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ABSTRACT

Supervisor: Professor J. T. Weaver

The Wiener-Hopf technique uses results from complex analysis
to obtain analytic solutions to differential equations with mixed
boundary conditions. This type of problem arises frequently in
geomagnetic induction models.

In this thesis the technique is applied to two models with
magnetic polarized fields over an ocean edge. The earth's properties
were assumed to be constant in the direction parallel to the coastline
resulting in a two dimensional mathematical problem. In both models
the crust was assumed to have a small conductivity to allow current
flow. The difference between the models is that the first assumes
the depth to the mantle is infinite while the second has a mantle of
infinite conductivity at a finite depth.

The solution of the second model demonstrates the existence of
current loops flowing from the sea through the crust and returning

via the mantle.
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CHAPTER 1

INTRODUCT ION

It is common for observations of geomagnetic variations along
a coastline to demonstrate a much stronger correlation between the
vertical component and the horizontal component perpendicular to the
coastline (Parkinson, 1959, 1962; Everett and Hyndman 1967). The
nature of this correlation is that the vector representing a magnetic
disturbance at a coastline tends to lie in an inclined plane such
that the horizontal projection of the normal to this plane points to
the nearest deep water. This projection, which in most cases is
normal to the coastline, is referred to as a '"Parkinson arrow''.
(Seg Fig. 1.1) There are exceptions to this rule but they can
generally be accounted for by a complicated continental shelf or by
some overpowering geomagnetic effect such as the equatorial electrojet.
(Parkinson, 1962)

One suggested explanation of this effect is that a vertical
magnetic field induces horizontal current loops in the ocean which
are channelled along the coastline by the poorly conducting land.
This current will be flowing parallel to the coastline implying that
the induced magnetic field will have a horizontal component perpendicular
to the coastline. Thus the horizontal field would be correlated with
the vertical field which implies the resulting vector will always lie
in a prefered plane. This induction system, however, cannot explain
the variations in the angle of the preferred plane to the horizontal
from one area to another, since the properties of the sea are relatively
constant. This is in agreement with model studies by Parkinson (1964),
who found the effect of the ocean too small, and by Dosso (1966),
who concluded that the magnitude of the induced fields decfeased with
smaller frequencies and were negligible at .01 c.p.s.

Dosso (1966) also studied the effect of an upwelling of the mantle
beneath the coastline and found that the induced fields were important
for shorter frequencies than with no mantle. This result is consistent

with Lambert and Caner's, (1965), interpretation of the observational



results of Western Canada.

An alternate method of obtaining the required effect is to have
the stronger horizontal field induce vertical current loops in the
earth which, because of the poorly conducting land, will create a large
current disparity across a coastline and hence an induced field with a
vertical component proportional to the original horizontal field. This
method was not considered originally since it has been shown, Bullard
and Parker (1970), that the ocean is not deep enough to allow any
currents induced by the horizontal field to be significant. At the
2nd Workshop on Electromagnetic Induction in the Earth, held in Ottawa,
Brewitt-Taylor (1974) and Bailey (1974) considered the possibility of
vertical current loops involving the crust. This arrangement allows
current loops of large vertical extent which implies the currents
induced by horizontal fields could be important. The questionable
aspect of this hypothesis is whether or not the conductivity of the
crust is high enough to permit a significant current flow. One
favourable aspect is that the numerous anomalies in the earth's crust
could certainly account for any variance in the angle of preferred
plane.

In this thesis the vertical current loops are investigated by
obtaining an analytic solution of the diffusion equation in a crust
which is half covered by a super-conducting ocean. The solution is
obtained by the Wiener-Hopf technique which was suggested for this
type of problem by R. C. Bailey, (1974). His model, which did not
include any mantle, is re-calculated before the more complex model with
a super-conducting mantle is discussed. Both models are two dimensional
in the sense that nothing in the models change in the third direction.
To really analyse the correlation between the horizontal and vertical
field components at a coastline one needs to consider the inducing
field perpendicular to the coastline in a three dimensional model.

This problem would be very difficult to solve, so the easier
H-polarization, inducing field parallel to the coast, will be considered
here. This mode, however, generates current loops in the wrong
direction to create the coast-effect but the analysis will help
determine whether or not current loops involving the crust are

important. Although numerical methods can solve more complex models,



e. g. Brewitt-Taylor (1975, 1976), an analytic solution provides a
valuable check on these methods and can also demonstrate the inter-

dependence of the various parameters involved.




95°€ 100°E 110°E 130°E o
o A\ =
N A
b -
AN ﬁ& ’ R
‘\ \'J A)
hatt ‘ﬂ»«nj\ﬁ”. L-0
T ~~ =
e -
10°E - 10
)—?
DARWIN
N
¢
e ~ B
- Q. ) s de0ts
LW s SR
/’ /J \ (, ‘fl: x\ \) N
\ 1 Y \
-" N\ A D
‘1 ARMARVON . ’""‘“\ ! A
\ $ 4, /
\ BRISBAN : o /
€ )
N\ p 1 /
/ e i
1: 4"\’, N 30°S
30°€] v £ ; T
/I ‘ i L
1] L :
1 ,/l' ,’ N |‘
&
L \\
I ~\
’
{
- ‘\
K O°E] 40°S
Tilt of Preferred Plane
for Magnetic Variations
TILY /
o 3o €0° 90° [} 200 400 €0 800 000 !
.~ H [
weee 4000 FEET BATHYMETRIC CONTOUR ~ SCALE IN MILES AT 25° ','
£_150°S
Fig.1.1

'""Parkinson vectors'', that is the horizontal projection of the

normal to the plane in which the disturbance vector lies during a magnetic
bay (from Parkinson 1964)



CHAPTER 2

THE EQUATIONS OF ELECTROMAGNETIC INDUCTION

2.1 The Diffusion Equation from Maxwell's Equations

Maxwell's equations in M.K.S. units with permeability ng and

relative permittivity k are,

Vx E=-3B/at (2.1)
Vx B = pgob+ugeqrdt/at ' (2.2)
V-B=0 (2.3)
VeE = p/(keg) (2.4)

By taking the curl of equation (2.2) we obtain

V x (VxB) = uOogxg + uonKa(ng)/at (2.5)
The combination of this result with equations (2.1) and (2.3) yields

V2B = ygodB/3t + kugegd2B/at2 (2.6)
If we consider a typical geomagnetic variation to have a period
T, then the second,displacement current,term will be negligible if
eg/T << ©
since k is of order 1.The above is an excellent approximation for
geomagnetic studies of the earth.In the atmosphere,however,o=0 so
for the displacement current term to remain negligible it must
be much less than the left hand side of equation (2.6).This will
be the case if
poeo/t2 << 1/L2

where L is the characteristic length of the region under investigation.
The largest possible characteristic length one could study would be the
radius of the earth which implies that the above condition will always
be satisfied for f<10 Hz.Naturally for smaller L higher frequencies
would be allowable.Thus we can neglect displacement currents in equation
(2.6) to obtain "

vZB = 0 (2.7)
in the atmosphere, and
V2B = pgoob/at (2.8)

in the earth.



If B is assumed to have an exp(iwt) dependence equation (2.8)

becomes

V28 = jfwpgoB (2.9)



2.2 Description of the Models

The first model depicts the earth at an ocean edge as a half
space with the other half of the space representing the atmosphere.
The ocean is portrayed by an infinitely thin super conducting half
plane between the earth and the atmosphere. (See figure 2.1). The
geometry of the model does not change in the direction parallel to
the edge of the half-plane which is also the direction of the imposed
source field. The atmosphere is assigned a zero conductivity, the
earth a finite conductivity o, and the sea an infinite conductivity.
The source field is assumed to have an exp(Zwt) time-dependence and
the permeability of the whole region is taken as ug.

The second model is exactly the same as the first except for a
super-conducting mantle positioned at a depth D in the earth. (See
figure 2.2). By the symmetry of the models in the x-direction we can
deduce that B will not be a function of x which reduces the applicable
component of equation (2.9) to

928 328

W- + -3? =1:0.28 (2-]0)

where we have defined wugo=a? for convenience .
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2.3 The Boundary Conditions

The condition Es = I§S| x along with equation (2.2) implies that

9B/dy = 0

and (2.11)
9B/3z = 0

in the atmosphere, since o = 0 and the displacement current term is

neglected.

It follows immediately that B = BO’ a constant, throughout the
atmosphere. This gives the boundary condition B = BO along the
surface z .= +0, y < 0 since the tangential component of the field
must be continuous across the surface of a conductor. (This condition
does not apply to a superconductor). For y > 0 we apply the condition
that the tangential electric field at thé surface of a superconductor
must vanish to the x-component of equation (2.2) to obtain 3B/3z = 0
for z = +0. Owing to the shielding effect supplied by the superconductor
we can expect that B+~ 0 as y - +=», At y = -o» the effect of the
superconductor will be negligible so the boundary condition can be
obtained by solving the model with no sea. With no sea the symmetry
of the problem will imply that B will have no y dependence reducing

equation (2.10) to

92B/3z2 = 7a2B (2.12)

This equation has the solution B = B exp(-vZaz). (The positive

0
exponential argument is ruled out since B must be finite as z » =.)

The second model differs from the first by having a 3B/3z = 0 boundary
condition at z = D so the boundary condition as y - -» can be obtained

by solving equation (2.13) with this additional condition to obtain

_ Bpcosh{vZa(z-D)}
cosh(vZaD)

(2.13)
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CHAPTER 3

THE SOLUTION OF THE FIRST MODEL

We shall use the Fourier transforms as defined in Noble (p.23),
namely -
f(z) = (ZHY%j[f(y)exp(igy)dy (3.1)
where ¢z = £ + in.The in?erse transform .is defined with the condition
that if f(z) is analytic_ between it_ and ity then

+CToonw

fFly) = (2nJF [ F()exp(-izy)de (3.2)

providing t. < T < 14 .

By taking the Fourier transform of equation (2.10) we obtain
-z2B + 32B/322 = 1a2B (3.3)

which is a standard differential equation with the solution .
B(z,z) = A(g)exp(-2vVz%+ia?) + C(c)exp(z/7%+ia?) (3.4)

Owing to the ambiguity in the square root function it is more explicit
to write

VeZ+ia? = Ic-exP(-in/ulieXp(i¢/z)Ic-aexP(iaﬂ/q)I%exp(ie/z). (3.5)
where 6 and ¢ are defined in Fig.(3.1) and the square roots are defined
positive .The necessity for a finite result as z»>~ along with equation

(3.5) simplifies the solution to the form
B(g,z) = A(g)exp{-z|g-exp(iﬂ/q)ali|;-exp(i3n/4)a|%exp{i%(6+¢)} (3.6)

where 3(6+¢) is restricted to be between -n/, and m/2 when the argument

of the exponential goes to infinity.

Now the z=0 boundary conditions can be applied to obtain
B(z,0) = A(z)= B(z,0)_ + 0,(c) (3.7)

where B(y,0) _ is the boundary condition for y<0 and U, (y) is the unknown
boundary condition for y>0.By simply taking the Fourier transform of the

known boundary condition we have
0

1 . 3 .
8(5,0) = (2n* [ Bgexp(izy)dy = (2n)¥8o/at (3.8)
which is only defined for n<0,since apositive value would create a
diverging integrand at y=-«.

By differentiating equation( 3.6) with respect to z then
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substituting z=0 into the result we obtain

ﬁa(zc,z)l . ~VTZH5aZA(g) = F_+0 (3.9)

where F_ is the unknown boundary value of 3B/3z for y<0 and 3B/3z = 0 is
the value for y>0 .(Note that vZ?+702 is defined as in equation (3.5)but
will be used in the shorter form for convenience)The combination of
equations (3.7),(3.8) and (3.9)yields

-F_/VTZH1aT = By/{iV2TCI+ U, (3.10)

It is now necessary to investigate the regions of analyticity,in
the ¢ plane,of the various functions defined above.From the definition
of the complex square root function and its prevalence in equation( 3.6)
it follows that B(z,z) has branch points at aexp(-im/y) and aexp(Z37m/4)
There is also a pole at z=0 due to the form of B(z,0)_ in equation (3.8)

(see Fig.(3.1) By definition U; can be expressed in the form
Uy = (2w5%f8(y+,0)e><p(-ny + 1gy)dy (3.11)

For large y it is natural to assume that B(y,,0) is an exponentially
decaying function of y.(ie.B(y,,0) - exp(-cy) for c¢>0 and y»«) Thus the
integrand of (3.11) will be dependent upon exp(-{n+cly) and hence will
only be analytic for y>+= if

n =~ (3.12)

Similarily we have 0

b= enytf U0 oy 4 iy)ay (3.13)

which is analytic for n<0 (since 3K y_.,0)/3z » By¥Zwugo as y + -«)Hence
for the inversion path to remain completely within regions of analyticity
n must satisfy all of the above conditions.A suitable choice is to
situate the path e below the real axis in the ¢ plane.(lt is now
apparent that the '+' in &+ and the '-' in F- signifies that these
functions are analytic in n>-a/v2 and n<0 respectively)

By inspection of equations (3.6) and (3.7) we see that to solve
for B(z,z) it will be necessary to obtain 0+ in terms of known quantities.
To do this we shall require the separation of equation (3.10) into '+
and '-' terms.|f we write (&% + iaz)% = (¢ + 7;’/7?0‘)%(@ - 7:’/2.0‘)’1; and note
that (% + i/?hjf is analytic for N > -%/ /7 and that (g - i/@a}% is

analytic for n < 0 then equation (3.10) will be transformed into
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(-F/{g-ivTa?) _= Bole+iviali/ivam + (Dlr+ivialP), (3.14)

The first term on the right hand side cannot be classified as either a
'+' function or a '-' function because of the pole at £=0 and the branch

point at ¢=-7,/Za .To overcome this difficulty we rearrange the term as

follows
By (c+ivEa)t _ [eo{(m,/za)* 5 (iﬁa)i’} , [Bolivim? 1 3.15)
/21 ¢ Y2m ¢ 1/5? z
Hence equation (3.14) can be rewritten as
[ -F B0(74/1-0‘ ] l-le{(E""l//TO‘)i - (1fa) }+ &(C"'iﬁa)%:l (3.16)
(c-ivia)?  ivem ¢ J_ |_ ivam g %

By noting the form of F in equation (3.13) it becomes apparent that

the limit |¢|»= |F_|=0 .This fact along with an inspection of equation

n<o
(3.16) reveals immediately that
n<o . 3 " :
(z-ivZa) V2T T

Therefore by the extended form of Liouville's theorem (see appendix A)
we can deduce that the complete left hand side of equation (3.16) is a
polynomial of degree zero,or a constant,over the entire lower half plane.
Furthermore since it has a value of zero at || = = it must be identic-
ally zero throughout the lower half plane.The same argument could be
applied to the right hand side but is now unnecessary since we already
know that both sides are equal .We now employ this result in eqution
(3.16) to obtain

b, - Ballerivia)? - Gt (3.18)
/2w g(z+i/fa)?

This value combined with equations (3.6),(3.7) and (3.8) yields

Blz,z) = /aBoexp (-im/8) exp(-z{;2+ia2}%)

Yz glg-aexp(-in/q)|%exp(i¢/2)

(3.19)

By applying the inverse Fourier transform along the path discussed

previously we aquire the solution
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©-1€
8(y,2) = (20 [ Blz,2)exp(~izy)ds (3.20)
-w-1g

where B(z,z) is defined in equation (3.19).

The above complex integral can be simplified to a real integral by
the application of Cauchy's integral theorem.Thus we must find a closed
contour which contains the inversion path,excludes the branch cut and
ensures the convergence of the integral.The possibilities of divergence
lie in the expontial term contained in the numerator of the integrand

namely in

expl:—(z|z;-otexp{--i'rr/q}[J‘fl?;-oaexp{isw/u}|3‘Z exp{is(6+)} + izy)]

Now exp (-izy) = exp(-Z&y)-+exp(ny) which implies that we must have n<0
when y>o and n>0 when y<0 to ensure convergence.Accordingly it will be
necessary to derive two solutions for B(y,z),one obtained by integrating
around a contour in the lower half plane,for y>0,and the other frqgm a
contour in the upper half of the ¢ plane,for y<0 .The only term of A
questionable sign left in the argument of the exponential is exp(Z%{6+¢}).
(Since both z and the square roots are positive)By inspection it is
evident that the real part of the above term,cos{%(6+¢)},must be positive

which results in the restriction that

-1/2 < 3(6+¢) < m/2 (3.21)

Hence it will be necessary to position the branch cuts with considerable
care.The only solution which was found to satisfy all of the above
conditions was to position the branch cuts on the limiting case,ie.
3(6+¢) = xn/2 ,which implies sin(6+¢) = 0 .If we write z2+Za? in the
form (£2-n2) + 7(2&n + a?) it becomes apparent that sin(6+¢) = 0 is
equivalent to writing
2En+a?
(62 - n2)2 + (26n + o2)2|?

=0 (3.22)

L

This equation will be satisfied along the branch cuts if we position

them along the hyperbola defined by
En = -a2/2 (3.23)

The resulting contour for y>0 is illustrated in Fig.(3.2) where

the inversion path in question is represented by C1.The integrals along
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C3 and Cs are known to satisfy restriction (3.21)as A+0.To see that C,,
Cy and Cg satisfy (3.21) we simply note the initial and final values of
6 and ¢ for each case.(See Fig.(3.2))

Since there are no poles enclosed within the contour the application

of Cauchy's integral formula yields

|1=-(I2+|3+|‘++|5+I6) (3.2“)
where we have defined Ij to be the integral along the j'th part of the
contour.The integrand under consideration as obtained from equations

(3.19) and (3.20) is

exp{-z(z? + iaz)% - 1zy}
e - aexp(-in/h)liexp(i¢/2)

(3.25)

As the above expression +0 as |c[ + o ,providing restriction (3.21) is
satisfied,we can deduce that I, and lg give no contribution.l, can be
shown to be zero by substituting (g-aexp{-im/4}) = pexp(i¢) into the
integrand then taking the limit as p>0.We now turn our attention to the
evaluation of I3 and |5.The value of (6+¢)/2 is equal to -n/2 on C3 and
+1/2 on Cg while ¢ = -a?/2n +in on both contours.A particular point on
C3 has an associated value of ¢3 whereas the corresponding point on F5
has a value of ¢5 = ¢3-2m which implies

exp(Z¢5/2) = exp(i93/2) exp(-im) = -exp(i¢3/2)
From this we have that

(z - aexp{-in/u})lon Cy -(z - aexp{-Zn/y4} |on Cs

A substitution of the above results into equations (3.25) and (3.24)yields

Iy = Zd/o exp{(ia2/2n+n)y}cos(zla“/hnz-nzli) (a?/2n +2)dn (3.26)

(-a2/2n+in) (-c>L2/2n-oa/»/7+i{n+0L/.;77})J‘f
-a/y/Z

The form of this integral can be simplified substantially by making the
following definitions
z'=za/V2
y'=ya//Z (3.27)
v2 = 2n/a? - a2/2n > vdv = (2/02 + a2/2n2)dn
(Note that z' and y' are simply the coordinates expressed in terms of
skin depths,8=yZ/a)|f we also recall the relationship between B(y,z)and
I, (see equations (3.19)and(3.20),the solution will take the final form
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o0

N Boﬂexp(in’/a) {(v2+2i)£+(2i)%}%cos(Z'V)eXP{‘Y'(V2+2’b') }dv (3.28)
m (v2+27)

Bly,2), .,

The solution for B(y,z)y<0 is obtained in a similar manner by using
the contour illustrated in figure (3.3).As in the previous work it will
be necessary for the entire contour to satisfy the restriction -m/2 <
3(6+¢) < m/2 for the inversion integral not to diverge.Contours 1,3 and
5 are known to satisfy the restriction and contours 2,4 and 6 can be shown
to be acceptable by inspection.(See Fig.(3.3))By the form of the integrand
(Eq.(3.25)) we can see that I, and lg> 0 & |g| + = and I, can be shown
to be zero as p > 0 by writing (z-aexp{Z3n/4}) = pexp(Z6)and taking the
limit.Hence by the application of Cauchy's integral theorem and by
noting that this time the contour encloses a pole at ¢ = 0 we can deduce
that

— S o
B(y,2) = = Ogﬁp( LIi I Oexg# £1/8) (- 4-1g+2niR) "(3.29)

where R is the residue at the specified pole.Consider first the integrals
along C3 and Cg.The value of (6+¢)/2 is equal to n/2 and -1/2 on C3 and
Cs respectively while the value of ¢/2 is identical on both contours.As
usual we shall abbreviate ]c-aexp(—in/u)|%exp(i¢/2) to (z;-caexp{-iw/q}.)J‘r
and simply note that since ¢/2 has a range of 37/8 to mn/4 the result

will be positive .The above values along with the substitution z=

-a2/2n + in into the integrals yields

(o2}

Lhgbls] _zio/o exp ({Za?/2n+nly) (a2/2n2+i)sin(ZIaz/knz-nzI%)dn (

I 3.30)
(-a2/2n+in) (-a?/2n-o/v2Z+i{n+a/vV2})

a/V2

which can be simplified algebraically with definitions (3.27) to produce

o0

llgtis) = -2exp (Zm/u) (Z)ijp exp(y'{v2+2i}%)sin(z'v)({v2+2i}%-/§z)%dv (3.31)

Yo (v + 27)
From the integrand given in equation (3.25) we see that the residue can
be obtained by setting z=0 in the following expression

eXP("ZIC‘GEXP{i3ﬂ/h}|%[C'anP{‘iﬂ/q}l%exp(%i{6+¢}) - izy)
| z-aexp(=Zn/u4) |* exp(i¢/2)

(3.32)

At z= 0 8 = -n/4 and ¢= 3n/4 which gives us the result that



- 19 -

—~ T~
7~ ‘ : o
S A N
/ ~f Branch cut gn“-&z;}
/ Cs4]ics3 \

I '
/ ) \
[ aexp(ian/u)é”/ No

ISt 3 S .

gexp(-in/u)\¢

Branch cut £n=-a2/2

Contour| 2 | 4(as o~g) 4
& initial| O -/ -3n/y
6 final 1/, -sm/y -
¢ initial| O 3n/y n/,
¢ final [n/2 | 3m/y T
(6+¢)/, initial| 0 /2 o
(e+4)/, final [n/, | -7/2 0

Fig. 3.3 Contour of integration for y<o with limits of 6 and ¢ on

selected contours



- 20 -

R m exp(in/g) exp(-zyZa)

(3.33)
iva
This value along with equation (3.31) defines all the unknowns in
equation (3.29) to yield
B(Y,Z)y<0 = Bpexp(-v2Z z') -
exp(in/)By(2)* [(exply' (v2+2i1})sin(z'v) (tv2+203® - (20yh)¥ s
m (v2 + 27)

0

Thus we have two expressions which represent the complete solution for
B(y,z) throughout the half space.That this solution does actually satisfy

the original differential equation and boundary conditions is demonstrated
in Appendix B.
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CHAPTER 4

THE SOLUTION OF THE SECOND MODEL

The method of solving this second model is similar to the solution
of the first model,so to avoid repetitions many of the steps in the
Wiener-Hopf technique will be skimmed over.

By taking the Fourier transform of the diffusion equation with
respect to y in the region illustrated in Fig.(2.2) we obtain the general

solution

B(g,z) = F(c)exp(z{c2+ia2}%) + C(C)eXP[‘(Z{CZ+iaz}%)] (4.1)
In this model neither term can be set equal to zero since z is bounded.
We now differentiate equation (4.1) and apply the z=D boundary condition
tq obtain

(g2+i02) ¥7(g) exp (D{z2+ia2}?) - (12+ia2)C(g)exp(-D{g2+ia2}¥)=0 (4.2)

which implies

0(z) = F(x)exp(20{z24ia?}?) (4.3)
The combination of this result with equation (4.1) gives us

F(z)2cosh({z-D}y) (4. 4)

Blz,2) = exp (-Dy)

where y = {§2+ia2}%. If we now redifine F(z) in terms of the z=0

boundary value,B3(z,0),equation (4.4) becomes

B(z,2) = 2(e.Qcoshl(z-0)) | (4.5)

As in the previous section we can write
B(z,0) = Bg/(ivZm t) + B¥(z,0) (4.6)

where the second term is unknown. Combining the above eqdation with
equation (4.5) then differentiating the result with respect to z and

evaluating at z=0 will give

B3(z,0) + 0= 331%;52

z=0 '[E%§%%Q%L19l + B+(C,0)Ytanh(y0)](h_7)

where é;(c,O) is the unknown boundary condition on aé/az at z=0 and y<0.
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Equation (4.7) can be rearranged to yield

BQ + é+(c,0) = é—Z(CQO) (YDCOth{YD}) (4.8)
1v2mg YD

To obtain a solution for B*(z,0) it will be necessary to separate
the terms of equation (4.8) into the '#' and '-' functions defined
earlier. It can be shown by identical arguments as those used previously
that B*(z,0) is analytic for n>-a/yZ and that B5(z,0) is analytic for
n<0 . To separate the hyperbolic function in equation (4.8) we first
express the function in terms of an infinite product. The outcome as

demonstrated in Appendix C is

YDeoth (yD) = H[{(W“ZD’Z"*) - Czbﬁﬁ’}] - (4.9)

{(1+2a2D3) + z2D3}

n=1

where

D, = D/ (nm) (4.10)
Factoring the right hand side of Eq. (4.9) into two infinite products
and defining the left hand side as the product of two functions which

are analytic in the required regions gives us

= ((146a202_) % + 420 ]
L.;;[{(1+7loz201?l)’lr + 1gDp}

Ke()K_(z) =

(e

4 {(l+’£a20r21_%)£ = $ghn 3 ]
7 (4.11)
ar {(1+2a202)® - 450} |

A

From this we can deduce that

@ ; ¥ i -
Ky (2) = _[[{(szoﬁ_%) B (4.12)
L 3 1{(1+4a202)7 - 22D, }
and : ] ‘ -
=1 [{(14202D2_,)% + 4zD__;}
K.(z) = —[[ e dac (.13)
+ 7 [L(1+2a202) % + 420 )
Therefore equation (4.8) becomes
Bo (c+ivZa) [I§+(c,0)(c+i/fa)’l " F;(C,O) K-(c)] (4. 14)
V7T Tk () (2 s [D(z-ivZa) |-
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To complete the required seperation into '+' and '-' functions we can

rewrite the first term on the left hand side of (4.14) as

Bo(z+ivia) _ [5+(o)30(;+i¢Ta)-Boi¢TaK+(c)} . [BOEVTa } (4.15)
ivV2mgK, () iv2m K, (0) K, (z) + Livamgk, (0)]_

Substituting this result back into equation (4.14)gives us
B*(z,0) (c+ivZa) | K+(o)Bo(g+i¢§a)-BoiviaK+(;)J _
K+(z) iV2m ¢ Ke(0) Ki(z) ],

éi(C,O)K_(?;) . Bo’ll/’l_:-(l } (4.]6)
0(g-ivia)  ivEm g K (0)]_

We can now apply Liouville's theorem to see that each side of the above
equation is identically zero.(See Appendix A) Thus we can procure a

solution for B*(z,0) ,namely

§+(;,0) = BOi‘/ZO‘M(C) 'K+(0)BO(C+’1:/7TOL) (4.17)
(z+ivZa)iv2m ¢ K, (0)

This defines the only unknown in equation (4.5) with the outcome that

é(C,Z) = /{QBD M(C)COSh{(Z“D)Y}} (4.18)
/5nK+(0) (z+ivZa) cosh(yD)

It can be shown that a suitable inversion path is situated ¢
below the real axis in the ¢ plane. Thus by applying the inverse

Fourier transform to equation (4.18) we obtain

w-7€
il 2) = Boaexp (Zm/u4) K, (z) cosh{y(z-D) }exp(-Zzy) d (4.19)
27K,4(0) ' (z+2v7Za) gcosh (D)
—o-7¢

It will be convenient to have available an alternate form of the
solution which involves K.(z) instead of K.(z). This can be aquired
by the utilization of equations (4.9) and (4.11),along with some

algebraic manipulations,to yield

w0=1 €
Sly.5) = BoK_(0) (c-aexp(i%/q)cosh{y(z—D)}exp(—icy)dC (4.20)
2ncoth(DvVZa) yzK_(z) sinh(yD)

==TE
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We can now proceed to evaluate the complex integral via residue
theory. Noting the similarity of the exponential argument involving vy

to that in Chapter 3 it becomes apparent that

y>0=>n<0 (ll.21)

y<0=>n>0
The contour chosen for y>0 is illustrated in Fig.(4.1).In this case
there is no restriction on (6+¢)/2 since z is bounded and the integrand
will always go to zero as |z|+ « providing restriction (4.21) is
satisfied. This is why the branch cut can be defined in a simpler
manner than before.In fact the use of the same branch cut would give
rise to complications since the poles of the hyperbolic function in
the integrand would coincide with points on the branch cut. Since K_(z)
has no poles or zeroes for n<0 it will ease the evaluation of the
residues if we use equation (4.20) rather than equation (4.19) to
evaluate B(y,z)y>0 .1t will prove expedient to make the following

definitions

b = — BoK-(0) (4.22)
2mcoth(DvZa)
| - cosh{y(z-D) Yexp(~ity) (z-aexp{i3n/u}) 5 (4.23)
vy K-(z) z sinh(yD)
C:
This implies eduation (4.20) can be rewritten as
B(y,z) = b|1 (L'-ZL')
We now apply Cauchy's theorem to obtain
B(y,z)y>o = -b(lo+13+I4+lg+lg) - 2mibR (4.25)

where R is the residue and is preceeded by a minus sign since the
direction of integration is clockwise.By considering the limit |g|-w

of the integrand we can deduce that [, and lg will give no contribution.
Turning our attention to C3 and Cg5 we see that,as A»0,z»a//Z + Zn on
both contours,$ has the value of -7/2 on C3 and 31/2 on Cg whereas
-1/4>6>-1/2 on both of them. By the same method used in Chapter 3 we

can show that

exp{i%(6+¢)}|on cy = -exp{ii(6+¢)}Ln Cs (4.26)
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which implies y3 = -ys.(See the expression for y as in equation (3.5))
By noting that cosh is an even function and that sinh is an odd function
it becomes apparent that a replacement of y by =y in the integrand under
consideration produces no net change in sign. Thus we can conclude that
I3 and |5 are of equal magnitude which will result in cancellation
because of the reversed directions of integration.

An expression for |, can be obtained by setting z-aexp(-im/k4)=p
exp(Z¢) in equation (4.23) and integrating the result with respect to ¢.
The result is

31/2

ly =

2exp{-iyaexp(-in/y)} Yoexp(id)  d¢ (4.27)
V2aexp (-36+7%6) K_{aexp (i) sinh[D/bexp(i%¢)(Zaexp{-ikw})%]
-n/2
We now take the limit as p»>0,by assuming the limit can be taken under

the integral sign,and apply L'Hopital's rule to obtain

bl = Boexp (Z3m/4)K-(0)exp (-yavZ) (4.28)
Dacoth(DvZa)K_{aexp (-in/u) }

The poles of the integrand occur inside the closed contour when
sinh{D(z2+ia2)¥} = 0 (4,29)
or at the points
¢ = ~i(n2n2/D2 + $a2)* (4.30)

where m is an integer from 1 to ». Thus by applying well known techniques1

we can calculate the total residue as

2 bRe—B0K= (0) Zg:{(um2+1a2)%+aexp(¢kn)}cos(umz)exp{ y (up?+ia ) }(“ 31)
Dcoth(D/_a) e AT 2+1,a2) Hup?+2a?)

where uy, has been defined as mn/D for convenience.This result along with
equations (4.25) and (4.28) yield the solution

_ -Bgexp(Z3n/u)K_(0)exp(-yav?)
Dacoth(DavZ)K_(aexp{-im/u})

+

Bly,2),,

BoK-(0) A {(um2+ia2)%+ exp(i&n)}cos(ugz)exp{-i(um2+iu2)%} (4.32)
Dcoth(Dou/f)m= K-{-Z (up2+ a?)?}(up2+ia?)

1. For example method 4,page 85,Mathematical Physics,Butkov(1968).
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The form of this solution can be streamlined by making the definitions
Au = 7/D (4.33)

_ K=(0) {(up2+i02) Eraexp (i1/4) Jexpl-y (uy2+ia2) F} (L.34)

1
K_{-2 (u 2+702) ¥} (up2+5a)

which lead to

B apgAu w |
B(y,z) = i Q “+ E a.cos(u_z)Au (4.35)
o ncoth(Da/f)[_Z o " "

This is easily recognized as a Fourier cosine series.

To obtain the solution for y<0 we shall utilize equation (4.19) and
integrate around the contour illustrated in Fig.(4.2).By similar tech-
niques to those already employed we can show that l,,l4,and lg are zero

and that I3 and |5 cancel to give

il o . = Bgaexp(Zn/u) 27t R '(4 36)
<o 21K, (0) ‘

where R is the total residue.The pole at £=0 produces a net contribution
to R of

B K+(0) cosh{(z-D)avZ} (4.37)
iVZ acosh(DavZ)
Further poles exist when cosh{D(g2+ia2)%} = 0 which is satisfied if
ez, =il + ia2) (4.38)

where u_, = (m-%)n/D .Since ¢_
m=z m=z
is sufficient to sum from m=1 to «.Thus we can write

® Cleme1)-y We can deduce that it

00

R =Ry + Z R (4.39)

m=1
where it can be shown that

R = (m-3) Kilzpy)sin(uy-yz)exp(-iyzy-y) (4.40)
o (Cm-% + i/Zd)C%_% D2

The combination of equations (4.36) through (4.40) yields the final

solution
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B(Y»Z)y<0 _ Bgcosh{(z-D) a¥7} & aBoexp (Z3m/u) zg:bm-£5in(um-iz)Au (4.41)

cosh(Davz) T
m=1

where

b, = up-4 Ke(op-3) exp(-Zyzp-1) (4.42)
(tm-g + i/fa)C%-% K+(0)_

Equations (4.35) and (4.41) represent the complete analytic solution
for the magnetic field throughout the crust. Appendix D demonstrates that

this is a correct and reasonable solution of the model.
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CHAPTER 5

NUMERICAL RESULTS

The solution for the magnetic field obtained in the last chapter
is sufficiently complex to eliminate any possibility of being able to
visualize the form the magnetic field lines would take within the earth.
This chapter presents three sets of graphical output corresponding to
different values of the input parameters.

For convenience we make the familiar definitions D'=Da//Z,y'=ya/v2
and z'=za//7.Then to simplify computation and presentation we employ
the ratios y'/D' and z'/D' as coordinates and B/By to represent the
magnetic field.The application of these definitions to equations (4.37)
and (4.46) modifies the solution into a suitable form for computation,

namely

Bly-,2) _ cos{(1=1)(z'-D")} , ivzexp(ian/u)n(D'sin{(1-1)0'})?

Bo cos(1-i)D" {(T-1)cosp" (1-1 J7%
i (m-3) K* (i /B/D) exp (/By' /D) sin{ (m=3)z'/D'} 5.1
£ (VA + /ZiD')A -

where A= ({m-%}272 + 2iD'2),and

B(w~z)=[u-no'wn{n-no'q%, remﬂimvu- VZTy')
Bg cos{(1-i)D"'} YZD'K=(-iv2iD"2/D)

4

(VE+ yZTD')exp(-vEy'/D')cos (mnz'/D") ] (5.2)

£ EKT-1VE/D)
where E =(m2n2 +2iD'2)
The expressions for K* and K™ (equations (4.13) and (4.14)
respectively ) where algebraicly modified to obtain the fastest possible

convergence.The final forms used were

K*(1A2/D) = Iﬁl[1 5 JEU e ) (HED Y 3 A%/Z"'] (5.3)

n(n-%) (G+AZ/nm)
n=1
and

—F § 12D *(n-4) {n?n(n-3X G+F)}~! + E¥/2qn ‘
K-l = Iﬁl 1+ e e | e
n= .

where G =(1 + i20'2/n21r2)4‘f and F = (1 + i20'2/(n-%)2n2) %,
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The electric field components can be expressed in terms of
derivatives of B(y,z) by the use of Maxwell's equations to give

_ 1 8Bly,z)

Ey Uo0 9z

(5.5)

e - -1 23B(y,2)

z HoO 0z
Therefore actual values for E and EZ can be evaluated by simply
differentiating equations (5.1) and (5.2) before computation. (This
will affect the rate of convergence of the series since the power of
m in the numerator of each term is increased by 1 when the series is
differentiated. However this is only noticeable when the exponential
is not dominating the convergence, ie for very small values of y'/D'.)
The value of the current density follows immediately since J=0E. It
follows from Maxwells equations that the current will flow in the
difection defined by curl §, which in turn is tangential to the ltnes
of constant magnetic field. (See Appendix E). This suggests that
the results be presented as lines of constant |B/BOI followed by a
table of current density values IJ/BOI. To complete the solution it
is necessary to have results for values of ¢ throughout the period of
the oscillating source field. Recall that we defined B(y, z, t) =

Re{B(y,z)exp(Zwt)} and since B(y, z) is of the form

B(y, z) = Bp(y, z) + 4B (y, 2) (5.6)
the net result is
By, z, t) = BR(y, z) cos(wt) - Bl(y, z) sin(wt) (5.7)

where the subscripts R and | signifies the real and imaginary parts
respectively. Values of wt were chosen from 0 to 7n/8 in steps of
m/8 since the results of the second half of the cycle will be the
negative of those already obtained.

The magnitude of the current density as a function of time can be

obtained by considering

Ey(y, z, t) EyRcos(wt) - Eylsin(mt)

(5.8)
Ez(y, z, t) = Echos(wt) - Ezlsin(wt)
implying that
90| = olE®)] = olE (v, 2z, % + E,ly, 2z, 0FF  (5.9)

It is still necessary to define values for y/D, z/D, and D' before values
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of B/By and J/By can be computed. A value of 1.08x107° mho/m was chosen
for the conductivity of the crust, which is within the range of 10~% to
107> mho/m suggested by Chapman and Bartels (1940). Garland (1971) gives
D, the depth of the crust, as 650 km. leaving the choice of the period
of oscillation to define D'. (Recall the defination of D' and a to obtain
D! = D(%uoow)%.) The periods chosen were 18 seconds,1 hour and % day
which correspond to D' values of 1, .0705 and .0204 respectively. The
values of z/D will naturally range from 0 to 1 and y/D was chosen to
range from -2 to +2.(In other words 1300 km. inland to 1300 km. at sea)
A grid of values was established within these limits with finer spacing
near the crucial boundaries. The actual values chosen are shown in the
current tables.

The series can now be computed with the various parameters
producing the results illustrated in figures 5.1 to 5.24 and tables
5 Eor 5431



- 33 -

0.0 0.1 0.2 Q.3 a.y Q.S 0.6 0.7 0.3 0.9 1.0
2

D N A R R A R s L R L R R A R AR LRI RE R AR R R

Q

=y 063 1.8

1.G

l‘o

g a a a i B g g ¢ 2.5 p g o gB)op g oo s g 4 5 3

05

|

0.5

PR T S T ) SO Y

Y/D o.d 0.0

~-1.0

i
-
.

Q

SN N TR N I R VR IR M B e e D A SN RN NN R R AN SN N N Bu A AN F &

'
—
.
wn

PRI BT O N W 0 LY CO N W U T L ST (N T (87 R WY G 0N 1] N O

FERTETRTS FUTTUTITRE FRUUTI CUUI PN TEUETTL SUTTUTECTI FUCTRTUY PU FURTUTE I FUTCUURTUI FTVETETET FETRTTA I7)

0.1 @2 03 04 0S5 0.6 0.7 0.8 0.3 1.0
Z/D

-2.0

1
n
»
Q

affrrrrrrorr

(=]
.

FIG. 5.1 Contours of constant B/By for t=18 seconds and wt=0



: -.03 :
1.5} J1.s

| i

. i

[ i

[ -
1.0 -1 1.0

5 .1 A

-
N
PR N )

PYS TN U Y L O VO U O O |

Q.S

0.0

~1.8

o e it G B N B el NN SN SeL S 25 R NP LN TL NG S 2e. i R UST [ N BN BN i BELES .0~ | i

YN B U SN S (T N TSN [ VR U Y T U U T TR U S8 WY RO U U O N (R (R ) [

~2. 0l JIVTISREIT) FTNETURTE SRSV ROT

.0 0.1 0.2 0.3 0. 0.5 0.6 0.7 0.8 0.9 1.0
Z/D

(FSYTETEETI FRUUTTUTRS FRRRRTUERY FENETURS Pl FRNETURENIFAVTERURT) -2.0
-

FIG. 5.2 Contours of constant B/By for 1=18 seconds and wt=7/g



..35..

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.8 1.0

2 DT T T L [T T r T | T L TP L FT P T I [HT T T e e b [T r e e ety frereerrerrerrere 2,0

-

T

1.5 1.8

1.0 1.0

!,

0.5

0.5

LB L o [ L ol C T i G B G R R G i i o 2 S I ot B [

ttoa.n k bog. s g s g s e afl e s s a i el e s g eata s s g s hos 3

0.0

rrrrrTrTrTT

7

R A O W T W 3

[

72

-1.0 -1.0

Lababatogls g b

-1.§ -1.8

P10 S BT B O Y

4
FETETY | FETTTTIVI FY) SUUTTTI EUTTUTTITI FUNUTETITI FUUUTUTUTI FUTUTUTTS FUTTETUTTY FURCTUTUTI FUTTTIUTTY -2
.

0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.3 1.0
Z/D

gfrrTTTrrrrr T T T T T T T [ T T T T T T T

FIG. 5.3 Contours of constant B/By for t=18 seconds and wt=m/u



- 3w

0. 0.1 0.2 0.3 0.4 a.5 0.6 a.7 g.8 0.9 1.0

T LT E P T T T | CE T T [ T T T T O P T PP O T e e [ rerret e rrarrepreerreny 2,0

.05

1.5 1.5

1.0

LN b o D St N R T s o g it N i ALy i B SR I O
g s bt g by s g g o jor gl og g ake gon g g

0.5k Jo.s
[ N | Y
Y/D v.ofF 0.0

o4

-1.0

1
-
.
Q

Sttt o g g

-1.5§

1
—
.
wn

L T B L S G A B T B B S S e S S e i B Se e B o S 2 B |

O R VR S v M o G

-

oo fre oot s oassad 5 g
5

-2.0
0.0 0.1 0.2 0.3 0.4 a.s 0.6 0.7 0.8 0.8 1.0

Z/D

FIG. 5.4 Contours of constant B/By for 1=18 seconds and wt=3m/8



0.
2.0

4]

0.1

0.2

_37..

0.3 a.4 0.s 0.6 0.7 0.8 0.9 1.

T T T T T T T T T T T T T T T T T T T T T T T T T e ey

° -

a
2.0

1.5

1.0

1.0

0.5

Y/D o.

L ¢

.05

ey TR

1141

1L

: i
[ o1 ]
§ ]
§ " ]
[ .2 ]
[ .225 5
i 25 ]
- .275 ]
E_____________,./""'—f .3 ;

14

PO S W B (B N O e o (B O U [ (U (I N W 0 ST O 7 WL 5 ) T K T R o T

|l‘uun“l ‘nuunhuunu IEUTSERITIFERUVRRETI FUTUSTRINIRRCTACRATY

0.5

Q.

Q:'v--lvvvlvvwvvr—'—rvlv‘rvvvvvvwlv‘r—rvrvnf'

0.1

g.2

0.3 0.4 0.5 g.6 0.7 0.8 0.9 l.

Z/D

1]

FIG. 5.5 Contours of constant B/Bj for 1=18 seconds and wt=m/,



- 3f =

0.0 0.1 0.2 g.3 a.4 0.5 0.6 0.7 0.8 0.9 1.0
alc;r""""llll""lll'llll!lll]lil‘llllIllIllllII'I‘I'IIIIIlI‘ll"'llll'r]l'l'll'l""lll"lllll'l'l: .
- " 1 -4
1.5 -1 1.8
L .15 ]

[ .175 A
1.0 .2 -1 1.0
[ «25 ]
0.5+ - 0.5
[ ]

s d
Y/D ou.0 - 0.0

-0.5+ —1-0.5%
- r
-1.0+ -1-1.0
L o J
L . 4
L i
i J
- -

i 4
-1.5 "‘"l.s
L 4
- -

! j
SPYL FPPTE FPUTII FVIPI| PPTVPIIY FOTPPTOTIL| PUPITY FI| SV PUPIL T FPPTTY I FOPPTE POPPIVOTTE FETTVRIT -2.0

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Z/D

FIG. 5.6 Contours of constant B/By for =18 seconds and wt=57/8



-39_

St . . . . . . AR

3 .1 -
1.5 -1 1.8

i o 14 i

i

1.0

-
-
Q

0.5

Lo o e ol o0 oo 0 oo o 3 o o by ol o)
Q
.
wn

Q
.
Q

d
g
-0.5} --0.5
- -
L i
- -

S -
-1.0F i 4-1.0
i : d
[ b 4

d

L d

! N -

[ . 1

[ o] v o+ ) 3

L . . . . J

) 1 1 1

-1.5 4-!.5

o .

o B

= e

r -

! ]
PN, FEPPYPY FOY PRV POV 10 FPPPIUI PPIPTRUIN PTPRTTY FUTRY PPOUL FOPTINTTI I ......1.........|.........'_2.0

.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.3 0.9 1.0
Z/D

FIG. 5.7 Contours of constant B/By for 1=18 seconds and wt=3T/4



- Lo -

0.0 0.1 0.2 0.3 a.u 0.S 0.8 0.7 0.8 0.9 1.0

2.0 LA R R R RS RAMAARRERSRARARRRARE RRARAARARS RARRARAALS RALARLARAY RARALALELY RALALALAL) .

.08

8 +09 1
1.8 4 1.5
1.0 J1.0
[ ]
0.5k 4 0.8
]
]
Y/D 0.9 - 0.0

~-1.0

| LA A S A L S (R (R0 IS B 2 B O SR B G S o UE S e

@ [ WO L0y g o)
. . . . . .
1 1 1 1 1 1

=1.%

PR S TN YT WY S W W U Y VY U VY WY WY W WA W SN N WA NN SN SNV W SN ¥ A% WY NN SN W VY W U N SO UNY

T Y

2. ola iy | FTTTEPTTS I FUTUUTTTRS FTTVTRTUTI UUE [TRSTTU PR TUVERTTI N NUTRTTI FUCTTTRITIARATITTON
.

2.0
.o 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1.0
Z/D

FIG. 5.8 Contours of constant B/B; for 1=18 seconds and wt=77/8



- 41 -

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

2.0 T T T [T T T T T [ T o v ey v rrore s 2.0

[ .84 ]

1.5 1.5

OB S SN WL O ST WA A WA |

.88

0 [ U I (R e e I R B I nme

1.0 1.0

.93

0.5

Q.5

LBELBEL S A BEL BN S I AN ae

PO R LV Y Y N B O J Y Oy T Y i O O S T |

Y/D 0.0

-0.5

L Dt A Jme g hed B (i de e o g 5

-1.0 ‘-1.0

T=TTr—Tr=T—"

-1.5 =-1.5

T Trr—Tr—r-r-r-r

< S (R OO VB O (8 e

P o TTYPTTEIN PYTVOTTUUL FIVOTTTITY P, VOPUPI FUVITETITI FITPTITITY FOPPTUOTIN IVDTRIVITE FAUUITOTIN FIVRTON

.o ©.1 0.2 03 0.4 0S5 0.6 0.7 0.3 0.9
Z/D

2.0

—
.
a

FIG. 5.9 Contours of constant B/By for t=1 hour and wt=0



- 42 -

0.0 0.1 g.2 0.3 a.y4 a.s 0.6 0.7 0.8 0.8 1.0

2.0 LR R R AR RN RN RN AR LR R AR R AR AR AR AR AR RN RARARRARS ARARRRRE) 2.0
3

.83

1.5f- 1.5

.85

1.0

YRR (90 VO TG 0 OO W O U O B L B

1.0F
: .87

0.5

.89

o g g o gl gop g g g

Y/D o.0% 0.0

-0.5

-1.0 -1.0

-1.5 ~1.S

PERTERNY (RN U U U T U U VAT W TN W N AT ST WHNE U WY VANV WY U WA (N WY WY VY O ST UG U S O K

« 9246

—z.glonlitin, loiaiii wilaiisianis Vi iigais Ll bl — g
0.0 0.1 0.2 0.3 0.4 0.s 0.6 0.7 0.3 0.8 1.0

FIG. 5.10 Contours of constant B/By for t=1 hour and wt=7/8




0.0

0.1

0.2

- 43 -

0.3 g.y 0.5 g.6 0.7 0.3 0.9 1.0
2

S B D R L s T revseumm—

2695

1.5

700

1.0

<704

1.5

1.0

0.51

.706

PURT (O 07 100 VO | 6 T O R IO O O O O (O TN B VY WO RO 3 W U A O

0.s

Y/D 0.0k

1
Q
.
o
1

-1.0

=1.51

-2. glesss

aaalaas

[ 707 d
F 7075 ]

' .7080 B
[ .7085 F

aeaaalas

g.0

O Y O (B N G N U YA MR B U O N U N )

sl e d o don oo oo b Dicseasiaa liasnas i

‘0.0

0.1

g.2

0.3 0.4 0.5 06 0.7 0.3 0.9 1.
Z/D

]
—
.
a

]
—
.
w

-2.0
0

FIG. 5.11 Contours of constant B/B; for t=lhour and wt=n/4



- &b -

0.0 0.1 0.2 0.3 g.u 0.5 0.6 0.7 0.3 0.8 1.0

2 s O T T T T [ [P [P e e [ e prerrrrer prrereerer prrrrrrer) 2.0
[

£ 450 5

1.5F 4 4.8
o 011‘35 .
1.0 j‘ 1.0

420 b
0.5 -1 0.5
f‘\‘\\\m :
E
1.

Y/D u.n;

]
—
.
Q

TH U 7 O T T W

1
—
.
n

T A L o O O T B N

IETTESTTI FETETETS NI T NI SRR FURN R ETI CURT R ANI LT RUVISUTI AARCTRATIFTURCITITI I

IRICTRTETRNE
saacloaaaags .0

.o 0.1 0.2 0.3 O 05 0.6 0.7 0.8 0.9 1.0
Z/D

FIG. 5.12 Contours of constant B/Bg for t=1 hour and wt=3T/g




« UE. ~

0.0 0.1 g.2 0.3 0.4 g.S 0.6 0.7 0.8 0.9 1.0

2. O T T T T TR T T ey 2.0
[

o 1U

1.5 1.5

.10

1.0 1.0

TN VT ST A Y21 Y DR T G VO T R Y O S BT S BRSO}

l08

0.0

Y/D 0.0:

~-1.0

PR UNE RN 0 UYWAY SN SN WA O U SN (NN SN WY ST NN (U SN SR A

=-1.5

PV T T N U S I WK T T Y 2 W O

.0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.3 0.9 1.0
Z/D

FIG. 5.13 Contours of constant B/By for t=1 hour and wt=m/2



« 46 -

0.0 0.1 0.2 0.3 o.u g.s 0.6 0.7 0.3 0.9 1.0

2.0 T T T T T T T T [T T T T T T T [T T T T T T T T T T vy T vy Ty vy ey 2.0

T
- B W |

-.20

1.5 1.5

B G SR B R BN e

-2l

1.0 1.0

R ab o s 2 o
PRNE S T SOE T U U ST AT 8 U U S OO W S S T 4

-.28

0.S

PO OO TR O |

32

.
i i G 3 B AN NG B 2
!

.

Y/D 0.7

PR RN SN S

S A A S S S S A (L S L B B

-1.0 -1.0

U ST T W T VT O O O

\ PO e g mm w mu mms ao

-1.5

t
—
n

IR S T 0 O (O OO N 1 (N G O TN |

. S B T G A B am AN |

FTETETI FEUEUTUURE FUUTUTTETI FTURCTUUTI FUUNUTERTI FUREVIT: aaaasalassagss

9.0 0.1 02 03 04 05 0.6 0.7 0.8 0.9 1.0
Z/D

0 IRSETTETI FURTRATL|

2.0

FIG. 5.14 Contours of constant B/By for t=1 hour and wt=5T/8



- 47 -

0.0 0.1 0.2 0.3 0.y 0.5 0.6 0.7 0.3 0.9 1.0

24 O T T T T T P T T P P P e e prrerrr e e 240

i -+50 '

—
.
wn

1.5

~.55

LB G M S IS IRE N SR I (I B e

Q

1.0

popp g g g g gl gig g g 4 g g g 3§

-.60

0.5 0.5

Line e TN A 0 | i e i

tii vl ya

1
.
[ep}
+=

Y/D 0.0 < 0.0
[ 3
-0.5F —-0.5

1
—
.
a

T

[}
—
oan

PR T ST WY S SN0 A WY W TN WA W VY W N N |

e

TTT T T T T T Y

-2.0 aaasssaashassnaseeaYaenaansealeissnsannalogeasnaasloossnss e ™Masessanselossssasseloansesssalenasansas 2.0
.

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.8 1.0
Z/D

FI1G.5.15 Contours of constant B/By for =1 hour and wt=3n/u



0.

T T T T T T T T T T T T T T T T T T T T T T T e e T T e e ey

1.5

1.0

0.§

-1.0

-2.0

0.

[ P ]
r -’
t -y

=6 77 i
b 4
[ |
: -.82 ]
r 1
P -
s — ]
- -085 -

PUN ST T S A N Y BTSN SN NE D § O N N W Y

Q
.
7]

R I

™Y

T

™ TrTrTrTTTYT

FUNE S U U ST W TN WA WA AN AW W UG WY WA U SN W U W T WA N U

IETLITETNeRET]

¢ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.3 0.3 1.0
Z/D

FETEUURT RRUTETENI PENUT) VAR AU RSN CRUTA SECTTRCRCIIRRCTUNNTI SRR IRITISARTLRIITA:

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 l.ﬂ2

Q

—
.
wn

—
.
Q

Q
.
(7,8

Q
.
Q

1.0

1.5

2.0

FIG. 5.16 Contours of constant B/By for t=1 hour and wt=77/g




0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.3 0.9 1.0
0

P T T I T e e rprr preerrrrry e 2,0

T

g

.955

1.5

—
.
"

29695

1.0

—
Q

«980

0.5

Q
"

Trrrrqrrrrrrrrrrr e ey

lllIlllllllljlllj‘lllljlLllllllll!llll

Q
Q

Y/D 0.0

]
Q
an

|
-
Q

| SN G B 28 G A A INUEE Or B ow auam D

~1.5

aa e s s s a aa sl s s s axaaa gl ab 4 4 a3
)
-
.
n

T T

Losssonnaalasssnansalonsanssy

-2.0 IEEETEETRISRURTER IR\ VTRV FUURUTNURSEVSURTNUTI CUPURTCRTI FURT TN,
.

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Z/D

2.0

FIG. 5.17 Contours of constant B/By for t=% day and wt=0



- 50 -

.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

2 4 U T T [T T T E T  PETTTI EOL T LRI C e e e e e 2.0

[ .900 -

- e
1.8 -1 1.8

) .905 ]
1.0f 4 1.0

g .910 ]

I i
0.5 - 0.5

o -

s —— .915 |

T
1

-t
.
O
—
~N
(8,
1

Y/D v.0 é 0.0

ol b b Lo ITTPVTTIN FUUTTTUURL PUTVETION FPTPTIVEIY FRPRTPITIN FRTTIVIOR PN
v

.0 0.1 0.2 0.3 0.4 ©.S 0.6 U.7 0.8 0.9 1.0
Z/D

FIG. 5.18 Contours of constant B/By for 1=% day and wt=m/g



1.5

1.0

™—rrrr Ty

_5]-

.7060

—
Q

ﬂTqTﬂTﬂTnTﬂTnTﬂTFTnTﬂT; 2.0

VT O (e Y |

270695

1.5

PR T S S W N W

«7069

1.0

0.5

Y/D o.0

-1.§5

.7070

0.5

PO TS UV W T A T SN M 1

FoLATE R S BT St RS A S A L i |

ReReEy N

L 2 R B S B A [ SLL SEL BN f S S el E 1 \\\\ Lan e S | Gl Em s B U e e e A o TrT T T T T

......

«7071

«70715

.70720

s 70725

«70730

-1 0.0

-a.

FIG. 5.19 Contours of constant B/Bg for t=% day and wt=m/4




- 52 -

.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.3 0.9 1.02

2.0 LR R e R R R e AR R R R R R R R AR AR AR R RRRR AR AR RN

Q

;' 405 é
1.5; -i 1.5
L1400
1.0; é 1.0
.395
o Jo.s
—— )

Q
Q

Y/D o.o

T

-1.0

PN | [YTPPTTITI FITTUTIUI IVIVITIN FPRPTTTTE FPVPTTIVIN IYTVITITPRITPRPTVOTS FYPPITTROY FEVOTIUUTT POPPVRTURY Y

; .0
.o 0.1 0.2 J.3 0.4 0.5 0.6 0.7 0.8 0.3 1.0
Z/D

FIG. 5.20 Contours of constant B/By for t=% day and wt=3m/8




_53-

.0 0.1 0.2 0.3 0.4 0.5 u.6 0.7 0.3 0.9 1.0

2.0 CL AR S R R R R AR AR AR R AR R R R AR AR RARRRAREAS ERRARRARES RERRRARER) 2.U

- Q45 |
1.5 Jis
1 .030 ]
1.0 -1 1.0
0.5 : Jo.s
_'—_—_\\.015 y

0.0

L by

-
E
.
-

.003

i

-1.0

PR W W W U T |

.

0015

|

|
-
wn

20010
<0005

L A G S o S ck G ) TRBBe I B n: S M joo Ak I TS5 S S T B R I T /e B N A AR SR A SR 5
PO T SR B ¥ )

-2.0 I RERSRETA FTEURNU R FRTUEUTRTI U\ FURCUTE S UUNUTENE FURNIUREVIANRRRRTETI LSRN ATNE T IETENTET U

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.5 0.9 1.0
Z/D

FIG. 5.21 Contours of constant B/By for 1=% day and wt=m/2



u.0 0.1

- 54 -

02 03 0.4 0.5 0.6 0.7 0.8 0.9 1.0

2 O TP [T T P [ TR TR [ T T A e e e e reeeererry 2 0

-+328

TTTT T

n
|

Sk g s 4

1.5

TP 3

=¢335

0.5

Y/D o.0

-1.0

(0 TR R B DU TR R R I AR IR G A S ST WO T ML T RS R T

T e T

-2, phunding

/
(3 "R

0.5

- -
L E

[ ]

P -

- -4

- b

- - 1.0
L B

. .

: =-«350 :

L -

s N

L

L

L

PO W (I 1O

-+365

-1.9

0.0 0.1

[ FYPTPTTEN PPPETURTIA TUPPURII [UCTOVTOVY FETTVPTTT] PYPIPTTTTY FYPTON -2.0

0.2 0.3 04 05 06 0.7 0.8 0.9 1.0
Z/D

FIG. 5.22 Contours of constant B/By for t=% day and wt=57/8



- 55 -

[=]
.

Q
Q
—
Q
n
o
w
Q
=
Q
wn
Q
(=]
Q
~
[=}
<
Q
w
-
Q

2.0

1.5

-
.
a

-+655

1.0

Q

-+670

0.5

Q
.
n

/ 2 a0 (PRI L I
.

PO I UV W I W A | P AT Y YT U S VA U W U WY WA U W WA UM SO N AT U UHUUNY I WA U Y N WY SN U W ST NN SN N (AU U U W PRNT S S T SN T S N U Y Jll,llllllll%.

=+685

'\N

T

Q
[=]

]
Q
.
0

T B o Es B B G B B N R B BE 0 %,00n
Y

-1.0

1
—
.
Q

Z+705

=-1.5

1
-
.
wn

706
--7065

IETETTUVI CYTTTTVITE FUNTTUNETECUUITA VETS FUTETTOIN Lisssaseas Lisarass L FETURTRETY FRUPTRTIR v,y

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Z/D

N
Q

Gt T Iy ey

—
.
Q

FIG. 5.23 Contours of constant B/B; for t=% day and wt=37m/4



- B =

a5 . ok . . . . . = -

- -.87 i
1.5 -1 1.5

C -.88 1

r~ b

C ]
1.0 -+ 1.0

s -.895

Q
.
a0

PETETEY FEN SRS PR

| e
Q
Q

1
Q
s
n

-1.0

=1.8

T Y W I T W RN (00 S N (N Y T B

“.o 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1.0
Z/D

FIG. 5.24 Contours of constant B/B; for 1=% day and wt=71/g




Ratio of Current Density to By (in amp/m?tesla)

for t=18 seconds and wt=0

TABLE 5.1

..57_

Z/D

0.00(.025|.050(.100{.200|.300(.400{.500(.600|.700 |.800 [.900|.950(.975|1.00

2.0 .031|.031{.031].032|.032{.033{.033|.034|.035|.035{.036|.036(.036|.036(.036
1.5] .058].058|.058|.058|.057 |.055|.052|.051|.048|.045 |.043 [.041[.041|.041|.0k
1.0 .278|.278(.276|.275|.270|.261|.249|.238(.217|.213(.203 |.197].194|.194].193
L8| Lh2b) . b24) 423|421 (. 410 (.393|.371|.349(.325(.303(.286 [.274].271|.271].270
.6 .629|.628|.627|.621.598|.565|.525|.482|.439|.401{.370 |.351|.346|.344|.344
.5 | .764|.764|.761(.753|.718].669(.612|.554|.498|.k49 |.409 |.384|.378|.376(.376
4] .937(.936(.932(.917|.863|.788{.708(.629|.556 (.493 |.444 [.411|.403|.401|.401
23 1.18|1.17(1.16{1.13(1.041.922(.808|.704[.611(.533 [.471 [.431].421(.418].417
.2 | 1.54]1.53[1.51|1.44{1.25]|1.06|.906|.772|.658|.564 [.490 |.442|.429(.425]. 424
.112.29(2.26(2.16|1.91(1.481.20/.990(.828.695|.584 |.498 |.L41 .425 22421
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CHAPTER 6

DISCUSSION AND CONCLUSIONS

The first point to discuss is the reliability of the results.

For the reasons discussed earlier the only case where the computation
of more terms in the series would have been effective is when y/D = 0
for the current. (Hence the one significaﬁt figure accuracy in the
tables for y/D = 0). It was not considered worthwhile to do the

extra computing for these few values. The convergence obtained for
the magnetic field results is supported by the continuity of the
constant B/By lines across y = 0. (Recall that the solution was
computed from a separate series for y positive or negative.) This
continuity, however, only demonstrates the consistency of the results,
so for a final check the magnetic field values were compared to those
calculated numerically by Brewitt-Taylor (1976, private communication).
The values were the same to within 2% for the real part and 3% for the
imaginary. The validity of the analytic solutions is demonstrated in
Appendices B and D. In Appendix D it is also shown that as the depth
of the mantle approaches = in the solution of the second model, the
solution of the first model is obtained.

The computer time required to calculate the series for one
particular D' value is fifty minutes on an IBM System/370, Model 145
computer. This time would not increase significantly if the grid
contained more points, since the infinite products which account for
a large part of the computing time are not dependent on y or z. This
could be a definite advantage of the analytic solution over a
humerical one.

The accessible region, as far as observational data would be
concerned, is at the surface of the land and at the bottom of the sea.
At the surface of the land the important parameter is the y component
of the electric field, since the magnetic field is constant and the z
component of the electric field is proportional to gB/g3y, which is
zero. From the tabulated current values, (tables 5.1 through 5.4),
it can be deduced that Ey increases sharply as the coastline is
approached. Under the sea the parameters of interest are the z

component of the electric field and the magnetic field since 3B/3z,
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and hence Ey, is zero. From the tables and graphs of the previous

chapter we can conclude that both Ez and the magnetic field increase

as the coastline is approached from the seaward side. Thus there exists

a peak in the current values at the coastline. This result is encouraging
because if such a peak occurs in the field components arising in a three-
dimensional model, it could create the coast-effect. Unfortunately

there are no existing observational or analogue model data available

for comparison with these theoretical results. Obtaining such values
would be an excellent project for future:work.

The graphs in figures (5.1) through (5.24) clearly indicate the
existence of current loops linking the ocean and the mantle. (Recall
from Chapter 5 that the current will follow along the lines of constant
magnetic field.) Whether the current is flowing away or towards the
sea can be established by the sign of EZ, or equivalently the sign of
-3B/3y. For example in figure (5.1) the current is flowing away from
the sea along all the lines. Figure (5.7) is one of the graphs which
illustrates the return currents of the loop since at y/D=1 3B/3y changes
from positive to negative implying that for y/D<1 the current is flowing
from the crust into the sea and for y/D>1 it is flowing from the sea
into the crust. To demonstrate that the loops exist out to infinity we
differentiate equation (4.35) and note that asy) 0/ay, and hence E,, has
an exp(y'vZ) dependence which has an oscillating sign for increasing y.
An impression of the current flow can be obtained by realizing that the
product of current density and the distance between constant B lines is
simply proportional to the change in B. This implies that there is equal
current flow between any two constant Blines which differ by the same
amount

One must be careful when comparing the graphs with different periods
since we have chosen to present graphs representing the same physical
size . To illustrate this point consider graphs plotted out to a number
of skin depths instead. The first case of D'=1 would go out to a y'
value of 2 but when D'=.0705 and .0204 the graphs would only illustrate
results out to y' values of .1411 and .0408 respectively. Similar
reasoning explains why smaller periods could be said to have a larger

effect whereas larger D values do not, even though the same D' values
may result. Tables (5.1) to(5.3) indicate that the current values near

the coastline decrease in magnitude as the frequency decreases for the
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periods calculated. The precise frequency dependence of the magnetic field
can be seen from equations(4.35)and (4.41) to be extremely complex.(Recall
that o is proportional to the square root of the frequency.) Thus care
should be taken in extrapolating any frequency dependence noticed from
the few calculated values in Chapter (5). It is interesting to note

that because the magnetic field has an exp(z/f) and exp(y/f) dependence
the electric field, and hence the current, will be proportional to VfB.
Hence any decrease in magnetic field with a decrease in frequency will

be amplified in the electric field and éurrent values. Owing to the

lack of observational data available for comparison it is impossible to
decide whether the induced currents are of a reasonable magnitude or

not. However the fact that the ratio of current to By can increase by

a factor of two from its value 130 km from the coastline,(see table

5.1), definitely supports the possibilty.

Since the model chosen allows only one varying magnetic field
commponent it is impossible to conclude whether or not current loops
flowing through the crust do contribute to the coast effect. What has
been proven is that vertical current loops can exist in the earth, and
this suggests that further work in solving a more complex three-dimensional
model might lead to the demonstration of a coast effect. The E polarization
case,(E field parallel and B field perpendicular to the coastline), is
required to create currents parallel to the coast which can then induce
the necessary vertical magnetic fields. A three dimensional model with
a coastline of finite length is necessary since a two-dimensional E
polarization case would not have vertical currents. The frequency
dependence of the currents obtained seems to indicate that the three-
dimensional case may only be able to explain the coast effect for a
certain frequency range. It would then be necessary to compare this
frequency range to the range of other induction models,(see Introduction),
to see whether the observed result could be obtained by a combination of
induction schemes. It is important to note that an upwelling of the mantle
at the coastline would enhance the electrical coupling of the sea to the
mantle.

The rather inconclusive results obtained above are as expected since
the main objective of this thesis was to provide an analytic solution
which could serve as a check on numerical methods which can then be

applied to the more complex models. The selection of results in
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Chapter 5 are not presented to illustrate dramatic trends-but merely to
provide a variety of results for reference purposes.

The Wiener-Hopf technique could naturally be applied to different
models possessing mixed boundary conditions. However, it would become
much more complex for models of a more sophisticated character than
those presented here. The main problem that arises is that the
separation of the basic equation into terms which are analytic in the
prescribed regions can become very different. This is verified by
noting the simplicity with which the solution was obtained for the

first model with that for the second model.
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APPENDIX A

LICUVILLE'S THEOREM

Liouville's theorem as stated by Noble (1958) is as follows;"If f(z)
is an integral function,in an arbitrary region Q,such that |f(z)|<M for
all z,M being a constant,then f(z) is a constant.' This result can be
extended to obtain:"If f(z) is an integral function in an arbitrary
region Q,such that |f(z)|<M|z|P as |z|»~,where p is a constant,then f(z)
is a polynomial of degree s[p},where [p] is the integral part of p."

1t is sufficient to prove the extended form since the simpler
form can be considered a special case. The following proof is from
Ahlfors (1953). Consider a function f(z) analytic in Q,for a point a
in @ we assign a neighborhood A contained in @ and in A a circle ¢

around a.Cauchy's integral formula applied to ¢ yields

f2) - zlifé?)z)d”'

e
This equation can be differentiated n times to give

_ n! [ f(gr) dt
fn(Z) - Z:T]’L. (C_Z)n+'l

Now we let the radius of ¢ be r,substitute the initial condition that
|£(z)|<M|z|P,let z=a and replace (z-a) with r to obtain
' P
1" (@) | < Mn! | |r+al® dr

211 rn+1
b

which,by the application of the M.L.theorem,becomes

|fn(a) I sﬂrl,lli{—:ilf-
Since the initial conditions are valid for arbitrary @ and a,we can
take the limit as r»« to conclude that |fn(c)|50 providing we choose
n>p. By integration of the last inequality we can deduce that f(z)is
a polynomial of degree less than or equal to (n-1), and by choosing
the minimum allowable n we can write (n-1)=[p] which is the required

result.
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For the first model the required limits were demonstrated in the
text. For the second model the expression under consideration,as in

equation (4.16),is

limifcl_m [BJ'(Q,O)K_(C) _ Bgi/Z a ] (A1)
n- | D(z-ivZa) V21K, (0)

By inspection we can deduce that the second term goes to zero when the
limit is taken. From Chapter 4 we have that 3;(;,0) will give rise to
an exp(-|n||y|) which will force the first term to zero as long as

limit|g|>= of K_(z) does not diverge.We have from equation (4.13) that

© ; 3 .
limit K_(z) = limit [H (1+4a?D2_3)* +icD,-y]

2]+ lg|o=l Ll (142a202)2 + oD ]

O

- —_—.l
' 1-1/2n

- n=1
which does not diverge. Hence expression (A.1) has a limit of zero as

|z|+= and therefore must be identically zero by Liouville's theorem.




APPENDIX B

VERIFICATION OF THE FIRST SOLUTION

It is a necessary precaution to check that the solution obtained
does satisfy the required differential equation and boundary conditions.
The differential equation (2.11) can be expressed in terms of y'

and z'as

2 2
38 + 2L 27B

ayl2 3212

The solution for y<0 ,equation(3.34),can be put in the form

B(y,z) = Bpexp(-v27z') - h j’f(v)exp(y'{v2+2i}%)sin(z'v) dv  (B.1)
y<0 0

- B exp(in/8)Bo(2)
m
and cw < Lozt - poh?
v2+27

By differentiating equation (B.1) we can obtain

2 e ]
E—§E= —hd/ f(v) (v2422)sin(z'v)exp(y'{v2+27}?) dv
oy
and

2 2 1
E—Eé = ZiBoexp(-/EZE') + h j.v2f(v)sin(z'v)exp(y'{v2+2i}§) dv
9z’ 0

The addition of the above two equations yields the required result.

Similarily if we write

B(y,z)y>0 = hd/.g(v)cos(z'v)exp(-y'{v2+2i}%) dv

it becomes apparent that

2 0
2 o= h‘[ (v2+2i)g(v)cos(z'v)exp(-y'{v2+2i}%) dv
3Y'2 0

and
328 = 2 1 L y24.94 %
— = -h | v%g(v)cos(z'v)exp(-y'{v2+27}?) dv
aylz 0
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which,upon substitution, demonstrates that the differential equation is
satisfied.

A substitution of z'=0 into equation (3.34) yields immediately the
necessary result that B(y,O)y<o = By

The imposed condition on B(y,O)y>0 was that 3B/3z =0 . From
equation (3.28) we can deduce that aBy>0/az is proportional to sin(z'v)
which vanishes at z=0 .

By noting the prevalence of y in the exponential arguments in the
two solutions it follows immediately that B(-»,z) = Bpexp(-zav¥Z) and
that B(w,;) =0 as required.

We now consider the limits of the two solutions as z»« . The first
term in equation (3.34) contains an exp(-z'v2Z) which obviously tends to
zero. The remaining terms in the two solutions are both integrals and

can be shown to approach zero by the well known theorem in calculus?

limit /'f(v) sinfzv) dv = 0
Z-00 cos(zv
0
The final condition that must be checked is to verify that the two

solutions are equivalent at y=0, i.e. that

B(0-,z) = B(0,,2) (B.2)
To simplify the argument we note that the two solutions can be

abbreviated to the form

B(y,z)y>0 =+cly (B.3)
B(y,z)y<o = -clp + 2micR (B.4)

where ¢ is a constant, |5 andlp are defined as the integrand (2.36)
evaluated along the contours A and B respectively, (see Fig.B.1), and
R is the residue at z=0. (It is important to note that the plus sign
in equation (B.3) results from contour A being defined in the reverse
direction to that used to obtain the solution.)Equation (B.2) can now

be restated in the form

| +2T1ZR

aly=0 = 1B ymo (6.5)

2. For example see theorem 15-9 in Mathematical Analysis by Apostal (1964)



We now consider the integral evaluated along the closed path A-C-B-D .
In Chapter 3 it was necessary to restrict ourselves to the lower half
of the ¢ plane for positive y and the upper half plane for y negative,
but if y is set equal to zero the contours will not be burdened with

the above restrictions. It was shown in the text that the integrand

goes to zero as|g|+= , from which we can conclude that the integrals
evaluated along C and D are both zero. Hence the application of Cauchy's
theorem gives the result

| + 1, = 2mZR

a b

This expression proves that equation (B.5),and hence equation (B.2) are

satisfied.
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/// B Branch cut \\\
gn=-a?/, Y

Branch cut

€n=-0L2/2 /

Fig. B.1 The contour of integration used to verify that the two

solutions are equivalent at y=0 (for the first model)



APPENDIX C

INFINITE PRODUCTS

The following theorem and proof is taken from Titchmarsh (1939).
Consider a function f(z) which is meromorphic everywhere in the & plane.
Let the poles of f(z) be aj,a;,as,....,where 0<|a;|<|aletc.,andlet the
residues be b;,by,b3,..... We now define a series of closed contours Cn’
with maximum radius R, such that C, encloses a; up to a and impose
the condition that f(z)/R, -0 as Ry>= .(See Titchmarsh (1939) for the

case f(z) proportional to R P.) Consider the integral

. £ (w)
| = ZWiO/P(w-Z)w dw | (c.1)

c
where ¢ is inside C:. By the application of residue theory we have
s i by _ £(0) , £(2)
ap(a-2) g z (c.2)

m=1

Alternately we can apply the M.L. theorem to obtain

[llé Z“Rn%Rn‘lgl) (maximum |f(w)| on Cp) (c.3)

where L, is the length of C, and hence will be proportional to R,.The

limit of equation (C.3) as n»» gives

timit __|1] =0 (c.4)

since Ry»>* as n» and f(w)/R, -0 as Ry>> by initial conditions. From
equations (C.2) and(C.4) we can deduce that

F(z) = £(0) i bn[(—:—l-g:;+ ] (c.5)

n

Now let h(z) be an integral function of ¢ in the ¢ plane with
simple zeroes at aj,ap,az****++.In the neighborhood of a, we can define

a function g(z) such that
h(z) = (z-ap) g(z) (c.6)
which implies

h' () /h(c) = 1/(z-ap) + g'(c)/g(z) (c.7)
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The last term in equation (C.7) is analytic at a which implies h'(z)/h(z)
has a simple pole at ¢ = a, with residue 1 . Since h'(z)/h(z) satisfies
the conditions imposed on f(z) we can apply equation (C.5) to obtain
h'(z) _ h'(0) I&I [ 1 ]
= + + — c.8
h(z) — h(0) 1 (c-an) =~ a, ey
n=
If this equation is integrated along a path from 0 to ¢ and the resulting

expression is exponentiated the outcome will be

h(z) = h(0)exp{zh' (0)/h(0)} I} (1-z/ap) exp(z/ap) (c.9)
n=

If h(z) is an even function the poles will occur in pairs which will

simplify equation (C.9) to
h(z) = h(0) [T (1-z2/a,42) (c.10)
n=1 ’

This formula can be applied to cosh(Dy) and sinh(Dy)/y since they
are both continuos across the branch cut of y,which implies they are
integral, and they both have simple zeroes. First we consider h(z)=cosh(Dy)
so that
f(z) = h'(z)/h(g) = Dztanh(Dy)/y (c.11)

from which we can deduce that f(z)/R, +0 as Rp»>» as required. Thus

equation (C.10) gives

cosh(Dy) = cosh(Davz )Ii]:[1+ ?T———D—1—331 (c.12)
+7D3

since the zeroes of cosh(Dy) are ap= % (1/D§_% +iu2)%.(Recall Dp-y is
defined in Chapter 4 as D/(n-%)w.) We now re-apply equation (C.10) to

cosh(D/Za), which has zeroes at a, = /EYDn_% ,to obtain

cosh(DavZ II (1 + 2a202 ) (c.13)
n=1 n-7

The combination of equations (C.12) and (C.13) yields the result that

_°° * 22 2p2
cosh(Dy) = nl} (1+Za Dn-&) + 2200, (C.1k)

For sinh(Dy)/Dy the only difference was that the algebra was

more complex. The outcome was

sinh(Dy) /Dy = ] (1+¢a2D2) + z2p2 (c.15)
n=1
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which when divided into the previous result yields

00

* AN2D2 2n2
D'YCOth(D'Y) = (1+'LO. Dn—%.) + C Dn_.];
I :[ (1+ia20§) + czDﬁ

as required.

(C.16)
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APPENDIX D

VERIFICATION OF THE SECOND SOLUTION

By simply substituting z=0 into equation (4.41) we produce the first
boundary that B=B; for negative y and z=0 .
If we differentiate equations (4.35) 'and (4.41) with respect to z

the results are

BgiY,Z)y>0= _5gth(0a/i) ;{:amumsin(mnz/D) Au (D.1)
m=1

and

0B(y,z)yeqg . BgaYZsinh{(z-D)av7}
3z cosh(Dav?)

aBgexp (Z37/y) ZE: u ,b ,cos{(m-%)mz/D}Au (D.2)
m m=z m=z
m=1
It is apparent by inspection that equation (D.1) will vanish for z=0
or z=D and that equation (D.2) will be zero for z=D as required.
: If we let y>-» in equation (4.41) it follows that bm-%=0 which

implies
Bocosh{(z-D)av7}
cosh(Davz) (b0.3)

B(-»,z) =

as called for.

The boundary condition at y»+=,i.e. B(»,z)>0 , is easily verified
by the inspection of equation (4.31) .

To demonstrate that the two solutions are equivalent along the y=0
boundary we consider Fig.(D.1) and the following argument. To arrive at
the two solutions required the use of two equivalent expressions of the
same integral. It will be convenient if we label the one used for B(y,z)
y<0 as I1 , the other as |, and define the residues in the upper and
lower half planes as Ru and RL respectively. The solutions for B(y,z)

can now be expressed in the form

B(y,z)y>0 lop = 2miRy, (D.4)

277R (D.5)

B(y,Z)y<0 1u




Fig. D.1 The contour of integration used to verify that the two
solutions are equivalent at y=0(for the second model)

Note that E is the complete dotted line
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where A is the contour illustrated in Fig.(D.1). It can be shown that 12,
like I], gives no net contribution along all contours in the upper half
plane which implies if we had used integral |, to obtain B(y,z)y<0 the

result would have been

(D.6)

B(y,z)y<0 = 2an2u

By comparing this to equation (D.5) we can conclude that R1u=R2u since
the solution for B must be unique. Therefore to prove that B(0,,z)=

B(0_,z) it is sufficient to show

|2A - zanZL = zanZU (D.7)

at y=0 . This is accomplished by evaluating I2 around the closed contour
E.(See Fig.(D.1)) This contour is acceptable since at y=0 it is not
necessary to restrict ourselves to the upper or lower half planes. Hence
by the application of Cauchy's theorem we obtain equation (D.7) as
required.

It is necessary toAshow that the two solutions do actually satisfy
the required differential equation. Differentiating the two solutions

gives the following results

2 — 5
3%8(y,2)yco - :E: OLBoe)<p(7’3ﬂ/L“)(720L2+u2 )b sin(u_ ,z)au(D.8)
m=z" M=z m-=z

2 m
9 m=1

2 2 _ - . ©
el aggzﬁ?giﬁé)D)a/f} B aBoexPﬁlsﬂ/“) :E: u%_%bm_1sin(um_,z)Au

322 = 3 =

"~ (0.9)

asz(Y)Z)v>0_ Bg . O.Z 2.+ 2

vz wcoth(DavE) [Fo 20kbu + ) (uia®)a cos (u,z) A (D.10)

Y m=1
azB(Y;Z)y>o _ -Bg o.z: 2

522 " mcoth(Dav?) Y amcos(umz)Au (D.11)

m=1

By combining equation (D.8) with (D.9) and (D.10) with (D.11) we obtain

32B(y,z)y<o , 32B(y,2)y o _ ;42 |Bacosh{(z-D) avT}
3y 2 322 cosh(Dav?)

aBgexp(Z3m/y)
m

bm_%sin(um_%z)Au}
m=1
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and "
2
9 B(Y’Z)X)O % B(Y,Z)¥>O = 7:(!.2 —78-071-)-{%3013\1 + z a COS(U Z)AU}
2 2 mcoth(Davz m m
ay 9z m=1

By comparing the right hand sides of these equations to the two solutions
(equations (4.35) and (4.41)),it is apparent that the diffusion equation
is satisfied.

It is interesting to note that the two models could be considered
equivalent if the value of D in the second model is set equal to infinity.
Thus if we take the limit as D+~ of the second model solutions we should
obtain the first model solutions. We consider first the limit D» of
B(y,z)y>0 in equation (4.36). From the form of u and Au we can deduce
that as D-x, Up Uy Au>du and the Fourier series will become a Fourier

integral to yield

oo

limit T _ Bo l/o{lla)mma(u)}cos(uz)du -(D.12)

Do Y>0 nlﬁgmcoth(0d7i
0
From the definition of am,(Eq.4.3h), it becomes apparent that to obtain

an expression for limit D»>«(a{u}) it will be necessary to evaluate

limit Dse[K_(0)/K.{-% (u?+ az)%}] . It can be shown that the infinite
product representing this function is uniformly convergent which a]léws

us to consider the product of the limit rather than the limit of the
product. As D becomes very large the expression for K_(z),equation (4.13),

can be modified to give us

limit K_(z) _ limit " {1ﬂiD/(n-%)ﬂ[c-aexp(i3ﬂ/q)]}{1-iuDexp(i3ﬂ/4)/nn}
D> K_(0) = Do {14D/nm][g-aexp(Z3n/u) | }H{1-0zDexp(z3n/4) /nm}
n=1

_ (D.13)
For convenience we define B=7D(z-aexp{Z3n/4})/m and Bg=-7iDaexp(Z3n/y)/7
so that equation (D.13) becomes

00

limit K(z) _ Vimit] [ (1+8/{n-3}) (14+8¢/n) , (D.14)
D+ K_(0) Do (1+8/n) (1+8¢/{n-%1) ’
n=1

By comparing this expression to the expression for I' functions given in
Noble (1958,p.41) we can deduce that if each term in the product is
multiplied by exp{-(B+Bq)/n}/exp{-(B+By)/n} the result will be

limit K-(z) _ limit [sr(e)r(so+%) } (D.15)

D> K-(0) D [BoT (Bg) T(B+3)
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Since BxD the asymptotic behaviour of the gamma functions can be found

by the use of Stirlings formula to give

limit K.(c) _ (g-cexplan/y})? (D.16)
Dro K_{0) ~ (aexp{-zn/u})=z
We can now substitute ¢ = -i(u2+ia2)%to aquire the final result

limit K-(z) _ {(u2+75012)4‘r + (‘L'OLZ)%}i (D.17)
D»w K-(0) Ya exp(zm/8)° )

We now make the familiar definitions y'=ya/v2, z'=za/V2Z and v=uv2/a,
note that the limit D-=(coth{DavZ}) = 1 , obtain the limit D+w(am) from
equations (4.34) and (D.17) and substitute the results into equation
(D.12) to produce

limit _
D—)OO B(Y’Z)y>0 =

00

' Bngp(in/S)(Z)k °/0{(v2+27:)%+(2’i)’k}%exp{“5"(Vz"'27:)1lr}cos(Z'V)dv (D.18)

T vi+27

0
which is identical to the solution of the first model,(equation (3.28).
The same techniques were employed to demonstrate that the two y<O

solutions are equivalent in the limiting case.
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APPENDIX E

DIRECTION OF CURL B

It is required that we show curl §, at a particular point, is
tangential to the line of constant magnetic field passing through that
point. The direction of curl B is shown in Fig.(E.1) to be defined by
8'. Since §¥B(y,z)§, curl B can be expressed as (3B/3z y - 3B/dy z)
which implies

tandet) = 9B/ 3z

aB/dy

evaluated at p

The direction of the tangential line at p is demonstrated in Fig.(E.2)
to be defined by 6. Because the line is of constant magnitude we can

write

oB

l As cosb + 35‘ As sing =0
9z p ay p

Hence we can conclude

9B/9z
oB/dy

tan6 =

evaluated at p

which implies 6= 6' or 6'+m as required.
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Fig. E.1 Direction of curl [

Fig. E.2 Direction of constant B/Bjy lines
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