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ABSTRACT

In this thesis, a new smoothing penalty algorithm is introduced to solve a
mathematical program with equilibrium constraints (MPEC). By smoothing
the exact penalty function, an MPEC is reformulated as a series of subpro-
grams which belong to a class of MPECs with simple linear complementarity
constraints. To deal with the subproblems, a hybrid algorithm is proposed,
which combines the active set algorithm, the —active search algorithm and
the PSQP algorithm. It is shown that the smoothing penalty algorithm

converges globally to a M-stationary point of MPEC under weak conditions.
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Chapter 1

Introduction

In general, a mathematical program with equilibrium constraints (MPEC) is
a mathematical programming problem whose constraints include variational
inequalities. In economics and engineering, many problems can be formu-
lated as MPECs. Among these applications, a special case draws much at-
tention of the researchers, where the equilibrium constraints are in the form
of complementarity constraints. Hence, an MPEC is usually referred to a
mathematical program with complementarity constraints. The readers can
refer to {2, 12, 17] for a survey about recent developments and applications
of MPECs.

Consider an MPEC in the following form:



(MPEC) min  f(x)

G(z) >0, H(z)>0, Gz)"H(z)=0

where f : R > R, g: R" — RP, h: R — R, G: R" - R™, H : R* — R™
are continuously differentiable and a' denotes the transpose of a vector a.

From a nonlinear programming point of view, the presence of comple-
mentarity constraints makes this problem rather hard to deal with. There is
no feasible point of the MPEC satisfying all inequality constraints strictly.
This fact makes Mangasarian-Fromovitz constraint qualification (MFCQ) vi-
olated at any feasible point since MFCQ requires the existence of a strictly
feasible point. Therefore, there may not exist Lagrange multipliers and hence
well-developed algorithms in nonlinear programming are likely to have un-
stable numerical behavior. As a result, development of algorithm for MPEC
is somewhat behind the analysis of optimality conditions.

Nevertheless, some progress has been announced recently. The diffi-
culty with complementary constraints can be reduced by several different

approaches to reformulate an MPEC. Consequently, various stationarity con-



cepts arise (see e.g. [20, 22] for a detailed discussion). As observed in [22],
the M-stationary condition is the most appropriate stationary condition for
MPEC:s in the sense that it is the second strongest stationary condition (with
the strongest one being the S-stationary condition) and it holds under almost
all analogues of the constraint qualifications for nonlinear programming prob-
lems.

Moreover, some methods that aimed at solving MPECs numerically have
been announced. A class of algorithms use smoothing nonlinear programming
problems as approximating subproblems (e.g. [1, 3, 5, 7, 8, 15]), which guar-
antee to converge to a stationary point. However their convergence requires »
certain assumptions such as the nondegeneracy condition or the MPEC lin-
ear independent constraint qualification (MPEC LICQ)(cf. Chapter 2 in this
thesis), which is somehow restrictive in practice. The piecewise sequential
quadratic programming (PSQP) algorithm proposed in [18] and extendec;l in
[12, 13] uses quadratic programming problems as subproblems and it exhibits
superlinear convergence under MPEC LICQ and piecewise second-order suf-
ficient condition (PSOSC). But it is only locally convergent. For the class
of MPECs with linear complementarity constraints, some algorithms have

shown their promise from the numerical experiments [4, 6, 25]. Most re-



cently, the PSQP algorithm for MPLCQ has been adjusted to provide a
global convergence without MPEC LICQ in [26] by using a new technique
called é-active search. Moreover it has been extended to general MPECs by
using a partial exact penalty function as a merit function in [9].

The main results of this thesis is taken from author’s recent jqint work
[10] with G. S. Liu and J. Ye.

The thesis has two purposes. The primal one is to develop a smooth-
ing exact penalty function algorithm for solving MPECs and show its global
convergence to an M-stationary point. Note that the partial exact penalty
function proposed in [9] leads to a partial exact penalization, which is, how-
ever, nonsmooth in general and hence no efficient algorithm is available. By
smoothing the partial exact penalty function, we reformulate MPEC as a
series of approximated mathematical programs with only simple linear com-
plementarity constraints. Each of approximated mathematical programs is
taken as a subproblem at each iteration. The second goal is to introduce a
hybrid algorithm to solve the subproblems and establish its properties. The -
hybrid algorithm will take the advantage of the active set technique, the
d—active search technique and the PSQP algorithm.

The thesis is organized as follows. In the next chapter, the preliminary



knowledge is presented. In Chapter 3, we introduce a smoothing penalty
method for computing an M-stationary point of MPEC and investigate its
convergent properties. In Chapter 4, we propose a hybrid algorithm to solve
the subproblems derived from smoothing penalty algorithm and its conver-
gence analysis is provided in the same chapter. Some test problems and
the preliminary numerical results with the MATLAB implementation are re-
ported in Chapter 5. We conclude the thesis in Chapter 6 and attach the

MATLAB codes in Appendix.



Chapter 2

Preliminaries

2.1 Stationary Points

As mentioned in Chapter 1, the MPEC has various stationarity points based
on its different reformulations of complementarity constraints which make the
problem intractable. The reader is referred to [22] for a detailed discussion
on various stationarity concepts. In this section, we restate the definitions
of piecewise stationary point, C-stationary point, M-stationary point aﬁd S-
stationary point and indicate their interrelations. Given a feasible vector Z

of an MPEC, for convenience, we define the following index sets:

I,:= i 9i(3) = 0},



The set 3 is known as the degenerate set. If 3 is empty, the vector Z is said

to satisfy the strict complementarity condition or nondegeneracy condition.

Definition 2.1 (1) A feasible point T of an MPEC is called Clarke station-
ary point (C-stationary point) if there exists a C-multiplier A = (A9, A", XG \H) ¢

RPTa+2m gych that
0=Vi@+> NV + Z AN hy(z Z[)\GVG + AV H,(z)),
i€ly .
(2.1)

M>0, Viel, X

=0, Viey, M =0, Vica (2.2)
and the following conditions hold:

Vie B, MWAF>o.
For convenience, we will denote (2.2) as follows:

X >0, AY=0, A\J=0

(2) A feasible point T of an MPEC is called a Mordukhovich stationary point

(M-stationary point) if there ezists a M-multiplier X = (M, A", \¢ \F) €



RPHa+2m guch that (2.1)-(2.2) hold and the following condition hold:
Vi€ B, either \¢ >0, >0 or MNAT =0.

(8) A feasible point T of an MPEC is called a strong stationary point (S-
stationary point) if there exists an S-multiplier A = (A9, \* G \H) ¢ Rpta+2m

such that (2.1)-(2.2) hold and the following conditions hold:
VieB, A >0 M >o.

(4) A feasible point T of an MPEC is called a piecewise stationary point if for
each partition of the index set 3 into sets By, [, there exists a P-multiplier

A= (N, A NG N € Rprat2m gych that (2.1)-(2.2) hold and the following

conditions hold:
M >0 Vie B and A¢ >0 Vi € 6.

From the definitions above, we can see the interrelations among the sta-

tionary concepts as illustrated in the following diagram.



S-Stationary Point = Piecewise Stationary Point

y

M-Stationary Point -

!

C-Stationary Point

We now make use of the following example to show the various stationary

concepts for MPEC defined above.
(P) min -y
st. z—-y=0,

£>0, y>0, z'y=0

where z € R and y € R. This example is discussed in [11]. It is obvious that
(0,0) is the only optimal solution of problem (P) since it is the only feasible
solution of the problem. First, we will show, in the sense of the nonlinear
programming, the KKT multiplier does not exist at (0,0). A KKT multiplier»
(A=, XY, A% \B) of (P) must satisfy

0= (0,-1) +A}(1, =1) — A%(1,0) — X(0,1) + A3(0, 0),

AT>0, A¥>0.
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It is clear that the above system in terms of (A%, A%, AR \R) does not have any
solution. Thus, the KKT multiplier in the sense of nonlinear programming
does not exist.
To calculate the C-multipliers for problem (P), we consider the system in
terms of (A%, AV, \) :
0= (0,—1) + A*(1,—1) — A®(1,0) — \¥(0,1),

AT > 0.
The solution is (A%, —1 — A%, A%) for any —1 < X* < 0. Therefore, (0,0) is a

C-stationary point.
The M-multipliers at (0,0) satisfy:
0= (0,-1) + A*(1,-1) — A=(1,0) — A¥(0, 1),
AP>0, AMW>0, or A=
The above system implies that
(A%, Y, M) = (0,-1,0)
or
(A%, MV, A = (=1,0,-1).
Since the optimal solution (0,0) for (P) is also the optimal solution for

the subproblem:

(P1) min -y
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8.t. z—y=0,

and the subproblem
(P2) min -y
st. x—y=0,

z=0, y=0.

The KKT multiplier for (P1) satisfy the following system:
0= (0,—1) + N(1, 1) — A%(1,0) — A¥(0, 1),

AT >0,

and the KKT multiplier for (P2) satisfy the following system:
0 = (0,~1) + A*(1,—1) — X2(1,0) — A¥(0, 1),
AV > 0.
Therefore, the P multiplier set is
{(A%, =1 =A%, X%) : A* > 0} U{(——l — AN 1 — /\y-) : AY > 0}
The optimal solution (0,0) is not an S-stationary point since an S-multiplier
(X%, A%, AP} of (P) must satisfy
0= (0,—1)+ A*(1,—1) — A%(1,0) — W¥(0,1),

AT2>0, MW>0.
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which has no solution.

2.2 Constraint Qualifications and Neéessary

Conditions

Notice that any feasible point of the MPEC does not satisfy the standard
LICQ which guarantee the existence and uniqueness of Lagrange multipliers
at a local minimizer of a nonlinear program. In order to gain the similar

property, we make use of the following definition of LICQ for MPECs.

Definition 2.2 (MPEC LICQ) Let Z be a feasible point of an MPEC. We
say that MPEC linear independence constraint qualification (MPEC LICQ)

is satisfied at T if the gradient vectors
ng(a‘v) Vi e Ig,
Vhi(Z) Vi=1,2,...,q,
VGi(z) VieaUp,

are linearly independent.
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MPEC LICQ discards the gradients of complementarity constrains, which
make it different from the standard LICQ. Indeed, MPEC LICQ is the stan-
dard LICQ for the relaxed MPEC defined below and the S-stationary condi-

tion happens to be its KKT condition:

(RMPEC) min  f(z)
st.  g(z) <0, h(z)=0,

Gi(z) =0, Hi(z)>0 z € a,

Gi(z) >0, Hiz)=0 icq,

Gi(x) 20, Hi(z)20 iep.

Before giving a necessary condition for an MPEC, we define the branch

of MPEC in terms of each partition (81, 52) of 5:

MPEC(ﬁl,ﬁz) min f(.’L‘)

st.  g(z) <0, h(z) =0,
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Theorem 2.1 (see e.g. [12, proposition 4.3.7] or [21, Theorem 3.2]) Let
Z be a local optimal solution for an MPEC where all defining functions are
continuously differentiable at . Suppose that MPEC LICQ is satisfied at T,

then it is an S-stationary point.

Proof. Suppose that Z is a local optimal solution for an MPEC. It is obvious
that Z is a local optimal solution of an MPEC if and only if it is a local optimal
solution to MPEC(1, 82) for all partition (81, 52) of 8. Since MPEC LICQ
is satisfied at Z, the standard LICQ holds for all MPEC4s, g,). Therefore,
for any partition (£, 52) of 3, there exists a unique Lagrange multiplier A =
(A9, AP NG AH) € RPTa+2m guch that (2.1)-(2.2) and the following conditions

hold:
N >0Viep, M >0 Viep. (2.3)

Now we will prove that, under MPEC LICQ, there exists a common and
unique Lagrange multiplier such that (2.3) is true for any partition of f.
By contradiction, suppose that there are two different P-multipliers A\ =
(A9, MM NG AH) e RPHat2m ggsociated with the partition (8y,8;) and N =

(A9, AR NG AH') € RP+a+2m agsociated with the partition (81, 82') # (81, Ba)
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satisfying (2.1)-(2.2), respectively. Then

g

0= > (M= XM)Va@ + > (M = \)Vhi(3)

i€y i=1

=D ¢ = XVG@) + (W - XVE@)]L (29
=1

A =28 =0, M) =0 | (2.5)

Since (A9 — A9, At — AP NG — \C' \H _ \H") is not a zero vector, there is a
contradiction since MPEC LICQ is satisfied at the point Z. The S-stationary
condition follows and Z is an S-stationary point. [ |

From the proof ébove, we can see that the piecewise stationary condition
is equivalent to the S-stationary condition under the MPEC LICQ. Moreover,
all concepts of stationary poibnts coincide at any local optimal solution under
this CQ.

To introduce other necessary conditions, we recall the definitions of two

weaker constraint qualifications compared with MPEC LICQ .

Definition 2.3 (NNAMCQ) Let T be a feasible point of MPEC where all
defining functions are continuously differentiable at T. We say that the No

Nonzero Abnormal Multiplier Constraint Qualification (NNAMCQ) is satis-
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fied at T if there is no nonzero vector (A9, \* \G M\H) € RP+a+2m gych that

q m
0=> MVau@) + > MNVhE) - Y NVGi(7)+ M\ VH(Z)],
icly i=1 i=1

X >0, X$=0, M =g,

either \$ > 0,07 >0 or XA =0 Vieg.

Definition 2.4 (MPEC GMFCQ) Let Z be a feasible point of MPEC where
all defining functions are continuously differentiable at T. We say that MPEC
generalized Mangasarian-Fromovitz constraint qualification (MPEC GMFCQ)

is satisfied at z* if

(i) for every partition of B into sets P,Q, R with R # 0, there exists an d

such that

Vg:i(z)'d<0 Viel,
Vhi(Z)Td=0 Vi=1,2,...,q,
VGi(Z)'d=0 VicaUQ,
VH(Z)'d=0 Vie~yUP,

VGi(z)'d>0,VH;(Z)'d>0 i€R

and for some i € R either VGy(Z) d > 0 or VH(Z)Td > 0;
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(ii) for every partition of B into sets P,Q, the gradient vectors

Vhi(z) Vi=1,2,...,q,

VGi(z) VieaUQ,

VH(z) VYieyUP

are linearly independent and there exists an d € R"™ such that

Vg(Z)Td<0 Viel,
Vhi(z)Td=0 Vi=1,2,.. 4,
VGi(z)'d=0 VicaUQ
VH(z)'d=0 Vi€eyUP.

Note that in the sense of nonlinear programming, the MPEC GMPCQ is

reduced to the standard MFCQ which requires that: the gradient vectors
Vhi(z) Vi=1,2,...,q,
are linearly independent and there exists an d € R™ such that
Vgi(Z)'d<0 Viel,
Vhi(z)'d= 0 Vi=1,2,..,q

In nonlinear programming, it is well-known that NNAMCQ is equivalent to

MFCQ. For MPECs, the similar relation exists.
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Proposition 2.2 (Seee.g. Ye [22, Proposition 2.1]) NNAMCQ is equivalent

to MPEC GMFCQ.

The following result is not new. It was essentially introduced by Ye and
Ye in [24, Theorem 3.2] and further studied in Outrata [16] and Ye [23]. The

reader is referred to Ye [22] for a simpler proof.

Theorem 2.3 (Kuhn-Tucker type necessary M-stationary condition)
(See e.g. Ye [22, Corollary 2.1]) Let T be a local optimal solution for an
MPEC where all defining functions are continuously differentiable at . Sup-
pose that either NNAMCQ or MPEC GMFCQ is satisfied at T, then it is an

M-stationary point..

For a nonlinear programming problem, MFCQ leads to an exact penal-
ization. Under NNAMCQ or MPEC GMFCQ), a similar property holds for

MPECs.

Theorem 2.4 (Partial exact penalty) (Liu, Ye and Zhu [10, Theorem
2.2]) Let T be a local solution of MPEC. If NNAMCQ or MPEC GMFCQ
holds at T, then (Z,G(Z), H(Z)) is also a local solution of the partial exact

penalty problem (FMPEC,) for some p > 0:
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(FMPEC,) min  ¢,(z,y,2)

st. y>0, 2>0, y' 2=0,

where $(z,y, 2) := f(z)+p(|G(z) -yl + || H(z) — 2]l + || max{0, g(z) }|l +

|h(z)|l1) and || - ||» denotes the L' norm defined by

Izl = lail (2.6)
i=1

for any x € R™.



Chapter 3

A Smoothing Penalty Method

for MPEC

In this chapter, we introduce a smoothing penalty method in Section 3.1 and

show its globally convergent properties in Section 3.2.

3.1 Smoothing Penalty Method

This new smoothing penalty method is motivated by Theorems 2.3 and 2.4.
Since it makes the problem computationally difficult that the partial exact

penalty function ¢,(z,y, ) is nondifferentiable, we smooth the partial exact

20
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penalty function ¢,(z,y, z) by introducing a smoothing parameter p. Con-

sider the following smoothing problem:

(FMPECY) min ¢} (z,y,2)

where

Pu(z,y,2) = f(z) + N[Z V(Gi(z) —%:)? + p+ Z V(Hi(z) — z)* +p

g S AT o+ ga)) + 3 VRGP )

i=1

is the smoothing function of partial exact penalty function ¢,(z,y, z) since
the sequence {42 (z,y, 2)} converges to ¢,(z,y,2) as p — 0 and #h(z,y,2) is
smooth. |

The scheme of this smoothing algorithm is given below. At each iteration,
we find an S-stationary point of FMPECY, for the given 4 > 0 and p >
0. The algorithm will stop at this point if prescribed termination rule is
satisfied. Otherwise we go to the next iteration after we update the problefn
FMPECY, by adjusting 1 dynamically and decreasing p according to certain
rules. The convergence analysis in Section 3.2 shows that under the extended
MPEC GMFCQ), any accumulated point of the sequence generated by this

new algorithm is an M-stationary point of the MPEC.
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In the folloWing proposition, we can derive the form of S-multipliers for

the problem FMPECY, due to its simple constraints.

Proposition 3.1 For any positive integer k, any positive numbers py and

bk, of (Tk, Yk, 2k) 38 an S-stationary point of FMPECP*, then there exists

Hic?

unique S-multiplier (X, \%) of FMPEC®* in the following form.:

— Gi(x)

\/(G (-’Ek) vR2+ o

Z; _Hz .
A% = (@) i=1,2...,m. (3.2)

V(Hi(ze) = 2FP + o

e =

i=12...,m, (3.1)

Proof. Let (zx,yx, 2x) be an S-stationary point of FM PEC¥*. The unique-
ness of the S-multiplier is ensured by MPEC LICQ which is satisfied at
(2K, Yk, 2z) naturally. Let (A%, A\*) be the corresponding S-multiplier such

that:

e G (Cl?k)

0=Vf(z)+ uk[Z @ (mk) VGi(ax)

Y52 + pr

Z 7 V(H, (mk) k)2 +kaHz( B ; hi(zx)? +Pthl( )

gz(wk) (z
+3 Z W+l)v91( k))]» (3'3)
— Gi(o) N i=1,2....m 3.4
\/<G<xk) T SR 34
0= o — Hilow) —A* i=1,2...,m, (3.5)

v (Hizi) — )2 + pr
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MNE=0, icIF, Wr=0, icl (3.6)
AF >0, \F>0, i€k, (3.7)
where

= fisgb =0, > 0),
B ik =0, —0),
IF = {i:yf > 0,2F = 0).

From (3.4) and (3.5) we have (3.1) and (3.2), respectively. ]

Proposition 3.2 For any positive integer k and any positive numbers py,

Lk, if (Tk, Yk, 2k) is an S-stationary point of FMPEC#, then we have

m m

0= Vf(zr) =Y AN*VGilze) — > MV H(z)
i=1 i=1
q p
+D AEVhi(z) + ) M Vgi(ak) (3.8)
i=1 i=1

holds for multiplier (\C%, A& Ntk \9%)defined by

k_
Mok = Yi Gl(zk) , 1=1,2...,m, (3.9)
V (Gi(zk) — yF)? + px
k.
PP H‘(?) Ci=1,2...m, (3.10)
OV (Hi(ek) = 2+ i
h.:
L) B SR P SR (3.11)
Vhi(ze)? + px
Y (—g"(ﬁ)—ﬂ), i=1,2...p. (3.12)

T T :u'k
2" Vei(ze)? + o
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Proof. Substituting (3.9)-(3.12) into (3.3), we have (3.8). |
For convenience, we denote the feasible region of the problem FF'MPECY

by WF. Since a feasible point of M PECY, may not be feasible to MPEC,

we call WF the weak feasible region of MPEC and a point in the weak

feasible region a weak feasible point.

Now we are ready to formally state the smoothing penalty algorithm.

Algorithm 3.1

Step 1. Given a weak feasible point (xg,yo, 20) € WF. Let uy > 0, pp > 0,

1>ay>a; >0andlet k= 1. |

Step 2. Terminate if a prescribed stopping rule is satisfied, otherwise find an

S-stationary point (z, Yk, 2x) of FM PEC?k with the the Lagrange multiplier

(XGk, XAk \he A\9%) given in (3.9)-(3.12).

Step 3. Decrease pg, let

m m q p
ey AF YT D I YN+ DI < (1 - ek
i=1 =1

He+1 = m m i=¢11 i=z}
STGE A D TINTL Y INE + D INF| + ok, otherwise.
i=1 i=1 i=1 i=1

and return to step 2 with k replaced by k + 1.
In Algorithm 3.1, we did not specify the rules for termination and de-

creasing px. In fact, we only need to reduce py, to zero step by step in order
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to obtain the convergence of the algorithm. A termination rule and a simple

rule for decreasing p; will be described in Chapter 5.

3.2 Global Convergence of Smoothing Penalty

Method

Because of using the penalty function, we face the issue regarding the feasi-
bility at an accumulated point of the generated sequence by this algorithm.
In fact, this is a common issue of all the penalty function methods to opti-
mization problems. We give the condition under which the feasibility can be

ensured in the following proposition.

Proposition 3.3 If the exact penalty parameter sequence {ux} is bounded

and klim pr = 0, then any accumulated point (Z,y,Z) of the sequence gen-
—00

erated by Algorithm 3.1 is feasible for FMPEC. Moreover % is feasible to

MPEC.

Proof. Suppose that (Z, g, Z) is an accumulated point of the sequence gen-

erated by Algorithm 3.1. Then there is a subsequence {(zx, Yk, 2x)} of the
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sequence generated by the algorithm such that

Jim (@k, Y&, 2) = (Z, 7, Z).
Let (AG°, A" bk \%) be the Lagrange multiplier defined in (3.9)-(3.12).

Since the sequence {4} is bounded, Next, we are going to show that there

is an integer K such that
Uy = pg, for all k> K.

If there is not such an integer K, then there exists a strictly increasing subse-
quence of {u;}. Without loss of the generality, we assume that the sequence

{p} is strictly increasing. By the updating scheme, we have that
m m q p
DD DI D A
i=1 i=1 =1 i=1
> pr(l—a1)
and
m m q p
e = 3T+ I DI INE| + o
i=1 i=1 i=1 i=1
Then we have the following inequality:
pes1 > (1 + g —ag) > -+ > pr(1 4 oy — a;).

Since ap > a1, i — +00 as k — 400 which contradicts to the boundedness

of {pr}.
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" Therefore, from the updating scheme of penalty parameter, we have fol-

lowing:

m m q p
SODFE D I I+ D I
=1 » =1 =1 i=1

< pr(l—a)

< Vg,
for all k£ > K. Hence, without loss of generality, we can assume that

A = lim A%, A = lim N M= lim AP M = lim A%
k—+o0 k—+o0 k—+o0 k—+o0

Then

m m q p
SOINEF DI DI D I
i=1 i=1 i=1 i=1

< pr(l—a)

< ug. (313)

From the definition (3.9), we have

k ATk
yP — Gi(wr) = ==/ (Gi(z) = ¥F)2 + pr
2374

for any i. Taking the limit on the both side of the above equation, we have

\G
¥ — Gi(Z) = —|Gi(Z) — 7l
1234
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If 3;— Gi(Z) # 0, then |2—;G(—| = 1, which is contradicted with (3.13). Therefore,

g — G(z) = 0. Similarly, we can prove that

Moreover, yr, > 0,2, > 0,y] 2z, = 0 implies that § > 0,2 > 0,7'z = 0.
Therefore, (Z, 7, Z) is feasible to FMPEC. Obviously, Z is feasible to MPEC.
|

The following proposition is of most importance for the new smoothing
penalty algorithm. It proves that any accumulated point of the algorithm is
‘an M-stationary point as long as the exact penalty parameter sequence {y}

is bounded.

Theorem 3.4 Suppose that klim px = 0 and the exact penalty parameter se-
—00
quence {uy} is bounded. Let (Z,7,Z) be any accumulated point of the sequence

generated by Algorithm 8.1. Then T is an M-stationary point of MPEC. |

Proof. In Proposition 3.3, we have proved that (Z,7, Z) is feasible to FM-
PEC. The feasibility of Z to MPEC and the fact that § = G(z),z = H(Z)

follows immediately. Without loss of generality, we may assume that

hm (Ilm Yk, zk) = (ja Y, 2)7
k—o0
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where {(z,yx, 2x)} is the sequence generated by Algorithm 3.1. As in the

proof of Proposition 3.3, we may assume that

A = Lim AC¢ M = lLim AP
k—+o00 . k—+oo

M= Lm A A= lim A%,
k—+o00 k—+o00

where A% APk MM and A% are given by (3.9)-(3.12). Taking limit in (3.8),

(20N T R 1

we have
0=Vfz Z MNVG(z Z NIVH(z) + Z NVhi(Z) + Z/\ngl (Z).
i=1
Clearly, A > 0. Moreover \{ = 0 for all i ¢ I,. Let I* = {i : gi(z) = 0}.
By the continuity of g, for large k, I 5 C I, which implies that for any i ¢ I,
gi(zx) < 0 and hence

A2 = lim N
k—+o00

9i(zx)

1
lim —pp(———=t=—=—=+1)
k—too 2 9i(zk)? + pr

= 0 by boundedness of .

We next show that A = 0, for any i € a. For each i € a, we have z; > 0
which implies that for large enough k, 2 > 0. By the complementarity
constraint y¥zF = 0, we have yf = 0, for large enough k. Thus i € IF for
k large enough. Note that At = X\*. By (3.6) and (3.7), we have A* = 0

which implies that AZ = lim A\* =0.

k—+o0
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We prove that A¢ = 0, for any i € +, similarly.

Finally we prove that either APA¥ = 0 or A8 > 0, A > 0, for any i € 3.
If A¢AH = 0 for any ¢ € 3 then the proof is completed. Suppose that there
is a 4 € B, such that A\FAZ # 0. Note that AGk = ¥ and A\ = \*. Then
for k large enough,

A £0, A £

which implies that i € I¥. Consequently, by (3.7),

Ae >0, A*>0.

Therefore,
Ao = lim M+ >0, M= lim \*>0.
k—+4o00 k—+o00
Thus Z is an M-stationary point of MPEC. [ |

Notice that the boundedness of the penalty parameters set {u} can guar-
antee an accumulated point to be an M-stationary pbint. The following re-
sult gives a sufficient condition for the boundedness of {u}. First we extend
NNAMCQ and MPEC GMFCQ in the following definitions to accommodate
a weak feasible point that may not be feasible to MPEC. Note that the defin-
itions of the extended NNAMCQ and the extended MPEC GMFCQ coincide

with NNAMCQ and MPEC GMFCQ at a feasible point, respectively.
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Definition 3.1 (Extended NNAMCQ ) Let (Z,y,2) be a weak feasible
solution. We say that the extended no nonzero abnormal multiplier con-
straint qualification (Extended NNAMCGQ) is satisfied at (Z,q, z) if there is

no nonzero vector A = (A9, A" AG \H) e Rptet?™ sych that

q m .
0= Y MVa@ + > MVh(z) - Y NVGi(z)+ M VH(7)],
i€l p i=1 i=1

(3.14)

A >0, A5 =0, M=o (3.15)

Igtp =
and the following condition hold:

Vie g, cither A8 >0, M >0 or AN =0,
where

Ig+P = {Zg’t(j)_i_-Pz:O}) Pzz—max{gz(:f),O} i-—-l,...,p,

o :==d(7,5,2) = {i: 5 =0,% > 0},

8]

v = ~(%,7, ) = {i: 9 >0,z =0}
Definition 3.2 (Extended MPEC GMFCQ) Let (Z,7, z) be a weak fea-
sible point. We say that the extended MPEC generalized Mangasarian-Fromovitz

constraint qualification (Extended MPEC GMFCQ) is satisfied at (Z,T, Z) if
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(i) for every partition of ' into sets P,Q, R with R # 0, there exists an d
such that |
Vgi(z)Td<0 Vi€ Ipp,
Vhi(Z)Td=0 Vi=1,2,...,q,
VGi(Z)Td=0 ViedUuq,
VH;(Z)'d=0 YieyUP,
VGi(Z)'d>0,VH(z)'d>0 i€R
and for some i € R either VG;(Z)Td > 0 or VH;(z)'d > 0;
(it) for every partition of B' into sets P,Q, the gradient vectors
Vhi(Z) Vi=1,2,...,q,
VGi(Z) ViedUuqQ,
VH(Z) VieyUP
are linearly independent and there exists an d € R™ such that
Vg(z)'d<0 Vi€ Ip,
Vhi(Z)Td=0 Vi=1,2,...,q,
VGi(‘i)Td =0 Vied UQ

VH;(Z)'d=0 YieyUP.
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Proposition 3.5 Assume that the extended MPEC GMFCQ (equivalently
the extended NNAMCQ) is satisfied at any accumulated point (Z,7,Z) of
the sequence generated by Algorithm 3.1, then the exact penalty parameter

sequence 1s bounded.

Proof. The equivalence of the extended MPEC GMFCQ and the extended
NNAMCQ follows similarly as in the case of MPEC GMFCQ and NNAMCQ
(see [22, Proposition 2.1]). Suppose that the exact penalty parameter se-
quence py is unbounded. Without loss of generality assume that py is strictly

increasing and klim py = +00. Let
—00

’\?k = ’\?k/ﬂkﬂ, A = /\f{k/#l_cﬂa A = ’\?k/#kﬂ, ka = A/t

) 2

(3.16)
It is clear that A, X A and X% are all bounded by 1. Dividing (3.8) by

(2N 1

Ur+1 and substituting (3.16) in (3.8), we have

0= m_). _ ZX?kVGz(xk) _ fokVHz(xk)
Hk+1 Py —
q . ¥4 _
’*‘Z’\?thi(xk) + Z/\‘?kVQi(l”k)- (3.17)

=1 1=1

Let

A6 = tim ACk, A = Lim AFe M= lim A%, M = lim A
k—+o00 k—+o00 k—+o00 k—+o0
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Taking limit in (3.17), we have

Z AVG(z Z MIVH (2 Z AVhy(E) + Z N Vgi(Z).
i=1
As in the proof of Theorem 3.4, we can prove that

> 0,

g
Igyp =

N=0 for i&Ip, A
A =0, XS =0,

either AAZ =0 or A¥'> 0,0 > 0,Vi € .
By the extended NNAMCQ, we have that
M=M= =)= (3.18)

However,
m m q P
YORATIED NI I+ Y
i=1 i=1 i=1 i=1
m ~ m ~H q - P -
= i k i k i K i 9k
= 21 Hm WDl N3 Jim R3] i R
— : Gy Hy, hy Ik
= Jim | ZIA [+ |+Z|A |+Z|A ]

i=1
_ Gk Hy, hi 9k
= kgr;le [ ;IA I+ZIA |+Z|A |+ZIA | ]
Hi+1 — Qalig
k—too  flkt1
Prta(l — o)
k—+oo Hi41

= 1—a;>0.



This contradicts to (3.18). Therefore, {ux} must be bounded.
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Chapter 4

A Hybrid Algorithm for

Solving the Subproblems

The purpose of this chapter is to introduce a hybrid algorithm for subprob-
lems FF'M PECY, generated in Algorithm 3.1 and present its convergent prop-

erties.

4.1 A Hybrid Algorithm

In the Step 2 of Algorithm 3.1, we need to find an S-stationary point of

subproblem FMPECY, for the given pair (u, p). Some reported algorithms

36 e
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can be used to solve it. See [4, 6, 18, 26] for references. Alternatively, since
the MPEC LICQ naturally holds for FM PECY, one can use the combination
of the d—active search technique and the active set technique ( see [9, 26] for
the references ) to obtain a piecewise stationary point which is equivalent té
an S-stationary point under the MPEC LICQ . We now describe the hybrid
algorithm.

Note that the feasible region WF of the problem F'M PECY is the union

of weak faces

WF= ) WFun,
(A,B)eP

where

y; =0, 2>0 Vie A
WF aB) = (,y,2):

¥, 20, zz=0 VieB

and P is the set of all pairs (A, B) partitioning {1,2,---,m}. Let
I{y) == {i:y: =0}, (4.1)
I(z) == {i: z =0} (4.2)

Definition 4.1 Let (%,, Z) be any weak feasible point. We call a pair (A, B) €

P an adjacent pair at (Z,9, 2) if

ACI(§) and BC I(3)
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and denote by Pz .7 the set of all adjacent pairs at (Z,7, Z).

The hybrid algorithm is also an iterative algorithm. We state the scheme
below. Suppose that (Z,7, Z) € Wf is an iterative point but it is not an S-
stationary point of FMPECY. Then we will use the active set technique to
find a descent pair (A, B) € P(z4,z) such that the value of objective function
#4(Z, 9, Z) decrease in the piece WF (4 5). To find such a descent pair, first, we
choose an adjacent pair (A, B) € P ;) randomly and consider the following

quadratic programming problem:

1
QMPEC4 5)(%,7, %) min  V¢}(,5,2) - d+ 5dTDd
s.t. (dy)1 + ?], = 0, (dz),L + 21 Z 0 7€ A,

(dy)i+% >0, (d);+z=0 i€B,

where D is a positive definite matrix and d := (d,,d,,d;) € R**?™. If
the solution d of QMPEC 4,)(Z,§,%) is nonzero, then d provides a de-
scent direction of ¢, to the weak face WF (4 5) at (Z,7, Z) and hence (4, B)
can be taken as a descent pair. Otherwise d = 0 is the optimal solution of
QMPEC4,p)(%,7, Z). Since all constraints are linear and the objective func-

tion is strictly convex, d = 0 is the optimal solution of QM PEC 4 (%, 7, Z)
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if and only if there exist Lagrange multipliers AY and A\? such that
0= V¢i(z,§,2) — (0,X%,0)T —(0,0,A%)T
AF>0, Z-M"=0, Vie A
AY>0, g;-AY=0, Vie B.

IfEAY >0and \f >0foranyi € I :={i:9; =0, % =0}, then (%, 7, %) is an
S-stationary point of FM PECY. Suppose that there is an ¢ € I, such that
Al < 0or X <0. Let

A=A\{i}, B=BuU{i}, if N <0,

A=AU{i}, B=B\{i}, otherwise,

then zero is not a stationary point of the problem QMPEC 5 5)(Z,9, Z).
Therefore, zero is not an optimal solution of it. Hence (A, B) can be taken
as a descent pair. Now we have shown that if the current iterative point
(Z,9,2) € WF is not a S-stationary point of FM PECY, then we can al-
ways find a descent pair (4, B) such that the nonzero solution d to the
quadratic program QM PEC 4 5, provides a descent direction on the weak
face WF 4 g)- We then find the next iterative point along the descent direc-
tion d by using Armijo’s inexact line search method.

As explained in [9], if we only search a descent direction on one of the weak

faces, the algorithm may find a stationary point in this weak face instead of
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a stationary point of FM PECY. In order to search in the other face, we use
the d-active search technique. We make use of a example in [9] as below to

show the principle of the é-active search technique:

This problem is already in the form of FMPEC. The feasible region is the

union of following two faces:

ﬂ%d;yzaz=0} (4.3)

and

{(5,2):y=0,2>0}. (4.4)
Suppose the current iteration point (yx,z) lies in the face (4.3), that is,
yr = 0,2 = 0. To move to the other face from this face, we search the
nearby point with more active constraints from the iterative point. Notice
that (0,0) is the only point which has more active constraints than (yg, 2;)
and lies in the both of faces. We find a descent direction d = (0,1) of the
function f(y,2) = (y? — z + 1)? on the face (4.4) by solving the quadratic
subproblem associated with the face (4.4). After finding an appropriate step

size p by Armijo-type inexact line search, we compare the values of objective
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function ¢ at the current iteration point (yx, z) and (yx + pdy, 2 +pdf) and
set the next itera,tive point to be the one with thé smaller value of ¢/. In
fact, ‘;he optimal solution of the problem happens to be (0, 1).

The algorithm described above can not guarantee global convergence
without further assﬁmptions and is conceptual since the Lagrange multipli-
ers can be computed only approximately. In order to make it implementable
and globally convergent, we will make use of the e-active set technique.

First we give the definition of an approximate S-stationary point for the

subproblem
Definition 4.2 Given € > 0, a feasible point (Z,§, ) of FMPECY, is called

an e— approximate S-stationary point if there are multipliers \Y, \* such that

1

”Vqﬁl’;(.’f, Y, 2) - (07 )\y’ 0) - (07 0, )‘z)”l < 56,

2\

1

=0, i € I(§), N =0, i¢gI3),
Al 20, 3 € 9\ 1(7),
A 20, i € IN(2)\ I(2),

N2 e N> foranyic )N (),

where

I ={i:§< e}, I(3) :={i: 5 < ¢},
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and I1(3), 1(Z) are defined in ({.1), ({.2), respectively.

We now describe the e-active set technique for finding a decent pair as
follows:

For an € > 0 and a randomly chosen pair (A, B) € Pz 4,7, assume that
(Z,9,%) is not an e—approximate S-stationary point of FMPEC?. Then
the following three cases may happen. The first case is that the optimal
solution d of QMPEC 4 5)(Z,7, %) ﬁlay satisfy [|d|| > 2e. In this case,
(A, B) = (A, B) can be taken as a descent pair since d # 0 . The second case

is that [|d||ec < 3¢ and [|7||; > ¢, where
= Pl5 =5 3 y T z T
r= Vﬁ%(m,y,z)_m,)\ ’O) _()‘ 7070) )

and (¥, A*) is the multipliers of the quadratic problem QM PEC 4 (%, g}v, Z).
Then the optimal solution of the quadratic problem QM PEC(4 5)(Z, ¥, Z) is
still not zero. We still take (A, B) = (A, B) as a descent pair in this case.
The last case is that |F|l; < i€ and ||d||c < %e. Since (&,7, %) is not an
e—approximate S-stationary point of FMPEC?, there is an ¢ € I(§) N I(Z)

such that

N < —¢, or ¥ < —¢
k1 2
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Let

A=A\{i}, B=BU{i}, if XY < —¢,

A=AU{i}, B=B\{i}, otherwise.
and take (/1, B) as a descent pair. From the above process, we can either
find a descent pair or conclude that th‘e current iteration point (Z,7, %) is
an e—approximate S-stationary point of FFM PEC;;. In Theorem 4.4, we
prove that the descent pair that we choose must be an acceptable pair which
guarantee the global convergence.

Now we are ready to sfate the algorithm for the subproblem.

Algorithm 4.1
Step 1. (Initialization) Given (Zo,%,%) € WF, 0 < 0 < 1, § > 0,
0<e0<p<1, 0<cy <1, and a symmetric positive definite matrix
D, € Rm+Imx(n+2m) [ et k= 0.
Step 2. Let § = &y and (Ziemp, Ytemp, Ztemp) = (Tk, Tk, Zk)-

Step 3. Let

il
i
\.H
3

(@)

(Uk)i, otherwise
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(Zk)i, otherwise
Step 4. Using the e-active set technique, find a descent pair ([1, B) €
P(Z,7,Z) or conclude that (Z,§, %) is an e—approximate S-stationary point
of FMPEC!.
Step 5. Find a solution d to the problem QMPEC45)(%,7,%). Let m be

the smallest nonnegative integer such that
B.5,5,2) — $0((5,5,2) + ") 2 509" (d Did),
If
S Ttemps Ysemps 21emp) > $0((%, 5, ) + p™d),
set
(wtemzn Ytemp) Ztemp) = (i‘; Uy 5) + Pm‘i-

Step 6. If § > 0, let
6 = comax{(Fx)i, (Tr)i < 05 (Zx)s, (Zn); < 0}

and go to Step 3.

Step 7. If § =0, let

(i'k-kla gk+17 zk+1) = (xtemp, Ytemp, Ztemp);
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adjust Dg. Set k =k 4+ 1 and go to Step 2.

Remark 4.1 We may use the Broyden-Fletcher-Goldfarb-Shanno (BFGS)

rule or other rules to update Dy.

4.2 Convergence of the Hybrid Algorithm

First we state the following blank assumptions in order to guaranfee the

global convergence.

(A1) There are constants §; > 0 and B, > (; such that 1d"d < d" Dyd <

B2d"d for any k and any d € R*™™,
(A2) The level set {(z,y,2) : ¢4(z,y,2) < #(Z1,%1,21)} is bounded.

If the quadratic subproblem QM PEC 4 5)(Z,, Z) generates a solution d
with the smallest value among all adjacent pairs (A4, B) € P(z 5z, then we

call this descent direction d the steepest descent direction.

Definition 4.3 (steepest descent direction) Let (Z,3, %) be a weak fea-
sible solution. If (A, B) € P.5,5) generates a solution d to QMPEC ; 5)(%,9, %)

such that

. 1. . -1
Vo (3,5,2)  d+ EdTDd < V¢h(%,§,%) - d+ idTDd
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for all adjacent pairs (A, B) € Pz 4,7 and all solutions d of problem
QMPECa,p)(%,7,2). Then d is called the steepest descent direction of
FMPECY, at (%,3,%) and (A, B) is called a steepest descent pair of FMPECY,

at (Z,9, 2).
Ideally, the objective function ¢/, (z, y, ) will descend the most from the point
(Z, 7, %) along the steepest descent direction. However, finding the steepest
descent direction requires checking all the adjacent pairs. This may be very
time-consuming. If ¢ is the cardinality of the degenerate set 3, then 2¢
quadratic programming problems may need to be checked to verify or dis-
prove that steepest descendence. Indeed, we only need to obtain an adjacent

pair (4, B) € Pz 4,z with the solution d to the problem QM PEC ; 5(Z,§, %)
which satisfies the following inequality
S s L

Veh(Z,9,7) - d+ Ed Dd < c;(V¢fL(x, U,2)-d+ §d Dd), (4.5)
for a given 0 < ¢; < 1. We call such an adjacent pair (A, B) an acceptable
descent pair and such a descent direction d an acceptable descent direction,
correspondingly. According to [9], we only need to verify that each descent
pair obtained in step 4 is an acceptable descent pair to guarantee the global

convergence of Algorithm 4.1.

The following result follows from the process of Algorithm 4.1.
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Theorem 4.1 If Algorithm 4.1 finitely stops, it must stop at an e— approzimate

S-stationary point of FMPECY,.

Since we use the d-active set search technique and the Armijo’s inexact
line search rule in Algorithm 4.1, we can derive the following property simi-
larly to [9, Algorithm 2.1]. We sketch the proof here which is slightly different

with the one in [9, Theorem 3.1].

Theorem 4.2 Assume that the assumptions (A1) and (A2) hold and each
descent pair (A, B) obtained in step 4 of Algorithm 4.1 is an acceptable pair
for some c; > 0. If the sequence of iterative points generated by Algorithm
4.1 is infinite, then each cluster point of the iterative sequence generated by

Algorithm 4.1 is an S-stationary point of FM PECE.

Proof. Suppose that (Z,7,%) is an accumulation point of the sequence
{(xx, Yk, zx)} generated by Algorithm 4.1. By assumption (A2), there must
be a subsequence convergent to (Z,y, Z). Without loss of the generality, we
assume

kli{g{(mk,yk,zk)} =(2,9,%)- (4.6)
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Similarly, by assumption (A1), there exits a positive definite matrix D such

. that

lim Dy = D (4.7)

k—o0
Let

L(y) = {il(y): = 0}, Ix(2) = {il(z): = O},

for given y,z € R™. Set

Tk = Tk,
4
07 1€ Il(g)a
(Tk)e = J
§ (yk)h 7’¢Il(g)7
3
0, i € I(z),
(%) =
(zk)iy 1 &€ I(2).
Then it is clear that
kl_i_{go(ihgka zk) = (Q_I,y, 2) (48)

Let (Ag, By) be an acceptable descent pair found in the algorithm at
(Zk, Uk, 2x) and di, be the solution to the problem QMPEC(Ak,Bk)(E:k, Tky 2k)-

We next show that

lim cik =d.

k—oo
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Since there are only finite adjacent pairs in Pz, 4,5, and (4.8) holds, without
loss of the generality, there is a partition pair (/i, B) and an integer ko such

that
A=A, By,=B.
for any k > ko. By [9, Lemma 3.1], there is a §* used in the é-active set

searching of the kth iteration such that
L(g) = If(ék), I(2) = Ig(&k),
for any k£ > ko, where
L") ={i: ()i < 0%}, L(0%)={i: ()i <o)

Note that

Ay, CIF(8), By C I¥(6).

for any § > 0 and k& > ko. Consequently,
Ag[l(g)’ Bg[2(2)7

ie. (4, B) is an adjacent pair at the point (Z, g, Z).
Let d be the solution to the problem QM PEC 4 B)(E, ¥,z). Notice that

the LICQ is satisfied in the feasible region of the problem QM PEC 4 5 (Z,7,2)
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and the quadratic subproblem is stable under perturbation by the sensitivity

and stability theory (see e.g. [19]), we have

lim dy, = d. (4.9)

k—o0

We will finish the proof by contradiction. Assume that (Z, 7, Z) is not a piece-
wise stationary point of FMPEC. Then we can find a adjacent pair (A, B) €
Pz,5.2) sqch that d = 0 is not the optimal solution of QM PEC 4 5(Z,7, Z)-
Since d = 0 is feasible for QM PEC 4 5y(Z, 7, Z), the optimal solution d to

QMPEC 4 5)(%,7,Z) must satisfy
| -
v%«@@ayd+§fbd<o (4.10)

Let d;, be the solution to the problem QMPEC 4 5y(Zx, Uk, Z). Then we
must have

lim d = d. (4.11)

k—o00

By (4.5), we have

| . N
Vb (Zk, Gk, 2k) - di + EJ;—Dkdk < a(VeL(Zr, Gk, 2) - dp + §dszdk)

IN

O -1 -
CI(V¢Z(xk> Uk, Zx) - d + EJIIDkdk)a

(4.12)
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for any large enough k. By (4.8)-(4.11), taking the limits on both sides of

(4.12) we have

V(2,5,2) - d+3d"Dd < e\(V¢h(%,9,2) - d+ 3d' Dd)
<0

which implies that d is a descent direction of ¢, at (z,7, 2).
In the following, we will show that there is a contradiction. On one hand,

by (4.6), we have

I}LII;OQSZ(xkathk) = ¢Z("E)g72)‘ (413)

On the other hand, we will show that the next iterative point (Zx41, Ykr1, 2k+1)
provides a positive reduction on the penalty function @5 from (zx, Y, 2¢). Let

m be the smallest positive integer satisfying
#0.5,5,2) ~ $4((3,5,2) + 7d) > Lop™(d Dd).
Then there exists k; such that for all £ > k&,
BB s 34) = S50, 1) + 97 d) > 509" (0 D)

which implies that

my < m Vk > ki, (4.14)
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where my, is the smallest positive integer m satisfying
G0 (Exy Trs 2) — B0((Zk, Tk, Zx) + D ™ody) > §Upm’°(gngdk)- (4.15)
Therefore, there is a ky > k; such that

O, Tir 2) — BL((Ew, Tbs Z2) + P™ i)
1 .
> -Z-Upm"(Jngdk) by (4.15)
1 ,
> op™(diDedi)  by(4.14)

1 ~
> Zapm(ciTDd) (4.16)

for any k > k,. By (4.6)-(4.8), there is a k3 > ky such that for any & > k3,
we have

e 1 =
|05 (ks Yk, 21) — B (T, Ty 2)] < gUPm(JTDd)- (4.17)

By (4.16) and (4.17),

B0 (T Yk» 2) — B0 (&, Tr 2) + P™d)
= 0 (xk, Yk, 2%) — D6 ( Tk, Tir Z) + D0k, Ti, Z) — D5((Fk, T, 1) + P™ di)
1 ~ 1 -
> —gapm(ciTDd) + Zapm(ciTDd)

1 -
= gapm(ciT Dd)
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for any k > k3. Since we choose the next iterative point (Zg+1,Yk+1, 2k+1)

which can provide the largest reduction, we have
O5(Ths Yrs 26) — B0(Thor1, Yoot 1, Zh+1)

2 ¢Z,(Ik7yk7 Zk) - ¢Z((fkagk,2k) + pm"czk)

1 -
> ~op™(d' Dd)

8
> 0 VE > ka, (4.18)
which contradicts to (4.13) and the proof is completed. m -

Moreover we can verify that the descent pair obtained in Step 4 of Algo-
rithm 4.1 is acceptable in Theorem 4.4. Then the premises of Theorem 4.2
satisfy.

First we need the following result.

Lemma 4.3 Under Assumptions (A1) and (A2) there exists a constant My >
0 such that
17l < Mig,  |dlleo < Mg,
for any 0 < € < ¢, all iteration points (Z,7, ) given in Algorithm 4.1 and all
(A, B) € Pz 5,5 with
0> Veh(3,4,2) -d+ %d”TDJ > —E, (4.19)

where d is the optimal solution of QMPEC ) (Z,7,%).
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Proof. We first prove that there is a constant My > 0 and an e with0 < € <€
such that

lld|loo < Mok,

for any 0 < € < €, all (%,7,2) and all (4, B) € P4,z with (4.19). To the
contrary, suppose that for any integer k > 0, there are (%, %k, 2r) and dr
such that

€

o
Idelloo 2 o X o,

and

0 > Vg (Zk, ik, 5) - di + %d}kadk > —5%.
By assumptions (A;) and (A,), there is a subsequence of {(Zx, ¥k, 2x)} and
{a?k} which converge to (', %, Z') and d' respectively. Moreover, Dy converges
to D and dy is the optimal solution of QM PEC(4 5)(Zx, Uk, Z) for a fixed
(A, B) because there is only finite number of adjacent pairs. By sensitivity

analysis, we have that
oo o Lo
V&, §,2)-d +5d"Dd =0 - (420)
and

|0 >

€ (4.21)

o=
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for the optimal solution d’ of QM PEC 4 5(%,7,%2). We have d =0 by
(4.20). However, (4.21) implies d’ # 0. Hence there is a contradiction. Now
by the assumption (A2), we know that the iteration points (Z, ¢, Z) given in
the algorithm is bounded, so are d. Suppose that the solutions d are bounded
by a constant M, > 0, then let M; = max{M,, Mgﬁ}, the conclusion follows.

Theorem 4.4 If assumptions (Al) and (A2) hold, then for any given € > 0,
each descent pair (A, B) obtained in Step 4 of Algorithm 4.1 is an acceptable

pair for some ¢; > 0.

Proof. Assume that a weak feasible point (Z,7, Z) is not an e—approximate
S-stationary point of FMPECY,. We wént to prove that there isa c¢; > 0
| such that (4.5) holds for any D, any iteration point (Z, 7, Z) found in step 4 of
Algorithm 4.1, any adjacent pair (4, B) € P(%, 7, 2) and any d, the solution
of QM PEC 4,)(Z, ¥, Z).

Now we need to consider the three cases below according to the hybrid
algorithm :

Case 1. If ||d||o > 3¢, then we have

BT
Vi (%,§,2) - d+ §d*rpd < - (4.22)

€
2M,
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by Lemma 4.3.

Case 2. If [|d]|o < € and ||7]l; > 1¢, we still have (4.22) by Lemma 4.3.
Case 3. Assume that ||d||e < s€ and ||7lly < e but (,§,%) is not
an c-approximate S-stationary point. Since (MY, A*) is the multiplier for

QMPEC(A,B)(i; ga 2))

0= V¢Z(Q~3, gv 2) - (07 )\y, O)T - (07 07 )\Z)T + Dcz
A* >0, [(d)i+ 7] M =0, VicA

MY 20, [(dy)i+ @) MY =0, VieB.
Consequently, (AY, \*) satisfies

1
”FH1 < 56
N >0, €I\ 1(5)
X 20, i€ I3)\ I(3)
N =0,i ¢ I(9)

No=0,i ¢ I(3).

(1

Because (Z,§,Z) is not an e— approximate stationary point of FM PECY,

there is an 7 € I(§) N I(Z) with

N < —e (4.23)



57

or

M < —e. (4.24)

In the cases (4.23) and (4.24), (4, B) is taken as
A=A\{i}, B=BU{i}

and
A=AU {1}, B= B\{i}
respectively.

For the case (4.23), consider the following problems:

(

¢ (4.25)
& >0,i ¢ IG)

4! = 0,5 € I(y) \ {1},

d? =0,

)

where d = (d®,d¥, d?).
To show that the above linear system has a solution. Assume that it has

no solution, then by Farkas’s Lemma, the following dual linear system has a
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solution (Ao, A, \*, +, w™):
0> —%:\oe +e'nt+eln™
0= /—\Ov(ﬁ/ﬁ(jv g) 2) + t - — (07 /_\y, O)T - (Oa 07 /_\Z)T

X()ZO, 7T+ZO, 71'_20,

By the first inequality, we know that Ao > 0 and e" 7" +e7~ < %/_\06. Then

dividing the whole system by Ay and let

then we have

7= V¢h(E,7,2) — (0,M%,0)T — (0,0,3)7,

N 20, i I().
On one hand,
17 =7l < U7l + DIl < e
since ||7||; < € and

g i el R
Ao 2

. at —m~
s = —
Il = 155 s
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On the other hand,

17 =7l = [1(0, ¢ = A, 0)T + (0,0, = A*) 7|, > |N¥ — Y| > e

since :\zy > 0 and A;Y < —e. There is a contradiction. Thus, system (4.25)

has a solution.

Lemma 4.5 Let d be a solution to the system (4.25). Then

min V£(5,3,2) - (1) + ;(td)TD(td) ——mm{ & Slﬁ ).

Proof of Lemma 4.5. By assumption (Al), we have

1 1 1
Vi (%7, 7) - (td) + E(td)TD(td) < —get+ 55152,

_ R I
where = (n + 2m)f,. Let t = argoril%le—aet + Eﬁt It =—35 < e when

B> 5 1 then we have

1 2 62
01211}216—-2—6154— ﬁt = —§5-
Otherwise, I = € < —25 when § < 3, then we have

1 2 _ 1.2, 1p.2
011<1tl£1€—§et+ ﬁt = —5€" + 30

S__

N

Therefore

1 2 2
oriltlge§et+ ﬁt —mm{ €2 }
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|

Let d be the solution to the quadratic problem QM PEC’( A’B)(a},yj,é).
Then since td, where 0 < t < € and d is a solution of system (4.25), is
feasible to the problem QM PEC ; B)(i’, 7,2) at (%,7, Z), we have by Lemma

4.5 that

Vh(z,§,z) - d+ %JTDJ < min V§4(Z,7,2) - (td) + 5 (td) D(td)

0<t<e

< ——mm{ €

8;6}

Hence we have proved that

Vh(Z,9,2) - d+ ;JTDd< mm{ € 8}3 €’}
For the case (4.24), we can also get a similar result.
Combining Cases 1 and 2, we have
V(l)p(x §,%)-d+ ;JTDd < mm{ € 8}6’ 2 1 e}. (4.26)

By assumptions (A1) and (A2), there is an M, > 0 such that
0(3,7,3) - d+ ~d"Dd > — M.
V(l)u(xay?‘z)' +§ — —4Vi2

for any (z,y, z) with ¢2(z,y, 2) < ¢4(1,¥1,21), and the steepest descent pair

(A, B) € P(ry,qy. Now, let

2 €2 €2

4M,’ 86M,’ 2M1M2}

= min{



61

then (/i, B) is an acceptable descent pair and the proof of theorem is now

complete.

Theorem 4.6 If assumptions (Al) and (A2) hold, then Algorithm 4.1 fi-

nitely stops at an e—approrimate stationary point of FMPECY.

Proof. Let {(Zx, Jk, Zx)} be an iterative sequence generated by Algorithm
4.1. Then by virtue of assumption (A2), without loss of generality, we may
assume that this sequence converges to a cluster point (Z,7, Z). By Theo-
rems 4.2 and 4.4, if Algorithm 4.1 does not finitely stop at an e—approximate
S-stationary point of FMPECY, then each cluster point of the iterative se-
quence generated by Algorithm 4.1 must be an S-stationary point of FM PECY,.
Hence (7,7, Z) must be a S-stationary point of FMPEC?, if {(Z, Uk, Z)} is
an infinite sequence.

Suppose that (Zx, §k, Zx) is not an e-approximate S-stationary of FM PECY,
for all k. Then similarly as in the proof of Theorem 4.4 (see inequality
(4.26)), in step 4 of Algorithm 4.1 we can find an acceptable descent pair
(Ak, By) € P(z,.5,7) Such that the solution di of QM PEC (4, B,)(Zk, Uk, Zk)
satisfies

| o
V@ (Zk, U, Zx) - di + 5&,1 Ddy, < —¢ (4.27)
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for all sufficient large k. Since there is only a finite number of the index
sets, without lose of generality, we may assume that the index set {I(7x)}
and the sequence {Z;} stay constant when k is large enough. Therefore,
Py i,z Will remain the same as well when k is large enough. Since ’P(i’g’.z)
is finite, we can find a pair (4, B) € P, 4.z, such that the solution dj of
QMPEC 5)(Zk, Uk, Zx) satisfies (4.27) for large enough k. By (A2), without
loss of generality we may assume that d := lim d,. Taking limit as k goes

k—o0

to infinity in (4.27), we have
I
Vi (Z,9,2) - d+ —2-d Dd < —e

and d is the solution of QM PEC 4 5)(Z,9, z), by the standard result of sen-
sitive analysis and the fact that the LICQ is satisfied in the feasible region of
the problem QM PEC 4 5,(Z,9, Z). Consequently d is a descent direction of
¢ at (Z,7,2) in the piece WZF 4 5)- This contradicts the fact that (Z,7, 2)
is an S-stationary point of the problem FMPECY. Hence there is a k such
that (Z, ¥k, Zk) is an e-approximate S-stationary of F M PECY, and the proof

of the theorem is completed. |



Chapter 5

Numerical Results

In order to measure the efficiency of the algorithm proposed in this paper,
we have implemented the algorithms in MATLAB. The codes can be found
in Appendix. We report the implementation details and some preliminary

results for the problems solved by our algorithm.

5.1 Implementation Details

We first describe implementation details of Algorithm 3.1. We set p = 107°
and p = 10 initially. p is decreased by a factor of 2 at every iteration and p
is adjusted dynamically. In step 2, MPEC is reformulated to FM PECY, and
then Algorithm 4.1 is called to solve FM PECY. Now, we give a termination

63
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rule to Algorithm 3.1. According to the convergent analysis of this algorithm,

it should go to next iteration if

m m q p
sum A =3 NS DI ST I ST I > (1 — ).
=1 i=1 =1 =1

“We simply choose distance := ||(Zri1, Yrr1, 2641) — (Tk, Yr, 21)|| < tol to ac-
count for the roundoff errors, where the tolerance tol is set to 10710, There-
fore, we stop when sum-_X < (1 — a;)ux and distance < tol.

Next we describe the implementation details for algorithm 4.1 which is
used for solving the subproblems. Set ¢ = p = ¢, = 0.5 @; = 0.5 x 1075
and as = 107°. We also set 6 = maz(yo, 20) + 1 in order to make it large
enough. In step 4, the solution d and multipliers A,, A, of the quadratic pro-
gram QM PEC, g(z,y, z) are found by calling the quadratic program solver
QUADPROG from the MATLAB Optimization Toolbox. After an accept-
able descent direction d is found, we implement Armijo inexact line search
using the objective function ¢4 (z,y, z) to determinate step size. [Notice that
in Liu and Ye [9], the L; penalty function is used to perform Armijo inexact
line search. As for the problem FMPECY, it only has simple linear com-
plementarity constraints. Thus, the objective function ¢/ (z,y, z) is exactly
the same as its L; penalty function.] In step 7, we return to algorithm 3.1

when || (Tk+1, Yk+1, 2k11) — (Tk, Yk, 2) || < tol, otherwise we adjust the positive
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matrix Dy by BFGS rule as follows and go to the next iteration:

T T T T
PP q'Drq, Drgp' +pg' Dy
Diy1 =Dy + 1+ -
* -qu( p'q ) p'q ’
where
D= (-’Bk+1, Yk+1, Zk+1) - (-’Bk,yk, Zk)
and

q 1= VO (Tir1, Yra 1, 2k+1) — VL (Tk, Yk, 2k)-

5.2 Test Problems

We have performed some experiments on two sets of problems: small size
problems taken from the literature and randomly generated problems. The
first two problems have been solved by other algorithms. We refer the readers
to the reference [13] for the first one and [4] for the second one.
Problem 1. This is an MPEC with quadratic objective function and linear
complementarity constraints: |

min %(:zz2 + yz)

st. x2>1,

F(z,y):=—z4+y+2>0, y>0

y' F(z,y) = 0.
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The feasible region of problem 1 is
F={(z0):1<z< 2}U{(:v,:v—2) cx > 2}

With initial points (2q, y0) = (4,2) and (zo, yo) = (2,0) respectively, the
algorithm stopped at the unique optimal solution (1,0).
Problem 2. This problem is previously presented in [4] and reformed from

the generalized Nash equilibria [3].

) 1
min 5[(:101 + 2o+ 41 — 15)% + (21 + 22 + 32 — 15)?
s.t. 0<z, <10, 0<z2, <10

z=Nzx+My+q>0, y>0,

y'z=0,
where
g8 9 2 & —36
N - 3 y M = 8 s q =
2 g g 2 ~25

With (15/4,4,4,15/4,0,0) as a initial point, the output (7, 7.5,0.5,0.5,0,0) is
one of the global optimal solution while with (0, 0,0, 0, —36, —25) as another
initial point, it comes out with the other global optimal solution (9, 6,0, 0,0, 0.5).

Problem 3. This is the problem we have presented in Chapter 4. With the
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initial points (1,0) in the face (4.3) and (0,2) in the face (4.4), we find the
optimal solution (0,1).

Problem 4. This is a set of problems with following form:

T

X X X
min  f(z,y) = 3 (C+ml) +c’

Y : Y Y

st. Aix+ By = b,

b2 — (A2z + Bpy) > 0,

yT bz — (A2z + Bay)] = 0,

y=20,
where z € R"™ n >m,y € R", c€ R, C € R"™", b; € R%, b, €
R™, A; € R*(-m A, € R™=m) B, € R*™ B, € R™™ u; >0 and
I is the n X n identity matrix. We rem‘ark that the MPEC LICQ Will. not
hold at any feasible point if g > n.

Now we describe the details in generating the test problems.

To generate a problem with a feasible point (xg, yo, 20), we consider the
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reformulation of the problem as below:

T
x , |z x
min  f(z,y) = 3 (C+mlI) +cf
z,y
y y y

s.t. Ajx+ Biy=by,
Az + Boy + 2 = by,
yz =0,
y=0, 220,
1) Generate Initial point
Set 0 < 0 < 1 to control the scale of the randomly generated variables.
Let zop € R®™ ™) be a vector with random entries chosen from a uniform
distribution on the interval (0,1). Then we reset zq := tan(onzy/2). So we
have zo > 0. Similarly, we can generate y, > 0 and 2y > 0.
Fori=1,---,(n—m), if (x0); < tol, then reset (zy); = 0.
Fori=1,---,m,
if |(yo0): — (20):| < tol, then reset (yo); = (20); = 0;
if (y0)s < (20);, then reset (y); = 0;
if (yo0): > (20):, then reset (z); = 0.
2) Generate Constraints

Set 0 < 041,042,081,082 < 1. Generate a matrix A4, € [—3, }oxe—m)
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with uniformly distributed random entries, then reset A; := tan(oa7A;).

Similarly we generate A,, By and B,. Let
bl = A1$L'0 + Blyo,
bg = AgIEQ + Bzyo + 2p.

3) Generate the Objective Function

Set 1 > 0. > 0,1 > 0¢c > 0. Similar to the generation of z, and A;, we

can generate A > 0, c and C.

Problem 5. This is a set of problems with quadratic objective function and

quadratic complementarity constraints.
) T 1 7 ,
min  f(z)=c z+ 50 (C+ )z
st. G(z)>0, Hiz) >0, Gx)"H(z)=0
x>0,
where
1 + .
Gi(z) = Auyz + 5% Byx ~by, i=1,---,m,

1
Hi(z) = Agiz + §a:TBZia‘: — by, i=1,---,m,

z € R*, By;, By(i =1,---,m) and C € R"™*™, Ay;, Ay; are the ¢th row of the

matrices A;, Ay € R™ ™ respectively, by;, by; are the ith row of the matrices

b1,bs € R™ respectively.
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- We set the same value to parameters with that in Problem 4. First, we

test a small size problem with

BlZ =

7 6 111
7A2=

11 4 6 2
4321

Byp=12 8 2
7 3 9

The optimal solution of this problem is (0,0,0). Note that MPEC LICQ

is not satisfied at this point. The experiment produces the result with the

magnitude 10e-08.

We randomly generate the problems and a feasible point of them in the

same way with Problem 4.



5.3 Computational Results

We list the computational results in the following table.

71

No.| (nmpa) |deg' |iter®/qp® | Pk f(zo) f(zk)
1| @10 o | 391400 | 10 | 181917 | 10 0.5
2 | (42,4,0) 0 1/61 10 5e-06 | 11.406 | 8.8927e-12
31 (2100 | o | 1/67 10 56-06 4 0
4 (10,5,0,8) 1 44/1236 | 14.233 | 5.6843e-19 | 160.52 30.332
4 (15,10,0,20) | 0 45/4592 | 28.697 | 2.8422e-19 | 257.59 174.2
4 (40,20,0,20) 5 45/10184 | 44.107 | 2.8422¢-19 | 572.6 440.01
4 | (100,50,0,60) 8 20/20276 | 96.033 | 9.5367e-12 | 1417.3 1173.9
5 (3,2,3,0) 0 31/1233 10 4.6566e-15 27 -4.9235e-9
5 | (10,6,100) | 5 | 6/111 | 13.38 | 1.5625e-07 | 67.253 | 21.927
5 (20,10,20,0) 3 55/244 10 2.7756e-22 | 228.06 225.79
5 | (40,2040,0) | 12 | 12/109 | 40.541 | 2.4414e-09 | 415.11 | 414.83

1 The number of the degenerations at termination point.

2 The number of the outer iterations.

3 The number of the quadratic problem solved.

For all the tested problems, the algorithm terminated successfully. Both
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Problems 4 and 5 do not satisfy the MPEC LICQ or the nondegereracy
condition. Notice that the number of outer iterations does not increase along
with the problem size. The size of the problem only affects the number of
quadratic problems solved. While the value of penalty parameter roughly
increases with the problem size.

We also notice that Problem 1 was solved with a large number of iter-
ations. This problem has been previously solved in three iterations by the
locally convergent PSQP algorithm under the MPEC LICQ in [13]. However,
for this simple problem, one may not notice the time difference since it was
solved in seconds. For a large size MPEC with simple linear complementarity
constraints, the other methods, such as [4] and [13], may be good alterna-
tives in terms of computing time. While the method proposed here has its
advantages in solving MPECs with nonlinear complementarity constraints if
the MPEC LICQ or the nondegereracy condition is not satisfied.

The algorithm is sensitive to a3 and as. For example, changing os from
10~% to 1010 for Problems 1 to 3 makes the output switched from the opti-
mal solution to an M-stationary point. However, we only want to show the
efficiency of the proposed algorithms. The optimal choices of parameters will

not be investigated in the thesis.



Chapter 6

Conclusions

We have proposed a new smoothing penalty algorithm for solving mathe-
matical programs with eéuilibrium constraints. In the new algorithm, the
MPEC is reformulated to a series of approximate subproblems by smoothing
the partial exact penalty function. The feasibility of an accumulated point
is guaranteed under the extended MPEC GMFCQ which is a milder con-
straint qualification compared with strict complementarity condition or the
MPEC LICQ. Moreover, the global convergence to an M-stationary point is
established under the same constraint qualification.

An implementable hybrid algorithm is introduced to solve the subprob-

lems. The subproblems belong to a class of mathematical programs with

73
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simple linear complementarity constraints and satisfy the MPEC LICQ nat-
urally at any feasible point. By combining the active set technique, the
d—active search technique and the PSQP algorithm, the hybrid algorithm |
globally converges to an S-stationary point without the strict complementar-
ity condition.

The theoretical promises of the algorithms are supported by the reported
numerical results. However, we realized that the effect of parameter € has not
been fully understood from the ex;;eriments we have done. In addition, the
influence by other parameters is still under im)estigation. The other future

work is to apply the algorithms to large-size realistic MPECs.



APPENDIX

5
#This algorithm is used for finding a M-stationary point fof MPEC.

%The outer loop is designed for updating parameters, mu and rho, of
%approximation partial exact penalty function. The inner loop can be any
%known algorithm to obtain a stationary point of MPLEC. Herein, we borrow the

%scheme of Algorithm 2.1 designed by G.S.Liu and J. J. Ye .

Y A ok

clear all;
%initialization
rho=1e~05; %smoothing parameter

epsilon2=1e-01; %constant for updating mu

tol=1le-10;%termination tolerance
n=2;)n=input (’dimention of x n=’); %input dimention of x
m=1;’m=input (’dimention of G and H w=’) Yinput dimention of G and H
x0=[1,0] ;%x0=input (*initial feasible point x=’)
y0=1;%y0=input (’initial feasible point y=’)
20=0;%z0=input (*initial feasible point z=?)
mu=10; %penalty parameter
%end of initialization
iter=0; iter2=0; f0=f(x0);
% computing S-stationary peint of FMPEC_\rho~\mu
[x,¥,2z,lambda_y,lambda_z,iter2}=mplcq(x0,y0,z0,rho,mu,n,m,iter2);
while norm([x,y,2])-[x0,y0,20])>tol

iter=iter+1

%start to update mu

blambda_h=lambda_h(x,rho) ;%computing vector lambda"h

7



blambda_g=lambda_g(x,rho) ;%computing vector lambda“g

aa=sum(abs (lambdaG(x,y,rho))) ; %sum(abs(lambda_y));

bb=sum(abs (lambdaH(x,z,rho))) ;%sum(abs (lambda_z)) ;

cc=sum(abs (blambda_h)) ;

dd=sum(abs(blambda_g)) ;

sum_lambda=aa+bb+cc+dd;

if sum_lambda>(1-epsilon2)*mu
mu=sum_lambda+epsilon2*mu;

end

% end of updating mu

rho=0.5+%rho; Y%decrease rho;

x0=x;y0=y;2z0=2;

[x,y,z,lambda_y,lgmbda_z,iter2]=mp1cq(x0,y0,zO,rho,mu,n,m,iter2);

iter2

end

function [x0,y0,z0,lambda_y,lambda_z,iter2]=mplcq(x0,y0,z0, rho, mu,n,m,iter2)

Y

Io

% This algorithm is designed for finding a stationmary point

% for MPLCQ

yATE SRR I A2 P T SR T : *
%initialization for fmpec_\rho~\mu

tol=1e-10%tolerant

sigma=0.5; Jconstant for armijo linear search

delta0=max(max(y0) ,max(z0))+1; %active set radius
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delta=0;

p=0.5; Ystep size constant for armijo linear search
c1=0.5;%coeffection for reducing the active set radius
D=eye (n+2+*m); )symetric positive matrix .
epsilon=1e-5;%epsilon approximation

%end of initialization for fmpec_\rho™\mu

%tx —-tilda x

%x0 -- x_k.

while delta==

delta=deltal;
x_temp=x0; y_temp=y0; z_temp=z0;
delta_temp=delta;
while delta_temp>0
tx=x0;
for i=1:m
if y0(i)<=delta
ty(1)=0;
else
ty(i)=y0(i);
end
end
for i=1:m
if 20(i)<=delta
tz(i)=0;
else
tz(i)=20(i);
end

end



%start step 4: find a acceptable descent pair or conclude (tx,ty,tz) ia an

%approximate S-stationary point of FMPEC_\mu“\rho

Yrandomly give an adjacent pair (A,B)
A=zeros(1,m);
B=zeros(1,m);
for i=1:m
if ty(i)==0 & tz(i)>0
A(i)=i;
else if ty(i)>0 & tz(i)==
B(i)=i;

else if fix(i/2)#2==i

B(i)=i;
else
A(i)=1i;
end

end
end

end 7 end of index set assignment to (A,B)

% find the optimal solution for the quadratic programming QMPEC.D is the
% positive definite matrix. A is the coefficient matrix with k equations
% first. b is the constant at right hand side.

% min 0.5d’Dd+numbdaphi (tx,ty,tz)’d

% s.t. Cld<=bl, C2d=b2

% give k
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% k=n+m; % d_x=0
Ci=zeros(m,n+2*m); %Construct C1,C2,bl and b2
C2=zeros (m,n+2%m) ;
for i=1:m
if A(i)==i % i is in A,
C1(i,n+m+i)=-1;% -d_z"i<=tz(i)
bil(i)=tz(i);
C2(i,n+i)=-1;% -d_y i=ty(i)
b2(i)=ty(i);
else
C1(i,n+i)=-1;%-d_y i<=ty(i)
b1{i)=ty(i);
C2(i,n+m+i)=-1; % -d_z"i=tz(i)
b2(i)=tz(i);
end
end % end of construction
[tx,ty,t2];
9 find the solution for QMPEC
[d,fval,exitflag,output,1ambdaJ=quadprog(D,numbdaphi(tx,ty,tz,rho,mu),C1,b1,C2,b2);
jter2=iter2+1; % compute objective function value
Yconstruct lambda_y, lambda_z
for i=1:m
if i==A(i)
lambda_y(i)=lambda.eqlin(i);
lambda_z(i)=lambda.ineqlin(i);
else
lambda_z (i)=lambda.eqlin(i);
lambda_y(i)=lambda.ineqlin(i);

end
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end %eﬁd of comstruction
barr=D*d;
if sum(abs(barr))<0.5+epsilon & max(abs(d))<0.5*epsilon
bari=[0,0];
for i=1:m % find smallest negative multiplier
if ty(i)==0&tz(i)==0 % i in beta(ty,tz)
if lambda.ineqlin(i)<-epsilon & bari(2)>lambda.ineqlin(i)
bari(1)=i;
bari(2)=1lambda.ineqlin(i);
end
if lambda.eqlin(i)<-epsilon & bari(2)>lambda.eqlin(i)
bari(1)=i;
bari(2)=lambda.eqlin(i);
end
end
end % end of find smallest negative multiplier
if bari(1)==0;
%conclude (tx,ty,tz) is an apprx. S-stationry point and return (tx, ty,
%tz) and lambda
return;
end
% reconstruct C and b
if bari(1)==A(bari(1)) 9% bari switch to B from A,
Ci(bari(1),bari(1)+n+m)=0; % minus bar i from A
C2(bari(1),bari(1)+n)=0;
Ci(bari(1),bari(1)+n)=-1; % put bar i in B
bi(bari(1))=ty(bari(1));
C2(bari(1) ,bari(1)+m+n)=-1;% -d_z"i=tz(i)

b2(bari(1))=tz(bari(1));
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else %bar i is switched to A from B
Cl(bari(l), bari(1)+n)=0; % minus bar i from B
C2(bari(1), bari(1)+m+n)=0;
Ci(bari(1),bari(1)+m+n)=-1;% put bar i in A
bl(bari(1)+m)=tz(bari(1));
C2(bari(1) ,bari(1)+n)=-1; %-d_y i=ty(i)
b2(bari(1))=ty(bari(1));

end

%find d again according to new pair (A,B)
[d,fval,exitflag,output,lambdal=quadprog(D,numbdaphi(tx,ty,tz,rho,mu),C1,b1,C2,b2);
iter2=iter2+1;

Jconstruct lambda_y, lambda_z
%ff=fval
for i=1:m
if i==A(i)
lambda_y(i)=lambda.eqlin(i);
lambda_z(i)=lambda.ineqlin(i);
else
lambda_z(i)=lambda.eqlin(i);
lambda_y (i)=lambda.ineqlin(i);
end
end %end of comstruction

end Y%end of step 4

% Armijo’s rule
step = 1;
temp=phi (tx+step*d(1:n)’,ty+step*d(nt+i:n+m)’,tz+step*d(n+m+1:n+2%m)’,rho,mu)~

phi(tx,ty,tz,rho,m);
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while temp>-0.5*sigma*step*d’*D*d
step = step*p;
temp=phi (tx+step*d(1:n)’,ty+step*d(n+l:n+m)’,tz+step*d(n+m+1:n+2*m) ’ ,rho,mu) -
phi(tx,ty,tz,rho,mu);
end Y% end of search
if phi(x_.temp,y_temp,z_temp,rho,mu)>
phi(tx+step*d(1:n)’,ty+step*d(n+l:n+m)’,tz+step*d(n+m+1:n+2#*m)’ ,rho,mu)
x_temp=tx+step*d(1:n)’
y_temp=ty+step*d(n+1:n+m)’
z_temp=tz+step*d (n+m+1:n+2*m)’

end

delta_temp=delta; %start to adjust delta
ymax=0;
zmax=0;
for i=1:m
if yO(i)<=delta
ymax=max (ymax, y0(i));
end
end
for i=1:m
if z0(i)<=delta
zmax=max (ymax,20(i));
end
end
delta=cl#max (ymax,zmax) %end of adjusting delta
end 7 go to new delta active search
%if delta=0

p0 = [x_temp~x0,y_temp-y0,z_temp-z0];



if norm(pO)<tol

return

end

% Update D by BFGS update

numbdaphi (x_temp, y_temp, z_temp,rho,mu)-numbdaphi(x0,y0,z0,rho,mu);

q

D

D + q’*q/(pO*q’) ~ D*p0’*(D*p0’)’/(p0*D*p0°);
% Reset D to the identity if it fails to be positive definite
if min(eig(D))<1le-5
D=eye(n+2*m) ;
end

% the very end of BFGS algorithm

x0=x_temp;
yO=y_.temp;
z0=z_temp;

end Y%go to next iteration
g
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