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ABSTRACT 

In this thesis, a new smoothing penalty algorithm is introduced to solve a 

mathematical program with equilibrium constraints (MPEC). By smoothing 

the exact penalty function, an MPEC is reformulated as a series of subpro- 

grams which belong to a class of MPECs with simple linear complementarity 

constraints. To deal with the subproblems, a hybrid algorithm is proposed, 

which combines the active set algorithm, the 6-active search algorithm and 

the PSQP algorithm. It is shown that the smoothing penalty algorithm 

converges globally to a M-stationary point of MPEC under weak conditions. 
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Chapter 1 

Introduction 

In general, a mathematical program with equilibrium constraints (MPEC) is 

a mathematical programming problem whose constraints include variational 

inequalities. In economics and engineering, many problems can be formu- 

lated as MPECs. Among these applications, a special case draws much at- 

tention of the researchers, where the equilibrium constraints are in the form 

of complementarity constraints. Hence, an MPEC is usually referred to a 

mathematical program with complementarity constraints. The readers can 

refer to [2, 12, 171 for a survey about recent developments and applications 

of MPECs. 

Consider an MPEC in the following form: 



(MPEC) min f (x) 

s.t. g(x) 1 0, h(x) = 0, 

G(X) 2 0 ,  H(X) 20 ,  G ( x ) ~ H ( x ) = o  

where f : Rn + R, g : Rn + RP, h : Rn -+ Rq, G : Rn + Rm, H : Rn + Rm 

are continuously differentiable and aT denotes the transpose of a vector a. 

From a nonlinear programming point of view, the presence of comple- 

mentarity constraints makes this problem rather hard to deal with. There is 

no feasible point of the MPEC satisfying all inequality constraints strictly. 

This fact makes Mangasarian-Fromovitz constraint qualification (MFCQ) vi- 

olated at any feasible point since MFCQ requires the existence of a strictly 

feasible point. Therefore, there may not exist Lagrange multipliers and hence 

well-developed algorithms in nonlinear programming are likely to have un- 

stable numerical behavior. As a result, development of algorithm for MPEC 

is somewhat behind the analysis of optimality conditions. 

Nevertheless, some progress has been announced recently. The diffi- 

culty with complementary constraints can be reduced by several different 

approaches to reformulate an MPEC. Consequently, various stationarity con- 



cepts arise (see e.g. [20, 221 for a detailed discussion). As observed in [22], 

the M-stationary condition is the most appropriate stationary condition for 

MPECs in the sense that it is the second strongest stationary condition (with 

the strongest one being the S-stationary condition) and it holds under almost 

all analogues of the constraint qualifications for nonlinear programming prob- 

lems. 

Moreover, some methods that aimed at solving MPECs numerically have 

been announced. A class of algorithms use smoothing nonlinear programming 

problems as approximating subproblems (e.g. [I, 3, 5, 7, 8, 15]), which guar- 

antee to converge to a stationary point. However their convergence requires 

certain assumptions such as the nondegeneracy condition or the MPEC lin- 

ear independent constraint qualification (MPEC LICQ)(cf. Chapter 2 in this 

thesis), which is somehow restrictive in practice. The piecewise sequential 

quadratic programming (PSQP) algorithm proposed in [18] and extended in 

[12, 131 uses quadratic programming problems as subproblems and it exhibits 

superlinear convergence under MPEC LICQ and piecewise second-order suf- 

ficient condition (PSOSC). But it is only locally convergent. For the class 

of MPECs with linear complementarity constraints, some algorithms have 

shown their promise from the numerical experiments [4, 6, 251. Most re- 



cently, the PSQP algorithm for MPLCQ has been adjusted to provide a 

global convergence without MPEC LICQ in [26] by using a new technique 

called &active search. Moreover it has been extended to general MPECs by 

using a partial exact penalty function as a merit function in [9]. 

The main results of this thesis is taken from author's recent joint work 

[lo] with G. S. Liu and J. Ye. 

The thesis has two purposes. The primal one is to develop a smooth- 

ing exact penalty function algorithm for solving MPECs and show its global 

convergence to  an M-stationary point. Note that the partial exact penalty 

function proposed in [9] leads to a partial exact penalization, which is, how- 

ever, nonsmooth in general and hence no efficient algorithm is available. By 

smoothing the partial exact penalty function, we reformulate MPEC as a 

series of approximated mathematical programs with only simple linear com- 

plementarity constraints. Each of approximated mathematical programs is 

taken as a subproblem at each iteration. The second goal is to introduce a 

hybrid algorithm to solve the subproblems and establish its properties. The 

hybrid algorithm will take the advantage of the active set technique, the 

6-active search technique and the PSQP algorithm. 

The thesis is organized as follows. In the next chapter, the preliminary 



knowledge is presented. In Chapter 3, we introduce a smoothing penalty 

method for computing an M-stationary point of MPEC and investigate its 

convergent properties. In Chapter 4, we propose a hybrid algorithm to solve 

the subproblems derived from smoothing penalty algorithm and its conver- 

gence analysis is provided in the same chapter. Some test problems and 

the preliminary numerical results with the MATLAB implementation are re- 

ported in Chapter 5. We conclude the thesis in Chapter 6 and attach the 

MATLAB codes in Appendix. 



Chapter 2 

Preliminaries 

2.1 Stationary Points 

As mentioned in Chapter 1, the MPEC has various stationarity points based 

on its different reformulations of complementarity constraints which make the 

problem intractable. The reader is referred to [22] for a detailed discussion 

on various stationarity concepts. In this section, we restate the definitions 

of piecewise stationary point, C-stationary point, M-stationary point and S- 

stationary point and indicate their interrelations. Given a feasible vector 3 

of an MPEC, for convenience, we define the following index sets: 

I9 := (2 : gi(z) = O ) ,  

6 



a :=a(%) := { i :  Gi (3)  = O,Hi(.) > O), 

p := p(3)  := { i  : Gi(3 )  = 0 ,  Hi(.) = 01, 

7 := ~ ( 3 )  := { i  : Gi(5)  > 0 ,  Hi(.) = 0) .  

The set ,L? is known as the degenerate set. If p is empty, the vector Z is said 

to satisfy the strict complementarity condition or nondegeneracy condition. 

Definition 2.1 (1) A feasible point 3 of an  MPEC is called Clarke station- 

ary point (C-stationary point) i f  there exists a C-multiplier X = ( X g ,  Ah, X G ,  AH) E 

R p + q f  2m such that 

and the following conditions hold: 

For convenience, we will denote (2.2) as follows: 

(2)  A feasible point 5 of an  MPEC is called a Mordulchovich stationary point 

(M-stationary point) if there exists a M-multiplier X = ( X g ,  Ah, X G ,  A H )  E 



Rp+q+2m such that (2.1)-(2.2) hold and the following condition hold: 

Vz 'i E, either AQ > 0, AH > 0 or AQAH = 0. 

(3) A feasible point 3 of a n  MPEC is called a strong stationary point (S- 

stationary point) if there exists an S-multiplier A = (Ag, Ah, AG, AH) 'i Rp+q+2m 

such that (2.1)-(2.2) hold and the following conditions hold: 

(4) A feasible point Z of an MPEC is called a piecewise stationary point i f  for 

each partition of the index set ,8 into sets P1,P2, there exists a P-multiplier 

A = (Ag, Ah,  AG, AH) 'i Rp+4+2m such that (2.1)-(2.2) hold and the following 

conditions hold: 

From the definitions above, we can see the interrelations among the sta- 

tionary concepts as illustrated in the following diagram. 



S-Stationary Point Piecewise Stationary Point 

-U- 

M-Stationary Point 

-V- 

C-Stationary Point 

We now make use of the following example to show the various stationary 

concepts for MPEC defined above. 

(PI min -y 

s.t. x - y = 0, 

T x 2 0 ,  y z o ,  x y = o  

where x E R and y E R. This example is discussed in [ l l ] .  It is obvious that 

(0,O) is the only optimal solution of problem (P) since it is the only feasible 

solution of the problem. First, we will show, in the sense of the nonlinear 

programming, the KKT multiplier does not exist a t  (0,O). A KKT multiplier 

(Ax, X Y ,  A:, A;) of (P) must satisfy 

0 = (0, -1) + XF(1, -1) - XX(l, 0) - XY(0,l) + X,h(0, o), 

AX 2 0, X Y  2 0. 



It is clear that the above system in terms of (Ax, X Y ,  A:, A t )  does not have any 

solution. Thus, the KKT multiplier in the sense of nonlinear programming 

does not exist. 

To calculate the C-multipliers for problem (P), we consider the system in 

terms of (Ax, X Y ,  Ah) : 

0 = (0, -1) + X h ( l ,  -1) - X X ( l ,  0) - XY(0, l), 

XXXY 2 0. 

The solution is (Ax, -1 - Ax, Ax) for any -1 < AX < 0. Therefore, (0,O) is a 

C-stationary point. 

The M-multipliers at (0,O) satisfy: 

i 0 = (0, -1) + X h ( l ,  -1) - X X ( l ,  0) - XY(0, I) ,  

AX > 0, X Y  > 0, or XXXY = 0. 

The above system implies that 

Since the optimal solution (0,O) for (P) is also the optimal solution for 

the subproblem: 



and the subproblem 

(P2) min -y 

s.t. x - y = 0, 

x = o ,  y > O .  

The KKT multiplier for (Pl)  satisfy the following system: 

0 = (0, -1) + X h ( l ,  -1) - X X ( l ,  0) - P ( 0 ,  I ) ,  

Ax 2 0, 

and the KKT multiplier for (P2) satisfy the following system: 

Therefore, the P multiplier set is 

The optimal solution (0,O) is not an S-stationary point since an S-multiplier 

(Ax, X Y ,  Ah) of (P) must satisfy 



which has no solution. 

2.2 Constraint Qualifications and Necessary 

Conditions 

Notice that any feasible point of the MPEC does not satisfy the standard 

LICQ which guarantee the existence and uniqueness of Lagrange multipliers 

at a local minimizer of a nonlinear program. In order to gain the similar 

property, we make use of the following definition of LICQ for MPECs. 

Definition 2.2 (MPEC LICQ) Let Z be a feasible point of a n  MPEC. W e  

say that M P E C  linear independence constraint qualification (MPEC LICQ) 

is  satisfied at 5 i f  the gradient vectors 

are linearly independent. 



MPEC LICQ discards the gradients of complementarity constrains, which 

make it different from the standard LICQ. Indeed, MPEC LICQ is the stan- 

dard LICQ for the relaxed MPEC defined below and the S-stationary condi- 

tion happens to be its KKT condition: 

(RMPEC) min f(x) 

s.t. g(x) 5 0, h(x) = 0, 

Before giving a necessary condition for an MPEC, we define the branch 

of MPEC in terms of each partition (PI, P2) of P: 



Theorem 2.1 (see e.g. (12, proposition 4.3.71 or [21, Theorem 3.21) Let 

3 be a local optimal solution for an MPEC where all defining functions are 

continuously diflerentiable at 3. Suppose that MPEC LICQ is satisfied at 3, 

then it is  a n  S-stationary point. 

Proof. Suppose that Z is a local optimal solution for an MPEC. It is obvious 

that 3 is a local optimal solution of an MPEC if and only if it is a local optimal 

solution to MPEC(Pl,P2) for all partition (P1,P2) of /3. Since MPEC LICQ 

is satisfied at Z, the standard LICQ holds for all MPEC(p,,p,). Therefore, 

for any partition (PI, P2) of P, there exists a unique Lagrange multiplier X = 

(Xg , x ~ ,  XG, XH) E Rp+4+2m such that (2.1)-(2.2) and the following conditions 

hold: 

Now we will prove that, under MPEC LICQ, there exists a common and 

unique Lagrange multiplier such that (2.3) is true for any partition of P. 

By contradiction, suppose that there are two different P-multipliers X = 

(X9, Xh, XG, AH) E Rp+Q+2m associated with the partition (PI, P2) and A' = 

(Xgtl  Xhtl  XGtl XHt) E RP+q+2m associated with the partition (PIt, P2') # (PI, P2) 



satisfying (2.1)- (2.2), respectively. Then 

Since (Ag - Ag', Ah - Ah', XG - AG', AH - AH') is not a zero vector, there is a 

contradiction since MPEC LICQ is satisfied at the point 2.  The S-stationary 

condition follows and Z is an S-stationary point. 

From the proof above, we can see that the piecewise stationary condition 

is equivalent to the S-stationary condition under the MPEC LICQ. Moreover, 

all concepts of stationary points coincide at any local optimal solution under 

this CQ. 

To introduce other necessary conditions, we recall the definitions of two 

weaker constraint qualifications compared with MPEC LICQ . 

Definition 2.3 ( N N A M C Q )  Let 2 be a feasible point of M P E C  where all 

defining functions are continuously diifferentiable at 2 .  W e  say that the No 

Nonzero Abnormal Multiplier Constraint Qualification (NNAMCQ)  is satis- 



fied at Z if there is no nonzero vector ( X g ,  X h ,  X G ,  AH) E Rp+q+2m such that 

G H  either X: > 0 ,  A? > 0 or X i  X i  = 0 Qi E p. 

Definition 2.4 (MPEC GMFCQ) Let Ir: be a feasible point of MPEC where 

all defining functions are continuously diflerentiable at Z. W e  say that MPEC 

generalized Mangasarian-Fromovitz constraint qualification (MPEC GMFCQ) 

is satisfied at z* i f  

(i) for every partition of p into sets P, Q ,  R with R # 0, there exists an d  

such that 

and for some i E R either V ~ i ( 3 ) ~ d  > 0 or ~ ~ i ( 3 ) ~ d  > 0; 



(ii) for every partition of ,8 into sets P, Q, the gradient vectors 

Vhi(z)  V i  = 1, 2 , . .  . , q, 

V G i ( z )  V i  'i E U Q ,  

V H i ( z )  V i  E 7 U  P 

are linearly independent and there exists an d E Rn such that 

Note that in the sense of nonlinear programming, the MPEC GMPCQ is 

reduced to the standard MFCQ which requires that: the gradient vectors 

are linearly independent and there exists an d E Rn such that 

~ g i ( 3 ) ~ d  < 0 V i  € Ig ,  

~ h i ( z ) ~ d  = 0 V i  = 1, 2,.  . . , q. 

In nonlinear programming, it is well-known that NNAMCQ is equivalent to 

MFCQ. For MPECs, the similar relation exists. 



Proposition 2.2 (See e.g. Ye [22, Proposition 2. I]) NNAMCQ is equivalent 

to MPEC GMFCQ. 

The following result is not new. It was essentially introduced by Ye and 

Ye in [24, Theorem 3.21 and further studied in Outrata [16] and Ye [23]. The 

reader is referred to Ye [22] for a simpler proof. 

Theorem 2.3 (Kuhn-Tucker type necessary M-stationary condition) 

(See e.g. Ye [22, Corollary 2.11) Let 3 be a local optimal solution for an 

MPEC where all defining functions are continuously diifferentiable at 3. Sup- 

pose that either NNAMCQ or MPEC GMFCQ is satisfied at 3, then it is an 

M-stationary point. 

For a nonlinear programming problem, MFCQ leads to an exact penal- 

ization. Under NNAMCQ or MPEC GMFCQ, a similar property holds for 

MPECs. 

Theorem 2.4 (Partial exact penalty) (Liu, Ye and Zhu [lo, Theorem 

2.21) Let Z be a local solution of MPEC. If NNAMCQ or MPEC GMFCQ 

holds at Z ,  then ( z ,  G(3) ,  H(Z))  is also a local solution of the partial exact 

penalty problem (FMPEC,) for some p > 0: 



(FMPEC,) min $p(x>Y,z) 

s.t. y 2 0, z 2 0, YTz = 0, 

1 1  h(x) 1 1  and 1 1  . / I 1  denotes the L1 norm defined by 

for any x E Rm. 



Chapter 3 

A Smoothing Penalty Method 

for MPEC 

In this chapter, we introduce a smoothing penalty method in Section 3.1 and 

show its globally convergent properties in Section 3.2. 

3.1 Smoothing Penalty Method 

This new smoothing penalty method is motivated by Theorems 2.3 and 2.4. 

Since it makes the problem computationally difficult that the partial exact 

penalty function $,(x, y, z )  is nondifferentiable, we smooth the partial exact 



penalty function $,(x, y, z )  by introducing a smoothing parameter p. Con- 

sider the following smoothing problem: 

where 

is the smoothing function of partial exact penalty function $,(x, y, z )  since 

the sequence {$g(x, y, z ) )  converges to $,(x, y, z )  as p -t 0 and $g(x, y, z )  is 

smooth. 

The scheme of this smoothing algorithm is given below. At each iteration, 

we find an S-stationary point of FMPECL for the given p 2 0 and p 2 

0. The algorithm will stop at this point if prescribed termination rule is 

satisfied. Otherwise we go to the next iteration after we update the problem 

FMPECL by adjusting p dynamically and decreasing p according to certain 

rules. The convergence analysis in Section 3.2 shows that under the extended 

MPEC GMFCQ, any accumulated point of the sequence generated by this 

new algorithm is an M-stationary point of the MPEC. 



In the following proposition, we can derive the form of S-multipliers for 

the problem FMPECL due to its simple constraints. 

Proposition 3.1 For any positive integer k ,  any positive numbers pk and 

pk, if (xk, yk, zk) is an S-stationary point of FMPECL;, then there exists 

unique S-multiplier ( X x k ,  X Y k )  of FMPECL; in the following form: 

Proof. Let (ak, yk,zk) be an S-stationary point of FMPECL;. The unique- 

ness of the S-multiplier is ensured by MPEC LICQ which is satisfied at 

(xk, yk, zk) naturally. Let ( X Y k  , X z k )  be the corresponding S-multiplier such 

that: 



where 

I: = { i :  y: = O,zf > 0) ,  

k k I! = { i :  yi = 0 , q  = O ) ,  

From (3.4) and (3.5) we have (3.1) and (3.2), respectively. 

Proposition 3.2 For any  positive integer k and any  positive numbers pk, 

pk, i f  ( xk ,  yk, zk) is  a n  S-stationary point of FMPECL;, then  we have 

i=l i=l 

holds for multiplier (XGk  , X H k  , X h k 7  Ask) defined by 



Proof. Substituting (3.9)-(3.12) into (3.3), we have (3.8). 

For convenience, we denote the feasible region of the problem FMPEC; 

by W F .  Since a feasible point of FMPEC; may not be feasible to MPEC, 

we call W T  the weak feasible region of MPEC and a point in the weak 

feasible region a weak feasible point. 

Now we are ready to formally state the smoothing penalty algorithm. 

Algorithm 3.1 

Step 1. Given a weak feasible point (xo, yo, zo) E W F .  Let PI, > O;pk > 0, 

1 > a2 > crl > 0 and let k = 1. 

Step 2. Terminate if a prescribed stopping rule is satisfied, otherwise find an 

S-stationary point (xk, yk, zk) of FMPEC;; with the the Lagrange multiplier 

( X G k ,  X H k ,  X h k ,  Xgk) given in (3.9)-(3.12). 

Step 3. Decrease pk, let 

and return to step 2 with k replaced by k + 1. 

In Algorithm 3.1, we did not specify the rules for termination and de- 

creasing pk. In fact, we only need to reduce pk to zero step by step in order 



to obtain the convergence of the algorithm. A termination rule and a simple 

rule for decreasing pk will be described in Chapter 5 .  

3.2 Global Convergence of Smoothing Penalty 

Method 

Because of using the penalty function, we face the issue regarding the feasi- 

bility at an accumulated point of the generated sequence by this algorithm. 

In fact, this is a common issue of all the penalty function methods to opti- 

mization problems. We give the condition under which the feasibility can be 

ensured in the following proposition. 

Proposition 3.3 I f  the exact penalty parameter sequence {pk) is  bounded 

and lim pr, = 0, then any accumulated point (3, y, 2) of the sequence gen- 
k 4 w  

erated by Algorithm 3.1 is  feasible for FMPEC. Moreover 3 is  feasible to  

MPEC. 

Proof. Suppose that (3, y, Z)  is an accumulated point of the sequence gen- 

erated by Algorithm 3.1. Then there is a subsequence {(xk, yk, zk)) of the 



sequence generated by the algorithm such that 

Let (xGk, AH*, A h k  , P k )  be the Lagrange multiplier defined in (3.9)-(3.12). 

Since the sequence {pk) is bounded, Next, we are going to show that there 

is an integer K such that 

pk = p ~ ,  for all k 2 K 

If there is not such an integer K, then there exists a strictly increasing subse- 

quence of {pk). Without loss of the generality, we assume that the sequence 

{pk) is strictly increasing. By the updating scheme, we have that 

and 

Then we have the following inequality: 

Since a2 > al, pk + +oo as k + +oo which contradicts to the boundedness 



Therefore, from the updating scheme of penalty parameter, we have fol- 

lowing: 

for all k 2 K. Hence, without loss of generality, we can assume that 

From the definition (3.9), we have 

for any i. Taking the limit on the both side of the above equation, we have 



If &-Gi(Z) # 0, then = 1, which is contradicted with (3.13). Therefore, 

y - G(z) = 0. Similarly, we can prove that 

Moreover, y k  2 0,zk 2 0, yLzk = 0 implies that g 2 O , Z  2 0, yTZ = 0. 

Therefore, (2, y, 2) is feasible to FMPEC. Obviously, Z is feasible to MPEC. 

rn 

The following proposition is of most importance for the new smoothing 

penalty algorithm. It proves that any accumulated point of the algorithm is 

an M-stationary point as long as the exact penalty parameter sequence {pk} 

is bounded. 

Theorem 3.4 Suppose that lim pk = 0 and the exact penalty parameter se- 
k'co 

quence {pk} is  bounded. Let (Z,j j ,  2) be any accumulated point of the sequence 

generated by Algorithm 3.1. Then  Z is a n  M-stationary point of MPEC. 

Proof. In Proposition 3.3, we have proved that (2, jj, Z) is feasible to FM- 

PEC. The feasibility of Z to MPEC and the fact that y = G(z), ,Z = H ( 3 )  

follows immediately. Without loss of generality, we may assume that 



where {(xk ,  yk, zk))  is the sequence generated by Algorithm 3.1. As in the 

proof of Proposition 3.3, we may assume that 

G Xi  = lim A?, X f  = lim A? , 
k++w k++w 

A: = lim A?, A: = lim Xigk , 
k++w k++w 

where A?, A?, A? and A? are given by (3.9)-(3.12). Taking limit in (3.8), 

we have 

Clearly, 2 0. Moreover X: = 0 for all i 6 I,. Let I,* = { i  : gi(xk) = 0).  

By the continuity of g ,  for large k ,  I,* C Ig which implies that for any i 6 Ig ,  

gi(xk) < 0 and hence 

= 0 by boundedness of pk. 

We next show that AH = 0, for any i E a .  For each i E a,  we have Zi > 0 

which implies that for large enough k ,  z," > 0. By the complementarity 

constraint y,"z," = 0,  we have y," = 0,  for large enough k .  Thus i E I? for 

k large enough. Note that X H k  = X Z k .  By (3.6) and (3.7), we have X f "  = 0 

which implies that = lim X f "  = 0. 
k++w 



We prove that X y  = 0, for any i E y, similarly. 

Finally we prove that either AYAH = 0 or Xf > 0, AH > 0, for any i E P. 

If XGXH = 0 for any i E P then the proof is completed. Suppose that there 

is a i E p, such that XGXH # 0. Note that XGk = X V k  and X H k  = X Z k  . Then 

for k large enough, 

X? # O ,  X? # O  

which implies that i E I;. Consequently, by (3.7), 

Therefore, 

XG = lim X? > 0, A; = lim X? > O. 
k-++cc k-++oo 

Thus z is an M-stationary point of MPEC. 

Notice that the boundedness of the penalty parameters set { p k )  can guar- 

antee an accumulated point to be an M-stationary point. The following re- 

sult gives a sufficient condition for the boundedness of { p k ) .  First we extend 

NNAMCQ and MPEC GMFCQ in the following definitions to accommodate 

a weak feasible point that may not be feasible to MPEC. Note that the defin- 

itions of the extended NNAMCQ and the extended MPEC GMFCQ coincide 

with NNAMCQ and MPEC GMFCQ at  a feasible point, respectively. 



Definition 3.1 (Extended NNAMCQ ) Let (3,  j j ,  X )  be a weak feasible 

solution. W e  say that the extended no nonzero abnormal multiplier con- 

straint qualification (Extended NNAMCQ) is satisfied at (3 ,  y ,  2 )  i f  there is 

no nonzero vector X = ( X g ,  Ah, X G ,  AH) E R ~ + Q + ~ ~  such that 

and the following condition hold: 

'v'i E P', either A: > 0 ,  A? > 0 or X ~ X ~  = 0 ,  

where 

Definition 3.2 (Extended MPEC GMFCQ) Let (3 ,  j j ,  X )  be a weak fea- 

sible point. W e  say that the extended MPEC generalized Mangasarian-Fromouitx 

constraint qualification (Extended MPEC GMFCQ) is satisfied at (z, j j ,  2) i f  



(i) for every partition of p' into sets P, Q, R with R # 0, there exists an  d 

such that 

and for some i E R either V G , ( Z ) ~ ~  > 0 or V H , ( Z ) ~ ~  > 0; 

(ii) for every partition of p' into sets P, Q, the gradient vectors 

are linearly independent and there exists an d E Rn such that 



Proposition 3.5 Assume that the extended MPEC GMFCQ (equivalently 

the extended NNAMCQ) is satisfied at any accumulated point (3, y, 2) of 

the sequence generated by Algorithm 3.1, then the exact penalty parameter 

sequence is bounded. 

Proof. The equivalence of the extended MPEC GMFCQ and the extended 

NNAMCQ follows similarly as in the case of MPEC GMFCQ and NNAMCQ 

(see [22, Proposition 2.11). Suppose that the exact penalty parameter se- 

quence pk is unbounded. Without loss of generality assume that p ~ ,  is strictly 

increasing and lim pk = +oo. Let 
k- tw  

It is clear that ZGk,  xp, and are all bounded by 1. Dividing (3.8) by 

pk+l and substituting (3.16) in (3.8), we have 

Let 



Taking limit in (3.17), we have 
> 

As in the proof of Theorem 3.4, we can prove that 

A: = 0 for i @ Ig+p, X;g+p 2 0, 

x: = 0, xg = 0, 

G H either Xi Xi = 0 or A" 0, AH > 0,'v'i E p'. 

By the extended NNAMCQ, we have that 

However, 

4 P - 
= lim Xpl+el lim Xpl+Cl lirn X p l + e ~  lim Xyl 

k-++w k++w k++w 
i=l 

k+-+w 
i=l i=l i=l 

1 m 4 P 

= lim -[ C I X ~ I  + C 1x71 +Clxpl + C ] 
.IC+-+co Pk+l i=l i= l  i= l  i= l  
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This contradicts to (3.18). Therefore, { p k )  must be bounded. 



Chapter 4 

A Hybrid Algorithm for 

Solving the Subproblems 

The purpose of this chapter is to introduce a hybrid algorithm for subprob- 

lems FMPEC; generated in Algorithm 3.1 and present its convergent prop- 

erties. 

4.1 A Hybrid Algorithm 

In the Step 2 of Algorithm 3.1, we need to find an S-stationary point of 

subproblem FMPECL for the given pair (p ,  p) .  Some reported algorithms 



can be used to solve it. See [4, 6, 18, 261 for references. Alternatively, since 

the MPEC LICQ naturally holds for FMPECE, one can use the combination 

of the &-active search technique and the active set technique ( see [9, 261 for 

the references ) to obtain a piecewise stationary point which is equivalent to 

an S-stationary point under the MPEC LICQ . We now describe the hybrid 

algorithm. 

Note that the feasible region W F  of the problem FMPECL is the union 

of weak faces 

W F  = U WF(.4J?), 
(A,B)EP 

where 

i y i=0 ,  z i 2 O  Vi ' iA  
WJ=(A,B) = (x, Y, Z) : 

y i 2 0 ,  z i=O 'v'i'iB i 
and P is the set of all pairs (A, B) partitioning (1,2, . . . , m). Let 

I(z) := { i :  zi = 0). (4.2) 

Definition 4.1 Let ( 2 ,  g, 2) be any weak feasible point. We call a pair (A, B) E 

P an adjacent pair at (2 ,  ij, 2) .if 

A 2 I(#) and B C I(2) 



and denote by P(z,G,,-) the set of all adjacent pairs at (it, jj, 5). 

The hybrid algorithm is also an iterative algorithm. We state the scheme 

below. Suppose that (it, jj, i )  E W F  is an iterative point but it is not an S- 

stationary point of FMPECC. Then we will use the active set technique to 

find a descent pair (A, B) E P(z,g,,-) such that the value of objective function 

$;(it, jj, i) decrease in the piece WF(a,a). To find such a descent pair, first, we 

choose an adjacent pair (A, B) E P(z,g,,-) randomly and consider the following 

quadratic programming problem: 

1 
QMPEC(A,B)(~~ ,  G, 5) min d ~ $ E ( i t ,  jj, i )  . d + - d T ~ d  

2 

s.t. (d,)i + jji = 0, (d,)i + > 0 i E A, 

(d,)i+jji>O, (d , ) i+i i=O i~ B, 

where D is a positive definite matrix and d := (d,, d,, d,) E Rn+2m. If 

the solution d of QMPEC(A,B)(it, jj, i )  is nonzero, then d provides a de- 

scent direction of 4; to the weak face W.F(A,~) at (Z,jj, 2) and hence (A, B) 

can be taken as a descent pair. Otherwise d = 0 is the optimal solution of 

QMPEC(A,B)(it, jj, 2). Since all constraints are linear and the objective func- 

tion is strictly convex, d = 0 is the optimal solution of QMPEC(A,B) (it, jj, i) 



if and only if there exist Lagrange multipliers XY and Xz such that 

If Xy 2 0 and Xf 2 0 for anyi  E I2 := {i : & = 0, ,& = 0}, then (if,y,2) is an 

S-stationary point of FMPEC;. Suppose that there is an i E I2 such that 

X r  < 0 or Xf < 0. Let 

A = A\{i}, 8 = B U  {i}, if < 0, 

A = A U {i), B = B\{i}, otherwise, 

then zero is not a stationary point of the problem QMPEC(A ~ ~ ( 5 ,  y, 2).  

Therefore, zero is not an optimal solution of it. Hence (A, B) can be taken 

as a descent pair. Now we have shown that if the current iterative point 

(5, g ,  I )  E W F  is not a S-stationary point of FMPEC;, then we can al- 

ways find a descent pair (A, B) such that the nonzero solution d" to the 

quadratic program QMPEC(A,B) provides a descent direction on the weak 

face WF(2,B). We then find the next iterative point along the descent direc- 

tion d" by using Armijo's inexact line search method. 

As explained in [9], if we only search a descent direction on one of the weak 

faces, the algorithm may find a stationary point in this weak face instead of 



a stationary point of FMPECJ1. In order to search in the other face, we use 

the 6-active search technique. We make use of a example in [9] as below to 

show the principle of the S-active search technique: 

\ min f (y, z) := (Y2 - z + 1)2 
Y 7 %  

s.t. y 2 0, z 2 0, yz = 0. 

This problem is already in the form of FMPEC. The feasible region is the 

union of following two faces: 

and 

Suppose the current iteration point (yk, zk) lies in the face (4.3), that is, 

yk 2 0, zk = 0. To move to  the other face from this face, we search the 

nearby point with more active constraints from the iterative point. Notice 

that (0,O) is the only point which has more active constraints than (yk, zk) 

and lies in the both of faces. We find a descent direction d = (0 , l )  of the 

function f (y, z) = (y2 - z + on the face (4.4) by solving the quadratic 

subproblem associated with the face (4.4). After finding an appropriate step 

size p by Armijo-type inexact line search, we compare the values of objective 



function 4; at the current iteration point (yk, zk) and (yk +pdi, q +pdi) and 

set the next iterative point to be the one with the smaller value of 4;. In 

fact, the optimal solution of the problem happens to be (0, l) .  

The algorithm described above can not guarantee global convergence 

without further assumptions and is conceptual since the Lagrange multipli- 

ers can be computed only approximately. In order to make it implementable 

and globally convergent, we will make use of the €-active set technique. 

First we give the definition of an approximate S-stationary point for the 

subproblem 

Definition 4.2 Given  E > 0, a feasible point (2 ,  $, 2) of FMPEC; i s  called 

a n  E- approximate S-stationary point i f  there are multipliers XY, XZ such that 

Xy = 0 ,  i  $ IE(fj), X t  = 0 ,  i @ IE(X), 

A; 2 0, i E IE($) \I($), 

2 0, i E IE(X) \ I ( X ) ,  

Ay 2 -E, 2 -E, for any  i E I(fj) n I ( X ) ,  

where 

IE(fj) := { i :  $ 5  €1, I E ( X )  := { i :  2 5 €1, 



and I(jj), I(E) are defined in (4.l), (4.2), respectively. 

We now describe the €-active set technique for finding a decent pair as 

follows: 

For an E > 0 and a randomly chosen pair (A,  B )  E P(z,5,a), assume that 

(2,  j j ,  E )  is not an 6-approximate S-stationary point of FMPEC;. Then 

the following three cases may happen. The first case is that the optimal 

solution d of QMPEC(A,B)(S,y",E) may satisfy lldllm 2 $6. In this case, 

(A,  B)  = (A,  B)  can be taken as a descent pair since d # 0 . The second case 

is that Ildllm < + E  and I ( P J I ~  2 $6, where 

and ( X Y ,  Az) is the multipliers of the quadratic problem QM PEC(A,B) (2, y", 5). 

Then the optimal solution of the quadratic problem QMPEC(A,B) (Z,y", E )  is 

still not zero. We still take (A,  B)  = (A ,  B )  as a descent pair in this case. 

The last case is that llPlll < 9 and < fe. Since (2 ,  j j ,  2) is not an 

6-approximate S-stationary point of FMPEC;, there is an 5 E I@) n I(E) 

such that 

X f  < - 6 ,  or Xf < - E .  



Let 

A = A\{;}, B = B U  I;), i f  A;' < -E, 

A = A U {a}, B = B\{d}, otherwise. 

and take (A7 B) as a descent pair. From the above process, we can either 

find a descent pair or conclude that the current iteration point (2, @, 5) is 

an E-approximate S-stationary point of FMPECL. In Theorem 4.4, we 

prove that the descent pair that we choose must be an acceptable pair which 

guarantee the global convergence. 

Now we are ready to state the algorithm for the subproblem. 

Algorithm 4.1 

Step 1. (Initialization) Given ( z ~ , ~ ~ ~ z ~ )  E W F ,  0 < a < 1, 60 > 0, 

0 < E, 0 < p < 1, 0 < c2 < 1, and a symmetric positive definite matrix 

D, E ~(nf2m)x(nf2m). Let := 0. 

Step 2. Let 6 = 60 and (xtemp, ?hemp 1  temp) = (21, 7 YI, 7 21,)- 

Step 3. Let 

'31 ( i & ) i I S  
(5)i = i = l , . . - , m  

(&)i , otherwise 



(2)i = { 0 1  (2k)i 5 6 i =  l l m . . , m  
otherwise 

Step 4. Using the +active set technique, find a descent pair (A, B) E 

P(Z,y, 2) or conclude that (i?,jj, 2) is an E-approximate S-stationary point 

Step 5. Find a solution d to the problem QMPEC(a,B)(i?l y, 2). Let m be 

the smallest nonnegative integer such that 

and go to Step 3. 

Step 7. If 6 = 0, let 



adjust Dk. Set k = k + 1 and go to Step 2. 

Remark 4.1 W e  m a y  use the Broyden-Fletcher-Goldfarb-Shanno (BFGS)  

rule or  other rules t o  update Dk.  

4.2 Convergence of the Hybrid Algorithm 

First we state the following blank assumptions in order to guarantee the 

global convergence. 

(A l )  There are constants PI > 0 and ,02 > Dl such that ,&dTd 5 d T ~ k d  I 

,&dTd for any k and any d E Rnfmtm. 

(A2) The level set ((x, y ,  z) : $(x, y ,  z) 5 $g(?i$, jjl, 21)) is bounded. 

If the quadratic subproblem QMPEC(A,B)(Z, G ,  i) generates a solution d 

with the smallest value among all adjacent pairs (A,  B) E P(z,g,z), then we 

call this descent direction d the steepest descent direction. 

Definition 4.3 (steepest descent direction) Let ( 2 , c , i )  be a weak fea- 

sible solution. ~f (A,  B )  E P(i,Ri) generates a solution d t o  QMPEC(A,B) ( I ,  8,  i) 

such that  



for all adjacent pairs (A,  B )  E P(f,B,z) and all solutions d of problem 

QMPEC~n,s)(21ij,i).  Then  d is  called the steepest descent direction of 

FMPECE at (2, jj, i) and (A, B) is  called a steepest descent pair of FMPEC; 

Ideally, the objective function 4; (x, y, z )  will descend the most from the point 

( 2 ,  jj, 2) along the steepest descent direction. However, finding the steepest 

descent direction requires checking all the adjacent pairs. This may be very 

time-consuming. If c is the cardinality of the degenerate set P, then 2C 

quadratic programming problems may need to be checked to verify or dis- 

prove that steepest descendence. Indeed, we only need to obtain an adjacent 

pair (A,  8) E P(z,g,i) with the solution d to the problem QMPEC(A,g)(S, jj, i) 

which satisfies the following inequality 

for a given 0 < cl 5 1. We call such an adjacent pair (A,  B) an acceptable 

descent pair and such a descent direction d" an acceptable descent direction, 

correspondingly. According to [9], we only need to verify that each descent 

pair obtained in step 4 is an acceptable descent pair to guarantee the global 

convergence of Algorithm 4.1. 

The following result follows from the process of Algorithm 4.1. 



Theorem 4.1 I f  Algorithm 4 .  I finitely stops, it must  stop at a n  E -  approximate 

S-stationary point of  FMPECZ. 

Since we use the &active set search technique and the. Armijo's inexact 

line search rule in Algorithm 4.1, we can derive the following property simi- 

larly to [9, Algorithm 2.11. We sketch the proof here which is slightly different 

with the one in 19, Theorem 3.11. 

Theorem 4.2 Assume that the assumptions (Al)  and (A2) hold and each 

descent pair (A,  B) obtained in step 4 of Algorithm 4.1 is  an  acceptable pair 

for some cl > 0. If the sequence of iterative points generated by Algorithm 

4.1 is infinite, then each cluster point of the iterative sequence generated by 

Algorithm 4.1 is  an S-stationary point of FMPECZ. 

Proof. Suppose that (Z, jj, 2) is an accumulation point of the sequence 

{(xk, yk, zk)) generated by Algorithm 4.1. By assumption (A2), there must 

be a subsequence convergent to (5,  y, z). Without loss of the generality, we 

assume 

(4.6) 



Similarly, by assumption (Al),  there exits a positive definite matrix D such 

that 

lim Dk = D 
k-+cxJ 

Let 

for given y, z E Rm. Set 

Then it is clear that 

Let (Ak, &) be an acceptable descent pair found in the algorithm at 

(Zk1 &, i k )  and & be the solution to the problem QMPEC(Ak,Bk) (Zk, &, 4). 

We next show that 



Since there are only finite adjacent pairs in P(Zk,Gk,zk) and (4.8) holds, without 

loss of the generality, there is a partition pair (A, B) and an integer ko such 

that 

Arc = A, lik = B. 

for any k > ko. By [9, Lemma 3.11, there is a 6"sed in the 6-active set 

searching of the kth iteration such that 

for any k > b, where 

1:(6" = {(i : ( M ) ~  < 6 9 ,  I$(@) = {i : ( z ~ ) ~  I Sk}. 

Note that 

A h  G 1f(6), & 5 1;(6). 

for any 6 2 0 and k > ko. Consequently, 

I ( )  BGI2(2) ,  

i.e. (A, B) is an adjacent pair at the point (3, jj, 2). 

Let d be the solution to the problem QMPEC(d,B)(3, g ,  2). Notice that 

the LICQ is satisfied in the feasible region of the problem QMPEC(A,B)(iZ, y, 2)  



and the quadratic subproblem is stable under perturbation by the sensitivity 

and stability theory (see e.g. [19]), we have 

- - 
lim dl, = d .  

k-00 

We will finish the proof by contradiction. Assume that (3, y, Z) is not a piece- 

wise stationary point of FMPEC. Then we can find a adjacent pair (A, B) E 

P(5,g,z) such that d = 0 is not the optimal solution of QMPEC(A,B) (3, y, 2). 

Since d = 0 is feasible for QMPEC(A,B)( f ,  a,  f ) ,  the optimal solution d to 

QMPEC(A ~ ( 3 ,  y ,  2) must satisfy 

Let & be the solution to the problem QMPEC(A,B)(&,&,Zk). Then we 

must have 

- 
lim dr, = d. 

k-+m 

By  (4.5), we have 



for any large enough k. By (4.8)-(4.11), taking the limits on both sides of 

(4.12) we have 

which implies that d is a descent direction of 4; at (Z, g, B). 

In the following, we will show that there is a contradiction. On one hand, 

by (4.6), we have 

On the other hand, we will show that the next iterative point (xk+1, yk+l, z ~ + ~ )  

provides a positive reduction on the penalty function 4; from (xk, yk, q). Let 

m be the smallest positive integer satisfying 

Then there exists kl such that for all k 2 kl, 

which implies that 

mk < m V k  2 kl, 



where m k  is the smallest positive integer m satisfying 

Therefore, there is a k2 2 kl such that 

for any k 2 k2. B y  (4.6)-(4.8), there is a k3 2 k2 such that for any k > k3, 

we have 

By (4.16) and (4.17), 



for any k 2 k3. Since we choose the next iterative point ( x ~ + ~ ,  yk+l, z ~ + ~ )  

which can provide the largest reduction, we have 

which contradicts to (4.13) and the proof is completed. 

Moreover we can verify that the descent pair obtained in Step 4 of Algo- 

rithm 4.1 is acceptable in Theorem 4.4. Then the premises of Theorem 4.2 

satisfy. 

First we need the following result. 

Lemma 4.3 Under Assumptions (Al)  and (A2) there exists a constant MI > 

0 such that 

I < 1 ~ld^llrn <  MI^ 

for any 0 < 5 5 E ,  all iteration points (2 ,  y, 2) given in Algorithm 4.1 and all 

(A,  B)  E P ( z , ~ , ~  with 

o > v~;(z, c, i )  - d + L P D ~  > -E, 
2 

where d is the optimal solution of QMPEC(n,B)(Z, 8,i) .  



Proof. We first prove that there is a constant Mo > 0 and an Z with 0 < Z 5 E 

such that 

for any 0 < E 5 Z, all (2, g, 2)  and all (A, B) E P(5,G,z) with (4.19). To the 

contrary, suppose that for any integer k > 0, there are (Zk, &, Ek) and & 

such that 

and 

By assumptions (Al )  and (A2), there is a subsequence of {(&, gk, Zk)) and 

{ A }  which converge to (2', 8 , E ' )  and d respectively. Moreover, Dk converges 

to D and & is the optimal solution of QMPEC(A,s)(2xr &, Ek) for a fixed 

(A,  B) because there is only finite number of adjacent pairs. By sensitivity 

analysis, we have that 

1 , ~ - , , ~  V$;(j.', j', 5') d + -d Dd 
2 

and 



for the optimal solution d of QMPEC(A,B)(if', Q', 5'). We have d = 0 by 

(4.20). However, (4.21) implies h f 0. Hence there is a contradiction. Now 

by the assumption (A2), we know that the iteration points (if, g, E) given in 

the algorithm is bounded, so are d. Suppose that the solutions d" are bounded 

by a constant Mb > 0, then let MI = max{Mo, %), the conclusion follows. 

Theorem 4.4 If assumptions (Al) and (A2) hold, then for any given E > 0, 

each descent pair (A, B )  obtained in Step 4 of Algorithm 4 . 2  is an acceptable 

pair for some cl > 0.  

Proof. Assume that a weak feasible point (2, c, E) is not an E-approximate 

S-stationary point of FMPEC;. We want to prove that there is a cl > 0 

such that (4.5) holds for any D, any iteration point (2,y, 2) found in step 4 of 

Algorithm 4.1, any adjacent pair (A, B) E P(2, y, 2) and any d; the solution 

of QMPEC(A,B) (Z,c,E) - 

Now we need to consider the three cases below according to the hybrid 

algorithm : 

Case 1. If 1ld"llrn > 16, then we have 



by Lemma 4.3. 

Case 2. If lld^llm < $e and llPlll > $el we still have (4.22) by Lemma 4.3. 

Case 3. Assume that lld l̂lm < it and l l ~ l l ~  < $e but (2, Q, i) is not 

an e-approximate S-stationary point. Since ( X Y ,  Xz) is the multiplier for 

QMPEC(A,B)(Z, Q, i), 

Consequently, ( X Y ,  Xz) satisfies 

Because (2, Q, i) is not an e- approximate stationary point of FMPEC;, 

there is an i E I(Q) n I(i) with 



A,. < -6 .  

In the cases (4.23) and (4.24), (A, B) is taken as 

and 

A = A U  {i), B = B\{i) 

respectively. 

For the case (4.23), consider the following problems: 

where d = (dx, dY, dZ). 

To show that the above linear system has a solution. Assume that it has 

no solution, then by Farkas's Lemma, the following dual linear system has a 



solution (Xo, XY, X I ,  x+, x-): 

0 > - iXoe + eTx+ + eTx- 

0 = X0v$;(j., & E) + xi - 71- - (0, Xu,  o ) ~  - (O,O, 

X, 2 0, x+ 2 0, x- 2 0, 

XY > 0, 
2 - 

XiY 2 0, 2 $! IE(jj). 

By the first inequality, we know that Xo > 0 and eTx+ + eTx- < $Joe. Then 

dividing the whole system by Xo and let 

then we have 

On one hand, 



On the other hand, 

- 
since XiY 2 0 and Xiy < -e. There is a contradiction. Thus, system (4.25) 

has a solution. 

Lemma 4.5 Let d be a solution t o  the system (4.25). T h e n  

1 1 1  
min Vq$(Z, j j ,  2 )  - ( t d )  + - ( t d ) T ~ ( t d )  < -m in i - e2  --e2}. 

O ~ < E  2 4 ' 8 P  

Proof of Lemma 4.5. By assumption (Al ) ,  we have 

1 1 1 
V $ ; ( Z ,  j j ,  i )  ( t d )  + - ( t d ) T ~ ( t d )  5 --ct + -pt2, 

2 2 2 

1 1 
where ,8 = (n + 2m),&. Let f = arg min --et + -pt2. If f = -$ < e when 

o<t<. 2 2 

,8 > i, then we have 

1 1 1 2  1 2 min --et + -pt2 = -2 t  + 2pe  
O < t < e  2 2 

Therefore 

1 1 1 2  1 
min -et + -pt2 5 -rnin{qe , @ t 2 } ,  

O < t < €  2 2 



Let d be the solution to the quadratic problem QMPEC(AB)(iE,jj,i). 

Then since t d ,  where 0 5 t < e and d is a solution of system (4.25), is 

feasible to the problem QMPEC(A,B)(2,  jj,i) at ( 2 ,  j j ,  i), we have by Lemma 

4.5 that 

1 
Vq5c(iE,jj,i)-d+ld7Dd < min V$:(iE,jj,i).(td) + - ( t d l T ~ ( t d )  

2 o<t<e 2 

Hence we have proved that 

For the case (4.24), we can also get a similar result. 

Combining Cases 1 and 2, we have 

By assumptions (Al) and (A2) ,  there is an M2 > 0 such that 

Vq5:(2, j j ,  2) . d + ? F D ~  > -M2 
2 

for any ( x ,  y, z )  with @ ( x ,  y, z )  2 q5g(xl, yl, z l ) ,  and the steepest descent pair 

(A, 8)  E P(z ,y,z). Now, let 



then (A, B) is an acceptable descent pair and the proof of theorem is now 

complete. 

Theorem 4.6 If assumptions (Al) and (A2) hold, t hen  Algorithm 4.1 fi- 

nitely stops at an e-approximate s t a t i o n a y  point of FMPEC:. 

Proof. Let {(lk, &, zk)) be an iterative sequence generated by Algorithm 

4.1. Then by virtue of assumption (A2), without loss of generality, we may 

assume that this sequence converges to a cluster point (3, y, 2). By Theo- 

rems 4.2 and 4.4, if Algorithm 4.1 does not finitely stop at an c-approximate 

S-stationary point of FMPECL, then each cluster point of the iterative se- 

quence generated by Algorithm 4.1 must be an S-stationary point of FMPECE. 

Hence (2, y, 2) must be a S-stationary point of FMPECE if {(zk, &, z ~ ) )  is 

an infinite sequence. 

Suppose that ( z ~ ,  &, 9) is not an E-approximate S-stationary of FMPECE 

for all k .  Then similarly as in the proof of Theorem 4.4 (see inequality 

(4.26)), in step 4 of Algorithm 4.1 we can find an acceptable descent pair 

(Ak, Bk) E P(sk,gk,4) such that the solution & of QMPEC(Ak,Bk) (lk, jjk, 8) 

satisfies 



for all sufficient large k. Since there is only a finite number of the index 

sets, without lose of generality, we may assume that the index set { I ( & ) )  

and the sequence {zk) stay constant when k is large enough. Therefore, 

P(,k,gk,z,) will remain the same as well when k is large enough. Since P(,,g,z) 

is finite, we can find a pair (A,  B) E P(ak,,,a) such that the solution & of 

Q M P E C ( A , ~ ) ( Z ~ ,  yk, 8) satisfies (4.27) for large enough k. By (A2), without 

loss of generality we may assume that d := lim &. Taking limit as k goes 
k-+w 

to infinity in (~l.27)~ we have 

and d is the solution of QMPEC(A ~ ~ ( 3 ,  ij, z),  by the standard result of sen- 

sitive analysis and the fact that the LICQ is satisfied in the feasible region of 

the problem QMPEC(A,s)(~7 g, 2). Consequently d is a descent direction of 

4; at (3, jj, 2) in the piece WF(A,B). This contradicts the fact that (3, y, E) 

is an S-stationary point of the problem FMPECJI. Hence there is a k such 

that (zk, jjk,  x ~ )  is an e-approximate S-stationary of FMPECE and the proof 

of the theorem is completed. w 



Chapter 5 

Numerical Results 

In order to measure the efficiency of the algorithm proposed in this paper, 

we have implemented the algorithms in MATLAB. The codes can be found 

in Appendix. We report the implementation details and some preliminary 

results for the problems solved by our algorithm. 

5.1 Implementation Details 

We first describe implementation details of Algorithm 3.1. We set p = 

and p = 10 initially. p is decreased by a factor of 2 at every iteration and p 

is adjusted dynamically. In step 2, MPEC is reformulated to FMPEC; and 

then Algorithm 4.1 is called to solve FMPEC;. Now, we give a termination 
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rule to Algorithm 3.1. According to the convergent analysis of this algorithm, 

it should go to next iteration if 

We simply choose distance := I I ( X ~ + ~ ,  yk+l, zlc+l) - (xkl yk, zL)II 5 to1 to ac- 

count for the roundoff errors, where the tolerance to1 is set to 10-lo. There- 

fore, we stop when sum-X < (1 - al)pk and distance < tol. 

Next we describe the implementation details for algorithm 4.1 which is 

used for solving the subproblems. Set a = p = cz = 0.5 a1 = 0.5 x 

and a 2  = We also set So = max(yo, zo) + 1 in order to make it large 

enough. In step 4, the solution d and multipliers A,, A, of the quadratic pro- 

gram Q M P E C A , ~ ( X ,  y, z) are found by calling the quadratic program solver 

QUADPROG from the MATLAB Optimization Toolbox. After an accept- 

able descent direction d is found, we implement Armijo inexact line search 

using the objective function $$(x, y, z )  to determinate step size. [Notice that 

in Liu and Ye [9], the L1 penalty function is used to perform Armijo inexact 

line search. As for the problem FMPECfl, it only has simple linear com- 

plementarity constraints. Thus, the objective function $G(x, y, z) is exactly 

the same as its L1 penalty function.] In step 7, we return to algorithm 3.1 

when 11 ( x ~ + ~ ,  yk+~, zk+1) - (xk, yk, zk) 1 1  < toll otherwise we adjust the positive 



matrix Dk by BFGS rule as follows and go to the next iteration: 

where 

and 

5.2 Test Problems 

We have performed some experiments on two sets of problems: small size 

problems taken from the literature and randomly generated problems. The 

first two problems have been solved by other algorithms. We refer the readers 

to the reference [13] for the first one and [4] for the second one. 

Problem 1. This is an MPEC with quadratic objective function and linear 

complementarity constraints: 

1 
min -(x2 + Y 2 )  

2 

s.t. x  2 1, 

F ( x ,  y) := -x + y  + 2 2 0,  y  2 0  

y T ~ ( x r  y) = 0. 



The feasible region of problem 1 is 

r = { (x ,O)  : 1 s  x  5 2 ) U { ( x , x  - 2 )  : x 2 2) .  

With initial points ( xo ,  yo) = ( 4 , 2 )  and ( xo ,  yo) = (2,O) respectively, the 

algorithm stopped at the unique optimal solution (1,O). 

Problem 2. This problem is previously presented in [4] and reformed from 

the generalized Nash equilibria [3]. 

1 
min - [ ( ~ 1 + ~ 2 + y 1 - 1 5 ) ~ + ( ~ 1 + ~ 2 + ~ 2 - 1 5 ) ~ ]  

2 

s.t. 0 5 X I  5 10, 0  < x2 < 10 

where 

With (15 /4 ,4 ,4 ,15 /4 ,0 ,0)  as a initial point, the output (7,7.5,0.5,0.5,0,0) is 

one of the global optimal solution while with ( O , O ,  0 , 0 ,  -36, -25) as another 

initial point, it comes out with the other global optimal solution (9 ,6 ,0 ,0 ,0 ,0 .5) .  

Problem 3. This is the problem we have presented in Chapter 4. With the 
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initial points (1,O) in the face (4.3) and (0,2) in the face (4.4), we find the 

optimal solution (0 , l ) .  

Problem 4. This is a set of problems with following form: 

where x E R ( ~ - ~ ) ,  n 2 m, y E Rm., c E Rn, C E Rnxn, bl E Rq, b2 E 

Rm, A, E R ~ ~ ( ~ - ~ ) ,  A2 E R ~ ~ ( ~ - ~ ) ~  B1 E Rqxm, B2 E Rmxm, p1 > 0 and 

I is the n x n identity matrix. We remark that the MPEC LICQ will not 

hold at any feasible point if q > n. 

Now we describe the details in generating the test problems. 

To generate a problem with a feasible point ( xo ,  yo, xo), we consider the 



reformulation of the problem as below: 

s.t. A l x + B l y = b l ,  

A 2 x +  B2y+z  = b2, 

yTz = 0 ,  

y 2 0 ,  2 2 0 ,  

1) Generate Initial point 

Set 0 < a < 1 to control the scale of the randomly generated variables. 

Let xo E R ( ~ - ~ )  be a vector with random entries chosen from a uniform 

distribution on the interval (0 , l ) .  Then we reset xo := t a n ( m x o / 2 ) .  So we 

have xo 2 0. Similarly, we can generate yo 2 0 and zo 2 0. 

For i = 1, . - , (n  - m) , if (xo) i  < tol, then reset (xo) i  = 0. 

For i = I , . - - , m ,  

if I (yo)i - (zo)i 1 < tol, then reset (yo)i = (zo)i = 0;  

if (yo)i < (zo) i ,  then reset (yo)i = 0; 

if (yo)i > (zo) i ,  then reset ( ~ 0 ) ~  = 0. 

2 )  Generate Constraints 

1 1 qx(n-m) Set 0 < a ~ 1 ,  0 ~ 2 ,  a ~ l ,  a ~ z  < 1. Generate a matrix Al E [- 2 ,  



with uniformly distributed random entries, then reset Al := tan(aAlrAl). 

Similarly we generate A2, B1 and B2. Let 

bl = A1xo + &yo, 

b2 = -42x0 + Bzyo + zo. 

3) Generate the Objective Function 

Set 1 > cc > 0, 1 > ac > 0. Similar to the generation of xo and All we 

can generate X > 0, c and C. 

Problem 5. This is a set of problems with quadratic objective function and 

quadratic complementarity constraints. 

1 
min f ( x )  = cTx + -xT (C + p1 I)x 
x 2 

~ . t .  G ( X )  0 ,  H ( Z )  2 0,  G ( x ) ~ H ( x )  = o 

where 

1 T Gi(x) = Alix + -X  Blix - bli, i = 1, - - , VL, 
2 
1 

Hi(x) = Aaix + - x ~ B ~ ~ x  - bai, i = 1,. - - ,  m, 
2 

x E Rn, Bli, B2i(i = 1,. - .  , m) and C E Rnxn, Ali, Aai are the i th row of the 

matrices Al, A2 E Rmxn respectively, bli, bzi are the i th row of the matrices 

bl,  b2 E Rm respectively. 
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We set the same value to parameters with that in Problem 4. First, we 

test a small size problem with 

The optimal solution of this problem is (O,O, 0). Note that MPEC LICQ 

is not satisfied at this point. The experiment produces the result with the 

magnitude 10e-08. 

We randomly generate the problems and a feasible point of them in the 

same way with Problem 4. 



5.3 Computational Results 

We list the computational results in the following table. 

The number of the degenerations at termination point. 

The number of the outer iterations. 

The number of the quadratic problem solved. 

For all the tested problems, the algorithm terminated successfully. Both 

No. 

1 

2 

3 

4 

4 

4 

4 

5 

5 

5 

5 

pk 

10 

10 

10 

14.233 

28.697 

44.107 

96.033 

10 

13.38 

10 

40.541 

(n,m,p,q) 

(2,1,1,0) 

(4,2,4,0) 

w , O , o )  

(10,5,0,8) 

(15,10,0,20) 

(40,20,0,20) 

(100,50,0,60) 

(3,2,3,0) 

(10,6,10,0) 

(20,10,20,0) 

(40,20,40,0) 

Pk 

1.819e-17 

5e-06 

5e-06 

5.6843e-19 

2.8422e-19 

2.8422e-19 

9.5367e-12 

4.6566e-15 

1.5625e-07 

2.7756e-22 

2.4414e-09 

degl 

0 

0 

0 

1 

0 

5 

8 

0 

5 

3 

12 

f (xo) 

10 

11.406 

4 

160.52 

257.59 

572.6 

1417.3 

27 

67.253 

228.06 

415.11 

iter2Iqp3 

3911400 

1/61 

1/67 

4411236 

4514592 

45110184 

20120276 

3111233 

61111 

551244 

12/109 

f (xk) 

0.5 

8.8927e-12 

0 

30.332 

174.2 

440.01 

1173.9 

-4.9235e-9 

21.927 

225.79 

414.83 



Problems 4 and 5 do not satisfy the MPEC LICQ or the nondegereracy 

condition. Notice that the number of outer iterations does not increase along 

with the problem size. The size of the problem only affects the number of 

quadratic problems solved. While the value of penalty parameter roughly 

increases with the problem size. 

We also notice that Problem 1 was solved with a large number of iter- 

ations. This problem has been previously solved in three iterations by the 

locally convergent PSQP algorithm under the MPEC LICQ in [13]. However, 

for this simple problem, one may not notice the time difference since it was 

solved in seconds. For a large size MPEC with simple linear complementarity 

constraints, the other methods, such as [4] and [13], may be good alterna- 

tives in terms of computing time. While the method proposed here has its 

advantages in solving MPECs with nonlinear complementarity constraints if 

the MPEC LICQ or the nondegereracy condition is not satisfied. 

The algorithm is sensitive to a1 and az. For example, changing a2 from 

to 10-lo for Problems 1 to 3 makes the output switched from the opti- 

mal solution to an M-stationary point. However, we only want to show the 

efficiency of the proposed algorithms. The optimal choices of parameters will 

not be investigated in the thesis. 



Chapter 6 

Conclusions 

We have proposed a new smoothing penalty algorithm for solving mathe- 

matical programs with equilibrium constraints. In the new algorithm, the 

MPEC is reformulated to a series of approximate subproblems by smoothing 

the partial exact penalty function. The feasibility of an accumulated point 

is guaranteed under the extended MPEC GMFCQ which is a milder con- 

straint qualification compared with strict complementarity condition or the 

MPEC LICQ. Moreover, the global convergence to an M-stationary point is 

established under the same constraint qualification. 

An implementable hybrid algorithm is introduced to solve the subprob- 

lems. The subproblems belong to a class of mathematical programs with 



simple linear complementarity constraints and satisfy the MPEC LICQ nat- 

urally at any feasible point. By combining the active set technique, the 

6-active search technique and the PSQP algorithm, the hybrid algorithm 

globally converges to an S-stationary point without the strict complementar- 

ity condition. 

The theoretical promises of the algorithms are supported by the reported 

numerical results. However, we realized that the effect of parameter E. has not 

been fully understood from the experiments we have done. In addition, the 

influence by other parameters is still under investigation. The other future 

work is to apply the algorithms to large-size realistic MPECs. 



APPENDIX 

....................................................................... 

%This algorithm is used for finding a M-stationary point for MPEC. 

%The outer loop is designed for updating parameters, mu and rho, of 

%approximation partial exact penalty function. The inner loop can be any 

%known algorithm to obtain a stationary point of MPLEC. Herein, we borrow the 

%scheme of Algorithm 2.1 designed by G.S.Liu and J. J. Ye . 
...................................................................... 

clear all; 

%initialization 

rho=le-05; %smoothing parameter 

epsilon2=le-01; %constant for updating mu 

tol=le-lO;%termination tolerance 

n=2;%n=input('dimention of x n='); %input dimention of x 

m=l;'/sn=input('dimention of G and H m=') %input dimention of G and H 

x0=C1,0l;%xO=input('initial feasible point x=') 

yO=l;%yO=input ('initial feasible point y=') 

zO=O;%zO=input('initial feasible point z=') 

mu=lO; %penalty parameter 

%end of initialization 

iter=O; iter2=0; fO=f (x0) ; 

% computing S-stationary point of FMPEC-\rhoe\mu 

Cx,y ,z,lambda-y ,lambda~z,iter2~=mplcq(x0,yO,zO,rho,mu,n,m, iter2) ; 

while norm(Cx,y,zl-CxO,yO,zOI)>tol 

iter=iter+l 

%start to update mu 

blambda-h=lambda-h(x,rho);%computing vector lambda-h 



blambda-g=lambda-g(x,rho) ;%computing vector lambda-g 

aa=sum(abs(lambdaG(x,y ,rho))) ;%sum(abs(lambda-y)) ; 

bb=sum(abs(lambdaH(x,z,rho))) ;%sum(abs(lambda-2)) ; 

cc=sum(abs (blambda-h)) ; 

dd=sum(abs(blambda-g)) ; 

sum-lambda=aa+bb+cc+dd; 

if sum-lambda>(l-epsilon2)*mu 

mu=sum-lambda+epsilon2*mu; 

end 

% end of updating mu 

rho=O.S*rho; %decrease rho; 

xo=x;yo=y;zo=z; 

[x,y,z,lambda~y,lambda~z,iter2]~plcq(x0,yO,zO,rho,mu,n,m,iter2~; 

iter2 

end 

function [xO,yO,zO,lambda-y ,lambda-z,iter21-7nplcqxO,yO,zO, rho, mu,n,m, iter2) 

............................................................. 

% This algorithm is designed for finding a stationary point 

% for MPLCQ 

.............................................................. 

%initialization for fmpec-\rho-\mu 

tol=le-lO%tolerant 

sigrna=0.5; %constant for armijo linear search 

deltaO=rnax(max(yO),max(zO))+l; %active set radius 



delta=O; 

p=0.5; %step size constant for armijo linear search 

cl=0.5;%coeffection for reducing the active set radius 

D=eye(n+l*m); %symetric positive matrix 

epsilon=le-5;%epsilon approximation 

%end of initialization for f mpec-\rhoA\mu 

%tx --tilda x 

%xO -- x-k. 

while delta==O 

delta=deltaO; 

x-temp=xO; y-temp=yO; z-temp=zO; 

delta-temp=delta; 

while delta-temp>O 

tx=xO ; 

for i=l:m 

if yO(i)<=delta 

ty(i)=O; 

else 

ty(i)=yO(i) ; 

end 

end 

for i=l :m 

if zO(i)<=delta 

tz(i)=O; 

else 

tz(i)=zO(i); 

end 

end 



%start step 4: find a acceptable descent pair or conclude (tx,ty,tz) ia an 

%approximate S-stationary point of FMPEC-\muA\rho 

%randomly give an adjacent pair (A,B) 

A=zeros(l,m); 

B=zeros (1 ,m) ; 

for i=l:m 

if ty(i)==O & tz(i)>O 

A(i)=i; 

else if ty(i)>O & tz(i)==O 

B(i)=i; 

else if fix(i/2)*2==i 

B(i)=i; 

else 

A(i)=i; 

end 

end 

end 

end % end of index set assignment to (A,B) 

% find the optimal solution for the quadratic programming QMPEC.D is the 

% positive definite matrix. A is the coefficient matrix with k equations 

% first. b is the constant at right hand side. 

% min 0.5d'Dd+numbdaphi(tx,ty,tz)'d 

% s.t. Cld<=bl, C2d=b2 

% give k 



% k=n+m; % d-x=O 

Cl=zeros(m,n+Z*m); %Construct Cl,CZ,bl and b2 

C2=zeros (m, n+2*m) ; 

for i=l :m 

if A(i)==i % i is in A, 

Cl(i.n+m+i)=-l;% -d-zAi<=tz(i) 

bl (i)=tz(i) ; 

C2(i ,n+i)=-l;% -d-y-i=ty(i) 

bZ(i)=ty(i) ; 

else 

Cl(i,n+i)=-l;%-d-yai<=ty(i) 

bl(i)=ty(i); 

CZ(i,n+m+i)=-1; % -d-zei=tz(i) 

bZ(i)=tz(i) ; 

end 

end % end of construction 

Ctx,ty,tzl; 

% find the solution for QMPEC 

[d,fval,exitflag,output , l a m b d d l = q u a d p r o g D n b d a p h x t y  ,Cl,bl,C2,b2) ; 

iterZ=iter2+1; % compute objective function value 

%construct lambda-y, lambda-z 

for i=l:m 

if i==A(i) 

lambda-y(i)=lambda.eqlin(i) ; 

lambda-z(i)=lambda.ineqlin(i); 

else 

lambda-z(i)=lambda. eqlin(i) ; 

lambda-y (i)=lambda. ineqlin(i) ; 

end 



end %end of construction 

barr=D*d ; 

if sum(abs (barr) )<0.5*epsilon & max(abs (d) )<0.5*epsilon 

bari= [0,01 ; 

for i=i:m % find smallest negative multiplier 

if ty(i)==O&tz(i)==O % i in beta(ty,tz) 

if lambda. ineqlin(i) <-epsilon & bari (2) >lambda. ineqlin(i) 

bari(l)=i; 

bari(2)=lambda.ineqlin(i); 

end 

if lambda. eqlin(i) <-epsilon & bari (2)>lambda. eqlinci) 

bari(l)=i; 

bari(2)=lambda.eqlin(i) ; 

end 

end 

end % end of find smallest negative multiplier 

if bari(l)==O; 

%conclude (tx,ty,tz) is an apprx. S-stationry point and return (tx, ty, 

xtz) and lambda 

return; 

end 

% reconstruct C and b 

if bari(l)==A(bari(l)) % bari switch to B from A, 

Cl(bari(l),bari(l)+n+m)=O; % minus bar i from A 

C2(bari(l),bari(l)+n)=O; 

Cl(bari(l),bari(l)+n)=-I; % put bar i in B 

bl(bari(l))=ty(bari(l)) ; 

CZ(bari(l),bari(l)+m+n)=-I;% -d-ẑ i=tz(i) 

b2(bari(i))=tz(bari(l)); 



else %bar i is switched to A from B 

Cl(bari(l), bari(l)+n)=O; % minus bar i from B 

C2(bari(l), bari(I)+m+n)=O; 

Cl(bari(l),bari(l)+m+n)=-l;% put bar i in A 

bl(bari(l)+m)=tz(bari(i)); 

C2(bari(l) ,bari(l)+n)=-1; %-d-y-i=ty(i) 

b2(bari(l))=ty(bari(l)); 

end 

%find d again according to new pair (A.B) 

Cd,fval,exitflag,output,lambdal=quadprogD,nbdaphitx,ty,tz,rho,mu,Cl,bl,C2,b2); 

iter2=iter2+1; 

%construct lambda-y, lambda-z 

'/.f f =f val 

for i=l:m 

if i==A(i) 

lambda-y (i)=lambda. eqlin(i) ; 

lambda-z(i)=lambda.ineqlin(i); 

else 

lambda-z(i)=lambda.eqlin(i); 

lambda-y(i)=lambda.ineqlin(i); 

end 

end %end of construction 

end %end of step 4 

% Armijo's rule 

step = I; 

temp=phi(tx+step*d(l:n)',ty+step*d(n+l:n+m)',tz+step*d(n+m+l:n+2*m)',rho,mu)- 

phi(tx,ty,tz,rho,mu); 



while temp>-0.5*sigma*step*d'*D*d 

step = step*p; 

temp=phi(tx+step*d(l :n) ' ,ty+step*d(n+l :n+m) ' ,tz+step*d(n+m+l :n+2*m) ' ,rho,mu)- 

phi(tx,ty,tz,rho,mu); 

end % end of search 

if phi (x-temp,y-temp,z-temp,rho,mu)> 

phi(tx+step*d(l:n) ' ,ty+step*d(n+l:n+m) ' ,tz+step*d(n+m+l:n+2*m) ' ,rho,mu) 

x-temp=tx+step*d(l:n)' 

y-temp=ty+step*d(n+l:n+m)' 

z-temp=tz+step*d(n+m+l :n+2*m) ' 

end 

delta-temp=delta; %start to adjust delta 

ymax=o ; 

zmax=o ; 

for i=l:m 

if yO(i)<=delta 

ymax=max(ymax, yO(i)); 

end 

end 

for i=l:m 

if zO(i)<=delta 

zmax=max(ymax,zO(i)) ; 

end 

end 

delta=cl*max(ymax,zmax) %end of adjusting delta 

end % go to new delta active search 

%if delta=O 

pO = Cx-temp-x0,y-temp-yO,z-temp-201; 



if norm(pO)<tol 

return 

end 

% Update D by BFGS update 

q = numbdaphi(x-temp, y-temp, z-temp,rho,mu)-numbdaphi(xO,yO,zO,rho,mu); 

D = D + q'*q/(pO*ql) - D*pO'*(D*pO') '/(pO*D*pO') ; 

% Reset D to the identity if it fails to be positive definite 

if min(eig(D))<le-5 

D=eye(n+2*m); 

end 

% the very end of BFGS algorithm 

xO=x-temp; 

yO=y-temp; 

zO=z-temp; 

end %go to next iteration 
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