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ABSTRACT 

Supervisor: Professor J. T. Weaver 

The Wiener-Hopf technique uses results from complex analysis 

to obtain analytic solutions to differential equations with mixed 

boundary conditions. This type of problem arises frequently in 

geomagnetic induction models. 

In this thesis the technique is applied to two models with 

magnetic polarized fields over an ocean edge. The earth's properties 

were assumed to be constant in the direction parallel to the coast! ine 

resulting in a two dimensional mathematical problem. In both models 

the crust was assumed to have a small conductivity to allow current 

flo~. The difference between the models is that the first assumes 

the depth to the mantle is infinite while the second has a mantle of 

infinite conductivity at a finite depth. 

The solution of the second model demonstrates the existence of 

current loops flowing from the sea through the crust and returning 

via the mantle. 
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CHAPTER 1 

INTRODUCTION 

It is common for observations of geomagnetic variations along 

a coast! ine to demonstrate a much stronger correlation between the 

vertical component and the horizontal component perpendicular to the 

coast I ine (Parkinson, 1959, 1962; Everett and Hyndman 1967). The 

nature of this correlation is that the vector representing a magnetic 

disturbance at a coast I ine tends to lie in an inc l ined plane such 

that the horizontal projection of the normal to this plane points to 

the nearest deep water. This projection, which in mo s t cases is 

normal to the coast! ine, is referred to as a 11 Parkinson arro\>1 1
• 

(Se7 Fig. 1 .1) There are exceptions to this rule but they can 

generally be accounted for by a complicated continental shelf or by 

some overpowering geomagnetic effect such as the equatorial electrojet. 

(Parkinson, 1962) 

One suggested explanation of this effect is that a vertical 

magnetic field induces horizontal current loops in the ocean which 

are channelled along the coast! ine by the poorly conducting land. 

This current will be flowing parallel to the coast! ine implying that 

the induced magnetic field will have a horizontal component perpendicular 

to the coast! ine. Thus the horizontal field would be correlated with 

the vertical field which implies the resulting vector will always 1 ie 

in a prefered plane. This induction system, however, cannot explain 

the variations in the angle of the preferred plane to t~e Korizontal 

from one area to another, since the properties of the sea are relatively 

constant. This is in agreement with model studies by Parkinson (1964), 

who found the effect of the ocean too small, and by Dasso (1966), 

who concluded that the magnitude of the induced fields decreased with 

smaller frequencies and were negligible at .01 c.p.s. 

Dosso (1966) also studied the effect of an upwelling of the mantle 

beneath the coast I ine and found that the induced fields were important 

for shorter frequencies than with no mantle. This result is consistent 

with Lambert and Ca ner's, (1965), interpretation of the observational 
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results of Western Canada. 

An alternate method of obtaining the required effect is to have 

the stronger horizontal field induce vertical current loops in the 

earth which, because of the poorly conducting land, will create a large 

current disparity across a coast] ine and hence an induced field with a 

vertical component proportional to the original horizontal field. This 

method was not considered originally since -it has been shown, Bullard 

and Parker (1970), that the ocean is not deep enough to allow any 

currents induced by the horizontal field to be significant. At the 

2nd Workshop on Elect romagnetic Induction in the Earth, held in Ottawa, 

Brewitt-Taylor (1974) and Bailey (1974) considered the possibility of 

vertical current loops involving the crust. This arrangement allows 

current loops of large vertical extent which implies the current~ 

induced by horizontal fields could be important. The questionable 

aspect of this hypothesis is whether or not the conductivity of the 

crust is high enough to permit a significant current flow. One 

favourable aspect is that the numerous anomalies in the earth's crust 

could certainly account for any variance in the angle of preferred 

plane. 

In this thesis the vertical current loops are investigated by 

obtaining an analytic solution of the diffusion equation in a crust 

which is half covered by a super-conducting ocean. The solution is 

obtained by the Wiener-Hopf technique which was suggested for this 

type of problem by R. C. Bailey, (1974). His model, which did not 

include any mantle, is re-calculated before the more complex model with 

a super-conducting mantle is discussed. Both models are two dimensional 

in the sense that nothing in the models change in the third direction. 

To · really analyse the correlation between the horizontal and vertical 

field components at a coast I ine one needs to consider the inducing 

field perpendicular to the coast] ine in a three dimensional model. 

This problem would be very difficult to solve, so the easier 

H-polarization, inducing field parallel to the coast, will be considered 

here. This mode, however, generates current loops in the wrong 

direction to create the coast-effect but the analysis will help 

determine whether or not current loops involving the crust are 

important. Although numerical methods can solve more complex models, 
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e. g. Brewitt-Taylor (1975, 1976), an analytic solution provides a 

valuable check on these methods and can also demonstrate the inter­

dependence of the various parameters involved. 
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CHAPTER 2 

THE EQUATIONS OF ELECTROMAGNETIC INDUCTION 

2. 1 The Diffusion Equation from Maxwell 1 s Equations 

Maxwel 11 s equations in M.K.S. units with permeability µ 0 and 

relative permittivity Kare, 

vx f=-aB/at 

Vx B = µ 0aE+µ 0£ 0KaE/at 

v•B = o 

V•E = p/(K£ 0 ) 

By taking the curl of equation (2.2) we obtain 

(2. 1) 

(2. 2) 

(2. 3) 

(2.4) 

v x (VxB) = µ 0avxE + µ 0£ 0Ka(vxE)/at (2.5) 

The combination of this result with equations (2. 1) and (2.3) yiel9s 

(2.6) 

If we consider a typical geomagnetic var iation to have a period 

T,then the second,displacement current,term will be negligible if 

EQ/T << 0 

since K is of order 1.The above is an excellent approximation for 

geomagnetic studies of the earth.In the atmosphere,however,a=O so 

for the displacement current term to remain negligible it must 

be much less than the left hand side of equation (2.6) .This will 

be the case if 

µ0£0/T2 « 1 /L 2 

where L is the characteristic length of the region under investigation. 

The largest possible characteristic length one could study would be the 

radius of the earth which implies that the above condition wil 1 always 

be satisfied for f<lO Hz.Naturally for smaller L higher frequencies 

would be allowable.Thus we can neglect displacement currents in equation 

(2. 6) to obtain 

v2B = o (2. 7) 

in the atmosphere, and 

v2s = µ 0aas/at (2. 8) 

in the earth. 
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If B is assumed to have an exp(iwt) dependence equation (2.8) 

becomes 

, 

(2.9) 
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2.2 Description of the Models 

The first model depicts the earth at an ocean edge as a half 

space with the other half of the space representing the atmosphere. 

The ocean is portrayed by an infrnrtely thin super conducting half 

plane between the earth and the atmosphere. (See figure 2. 1). The 

geometry of the model does not change rn the direction parallel to 

the edge of the half-plane which is also the directton of the imposed 

source field. The atmosphere is assigned a zero conductivity, the 

earth a finite conductivity cr, and the sea an infinite conductivity. 

The source field is assumed to have an exp(iwt) time-dependence and 

the permeability of the whole region is taken as µ0 • 

The second model is exactly the same as the first except for a 

super-conducting mantle positioned at a depth D in the earth. (See 

figure 2.2). By the symmetry of the models in the x-direction we can 

deduce that B will not be a function of x which reduces the applicable 

component of equation (2.9) to 

(2.10) 

where we have defined wµo cr=a 2 for convenience 

--'-----
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Fig. 2.1 The First Model - an infinite crust 

B=O _,. 
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Fig. 2.2 The Second Model - a crust with a good 

conducting mantle at a depth D 
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2.3 The Bounda ry Conditions 

The condition B = IB I ; along with equation (2.2) implies that 
s s 

clB/ay = 0 

and (2.11) 
clB/ cl z = 0 

in the atmosphere, since o = 0 and the displacement current term is 

neglected. 

It follows immediately that B = B0 , a constant, throughout the 

atmosphere. This gives the boundary condition B = B0 along the 

surface z = +0, y < 0 since the tangential component of the field 

must be continuous across the surface of a conductor. (This condition 

does not apply to a superconductor). For y > 0 we apply the condition 

that the tangential electric field at the surface of a superconductor 

must vanish to the x-component of equation (2.2) to obtain cl B/ cl z = 0 

for z = +0. Owing to the shielding effect supplied by the superconductor 

we can expect that B + 0 as y + +00 • At y = -00 the effect of the 

superconducto r will be negligible so the boundary condition can be 

obtained by solving the model with no sea. With no sea the symmetry 

of the problem will imply that B will have no y dependence reducing 

equation (2. 10) to 

(2.12) 

This equation has the solution B = B0exp(-Haz). (The positive 

exponential argument is ruled out since B must be finite as z + 00 .) 

The second model differs from the first by having a cl B/ cl z = 0 boundary 

condition at z = D so the boundary condition as y + - 00 can be obtained 

by solving equation (2. 13) with this additional condition to obtain 

8 = B0cosh{ Ha (z-D)} 

cosh ( /[a D) 
(2.13) 
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CHAPTER 3 

THE SOLUTION OF THE FIRST MODEL 

We shall use the Fourier transforms as defined in Noble (p.23), 

namely (X) 

f(r;) = (2n)11f(y)exp( ir;y) dy (3. 1) 

where r; = ~ + in.The inverse transform _is defined with the condition 

that if f(r;) is analytic.between i, _ and i,+ then 

f(y) = (2 n)~j~f(r;)exp(-ir; y) dr; 
providing,_ <,<'+. 

By taking the Fourier transform of equation (2. 10) we obtain 

-r;2§ + a2B/ az2 = ia2B 

which is a standard differential equation with the solution 

B(r;,z) = A(r;)exp(-zlr; 2+ia2) + C(r;)exp(z ✓r; 2+ia2 ) 

(3.2) 

(3,3) 

(3 . 4) 

Owing to the ambiguity in the square root function it is more explicit 

to write 

lr; 2+ia2 = lr;-exp(-in/41 1exp(i~/z ) l1;-aexp(i3n/4) l1exp(ie!z). (3.5) 

where 0 and ~ are defined in Fig. (3.1) and the square roots are defined 

positive .The necessity for a finite result as Z-t<» along with equation 

(3,5) simplifies the solution to the form 

B(r;,z) = A(r;)exp{-zl r; -exp(in/4) ai 1!r; -exp(i3n/4)aj½exp{i½(6+~)} (3.6) 

where ½(0+~) is restricted to be between - n/ 2 and n/ 2 when the argument 

of the exponential goes to infinity. 

Now the z=O boundary conditions can be applied to obtain 

(3. 7) 

where B(y,O)_ is the boundary condition for y<O and U+(y) is the unknown 

boundary condition for y>O.By simply taking the Four ie r transform of the 

known boundary condition we have 
0 

B(r;, O)_= (2 n; ½j B0exp( ir;y) dy = (2 n) 1B0/ i r; (3.8) 

which is only defined fo-tn<O,since apositive value would create a 

diverging integrand at y=- 00 • 

By differenti ating equation ( 3.6) with respect to z then 
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substituting z=O into the result we obtain 

B( ~.z)l = - ✓s 2+ia2A(s) = F_+o 
az =O 

( 3. 9) 

where F is the unknown boundary value of aB/az for y<O and aB/az = 0 Is 

the value for y>O . (Note that ls 2+iat is defined as in. equation (3.5)but 

will be used in the shorter form for convenience)The combination of 

equations (3,7),(3.8) and (3.9)yields 

(3. 10) 

It is now necessary to investigate the regions of analyticity,in 

the s plane,of the various functions defined above.From the definition 

of the complex square root function and its prevalence in equation ( 3.6) 

it follows that B(~,z) has branch points . at aexp(-in/4) and ~exp( i3n/ 4) 

There is also a pole at s=O due to the form of B(s,O)_ in equation (3.8) 

(see Fig. (3. 1) By definition U+ can be expressed in the form 
"' 

lf+ = (2nY1[ B(y+,O)exp(-1w + iE,y)dy (3.11) 

For large y it is natural to assume that B(y+,O) is an exponentially 

decaying function of y.( ie.B(y+,O) ➔ exp(-cy) for c>O and y➔oo) Thus the 

integrand of (3. 11) will be dependent upon exp(-{n+c}y) and hence wil I 

only pe analytic for y➔+00 if 

n > -c 

Similarily we have 
0 

F_ = (2nJ½f aB~~-,O) _exp(-ny + i E,y)dy 
- oo 

(3. 12) 

(3. 13) 

which is analytic for n<O (since a~ y_,0)/az + B 0 ✓iwµ 0 o as y + - 00 )Hence 

for the inversion path to remain completely within regions of analyticity 

n must satisfy all of the above conditions.A suitable choice is to 

situate the path E below the real axis in the~ plane. (It is now 
A A 

apparent that the 1 + 1 in U+ and the 1
-

1 in F- signifies that these 

functions are analytic in n>-a//z and n<O respectively) 

By inspection of equations (3.6) and (3,7) we see that to solve 

for 11(~,z) it will be necessary to obtain U+ in terms of known quantities_. 

To do this we shall require the separation of equation (.3.JO) into 1 + 1 

and 1 - 1 terms. If we write (s 2 + ia2)½ = (s + ilia)½(~ - ilia)½ and note 

that (s + iliaf! is analytic for n > -a;.(':[ and that (s - i/la)½ is 

analytic for n < 0 then equation (3. 10) wil I be transformed into 
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Branch point 
aexp( i 3,r/4) 

- - - _el 

Bra ch point - - - - _ - 4>1 
a xp(-i,r/4) 

ranch cut 

Fig. 3. 1 The~ Plane 

• I 
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(3.14) 

The first term on the ri ght hand side cannot be classi f ied as either a 
1 + 1 function or a 1

-
1 function because of the pole at r,=O and the branch 

point at r,=- i/w . . To overcome this difficulty we rearrange the term as 

fo 11 ows 

Hence equation (3. 14) can be rewritten as 

[ 
-F _ B~(i/ra )½] = [B o{( r, +i ~1-fo )½ - (i lia )½}+ U(r,+i /ia) ½] (3. l6) 

(r,-i/ra ) ½ -z,ili r, u'21r r, 
- + 
A 

By noting the form of F in equation · (3.13) it becomes apparent that 

the 1 imit jr,j-+<x> jF_j=O .This fact along with an inspection of equation 
n <O 

(3.16) reveals immediate ly that 

1 i m • I r, I -+<x> [ - F 
1 

_ B o ( i /fo ) ½~ = 0 
n<O (r,-i./lo.) ~ iffrrr, J (3. 17) 

Therefore by t he extended form of Liouville's theorem (see appendi x A) 

we can deduce that the complete left hand side of equation (3.16) is a 

polynomial of degree ze ro,or a constant,over the entire lower half plane . 

Furthermore since it has a value of zero at jr, j = 00 it must be iden tic­

ally zero throughout the lower half plane.The same argument could be 

applied to the right hand side but is now unnecessary si·nce we already 

know that bot h sides are equal .We now employ this result in eqution 

(3.16) to obtain 

U
A _ B0{( r,+i/i'a )½ - (i~a ) ½} 
+ - 1 

i fin r,( r,+i;-i-a ) ~ 

This value combined with equations (3.6) ,(3.7) and (3.8) yields 

B( r, ,z) = µ B0exp(-i1r/ s ) [ exp(-z {r, 2+if / ) ] 
~ r,jr, -aexp(- i1r/ 4) 1 exp(i~/2 ) 

By applying the inve rse Fourier transform a long the path discuss ed 

previously we aqu ire the solution 

(3 . 18) 

(3. 19) 
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oo-'2,£ 

B(y,z) = (2n)½ f B(s,z)exp(-i sy)ds (3.20) 
- oo-ie: 

where B(s,z) is defined in equation (3.19). 

The above complex integral can be simplified to a real integral by 

the application of Cauchy's integral theorem.Thus we must find a closed 

contour which contains the inversion path,excludes the branch cut and 

ensures the convergence of the integral.The possibilities of divergence 

lie in the expontial term contained in the numerator of the integrand 

namely in 

Now exp(-isy) = exp(-i~y)•exp( ny) which implies that we must have n<O 

when y>o and n>O when y<O to ensure convergence.Accordingly it will be 

necessary to derive two solutions for B(y,z) ,one obtained by integrating 

around a contour in the lower half plane,for y>O,and the other frQm a 

. contour in the upper half of the s plane,for y<O .The only term of 

questionable sign left in the argument of the exponential is exp(iH6+qi} ). 

(Since both z and the square roots are positive)By inspection it is 

evident that the real part of the above term,cos{ ½( 6+4> ) } ,must be positive 

which results in the restriction that 

(3.21) 

Hence it will be necessary to position the branch cuts with considerable 

care.The only solution which was found to satisfy all of the above 

conditions was to position the branch cuts on the 1 imiting case, ie. 

½(6+4>) = ±n/2 ,which implies sin( 6+4> ) = O . If we write s2+ia2 in the 

form (~ 2 -n2 ) + i (2~n + a 2 ) it becomes apparent that sin( 6+4>) = 0 is 

equivalent .to writing 

=O (3.22) 

This equation will be satisfied along the branch cuts if we position 

them along the hyperbola defined by 

(3. 23) 

The resulting contour for y >O is illustrated in Fig. (3.2) where 

the inversion path in question is represented by Ci.The integrals al ong 
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C3 and C5 are known to satisfy restriction (3.21)as b➔O.To see that C2 , 

C4 and C6 satisfy (3.21) we si mply note the initial and final values of 

e and~ for each case.(See Fig.(3.2)) 

Since there are no poles enclosed within the contour the application 

of Cauchy's integral for mula yields 

11 = -(1 2 + [ 3 + 14 +I s + 16) (3.24) 

where we have defined lj to be the integral along the j'th part of the 

contour.The integrand unde r consideration as obtained from equations 

(3.19) and (3.20) is 

exp{-z( r; 2 + ia2 )½ - ir;y} 

r;jr; - aexp(- iTT/ 4) l½exp( i ~/2 ) 
(3.25) 

As the above express ion ➔Oas l r; I ➔ 00 ,providing re s triction (3.2 1) is 

satisfied,we can deduce that 12 and 16 give no contribu t ion. 14 can be 

s~own to be zero by substituting (r;- aexp{- iTT/ 4} ) = pexp(i~ ) into t he 

integ-rand then taking the li mit as p➔0 .We now turn our attention to the 

evaluation of 13 and 15 .The value of (8+¢)/2 is equal to -7r/2 on C3 and 

+TT/2 on c5 while r; = - a2/2n +i n on both contours.A particular point on 

C3 has an associated val ue of ¢3 wherea s the corresponding point on ~5 

has a value of ¢5 = ¢3-2 7T which impli e s 

exp(i¢ 5/2) = exp(i~ 3/2) exp(- iTT ) = -exp(i¢ 3/2) 

From this we have that 

( r; - aexp{- iTT/ 4}) 1 = -( r; - aexp{ - iTT / 4} I C on C3 on 5 

A substitution of the above results into equations (3.25) and (3.24)yields 
- 00 

The form of this integral can be simpli f ied substantially by making the 

following def initions 

z ' =za/ /[ 

y'=ya/ /[ (3.27) 

v2 = 2n/ a2 - a2/2n ~ vdv = (2/a2 + a2/2n 2 )dn 

(Note that z' and y' are si mp ly the coo rd inat es expressed in t erms of 

skin depths, c= /T/a ) If we a lso recall the relationship between B(y,z)and 

11,(see equa t ion s (3. 19) and(3.2O) ,the solution will take the final fo rm 
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(3.28) 

The solution for B(y,z) 
0 

i~ obtained in a similar manner by using 
y< 

the contour illustrated in figure (3,3).As in the previous WJrk it will 

be necessary for the entire contour to satisfy the restriction - TI /2 < 

½(8+¢) < TI/2 for the inversion integral not to diverge.Contours 1 ,3 and 

5 are known to satisfy the restriction and contours 2,4 and 6 can be shown 

to be acceptable by inspection. (See Fig. (3.3))By the form of the integrand 

(Eq. (3.25)) we can see that 12 and 1 6➔ 0 ~ !ti ➔ 00 and 14 can be shown 

to be zero as p ➔ 0 by writing (t -aexp{ i3TI/4}) = pexp(i e)and taking the 

limit.Hence by the application of Cauchy 1 s integral theorem and by 

noting that this time the contour encloses a pole at t = 0 we can deduce 

that 

where R is the residue at the specified pole.Consider first the integrals 

along c3 and c5 .The value of (0+¢)/2 is equal to TI /2 and -TI/2 on C3 and 

c5 respectively while the value of ¢/2 is identical on both contours.As 

usual we shall abbreviate l t- aexp(-i TI/4)j ½exp( i¢/2) to (t-aexp{- iTI / 4}) ½ 

and simply note that since ¢/2 has a range of 3n/8 to TI /4 the result 

will be positive .The above values along with the substitution t= 

-a2/2n + in into the integrals yields 
00 

-(l
3
+ls) = _2if exp({ ia2/2n+n}y) (a 2/2 n2+i )sin(z la2/4n2-n2 j½ )dn (3. 30) 

(-a2 /2n+i n) (- a2 /2n-a/ v'2+i { n+a/ /2}) ~ 
a;/2 

which can be simplified algebraically with definitions (3.27) to produce 
00 

= -2exp(in/4) (2)¼1 exp(y 1 {v2+2i}½ )sin(z 1 v) ({v2+2i }½-/u) ½dv (3. 31 ) 

lei (v 2 + 2i ) 

From the integrand given in equation (3.25) we see that the residue can 

be obtained by setting ~=0 in the following expression 

exp(-zj t - aexp{ i3n / 4} j½lt - aexp{- in / 4} j½exp(½i {0+¢} ) - i~y) 
1 

l~-aexp(- in/ 4) I~ exp( i¢/ 2) 
(3.32) 

At t= 0 e = - n/ 4 and ¢= 3TI /4 which gives us the result that 
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R = exp(iTT/s) exp(-z(-ra) 

ila 
This value along with equation (3.31) defines all the unknowns in 

equation (3.29) to yield 

B(y,z) 0 = Boexp(-IIT ~•) -
y< 

(3.33) 

(3.34) 

Thus we have two expressions which represent the complete solution for 

B(y,z) throughout the half space.That this solution does actually satisfy 

the original differential equation and boundary conditions is demonstrated 

in Appendix B. 
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CHAPTER 4 

THE SOLUTION OF THE SECOND MODEL 

The method of solving this second model is similar to the solution 

of the first model,so to avoid repetitions many of the steps in the 

Wiener-Hopf technique will be skimmed over. 

By taking the Fourier transform of" the diffusion equation with 

respect toy in the region illustrated in Fig. (2.2) we obtain the general 

solution 

In this model neither term can be set equal to zero since z is bounded. 

We now differentiate equation (4. 1) and apply the z=D boundary condition 

to obtain 

which implies 

C(~) = F(~)exp(2D{~ 2+ia2 }½) 

The combination of this result with equation (4. 1) gives us 

B( z) = F(~)2cosh({z-D}y) 
~, exp(-Dy) 

where y = {~ 2+ia 2}½. If we now redifine F(~) in terms of the z=O 

boundary value, B(~,O) ,equation (4.4) becomes 

B(~ z) = B(s,O)cosh({z-D}y) 
' cosh(Dy) 

As in the previous section we can write 

(4.J) 

(4.4) 

(4.5) 

(4.6) 

where the second term is unknown. Combining the above equation with 

equation (4.5) then differentiating the result with respect to z and 

evaluating at z=O will give 

.§;(s,O) + o = af3{z:;,z)I = _rBq*nh(yD) + ~+(s,O)ytanh(yD)J(4.7) 
a z z=O [ ,z, TT s 

where B~(s,O) is the unknown boundary condition on 'cJB/ az at z=O and y<O. 
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Equation (4.7) can be rearranged to yield 

Bo 
iilir:, 

+ e+(r:,,O) = .BZ(r:,,O)(yDcoth{ yD}) 
yD 

( 4. 8) 

To obtain a solution for B+(r:,,O) it will be necessary to separate 

the terms of equation (4.8) into the 1 ff 1 and 1
-

1 functions defined 

earlier. It can be shown by identical arguments as those used previously 

that B+ (r:,,O) is analytic for n>-a / /2 and that .Bz(r:.,O) is analytic for 

n<O . To separate the hyperbolic function in equation (4.8) we first 

express the function in terms of an infinite product. The outcome as 

demonstrated in Appendix C is 

(4.9) 

where 
Dn = D/(n1r) (4.10) 

Factoring the right hand side of Eq. (4.9) into two infinite products 

and defining the left hand side as the product of two functions which 

are analytic in the required regions gives us 

(4.11) 

From this we can deduce that 

K+ (r:,) n [{(l+ia
2 D~- ) ½ - is Dn-¼l] = 

{(1+ia2D2)t - ir,;Dn} n=l n 

(4. 12) 

and 1 n [{ ( l+ia
2 D~_½) ' + is Dn-½}] 

K_ (r:,) = 
n=l { (l+ia. 2D~)"½ + ir,;Dn} 

(4.13) 

Therefore equation (4.8) becomes 

(4.14) 
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To complete the required seperation into 1+ 1 and 1
-

1 functions we can 

rewrite the first term on the left hand side of (4. 14) as 

Bp(z;+ilfa ) = rK+(O)B p(z;+ilfa)-BoilfaK+(d] + [Boilfa J 
i /2-ih K+ ( z;) L i ili z; K+ ( 0) K+ ( z;) j + i ili z; K+ ( 0) _ 

Substituting this result back into equation (4. 14)gives us 

1fr+( z; ,0) ( z;+i/Ia ) + K+(O) Bo ( z;+i /ia )-B oiliaK+(dJ 

L K+(z;) iili z; K+(O) K+(z;) J+ 

f.a;(z;,O)K_(z;) - Bo i /Ia J 
lo(z;-il-i:a) iili z; K+(o)j_ 

= 

(4.15) 

(4.16) 

We can now apply Liouvi lle's theorem to see that each side of the above 

equation is identically zero.(See Appendix A) Thus we can procure a 

solution for .§+(z;,O) ,namely 

.§+(z;,O) = Boil-i:a K+( z; )-K+(O)B 0( z;+il-i:a) 

(z;+illa) iffir z; K+ (o) 
(4.17) 

This defines the only unknown in equation (4.5) with the outcome that 

.B(z;,z) = v'?aBo [K+( z; )cosh{ (z-D) y}] 
/2-rrK+(O) (z;+i/ia ) cosh( yD) 

It can be shown that a suitable inversion path is situated E 

below the real axis in the z; plane. Thus by applying the inverse 

Fourier transform to equation (4. 18) we obtain 

(4. 18) 

B(y,z) = B0aexp( iTT / 4) 

00

1·eK+(s)cosh{y (z-D)Jexp(-isy) ds (4. 19) 

2TTK+ ( 0) ( z;+i lra) z;cos h (yD) 
- 00 - iE . 

It will be convenient to have available an alternate form of the 

solution which involves K_(z;) instead of K+(d. This can be aquired 

by the utilization of equations (4.9) and (4. 11) ,along with some 

algebraic manipulations,to yield 
oo - iE 

B(y,z) = BoK_(O) f 
2TTcoth (D /Ia ) 

-oo- t, E 

( z; - aexp( i3TT/ 4)cosh {y (z-D) }exp(-iz; y) dz; (4.ZO) 

yz; K_( z; ) sinh(yD) 
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We can now proceed to evaluate the complex integral via residue 

theory. Noting the similarity of the exponential argumen t involving y 

to that in Chapter 3 it becomes apparent that 

y>O=>n<O 

y < O=>n > O 
( 4. 21) 

The contour chosen for y>O is illustrated in Fig.(4. 1) .In this case 

there is no restriction on (8+¢)/2 since z is bounded and the integrand 

will always go to zero as lr;I-+ 00 providing restriction (4.21) is 

satisfied. This is why the branch cut can be defined in a simpler 

manner than before. In fact the use of the same branch cut would give 

rise to complications since the poles of the hyperbolic function in 

the integrand would coincide with points on the branch cut. Since K_(r;) 

has no poles or zeroes for n<O it wil 1 ease the evaluation of the 

residues if we use equation (4.20) rather than equation (4. 19) to 

evaluate B(y,z) 
0 

. It will prove expedient to make the following y> 
definitions 

b = __ B..,,_o_K_--'-( 0-'-)_ 

21rcoth ( Dr'ia ) 

1• =J cosh{ y (z-D) }exp (-ir;y) (r;-aexp{i31r/4})dr; 

J y K_(r;) r; sinh(yD) 
C• 

This implies e4uation (4.20) can be rewritten as 

B(y,z) = 611 

We now apply Cauchy's theorem to obtain 

(4.22) 

(4.23) 

( 4. 24) 

(4.25) 

where R is the residue and is preceeded by a minus sign since the 

direction of integration is clockwise.By considering the 1 imit lr;l--roo 

of the integrand we can deduce that 12 and 16 will give no contribution. 

Turning our attention to C3 and Cs we see that,as ~-+O, r;-+a / .(I· + in on 

both contours, ¢ has the value of - ,r/2 on c3 and 31r/2 on Cs whereas 

- ,r /4 >8> - ,r /2 on both of them. By the same method used in Chapter 3 we 

can show that 

exp{ i½( 8+¢)} I on c3 
(4.26) 
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which implies y 3 = -y 5 . (See the expression for y as in equation (3,5)) 

By noting that cosh is an even function and that sinh is an odd function 

it becomes apparent that a replacement of y by -y in the integrand under 

consideration produces no net change in sign. Thus we can conclude that 

13 and Is are of equal magnitude which will result in cancellation 

because of the . reversed directions of integration. 

An expression for 14 can be obtained by setting s-aexp(-in/4)=p 

exp(i¢) in equation (4.23) and integratJng the result with respect to ¢ . 

The result is 

14 =J/2 

2exp{-iyaexp(-in /4)} /pexp(i¢) d¢ (4 . 27 ) 

/Zaexp (-½e+iH ) K_ {aexp (-i }.11) s i nh [D /r:> exp (iH ) (2aexp{-i¼n} ) ½] 
-n/2 

We now take the limit as p➔0,by assuming the limit can be taken under 

the integral sign,and apply L'Hopital 's rule to obtain 

bl
4 

= B0exp(i3n/4)K_(O)exp(-ya /r) 

Dacoth(Dv'ia)K_{ aexp(-in/4)} 
(4.28) 

The poles of the integrand occur inside the closed contour when 

( 4,. 29) 

or at the po i nts 

(4.30) 

where m is an integer from 1 to 00 • Thus by applying well known techniques 1 

we can calculate the total residue as 

2nibR 

where um has been defined as mn/D for convenience.This result along with 

equations (4.25) and (4.28) yield the solution 

-B 0exp( i3n/4)K_(O)exp(-ya/l) 
B ( y, z) 

0 
= --~-----'-----~---'---

y> Dacoth(D av1i )K_( aexp{-in/4}) 
+ 

BoK-(O) '\7 f_{ (u00
2 +i a2 ) ½+ exp( i¼n ) }cos(u'f1z ) exp{-y(um2+i a 2 ) ½}l (4. 32) 

Dcoth(Dav'i)~ L K_{-i (um 2+ a2 }
2 }(um 2+ia2 ) 

1. For example method 4,page 85,Mathematical Physics,Butkov(1968). 



- 27 -

The form of this solution can be streamlined by making the definitions 

tiu = 1r/D 

= K_ (O) { (um2+ia2 )½+aexp( i1r / 4)}exp{-y(um2+ia2 )½} 
am 1 

K_{-i(um2+ia2 ) 2}(um2+ia 2) 

which lead to 
00 

B(y,z) 0 = Bo [aqtiu ·+ ~ amcos(umz)tiu] 
y> ,rcoth(Dalr) 2 6 

m=l 

This is easily recognized as a Fourier cosine series. 

(4.33 ) 

(4 . 34) 

(4.35) 

To obtain the solution for y<O we shall uti l ize equation (4 . 19) and 

integrate around the contour illustrated in Fig . (4.2) .By similar tech­

niques to those already employed we can show that l i ,1 4,and 16 are zero 

and that 13 and 15 cancel to give 

B(y,z) = Bq aexp( i1r/ 4) 
y<O 21rK+ (0) 

21ri R (4.36) 

where R is the tota l residue.The pole at s=O produces a net contribution 

to R of 

Ro= K+(O) cosh{(z-D) a /[} 
(4.37) 

i/[ acosh(Da/i) 

Further poles exist when cosh{D(s 2+ia2) ½} = 0 which is satisfied if 
1 

s = s = i(u2 
m-½ m-½ 

+ ia2 ) 2 (4.38) 

where u 1 = (m-½)1r/D .Since s 1. = s we can deduce that it m-2 m- 2 (-m+l)-½ 
is sufficient to sum from m=l to 00 .Thus we can write 

00 

R = Ro + L Rm 
m=l 

where it can be shown that 

R = (m-½) K+( sm-½ )sin(um- ¼z )exp(-i ysm-½) 

m <sm-½ + iHa)s~-½ D2 

(4.39) 

( 4. 40 ) 

The combination of equations (4.36) through (4 . 40) yields the final 

solut ion 
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00 

B(y,z) 
0 y< 

= B0cosh{(z-D) aH} 

cosh(DaR) 
+ aBoex: (i3n/ 4) Ibm_½sin(um-½z)~u (4.41) 

m=1 

where 

b m-½ 
= um-½ K+(sm-½) exp(-iysm-t) 

(sm-½ + iRa) s~ -½ K+(O) 
(4.42) 

Equations (4.35) and (4.41) represent the complete analytic solution 

for the magnetic field throughout the crust. Appendix D demonstrates that 

this is a correct and reasonable solution of the model. 
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CHAPTER 5 

NUMERICAL RESULTS 

The solution for the magnet ic field obtained in the last chapter 

is sufficiently complex to eliminate any possibility of being able to 

visualize the form the magne t ic field 1 ines would take within the earth. 

This chapter presents three sets of graphical output corresponding to 

different values of the input parameters. 

For convenience we make the fami 1 iar definitions D'=Da/(2,y'=ya/.fi 

and z'=za/lf.Then to simplify computation and presentation we employ 

the ratios y'/D' and 2 1 /D 1 as coordinates and B/Bo to represent the 

magnetic field.The application of these ~efinitions to equations (4.37) 

and (4.46) modifies the solution into a suitable form for computation, 

namely 

B(y-,z) cos{(1-i)(z 1 -D 1
)} i/2exp(i 3,r/4),r(D 1 sin{(l-i)D 1 })½ 

Bo = ~s ( 1- i) D 1 + { ( 1- i) cosV;> 1 
( 1- i DP'· • 

r
00 

( m-½) K+ ( i /,l\'/ D) exp ( ~ 1 
/ D 1 

) s i n { ( m- ½) z 1 
/ D 1 

} 

(✓A + i DI )A . 
(5. 1) 

where A=({m-½} 2,r 2 + 2iD' 2 ) ,and 

B(y+,z) =[(i-l)D 1 sin{(l-i)D 1 }]½. [-exp(i3,r/4 - /Tiy') 
. Bo cos{(l-i)D 1

} ] /2D 1 K-(-il2iD 121/D) + 

00 

"\"' ( /t+ /Ti'D 1 )exi(-/E'y 1 /D 1 )cos(m,rz'/D 1
)] 

~ EK - i /E/D) 
(5. 2) 

where E =(m 2 ,r 2 +2iD 12 ) 

The expressions for K+ and K- (equations (4. 13) and (4. 14) 

respectively) where algebraicly modified to obtain the fastest possible 

convergence.The final forms used were 

and 

K-(-·,E½/D) = nl=OOJ [1' i2D'2<n- -¼ ){ 1T
2
n(n-½X G+F)r

1 
+ d/2,r] 

+ n ( n -½ ) ( G+ Et/ n 1T ) 
(5. 4) · 
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The electric field components can be expressed in terms of 

derivatives of B(y,z) by the use of Maxwell's equations to give 

-,, 

E = 
y 

(5,5) 
E 

z 
-1 

= --
aB(y,z) 

az 

Therefore actual values for E and E can be evaluated by simply 
y z 

differentiating equations (5. 1) and (5.2) before computation. (This 

will affect the rate of convergence of the series since the power of 

min the numerator of each term is increased by 1 when the series is 

differentiated . However this is only noticeable when the exponential 

is not dominating the convergence, ie for very small values of y'/D' .) 

The value of the current density follows immediately since j = crE. It 

follows from Maxwells equations that the current will flow in the 

di_rection defined by curl B, which in turn is tangential to the ltnes 

· of constant mag net ic field. (See Appendix E). This suggests that 

the results be presented as 1 ines of constant IB/B0 1 fol lowed by a 

table of current density values jJ!B 0 1. To complete the solution it 

is necessary to have results for values oft throughout the period of 

the oscillating source field. Recall that we defined B(y, z, t) = 

Re{B(y,z)exp( iwt)} and since B(y, z) is of the form 

B(y, z) = BR(y, z) + iB 1 (y, z) (5.6} 

the net result is 

B(y, z, t) = BR(y, z) cos(wt) - B1 (y, z) sin(wt) (5.7) 
where the subscripts Rand I signifies the real and ima ginary parts 

respectively. Values of wt were chosen from Oto 7n/8 in steps of 

n/8 since the results of the second half of the cycle will be the 

negative of those already obtained. 

The magnitude of the current density as a function of time can be 

obtained by considering 

E ( y' z' t) = EyRcos (wt ) - Ey 1sin(wt) y (5.8) 
E ( y' z, t) = E2Rcos (wt ) - E

21
sin(wt) 

z 

implying that 

I J ( t l I 2 2 ½ (5.9) = cr!E(t) I = crl E (y, z, t) + E (y, z, t) I y z 

It is still necessary to define values for y/D, z/D, and D' before values 
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of B/B 0 and J/B 0 can be computed. A value of 1.08x10-s mho/m was chosen 

for the conductivity of the crust, which is within the range of 10- 4 to 

10-s mho/m suggested by Chapman and Bartels (1940). Garland (1971) gives 

0, the depth of the crust, as 650 km. leaving the choice of the period 

of oscillation to define 0 1
• (Recall the defination of O' and a to obtain 

O' = 0(½µ 0aw)½.) The periods chosen were 18 seconds,1 hour and ½ day 

which correspond to 0 1 values of 1, .0705· and .0204. respectively. The 

values of z/0 will naturally range from Oto 1 and y/0 was chosen to 

range from -2 to +2. (In other words 1300 km. inland to 1300 km. at sea) 

A grid of values was established within these limits with finer spacing 

near the crucial boundaries. The actual values chosen are shown in the 

current tables. 

The series can now be computed with the various parameters 

producing the results illustrated in figures 5. 1 to 5.24 and tables 

5.1 to 5.3 . 
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TABLE 5 . 1 

Rat io o f Curr ent Dens ity t o Bo (i n amp /m 2 t es la) 

for ,= 18 secon ds and wt=O 

2/D 

0.00 .025 . 050 . 100 .200 . 300 . 400 .500 . 600 . 700 .800 

. 031 . 031 .031 .032 .032 .033 .033 . 034 .035 . 035 .036 

.058 . 058 .058 . 058 .057 . 055 .052 . 051 .048 .045 .043 

.278 .278 . 276 .275 .270 . 261 .249 .238 . 217 . 213 . 203 

.424 . 424 . 423 . 421 . 410 , 393 . 371 . 349 .325 .303 .286 

.629 .628 . 627 . 621 .598 .565 .525 .482 .439 . 401 .370 

. 764 . 764 . 761 , 753 . 71 8 . 669 .612 . 554 .498 .449 .409 
, 937 ,936 .932 .9 17 .863 .788 . 708 .629 ,556 .493 .444 
1. 18 1. 17 1. 16 1 . 1 3 1. 04 .922 .808 .704 . 611 .533 .471 
1. 54 1. 53 1. 51 1 .44 1. 25 1. 06 .906 .772 .658 . 564 .490 
2.29 2. 26 2. 16 1.91 1. 48 1. 20 ,990 .828 .695 .584 .498 

3. 32 3. 13 2. 78 2.20 1. 58 1. 25 1. 02 .849 . 708 , 59 1 .499 
4. 74 3.98 3. 16 2. 31 1. 61 1. 27 1. 04 .858 .713 . 593 . 498 

5.5 3,7 2.2 1. 6 1. 2 1. 0 0.8 0.7 0.6 0.5 
4.82 4.05 3. 22 2. 36 1. 64 1. 29 1.05 .870 .720 ,595 .495 
3.44 3,25 2.89 2. 28 1. 64 1 .30 1 .06 .875 .723 .595 . 492 
2. 47 2. 43 2.34 2. 06 1. 60 1 .29 1 .06 ,879 . 725 .593 .486 

1. 81 1. 80 1. 78 1. 70 1. 47 1. 25 1. 05 .875 . 720 .583 .468 

1. 53 1.53 1. 52 1. 48 1. 35 1. 18 1 .02 .857 .706 .567 .446 

._1., 37 1. 37 1. 36 1 . .34 1. 25 1. 12 .980 .833 .687 . 547 . 421 

1. 27 1. 27 1. 26 1. 24 1. 17 1.07 .943 . 807 .667 .528 ,397 
1. 20 1. 20 1. 19 1. 18 1. 12 1. 02 ,910 .783 .647 .508 .376 
1. 11 1. 11 1.11 1.09 1. 04 ,96 1 .860 .742 .613 .476 .3 39 
1. 06 1. 06 1. 06 1. 04 ,995 ,921 .826 . 714 .588 .454 . 315 
1.01 1.01 1.00 ,990 .945 .876 . 786 . 679 .559 .428 .291 
. 992 ,991 .988 . 977 , 932 .864 , 775 .670 . 55 1 .422 . 286 

.900 .950 . 975 1.00 

.036 .036 . 036 .036 

.041 . 041 . 041 .04 1 
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. 149 .079 .048 .031 

. 144 .072 . 037 .006 



0. 00 

2.0 .084 

1.5 .086 

1.0 .088 

. 8 .090 

. 6 .094 

. 5 .097 

.4 . 102 

. 3 . 111 

. 2 . 127 

. 1 . 167 

.05 .227 

.025 .316 

0. 0 

. 025 .303 

-. 05· . 210 

-. 1 . 143 

- . 2 .09 3 

-.3 .069 

- .4 . 05 5 

-.5 . 045 

-.6 .037 
-. 8 . 026 

-1.0 .01 9 

-1.5 . 008 

- 2.0 . 004 
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TABLE 5.2 

Ra tio of Current Density to B0 (i n amp / m2tes l a) 

for T= l hour and wt =O 

· Z/ D 

. 025 . 050 . 100 . 200 . 300 .400 .500 .600 . 700 .800 . 900 . 950 

.084 .084 . 084 .084 .084 .084 .084 .084 . 084 . 084 .084 . 084 

.086 . 086 . 086 . 086 .085 .085 . 085 .085 .085 .085 .085 .085 

.088 . 088 .088 . 087 .087 .086 .086 . 085 .085 .084 .084 .084 

.090 . 090 . 090 . 089 . 088 .087 . 08"6 .085 .084 . 083 . 083 .083 

.094 .094 . 093 . 092 .090 .088 . 086 .084 . 08 2 . 08 1 .08 1 . 080 

. 097 .097 .096 . 094 .091 . 088 . 085 . 083 .08 1 . 080 .079 . 079 

. 102 . 102 . 10 1 . 097 . 093 .090 . 085 .082 .079 .078 .on . 076 

. 111 . 110 . 108 . 102 .095 .089 .083 . 080 . 077 . 075 .074 . 073 

. 126 . 125 . 120 . 107 . 096 .088 . 081 . 077 .074 . 071 .070 . 070 

. 164 . 158 . 141 . 113 . 096 .085 . 078 .076 . 070 . 067 . 066 . 066 

. 215 . 191 . 152 . 113 .094 .083 .076 . 071 .067 .065 . 064 . 064 

.265 . 211 . 156 . 112 .093 .081 .074 . 069 .066 .064 . 064 .063 

. 4 . 2 .1 . 1 . 09 . 08 . 07 . 07 . 06 .06 . 06 . 06 

. 255 .203 . 150 . 108 . 089 . 078 .07 1 . 067 .064 .062 . 060 .060 

. 199 . 177 . 141 . 104 .087 .on . 070 . 065 .062 . 060 . 059 . 059 

. 141 . 135 . 120 . 096 . 082 .073 .067 . 062 . 060 . 058 .057 .056 

.092 . 091 . 088 .079 .070 .064 . 059 . 056 .054 .052 .05 1 .05 1 

.069 .069 .068 .064 .059 . 055 .052 . 050 .048 . 047 .046 . 046 

.055 . 055 . 05·4 . 052 . 050 . 047 .045 .044 . 042 . 042 .041 .04 1 

. 045 .045 .044 .043 . 042 . 040 .039 . 038 .03 7 .036 . 036 .036 

.037 . 037 . 037 .036 . 035 . 034 . 034 .033 .032 .032 .032 . 032 

.026 . 026 . 026 . 026 .025 . 025 . 025 . 024 .024 . 024 . 024 .024 

. 019 . 019 .019 .019 .018 .018 .018 .018 .018 .018 . 018 . 018 

.008 . 008 .008 .008 . 008 . 008 .008 . 008 .008 . 008 . 008 .008 

.004 .004 .004 .004 .004 . 004 .004 . 004 . 004 . 004 .004 .004 

.975 1.00 

.084 .084 

.085 .085 

.084 .084 

. 083 .08 3 

.080 .080 

. 079 .079 

.076 .076 

.073 .073 

.070 .070 

. 066 .066 

. 064 .064 

.062 .062 

. 06 . 06 

. 060 .060 

. 059 .059 

.056 . 056 

.051 .05 1 

.046 . 046 

.041 .04 1 

. 036 .036 

. 03 1 .031 

.024 .024 

. 018 .018 

.008 . 008 

.004 .004 



0.00 

2 . 0 .025 

1.5 . 025 

1.0 . 026 

. 8 .026 

.6 .027 

. 5 .028 

.4 .030 

. 3 .032 

. 2 . 037 

.1 .048 

.05 .066 

.025 . 091 

0.0 

- .025 . 087 

-.05 . 061 

- . 1 . 04 1 

- . 2 .027 

-.3 .020 
-

-.4 .01 6 

-.5 . 013 

-.6 .011 

- .8 .007 

-l.O . 00 5 

- 1.5 .002 

-2. 0 . 001 
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TABLE 5,3 

Ratio of Curr ent Density to B0 (in amp/m2 tesla) 

fo r T=¼ day and wt =O 

Z/D 
. 025 .050 . 100 .200 .300 .400 .soo . 600 ,700 .800 .900 . 950 

. 025 .025 . 025 .025 .025 .025 .025 .025 .025 .025 .025 .025 

. 025 .025 .025 .025 . 025 .025 . 025 . 025 . 025 .025 .025 .025 

.026 .026 . 026 .025 .025 .025 .025 .025 .025 .025 . 024 :024 

. 026 . 026 . 026 .026 .026 .025 . 025 . 025 .024 .024 . 024 .024 

. 027 .027 .027 . 027 . 026 .025 .025 .024 .024 . 024 .023 .023 

.028 . 028 .028 .027 . 026 .026 . 025 .024 .023 .023 .023 . 023 

. 030 .029 .029 .028 .027 . 026 . 025 .024 .023 . 022 . 022 .022 

.032 . 032 .031 .029 . 027 .026 .024 . 023 . 022 .022 . 021 . 02 1 

.036 . 036 .035 .031 . 028 .025 . 023 . 022 .021 .021 .020 . 020 

. 047 .046 . 041 .032 . 028 . 025 .022 .021 . 020 .0 19 .0 19 . 019 

. 062 . 055 . 044 .033 . 027 . 024 .022 .020 . 019 . 019 .018 .018 

.077 .061 .045 .032 .027 . 023 .021 .020 .019 .018 .018 .018 

. 1 .07 . 04 .03 .03 .02 . 02 .02 I , 02 . 02 .02 . 02 

.074 . 059 .043 . 031 .026 .023 . 021 .019 . 018 .018 . 017 . 0 17 

. 057 . 05 1 .04 1 . 030 .025 .022 .020 .019 .018 .0 17 . 01 7 . 0 17 

. 041 . 039 . 035 .028 .024 .021 .019 .018 .017 .017 . 016 . 016 

.027 . 026 .025 :023 . 020 .018 . 017 .016 . 016 .015 . 015 .0 15 

.020 .020 . 019 . 018 . 017 .016 . 015 . 014 .01 4 . 014 .013 . 013 

. 016 . 016 . 016 . 015 .014 . 014 .013 . 013 . 012 .012 .012 . 012 

. 0 13 .0 13 . 013 .012 . 012 .012 . 01 1 . 011 .0 11 . 011 .010 .010 

. 01 1 . 01 1 . 01 1 . 010 .010 .010 .010 .009 . 009 .009 . 009 .009 

.007 . 007 . 007 . 007 .007 .007 .007 . 007 .007 .007 .007 .007 

. 005 .005 .005 .005 . 005 .005 .005 . 005 . 005 .005 .005 .005 

.002 . 002 . 002 . 002 . 002 .002 .002 . 002 .002 . 002 . 002 .002 

.001 . 001 .001 .001 . 001 .001 .001 .001 .001 .001 . 001 . 001 

.975 1. 00 

. 025 .025 

.025 .025 

.024 .024 

. 024 .024 

.023 .023 . I 

.023 .023 

.022 .022 

. 012 .021 

.020 .020 

.0 19 . 019 

.018 .018 

.018 . 018 

. 02 .. 02 

.017 . 017 

. 017 .017 

. 016 .016 

. 015 .0 15 

. 013 . 013 

.012 .012 

. 010 .010 

.009 .009 

.007 . 007 

.005 . 005 

. 002 .002 

. 001 .001 
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CHAPTER 6 

DISCUSSION AND CONCLUSIONS 

The first point to discuss is the reliability of the results. 

For the reasons discussed earlier the only case where the computation 

of more terms in the series would have been effective is when y/D = 0 

for the current. (Hence the one significant figure accuracy .rn the 

tables for y/D = 0). It was not considered worthwhile to do the 

extra computing for these few values. The convergence obtained for 

the magnetic field results is supported by the continuity of the 

constant B/B 0 lines across y = 0. (Recall that the solution was 

computed from a separate series for y positive or negative.) This 

continuity, however, only demonstrates the consistency of the results, 

so for a final check the magnetic field values were compared to those 

calculated numerically by Brewitt-Taylo ,· (1976, private communication). 

The values were the same to within 2% for the real part and 3% for the 

imaginary. The validity of the analytic solutions is demonstrated in 

Appendices Band D. In Appendix D it is also shown that as the depth 

of the mantle approaches 00 in the solution of the second model, the 

solution of the first model is obtained. 

The computer time required to calculate the series for one 

particular D' value is fifty minutes on an IBM System/370, Model 145 

computer. This time would not increase significantly if the grid 

contained more points, since the infinite products which account for 

a large part of the computing time are not dependent on y or z. This 

could be a definite advantage of the analytic solution over a 

numerical one. 

The accessible region, as far as observational data would be 

concerned, is at the surface of the land and at the bottom of the sea. 

At the surface of the land the important parameter is they component 

of the electric field, since the magnetic field is constant and the z 

component of the electric field is proportional to aB/ ay, which is 

zero. From the tabulated current valu es, (tables 5.1 through 5.4), 

it can be deduced that E increases sharply as the coastline ts y . 

approached. Under the sea the pa rameters of interest are the z 

component of the electric field and the magnetic field since aB/ az, 
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and hence E , is zero. From the tables and graphs of the previous 
y 

chapter we can conclude that both E and the magnetic field increase 
z 

as the coast! ine is approached from the seaward side. Thus there exists 

a peak in the current values at the coastline. This result is encouraging 

because if such a peak occurs in the field components arising in a three-

dimensional model, it could create the coast-effect. Unfortunately 

there are no existing observational or analogue model data available 

for comparison with these theoretical results. Obtaining such values 

would be an excellent project for future·work. 

The graphs in figures (5.1) through (5.24) clearly indicate the 

existence of current loops 1 inking the ocean and t he mantle. (Recall 

from Chapter 5 that the current will follow along t he 1 ines of constant 

magnetic field.) Whether the current is flowing away or towards the 

sea can be established by the sign of E , or equivalently the sign of z 
-aB/ay. For example in figure (5.1) the current is flowing away from 

the sea along all the 1 ines. Figure (5.7) is one of the graphs which 

·illustrates the return currents of the loop since at y/D ~l aB/ay changes 

from positive to negative implying that for y/0<1 the current is flowing 

from the crust into the sea and for y/0>1 it is flowing from the sea 

into the crust. To demonstrate that the loops exist out to infinity w~ 

differentiate equation (4.35) and note that 3By> · 
0
/ay, and hence Ez' has 

an exp(y'/i) dependence which has an oscillating sign for increasing y. 

An impression of the current flow can be obtained by realizing that the 

product of current density and the distance between constant B 1 ines is 

simply proportional to the change in B. This implies that there is equal 

current flow between any two constant Bl ines which differ by the same 

amount 

One must be careful when comparing the graphs with different periods 

since we have chosen to present graphs representing the same physical 

size . To illustrate this point consider graphs plotted out to a number 

of skin depths instead. The first case of D'=l would go out to a y' 

value of 2 but when D'=.0705 and .0204 the graphs would only illustrate 

results out toy' values of . 1411 and .0408 respectively. Similar 

reasoning explains why smaller periods could be said to have a larger 

effect whereas larger D values do not, even though the same D' values 

may result. Tables (5.1) to(5.3) indicate that the current values near 

the coast! ine decrease in magnitude as the frequency decreases for the 



- 62 -

periods calculated. The precise frequency dependence of the magnetic field 

can be seen from equations(4.35)and (4.41) to be extremely complex. (Recall 

that a is proportional to the square root of the frequency.) Thus care 

should be taken in extrapolating 9ny frequency dependence noticed from 

the few calculated values in Chapter (5). It is interesting to note 

that because the magnetic field has an exp(zlf ) and exp(y/f) dependence 

the electric field, and hence the current, will be proportional to lfB. 
Hence any decrease in magnetic field with a decrease in frequency will 

be amplified in the electric field and current values. Owing to the 

lack of observational data available for comparison it is impossible to 

decide whether the induced currents are of a reasonable magnitude or 

not. However the fact that the ratio of current to B0 can increase by 

a factor of two from 'ts value 130 km from the coastl ine,(see table 

5.1), definitely supports the possibilty. 

Since the model chosen al lows only one varying magnetic field, 

component it is impossible to conclude whether or not current loops 

flowing through the crust do contribute to the coast effect. What has 

been proven is that vertical current loops can exist in the earth, and 

this suggests that further work in solving a more complex three-dimensional 

model might lead to the demonstration of a coast effect. The E polari~ation 

case,(E field parallel and B field perpendicular to the coastline), is 

required to create currents parallel to the coast which can then induce 

the necessary vertical magnetic fields. A three dimensional model with 

a coastline of finite length is necessary since a two-dimensional E 

polarization case would not have vertical currents. The frequency 

dependence of the currents obtained seems to indicate that the three­

dimensional case ma y only be able to explain the .coast effect for a 

certain frequency range. It would then be necessary to compare this 

frequency range to the range of other induction models,(see Introduction), 

to see whether the observed result could be obtained by a combination of 

induction scheme s. It is important to note that an upwe lling of the mantle 

at the coastline would enhance the electrical coupling of the sea to the 

mantle. 

The rather inconclusive results obtained above are as expected since 

the main objective of this thesis was to provide an analytic solution 

which could serve as a check on numer ical me thods which can then be 

applied to the more complex models . The selection of results tn 
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Chapter 5 are not presented to illustrate dramatic trends-but merely to 

provide a variety of results for reference purposes. 

The Wiener-Hopf technique could naturally be applied to different 

models possessing mixed boundary conditions. However, it would become 

much more complex for models of a more sophisticated character than 

those presented here. The main problem that arises is that the 

separation of the basic equation into terms which are analytic in the 

prescribed regions can become very differeht. This ls verified by 

noting the simplicity with which the solution was obtained for the 

first model with that for the second model. 
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APPENDI X A 

LIOUVILLE'S THEOREM 

Liouville's theorem as stated by Noble(1958) is as follows; 11 lf f(l;) 

is an integral function,in an arbitrary region n ,such that jf( s ) l~M for 

all s,M being a constant,then f(l;) is a constant. 11 This result can be 

extended to obtain: 11 lf f(l;) is an integral function in an arbitrary 

region n ,such that lf(zJl <MlslP as lsl-t<X>,where pis a constant,then f(l;) 

is a polynomial of degree ~[pJ ,where [P] is the integral part of p. 11 

1t is sufficient to prove the extended form since the simpler 

form can be considered a special case. The following proof is from 

Ahlfors (1953). Consider a function f(z) analytic in n ,for a point a 

inn we assign a neighborhood 6 contained in n and in 6 a circle c 

around a .Cauchy's integral formula applied to · c yields 

f(z) = _1_Jf( s ) ds 
2,ri <s-z) 

C 

This equation can be differentiated n times to give 

fn(z) = n~/f( s ) ds 
2,ri. ( ) n+l s-z 

Now we let the radius of c be r,substitut e the initial condition that 

jf(s) j<Mlsl P, let z=a and replace (s-a ) with r to obtain 

l fn(a ) I < Mn~Jlr+a lP dr 
2ni. n+l 

r 
C 

which,by the application of the M.L.theorem,becomes 

Since the initial conditions are val id for arbitrary n and a ,we can 

take the 1 imit as r-t<X> to conclude that lfn (s ) j~O providing we choose 

n>p. By integration of the last inequality we can deduce that f( s ) is 

a polynomial of degree less than or equa l to (n-1), and by choosing 

the minimum allowable n we can write (n-l) =[p} which is the required 

result. 
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For the first model the required limits were demonstrated in the 

text. For the second model the expression under consideration,as in 

equation (4.16),i~ 

(A. 1) 

By inspection we can deduce that the second term goes to zero when the 

limit is taken. From Chapter 4 we have that B~(l;,O) will give rise to 

an exp(-lnl IYI) which will force the first term to zero as long as 

limitll;l-+<x> of K_(i;;)· does not diverge.We have from equation (4.13) that 

limit K_(i;;) 
I l; 1-+<x> 

= limit [D 
I l; 1-+<x> n= 1 

CX) 

->- TT ,-,~2n 
n=l 

1 

(1+ia2 D~_ ½)~ +i l;Dn-½ 

(1+ia2 D~) ~ + il; Dn 

which does not diverge. Hence expression (A . 1) has a limit of zero as 

ll;l-+<x> and therefore must be identically zero by Ltouvtlle's theorem. 
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APPENDIX B 

VERIFICATION OF THE FIRST SOLUTION 

It is a necessary precaution to check that the solution obtained 

does satisfy the required differential equation and boundary condi ti on s . 

The differential equation (2. 11) can be expressed in terms of y' 

and z'as 

The solution for y<O ,equation(3 . 34) ,can be put in the form 
00 

B(y,z) 0 = B 0 exp( - ✓2iz') - hf f(v)exp(y'{v2+2i }½)sin(z'v) dv (B.1) 
y< 0 

where 
h = exp( i n/ s )B 0(2) * 

TT 

and 
f(v) 

v2+2i 

By differentiating equation (B. 1) we can obtain 

--= 

and 

00 

-h/ f(v) (v2+2i )sin(z'v)exp(y'{v2+2i }½) dv 

00 

= 2i B0exp(-Afz') +hf v2f(v)sin(z'v)e xp(y'{v2+2i}½ ) dv 
0 

The addition of the above t wo equations yields the required result. 

Similarily if we write 

it 

and 

. 00 

B(y,z\>o = h / g(v)cos(z 1 v)exp(-y'{v2+2i}½ ) dv 
0 

becomes apparent that 
00 

a2B hf (v2+2i )g(v)cos(z'v)exp(-y'{v2+2i}½ ) = 
ay• 2 0 

00 

a2B -hf v2g(v)cos(z'v)exp(-y'{v2+2i }½) dv = 
ay' z 0 

dv 
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which,upon subs titution, demonstra t es that the diffe renti a l equation is 

satisfied. 

A substitution of z'=O in t o equation (3.34) yields immediately the 

necessary result that B(y,O) 
0 

= Bo . 
y < 

The imposed condition on B(y,O)y>o was that aB/ az =0 . From 

equation (3.28) we can deduce that aB 
0

/ az is proportional to sin(z'v) y> 
which vanishes at z=O . 

By noting the prevalence of y in the exponential arguments in the 

two solutions it follows i mmediately that B(-00 ,z) = Boexp(-za/l) and 

that B(00 ,z) =Oas required. 

We now consider the li mits of the two solutions as z-+oo . The first 

term in equation (3.34) contains an exp(-z'/27) which obviously t ends to 

zero. The remaining terms in the two solutions are both integrals and 

can be shown to approach zero by the well known theorem in calculus2 

00 

1 i mi t f f ( v) s in ( z v) dv = O 
z-+oo cos(zv) 

0 

The final condition that must be checked is to verify that the two 

solutions are equivalent at y=O, i.e. that 

B(O_,z) = B(O+,z) 

To simplify the argument we note that the two solutions can be 

abbreviated to the form 

B (y z) =+c I a 
' y>O 

B(y z) - -clb + 2TTi cR ' y <o -

(B. 2) 

(B.3) 

(B.4) 

where c is a constant, la andlb are defined as the integrand (2.36) 

evaluated along the contours A and B respectively, (see Fig.B. 1), and 

R is the residu e at s=O. (It is important to not e th a t t he plus si gn 

in equation (B.3) r esults from contour A be ing de f i ned in the reve rse 

direction to that used to obtain the solution.)Equation (B.2) can now 

be restated in the form 

(B. 5) 

2. For exampl e see theorem 15-9 in Mathema tica l Analysi s by Apos ta l (1964) 
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We now consider the integral evaluated along the closed path A-C-B-D . 

In Chapter 3 it was necessary to restrict ourselves to the lower half 

of the~ plane for positive y and the upper half plane fo r y negative, 

but if y is set equal to zero the contours will not be burdened with 

the above restrictions. It was shown in the text that the integrand 

goes to zero asi~l -+co , from which we can conclude that the integrals 

evaluated along C and Dare both zero. Hence the application of Cauchy's 

theorem gives the result 

la + lb= 2ni R 

This expression proves that equation (B.5) ,and hence equation (B.2) are 

satisfied. 
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Fig. B. 1 The contour of integration used to verify that the two 

solutions are equivalent at y=O (for the first model) 
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APPENDIX C 

INFINITE PRODUCTS 

The following theorem and proof is taken from Titchmarsh (1939). 

Consider a function f( s ) which is meromorphic everywhere in the s plane. 

Let the poles of f( s ) be a1 ,a2 ,a3, .... ,where O<la1l <l~letc.,andlet the 

residues be b1,b2 ,b 3, ..... We now define a series of closed contours C , 
n 

with maximum radius Rn, such that Cn encloses a 1 up to an and impose 

the condition that f( s )/Rn ➔Oas Rn➔oo . (See Titchmarsh (1939) for the 

case f(s) proportional to RnP.) Consider the integral 

I = - 1-J f (w) dw (C.1) 
21r i (w-dw 

en 
wheres is inside Cn. By the application of residue theory we have 

I_= t (C.2) 
m=l 

Alternately we can apply the M. L. theorem to obtain 

(C. 3) 

where Ln is the length of Cn and hence will be proportional to Rn.The 

limit of equation (C.3) as n➔oo gives 

limit I 11 =O 
n➔oo 

(C.4) 

since Rn➔oo as n➔oo and f(w)/Rn ➔Oas Rn➔oo by initial conditions. From 

equations (C.2) and(C.4) we can deduce that 
00 

f(d=f(O)+'\"' bn[~+~] L s an an 
n=l 

( C. 5) 

Now let h(s) be an integral function of s in the s plane with 

simple zeroes at a1,a 2,a 3•••·••,ln the neighborhood of an we can define 

a function g( s ) such that 

(C.6) 

which implies 

(C. 7) 
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The last term in equation (C.7) is analytic at anwhich implies h' (s)/h(s) 

has a simple pole at s = an with residue 1 . Since h' (d/h(d satisfies 

the conditions imposed on f(s) we can apply equation (C.5) to obtain 

(c.8) 

If this equation is integrated along a path from Oto s and the resulting 

expression is exponentiated the outcome will be 

00 

h(d = h(O)exp{sh'(O)/h(O) } TI (1-s/an)exp( s /an) 
n=1 

(C.9) 

If h(s) is an even function the poles will occur in pairs which will 

simplify equation (C.9) to 
00 

h( s ) = h(O) TI (1-s 2/an 2) (C.10) 
n=1 

This formula can be applied to cosh(Dy) and sinh(Dy)/y since they 

are both continuos across the branch cut of y ,which implies they are 

integral, and they both have simple zeroes. First we consider h( s )=cosh(Dy) 

so that 

f(d = h' (d/h(d = Ds tanh(Dy)/y 

from which we can deduce that f( s )/Rn +0 as Rn➔oo as required. Thus 

equation (C. 10) gives 

cosh(Dy) • cosh(Da/i) n [1+ 
n=1 

(C.11) 

(C.12) 

since the zeroes of cosh(Dy) are an=± (1/D~-½ +i a2) ½. (Recall Dn-½ is 

defined in Chapter 4 as D/(n-½) TT .) We now re-apply equation (C. 10) to 

cosh(D/[a), which has zeroes at an= fi/Dn-½ ,to obtain 

00 

cosh(Dall) = TI (1+ ia2D2
1 ) 

n=1 n-2 
(C.13) 

The combination of equations (C. 12) and (C. 13) yields the result that 

cosh(Dy) = 
00 

TI (1+ia2o2 ) + s2 D2 , 
n-½ n-2 

n=1 
(C.14) 

For sinh(Dy)/Dy the only difference was that the algebra was 

more complex. The outcome was 
00 

sinh(Dy)/Dy = TI (1+ia2D~) + s2D~ 
n=1 

(C.15) 
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which when divided into the previous result yields 

00 

Dycoth(Dy) = TI 
n=l 

as required. 

(1+ia2D6-½) + s 2D~-¼ 
( 1+i a 202) + s 202 

n n 

(C.16) 
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APPENDIX D 

VERIFICATION OF THE SECOND SOLUTION 

By simply substituting z=O into equation (4.41) we produce the first 

boundary that B=B 0 for negative y and z=O . 

If we differentiate equations (4.35) ·and (4.41) with respect to z 

the results are 

and 

clB(y,z)y<G 
az 

= Bo a Ir s i n h { ( z - D) a Ir} 
cosh(Da✓i ) 

co 

. (D. 1). 

+ 

aBoexp{ i3n/ 4) '\""' u ,b ,cos{(m-½hz/D}Lw (D.2) 
n L.J m-2 m-2 

m=l 

It is apparent by inspec tion that equation (D. 1) will vanish for z=O 

or z=D and that equation (D.2) will be zero for z=D as required. 

If we let y-+- 00 in equation (4.41) it follows that b i=O which 
m-2 

implies 

B(-co,z) 

as called for. 

= Bocosh{{z-D) a lr} 
cash (D al i ) (D.3) 

The boundary condition at y-++00 ,i .e. 8( 00 ,z)-+O , is easily verified 

by the inspection of equation (4.31) . 

To demonst rate that the two solutions are equivalent along the y=O 

boundary we consider Fig.(D. 1) and the following argument. To arrive at 

the two solutions required the use of two equivalent expressions of the 

same integral. It will be convenient if we label the one used for B{y,z) 

Y<O as 11 , the other as 12 and define the residues in the upper and 

lower half planes as Ru and RL respectively. The solutions for B{y,z) 

can now be expressed in the form 

B(y,z) = 2niR1u y<o 

(D.4) 

(D. 5) 
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where A is the contour illustrated in Fig.(D.1). It can be shown that 1
2

, 

like 11 , gives no net contribution along all contours in the upper half 

plane which implies if we had used integral 12 to obtain B(y,z\<o the 

result would have been 

B(y,z) = 2TTi R2 y<o u 
(D.6) 

By comparing this to equation (D.5) we can conclude -that R1u=R
2

u since 

the solution for B must be unique. Therefore to prove that B{0+,z)= 

B(0_,z) it is sufficient to show 

. (D. 7) 

at y=0 This is accomplished by evaluating 12 around the closed contour 

E.(See Fig.(D. 1)) This contour is acceptable since at y=0 it is not 

necessary to restrict ourselves to the upper or lower half planes. Hence 

by the appl !cation of Cauchy's theorem we obtain equation (D.7) as 

required. 

It is necessary to show that the two solutions do actually satisfy 

the required differential equation. Differentiating the two solutions 

gives the fol lowing results 

a2 B(y,z)y<D = 

az 2 

=I 
m=1 

a 2 B0cosh{(z-D) alr} _ aB0exp(i 3TT /4) 
cosh(Da / i ) TT 

= -B~ [ ~ u2 a cos (u z) 6u] TTCOth Dal i ) L m m m 
m=1 

(X) 

I 
m=1 (D.9) 

(D. 10) 

(D.11) 

By combining equation (D.8) with (D.9) and (D. 10) with (D. 11) we obtain 

a2B(y,z)y <O + a2 B(y,z)Y <O = 

ay 2 az 2 

• 2 fB ocosh { (z-D) a ir} 
-ia [ cosh (Dali ) + 

a Bpexp( i3TT / 4) "'b .1. sin(u ,z) t1 u] 
TT L m- 2 m- ~ 

m=l 



r 

and 

a2 B(y,z)y>o + 
ay2 
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= ,;a.2 I BO { _La Au + 
" [jrcoth(Da. ✓i) . 2 00 

(X) 

I amcos(umz)/Ju}] 
m=l 

By comparing the right hand sides of these equations to the two solutions 

(equations (4.35) and (4.41)) ,it is apparent that the diffusion equation 

is satisfied. 

It is interesting to note that the two models could be considered 

equivalent if the value of D in the second mo del is set equal to infinity. 

Thus if we take the limit as D-too of the second model solutions we should 

obtain the first model solutions. We consider first the limit D-too of 

B(y,z)y >O in equation (4.36). From the form of um and /J u we can deduce 

that as D-too , u +u, /J u~ u and the Fourier series wil 1 become a Fourier m 
integral to yield 

(X) 

limit B( ) = 
D-too y,z Y>o 1• Bot h(D 1.J{l im a(u)}cos(uz)du 

1r 6~ co a. i. D-t<X> 
·(D.12) 

0 

From the definition of a ,(Eq.4.34), it becomes apparent that to obtain 
m 

an expression for 1 imit D-too (a{u }) it will be necessary to evaluate 
1 

limit D-too [K_(O)/K_{-i (u 2+ a. 2 ) 2
} ] • It can be shown that the infinite 

product representing this function is uniformly convergent wh ich allows 

us to consider the product of the li mit rather than the 1 imit of the 

product. As D becomes very large the expression for K_(s) ,equation (4.13), 

can be modified to give us 

limit K_ ( d 
D-too K_ (0) 

(X) 

c:: 1 imitTI {1-+(iD/(n-½) s - a.exp( i31r / 4) H l - ia. Dexp(i31r / 4)/n1r} 
D-too {1 D/n TT s-a.exp i3 1r / 4 1-a.i. Dexp i.3 1r /4)/n1r } 

n=l 
(D.13) 

For convenience we define 8=i D( s - a.exp{i31r / 4} )/1r and 8o=-i Da.exp(i31r / 4)/1r 

so that equation (D. 13) becomes 

(X) 

1 imit K_(s) c:: 1 imitTI (1+8/ {n-½}) (1+8o/n) (D. l4) 
D-too K_(o) D-too (1+8/n) (1+80/ {n-½}) 

n=l 
By compa ring this expression to the exp ression for r f unctions given in 

Noble (1958,p.41) we can deduce that if each term in the product is 

multi plied by exp{-(8+8o)/n}/exp{-( 8+80 )/n} the result will be 

1 i mi t K_ ( d ~ l i mi t [8 r ( 8) r ( 8 r ½) ] 
D-too K-(O) - D-too s0 r (s0)r 8+½) (D.15) 
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Since s~ D the asymptotic behaviour of the gamma functions can be found 

by the use of Stirl ings formula to give 

1 

limit K_ (d (~-aexp{i31r/ 4} ) ~ 
K_{O) "' (aexp{-i1r / 4} ) ½ D-+oo 

(D.16) 

We can now substitute ~ = - i (u 2+ia 2) ½to aquire the final result 

1 

(ia2 ) ½}½ limit K- ( ~) {(u 2+ia 2) ~ + 
K-(O) "' Ta exp { i 1T I 8) · D-+oo (D.17) 

We now make the familiar definitions y'=ya//2, z'=za//2 and v=u./I/a , 

note that the 1 imit D-+oo (coth{Da/l} ) = 1 , obtain t he 1 imit D-+oo (a ) from . m 
equations (4.34) and (D. 17) and substitute the results into equation 

( D • 1 2 ) t O p rod u Ce 

limit B( z) = 
D-+oo y' y>0 

00 

B0exp( i1r/ 8) (2) t+ f {(v 2+2i ) ½+(2i )½}½exp{ -y' (v 2+2i ) ½} cos(z'v) dv (D. lB) 
1T V +2i 

0 

which is identical to the solution of the first model,(equation (3.28). 

The same techniques were employed to demonstrate that the two y<O 

solutions are equivalent in the limiting case. 
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APPENDIX E 

DIRECTION OF CURL B 

It is required that we show curl B, at a particular point, is 

tangential to the 1 ine of constant magnetic field pass i ng through that 

point. The d i rection of curl Bis shown in Fig.{E. 1) to be defined by 

8 1
• Since B=B(y,2);, curl B can be expressed as (08/ 02 y - 38/ oy i) 

which implies 

tan( e •) = oB/ 02 1 
38/ oy evaluated at p 

The direction of the t angential line at p is demonstrated in Fig.(E.2) 

to be defined by e . Becaus e the 1 ine is of constant magnitude we can 

write 

Hence we can conclude 

tan e = oB/ 021 
38/ oy evaluated at p 

which implies 8= e• or e 1+n as required. 



- 80 -

-----------------------------y 

. 1-/"1_aB/ay 2 PLJ. 
aB/az 9 

. z 

Fig. E. 1 Direction of curl B 

Fig. E.2 Direction of constant 8/Bo lines 
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