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ABSTRACT

In 2007, Modolo and colleagues derived a population density equation for a population
of Izhekevich neurons. This population density equation can describe oscillations in
the brain that occur in Parkinson’s disease. Numerical simulations of the population
density equation showed bursting behaviour even though the individual neurons had
parameters that put them in the tonic firing regime. The bursting comes from neuron
interactions but the mechanism producing this behaviour was not clear. In this thesis
we study numerical behaviour of the population density equation and then use a
combination of analysis and numerical simulation to analyze the basic qualitative
behaviour of the population model by means of a simplifying assumption: that the
initial density is a Dirac function and all neurons are identical, including the number
of inputs they receive, so they remain as a point mass over time. This leads to a new
ODE model for the population. For the new ODE system, we define a Poincaré map
and then to describe and analyze it under conditions on model parameters that are
met by the typical values adopted by Modolo and colleagues. We show that there is a
unique fixed point for this map and that under changes in a bifurcation parameter, the
system transitions from fast tonic firing, through an interval where bursting occurs,
the number of spikes decreasing as the bifurcation parameter increases, and finally to

slow tonic firing.
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Chapter 1

Introduction

Parkinson’s disease (PD) is a common neurological degenerative disease. Tremor in
hands, arms, legs, jaw, or head is one of the main symptoms of Parkinson’s dis-
ease. Most people with Parkinson’s disease are treated with medication, ablation or
deep brain stimulation (DBS). Compared to ablation, DBS is less invasive, reversible,
and has adjustable features and is now utilized for an increasing number of brain
disorders[20]. However, the physiological mechanisms of electrical stimulation are
still unclear. In order to understand the effects of treatments, it is first necessary
to understand the origin of Parkinsonian tremor oscillations in the brain. In this
thesis, the focus is on understanding how bursting behaviour arises in a model for
Parkinsonian tremor oscillations proposed by Modolo, et al.

In order to study the mechanisms of interacting populations of neurons with or with-
out electrical stimulation, a mathematical model is a reasonable method to investigate
dynamics of a large populations of neurons. However, direct simulations of hun-
dreds of thousands of neurons based on a single neuron model such as the Izhikevich
model take a huge amount of computing time. Fortunately, the population density
approach (PDA) was introduced by Knight, Manin and Sirovich in 1996[5] and mod-

ified by Omurtag, Knight and Sirovich in 2000[2] and by Nykamp and Tranchina in



2000[6]. The PDA describes a neural population with only one equation: a conserva-
tion law. Omurtag, Knight and Sirovich[2] and Nykamp and Tranchina[6] derived a
population density equation for the leaky integrate-and-fire (LIF) model and Huertas
and Smith[14] and Casti[4] have similar derivations for the integrate-and-fire-or-burst
(IFB) model. However, these models can only reproduce tonic spiking (LIF) or tonic
spiking and bursting (IFB).

In 2007, Modolo, Garenne, Henry and Beuter[10] derived a population density equa-
tion for the Izhikevich model, which is a two-dimensional hybrid model that combines
continuous dynamics with an instantaneous reset, reviewed in[8]. The comparison
between the simulations for the population density equation and direct simulations
suggests that this simple and phenomenological model can help explore mechanisms
of Parkinsonian tremor oscillations and network modulation associated with chronic
electrical stimulation of the brain. Also in 2007, Modolo, Mosekilde and Beuter[15]
explained that the main advantage of this approach is that it provides a global de-
scription of a large number of neurons (virtually an infinite number) with only a single
equation (a conservation law) and therefore requires a significantly shorter comput-
ing time than the usual discrete simulations. In 2008, Modolo, Henry and Beuter[11]
have similar research goals (comparison between simulations of the population den-
sity equation and direct simulation using the subthalamo-pallidal dynamical model
of Gillies and Willshaw/[1]). It is of course necessary to discretize the PDE in order to
carry out simulations, but the resulting set of ODEs can be much smaller than what
is required for realistic direct stimulation. A comparison of the two models indicated
that the population-based model was more biologically realistic and more appropriate
for exploring DBS mechanisms.

Although Modolo, Garenne, Henry and Beuter have compared direct simulations and

simulations for the population density equation with a Dirac distribution as an ini-



tial condition, the pattern of the evolution of the population density equation is still
unclear from the density picture in[10]. The density picture from[10] shows that the
population of neurons at a later time is spatially distributed. Actually, if the neurons
are identical and identically connected and concentrated in a true Delta function they
should leave and arrive together from one grid cell to another grid cell. The non-zero
size of the grid cells used in the numerical method causes numerical diffusion. With-
out numerical approximation, however, and assuming identical neurons with identical
numbers of afferents (inputs), we can analytically treat the population of neurons as a
single neuron. This leads to a new ODE system to discribe the population dynamics.
Furthermore, we can define a Poincaré map, call it &, for the new ODE system
reduced from the population density equation. Touboul and Brette[12] studied the
adaptation map (Poincaré map ®) for subthreshold neural dynamics in 2008. Touboul
and Brette[13] suggest that this map is a generalization of Poincaré maps that are
used in continuous dynamical systems to understand cycle properties. Depending on
the initial condition, the system can either fire infinitely many spikes (tonic spiking)
or finitely many spikes (phasic spiking) and it can also have chaotic dynamics under
certain circumstances. Foxall, Edwards, Ibrahim and van den Driessche[7] used a
similar idea to study the global asymptotic stability of a fixed point for the ® map
of the single-neuron Izhikevich model in 2012. Sufficient conditions are given on the
parameters of the model for ® to be nonexpansive (for regular spiking to be glob-
ally asymptotically stable). Rubin, Signerska-Rynkowska, Touboul and Vidal[17][18]
published a pair of papers in 2017 using the same Poincaré map in a class of nonlinear
dynamical systems with resets modeling the voltage and adaptation of neurons. In
the first paper, Rubin and colleagues use the fact that bursting patterns correspond
to periodic orbits of the adaptation map that governs the sequence of values of the

adaptation variable at the resets. Rubin and colleagues not only investigate the be-



havior of the system at the bifurcations between bursts of different periods but also
analyze the emergence of different forms of chaos and establish the presence of period
doubling events. In the second paper, a form of mixed-mode oscillations (MMOs)
for a class of bidimensional nonlinear hybrid dynamical systems was studied by Ru-
bin and colleagues. A particular structure of the ® map ensures that any type of
transient MMO can be generated by these neuron models and discontinuous rotation
theory was used to develop a precise description of the dynamics in the case where
the adaptation map admits one discontinuity in its invariant interval.

Our new ODE system is not exactly the Izhikevich model but is similar to the Izhike-
vich model because it is reduced from the population density equation for the Izhike-
vich model with a Dirac distribution as an initial condition in the phase space. There-
fore, we can also apply the Poincaré map ® to our new ODE system.

The thesis is organized as follows. We start in chapter 2 by describing the Izhikevich
model, summarizing the population density approach (i.e., the conservation law) and
deriving the population density equation for the Izhikevich model by the conservation
law.

In chapter 3, we apply the finite volume method (Godunov’s method in R?) to the
population density equation for the Izhikevich Model. In particular, we focus on sim-
ulations showing the evolution of the population density equation for the Izhikevich
model with a Dirac distribution as an initial condition in the phase space. These
show that the time evolution of the population density equation for the Izhikevich
model has a bursting pattern.

In chapter 4, we show that, at least when the population density is a Dirac distri-
bution, interaction within the population can induce bursting behaviour. Without
numerical approximation, we consider analytically the population of neurons with

a Dirac distribution as a single neuron so that we can use a new ODE system to



describe the population dynamics. This ODE behavior is different from the single-
neuron Izhikevich model because the single cell that represents the whole population
receives an impulse following a spike and reset after a small delay time (1ms). The
impulse causes a “jump” in membrane potential, v[10]. Since the impulse size is fixed
and the v-nullcline becomes arbitrarily wide as the adaptation variable, u, increases,
the single neuron (i.e. Dirac distribution of the population of neurons) cannot cross
the right branch of the v-nullcline by neuron interaction for large w. This leads to
the question: can neuron interaction cause bursting behavior? In order to answer
this question, we first define a Poincaré map, ®, on the reset line, that describes the
Izhikevich model with impulse €G in the v direction following a spike after a delay
time 7=1ms, where G > 0 is the mean number of synaptic afferents per neuron and
€ > 0 is the distance of the “jump” for a single spike. By investigating the behaviour
in different parameter ranges of the ® map we show that it has a unique fixed point
usp and the stability of the fixed point depends on which range uy, is in. ® has a tonic
firing behavior if the fixed point is stable (—1 < ®'(uy,) < 1) and ® has a bursting
behavior if the fixed point is unstable (®'(uys,) < —1). A combination of analysis and
numerical simulation shows that the unique fixed point ug, changes from stable (a
fast tonic firing with an infinite number of spikes per burst, i.e., no recovery phase)
to unstable (a bursting with & spikes per burst, where 1 < k£ < o0) and then returns
to stable (a slow tonic firing with one spike per “burst”) again as uy, increases. A
flip bifurcation occurs when ®'(uys,) = —1. This signals a period doubling of ®, and
possibly a period-doubling cascade, but all in a minute interval of the parameter d
before bursting emerges. The number of spikes per burst increases as d decreases,
where d is a nonphysical parameter in the Izhikevich model.

In chapter 5, we summarize all results and give possible options for further work.



Chapter 2
Derivation of the Population Den-

sity Model for Izhekevich neurons

In this chapter, we will introduce the Izhikevich model [8], the population density
approach [2] and the derivation of population density equation for the Izhikevich

model [10].

2.1 The Izhikevich model for a single neuron

The Izhikevich model [8] is:

W _ . om? +5v + 140 — u + I (1)
du '
o= a(bv — u)

vt )=s—v(tt)=c, wulth)=ult")+d, (2.2)

where v is the membrane potential and w is the recovery variable that describes the
effects of all ionic channel dynamics, both expressed in [mV]. {a,b,c,d} are non-
physical parameters, I(t) is the applied current expressed in [pA] and s = 30 mV

corresponding to the spike apex. A small a reflects the fact that the recovery variable



operates on a slower time scale than the membrane potential. ¢ is the reset value of
the membrane potential after a spike. b is the slope of the u-nullcline (u = bv). This
sort of hybrid 2-dimensional model is a reduction of a smooth higher-dimensional
model that retains a wide variety of behaviours with appropriate parameter choices.

This single neuron model allows various neuron behaviours (see Figure 2.1).

(A) tonic spiking (B) phasic spiking (C) tonic bursting (D) phasic bursting
0 me

(E) mixed mode (F) spike frequency (G) Class 1 excitable (H) Class 2 excitable
adaptation

I p— I — - J - {

(1) spike latency (J) subthreshold (K) resonator (L) integrator
cecillations l

| e m____ an = = a1

(M) rebound spiks (N) rebound burst (O) threshold (P) bistability

variability
(Q) depolarizing (R) accommodation (S) inhibition -induced (T) inhibition-induced
after-potential spiking bursting
/DAP
I — —_— — T e — e e e

Figure 2.1: Different spiking patterns and parameters of the Izhikevich model. For
more details, see[9].



2.2 The population density approach

Now we study the population density approach for a single neuron model from

Omurtag and his colleagues [2]. The derivation below is taken entirely from that

paper.

In the general case we regard the state of a neuron v to be governed by the dynamical

system:

™ P + (v, g0) (2.3)
For example, the direction field F could be that of the H-H-like system[3]. S(v,g(t))
refers to the incoming synaptic currents to the neuron and as indicated generally
depends on v as well as conductance ¢g(t).
We are looking for the evolution of a probability density p = p(v,t) in the phase
space determined by v € R?, where d means dimension here. We define p(v,t) as the
probability density that a neuron of the population is in a state v at a time ¢. To
determine p, we imagine a large number of replicas of the population, say N. If Av
is a small volume in the phase space, so that ng(v,t)Av is the number of neurons in
Av at time t of the kth replica, then the number density at v is defined as:

n(v,t) = (ny) = lim %%nk(v,t) (2.4)

N—o0 el
and probability density as:

n(v,t) n(v,t)

fn(v,t)dv: P’ (2:5)

p(V, t) =

where P is the fixed number of neurons in each replicate population. Next, we want



to calculate the average firing rate r(¢) per neuron, where {¢"} are the firing times of
the m'™ neuron. Using angle brackets for an average over population replicates, the

firing rate is defined by:

t+At P m
= pm g 2L )

m=1 i

1 t+ar P .
~plm (S5 [ BT,

m=1 iy

External sources (indexed by m = 0) are given by:

o ‘ tHAL 0
o'(t) = Alir—r>10<At/ Z(S (t —t; dt> (2.7)

Thus, the average impulse (input) rate per neuron is:

o(t) = a°(t) + Gr(t), (2.8)

where G is the average number of afferents to a neuron. Now, let D be a small
enough fixed volume in v space, and consider the time rate of change of the number

of elements in D. This is:

) 5p\ sp\ "
< —— [ F(v)-npds— [ (2P op . .
pr /D pdv /(91) (v) - npds /D <5t>imp dv + /D <5t>imp dv (2.9)

The first term on the right — [, F(v)-npds is the flux across the boundary of D (i.e.,
the rate of loss of probability within D), n is the outward normal to the surface 9D
for which ds is a surface element. Next assume D small enough so that any neuron

within D leaves D on receiving an impulse, then the loss rate is given by:

(iﬁ:);mp = o(t)p(v,t). (2.10)
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If V' is the potential in D, and after an impulse it becomes V', then we write (see
figure 2.2):

(V,vg,v3,04...) =v = v = (V' vg,03,04...), (2.11)

Figure 2.2: Phase space defined by the state vector v = (v;...v,) of an individual
neuron. D", D, and D’ show displacement of volumes under an impulse.

where V! =V + h for every V' € D', V" =V — h for every V" € D" and the jump

size h is fixed in this case. We know that loss rate in D” equals gain rate in D. Thus,
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the last term on the right is:

/D (%);p dv =o(t) / Py

= o(t) [ p(v'(v)) - Jav (212)

= olt) [ o),

where to obtain the last expression we have transformed from D” to D and thus we

have the Jacobian of the transformation .J = %L‘:l. Then (‘;-f);p =o(t)p(v"(v),t) 88‘11/.

Therefore, applying the divergence theorem we find:

= (B =00 (v (0% ) @Y
where %LJ = 1 because V" =V — h here, i.e.,
X W) o (0plv. 1)~ o (¥), 1), (2.14)

where v"(v) = (V" — h,vq,v3, ...). Finally, we define J to be the flux and

J = Jstr + Jimpv
Jstr = pF(V)v (215)

V//(V)
Ty = —0 () /V eop(W, v2..)dW,

where e, is the unit vector in the V-direction. Thus, equation (2.14) can be written

as:
ap 0

— . 2.16
ot ov ( )

which is a conservation law. The flux J has the form of a linear operator acting on the

density, J = C(0)p, where the linear operator C'(¢) depends on the incoming firing
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rate. Note: the firing of a single neuron can be based on the action potential reaching

its maximum, so the firing rate, r, per neuron of the population can be determined by

the flux of neurons of the population passing a threshold. It therefore is a functional
Op

of J,r(t) = R[J]. If we integrate the continuity equation 7 = —% - J, we have:

0
_- r— _ . 2.17
g /p(v)dv o™ Jds, (2.17)

where we require that the total probability be conserved so that [;,n - JdS = 0.

2.3 The derivation of the population density equa-

tion for the Izhikevich model

Now we apply the population density approach to the Izhikevich model [10].

Population equation: Let w = (v,u) be a vector in R? where v is the membrane
n(w,t,A)
ffdw

terms of [neurons| x [mV]~2, be the population density, where A = Av - Au in the

potential and w is the recovery variable. Let P(w,t) = limj4_0 , expressed in

phase space and n(w,t, A) is the number of neurons in A at time ¢. Let
N = [ [ P(w,t)dw, (2.18)
Q

where P(w,t)dw is density x area = number of neurons in an area element, and N is
the total number of neurons. The phase space Q = ([Umin, €)U (¢, Umaz]) X (Wmins Umaz)-

By the results of section 2.2, we know that the conservation law is:

5,
o Pw,t) ==V - J(w,t), (2.19)
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J(w,t) = Jy(w,t) + Ji(w,t), (2.20)
Js(w,t) = F(w)P(w,t), (2.21)
0.04v% + 50 + 140 — u + 1(¢)
F(w) = , (2.22)
a(bv — u)
Ty(w, ) = eyo(t) / " P(i,u,t)db, (2.23)

where J(w, t) is the neural flux expressed in [neurons| x [mV]=! x [ms]™!, e, is a unit
vector in the direction v in the phase space, o(t) expressed in terms of [spikes]x [ms] ™!
is the average individual spike reception rate of a single neuron in the population and
as in section 2.2 we hypothesize that a synaptic input causes a “jump” of amplitude
¢ of the membrane potential v. The boundary condition here is J(c*,u + d,t) =

J(em,u+dt)+|J(s,u,t)|sgn(J(c”,u+d,t)) and ¥ € [v — €,v]. Thus
J(w,t) = Fw)P(w, 1) +e,o(t) [ " P(i,u,t)db. (2.24)

As in section 2.2, the average individual spike reception rate o(t) = G x 7(t), where G
is the mean number of synaptic afferents per neuron and 7(¢) is the average individual
firing rate such that 7(¢) ~ %, where 7(t) is the total firing rate of the population.
However, Omurtag and his colleagues do not take into account spike conduction delays
from one neuron to another in the network. Since every connection has different length

lp and causes different conduction delay time 7, we should use a spike conduction delay

kernel «(t) leading to an improved expression of the individual spike reception rate:

o(t) = f] * r(t — 7)a(r)dr, (2.25)

where 7, ,_ are the extremum values of spike conduction delays with 7, ,_ > 0. Then



the interaction flux becomes:

Ti(w, t) = % (/T”r(t_T)a(T)dr> X ey (/;P(ﬁ,u,t)dﬁ).

14

(2.26)

The total firing rate r(t) at each time ¢ is computed as: r(t) = [;™* J,(s,u,t)du. To

sum up, the evolution of a population of Izhikevich neurons is:

9]

aP(w t)=—-V-J(w,t),
J(w,t) = Js(w,t) + J;(w,t),
Js(w,t) = F(w )P(w t),

Ji(w,t) = e,o(t) P(U u, t)do,

:%(/ r(t — 7)o T)d7>,

Therefore,

ot

J(cu+dt)=J(c u+dt)+[J(s ut)lsgn(J(c,

9 puw 1) = V-<F(w)P(w,t)+eva(t) / P(ﬁ,u,t)df;).

(2.27)

(2.28)

Clearly, this is an integro-differential equation, which is hard to solve theoretically.

We will solve it numerically in the next chapter.
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Chapter 3
Numerical Simulation of the Popu-

lation Density Equation for the I1zhike-
vich Model

3.1 First-order numerical method

3.1.1 Finite-volume method

We use the finite-volume method [16] to solve the integro-differential equation because
it is a conservation equation. The finite-volume method is widely used because many
physical laws are conservation laws and the method respects the conservation. Here,
the total density (i.e., number of neurons) remains constant. Change in density in a
given cell is given by flux entering the cell minus flux leaving the cell. No neurons are
created or destroyed. They only move between cells. Following this idea, we end up
with a formulation that consists of flux conservation equations defined in an averaged
sense over the cells. Historically, this method has been very successful in solving, for

example, electromagnetism and fluid flow problems.
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The specific finite volume method we use is Godunov’s method (as suggested by Mod-

olo and his colleagues). First we explain this method in the scalar case, then in R?.

(i) Godunov’s method in R

We are looking for the numerical solution of the scalar conservation law in R:

u + f(u), =0, (3.1)

where u(z,t) € R and f(u) : R — R. By applying the chain rule we have:

ug + f'(u)u, =0, (3.2)

where f’(u) is a scalar. Next, we use the numerical solution U™ to define a piecewise

constant function " (z,t,) with the value U} on the grid cell z;, 1 <z < z;,1. We use

1 1
2 2

u™(z,t,) as initial data for the conservation law, which we now solve exactly to obtain
a"(z,t) for t,, <t < t,+1. The equation can be solved exactly over a short time interval
because the initial data @"(z,t,) is piecewise constant, and hence defines a sequence
of Riemann problems. After obtaining this solution over the interval ¢, <t < t,.1,
we define the approximate solution U™*! at time ¢, by averaging this exact solution

at time ¢,,41:

L or®ed n
Uptt = E/ (@, by )da, (3.3)

1
2

Now, Godunov’s scheme in R is:

n n k norm " 4
urtt =up — E[F(Uj Ula) = F(URL, U] (3-4)

where k£ is the time step, h is the space step in x and the numerical flux function F
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is given by:

F(U]’?? Ujﬂ+l) ~ . f(ﬂ”(:cﬂ%,t))dt. (3.5)

Since the constant value of 4" along the line z = x; +1 depends only on the data U}
and U7\, for the Riemann problem, if we define this value by u* (U}, U7,,), then the

flux (3.5) reduces to:

F(UPULL) = f(u (U] US)). (3.6)

Thus, Godunov’s method in R becomes:

k
Uit = U7 = 2 [ (@ (U}, Ufyy) = (@ (U7, UF))): (3.7)

For a physical solution, we use the entropy-satisfying weak solution in implementing
Godunov’s method. If f(u) is convex, there are four cases that must be considered,

which are:

where u; and u, are initial data of the Riemann problem, the intermediate value wu,

with the property f'(us) = 0 is the value of u for which the characteristic speed is

zero, and is called the sonic point. Since there are no case 3 and case 4 in our PDE

equation, we consider case 1 and case 2 only. We also have a more general form:
ming, <u<y, f(u) if w < U,

F(ug,u,) = (3.8)

max,, <uy<y, f(w) if u; > Uy

Finally, the CFL (Courant-Friedrichs-Lewy) condition in R is : [£X,(U)] < 1, for all
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eigenvalues A, of the scalar f’(u) in the scalar conservation law:

ur + f(w)u, = 0. (3.9)

We will state how the CFL condition applies to the numerical scheme in R2.
(ii) Godunov’s method in R?
Now we are looking for the numerical solution of the scalar conservation law in R2.

Let w = (x,y), then we have:

s+ f(u), + g(u)y, =0, (3.10)

where u(w,t) : R? = R, f(u) : R — R and g(u) : R — R. By applying the chain rule
we have:

ur + f'(u)ua + g'(w)uy =0, (3.11)

where f'(u) and ¢'(u) are scalar. By the same argument as in R, we define

L[5l [Yied on
U[]H‘l A%Ay/ +2/ ' u (x7y7tn+l)dxdy' (312)
Y

-4

Thus, Godunov’s scheme in R? is:

At
Ut = U = SRR, Ulkyy) = F(ULL, UD)]
A ) (3.13)
[G<U137Uz]+1) G(Ulj 17U )]

Ay

where At is the time step, Az is the space step in x, Ay is the space step in y and
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the numerical flux functions F' and G are given by:

tn+1
F(Ulj7Uz+l] AtA,_’Z} /tn / 1' yl+1,t))dmdt
. (3.14)
G Ulior) = 5y |, [ ot ey vt duc
I73
By the same argument as in R, F(U;, U}, ;) = f(u* (U}, U}, ;) and
GUR, UML) = 9w (U, U1 )). Thus Godunov’s method in R* becomes:
Un+l Un At Un Un Un Un
ij ZJ_A—.Z'[f( ( 59 ’L+1])) f( ( 1,57 ))]
A (3.15)
_Ay[ ( (UZ’UZLJ—&-I)) g(u*(UZ] luUn>>]

For a physical solution, we use the entropy-satisfying weak solution in implementing
Godunov’s method. If f(u) and g(u) are convex, there are four cases that must be

considered, which are:

and

L g'(w), g'(ur) 2 0 = u” = u,

2. ¢'(w),d (u,) <0—u* =u,,

3. ¢'(w) >0> g (u,) = u* =y if [g]/[u] >0 or u* = w, if [g]/[u] <O,
4. ¢'(w) <0< ¢'(u,) — u* = us(transonic rarefaction),

where u; and u, are initial data of the Riemann problem, the intermediate value wu
with the property f'(us) = 0 is the value of u for which the characteristic speed is

zero, and is called the sonic point. Since there are no case 3 and case 4 in our PDE
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equation, we consider case 1 and case 2 only. We also have a more general form:

ming, <y<y, f(u if w < U,
Flu,u,) = iz f(u) : (3.16)
max,, <u<y, f(u) if u; > Uy
and
mMing, <y<q, 9(U if u < U,
Glup,uy) = i< 9() : (3.17)
max,, <uy<y, g(u)  if u; > Uy

Finally, the CFL (Courant-Friedrichs-Lewy) condition in R? is: %max{mgxﬂ ()},

m3X{| g'(u)[}} < 5. We need to find the maximum eigenvalues of two scalar f’(u)

and ¢'(u) in the scalar conservation law:

u + f'(w)uy + ¢'(w)u, = 0. (3.18)

In our numerical scheme, the Courant-Friedrichs-Lewy (CFL) condition is to ensure
that a cell content in state space does not “move” by more than one cell during one
time step, an essential criterion for numerical stability [10]. It constrains the time step

to a small number depending on the applied current and the spatial discretization.

3.1.2 Applying Godunov’s method in R? to the population

density equation for the Izhikevich model

According to (2.28), we have:

v

M:_v.(

5 F(w)P(w,t) + e,o(t) /

vV—€

P, u, t)df;)

_ o [ [P, t) + o) [ P, u.t)dv
F,(w)P(w,t)
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Then,

oP(w,t) O (Fo(w)P(w,t)+0(t) [, P(5,u,1)d0) 0 (Fu(w)P(w.t)) (3.19)

ot ov ou

If we consider indexes i, j accounting for the variables, u, v, respectively, this leads

to the first order Godunov’s scheme in R? [10]:

L A I Ml P M

At Av  Au (3.20)
(G )+ G = 0)
N Av Au
where j, s and j, s are streaming flux, j,; is interaction flux. Therefore,
e At A
]3ij+l - Pij = _—[(j;i:s - jv,s) + (]:7, - ]v,i)] - —(]1—:5 - ju,s)’
ﬁfé %‘ (3.21)
Pyt =Pl — B[(ﬂ,s — Jus) + (s — Joi)] — E(j:_,s ~ Jus)-

Since the streaming flux terms depend on the direction of flow in phase space, we
have:

If v/ > 0, then

Jus(t") = PLF, (0] ) = P(i, j) F,(v(j + 1), (i),
(3.22)
Jos(") = Pl Fo(vy w) = P(i, j — 1) F,(v(f), u(@).

If ' <0, then

Jus(t") = Pl Fo(v] ug) = P, j + DF,(v(j + 1), u(d)),

Jus(") = Pl Fy (05, ui) = P(i, ) Fy(v(7), u(z).

(3.23)
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If v > 0, then

Jus (") = PiFu(vj,0]) = P(i, ) Fu(v(j), u(i + 1)),

(3.24)
Jus(t") = Py jFu(vy,up) = P(i — 1, j) Fu(v(j), u(i)).
If v <0, then
Jus(") = Pl jFu(vy,w) = P(i+ 1, j) Fu(v(5), u(@ + 1)),
(3.25)
Jus (") = P (v, ui) = P4, ) Fu(v()), u(i)).
Now we consider the interaction flux terms. If v > v,,;, + €, then
Jai = Joi = 0(t) - Av- (Pl = Py, ) (3.26)
where n. - Av = €. n. is number of cells in length € in v. Otherwise
JSLZ — joy =0(t) - Av- P, (3.27)

where o(t) =

2lQ

x r(t — 7). Since r(t) = [, Jy(s,u;,t)du ~ nif Ju(s,ui t)Au =
i=1

Umin

% I (Vnya1, uiy t) Au = % P(i,n,)F,(v = s,u(i))Au, where n, is the number of grid
j i=1

=1

cells between ,,;, and u,,4, and n, is the number of grid cells between v,,,;,, and vqz,

Umi

then r(t — 70) = [, Jy(s, ui, t — 70)du = Ti Jo(8,u;,t — 19) A
i=1

Boundary Conditions: The main condition is that the incoming flux is zero on
the boundaries, i.e. 7 .7 = 0 where 7 is a vector normal to each boundary of the
phase space, except on the domain v = s X 4 € [Umin, Umaes — €] Where the population

density can pass through the spike apex value s, before being re-injected at v = c.
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3.2 Simulations of the population density model

We are interested in the situation where single neurons fire tonically, and bursting
only occurs as a result of interactions. Therefore, we consider tonic spiking param-
eters (a = 0.02, b = 0.2, v9 = ¢ = —65, d = 6) from the Izhikevich model. We
choose vy = 30, ¢ = 3, G = 15 and the delay time 7=1ms in the following numeri-
cal simulations [10]. Following Modolo we will consider first the case of a population

of neurons with no coupling between them, after which we will introduce the coupling.

90 T T T T T T —_ gg
\ / &> Density distribution - 40
80 - Fv=0.04*v.2+5'v+140+1 | | {20
\ Fu=b*v
v=e 410
70 - .
-5
60 - 1
o 1
> 50 405
)
8
'g 40 +
> 0.1
g 0.05
9 30 - .
0
o
Q
C 20+ .
0.01
10l | 0.005
0r ; , 1 0.001
3 0.0005
10+ e H
-20 ! : L : : ! 0.0001
-100 -80 -60 -40 -20 0 20

Membrane potential v

Figure 3.1: Density distribution at ¢ = 50ms of an uncoupled population with an
initial Dirac distribution at u = —14, v = —70.
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Uncoupled case: A constant current I = 60pA was applied to the numerical simu-
lations. The v-nullcline is v = 0.04v? + 5v + 140 + I and the w-nullcline is u = bv.
vg = —65 is the reset line. The initial condition is chosen to be a Dirac distribution at
u = —14 and v = —70. The total number of neurons is 50000. Both total firing rate
r(t) and mean membrane potential (MMP = + [ {fp(v,u,t)du} vdv) become con-
stant after an initial brief oscillation. The density distribution has a stationary state
at t = 50ms (see Figures 3.1, 3.2 and 3.3). The behavior of the density distribution is
the result of the numerical diffusion. If the neurons are concentrated in a true Delta
function they should leave and arrive together from one grid cell to another grid cell.

Thus, the trajectory will have a fixed point with tonic firing behavior.

1800 . T T T T T

T T

| ——PDM with 1=60|

1600

1400

1200 .

1000

800

600 - H | 1

Total firing rate(spikes/time step)

i
400 - {‘ %‘ (| 1

f‘“‘ ‘\‘4‘,
200 —} WA |

WYYy VvV Vv ~—
oUUUUUV VWV V) - 1 ! ! ! ! 1 |
0 5 10 15 20 25 30 35 40 45 50

Time(ms)

Figure 3.2: Total firing rate of an uncoupled population with an initial Dirac distri-
bution at u = —14, v = —70.
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Figure 3.3: Mean membrane potential of an uncoupled population with an initial
Dirac distribution at u = —14, v = —70.

Coupled case with an initial Dirac distribution: A constant current I = 40pA was
applied to the numerical simulations. The spike conduction delay is 1ms and the
“jump” in membrane potential is 3mV. The v-nullcline is v = 0.04v? + 5v + 140 + [
and the u-nullcline is u = bv. vy = —65 is the reset line. The initial condition is
chosen to be a Dirac distribution. The total number of neurons is 10000. Both total
firing rate r(¢) and mean membrane potential M M P have a periodic pattern after an
initial brief oscillation (see Figures 3.4 and 3.5). We can see that the entire density
distribution moves up first, then gathers in the recovery phase to move down along
the left branch of the v-nullcline. The density distribution always repeats this process
in time, so it shows that the evolution of the population density model is a bursting

pattern for the whole population of neurons (see Figures 3.6 to 3.18).
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Figure 3.4: Total firing rate of a coupled population with an initial Dirac distribution
at u = —14, v = —70.
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Figure 3.5: Mean membrane potential of a coupled population with an initial Dirac
distribution at u = —14, v = —70.
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Figure 3.6: Density distribution at t = 5ms of a coupled population with an initial
Dirac distribution at u = —14, v = —70.
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Figure 3.8: Density distribution at t = 10ms of a coupled population with an initial
Dirac distribution at u = —14, v = —70.
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Figure 3.9: Density distribution at ¢t = 15ms of a coupled population with an initial
Dirac distribution at © = —14, v = —70.
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Figure 3.10: Density distribution at ¢ = 18ms of a coupled population with an initial
Dirac distribution at u = —14, v = —70.
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Figure 3.11: Density distribution at ¢ = 20ms of a coupled population with an initial
Dirac distribution at © = —14, v = —70.
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Figure 3.12: Density distribution at ¢ = 22ms of a coupled population with an initial
Dirac distribution at u = —14, v = —70.
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Figure 3.13: Density distribution at t = 25ms of a coupled population with an initial
Dirac distribution at © = —14, v = —70.
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Figure 3.14: Density distribution at ¢ = 30ms of a coupled population with an initial
Dirac distribution at u = —14, v = —70.
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Figure 3.15: Density distribution at t = 35ms of a coupled population with an initial
Dirac distribution at © = —14, v = —70.
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Figure 3.16: Density distribution at ¢ = 40ms of a coupled population with an initial
Dirac distribution at u = —14, v = —70.
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Figure 3.17: Density distribution at t = 45ms of a coupled population with an initial
Dirac distribution at © = —14, v = —70.



33

90 T T T T T T | 60
& Density distribution | ¢
80 Fv=0.04"v.245'v+140+1 120
—— Fu=b*v
v=e <10
70 + <45
60 -
1
5 50+ 0.5
2
G
T 40+
g 04
e 0.05
S a0l -
)
3
¢
=y ) 0.01
0.005
10} ]
0.0005
A0k i
P b i [ | 1 . | 00001
-100 -80 -60 -40 20 0 20

Membrane potential v

Figure 3.18: Density distribution at t = 50ms of a coupled population with an initial
Dirac distribution at © = —14, v = —70.

Coupling with a uniform initial condition: By replacing the Dirac distribution by a
smoother distribution (i.e. uniform on the state space), we found that the transient
oscillations of both total firing rate r(t) and mean membrane potential M M P at the
beginning have almost disappeared but the long-term behaviour is very similar (see

Figures 3.19 and 3.20).
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Figure 3.19: Total firing rate of a coupled population with a uniform initial condition.
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Figure 3.20: Mean membrane potential of a coupled population with a uniform initial
condition.
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Narrower v-nullcline: We use a narrower v-nullcline to try to see interaction-induced
bursting more clearly. The narrower v-nullcline is u = 0.4v? + 50v + 1546.25 + 1.
Although the movement of density along the narrower v-nullcline is slower than that
of the original v-nullcline, the number of spikes per burst is increased. Again, the
whole density distribution moves up at the beginning, then gathers in the recovery
phase. The density distribution also repeats this process in time. It is more clear
that the evolution of the population density model is a bursting pattern (see Figures

3.23 to 3.39).
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Figure 3.21: Total firing rate of a coupled population with a narrower v-nullcline and
an initial Dirac distribution at u = —14, v = —70.
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Figure 3.22: Mean membrane potential of a coupled population with a narrower

v-nullcline and an initial Dirac distribution at v = —14, v = —70.
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Figure 3.23: Density distribution at ¢ = 3ms of a coupled population with a narrower

v-nullcline and an initial Dirac distribution at u = —14, v = —70.
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Figure 3.24: Density distribution at ¢ = 6ms of a coupled population with a narrower
v-nullcline and an initial Dirac distribution at v = —14, v = —70.
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Figure 3.25: Density distribution at ¢ = 9ms of a coupled population with a narrower
v-nullcline and an initial Dirac distribution at © = —14, v = —70.
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Figure 3.26: Density distribution at ¢ = 10ms of a coupled population with a narrower

v-nullcline and an initial Dirac distribution at v = —14, v = —70.
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Figure 3.27: Density distribution at t = 11ms of a coupled population with a narrower
v-nullcline and an initial Dirac distribution at © = —14, v = —70.
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Figure 3.28: Density distribution at ¢ = 12ms of a coupled population with a narrower

v-nullcline and an initial Dirac distribution at © = —14, v = —70.
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Figure 3.29: Density distribution at t = 15ms of a coupled population with a narrower
v-nullcline and an initial Dirac distribution at © = —14, v = —70.
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Figure 3.30: Density distribution at ¢ = 20ms of a coupled population with a narrower

v-nullcline and an initial Dirac distribution at v = —14, v = —70.
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Figure 3.31: Density distribution at t = 30ms of a coupled population with a narrower
v-nullcline and an initial Dirac distribution at v = —14, v = —70.
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Figure 3.32: Density distribution at ¢ = 40ms of a coupled population with a narrower

v-nullcline and an initial Dirac distribution at v = —14, v = —70.
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Figure 3.33: Density distribution at t = 50ms of a coupled population with a narrower
v-nullcline and an initial Dirac distribution at © = —14, v = —70.
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Figure 3.34: Density distribution at ¢ = 60ms of a coupled population with a narrower

v-nullcline and an initial Dirac distribution at v = —14, v = —70.
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Figure 3.35: Density distribution at t = 70ms of a coupled population with a narrower
v-nullcline and an initial Dirac distribution at © = —14, v = —70.
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Figure 3.36: Density distribution at ¢ = 80ms of a coupled population with a narrower
v-nullcline and an initial Dirac distribution at v = —14, v = —70.
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Figure 3.37: Density distribution at t = 85ms of a coupled population with a narrower
v-nullcline and an initial Dirac distribution at © = —14, v = —70.
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Figure 3.38: Density distribution at ¢ = 90ms of a coupled population with a narrower
v-nullcline and an initial Dirac distribution at v = —14, v = —70.
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Figure 3.39: Density distribution at t = 93ms of a coupled population with a narrower
v-nullcline and an initial Dirac distribution at © = —14, v = —70.



45

Chapter 4

Interaction-Induced Bursting

4.1 From PDE to ODE

The density pictures from 3.2 show us the distribution of the population of neurons at
a sequence of specific times. Although the density is somewhat spread out, there is a
fairly localized pool of neurons (in phase space) that spikes several times, moving up-
wards in v and then falling into a recovery phase on the left branch of the v nullcline.
In order to understand the behavior of a localized (in phase space) pool of neurons,
we consider a Dirac distribution as initial condition. In the numerical scheme, this
implies that all neurons are initially in a single grid cell, and analytically they must
leave together under the flow of the vector field when they receive an impulse. How-
ever, in the numerical simulations, the nonzero spatial resolution leads to numerical
diffusion, only a proportion of the neurons leave the initial grid cell in a small time
step. That is why we can see many different colors (densities) in different grid cells.
Actually, if the neurons are concentrated in a true Delta function they should leave
and arrive together from one grid cell to another grid cell.

Without numerical approximation, however, and assuming identical neurons with

identical numbers of afferents (inputs), we can analytically treat the population of
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neurons as a single neuron. This leads to a new ODE system to describe the popula-
tion dynamics. This ODE behavior is different from the Izhikevich model because the
single cell that represents the whole population receives an impulse following a spike
and reset after a small delay time. The impulse causes a “jump” in the v direction
after a delay time 1ms [10]. Here we have a question: since the impulse size is fixed
and the v-nullcline becomes arbitrarily wide as w increases, the single neuron (i.e.
Dirac distribution of the population of neurons) cannot cross the right branch of the
v-nullcline by neuron interaction for large u, so can neuron interaction cause bursting
behavior?

To investigate this mechanism, we need to define a Poincaré map on the reset line
(call it @), that describes the Izhikevich model with impulse €G in the v direction
following a spike after a delay time 7=1ms, where G > 0 is the mean number of
synaptic afferents per neuron, € > 0 is the distance of the “jump” for a single spike.
We treat the Dirac distribution of the population of neurons as a single neuron, thus
all neurons spike instantaneously and the total distance of the “jump” of the Dirac

distribution is eG. Now we give the Izhikevich model with the “jumps”:

d

d_: =F,+ GGZ(S(tk +7)+ Z(UO — vs)0(tr),

o k k (4.1)
dt A

where F, = f(v) — u, where f(v) = 0.04v? + 50 + 140 + I, F,, = a(bv — u), {a,b,d}
are positive nonphysical parameters, [ is fixed, eG is the total distance of the “jump”
of the Dirac distribution in v, v = vy = ¢ is the reset line, v = v, is the spiking line,
7 = 1ms is the delay time and ¢, are the times of spikes for k = 1,2, 3...

We want to know if the ® map has fixed points u s, and the stability of the fixed points

because ® has a tonic firing behavior if the fixed point is stable (=1 < ®'(uy,) < 1)
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and ® perhaps has a bursting behavior if the fixed point is unstable (®'(uy,) < —1).
We consider the typical parameter values a = 0.02, b = 0.2, vy = ¢ = —65, vy = 30,
I =40, ¢ = 3, G = 15 and the delay time 7=1ms [8][10] in this chapter. Next, we

will give the description of ® and study the mechanism of ®.

4.2 The ¢ map

4.2.1 The description of ¢

In Figure 4.1, v = vg < 0 is the reset line, v = vy > 0 is the spiking line, F;, =
a(bv —u) = 0 is the u-nullcline, the parabola F, = 0.04v* + 50 + 140+ —u = 0 is
the v-nullcline, where I is fixed. Let (vg,u) be the initial condition and let (v,, u,)

be the vertex of the parabola F, = 0.
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. u = 0.04v +‘ 5v+ 140+ 1 Spiking line v, i}
Region B Vg
60 L 3l
= (vo, us)
K- * ; /
:@ (v07 U(]) ! ( b4 3
5 —r__> gy Bl . CE ARRBE
> 40 - -
> ('U],Ul) (U21u2) ('Us,’u:})
2
:Io_; .(U()v u*t)
o Jee
20 (’UO, u*) (,v‘“ ua) ol
u=bv
PR
//
///
20 l—— 1 1 1 Il L 1
-100 -80 -60 -40 -20 0 20 40

Membrane Potential v

Figure 4.1: The ® map is defined through four steps: ®1: ug — (vy,u1), Po: (v1,u1) —
(vg,u2), P3: (vg,uz) — uz and Py: ug — uy.
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Definition 1. Define u, so that the point (v, uy) is the intersection between the reset

line v = vy and the v-nullcline F,, = 0.
Definition 2. Define region A = {(v,u) : u > f(v),v < vo}.
Definition 3. Define region C = {(v,u) : u > f(v),v > vo}.

The ® map is defined through four steps:

Step It @q: wg — (v1,u1), following the Izhikevich flow from (vg, ug) for t = 7 = Ims.
Step II: ®5: (vy,u1) = (v, u2), instantaneous with uy = uy, vy = v1 + €G, where €
is sufficiently small such that vy < v, for any (v, ug) with ug > buvy.

Step I1L: ®3: (vg, uz) = us, following the Izhikevich flow from (va, us) to (vs,us).
Step IV: @4 ug +— uy where uy = ug + d, instantaneously reset from (vs, u3) toO
(vo, ).

The ® map can be defined on (bug, +00). Note: Actually, ® is defined for some
uy < bvg, but Jug min < bug such that ®1(ugmin) = (vs, u1) and then ®; can not be
defined as above for ug < g min because v reaches vy before ¢ = 1ms. However, we

will consider uy > bvy only.

Assumption 1. Assume the v-nullcline is always above the u-nullcline such that
Ug > bus. Also we assume ug > U min > bvs, where ug i, will be defined in section
4.2.4.5, and which will imply that the trajectories beginning above the v-nullcline must

stay above the u-nullcline.
Definition 4. Define region B = {(v,u) : U3 min, < u < f(v), —00 < v < v}.

Definition 5. Let u,, be the smallest ug > u, such that the trajectory reaches the left

branch of the parabola F, =0 at t = 1ms.

In the region A (see Figure 4.1), we have % < 0 and ‘é—qj < 0. There exists an

interval of initial conditions ug above wu,, say ug € (U, Uy ) in Figure 4.2) such that
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the trajectory reaches the left branch of the parabola F, = 0 before ¢t = 1ms. This
case involves v going in both directions, so it is difficult to make a precise estimation
of (v1,uy) later. When uy — +00, although the width of parabola F, = 0 is getting
larger, it is still possible for the trajectory to cross the left branch of the parabola
F, = 0 before t = 1ms because % is also getting larger as u increases. If there exists
A Uy = Uxex > Ugi such that the trajectory reaches the left branch of the parabola
F, =0 at t = 1ms, then we have an upper bound of the initial condition uy. For the

standard choices of parabola and vy chosen here and for typical values of parameters

a, b, which are small, it is easy to verify that w, is very large (U > ).
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Figure 4.2: The trajectory with initial condition wy € (u,, u.,) reaches the parabola
F, = 0 before t = 1ms and it involves v going in both directions.

Definition 6. Let u. be the biggest uy > u. if it exists such that the trajectory
reaches the left branch of the parabola F, = 0 at t = 1ms, otherwise we take U, =

+00.

Let D = (Usg, Usnr). If ug € D in Figure 4.2, then the trajectory that starts from
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(vo, up), stays in the region A up to t = lms. Moreover, if uy € (bvg,u,], then the
® map has a different dynamic that we are not interested in. Therefore, for our

convenience, we define the ® map on D.

4.2.2 Py Ug (vl,ul)

4.2.2.1 The estimation of u; and v

Recall that % = a(bv — u) < 0 is always true from Assumption 1 (given our initial
condition above the v-nullcline) and % = 0.04v? + 5v + 140 — u + I < 0 in the region
A, where 0 < a < band I =40 [10]. Both vy < 0 and uy > 0 are the maximum value
in v and wu respectively and 7 = 1ms. If we use the given initial condition (v, ug) to

evaluate (vy,u;), then for u; we have

[a= 1 it =

o= / _ du (4.2)
"7 abv(u) — au '
uo du

w au — abv(u)’

where abv(u) — au < 0.

N

1
au—abv(u)

au—abuvg

au—abv(u)

AN
e 7
u) ul Uo u

1
au—abv(u)

1

prrprerdl the area is fixed and wug is

Figure 4.3: An upper bound for u;. <

fixed, so uj > u.
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Since v(u) < vy < 0 for 0 < u < ug, we let uf” > u; be defined such that

uo du /“0 du (4.3)
T= — = _ .
wi au—abv(u)  Juf au— aby
Then, au_albv(u) < au_labvo and ug is fixed, so uf > u; (see Figure 4.3). Thus, we are

looking for uj, which is an upper bound for u;. Let w = au — abvy = dw = adu =

du = %“’. Then

ww) W (4.4)

QIR IR~ Q-

In [au — abug,’

(In |aug — abvg| — In |au; — abuvy)) .

Since aug — abvy > 0, auy; — abvy > 0 and a > 0, we have

at < In(auy — abvy) — In(au; — abvy)
< In(auy — abvy) < In(auy — abvy) — ar

& auy — abug < exp(In(aug — abvy) — ar)

(4.5)
= (aug — abvy) exp(—ar)
< auy < (aug — abug) exp(—at) + abvy
=a <L — bvg + bv0>
6(17‘
ug — by
U < T + buy. (46)

ug—bug
eaT

So here we have found the upper bound of u;. Therefore uj = + bvgy, where
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7 = 1lms.

Next for v; we have

Tat= [ ! d
/0 ~ Jue 0.0402 + 50 + 140 + I — u(v) !

U1 1
! v 0.0402 + 50 + 140 + I — u(v) ! (47)
Vo 1

= dv,

v w(v) — (0.04v2 + 5v + 140 + 1)

where 0.04v? + 5v + 140 + I — u(v) < 0 in the region A. Recall that f(v) = 0.04v* +
504140+ 1, then u(v) — f(v) > 0. Since ug > u(v) > 0 for v < vy < 0, where ug € D,
we let v; < vy be defined such that

vo dv vo dv
= Wi e we (48)

A

1
u(v)—f(v)

1
u(v)—f(v)

1
uo—f(v)

>

v U Vo v

Figure 4.4: A lower bound for v;. u(y)if(v) > uo—lf(v) , the area is fixed and vy is fixed,

So v > vy .

Then, > and vy is fixed, so v; > vy (see Figure 4.4). Thus, we are

1 1
w(v)=f(v) 7 uo—f(v)
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looking for v; , which is a lower bound of v;. Now

V0 1

> d
"7 Jo o — (00402 + 50 + 140+ )"
V0 1
_ d 4.9
o o — [0.04(v + 62.5)2 — 156.25 + 140 + 1] (4.9)

V0 1
d
vty — 0.04(v + 62.5)2 +16.25 — 1 "

Let = ug+ 16.25 — I > 0 be a constant, where uy € D and I = 40. Thus,

b ! d 410
> .
! / 11— 0.04(v + 6252 (4.10)

It is easy to find that % = f(v) —u =0 at v = —62.5 and u = 23.75, so the vertex
of parabola F, =0 is

vy = —62.5,u, = 23.75 (4.11)

Let s =v 4 62.5 = ds = dv, then

=7> ——ds
T /@1) " 00452

/(vl) 0.04(:%; — s?)

004

ds
(4.12)
ds

/(ul) 004 25,u—s )
— 25/
(v1) 25u—52 ds
Since 25p > 0, we let o = 25 = a = 5,/ = 5y/ug — u, > 0, thus

1
;s7>25/ s

(1;1 o? — 52

—2/ d
) (a—s a+s) § (4.13)

25 s(0)

=—1In
2a

S+ «

$— alsur)
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Obviously, s = a and s = —a are the singular points of the integration. Clearly
a = by/ug—u, > vy + 62.5 = s(vg) as up € D, where I = 40 and vy = —65,
so s(v1) < s(vg) < a. Moreover, if s(v;) < —a, then the integration blows up.
However, it is bounded by the fixed 7 = 1ms. Thus, this is a contradiction. Hence,
we have —a < s(v1) < s(vg) < . s(v1) = v1 + 62.5 > =5/ug —uy, = —a = vy >

—5y/ug — ug — 62.5. Therefore,

v = =9\ Uy — Ug + Vg (4.14)

Please note that this is not a good bound; however it is a simple bound.

Now, if we want a better lower bound of v, then we can continue to solve for v,

25 s+ a[5(0)
T>_—1In
2a 5 — Qls(uy)
21ax n s(vo) +a| o s(v1) + «
25 s(vg) — « s(v) —«
2
o s(v1) + T s(vo) +a|  27a
s(v) — s(vg) — « 25
2
- s(vy) + « - exp (I s(vo) +a|  27a
s(vy) — s(vg) — & 25
s(vg) + « < 27'04)
- Eadied BN}
s(vg) — & P 25

Since s(v1) > —a = s(v1) + a > 0 and s(v) < a = s(v;) — a < 0, we have

- (ig:ﬁ;—tj) > exp (— 270‘) > 0.

s(vg) + « 21ax
25
Replacing s(v;) and s(vg) by vy + 62.5 and vy + 62.5, we get

s(vg) — &

<v1 + 62.5 + a>

vo+62.5+a‘ =2ra
v1 +62.5 — «

vo+ 625 —alC




5}

UO + 625 + (6% —27«x
& — 62.5 <|l— 62.5 —
(v1 + + ) o625 _al’ » (v + @)
UO + 625 + [0 —2Ta
S - —625—a<|——Mm—
v S lwr625—al® Y
UO + 625 + 8 —2Ta
_— 62.5 —
wr625—al¢ " @)
vy + 62.5 + « 2m> g —|—62.5+a‘ —2ra
&S — (1 —— e < |——— e (62.5 — 62.5
( Tl r625—al® " )" < |nre2s—al® " a)+625+a
vot6254al o= (62.5 — o) + 62.5 + a
oo > v0+62.57a’ U<+62 — )_QTQ 7 <415)
- (1 + v8+62:5—a‘€ 2 )
So here we have a better lower bound of vy, say ©¥; which is
vot6254al o= (62,5 — o) + 62.5 + a
171_ _ v0+62.57a’ ( ) (416)

vo+62.54a| A =21 ’
v0+62.5—a’ €

- (1+

where o = 5,/p = 5\/upg —u, > 0. However, the better lower bound of v; is too
complicated, so we will not use it later unless we want to apply the typical parameter
values. Now we have an upper bound for u; and a lower bound for v;. By a similar

argument, we can find a lower bound for u; using v; in (4.3) instead of vy, which is

uy = o—buy bu; . Then using u; in (4.8) instead of ug, we get an upper bound for

ea

v1, which is v = —5y/u; — u, + v,. The better upper bound for v; is

wtidsta| 075 (62.5 — @) + 62.5 + a

- (1+

S+
0 =

(4.17)

25
vo1625—a|€

v0+62.5+a‘ *2”*) ’

where a = 5,/p = 5y/u; — uq > 0. We will not use it later.

Remark 1. % < 0 is always true from Assumption 1, so uf is valid for all uy €

dv

, % < 0 in the region A and ‘fl—;’ > 0 in the region B, so v{, uj,

(Uss, +00). However

vi are valid for ug € D only.
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4.2.2.2 The description of ¢,

For later use, we need some properties of ®;, given by the following Lemmas.

Lemma 1. For a,b > 0, we have ‘jl“Té >0 for a fived T =1 ms.

Proof. We have % = a(bv — u) < 0 from Assumption 1 (given our initial condition

above the v-nullcline) and fix 7 = 1 ms, then

7P L S
A _Z;a@um—u)“
u1l 1

(4.18)
Y
7T e albo(w) —w) ™
Applying the Fundamental Theorem of Calculus, we have
1= G(uy) — G(up) (4.19)
for G(u) such that G'(u) = m By taking derivatives with respect to uy on
both sides,
o UG(w) = Glu)]
dUO
_dG(w) duy  dG(up)
N dU1 dUO dUO
1 d 1
SR S — (4.20)

albv; —uy) dug  a(bvg — ug)”
duy  a(bvy — uy)
dug a(bvy — )
_bup—u

= >0
on — Ug ’

because a > 0 and Z—? < 0,80 bv —u < 0 at both (vg,up) and (vq,uy), so % > 0 for
a fixed 7 = 1 ms.

O

Remark 2. ‘fl—? < 0 is always true from Assumption 1, so Z—Z; > 0 is valid for all



Uy € (Usx, +00) for a fized T =1 ms.
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Lemma 1 shows that ui(ug) is an increasing function with respect to ug. Next, we

want to show that Z—Z; < 0 for a fixed 7 = 1 ms in the following Lemma.

100 T T T T T
[
g / u=bv
/ u=0.04v2+5v4+140+
Region A Region C / e
Reset line Vo
E / Spiking line v 2|
o \ u=00402 450+ 140+ 1 2
Region B
gl Vs
60 L}
>
Q9
o)
o /
8 /
> 40} SLgEELs 4
5 PR e e S hdl (v )
8 \ (vo,uo)
(&) (0,0) Xk s e e e
4 e (va, up) (vs, u3)
20 - (vo,%) | (Vaytg) = (va, 1)
0 I? . bv/
.20 1 1 Il | 1
-100 -80 -60 -40 -20 20

Membrane Potential v

Figure 4.5: & with initial conditions uy and gy, where g > uyg.

40

Lemma 2. For a,b > 0, let ug, iy € D, then v1 < vy if and only if iy > uy for a

fixed T =1 ms.

Proof. Case 1: U, does not exist, then D = (U, +00).

(<) Clearly, ug, ug € D, so (v1,u;1) and (0, u;) are in the region A (see Figure 4.5).

dv — 0.04v% + 50 + 140 — u + I < 0. Recall that we fix 7 = 1 ms and let © = ug as an

da



o8

initial condition. Then,

o= [ L d
/0 ~ Jue 0.0402 + 50+ 140 — u(v) + 1 !
V1 1
dv,
v 0.04v2 + 50+ 140 — u(v) + 1

(4.21)
= 1=

where u(v) = u(v, ug) is the solution curve. Recall that f(v) = 0.04v? +5v + 140+ I,

where [ is fixed. Then,
I [
= ———dv
vo f(U) - U(U)

V0 1
= ) 422

[

= ———dv.

v u(v) = f(v)

Assuming g > ug, by the uniqueness theorem for ODEs, @(v) > u(v), so m <

m. Since the integral is always equal to 1, 7; < vy (see Figure 4.6).

1
u(v)—f(v)

1
u(v)—f(v)

1
u(v)—f(v)

1 >

U1 U1 Vo (%

Figure 4.6: The integral is always equal to 1 and vq is fixed, so 9; < v;.

(=) Next, again we have % = a(bv — u) < 0 from Assumption 1 and fix 7 = 1 ms.

Let v = v; as an initial condition. Then,
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/Oldt:/:mdu

uQ 1
l=—/ — .
N /u O (4.23)
uQ 1
= —du.

wi au — abu(u)

Assuming 77 < vy, by the uniqueness theorem for ODEs, v(u) < v(u), so RO

1
au—abv(u)*

Since the integral is always equal to 1, @y > ug (see Figure 4.7).

1
au—abv(u)
au—abuv(w)

au—abo(uw)

>

w1y wUo o 24

Figure 4.7: The integral is always equal to 1 and wu, is given, so @y > uqg.

Case 2: Uy exists, then the result of case 1 holds for all ug € D = (U, Usss). For

Uy € [Usss, +00), we have

Case 2a: (vy,uq) is on the left branch of the v-nullcline and (91, %) are in the region

B (see Figure 4.8).
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T

| T2 [ | = u=0.04v%+5v+140+|

326.15 |- /

1

"' Region A

326.1 -

u=0.04v% +5v + 140+ I |
326.05 | | :

%6 Region B

Recovery Variable u

325.95 |- i

325.9
(Uh Ul)

Uy

1 1 1 1 1 1
-149.48 -149.46 -149.44 -149.42 -149.4 -149.38
Membrane Potential v

Figure 4.8: (v1,uy) is on the left branch of the v-nullcline and (2, @;) is in the region

B for a fixed 7 = 1 ms.

Clearly, ®1(tuss) = (v1,u1). According to Lemma 1, j—z; > 0 is valid for all uy €
(Ugs, +00) for a fixed 7 = 1 ms, so 43 > u; when @y > ug. Moreover, (01, 1u;) are in

the region B, so 07 < v; because the width of parabola F, = 0 increases with w.

Case 2b: Both (vy,u1) and (v4,%;) are in the region B for a fixed 7 = 1 ms (see

Figure 4.9).
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393.5 Wi u=0.04v2+5v+140+1 | _
u = 0.04v% + 5v + 140 + I i

o [ : /,///,,, |

s Region A

392.5 - [

302 | Region B

Recovery Variable u

[

©

—_

4]
T
[ J
|

(v1,w1)

391 3

390.5 - -

1 1 1 1 1 1 1 1 | 1

-158.9 -158.8 -158.7 -158.6 -158.5 -158.4 -158.3 -158.2 -158.1 -158
Membrane Potential v

Figure 4.9: Both (vy,u1) and (9, 1,) are in the region B for a fixed 7 = 1 ms.

(By contradiction) Let 77 be a solution curve from (vg,ug) to (vi,u;) and Ty be a
solution curve from (v, @) to (01, uy), where @y > uo. We know that o(t) < v(t) at
a given ¢t while both T} and 75 are in the region A by the argument of case 1. Now
U, > uq in the region B. Assume #; > v; in the region B, then T5 must cross 77 in the
region B because 0(t) moves from the left of v(¢) to the right of v(t) while u(t) > u(t),
so T} and T5 have an intersection in the region B. Clearly, this is a contradiction with
the uniqueness theorem for ODEs. Therefore, 7; < vy in the region B when iy > ug

for a fixed 7 = 1 ms.

O]

Lemma 2 implies that % < 0 in both region A and B for ug € (U, +00) for a fixed

7 =1 ms.
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Lemma 3. For a,b > 0, uy(ug) is concave up and if ug — 400, then u; — +00.

Proof. By Lemma 1, we have g“l = w=bu () Now
u ug—bvg

d (duy\  (uo—bvo) (Zijl b;‘Z;) — (u1 — bvy)
<_> - (uo — bug)?
(ug — bvg)dﬂ — b(ug — bvg) 37 dyl — (ug — buy)
(ug — bup)?

(ug — bv )Zé Zz(l) — b(ug — bvo)g—% — (ug — buy)

d—UO dUO

(10 = bvo)? (4.24)
(Ul — bUl) — b(UO — bvo) dv1 — (Ul — bUl)

(UO — bU())

_ ( b) (UO — bvo) gz; 0

(UQ — bUQ)
_ (b

dug

>0
Uug — bU() ’

where b > 0, ug — bvg > 0 and g—Z; < 0 by Lemma 2, so u;(ug) is concave up. Also by

Lemma 1, we let
% _ uy (ug) — buy(ug)
dUO

=C>0 )
— UO _ b/UO b <4 25)

where C' is a constant. So Z—Zé > (' for all ug > uy,. Therefore, if uy — +o00, then

U; —» +00. O

Lemma 3 implies that the slope of u;(ug) is increasing for ug € (s, +00). Finally,

we want to show that j—z(l) < 1 for a fixed 7 = 1 ms in the following Lemma.
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Lemma 4. For a,b > 0, we have % <1 for a firxed T =1 ms.

Proof. (By contradiction) We have % = a(bv —u) < 0 from Assumption 1 (given our
initial condition above the v-nullcline), so uy > u; > 0. Since gﬁ > 0 by Lemma 1,
we know that uy(ug) is an increasing function with respect to ug. Also d%o (3—";;) >0
by Lemma 3, so u;(ug) is concave up, which implies the slope of u;(ug) is increasing.
Clearly, 0 < u1(uo) < uf (uo), where uf (ug) = 2= + py, from (4.6). Now

duf 1 0 (duf

7:7:€_a<1’ _ — :O7 426

dug e Oug (duo ( )
where a > 0. So the slope of uj (ug) is a constant and it does not change with respect

to ug. So uy as a function of ug is a straight line.

Uy (U02)

\
/
Up2 U’O

Figure 4.10: If Z—Z; > e~ then u;(ug) grows faster than ui (ug) as ug increases.
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Now suppose % = e % <1 at ug = ugy > uUs, then Z—Zé =k >e*at ug = ugy >

upo by Lemma 3 (see Figure 4.10). w; increases at a slope greater than k& > e~

for all uy > ug;. However, uj increases at a fixed slope e™® < 1 as ug increases.
More precisely, suppose k is fixed, then there must exist a wgy > wg; such that
uy (ugr) + k(o2 —uo1) = uf (ugy), but g—ﬁ; is increasing as ug increases so that uy (ug2) >

uy (uo1) + k(uo2 — uor) = uj (ugz). Thus, ug(ugz) > uf (upz), which is a contradiction.

Therefore, j—z; <e <1 for ug € (U, +00). O

Corollary 1. 0 < Zui; < 1 by Lemma 1 and Lemma 4, which means ® is a contrac-

tion inu. So 0 < P (ug) <1 for ug € (Us, +00).

4.2.3 Dy : (v1,u1) — (vg,us)

4.2.3.1 The estimation of us, and v,

Clearly @, describes an instantaneous horizontal “jump” by adding eG > 0 in the v

direction, and u does not change. Therefore, we have

vy = v +€G,

vy =v; +€G,
(4.27)
uy = uy,
Uy = Uy,
where
—b
uf =uf = 220 by, (4.28)
eCL
vy =v; +€G = —=d\/ug — ug + v, + €G, (4.29)
_ _ ug— buy
vy = b (4.30)

ea



vy =v] +€G = =b\Jul —u, + v, + €G.

4.2.3.2 The description of &,

65

(4.31)

®, is neither an expansion nor a contraction in u. As a result, if ®; is a contraction in

u, then the composition of ®; and ®, is also a contraction in u, so 0 < (Pg0Py (1))’ <

1. The point (v, uq) is the initial condition of ®5, u does not change so us = uy and

if ug — 400, then us — 400 by Lemma 3. v increases by eG > 0, thus vy = v; + €G.

Now we would like to know where the point (v, uy) is. There are five possibilities:

1, (vg,us) is in the region B (below the v-nullcline).

nN

Vg, Ug) is on the right branch of the v-nullcline.

-~ W

, (vg,us9) is on the reset line v = vy.

(v2, u2)
(v2, u2)
, (v2,ug) is in the region C' (above the v-nullcline).
(v2, u2)
5, (vg,uz) is also in the region A.

100 T T T

T

Vo
u=bv
Regi A i
s Semon O U=0.04v2+5v+140+
/ Reset line v
80 I u = 0.04v% + 50 + 140 + I Spiking |inel\)ls o
Vs
Region B
\ (vo, 10) (v2, id2)

60 \ @ = -
> (V1,41)
o (vo, ur) y
< o=@ ; o (V2,2)
= (1,1)
g (vo, uo)

40 RESRT Y SR Qe P RN e —
E G;l ul) (Uz ‘u2)
>
8 (V0 Uas)
CQCJ szl 5

o
20 - (0, %) T (0, 1) -
ol w= zw///—
.20 1 1 1 1 1 1
-100 -80 -60 -40 -20 0 20

Membrane Potential v

40

Figure 4.11: Let uy € D be the point such that (s, 1s) is the solution on the v-

nullcline.
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In both cases 4 and 5, the system goes to the recovery phase. Clearly, the right
branch of the v-nullcline is the dividing line between the region B and the region C'.
No matter what (ve,us) is in the region B or C, although it can reach the spiking
line v = v, eventually, the forms of the trajectories are different. By adding a “jump"
in the v direction, if %y > ug, then we have vy = 07 + €G < v; + €G = v by Lemma
2. If the v-nullcline and the impulse €G are fixed, the width of the parabola F, = 0
increases when u increases, then for a small initial condition ug, the impulse €G is
large enough to make (vg,uy) cross the right branch of the v-nullcline. However,
when the width of the parabola F, = 0 is large enough, (vs,uy) does not pass the
right branch of the v-nullcline by adding a fixed impulse eG. Now if @y > ug then
@ > u; by Lemma 1, and there is a possibility that (ve,us) is in the region B and
(U2, U2) is in the region C (see Figure 4.11). Thus there must exist a 0y € (¥, v3)
such that (09, 1s) is a solution on the v-nullcline for some initial conditions by the
Intermediate Value Theorem. Thus, we have 5 = 0.04@% + 509+ 1404 I with @y = 1y,

@2 :?31 +EG

Definition 7. Let upr € D be the point such that ®5 o 1 (v, ur) = (09, Us) is the

solution on the v-nullcline.

Since U5 < ¥y < vg, we have 07 < 07 < v1. Applying Lemma 2, we have ug < up < .
Here are three cases for the initial condition ug:

1, Use < ug < ur, then (vy, us) is in the region B (below the v-nullcline).

2, ug = ur, then (v, uz) is on the right branch of v-nullcline.

3, ug > ur, then (v, us) is in the region A or C' (above the v-nullcline).
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4.2.4 D3z (v9,u9) — ug

4.2.4.1 Case 1: uy € (U, ur)

We define 1 be the composition of ®3, ®5 and ®;. Then

P(ug) = $3 0 Py 0 Dy (up). (4.32)

Lemma 5. For a,b and I positive constants, if uy € (uw,ur), then ¥(ug) is a

contraction in u. i.e. 0 < Y'(up) < 1.

70 = T T T T T T O
/ u=bv
u = 0.04v% + 5v + 140+ [ u=0.04v*+5v+140+1
i Reset line Vo
o Region B Spiking line v_
Vs
50 / |
=
2 (v2,11) = (U2, 12) i
ﬁ 2, Uy) = (U2, U2 (’Ussus)
% = i ————s e — —e
> 40 | (Uz,'ng) H
g
>
o
(8]
&, ——————— — e — _ —_— -
- (B2,w1)  (v2,u2) = (va2,w1) (vs; us) |
= (U2, up)
20 - §
1 1 1 1 1 1 1
-30 20 -10 0 10 20 30

Membrane Potential v

Figure 4.12: (vq,13) is on the curve of the solution from (0, %s) to (vs, U3) vertically
aligned with (vq, us), the initial point for another solution.

Proof. For uy € (us,ur), (va2,u2) is in the region B (see Figure 4.12). Let u =

v(v; Vg, Tig) describe the curve of the solution from (g, u2) to (vs, u3) for any @, and
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any v € [0y, vs]. Then tig = v(0g; Vg, Ug) and 1y = 7y(vg; U2, Uz). Since in the region B,

we have v () and d” > 0, then < 0. Thus

Oy(v; Do, tip)  du
14 - 4.33
ov T 0 (4.33)

Since Uy < v9, We have Uy < Uy. Thus s — us < Uy — Us.

Next let u = 7(v; v2, ug) describe the curve of the solution from (ve, us) to (vs,us) for
any up and any v € [vg, v5] and let u = y(v;vq, Uz) describe the curve of the solution
from (v, 12) to (vs,ug) for any Uy and any v € [vg,vs]. Then uy = y(vg;v2,us),

“ . v Oy (vyva,u du _ Fu(y(vivz,u2)v
ity = (vg; v, %) andvTM_d_z_W<0 Now we have

0 (87(v;v2,UQ)> B Fv(’Y(”?”%“ﬂ;”)%%Z?W) - Fu(ﬁ’(“%%;@)ﬂ)%%ﬁ’m

Ous v F2(y(v; vg,u2),v)

(4.34)
By the uniqueness theorem for ODEs, we have W%z,w) > 0. %% = —a < 0 and
% =-1<0,s0 8%2 (767(%1;2’”2)) < 0. Now

(ﬂ?) - ?VLQ) - (U3 - Uz) = [7(U3§U2,ﬁ2)) - 7("02;’02,?22)] - [7("05502&2) - 7(112;112,102)]

_ /”S 87(?);@2,112)% _/”s a’Y(U;Uz,Uz)dU

ov o ov

B 07(v; va, uz)
= (7 (P ) e

Since 8%2 (W) < 0, we have [;* (fuZ 822 (W) du2> dv < 0. Then (a3 —

(4.35)

’lVLQ)—(Ug—UQ) < 0= ?13—212 < U3z — Uy = ﬂg-Ug < 'ZLQ_UQ. So fL3—U3 < ﬂg-Ug <
Uy — Uy = Uy — Uy < Uy — ug by Lemma 4, which means 3 — ug < g — ug. Therefore,

for ug € (Uss, ur), ¥(up) is a contraction in wu. O

So, for uy € (U, ur), we have 0 < ¢'(ug) < 1.
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4.2.4.2 Case 2: uy > ur

100 T = T T T T
W : u=bv
Region A Region C / = - U=0.04v2+5v+140+1
/ Reset line Vo
80 |- w= 00402 + 50 + 140 + I Spiking line v,
' v
Region B 2

60 |- / 4
44 ;
2 (2, 1d2)
@ el
s

40 - -
P
5] S
>
3
O
@
m S,

20 ”: e i i 2

o Foid bv/
.20 1 I | 1 1 |
-100 -80 -60 -40 -20 0 20 40

Membrane Potential v

Figure 4.13: Due to the continuity of the flow, when u( increases, the intersection
between the trajectory and the v-nullcline moves down along the right branch until
the vertex (v,,u,), then moves up along the left branch.

For ug > ur, (va,us) is in the region C' or A. If (vg,uy) is close enough to the right
branch of the v-nullcline, then the trajectory will cross the right branch of the v-
nullcline. However, as long as (v, ug) stays away a little bit from the right branch of
the v-nullcline, then the trajectory will cross the left branch of the v-nullcline. Then
both trajectories reach v,. This is because in the Izhikevich neuron model, unless
(va, us) is extremely close to the right branch of the v-nullcline so that 2% ~ 0 (%% = 0
if (vq, uz) is on the v-nullcline), we have % < 0 is sufficiently faster than ‘fl—? < 0 above
the parabola F, = 0, so that the distance moved in the v direction is much greater

than that in the u direction in the same time t. Generally, the trajectory with (vg, us)
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in the region C' will go to the left branch of the v-nullcline (see Figure 4.13).

Vo — €G Vo Va

u = 0.04v% + 5v + 140 + T

eG

Figure 4.14: v + G = vy < v, as ug — +00.

4.2.4.3 Case 2a: ug € [ugp, ur + 9]

In this subsection, we deal with a small interval of initial points above up. The

following Lemma makes this more precise.

Lemma 6. 3 0 > 0, such that the trajectory from uy = ur + & along Step III of the

trajectory from (vq, ug) to (vs,us) crosses the verter (vq,us) of the parabola F, = 0.

Proof. Since ug > up, we have that (vq, us) is in the region C' or A and we know
that vy < 09 by Lemma 2 and uy > @y by Lemma 1. Then the trajectory with the
initial condition (ve,us) crosses the right branch or the left branch of the v-nullcline
before spiking. If ug = up, then (vo,us) = (09, 7s) is on the right branch of the
v-nullcline. Recall that we fix 7 = Ims in Step I and v,, vg, I and eG are fixed. Let
f(v) =0.040 + 50+ 140 + I, we have % = 0.04v® + 50+ 140+ —u = f(v) —u < 0.
As ug = 400 for v € [v, — €G o], © = f(v) —u < f(v) —w for all ¢ € [0,1]

because u; < u(t). But uy — 400 as up — +oo by Lemma 3 and f(v) is bounded
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(see Figure 4.14), so % — —oo for all t € [0,1] as ug — +00. Now suppose, by way
of contradiction, that v; > v, —€G. Then % — —oco for all ¢ € [0, 1] as ug — +00. So
v1 = vy + fy (L)dt — —o00 as ug — +oc. Clearly, this is a contradiction. Therefore,
v < Vg — €G = 01 + €G = vy < v, a8 uyg — +00 when 7 = 1lms. Then the trajectory
with the initial condition (vg, us) reaches the left branch of the v-nullcline. Due to the
continuity of the flow, when u( increases, the intersection between the trajectory and
the right branch of the v-nullcline moves down along the right branch of the v-nullcline

until the vertex (v, u,), then moves up along the left branch of the v-nullcline.

100 T T T T T T

(y
. u=bv
Region A Region C u=0.04v2+5v+140+I
Reset line Vo
80 L w=0.0402 + 5v + 140 + I Spiking line v_ d
Region B Vg

60F \ : i
=
2 (v1,w1) (vo, ur +9) (2us) / (U2, 2)
g \| =TT e
5 (1, 401) (vo, ur) / S BB ; o )’
> 40 & R /// sy U3 2
&
g /
o 7
@ S
o« iy .'j; v

20 | — = ; -

(Va, ua) (v, uz)
of s ,,U/
_20 1 1 1 1 1 1
-100 -80 -60 -40 -20 0 20 40

Membrane Potential v

Figure 4.15: For ug € [ug, up + 6], a small increase in ug can lead to a large decrease
in the value of wus.

Therefore, there must exist a § > 0, such that the trajectory from ug = ugp 4+ 0 with
the initial condition (vq,us) reaches the vertex (v,,u,) of the parabola F, = 0 (see

Figure 4.15). O
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4.2.4.4 The estimation of §

In this subsection, we want to show that ¢ is small so that ¢’ (uy) < —1 on a subinterval
of [ur,ur + d], where ¥ (up) is defined in equation (4.32). In order to say § is small,
we need to find up first. We do not know where the exactly ur is, however we can

find the estimation of up.

4.2.4.4.1 The estimation of ur : In principle, ur has an exact value to
lead the trajectory to land on the right branch of the v-nullcline by adding €G to v;.
So we need to start from (vg,us) = (02, 7Us) and assume it is on the right branch of
the v-nullcline. Thus,

Uy = 0.04v3 + 5vy + 140 + [ = uy.
(4.36)

vy = U1 + €G.

= uy = 0.04(v; + €G)? + 5(v; + €G) + 140 + 1. (4.37)

Applying the estimates of v; and u; from ®;, we can find a lower bound of up, say

uy and an upper bound of uz, say uf. Then,

uj = 0.04(v; +€G)* + 5(v; + €G) + 140 + I.
= (4.38)
uy = 0.04(v] +€G)? + 5(vy + €G) + 140 + I,

where

iﬁ- — _|_ bUO, (439)

o = —5yfur — e + 10, (4.40)
vy =v; + €G = =b\Jup — ug + v, + €G, (4.41)
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+ b —
uy =uy = LT (4.42)

vf = =5\/uy — g + v, (4.43)
v = v +€G = =5\ u; — ug + v, + €G. (4.44)

Then ur € [up,ur]. So up + Opmee = ur + 5, where J,,4, is an upper bound of 6.
Clearly, 0,00 > 0. If 0,pqq is small, then ¢ is small automatically. Firstly, we need to

find uy. By 4.39 and 4.40, we have

uy = 0.04(vy + €G)* +5(v; + €G) + 140 + I
= 0.04(v;)? + (0.08¢G + 5)v; + 0.046*G?
+ 5¢G + 140 + 1,
ur — bv 2
TTO + bug = 0.04 (—5\/1@ — uq + va>
+ (0.08¢G + 5) (—5\/uT — U + va> (4.45)
+0.04€°G? + 5¢G + 140 + I,
e up — bvge™® 4 bug = up + 0.042G? — 0.4¢G\/up — uq,
—0.4eG\Jup —uy, = € “up — up — bvge™* + byg — 0.04€>G?,

—0.4eG\Jup — ug = (e7* — 1)uy — bvge™® + bvg — 0.046*G?.

Let X; =e®—1 and X, = bvy — buge™® — 0.042G?. Now

(—O.46G\/u} - ua>2 = (Xm} —+ X2>2 )

0.1662G*uyp — 0.1662G%u, = X2 (up)? + 2X1 Xoup + X2

(4.46)

Let X5 = 0.16€2G? and X, = —0.16€2G?u,. We have

0= X{(up)? + (2X1 X2 — Xa)up + X5 — Xu. (4.47)



& Up =

—(2X1 X5 — X3) £ 1/(2X1 X5 — X3)2 — AXP(XF — Xy)

X2

Picking a minimum

—(2X1 0, — X;) — /(2X,1 X5 — X3)? — 4XF(XF — X))

tr = 2X2

Clearly, X1, X5, X3 and X, are constants, so ur is a constant.

If 0,42 is small, then ¢ is small. So we want to find the estimation of d,,4,.
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(4.48)

(4.49)

4.2.4.4.2 The method and analysis for estimation of ¢,,,,

Regon A Uy Vg L W= 0040 +5u+ 140+ 1
B [ b i | [ G = 2 i ]
Region C
(vo, ur +6)
45 | ——=@ il il
Liiiiiliel
40 -— —- —
=
o
g Region B
Sast - — -
Py
[
>
o
o
€ 30 4 ¥ £
25 T~ (Ve ) > |
e, SRBRE MBS,
(vor ) "(v..-, Ua)
20 L - - - — —_— —_— 223
I I 1 1 I 1 1
-65 -60 -55 -50 -45 -40 -35 -30
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Figure 4.16: Choose 6,,,, to be as small as possible, but still large enough to ensure

that the flow crosses I' from right to left for v € (v,, vy (dmax)]-

Now, let ug(Omaz) = Up + Omaz, Where dpq: > 0. Let T' be the straight line from
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(v3 (Omaz); 3 (Omaz)) to (va, up) above the parabola F, = 0, where

7+ Omaz — b
U;(5m0$) = o p ‘o + b’Uo, (450)
U; (5ma:p> = —5\/UE + 5ma:p — Ugq + Vg + EG (451)

and up > u, is a constant. We want to know how small §,,,, can be to ensure that
the flow crosses I' from right to left for v € (vg, V3 (Omas)] (see Figure 4.16).

Let K = % > 0 be the slope of I The equation of I' is u = I'(v) =
K — v (0maz)) + u3 (6maz). We want Z—Z < 2—5, Vv € (Vg, V3 (maz)] by choosing a
small §,,4, and a minimum real constant u,. Let f(v) = 0.040v* + 5v + 140 + I. We

want V(v,u) € T

du _dr
dv dv
abv — au
S —— <K 4.52
f) —u (4.52)

- abv — a[K (v — v3 (6maz)) + U3 (Omaz)]
f(?)) - [K(U - UQ_ (5771611‘)) + u;_ (5max)]

< K.
Recall that ¢ = f(v) — u < 0 in the region A and C,

& abv — alK(v — vy (Omaz)) + ug (Omaz)] >
K[f(v) = [K(v = vy (dmaz)) + U3 (Omaz)]] (4.53)

< abv — Kf(”) + (K - a) [K(U - 1}5 (5max)) + u;r((smax)] > 0.

Let Q(v) = abv— K f (v) + (K — a)[K (v = v (max)) + 3 (6maa)]. Q'(v) = ab+ K (K —
a) — K f'(v) and Q" (v) = —0.08 K < 0. So Q(v) is concave down Yv € (Vg, V3 (Omaz)],
which means we need Q(v,) > 0 and Q(vy (0maz)) > 0 to ensure Q(v) > 0 Vv €

(Va, Vg (Omaz)]-
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We first show that Q(v,) > 0 by choosing a minimum real constant u,. Claim
1 confirms that u, is a real constant and u, > u, under a sufficient condition of

parameters with 0,4, > 2ug.e® — ugp + bvg(1 — e%).

4.2.4.4.3 Choosing a u; for Q(v,) : Firstly, we need Q(v,) > 0 by

choosing a minimum real constant .

+

Olv) = (K — a) (M< v () + u;wm))

U; (6mam> — Vg

+abv, — K f(v,) >0

(4.54)
< abv, — Kf(v,) + (K —a)uy, >0
+ +
Uy (5maac) — Up Ug (5max) — Up
_ 2\0maz) 7 % 2 \Pmaz) T B, gy >
& abu, o () Uaf(va) + e p— up — aup > 0
Since vy (0pmaz) — Vg > 0, we have
& abvg (Vg (Omaz) — Va) — (u;((smaz) —up) f(va)
+(u3 (Omaz) — up)up — atip(Vy (Opmaz) — Va) > 0
(4.55)

g ug - (f(va) + U;((smaw) — a(vy (Omaz) — Ua)) Up

+ugd (Omaz) f(Va) — abva (V5 (Opmaz) — Vo) < 0

Y, — /Y2 —4Y, -V, +/Y? —4Y.
1 21 27 1+ 21 2 ‘ (4.56)

<= Uy €

Picking a minimum

2
—¥ - y¥T —4Y (4.57)

Up = 9 3

where Y = — (£(va) + 1 (6maz) — a(V3 (Omaz) = va)), Yo = 5 (Omaa) f (va) —~abUa(05 (maz) -

’U«; +dmaz—bvo
ea

V), V3 (Omaz) = —5\/ur} + Omaz — Ua + Vo + €G and ug (dnar) = + buy.
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Real constant u,: Let Av = vy (0p00) — va > 0. We want to ensure that uy is a real

constant. We have

VP = 4%, = (= (F(va) + 5 Gra) — a20))” = 4 (1 (Bae) f(v) — abva2A0)
= (= f(va) = uz (Omaz))® + 2080(—f (va) — u3 (Omaz)) + a*(Av)?
— 4uz (Omaz) f (va) + 4abv, Av
= (f(va))? + 23 (Omaa) f(va) + (45 (Omaz))? — 2020 f (v,) (4.58)
— 20 AU (Opaz) + a2 (A0)? — duF (Omaz) f (va) + dabv,Av
= (f(va))? = 23 (Oma) f(va) + (43 (Omaz))? — 2020 f (v,)

— 2aAvug (Smaz) + @ (Av)? + dabu,Av.

Let £ = (u;(émax))z - 2“3_(5max)f(va) and F = CL2(A’U)2 + (.f(va))2 - 2aAUf(Ua) -
20AvU3 (Omaz) + 4abv,Av, where f(v,) = u,. So Y —4Y, = E + F. We want to

choose a 9,,,,, as a sufficient condition to ensure that uy is a real constant and uy > u,.

Claim 1. For 0 < a < b < 1, v, < 0 and vy < 0, assume%ZeG>O,ua>

max (3 + /9 — 4v,, %) > 0, we take Omar > 2uqae® — up + bug(l — e®), then
(a) wp is a real constant, and

(b) up > ug.

Proof. (a) Let dppaz1 = 2uqe® — up + bvg(1 —e®). Clearly, u, > % = 2u, > up. Thus
Omazl = 2uqe® — up + bvg(1 — €*) > 0 because 2u,e® — up > 0 and bug(1 — e%) > 0,

where 0 < a <b<1and vg <0. SO dpmaz > Omaz1 > 0. Now we have

E= (u;(émam)y - 2u;(5max>f(va)
0 () (5 (Oa) — 218 (450)

ud (Omaz) (“T + Omaa = bug 1 by — 2ua> ,

ea




U,
where L

E Z u;—(éma:c) <
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M > 0, bvg < 0 and —2u, < 0. Thus

uj_“ + 5mazl - bUO
el

+ by — 2ua>

= U;_((Smax) <UT ki ZUaea i b/UO _a bvoea — u; — bUO + bU() - 2Ua>
¢ (4.60)
n up + 2uqe® + bvg — buge® — ugp — byg + buge® — 2u,e”
= Uy (Omaz) oo
=0.
Now take 0pmaz = Omaz1 = 2uqe® — up + bvg(1l — e*). Then the minimum F =
U3 (Omaz) (U3 (Omaz) — 2uq) = 0 = U3 (Omaz) = 2uq. Next
= a*(Av)* + (f(va))? — 2aAv f(v,) — 2aA0uF (Opaz) + 4abvg Av
= a®(Av)* + (uq)? — 20Avu, — 2aA0UF (Opag) + dabvg Av
50 b
= 2 4w, (ua — 2alAv — QaAv%zmx) + 4aAvui;> (4.61)
2, bv,
= 2 4wy (ua — 2aAv — 2aAv=—"2 + 4@AUL>
Ug Ug
bu,
= —l—ua(ua—aAU(Q—i-Z 2—4—)),
Ug
where
0 < aAv = a(vy (pmaz) — Va)
—a <—5\/u; + Omaz — Uq + Vg + €G — va>
(4.62)

a <—5\/u5 + Oz — Uq + €G>

a (EG — 5\/u} + Omaz — ua> .

Since é > e(G, we have
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1
- > eG
a

1
= — — e > 0> —5\vUur + Omar — Ua
a e = \/UT+ U

1
= - —eG > —5\/u} + Opmaz — Uq
a (4.63)

1 _
<:>5>6G—5\/UT+(5mam—ua

@1>a<eG—5\/u;+5max—uQ>
S0 < aAv < 1.

Since 0 < b < 1, v, < 0 and u, > 0, we have IZ’—“ < 0. Now we take a minimum F

F=a —I—ua<ua—aAv<2—|—2-2—4bva>>
Uq
4-1-
F > a*( a(ua (2~|—2 2 — Ua))
Ua (4.64)
4,
- W(“a )

4
= a*(Av)? + u, <ua—6+ va)

Uq

where a?(Av)? > 0, u, > 0, —6 < 0 and % < 0. Clearly, u, > 3 ++/9—4v,. Let
q(ug) = ug — 6+ %". Then

4
“ — 4v, — S N
q(ug) >3++V9—4v 6+3+ S

4,
— 94y, 34— 0
Ve =S S T,

_ (VI A+ 3)(VI—F—=3) v, (4.65)
- VI —du,+3 3+ V9 — v,

~9—4dv, — 9+ v,

34++v9 —4v,

= 0.

So F' > 0. Therefore, Y?—4Y, = E+F > 0. If we fix §nq01 = 2uqe®—up+bvg(1—e®) >
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0, then wu, is a real constant with respect to the fixed 0,,421.

(b) If u, € |22 ”2Y1274Y2, “ht ”2Y124Y2} from (4.56), then the flow is in a vertical

—Y:— 2_ _ 2_
direction at (v4,u,) so that Q(v,) < 0. So u, ¢ [ Yi «/2Y1 4Y27 Y1+\/2Y1 2] Now

Vi + \/YP — 4Y,

Uy — Ug = 5 — Ug
Y YE - AY, 2y,
B 2 2
—Y1 = 2uq + /Y2 — 4Y)
B 2
_ f(Ua)_}_u;((Smax)_aAU_Qua'f' \/ Y12_4Y2 (4.66)
2
Ug + 2Ug — aAV — 2u, + 1/ YE — 4Y,
B 2
Uy — aAv + /Y? — 4Y5
B 2
o — 14+ /Y —4Y:
> 2 b >0,

where \/Y? — 4Y5 > 0 and u, — 1 > 0 see (4.11). Therefore uy, > u,.
O

Now we keep u, fixed in the following. Next, we want to show that Q(vy (0az)) > 0

by choosing a 6,4z

4.2.4.4.4 Choosing a d,,4; for Q(vy (dymaz)) : Now let v = v3 (6,14,) in

(4.52), we want Q(vy (0maz)) > 0, which is equivalent to

abvy (dmaz

) —
( ( max))

_ abv (maz)—aud (Smaw ud (6maz)—u _
Let P('UZ ,U;, 5max) - f(UZQ_(((smaz)))*u;(((smaz)) - U;E(;maz;*vj‘ We want P(Uz ,U;, 5maz) < 0.

S < 67
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Claim 2. For0<a <b<1, v, <0 and vy <0, we take 6pap > 2uze® — ur +bvg(1—

e). If vy (Omax) > 802,

Proof. Let dpmaz1 = 2uqe® — up + bvg(1l — e). Firstly, we check v5 (642) is defined.

Uy (Omaz1) = —5\/uT + Omazl — Uq + Vg + €G = —5\/ua (2% — 1) + bug(1 — e2)

+ vy + €G. uy(2e* — 1) > 0 and bug(1l — €*) > 0, S0 vy (Omaz) is defined. d(;lniz =

0 maz 1} mazx 2] 5maa¢
6U;?6PWTQI) vgé('m.az ) + 8”2 (Ijnaz) ué(;('m.am We knOW that v2 ( < O by Lemma 2 and

+
W > 0 by Lemma 1. Now

0P (f(v3 (9maz)) — U3 (dmaz))ab — a(bvy (Smaz) — 3 (Gmaz)) [’ (V2 (Omaz))
8'U2_ <5max) (f(U; (6max)) - ug(&nam))z
u3 (Omaz) — Up
(v2 (Omaz) — va)?

+
(4.68)

a (fl(vz_ (6mal’))(ug_(5maw) — bv3 (Omaz)) — b(u;(émax) — flvy (5max))) > 0, where

b3 (Omaz) < 0 < f(v3 (Omaz)) and f'(v3 (Smaz)) = 0.0805 (Oymas) +5 > 0.08- 25 4+ 5 =

b—>5+5=b. Clearly, us (6,maz) — up > 0. So m_‘?;;az) > 0.
opr _ (f(v3 (Omax)) — u;@max))(_a) — a(bvy (6maz) — u;(émaﬂc))(_l)
8“3—(57%90) (f (v (Omaz)) — u;‘ (Omax))?

(4.69)
——1 < 0. a(ud (6maz) — F(V3 (Omaz)) + 003 (Ormaz) —

Uy (émaac)_va

ug (Opmaz)) = a(bv;(5ma$)—f(v2_(5max))) < 0 because bvy (6maz) < 0and f(vy (6maz) >
0. So

Uy (Omaz) — Vo > 0, SO

< 0. Therefore - < 0.

d
oug (Smaz) : ’ d6

O

Choosing a 6,,., such that P(vy,u3;0me.) < 0: Firstly, we want to show that

0vy (6max)

there must exist a dpq, such that P(vy, 435 0mee) < 0. We know that =2

8u2 (ém(m)

<0

by Lemma 2 and > 0 by Lemma 1, then ug (0n4e) — up > 0 is increasing
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u; (6'maz)_ub

and vy (Omaz) — Ve > 0 is decreasing as 0,4, increases. Thus, K = T ——
2 max ) Ya

—

du

400 as vy (6mae) — Va. However, w=t (Smae) =0 (Smas

y > 0 in the region C and

%

|| _ o Gman)| = G umud (5rnae) | 25 100G @S g I sufficiently large, so du

u=uy dy|u u;((smaz),v:v;(&naz)

_ - 4. _abvy (Omaz)—aud Omaz) Ul (Omaz)—up
- +00 as Uy (Omaz) — Va. Hence, P(vy , U3 ; Omaz) = f(vz*(émm))—u;(émw) —Ug(émm)_va =

du
dv U:u;((smaz)ﬂ):v; (6maz)

—K <0as K — 400 and 2| -+ 400 when

u= u2 maz)y”:U;(&fnaz)
V5 (Omaz) — Va, which implies that there must exist a d,,q, such that P(vy, ug; dnaz) <

0.

Secondly, since dad < 0, we just need to find a 8,4, to ensure that P(vy, u3; dpmas) <

0, because any d that is greater than d,,4, will make it better. We want P(vy , ug ; 6naz) =

ava_ (5’mal)7a“;(5maz) _ Uy (6maz)
(s Gomn)) =t Gmea) o (maa) v > < 0, which is equivalent to

& (abvy (Omaz) — ats (Omaz)) (Vs (Omaz) = va) > (U3 (Gmaz) — ) (f (V3 (Omaz)) — U3 (Omaz))
(abvy (dmaz) = auz (Omaz)) (V2 (Omaz) — Va)
u3 (Omaz) — Up
_a(u2+<5max) — bv; (&nax))(vg (5ma:c> B Ua)
u3 (Omaz) — Up
—(U; (5max> B Ua) > f(U; (5max>> B u;(émax)
U3 (Omaz) — U a(u3 (Omaz) — b03 (Omaz))
ug(&naz) o /U; (6max) — Vg f(Ug (5ma:p))
a(uz (Omaz) = 003 (Omaz)) U3 (Omaz) — s~ (3 (Omaz) — 002 (Omaz))’

=

=

=

(4.70)
where u;(émaw) > 0, G(U;((Smax) —buy (5max)) >0, vy (5maw) —v, > 0, u§(5mw) —Uup >

0 and f(vy (dmaz)) > 0. Tt is very difficult to find the solution for ¢,,,, directly, so we

: : ’lL+ (6maz) Vg (6777.(11)_'170,
— 2 _ 2
need to make another estimation for P. Let P, = T Gy o))~ ey
and P, = i (g(% )(6’Z“f)()5 ik We want to find a lower bound of P, say P; and an
Uy (Omazx ) —0Vy (Omax

upper bound of P, say P;" such that P, > P, > Py~ > P, by choosing a J,,4,. Both
P and P, are estimations, so we probably can not get a small ,,q,, but it still

satisfy our goal if 0,nee < u3 — u, so that 1’ (ug) < —1 on a subinterval of [ur, ur + 4],



83

where 1(ug) is defined in equation (4.32). We will verify this by the typical parameter

values later. Recall that %ﬁ:z) < 0 by Lemma 2 and %&:@”) > 0 by Lemma 1.
So N -
Pl — u2 (6mar) _ UQ <5max) — Vg >
G/(u;((smam) - bUQ_ (6mar>> U;((smam) — Up (4 71)
N s .
Usy _ Uy —Ua _ -
a(u;(&max) — by (5max)) u%‘ — Up b
because Ui < uy (Omaz) and 2=% ~ Vg Umas)ta op e
a(ug' (Omaz)—bvy (dmaz)) a(u;' (0maz)—bvy (Omaz)) u;' —up u;(&nax)—ub’
vy — Vg > Uy (Omaz) — Ve and u3 — up < U3 (Opaz) — up. Next
9 5 5ma:r
P2+ o f('ljg ) > f(UQ ( )) — PQ, (472)

B a(u; — by ) a(u;(émam) — bv3 (Omaz))

because f(vy) > f(vy (Omaz)) and a(ug —bvy ) < a(ug (dmaz) — bv3 (Gmaz)). We choose

a Omar SO that

+ - _ —
Pl_ _ Uy . ) Va > f(v2) _ P2+ (473)

a(u;((smaw) - bv; (&nam)) UQ+ —up CL(U; — b”l};)

Now we solve for d,,,, by

+ — —
Ug Vg — Uq f(U2 )
> 4.74
a(u;(émaw) — bvy (Omac)) u; —Uup a(u; - bU{)’ ( )

where v5 (0maz)s U3 (Omaz), V5 , U3 are given by the equation (4.39),(4.41),(4.50),(4.51).

f(vy) = 0.04(vy )+ 5vy + 140 + I and wy is a real constant with respect to the fixed

Omazl = 2Uge” — up + bvg(1 — e). Let J; = a(uffgi,) + Zi:}; > (0. Then we have
+
Uy
— >
a(u;(&naw) — bu, <5maw>> (4 75)
N )
g u;(émm") - bU; <5ma:r> S (1;—;2]1
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u+
Let J; = ﬁ We have

J2 Z u;_((smaz) - bvz_ (5maz)

u; + 5maaz —b
ed

s Jy > UO+bv0—b(—5\/uT—|—5mm—ua—i—va+eG>

& Jo > ure + e “mazr — bvoe”* + byy + 5b\/u} + Omaz — Uq — (v, + €G)

& 56\/7@ + Omaz — Ug < Jo —upe  — € Ypar + bvoge”* — bug + b(v, + €G)

(4.76)
Let J3 = Jo — upe™® 4+ bvge™* — bug + b(v, + €G). Thus
5b\/u; + 5maa: —Ug < J3 - e_aémaa: (477>
We know that there must exist a d,,,, to satisfy the inequality. Then
2 2
= (56\/uT + 5mam - ua) S (J3 - eiaémaz)
(4.78)
= 250 (U + Oz — Ua) < J2 — 2J3€ “Oppan + € 2462, -
It gives a quadratic equation of d,,4,, which is
€202 0p — 2J36 " O pnae — 25070 pae + J5 — 2567 (up — ug) >0 (4.79)
e 252 — (2J3¢7 4 2507 Omae + J2 — 2507 (up — ug) > 0 (4.80)
—J5 —\/JZ — 44, —J5 +\/J2 — 4JyJ,
& Omaz € (—oo, ° 2; ! 6] U ° 2; ! 6,+oo> . (4.81)
4 4

where Jy = e 2 J5 = —(2J3¢”* + 25b%) and Js = Ji — 25b*(up — u,). Clearly,

ThIV AR i A o We pick
2J4 :

2J4

5max -
2Jy

—00 <
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If §,nae is @ complex number, then (4.80) holds for any 6,4, because e2* > 0. Let
_ /72_

Omaz2 = w. If 9,42 is a real number, then we take 0,,40 > Omaze tO ensure

that P, > P, so that P, > P, which means P(vy,u3;0maz) < 0. Therefore, we

choose dmaz > Omaze to ensure that Q(vy (dmaz)) > 0.

To sum up: We take 6,4, > max(dmazt; Omaz2) t0 ensure that Q(v,) > 0 by choosing
a minimum real constant u(maz) > e and Q(vy (dmaz)) > 0 by choosing a 0,44,

which gives Q(v) > 0 Vv € (v4, V3 (Omaz)]-

4.2.4.4.5 Verifying the estimation by the typical parameter
values : Now we verify the estimation by applying the typical parameter values
a=0.02,b =02, v9g =c=—65, vy, =30, I =40, ¢ =3, G = 15, the delay time
r=1ms [8][10] and v, = —62.5, u, = 23.75 from (4.11). Then we have

1
up ~ 44.57, P 50 > 45 = €G,  pmaz1 = 2uqe® — up + bvg(1l — ) ~ 4.15,

(4.83)
U = 23.75 > 22.29 = max(19.09, 22.29) ~ max(3 + /9 — 4uv,, %T), (4.84)
—
Vg = —D\JUp — Ug + Vg + €G = —40.32, ug = Yr — 9% + bug ~ 43.43,  (4.85)
ea
Uy (Omaz1) = —5\/u} + Omaz1 — Uq + Vg + €G = —42.49, (4.86)
T 5max - b
i (Spaar) = 2L Omaxt TOV0 AT up(Saet) A 2439 > 23.75 = wg,
ea

(4.87)

so the result of Claim 1 holds. Hence, Q(v,) > 0 by choosing a minimum real constant

Up(Omaz) > Ua, Where Opae = Opmag1- Also

b —
U;((smaml) ~ —42.49 > —60 = 0—085’ (488)
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so the result of Claim 2 holds, then dii - < 0, where 0,02 = Omaz1. NOW

Jy~43.34, Jo ~ 50.11, Jy A~ 3.18, J, ~0.96, J5~ —7.23, Js~ —10.72, (4.89)

—Js + [ 2 — 4,
DIV T 8.8, vy (Gmans) A —44.TL, (4.90)

5maaz2 = ~

2Jy

U3 (Omaz2) = 52.06, f(V5 (Omaz2)) = 36.41, Up(Opmazz) A 24.22 > 23.75 = u,, (4.91)

s0 P(vy,u3; O0maze) =~ —1.49 < 0. Hence, Q(v3 (0paz)) > 0, where dpmae > Omaco-

Finally, we take

Omaz > MaX(Omazt, Omazz) ~ Max(4.15,8.8) = 8.8 (4.92)

to ensure that Q(v) > 0 Vv € (v4, V3 (Opmaz)]- In fact, if we take d,ae = Gmaz1 =~ 4.15,
then P(vy,u3;0mae1) ~ —1.01 < 0. However, we just need P(vy,uj;0maz) < O,
SO Omag1 18 already more than necessary. This is because we made estimations for
both P, and P; in the estimating P so that the error of the estimation has become
larger. If we take d,,,, = 1, then P(vy,u3;0mae) ~ —0.37 < 0, so numerically the

0 <1=90mauz

4.2.4.4.6 9Y'(uy) < —1 on a subinterval of [ur,ur + J], where
Y (up) is defined in equation (4.32) : Clearly, 6 > 6, 50 § < 8.8.
According to Lemma 6, if ug is increased by ¢ from wur on the reset line v = wvy,
then the trajectory from (v, us) to (vs, ug) crosses the vertex (v,,u,) of the parabola

F, = 0 (see Figure 4.15). Let Auy = u, — ug and Aug = up + 3 — up = 6. We have

Auy  ug—uy _ 23.75 —43.43

_ ~ 994 < 1. 1.03
Aug 5 3.8 < < (4.93)
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Then the trajectories starting from (vy,u3) and (v, u,) go to (vs,u3) and (vs,3)

respectively on the spiking line v = v, along the Izhikevich flow (see Figure 4.17).

Region B
(Uz_ (5maz)a U; ((5maz))

4 BN 5 St ©

(’Us, u3)

—_— - ittt =

(Va, ua)_ ‘('Us’ u3)

Figure 4.17: The gap between us and 43 is very large after the two trajectories go to
the spiking line v = v, along the Izhikevich flow.

In the region B, we have 2 = 0'041]21;?;&)%]_” < 0 with a = 0.02, b = 0.2 and

I = 40. Recall that we have a better but complicated lower bound of v; from Step I,

which is

wt6l5tal o (62.5 — a) + 625+ o

—(1+

o = ~ —80.09, (4.94)

v9+62.54« | =2
v0+62.5—a‘ e 2

where o = by/up —u, > 0. 03 = 0; + eG =~ —35.09. Now we replace v, by the

better lower bound ¥, to estimate uz. Then
vs a(bv —uy)
5y 0.04v2 +50 + 140 + I — ug
30 .02(0.2v — 434
z43.43—|—/ 0.02(0.2 — 4343) v
—35.09 0.04v2 + 5v + 140 + 40 — 43.43 (4.95)

dv

U3%U;+

~43.43 — 0.94

~ 42.49.
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Since Z—Z < 0 in the region B, we have i3 < u,. Let Aug = i3 — uz. Thus

AUg . 7?63 — Us < Uqg — U3 _ 23.75 — 42.49

= ~ <-213< -1 4.96
Ay 0 ) 8.8 ’ ( )

which means %Jgo) < —2.13 < —1. Then there must 3 a subinterval of [ur, ur + ]

on which %ﬁo) < —1. Therefore, ¥'(up) < —1 on a subinterval of [ur, ur + 6].

4.2.4.4.7 ur + 0 < Ugpy : Up +0 = Up + Oppax ~ 44.57 + 8.8 = 53.37.
ug (Omaz) = Uf (Opmaz) = 0.040% + 50 + 140 + I, where ug (Opmae) = UT (Omaz) ~ 52.06
and [ = 40. Thus, v = —89.1 or v = —35.9. Clearly, (v = —89.1, u{ (§,142) = 52.06)

is on the left branch of the v-nullcline. Now

w5ta| 052 (625 — a) + 62,5+ a

—(1+

57 (Bmaz) = ~ —85.02, (4.97)

vo+62.54a | 2o
v0+62.5—a‘e 2

where o = 5\/u; + Opmaz — Uq > 0. v = —89.1 < —85.02 = 7 (Jpmaz), 50 (1 (Omaz)s U7 (Omaz))

is in the region A. Therefore, ur + 6 = up + dmazr < Uss-

4.2.4.5 Case 2b: uy € (ur + J,+00)

If ug € (ur+0, +00), then the trajectory from ug along Step IIT of the trajectory from
(v9,u2) to (vs,ug) crosses the left branch of the parabola F, = 0. In other words, the

trajectory will go to the recovery phase after Step II (see Figure 4.18).
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100 T T T T T T
. ,U() ‘ u=bv
Region A Region C U=0.04v2+5v+140+1
‘ Reset line Vo
80 | Spiking line v dl
) ('U1, Ul) (vo, up) '
\o———2 . .o (v2,u2) Region B Us

60 L \ (vo,ur +6) @ = . / 4
> k Ninieiofl
o \ g
2 x R
& \ / g
> |4 = 2 <3 2
% 40 \ u = 0.04v* + 5v + 140+ I e
0 N ~
>
<]
o
)

20 L (’UO, u*) Gl BT Y — r Al Al ) ‘7 ' -

(s, u3)
0+ /
u = bv
-20 1 | 1 1 1 1
-100 -80 -60 -40 -20 0 20 40

Membrane Potential v

Figure 4.18: All trajectories starting from uy € (up+ 9, +00) go to the recovery phase
after Step II.

Here are three comments in relation to ug € (ur + 0, +00).

(i) The typical parameter value d in the neuroscience behavior: Since all
trajectories go to the recovery phase after Step II, then they all reach the spiking line
v = vy along the Izhikevich flow under the v-nullcline. Clearly, u, > w3. Thus, if
there 3 a fixed point of ®, such that uys, € (ur + 0, +00), then d > ur + 90 — u, =
Up + Omaz — Uq ~ 44.57 + 8.8 — 23.75 ~ 29.62 so that uy, = P(uys,). However,
Izhikevich [8], Modolo and colleagues [10] have suggested that d should between -21
and 8. Therefore, d > 29.62 is not a valid neuroscience parameter, but mathematically
d can be very large.

(ii) The differences between two models: The differences between the single-
neuron Izhikevich model and our model are Step I and Step II. More precisely, the

differences depend on the “jump”. If (vq,u2) can cross the right branch of the v-
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nullcline by the “jump”, then we get one spike after the trajectory reaches the spiking
line v = v, along the Izhikevich flow. By repeating this process, we probably obtain
a bursting behavior, then we say that this “jump” is effective because it does change
the qualitative behaviour from the original Izhikevich model. In other words, for
up € (ur+9,+00), the (vg, ug) still stays above the v-nullcline after the “jump”. Then
the trajectory will go to the recovery phase (cross the left branch of the v-nullcline)
along the Izhikevich flow. The “jump” does not change the mechanism from the
original Izhikevich model, so we say that this “jump” is ineffective. Therefore, for
uy € (up + 0, +00), where the “jump” is ineffective, our model has exactly the same
qualitative behaviour as the Izhikevich model after Step II.

(iii) —1 < ¢'(up) < 0: In order to study the properties of the fixed point uy, € (up+
J, +00) when it exists (large d), we need to understand the motion of all trajectories

that go to the recovery phase after Step II.

100 T T T T T T
Y Vo u=bv
Region A : u=0.04v2+5v+140+
g Region C u=(0.04"v.2+(5+a"b)*v+140+I)/(1+a)
Reset line Vo )
Spiking line vy
Vs
Region B .
=
[}
o)
i)
S
> —
g
7]
>
<]
o
o}
o
@ (vs,u3
(v,,u;)‘ |
€ (vs, U3 min)
ol / 4
u=bv
-20 1 1 1 1 1 1
-100 -80 -60 -40 -20 0 20 40

Membrane Potential v

Figure 4.19: All trajectories below £(t) backwards in time from (vs,u3) cannot go
above of the parabola F, = 0.



91

Let (vg, u,) be the intersection between the trajectory from (v, ug) to (vs, u3) and the
reset line v = vy in the region B. Let u = f;(v) be the curve on which % = —1 for

the Izhikevich flow. This can be derived as follows:

du
du _ @ _ 1
dv ’
dv %
o du_
dt — dt’
& —(abv — au) = 0.04v* + 50 + 140 + I — u, (4.98)
& (1+a)u = 0.04v* + (5 + ab)v + 140 + I,
0.04v% + (54 ab)v + 140 + I
= U= )
I+a
" _ 0.04v2+4(5+ab)v+140+1
where a,b and I are positive constants. The f,(v) = e . Clearly,
fs(v) = 0'047’2“532)”“40“ < 0.04v% +5v+ 140 + I = f(v). Let n be the line tangent
to fs(v) with slope % = —1. Let (vo, u,) be the intersection between 7 and the reset

line v = vy. Let £(t) be the trajectory from (v, us) to (vs, usmin) on the spiking
line v = vy along the Izhikevich flow. Let region E = {(v,u)|bvs < u < n,v < vy}
(see Figure 4.19). Assume ug < U3 min, then the Izhikevich trajectory from (vg,u,) to
(vs, u3) must be below &(t) by the uniqueness theorem for ODEs. So, u, < us. Also,
because % > —Cflit‘ in the region E, the trajectory reaching (vg, u,) can not cross 1 at
an earlier time. Therefore, the trajectory backwards in time from (v, u3) can not go
above the parabola F, = 0. So tl}r_noov(t) = —o0. In other words, if we consider the
flow from (vg,us) when ug > ur + 6, then uz = ®3(ve, us) > ug min because the flow

backwards from (vs, U3 min) must come from v = —oo. Now

duy _ dDydvy %y duy

= <0 4.99
dUQ d'UQ dUO dUQ dUO ’ ( )

where % > 0 and % < 0 by the uniqueness theorem for ODEs, gﬂ < 0 by Lemma
2 U2 (%)
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2 and Z—Z(’f > 0 by Lemma 1. So wus(ug) is a monotonically decreasing function as
uy € (up + 9, +00) increases. However, since we know that ug = ®3(ve, u2) > U3 min,
we have lim w3 > ugmn, which implies that ugz is bounded by w3 in. Thus, there

ug—r+00

must 3 a lower bound of u3, say uj such that llfﬂ Uz = U3 > U3 min DY the Bolzano-
uQ o)

Weierstrass theorem. Therefore, we have llg_l Y (up) = 0.
uo %)
Since 1’(ug) < —1 on a subinterval of [ug, ur+d] and ll)r_]f'} Y (ug) = 0 for ug € (ur+
uo %)
J, +00), we know that there must 3 a largest value u, say u, such that ¢'(u.) = —1.

Now, we can conclude that —1 < ¢/(ug) < 0 for ugy € (u., +00).

4.2.5 &y U3 — Uy

®, is neither an expansion nor a contraction in u. ®4 is just an instantaneous reset
from (v, us3) to (vo,uy), where uy = uz + d and d is fixed. If ®3 is a contraction in
u, then the composition of ®3 and @, is also a contraction in u. ®(ug) = ¥ (ug) + d,

where () is independent of d.

To sum up, for ug € (Usx, ur) U (U, +00), ¥(up) is a contraction in u, so ®(up) is
also a contraction in u. Thus, —1 < (®4 0 $50 Dy 0 Py(up))’ < 1, which means
—1 < ®'(up) < 1. For ug € [ur,ur + 6], ¥'(up) < —1 on a subinterval of [up, ur + 0],

so ®'(up) < —1 on a subinterval of [ur, ur + §].

4.3 The fixed point of ¢

4.3.1 The existence and uniqueness of the fixed point

In order to know if neuron interaction can cause bursting behavior, we need to inves-
tigate the fixed point of ® because ® has a tonic firing behavior if the fixed point is

stable and ® perhaps has a bursting behavior if the fixed point is unstable.
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Definition 8. Let d,, > 0 be such that ®4(u3) = Usi, where ug = P30 Py 0 Py (Usy),

which means uy = us + dy = Uyy. This choice makes u,, the fixed point of ®.
Lemma 7. If d > d,y, then ®(uy) > Uy

Proof. Obviously, according to definition 8, if d > d,,, then d > u,, —ug = P(uw) >

u**’ D
Lemma 8. Given a fized d, if ug > max(ur + 6, u, + d), then ®(up) < ug.

Proof. First suppose d < ur 4§ — u,. If ug > ur + 9, then uz < ug, so uy < u, +d <
ur + 0 < ug = P(ug) < ug for all ug € (ur + 9, +00). Now suppose d > ur + 0 — ug.
If ug > u, +d > up + 6, then uz < u,, 80 uy < Uy +d < ug = P(ug) < up for all

ug € (ug + d, +00). O

Theorem 1. There exists a unique fized point uys, € (Us, +00) such that ®(uys,) =
Ugp, if

1, ®(u) < u for u € [max(ur + 0, u, + d), +00),

2, d is sufficiently large such that ®(u.) > Uy, and

3, P (u) < 1 Vu € (Uss, +00).

Proof. ®(u) is a continuous function with ®(us) > uw and ®(u) < u for u €
[max(ur+9, ug+d), +00), so there must exist at least one fixed point u s, € (U, +00)
such that ®(uys,) = uyp,. Moreover, assume 3 two fixed points, then one of them has
®’(u) > 1, which contradicts assumption 3. Therefore, there exists a unique fixed

point us, € (U, +00) such that ®(uy,) = uy, (see Figure 4.20). O
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‘l*(uT)::47.8962 &

46,5693 |- upp) = ugp / gl A
B(u,)~44.0549 | o

40.3533

35.6547

o(u)

30.8887
28.0096 |- 5 -

20.9245

0'.’.....”.......‘.l.J...l...x.‘.l.1.._..|.|.,.‘.‘.‘.‘....
27 30 35 40 u_ 47 53 55

u

Figure 4.20: When d = 2, ®(uy,) = ug, ~ 44.0549 € (Uyy, ur), where u,, ~ 24.84 and
up ~ 49.73. The fixed point is stable because 0 < ®'(uy,) < 1.

4.3.2 The stability of the fixed point

For wup, € (U, ur) U (ue, +00), we have —1 < ®'(uy,) < 1, so uy, is a stable fixed
point. We have ®'(uys,) < —1 on a subinterval of [ur, ur + d], so uy, is the unstable
fixed point on a subinterval of [ur,ur + d]. Therefore, ® probably has a bursting
behavior on a subinterval of [ur, ur + 0]. We will discuss this in more detail in the

next section.
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4.4 Bifurcation

4.4.1 The location of the fixed point

Now we apply the typical parameter values a = 0.02, b = 0.2, vyp = ¢ = —65, vy = 30,

I =40, e = 3, G = 15, the delay time 7=1ms [8][10] in the numerical simulations.

100 T T T T T
Yo u=bv
: : | u=0.04v2+5v+140+1
Region A Region C ‘ Reset line v,
80 L w= 00402 + 50+ 140+ I Spiking line v i
Region B Vs

60+ / =
= ,
3 (v0,ur)
® @17 (v0,ugp)
‘(a '~».,t.',..,':‘_i;f-:_ e o e ey Sy o 2 2 i
>
> 40 - (v1,u1) (v, up) (vs,u3) -
o
3
¢ . (v0, Uns)
@ *e—

20 (v, uy) (v,,,u,,) d

0 u=bv 7
-20 1 1 | I} 1 Il
-100 -80 -60 -40 -20 0 20 40

Membrane Potential v

Figure 4.21: Stable periodic solution corresponding to the fixed point of ® for 0.9096 <
d < 3.8361.

If 0.9096 < d < 3.8361, where d = 0.9096 = d,, (see definition 8) and d = 3.8361
is such that ®(ur) = ur, then we have a unique fixed point uy, such that ®(uy,) =

Ufp € (Uix, ur) (see Figure 4.21), where u,, ~ 24.84 and ur ~ 49.73. The fixed
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point and the corresponding periodic orbit are stable. Note that if d < 5.9155 then
a trajectory starting in the recovery phase (left branch of the v-nullcline) will spike
more than once before arriving in D after which it converges to the periodic orbit. If
3.8361 < d < 30.6717, where d = 30.6717 is such that ®(uzy + §) = ur + 6, then we
have a unique fixed point uy, such that ®(uys,) = ug, € [ur, ur + 0] (see Figure 4.22),
where ur + 0 ~ 50.003. For most of this range of d, the fixed point of ®, and the
corresponding periodic orbit, will be unstable because ®'(uys,) < —1. If 30.6717 <
d < 400, we have a unique fixed point ug, such that ®(ug,) = ug, € (ur + 9, +00)

(see Figures 4.23 and 4.24).

100 T i T T T T T
0 j u=bv
Region A Region C U=0.04v2+5v+140+|
Reset line Y
80 | u=0.0402 + 50+ 140 + I Spiking line v, !
Region B Vs
60 |-+ 1
3 /
) (vo, up +0) (vn, u!p) ‘
Y R Ay ‘
* - 19, Usg
‘;“ (vi,u) (v, ur) T /(vl )
8 j =i
40 _
= <
o B e e Ry 8
0 P .
8 (vo, Uss) ‘ (U% ”’Z) ('Um u.’i)
o) ¢ »
1 e
20 (V0 %) | (3, u,) ]
0r o — bv/
.20 | | | | | |
-100 -80 -60 -40 -20 0 20 40

Membrane Potential v

Figure 4.22: Periodic orbit corresponding to the fixed point of ® for 3.8361 < d <
30.6717.



120 T T T T T T
’U() u=bv
u=0.04v>+5v+140+1
Region A Region C Reset line v
H00: Spiking line v =
/
1//
/ v
/ : S
80 - u = 0.04v? + 5v + 140 + I Region B 1
\
= . /
N.J 1 //
8 60 \ ; 5) / il
[ .~ Vo, ur + /
T /
= ¢
i
g
3 40} il |
o o -
D Tl
o i =y
20 - R o = S il
(vs, us)
0 u = bv 5
-20 1 1 1 1 1 1
-100 -80 -60 -40 -20 0 20

Membrane Potential v

40

97

Figure 4.23: Periodic orbit corresponding to the fixed point of ® for d = 30.6717.
Here, the fixed point is at ur + 0 and the trajectory passes through the vertex of the

v-nullcline.
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Figure 4.25: Periodic orbits corresponding to the fixed point of ® for d; = 1, dy = 2,
dsz = 10, dy = 36.0755 and d5 = 51.0755. The fixed point increases as d increases.

Figure 4.25 shows that the locations of the fixed points with different d. We can see
that wp,(di) < upp(da) < upp(ds) < upp(ds) < upy(ds) as dy < dy < ds < dy < ds,
which must be the case because ®'(us,) < 1 for uys, € (U, +00). Since P(uy,) =
(uysp)+d, we know that the location of the fixed point depends on d, but the stability

of the fixed point does not depend directly on d (only because the location changes).
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Figure 4.26: The unique fixed point of ® as a function of d. d must have a very large
increment in order for uy, € [up, up + d] to have a slight increment.

In Figure 4.26, we can see that for us, € (U, ur), a small increase in d can lead a big
increase in uy,, thus u’,(d) > 1. On the contrary, in order to have an extremely slight

increase in uy, € [ur, ur + 6], d must have a very large increase, then 0 < 'y, (d) < 1.

If up, € (ur + 0, +00), then 0 < u’,(d) < 1 but close to 1.
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4.4.2 Bifurcation parameter
Now we want to know how d as a bifurcation parameter affects the fixed point and
dynamics of ® as d increases. Firstly, d must be large enough such that @ (u.,) > s,

then we choose a small d (d = 2) [8], a medium d (d = 6) [10] and a large d (d = 36).
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Figure 4.27: When d = 2, the behavior is a fast tonic firing with infinite number of

spikes per burst (i.e., no recovery phase between spikes).

Case 1: d = 2 (see Figures 4.20 and 4.27). We know that 0 < ®'(uy,) < 1 as

Ufp € (Usw, ur), since uy, < ur, we have that the ® map stops at the stable fixed

point uys, and the behavior is a fast tonic firing with infinite number of spikes per

burst. There is no recovery phase in the ® map between spikes.
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Figure 4.29: When d = 6, the behavior is a bursting with 7 spikes per

20 H

Membrane Potential v (mV)

-100
0

20

60
t (ms)

80

burst.



102

Case 2: d = 6 (see Figures 4.28 and 4.29). For uy, € [ur, up—+9], we have ®'(up,) < —1
on a subinterval of [ur, ur+ 4], so the fixed point in this subinterval is unstable. Thus

the behavior is a bursting with £ spikes per burst, where 1 < k < oo.
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Figure 4.30: The ®(®(u)) map has three fixed points (all unstable) with d = 6.

Now, in order to find the type of bifurcation, we are looking for the ®(®(u)) map
(see Figures 4.30 and 4.31). The second-iterate map ®(®(u)) = ®?(u) has three fixed
points. The fixed point in the ® map is unstable with d = 6 and the three fixed
points in the ®(®(u)) map are also unstable. Actually, since 0 < ®'(uy,) < 1 for
Ufp € (Uix,ur) and ®'(up,) < —1 on a subinterval of [up,ur + 0], we must have

@' (uys,) = —1 for some uy, € [ur, ur + 6] and immediately after this value of d, there
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exist two stable fixed points and one unstable fixed point in the ®(®(u)) map. The
resulting bifurcation is called a flip bifurcation. Immediately past the flip bifurcation,
3 a stable period-2 orbit of the ® map, but for a very small range of d, since ® is so
steep, there will be a sequence of further bifurcations and complex behavior but still

in a very small range of d[19].
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Figure 4.31: The two fixed points in the ®(®(u)) map when d = 6 are very close each
other.
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Figure 4.32: When d = 36, ®(uy,) = us, ~ 54.9245 € (ur + 0, +00), where up +J§ =
50.003. The fixed point is stable because —1 < ®'(uy,) < 0.
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Figure 4.33: When d = 36, the ® map contains the recovery phase. The behavior
is a slow tonic firing with one spike per burst (i.e., only one spike occurs between
recovery phases).

Case 3: d = 36 (see Figures 4.32 and 4.33). Clearly, we can see that ur < u. <
up + 0 in the Figure because ®'(uy,) is almost 0 for up, € (ur + 6,+00). Thus,
—1 < ®'(uysp) <0 as ug, € (u, +00), so the fixed point uys, > u. is stable. Since the
® map contains the recovery phase, we have that the behavior is a slow tonic firing

with one spike per burst (i.e., only one spike occurs between recovery phases).

Therefore, we can conclude that if us, € (u., ur), then the behavior is a fast tonic
firing (with infinite number of spikes per burst). If uy, is on a subinterval of [ur, ur +
d], then the behavior is a bursting with &k spikes per burst, where 1 < k < oco. If
Ufp € (Ue,+00), then the behavior is a slow tonic firing (with one spike per burst).
The unique fixed point s, changes from stable to unstable and then returns to stable

again as uy, € (U, +00) increases. Then how does the k change when d increases?
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4.4.3 The number of spikes in the bursting behavior

For both of the cases below, we define d; such that (d;;1,d;) has i spikes per burst,

where 1=1,2,3... and let d; = oc.

4.4.3.1 Casel: a—0and 7=0

First, we analyze a simpler situation where we can do exact calculations.
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Figure 4.34: When d =6, a — 0 and 7 = 0, then NS = 13.
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This is an easy case because we do not need to worry about the drops in u, so we can
count the number of spikes per burst theoretically. Let NS=number of spikes per
burst. The delay time 7 = 0, so the trajectory “jumps” at the beginning. Effectively,
the reset line is shifted to the right by ¢G. Thus, ur = 0.04(vy + €G)? + 5(vg +
eG) + 140 + I. By applying the typical parameter values vg = —65, I = 40, ¢ = 3
and G = 15, we get ur = 96. Since a — 0, we have upr = uz and the trajectory
does not drop until uy. For counting NS, we have NS = [*T=*«] as a — 0 (see
Figure 4.34). Clearly, }ll_r%[%} — 400 and NS = [*I=*¢] = 1 for d > up — U,
where ur and u, are fixed. Therefore, N.S(d) is non-increasing (i.e., if dy > d;, then
NS(dy) < NS(dy)). Moreover, we have [dy, d1) = [ur — ug,00) = [72.25,00), which
means if d € [dy, dy) = [72.25,00), then NS = 1. We have NS = 2 for d € [d3,dy) =

[Ur-te g — u,) = [36.125,72.25), NS = 3 for d € [dy,dg) = [t v te) =

24.083,36.125) and NS = oo for d = 0.

4.4.3.2 Case 2: a=002and 7=1

Now, we return to the original case, and attempt to identify numerically bifurcation
points where the number of spikes per burst changes. Although there exists a complex
behavior in a tiny range of d;, it is still a good approximation because ® is so steep.
First, we identify numerically the lowest value of d for which uy), is in D: d,,. = 0.9096
(see definition 8), then dy,, dy, d3, ds (see Figures 4.35, 4.36, 4.37, 4.38, 4.39).
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Figure 4.35: d = 0.9096 = d,, Uy = Us =~ 24.84 < up, so the behavior is a fast tonic
firing (with infinite number of spikes per burst).
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Figure 4.36: d,, = 3.8361 is the approximate maximum value of d giving oo spikes
per burst, uys, ~ ur ~ 49.73, so the behavior is also a fast tonic firing (with infinite
number of spikes per burst).
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Figure 4.37: dy = 11.2915 is the approximate minimum value of d giving 3 spikes per

burst, us, € [ur,ur + 6], so the behavior is a bursting with 3 spikes per burst.
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Figure 4.39: dy = 31.0788, uy, ~ 50.29 > up + 6 ~ 50.003, so the behavior is a slow
tonic firing (with one spike per burst).
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Figure 4.40: NS depends on the range of d.

For case 2, we have NS =1 for d € [dy,d;) = [31.0788,00), NS =2 for d € [d3,ds) =
[16.2158,31.0788), NS = 3 for d € [ds,ds) = [11.2915,16.2158) and NS = oo for
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d € (dus,ds) = (0.9096,3.8361). To sum up, Table 1 shows that NS increases as d

decreases in a similar way but at different values for the two cases.

dy ds dy doo

a—0,7=0 72.25 | 36.125 | 24.083 0

a=0.02, 7=1|31.0788 | 16.2158 | 11.2915 | 3.8361

Table 4.1: Transition points, d;, between intervals of ¢ and ¢ — 1 spikes per burst.
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Chapter 5

Conclusion

In this thesis we give the Izhikevich model with “jumps” that was obtained by a reduc-
tion from the population density equation for the Izhikevich model with a Dirac dis-
tribution as an initial condition in the phase space. It is able to reproduce the patten
of evolution of the interacting population density equation for the Izhikevich model.
We defined a ® map (the Poincaré map) to analyze this model. We proved that the
® map has a unique fixed point and —1 < ®'(uy,) < 1 for us, € (U, ur) U (Ue, +00),
S0 ug, is a stable fixed point and ®'(uy,) < —1 on a subinterval of [up, ur + 6], so uy,
is an unstable fixed point. A stable fixed point of the Poincaré map corresponds to
tonic firing of the neuron, either with (slow tonic firing) or without (fast tonic firing)
a recovery phase between each spike. When the fixed point is unstable, the uniform
tonic firing is unstable.

The numerical simulation confirms that: if u, € (U, ur), then the behavior is a fast
tonic firing (with infinite number of spikes per burst); if uy, is in a sub-interval of
[ug, ur+ 4], then the behavior is a bursting with k spikes per burst, where 1 < k < oo;
and if us, € (u., +00), where up < u. < up+9, then the behavior is a slow tonic firing
(with one spike per burst). A flip bifurcation occurs where ®'(uys,) = —1 for some

Usp € [ur, ur+ 9], which may leads to a period-doubling cascade and even chaos, but
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on a microscopically small interval of the parameter d, before the regular bursting
behaviour sets in. NS (number of spikes per burst) increases as d decreases.

This thesis is based on the studies of Modolo, et al. We proved that the reduced
model from the population density equation for the Izhikevich model with a Dirac
distribution has a bursting behavior. This is an explanation for the numerical results
of Modolo, et al, that the neuron interactions cause bursting behavior for the entire
population of neurons. Moreover, this mechanism could be relevant to the under-
standing of tremor oscillations in Parkinson’s disease. This study focused on fixed
I, ¢, G, vy, vy and Assumption 1 in the theoretical part. Also we fixed the typical
parameter values a = 0.02, b = 0.2, vg = ¢ = —65, vy = 30, [ =40, e = 3, G = 15,
and the delay time 7=1ms [8] [10] in the numerical simulations. Actually the param-
eters of the model are of great interest and are key factors in the properties of the
fixed point. The mathematical study of variation in parameter values is very rich and

would make an interesting topic for future work.
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