo0.

Define K(t) = Diag{Ke(t)} with K..(t) given by Kei(t)(x — &) = Fp -
tanh [Km- (XM — EZ)} for i = 1,---,N;. Note that IA{(t) is diagonal and uniformly
positive definite, i.e., K(t) >~ €ln,, for some € > 0 as x,; — & are bounded. Let
L(t) = L(x,(t)) ® I,. Then, u,, becomes u, = I"K(t) (Ix, — &), the steady-state
dynamics of II; in (4.34) become

lim %,(t) = lim s(0) — lim o[L(x,(t)) ® L)]x,(t) — lLim nI" K(t t)[Ix, (t) — &(t)]

t——+o00 t—-+o0 t—-+o0 t—-+o0
— _ N T1o T
=— Jim (NI K ()L + oL(t)]x,(t) + Jim 7l K(t)&(t) =0,

and the steady-state dynamics of € in (4.38) become

lim £(t) = lim Kp[xj —€&(0)] + lim ITK()[Ix, (1) — £(1)]

t—+o00
=— lim [Ky +ITK(t)]&() + lim K (¢)Ix, (¢) + Kix] = 0.
S8 —+00

t—+

Stack the two steady-state dynamics x, and & by

Kiexi | _ lim &(0) = lim () = 0
0 t—+o0 x,(t) t—=+oo | %,.(t) 0|

Using [T = Iy,,, the two steady-state dynamics x, and S , can be rewritten as

~ lim L £(1) Kiex; ~ lim @) _ |0
i L(#) [ﬁxr(t)] +[ 0 ] Jim L%X (t)] H, (4.57)

K. +II"K(t)  —II"K(t)I
'K (t)  gI"K(t)I + oL(t)
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where L(t) is given by

£i6) K.+ K(t) — /K (1)1
— K (t) nITK () + oL(t)
e |5 K. 0
_ _—\/ﬁ]IT] K() [Ty =yl + | |

and is clearly uniformly positive semi-definite.

The proof that L(t) = 0 is by contradiction. Suppose that L(¢) has a non-
trivial null space. Then, there exists a nonzero vector v = (v-lr v;—)T such that
VTfJ(t>V = (v] — \/ﬁva]IT)IA{(t)(VI — V/Mve) + viKjvi + oviL(t)vs = 0. Because
K, = 0, K(t) = 0 and L(¢t) is a weighted Laplacian matrix, vTL(¢)v = 0 requires
that vi = 0, vy = ply,, and vi = /nlvy for some integer pu. By the definition of T,
this is possible only if ;x = 0 and thus v = 0, which contradicts the hypothesis that
L(t) has a non-trivial null space.

Being a nonsingular M-matrix, L(t) has thence a nonnegative inverse L1(t). It

follows then that
Ix, 0 ~ K.
H(t) = | L) |
0 \/ﬁINTn 0

is also nonnegative. Nevertheless, H(¢) depends on the states of the teleoperator
because L(t) and K(t) in L(t) are state-dependent. The spatial distribution of all

remote robots can be derived by post- and pre-multiplying i(t) as follows

Iv, 0 |~ - Tam
1=| " L OL(t) |,
0 \/ﬁINTn_ ﬁlNTn
Iy, 0 =
= L (1)
| 0 /Iy,

K.
: ]-Nln - H(t)]-NﬂLJ

which implies that every row of H(¢) sums to 1. As a result, the steady-state locations

of all remote robots can be derived by solving (4.57) as follows

. INln 0 =1 chxz( — lim INln 0 T —1/\1T E(t)
tlg-noo [ 0 \/ﬁINTn] L (t) [ 0 ] tlH—oo [ 0 \/ﬁINrn] L <t)L(t) [\/LﬁXT(t)]



99

= lim H(¢)x; — lim [{(t)] = [0] :

t—+oco t—=+o0 | x,. (t) 0

Although H(t) is state-dependent, the sum of each of its rows is invariably 1. Thus, all
remote robots approach the convex hull C; formed by all local robots asymptotically.

Theorem 4.2 formulates the problem in the context of multi-user teleoperation
of a robotic network. Containment control through teleoperation can be advanta-
geous because it permits the dynamic re-deployment of a robotic network based on
the physical interactions among multiple users. For example, in the spatio-temporal
sampling, the assignment of a robotic sensor network could be determined interac-
tively through haptic negotiations among its human operators instead of being fixed or
pre-programmed. The connectivity and passivity analyses in Sections 4.1.1 and 4.1.2
guarantee the safety of the physical interaction with the robotic system. Furthermore,
the force feedback and position synchronization, guaranteed in Theorem 4.1, enable
all human users to perceive the intentions of other users and to impose their decisions
on the robotic network. Lastly, Theorem 4.2 clarifies the active role that operators

play in altering the spatial layout of the remote multi-robot system.

4.2 Experimental Results

This section compares the proposed connectivity-preserving passivation strategy to
P-+d control [174] through experiments! on a teleoperation platform with 4 local and
10 remote robots. Experimental results substantiate that both controls can stabilize
the time-delay multi-user teleoperation of a remote multi-robot system. However,
P+d control may fail to preserve the connectivity of the multi-robot system and,
thus, to support the multi-user collaboration when deploying the remote robots. In
contrast, the proposed control maintains all intra-multi-robot system connections
regardless how fast user commands change and, thus, enables all users to participate
in the containment control of the multi-robot system.

As shown in Figure 4.8, the experimental platform contains 4 Geomagic Touch
local robots (L1-L4) and a remote multi-robot system with 10 Novint Falcon remote

robots (R1-R10). The coloured lines show the time-delay communications between

'https://youtu.be/9Rss6ImyvFs
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End-Effector Positions of Robots

Figure 4.8: The experimental setup for multi-user teleoperation of a distributed multi-
robot system with proximity-limited communications.

the local and remote robots. The dark grey lines indicate the proximity-limited com-
munications between the remote robots. Each robot is controlled locally via USB 2.0
by a C4++ program running on a unique dedicated Ubuntu machine at 1 kHz. Every
C++ programs can get the position measurements of, and impose the control forces
on, the end-effectors of robots in their local East, North, Up Cartesian coordinate sys-
tems by calling standard haptic APIs: the OpenHaptics® toolkit for the local robots
and the CHAI3D? SDK for the remote robots. These programs can further compute
the end-effector velocities of robots from their position measurements using second-
order low-pass filters with a cut-off frequency of 100 Hz. All machines connect to a
16-port network switch, the NETGEAR® GS316, and further to the Internet through
Insignia™ CAT-6 ethernet cables. They run the Robot Operating System (ROS) to
send /read the position signals to/from other robots at an approximate rate of 50 Hz.
Because the local control loops of all robots run at a higher frequency (1 kHz) than the
ROS interface (50 Hz), all robot positions are delayed by up to 40 ms when received
by, and employed in the control of, their neighbours.

Controlling the local Geomagic Touch and the remote Novint Falcon robots is
challenging because they are all haptic devices with limited performance. The in-
exact gravity compensation and the inherent dry friction severely limit their motion
accuracy. Moreover, the damping injection through control can lead to instability

because of velocity estimation errors. The experiments address these practical chal-

’https://www.chai3d.org
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lenges by: abstracting all local robots by point proxies with mass 10 g and all remote
robots by point proxies with mass 100 g; coupling all local robots to their proxies
for bilateral teleoperation; controlling all remote robots to track their proxies; and
tuning control gains that connect robots to their proxies so as to permit to assume
that these proxies adequately represent physical robot dynamics and to carry out the
experimental comparison in the virtual layer (proxies). Additionally, the positions of
all virtual proxies are projected on a screen, see Figure 4.8.

As shown in Section 4.1, the proposed control inherits the position synchroniza-
tion and force feedback capabilities of P4+d control, and also preserves all proximity-
constrained communications between the remote robots. The two experiments herein

validate all results in Section 4.1 using the following 7 steps.
A. Autonomous Mode
1. Regulate all local (L1-L4) and remote (R1-R10) robots to their initial

positions depicted in Figure 4.9.

2. Activate the controllers of the remote robots and keep the local robots at

their initial positions.

3. Activate the controllers of the local robots without applying any user forces

to the local robots.
T. Teleoperation Mode

4. The user 1 repetitively strains and relaxes the coupling between the local
robot L1 and the remote robot R1.

5. All users cooperatively change the spatial distribution of the remote multi-

robot system.

6. The user 1 yanks and releases their local robot L1 regardless of the con-

nectivity of the remote multi-robot system.

7. All users move their local robots close to their original positions.

In the autonomous mode: Step 1 initializes the states (positions and velocities)
of all robots to guarantee Assumptions 4.3 and 4.4; Step 2 evaluates the containment
control in Theorem 4.2; and Step 3 investigates the autonomous synchronization of
the remote multi-robot system in Theorem 4.1. In the subsequent teleoperation mode,

four operators use their local robots to teleoperate the remote multi-robot system:
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Step 4 tests the steady-state force feedback in Theorem 4.1; Step 5 verifies that
the robust synchronization in Theorem 4.1 enables users to collectively tele-guide
the remote multi-robot system; Step 6 compares multi-robot system connectivity
preservation under the proposed and under P+d control; and Step 7 demonstrates
the need to preserve the multi-robot system connectivity during teleoperation.

In the comparison in Step 6, the users 2-4 keep their local robots L2-1.4 in a fixed
triangle at the top right corner of the workspace, while the user 1 repeatedly yanks
their local robot L1 from near the fixed triangle to the bottom left corner of the
workspace, to endanger the connectivity of the remote robot network. The average
acceleration of L1, 2 = 4d/t* with d its travel distance and ¢ its travel time, provides
an empiric aggressiveness metric for the motions of the user 1. Table 4.1 reports the

aggressiveness, =, of all user trials in Step 6 for both experiments.

40 —

Y [mm]

X [mm]

Figure 4.9: The initial positions of all robots and their communication links.

Due to their limited workspaces, the communication radius of all Novint Falcon
robots in the remote multi-robot system is set to r = 30 mm, see Figure 4.9. In
addition to the masses of the virtual proxies, the injected damping impacts the quality
of user experience during teleoperation. On the one hand, sufficient damping stabilizes
the system and suppresses unwanted robot vibrations. On the other hand, too much
damping demands increased user effort and tires the operator. For both experiments,
the damping gains D, = 1 for all robots are first selected heuristically, to support high-

quality user experience. Then, the Proportional control gains P, = 1500 are tuned
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for tight but stable multi-robot system synchronization. Trial and error indicates
that P+d control cannot maintain the multi-robot system connected when the user 1
applies forces larger than 3 N while other users keep their local robots stationary.
Therefore, the couplings between the local robots and their proxies, and between the
proxies of the local and leader remote robots, are saturated by f,; = (5,5,5)T N.
Lastly, the gains of the proposed control are chosen by P = 1, Q = 0.01, o = 50,

n =1 and K, = 1000 for connectivity-preserving teleoperation.

Table 4.1: The aggressiveness of the user 1’ actions during Step 6 of the teleoperation.

Controller Aggressiveness Metric =

0.11 0.14 0.17 0.10 0.16
0.61 1.78 0.13 0.13 1.75
0.11 0.11 0.39 0.11 0.17
0.18 1.79 1.85 1.83 1.89

The Proposed Control 0.14 0.23 0.58 0.24 0.33
1.91 1.93 2.26 1.95 0.12
0.15 0.16

P+4d Control

The remaining of this section contrasts the connectivity-preserving synchroniza-
tion performance of P+4-d control and of the proposed control in Figures 4.10 and 4.12.
Because both control approaches equally enable all users to teleoperate the remote
multi-robot system, Figures 4.11 and 4.13 depict the control force fj; of the local
robot L1 and the sum fj934 = {0 + fi.3 + fs of the forces applied by the users 2-4
to illustrate the force feedback performance. Because all local robots lack force mea-
surement, the user forces fj,; are approximated by the coupling forces between the

local robots and their proxies.

4.2.1 Teleoperation Under P+d Control

Figure 4.10 presents the experimental 4-user teleoperation of the 10-robot remote
multi-robot system under P+d control during various steps of the experimental proce-
dure. Figure 4.10(a) plots the paths of all remote robots (R1-R10) in Step 2, from their
initial positions (markers with dashed edges) at t = 35 s to their final positions (mark-
ers with solid edges) inside the convex hull spanned by all local robots (L1-L4) at
t = 42 s. It illustrates that P+d control is a suitable containment strategy given a

connected multi-robot system. Figures 4.10(b)-4.10(c) depict all robot positions at
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two time instants when the user 1 strains at ¢ = 58 s, and then restores at ¢ = 60 s,
the coupling between the local robot L1 and the leader remote robot R1 in Step 4.
They confirm that the remote multi-robot system behaves as an elastic body that
deforms as a result of its interactions with four users. Figure 4.10(d) shows the paths
of all robots from ¢t = 77 s to t = 88 s in Step 5, when four users move their local
robots to carry the connected multi-robot system to another area. All arrows on the
paths indicate the movement directions. Once the multi-robot system has reached
the new area, the user 1 recommences to strain the coupling between the robots L1
and R1, this time with larger and faster motions. Figure 4.10(e) shows that a sudden
motion of the user 1, with = = 1.78, accelerates the remote robot R1 so much that
its neighbour R5 cannot follow it sufficiently fast. As a result, at ¢ = 107 s in Step 6,
their inter-distance grows larger than their communication range r and their commu-
nication link breaks (the dashed line in Figure 4.10(e)), disconnecting R1 from the
multi-robot system. Figure 4.10(f) displays the retraction of all local robots close to
their original positions from ¢ = 134 s to t = 138 s in Step 7. Note that, because the
remote robot R1 is detached from the multi-robot system in this step, the user 1 has
no control over the motion of the multi-robot system, only over the motion of R1.
In practice, it may be undesirable that any user loses their ability to tele-guide the
remote multi-robot system.

In Step 6, the user 1 yanks their local robot L1 10 times, from ¢t =89 stot =130 s
in the experimental video, to examine the multi-robot system connectivity under P+d
control. Table 4.1 lists the aggressiveness = of all user 1’s motions in chronological
order, from left to right and from up to down. In the experiment, the multi-robot
system remains connected for the user motions with = < 0.61; and it disconnects for
= increasing to 1.75 and 1.78 (Figure 4.10(e)).

Figure 4.11 plots the force feedback f;; = (fﬁ,fﬁ,fﬁ)T to the user 1 and the
sum fj034 = ( Tiosas [rasas f§234)T of other user-applied forces. In each subplot, the
areas coloured light yellow, pink, green and blue indicate the teleoperation steps 4-
7, and the 7 dots indicate the force values that correspond to the system states at
t =58s, t=60st=7"7T7s t=288s,t=107s,t =134 s and t = 138 s
in Figure 4.10. As the local robot L1 moves to its position in Figure 4.10(b) guided
by its user and then moves to its position in Figure 4.10(c) when released by its user,
the force feedback f;; approaches —5 N and then drops to near 0 N in the yellow
area in Figure 4.11. In Step 5, all users cooperatively move the multi-robot system as

shown in Figure 4.10(d) and reduce the volume of the tetrahedron they span. Hence,
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(e) Step 6, at t = 107 s. (f) Step 7, from ¢t = 134 s to t = 138 s.

Figure 4.10: The experimental 4-user teleoperation of a 10-robot remote multi-robot
system under P+d control.

the force feedback f;; to the user 1 becomes approximately zero in the pink area
in Figure 4.11. Then the user 1 yanks their local robot L1 and f; and f}; reach their
upper bound 5 N repeatedly in the green area of Figure 4.11, until the communication
link (1,5) breaks the 7-th time, see Figure 4.10(e). While the link (1,5) is broken,
the robots L1 and R1 are synchronized and detached from other robots, and the force
feedback f;; becomes 0. Later, the user 1 reconnects the robots R1 and R5 and yanks
L1 repeatedly again, breaking the link (1,5) the third time. When all users slowly

move their local robots close to their initial locations in Figure 4.10(f), the detached
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Figure 4.11: The control force f}; of the local robot L1 and the sum f}234 of the forces
of the users 2-4 during teleoperation under P+d control.

L1-R1 robot pair conveys almost no force feedback to the user 1. From ¢t = 138 s
to t = 150 s, the user 1 wiggles L1 quickly to make R1 lag far behind L1, and they
can feel a stronger force feedback due to the dynamics of R1. Figure 4.11 shows
that P+d control can display to the user 1 the sum of other user forces when the
multi-robot system is connected, especially when the L1-R1 coupling is stretched.
When the link (1,5) is broken and the multi-robot system is disconnected, the force
feedback f;; no longer conveys f},034, see their pronounced discrepancy after t = 139 s
in Figure 4.11.

In summary, P+d control: (i) stabilizes teleoperation and achieves containment
control of a connected multi-robot system while conveying the sum of other user
forces to each operator; (ii) but cannot preserve the connectivity of the multi-robot
system if an operator’s commands are too aggressive. As illustrated by the experiment
above, the aggressive user cannot teleoperate the disconnected multi-robot system or
feel the forces of other users. The following section verifies experimentally that the
proposed connectivity-preserving passivation strategy can overcome this limitation of
P+d control.
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4.2.2 Teleoperation Under The Proposed Control

Figure 4.12 presents the experimental 4-user teleoperation of the 10-robot remote
multi-robot system under the control proposed in this chapter. The experiment is sim-
ilar to the one in the previous section (because the users strive to repeat their telema-
nipulations), but some results are different. In Figure 4.12(a), the teleoperated multi-
robot system is more compact and the couplings between the leader remote robots R1-
R4 and their associated local robots L1-L4 are weaker than in Figure 4.10(a). This
result validates that the developed controller can maintain the remote multi-robot
system more tightly interconnected than P+4d control thanks to its connectivity-
preserving characteristic. Figures 4.12(b)-4.12(c) depict two teleoperator configura-
tions when the user 1 strains at ¢ = 195 s and relaxes at ¢ = 196 s the connection
between their local robot L1 and the leader remote robot R1 in Step 4. They prove
that the remote multi-robot system behaves analogously under the proposed control
and under P+d control: it deforms when the user 1 stretches it in Figure 4.12(b)
and regains its configuration when the user force disappears in Figure 4.12(c). Fig-
ure 4.12(d) shows that the remote multi-robot system is more compact and stays
farther away from the boundary of the convex hull spanned by the local robots L1-L4
from ¢t = 208 s to t = 217 s when all users cooperatively transport it to another region
in Step 5. This feature can make the proposed passivation controller preferable to
P+d control in applications that require the remote multi-robot system to cohesively
navigate through confined spaces: the users can enforce safety constraints using their
local devices; and the proposed control can maintain the remote robots close to each
other and a safe distance away from those constraints. Figure 4.12(e) validates the key
feature of the proposed controller: its ability to preserve the initial connectivity of the
remote multi-robot system even when the user 1 moves their local robot L1 suddenly
with = = 1.93 and over large distance at ¢t = 255 s. Step 6 in the experiment demon-
strates that the proposed control maintains all intra-multi-robot system connections
when the user 1 threatens them by saturating the L1-R1 coupling (the red line): the
control of the leader remote robots prioritizes their proximity-constrained connections
to other remote robots over their connections to their local robots, which occur over
the Internet and are not limited by distance. Favouring connectivity preservation, the
proposed passivation controller also preserves the role of all users in the collaborative
delivery of the remote multi-robot system and in adjusting its spatial distribution
after t = 271 s, see Figure 4.12(f).
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Figure 4.12: The experimental 4-user teleoperation of a 10-robot remote multi-robot

system under the proposed feedforward-feedback passivation control.

To verify that the proposed feedforward-feedback passivation controller preserves

the tree connectivity of the remote multi-robot system, the user 1 yanks their local
robot L1 repeatedly in Step 6 of the experiment, from ¢t = 217 sto t = 270 s. Table 4.1
lists the aggressiveness = of the user 1’s motions in chronological order, from left to
right and from up to down. The 7th to the 10th and the 16th to the 19th motions all
have = > 1.78, namely they are more rapid and sudden than the motions of the user 1
in Section 4.2.1. Nevertheless, they cannot break any communication links of the

remote multi-robot system. In practical teleoperation, such aggressive manipulations
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may arise due to human errors and need to be handled by the teleoperation controller.
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Figure 4.13: The control force f;; of the local robot L1 and the sum fj934 of the
forces of the users 2-4 during teleoperation under the proposed feedforward-feedback
passivation control.

Figure 4.13 depicts the the force feedback f;; to the user 1 and the sum fj,534 of
other user-applied forces. As in Figure 4.11, the four coloured areas correspond to
the teleoperation steps 4-7, and the 7 dots indicate the forces that correspond to the
system states in Figure 4.12. In Step 4, the user 1 lifts their local robot L1 nine
times from ¢t = 178 s to t = 205 s. For example, during the motion of L1 from
its position in Figure 4.12(b) to its position in Figure 4.12(c), the force feedback f
changes from —5 N to about 0 N in Figure 4.13 to convey to the user 1 the distance
of R1 from L1. Then the multi-robot system moves from ¢t = 208 s to t = 217 s
in Figure 4.12(d) and the volume of their spanned tetrahedron decreases, leading to
almost zero feedback forces fj; and f; in the pink area of Figure 4.13. In Step 6,
repeated aggressive actions of the user 1 lead to the frequent saturation of the force
feedback in the green area of Figure 4.13. This figure shows that, at ¢ = 255 s, the
system state in Figure 4.12(e) feeds back to the user 1 a force f;; = (5, —4.5, 5)T N
nearly proportional to the displacement of R1 from L1. After guiding the multi-
robot system to the position in Figure 4.12(f), the user 1 releases and forces their
robot L1 to the bottom and top of its workspace three more times between t = 277 s

and t = 285 s. The force profile is similar to that in Step 4 and implies that the
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multi-robot system remains elastic. Notably, the strong agreement of f;; and fj,034
throughout the teleoperation validates that the user 1 accurately perceives other user
forces in the steady state, and other user forces plus the dynamics of the teleoperator
during the transient phases.

The experiment confirms that the proposed feedforward-feedback passivation con-
troller has force feedback performance similar to P+d control, but can preserve the
connectivity of the remote multi-robot system in the presence of aggressive user ac-

tions.

4.3 Conclusion

This chapter has developed a control strategy for bilateral multi-user teleoperation of
a remote multi-robot system that guarantees both the tree connectivity of the multi-
robot system and the passivity of the teleoperator. In contrast to existing results,
the proposed strategy designs intra-multi-robot system couplings based on a bounded
potential. This design facilitates future extensions to systems with additional con-
straints, such as time-delay communications between, and bounded actuation of, the
remote robots. The new strategy strictly limits the energy stored in the remote multi-
robot system, and thus its passivity level, to a certain upper bound. To this end, a
sliding variable at each remote robot decomposes the teleoperator into an interconnec-
tion of several subsystems. The input-output properties of those subsystems inspire a
dynamic feedback strategy that passivates delay-free teleoperation. Then, a refram-
ing of the overall teleoperator by the “control as interconnection” paradigm leads to
a novel feedforward-feedback strategy that passivates time-delay teleoperation. The
rigorous proofs claim the performance of the proposed connectivity-preserving passi-
vation strategy in terms of position synchronization, force feedback and containment
control in the steady state. An experimental comparison with P+d control validates

the proposed design empirically.
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Chapter 5

Distributed Multi-Robot
Teleoperation With
Winners-Take-All Authority
Dispatch

In this chapter, we transfer the authority sharing concept from hand-by-hand hap-
tic training to multi-user teleoperation of a multi-robot system. The new setting
features a unique and arduous challenge: the remote robot network needs to auto-
matically dispatch a dominance factor to every leader remote robot in a distributed
manner in response to users’ requests. Specifically, we particularize a WTA principle
that permits only winners to tele-drive the remote robot group. Based on the Oja’s
rule for PCA [182], this chapter firstly devises a dynamic network to achieve WTA
authority dispatch and justifies its power by the conjunction of set invariance and
a dedicated quotient function. Yet, it is not trivial to synthesize the design with
passivity-based teleoperation control schemes. For this reason, this chapter then re-
formulates a constrained quadratic programming with a rigorous effectiveness proof,
searches the unique minimizer by a distributed primal-dual method at an exponential
convergence rate, interconnects the WTA algorithm with physical robot dynamics in
a power-preserving way, and analyses passive teleoperation performance with multi-
ple storage functions. Two comparative experiments have also corroborated that the
proposed control with WTA authority dispatch outperforms P+d control [174] with

no authority dispatch in terms of teleoperation versatility.
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5.1 Preliminaries

We consider a distributed multi-robot teleoperation system that consists of N; > 1
local robots and a group of N, > N; remote robots. The underlying communication
network of the remote robot group is assumed to be a tree. In the remote robot team:
the first V; robots are leaders that can communicate with their associated local robots;
and the remaining N, — N; robots are followers that can exchange information only

with their neighbours within the group.

5.1.1 System Dynamics

The EL dynamics of the local robots ¢ = 1,--- | N; are

M (x13) %0 + Cri (X1, X)X = fii + iy (5.1)
and of the remote robots ¢ =1,--- | N, be
Mri(xriﬁ.{ri + CM' (X'ria XT”L>X7‘Z - f?"iy (52)

where the subscripts [7 and ri indicate the local and remote robot quantities, respec-
tively. In particular, in the subscript 2,7 =1,--- , Nyand ¢ = N;+1,--- , N, indicate
the leader and follower remote robots, respectively. The control forces are fj; for the
local robot ¢ = 1,---, N;, and f,; for the remote robot ¢ = 1,---, N,. Lastly, f; is

the force applied by the human user 7 to their local robot %.

Assumption 5.1. The human users are passive, i.e., fot x (7)) (T)dT < +00, for
anyi=1,--- Ny andt > 0.

For ease of presentation, assume that each local robot ¢ communicates with a single

leader remote robot ¢, 7 = 1,--- , N;. The force feedback to the user i is computed by
fi; = P (xps — Xli) — Dixy;, (5-3)
with ¢ = 1,--- , N;, and P, and D, positive constants. For team coordination and

teleoperation, the remote robots i = N; 4+ 1,--- | N, are controlled by

fri=— Z Bij(Xri = Xpj) = DiXpi, (5.4)
JEN;
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where the subscript 7 € N; indexes the remote robots j in the set N; of neighbours of
the remote robot 7, and P;; = Pj; and D, are positive constants. The leader remote

robots ¢ = 1,--- , N; are controlled by

fri == wiljlr(xli - XT’i) - Z Pij (Xri - er) - Drxri - Km(t) . Slgn(xm)a (55)
JEN;

where the scalar authority factor w; is to be designed in Section 5.2, the positive semi-
definite matrix K,;(t) is to be determined in Section 5.3, dependent on the states of
robots and thus on time, and Sign(%,;) takes the sign of x,; component-wisely.

The control forces fj; of the local robots i = 1,--- | N; feed P.(x,; — x;;) back
to the users ¢, informing them about x,; — x;;, the displacement between their lo-
cal robot 7 and the leader remote robot ¢. The control forces f,; of the remote
robots ¢ = 1,---, N, robustly coordinate all remote robots through the diffusive
couplings — > JeN; P;;(x,; — %,j) and the damping injection —D,%,;. Notably, the
force P,(x;; — X,;) that connects the leader remote robot ¢ to its associated local
robot ¢ is dynamically scaled by the allocated authority factor w; € [0, 1]. Thus, dif-
ferent users have different impact on tele-driving the group of remote robots. Because
the time-varying authority factors w; break the symmetry of the local robot-leader
remote robot couplings, making them non power-preserving, the additional damp-
ing —K,;(t) - Sign(%,;) is introduced at the leader remote robots to passivate the

overall teleoperator.

5.1.2 Winners Take All

The key objective of this chapter is to design a distributed algorithm to dispatch
the authority factors w; € [0,1] to all leader remote robots ¢ = 1,--- | N; during
teleoperation. Consider a team of remote robots for sampling and data collection in
an uncertain environment, and several human users at different locations and with
different levels of demand for teleoperating the remote robots. The users convey their
demands by sending the bids u;, i = 1,--- , NV}, to the leader remote robots. Let larger
bids indicate stronger demand. After the leader remote robots collect all user bids,
the network must compare them and distribute appropriate teleoperation authority
to all users by adapting the authority factors w; of the leader remote robots in real
time. Because the forces P,.(x;; — x,;) applied by the local robots on their associated

leader remote robots are scaled by the authority factors w;, see Equation (5.5), the
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higher bids u; must lead to the larger authority factors w; to indeed grant users higher

teleoperation control authority over the group of remote robots.

-
=" 3

Remote Robot Team

Figure 5.1: A distributed multi-robot teleoperation system with N; = 4 local robots
and N, = 10 remote robots.

To make the problem mathematically tractable, let € > 0 be the prescribed res-
olution of the authority dispatch algorithm for the remote robot network, and let
U = {by, - ,bn} be a set of candidate user bids, with b; > € and b; — b;_; > € for
1 =2,---,m. Over distributed communications, let the remote robots i = 1,--- , N,

be endowed with an authority factor w; and receive a bid u; as follows.

B1 The leader remote robots receive piecewise constant bids u;(t) = w;(tx) € U,
i=1,---, N, from their local robots for time t € [ty, tx1), where k =1,2,3,---
is the switching signal of the bidding process.

B2 All follower remote robots receive constant bids u;(t) = by > 0, i = N; +
1,---, N, for all time ¢t > 0.

If human operators submit higher (lower) bids to the robot network when they observe
more (less) urgent circumstances, the WTA authority dispatch network should behave

as follows.

O1 If all user bids w;(t), i € S, = {1,---, N;}, are equal, the algorithm distributes

the same authority factor w;(t) = 1/N; to all leader remote robots as t — +o0.

O2 If some user bids w;(t), i € S,y € {1,---, N}, are equal and higher than all
other user bids u;(t), 7 € & = {1,---,Ni;} — S, the algorithm distributes
an authority factor w;(t) = 1/|S,| to the leader remote robots i € S, and a

factor w;(t) = 0 to the remaining leader remote robots j € S;, as t — +o0.
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The control force f,; of the remote robot ¢ indicates that the teleoperation author-
ity of the user i vanishes as the distributed authority factor w;(t) — 0 and recovers
as w;(t) — 1. As shown in the following sections and illustrated in Figure 5.1, the
above WTA authority dispatch network enables all winning users to interactively ad-
just the spatial layout of the remote robots within the convex hull spanned by their

local robots.

(a) S, = {1,2,3,4}. (b) S, = {1,2,3}.

(d) Sw = {1}.

Figure 5.2: The steady-state spatial layout of a tree network of 10 remote robots
teleoperated by 4 human users, for different sets of winners.

5.2 Distributed Authority Dispatch

This section designs two distributed WTA authority dispatch algorithms with ex-
ponential convergence. The first algorithm is derived from the Oja’s rule for PCA
but lacks passivity for feedback interconnection with physical robot dynamics. The
second algorithm is developed by solving a constrained quadratic programming via

primal-dual dynamics, of which the equilibrium-independent passivity favours passive
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teleoperation in Section 5.3.
Throughout this section, let w = (wy, -+ ,wy, )T collect the authority factors of
all remote robots, and uy, = (ul(tk), Cee U, (tk))T be the vector of all bids received

by the remote robot network, during the time period [ty, txi1).

5.2.1 Principal Component Analysis

This subsection introduces a WTA algorithm derived from the Oja’s rule for PCA, in
which the default bids received by the follower remote robots are particularly set to

by = b1. Let the authority variable w; of each remote robot i evolve with

(,ZJ,L‘ =0 [ul(tk)wz - N,«mwi}, (56&)

N = + u(ty)w?, (5.6b)

Q; = Z 9i(t)(nj —m) + Z hij(t) - sign(n; — m), (5.6¢)
JEN; JEN;

where i =1,--- | N,, 0 > 0, and g¢,;(t) = g;;(t) and h;;(t) = hj;(t) are to be designed.

The dynamics of the overall decision-making layer can be synthesized into

w :J[utk ow—N,no w] , (5.7a)
N =a + uy o w?, (5.7b)
& = — L(t)n — BH(t) - sign(B™n), (5.7¢)

where L(t) = BG(t)BT with G(t) = diag{g;;(t)} and H(t) = diag{h,;(¢)}.
In (5.7b), 1 is dynamically updated to estimate ujw?1/N,. By (5.7), the error
of estimation,
1
o0=mn-— u;aﬂﬁr, (5.8)

evolves according to

: 1
0 = —L(t)n — BH(t) - sign(B'n) + 2uy ow o w — 2u}, (w o w)ﬁ

T

= — L(t)n — BH(t) - sign(B"n) + 2L.(uy, o w o w)

= —L(t) (5 + u;,w2Nir> — BH(t) - sign [BT (5 + u;,w?NiT)] (5.9)

+ 2oL, [utk ow? o (uy — Nrn)}
= —L(t)6 — BH(t) - sign(B"8) + 2oL, [uy, o w” o (uy, — N,m)]
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where L, =1 — 117 /N, is a Laplacian matrix of a complete graph of order N,.

Let 6 = 178 be the sum of estimation errors. It follows then that:
Proposition 5.1. If a(0) = 0, then 6(t) = 0 and thus L.6(t) = &(t) for all t > 0.

Proof. Firstly, a(0) = 0 leads to

5(0) =178(0) = 17 [n(0) — u,(0)w?*(0)1] = 177 (0) — Ny, (0)w?(0)
=1"[a(0) + N,uy,(0) o w?(0)] — Nyu/,(0)w?(0) = 0.

Then, § is invariant by validating its derivative as follows

6=1T6 = —1TL(t)d — 1"BH(¢) - sign(B"8) + 21 "L, (uow o w) = 0.

Hence, §(t) = 6(0) = 0 for any ¢ > 0. Further, with L. = I — 117 /N, it follows from
0(t) =176(t) = 0 that L.6(t) = (). u

The Lyapunov candidate constructed to study the convergence of the WTA au-
thority dispatch algorithm (5.6) is

1
V= Vitnbs =4 Tw—1)2+g<sT5, (5.10)

where € > 0 will be determined, V; = (w'w — 1)?/4 measures the deviation from 1
of the decision variables w, and V5 = §'8/2 quantifies the impact of the estimation

error 8. Along Equations (5.7)-(5.9), the derivative of V; becomes

Vi=(ww-1ww=0cww-1)w' [uy, ow — Nymow]
1
=o(w'w—Dw' {utk ow— N, (5 + u;wzﬁ) o w}
—o(w'w -1, w? - Nw'(dow) —u)ww'w)

= — oW (ww—1)? —oN,(w'w —1)§"w?
< —ouwi(wlw —1)? + %u;wz(wTw — 1)+ %Nf(é ow) U, (dow)
= %u;wQ(wTa) — 12+ %NféTQU;{lﬂé,

where Ut_k1 with Uy, = diag{uy} is well-defined because u;(t;) > by > 0 for every
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1=1,---,N,. Similarly, the derivative of V5 is

Vo =—68"L(t)6 — 6" BH(t) - sign(B"6) + 206" L, [uy, o w’ o (uy, — Nym)]
= —§"L(t)6 — 6" BH(t) - sign(B"6)

1
+206"L, [u?, o w? — Nyuy, ow? o ((5 + u;wzﬁ)}
=—0"L(t)6 — 6 ' BH(t) - sign(B'6)
+206"L, [u, o w® — (uj,w’)uy o w’] — 20N,8" Le(uy, 0o w? 0 §)
= —6'L(t)6 — 6 'BH(t) - sign(B'6)
+ 2087 (utk owo [(I —ww ) (uy o w)]) — 20 N,8"QU Q6

where L.d = § in Proposition 5.1 has been applied, and €2 = diag{w}.

Because L. can be decomposed by a positive semi-definite T into L, = BTBT,
let v = (vy,-+- ,vn,_1)" with v; the maximum absolute value of all elements in the
i-th tow of TBT, and let ¥ = diag{v} = 0 and 8 = BTS. From Appendix J, the

error of estimation & admits that

208" (ugpow o [(I— ww')(uy ow)))

§4i(1 — w'w)*u)w? + o N, (b, — by)
K

+ N, (b — b1)8TY25 + 08" [4kD2,QULQ + N,(b,, — by)|B||B[T] 8.

~|T
5‘ Y|B|™n (5.11)

For every pair of adjacent remote robots (7, j) € £, design h;;(t) by
hij(t) = o Ny (b — b1)v(n; + 15), (5.12)

where the k-th column of B associates with the communication link (i, 7) between
the remote robots ¢ and j, and update g;;(t) by
N2 3

9ij(t) =o N, (W - 2“bfn> [(n; +nj)vis + Ke(Ny = 1) (n; — n)* + Kev?]
1
1
+ =N, (4N, — 3)(by, — b1)v}
K
(5.13)
where K. is the maximum singular value of TBTBT. Because the selection of h;(t)
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in (5.12) for every (i,j) € £ makes

~| T
— 6TBH(t) - sign(BT8) + o N, (b, — b1) ‘5‘ Y|B|"y
~ ~ ~| T
— — 8TH(1) - sign(d) + o N, (b, — by) ‘5‘ Y|B|™n

=- Z hij(t)|0; — 65| + o Ny (bm — b1) Z |0; — dj|vk(ni +m;) = 0,
(i,5)€€ (i,)€€

combining V; and V; and using (5.11)-(5.13) lead to the time derivative of V' by

V<-— %u;wZ(wTw 124 %NdeQU;jQJ — k8TL()8 + ok N, (b — b))8T Y28
+ ok’ [4602, QU4 + N, (b, — b1)B||B|T] 8 — 20kN,8" QU068
o T T

=— Zutkw2(w w—1)* - %(ﬂdu;uﬂ

+ 8" [oA(t) — KL()] 6 + kN, (by — b1)d' X286
where (0k/2)87du/ w? has been added and subtracted in the above with

1
At) :gujkw?I + SNIQUGQ + e [(4kb2, — 2N,) QUG + N, (b, — by)|BIBIT]

From Appendix K, we have also that
STA()8 < 6'T(t)0, (5.14)

where T'(t) is given by
2 N 3 2,9
L(t) =4N,(Ny = Db = b)) X" + Ny | 15 — 7N, + 26°0,
1

[0 diag{[BI"n} - X + K.(N, — 1) - diag { (BTn)" } + K]

With 6 TL(£)8 = 8T G(t)d, it further upper-bounds V by

V< — %(wTw —1)’ufw?® — %5T5u;€w2

+07 [oT(t) — KG(t) + ok N, (b — b1)Y?] 8.

Choosing w;;(t) by (5.13) for every (i,7) € £ makes oI'(t) — kG(t) + 0k N, (b, —
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b1)YX? = 0 and converts thus the derivative of V' into

V< —ut)V, (5.15)

T

where u(t) = ou'w?. By Gronwall’s inequality, the time integration of (5.15) from

ty > 0 tot >t yields

V(t) < exp (— /t: u(@)d@) V(t). (5.16)

The following lemma is key to proving the convergence of the WTA althority
dispatch algorithm (5.6) in Theorem 5.1.

Lemma 5.1. Let the dynamics (5.6) of the authority variables w; start with w;(ty) =
1/v/N, and o;(ty) = 0,¥i =1,--- | N,. Then, the dynamic modulations (5.12)-(5.13)
of hij(t) and g;;(t) guarantee that:

1. The authority variables w and the estimating error variables & stay in an in-

variant set,

S ={(w,8) e RN x RM | (|lw]|? —1)* + 2x||6]* < 2rb2%, /N2}.

2. If k is selected by k < N2(1 — p*)?/(2b%) with 0 < p < 1, then the variables w

and 8 exponentially converge to an attractive set,

Sa={(w,8) e R"" xR

(lwl* = 1)% + 218" = 0},

and the rate of convergence is opb;.

Proof. 1. The definition of V in (5.10) and the conclusion (5.16) together lead
to (||w]|? — 1)? + 2k||8||*> < 4V (t;). Further, the initializations w;(tx) = 1/v/N,
and «;(t,) = 0 guarantee that 2N2V (t;,) = ru}, L. L.uy, < kb2, because 0 and 1 are
the eigenvalues of L.. Therefore, w and d are bounded within S;.

2. The invariant set Z indicates that ||w|]> > 1 — v/2kb,,/N,. Selecting & as
required then guarantees that ||w|[*> > p and thus u(t) > opb, for all time. Tt follows
that (||w||*—1)2+2k||8]|? < 4exp[—opb(t —t)]- V (t1), which proves the exponential

convergence to the attractive set S4. [
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The following theorem summarizes the convergence of the proposed WTA author-
ity dispatch algorithm (5.6).

Theorem 5.1. Let the distributed WTA authority dispatch algorithm (5.6) be initial-
ized by wi(ty) = 1/v/N, and o;(ty) = 0 for i = 1,--- ,N,. Further, choose o > 0
heuristically, select k as in Lemma 5.1, and update the gains h;;(t) by (5.12) and
gi;(t) by (5.13) for all (i,7) € E. If the user w is the only winner, then the authority
variables of the leader remote robot w and of all other robots asymptotically converge

to 1 and 0, respectively, i.e., wy,(t) — 1 and w(t) — 0 for all | # w.

Proof. The selection of k in Lemma 5.1 ensures that 2||6|| < \/2V (tx)/k-exp|—opb; (t—

tr)]. The evolution of all authority variables w is studied using the quotient function:

E=Y)_ o (5.17)
l#w

where [,w € {1,---, N,} with [ # w are defined in the theorem. By (5.6a), w,, and all
w;-s are positive for all time as they start from 1/4/N,.. Further, because w is bounded

by S;, E becomes zero if and only if w; = 0 for all [ # w. Then, the derivative of E
along the WTA authority dispatch dynamics (5.6) is

i Z ou(ty)w; — Nemwrwy — ;[uw(tk)ww — Ny wy

l#w W
—Z ( olui(ty) —uw(tk)]ﬂ+0Nr(7iw—ﬁz);u—l>
t#w “ N (5.18)
—O'Z<Ul tk —uw tk)]—‘f‘N((S _5l>w )
I#w w
< —o (e —2N,||d]) Z :}J—l < |:—O'E + o2V (tg)/k - exp(—apblt)] E.

l#w

Then, the time integration of E from t; to ¢ gives that, as t — 400,

B(t) <exp [ — oelt — t) + oAV () /t t exp(—apblﬁ)dﬁ} E(t)
<exp [ —oe(t —t) + V2V (tx) /K / (pb1) exp(—apbltg)} E(ty) — 0,

which, together with E(t) > 0, ensures that E(t) converges to zero exponentially.
By S; in Lemma 5.1, w is bounded, and thus E(t) — 0 indicates that w;(t) — 0 for
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every | # w. Because w exponentially converges to Sa, w;(t) — 0 exponentially for

all i # k further means that w,,(t) — 1 exponentially. The proof is complete. [ |
W w3
o ]

w(t)
w?+wit+wi=1

W

/wl Ll/wi

(a) The authority variables w exponen- (b) The authority factors w,, and w; ex-
tially converge to |w| = 1. ponentially converge to 1 and 0, respec-
tively.

Figure 5.3: The exponential convergence of the WTA authority dispatch algo-
rithm (5.6) is proven by the conjunction of (a) the function V' in (5.10) and (b)
the function E in (5.17).

The exponential convergence of the WTA authority dispatch algorithm (5.6) is
proven by the conjunction of the functions V in (5.10) and E in (5.17). An example
with N; = N, = 3 is provided in Figure 5.3 for interpretation. In Lemma 5.1, the
evolution of V' in (5.15) implies that the variables w and & are properly bounded
within S, and are exponentially convergent to Sy, see Figure 5.3(a). On this basis,
in Theorem 5.1, the evolution of E in (5.18) indicates further that only w,, and w;
exponentially approach 1 and 0, respectively, see Figure 5.3(b). As a result, every
leader remote robot ¢ = 1,--- , V; can detect if it is communicating with the winner’s
local robot by evaluating its own authority variable w;: yes if w;(t) — 1; and no
if w;(t) — 0. Nevertheless, the passivity of (5.6) is unclear by studying the func-
tions V and F in the above, which prohibits its power-preserving interconnection
with physical robot dynamics and thus the closed-loop implementation of a passive
teleoperator. For this reason, the following section derives a passive WTA authority

dispatch algorithm from a constrained quadratic programming formulation.
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5.2.2 Constrained Quadratic Programming

Let the default bids received by the follower remote robots be by = 0. As proven
in Lemma 5.2, this subsection formulates the following constrained quadratic program

to accomplish WTA authority dispatch:

.. . E T, T
minimize flw) = SW W W Ui, (5.19a)
subject to 1w =1, (5.19b)
0<w<1, (5.19¢)

where € > 0 is the resolution of the user bids.

Lemma 5.2. The minimizer w* = (wj,- - ,w}‘VT)T of the convex program (5.19)
allocates an authority factor w? to each leader remote robot © = 1,--- | Ny that fulfills

the objectives O1 and O2.

Proof. The first step derives a transformation of (5.19) for the subsequent search for
its minimizer w* through the first-order optimality condition. Because w;(tx) > €
and u;(tgy) = 0 fori =1,--- , N, and j = N;+ 1,--- , N,, there exists a maximal
set S,y € {1,---,N;}, Su # 0, such that: u;(ty) = u;(ty) for any i,j € S,, and
wi(ty) —u;(ty) > eforanyi € S, and j ¢ S,,. After selecting | ¢ S,, arbitrarily, define
w and Uy by deleting w; and w;(t) from w and wuy, respectively, to convert (5.19b)

into w; =1 —@'1 and then (5.19a) into
€ < ~ ~T 1~
f(w) =3 T(I+11T)w—wT [y — w(te)1 + €l] + 6,

where 0 = €/2 — u;(tx). Dropping the constant §, (5.19) becomes:

minimize fl@) = %AT (I+117) & — &7 [Gy — wty)l +€l], (5.20a)

WERNr—1

subject to 0 <@ <1, (5.20b)
0<1'w <1, (5.20c)

where (5.20c) is by 0 < w; < 1 in (5.19¢). Because the quadratic program (5.20)

satisfies Slater’s condition, @* minimizes (5.20) iff

0c V@) +N@*) =€ (T+117) &* — [Uy — w(ty)l + €1] + Np(@*), (5.21)
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where N5(@*) is the normal cone of C at @ with

~

C = {a e RV1

ogagl,andogﬂag1}.

The second step uses contradiction to show that the minimizer &* of (5.20) satisfies
1Tw* = 1. Suppose that 17&* < 1. Then, (5.20b) indicates that &f < 1 Vi =
1,--+, N, — 1, where &} is the i-th element of @*. Hence, n* < 0 for any normal
vector n* € Nz(@*). The first-order optimality condition (5.21) leads to

E(I + 11T)(:\J* = [ﬁtk — ul(tk)l + 61] —n* Z ﬁtk — ul(tk)l + €l
for some n* € Nz(@*), and the assumption 17&* < 1 yields
6&\)* Z ﬁtk: - ul(tk)l + el — 611T&\J* > ﬁtk - Ul(tk)].,

and further that ew; > w;(tx) — w(tx) Vi # . From [ ¢ S, it follows that u;(tx) —
w(ty) > € Vi € S, and further that w} > 1 Vi € S,,, which contradicts (5.20b). Thus,
17o* = 1.

The last step shows that wf = 1/|S,| Vi € S,,. Following the second step, selecting
I ¢ S, in sequence implies that w} = 1—17&* = 0 for alli ¢ S,, and thus ), w} =
1. It then simplifies the minimization problem (5.19) by

minimize  f,(wy) = Ewlww — W Wy g, (5.22a)

W ERISwI 2 ’
subject to 17w, = 1, (5.22b)
0 S Wy S ]-7 (522(3)

where w,, and u,, 4, are defined by removing all w; and w;(t;) with [ ¢ S,, from w and
uy,. Hence, u, 4 = b1 for some b € U. Again, the problem (5.22) is strictly convex
and satisfies Slater’s condition. Using the first-order optimality condition, w;, is the

minimizer of (5.22) iff
0 € Vfu(w,) +Ne, (@), (5.23)
where N, (w) is the normal cone of the set C,, at w? with

Cow = {ww € RIS

17w, = 1,and 0 < w,, < 1}.



125

Let w} = 1/|Sy|- Then, for any w,, € C,,

[V fw(wy)] (we — wl) = (el — W) (W, — w))

€ 1
R A L P,
(\Swr ) (“’w \sw|) -

which means that —V f,,(wX) € N, (w?). That is, w? = 1/|S,| satisfies the condi-
tion (5.23) and is therefore the minimizer of (5.22). As a result, wf = 1/|S,| and
wi = 0 for every i € S, and j ¢ S,,. The proof is completed. [ |

The optimization-based formulation (5.19) for WTA authority dispatch is inspired
by the WTA neural network [138]. Lemma 5.2 asserts that the solution of (5.19) de-
ploys equitable authority factors wf = 1/|Sy,| i € S, to all leader remote robots
receiving the highest user bids. The succeeding extensions of [138] focus on central-
ized implementations and are not applicable to multi-user teleoperation of distributed
multi-robot systems. Compared to the asymptotically convergent distributed WTA
neural dynamics [140, 141,143, this chapter transforms (5.19) into a nonsmooth op-
timization which it solves with a new, exponentially convergent, distributed gradient
algorithm that acts as a dynamic controller to passivate the teleoperator.

In the constrained convex minimization (5.19), the cost function f(w) in (5.19a)
is separable in the sense that it sums (€/2)w? — wyu;(ty) with ¢ = 1,--- | N,, and
the box constraints 0 < w; < 1 in (5.19¢) are local. However, the equality con-
straint (5.19b) involves the authority factors w; assigned to all remote robots. For

distributed implementation, let an auxiliary variable v € R¥~! augment (5.19) as

follows
. € T T K 1
(w,ﬁﬁbﬁﬁlﬁ?ﬂ flw,v) = QW W Wity t g Hw + Bv — A (5.24a)
subject to w4+ Bv — Nir =0, (5.24Db)
0<w<1, (5.24c)

where k > 0 and B is the incidence matrix associated with the tree communication
network of the remote robots.

Let L. = BB be the edge Laplacian matrix of the tree robot network. The
following lemma establishes the equivalence between the problems (5.19) and (5.24).
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Lemma 5.3. Let the network of the remote robots have a tree topology. Then, the
augmented optimization problem (5.24) is convex with the objective function f(w,v)
strongly convez. Further, w* is the unique minimizer of (5.19) iff (w*, —L;'BTw*)
is the unique minimizer of (5.24).

Proof. The equality constraint (5.24b) is affine and the inequality constraints (5.24c)

are linear, the proof thus starts by showing that f(w,v) is strongly convex with

respect to (w,v). Using BT1 = 0, f(w,v) can be rearranged into

T T
1 |w w w Uy + 1 K
w,v) == H — Ne
which is quadratic in (w,v) with
" (e+r)I kB |
kBT kL,

Owing to the tree topology of the network of the remote robots, kL. > 0 and the
Schur complement of (e + x)I > 0 in H is

2 2
BTB:I{/LG_ P Le: e
e+ K e+ K e+ K

K

kL, — kBT - (e + k)"'I- kB = kL, — L. > 0.

Namely, H > 0 and thus f(w,v) is strongly convex in (w,v).
Because both f(w) and f(w,wv) are strongly convex, the minimizers of both the

problems (5.19) and (5.24) are unique. Further, the problem (5.24) is equivalent to

L. € T T
= = — 5.25
o iz f(e) = T — T, (5:25%)
1
subject to w4+ Bv — N = 0, (5.25Db)
0<w<1, (5.25¢)

by simplifying f(w,wv) with (5.24b). It remains to prove that the constraint (5.25b)
is true iff v = ~L;'BTw and (5.19b) holds. If (5.25b) is true, then

1
LjBT<w+Jyf—RF):LjBHg+v::Q

1 T
Bv—-— | 1=w'1-1=0
(w+ v N) w )

r
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and thus v = —L;'BTw and w'1 = 1. Now let v = —L-'BTw and (5.19b) be true.
Using (5.19b), together with BT1 = 0, rank(B) = N, — 1 and rank(1) = 1, w can be

written as

1
=— —Bov, YoeRV
w Nr (¥ v

and, in conjunction with v = —L_'BTw, yields

1
v=-L'BT (F — B@) =L 'B'BY =9.

Thus, the condition (5.25b) is true by the two equations above. [

The encoding of the equality constraint (5.24b) into the cost function f(w) makes
the augmented objective function f(w,wv) strongly convex with respect to the ex-
tended optimization variable (w,v). The benefit in Lemma 5.3 is instrumental to the
upcoming proof of the exponential convergence of the proposed distributed WTA algo-
rithm. Yet, because the coexistence of the equality (5.24b) and inequality (5.24c¢) con-
straints thwart the exponential convergence of conventional primal-dual algorithms,

this paper eliminates the equality constraint (5.24b) through the nonsmooth penalty

function:
mimize  f,(w,v) = f(w,v) + 717 |w + B - — (5.26a)
minimize w,v) = f(w,v w v— — .26a
(w,v)eRNr xRNr—1 A ’ 7 N, ’
subject to 0<w<1, (5.26b)

where v > 0 is determined using Proposition 5.2 (whose proof is obtained following
the derivations in [183, Chapter 4.3.1]) and Lemma 5.4 below.

Proposition 5.2. Let A* = (A}, -+, Ay )7 be a vector of multipliers associated with
the equality constraint (5.24b). Then, the problems (5.24) and (5.26) have the same

solution if v > max |\f|.
i=1,,N;

Lemma 5.4. Let (w*,v*) be the unique minimizer of the problem (5.24). The vector
of multipliers associated with the equality constraint (5.24b) is A* = X\*1 with |\*| <
bm - E/Nl.

Proof. Let the partial derivatives of f(w,v) with respect to w and v at (w*,v*)
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respectively be

1
Vof(w",v") =ew™ —uy, + K (w* + Bv* — F) ,

1
Vof(w*, v*) =xBT (w* + Bov* — F) :

By the Karush-Kuhn-Tucker (KKT) conditions for the unique solution (w*,v*) of

the program (5.24), there exist Lagrangian multipliers p* = (uj_, -,k )" and
o= (pi, - .4 ) " associated to the box constraint (5.24c) such that
Vof(w v") + X" —pu” +p’ =0, (5.27a)
Vof(w*,v*) + BTA* =0, (5.27Db)
1
R (5.27¢)
pt >0, w'>0, w'lp =0, (5.27d)
pi >0, w'<1l, (W —1)"Tp"=0. (5.27e)

Then (5.27c) can simplify (5.27a) and (5.27b) by A* = —ew* +uy, + p* — p’ and by
BTA* = 0, respectively. Given that ) # S, C {1,---,N;} and wf =0V ¢ S, (see
the proof of Lemma 5.2), there exists h € S, with up(t) > by such that w; > N%
If wy = 1, then py_ = 0 by (5.27d) and A;, = —e + up(tx) — pp,. If wp < 1, then
wr,— =y, = 0and \j = —ewj 4-up(t;). Because w; = 0, (5.27¢) leads to i, = 0, and
hence A\f = u;(t) + ;> 0. Then BTA* = 0 yields \f = A\ = A\F >0Vi=1,--- ,N,.
Hence, A} is bounded by

Az = | — e+ up(te) — py | <bm—e, ifwy=1,
| — ew; + up(ty)| < bm —€¢/N,;, ifw) <1,

and |A\f| < b,, —¢/N, Yi=1,--- N,. |

The proof of Lemma 5.4 tailors that of Lemma 5.1 in [144] to match the prob-
lem (5.26) with the problem (5.24). For the vector A of multipliers associated to
the equality constraint (5.24b), Lemma 5.4 first establishes that A* is spanned by
1, and then finds an explicit upper bound of A* to facilitate the algorithm design.
Together, Proposition 5.2 and Lemma 5.4 recast the distributed WTA authority dis-

patch problem as the nonsmooth program (5.26) and permit to develop a projected
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gradient algorithm to solve the problem:

kow €Projey [w, =V fy(w,v) +£], (5.28a)
ky© € =V fy(w,v), (5.28b)

where k,, and k, are positive constants, Cb = {w € RM

0<w< 1} is the set of box
constraints, f = (fi,---, fn, )7 is an input reserved to couple the authority dispatch
algorithm with the network of the remote robots, and V,, f,(w,v) and V, f,(w,v)

are the subdifferentials of f,(w,v) with respect to w and v, respectively,

1 1
Ve fy(w,v) :ew—utk—irm(erBv—F) + 7y - sign <w—|—Bv—ﬁ),

1 1
Vo fry(w,v) =xkBT <w + Bv — F) + BT - sign (w + Bv — ﬁ) )

Let 7 = (n1, -+ ,nn,)" = Bu. Then, BT1 = 0 and L = BBT refine (5.28) into
the projected gradient algorithm

kow €Projes [w, =V fy(w,v) + f], (5.29a)
k,v € =V, fy(w,v), (5.29b)

whose distributed implementation is obtained by using the box constraint set C%:

ki €Projg yy[wi, — (e + K)wi — kn; + fi + wi(ty) + /N, — - sign (a;) |, (5.30a)

ki € Yk [(w; —wi) + (g —m)] + > y[sign (a;) — sign (o) ], (5.30b)
JEN; JEN;
where o; = w; +1; —1/N, for every remote robot i = 1,--- | N,.. A beneficial property

of (5.29) needed in the upcoming analysis is the following:

Proposition 5.3. Let (5.29) start with w(0) € C°, and 1Tn(0) = 0. Then, w(t) € C
and 1™n(t) = 0 for all time t > 0.

Proof. Because w € int(Cl) € Cl if Nev (w) = {0} and w € ICL, if Ne (w) #
{0}, a sufficient condition for w(t) € C. is that nTw < 0 for n € N, (w) # {0}.
Then given any g € R™ it has that nTProng(w,g) =0if g = 0; ;* = g/llgll,
Projes (w,g) = (I — n,n])g = 0 and thus n"Proje (w,g) = 0 if 0 # g € Ny (w);
and n, = 0, Proje (w,g) = (I — n.nf)g = g, and thus n"Proje (w,g) < 0 if
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0 # g ¢ Ngp(w). Then (5.29a) leads to k,n'w < 0 for n € N, (w) # {0},
and further to w(t) € C° V¢t > 0. Thereafter, pre-multiplying (5.29b)wby 17 yields
k1™ € —k1"L(w + 1) — 91'L - sign(w + n — 1/N,.) = {0}, which together with
177(0) = 0 implies that 1Tn(¢t) = 0 Vt > 0. |

Before verifying the distributed WTA authority dispatch strategy, the following
lemma explicitly characterizes an equilibrium of the algorithm (5.29) using the mini-
mizer of (5.26).

Lemma 5.5. If (w*,v*) is the unique minimizer of (5.26) with f = 0, then (w,n) =

(w*, Bv*) is an equilibrium of the dynamics (5.29), namely,

N . _ _ _ R . . 1
k,w =0 € Projes [w:—(€+5)W—f€7l+utk+—1—’y~81gn (w""'?—ﬁ)];

N;
(5.31a)
. 1
k,m =0 € —kL(w +7) — 7L - sign (w +71— F) . (5.31b)

Proof. The KKT conditions of (5.26) are

1
0 €(e+ K)w" + kBU" —uy, — Nil + v - sign <w* + Bv* — —) + Nep (W),

N,
0 cxBT w*—l—Bv*—i +~BT" - sign w*—ier*—i
N,) 7 & N, )
Then, there exists T € Mgy (@) such that

— _ _ K . o 1

ne—(e+m)w—ﬁn+utk+ﬁl—7~81gn w—i—n—ﬁ : (5.32a)
1

06—/<;L(5+ﬁ)—7L~sign(w+ﬁ—ﬁ>, (5.32b)

and (5.31b) follows from (5.32b).
To show that (5.32a) implies (5.31a), note that (5.31a) holds if there exists

1
gE—(e—l—/i)w—ffﬁ—i-utk—FNil—y-sign(w—i-ﬁ—F) (5.33)

that satisfies 0 = Projes (W, g). Equation (5.31a) holds if Proje, (w, g) = g = 0 when
Ny (@) = {0}, and if Proje (@,g) = g —n.n]g = 0 with nfg > 0 and n, € N (@)
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when Nep (@) # {0}. In other words, (5.31a) is satisfied if there exists g in (5.33)
such that g € N (@). Hence, (5.32a) implies (5.32a).

It then follows that (@, 7) = (w*, Bv*) obeys (5.31) and is an equilibrium of the
dynamics (5.29). [

Let the deviations of w and n from their equilibria @ and B be w = w — @
and n = n — 7, respectively. The efficacy of the algorithm (5.29) for solving the
problem (5.26) can be verified with Lemma 5.5 by

kw‘z EPrOjC&, [w7 g(w> 77)] © Projcg [G, §<wa ﬁ)} ) (5343)
kgl € = KL(@ + 1) — yLh(w, 7,0.7), (5.34b)

with & the Minkowski difference of two subdifferentials, and

K ) 1
g(w,n) =~ (e+r)w —rn +f+uu+ -1 -7 sign w+n—ﬁ>,

L _ K . _ o1
g(w,n)=—(6+/f)w—m7+um+ﬁl—v-&gn(ern—ﬁ),

1 1
h(w,n,w,n) =sign (w +n - ﬁ) © sign <w+ﬁ— F) .

Adding and deleting g(w,n) — g(w,n) in (5.34a) transforms (5.34) to

k@ € (Proj, [w, g(w.m)] — g(w,m)) & (Proje, [@.8(@, )] - g@.m))
—(e+ K)w — kn+f —~vh(w,n,©,7n), (5.35a)
kol € — KL(& + 1) — vLh(w, n,@, 7). (5.35b)

Now let a storage function for the WTA authority dispatch dynamics (5.29) be

ho 5T + %ﬁTLT n, (5.36)

%d:?w~

where LT is the positive semi-definite generalized inverse of the Laplacian matrix L
and obeys LL' = L'L =1 - 11T/N,.

By initializing the algorithm (5.29b) by 17n(0) = 0, Proposition 5.3 guarantees
that 17n(t) = 0 and hence that 177(t) = 0 V¢t > 0. Then, V,4 varies along the error
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dynamics (5.35) with
Vig € — (e+ )@@ — k@ i +&F — ki@ — k75 — (@ + 7)) "h(w, n,@,7)
+ @[ (Protey [ g(w. m)] ~ gle.m) © (Projey [@.8(@.7)] ~ g(@.7) |

The last two steps needed for the exponential convergence and passivity of (5.29)
are the following two properties of the projection operator Proje, (+,+) and the subd-

ifferential sign(-).

Proposition 5.4. Ifw € C° and (5.29a) starts with w(0) € C°, then
"’BT |: (Projcg, [wa g(wa "7)} - g(w7 "7)) S (Projcg, [wa §<wa ﬁ)} - 5(57 ﬁ)) i| <0.

Proof. Proposition 5.3 implies that w(t) € C° Vt > 0. And also, Projes [w, g(w, n)] =

(I - n*n_*r)g(w, 77) and Projcg, [wag(wa ﬁ)] = (I - ﬁ*ﬁl)g(wv ﬁ)? where

T — T —
n, = a max n g(w,n), and n, = ar max n g(w,n).
LI g(w,n) B i g(w,m)

Moreover, w € C?, and w € C%, lead to n]g(w,n) > 0 and ng(w,n) > 0, and thus

&' | (Projey [w, g(w,m)] — glw,m) & (Proje, [@ 8@, 7)) — E@.7)

~—

=o' [(I-n.n])g(w,n) —gw,n)] e&" [(I-nxa])g@,n) - g@.7)
~(- [w-@) ] [nlgw.n)]) & (- [w-»)5] [e@n)]) <o
given that (w — @)™, >0 and (w —w)™n, <0. [

Proposition 5.5. The inequality S = (&3 + ﬁ)Th(w,n,U, mn) > 0 holds for all pairs
of (w, ) and (@,7).

Proof. The proof is by enumeration and is omitted. [ |

Together, Proposition 5.4 and Proposition 5.5 bound V,4 by

Vads—H et “I] H+["~i H (5.37
n I | kIl |n n 0

thus (5.29) is output strictly passive with the input (f7,07)T and the output (@', 7")7.
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Moreover, the following lemma proves that (5.29) is exponentially convergent, unlike

the algorithms in [140, 141] which are asymptotically convergent.

Lemma 5.6. With no input, i.e., f = 0, the state w of the dynamical system (5.29)

converges exponentially to the minimizer w* of the problem (5.26).

Proof. The definition of V,4 (5.36) implies that

(ko Kk et
i (. B) (@ 4

where A7, is the second smallest eigenvalue of L. From (5.37), when f = 0, Vi can
be further upper-bounded by
2k +e— VAR + € 1o

Via < 5 (@'o+n'n).

Together, the two inequalities above lead to Vad < —pVaq and further to Vy4(t) <
exp(—pt) - V,4(0) by Gronwall’s inequality, where the rate of decay is

2Kk + € — VAK? + €2 (2 2)\,;)
p= max [ —, —= | .

2 ko' Ky

Because V,q > k,w'@/2, it follows that @ reduces to zero, and hence the state

variable w of (5.29) converges exponentially to the minimizer w* of (5.26). |

5.3 Passive Feedback Interconnection

This section interconnects the WTA algorithm (5.30) in feedback with the physical
robots (5.1)-(5.2), and designs the dynamic gains K,;(t) in (5.5) and the reserved
inputs f; in (5.30) to make the closed-loop teleoperator passive. The gains K,;(?)
regulate the connections of the remote robot network (5.2) to the local robots (5.1)
and the damping injected into the leaders of (5.2) based on the authority factors
dispatched by the algorithm. The inputs f; adapt the evolution rate of the algorithm
in search for the minimizer of (5.26) based on the states of robots.

Recall that the equilibrium w* of the authority dispatch dynamics (5.29) varies
with the set S,, of winners. For a remote robot network teleoperated by N, users, the
dynamics (5.29) have P = 2V —1 different attractors A%, = {wp -+ ,wp, }, where P,

with p = 1,--- , P indexes all equilibria of (5.29). For example, if N, = 3, there are:
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P =T possible S,-s - S = {1}, 87> = {2}, 8T = {3}, S = {1,2}, 85 = {1, 3},
S = {2,3} and ST = {1,2,3}; and P = 7 corresponding equilibria - w} =
(1,0,0,0)", w3, = (0,1,0,07)", wi, = (0,0,1,07)", ws = (1/2,1/2,0,07)",
wh, = (1/2,0,1/2,07)", wi = (0,1/2,1/2,07)", and wp = (1/3,1/3,1/3,07)",
with 0 an (N, — N;)-dimensional vector.

Given the one-to-one correspondence between wp, and 851’, the teleoperator with
online WTA authority dispatch has P associated behaviours: each vector wp, of
distributed authority factors drives the network of the remote robots to the convex
hull spanned by the winning local robots Shp , see Figure 5.2. Then, the teleoperator
with dynamic authority dispatch is a switched system with time-dependent switching
events. As in Section 5.2.2, t, with £ = 0,1,2,--- and tg = 0 is the sequence of
switching times caused by the changes in the set S, (t) of winners. Namely, S, (%)
is invariant during every time interval ¢ € [ty, 1) and changes at every switching
instant t;. The switching signal of the teleoperator is a piecewise constant function
of time o : [0, +00) — P = {Py,--- ,Pp}. Correspondingly, the mode of the closed-
loop teleoperator with S,,(t) = Sr? is the P,-subsystem. Without loss of generality,
the following analysis takes the switching signal and the set of winners as o(t) = Py,
and S,(t) = ST with h € {1,---, P} during t € [ty,tr11) with k € {0,1,2,---}.
Thus, the Pj,-subsystem is active, and all P;-subsystems with [ # h are inactive. The
definition of passivity below, adapted from [184], helps investigate the system.

Definition 5.1. The multi-robot teleoperator (5.1)-(5.2) with online WTA authority
dispatch (5.29) and switching signals o(t), t > 0, is passive with respect to the power
ports (£, %), i = 1,--+ | Ny, if there exist positive definite continuous storage func-
tions Vp,, p=1,--- , P, and locally integrable cross-supply rates S;;lh (t) with o(t) = h
and | # h during [tg,tg1), K =0,1,2,- -+, such that

Vp, (t) — Vp, (s) + Z / OX) ()% (7)dr

Ny t N t
3 [ sexiir < 3 [ i et
i=1 Vs i=1 7"

Jor some 6 > 0 with w}p, the i-th element of wp, , and

Valt) = Vo) < [ B rydn
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with ng € Ly, where ty, < s <t < tgy1. Further, the teleoperator is output strictly
passive if § > 0.

Let x; = (x}," - ,xEVl)T and x, = (x], - ,XINT)T collect the local (5.1) and
remote (5.2) robot dynamics into

M, (xi)% + Cixp, %)% =1 + 1, (5.38a)

M, (x,)%, + C,(x,, %)%, =f,, (5.38D)

where M, (x,) = Diag{M,;(x.;)} and C.(x,,x,) = Diag{C,;(x.;, %)} are block

diagonal matrices with = {,7, and £, = (£}, - ,thNl)T. The control inputs are
fl :Plr(]IXr — Xl) — DZXI, (539&)
f. =P, 01" (x; — Ix,) — (L, ® L,)x, — D,%, — I"K,(t)L - Sign(x,), (5.39b)

where I = [Iy, Onx(v,—ny] @ L, @ = diag{w} ® I,, K,(t) = Diag{K,;(t)}, and L,
is a weighted Laplacian matrix whose (7, j)-th element is [j; = 0 if j # 7 and j ¢ N,
iy =—Pjitj#iand j €N, and If; = =3, [ if j = 1.

As the equilibrium w* of the WTA authority dispatch algorithm (5.29) changes
with Sy, and a unique pair (Wp, = wp ﬁpp) corresponds to each Pp,-subsystem, the

storage function

Ve, = Vol + W+ Vo V" 4V, (5.40)
which serves to investigate the energy behaviour of each P,-subsystem, p =1,--- , P,
is defined as follows:
k k
Pp w~T ~ ~T ~
Vod' = 5 wp,wp, + EnanLTan

is the energy V.4 in (5.36) of the WTA authority dispatch network (5.29) for the

Pp-subsystem with the set of winners §,, = Skr ;
Po _ L1 1oyt 51T <
v = 5% (mppﬂ )Ml(xl) (mppﬂ >xl

*L .
is the kinetic energy of the winning local robots (5.38a), with €2 the component-wise
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square root of Qp = diag{wp } ® IL,;

1
‘/r = QX;I-MT' (XT’>XT‘7

is the kinetic energy of all remote robots (5.38b);

v = %(xl —Ix,) I 17 (x; — Ix,),

is the potential energy of the connections of all winning local robots to their associated

leader remote robots; and
V., = —x! (Lp ® In)xr.

is the potential energy of all inter-remote robot connections.

Along the dynamics (5.38a) and (5.39a), le” and V,. vary with

V7 =% (195, 17) [P, (Ix, — x1) — Dy + £,
V, =P,% QI (x; — Ix,) — %, (L, ® L,)x, — D, %, — % 'K, (t)I - Sign(%,).

Further, I'T = Diag{Iy,, O(n,—n)x(n,—np) } @ I, and Q= diag{wp } ® I, with the
i-th entry of w;}p being WZPP =0fori=N;+1,---,N,, lead to ]IT]IQ}'BP = Q;‘;p and to

V' == P I 1T (Ix, — x;) — P 5 1T (x; — Ix,).
After summing %Z”, %Pp, V., Vlz,)” and
"/7"7" = XI (Lp & In)Xr

the power balance of the P,-subsystem becomes

Vo, <V + %] (190, 1) £, + P (2 — 5 )17 (x — Ix,) (5.41)
— D] (1925, 17)%; — Dk %, — %/ 1K, ()] - Sign(x,), '
where —x (L, ® I,)x, + %] (L, ® L,)x, = 0 results from the power-preserving inter-
connections between the remote robots.

By Definition 5.1, passive teleoperation constrains how the energies of the ac-

tive Pp-subsystem and all inactive P;-subsystems evolve during each time inter-
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val [tx,tg1). Therefore, the increases in their energies must be examined next.

For the active Pj-subsystem, the sign-indefinite term A = P, x (Q Qr )HT(XZ —
Ix,) = P, ZZ L Wi P, X} (X1 —%,;) in the power balance inequality (5.41) indicates that
wp, , which arises from the transient phase of the authority dispatch dynamics (5.29),
compromises the conservation of power in the couplings between the local and leader
remote robots. Opportunely, by (5.37), the energy VP’L of the WTA authority dis-

patch network of the active Pj,-subsystem changes according to
P,
Vod' £ —kK@p, Wp, + @y, £,

where f = (f1,---, fn,)" is reserved to couple the WTA algorithm to the underlying
robot dynamics. Let f; be

Plr (Xm Xli) fori:la"' >Nl7
fi= (5.42)
0 fori=N,+1,---,N,.

Because —%, [TK,(¢)I - Sign(x,) < 0, the time integration of Vp, in (5.41) for p = h

from s to t leads to

Vp, (t) — Vp, (s +Z/ p, Dl (T) %4 (1 dT—i—Z/ D, % (7)%,i(T)dT
<Z/ zP;Xlz )i (T dT—Z/ /ﬁwzph

where w; p, is the i-th component of wp, for i =1,--- | N.

(5.43)

The energy balance inequality (5.43) shows that f designed in (5.42) shapes the
energy behaviour of the active Pp-subsystem to meet the first condition of passive
teleoperation in Definition 5.1. Algebraically, f cancels the sign-indefinite term A
n (5.41). From a control standpoint, f connects the output of the robot dynam-
ics (5.1)-(5.2) to the input of the WTA authority dispatch algorithm (5.29). As a
result, the WTA dynamics can extract the sign-indefinite energy A from the physical
robots and dissipate it by appropriately adapting its evolution. In addition, the ex-
cess of passivity due to w; p, , X;; and X,; in (5.43) is key in the upcoming steady-state
performance analysis of the teleoperation system.

For every inactive Pj-subsystem, the energy VaZ’ of the WTA authority dispatch
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network is bounded by

ke,

- - - - ky - ~ - -
Va'sz :?(WP;L + whl)T(U)ph + whl) + E”(’flph + ’l’]hl)TL]L (T[ph + nhl) < 400

because wp,, Np,, Wn = wp — wp and Ny = Np, — Np, all are bounded by the

analysis in Section 5.2.2. It follows from 0 < w; < 1 and w;p, € {0,1/[Sy|,1} that
X;rﬁplﬂ (x; — Ix,) = Zmax (wi, 1 — w) % | T %0 — Xy,

where ﬁpl = 2 — Q. Hence, letting the control f,; of every leader remote robot i =
1,---, N; adapt with

K, i(t) = P, - max(w;, 1 — w;) - diag{|x; — x4|} (5.44)
constrains the energy increase of the inactive P;-subsystem according to
Vp,(t) — Vi, (s) + Dy Zw / %} (T)%y(7)dT + D, Z/ X,..(T)%(7)dT

<V - VI) +Zwm [ St

(5.45)

Assumption 5.1 together with bounded V! ultimately ensure that the energy balance
inequality (5.45) of every inactive Pj-subsystem complies with the second condition
of passive teleoperation in Definition 5.1.

For a switched system: the energies Vp, of all its P,-subsystems are functions of
the same system state variables; the energy behaviours of all subsystems, both active
and inactive, contribute to the energy behaviour of the system; and the active Pp-
subsystem can inject energy into the inactive P;-subsystem, as characterized by the
cross-supply rate Sglh in Definition 5.1. Therefore, limiting only the energy growth
of the active subsystem by the winners-injected energy as in (5.43) is insufficient for
passive teleoperation with dynamic WTA authority dispatch. Additional damping
must be injected into the leader remote robots via (5.44) to constrain the energy
stored by every inactive P-subsystem by (5.45).

The design (5.42) of f; together with the adaptation of K,;(t) (5.44) connect the
physical robots (5.1)-(5.2) in feedback with the WAT algorithm (5.30) to make the



teleoperator passive with performance guaranteed in the following theorem.

Theorem 5.2. Let a teleoperator with Ny local robots (5.1) and a tree network of N,

remote robots (5.2) apply force feedback to users, coordinate the remote robots and

enable teleoperation via the controllers (5.3), (5.4) and (5.5), respectively.

Design a bidding mechanism B1-B2 for users to send requests to the remote robots,

and associate the authority factors w; and the auxiliary variables n; that start with

w;(0) € [0,1] and n;(0) = 0 and evolve with (5.30) to all remote robots.

Design the inputs f; to (5.30) by (5.42) and adapt the damping of all leader remote

robots by (5.44). Then, the teleoperator is passive with the following properties.

1. The velocities of all robots are of class LoNL s and approach zero at infinite time,

’6'.6., {Xliaxrj} € [,2 N ['oo and {Xh(t),xm(t)} — 0 ast = 400 Vi = 1, s ,Nl
and 3 =1,---,N,.

. The authority factors distributed to the remote robots fulfill the WTA objec-

tives O1 and O2 if the set of winners S,, s invariant.

. The network of the remote robots moves towards the convex hull spanned by the

winning local robots, i.e., X,;(t) — x;; € Cx, ast — +o0, where

er = {Z NiX

1€Sw

X >0 and inzl}.

1€ESw

. The force feedback to each winning user i € S,, converges to the sum of forces
applied by all other winning users j € S, — {i}, i.e., f;(t) — Zjeswf{i} £, ()
as t — +oo, while the force feedback to all other users k ¢ S,, converges to a
scaled approximate average displacement of the winners’ local robots from their
local robots, i.e., fix(t) — Pi[x1(t) —xi(t)] = D ics, Pr[X(t) —xu(t)]/|Sw| as
t — +o0.

. The positions of all robots are synchronized when all user forces vanish, 1i.e.,
x;(t) —x,5(t) = 0Vi=1,--- Nyandj=1,--- N, ast = +oo if f5,(t) =0
vVt > 0.

Proof. By Definition 5.1, the energy balance inequalities of the active Pj-subsystem,

(5.43), and every inactive Pj-subsystem (5.45) indicate a passive teleoperator.
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1. Each Vp, in (5.40), p = 1,---, P, is bounded by (5.43) and (5.45). Thus, x;
and %, are of class L. Further, positive D; and D, in (5.43) and (5.45) imply
that %; and %, are of class £,. With bounded %; and X%, in (5.38), Barbalats’
lemma leads to {%;(t),%,(t)} — 0 as t — +oc.

2. Given an invariant set S, of winners, the equilibrium w* of (5.29) remains
invariant. Because all Vp, are bounded, all displacements x,; — x;; of the leader
remote robots i from their associated local robots i are bounded. Then, x,(¢) —
0 and (5.42) imply that £(¢) — 0. As in the proof of Lemma 5.6, (5.37) implies
that the authority dispatch network (5.29) is exponentially ISS with the input f
and the state w. Hence, f(t) — 0 implies that w(t) — 0 as ¢ — +oo and, by
Lemma 5.2, that the WTA election objectives O1 and O2 are acheived.

3. Because fh is bounded, the time derivatives of (5.38) imply that X; and X,
are bounded. The boundedness of X; and X,., together with {%x;,%,} — 0 and
Barbalat’s lemma, leads to {X;(t),%,(t)} — 0 as t — +o0 and thus, to f, — 0
in (5.38b). Then (5.39b) implies that P, Q(1)I"x,(t) — [P, + (L, ®
L,)]x,(t) = 0 as t — 400, and, by w(t) — Q*, that P, Q*["x,(¢) — [P, QT T+
(L, ® I,)]x,(t) — 0. Because Q* = diag{w*} ® I, = 0 is diagonal with
17Q*1 = 1 by Lemma 5.2, it and L, = 0 make ip = P, QI + (Lp ® In) =
P, + (Lp ® In) a positive definite and nonsingular M-matrix. A simple
transformation of the above equation then leads to

: 1 T —10*7T
tLlinoo x:(t) = tLleroo PrLy, Txa(t).
Given that wf = 1/|S,| for i € S, and w} = 0 for i ¢ S, defining x,,;(t) by
removing all x;;(t) with i ¢ S,, from x;(¢) converts the above equation into
. . 1 . * =1~
Jim 0(6) = Jim P (t) = Jim P [P+ Ly ©11) 72| ()
where Q) of dimension N,nx|S,|n is obtained by deleting all columns with only

zero elements from Q*I7. It remains to prove that every row of the nonnegative
matrix H = P, (PZTQ* +L,® In)flﬂfu sums to 1. Post-multiply H by 1,

By

H1 =
|Sul

(R +L,01) " Y (e o1,).

1€Sy
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where e; is the unit column vector of dimension N, with the i-th element 1 and
all other elements 0. Then, pre-multiply both sides by (PZTQ* +L,® In),

Py
Sl

(PQ +L,®L,)H1 = d (ei®l,) = (P +L,®1,)1

1€ESw

after using L,1 = 0. Because (PZTQ* +L, ®In) is full rank, the above equation
implies that H1 = 1 and further that the sum of each row of H equals 1. Hence,

every X,;(t) converges to Cx, as t — +00.

4. Substitution from (5.39b) in (5.38b), pre-multiplication of (5.38b) by (1 ®In)T
and {X;, %, %;,X,} — 0 imply

Jim P (10 L) QO [x(f) ~Ix(t)] - lm (101,)" (L, ®L)x (1)

t——+o0
= lim 3 P falt) = x4(8)] =0,

and substitution from (5.39a) in (5.38a) and pre-multiplication of (5.38a) by
(w*® In)T]IT lead to

lim (w' ®L,)"1" (P,r [Ix,.(t) — x(t)] + fh(t))

t—+o00

= lim Y Pow; [x,(t) — x(t)] + w] () = 0.

Because w} = 1/|S,| Vi € S, the sum of the two equations above proves that
> ics, fri(t) — 0, and, by (5.38a), that fi;(t) + fn(t) — 0 Vi = 1,---, N,
and further that fi;(t) — —fhi(t) = >-;cs, iy Try(t) for all winners i € S, as
t — +o0o. In contrast, the force feedback fi(t) to every other user k ¢ S,
approaches Py, [x,x(t) — xy(t)] because X (t) — 0 in (5.39a) as t — +o0.
Since x,1(t) — Cx, (see item 3), it follows that all non-winning users k ¢ S,
feel approximately a scaled average displacement of the winners’ local robots
from their remote robots

- : By

lim f(t) = lim Z [xu:(t) — xue(2)].

t—+o00 t—+00 S
1€Sw [Se

5. With no user-applied forces f, = 0, {X;,%,, X;,X,} — 0 implies, by (5.38), that
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fi(t) — 0 and f,.(t) — 0 as t — +oo. Then, it can be concluded: from (5.39a)
that Ix,(t) — x;(t) — 0 and hence that x,;(t) — x;(t) = 0 Vi = 1,--- |, N;;
and from (5.39b) that (L, ® I,)x,(t) — O and hence that x,;(t) — x,;(t) — 0
Vi,7 = 1,---, N, because the remote robot network is connected. In other
words, all robot positions are synchronized, x;;(¢) — x,;(t) - 0Vi=1,--- | N,
andVj=1,---, N, as t — 4o00.

Compared to Section 5.2.1, the feedback interconnections (5.42) and (5.44) of the
physical robot dynamics (5.1)-(5.2) with the WTA authority dispatch algorithm (5.30)
lend themselves to rigorous passivity and performance analysis in this section. Be-
cause it uses authority factors to smoothly regulate the local robot-remote robot
couplings, instead of sharply turning them on/off, the design herein is compatible
with prevailing position-position teleoperation architectures [90]. In the presence of
multiple winners, the design permits to explicitly evaluate the steady-state teleop-
eration performance in terms of containment and force feedback. It guarantees that
all winning users contribute to adjusting the spatial distribution of the remote robot

network and receive informative force feedback.

5.4 Experimental Results

This section presents the experimental performance! of multi-user teleoperation of a
P+d controlled multi-robot system without and with the proposed WTA authority
dispatch strategy. In the experimental testbed, 4 Geomagic Touch robots are the local
robots (L1-L4) and 10 Novint Falcon robots are the leader (R1-R4) and follower (R5-
R10) remote robots. All robots are controlled locally and individually, via USB 2.0 by
a C++ program running at 1 kHz on dedicated Ubuntu machines. The underlying tree
communication network of the remote robot team is implemented using ROS, which
supports inter-robot information exchanges, shown as the dark grey lines in Figure 5.4,
at about 50 Hz. The 4 human users press buttons on their local robots, and thus
submit piecewise constant bids to their associated remote robots, to request authority
to teleoperate the remote robot team. The positions of all robot end-effectors are
projected into a shared Cartesian space for users to observe their motions in real time

throughout the teleoperation.

'https://youtu.be/WOntgl4HQjs
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Figure 5.4: The experimental setup for distributed multi-user multi-robot teleopera-
tion with online WTA authority dispatch.

Because of their limited performance, all robots are controlled via virtual 10 g
point masses: the local robots are coupled to their respective point masses to tele-drive
the group of the remote robots and to feedback forces to their users (upper bounded by
3 N for hardware safety); and the remote robots are unilaterally connected to their
virtual masses for stable and precise position synchronization. The experimental
P+d control gains are as follows: P, = 100 for the connections between the local
and remote leader robots; F;; = 50 for the connections between neighbouring remote
robots; and D; = D, = 1 for damping throughout the teleoperator. In addition,
the distributed algorithm (5.30) adapts the authority factors of the remote robots by
e=0.1, k=200, vy=2and k, = k, = 1 for WTA authority dispatch.

5.4.1 Teleoperation With No Authority Dispatch

In this first experiment, all users initially hold their local robots L1-1.4, and then
move their robots along closed paths in turn.

Figure 5.5 depicts the positions of all robot end-effectors at two instances while
the user 1 moves the local robot L1 along the red path in the direction shown. It
illustrates that P+d control maintains the remote robot network R1-R10 in the convex
hull spanned by the local robots L1-L.4 and thus, enables cooperative teleoperation.
This feature becomes detrimental when the user 1 needs to tele-drive the remote robot
network independently and the other users are unaware of this need.

Figure 5.6 compares, component-wise, the force feedback fj; to the user ¢« and the
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Figure 5.5: Multi-user multi-robot teleoperation without authority dispatch: The
end-effector positions of all robots when the local robot L1 moves along the red path
in the direction shown and other local robots are stationary.

sum £}, = Z#i fy,; of the forces f},; of all other users j # 4, from ¢ = 21 s to t = 52 s.
In the subplots, the coloured areas indicate the time periods when the users 4 — 1
take turns moving their local robots L4-L11, and the two red dots mark the force
feedback fj; to the user 1 at the instances depicted in Figure 5.5. Figure 5.6 shows
that P+d control with no authority dispatch can convey to each user the sum of
all other user forces. The largest mismatches between f;; and f;,, are mainly caused
by the 3 N-bounds imposed on the local robot force outputs. Despite the bounded
actuation of their local robots, all users can perceive the tele-driving forces of all other

users throughout the experiment.

5.4.2 Teleoperation With WTA Authority Dispatch

In the second experiment, the users change their bids to the remote network and
the teleoperator behaviour changes in response to different authority distributions.
Table 5.1 shows the user bids (u;, ug, ug, us) and the corresponding allocated authority
factors (wq,ws,ws,wy) in chronological order. The experiment starts with all users
sending unity bids and the WTA algorithm distributing equal authority factors to
all leader remote robots. Then the users change their bid to 2 one by one, starting
with the user 4 and ending with the user 1, and trigger the WTA algorithm to
recognize them as winners and to enable them to teleoperate the remote robot group
in cooperation with all other winners. Lastly, the users change their bids back to 1
in the same order, and trigger the WTA algorithm to remove them from the set of
winners and to prevent them from teleoperating the remote robot group.

Note that the experimental steady-state authority factors (w,ws,ws,ws) do not
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Figure 5.6: Multi-user multi-robot teleoperation without authority dispatch: The
force feedback f;; = (fﬁ,fﬁ,fﬁ)T to the user ¢ and the sum f,, = > .. fj,; of the
forces fy; of all other users j # 1.

JFi

match their theoretical values exactly. For example, the experimental WTA algorithm
dispatches (wy,ws, w3, ws) = (0,0,0.52,0.52) instead of the nominal (w},w;, ws, w)) =
(0,0,0.5,0.5). The authority distribution bias can possibly be attributed to three
practical implementation issues: (i) the functions sign(c;) in (5.30) output 0 for |o;| <
0.01 to overcome chattering; (ii) the initialization of 7 by a max-consensus protocol
compromises the conditions in Proposition 5.3; and (iii) the additional damping —; is
injected in (5.30b) for practical robustness to communication delays. Nonetheless, the
experimental algorithm fulfills the WTA authority dispatch function: it permits only
winners to cooperatively tele-drive the remote robots and discards the teleoperation
commands of other users.

Figure 5.7 depicts the positions of all robot end-effectors at different time instances

during the experiment when all but one user keep their local robots stationary.

e Figures 5.7(a)-5.7(b) show two instances when (uy, us, ug, ug) = (2,2,2,2) and
the user 4 moves their local robot along the green path. The WTA algorithm
recognizes all users as winners and distributes equal teleoperation authority to
all: the control forces (5.4)-(5.5) keep the remote robot network in the tetrahe-
dron formed by all local robots. Practically, the teleoperator behaves as under

P+d control without authority dispatch.
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Table 5.1: The time-varying user bids and the steady-state authority factors of the
leader remote robots in the second experiment.

Time ¢ (w1, ug, ug, uy) (w1, w2, w3, wy)

53 s-58 s (1,1,1, 1) (0.25,0.25,0.25,0.25)
58 579 s (1,1,1,2) (0,0,0,1)

79 5-101 s (1,1,2,2) (0,0,0.52,0.52)
101 s-132 s (1,2,2,2) (0,0.35,0.35,0.35)
132 s-162 s (2,2,2, 2) (0.26,0.26,0.26,0.26)
162 5-190 s (2,2,2,1) (0.35,0.35,0.35,0)
190 5-210 s (2,2,1,1) (0.52,0.52,0,0)
210 5-229 s (2,1,1,1) (1,0,0,0)
229 5-259 s (1,1,1,1) (0.25,0.25,0.25, 0.25)

e Figures 5.7(c)-5.7(d) depict two instances when (uy, ug, uz, uq) = (2,2,2,1) and
the user 3 moves their local robot along the pink path. The WTA algorithm
enables the users 1—3 to equally share the teleoperation authority, and prevents
the user 4 from controlling the remote robot network: the spatial distribution
of the network is determined by the locations of the local robots L1-L3, inde-
pendently of the location of the local robot L4.

e Figures 5.7(e)-5.7(f) plot two instances when (uy, us, ug, ug) = (2,2,1,1) and the
user 2 moves their local robot along the blue path. The WTA algorithm allows
only the users 1—2 to equally share the teleoperation authority, and deprives the
users 3—4 of their teleoperation authority: the winning users 1—2, cooperatively
alter the placement of the remote robot network, while the users 3 — 4 have no
influence on it. The drift of the remote robots from the L1-L2 line segment is
due to the delay in tracking the quickly moving robot L2 in Figure 5.7(e) and
to R1 reaching the boundary of its workspace in Figure 5.7(f).

e Figures 5.7(g)-5.7(h) report two instances when (uq, ug, us, us) = (2,1,1,1) and
the user 1 moves their local robot along the red path. The WTA algorithm
assigns to the user 1 full, and to the users 2 — 4 no, teleoperation authority. As
shown by the coordination of the remote robots with the local robot L1, the
single winner user 1 can tele-drive the remote robots regardless of other users’
actions. The inexact coordination, caused by the inertia of the remote robots,

is needed to convey the motion status of the remote fleet to the winning user 1.
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Figures 5.8-5.11 demonstrate the forces during teleoperation with the following
user bids: (up,ug, uz,uq) = (2,2,2,2) in Figure 5.8; (uy, ug, uz, ug) = (2,2,2,1) in
Figure 5.9; (uq, ug, us, us) = (2,2,1,1) in Figure 5.10; and (uq, ug, ug, ug) = (2,1,1,1)

in Figure 5.11. The dots mark the time instances in Figure 5.7.

e Figure 5.8 compares the force feedback fj; to every user ¢ to the sum f,, =
> J€Sw—{i} f,; of all other user forces. In Figure 5.8, all users are winners and
teleoperate the remote fleet in turn, during the periods lightly shaded in the
colours of their local robots, e.g., the user 4 manipulates the robot L4 during
the period shaded in light green. The match between f}; and fj, at the ends of
the coloured areas, when all local robots are at rest, validates that all users feel
the sums of all other users’ forces accurately in the steady state. The accuracy
drops during telemanipulation because of the limited outputs of the local robots

(3 N), but fj; still convey £, well throughout the interaction.

e Figure 5.9 contrasts: the force feedback to each winner ¢ = 1,2, 3 to the sum of
the forces of the other two winners; and the force feedback to the user 4 to the
saturated scaled average displacement f,,.;,4 = S3 (100 [(xl +x9+x3)/3— x4]) of
winners’ local robots L1-L3 from the local robot L4. Note that all winners hold
L1-L3 motionless when the user 4 moves L4 and the force f4 felt by the user 4
varies accordingly while the forces fj1-fi3 fed back to the winners are constant,
see the light green area. Then, the winning users tele-alter the deployment of the
remote robot group in sequence. Unless prevented by the limited actuation of
their local robot, each winner feels roughly the sum of the forces applied by the
other two winners and the user 4 feels roughly the scaled average displacement

of L1-L3 from L47 fll ~ fh237 le ~ fh137 fl3 ~ fh12 and fl4 ~ fwch4-

e Figure 5.10 compares: the force feedback to each winner ¢ € S, = {1,2} to
the force applied by the other winner j € S,, — {i}; and the force feedback
to the users £k = 3,4 to the saturated scaled average displacement f, ., =
S3(100[(x14x%2)/2—xy] ) of the local robots L1 and L2 from their local robot Lk.
Note, in the light green-grey shaded area, that, when the winners hold L1-L2
fixed while the users 3 and 4 move their local robots, the force feedback to the

winners remains unchanged regardless of the variations of f;3 and fi4.

e Figure 5.11 compares: the force feedback f;; to the winning user 1 to 0; and

the force feedback f; to the users ¢ = 2,3,4 to the saturated scaled displace-
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ment f,,; = S3 [100(x1 — xj)] of the robot L1 from their local robots. Note
that the constant and almost zero fj; - when the user 1 holds L1 fixed and the
users 2 — 4 move their local robots (the blue shaded area) - validates that the
user 1 is the winner and that the other users have no teleoperation authority.
When the winner manipulates L1 (pink shaded area), the remote robot fleet

does not track L1 perfectly and f;; informs them of its location.

In summary, the experimental results validate that the proposed authority dis-
patch strategy can enable WTA teleoperation of a tree network of the remote robots.
The strategy permits all winners to cooperatively tele-guide the remote fleet, and to
feel the sum of the forces applied by all other winners. It deprives the other users
of their teleoperation authority, and lets them feel forces proportional to the average

displacement of the remote fleet from their local robot.

5.5 Conclusion

This chapter has contrived two distributed WTA authority dispatch algorithms based
on the Oja’s rule for PCA and a constrained quadratic programming. Because conven-
tional authority allocation strategies in the teleoperation setting have rarely accom-
modated distributed inter-robot communications, the first algorithm (5.6) advances
them by deriving a dynamical network that endorses exponential convergence and dis-
tributed implementation. With endowed authority factors evolving into 1 and 0, the
leader remote robots can functionally activate and deactivate their connections to the
local robots of a single winner and other users, respectively. Given that adapting the
couplings between the local and leader remote robots can possibly sabotage teleoper-
ation stability, the second algorithm (5.30) proceeds to explore its intrinsic passivity
while inheriting the exponential convergence and distributed feature of (5.6). On this
basis, this chapter further passivates the teleoperator by interconnecting the second
WTA algorithm and the physical robot network in a power-preserving way, and by
updating the damping of each leader remote robot, from a switched system viewpoint.
The comparative experiments have also practically corroborated that the proposed
control with WTA authority dispatch outperforms P+d control with no authority

dispatch in terms of teleoperation versatility.
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Figure 5.7: Multi-user multi-robot teleoperation with WTA authority dispatch: The

end-effector positions of all robots at different time instances and for different user
bids. All but one user keep their local robots stationary. The coloured curves indicate
the path along, and the direction in, which the one user moves their local robot.
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Figure 5.8: Multi-user multi-robot teleoperation with WTA authority dispatch for
(uy, ug, ug,ug) = (2,2,2,2): The force feedback f;; = (flf,flg,flj)T to the user i and
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Figure 5.9: Multi-user multi-robot teleoperation with WTA authority dispatch for
(u, us, ug,ug) = (2,2,2,1): The force feedback f;; = (flf,fﬁ,ffi)T to the user i and

the sum £, = > i f; of the forces fj,; of all other winning users j # i.
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Figure 5.11: Multi-user multi-robot teleoperation with WTA authority dispatch for
(ur, us, ug,ug) = (2,1,1,1): The force feedback f;; = (flf,fﬁ,ffi)T to the user i and
the sum £, = > i f; of the forces fj,; of all other winning users j # i.
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Chapter 6
Conclusions and Future Work

This thesis bases on an energy shaping design principle to tackle two problems facing
multi-robot teleoperation: connectivity-preserving coordination at the bottom level
and authority dispatch at the top level. In a distributed way, the former seeks to
retain a minimal communication network for tele-driving a multi-robot group, while
the latter allocates a unique amount of authority to every user as per the urgency levels
of their requests. Each problem may endanger the passivity of bilateral teleoperation
unless addressed appropriately. Connectivity-preserving coordination must limit the
energy stored in the remote robot group to a certain threshold without knowing the
energy injected by human users beforehand. Authority dispatch must augment the
robot network with an auxiliary system, thereby inserting another source of energy.
We have developed a dynamic feedforward-feedback passivation control and a WTA
authority dispatch machine to transform the multi-robot teleoperator into a novel
power-preserving interconnection of several subsystems, and to regulate their energy
balances individually. We have also built an experimental multi-robot teleoperation

platform to examine the proposed designs in practice.

6.1 Conclusions

Chapter 2 has designed a dynamic interconnection and damping injection strategy
that can render a bilateral teleoperator exponentially ISS in the presence of time-
varying communication delays. Given a pair of local and remote robots with EL
dynamics, a sliding variable summing the velocity of, and the position error between,

them has firstly transformed a delay-free teleoperator into a first-order system with
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mismatched dynamics. An energy analysis reveals that suitably adapting the in-
terconnection between, and the damping injection of, both robots using their own
velocities can suppress state-dependent mismatches arising from the transformation
of robot dynamics. With time-varying communication delays, the virtual inertia have
further been integrated into the design to handle delay-induced instability via con-
stant damping injection. An explicit law of updating the interconnection and damping
gains has been derived to ensure exponentially ISS teleoperation. The experimental
results have also validated that the proposed strategy can tightly constrain the posi-
tion error between the local and remote robots in practical teleoperation.

Chapter 3 has established a connectivity-preserving synchronization control for
autonomous multi-robot systems with both time-varying delays and bounded actu-
ation. Due to time-delay information transmissions, every pair of initially adjacent
robots can keep receiving messages from each other only if their maximum distance
over the time-delay period is limited to the communication range. To this end, a spe-
cific criterion has firstly been proposed to select the parameters of a bounded potential
function and the gains of a gradient plus damping control for every robot. However,
actuator saturation can counterbalance the control by restricting the enhancement of
inter-robot couplings and the injection of local damping, thereby endangering con-
nectivity preservation. The virtual inertia have then been unified into the control to
convert the constraint of bounded actuation into a constraint on their distances. The
resulting indirect coupling scheme can address communication delays and actuator
saturation by inter-proxy and robot-proxy couplings, separately. The rigorous energy
analysis and experimental validations illustrate that the designed control can drive a
time-delay robot network to connectivity-preserving synchronization even when ac-
tuators saturate.

Chapter 4 has formulated a distributed multi-robot teleoperator that can pre-
serve the tree communication network of its remote robot group when interacting
with multiple human users. Based on the control designs in Chapters 2 and 3, the
gradient of a bounded potential function has been embedded into a sliding variable
to decompose the remote robot dynamics into a power-preserving interconnection of
two subsystems. An energy analysis has then derived two laws for selecting param-
eters and updating control gains for preserving the tree connectivity of the remote
robot group, and for rendering it passive with respect to a customized power port.
After that, saturated P+d control interconnects the local robots with their associated

leader remote robots through the port in a power-preserving way, thereby passivating
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the closed-loop teleoperator. Further, the kinematic virtual points have been im-
plemented at every leader remote robots to transform their couplings with the local
robots into a cyber component. By synthesizing the robot dynamics into a physical
component, a dynamic feedforward-feedback passivation strategy has been formalized
at last to passivate time-delay teleoperation of a connectivity-preserving remote robot
network. The steady-state analysis has proved that the strategy enables every user
to tele-alter the spatial deployment of the remote robots with containment control,
and to perceive the sum of the forces of other users. The comparative experiments
have also illustrated that the strategy outperforms P+d synchronization control in
connectivity maintenance.

Chapter 5 has framed a WTA authority dispatch machinery for a distributed
multi-robot teleoperator responding to multiple user requests simultaneously. Us-
ing Oja’s rule for PCA, it has firstly contrived a distributed WTA algorithm, of
which the exponential convergence is investigated by the conjunction of set invari-
ance and a dedicated quotient function. However, incorporating the algorithm into
fashionable passivity-based multi-robot teleoperation controls is nontrivial because its
intrinsic passivity is uncertain. In view of this, it derives then a second WTA algo-
rithm from a constrained quadratic programming, of which the projected primal-dual
dynamics feature exponential convergence and distributed implementation as well.
Most importantly, by energy analysis, the second algorithm has been proven output
strictly passive with respect to a particular power port. It thus facilitates a further
power-preserving interconnection with physical robot dynamics, and closed-loop pas-
sive teleoperation with online authority dispatch. Given that the set the winners
varies with time, the teleoperator admits multiple albeit finite operation modes, it
thus leverages multiple storage functions to study the passivity of the teleoperator
from a switched system standpoint. The experimental validations have also substan-
tiated the practical efficacy of the second WTA algorithm for authority allocation

throughout multi-robot teleoperation.

6.2 Future Work

6.2.1 Global Connectivity Preservation

A conscious augmentation of the control design in Chapter 4 is global connectivity

preservation of the teleoperated remote robot network with switching spanning trees.
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Because a connected communication graph can have multiple spanning trees, the
connectivity-preserving teleoperation control in Chapter 4, which maintains a single
tree communication topology invariant, significantly restricts the mobility of the re-
mote robots and further the flexibility of the entire teleoperator. Existing designs have
preserved the global connectivity of a teleoperated multi-robot network by estimating
and then rendering positive the algebraic eigenvalue of the Laplacian matrix associ-
ated with the underlying communication topology. However, they impose a stringent
condition on the bandwidth of the communication network for algebric connectiv-
ity estimation. Thus, we formulate the following estimation-free global connectivity

maintenance problem for distributed multi-robot teleoperation:

Problem 6.1. Fvery pair of the remote robots that are within the communication
distance r can automatically establish and then maintain a new communication link
or voluntarily remove their current one with no algebraic connectivity estimation so
long as a switching spanning tree exists in the underlying communication network of

the whole remote robot group.

Note that each remote robot performs two operations: creating new links with
other remote robots whenever their distances become smaller than the communica-
tion range r and then preserving them; and deleting its connections with other remote
robots if not destroying the global connectivity of the remote robot network. Because
the first and second operations enhance and weaken the network connectivity, respec-
tively, a key to solving Problem 6.1 is to design a local decision-making machine for
every remote robot to determine the feasibility of deactivating proximity-constraining
actions. Being unaware of the network connectivity and other robots’ behaviours, ev-
ery remote robots removing their couplings with neighbours individually can lead
to multiple link deletions simultaneously and disconnect the network. A scheduling
algorithm is thus required to make multiple link deletions asynchronous.

A multi-robot teleoperator can remove at most 2 communication links simulta-
neously from its remote robot network while maintaining it connected if its original
communication topology is as in Figure 6.1(a). By simple enumerations, it can val-
idate that the original communication graph has 12 spanning trees because of the
two cycles (5,6,7,8,5) and (7,8,9,10,7). When 2 robot pairs from 2 different cycles
delete their communication links simultaneously, the communication graph remains
connected. For example, removing (5,6) and (9,10), and removing (5,8) and (7,8),

simultaneously, result in two spaning trees in Figure 6.1(b) and Figure 6.1(c), respec-



156

Figure 6.1: A communication network remains connected when deleting 2 links from 2
cycles respectively, while becomes disconnected when the 2 links belong to an exclusive
cycle.

tively. However, when the robot pairs (5,8) and (6,7) delete their communication
links, the graph becomes disconnected because both links belong to the only cy-
cle (5,6,7,8,5). The example thus implies that the scheduling algorithm permits the
teleoperator to delete a maximal number of communication links simultaneously by
informing all pairs of adjacent remote robots that if any two of their communication

links to be deleted are from the same cycle.

6.2.2 Proportional-Prize Authority Dispatch

A natural extension of the control design in Chapter 5 is a proportional-prize multi-
robot teleoperation problem in which the users tele-drive a number of the remote
robots proportional to the urgencies of their requests. Given NV; user bids, the remote
robot group is partitioned into N; clusters G. = {V,, &} with ¢ = 1,--- | N;, each
teleoperated by an individual user simultaneously with, and independently of, other
clusters. To assign a number of the remote robots to the cluster G, in response to the
user bid wu.(t;), we formulate the following proportional-prize multi-robot teleopera-

tion objective:

Problem 6.2. The number of the remote robots allocated to the cluster G. is propor-
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tional to the value of the user bid u.(t;) by

Nruc(tk)

re(tr) = Ve(ty)| = uy(tg) + -+ up, (tr)

€ Z>o,

and the sum of their topological distances to the local robot ¢ in the remote robot
network G is minimized. Here, we assume that every proportion r.(ty) is an integer
and ri(ty) + - + 7y, (tk) = N,

Following Chapter 5, let each remote robot ¢ = 1,---, N, be endowed with a
vector of decision variables w; = (w}, - - LWl Z)T, where w{ = 1 if the remote robot i
is to be assigned to the cluster G., and w{ = 0 otherwise, for ¢ =1,--- , N;. Suppose

that each remote robot i is aware of its geodesic distance df to the leader remote

robot ¢ in G. Then, the clustering of the remote robot group can be formulated as

N, N,
inimi dsws 6.1
mlilflg@lze ;czl ‘wy (6.1a)
N,
such that wa =1,i=1,---,N,, (6.1b)
c=1
Ny
Zwiczrcaczla"' >Nl7 (61C)
i=1
wee {01}, i=1,--- ,N,c=1,---,N,. (6.1d)

Here: the linear objective function in (6.1a) indicates that the clustering of all remote
robots into G., ¢ = 1,--- , N;, minimizes the sum of their geodesic distances in G to the
leader remote robot ¢ and thus to the local robot ¢; the constraint (6.1b) ensures that
every remote robot ¢ is assigned to a unique cluster; the constraint (6.1c) restricts
the number of the remote robots grouped into every cluster G. to be r.; and the
constraint (6.1d) compels all decision variables w{ to be either 0 or 1.

Specifically, the evolving coefficients w;w; determines the status of the intercon-
nections between the remote robots i and j. With (6.1), every remote robot i can

select a cluster G. by w{ — 1 and abandon other clusters G, with k # ¢ by wf — 0.
T

Therefore, w; w; — 1 if the adjacent robots 7 and j belong to the same cluster, and
w]w; — 0 otherwise.
However, the integer program (6.1) can possibly result in pathological clusters

of the remote robots that cannot be teleoperated by the designated users over a
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distributed communication network G in Figure 6.2(a). When wu;(tx) = 2ua(ty), it
requires to allocate r; = 8 and r, = 4 remote robots to the clusters G; and G, to be
teleoperated by the local robots 1 and 2, respectively. The user ¢ can teleoperate the
cluster G, iff every remote robot in G. is reachable from the local robot ¢ for ¢ = 1, 2.
Yet, the integer program (6.1) has 3 minimizers leading to three possible clusterings
of the remote robot team depicted in Figures 6.2(b)-6.2(d). In these figures, the
red and blue vertices represent the remote robots assigned to the clusters G; and Gs,
respectively. Because the remote robots R12 in Figure 6.2(c) and R10 in Figure 6.2(d)
are unreachable from the local robot L2, the two clusterings prevent the user 2 from
teleoperating the cluster Go. The remaining solution of the integer program (6.1)

offers the only reachable clustering of the remote robot group in Figure 6.2(b).

Figure 6.2: Under r; = 8 and 7y = 4, the integer program (6.1) has 3 solutions,
Figures 6.2(b)-6.2(d), for proportional-prize multi-robot teleoperation with the com-
munication topology shown in Figure 6.2(a).

Therefore, the future study will solve Problem 6.2 in the following steps: (i) im-
pose an indispensable reachability constraint on the integer program (6.1) to preclude
pathological clusterings and to preserve reachable solutions; (ii) find a continuous-time
algorithm to efficiently search a minimizer of (6.1) in a distributed manner; (iii) es-
tablish a power-preserving interconnection between the algorithm and physical robot
dynamics to render multi-robot teleoperation passive; (iv) investigate the position

synchronization and force feedback performance of the design in field trials.
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Appendix A

Derivations of Equation (3.9)

x; Va(Ilxi; 1) — %7 Vi (lIxg1)

2P<7’2+Q> T

x; (x; —xj) — caid G

2 X; (x; — de)

(r? — [Ix5 2+ Q) (r2 — x4 )2 + Q)
C2P(P Q)% xy;  2P(P+Q)Xxi; 2P (P + Q) %] (%) — Xja)
(2 = x5 2+ Q° (P - 2P+Q)° (2 — x|+ Q)

2P (r* + Q) X[ x;;
EEET iii QL Il £ @) = (sl QY]
2P (PP 4+ Q) %] (%) — Xja)

(2 = Ix¢ 2+ Q)"

) 2P (r + Q) [xI x| 1 N 1
T = xgl2+ Q) (= IxGI2+ Q) \ = =y + Q@ = IxL2+ @
. ‘(72 — ||X;ij||2 + Q) - (7"2 - ||Xij||2 + Q)‘ + 2PQ_2 (7"2 + Q) |X;r (Xj - de) |
APQ™ (r* + Q) |llxi|1” — Il 17| %! x5
(r? = [[xi5l> + Q) (r? = x| + Q)
<4PQ7 (r* + Q) |lIxy 1 = IIx 11| 15 xi5] + 2PQ™2 (1* + Q) %] (x; — %ja) |
SSTPQig (7”2 -+ Q) ||Xij — XZ’HXZ—XW‘ + 2PQ72 (7’2 -+ Q) ’X;r (Xj — de) |
<2PQT(r* + Q)(4r* + Q)lIxilllIx; — xjall-

+2PQ 2 (7"2 + Q) !xZT (x; — de)‘
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Appendix B

Derivations of Equation (4.17)

q

Ny
— x| + Q)7 4P?(r* + Q)?||%5]?
ZZ AP(rr+ @) (r? — xnlIP + @)*

2 i=1 jEN;

Nr 2
) —"_
23 3 el O 0

i=1 jeN;

1] +
= 3 A bl O o
(1.4)€€

< 3 LG e

(1'65
2

U AP Z le] Xr Xm Xr])H2

(i,5)€€

q

r+QH

W%X W) @ 1] W) ©1,]%

X, [W'(x,)L:-W(x,) ® L,] X,
:ij [BW'(x,)B'BW(x,)B" ® L,] x,

:WXI [LT(x,)L(x,) ® L] x,
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Appendix C

Derivations of Equation (4.20)

By Ay given in (4.5),
Alri :Mri(xri)élri + Cri<X7‘i7 Xri)glri
=KiriMy(%,4) F s [In — diag{ tanh®[ K, (x,; — x;)] }} (Xri — %45)

+ Cri(Xri, %p4)Fpi - tanh [ Ko (x5 — x45)]

for the leader remote robots ¢ = 1,---, N;, while A;; = 0 for the follower remote
robots t = N; +1,---, N,. It follows then that

S; Ayi =Kiris] Myi(%,4)Fi |:In — diag{ tanh® [ Kj;(x,s — xy4)] }] (%ri — %17)

+ 8] Cri(Xpi, Xri) Fii - tanh [ Ky (x — xy5)]

A2, 2 T

§4—”Kz2m||5<li — Xq||*s; [In — diag{ tanh? [ K;(x,; — xu)] }} S; + nf:l—ifhi
Ui
cZ 1=2 9 T

+ fsz- F,, - diag{ tanh [Km(xm — xli)} }si + X, X

:S;I-I‘lcm‘(t)si + X;«rzxm + T/f-f[ifhi?
for the leader remote robots i = 1,--- , N;, where

c /\72"1 2 : : 2 : 2 2

I'7.q(t) :%Kmnxli — Xi| [In — diag{ tanh® [ K, (x,i — xu;)] }}

2

+ %Fiz . diag{ tanh? [Klm»(xm- — X“)] },
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and s] Ay,; = 0 for the follower remote robots i = N; + 1,--- , N,. Thus,

Ny N, N,

:nsTDjlﬂTI‘fT(t)Hs DI, + nf, ]ID,leTfh,

_ _ T \T
where I'f(t) = Diag{T%,,(t)} and f), = (f;, e ,fZNl)

Further, the time derivative of 6,; defined in (4.3) is

%412 + Q)XyTiijij (Xpi — X))

0. =8P(r* + Q) Y _ |

v (r? = lIxris | + @)*
(r® = |Pxr]* + @)% (%ri — %yy)
+2P(r* + Q) : J
D o P ERAE
4(X7’i - Xr‘)T<Xri - Xr')(xri - Xr') Xri - XT’
IQP(T2 +Q) |: J J J + J
];M; (r? — ||Xrij||2 + Q)3 (r? — ||Xm'j||2 +Q)?

It then results in

: 8P(r* + Q) . :
STMT‘i Xri ari = ;rMm Xri )\ Xri — Xpj T Xri — Xpj )\ Xpi — Xpj
7 ( ) ZN ( ||Xm]||2 4 Q>3 ( )( J) ( J)( j)

(3

2P Q) |
' JEZN (Tz HXTUHZ + Q)2 Si M”(X”)<sz er)

JE

Py

64P%(r* + Q)* N2,
<+ [ e = xejlts s + %k
J;M (r? = [lxri[1* + @)° ’
64P2(r2 +Q)? A2,
7 o7+ Q) 4 1% Xeall'sisi 5%,
Xrij
AP?(r’+ Q) N 1
+ Z [( ol + Q) —s SZ+X Xri

JEN;
4P?(r* + Q)? )\fz
(r? — ||Xmg||2+Q)4 4
- [3”‘2 P(r’ + Q) ||Xm||4
2 el + Q)

202, P*(r? + Q)’ 1
+ szsz—i—x xm+x xr ,
2 [( = I l1? + Q)* ’
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and, similarly, the definition of 6,; implies that

2P(r* + Q)
(12 = [Ixni5]1* + Q)2
AP*(r’ +Q)* ¢ 2. T T
= Z [(7“2 %4512 + Q)“ZHX” — X |8 85 + XXy
JEN; T4,

_ e (r? + Q) [%nisl®
2 { (r? = [ + @)1

S;I—Cri (Xm'a XT’L) (Xm' - er)

S;I—Cri(x’ri: Xm)em = Z

S S; +X Xm:| )
JEN;

for every remote robot ¢ = 1,--- , N,. The above two inequalities together lead to

S;I—Arri = S;I—Mri(xri)éri + S;I—Cri(xm'a XM)OM S S;r]-‘rri (t)sz + Z 3X sz + 2X Xr])
JEN;

by A,,; defined in (4.5), where I',..;(t) = 7,4 (t)I,, with

$° P20+ QP N+ lbul’) | AP + Q)
2T P Q)1 7~ e+ QF

Vrri(t) =

and thus the summation as follows

Z DU TAm <Z—STFW sl+z Z —|—2x Xr])

i=1 jEN (C2)
=os'D; 'L, (t)s + o1}, ,D;* [(3D +2A) ® I,]%2,

where T',..(t) = Diag{I‘,,m»(t)}.
The definition of A, in (4.7) implies that

T
T4

N
Ty—1 n
DA, = E
S i=1 D

Therefore, adding (C.1)-(C.2) up can bound (C.3) from above by

liﬁAm. (C.3)

sTD'A, <ns"DI'TE ()]s + % DT %, + n2F, ID; T E),
+0s'D;'T,.(t)s + o1}, D, ' [(3D + 2A) ® L, ] x>
=13 ,,D, ' [7I'T+ (3D +2A) @ L,|x> +s"D; ' [p[ "Iy, ()1
+ 0Ty ()]s + ° T, ID; ' TTE,.
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Appendix D

Derivations of Equation (4.21)
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Feasibility Analysis of Lemma

Analogous to (4.17), lower bound V; by

( %45 || +Q
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_4)\LP 2

[(WT(x,)L-W(x,) @ L] X,

[BW'(x,)B'BW(x,)BT ® L,]x,

LT(XT)L(XT) ® In}x,«,

165

4.1

where k, = Q?/(r?+Q)? and )y, is the maximum eigenvalue of L,. The dynamics (4.4)

of II; and the energy (4.13) of Il together limit V5(0) by

V3(0) <V4(0

Tt 2D r

ri
i=1

+ZY5 = Vi(0) + sT(0)D; 's(0)
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oA 1 T A g
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with A\ Iy, = A, and D, = D,Iy . Then, the condition (4.22) can be ensured by

Vs(0) + fhlI(9INm+8D NI,
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In the above inequality, the left-hand side is upper-bounded by
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while the right-hand side approaches o, as D, increases. Therefore, the condi-
tion (4.22) can be guaranteed by

Vi(0) + af) £y < 6¢man, (E.2)

where « is upper-bounded by

[ kQ | k9D, +38)
(2

a < —
4>\LP 2>\LDT‘

:a’

and ¢ approaches o as D, increases:

ok, D,Q
kyD,Q + 4o NP

o=

Therefore, after choosing o and 7 and letting A = 6?1&, Proposition 4.1 shows how
to select P and @) such that Vi(0) + A < 0¥nax. Then, there exist some damping
gains D, with D, sufficiently large to ensure (E.2), and thus (4.22), and D, > 0.
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Appendix F

Derivations of Equation (4.29)

By the definition of Ay, in (4.5), its impact on the closed-loop passivity can be
requantified by

S; Ay =Kipis! Myi(%,4)Fi [In — diag{ tanh® [ Ki(x,s — x15)] }] (%ri — Xui)

+s{ Cpi(%y4, X,i) Fi; - tanh [Klri<xri — Xli)}

22 2
<le2M ; th [I — dlag{ tanh? [Klm(xm xli)] }] i + X)X
A2 __ 2
+ leZMSZTF,QZZ [In — diag{ tanh? [Km(xm- — xli)] }] si + XXy
2
n 04 s th dlag{ tanh? [Km(xri — xli)} }si + X)X
=s; T7 (t)s; + X %X); + 2% %,;

for the leader remote robots ¢ = 1,--- , N;, where
p /\gi 2 T2 . 9 2
Iy .(t) TKlriFhi [In — diag{ tanh?® [ Kji(x,; — x15)] }}

2
+ ﬁf?ﬂ . diag{ tanh? [Km‘(Xm' — Xli)] },

4
and s] A,; = 0 for the follower remote robots i = N;+1,- -+, N,. It follows then that
i ns-TA<<Nl s/ TP (t S+Z XX —i—iz—n)ﬂi{»
D, "= D (1) N (F.1)

=ns' D, 'T'TY (t)Is + nx, ID; 'T"%; + 2% D, 'T'I%,,
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where I} (t) = Diag{I¥,(t)}.

Iri

Using (C.3), the sum of (C.2) and (F.1) gives that
s'D A, <ns"D'TTTY (H)Is + %/ ID; T x; + 2n%, D, 1T Ix,
+0s'D;'T,.(t)s + o1}, D' [(3D + 2A) ® L, ] x>
=%/ ID, 1'%, + 1, D, [2nI'] + 0(3D + 2A) ® L] %}
+sTD! [n]ITI‘fT(t)]I + aI‘rr(t)] s
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Appendix G
Derivations of Equation (4.40)

By the definition of A.,; given in (4.33),

Acri :Mri (Xri)écm' + Cri (Xri7 Xri)ecri
:KcriMM’ (Xri)Fhi [In - dlag{ tanh cm (sz 51)] }] (sz - 51)
+ Cri(Xpiy Xpi) Fri - tanh [ Ko (%5 — &)]

for the leader remote robots i = 1,---, N;, while A..; = 0 for the follower remote
robots i = N;+ 1,--- , N,. As a result,

SZTAcri = cm’sz—Mri (Xri)Fhi |:In — dlag{ tanh crz (XM 51)] }i| (XM - 5@)
+ 87 Cpi (X4, %pi ) i - tanh [ Ko (%, — &)

SZ_;;KENHXTi - EzH?s;r [In — diag{ tanh’[K.i(x,; — &) }} QS,- . nf;fhi

2
Z ZTF,n diag{ tanh®[Ko(x,s — &)]}si + X%,
_STFETZ( )Si + Xrix’l‘i + nfhifhi

for the leader remote robots i = 1,--- , N;, where

c >\rz 2 S 112 . 2
Ie.(t) = A1) KcrzHXTi - EzH [In - dlag{ tanh [Keri(%ri — Ez)]}]

2
+ %Fiz . d1ag{ tanh cm (X'I’Z €1>]}
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while s] A..; = 0 for the follower remote robots i = N; +1,--- , N,.. It gives, in sum,

that

N o
o7 T " ¢Ts
DRTRPWIED SIURINTUNESD SICEANED yhie

:nsTDr_l]ITI‘ir(t)]Is + % DIk, + o2, 1D T,

where T'¢ (t) = Diag{I'¢,(¢)}.
With A, defined in (4.35), it follows that

1-12l )

Ty

—~ NT
MA =3
and further, by (C.2) and (G.1), that

sTD'A, <ps"D'T'T (1)Is + k! D, Tk, + °F, 1D 'T'F,
+0s'D;'T,(t)s + o1}, D, ' [(3D + 2A) @ L, x?

=13,D, ' [7I'T+ (3D + 2A) ® L, | x?
+sTD! [n]ITI‘;(t)]I n JI‘,,,,(t)] s+ 7%, ID- T,

(G.1)

(G.2)



Appendix H

Derivations of Equation (4.43)

Vs <15, D' [T 4 0(3D + 2A) @ L,] %% + s "D, 'T5(t)s + 7, ID; 'T'F,
O')\L

1
e ey

4°r
U)\L kr
4]{7« 2U>\L

: 2. T T TH-1
X, + nfu,ue — X, %, —s D, K,.(t)s

Vs

1
(2%%, +2s"s + n’uu.) + ESTDr_lArS

O')\L ]{ZT
Ak 20A, !

O')\L

2FII0TF, —
T

<*f,ID;'I'E), + n*E, II'E), +

Vs
U)\L k‘r

4]67« 20'/\L "
2 ——s DA,
W 200, ST g, 2% P S

2
:ﬂﬂ (UQDT_I + 0 Inn + %Izvm> If, — Z;L Vs

1
+15,D; [T+ 0(3D + 2A) © L] &2 + —x/ %, — X%, +

s T

+s'D;'T5(t)s —s' D 'K, (t)s +

1 1
—-15.,D;! {DT — D= Dr - nl'l— (3D +2A) ® In} X
1 oA

"D, — 2L, - rg(t)} s

—s'D1IK _
s"D;! K, (1) - @

2 ~ o)
:%fh(mm +8D;)I'F, — 22E1;

ik,
1
~ 515D, [DT —2I"T - 20(3D + 2A) ® In] X2
ALA, + 26D
_ ™D K (1) = LA TR D e |
sk,
O')\L 1

Ve 51}T,LD;1]50,,>'<;% —s'D;

2
g%fZH (9T, +8D; ) T'F, — K., (t)s,

2xTx
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Appendix 1

Derivations of Equation (4.45)

The impact of A..; on the closed-loop passivity is assessed as follows:

S;I—Acri = cris;eri(Xri)Fhi |:In - dlag{ tanh CT’L(XT‘Z 51)]}:| (XT’L - Ez)
+ STCM’ (Xri7 XT"L>FhZ : tanh[ cm(xm Sz)]

)\ 2
iy e Fm [I diag{ tanh?[ Ko (X, — 5@)]}] Si + XX,

4 CTl Z
)"rz 2 : 2 LT ¢
4 K., th [I dlag{ tanh CM<XM 5@)]}] si +&; &
2
Z lTF,n dlag{ tanh?[ Ko (X, — 51)]}81 + % X

=sIT? (t)s; + 2% %X,; + €7

cri

for the leader remote robots ¢ = 1,--- , N;, where
¥4 )\31 2 : 2
L.t) = 9 Kcrthz [I dlag{ tanh [Keri(Xri — Ez)]}]
c U
+ fF,Qn . diag{ tanh [Kri (x4 — EZ)]}

while SZ-TAm = 0 for the follower remote robots i = N; + 1,--- , N,. And, in total,

N

crz_z ! T]-_‘cm Sz Z nX XTZ+Z

T 3
P (L1)
:nsTDzlﬂTFZ( )Is + 2an D, 'T'Ix, + n&THD;lﬂTé,

cri }

where I'?,(t) = Diag{T",(



Together, (C.2) and (I.1) bound (G.2) from above by

sTD'A, <ps"D'ITT? ()]s + 2% DT Ik, + n€TID'TTE
+0s'D;'T,.(t)s + o1}, D, ' [(3D +2A) ® L,] x>
=n¢"ID,'T7¢ + 11, D, 270" T+ o(3D + 2A) @ I,,| %2

r

+sTD I (1) + arrr(t)} s.
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Appendix J

Derivations of Equation (5.11)

Notice that uy o w can be geometrically decomposed into uy, o w = w!l + wt, where

ww' ww'
UJ” = W(utk o QJ), and wl = (I — W) (utk o UJ)
It then follows that
ww' ww'
(I—wwwl =(1- wa)W(utk ow)=(1- wTw)W(utk ow)=(1-wwwl
and that
Ty, L T ww' wwT N
(I—ww )w :(I—QJUJ) I—W (utkow): I—W (utkow):w.

Using the above two equations, it derives that

208" (W ow o [(1— wa)wH} ) =208" (wpowo [(1- wTw)wH] )

<i(1 — wW) W Uyw + 40k8" - diag{w!l} - Uy, - diag{w!l} - &

T4k
gf(l —w'w)*u)w? +40k6" - diag{b,w} - Uy - diag{b,,w} - &
K
:41(1 —w'w)*u)w? + 4okb? 6T QU Q6
K
where w;(ty) < by, for any i = 1,--- | N, has been applied, and also that

2087 (utk owo [(I — wa)wﬂ ) = 206" L.(uy, ow o wh)

T
:206TBTBT(utk ow o wL) <20 ‘6’ ‘TBT(utk owo wL)}
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-
sl el (A KI - ) o)
—20’ ' [(utk ) O Uk © w2:| ‘

<20(b,, — by) (5‘ ‘Ul utkow2)|

20 (byy — by)(ulw?) ]3) v = 0N, (b — by) SIT (vo B[ (n - 8)])

S‘ Y|B|™) + 0N, (b, — b))8T Y28 + o N, (b, — b)8T|B||B|TS,

SUNTU)m - bl)

where w;w? > 0, and |u; — u'w?/||w|*| < by — by and 2u'w?1 = N,|B|T(n — §)
by (5.8) have been employed in the fifth and sixth lines.

Because uow = wl 4+w*, the summation of the above two equations gives (5.11).
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Appendix K
Derivations of Equation (5.15)

Notice firstly that

0"A(t)d = 6L A(t)L.6 =" BTB'A(t)BTB'6

~ ~ ~|T ~
—§TTBTA(1)BTS < |3 'UlTA(t)lvT‘d‘

1 ~\ 2
_ (gNTu;M + 5foﬂUt—;m) (’UT )6‘)
~\ 2
1T [(4RDE, — 2N,) QUGS + Ny(by — b)[BIIBIT] 1 (w7 |8]) (K.1)
N2
< <gNTu;w2 + =% 20 —rujw ) 5T Y%
K [(4K02, — 2N, ugw? + 4N, (N, — 1) (b, — b1)] 87 Y25
2

N N
_ [(4172 ing 222 ) 20T W + AN, (N, — 1)(by — bl)} 575
1

Using (5.8), 2ul,w2d7 Y24 in the above can be rewritten as

2ul w287 Y25 = N,8' X - diag{|B|™n — 6} - Y& (K.2)
=N,87Y - diag{|B|™n} - X6 — N,6'Y - diag{|B|"8} - Y& '

Because L.6 = é by Proposition 5.1, the errors of estimation é can be upper-bounded

by the difference 8 between the errors of estimation by

676 =6"L. L. =8"BTB"BTB"6 = 6" TB"BTé < K25"9,
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where K. is given in (5.13). Using (5.8), it further derives that

— N,6"Y - diag{|B[T8} - X8 < 2N,|8|..6" Y26 < 2N, ||6]|6 X256

|12 o~ ~ . ~
<IN K, 5” 8T8 + N K.8TY*s

5 8726 < V..
=N,K.0"80" + N,K.6" Y% = N, K.0" (B"8) (6'B) & + N, K. Y*§

~ 1 1)
=N,K.0" [BT (17 - u;cfﬁr)} [(n - H;WQM) B

=N,K.8" (B™) (n"B) 6 + N,K.6'T*8
<N KN, 187 - diag { (BTn)"} &+ N K37,

B . (K3)
d+ N, K.8"Y*

Thus, the substitutions of (K.3) in (K.2), and of (K.2) in (K.1), lead to (5.14).
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Appendix L

Publications

e Refereed journal papers that have been published or accepted

J1.

J2.

Y. Yang, D. Constantinescu and Y. Shi, “Input-to-state stable bilateral
teleoperation by dynamic interconnection and damping injection: Theory
and experiments,” [FEE Transactions on Industrial Electronics, vol. 67,
no. 1, pp. 790-799, Jan. 2020.

(This work is presented in Chapter 2.)

Y. Yang, Y. Shi and D. Constantinescu, “Connectivity-preserving syn-
chronization of time-delay Euler-Lagrange networks with bounded actua-
tion,” IEEE Transactions on Cybernetics, accepted for publication, 2019,
doi: 10.1109/TCYB.2019.2914403.

(This work is presented in Chapter 3.)

e Refereed journal papers that have been conditionally accepted

J3.

Y. Yang, D. Constantinescu and Y. Shi, “Passive multi-user teleopera-
tion of a multi-robot system with connectivity-preserving containment,”
conditionally accepted, IEEE Transactions on Robotics.

(This work is presented in Chapter 4.)

e Refereed journal papers that are under review

J4.

Y. Yang, D. Constantinescu and Y. Shi, “Distributed multi-robot teleop-
eration with winners-take-all authority dispatch,” submitted.

(This work is presented in Chapter 5.)
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e Refereed conference papers that have appeared

C1. Y. Yang, D. Constantinescu and Y. Shi, “Distributed winner-take-all tele-
operation of a multi-robot system,” 2020 IEFEE International Conference
on Robotics and Automation (ICRA), Paris, France, 2020, pp. 9171-9177.
(This work is presented in Chapter 5.)

C2. Y. Yang, D. Constantinescu and Y. Shi, “Connectivity-preserving swarm
teleoperation with a tree network,” 2019 IEEE/RSJ International Confer-
ence on Intelligent Robots and Systems (IROS), Macau, China, 2019, pp.
3624-3629.

(This work is presented in Chapter 4.)

C3. Y. Yang, D. Constantinescu, and Y. Shi, “Distributed connectivity-pres-
erving coordination of multi-agent systems with bounded velocities,” 2019

International Conference on Human Interaction and Emerging Technolo-
gies (IHIET), August, 2019.

e Refereed conference papers that have been accepted

C4. Y. Yang, D. Constantinescu and Y. Shi, “Proportional and reachable
cluster teleoperation of a distributed multi-robot system,” accepted, 2021
IEEE International Conference on Robotics and Automation (ICRA ), Xi’an,
China, 2021.

(This work is presented in Chapter 6.)
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