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ABSTRACT

In recent years, quadrotors have garnered significant attention in both industry and

academia due to their excellent maneuverability and hovering ability. This results

from onboard sensors with high accuracy, remote controllers with high performance,

and network communication among sensors, controllers, and plants with high effi-

ciency. A quadrotor control system of this type can be regarded as a networked

control system (NCS) enjoying remarkable scalability, resource efficiency, and ease

of maintenance. However, new challenges in controller design arise from network-

induced issues. Model predictive control (MPC), as an optimization-based control

method, is able to provide not only the optimal control input for the current time

instant but also the predicted state and input sequences, which provide a promising

solution to handle network-induced issues. Moreover, the state and input constraints

that exist in many applications can be effectively dealt with by MPC. These appeal-

ing features have motivated the development of many MPC schemes for quadrotors

and NCSs. However, how to effectively solve network-related problems by MPC, and

how different factors in MPC implementation affect the control performance are still

open problems.

We propose a robust output feedback MPC framework for constrained networked

quadrotor control systems subject to packet dropouts and external disturbances. The

packet dropouts randomly happen in both sensor-controller (S-C) and controller-

actuator (C-A) channels. The proposed output feedback MPC scheme consists of a

state observer that accommodates the random measurement loss and a state feed-

back MPC that stabilizes the perturbed system. The proposed observer enables the

estimation error dynamics to be represented by a switched system. By developing

a generalized robust positive invariant (GRPI) set under the switched system for-

mulation, the estimation error can be confined to this invariant set, which serves as
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the explicit error bound of state estimation. Similarly, an extended robust positive

invariant (ERPI) set is developed to describe all possible realizations of the devia-

tion between the predicted and actual state. Then, the GRPI and ERPI sets are

utilized to tighten the state and input constraints to alleviate the effects of random

packet dropouts and disturbances. By imposing tightened constraints on the pre-

dicted states and inputs in the optimal control problem, the system can be stabilized

by the proposed output feedback MPC scheme with guaranteed constraint satisfac-

tion. Simulation results are provided to validate the effectiveness of the proposed

method.

Three MPC schemes are adopted and compared for quadrotor control, including

conventional MPC, tube-based MPC, and Lyapunov MPC. Moreover, different fac-

tors that may affect the control performance are considered in a dual-loop control

framework. Firstly, since the disturbances usually appear in practical implementa-

tions, the robustness of three MPC schemes against different levels of disturbances is

evaluated and compared. Then, to simulate the real control processes and validate

the effectiveness of three MPC frameworks, the control inputs generated by three con-

trollers with different prediction models are applied to the same nonlinear quadrotor

system. Moreover, since the sampling rates of inner and outer control loops in the

dual-loop control framework are usually assumed to be the same, we explore how

different dual-loop sampling ratios affect the control performance, which facilitates

the controller design for quadrotors and provides a direction for theoretical studies.

Finally, after concluding the obtained results, future study directions in quadrotor

control are provided at the end of this thesis.
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Chapter 1

Introduction

1.1 Control Methods for Quadrotors

Quadrotors offer a wide range of applications at low costs, such as surveillance, search

and rescue, mapping, package delivery, precise farming, disaster recovery, photogra-

phy, etc. Quadrotors owe their popularity to their excellent maneuverability and

hovering ability. Meanwhile, the complexity of tasks and the coupled and nonlinear

quadrotor dynamics cast intractable challenges to the controller design.

Many control strategies are developed for quadrotors, such as proportional-integral-

derivative (PID) control, feedback linearization (FL), sliding mode control (SMC),

and model predictive control (MPC). Their advantages and disadvantages are dis-

cussed below. PID is widely applied for quadrotor control due to its easy implemen-

tation [1]. However, PID is a model-independent control method, so it is not robust

to model uncertainties and usually requires extensive tuning. FL features nonlinear-

ity handling, which is achieved by employing a nonlinear feedback control law such

that the closed-loop system can be transformed into a linear system with a new set of

state representations [2]. However, the linearization in FL requires a precise nonlinear
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model, and thus the robustness of FL against model uncertainties is limited. SMC

aims to steer the state to and maintain it on a sliding surface, which is a subset of

state space. Then, if the controller is properly designed, the state can be kept on this

sliding surface, and the system will eventually be stabilized [3]. Though SMC features

robustness against both external disturbances and model uncertainties, it will mostly

lead to the chattering phenomenon which deteriorates the control performance.

Compared with the aforementioned three methods, MPC is an optimization-based

control method. Apart from the advantage of providing superior control performance,

MPC can efficiently handle system constraints which need to be satisfied in many

quadrotor applications. However, PID, FL, and SMC may lead to constraint viola-

tions, resulting in obstacle collisions, exceeding motor limits, and deviating from the

task space in practice. In addition, MPC variants can provide quadrotors with strong

robustness against disturbances, model uncertainties, actuator faults, etc. [4, 5].

To summarize, the pros and cons of these four control methods for quadrotors are

listed in Table 1.1.

Control Methods Advantages Disadvantages
PID [6, 7] model-independent extensive tuning
FL [2, 8] nonlinearity handling limited robustness
SMC [3, 8] robustness, nonlinearity handling chattering phenomenon
MPC [4, 5] robustness, constraint handling heavy computational load

Table 1.1: Comparison of control methods for quadrotors.

Considering the advantages of MPC over the other three methods, we apply MPC

and its variants for quadrotors in this thesis. In the next section, we will give a

literature review of existing MPC methods for quadrotors.
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1.2 Model Predictive Control for Quadrotors

1.2.1 The Introduction to Model Predictive Control

Before proceeding to the review of MPC schemes for quadrtors in Section 1.2.2, we

briefly introduce MPC and highlight some essential MPC schemes in this section.

MPC has been a promising control scheme since the 1960s. In early explorations,

MPC is studied as receding horizon control [9] or moving horizon control [10], but the

essential ideas remain the same. Since then, MPC has been exhibiting the following

features:

• Optimal control input: By interpreting the control performance indices as

the cost function of an optimal control problem (OCP), MPC is able to provide

the optimal control input to complete the control task.

• State prediction: The equations describing the dynamics are incorporated

as constraints of the OCP to provide the predicted state and control input

sequences, endowing MPC with abilities to tackle some critical network-induced

issues such as packet dropouts and delays.

• Constraint handling: Since both predicted states and inputs are decision

variables, the state and input constraints that usually appear in control ap-

plications can be easily satisfied by imposing these constraints on predicted

states or inputs of the OCP. Moreover, the impact of model uncertainties or

external disturbances can be mitigated by introducing tightened or additional

constraints.

Here we provide an example to explain the aforementioned features. Consider a
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constrained linear time-invariant (LTI) system

xk+1 = Axk +Buk (1.1)

where xk and uk are the system state and input at time instant k, respectively. The

state and input constraints can be expressed as

xk ∈ X , uk ∈ U (1.2)

To stabilize the system (1.1), i.e., to steer the system state to the equilibrium, the

OCP of MPC can be formulated as

min
uk

VN =
N−1∑
i=1

x⊤k+i|kQxk+i|k + u⊤k+i|kRuk+i|k (1.3a)

s.t. xk|k = xk (1.3b)

xk+i+1|k = Axk+i|k +Buk+i|k 0 ≤ i ≤ N − 1 (1.3c)

xk+i|k ∈ X 0 ≤ i ≤ N − 1 (1.3d)

uk+i|k ∈ U 0 ≤ i ≤ N − 1 (1.3e)

xk+N ∈ Xf (1.3f)

where Q and R are weighting matrices; k is current time instant; xk+i|k and uk+i|k

represent the predicted state and input at k + i; (1.6d), (1.6e), and (1.6f) are state,

input, and terminal constraints. By solving the OCP above, the control input uk =

uk|k for the current time instant k can be obtained and applied to the system. It can

be observed that the prediction starts from the current state, which indicates that the

MPC relies on the feedback mechanism. By choosing Q and R, the balance between

the control effort and the system performance can be adjusted accordingly.
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To guarantee the performance of an MPC controller, it is necessary to guarantee

that a feasible solution to the OCP exists at every time instant, along with closed-

loop stability. These two requirements motivate the recursive feasibility and stability

analysis in theoretical explorations. To guarantee feasibility, one way is to introduce a

terminal set [11], in which a state feedback law can be implemented without violating

the state and input constraints. Then, based on the state feedback control law, it

can be proved that a feasible solution always exists. Another way is to predesign an

auxiliary control law without constraint violation. A representative of this strategy is

Lyapunov MPC [12, 13], in which the auxiliary control law is involved as a constraint

to ensure feasibility. For the stability analysis, the optimal cost function is often

chosen as the candidate Lyapunov function, because it keeps decreasing along the

optimal predicted state trajectory.

In practical applications, many factors can degrade the control performance or

even harm the closed-loop stability, including disturbances, actuator faults, model

mismatch, communication delays, etc. Meanwhile, apart from the LTI system in

(1.1), the system dynamics can be described by a generalized nonlinear system or

stochastic system, which provides a more accurate description of the plant dynamics

in certain cases.

Here we provide a brief review of existing robust MPC frameworks which are de-

veloped to guarantee feasibility and stability in the presence of model uncertainties

and disturbances. A viable solution is tube-based MPC [14, 15, 16]. Since distur-

bances are not predictable, the prediction is conducted based on a nominal system

without involving the disturbances. Based on the previously mentioned LTI system,

a perturbed system example can be

xk+1 = Axk +Buk + ωk (1.4)
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where ωk ∈ W denotes the unknown but bounded disturbance at time instant k. The

nominal system for prediction is

x̄k+1 = Ax̄k +Būk (1.5)

To mitigate the effect of disturbances, a feedback control policy is developed based

on the results of the OCP such that the deviation between the nominal system state

in prediction and the actual perturbed system state can be explicitly bounded by a

robust positively invariant set Z [17], i.e., xk − x̄k ∈ Z for all k ≥ 0. All possible

realizations of the disturbance ωk are considered in the design. Thus, along the state

trajectory, this set serves as a tube to wrap the actual state trajectory and the nominal

state trajectory. For nonlinear systems, similar invariant sets can be developed to keep

the actual state within a neighborhood of the nominal state trajectory [18, 19].

In tube-based MPC, the control input is obtained when all possible realizations of

disturbances are considered. Alternatively, the effect of disturbances can be mitigated

when the control input is generated to stabilize the system in the worst case, which

is min-max MPC. Also, min-max MPC is suitable to handle the parameter uncer-

tainties that appear in modeling. The OCP is formulated in a min-max form, where

disturbances and parameter uncertainties are chosen to maximize the cost, and the

control input sequence with minimum cost will be employed. A typical formulation

of min-max MPC is
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min
uk

max
ωk:k+N−1∈W

J(xk:k+N , uk:k+N−1, ωk:k+N−1) (1.6a)

s.t. xk|k = xk (1.6b)

xk+i+1|k = Axk+i|k +Buk+i|k + ωk+i 0 ≤ i ≤ N − 1 (1.6c)

xk+i|k ∈ X 0 ≤ i ≤ N − 1 (1.6d)

uk+i|k ∈ U 0 ≤ i ≤ N − 1 (1.6e)

xk+N ∈ Xf (1.6f)

Some representative results can be found in [20, 21]. However, the OCP in min-max

form results in high computational complexity. Thus, many strategies are devel-

oped to reduce the computation burden, such as solution approximation [22], event-

triggered min-max MPC [23], and self-triggered min-max MPC [24].

In MPC design for nonlinear systems, the terminal region design usually relies

on the assumption that the linearized system around the equilibrium is stabilizable,

which may not be satisfied in applications [25]. Moreover, how to handle the non-

linearity between the original system and the linearized one is also an intractable

problem. To address these issues, Lyapunov MPC is developed for nonlinear systems

[26]. Different from the tube-based MPC, the terminal constraint is discarded, and

an additional constraint is introduced to characterize the decay rate of the Lyapunov

function value. Specifically, the Lyapunov function value of the closed-loop system

should decay faster than that under a predesigned auxiliary control law. This con-

straint is imposed on the first element of the predicted input sequence only, since

only the first element will be applied to the plant. To guarantee feasibility, the aux-

iliary control law is able to stabilize the system without violating state and input

constraints. In practical applications, the plant is usually a nonlinear system, thus
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Lyapunov MPC is widely employed in process systems [27], unmanned aerial vehicles

[13], autonomous underwater vehicles [28], etc.

The aforementioned MPC schemes give rise to various adoptions in academia and

industries, which also inspire the investigation of controller design for quadrotors in

this thesis.

1.2.2 Literature Review of MPC for Quadrotors

Since the dynamics of quadrotors are nonlinear and highly coupled, how to design

an efficient MPC framework is challenging. Moreover, how to mitigate the effect of

disturbances is still an open problem. One way is to develop a linear quadrotor model,

which greatly simplifies the controller design. Firstly, the translation and attitude

control is decomposed by neglecting the rotational dynamics. Then, the translational

dynamic model is linearized based on the assumption that the roll, pitch, and yaw

angles vary within a small range. To stabilize the linear system in the presence

of disturbances, the simplest form of linear MPC can be utilized [4, 29, 30], which

relies on the inherent robustness of MPC. Alternatively, well-developed robust MPC

schemes, such as linear tube-based MPC, can be employed to effectively handle the

disturbances [5]. Since the linear model cannot explicitly characterize the nonlinear

system behavior, the nonlinear model is directly used in MPC design, and both

translational and rotational dynamics are considered [31].

To improve the computation efficiency and further simplify the controller design,

the dual-loop control framework is developed, as shown in Figure 1.1. Usually, four

motors are installed vertically with respect to the body frame, so the attitude needs

to be adjusted before moving horizontally. Meanwhile, the motor body cannot rotate

against the frame, so the attitude adjustment is achieved by thrust differences among

the four motors. Thus, the attitude control loop is the inner one. For quadrotor
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Figure 1.1: Dual-loop control scheme for quadrotors.

control, a typical strategy is to employ a simple and efficient control scheme as the

inner-loop attitude controller, such as sliding mode control or PID control, while the

advanced algorithm development mainly focuses on the outer-loop controller design,

such as MPC. The reason behind dual-loop control is that the attitude control loop re-

quires a higher input updating frequency than that of position control. The dual-loop

scheme is applied in [32, 33, 34] and MPC controllers are designed and demonstrate

inherent robustness against disturbances, such as wind gusts. To provide the stability

guarantee, constraint tightening can be utilized to mitigate the effect of disturbances

[35, 36]. The efficiency of robust MPC schemes for quadrotors is validated in vast

applications, such as min-max MPC for tracking the moving ground vehicle [37] and

tube-based MPC for load transportation [38].

In dual-loop control, most existing results assume that the sampling frequencies of

the inner and outer loops are the same. On one hand, compared with the translational

dynamics, the rotational dynamics should converge faster. On the other hand, the

computation time of controllers in two control loops is usually different. Therefore,

it is not necessary to choose the same sampling rate in dual-loop control. However,

different sampling rates will greatly affect the control performance and even the sta-
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bility, so how to choose the sampling rate and how the dual sampling rate affects the

control performance require more investigations. In [39], for a given sampling ratio of

two control loops, a sufficient condition for finding the minimum sampling frequency

is provided. Also, a similar minimum sampling rate is given to ensure the closed-loop

stability of a multi-rate quadrotor control framework with three control loops [40].

However, how control performance varies for different choices of dual sampling rates

is still an open problem.

1.3 Networked Quadrotor Control Systems

1.3.1 Networked Control for Quadrotors

The fast dynamic of the quadrotor requires high computation speed, i.e., the control

input needs to be generated and employed with high frequency. Meanwhile, due to the

limited payload of quadrotors, the onboard devices cannot afford heavy computational

load in many scenarios. Hence, a popular framework is that a ground station receives

the sensor measurements from the quadrotor and provides control inputs back to the

quadrotor.

An example is shown in Figure 1.2. The position, velocity, attitude, and other

motion parameters are obtained from onboard sensors such as the inertia measurement

unit (IMU), global positioning system (GPS), and altimeter. Then, the measurement

results are sent to the ground station via the communication network. Based on

these motion parameters, the controller provides the control input and transmits it

to the quadrotor by the network. The quadrotor control systems under this networked

framework can be considered as networked control systems (NCSs), and the quadrotor

control systems may encounter the same issues as NCSs. Therefore, it is necessary to

briefly introduce the existing problems in NCSs and corresponding solutions.
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Figure 1.2: Networked quadrotor control system.

1.3.2 Existing Network-induced Issues

Networked control systems (NCSs) are defined as closed-loop control systems whose

components are connected via networks [41]. With substantial developments in opti-

mization, communication technology, and computing power, NCSs exhibit great scal-

ability, resource reduction, easy maintenance, and diagnostics. Many applications can

be found in smart grids [42], automobiles [43], teleoperations [44]. However, due to

the introduction of the networked architecture, the communication channels between

different components in NCSs are inherently subject to network-induced issues, which

are listed as follows:

• Network-induced delays: In practical applications, delays always exist in the

data transmissions between components of an NCS due to limited bandwidth,

communication protocol, or traffic conditions. For NCSs with a single plant,

there are mainly two types of delays, i.e., controller-actuator delays and sensor-

controller delays [45]. The first one leads to delayed measurements of the system

state or output, and the second one results in mismatches between the input
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commands and system states. Thus, the control performance and the closed-

loop stability are inevitably affected. To address this problem, many strategies

are proposed, and some representative ones are discussed below. Based on the

known or partially known dynamic model, a predictor can be developed to

estimate the current state in the presence of delays [46]. Alternatively, a buffer

can be utilized on the actuator side to store the most recent control signal [47].

To simplify the derivation of the stability criterion, the NCS subject to delays

can be described by a model with the augmented state [48]. Moreover, the upper

bound of delays that a controller can tolerate also draws significant attention

[49]. For multi-agent system control, the existence of communication delays

between agents is also an intractable problem. In addition to the stability

issue of each agent, the connectivity of the multi-agent network can also be

destroyed [50]. To address these delay-related problems in NCSs, delays are

usually assumed to be upper-bounded. MPC [51], SMC [52], and other methods

can be adopted to handle these delay-related issues.

• Packet dropouts: Since the network links all components in NCSs, the na-

ture of the network mechanism determines that all information is transmitted

discretely in terms of packets. Under certain traffic conditions, the packet may

be lost in transmissions. If there is no handshake mechanism, the transmitter

has no information about which packet is lost during transmissions, and conse-

quently, the lost packets will not be sent again, which is different from delays.

Fortunately, many strategies have been developed to handle packet dropouts.

Due to the random features of packet dropouts, packet dropouts are usually as-

sumed to be a Bernoulli process [53, 54] or a Markov process [55, 56]. In NCSs,

packet dropouts may happen in the controller-actuator and sensor-controller

channels. The first case means the packet dropouts occur when the controller
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transmits control inputs to the actuator, and a typical solution is to compensate

for lost control inputs [53]. The second results in intermittent measurements of

state or system outputs, and how to stabilize the system is a major concern. An

effective solution is to utilize an observer to estimate state, such as Luenburger

observer [57] and Kalman filter [58]. Moreover, the packet dropout may hap-

pen simultaneously in both controller-actuator and sensor-controller channels,

which is even more intractable [59].

• Security issues: Another concern that emerges in the applications of NCSs

is the security issue, which jeopardizes closed-loop stability and further control

performance [60]. The primary cause of the security issue is that the network

connections are vulnerable to malicious attacks, which aim to tamper or block

the data transmission between the transmitter and receiver, and further affect

the system behavior. There are mainly two types of attack, the denial-of-service

(DoS) attack and the deception attack. When a DoS attack is launched, the

transmission of control and measurement data packets will be interrupted, which

results in packet losses. Since the system model and transmitted signals are not

necessary to be known for DoS attackers, the DoS attack is easier to initiate

compared with the deception attack [61]. The deception attack endeavors to

tamper with the signals sent through the communication channels and further

affects the control performance [62]. A typical deception attack is the false data

injection (FDI) attack. Based on the knowledge of the control system, especially

the plant model and the data transmission protocol, false data is generated and

injected into the control or measurement signal. In this way, the performance of

the control system is degraded and the security is inevitably affected. Though

the prerequisites of launching the FDI attack are much more demanding than

that of the DoS attack, the FDI attack is harder to detect and defend [60].
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Consequently, significant efforts have been devoted to the attack design and the

resilient controller design respectively. The combat between them seems endless,

and the techniques to improve system resilience are yet worth investigating.

The above-mentioned issues will degrade the control performance or even lead to

instability. On the one hand, classical control solutions that tackle the uncertainties

including disturbances and model uncertainties are no longer viable when the delay,

packet dropout, and attack in NCSs appear. On the other hand, network-induced

issues in NCSs cannot be addressed by information technology and network security

solutions alone. Thus, new control strategies need to be developed for these exclusive

problems in NCSs. In this thesis, we focus on how to mitigate the effect of packet

dropouts, especially for networked quadrotor control systems. Thus, it is necessary

to discuss the existing solutions to handle packet dropouts.

1.3.3 Model Predictive Control for Network-induced Packet

Dropouts

Since the quadrotor control system can be regarded as an NCS when sensor measure-

ments and control inputs are transmitted via communication networks, the packet

dropouts in NCSs also exist in networked quadrotor control systems [63, 64], which are

caused by not only the adverse network conditions but also the malicious DoS attacks

[61]. On the one hand, conventional closed-loop control strategies usually require con-

tinuous measurement of the system output, which cannot be guaranteed when packet

dropouts occur in the sensor-controller (S-C) channel. On the other hand, no contin-

uous control input can be received by the actuator when packet dropouts exist in the

controller-actuator (C-A) channel. Thus, how to stabilize the system in the presence

of packet dropouts in both S-C and C-A channels is a challenging problem, especially

for systems with unmeasurable states.
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In early solutions to handle packet dropouts, the state or output feedback con-

troller design is a popular trend [65, 66]. Though the closed-loop system in the

presence of packet dropouts can be formulated in different forms, such as switched

systems, Markov jump systems, and asynchronous dynamical systems, the essential

ideas are similar. A typical solution is to derive the stability conditions described by

linear matrix inequalities (LMIs) which can then be solved by well-developed LMI

algorithms to obtain proper control parameters [41, 67, 68]. By following this frame-

work, [69] gives the maximum packet dropout rate that the closed-loop system can

tolerate. Alternatively, the intermittent observation from the lossy S-C channel can

be regarded as the sensor fault and addressed by the interaction multiple model ap-

proach [70]. The packet dropout problem is also investigated from the perspective of

escape time which describes the minimum time for estimation error to leave a specific

region [71]. However, the constraints commonly arise in practical applications, such

as the actuator saturation and limited task space, which cannot be efficiently handled

by the aforementioned control strategies.

Nowadays, among all control schemes for NCSs to tackle packet dropouts, MPC

has been gaining significant popularity in practical applications. Owing to the pre-

diction feature, MPC can effectively and efficiently handle the packet dropout in

NCSs. Specifically, as shown in [72], by employing a buffer on the actuator side, the

predicted control input sequence from MPC can be stored for potential usage when

packet dropout happens. This idea is widely utilized in handling the data loss in lin-

ear systems [53, 59, 73, 74], nonlinear systems [75], and fuzzy systems [76]. Moreover,

the state and input constraints can be satisfied with guarantees by embedding them

into the MPC optimization problem [59, 74, 76, 77]. Thus, MPC is widely applied

in NCSs to provide promising control solutions to address network-induced packet

dropouts.
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When it comes to NCSs that have unmeasurable states and are subject to packet

dropouts in the S-C channel, existing state feedback MPC strategies cannot be

adopted. How to utilize intermittent output measurement to regulate the state in

MPC design is yet challenging. An effective solution is to utilize the Luenburger

observer or its variants to estimate the state. Then, the estimation result is incor-

porated in the MPC optimization problem to stabilize the system [56, 57], in which

only input or state constraint is considered. Another choice of the observer is the

Kalman filter, which is a well-developed method to estimate the state in the presence

of random measurement loss [58, 78, 79]. The effectiveness of the Kalman-filter-based

output feedback MPC scheme is also demonstrated in [54], but the proposed scheme

needs to assume that the plant is Lyapunov stable. Apart from observer-based meth-

ods, dynamic output feedback MPC solutions are also employed to handle the packet

dropout, in which involved MPC parameters are updated online [77]. However, the

state constraint is still not considered in [77]. In all the above-mentioned results, the

packet dropout is modeled by a Bernoulli or Markov process, and only the chance

constraint on the state or the hard constraint on the input is considered. Table 1.2

summarizes the above-mentioned MPC solutions for packet dropouts.

Existing results
Lossy channels

Unmeasurable state
Constraint type

C-A S-C Input State
[53] ✓ ✓
[76] ✓ ✓ ✓

[75, 74, 59] ✓ ✓ ✓ ✓
[77] ✓ ✓ ✓
[57] ✓ ✓ ✓
[80] ✓ ✓ ✓ ✓
[56] ✓ ✓ ✓
[54] ✓ ✓ ✓ ✓

Table 1.2: Existing MPC schemes for NCSs subject to packet dropouts.

To fulfill both state and input constraints in the presence of packet dropouts in
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the S-C channel, in [80], an output feedback MPC scheme is proposed to stabilize a

constrained NCS with intermittent output measurements. Invariant sets are used to

characterize the estimation error and facilitate the constraint tightening for constraint

satisfaction. In this work, the packet dropouts are assumed to occur periodically in

the S-C channel; however, most often, they occur randomly in both C-A and S-C

channels. Thus, it is still intractable to guarantee both state and input constraint

satisfaction when both S-C and C-A channels are subject to random packet dropouts

and the system is affected by external disturbances.

1.4 Motivations and Contributions

Aiming at stabilizing a networked quadrotor control system subject to packet dropouts

in S-C and C-A channels and satisfying both state and input constraints, we propose

a robust output feedback MPC framework, which consists of a state observer and a

state feedback model predictive controller. With the help of the designed observer,

the estimation error dynamics can be formulated as a switched system. To provide the

explicit bound of the estimation error, a generalized robust positive invariant (GRPI)

set is developed based on the switched system formulation, in which all possible re-

alizations of bounded disturbances and packet dropouts are considered. Similarly,

an extended robust positive invariant (ERPI) set is constructed to confine the error

between the predicted state and the actual state. Further, by utilizing the GRPI

and ERPI sets, tightened constraints are imposed on predicted states and inputs in

the OCP to guarantee constraint satisfaction in the presence of packet dropouts and

disturbances.

• An observer is proposed to estimate the state in the presence of random packet

dropouts. Compared with existing probability-based methods [56, 57], the
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bound of the estimation error is explicitly provided as a generalized robust

positive invariant set.

• Rather than solely considering the chance constraint on the system state [57]

or the hard constraint on the control input [54, 56, 77], we take both hard state

and input constraints into consideration and propose a robust output feedback

MPC scheme, which stabilizes the system while fulfilling both the state and

input constraints.

• Recursive feasibility and closed-loop stability of the proposed control scheme are

rigorously proved to be guaranteed in the presence of bounded random packet

dropouts in both S-C and C-A channels.

To validate the effectiveness of different existing MPC schemes, and explore the im-

pact of disturbances and sampling rates on quadrotor control performance, the com-

parison results are conducted from the following perspectives:

• The effectiveness of the nominal MPC, tube-based MPC, and Lyapunov MPC

are validated on different quadrotor models. The robustness of these MPC

schemes against disturbances from wind gusts is also compared.

• The control performance of three MPC schemes is compared in a trajectory

tracking problem. Though prediction models are different, the generated control

inputs are applied to the same nonlinear quadrotor system as the plant, in

which both the rotational and translational dynamics. This setup is to mimic

the control process of practical applications.

• The sampling ratio of inner and outer control loops is chosen to be different

values to investigate its effect on control performance, which may guide the

dual-loop controller design in the future.
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1.5 Thesis Organization

The remainder of this thesis is organized as follows:

Chapter 2 proposes a robust output feedback MPC scheme for networked quadrotor

control systems to tackle random packet dropouts in both S-C and C-A channels.

Chapter 3 provides the comparison studies of conventional MPC, tube-based MPC,

and Lyapunov MPC for quadrotors, which evaluates and compares their ef-

fectiveness, robustness, and control performance under the dual-sampling-rate

strategy.

Chapter 4 concludes the thesis and highlights potential future work.
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Chapter 2

Output-feedback MPC for

Networked Quadrotor Control

Systems Subject to Random

Packet Dropouts

2.1 Overview

As introduced in the previous chapter, MPC enjoys tremendous popularity in han-

dling networked-induced issues, especially packet dropouts that commonly occur in

networked quadrotor control systems. However, the existing results for addressing

packet dropouts cannot handle the state and input constraints simultaneously when

the system state is unmeasurable. In addition to the constraint handling, random

packet dropouts in both S-C and C-A channels pose more challenges to the controller

design.

In this chapter, aiming at stabilizing the quadrotor subject to packet dropouts
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in both S-C and C-A channels and satisfying both state and input constraints, we

propose a robust output feedback MPC framework, which consists of a state observer

and a state feedback model predictive controller. Firstly, to provide the explicit

bound of the estimation error in the presence of packet dropouts and disturbances,

a generalized robust positive invariant (GRPI) set is developed, and the estimation

error is confined to this set. Then, an extended robust positive invariant (ERPI) set is

developed to confine the error between the predicted and estimated states. Tightened

constraints that are obtained based on the GRPI and ERPI sets are imposed on

predicted states and inputs in the MPC optimization problem to fulfill the state

and control input constraints. The recursive feasibility and closed-loop stability are

rigorously proved. Simulation results based on a two-dimensional quadrotor model

are provided to validate the effectiveness of the proposed method.

Nomenclature: The notations in this chapter are fairly standard. R stands for

real space. Symbols N, N≥0, N>0 represent sets of integers, non-negative integers, and

positive integers, respectively. Given two sets X ⊂ Rn and Y ⊂ Rn, the Minkowski

set addition is denoted by X ⊕ Y ≜ {x + y|x ∈ X , y ∈ Y}, while the Pontryagin set

difference is defined as X ⊖ Y ≜ {z ∈ Rn|z + y ∈ X ,∀y ∈ Y}. Given a sequence

of sets {Xi ⊂ Rn} with a ≤ i ≤ b, i ∈ N, a ≤ b, a ∈ N and b ∈ N, we define⊕b
i=aXi ≜ Xa ⊕ · · · ⊕ Xb. Given a set X and a real matrix M with compatible

dimension, MX refers to the set {Mx|x ∈ X}. Given a vector v ∈ Rn and a set X ,

for brevity, {v} ⊕ X is written as v ⊕ X . A continuous function α : [0, a) → [0,∞)

is said to belong to class K if it is strictly increasing and α(0) = 0. It is said to

belong to class K∞ if a = ∞ and α(r) → ∞ as r → ∞. A continuous function β:

[0, a)× [0,∞) → [0,∞) is said to belong to class KL if, for each fixed s, the mapping

β(r, s) belongs to class K with respect to r, and, for each fixed r, the mapping β(r, s)

is decreasing with repect to s and β(r, s) → 0 as s → ∞. The distance between a
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vector x, x ∈ Rn to a set Y , Y ⊂ Rn, is denoted by d(x, Y) ≜ infy∈Y ||x − y||. Bn

stands for the unit hyperball with dimension n.

2.2 Model Description

Consider the following disturbed discrete-time linear time-invariant system


xk+1 = Axk +Buk + ωk

yk = Cxk + vk

(2.1)

where xk ∈ Rnx , uk ∈ Rnu , yk ∈ Rny , ωk ∈ Rnx , and vk ∈ Rny are the state, control

input, output, unknown disturbance, and unknown sensor noise at time instant k,

respectively. The state and the control input constraints are

xk ∈ X ⊆ Rnx , uk ∈ U ⊆ Rnu , ∀k ∈ N≥0 (2.2)

Meanwhile, the disturbance ωk and sensor noise vk are bounded by sets W ⊂ Rnx

and V ⊂ Rny , respectively. X , U , W , and V are compact sets including the origin

as an interior point. Here, the quadrotor model is obtained based on the symmetric

structure of the quadrotor, and the translational dynamics in two vertical planes are

decomposed based on a small-angle assumption. More details of the modeling process

can be found in Chapter 3. The utilization of the linear quadrotor model can be found

in [4, 29, 5].

To address the random packet dropouts, external disturbances, and sensor noise,

an output feedback MPC scheme is proposed as shown in Figure 2.1. The controller

and the sensor are connected by a communication network, where the measurement

dropout occurs randomly. In order to characterize the packet loss and design an

observer, an assumption is needed:
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Figure 2.1: Output feedback MPC scheme.

Assumption 1: The maximum length of consecutive dropouts in the sensor-

controller channel is T , and the minimum length of consecutive measurement is τ ,

where T ∈ N>0, and τ ∈ N>0.

Remark 1: In the literature, random packet dropouts are usually modeled by i.i.d.

Bernoulli processes with a probability p [53, 54, 57, 59, 77], or a time-homogeneous

binary Markov process with certain transition probabilities [55, 56, 81, 82, 83]. The

i.i.d. Bernoulli process can be regarded as a special case of the time-homogeneous

Markov process, and consequently, the Markov process is more general. The time-

homogeneous Markov process for describing the random packet dropout has the fol-

lowing properties [55]:

Pr{ki+1 − ki = j} =


q if j = 1

(1− q)(1− p)pj−2 if j ≥ 2

(2.3)

where Pr{Ω} stands for the probability of an event Ω. ki ∈ N≥0 stands for ith time

instant that there is no packet dropout. p and q are real numbers between 0 and 1.

More details can be found in [55]. j can be regarded as the event of j− 1 consecutive

dropouts. From Eq. (2.3), it can be observed that, as j increases, the probability of
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such an event keeps decreasing, which relates to the probability of j − 1 consecutive

measurements. Thus, by proper approximations, the assumption described by the

Markov process can be converted to the upper bound of the dropouts in Assumption

1. A similar approximation can be found in [84]. Also, the periodic packet dropout

assumption in [80], which is a type of assumption that differs from the probability-

based assumption, is a special case of Assumption 1.

2.3 Observer Design

Consider a Luenberger observer with the following form:


x̂k+1 = Ax̂k +Buk + L(ŷk − yk)

ŷk = Cx̂k

(2.4)

where x̂ is estimated state and L is the observer gain that needs to be designed. How-

ever, consecutive measurements of output yk can not be guaranteed due to random

packet dropouts. Thus, instead of achieving the convergence of the estimation error,

our objective is to confine the estimation error in an invariant set. When the output

measurement is not available due to packet dropouts, the estimation process becomes:


x̂k+1 = Ax̂k +Buk

ŷk = Cx̂k

(2.5)

By combining Eq. (2.4) and Eq. (2.5) according to the occurrence of packet dropouts,

the observer is designed as follows to estimate the state in the presence of random
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packet dropouts:

{
x̂k+1 = Ax̂k +Buk + L(Cx̂k − yk) if yk is measurable (2.6a)

x̂k+1 = Ax̂k +Buk if yk is not measurable (2.6b)

Define the estimation error at time instant k as ek ≜ xk − x̂k. The error dynamics

can be obtained by subtracting Eq. (2.6) from Eq. (2.1).

{
ek+1 = A1ek + ω1,k if yk is measurable (2.7a)

ek+1 = A2ek + ω2,k if yk is not measurable (2.7b)

where A1 ≜ A + LC, A2 = A, ω1,k = ωk + Lvk, and ω2,k = ωk. Disturbances ω1,k

and ω2,k are bounded by

ω1,k ∈ W1 ≜ W ⊕ LV (2.8)

ω2,k ∈ W2 ≜ W (2.9)

respectively. Though the system matrix A2 may not be stable, bounding the esti-

mation error can be achieved by choosing proper values of A1 since the estimation

error evolves by two dynamic equations in (2.7a) and (2.7b). Thus, Eq. (2.7a) and

Eq. (2.7b) can be regarded as two subsystems of a switched system, which can be

rewritten as

ek+1 = Aσ(k)ek + wσ(k),k (2.10)

where σ(k) : N≥0 → {1, 2} is a time-dependent switching signal representing the acti-

vated subsystem at time instant k. The switching sequences, {σ(0), σ(1), σ(2), . . . , σ(k), . . . },

are unknown a priori, but are known instantly when the switching happens. kn, n ∈

N≥0, denotes switching instants, which are the time instants when a subsystem is
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switched to another subsystem. When k ∈ [kn, kn+1), the system matrix of the sub-

system is Aσ(kn). Based on the notations above, Assumption 1 can be expressed as:

if σ(kn) = 1, kn+1 − kn ≥ τ ; if σ(kn) = 2, kn+1 − kn ≤ T .

To compute the invariant set for the dynamic system (2.10), we define the admissible

switching sequence as below, which satisfies Assumption 1 :

Definition 1: An admissible switching sequence of the system (2.10), ξ[τ,T ](k) ≜

{σ(0), σ(1), . . . , σ(k − 1)}, with switching instants k0, k1, . . . , kn, satisfies

kn+1 − kn ≥ τ if σ(kn) = 1 (2.11)

kn+1 − kn ≤ T if σ(kn) = 2 (2.12)

for all n ∈ N≥0. Ξ[τ,T ] is defined as the set containing all admissible switching se-

quences for given τ and T .

Remark 2: To explain the definition of the admissible switching sequence, sev-

eral examples are provided here. Suppose τ = 2 and T̄ = 3, then, for the system

(2.10), ξ[2,3](7) = {1, 1, 2, 2, 2, 1, 1} is an admissible sequence. However, ξ̄[2,3](7) =

{1, 1, 2, 2, 2, 2} is not admissible because k2−k1 > T̄ and thus the constraint (2.12)

is violated. Note that ξ[τ,T̄ ](k) for any k less than τ is also not an admissible sequence.

Similar to [85], a phase is defined as the interval composed of the running time of

subsystem (2.7a), and a jointed running time of subsystem (2.7b), which is illustrated

in Figure 2.2. The initial instant of the p-th phase is represented by ksp . Before the

initial instant of the first phase, ks1 , a dwell time of subsystem (2.7b) satisfying (2.12)

may exist.

The objective of observer design is to describe all possible estimation errors by

certain sets with the existence of disturbances and random dropouts. After formulat-

ing the estimation error dynamics as a switched system and developing basic concepts
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Figure 2.2: Illustration of phases.

to describe the switched system in the last section, it becomes possible to utilize the

invariant set to describe the estimation error if the observer gain L satisfies certain

conditions. The invariant set is defined below.

Definition 2: A set O ⊆ Rn is said to be a generalized robust positive invariant

(GRPI) set for system (2.10) with constraints (2.11) (2.12), if e0 ∈ O implies ek ∈ O

for every admissible sequence ξ[τ,T ] and for every allowable disturbance sequence.

For brevity, we define two sets Θ1 ≜ {τ, τ +1, . . . , 2τ − 1}, Θ2 ≜ {0, 1, . . . , T}. To

develop the stability theorem of the switched system, we describe the system (2.10)

as the perturbed switched system, and the system

ēk+1 = Aσ(k)ēk (2.13)

as the nominal switched system, where the system matrices of two systems are iden-

tical. To describe the stability of switched systems, the following definitions are

required. For the nominal switched system, we have

Definition 3: System (2.13) is globally uniformly asymptotically stable (GUAS)

under certain switching signals σ if for initial condition e0, there exists a class of

KL function β such that the solution of the system in (2.13) satisfies the inequality

||ek|| ≤ β(||e0||, k), ∀k ∈ N≥0.

For the perturbed switched system, the stability is defined as
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Definition 4: System (2.10) is globally robustly uniformly asymptotically stable

(GRUAS) under certain switching signals σ if for all k ∈ N≥0, d(ek,O) ≤ κ(d(e0,O))

and d(ek,O) → 0 as k → ∞, where κ ∈ K∞.

The distance between the state and the GRPI set also reveals the stability of a

perturbed switched system:

Definition 5: A GRPI set O ⊆ Rn is said to be GUAS for system (2.10) with

constraints (2.11) (2.12), if for all k ∈ N≥0, d(ek,O) ≤ κ(d(e0,O)) and d(ek,O) → 0

as k → ∞, where κ ∈ K∞.

To guarantee the convergence of the estimation error, we start by analyzing the

stability of switched systems (2.10) and (2.13).

Theorem 1: System (2.13) is GUAS if and only if system q̂i+1 = Âq̂i is asymptoti-

cally stable under arbitrary switching signals, where Â ∈ Aτ,T ≜ {Aβ2Aα1 , α ∈ Θ1, β ∈

Θ2}.

Proof. Necessity : The state evolution between initial instants of two consecutive

phases is

esp+1 = Aβ2A
α
1 esp (2.14)

where α ∈ Θ1, β ∈ Θ2, which is align with system q̂k+1 = Âq̂k. Since system (2.13) is

GUAS, there exists a KL function f such that the solution of system (2.13) satisfies

||ek|| ≤ f(||e0||, k), ∀k ∈ N≥0. Thus, ||esp || ≤ f(||es0 ||, p), ∀k ∈ N≥0, which means

||q̂i|| ≤ f(||q̂0||, i), ∀i ∈ N≥0. It implies that system q̂i+1 = Âq̂i is asymptotically

stable under arbitrary switching signals.

Sufficiency : The asymptotical stability under arbitrary switching indicates that there

exists a KL function g such that ||esp || ≤ g(||es0 ||, p). Though the length of an actual
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phase can be infinite, an actual phase can be regarded as a sequence of phases with

finite lengths, no longer than T +(2τ − 1). Due to the fact that ||ek||, k ∈ [ksp , ksp+1 ],

are bounded, there also exists a KL function g′ for the solution of system (2.13) such

that ||ek|| ≤ g′(||e0||, k), ∀k ∈ N≥0.

Based on Theorem 1, the relation between the existence of the invariant set and

the stability of a switched system is revealed by the following theorem.

Theorem 2: Consider the swtiched system in (2.10) with an admissible switching

sequence set Ξ[τ,T ]. The following two statements are equivalent:

a) The switched system in (2.13) is GUAS with ξ[τ,T ] ∈ Ξ[τ,T ].

b) A GRPI set O[τ,T ] exists for system (2.10).

Proof. Proof of (a) ⇒ (b): For the system (2.10), let Ov be the set of the initial state

of v-th phase. Consider sets of the state at two initial instants of two consecutive

phases

Ov+1 ≜ co{Aβ2Aα1Ov ⊕
α−1⊕
i=0

Aβ2A
i
1W1 ⊕

β−1⊕
j=0

Aj2W2 :

α ∈ Θ1, β ∈ Θ2}

whereO0 is Λ ≜ co
{⊕T−1

β=0 A
β
2W2

}
or {0}. WhenO0 = Λ, it means there exist consec-

utive dropouts satisfying (2.12) before the first phase. Let R ≜ co{
⊕α−1

i=0 A
β
2A

i
1W1 ⊕⊕β−1

j=0 A
j
2W2 : α ∈ Θ1, β ∈ Θ2}. Ov+1 satisfies

Ov+1 ⊆ co
{
Aβ2A

α
1Ov ⊕R : α ∈ Θ1, β ∈ Θ2

}
(2.15)
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Iterating from v to 0 yields

Ov ⊆ Φv ≜ co{Aβh2 A
αh
1 Aβm2 Aαm

1 . . . Aβn2 A
αn
1 Aβk2 A

αk
1 O0⊕

Aβh2 A
αh
1 Aβm2 Aαm

1 . . . Aβn2 A
αn
1 R⊕ · · · ⊕ Aβh2 A

αh
1 R⊕R :

αd ∈ Θ1, d ∈ N[1,v], βb ∈ Θ2, b ∈ N[1,v]}

Since the system (2.13) is GUAS, the system q̂k+1 = Âq̂k is asymptotically stable

under arbitrary switching, where Â ∈ Aτ,T ≜ {Aβ2Aα1 , α ∈ Θ1, β ∈ Θ2}. Therefore,

there exists a constant ϵ ∈ (0, 1) and η > 0 satisfying R ⊆ ηBn such that ÂR ⊆ ηϵBn.

Note that Λ ⊆ R ⊆ ηBn. Then

Ov ⊆ Φv ⊆ η(ϵn + ϵn−1 + · · ·+ ϵ+ 1)Bn (2.16)

where n = v when O0 = Λ, or n = v − 1 when O0 = {0}. Eqn. (2.15) and (2.16)

imply that Ov ⊆ Ov+1, and Ov is bounded by (η/(1 − ϵ))Bn as v → ∞. Therefore,

for the system (2.10), when e0 ∈ O[τ,T ] ≜ O∞, ek ∈ O[τ,T ] always holds for system

under any admissible switching sequence ξ[τ,T ].

Proof of (b) ⇒ (a): The existence of the invariant set O[τ,T ] implies that

Aβ2A
α
1O[τ,T ] ⊂ O[τ,T ] (2.17)

for all α ∈ Θ1 and β ∈ Θ2.

Consequently, for any ϵ > 0 satisfying O[τ,T ] ⊆ ϵRn, there always exists a δ > 0

satisfying δRn ∈ O[τ,T ] and Aα1 δRn ∈ O[τ,T ] for all α ∈ {0, 1, . . . , τ − 1}, such that

for the nominal switched system (2.13), ∀ē0 ∈ δRn, ēk ∈ ϵRn. When ϵ is chosen

as {ϵRn ∩ O[τ,T ]} ≠ O[τ,T ], there always exists a δ > 0 and a λ ∈ (0, 1) satisfying

δRn ⊆ λO[τ,T ] and A
α
1λO[τ,T ] ⊆ ϵRn for all α ∈ {0, 1, . . . , τ−1}, such that ∀ē0 ∈ δRn,
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ēk ∈ ϵRn, according to (2.17).

In general, it is proved that for any ϵ > 0, there always exists a δ > 0, such that

for all initial state of the system (2.13) satisfying ē0 ∈ δRn, ēk ∈ ϵRn for all k ≥ 0.

Thus, the system (2.13) is stable.

Then, we will prove that for the arbitrary initial state ē0, ēk → 0 as k → ∞.

According to (2.17), there exists a µ ∈ (0, 1) such that ÂO[τ,T ] ∈ µO[τ,T ]. Thus, for the

admissible switching sequence ξ[τ,T ], the state at time k can be expressed as ēk = Ânē0,

where n is the number of phases. There exists a γ ≥ 0 satisfying ē0 ∈ γO[τ,T ]. Thus,

ēk ∈ µnγO[τ,T ]. The length of instants that are not incorporated in a single phase is no

longer than τ , so there exists a ρ ∈ (0,∞) such that ∀k ∈ [ksn , ksn+1), ēk ∈ ρµnγO[τ,T ].

When n→ ∞, ρµnγO[τ,T ] → {0}, which implies that ∀ê0, êk → 0 as k → ∞. System

(2.13) is GUAS.

It is proved that the global uniform asymptotical stability of the nominal switched

system (2.13) is equivalent to the existence of the invariant set for the perturbed

switched system (2.10). Thus, according to Definition 4, system (2.10) is GRUAS,

which is the third equivalent statement.

An algorithm is provided to compute the GRPI set for the switched system (2.10)

with switching instants constraints (2.11) and (2.12):

Algorithm 1: GRPI set O∞ algorithm.

Input: T , τ , A1, A2, W1, W2, O0;
1 Initialization: v = 0;
2 while Ov+1 ̸= Ov do

3 Ov+1 = co{Aβ2Aα1Ov ⊕
⊕α−1

i=0 A
β
2A

i
1W1 ⊕

⊕β−1
j=0 A

j
2W2 :

4 α ∈ Θ1, β ∈ Θ2} ;
5 v = v + 1 ;

6 end
7 O∞ = Ov ;
Output: O∞

Remark 3: While designing the observer, i.e., choosing the proper value of observer



32

gain L, it is not convenient to verify the stability of the switched system. However,

it is possible to verify the existence of the invariant set by utilizing the GRPI set

algorithm. If O∞ is obtained, the perturbed switched system is GRUAS based on

Theorem 2.

However, set O[τ,T ] only describes the estimation error ek for system (2.10) with

admissible switching sequences. To incorporate the sequences that are not admissible,

we develop the following corollary:

Corollary 1: There exists a set E[τ,T ]

E[τ,T ] ≜ co

{
AjO[τ,T ] ⊕

j⊕
i=0

AiW1, j ∈ {0, 1, . . . , τ − 1}

}
(2.18)

such that ∀k ∈ N≥0, ek ∈ E[τ,T ], if and only if system (2.10) is GRUAS.

2.4 Robust Output Feedback MPC Design

When the packet dropout happens in the C-A channel, the actuator will not receive

any control input from the controller. To tackle this problem, the control input

sequence after solving the optimal control problem will be sent to and stored in the

actuator. To ensure the continuity of control actions on the actuator side, the input

from the previously stored input sequence is employed when communication between

the controller and actuator interrupts. Meanwhile, a robust MPC scheme and the

corresponding algorithm are provided with rigorous proofs of feasibility and stability.

2.4.1 Bounding the Estimation and Control Errors

Since the state is not measurable, a robust model predictive controller is designed to

stabilize the observer system. The estimated state evolution in (2.6) can be written
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as 
x̂k+1 = Ax̂k +Buk + dk

ŷk = Cx̂k

(2.19)

where

dk =


L(ŷk − yk) = −LCek − Lvk if yk is measurable

0 if yk is not measurable

(2.20)

and dk is regarded as the artificial disturbance [15], which incorporates the estimation

error and the sensor noise. The nominal system for prediction is,

x̄k+i+1|k = Ax̄k+i|k +Būk+i|k (2.21)

where i ∈ {0, 1, . . . , N − 1} and N is the prediction horizon. x̄k+i|k denotes predicted

states obtained at time k.

The proposed observer design confines the estimation error ek to the set E[τ,T ], i.e.,

ek ∈ E[τ,T ], ∀k ≥ 0. Thus, the artificial disturbance set D can be obtained:

D = −LCE[τ,T ] − LV (2.22)

Similar to the tube-based MPC design in [15], the control input is designed as

uk = ūk|k +Kẽk (2.23)

where ẽk ≜ x̂k− x̄k|k. If there is no packet dropout in the controller-actuator channel,

the evolution of ẽk is

ẽk+1 = ΦK ẽk + dk (2.24)
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where ΦK ≜ A+BK, and ΦK is stable. Such a control law is shown to be an effective

solution to cope with external disturbances in [15]. However, when the packet dropout

happens, the control input uk cannot be sent to the actuator. To address this problem,

the input at the current time instant in the most recent received input sequence is

employed. In general, the applied input is dependent on the communication status

as

uk+p =


ūk+p|k+p +K(x̂k+p − x̄k+p|k+p), if uk+p is received

ūk+p|k, if uk+p is not received

(2.25)

where k + p is the current time instant and k is the last time that the optimization

problem of MPC is solved. p indicates the length of the consecutive packet dropouts.

Consequently, the evolution of ẽk is governed by

ẽk+1 =


ΦK ẽk + dk if uk is received

Aẽk + dk, if uk is not received

(2.26)

Apparently, the deviation between the nominal state and estimated state increases

when packet dropouts happen. To confine ẽk to a bounded set, the following assump-

tion is needed.

Assumption 2: The maximum length of consecutive dropouts in the sensor-

controller channel is T+, and the minimum length of consecutive measurement is

τ+, where T+ ∈ N>0, and τ
+ ∈ N>0.

Note that T+ and τ+ may equal or not equal T and τ , respectively. Based on this

assumption, it can be observed that the dynamics of (2.26) and (2.10) are similar.

Thus, the techniques used in the observer design can be adopted to find a compact

set to which ẽk is confined. To this end, we define an extended robust positively
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invariant set as follows.

Definition 6: A set S[τ+,T+] ⊆ Rn is said to be an extended robust positive invariant

(ERPI) set for system (2.26) with constraints imposed by Assumption 2, if ẽ0 ∈

S[τ+,T+] implies ẽk ∈ S[τ+,T+] for every k ∈ N≥0 and for every allowable disturbance

sequence.

Remark 4 : Different from the GRPI set, we require that the invariance property

of an ERPI set is retained at every time instant. All switching sequences including

unadmissible ones are considered.

Similar to Algorithm 1, we define Θ+
1 ≜ { τ+, τ+ + 1, . . . , 2τ+ − 1}, Θ+

2 ≜

{0, 1 . . . , T+} and provide Algorithm 2 to compute the ERPI set S[τ+,T+]. Addi-

tionally, we define Θ+
0 = {1, . . . , τ+ − 1}.

Algorithm 2: ERPI set S[τ+,T+] algorithm.

Input: T+, τ+, ΦK , A, D ;
1 Initialization: v = 0,O0 = {0};
2 while Ov+1 ̸= Ov do

3 Ov+1 = co{co{Φγ
KOv ⊕

⊕γ−1
i=0 Φi

KD : γ ∈ Θ+
0 }

4 co{AβΦα
KOv ⊕

⊕α−1
i=0 A

βΦi
KD ⊕

⊕β−1
j=0 A

jD :

5 α ∈ Θ1, β ∈ Θ2}} ;
6 v = v + 1 ;

7 end
8 S[τ+,T+] = Ov ;
Output: S[τ+,T+]

With this set, the following theorem can be developed:

Theorem 3: If ẽ0 = x̂0 − x̄0 ∈ S[τ+,T+] is satisfied, and Algorithm 2 converges,

where the initial estimated state is x̂0 and the initial nominal system state is x̄0, then

ẽk = x̂k − x̄k ∈ S[τ+,T+] for all admissible disturbances ωk and vk, k ∈ N≥0.

The proof of Theorem 3 is similar to Theorem 2, thus it is omitted here. The dif-

ference between these two theorems/algorithms is that, in iterations for each stage,

we involve the switching sequences {1, 2, 3, . . . , τ+} in Theorem 2 that are not admis-
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sible. By using S[τ+,T+], the optimization problem for robust output feedback MPC

can be developed.

2.4.2 Robust Output Feedback MPC

After bounding the deviation between the nominal state and the estimated state with

the existence of the random packet dropout, we are able to construct the optimal

control problem of the robust output feedback MPC. To mitigate the effects of the

sensor noise, disturbances, and random packet dropouts in both sensor-controller and

controller-actuator channels, tightened constraints are imposed on predicted state

and input sequences:

ūk ∈ U ⊖KS[τ+,T+] (2.27)

x̂k ∈ X ⊖ E[τ,T ] (2.28)

x̄k ∈ X ⊖ E[τ,T ] ⊖ S[τ+,T+] (2.29)

where X̂ ≜ X⊖E[τ,T ]. The existence of a feasible input sequence requires the following

assumption:

Assumption 3: The estimation error set E[τ,T ] and the robust positively invariant

set S[τ+,T+] satisfy E[τ,T ] ⊕ S[τ+,T+] ⊂ X and KS[τ+,T+] ⊂ U .

This assumption can be satisfied if the disturbance set W and the sensor noise set

V are sufficiently small.

To ensure that the state constraint xk ∈ X and the input constraint uk ∈ U

are satisfied, the following tightened constraints are imposed on predicted states and
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inputs:

ūk ∈ U ⊖KS[τ+,T+] (2.30)

x̂k ∈ X ⊖ E[τ,T ] (2.31)

x̄k ∈ X ⊖ E[τ,T ] ⊖ S[τ+,T+] (2.32)

For brevity, we rewrite the nominal state constraint as x̄k ∈ X̄ ≜ X ⊖ E[τ,T ] ⊖

S[τ+,T+] and the nominal input constraint as ūk ∈ Ū ≜ U ⊖ KS[τ+,T+]. With these

state and input constraints, the optimal control problem is designed as

min
x̄k,ūk

VN(x̄k, ūk) =
N−1∑
i=0

l(x̄i+k|k, ūi+k|k) + Vf (x̄N+k|k) (2.33)

s.t. x̄k+i+1|k = Ax̄k+i|k +Būk+i|k 0 ≤ i ≤ N − 1 (2.34)

x̂k ∈ x̄k|k ⊕ S[τ+,T+] (2.35)

x̄k+i|k ∈ X̄ 0 ≤ i ≤ N − 1 (2.36)

ūk+i|k ∈ Ū 0 ≤ i ≤ N − 1 (2.37)

x̄k+N |k ∈ Xf (2.38)

where N ≥ T+ is the prediction horizon; Vf (·) and l(·) denote the terminal cost

function and the stage cost function, respectively. They are defined as

l(x, u) ≜ 1
2
(xTQx+ uTRu) (2.39)

Vf (x) ≜ 1
2
xTPx (2.40)

where P , Q and R are chosen to be positive definite. Xf represents the terminal set,
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which satisfies

ΦKXf ⊂ Xf , Xf ⊂ X̄ , KXf ⊂ Ū (2.41)

Meanwhile, the terminal cost function Vf (·) satisfies

Vf (ΦKx) + l(x,Kx) ≤ Vf (x), ∀x ∈ Xf (2.42)

Note that the initial nominal state x̄k|k = x̄k and input sequence ūk are decision

variables in the optimization problem (2.33). Here, the use of terminal region and

the ERPI set S[τ+,T+] aims to guarantee recursive feasibility, which is demonstrated

as follows.

2.4.3 Feasibility Analysis

The recursive feasibility is an essential requirement in the application of MPC to guar-

antee that a control input can always be obtained whenever the optimization problem

is solved. Based on mathematical induction, the following theorem is developed:

Theorem 4: Suppose the optimization problem (2.33) is feasible at initial time

instant k = 0, then it is also feasible for all time instants that the control input can

be transmitted successfully.

Proof. Without loss of generality, we assume the optimization problem (2.33) is fea-

sible and solved at time instant k. The obtained state and control input sequences

are

x̄k = {x̄k+0|k, x̄k+1|k, . . . , x̄k+N |k} (2.43)

ūk = {ūk+0|k, ūk+1|k, . . . , ūk+N−1|k} (2.44)



39

respectively. Due to the existence of packet dropouts, we assume that the next time

instant that the optimization problem (2.33) is solved is k + p. Next, we provide

a candidate solution ũk+p and further demonstrate it is feasible for (2.33). ũk+p is

constructed as

ũk+p = {ūk+p|k, ūk+p+1|k, . . . , ūk+N−1|k, Kx̄k+N |k,

KΦK x̄k+N |k, . . . , KΦp−1
K x̄k+N |k}

Since the dynamic equations (2.21) are incorporated as constraints in the optimization

problem, the corresponding suboptimal state sequence is

x̃k+p = {x̄k+p|k, x̄k+p+1|k, . . . , x̄k+N |k,ΦK x̄k+N |k,

Φ2
K x̄k+N |k, . . . ,Φ

p
K x̄k+N |k}

According to Theorem 3, x̂k+p − x̄k+p|k ∈ S[τ+,T+]. Thus, the constraint (2.35) is

satisfied.

Since x̄k and ūk are obtained by solving the optimization problem, the first N −

p+1 items in x̃k+p and the first N−p items in ũk+p satisfy the state constraint (2.36)

and the input constraint (3.23e), respectively. Meanwhile, considering x̄k+N |k ∈ Xf

and (2.41), we can conclude that {x̄k+p|k, ũk} is a feasible solution of the optimal

control problem.

Now, it has been shown that the OCP is recursively feasible if it is feasible at

k = 0. Then, the stability of the closed-loop system can be evaluated.
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2.4.4 Stability Analysis

The stability of the closed-loop system is studied in this subsection. By choosing the

optimal value of the cost function as the Lyapunov function, the following theorem

is conducted based on the Lyapunov stability theory.

Theorem 5: Suppose that Assumptions 1-3 hold. For the system (??) with con-

straint (2.2), if Theorems 1-3 are satisfied, i.e., E[τ,T ] and S exist, then the system state

exponentially converges to compact set E[τ,T ]×S[τ+,T+] in the presence of disturbances,

sensor noise and random packet dropouts.

Proof. Since (x̄k+p|k, ũk+p) is a suboptimal solution at k + p, we have V ∗
N(x̂k+p) ≤

VN(x̄k+p, ũk+p). Meanwhile, (2.42) implies that

VN(x̄k+p|k, ũk+p) ≤ V ∗
N(x̂k)−

p−1∑
i=0

l(x̄k+i|k, ūk+i|k) (2.45)

Let V ∗
N(x̂k), the optimal value of the cost function, be the candidate Lyapunov func-

tion. From (2.39), (2.40), and (2.42), we obtain

V ∗
N(x̂k) ≥ c1|x̄k|k|2, (2.46)

V ∗
N(x̂k+p)− V ∗

N(x̂k) ≤ −
p−1∑
i=0

l(x̄k+i|k, ūk+i|k) ≤ c1|x̄k|k|2, (2.47)

V ∗
N(x̂k) ≤ c2|x̄k|k|2 (2.48)

Combining (2.46), (2.47), and (2.48), we obtain V ∗
N(x̂k+p) ≤ γpV ∗

N(x̂k), where γ =

(1 − c1/c2) ∈ (0, 1). Hence, |x̄k|k| ≤ cδk|x̄0|0| for all feasible x̂0 and some c ≤ ∞,

where δ =
√
γ. Obviously, |x̄0|0| → 0 as k → ∞. Since x̂k ∈ x̄∗0(x̂k) ⊕ S[τ+,T+] and

xk ∈ x̄∗0(x̂k)⊕S[τ+,T+] ⊕E[τ,T ], E[τ,T ] ×S[τ+,T+] is robustly exponentially stable for the

controlled system.
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Now, Theorem 3 provides the guarantee of the closed-loop stability. Then, a

numerical example is provided to validate the effectiveness of the proposed MPC

scheme.

2.5 Numerical Example

Consider an unstable quadrotor linear system

xk+1 = Axk +Buk + ωk

yk = Cxk + vk

where

A =

1 0.02

0 1

 , B =

0.002
0.196

 , C =

1
0

 (2.49)

with state and input constraints:

||x1||2 ≤ 10, ||x2||2 ≤ 10, ||u||2 ≤ 10 (2.50)

The external disturbances and measurement noise are bounded by ||ω|| ≤ 0.001 and

||v|| ≤ 0.01, respectively. The maximum length of consecutive dropouts in two chan-

nels is chosen to be the same T = T+ = 3, while the minimum length of consecutive

measurement in two channels is τ = τ+ = 2. For the MPC optimization problem,

the weighting matrix Q is chosen as an identity matrix, and R is 0.1. The results

of 50 iterations are shown in this section. Random packet dropouts in two channels

are generated randomly but satisfy the constraints in Assumptions 1 and 2. The
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simulation starts with the initial state x0 = [2 2]⊤. The initial estimation error is

assumed to be within the GRPI set O[τ=2,T=3].

Figure 2.3: GRPI set of the estimation error.

By using Algorithm 1, a GRPI set is obtained and shown in Figure 2.3. The

gray set represents the GRPI set O[τ=2,T=3]. The initial estimation error is set to

be e0 = [0.04 0.1]⊤. It can be observed that estimation errors are confined to the

GRPI set for all admissible packet dropouts as expected. SinceO[τ=2,T=3] ⊂ E[τ=2,T=3],

estimation errors at every time instant remain within E[τ=2,T=3]. Real, estimated, and

nominal state trajectories are illustrated in Figure 2.4. Since the nominal state is an
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Figure 2.4: State trajectories.

optimization variable, deviations between the nominal state and the estimated state

always exist but are bounded by the set S[τ+,T+]. Eventually, the nominal state enters

the terminal set and reaches the equilibrium. Due to the existence of disturbances

and packet dropouts, the real state is steered to the set S[τ+,T+] ⊕ E[τ,T ].

To illustrate the impact of packet losses, a comparison simulation is conducted based

on the MPC method proposed in [15]. Two groups of simulation results are obtained:
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Figure 2.5: Estimation error comparison.

Group A: Results of the proposed method based on the above simulation setup.

Group B : Results of the robust output-feedback MPC method proposed in [15]

based on identical simulation setups without S-C packet dropouts.

In Figure 2.5, dash lines represent the estimation error of Group B, while the solid

lines stand for the estimation error in Group A when random dropouts happen, which

is the same as the evolution in Figure 2.3. Two state trajectories originate from the
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same initial state, and the output is measurable in the first two iterations in both

cases. Thus, the obtained control input and state evolution under two communication

settings in the first two iterations are similar. However, the output packet losses

happen since the third iteration, and the estimation error in Group A becomes larger

than that of Group B consequently. Eventually, the estimation errors of the two

groups fluctuate around zero.

Results in Figure 2.6 examine the system behavior to highlight the effectiveness of

the compensation strategy. In the simulation of Group B, when packet dropouts occur

in the C-A channel, there is no compensated control input available, and therefore the

control inputs are zero. It can be observed that the state of Group A converges faster

than that of Group B, which verifies the effectiveness of the proposed compensation

strategy.

In summary, the stability and recursive feasibility are validated by simulation results

when the networked quadrotor control system endures 40% packet dropouts. A com-

parative simulation is also conducted to demonstrate the impact of random packet

dropouts.

2.6 Conclusions

In this chapter, a robust output-feedback MPC scheme is proposed for networked

quadrotor control systems considering the following aspects: (1) external disturbances

and observation noise, (2) random packet dropouts, and (3) state and input con-

straints. Based on the designed observer, the bound for estimation error is explicitly

obtained, which is the GRPI set. Similarly, the ERPI set is developed as the bound

for deviations between the predicted state and estimated state. With the help of

these sets, tightened constraints are constructed and incorporated into the OCP of
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Figure 2.6: Real state and input sequences comparison.

the proposed robust output-feedback MPC strategy to ensure constraint satisfaction.

Based on a two-dimensional quadrotor model, the simulation results are conducted

to verify the effectiveness of the proposed method.
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Chapter 3

Model Predictive Control for

Quadrotors

3.1 Overview

The quadrotor model for controller design ranges from the linear model to the non-

linear model, resulting in great variations in the control strategies. When it comes to

MPC for quadrotors, the difference between linear MPC and nonlinear MPC is even

more evident. As introduced in Chapter 1, many well-developed MPC strategies can

be utilized for quadrotor control, such as the tube-based MPC [5] based on linear

models and the Lyapunov MPC [39] for nonlinear models. However, these methods

are developed based on different models and techniques, and their effectiveness on

the same quadrotor has not been compared.

In this chapter, we evaluate the efficiencies of different MPC schemes by comparing

their performances on the same quadrotor. Firstly, we develop linear and nonlinear

models of the quadrotor in detail. Then, three MPC strategies for quadrotors are

introduced: The conventional MPC and tube-based MPC based on a linear quadrotor
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model, and Lyapunov MPC for a nonlinear quadrotor model.

In practical applications, the quadrotor usually relies on the dual-loop control

framework, and the inner loop control can be achieved by embedded commercial

controllers. Firstly, to compare their efficiencies in quadrotor control, three MPC

strategies are employed in the translation control loop while the rotational dynamics

are neglected. Moreover, since wind gusts are the most common disturbance exerted

on the quadrotor, the robustness against wind gusts of three MPC schemes is pro-

vided and compared. Then, we take both translational and rotational dynamics into

consideration. By using a dual-loop control framework, the control inputs generated

by three MPC schemes are applied to the same nonlinear quadrotor model to simu-

late the practical application. Lastly, we investigate the impact of different sampling

ratios of the outer and inner control loops on the control performance, which provides

potential research topics in both practical applications and theoretical studies.

3.2 Model Description

In general, the quadrotor dynamics can be described by different linear and nonlinear

systems with varying assumptions for simplification, but all these models originate

from the same nonlinear model. In this section, a nonlinear model and a simplified

linear model for the quadrotor are developed. Though different MPC schemes are

designed based on linear or nonlinear models, the MPC schemes we aim to compare

in this chapter will be tested on the same nonlinear model. Before proceeding to the

model development, we briefly discuss the principle for operations of the quadrotor.

For a quadrotor, four identical motors are usually installed vertically on the

quadrotor’s airframe. Since the motor’s body cannot move with respect to the air-

frame, the quadrotor operation relies on the difference between torques generated by
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four motors. Figure (3.1) illustrates the typical layout of a quadrotor. To maintain

the hovering without rotations, the default rotation direction of the two motors on

the diagonal is different from the two on the anti-diagonal. A viable layout can be

motors 1 and 3 rotate clockwise while motors 2 and 4 rotate counterclockwise, such

that the total moment exerted on the airframe can be zero when four motors rotate

at the same speeds. To change the position and orientation of the quadrotor from

hovering, the rotation speeds are modified accordingly. For example, to move along

the axis b1, the rotation speeds of motors 1 and 2 decrease at the same rate while

that of motors 3 and 4 increase in a similar way. Then the pitch angle is changed

and the horizontal component of the thrust is nonzero and along the axis b1, which

brings the acceleration along this axis. In general, the movement of the quadrotor

that we are usually interested in relies on angular rotation. Meanwhile, the transla-

tional movement and the angular rotation are strongly coupled. Thus, our primary

focus is on developing a model that establishes a relationship between the thrust of

each motor and the translational and rotational motions.

3.2.1 Nonlinear Quadrotor Model

Here we follow the conventional way, i.e., Netwon-Euler formalism, to construct the

nonlinear quadrotor model. The following assumptions are needed: 1) The quadrotor

is a rigid body; 2) The quadrotor has a symmetric structure. The first assumption

is a prerequisite for applying Netwon-Euler equations, the second one is utilized to

simplify the inertia matrix. To describe the position and orientation of a quadrotor,

an inertial frame F I is defined with axes {xI ,yI , zI}, and a body fixed frame FB

with axes {xB,yB, zB}. The origin of FB coincides with the Center of Mass of the

quadrotor. The orientation of the quadrotor is parameterized by Euler angles, roll ϕ,

pitch θ, and yaw ψ, which also represent the orientation of FB with respect to F I .
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Figure 3.1: Quadrotor configuration and reference frames.

The coordinate transformation matrix from FB to F I is

RI
B =


cθcψ sϕsθcψ − cϕsψ cϕsθcψ + sϕsψ

cθsψ sϕsθsψ + cϕcψ cϕsθsψ − sϕcψ

−sθ sϕcθ cϕcθ

 (3.1)

where s and c denote sine and cosine functions. Then the following Netwon-Euler

equations are utilized to analyze the motion of the rigid quadrotor in the space:

F = mI3×3v̇ (3.2)

τ = Iω̇ + ω × Iω (3.3)

where F and τ denote the external force and torque respectively that are exerted

on the rigid body; I3×3 denotes a 3× 3 identity matrix; I represents the moment of

inertial about the center of the mass; v and ω stand for the translational velocity and
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angular velocity of the rigid body in the inertial frame; m denotes the mass of the

quadrotor. Obviously, the dynamics of a rigid body can be divided into translational

dynamics and rotational dynamics.

When the quadrotor operates near the ground, the efficiency of the motor will

increase and the extra thrust will be generated, which is called the ground effect.

Since we focus on the motion control of the quadrotor that is operating far away

from the ground, the ground effect is neglected. When the axis of the motor rotates,

the gyroscopic torque will appear, but it is also neglected here. Then, the quadrotor

model can be obtained as below.

mẍ = (cϕsθcψ + sϕsψ)Tsum (3.4a)

mÿ = (cϕsθsψ − sϕcψ)Tsum (3.4b)

mz̈ = (cϕcθ)Tsum −mg (3.4c)

Ixxω̇x = (Iyy − Izz)ωyωz + τϕ (3.4d)

Iyyω̇y = (Izz − Ixx)ωxωz + τθ (3.4e)

Izzω̇z = (Ixx − Iyy)ωxωy + τψ (3.4f)

where Ixx, Iyy, and Izz are moments of inertia about xB, yB, and zB respectively;

ωx, ωy, and ωz are angular velocities in FB. Tsum, τx, τy, and τz denote the sum of

thrusts and torques generated by four motors:

Tsum =
4∑
i=1

Ti (3.5a)

τx = (−T2 + T4)l (3.5b)

τy = (T1 − T3)l (3.5c)

τz = (M1 −M2 +M3 −M4) (3.5d)
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where Ti and Mi for i ∈ {1, 2, 3, 4} are thrusts and torques produced by four motors

and l is the arm length. The thrust and the torque depend on the rotational speed

of the motor. Moreover, both the thrust and torque can be approximated by scaling

the squared rotation speed [86]. Thus, the thrust and the torque exhibit a linear

relationship, and for given Tsum, τx, τy, and τz, the required rotation speed of four

motors can be determined explicitly. Here, we delve no further into the dynamics of

motors and regard Tsum, τx, τy, and τz as independent control inputs.

It can be observed that the quadrotor model 3.4 is highly nonlinear and has many

coupled terms, which is still computationally intractable and needs more simplifica-

tions. To this end, the following derivations are provided.

The angular velocity transformation from F I to FB can be obtained by


ωx

ωy

ωz

 =


1 0 −sθ

0 cϕ sϕcθ

0 −sϕ cϕcθ



ϕ̇

θ̇

ψ̇

 (3.6)

where t denotes the tangent function. By assuming that the quadrotor operates near

the hovering state and Euler angles are small, we have


ωx = ϕ̇− θψ̇

ωy = θ̇ − ϕψ̇

ωz = −ϕθ̇ + ψ̇

(3.7)

Here, the product of the small angle and angular velocity can be regarded as zero.

Thus, we have

ωx = ϕ̇, ωy = θ̇, ωz = ψ (3.8)

For brevity, the following notations are used: p = [x y z]⊤, v = [ẋ ẏ ż]⊤,
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τ = [τx τy τz]
⊤, q = [ϕ θ ψ]⊤, ω = [τx τy τz]

⊤, T = Tsum. Then, the

quadrotor model becomes 
ṗ = v

mv̇ = −mg + r(q)T

(3.9)


q̇ = ω

Iω̇ = −ω × Iω + τ

(3.10)

where r(q) = [cϕsθcψ+sϕsψ cϕsθsψ− sϕcψ cϕcθ]⊤ and g = [0 0 g]⊤. It can be

observed that the model can be divided into two subsystems, translational dynamics

(3.9) and rotational dynamics (3.10). Thus, a widely applied dual-loop control scheme

is developed, which consists of the outer loop for the translation control and the inner

loop for the rotation control. More details can be found in Chapter 1. By assuming

that the reference signal is slowly varying, the Euler angles q can be approximated

by the reference angles qr = [ϕr θr ψr]⊤. In this manner, the translational dynamics

can be simplified to be 
ṗ = v

mv̇ = −mg + r(qr)T

(3.11)

To compare different robust control methods, we only consider their implemen-

tations on the outer loop, because the inner loop system can be stabilized by many

embedded commercial controllers in practical implementations.

3.2.2 Linear Quadrotor Model

In this subsection, a simplified linear model is obtained based on the simplified non-

linear model (3.11). In many applications, the translational position and velocity

receive more attention than the angular position and velocity. Specifically, lateral

movement is our major interest, which can be achieved by adjusting the pitch and
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roll angles without involving the yaw. Thus, we treat the yaw angle as fixed. In this

manner, the yaw angle has no impact on pitch and roll, i.e., the angular dynamics of

the quadrotor. Meanwhile, when the quadrotor is hovering, the body frame is placed

such that xI and yI coincides with xB and yB, respectively. In this way, the yaw

angle remains zero.

Here, only gravity and thrust are considered to be exerted on the airframe. The

gravity vector always points along the axe zI . To decouple translational movements,

we assume that the vertical component of the total thrust is identical to the gravity,

leaving angles between the thrust vector and the verticle planes xI − zI , yI − zI

as our concern. Thus, the translational dynamics can be decomposed to two lateral

horizontal dynamics in the xI − zI plane and yI − zI plane respectively. Meanwhile,

we assume that the quadrotor is symmetric with respect to the vertical planes xB−zB

and yB − zB, respectively. Thus, the two horizontal dynamics in two vertical planes

are identical.

To obtain a linear model, the quadrotor is assumed to be a point mass model.

The lateral acceleration is generated by the horizontal projection of the total thrust

T , which is always aligned with zB. The vertical component of T determines the

acceleration in the vertical direction. When we consider the lateral dynamics, the

thrust dynamics are assumed to be sufficiently fast such that the quadrotor is at its

vertical equilibrium, i.e., the vertical component of the thrust is equal to the gravity.

Based on the above descriptions, the lateral dynamics in axis xI can be obtained as

follows: ẋ
ẍ

 =

0 1

0 0


x
ẋ

+

0
g

 θr (3.12)

The lateral dynamics in axis yI can be obtained in a similar way. In vertical dynamics,
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the Euler angles and angular velocities are not involved, and it can be modeled as

ż
z̈

 =

0 1

0 0


z
ż

+

 0

KT

uT −

0
g

 (3.13)

where KT is the thrust-to-command ratio. In the application, the employed control

input uT compensates the gravity, i.e., uT = u∗T +g/KT , where u
∗
T denotes the control

input generated based on the linear model:

ż
z̈

 =

0 1

0 0


z
ż

+

 0

KT

u∗T (3.14)

For brevity, we still uT to denote the control input u∗T in the linear model above. In

summary, the linear translational model for the quadrotor is



ẋ

ẍ

ẏ

ÿ

ż

z̈


=



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 1

0 0 0 0 0 0





x

ẋ

y

ẏ

z

ż


+



0 0 0

g 0 0

0 0 0

0 −g 0

0 0 0

0 0 KT




θr

ϕr

uT

 (3.15)

This equation can be rewritten as

ẋl = Alxl +Blul (3.16)

where xl = [x ẋ y ẏ z ż]⊤ and ul = [θr ϕr uT ]
⊤.
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3.2.3 Disturbance Model

For quadrotors, the main disturbance that emerges in practical applications is the

wind gust, which will be modeled and involved in simulations. When the wind gust

appears, the forces and torques generated by motors will be affected, and the state will

not evolve as predicted in MPC. Though the disturbance forces and torques originate

from each of the four motors, we consider them in a compact form Td and τd, which

is similar to the forms of control inputs in the nonlinear quadrotor model (3.4). Here

we use the wind gust model in [87] and assume that the disturbance force Td and

disturbance torque τd are proportional to the speed of the wind gust vd:

Td = M1vd

τd = M2τd

(3.17)

where M1 and M2 are coefficient matrices. kth element of vd is described by

vd,k(t) = v0d,k +

nk∑
i=1

ai,ksin(ω̄i,kt+ αi,k) (3.18)

where v0d,k represents the static wind speed, nk is the number of sinusoids. ai,k, ω̄i,k,

and αi,k determine the amplitudes, frequencies, and phase shifts of the sinusoids.

v0d,k, ai,k, ω̄i,k, and αi,k are randomly chosen to mimic the randomness of wind gusts.

Additionally, we denote the upper bound of the disturbance force by T̄d.

3.3 Model Predictive Control Formulations

In this section, we will introduce three MPC methods for quadrotors: conventional

MPC, tube-based MPC, and Lyapunov MPC. Note that the prediction models in

OCPs of conventional MPC and tube-based MPC are the same linear quadrotor
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model, while that of Lyapunov MPC is a nonlinear quadrotor model. Since we use

the dual-loop control framework, the controllers discussed in this section are utilized

for translation control in the outer loop.

3.3.1 Conventional Model Predictive Control

The conventional MPC is the simplest form of the MPC, in which the OCP is formu-

lated as

min
uk:k+N−1|k

N−1∑
i=0

x⊤
k+i|kQxk+i|k + u⊤

k+i|kRuk+i|k (3.19a)

s.t. xk+i+1|k = Axk+i|k +Buk+i|k 0 ≤ i ≤ N − 1 (3.19b)

xk+i|k ∈ X 0 ≤ i ≤ N − 1 (3.19c)

uk+i|k ∈ U 0 ≤ i ≤ N − 1 (3.19d)

xk+N |k ∈ Xf (3.19e)

where k is the current time instant; xk+i|k and uk+i|k are predicted states and inputs

at k + i; X and U denote state and input constraints; Xf represents the terminal

constraint; Q and R are weighting matrices. As one of the constraints, the prediction

model (3.19b) can be obtained by discretizing (3.15) with the zero-order hold strategy:

A = eAlδt, B =

∫ δt

0

eAlτdτBl (3.20)
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which yields the discrete-time quadrotor model:



xk+1

ẋk+1

yk+1

ẏk+1

zk+1

żk+1


=



1 δt 0 0 0 0

0 1 0 0 0 0

0 0 1 δt 0 0

0 0 0 1 0 0

0 0 0 0 1 δt

0 0 0 0 0 1





xk

ẋk

yk

ẏk

zk

żk


+



gδt2/2 0 0

gδt 0 0

0 −gδt2/2 0

0 −gδt 0

0 0 KT δt
2/2

0 0 KT δt




θr

ϕr

uT



(3.21)

By solving the OCP (3.19), the optimal control input uk is generated and applied to

the system at every sampling instant. The task space of quadrotors can be formulated

as the state constraint, while the input constraint defines the range of reference an-

gles. For conventional MPC, there is no guarantee of recursive feasibility and stability.

However, compared with tube-based MPC and Lyapunov MPC, the OCP of conven-

tional MPC (3.19) incorporates minimum constraints, enabling it to be solved with

the fastest speed. Especially, when X , U , and Xf are convex sets, the OCP becomes

a convex optimization problem, which can be efficiently handled by well-developed

convex algorithms.

3.3.2 Tube-based Model Predictive Control

Tube-based MPC, as a robust MPC scheme, is able to stabilize the system in the

presence of bounded disturbances. The perturbed quadrotor model is formulated as

xk+1 = Axk +Buk + ωk (3.22)
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where ωk denotes the disturbance at time instant k, and it is bounded by the distur-

bance set W , i.e., ωk ∈ W . Tube-based MPC introduced here is developed based on

[14], and the corresponding OCP is

min
ūk:k+N−1|k,x̄k|k

N−1∑
i=0

x̄⊤
k+i|kQx̄k+i|k + ū⊤

k+i|kRūk+i|k + x̄⊤
k+N |kP x̄k+N |k (3.23a)

s.t. x̄k|k ∈ xk ⊕Z (3.23b)

x̄k+i+1|k = Ax̄k+i|k +Būk+i|k 0 ≤ i ≤ N − 1 (3.23c)

x̄k+i|k ∈ X̄ 0 ≤ i ≤ N − 1 (3.23d)

ūk+i|k ∈ Ū 0 ≤ i ≤ N − 1 (3.23e)

x̄k+N |k ∈ Xf (3.23f)

where x̄k+i|k and ūk+i|k are ith predicted state and input obtained at time instant

k; X̄ and Ū are state and input constraints; Xf is the terminal set; Z represents the

robust positively invariant set. The nominal quadrotor model for prediction (3.23c)

is also the discrete-time linear quadrotor model (3.21). Note that the initial nominal

state x̄k|k is also a decision variable. At every time instant, ūk|k is obtained by solving

(3.23). Then, the actual control input uk is generated based on the control law

uk = ūk|k +K(xk − x̄k|k) (3.24)

where K is the feedback gain.

Since disturbances are not predictable, the prediction is conducted based on the

nominal system (3.23c), and the impact of disturbances is mitigated by introducing

the set Z, which bounds the deviation between the predicted state x̄k|k and actual

state xk, as expressed in (3.23b). The robust positively invariant set Z is calculated
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as

Z =
∞⊕
i=0

(A+BK)iW (3.25)

where ⊕ represents the Minkowski set addition as introduced in Chapter 2. In this

way, the effect of disturbances on the system state can be explicitly characterized by

Z, in which all possible realizations of disturbances are considered. Thus, to ensure

constraint satisfaction, the tightened constraints are imposed on predicted states and

inputs:

X̄ = X ⊖ Z (3.26a)

Ū = U ⊖KZ (3.26b)

Combined with terminal set Xf , tube-based MPC provides guarantees of recursive

feasibility and closed-loop stability as proved in [14].

3.3.3 Lyapunov Model Predictive Control

The linear quadrotor model greatly simplifies the controller design, but it cannot

fully characterize the nonlinear dynamics of quadrotors. However, it is challenging

to design a similar terminal set in tube-based MPC for nonlinear systems. Thus, to

design an MPC controller for a nonlinear quadrotor model, Lyapunov MPC is utilized

in this subsection. Without the terminal set, Lyapunov MPC is able to stabilize the

nonlinear system with guaranteed feasibility and stability by introducing an auxiliary

control law and a stability constraint. Firstly, we provide a general form of the OCP
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in Lyapunov MPC:

min
u(·)

∫ k0+Nδt

k0

(
x(t)⊤Qx(t) + u(t)⊤Ru(t)

)
dt (3.27a)

s.t. ẋ(t) = f(x(t), u(t)) k0 ≤ t < k0 +Nδt (3.27b)

xk+i|k ∈ X k0 ≤ t < k0 +Nδt (3.27c)

u(t) ∈ U k0 ≤ t < k0 +Nδt (3.27d)

∂V

∂x
f(x(k0), u(k0)) ≤

∂V

∂x
f(x(k0), h(x(k0))) (3.27e)

where δt denotes the sampling period and k0 is the current time instant. V (·) is the

predefined Lyapunov equation and h(·) is the auxiliary control law. The auxiliary

control law is a predesigned control law that can stabilize the system without con-

straint violation. However, the auxiliary control law is usually not optimal. To ensure

closed-loop stability, the stability constraint (3.27e) is developed based on the auxil-

iary control law. In this constraint, the decay rate of the Lyapunov function value of

the closed-loop system under the Lyapunov MPC should be less than that under the

auxiliary control law. In this way, the closed-loop stability can be guaranteed.

To develop a Lyapunov MPC controller for quadrotors, the auxiliary control law

should be designed first, which facilitates the development of the stability constraint.

Here, an SMC control law is established to stabilize the translation based on the

method proposed in [39]. For the translational dynamics (3.11), the sliding surface is

designed as

sp = λpp+ v = 0 (3.28)

where λp is chosen properly such that s + λp is Hurwitz. When the system state p

and v are on the sliding surface sp = 0, p approaches the equilibrium as t approaches

infinity. Therefore, the control objectives of SMC are to drive the state to the sliding
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surface and keep the state on this sliding surface. By differentiating sp along the

translational dynamics (3.11), we have

ṡp = λpv − g +
1

m
r(qr)T (3.29)

It can be observed that both r(qr) and T are control inputs of the outer-loop control

system, and they appear as a product in the equation above. Thus, a virtual control

input uvir is designed:

uvir ≜ r(qr)T = −cpsp − λpv + g (3.30)

where cp is a constant and cp > 0. To evaluate the closed-loop stability of the outer-

loop control system, a Lyapunov function candidate is chosen:

Vp =
1

2
||sp||2 (3.31)

By differentiating Vp with respect to the time and utilizing (3.29), we have

V̇p = s⊤p (λpv − g +
1

m
r(qr)T ) (3.32)

Replacing r(qr)T by uvir yields

V̇p ≤ −cp||sp||2 (3.33)

Thus, by employing the virtual control input uvir, the system state will be driven

to the sliding surface sp = 0 and eventually approach the equilibrium. It should be

noted that the inner loop controller requires the reference Euler angles qr, and it

cannot be obtained from the virtual control input uvir. However, the designed sliding
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mode controller here only aims to provide the stability guarantee for Lyapunov MPC,

therefore, how to determine qr and T respectively from uvir is not our concern. With

the help of the auxiliary control law, the OCP for Lyapunov MPC can be constructed

as

min
qr(·),T (·)

∫ k0+Nδt

k0

(
s(t)⊤Qs(t) + qr(t)⊤Rqq

r(t) + (T (t)−mg)RT (T (t)−mg)
)
dt

(3.34a)

s.t.


ṗ(t) = v(t)

mv̇(t) = −mg + r(qr(t))T (t)

k0 ≤ t < k0 +Nδt (3.34b)


p(t) ∈ Xp

v(t) ∈ Xv

k0 ≤ t < k0 +Nδt (3.34c)


qr(t) ∈ Uq

T (t) ∈ UT
k0 ≤ t < k0 +Nδt (3.34d)

sp(t)
⊤
(
λpv(t)− g +

1

m
r(qr(t))T (t)

)
≤ −cp||s(t)||2 k0 ≤ t < k0 + δt

(3.34e)

3.3.4 Inner-loop Control

The aforementioned conventional MPC, tube-based MPC, and Lyapunov MPC are

designed for translational control based on the assumption that the actual Euler angles

are identical to the reference angles generated by MPC. Though this assumption is

needed for the dual-loop quadrotor control, it cannot be perfectly satisfied in practical

applications. To investigate the effects of the angle tracking error in dual-loop control,

a sliding mode controller in [39] for the inner-loop rotational control is utilized. Here,

the control objective is to minimize the tracking error eq ≜ q − qr. Similarly, the
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angular velocity error is defined as eω ≜ ω − q̈r. The sliding surface is designed as

sq = λqeq + eω (3.35)

where λq is chosen such that s+λq is Hurwitz. Differentiating sq along the rotational

dynamics (3.10) delivers

ṡq = λqeω − I−1(ω × Iω) + I−1τ − q̈r (3.36)

Then, the control law is developed as

τ = I
(
λqeω + I−1(ω × Iω + q̈r − cqsq)

)
(3.37)

Similar to (3.31), we choose the Lyapunov function candidate

Vq =
1

2
||sq||2 (3.38)

Differentiating Vq with respect to the time and using (3.36) yields

V̇q = s⊤q
(
λqeω − I−1(ω × Iω) + I−1τ − q̈r

)
(3.39)

By substituting τ with the designed control input (3.37), we can obtain

V̇p ≤ −cp||sq||2 (3.40)

which indicates that the state will be steered to the sliding surface with guarantees

if (3.37) is employed.
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3.4 Simulation Results

In this section, the simulation results of conventional MPC, tube-based MPC, and

Lyapunov MPC for quadrotor control are provided. The control performance and the

robustness against the wind gusts are examined and compared. Firstly, we employ

three MPC schemes to regulate the system state respectively. The quadrotor models

are chosen to be prediction models used in three MPC schemes, which aims to validate

the effectiveness of the three MPC schemes. Then, the three MPC methods are tested

on the same nonlinear quadrotor model to verify their effectiveness in practical appli-

cations, in which trajectory tracking is the control objective. Moreover, since practical

implementations require a small sampling period such that control inputs can be pro-

vided with high frequency. However, in dual-loop control frameworks, solving the

control optimization problem of MPC usually requires more computation time than

other non-optimization-based methods. This challenge provokes a dual-sampling-rate

solution that MPC is employed for outer-loop control with a longer sampling period,

and other control methods with less computation time are utilized for inner-loop con-

trol with a faster sampling rate. In this section, such a dual-sampling-rate framework

is also utilized to investigate the effect of different sampling ratios on the control

performance.

3.4.1 State Regulation with Different Quadrotor Models

The quadrotor control in this chapter is achieved by using a dual-loop control frame-

work, and control strategies for inner-loop and outer-loop are different. Thus, to

validate the effectiveness of three MPC schemes for translational control, we ignore

the rotational dynamics, i.e., assuming that the actual and reference Euler angles are

identical. In this subsection, conventional MPC and tube-based MPC are utilized



66

Parameter Value
Ixx - moment of inertia about axis xB 0.043467
Iyy - moment of inertia about axis yB 0.043467
Izz - moment of inertia about axis zB 0.063267
m - mass of the quadrotor 2.618
g - gravitational acceleration 9.81
KT - thrust-to-command ratio 0.7
T - total thrust −2 ≤ T −mg ≤ 2

Table 3.1: Physical parameters of the quadrotor.

Variables Range
θr - reference pitch (rad) [−2 2]
ϕr - reference roll (rad) [−2 2]
ψr - reference yaw (rad) [−2 2]
T −mg - thrust-gravity difference (N) [−2 2]
x - position on axis xI (m) [−100 100]
ẋ - velocity along axis xI (m/s) [−10 10]
y - position on axis yI (m) [−100 100]
ẏ - velocity along axis yI (m/s) [−10 10]
z - position on axis zI (m) [−100 100]
ż - velocity along axis zI (m/s) [−10 10]

Table 3.2: Constraints in simulation.

to regulate the state of the linear translational model (3.15), and Lyapunov MPC

is employed to regulate the state of the nonlinear translational model (3.11). The

disturbance generated by the wind gusts is considered.

Firstly, the physical parameters of the quadrotor are provided in Table 3.1. It can

be found that Ixx = Iyy, which indicates that the airframe is symmetric about the

center of the quadrotor. The sampling interval is set to be 0.02s. The constraints for

the quadrotor are given in Table 3.2.

Note that for both linear and nonlinear translational dynamic systems, reference

angles and the total thrust are control inputs. The weighting matrices for conventional

MPC and tube-based MPC are chosen to be the same: Q = diag{10, 10, 10, 10, 10, 10},
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and R = diag{0.001, 0.001, 0.001}. This choice puts more weight on the state than

the input, since driving the state to the equilibrium is our primary objective. The feed-

back gainK in tube-based MPC is chosen asK = [−5.0333 −5.1343 5.0333 5.1343

−1.4141 −1.4563], which is the optimal one that minimizes the cost function when

state feedback control is employed.

The disturbance from the wind gust is generated in the form of equations (3.17)

and (3.18). The coefficient matrices in (3.17) are chosen as M1 = I1×1 and M2 =

I3×1. In the simulation, we manually set the upper bounds of the disturbance torques

and forces, but the magnitudes v0d,k, frequencies ω̄i,k, and phase shifts αi,k are chosen

randomly.

By using the previously mentioned parameters, the following simulation results of

the state regulation with different quadrotor models are provided.

State Regulation with Disturbance Bound 0.005

Firstly, the upper bound of the disturbance T̄d is set to be 0.005. The initial position

is chosen as [0.5 0.3 0]⊤ with zero velocity. Three MPC strategies are utilized to drive

the quadrotor to the equilibrium. The simulation results are shown as follows. Figure

3.2 illustrates the translational motion of the quadrotor. Since in this subsection, we

assume that the reference angle tracking is perfect, the rotational motion control is

not included. It can be observed that all three MPC strategies are able to stabilize

the quadrotor.

For conventional and tube-based MPC, the same linear model is utilized as the

plant, but the state converges faster when tube-based MPC is employed, which can

be explained from the perspective of OCP formulation. In the conventional MPC, the

first element in the predicted state sequence is equal to the current state. However,

the initial predicted state is a decision variable in tube-based MPC, which means the
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control input can be chosen from a larger range. Thus, compared with conventional

MPC, the tube-based MPC provides more aggressive control commands.

Some fluctuations can be observed in the results of Lyapunov MPC, because rather

than directly steering the state to the equilibrium, the designed Lyapunov MPC aims

to keep the state on the sliding surface, and therefore the fluctuations around the

sliding surface are inevitable in the presence of disturbances.

State Regulation with Disturbance Bound 0.5

To further investigate the robustness of the three MPC schemes, the disturbance

upper bound T̄d is set to be 0.5. Under this setup, the value of the actual velocity

may increase or decrease by 0.0981 due to disturbances. The simulation results are

shown in Figure 3.3. Larger fluctuations can be found in the vertical motion, which

can be inferred from the linear quadrotor model. Motions along three axes of the

inertial frame can be decoupled, and the motion along zI is controlled by the total

thrust T . For the nonlinear quadrotor model, when Euler angles are small, the total

thrust has the greatest impact on the translational motion along zI . Thus, the effect of

disturbances on the translational motion is mainly demonstrated in the third subplot.

Similar to Figure 3.2, tube-based MPC outperforms conventional MPC, and the

difference between them becomes more evident in Figure 3.3. The reason is that the

larger disturbance upper bound T̄d results in the larger robust positively invariant set

Z according to (3.25). Consequently, in tube-based MPC, the initial nominal state

can be chosen from a larger range compared with the results of T̄d = 0.005.

State Regulation with Disturbance Bound 1.9

To further explore how large the disturbance is that the controller can handle, an

estimated maximum value of the upper bound for the disturbance is obtained, which
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Figure 3.2: Quadrotor translational motion with T̄d = 0.005.

is T̄d = 1.9. The corresponding simulation results are shown in Figure 3.4. Compared

with Figure 3.3, the state converges faster when the quadrotor is controlled by tube-
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Figure 3.3: Quadrotor translational motion with T̄d = 0.5.

based MPC. However, the larger disturbance upper bound results in smaller tightened

constraint sets X̄ and Ū . Thus, the OCP of the tube-based MPC becomes infeasible
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Figure 3.4: Quadrotor translational motion with T̄d = 1.9.

when T̄d is greater than 1.9. The constant fluctuations exist in vertical movement

due to disturbances exerted on thrusts.

In general, all three MPC strategies are able to stabilize the quadrotor and exhibit

great robustness against wind gusts.
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3.4.2 Reference Tracking with the Same Nonlinear Quadro-

tor Model

In the previous subsection, the simulations are conducted based on different quadro-

tor models. However, in practical applications, the control input generated by the

controller is applied to the quadrotor with nonlinear dynamics. Thus, to simulate the

practical application, three MPC schemes are adopted as the outer-loop controllers

in a dual-loop control framework. Both translational and rotational dynamics are

considered and the SMC-based inner-loop controller introduced in Section 3.3.4 is

utilized. The sampling intervals of both inner and outer control loops are set to be

0.02s.

Apart from the state regulation, another control objective for quadrotors that

commonly appears in applications is trajectory tracking. In this subsection, three

MPC schemes are adopted for trajectory tracking, and the following reference trajec-

tory is utilized:

xr(t) = 10 cos(
π

60
t) cos(

π

15
t) (3.41a)

yr(t) = 10 cos(
π

60
t) sin(

π

15
t) (3.41b)

zr(t) = 20 cos(
π

60
t) (3.41c)

The corresponding reference velocity and acceleration can be obtained by differen-

tiating xr, yr, zr with respect to t. To adopt the control schemes for tracking, the

sliding surface for Lyapunov MPC is changed to be

sp = λpep + ev = 0 (3.42)

where ep ≜ p − pr and ev ≜ v − vr. Accordingly, the virtual control law (3.30)
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becomes

uvir ≜ r(qr)T = −cpsp − λpev + g − p̈r (3.43)

Similarly, the linear quadrotor model becomes

ek+1 = Aek +Buk − xrk+1 (3.44)

By using the same quadrotor nonlinear model (3.11) and the same control pa-

rameters in the last subsection, the simulation results of three MPC for trajectory

tracking with nonlinear translational model (3.11) and nonlinear rotational model

(3.10) are obtained.

The initial position is [11 0 20]⊤, and the initial velocity is [0 2 0]⊤. Distur-

bances are also involved and the disturbance upper bound is set to be T̄d = 0.5. Figure

3.5 illustrates the translational motion of the quadrotor. It can be observed that the

conventional MPC and the Lyapunov MPC are able to track the given reference path,

but the tube-based MPC fails. The OCP of tube-based MPC becomes infeasible at

around 12.5s. The rotational motion in Figure 3.6 shows the same phenomenon,

in which the dot lines represent the reference angles generated by the outer-loop

controller. In Figure 3.6, the fluctuations in rotational motion of conventional and

tube-based MPC are caused by the model mismatch and disturbances. Since the

tube-based MPC provides more aggressive control inputs, the variations of reference

angles generated by the tube-based MPC (red dot line) are too large such that the

inner-loop controller fails to track. Thus, the OCP of tube-based MPC eventually

becomes infeasible.

One may notice that the yaw changes with small amplitudes. The reason is that

due to the symmetric structure, Ixx = Iyy, the rotational dynamics about the zB

becomes Izzψ̈ = τψ such that the variation of yaw is induced by the disturbance
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Figure 3.5: Translational motion of the quadrotor in Section 3.4.2.

torque only.
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Figure 3.6: Rotational motion of the quadrotor in Section 3.4.2.

3.4.3 Reference Tracking with Dual-rate Sampling

In the last subsection, the simulation is conducted based on the same sampling pe-

riod in inner-loop and outer-loop control. This setup may bring two issues. Firstly,
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the control command can be generated on either the onboard microcontroller or the

ground station. To expand the task space, the onboard controller is preferred. How-

ever, the limited computation resource may not be able to provide the control com-

mand within the small sampling instant. Secondly, in the dual-loop control frame-

work, the outer-loop controller is usually designed based on the assumption that the

inner-loop controller is able to track the reference angles. However, this assumption

cannot be easily satisfied in practical applications.

To tackle these issues, a solution for dual-loop control is to utilize a dual-sampling-

rate strategy, i.e., the sampling period for the outer loop is greater than that of the

inner loop. To test the control performance under the dual-sampling-rate settings,

the simulation results are conducted in this subsection.

Reference Tracking with Sampling Ratio 3

Firstly, the sampling periods are set to be 0.02s for the inner loop and 0.06s for

the outer loop. The results are shown in Figure 3.7 and 3.6. Other parameters in

simulations are chosen to be the same as previous setups. Compared with the results

in the previous subsection, all three MPC strategies are able to track the reference

trajectory under the dual-sampling-rate framework. For the tube-based MPC, the

control optimization problem becomes feasible at all sampling instants. However, in

Figure 3.8, fluctuations of the reference angles still appear. Though the magnitude

of the fluctuation keeps decreasing over time, it may not be acceptable in practical

applications.

Reference Tracking with Sampling Ratio 5

Next, we set the sampling periods to be 0.02s for the inner loop and 0.1s for the

outer loop. Results are shown in Figure 3.9 and Figure 3.10. It can be found that
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Figure 3.7: Quadrotor translational motion with sampling ratio 3.

the variations of the reference roll and reference pitch are greatly reduced. The

magnitude of the reference fluctuation is only half of the magnitude in Figure 3.8

within 0s to 10s. The increased outer-loop sampling period decreases the updating
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Figure 3.8: Quadrotor rotational motion with sampling ratio 3.

rate of reference angles and provides more time for the inner-loop system to track,

which improves the control performance.
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Figure 3.9: Quadrotor translational motion with dual sampling ratio 5.

Reference Tracking with Sampling Ratio 20

According to the obtained simulation results, it can be observed that as the sampling

ratio of the outer and inner loop increases, the fluctuations of attitude signals decrease,
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Figure 3.10: Quadrotor rotational motion with dual sampling ratio 5.

and the control performance becomes better. However, a higher sampling ratio does

not always imply improved control performance. Figure 3.11 and Figure 3.12 illustrate
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the output of the system when sampling periods are chosen to be 0.02 for the inner

loop, and 0.4 for the outer loop. Under this setup, more fluctuations of three angles

appear, and the OCP of Lyapunov MPC becomes infeasible eventually. The reason

is that the variations of reference angles between two consecutive sampling instants

are too large, resulting in the tracking failure of the inner-loop controller.

In general, one can conclude that the dual-sampling-rate structure can improve

the control performance of the quadrotor if the sampling ratio is properly chosen.

Moreover, the quadrotor system is stable only if the sampling ratio is within a certain

range.

3.5 Conclusions

In this chapter, we first derive the nonlinear and linear quadrotor models. Then,

based on the obtained quadrotor models, conventional MPC, tube-based MPC, and

Lyapunov MPC are adopted for translational control.

To validate the effectiveness of the three MPC schemes, they are utilized as the

outer-loop controller to regulate the state in the presence of wind gusts as distur-

bances. All three MPC schemes are able to stabilize the system and exhibit great

robustness against the simulated wind gusts. Then, to simulate the practical appli-

cations, the control inputs generated by three MPC controllers are applied to the

same nonlinear quadrotor model, and both the translational and rotational dynam-

ics are considered. Though Lyapunov MPC and conventional MPC controllers are

designed based on different quadrotor models, they are able to track the given trajec-

tory. Due to the existence of reference angle fluctuations induced by model mismatch

and disturbances, tube-based MPC cannot provide satisfying performance. Further,

we investigate the control performance of the three MPC schemes when the dual-
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Figure 3.11: Quadrotor translational motion with sampling ratio 20.

sampling-rate strategy is utilized. As the sampling ratio between the outer loop and

the inner loop increases, the control performance of the three MPC schemes can be

improved. Moreover, the closed-loop system can be stabilized only when the sampling

ratio is chosen within a certain range.
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Figure 3.12: Quadrotor rotational motion with sampling ratio 20.
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Chapter 4

Conclusions and Future Work

4.1 Conclusions

For the networked quadrotor control systems, we propose a robust output feedback

MPC scheme to handle external disturbances, hard state, and input constraints, and

random packet dropouts in both controller-actuator and sensor-controller channels.

The proposed output feedback MPC scheme consists of a state observer that ac-

commodates the random measurement loss and a state feedback model predictive

controller that stabilizes the perturbed system. According to the proposed observer,

the estimation error dynamics can be represented by a switched system. By devel-

oping a GRPI set under the switched system formulation, the estimation error can

be confined in this invariant set, which serves as the explicit error bound of state

estimation. Similarly, an ERPI set is developed to confine the deviation between the

estimated and predicted states. Then, these sets are utilized to tighten the state and

input constraints to alleviate the effects of random packet dropouts and disturbances.

By imposing tightened constraints on the predicted states and inputs in the MPC op-

timization problem, the system can be stabilized by the proposed output feedback
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model predictive controller while both state and input constraints are satisfied.

To examine and compare the effectiveness of different MPC schemes for quadro-

tor control, comparison simulation studies are conducted with conventional MPC,

tube-based MPC, and Lyapunov MPC. Firstly, both nonlinear and linear quadrotor

models are developed by using Netwon-Euler equations and same-angle assumptions.

Then, three MPC schemes are employed to regulate the state of different quadrotor

models to validate their effectiveness and robustness in the presence of wind gusts.

Moreover, these methods are also tested on the same nonlinear quadrotor model for

reference tracking. Additionally, the identical and different sampling periods of the

inner control loop and outer control loop are tested. The reference tracking is ful-

filled only when the sampling ratio is chosen in a specific range. It can be concluded

that conventional MPC, tube-based MPC, and Lyapunov MPC can stabilize the sys-

tem and drive the quadrotor to track the reference path if the control parameters

are properly chosen. All these three algorithms exhibit great robustness against the

disturbances caused by wind gusts.

4.2 Future Work

The robust MPC scheme proposed in Chapter 2 is designed based on the tube-based

MPC, in which the impact of the disturbances is described by compact sets. Specif-

ically, all possible realizations of the predicted state and the actual state lie in the

invariant set in the presence of packet dropouts and disturbances. However, the set

computation may result in excessively tightened constraints and thus conservative

control performance, especially when the disturbance set is considerably large. Thus,

the output feedback stochastic MPC can be utilized to avoid set computation and

constraint tightening. How to handle the state and input constraints simultaneously
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in stochastic MPC for networked control systems is a remaining problem.

In Chapter 3, the MPC strategies are validated by simulation results without

experiments. In simulations, the upper bound for disturbances from the wind gust is

assumed to be known, which is hard to obtain in practical implementations. Thus,

how to design a robust MPC strategy with unknown disturbance bounds needs further

investigation. Meanwhile, the quadrotor model is assumed to be symmetric, but in

experiments, the physical parameters cannot be obtained accurately. Thus, how to

estimate the unknown parameters and guarantee the stability of the system with

model uncertainties is another open problem. Moreover, the simulation results reveal

that the dual sampling rate greatly affects the control performance. Thus, how to

choose the sampling times for the inner loop and outer loop is crucial in control

system design, and further investigation is needed to explore its impact on closed-

loop stability.
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