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Abstract

Let A bean n-by-n irreducible, entry-wise nonnegative matrix. For a
given t > 0, we consider the problem of maximizing the Perron root of a nonnegative,
diagonal, trace ¢ perturbation of A. Because of the convexity of the Perron root as

a function of diagonal entries, the maximum occurs for some tE,. Such an index i

which is called a winner, may depend on ¢. We show how to determine the (nonempty)
set of indices i that are winners for all sufficiently small ¢ and the possibly different
(nonempty) set of indices that are winners for all sufficiently large ¢. We also show

how to determine if there are indices that are winners for all .



Q]

1. INTRODUCTION
Let A = [a[/] = 0 bean n-by-n irreducible, entry-wise nonnegative matrix, and
let ¢ > 0 be given. We consider the problem, in contrast to [JOSvD], of determining

(1) p(4) = max{p(d +D): D=0 is diagonal, trace D =1},
D

i which p denotes the spectral radius (Perron root). If D = diag(d“) > 0 has trace ¢, then

11

n d
A+D=3% —;i (4 +1E),

i=1

n which E. denotes the n -by ~n matrix whose (i,i) entry is 1 while all other entries

are 0. Since the spectral radius of a nonnegative matrix is a convex function of its diagonal

entries (see, e.g., [Co 81]),

d, d;
pA+D) = p 7 A+tE)| < Y T p(A +1E,),

and thus

p(A+D) < max p(A+tE“).

lg<isn ’

Consequently,
p{4) = max p(A+tEii>;

l<igsn

having precisely one

that 1s, the maximum in (1) is attained by some diagonal matrix tE,

nonzero diagonal entry.



Because of the above characterization of p(A4), 1t is of intcrest to investigate the

function

p(4;t) = max p(A +tE“.) vt > 0.

lsign

We let

p;(t) = p<A+Z‘E“), for 1 <i<n and ¥tz 0,

and note, by the Perron-Frobenius theory, that p;(t) is a strictly monotonically increasing

function. Since p(Ad+tl) = p(A) +t, then by monotonicity of the Perron root

p,(t) < p(A) + t. It is important to emphasize the dependence of p(A4;t) on ¢, as the

indices ¢ at which it is attained may depend upon ¢, as we shall see.

In Sections 2 and 3, respectively, we consider the behavior of p;() for large values
of ¢ and for values of ¢ near 0. Our analysis uses part of Theorem 3.12 of [HRR 92],
which (for our purposes) can be summarized as follows. We denote by A% the group inverse

of A, which when it exists satisfies AA*A = A, A*AA* = A% and AA* = A*A; see [CM,

p. 124].

THEOREM 1.1 [HRR 92]. Ler F and G be n xn real matrices, let H = F - Al

where A is a simple eigenvalue of F, let u and v be left and right eigenvectors,

respectively, of F - corresponding 1o A and normalized so that uTv = 1. Then for & >0



sufficiently small, an eigenvalue of F + 8G isgiven by A + E Ay 8%, with corresponding

k-1
; — - k -, T -t .
right eigenvector given by v + 3 w, 8. Here XA =u'Gv, w = -H* Gv, and for
k-1
k=2,73,
k-2
. T - T # # _
Ay =u"Gw, _,, and w,_ = Z (u ka-j—1>H w; + H <)“1In G)Wk—r O
j=1

In Section 4, we compare arbitrary distinct pairs of functions p;(t) and p, (),
considering, for example, the case that p,(f) = pj(t) for all ¢t > 0, and, when
p;(t) # p;(t), the number of possible values £, for which Pi(to) = Pj(fo)- Finally, in Section
5 we discuss the case in which p,(#) > pj.(t) forall j =i andforall ¢ > 0.

We first illustrate these concepts with the following simple example.

Example 1.2. Let

Then



a +i+ \/<an * t)z +4a;,a,,
2

p,®

and

i

ap, +t+ \/<a11 * t)2 +day,a, -4at

P, () 5

Thus, if a,, = 0, then p;z) = p,{t) = p,{t) forall ¢t > 0. However, if a,, > 0, then
HiA;e) = p,() forall ¢>0. O

We introduce the following terminology to describe the situations illustrated in the above

example.

Definitions 1.3

If p,@@) = pj(r) forall ¢+ > 0, then i and j rie. Let 0 < t, < t,. If, for some
i and Jj, p,(t) > p;(t) forall ¢e€ (to,tl), then i dominates j (for t, <1t < ). If
there isa # > 0 suchthat i dominates each index (for 0 < ¢ < t,) with which it is not

tied, then ¢ is called an initial winner. Similarly, if i dominates each index with which it

is not tied (for all ¢ > some t,), then i is called a terminal winner. Finally, if i

dominates all indices with which it is not tied for all ¢ > 0, then i 1is called a universal

winner. There may be no universal winner, but there is always at least one initial winner and

at least one terminal winner (see Theorem 4.2).

Let O <<t <t If p(t) < pj(t) forall ¢t € (to,tl), pi<t1> = pj(t1> and



p,(t) > pj([) forall t € <[1’t2)’ then the functions p,(¢) and pj(t) are said to switch (or

to have a swirch)y at 1. U

With regard to Example 1.2, if a,; = 0, then 1 and 2 tie, whereas if a;, > 0, then
1 dominates 2 forall r> 0 andsoindex 1 is the universal winner. The functions p,(?)
and p,(z) have no switches (regardless of the value of a,, > 0).

Finally, we note that the above concepts are invariant under multiplication of A by a
positive scalar, under translation of A by a scalar matrix (so that they may be extended to the
right-most eigenvalue of an essentially nonnegative matrix), and under diagonal similarity of A

(so that they may be extended to matrices with nonnegative cycle products). Also, if A 1is

reducible, then p(4;t) = max p(Ajj;t) where Ajj are the irreducible diagonal blocks of
j=1,..,k

the Frobenius normal form of A, and our results can be applied to 4.

2. LARGE r: DETERMINATION OF THE TERMINAL WINNER(S).

In order to analyze p,(f) = p(A + tE“.) for large values of ¢ and any fixed index i,

we let e = 1/t and consider p(E.+¢eAd), since A + tE. = t(E. +eA). We denote the
13 i 13

. L (0 : - : . 1
(i, i) entry of A" by a;’, where  isany fixed integer, but usually write a,, for al’

i -



For a positive integer m, a partition ¢ of m isa sequence of integers ¢ = (STIRCTRN Y

iy
suchthat ry 27y > . 2r >0 and Y r =m. The principal partition of m (i.e. the one
j=1

with s = 1) is the partition (hz). If =, denotes the set of all partitions of m, then the i-th
diagonal product of A corresponding to a partition ¢ = (rl, ST r) € m, 1is defined to be

5

_ () (r) (rs)
My = Qo G - ay .

For m = 0, the unique partition of m is defined to be ¢ = (0), and we let , = {(0)}.

For sufficiently small & > C, we are interested in pE,;+ eA), which is a perturbation
of the simple eigenvalue A =1 of E,. The standard i-th unit vector is written e®, so that

E. =¢e® OT

L

THEOREM 2.1. Let A 2 0 bean n-by -n irreducible matrix. Then Jor sufficiently small

e > 0,
pE;+ed) =1+ Y A, ¢k,
k=1 '
where A, = ay, w,, = -(Eii—l,,)Ae("), and for 'k > 2, A, = e(")TAwk_l'i and



Moreover, A, Is a linear combination of the form S Cp,i Mg, s the coefficient ¢,
pem

corresponding ro the principal partition ¢, = (k) is equal ro 1, and for any & € =, the

real number ¢, depends only on ¢, and noton A or i.

Proof. Let 1 < i <n. WeuseTheorem I.1with F=E, A =1, G =A4,

wu=v=e® 8 =c¢ and wedenote A, w, by A, w,, toshow the dependence on i
With this notation, clearly A, = a,, and w,, = -(E, -1,)4e® since (E, -1 = E, - I.

Similarly A, and w, . for k 2 2 are as specified.

We now claim that for integers k£ > 1 and p 2 1,
, 0T -
(2) eOTA W= D0 iy
deEm,
having the properties stated in the theorem. We use proof by

with the coefficients ¢, ,

1,

induction on k. For k

e APw, = -eOTAPE -1 )4e®

e _ 4, ai(ip)’

ii i



which is in the form (2) with the coefficient corresponding to the principal partition equal to
1. Thus, the claim is true for k = 1.

We assume the claim to be true upto k-1, and prove it for k. We use the fact that

eOT wy; = 0, L =12, .

i

which follows easily from emT(E‘. =I,) = 0. Thus from the expression for W, k22,

k-2

OT 4p = T DT g4p , ,OT — T 4 p
e APw, ;= (eW" Aw, _j_l’i>[e APeW el w  —eOT4 wj)‘.]
i1

+ a, e(i)TApe(i)e(i)ka_li - e(t')TAPe(i)e(i)TAwk_li

- a.

il

DT 4p (T 4p+1
<e A Wk'l,i) e AP w

[i}

- Z LZ\: Co,i m¢,x~H¢E €, ’"cb,z}

j=1 Enk—j Enp*j
- ,® -
a;; E Coi My i ~ 4y E Co,i My,
‘bE“k ¢E“p+k-1
* E Cd).lmd),l
beT‘p.k

Each term in this summation is in the form (2). Moreover, the contribution to the principal
partition (p +k) is obtained only from the last summand and the induction hypothesis shows

(p+k)
i

that the coefficient of aq; 1s exactly 1. The induction hypothesis also shows that each

coefficient ¢, , is independent of A and i. Thus, the claim is proved.

Taking p=1 and using A, = e“)TAwk_“, then (2) gives the result that for & 2 2



Using this theorem recursively, we record the first few terms in the expansion of

p(E”.+8A>.

COROLLARY 2.2. Let A 20 bean n-by-n irreducible matrix. Then for sufficiently

small & > 0,
- @) 2\ 2 3) 2 3\ 3
p(E“.+aA) =1 +a,¢e + (a“. —a“)s + (a“ -3a,a; +2al.,-)s
2
+ (a»@ 4a.a —2((2(2)) + lOaZTa-(z) - 5a.4->e4 + . a

ii iiii ii il ii

We now use the expression for A, in Theorem 2.1 to give an algorithm to find the

indices ilial are tlerminal winners (S,_; below) and thus to find p(4:¢) for sufficiently large

values of ¢.

THEOREM 2.3. Let A =20 be an n-by-n irreducible matrix, and define

S, = {s: as(f) = max {aff)}} Jor 1 sks<sn-1, where S, =1{1,.,n}. If k is the

LES, |

smallest integer such thar ]Sk’ = 1, then for all sufficiently large 1t > 0, p(4:t) occurs ar



11.

the index s € S, i.e., index s dominates j Jor j = s. The elements of S._, are the

terminal winners.

Proof. As remarked at the beginning of this section,

{4;1) = max p(f) =t max p(E.+¢ed). Thus, for sufficient] large ¢ (sufficiently small
1 i y

l<isn l<isn

In this case, s

e) if |S;] = 1 then p(4;r) occurs at the index s € S, since Avi T a.
dominates all other indices for sufficiently large ¢. Alternatively, if lS1l > 1, then further

: : : 2 2
terms in the expansion must be considered. From Corollary 2.2, Ay i = a? - a> But a;;

ii il

isequal forall i € S, thusdifferencesin A, ; depend only on differences in a,-(,-z). Soif

Sl|>1

and 152] = 1, then W(A;?) occurs at the index s € S,. From the form of Ak,l. in Theorem
2.1, 1t 1s clear that the term corresponding to the principal partition gives the only possible
difference at each stage, hence the definition of S,. The procedure terminates with S, 1

since by the Cayley-Hamilton theorem A" is a linear combination of lower powers. If none

of the §, have cardinality 1, then all elements of S, _, tie for sufficiently large ¢. [J

If A has a unique largest diagonal entry (say a;;), then ]Sll =1 and i is the

terminal winner. If ;Slf > 1, then diagonal entries of higher powers of A must be considered.



12.

Example 2.4. Let

Note that all a,; = 0. The result of Theorem 2.3 shows that 2 is the terminal winner as it

dominates all other indices for sufficiently large values of ¢. This can be easily seen from A?

by noting that

or directly by observing that 4, = Y a;a; for 1 <i< 5. (Wewill see in Section 3 that

jwi

index 1 dominates all other indices for sufficiently small ¢. Thus the functions p,(r) and

p, () switch at some value of ¢ > 0). O
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3. SMALL 7: DETERMINATION OF THE INITIAL WINNERC(S).

To investigate p; () for small values of t, we note that

p(A +tE“> = p(Ad) + max Re A in which Q = p(4)] - 4, so that Q is an
Leo(-Q+1Ey)

n-by -n singular, irreducible M-matrix. We denote the (i,i) entry of Q") by ¢i®

i

for 0 =1. The 1ith diagonal product of Q* corresponding to a partition

¢ = (rpry ry) € m,, is defined to be

L ()

o0 = 9 G

We use Theorem 1.1 to obtain the following result.

THEOREM 3.1. Let A >0 bean n -by -n irreducible matrix, Q = oA - A, and
w and v, respectively, be left and right Perron vectors of A with u™ = 1. Then Jor fixed

i, 1 <i<n, and sufficiently small t > 0

PA+IE,) = p(4) + ’?:1 Ayt

. . _ _ _ # ) _ T
in which AU =WV S A, w s Q" E,v, and for k > 2, /\k’i =y E“wk_l,i and

Wei = Z (“ TEiiWk-j-l,i>("Q#)wj,i - Q#<ai1n—Eii)wk—1,i‘
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Morcover, Jorany 'k =z 1, A, can be written in the form Z d,, 2y, Here if k=1,

k0 4
peEmy

define dy = «; and 2y, = 1 for the unique pariition ¢ = (0) of 0. If k =2, each

d,, Is a polynomial in «, with real coefficients that depend only on &, and not on

Q%, u, v or iy in particular, the coefficient corresponding to the principal partition

by = (k=1 of m,_, isequalio (-DF af .

Proof. Let 1 <i<n. We use Theorem 1.1 with F =4, A = p(4),

G = E, and & =1t. The expressions for Ap» W, follow immediately. For the case

k=1, A, =wv, = «, by definition. We now claim that for integers k > 2

[

(3) Aot = uTEiiwk—l,i = 2 dy.i Zp, 15

bEN, _,

and for integers k21, p 21

4) uTE[[(Q#)p Wei © E £¢.i 2,00

,
¢ ETMgep

where the 4, in (3) satisfy the conditions in the theorem statement, and the a’(bi in (4)

satisfy similar properties. Moreover, in the right side of (4), the coefficient of the principal

of 7, is (~DFT &F

partition ¢ ;- Also

0 k+p
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, . . N + . T #(p+1
uTE Q) w, . = W E Q") Q¥E.v = u TeWe O (Q#YP 1o, - uiv‘.q.-@ ),

I i ii

whichis (4)for k = 1. For k=2, A, . = uTE w

2,4 B W

=u"E,Q*E,v = uiv‘.q:f, which is (3)

for k = 2. So suppose claims (3), (4) are true up to k - 1. Consider the case k for claim

(3). Then
_ T
A= u Eiiwk—l,i
k-3
_ T - T # _ # ~
=u'kE, E <” Eiiwk-j—il,i>Q w, - Q (@], E)we o
j=1
k-3
- T T # _ T #
= (” Eiiwk-j-,’l,i)<u E.Q wj,i) u'k,; Q ailnwk-2,i
i1
T #
*uTE; QUEw
k-3

T T # _ T # #T
u Eiiwk—j—?.,i><u E,Q wj,i) @ u E Q"W _,, t qii(” Eiiwk—z,i>'

Using the induction hypotheses for claims 3), @

k-3
, - ~ #
Aei :'Z Z dy 24 { Z Ay i Zgi | = Z dy 7y 1+ qy Z dy 24, -
J=1 \ben, \pem,., pEmy_,,, deEm_,

This is in the form needed, thus completing the proof for claim (3). For claim (4), consider

case k.



k-2
= ”TE;';‘(Q#VJ - <u TEiiwk—j—l,i>Q#wj,i - Q#(ai]n ~E )Wl
i1
= 1 1 1
= Z <” TEiiwk—j—l,i)<uTEii<Q#>P wj,i) -'aiuTEii(Q#Y wk—l,i+uTEii(Q#)P E;we 1
j=1
gy 1 a\p+ 1 #p+1)
== (u TEiiwk—j—l,i><u TE(Q"Y Wj,i) - auTE(QFF Weo1,i "4 (u TEiiwk—l,i>'
j=1

Now using the above form for 4, , and induction hypotheses for claims (3) and (4)

wTE (Q*Pw, = - (2 dtb,izcb,i)( > ‘zt,i%,ij"“i( > 5¢,i2¢,i)
j=1

d)E“p-j*l Q)E“qu“l

#p+1)
+ 4y ( E d¢,iz¢,ij'

bem

The only term that contains the principal partition is the second one. Using the induction

hypothesis, d, ; = - ai((— PE-He1 af'1> = (-1¥*'af. This completes the proof for claim

4).

From the form of A, , in this proof, the only term that contains the principal partition

it can be

i’

is the second one. Thus using the induction hypothesis and the properties of c2¢
[+

seen that the coefficient corresponding to the principal partition is

o ((-DE af'z) = (-D* o«f 7Y, for k=2,

as desired. Thus
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A’k,i = (- ‘xf_l q::(k—l) + Z d

s
) b iS¢, 0
PET,

d(k-1)

We note that the expression for Al’i is well known in the literature, see, e.g. [EJN 82], and
the term A, ; is given in [DN 84] and [HRR 92].

The above theorem leads to an algorithm to find p(4;¢) for sufficiently small ¢.

THEOREM 3.2. Ler A >0 bean n-by-n irreducible marrix and u and v,

respectively, be left and right Perron vectors of A with u®v = 1. Define

T, = {S! (—l)kqi(k—l) = max {(—l)kqﬁ(k_l)}} Jor 2 <k <n, with T, ={1,.,n} and

ey

T, = {s: Uy, =max{uivi}}. If k is the smallest integer such that ITk[ = 1, then for all
ieT,

sufficiently small t > 0, w(A4;t) occurs at the index s € T,, i.e., s dominates j for

J * s. The elemems of T, are the initial winners.

Proof. p(A,t) = max p;(t), where for each i, p,(t) has the power series expansion given

lcisn

by Theorem 3.1. If |T1| =1, then « = max{ai}, and s dominates as stated. If]Tl! > 1,

ieTy

then further terms in the expansion must be considered, noting that o, are equal for all
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ie T,. The results follow by arguments as in Theorem 2.3. [

It follows that the distinct entries in the Hadamard (entry-wise) product u v order the
functions p,(¢), 1 <i < n, forsmall ¢. If wyv, > uyv,, then p,(z) > pj(t) for sufficiently
small ¢ > 0. In particular, if #°v has a unique largest component, then the corresponding

mdex is the initial winner. Consider again Example 2.4. Then (to 4 decimal places)

p(4) = 2.3118, and the Hadamard product of the left and right Perron vectors is

ueov = (0.3550, 0.0690, 0.0013, 0.2873, 0.2873)7.

Thus, for sufficiently small ¢ > 0, index 1 dominates each of j = 2,3,4,5 and so is the

initial winner; also indices 4 and 5 dominate index 2, which in turn dominates index 3. In fact,

oy Theorem 4.6, indices 4 and 5 tie.

4. COMPARISONS BETWEEN p.(t) AND p; (1)

We now consider any pair of functions p,(¢} and p;(t). When these two functions

are not identical, we determine the maximum number of switches that they may have. Also, we

give a characterization of the case when two such functions are identical forall ¢ > 0, and give

a characterization of the situation that all n of the functions p;(t), 1 <ix<n, are identical for

all ¢+ 2 0.
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4.1 DISTINCT op,(t) AND p; ()

We begin with some additional definitions and notation. We denote the characteristic
polynomial of A4 + tE, by pA+1E,; k). Forany n-by-n matrix B, let E (B)
denote the sum of all k-by -k principal minors of B, 1 <ks<n. We let Ek(pl, Ho ey pn>

denote the k-th elementary symmetric function of any scalars W, p,, .., p,. Finally, for any

1 <i<n,let B(i) denotethe (n-1)- by - (n - 1) matrix obtained from B be deleting

row ¢ and column i.

The proof of the following result is a straightforward computation.

LEMMA 4.1. Let A >0 bean n-by-n real marrix, let 1 <i <n and ler t be a

real scalar. Then the characteristic polynomial of A +tE, is

PA+tE; A) = A" - (E(A) 1AM+ (EyA) +tE(A@))A" 2 -

i’

(EsA) *tEA@))A"77 +  + (-1)(E,(A) +1E, (A(D))).

In the following result, the maximum possible number of switches in the two distinct

functions p,(r) and pj.(t) is determined.

THEOREM 4.2, Ler A 20 bean n-by-n irreducible matrix, let ' 1<i,j<n with
L# ] and suppose that pA+tE; A) is not identically equal to p(A +tE. ; k) Then there

Ji?

exist ar most n =2 positive values of 't such that p;(®) = p; (7).
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Proof. Suppose that ¢, > 0 and pi<t0) = pj(to). For simplicity, let p, = pi(t()). Thus
PA+LE; py) =0 and p4 tLE;; Po) = 0. On subtracting these two equations and using
Lemma 4.1, we obtain

L{(ELAG)) - E(A@)p5 7 - (BAQ) - BAG))ps ™ +

-+ CDYE, Q) - E,_A@)} = 0.

It follows that p, is a root of the equation

(ENAG)) - EAM)A"T ~ (EfAG)) - EfAG))A"7 + -
)

* CDYE, (A()) - E,_{A®)) = .

The polynomial in (5) is not identically 0 since p(A +tE,; k) # p(A +tE ; A) and thus

i’
equation (5) has at most n -2 roots. In order to complete the proof as well as to establish in

Example 4.3 the sharpness of the bound n - 2, we prove the following claim.

If py>p(d) and Po IS aroot of (5), then there exists a unique ty > 0, such that

To prove this claim, consider p,(f) for ¢ > 0. We have p;(0) = p(4) and

p;(t) = = as ¢~ =, since p,(t) 2 a; +t =2t Since p,(t) is continuous, there exists
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t >0 suchthat p, = pi(t())‘ Hence p(A +1,E, Po) = 0 and, since p, satisfies (5), we
also have p(4 ”oEjj5 Po) = 0. Thus p, isan eigenvalue of A + tOEjj. We claim that
Po = P,(f)- To thisend, consider the set of values ¢ for which p(A +tEjj; po) = 0. This
condition takes the form at + b = 0, and a # 0 as Py cannot be an eigenvalue of A()
(since p, > p(4)). So there is a unique ¢ such that p(A +tEjj; po> = 0. We also know

that there is a unique ¢ such that Po = P; (t). It follows that Py = pj(to). O

Note that (for p,(t) = p;{t)) this theorem gives an upper bound on the number of

values ¢ suchthat p, () = pj(t). The number of switches is less than or equal to this value.

Using the claim in the proof of Theorem 4.2, the following example shows that the bound of

n~-2 1is the best possible. Without loss of generality, we let i =1 and j =2, and first

consider n odd.

Example4.3. Tet n =2m + 1 > 5, let Py Ho - MB,_, bearbitrary positive numbers, and

denote Ek(pl, Has oy pn_z) by E,l<ks<n-2. Let
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r
0 0 a; 0 a; 0 a, O 0 Ay et
O e 0 a, 0 a O 25 A o 0
a,, a5, 0 0 0 O O O 0 0
6 0 a;, 0 0 0 0 O 0 0
A = )
6 0 0 a, O 0O 0 O 0 0
0 0 0 0 g O 0 O 0 0
O 06 0 0 0 0 0 O Qypsram 0
where e > 0 and the nonzero a;; are defined as follows:
A3p = Q3 = Qy3 = Qg4 = dgs = = = Oy 9 = E &',
By, @m -k +2)2m |
a;, = € , for k =3,5-,2m+1;
k-2
El
E _,
a,, = —2 @mokeDim  for ko= 4.6 .. 2m
k-2
El

Then

(a) the roots of (5), with i = 1 and j =2, are By Hos o B, _,; and

(b) if ¢ s sufficiently small, then p(4) < p, foral 1 <k <n-2.

Proof. It suffices to prove (a), since it is clear thatas ¢ ~ 0, 4 - 0 and p(A) - 0.



The proof of (a) is computational. The coefficients in equation (5) are as follows:

L4 @2) - Ef4))

]
Q
|
N

~(EAQ) - E{A)

a.da

13 9315

E(A(Q2) - EJA()

1l

TGk G3p Gy3 A5y Gy for k=3,5,.,2m - 1

~(EUAQ) - EfA)) = a4, a0, 05 a,,, , for k=4,6,-,2m.

Equation (5) becomes

SEATTE e E\ATT - g E)ATY ¢ e BT - - eE _4A +eE _, =0,

and indeed its roots are P, Wy, <, B, _,. O

Note that the leading principal submatrix of order 2m of the matrix 4 in Example

4.3 above shows that the bound of n -2 in Theorem 4.2 is also best possible for n > 4 and

even.

Example 4.4. Let

This matrix exhibits the maximum number of switches over all pairs p, (1), P; (), namely 3

switches (by Theorem 4.2). Numerically the 3 distinct values of ¢ at which a switch occurs
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, =080, 1, =321 and 1t =481, with pl(tl) = p,(t), pl(tz) = p3<t2) and
pa(ty) = p3(t3>. Index 1 dominates for small ¢ (t< tl), so is the initial winner; index 2
dominates for intermediate ¢ (r; <z<t); and index 3 dominates for large ¢ (t> 1), so s the

terminal winner. Note that A is symmetric with Perron vector (.6538, .6318, .4165)7, so
Theorem 3.1 gives the initial winner. Also, max{a“} occurs atindex 3 so Theorem 2.1 gives

the terminal winner.

Once the set of initial winners T is determined from Theorem 3.2, equation (5) can
be invoked to determine indices j such that p‘.<t0) = pj(t0> >pd), for ieT and
J € T, The smallest such ¢, at which a switch occurs can be found as in the proof of the

claim in Theorem 4.2. As was explicitly done in Example 4.4, this process can be repeated to

determine the finite number of intervals on which there are different winners. Using the result

of Theorem 4.2, if p,(t) = pj(t) on an inferval, then indices i and j tie. Thus from
Theorems 2.3 and 3.2, if |Sn_li > 1, then the elements of S,_, alltie, and if ITnI > 1, then

the elements of T all tie.

4.2. IDENTICAL FUNCTIONS p,(t) AND p (1)

Recalling that p(A4(i); &) denotes the characteristic polynomial of A (@), it is easily

seen from Lemma 4.1 and Theorem 4.2 that p;(t) = pj(r) forall ¢ > 0 ifand only if
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(6) E(A®)) = E(A()), t=1,2,.,n-1;

that 1s, if and only if p(4 (1), &) and pUA(); A) are identical. In the following theorem, we

give other conditions that are equivalent to the above; we first prove a general lemma.

LEMMA 4.5, Ler A be an n-by-n real marrix, r be a Jixed real number, and

R =71l - A be such thar R* exisis.  Then for fixed indices i,] the following are
equivalent.

() pA®@); &) = plA(j); A)

(ii) all = q® forall 1 <t <n -1

i i

(iii) r - rj(j“ Jorall 1 <0<n -1

i

ISASRRNO Jorall 1 <t <n -1

1v) i i

Proof. By the Cayley-Hamilton theorem, if a,.(,-o) = ajg-e) for 1< 0 < n - 1, then it is true for

all €2 1. Suppose (i) holds. Let B = AJ - A with A >0 sufficiently large so that B

is invertible and the Neumann series

Bl ==yt = Ly gk 4
A kS0

converges.  Then by " = p(4(i); A)det B = p(A( J); A)det B = 5" Comparing



coefficients in the series, we conclude that (i) holds. Assume (ii) holds. Let B = Al - A,

where A is an indeterminate, and thus B is a matrix over the field of rational functions in
. . - ) . ¢ t . .
A with real coefficients. It is easily seen that b,»(,-) =p® g = 1,2,.,n—-1,since B isa

polynomial in A. Furthermore, B is an invertible matrix with entries in the field of rational

functions in A with real coefficients (because det B = 0), and therefore B~ can be written
as a polynomial of degree < n-1 in B. Hence, we also have bi(i—l) = bjg-_l), which implies

that the (i,i) and (j,j) entries of adj B are equal. Thus, p(A(); A) = plA({j); A), and (i)
holds. The equivalence of (ii) and (iii) is clear. Since R® isa polynomial of degree at most

n-1 in R and conversely [CM, p. 130], the equivalence of (iii) and (iv) follows. L[]
We note that the above four equivalences can be proven over a general field.

THEOREM 4.6. Let A 2 0 bean n-by-n irreducible matrix, Q = p(A)I - A and
i,j be fixed. Then the following are equivalen[‘.

(i) pAW; A) = pA>); A)

(ii) p.() = pj(t) forall t =20

dii)  al = aj‘j” forall 1 <0<n~1

184

(iv) q:f'(ﬂ) = qji(q) Jorall 1 <t <n-1.
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Proof. The equivalence of (i) and (i1) follows from the remarks at the beginning of this section.

With R = Q the other equivalences follow from Lemma 4.5. [J

Example 4.7. Let

a b ¢ d
b a d ¢
A = ,
e f a g
S e g a

where a, b, c,d, e, f, g >0. A straightforward computation shows that aﬁ) = a;,(;_),

t=1,2,3. Thus, p,() = p,(t) forall ¢ > 0. Furthermore, when g =& in A, then it

can be shown that afi) = a:,(;) = aa(;) = aﬁ), for ¢ = 1,2,3, so that all four indices tie. [

Example 4.8. If A isany n-by-n matrix satisfying the conditions of Theorem 4.6 for
all i,j (i.e.,all n indices tie), then the n?-by -n? matrix J ® A4 also satisfies these

conditions, where J isthe n-by -n matrix with all entries equal to 1 and & denotes

2

the Kronecker product. Thus all »n* indices tie. [

A sufficient condition for (iii) in Theorem 4.6 to hold for all pairs i, j is given in the

following result.
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THEOREM 4.9, Let A 20 be an n~by -n irreducible marrix, and suppose that there

exists « diagonal matrix D = {dij] with all d; > 0 such thar C = D™'AD s a circulant

matrix. Then a,.(f) = aj(jg) Jfor all pairs i, j and for 0 = 1,2,..,n-1. Thus all indices tie.

Proof. Since A = DCD™', foreach § =1,2,.,n~1 wehave A* = DC'D"'. Tt

is well known that C% is also a circulant, so the result follows from Theorem 4.6. [

The matrix A of Example 4.7 with g = b shows that the converse of Theorem 4.9

does not hold. It is easily shown that such a matrix A is not in general diagonally similar to

a circulant matrix.

5. ALL > 0: DETERMINING THE UNIVERSAL WINNER(S)

In Sections 2 and 3, the technology was developed to determine the terminal and initial
winners (which always exist and there may be ties). There may, of course, be no universal

winner, but we may use the ideas of the last section to determine if there are universal winners
and, if so, which indices are universal winners. First of all, if ¢ is to be a universal winner
then it must be both an initial winner and a terminal winner. These two occurrences may be

checked (using Theorems 3.2 and 2.3). For general n, suppose that i 1s both an initial and

a terminal winner. Then { isa universal winner if and only if p,(t) > p;(t), forall t> 0
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and all j such that p.(¢) = pj(t), 1.e., the polynomial in (5) has no root greater than p(A).

Thus, the roots of at most (n - 1) polynomials, each of degree n -2, will determine if i

1s a universal winner.

When n = 2, equation (5) reduces to a constant, so either both indices tie or there is

a unique unjversal winner, see Ex. 1.2. However, as the following example shows, it is

possible for an index to be both an initial winner and a terminal winner but not a universal

winner.

Example 5.1. Let

21 21 0 0

Clearly index 2 is the terminal winner and it is also the initial winner. However, p,(t) and

p,(t) switchat ¢ =238 and r = 4.63. O

We note that the initial and terminal orderings are both determined by diagonal entries of powers

of A upto (n-1)*. For the terminal ordering, this is clear from Thecrem 2.3; for the initial
ordering, this follows from Theorem 3.2 and the facts [DN] [CM] that [ - QQ* = vu” and

(@")" is a polynomial of degree k(n-1) in A.

N N PTPS The aathare wwich ta thanls Choyn Eallat far dioriiesinme n this narer
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