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ABSTRACT

Consider a given sequence {Tn} of estimators for a real valued parameter
g¢. This paper studies asymptolic properties of restricted Bayes tegts of the

form: reject HO: g < QO in favor of the alternative 8 > 90 if TD > c,

where the crilical point <, is determined to minimize among all tests of this
form the expected probability of errvor with respect to the prior distribution.

Such tests may or may not be fully Bayes tests, so are called TD~Bayeh. Under

fairly broad conditions it is shown that

c =8 + a bis }ﬁ + ola )
n oo

and the Tntayes risk

fonned
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where a, ig the order of the standard error of Th, o is the prior density,

and ﬁ is the median of F, the limit distribution of (T -g)/a b(8). Several

b e}
183

examples are given.

et

. INTRODUCTION

This paper studies the asymptotic behavior of certain Bayes testing
procedures. Limiting resulls in general {(Bayesian or not) are useful in
comparing tests whose risks can be quite complicated for fixed n. For example,
comparison of the Bayes risk with the risk of a competing, perhaps simpler test
is possible. This is similar to looking at asymptotic relative efficiencies.

Most of the previous studies of the asymptotic behavior of Bayes tests
concerned sampling from some member of an exponential family (Efron, 1967,
Johnson and Truax, 18974, 1978; Johnson, 1976). In these papers the shape of the
Bayes region was obtained, as well as the rate at which the Bayes risk converged
to zero and the dependence of these on the prior distribution. For example, in
one-gided testing problems for typical prior distributions, the risk is
O(1//). Johnson (1980) pointed out that in nonexponential settings the order
of convergence for the Bayes risk could be different from ¢(1//4).

In this paper we give a simple unified approach to finding the order of the

Bayes risk in a wide variety of situations. In order to keep things as simple

D

as possible we will assume we have a real valued parameter # and we are only

interested in testing one-sided hypotheses HO: g < en. A typical Bayes test

(at least in the case where there is a sufficient statistic having a monotone
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likelihood ratio) rejects if TD > . where Th is a real valued statistic
and {c } is a sequence of constants determined by the prior distribution to

minimize the expected risk.
even if they are not truly Bayes
of Ba

upper bounds for the risks

competing non—Bayes procedures.

For ease

ve

in exposition consider tests of this form
We call them Tn—Bayes. Their risks provide

wn

tests and are useful for comparison with

Under fairly broad conditions we argue that if

the standard error of Tn is O(an), then the Tq—Bayes risk is of the same
order. Several examples will be given
Z. TNOTATION AND MATHEMATICAL SETTING

Congider the problem of testing

in the following Bavesian model.

(1) The sequence {Tn} is a seguence of estimators for a real valued
parameter 8. (Typically, Tp will be some function of a random sample of size
n taken from one member of a family of distributions indexed by 8.)

{ii) The parameter space Q 1is an interval which contains Qo in its
interior.
(iii) The prior density p{-) is positive and continuous at @ ,  has
o
finite mean, and has support contained in 1.



(iv) Zero—one loss functions are used.

We will restrict our attention to tests having the form that reject H

whenever T > constant. With zero-one loss functions, the risk at 8

oot
1

the probability of making the wrong decision. Therefore, the Baves risk

corresponding to the critical region

{Tn > el is
2]
P O .FCO
B (c) = P AT >ciplerds + P (T <cipleids.
n- J oo 8 ' n /P8y ‘ o 8 "n- PLY.

Usually <, will be unique. (In particular, <, is unique if Tn is a

sulfficient st

atigtic having a monotone likeliheood ratic; see Karlin and Rubin

(1956), page 281). The test with rejection region {Tn > Cn} will be called a

Tp—Bayes test.

3. REGULARITY CONDITIONS

We will study asymptotic properties of Tntayes tests under the following

fied by a wide variety of examples.



REGULARITY CONDITION 1. inder 6 the test statistic Tn satisfies

where an decreases to 0 as n - e, b(-) is positive valued, coptinuous and

integrable with respect to the prior distribution, and Z] converges in
‘ : ¢

distribution to a distribution which does not depend on .

REGULARITY CONDITION Z. Under & the cumulative distribution function of Zn

satisfies
' 8) = F(x) + ¢ 318 )
Pn(Y,J) F(s) ann(V,Q),

where the limit distribution T has finile mearn, and {Qn} satisfies

’rao~9+ol}(l}
Condition Q: Q|
|

A ;6 is bounded uniformly in n and &, and for

a hig)
no

each 8 # 6_ converges to 0 as n - oo,
c $

Actually, many examples satisfy Lhe stronger
5 3 3

Condition Q% {Qn} is a uniformly bounded seguence of functions, and for cach
O (x 38) 0 as n =«

along all seguences {x } such that 3 4 40,

&



4.  RESULTS

LEMMA 1. If regularity condition 1 is satisfied, then the sequence of critical

points  {e )} converges to 8 a5 n - o,
“Tn o

Proof:  Suppose, on the contrary, that liminf c, < 8 . Then we can find ¢ >

8]
100
3 Y \ N
and a subsequence c f such that ¢ {68 — e for all k. Now we observe
n n. - o
Tk k
that the Bayes risk corresponding to the critical point 90 goes to 0 as
n - o,  bhecause
a
O =)
B@‘:{ P (T >0 )p(8)ds + P (T <8 )p(8)de
L8 RULINCY o (T 88 ple)
VGO -.8
o
8 . .
o 8, — 9] o0 ( 6~ 8
- Pz + ' |z (6)
! g n a b(@)!p(g)dg J r@‘ n £ a h(g) (6)ds,
Yoo T n 9, ] n

and the right-hand side goes to zero as n - o by dominated convergence.

Hence, Bn(cp) -+ 0 as n 4 o, However, by Fatou’s lemma we see that

8 2 ¥
e 9 [ !
Liminf B_ (c_ ) » liminf | PIT > ¢ Ip(e)de
n, o * j gl n I,
koo k7l fewo Vg —e k k
o L
8 [ C - g a
e . e
> liminf P_|Z ) ———lp(8)de = [ pigids » O
- ; gin a_ b(a) ]
8 ~—¢ go0 k n g —¢
0 k ) o
From this contradiction we conclude that liminf ¢ > @
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Similerly, the supposition that limsup <, > 8 leads to a contradiction. =
N300 i

THEOREM 1. If regularity conditions 1 and 2 are satisfied, then the Bayes risk
corresponding to the rejection region
T > e + able je+ ola )}
o 1 O n

I

has the asymptotic behavior
- oo
B {8 +a b{g )c+o{a_)j = a bis Jpls )J fx—c|dF(x) + ola ).
nl o n o i3} 0 N n

H I

Proof: First we will establish the asymptotic behavior of the type 1 risk

From regularity conditions 1 and 2, and dominated convergence, we obtain

% s g, " @ b<eo>C+On(1)
P IT >0 +a b(8 )etola VA + - '
{ P {TH' '30+anb(90)¢,lo(ﬁn)}ﬂ(@/d@ J ) PQ 0 anb(Q) . 5767 EP(Q)dE)
G QG J
o) . AN -
o ‘@ -~ 8 bi(e Jc+o (1) [8 —6+a b(e jctola )
r j. o o n o n oo "n }l
= —FK -+ - O : ol
| fl d a b(8) b(8a) } h a b(8) ’ GJJP<Q>L9
I S J n
g A . -
o 6 - @ (ble _)-b(8))cto (117
= | 1-F ORI e o u ol{ede + ola )
a b(s) b(8) n
—oo| 3 )
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Letting 0 < e <1 be given, we find K =ufficiently large and & > 0 gsuf-

hat

[l

ficiently small

CeVb(8 ) ¢ blo) ¢ (lrelt 1-e)p(e ) < pla)y < (l+e )
(Ime)ble,) < blo) < (Lre)ble ), (lme)ple ) < pl8) < (lre)plo, ),

and i{{b(ao)~b(8))c + on(l)}/b(a)‘ e,

whenever n » K and Qo -8 {8 8 . Then, for n » K
{3

2, R (b(aojﬁb(ei)c+on(l)“1
JQ A ER I 573) JP(Q)dQ
o L

5o et
< (1+e)ple ) 1-F |- + ¢~ e Sde
o “60~5{ Lﬂnb(90>(1+6)

,
c—et+S/a

5 n &)
= 4 (1+e)” b ‘o (1-F(x))dx
~AHJ &) b(QO)paaoJ j (1-F{x))dx,
ce
and
8 o 3 1541
o igC g (big j-h{8))cto (1]
1-F |- + oo+
j Fté‘E{@) ‘ 5757 J ple)ds
8 ~5! n
o i
o | e -8 1]
> (1-e)ple ) j I-F o Feo+oellds
o o -5 gﬂby@@)&l*&j
cte+8/a h(p Y(1l-e)
- n
= an(l‘c)H }3(60%{\(8 ) J {(1-F{x))dx
cte

Also, since b(.) is integrable with respect to p(-) and the distribution

has Tinite mean, we have
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D8 )C

a Blg; ED = {' a bhig)
n v oo n

g8 —5 . ,
s +a_b(8 jotol
¢ Jl . {5 an (8{))( +o(an)}]

J jp {e)de

8 -5 - \
a, o 6+apb(ﬂo H}\a ) J 6%3 h{(8 jctola )
i (8] . .
" 1-F . . b8 8)d
54q ;.(9 Jotola ) I a b(s) a bleg) (8)pl0)do
"N 00 n x L n
L
= o(an), by dominated convergence
Therefore,
2]
1 o
liminf = PAT > ¢ + able Jc+ ola ))ple)de
a 8" n ) n s} n
jRra s n —C
is bounded below by
(7 o0
(1-¢)% bls_) plo_) J (1-F(x))dx
ote
and
g
top©
Timsup = P (T & + abl(s jc + ola ))ple)rds
g j 8°n " o n oo \n))p\ /
naoo  n Yoo
iz bounded above by
2. * \
(1+e)Y” bie ) pls ) J (1-F(x))dsx.
O 18 c—c
Since & can be arbitrarily small, we obtain
g
{_ 8] FOC
P (T »8 + ahbi(g o+ o a, ipleyds = a b(s Jpls ) | (1-Fi: X + ola )
j;_m 6" 'n “o n" " n’ of ) P APl o’ }C“ 1a "o
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sk gatisfies

b

Similarly, the type 2 r

{ FPA(T <8 +abl(e o+ ola)pleid = a ple ) ble ) { Fix)ds + ola ).

8 n ] n O n | o 9] n
u@ Q0

o
The desgired result now follows immediately. e
From Theorem 1 we see that among lests with critical regions of the form
{T > 8 + ab{e o+ ola )}
n o n ) n

the optimum asyvmptotic behavior is attained when ¢ is a median of F. We

see in Theorem 2 that such tests are asymptotically T}“aneg {i.e. the ratic

their risk to that of the Tn~Baye5 test converges to 1 as n - o). First

(..
[w]
"oy

srove the following lemma concerning the rate of

convergence of the T -Bayes sequence of critical points {c 1.

LEMMA Z. If reguiarity conditions 1 and 2 are satisfied, then

c =8 + 0(a ) as n - oo,

n 0 !
Prooi’:  Suppose, on the contrary, that liminf {(c -8 j/aw = —w. Then we can

noo ¥
11400
- R N L . o
find a subsequence in, } such that ic -6 {/a -+~  as kK - e, Since
Tk [n, o] ™n
k k
is continuous and positive at & | °, <8 for k,
O o

il

-+ & , we obtain
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1 o ° 1
liminf B {(c_ J)/a_ > liminf P C lp(a;dé
n 8] =} gl n n
Koo k k It Jegm0 n C k k
k n
k
\ 8 o - 8
p(@q) o { (nh
> liminf o | P17 > i de
= Za | g{ ' n blg)a
Koo n e k
k . k
29
r ) .
- - 8 -8) -+ ol
ele ) 90 “n I f(@c ) ((n ao} }
= liminf o | I -7 k - a @ k 8| 5de
"¥A‘” Za J “b(ETa 2 n n a nleg) !
Lopoo n > n, | k k .
k nkt L I k j
AN g < - 8
p(@o) o oy }
. . . o . 3 I 3y
> liminf e [ 1 F TR | da o(an )y,
ftyo0 n Yo k "n, | k
ko ny k
i * J
where M, = sup{b(ﬁ): c. (8 <8 E;
3! i 1 O
AN I.;: .}
M ple ) O
= liminf e { (I-F(xyyds + Ob(1> = o,
It - jc o, *
8t O
k
ML a
ke "oy J

However, this is a contradiction because

B (¢ ) « Bn<80> and B (8 ) = 0(a ) by Theorem I

i

Similarly, the assumption that limsup (c —8 )/aﬂ = 4o leads to a

00

contradiction.

i



Theorem 1 and Lemma 2 combine to yield the following theorem concerning the
o

asymptotic behaviors of the Tn"’ayes critical point . and the THMHayes risk.

ey}

THEOREM 2. If regularity conditions 1 and 2 are satisfied and has a unigue

median ﬁ , Llhen

e, T8, anb(so)p + ola ),
and
00
Bn(cn) = aLb(@O)p(QO) Jﬁw !x—?[dF(x) + o(anj.

REMARK. The formula for Bn{cn) remaing valid even if the median of F  is not

unique. In this case both liminf (c_-8 )/a b(s ) and limsup (c -9 )/a b(a )
n o "n Vo n o' "n o
11300 1400

are medians of F.

Proof: From Lemma Z we know that L = limsup (cn—GO}/an ig finite. Let {n, !
11300

be a subsequence such that

By Theorem 1, the risk of the Tn“Jayes test must satisfy

- . | xe— IGING .
B_(c_ ) =a_ ble) pls) J [%1/b0 ) |dF () + oa, ).

S0
& ad
Since i §x~r[dp(x) ig minimized if and only if ¢ = g, it follows that
J oo
L= uble )
L
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milarly,

[

i

liminf (c -8 )/a
n o'’ n
1100

5. EXAMPLES

Regularity conditions 1 and

situations. Several examples are

- 7 3 ¥ o~ 7
Tn = L(Al,ﬁz,.:.,hn)j where kl,

population digtribution and X

statisgtics.

L b<go)‘ .

2 are satisfied in a wide variety of
given in Tahle 1. In each of these ewamples

Koy oves Xn are random samples from the given

X, R are the corresponding order
(1> Nz Ty ° . °

The rates for the exponential family examples (normal(8,1), normal(0,8),

exponential(8), gamma, Bernoulli,

results (Johnson and Truax, 1874;

Peisson) could be obtained from earlier

Johnson, 1976): also, the exponential

distribution with translation parameter 8 was covered previously (Johnson,

1980). We believe the remaining non—exponential family examples (uniform,

Pareto, Laplace, Cauchy, Weibull)

are new.
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