Charge and Mass Multipole Moments

in General Relativity

by

George Philip Perry
B.Sc., University of Waterloo, 1990

A thesis submitted in partial fulfillment
of the requirements for the degree of

Master of Science

in the Department of Physics and Astronomy

We accept this thesis as conforming

to the required standard.

Dr. F. I. Cooperstock, Physics [)('/)(11‘7/11(1//. University of Victoria

Dr. C. E. Picciotto, Physics Department, Universily of Victoria

Dr. G. G. Miller, Mathematics Department, Unwersity of Victoria

Dr. J.)Pratt, Physics Department, Camosun College

(0. George Philipr Perry, 1992
University of Victoria

All rights reserved. This thesis may not be reproduced in whole or in part,

by photocopy or other means, without the permission of the author.



Supervisor: Dr. F. I. Cooperstock.
Abstract

Multipole moments in the Weyl class of static, axially-symmetric electrovac-
uum spacetimes are studied from both the the Erez-Rosen and Geroch-Hansen-
Hoenselaers formalisms. The Erez-Rosen formalism is generalized from their un-
charged formalism to describe the electric and gravitational fields of a charged body.
Both formalisms show the interdependency of mass and charge on both the mass
and charge multipole moments. We suggest how one can utilize both formalisms to
experimentally determine the multipole structure of a spacetime. Two methods for
determining the Newtonian limit of a pure vacuum axially-symmetric spacetime are
examined. One method is inadequate for determining such multipole moments. The
other method is generalized to describe the Newtonian limit of charged spacetimes.

The charged Curzon solution was studied as an example.
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Chapter 1

Introduction

Multipole moments have been useful in the description of electromagnetic and New-
tonian gravitational fields. The use of a multipole potential as an approximation to
the exact potential is sometimes the only feasible option for extremely complicated
systems. Of course one must stay within the domain of validity of the approximation,
but this is satisfactory for investigating many phenomena in nature. An example of
the use of multipole expansions is in electromagnetism, where the dominant term in
the expansion can be used to obtain an analytic expression for the radiation arising
from an antenna. Exact solutions for such a complex problem cannot be obtained
easily. With the advent of satellites in the 1960’s, it has been possible to measure the
earth’s Newtonian gravitational potential as a multipole expansion. This technique
of mapping satellite motion to a parameterized multipole potential has led to the

discovery that the earth is actually pear-shaped [1].
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This thesis is concerned with the extension of the concept of multipole mo-
ments into general relativity. In 1959, Erez and Rosen [2] proposed a method of
constructing the gravitational field of a particle with mass multipole moments in
general relativity. The procedure was based upon the Weyl [3] - Levi-Civita [4] for-
mulation of the static axially-symmetric vacuum Einstein equations. The method
closely resembled the usual procedure for identifying multipole moments in Newto-
nian mechanics.

It has since been pointed out that the definition of mass multipoles presented by
Erez and Rosen is not a covariant definition since the exact form of the expansion
depends explicitly on the coordinate system. Several authors have devised fairly
complicated definitions of covariant multipole moments [5-8] and these definitions
have subsequently been shown to be equivalent to each other [9,10]. The desire
to create a covariant definition of multipole moments is a necessity if multipole
moments are to have any physically significant meaning in curved spacetimes.

In this thesis we will examine the charge and mass multipole moments of a static
axially-symmetric electrovacuum solution to Einstein’s field equations from both the
Geroch-Hansen-Hoenselaers (GHH) covariant formalism and the Erez-Rosen coor-
dinate dependent formalism.

The GHH covariant formalism defines multipole moments as certain symmetric

and traceless tensors at infinity [5]. The assumed symmetry of the spacetime al-
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lows one to express the multipole moments as scalars at infinity. These scalars are
the basis for comparison between the two formalisms. From the moments obtained
through this formalism, we find the true physical multipole structure of the space-
time. These moments explicitly illustrate the duality of mass and charge expected
within the Weyl class of electrovacuum spacetimes.

The Erez-Rosen formalism for charge and mass multipole moments is a straight-
forward extension of their uncharged formalism [11]. The mass multipole moments
are identified as the coefficients of the terms 7~ ("*1) P, (cos#) from the expansion
of the goo component of the metric tensor. Even though the Erez-Rosen expan-
sion is coordinate dependent, it is still a viable method in that it gives a physically
understandable form of the field behaviour with respect to its far-field limit. It is
thus possible to investigate properties of the field at a finite distance away from the
source. The GHH moments are limited in this respect, since they are only defined
at spatial infinity. However these moments have the virtue of being true scalars,
unlike the Erez-Rosen moments.

If one wishes to experimentally measure the physical moments of a spacetime,
we propose how one would use both formalisms to make such a measurement. We
discuss why each formalism on its own would not be sufficient for accomplishing
such a task.

The outline of the thesis is as follows: Chapter 2 introduces the Weyl class
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of axially-symmetric spacetimes. We discuss how one exactly solves the uncharged
vacuum Einstein Field Equations (EFEs), given the Weyl metric and the symme-
try of the spacetime. Many distinct representations are possible. However we shall
concentrate on the representation utilized by Erez-Rosen, who use ellipsoidal co-
ordinates to solve the field equations. We will then examine how one solves the
Einstein-Maxwell vacuum field equations. This is quite easily accomplished if one
assumes that the goo component of the metric tensor is a function of the electrostatic
potential as Weyl did in 1917. The specific solution of the Einstein-Maxwell field
equations we use will be referred to as the Erez-Rosen solution.

Chapter 3 presents multipole moments for a static electrovacuum through the
Erez-Rosen formalism. Both charge and mass multipoles are identified in the same
manner as the uncharged case of Erez and Rosen. At this stage we make no claims
as to the validity of the presented definition of multipole moments nor do we enter
into a detailed discussion of the moments. This is left until Chapter 5, after the
covariant definition has been presented and used to calculate the moments for the
spacetime which we are investigating.

Chapter 4 presents the GHH formalism for calculating covariant multipole mo-
ments. We first give a summary of how one defines multipole moments in this
formalism. The methodology assumes a mathematical approach in an unphysical

spacetime rather than remaining within the physical spacetime. In the second sec-
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tion of this chapter, we explicitly calculate both the charge and mass moments for
the spacetime under investigation. The part of the formalism developed by Hansen
and then Hoenselaers defines moments for stationary spacetimes. Since the space-
time of interest is static, the actual calculation of the moments is simplified. Again,
we defer comments on the calculated moments until chapter 5.

In chapter 5 we discuss the results of the previous two chapters. We examine the
physical basis of the definitions, highlighting the desirable and undesirable aspects
of each. In this chapter we explain how it would be possible to experimentally
measure the physical multipole moments. This entails using certain aspects of the
Erez-Rosen formalism in conjunction with the GHH formalism. Neither formalism
on its own could accomplish such a task.

In chapter 6 we study two definitions of the Newtonian limit for axially-sym-
metric uncharged spacetimes. One is a coordinate independent definition presented
by Ehlers [12] and the other is a coordinate dependent one proposed by Cooperstock
[11] obtained from the Erez-Rosen formalism. We shall discuss why Ehlers’ definition
is insufficient for determining Newtonian multipole moments for the Erez-Rosen
solution. We show that Cooperstock’s consideration of the properties of the source
itself is necessary to correctly identify Newtonian moments if they exist. It is then
shown how Cooperstock’s definition can be extended to include charged sources.

This leads to a general formula for both charge and mass multipole moments in the



CHAPTER 1. INTRODUCTION 6

Newtonian limit.

The final chapter examines Curzon’s axially symmetric solution as another ex-
ample of the application of the two formalisms studied. We show that the GHH
moments for the Curzon solution or any other axially symmetric solution can be
obtained without applying the GHH formalism for each case. Instead, one can ex-
pand the solution being studied in terms of orthogonal Legendre functions. From
the coefficients of this expansion, the moments can be found by using the general

formula for the GHH moments as given in chapter 4.



Chapter 2

The Weyl Class of Vacuum and
Electrovacuum

Weyl [3], in 1917, showed that static, axially-symmetric gravitational fields in vac-

uum or electrovacuum could be represented by the line element

ds? = e¥dt? — €'Y (dp? 4 dz?) — pPe " d¢? (2.1)

in cylindrical polar coordinates, where w and v are functions of p and 2. He further

showed that in vacuum, the Einstein field equations reduce to

V20 = W,y + s + —2 =0 (2.2)
p
B, = g(w?p — %), B, =pw,0, (2.3)

where the bars indicate that the equations hold in vacuum and commas indicate

partial differentiation with respect to the indicated variable.
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One will notice that Eq. (2.2) is simply the Laplace equation. To obtain an
exact solution to the EFEs, one would find a solution to Eq. (2.2) and then find v
via quadratures.

This formulation induces a distortion of the coordinates, as evidenced by the

1

fact that a solution which looks like a Newtonian monopole potential, mr=", r =
(p? + 22)1/2 taken for w yields a particle with higher multipole moments in the
physical spacetime [13] (see Chapter 7 for further study). To retrieve the spherically

symmetric Schwarzschild metric, the potential which would normally represent a

line mass in Newtonian theory,

__m Ri+ Ry -2l
e R (m) : o
R}, = (2217 + %, (2.5)

must be used in conjunction with the linear mass density 2 = 3 [3].

Weyl [3], Bach and Weyl [14], Curzon [13], Erez and Rosen [2] and others
have examined the various fields generated from some of the simpler solutions to the
Laplace equation. We are interested in the solution found by Erez and Rosen. There
is no requirement that the field equations (2.2) and (2.3) be solved in cylindrical
polar coordinates. To simplify the representation of the Schwarzschild solution in

the axially symetric spacetime, Erez and Rosen used ellipsoidal coordinates (A, p)
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given by

R+ Ry R - Ry

- 2.
withl=m,A>1,-1<pu<1.
The Laplace equation (2.2) in terms of A and p is
2 — I .
(2 -1 wa]  + [(1- ) 2] = 0 27)
which, upon separation of variables, via
w
5 = LM (), (2.8)
yields
2 _ — =
[(32=1) L] L+ 1)L=0,
[(1=1?) M, +nn+ )M =0, n=0,1,... (2.9)
W

with the separation constant expressed in the integer form above for well-behaved
solutions. The solution of these differential equations are linear combinations of
Legendre polynomials and Legendre functions of the second kind. Moreover, for w

to be well-behaved at infinity, the solution must take the form [2]
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%'U_J = i _cn 'n. Q (’\) (210)

with P,(p), the Legendre polynomial, @,(A), the Legendre function of the second

kind and ¢,, a constant. The Schwarzschild solution is found by taking

R =1, QaY) = 31 (315), (2.11)

with co = 1, ¢, = 0 for n > 1 in Eq. (2.10). They noted that it is the transformation

A=——-1, p=cosf {2.12)

which brings Eq. (2.11) (which is also the special Newtonian line-mass potential

solution of Eq. (2.4),with [ = m) into the standard Schwarzschild form

=1
ds? = (1 - 2_m) dt* — (1 - g:—jz) dr? — r? (d02 + sin? 0d¢2) . (2.13)

r

Clearly, if some of the constants ¢, are not zero for n > 0, the solution w will no
longer be spherically symmetric. Erez and Rosen explicitly calculated the field for
a particle with ¢g = 1, ¢4 = 0, ¢ # 0, ¢, = 0, n > 3. Using the transformation
Eqgs. (2.12) which identify the spherical coordinates, they extracted the quadrupole

moment from the 772 Py(cos #) coefficient in the same manner as in Newtonian the-

ory.



CHAPTER 2. THE WEYL CLASS OF VACUUM AND ELECTROVACUUM 11

The foregoing is for uncharged bodies, and it is natural to consider the case
of a charged body in general relativity. Weyl showed that for charged bodies with
axial symmetry, if one imposed the condition that w be functionally related to &,
then the unique functional relationship for asymptotically Minkowskian boundary

conditions is

v =1-2"g 4 o (2.14)
qc

where ¢, is the charge of the body. Weyl then defined the function

-1
X = / (1 = Qq—m<1> 4 <I>2> Ao (2.15)
c

and showed that it satisfies the Laplace equation (2.2). Integrating this function

yields

a b —a
X_a2—11n<(l>—a‘1)’ (2.16)
where a is a constant defined by
1+ a? _2m

= —. 217
a qc ( )

Since we know that x satisfies the Laplace equation, its form with respect to a

given coordinate system is easily deduced. Therefore, using Eqs. (2.16) and (2.14),
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e" and ¢ are known. To simplify matters somewhat, we can eliminate ¢ between

Eqgs. (2.16) and (2.14). This yields [15]

w (1 — a’2)2j
¢ = (2.18)
with
-1
f=a2exp (a - X) : (2.19)
Eliminating x between Eq. (2.16) and (2.19) gives
a(f - 1) 5.2

It can be shown that the field equations for v take the same form as in the uncharged

case, Vviz,

NVl Y

[ £)2 = (in £)2]

=
N
[l

p(in f) (10 f)... (2.21)

It is evident from Eq. (2.19) that if x satisfies the Laplace equation, then In f must
also satisfy the Laplace equation. Therefore if In f is chosen to have the same form
as w in Eq. (2.10), we will have a solution to the electrovacuum field equations which
is also asymptotically flat. One can also see that v can differ from the corresponding

known v by at most an additive constant.
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The spherically symmetric charged generalization of the Schwarzschild metric,

the Reissner-Nordstrém metric [16,17], is found by taking

P (z - 21) , (2.22)

z + 21
T = R] -+ R2 (2.23)
where
q?

for the “undercharged” case ¢* < m?

, with @ in the range —1 < @ < 1. The
“overcharged” (¢*> > m?) and “critically charged” (¢*> = m?) cases are considered
in detail in Ref. [15]. The close connection between Egs. (2.4) and (2.22) is to be
noted, as well as the expanded role which is played by the [ parameter in the case
of charged bodies.

In the next chapter we will take a specific solution of the Einstein-Maxwell field

equations and examine both the charge and mass moments as identified through the

Erez-Rosen formalism.



Chapter 3

Multipoles of Charge and
‘Mass: Erez-Rosen Formalism

In building charge multipoles through the Erez-Rosen formalism, one of the first
steps is to identify the connection between spherical coordinates and the Weyl canon-
ical coordinates (cylindrical coordinates). These will be the charged analogues of
Eq. (2.12). To do so, we first note that the Reissner-Nordstrém metric in spherical

polar coordinates

) 2 9 2\ 1
ds? = (1——m+q—§)dt2—(1——m+%—> dr? +
T T T T

— 2 (d6? + sin? 9dg?) (3.1)

takes the form

14
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(R] + R2)2 = 4(m2 - qg)dt2 _ (Rl + R2 + 2m)2
(Rl + R2 + 2m)2 4R1R2
(R1+ R +2m)? 24,2 ‘
— d 3.2
(B + B — a2 = )" W

ds?

(dp* + d2*) +

in Weyl coordinates (t,p,z,¢). It is straightforward to verify that the required

transformation linking Eqgs. (3.1) and (3.2) is

p=1/r%—2mr + ¢?siné,
z = (r—m)cosé. (3.3)

In what follows, we will restrict our attention to the “undercharged” case, Eqs. (2.22-
2.24). With the choice ¢. > 0, we must choose the negative root when solving for a

in Eq. (2.17) so that in the limit ¢. — 0, a(g.) — 0, i.e.

m m?
a=——|— -1 3.4
¢ \ & (34)

Thus, from Eqgs. (3.3), (2.5), (2.6) and (2.23), we find
z =2I\=2(r —m),

2lp = 2l cos 6. (3.5)

The role of charge in changing the A coordinate above in comparison to the vacuum

case of Eq. (2.12) is to be noted.
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It was stated in the previous chapter that In f in the charged case will play
a role in the charged formalism corresponding to w in the uncharged formalism.
The general asymptotically flat solution to the Einstein-Maxwell field equations
separated in ellipsoidal coordinates within the framework of the Weyl class can be

represented by

%lnf = i —cn Pr(p)@n(A). (3.6)

n=0

In the remainder of the thesis we will refer to this equation as the Erez-Rosen
solution. To keep the calculations manageable we shall choose to keep only the

first 5 terms. Therefore, in terms of the more convenient coordinates x and cos 6 of

Egs. (3.5),

W = [m (z’ - 21)] [1 5 ¢1 Py (cos )z 3 ca Py(cos 6) (ﬁ - 1) .

z + 21 21 2 412
c3Ps(cos ) (5z® 3z c4Py(cosb) [35z% 1522
LA s "2 )T T 8 o~ o 3

3 5z 4
+ 2¢y Py(cos ) + §c2P2(cos 0)z + c3P3(cos) | — — = | +

412 3
n 5¢4Py(cos 6) (7:1:3 111:)

3 PTERTE %)

where ¢y = 1, and the values of the Legendre functions of the second kind have been

substituted in the form appropriate for the domains of the coordinates. Eqs. (3.7),
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(2.18) and (2.20) constitute the charged solution with v found by quadratures in
Eq. (2.21). Even though we have not used the most general solution given by
Eq. (3.6), the expression for In f in Eq. (3.7) is still an exact solution to the field
equations.

The procedure for calculating the multipole moments in the Erez-Rosen formal-
ism is very straight-forward. Using our chosen solution Eq. (3.7) in Egs. (2.18) and
(2.20) and the new spherical coordinates determined by Eq. (3.5), we calculate the

asymptotic expansion in r of ® and €“. The results are

_ 9 , 1 [ 2 _ 2 2 2 _ 2
d = - + 3T2qcc1P1 m%—q? + 15T3qcc2Pg <m — qc) +
172 2_ 2\%? 2 2_ 2
+ = [gcapth (m =3 qc) i 1502P2qcm (m - qc) +

—%Cfpf‘km (m2 = qZ) == %Clplfh (m2 - qf)Sn] +
+¥ ;15' [%QCC‘:H (m2 = 43)2 + %Csps%m <m2 = ‘IZ)3/2 -

4 3/2
_ECIPIC2PZQCm (m2 = qf) +

+%C2quc (6m?+2) (m* - ¢?) +
~5eAPRa. (2m? = 2) (m? - 2) +

4 3/2
- ﬁclqucm (m2—qc2) ] s (3-8)
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18
e = 1+2{_m_g(;qplmm_g_f)+
= :—3 [12—5c2P2m (m*-q?) - %clquf m? — qg] +
_ %[%chgm (m? - ¢2)*" + 12—562P2 (m?—¢2)" +
~arE (2t + 2) (m? - ) | +
~ is[mcmm (m?-a2)" +
s () ()"
- ors (o= @) [ on ) 4
~57¢; Pum (m? - q2)] = gcfpfm (m?-q?) +
~gan (=) (-] + ) 69

where the P;’s are understood to be Py (cosf).

While the form of Eq. (3.9) is convenient to illustrate the fall-off properties

in powers of 771, the Erez-Rosen formalism requires us to order them in terms of

r~ (1) P (cos ), i.e.
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2 2 2
= 157‘3C2P2 <m — qc) X
2_ 2 7 a2 -
[my™ = Cmr@)vmT-g )
T 3r2
17 2 2 2)3? (2m? - ¢2)
i ;[—%c:a,Pa(m - ¢?) (m+_7~—_+"' +
1 2 p2 2 2 2 2
—I_S_CIPI (2m . qc) (Tll = qc) +

1 8 2 2\2 1
+T_5[_ﬁC4P4 (m —qc) (m—0<;) +"')+

—mC2P2C1P1m (m - qc) +

2 2
+cPim (m? - ¢2) ] TR } (3.10)
9
Also it is more useful from a physical standpoint to express the series in this manner.
Note that the coefficient of 7=! in Eq. (3.10) can be interpreted as the effective

mass [18]

%

m(r) =m =

(3.11)

of the system within a sphere up to r. The quantity is less than m by the amount of
electromagnetic field energy exterior to this sphere. It is only in the limit as 7 — o
that the entire mass m, which includes the electromagnetic field contribution, is
seen. Similarly, from the coefficient of 7=2P;(cosf), we note that the mass dipole

moment is

1 q2 2 (27”,2 — q2) (’ITL2 — qZ)
— 2 2 4 c £ 5% :
D,, = —3c1\/m q? (m . 53 + (3.12)
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which, again, has a charge-dependent part which falls off as r=!. The quadrupole

moment

102 (emdiad) ol

also shows this behaviour. Howevér, the procedure is not so clear for the higher
moments. Egs. (3.14) and (3.15) are a possible way of reordering the octupole, and

16-pole potentials (shown below):

_ 172 2 2\3/2 2m? — ¢2
OCt.m—-”-‘ZI:3—5-C3P3(m —qc) (m+—+

”
1
+ et PE (2m? 4 2) (m? - qz)] (3.14)
178 2 1
16-pole,, = 5 [51—5 c4 Py (m2 = qz) (m +0 (;> S - >
19 2 2
+ [mcﬂ’szz — §cfP12] m (m2 = qz) ] . (3.15)

The criteria of this reordering of terms is not well defined for field contributions like
1
Ec%Pf (2m2 - qZ) <m2 - qcz) (3.16)

in Eq. (3.14). For example, this particular term may have been written as a term
in the dipole moment that falls off as 7=2. Our placement of this term reflects our
a priort knowledge of the covariant moments. This, however, is still not a perfect
correspondence. We shall see in chapter 6 that these terms are negligible if we

are dealing with a Newtonian source. Thus, they are referred to as “relativistic




CHAPTER 3. EREZ-ROSEN FORMALISM 21

correction” terms. Erez and Rosen [2] refer to these same terms as “cross terms”.
For any r-dependent multipole moment, we refer to the r‘(”+1)Pn(cos 0) term as
the Newtonian part of that multipole. For example, the Newtonian part of D,, is
Lo/l =2

In the same manner as the mass moments, the charge moments are identified
as the coefficients of the 7~("*1) P, (cos ) terms in the expansion of ®. Reordering

Eq. (3.8) yields for the electric dipole moment

1 2(m? - ¢? 4m (m?* — ¢?
Dy = gclqc\/m2 - qg(l - ( 512 <) - (57.3 ) ik ) (3.17)

and the electric quadrupole moment

2 m  6m?+ Z
Quad.qc = ECQqC <n12 — qf) (1 + S + om T4 + . ) (3.18)

The electric octupole and 16-pole potentials are respectively

112 3/2 2m 1
Oetiy, = 3 [gc;ngqC (m2 - qz) (1 -+ - + .- ) - §C¥P12qcm (m2 - qf)] ;

(3.19)

118 2 1
16-pole, = o [51—5 qecq Py (m2 - qf) (1 +0 (;> oo )

- 4i561 Picy Pagem <m2 - q;‘f)g/2 - %C%Pch (Qm2 - qf) (7712 - qf) ] (3.20)

Again, we have “relativistic correction” terms at the octupole and 16-pole levels.

We shall now turn our attention to a covariant definition of multipole moments.



Chapter 4

Covariant Multipole Moments

4.1 Summary of the Geroch-Hansen-Hoenselaers For-
malism
The development of a covariant definition of multipole moments has taken place
over the past 20 years. Recently, Hoenselaers and Perjés [19] have established the
procedure for calculating the electromagnetic and gravitational multipole moments
of fields of stationary axially-symmetric electrovacuum spacetimes. This generalizes
the earlier work of Hoenselaers [20], Hansen [6], Geroch [5] and others. We shall refer
to calculations of moments in a charged spacetime as the Geroch-Hansen-Hoenselaers
(GHH) formalism.
In the GHH formalism, multipole moments are defined as certain symmetric
and traceless tensors at infinity on the background 3-manifold of the timelike Killing
vector trajectories of the spacetime. It was Geroch [5,21] who first examined the

possibility of defining multipole moments this way. He started by examining the

22
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different ways one could define multipole moments in flat-space. He identified three
equivalent interpretations; coefficients in a multipole expansion, moments of the
source distribution and objects associated with the conformal group. It became ap-
parent to him that the first two interpretations would be very difficult to generalize
to curved spacetimes. Therefore, he developed multipole moments from the stand-
point of the conformal group (see Ref. [21] for a discussion of Newtonian multipole
moments from this point of view).

A requirement of the GHH formalism is that the spacetime be asymptotically
flat. The definition, established by Geroch [5], depends on the existence of a 3-

manifold S with metric h,, such that

i) S = SUA where A is a single point at infinity,
i) By = 02hg, is a smooth metric on S,
ii)) QA =0, DoQ|s =0, DaDyQ|p = 2has,

where S is the 3-manifold with metric hgp, D, is the covariant derivative associated
with A,y and € is called a conformal factor. Item 1) is the definition of a conformal
transformation and hg; is called the conformally transformed metric of hy, (note:
the 4-manifold of the physical spacetime is identified with the metric g,).

The metric hgyy is defined as




CHAPTER 4. COVARIANT MULTIPOLE MOMENTS 24

hab = )‘gab - faé.ba (41)

where A is the norm of the timelike Killing vector £*. The norm is defined as
A = £%€,. However, for asymptotically flat, axially-symmetric stationary spacetimes,

the metric g, can be written as [20]

ds? = X (dt — wd)* = X7 [e” (dp? N d2?) + p2de?] . (4.2)

We see that the goo component of the metric tensor can be identified with A. (w is

called the twist of the timelike Killing vector. See Hansen [6] for its definition.)
We now present the tensor definition of the multipole moments. By assigning

the potential ¢ the conformal weight of —1/2, i.e. é = Q=124 tensors are recursively

defined on S as [5]

n -
52— D Rayey Paginga | » (4.3)

Pryitiany =8 | Dy Pisgos, —
where C is an operator that takes the symmetric trace free part of the tensor in
the square brackets. If one examines the first term of Eq. (4.3) inside the square

brackets, we see that it takes the form of multipole moments in a flat (Newtonian)

spacetime, i.e.
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Posrte = Potsoritns (4.4)

Eq. (4.4) has the properties that it is symmetric and trace free, and most importantly
that a given moment is altered by an amount dependent only on lower moments
under shifts in the origin in a flat spacetime. For example, it is well known that
the values of the quadrupole moment about two nearby origins differ by an amount
which is dependent only on the dipole moment.

Geroch [5] has shown that in order to retain the latter property in a curved
spacetime, it is necessary to alter the definition of the flat-space multipole moments
by the second term shown in Eq. (4.3). Geroch states that the property of the
moments of different rank being properly related to each other under changes in
origin is a necessary condition on the moments in order for them to be interpreted
as multipole moments.

For a stationary, electrically charged gravitational field, the potential ¢ can be
any one of the potentials ¢ps, ¢y, ¢E, ¢y, which in turn are defined from two other

potentials £ and ¢ by

§=oém+idy, (4.5)

q=¢g + idH. (4.6)
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(note: the potential £ is not to be confused with the Killing vector £*). Hoense-
laers [19] identifies ¢pr and ¢ as the mass and rotation potentials, and ¢g and ¢p
as the electric and magnetic scalar potentials. The 2"-pole moment of ¢ is defined
as the value of Py,...a,, at A. It is thus a question of finding £ and ¢ in a suitable
coordinate system to determine Py, ...q,, |A -

The functions £ and ¢ are gravitational and electromagnetic potentials related

to the Ernst potentials & and ¥ [22]. The relationship is

1=f
I ’
=1
=T+¢ (4.8)

The Ernst potentials themselves are defined as the complex functions [22]

£=Atiw— V0" (4.9)
V=0 +iy (4.10)

where ® is the electrostatic potential of the physical spacetime and ~ is related to
the electromagnetic vector potential (see Ref. [22]). The rationale for introducing
the Ernst potentials are firstly, that they enable one to express the Einstein field
equations as a very compactly written set of elliptic differential equations and sec-

ondly, that they enable one to use the properties of the resultant elliptical differential
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equations to facilitate the calculations of the multipole moments [23].

To summarize: the ingredients necessary to calculate multipole moments are a
solution g, to the Einstein-Maxwell field equations and an electromagnetic 4-vector
A = (®,A). With this knowledge we find £ and ¥ through Egs. (4.9) and (4.10),
solve for £ and ¢ through Eqs. (4.12) and (4.8), determine the potential ¢ through

Egs. (4.5) and (4.6), and finally evaluate Eq. (4.3) at A to obtain the moments.

4.2 Calculation of the Covariant Multipole Moments
for the Erez-Rosen Solution

For electrostatic (non-stationary) solutions, comparing Eqs. (2.1) and (4.2), we see

that

)\:e"’:goo (411)

and

w=0. (4.12)

Furthermore, the 4-vector potential A* = (®,0). It can easily be shown that as a
consequence of this choice of gauge, the condition vy = 0 must hold in Eq. (4.10).
Hence, the Ernst potentials and all subsequent variables are real quantities. Since

we are in the Weyl class,

2m

M=X=1-"—84 8% (4.13)

qc
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Therefore, we can solve for ® in terms of A (i.e. goo). Substituting ¥ = 0 and

Egs. (4.12) and (4.10) into Eq. (4.9), we obtain

£=1-82 (4.14)
Inverting Eqs. (4.7) and (4.8) yields

1-& 1-)2+9°

C=13e~1a_o%

29

=+t =y

(4.15)

Solving Eq. (4.13) for ® gives

2
(N = =y [~ 141, (4.16)
qc qc

(assuming positive charge, we must choose the negative sign). From Egs. (4.15) and
(4.16), we have £ and ¢ as functions of A.

At this point it is convenient to explicitly express £ and ¢ in terms of the
coordinates (p, z,¢). This requires the specific solution which we have chosen in
chapter 2. From Egs. (2.18) and (3.4), we have

_ (1-a?)?f m 1

it gs— = afmf gl 4.17
@1 —h q (4.17)
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and f is found through Eq. (3.7). However, a more convenient coordinate system
is one in which infinity is mapped into the origin. This choice is made because the
multipole tensors which are evaluated at infinity in the old coordinate system will

now be evaluated at the origin. The required transformation is [20]

N p ) z -
— r—4 — . 4.18
p p?+ 22’ o p? + 22’ gy ( )

Choosing the conformal factor as @ = j? + 32 allows us to express £ and § as
functions of Z and p. It can be verified that this choice of conformal factor satisfies
the conditions outlined in item 7ii) of this section.

Hoenselaers and Perjés [19] have expressed the Einstein-Maxwell field equations
in terms of £ and ¢. Transforming to the tilded coordinate system leaves the field
equations in the same form. It follows from the standard theory of elliptic differential
equations that when £ and § are analytic in a neighbourhood of the origin, they are

determined uniquely by their respective values on the axis (5 = 0) [19]. Thus, we

can express £ and § as Taylor series about the point Z = 0:

Hi=t)= f: mg 2", (4.19)
q(p=0)= i gnZ". (4.20)
n=0

The final step is to substitute Eqs. (4.19) and (4.20) into (4.3) via the conformally
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transformed versions of (4.5) and (4.6). Then, by setting Z = 0, Py, ...q, is evaluated
at A.

For stationary metrics with axial symmetry, one can further simplify the for-
mula for the multipole moments. For axially-symmetric metrics there also exists an
angular Killing vector. The multipole moments must be invariant under the action
of this additional Killing vector. However, the only tensors which are invariant with
respect to the axial Killing vector at A are the metric hy, and the axis vector itself
denoted by n°® [6]. It can be deduced that the multipole moments must be multiples
of C[7ay * * * Tlan)|A, i-e. the symmetric trace free outer products of the axis vector with

itself. Thus the 2" moments are completely determined by the numbers

il
Prn = mpar"anﬁal o 'ﬁanll\‘ (421)
Since n* = (0, 1,0),
1 .
N S—=~~—

Hoenselaers et al. have derived for both uncharged [20, 24] and charged [19]
spacetimes, the moments of Eq. (4.22) as functions of the m, and ¢,, which are
defined by Eq. (4.19) and (4.20). Denoting M, as the mass moments and Q, as

the charge moments, the result of applying Eqs. (4.19) and (4.20) to Eq. (4.3) up to
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the 16-pole moment is [19]

M, = Ty forn=0,1,2,3

1 * 8 * % 3 *
My = my— 7M20m0 + mslofh momgo — %Slo% +

8 * * 1 *
—10—5510(Iomom1 + 7520‘10

Q. = guforn=0,1,2,3

1 « O _ 3 "
Q = q- 7Q2o‘10 — —S10miqoq0 — :(.6510% -

105
b8 omigoqt — ~Saom (4.23)
105 10Mpq09, 7 20Mg .
where
M,']' = mym; — M;j—1Mj41,
Qij = ¢4 — ¢i-1¢j+1,

fori>j+ 1 and

Sij = Migj — Mi—1¢j41.

We have left M,, and Q,, as complex quantities for generality, since the Hoenselaers-
Perjés derivation is valid for stationary spacetimes.
We can summarize the procedure for calculating mass and charge covariant

multipoles as follows: For a given solution of the Einstein-Maxwell electrovac field
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equations (Eqs. (4.17) and (3.7)), express the solutions in the new coordinate system
p,%. Then determine the gravitational and electromagnetic potentials £(5) and §(3)
along the symmetry axis p = 0 (through Eqgs. (4.15) and (4.16)). In practice, it
is best to take the Taylor series of £ and ¢ about Z = 0 first and then make the
conformal transformation. This eases the calculations since Q72 = 371 along

p = 0. Therefore

_ € 1 oo o0 (o o]
E=2=2) bF =) b =) m,im (4.24)
% Z k=1 k=1 n=0

Note that the Taylor expansion for £ starts at k = 1. This is expected because the
conformally transformed potential £ cannot have any singularities at A. A similar
result applies to q.

Therefore the first four mass and charge covariant multipole moments calculated

from Eq. (4.23) for the Erez-Rosen solution are

Mo = m

Mi = zemyfmi =g

My = fream (n? - )

My = 1(2]—5(3c3 — 7ey)m (m? - qz)?’/2

My = %m (m2-q,3)2 [4c4—6c2—15c$],
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Qo

o)

Q,

Q3

Q4

Gc

1 = &
gclqc m? — qg

332Qc (m2 - q3>

15
1%5(363 — Te1)ge (m2 = (IZ) X
32T5qc (m? - q3)2 [4¢4 — 6 — 15¢3] . (4.25)



Chapter 5

Discussion

We will not directly compare the coordinate dependent Erez-Rosen multipole mo-
ments with the invariant GHH moments since they are not referring to multipole
moments in the same manner. The GHH moments are considered the physically
significant entities since they are derived from tensor fields. Erez-Rosen moments
look very similar to the covariant ones, but they lack the tensorial definition which
is necessary to establish them as covariant physical constructs. In this sense the
Erez-Rosen moments must be labelled coordinate dependent. However, within a
spherical coordinate system, it is reasonable to refer to the expansion of goo with
respect to r as a “multipole expansion”. Although the Erez-Rosen moments must be
labelled as coordinate dependent moments, the field represented by this expansion is
a physical field and the Erez-Rosen moments contain interesting information about

the gravitational field of the source which the GHH formalism does not contain.

34
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We shall first examine the GHH moments. From Eq. (4.25) we see the increasing
complexity of the moments in the series. Eq. (4.25) reveals that if we wish to
construct a source with a certain multipole structure, such as a monopole plus a
quadrupole only, then it is necessary to set ¢; and c3 equal to zero to make M;
and M3 zero. However the increased complexity of the poles higher than octupole
places constraints on all the ¢,,’s for n > 4. This is a result of setting M,, = 0,7 > 4
to eliminate all higher poles. In effect what is happening is the relativistic parts of
the higher moments are cancelling the Newtonian parts so that physically there is
only a monopole and quadrupole moment to the source. If one were to take the set
of ¢,, this example produces and then calculate the Erez-Rosen moments, one would
come to the erroneous conclusion that the source includes many physical multipoles
of order higher than quadrupole.

This procedure shows that unlike Newtonian theory, it is possible to construct
“pure multipoles” for objects of finite extent. By “pure multipoles” we mean an
object with a monopole moment and only one other multipole moment as described
above. In Newtonian theory, one cannot mathematically eliminate the higher order
terms. The higher order terms are usually eliminated through physical arguments
(they are shown to be negligible in comparison with the lower order terms). In
Maxwell’s electromagnetic theory, it is possible to obtain, for example, a pure dipole

source, but one must shrink the multipole to a mathematical point in such a way as
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to keep the potential finite.

The above gives the criterion for constructing a source with a certain multipole
structure. Suppose instead one wishes to experimentally determine the multipole
structure of a field. We will briefly outline how the Erez-Rosen and GHH formalisms
can be used together to make such a determination. The objective is to make a mea-
surement of the parameters ¢,,. This can be done by mapping the orbit of a satellite
onto the geodesics calculable from the metric expressed in the “multipole expansion”
form of the Erez-Rosen formalism. Note that one must choose a coordinate system
in order to calculate the geodesics. It is also necessary to explicitly determine the
metric function v of Eq. (2.21) in a multipole expansion form. The mapping of the
satellite orbit to the geodesics can be achieved by the common practice of numeri-
cally adjusting the ¢,’s to make a “best fit”. Once the ¢,’s are known, one simply
calculates the GHH moments to determine the physical multipole structure. An-
other approach one could take to determine the ¢,’s is to map the motion of a test
charge onto a trajectory calculable from the electric field potential ® of Eq. (3.8)
and Maxwell’s covariant equations. Either prescription is sufficient to characterize
the ¢,,’s for the field generated by a charged massive body.

Additional observations regarding the GHH moments are as follows: Firstly, if
the m which is a common factor in the mass moments is exchanged with ¢. and all

occurrences of m? — ¢* are left unchanged, then we immediately obtain the charge
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moments. This illustrates a symmetry between the mass and charge moments, which
we expect when working within the Weyl class of electrovacuum solution (specifically
Eq. (2.14)). Secondly, all the mass multipoles except the monopole are a function
of the charge. This shows that the charge affects the mass moments. What is more
unusual is that the mass affects the charge moments. This is not experienced in
flat-space electromagnetic theory. Therefore, choosing to work in the Weyl class
of electrovacuum spacetime inextricably links the electric and gravitational fields.
This link manifests itself in the multipole moments of each field. The Erez-Rosen
moments, which we now turn to, also illuminate this charge-mass mixing but in a
coordinate dependent way.

It is important to examine the ggo component in this coordinate dependent
manner because it provides a more intuitive picture of a test particle’s motion in the
field as is seen with the Reissner-Nordstrom solution. As was indicated in chapter 3,
one can interpret Eq. (3.11) as the effective mass of a purely monopole source which
is dependent on the electromagnetic field energy interior to the sphere of radius r in
spherical coordinates. One would expect that the higher moments would also show
this r-dependent behaviour. Eqs. (3.11-3.15) show that this does indeed occur in the
Erez-Rosen moments. This information is not extractable from the GHH moments
since they are defined at spatial infinity only. It is obvious that the r-dependence

of the moments is subject to the particular type of spherical coordinates chosen.

4 7 AR
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However, this is not a cause for concern since we must be in some coordinate system
in order to make a measurement. In an analogous fashion to the mass moments,
Eqgs. (3.17-3.20) show how the electric field can be interpreted as being dependent
on the mass-energy inside a sphere of radius r. Again, we emphasize that this
phenomenon has no analogue in flat-space electromagnetic theory.

It is interesting to note that the first three Erez-Rosen moments of both mass
and charge, if evaluated in the limit » — oo, are identical to the GHH moments. It
is understandable for the first two moments, since the second term of Eq. (4.3) is

identically zero. It is unclear as to why the quadrupole is identical.

FA S ol 7 §




Chapter 6

The Newtonian Limit

The preceding chapters have dealt with the problem of calculating relativistic covari-
ant moments for axially-symmetric charged spacetimes. We will now examine the
problem of determining the Newtonian limit of such spacetimes. We will first discuss
two definitions for finding the Newtonian mass multipoles of a pure vacuum space-
time (i.e. uncharged). One method is shown to be inadequate for determining such
multipoles. The other method, which is adequate, can easily be extended to encom-
pass finding the classical mass and charge moments for charged axially-symmetric
spacetimes.

As we have mentioned, many papers have been written on how to calculate
relativistic covariant multipole moments for axially-symmetric spacetimes [5-8,25].
A procedure for extracting the Newtonian limit for axially-symmetric spacetimes

has been suggested by Ehlers [12].

39
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However, it was shown by Perry and Bohun [26] that it is not possible to extract
the Newtonian multipole moments solely based on Ehlers’ definition. Rather, one
must consider a nearly classical source in order to see the classical multipole struc-
ture of the field as proposed by Cooperstock [11]. We shall outline the arguments
presented by Perry and Bohun and then discuss the Newtonian limit’s extension to
charged spacetimes.

Ehlers’ definition of the Newtonian limit is [12]

Y QL/\w(p,z A, (6.1)

A—0

where A = ¢=2

(c = speed of light) and w(p, z, A) is the metric function of Eq. (2.1)
containing the parameter A.

The asymptotically flat solution @ of the vacuum EFEs is

w
9 == Z en Pr(y)Qn(2), (6.2)
n=0
where
x_r++7‘_ :'r+—'r_
T 2GMMN YT 2GMN°’
and

Py = \/p2+(z:i:GM/\)2.

Expressing @, () as a descending power series in z,
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Qulz) =2 2 b(n,s)z~(M+1+29) (6.3)
with
(n+ s)! (n+ 2s)!
= 4
b(n, ) s'(2n+2s+1)! (6-4)
and using the transformation between z,y and spherical coordinates [2]
— a 1
T GMM 7
9y = cos B, (6.5)
one can rewrite Eq. (6.2) as
¥, = . GM X rretl
5 §§w :—Z_:cnP(c0302 ans)( > X
% ' J
+Z(n+23+1)j, (n+2s+ ) <Gfi“>} (6.6)
J=1 ’

For the reason of avoiding lengthy complicated formulas, we shall choose w of

Eq. (6.6) to have the form

W = Wo + Wy + W + 3. (6.7)

With n = 0,1,2,3 put into Eq. (6.6), all terms of equal power in A up to order O(\?)
are collected together to yield

1 GM 1 GM\?
'Q—X ’UJ(/\) = —CQT - [CQ + gC]P](COS 0)] (T) A +
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[4 p. 9 GM\?3
_ .500 + gclPl(cos (9) + TECZPZ(COS g)] (T) A2 4+
[ 6 2 2 GM\*
- -2c0 + gclPl(cos 9)502P2(cos 0) + £C3P3(COS 0)] (—r ) A% 4
(16 32 32 8 GM\?®
= .?Co + E61P1(COS 0) + gCng(cos 6) + gC;ng,(COS 0)] (T) x¥ 4
16, 80 4 78
- |3% + aclPl(cos 6) + 2coPy(cos b)) + 6—263P3(cos 9)] (—GT ) A% (6.8)

Now suppose that the {c,} have no A-dependence. It is obvious that setting
A =0 in Eq. (6.8) would result in the Newtonian limit being just a monopole. This
approach implies that even the general solution given by Eq. (6.2) always reduces
to a monopole potential in the Newtonian limit. This is an incorrect conclusion and
therefore one cannot apply Ehlers’ definition in this manner.

In a recent paper [27], Ehlers’ definition was employed to find the Newtonian mo-
ments for the Erez-Rosen solution. Perry and Bohun [26] showed that the approach
used in [27] was not sufficient for extracting the Newtonian multipole structure of
the field for the reasons stated above.

So the question remains how can one justifiably expect to attain a Newtonian

limit in the form

2.  P,(cosb
n=0

Cooperstock [11] shows that one must take into consideration the weak field limit

of the source itself in order to “see” a multipole structure in the Newtonian limit
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of the field. This gives the physical justification for eliminating these “cross terms”
appearing in Eq. (6.8). His method does not rely on parameterizing the speed of light
constant ¢. Therefore any suitable units of measurement will do. As a consequence
this method is quite easily understood when geometerized units are used (G = ¢ = 1)
where the explicit dependence of G and A disappear. This method is sufficient to
extract the Newtonian multipole structure given by Eq. (6.9) provided w is of the
form of Eq. (6.2).

Perry and Bohun proceeded to take Cooperstock’s definition of a nearly Newto-
nian (classical) source in traditional units so that it could be applied to Ehlers’ def-
inition of the Newtonian limit. Once this connection is made, one obtains Eq. (6.9)
in the limit A — 0.

Cooperstock defines a “nearly Newtonian source” as being a source which sat-
isfies the condition

GMA

et 2 1 1
g (6.10)

where L is the characteristic size of the source. He also states that the characteristic
size of Newtonian 2'~'-pole multipoles are GM L', | = 1,2,.... Therefore each

expansion coefficient a, of Eq. (6.9) must be bounded above by
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8y, o B%, (6.11)

If we examine the Newtonian-like terms of Eq. (6.8), we must have

e % (ﬁ)n (6.12)

as the upper bound on {c,}. If we make the substitution

L n
= —_— 6.1
on=dn (5 ) (6.13)

where the d,,’s are dimensionless and of order 1, into Eq. (6.8), then the resulting

equation is

—w(/\ E 28 cosO)?"Zb(n s) ( ) (GM)%H A%y

r

0 - i J
1+Z(n+2s+1)(n+23.—'l-2) (n+ 25+ j) (GMA) ] -
: J! ¥
1=1
Taking Ehlers’ limit one obtains
"7
- Tl (6.15)

—_ (2 + 1)” rnt+l
Therefore it is concluded that Eq. (6.15) represents the Newtonian limit of the EFE

solution w only when all the expansion coefficients are of the order of the upper

limit of a nearly Newtonian source given in Eq. (6.12).

-
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It has been shown that it is not possible to extract the multipole moments
solely based on Ehlers’ definition of the Newtonian limit. One must consider a
nearly classical source in order to see the classical multipole structure of a field
whose solution is representable by Eq. (6.2) in the Weyl class. This brings us to the
step of determining the Newtonian limit for the case of a charged spacetime. The
Newtonian limit is a set of conditions placed on the general relativistic scenario.
Applying the conditions does not guarantee that the limit will agree with that of
the “true” Newtonian theory. One may find situations where there is no Newtonian
analogue.

For instance, Newtonian theory does not equate energy to mass. For a charged
spherical mass, the mass monopole moment would be just the inertial mass m and
similarly the charge monopole would be the classical charge ¢.. However, we know
from Eq. (3.11) that it is possible to interpret the Reissner-Nordstrém solution as
having a mass monopole which increases in size with respect to the radius r via the
—q2/2r contribution. The total mass m is interpreted as being the equivalent mass
energy of both the inertial mass of the object and its electric field energy. Since,
in Newtonian theory, inertial mass is all that contributes to the gravitational field,
the Newtonian observer must conclude that the energy density found in Poisson’s
equation for a charged object is different from that for an uncharged (otherwise

identical) object. This is one possible way for the Newtonian observer to salvage
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the theory. This special treatment of charged objects is not a priori knowledge; it is
only observation which could bring the Newtonian observer to this conclusion. (A
Newtonian observer could also take this phenomenon as a hint that his/her theory
may have problems.)

If we adopt the argument that the radially dependent contributions to a mass
moment can be “absorbed” by requiring a different mass density than the corre-

sponding uncharged case, then Eq. (3.12) yields a Newtonian dipole moment of

Ny = %clm\/m2 - q2 (6.16)

in geometrized units (G = ¢ = 1). For the octupole moment (Eq. (3.14)), we employ

a modified version of Cooperstock’s criterion for a nearly Newtonian source, i.e.

1 1
i < 1, (6.17)

to eliminate the “cross term” and thus deduce the value

_ 2 2 2\3/?
Nz = PRl (m - qc) . (6.18)

Proceeding in this fashion, the general expression for the Newtonian limit of the

mass multipoles is

k!

Ny = (2k + 1!

cpm (m2 - qf) k/2. (6.19)
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Since we expect the Newtonian multipoles to be of the order mL*, we see that the

{cx} must be of the order

k
- (ﬁ) (6.20)

for a charged body. Letting

k
L
Crp = dk (\/Tn2=_qg> ’ (6.21)

we find
k!

p— = k D
Nk = mdk’lﬂ[; " (622)

The determination of the charge moments is completely analogous to that of the
mass moments. The upper bound of Eq. (6.20) on the ¢’s also applies to the charge
moments. The coefficients are bounded above in this manner for the charged case
because in the classical limit we expect Dy, ~ ¢.L, Q,. ~ q.L?, etc. Eq. (3.17-3.20)
shows that the charge multipoles have radial dependence and thus the Newtonian
observer would be required to modify the charge density in Maxwell’s equations as
well. Hence the general expression for the charge moments in the Newtonian limit

is

k! o\ k/2

Ni(charge) = srcnte (m*-g2)".
k! " .
mdkge L. (6.23)

(2k + 1)
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It is of interest to consider the question of choice of spherical coordinates.
While Schwarzschild (and in our charged case Reissner-Nordstrom) coordinates are
preferred in various ways, they are by no means the unique spherical coordinates.
Isotropic coordinates come to mind as being useful in certain contexts. However, the
transformation from one system to the other brings in higher powers of m, which
are ignored in the Newtonian limit. It is to be emphasized that the Poisson equa-
tion, and hence the formal mathematical basis for the Newtonian limit of general
relativity, is extracted from the Einstein field equations by retaining only the first
order in m (with the added stipulation that source velocities are < ¢). Thus, the
particular choice of spherical coordinates is irrelevant in this regard. However, from
the stand-point of the Erez-Rosen moments, there is an evident sensitivity to choice
of coordinates. The Erez-Rosen moments extracted from Egs. (3.8) and (3.10) may
then be said to be based upon Schwarzschild (for g. = 0) or Reissner-Nordstrém (for
¢. # 0) coordinate expansions. They are physically well-founded because the radial
coordinate r is related to proper spherical surface area at r by 4rr?.

As a concluding remark we would like to note that Cooperstock’s method for cal-
culating the Newtonian limit does not require knowledge of the covariant moments.
It is based solely on the E.rez-Rosen formalism. Thus we see that the Erez-Rosen

expansions are perfectly reasonable in this limit.



Chapter 7

The Curzon Particle

In chapter 2 we introduced the Weyl class of electrovacuum solutions of the coupled
Einstein-Maxwell field equations. We found that solutions to Laplace’s equation
generates solutions to the EFEs for axially-symmetric spacetimes. In this chapter
we will compute the multipole moments for a charged Curzon particle using the
methods developed in chapters 3 and 4. Both the Curzon and charged Curzon
gravitational fields have been well studied (see Ref. [28] and references contained
therein). However, the recent development of the covariant formalisms for charged
multipole moments suggests that a re-examination of the multipole structure is in
order. It will also serve as a simpler example in order to comprehend both the

Erez-Rosen and GHH formalisms.

49
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7.1 Erez-Rosen formalism

The Curzon particle is deemed to be a body which is representable by the exterior

solution
~ m _
w=-p R=/p?+ 22 (7.1)

to Laplace’s equation (2.2). Recall that R is not the true spherically symmetric

N | =

radial coordinate in the Weyl spacetime.
We know that in the charged Weyl spacetime it is the function In f which must
satisfy the Laplace equation. Therefore the corresponding charged Curzon solution

must be
b

1 ‘
snf=-+, (7.2)

where b is some constant to be evaluated. From Eq. (2.18) the metric component

e” is [29,15]
y (1 _ a2)2 e—2b/R
 (a2e-20/R — 1)%

(7.3)

The electric potential is
a (e‘zb/R — 1)

ks a2e-25/R _ |

(7.4)

from Eq. (2.20).

For the Erez-Rosen formalism, we need to transform to spherical polar coordi-
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nates. Using Eq. (3.3) we find
2402 = (r—m)icos?f+ (r2 —2mr 4+ qz) sin® 6
= 12— 2mr 4+ m?cos?0 + ¢*sin’4. (7.5)

Hence
1t :
R /224 p? \/7‘2 —2mr 4+ m?cos? 0 + qczsin29

(7.6)

Substituting Eq. (7.6) into e* and then expanding about r — oo gives

S b (—2m2\/m2 —q2 4+ 2bm? + bq?)
eV = lL— + +

T (w7 = )

1 1
+ 5 F(b,m, ) + 3G(b,m, ) + -, (7.7)

where F and G represent the next two terms. In the limit 7 — oo, one would expect
that the monopole term would be the total mass m (including the electromagnetic

field energy). This condition enables us to determine the constant b. By inspection

of Eq. (7.7)
b=14/m?—¢2. (7.8)

This is in agreement with Cooperstock and de la Cruz [15], who determine the value
of b by an alternate method.

With the substitution b = \/m? — ¢Z, e reduces to

2 % _ o2 2
_— m ¢  m(m?—¢?) (3cos’0—1)
e —1+2{ T+ = +
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+

(m2—q3)2(3c0529—1) +}

. (7.9)

Similarly, the electrostatic potential reduces to

B 5 m? — ¢?) (3 cos® — 1 et m? —¢° . 3cos®f —1)+---. (7.10)
r 673 6r4

The final step is to order the potentials in terms of r"*! P, (cos ) so that the Erez-

Rosen moments may be determined. The result is

2 2_ 2 9 _ .2
ew:HQ{_l(m_q_c)Jr(m ¢2) Py(cos 6) <m+u+)+}
T

3r3

2r r
(7.11)
=% _ % 2 _ 2 LR . :
@ = = - 25 Pycos ) (m? - ¢2) (1+ — 4 >+ : (7.12)

From Eq. (7.11) we see that the monopole term can be interpreted as the effective

mass

%

m(r)=m 2

(7.13)
of the gravitational field in exactly the same manner as in chapter 3. Since there is

no r~2 term, the dipole moment is zero. The mass quadrupole moment is

_%(mz_qz) <m+M...). (7.14)

r

It exhibits the r-dependence discussed in the Erez-Rosen solution. Similarly, the

charge monopole, dipole and quadrupole moments are respectively

M, = q., (7.15)
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D, =0, (7.16)

and
1 2 2 m
Quad.,, = —3% (m - qc) [1 + -y + .- ] ‘ (7.17)

The moments presented above are of course the coordinate dependent moments.

The physical multipole structure must be determined through the GHH formalism.

7.2 The GHH Formalism

The first step in calculating the GHH moments is to transform e* and ¢ into the

Z, p coordinate system. Inverting Eq. (4.18) yields the relation

1 1
24pl=— = =, 7.18
VA = TR T R 48
Therefore
_ ,.2\2 _—2bR
P el (7.19)

(aze-zbi% _ 1) .

With e* written in the new coordinate system, we can substitute it into Eq. (4.15)
and Eq. (4.16) to obtain the Ernst potentials £(Z,p) and ¢(Z,p). At this stage we
do not conformally transform the Ernst potentials, but instead we take the Taylor
series of £ and ¢ along the symmetry axis (i.e. set p = 0) about the point Z = 0.

The results are

£(2,p=0) = mz - %m (M=) P+ Zm (m? =)’ P 4o, (1:20)
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15:5=0)= a5~ 20 (m? = @) P4 mq (w2 = @) P (121)
To find the conformally transformed Ernst potentials, we simply divide Eqgs. (7.20)
and (7.21) by Z. The final step is to identify the coefficients m,, and ¢, by comparing
Eq. (7.20) and Eq. (7.21) to Eq. (4.19) and Eq. (4.20) and substitute the coefficients

into Eq. (4.23) to obtain the moments. The result of this procedure is

Mo = m

My =0

My = —gm (m - )

Mz = 0

My = som (m? - 2)’,

Q = ¢

Q =0

Q = —%qc(mQ—qZ)

Q = 0

9, = %qc(7n2—qf)2- (7.22)

If we compare Eqs. (7.22) with the Erez-Rosen moments of Egs. (7.13-7.17), we

see that at infinity the first three moments are in agreement. We expect the first
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three moments to agree at infinity, while discrepancies should first appear at the
octupole level. This is a reflection of the properties discussed in chapter 5 for the
general Erez-Rosen solution of Eq. (3.6). More expansion terms in Eqgs. (7.11-7.12)
are required to verify this observation for the Curzon particle.

There is a distinct similarity between the Curzon GHH moments and those
calculated in chapter 4. This is not a surprising fact. All possible axially symmetric
fields in the Weyl class are representable by the general solution of Eq. (3.6). The
charged Curzon particle is simply a specific case of the general solution. By correctly
choosing the {¢,} of Eq. (4.25) the Curzon multipole structure is realized. A simple

comparison of the two sets of moments would indicate

5 27
C():l, C]IO, 02:—5, 63:0, Cq = —. (723)

8

There is an alternate method in which one could determine {¢,} without directly
calculating the GHH moments and then comparing them with the general set given
in Eq. (4.25). It is well known that an arbitrary function can be expanded as a series

in orthogonal functions. In this case, the problem is to solve
9(x1,22) = D —cn Pu(21)Qu(22). (7.24)
n=0

Both the Legendre function and the Legendre function of the second kind are or-

thogonal in their respective domains of —1 < 2y < 1 and 25 > 1. From Abramowitz



CHAPTER 7. THE CURZON PARTICLE 56

and Stegun [30] the orthogonality relations are

267
2n+1’

/ 11 Po(21)Pa(z1)day = (7.25)

and

i =

/1 Qn(22)Qm(z2)dzy = 2n’_’}‘_ ] kg;)(m +1+k)72

n 2
= o [T _g (7.26)
2n+1\ 6

where
0 n=>0
Nn = z k2 n>1
k=1
To determine {c, }, we multiply both sides of Eq. (7.24) by Pj(z1)Qx(z2). Integrating

over the domains of 21 and z, yields
00 il
/1 /19(1'1,$2)Pj($1)Qk($2)d$1 dzy

= g_cn /_11 Pr(21)Pj(21)dzy /l°° Qn(z2)Qk(z2)dzs. (7.27)

Using the orthogonality relations, we find

ol & 265 26k (n?
/1 /_1 g(z1,22) Pj(71)Qk(z2)dzy day = _Cn(2j Tkt D) <F - NA-) ;

(7.28)
Thus the coefficient ¢, can be found through the formula

2 o)
- -QL(QW%/I /_11 gy, o) Pl Quluaddeg s, (5.28)
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The Curzon particle is represented in the (A,u) coordinate system by

2 _ 42
L T el (7.30)
2 VAT +p? -1

The required transformation between z, p and A, to obtain Eq. (7.30) is
z = IAu,

pPr=r(N-1) (1-p2) (7.31)
where [ = \/m? — ¢2. To obtain {c,}, we set g()\, u) equal to the right hand side of

Eq. (7.30) and evaluate Eq. (7.29). Numerical integration of the first 5 coefficients

revealed exactly the same results as shown in Eq. (7.23), as expected.

7.3 The Newtonian Limit

It is most convenient to use the physically intuitive method of Cooperstock [11] in
order to determine the Newtonian limit of the Curzon particle, instead of Ehlers’
mathematical definition. To begin with, we will examine the uncharged Curzon
solution and then extend it to the charged case. Cooperstock uses the well known

fact that in the weak field limit

goo =142 f(r,0) (7.32)
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where f(r,6) is an asymptotic expansion in 7. The Newtonian potential is realized

when the condition of a nearly Newtonian source is applied to f(r,8); i.e.

m
<1 733
I < ( )

in geometerized units.

Taking Eq. (7.11) and setting ¢. = 0, we find

?_‘_ m? Py (cos §) (1 T ? - ) _ 3m®Py(cos 0)

— a __ .
Joo=¢€"= 1+2{ 3r3 3575

+} (7.34)

However, we know from chapter 6 that the Newtonian potential has the general form

_ L* n(cos 0)
=-m Z 271 TN (7.35)

We know that the “cross terms” of Eq. (7.34) do not satisfy Eq. (7.33) and are
thus negligible in the Newtonian limit. However, if we compare the n = 2 terms of

Eq. (7.34) and Eq. (7.35), we find

m3 2
— =dy—mlL? .36

Since d, ~ O(1) by definition, it implies

L= \/g m = 1.58 m. (737)
27
L~y 5 m= 1.35m. (7.38)

The n = 4 term reveals
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The comparison of the first few terms of the asymptotic expansion of Eqs. (7.34)
and (7.35) shows that the characteristic size L of the Curzon particle is of the order
m. These terms clearly do not satisfy Eq. (7.33). Hence one must conclude that
they are negligible in the Newtonian limit. This pattern must continue for the
higher moments, since the the series representation for gop must converge. Hence
the gravitational field for the uncharged Curzon particle reduces to a monopole in
the Newtonian limit.

When considering the Newtonian limit of the gravitational field in a charged
spacetime, it was suggested that any radial dependence involving charge be absorbed

into the mass density. This would leave Eq. (7.11) in the form

- m  m(m? — ¢?) Py(cosf) 3m (m? - q3)2 Py(cos ) } .
v = 1+2{ = - - = 4.0 8 (7.39)

The characteristic size of the charged Curzon particle is

L~ /m?— ¢ (7.40)

The analogy of the “nearly Newtonian” source for a charged spacetime implied in

chapter 6 is

5 7.41
Z < (7.41)

Hence the charged Curzon particle also reduces to a monopole solution in the New-

tonian limit, but with different mass density than the uncharged case.
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The electrostatic potential of Eq. (7.12) has a completely analogous argument
to the mass potential. Absorbing any radially dependent mass terms into the charge

density, Eq. (7.12) becomes

p=t_ (m2 - qcz) Py(cos@) + ---. (7.42)

r  3r3

Recall the characteristic size of the electric dipole moment is ¢.L?. Thus, from

Eq. (7.42)
L~ y/m? - ¢2. (7.43)

This does not satisfy the condition of Eq. (7.41). Hence the electrostatic potential
of the charged Curzon particle also reduces to a monopole in the classical limit, as

expected.



Chapter 8

Summary and Conclusions

This thesis studied multipole moments for the Weyl class of axially-symmetric, static
electrovacuum. Two methods were employed in the study. First, the Erez-Rosen
formalism for constructing gravitational fields from mass-only multipoles was gen-
eralized to describe both the gravitational and electric fields of a charged ob ject.
Multipole moments for the same solution to the EFEs were also calculated through
the GHH covariant formalism.

It was established that the GHH method provided the physical basis for defin-
ing multipole moments. This stemmed from the fact that the defining equation is a
tensor equation and that the moments exhibit desired properties shifts in the origin.
It was seen that the GHH moments displayed the expected symmetry between the
charge and mass moments. One could also see the interdependence of charge on the

mass moments and vice versa. This phenomenon is not realized in classical electro-
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statics within the framework of Newtonian theory, where the gravitational field and
electromagnetic field are completely independent of each other. The major drawback
to the GHH moments is that the moments are defined “at infinity”. As a conse-
quence, one runs into problems with measuring the moments since measurements
must be made at a finite distance away from the source.

It was proposed that the Erez-Rosen formalism could be used in conjunction
with the GHH formalism in order to experimentally determine the multipole struc-
ture of a system. It is the coordinate dependent aspect of the Erez-Rosen formalism
which allows one to determine {c,} through geodesic calculations. The method
would entail mapping the motion of a satellite to geodesics with {¢,} as parame-
ters. Once the {¢,}’s are known, the GHH formalism would determine the physical
multipole structure.

When considering the Newtonian limit of the Erez-Rosen uncharged solution,
it was shown that the employment of Ehlers’ definition of a Newtonian limit is
insufficient. Cooperstock’s consideration of the source itself is required in order to
correctly identify the Newtonian moments. We then extend this procedure to include
the charged Erez-Rosen solution.

The charged Curzon particle was studied as an application of the formalisms
presented in this thesis. It was shown that the covariant moments of the charged

Curzon particle is simply a specific case of the general solution given in chapter 4.
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By expanding any axially-symmetric solution to Laplace’s equation in terms of or-
thogonal Legendre functions, the coefficients {c,} can be determined. Once these
are known, the multipole structure is found from Eq. (4.25). It was found that both
the Curzon electrostatic and gravitational multipole structure reduced to monopole
fields in the Newtonian limit.

In future work, it is hoped that the Weyl-class restriction can be eliminated
so that one can explore systems where gravitational and electromagnetic fields are
not functionally related. This could possibly break the symmetry one sees in the
GHH moments and therefore one could model spacetimes with independent mass

and charge multipole structure.
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