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Abstract 

A family of mtersectmg simple closed curves (FISC) 1s a collect10n of simple 
closed curves m the plane with the properties that there 1s some open reg10n 
common to the mtenors of all the curves, and that every two curves mtersect 
m fimtely many pomts A normal FISC, or NFISC 1s a FISC with the proper­
ties that each curve touches the outer face and the family 1s convex-drawable 
In this thesis, we present a G-encodmg techmque for an NFISC, which gener­
alizes a Grunbaum encodmg for a simple monotone Venn diagram We prove 
that NFISC diagrams can be umquely identified with their G-encodmgs, 
and simple monotone Venn diagrams can be 1dent1fied with their Grunbaum 
encodmgs By applymg this theory, we develop two algorithms to search 
all possible simple symmetric monotone (SSM) Venn diagrams with seven 
curves The total number of such diagrams is 23 
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Chapter 1 

Introduction 

This thesis is concerned with simple symmetric monotone (SSM) Venn di­

agrams and their representat10ns and related properties It develops algo­

rithms for generatmg and identifymg all SSM Venn diagrams with seven 

curves 

The rest of this chapter gives fundamental concepts and mtroduces most 

of the termmology used later m the thesis The chapter has four sections 

The first sect10n gives a concise mtroduction to the pertment graph theory 

In the second sect10n we present some relevant topological graph theory, with 

which we will prove the mam theorem of this thesis m Chapter 2 The third 

sect10n talks about the basic defimt10ns and theory of Venn diagrams, and 

the last sect10n describes the contribut10n of the thesis 

In Chapter 2, we present several data structures for simple monotone 

Venn diagrams G-encodmg and Grunbaum encodmg methods, matrix rep­

resentations, and graph representations These data structures are essential 

for generatmg, identifymg and comparing Venn diagrams Some detailed ex-

1 



Chapter 1 Introduction 2 

amples are studied A number of properties and theorems regardmg SSM 

Venn diagrams and these data structures are fully discussed and proved 

In Chapter 3 and Chapter 4, two algorithms for generatmg all the SSM 

Venn diagrams with seven curves are given With the data structures for 

representmg SSM Venn diagrams mvented m Chapter 2, we show how all 

SSM Venn diagrams with seven curves are generated, how they are identified, 

and how they are compared with each other 

Conclusions and computat10nal details are presented m Chapter 5 We 

find out that there are exactly 23 SSM Venn diagrams for n = 7 

1.1 The Basic Definitions of Graph Theory 

In this thesis, all graphs are fimte An undirected graph G = (V, E) consists 

of a fimte nonempty set V and a set E of unordered pairs of distmct elements 

of V The elements m V are called vertices of G, and the elements m E are 

called edges of G 

A finite undirected multigraph G = (V, E) consists of a fimte nonempty 

set V and a set E of unordered ( not necessarily distinct) elements of V 

A directed graph G = (V, E) consists of a fimte nonempty set V and a set 

E of ordered pairs of ( not necessarily distmct) elements of V The elements 

m V are called vertices of G, and the elements m E are called ( directed) edges 

of G 

A plane graph is a graph G = (V, E ) with the followmg properties 

1 V ~ IR-2, 
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2 every edge 1s an arc between two vertices, 

3 every two edges are either d1sJomt or meet only at a common vertex 

For a plane graph G, a region 1s an open set U ~ IR-2\G such that for 

each pair u, v m U there exists a simple Jordan curve from u to v and that 

is con tamed m U The faces of a plane graph G are the maximal reg10ns of 

the plane that are disJomt from G We also call faces reg10ns if no confus10n 

anses We shall use F( G) to denote the set of faces of G 

Let G1 = (Vi, Ei) and G2 = (½, E2) be two graphs Then G1 is isomor­

phic to G2, written Gi ~ G2, 1f there is a biJect1ve funct10n ¢ G1 ---+ G2 

such that uv E E 1 if and only if ¢(u)¢(v) E E2 

A graph G 1s planar if it is isomorphic to some plane graph G' The latter 

is called a drawing of G m the plane 

1.2 The Basic Definitions of Topological Graph 
Theory 

1. 2 .1 Surfaces 

In this thesis our mterest is m representmg a certam kmd of graph on 

(some compact subset of) the plane, or more generally, on some compact 

2-dimenswnal manifold A set of pomts m a topological space is called a 

2-manif old if every pomt has a neighborhood which is homeomorphic to an 

open disk or 2-cell U2 = { x E IR-2 llx ll < 1 }[11] A set of pomts ma topolog­

ical space 1s compact if every covermg with open sets has a fimte subcovermg 
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A surface IS a compact connected 2-d1mens10nal mamfold 

A surface 1s non-orientable 1f by followmg some closed loop on the surface, 

we can change clockwise rotat10ns mto ant1-clockw1se rotat10ns A surface 1s 

orientable 1f no such loops exist 

Spaces such as the plane and the Mobms stnp are not surfaces by this defi­

mt1on The plane 1s not compact, and the Mobms stnp 1s not a 2-d1mens1onal 

mamfold Spheres and ton are examples of orientable surfaces ProJective 

planes and Klem bottles are non-orientable surfaces 

1.2.2 Surfaces sh and Nk 

There are two ways we can obtam more complicated orientable or non­

onentable surfaces addmg "handles" to a sphere, or addmg "crosscaps" 

to a sphere 

To add a handle to the sphere, we first make two "holes" on a sphere, 

and onent their boundaries m the same d1rectlons We then take a truncated 

cylmder, bend 1t mto a shape of a handle, onent its ends m the same d1rect10n, 

and "glue" its boundaries to those on the sphere, preservmg onentat1on 

Then we have another orientable surface, which 1s equivalent to the torus 

We can repeatedly add more handles to the sphere A sphere with h handles 

1s denoted by Sh, where h 1s called the genus of the surface 

To add a crosscap on a sphere, we make one "hole" on a sphere first, and 

"glue" the boundary by 1dent1fymg each pomt with its opposite one We 

can repeat this procedure k times to obtarn a sphere with k crosscap The 
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resultmg surface is denoted by Nk 

The classificat10n theorem on surfaces states that [1] 

Theorem 1.1 An orientable surface is homeomorphic to Sh for some h ~ 0, 

a non-orientable surface is homeomorphic to Nk, for some k > 0 

1.2.3 Plane Models of Surfaces 

Surfaces can be represented by polygons on the plane The polygons are 

called plane models of the surfaces [1] Smee complicated surfaces are some­

times hard to dra" m three-dimens10ns, plane models help us to represent 

surfaces m two-dimens10ns The edges of the polygons are assigned labels 

to mdicate how the correspondmg surfaces can be reassembled Two edges 

to be identified will be assigned the same labels and they are glued together 

along the same direct10n as mdicated 

For example, m Figure 11, the sphere is cut as mdicated Its plane model 

is a quadrilateral, with labels a, a-i , b, and b-1 In Figure 1 2, we show that 

the plane model of a double torus 1s 

In fact, as noted by White and Bemeke [1], the orientable surface Sh can be 

formed from a 4h-gon by 1dentifymg correspondmg sides when the boundary 

labels are 
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Figure 1 1 Polygon Representation of the Sphere 
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Figure 1 2 Polygon Representat10n of the Double Torus 
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Use of plane models also allows us to represent graphs on the plane, 

and could be a convenient tool to solve some surface-related problems The 

examples presented here only illustrated the basic ideas, more details can be 

found m [1], [6] and [9] 

1.2.4 Two-cell Embeddings 

In the thesis, our particular mterest hes m the embeddmg of Venn Diagrams 

m some surface (see Sect10n 1 3) An embedding of a general graph G = 

(V, E) m a surface S is a mappmg T of G to S such that 

1 T(V) are a set of pomts of S and T(E) are a set of d1sJomt open arcs 

of S, 

2 the d1stmct vertices of G are mapped to distmct pomts of S, 

3 the edges of G are mapped to disJomt open arcs of S, 

4 for any edge e JOmmg vertices v and w of G, the open arc T(e) Joms 

the pomts T(v) and T(w) m S, 

5 for any edge vw, and for any vertex u, T(vw) does not contam T(u) m 

s 

Moreover, if the complement of T( G) relat ive to Sis a collection of 2-cells, the 

embeddmg is called 2-cell embedding Indeed, the complement is necessarily 

a collection of open sets of S The embeddmg is 2-cell only if all such open 
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I 
b 

Figure 1 3 Embeddmgs of K4 ma Torus 

8 

sets are homeomorphic to a disk In Figure 1 3, three embeddmgs of K 4 's m 

a torus, only (c) 1s a 2-cell embeddmg [1] 

With S as a surface, the Euler characterzstzc x(S) 1s defined by 

x(Sh) = 2 - 2h for the orientable surface sh, 
x(Nk) = 2 - k for the non-orientable surface Nk 

The followmg theorem 1s a generahzat10n of Euler's polyhedron formula 

for the plane It gives the relat10nsh1p among the numbers of vertices, edges 

and reg10ns m a 2-cell embeddmg 

Theorem 1 2 {1} For a 2-cell embedding of a connected (general) graph wzth 

p vertices, q edges, and r regions zn a surface S, we have 

p- q+ r = x(S) 

1.2.5 Rotation Scheme 

Rotation scheme 1s a method "for describmg a 2-cell embeddmg algebraically, 

so that no actual drawmgs need be made" [1] Here we only represent this 

tool for 2-cell embeddmgs of fimte graphs m orientable surfaces 

Let G = (V, E) be a fimte connected (mult1)graph and assume V 

{ v1, v2 , , vn} Each edge e has two onented direct10ns on 1t we use (vi, v1 )e 
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to denote the onented edge startmg from Vi to v3 and ( v3 , vi)e for the one 

with opposite direct10n For each vertex Vi, let Ei be the set of edges onented 

from Vi, 1 e 

Let <I>i be the set of the cyclic permutat10ns of Ei Then there 1s a one to one 

correspondence between the set of 2-cell embeddmgs of G and the Cartesian 

product TI 4>i 

Theorem 1.3 [1} Let G = (V, E) be a finite connected (multi)graph Define 

Ei and 4>i as above Then each choice of permutations (¢1 , ¢2, , <Pn) of 

<I>1 x <I>2 x x <I>n determines a 2-cell embedding of G in some orientable 

surface Sh Conversely, for any 2-cell embedding of G in Sh, there is a 

corresponding set of permutations which yields that embedding 

Proof· For each permutat10n ¢ of the set E, of the onented edges at vertices 

Vi, 1 :Si :Sn, we can define a mappmg Jon set Ei, so that for each (vi, v3 ) 

for some J, ¢(vi, v3 )e 1s the onented edge next to (vi, v3 )e m the permutat10n 

Let E* be the set of all the onented edges of G For the given choice of 

permutations (¢1, ¢2, , <Pn) of <I>1 x <I>2 x x <I>n , define a mappmg <I> on 

E* by 
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This map is one to one and onto if ¢11 (v11' Vi1 )e1 = ¢>12 (v12 , viJe2 , the two 

edges should be m the same set of oriented edges at the vertex, i e v11 = v12 

By the defimt10n of ¢1 1 , ( v11 , Vi1 )e1 = ( v12 , Vi2 )e2 , is the same oriented edge 

after a common oriented edge adJacent to a common vertex v11 = v12 So 

Vi1 = Vi2 and ei = e2 Therefore, <I>* is a permutat10n of E* 

Each orbit of <I> , which is a closed walk of the graph, determmes a reg10n 

We then paste these reg10ns together by identifymg each oriented edge (v, w)e 

with ( w, v )e Smee each permutat10n ¢> is cyclic, the result of the pastmg is 

a 2-mamfold Smee all edges are pasted, there are no boundaries for the 

2-mamfold, the 2-mamfold mdeed is a surface This surface can be oriented 

consistently such that at each vertex Vi, the oriented edge (v1 , v1 )e is followed 

by ¢>i (vi , v1 )e The surface is orientable hence it is a Sh for some h ~ 0 The 

number of reg10ns, denoted by f , is the number of the orbits of <I> So the 

genus h can be calculated by Euler's formula 

For each 2-cell embeddmg of G on Sh, 1t is trivial to obtam a chmce of 

permutat10ns ( </>1, ¢2, , <l>n) of <Pi x <I>2 x I 

1.3 Venn Diagrams 

A Venn diagram is a plane diagram consistmg of n simple Jordan curves 

such that each of all possible mtersect10ns of the mterior or the exterior 

of the curves is non-empty and connected There are at most 2n possible 

mtersect10ns of the mterior or exterior of the n curves 

Before givmg the formal defimt ion of Venn diagrams, we should examme 
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A B C 

Figure 1 4 (A) 3-Venn Diagram, (B) not a Venn d1agram,(C) not a Venn 
diagram 

several examples 

In Figure 1 4, the diagram (a) has all eight possible mtersect1ons of the 

mtenor or exterior of the three curves The eight possible mtersect10ns are 

• one mtersect10n which 1s ms1de all three curves, 

• one mtersect10n outside all three curves, 

• three mtersect10ns which are ms1de two curves and outside the other 

curve, 

• three mtersect10ns which are ms1de one curve and outside the other 

two 

Furthermore, each mtersect10n 1s m exactly one reg10n The resultmg di­

agram 1s a Venn diagram Diagram (b) 1s not a Venn diagram smce the 

mtenor of all three curves do not exist Diagram (c) 1s not a Venn diagram 

either smce the mtersect1on of mtenors of the two curves are separated mto 

two regions 
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In 1880, British mathematician John Venn popularized Venn diagrams 

[13] Here we follow Grunbaum [7] m the termmology 

Let C = { Ci, C2 , , Cn } be a collect10n of simple closed curves drawn 

m the plane The collect10n C is said to be an independent family if the 

mtersect10n of Xi, X 2 , , Xn is nonempty, where each Xi is either mt(Ci ) 

( the mterior of Ci ) or is ext( Ci ) ( the extenor of Ci ) 

Furthermore, if each such mtersect10n is connected, then C 1s an n- Venn 

diagram ( or Just Venn diagram) "The cond1t10n that there are only a fimte 

number of mtersect10n pomts 1s usually assumed m the literature, but often 

not stated exphc1tly It rules out segments of curves from mtersectmg " [12] 

A Venn diagram 1s simple if no three curves mtersect at a common pomt 

A Venn diagram 1s monotone 1f every k-reg10n (the area ms1de k curves, 

0 < k < n) is adJacent to both a (k - l)-reg1on and (k + 1)- reg10n 

A Venn diagram is symmetric 1f there 1s a pomt x about which the dia-

grams may be rotated by 2m /n and remam mvariant, for i = 0, 1, , n - l 

A Venn diagram 1s polar symmetric 1f 1t 1s mvariant under stereographic 

proJect10n when one puts its center at the "north pole" of the sphere 

Two Venn diagrams are called isomorphic 1f they are topologically 1so­

morph1c In this case, one of them can be changed mto the other or its mirror 

image or its polar image by a homeomorphic transformat10n of the plane 

It 1s well known that 1f an n-Venn diagram 1s symmetric then n 1s prime 

[12], [5] Symmetric Venn diagrams for n = 2, 3, 5, 7 have been found For 

n 1s 2 or 3, the symmetric Venn diagrams are trivial For n = 5, there 
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exists only one simple symmetric monotone Venn diagram [12] For n = 7, 

there are many simple or non-simple symmetric Venn diagrams have been 

found For n = ll , Hamburger [10] discovered a method for drawmg a non­

simple symmetnc 11-Venn diagram However, no simple symmetric 11-Venn 

diagrams have been found yet The total number of such simple or non­

simple symmetric n-Venn diagrams for an arbitrary prime number n 1s still 

unknown The purpose of this thesis 1s to determme the total number of 

simple symmetric monotone 7-Venn diagrams 

Smee the 1980's, people have found that symmetric Venn diagrams have 

close relat10nsh1ps with some other mterestmg topics m computer science, 

such as smgle-track Gray codes Symmetric Venn diagrams also provide good 

challenges for people drawmg graphs However, not much 1s known about 

these kmd of diagrams yet The sufficient and necessary cond1t10ns about 

the existence of the symmetric Venn diagrams for a prime number n are still 

unknown Now some mathematics and computer science experts are usmg 

computers to generate Venn diagrams to t ry and find out all symmetnc Venn 

diagrams for some small pnme numbers Investigat10n of these diagrams 1s 

ongomg m order to find out more propert ies and mterestmg results New 

achievements may be helpful to explore the sufficient and necessary condi­

tions ment10ned above 

Smee 1996 23 simple symmetric monotone (SSM) Venn diagrams for n=7 

have been discovered, where 6 of them are polar symmetric A Edwards 

found the first 5 SSM Venn diagrams with polar symmetry, one of which 
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was also found by B Grunbaum F Ruskey found another 18 SSM Venn 

diagrams, one of them with polar symmetry Now the quest10n 1s are there 

any more of them? To answer this question, one can study the properties 

of SSM Venn diagrams for n=7, and wnte a computer program to do an 

exhaustive search 

The program should find all SSM Venn diagrams which have been found 

before by other people It should also do exhaustive checkmg on all possible 

cases to see whether there are addit10nal SSM Venn diagrams If there are 

such diagrams, the program should prmt out the diagrams' structure 

1.4 Contribution of the Thesis 

This thesis discusses several data structures such as 0-1 matrices, Grunbaum 

encodmg, and graph representat10n for SSM Venn diagrams A number of 

properties and theorems regardmg these data structures and SSM Venn di­

agrams are discovered and proved This thesis also presents two algorithms 

for computing all SSM 7-Venn diagrams, one usmg Grunbaum encodmg, and 

the other usmg graph representation to 1dent1fy the diagrams Grunbaum 

encodmg 1s an encodmg method for 1dent1fymg a SSM Venn diagram m prac­

tice However, the conJectured one-to-one correspondence between the set 

of Grunbaum encodmg and the set of SSM Venn diagrams had never been 

proved 

The maJor achievement of this thesis is that 1t proves Grunbaum encod­

mgs do mdeed identify SSM Venn diagrams In this thesis, a new encodmg 
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method, G-encodmg, for diagrams cons1stmg of a certam type of Jordan 

curves (called normal diagrams), as a general case of Grunbaum encodmg 

and SSM Venn diagrams, 1s studied The one-to-one correspondmg relat10n­

sh1p between G-encodmg and such normal diagrams 1s proved As a result 

we prove that the Grunbaum encodmg, which 1s a special case for SSM Venn 

diagrams , 1s a representation method for simple monotone Venn diagrams 

For this study, two computer programs were implemented to do exhaus­

tive searchmg for all SSM 7-Venn diagrams, usmg Grunbaum encodmg or 

graph representat10n respectively to 1dent1fy the diagrams We verified that 

the total number of diagrams 1s 23, and the two 1dent1fymg methods give us 

exactly the same solutions 



Chapter 2 

Representations of Symmetric 
Monotone Venn Diagrams 

2.1 G-encoding Representation 

2.1.1 The Definition and Properties of G-encoding 

The G-encodmg techmque is for graphs consistmg of a normal collect10n 

of Jordan curves For simple symmetric monotone (SSM) Venn diagrams, 

G-encodmg has its special case Grunbaum encodmg 

Definition 2.1 [2} A family of mtersectmg simple closed curves (FISC) is a 

collect10n of simple closed curves m the plane with the properties that there 

1s some open region common to the mtenors of all the curves, and that every 

two curves mtersect m fimtely many pornts 

Definition 2.2 A normal FISC, or FISC, 1s a FISC sat1sfymg the followmg 

conditions 

1 every curve contributes to the boundary of the mfimte face (the outer 

16 
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most face), 

2 the collect10n 1s simple, 1 e , at every pomt of mtersect10n exactly two 

curves meet, and they cross each other, 

3 the collect10n 1s convex drawable, 1 e , there 1s a FISC C whose curves 

are all convex and the collect10n can be transformed mto C by a home­

omorphic transformat10n of the plane 

Let :F be a FISC, and let G(:F) be a plane graph, where its vertices are 

the mtersect1ons of :F, and its edges are the curve arcs between vertices The 

directed dual D(:F) of G(:F) 1s the dual graph of G(:F) with edges oriented 

to md1cate mclus1on m fewer mtenors of the curves In [2], 1t 1s shown that 

:F 1s convex drawable 1f and only 1f D(:F) contams only one source and only 

one smk 

Let C be an NFISC of n Jordan curves, and call the diagram cons1stmg 

of these n curves an n-dzagram The n Jordan curves are labeled m the 

followmg way Arb1tranly choose a curve as curve 0, and Start at a segment 

of curve O where 1t touches the outer most reg10n, (which will be labeled as 

segment O of the curve O), we label the next n - 1 curves by their clockwise 

appearance on the out most reg10n 

Let Mn ( or Just M ) be the number of curve segments touchmg the outer 

face Furthermore, for each curve, we d1v1de 1t mto 2k oriented segments 

1f the curve touches the outer face k t imes the curve 1s part1t10ned by the 

endpomts of the segments which touch outer face, and the segment O of the 
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curve is the one which touches the outer face and is the first segment of the 

curve we encountered when we label the curve Each segment is onented 

clockwise For our convemence, we define that each endpomt belongs to the 

segment with it as the startmg pomt A G-encodzng of then-diagram consISts 

of M + l sequences and an n x n matnx P The first sequence, call it I , is an 

outer face mtersect10n hst of length M Startmg at curve 0, 1t goes clockwise 

around the outer face recordmg the curves encountered 

where Ci E { 0, 1, , n - l} The other M sequences { wi} ~o i record mter­

sect10ns along a given curve with other curves, startmg at the segment where 

it touches the outer face For each mtersection, we record the encountered 

curve's number and the segment number of the encountered curve m the form 

of (curve number, segment number) 

Wo = Woo Woi Womo 

W1 = W10 Wu Wim1 

WM-i = WM-i,o WM - i ,l 

where each wi1 is a pa1r of a curve number and a segment number Without 

loss of generality, we assume that Ci and c1 m J are for curve i and curve J 

respectively, and assume curve i mtersects with curve J exactly k times, then 

we have k pa1rs of (J , *) m Wi strmg 

(J, *) (J, *) 

We use P[i][J] to record the order of the pa1r (J,*) "'hich is correspondmg to 

the first mtersect10n on curve J, among all the mtersect10ns of curve i and 
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1 

Vo 

0 2 

Vi 

1 

Figure 2 1 A Simple Example of an NFISC 

curve J, along curve J startmg at segment 1 of curve J We define P[i] [J] = m 

if the pair of (J, *) is correspondmg to Wim m Wi 

Example 2 3 Figure 2 1 shows an NFISC diagram consists of three curves 

We label the curves with label 0, 1 and 2 as mdicated m the figure We also 

label all vertices as v0 , Vi, , v5 , to illustrate its G-encodmg Curve O, curve 

1 and curve 2 are divided mto 2, 4 and 2 segments respectn,ely 

curve 0 

curve 1 

curve 2 

segment 0 
segment 1 

segment 0 
segment 1 
segment 2 
segment 3 

segment 0 
segment 1 

The G-encodmg of Figure 2 1 is 

arc [v3, vo) 
arc [vo, vi, v2 , v3) 

arc [vo, v4 ) 

arc [v4, v5) 
arc [v5, v3) 
arc [v3, vo) 

arc [v4, v5 ) 
arc [v5,V2,vi,v4) 
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where I 1s 

1 

1 

Figure 2 2 Segment Labels 

0 Wo = (1, 0) (2, 1) (2 , 1) (1 , 3) 
1 W1 = (2, 0) (2, 1) (0, 0) (0, 1) 
2 W2 = (1, 2) (0, 1) (0, 1) (1, 1) 
1 W3 = (0, 0) (0, 1) (2, 0) (2, 1) 

20 

Smee curve 0 and curve 1 mtersects at v0 and v3 , and v3 1s pnor to v0 along 

curve 1 startmg at segment 1, we have P [0l[l] equals to the position of v3 m 

w0 , which 1s the (second) mdex 3 of w03 = (1, 3) m strmg w0 S1m1larly we 

can figure out the value for all other P [i][J J's 

P[0l[l] = 3, P [0l[2] = 2 
P[l l[0] = 3, P [l ][2] = 1 
P[2][0] = 2, P [2][1] = 3 

We may simply wnte the G-encodmg mto one table as 

0 1 2 [2] [1] 
1 2 [2] 0 [0] 
2 1 0 [0] [1] 
1 0 [0] 2 [2] 
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Figure 2 3 A Counter-example for Comex Drawable 

Example 2 4 The G-encodmg of Victona (Figure 2 9) is 

0 1 4 2 5 3 6 [1] 6 3 5 3 6 [2] 5 1 6 1 5 [3] 6 2 5 1 [4] 2 6 1 6 2 [5] 1 4 2 4 1 [6] 
1 2 5 3 6 4 0 [2] 0 4 6 4 0 [3] 6 2 0 2 6 [4] 0 3 6 2 [5] 3 0 2 0 3 [6] 2 5 3 5 2 [O] 
2 3 6 4 0 5 1 [3] 1 5 0 5 1 [4] 0 3 1 3 0 [5] 1 4 0 3 [6] 4 1 3 1 4 [O] 3 6 4 6 3 [1] 
3 4 0 5 1 6 2 [4] 2 6 1 6 2 [5] 1 4 2 4 1 [6] 2 5 1 4 [O] 5 2 4 2 5 [1] 4 0 5 0 4 [2] 
4 5 1 6 2 0 3 [5] 3 0 2 0 3 [6] 2 5 3 5 2 [O] 3 6 2 5 [1] 6 3 5 3 6 [2] 5 1 6 1 5 [3] 
5 6 2 0 3 1 4 [6] 4 1 3 1 4 [O] 3 6 4 6 3 [1] 4 0 3 6 [2] 0 4 6 4 0 [3] 6 2 0 2 6 [4] 
6 0 3 1 4 2 5 [O] 5 2 4 2 5 [1] 4 0 5 0 4 [2] 5 1 4 0 [3] 1 5 0 5 1 [4] 0 3 1 3 0 [5] 

Ex ample 2 5 If the collect10n of curves are not normal , then G-encodmg 

cannot determme a diagram umquely In Figure 2 3, two diagrams, which 

are not normal, hme the same G-encodmg 

o 1 1 1 1 1 [1 l 
1 0 0 0 0 0 [O] 

However, they are not isomorphic 
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and m Diagram B, curve 1 mtersects curve O m the followrng order 

5, 4, 3, 2, 1, 0 

None of the last two sequences can be obtarned by c1rcular shiftmg the first 

one 

Theorem 2 9 (Ruskey) Each G-encodzng of an NFISC of n Jordan curves 

uniquely determines a 2-cell embedding of then-diagram zn some sphere S0 

Proof Given an n-diagram of NFISC with n curves, it is tnvial to construct 

a G-encodmg The difficult part of the proof is showmg that , given a G­

encodmg of an n-diagram of NFISC, the diagram can be determmed and it 

is umque up to homeomorphic transformation of the plane Our strategy is 

to show that the G-encodmg determmes a 2-cell embeddmg of the diagram 

(as a planar graph) onto the sphere, and thus that umqueness is guaranteed 

by Theorem 1 3 The des1red n-diagram can be obtamed via a smtable 

stereographic proJect10n from the sphere to the plane 

Assume the given G-encodmg is I , { w,}~0i, { P[i][J ]}~;;;6,i:;tJ ' and assume 

stnng I= {c0 ,ci, ,cM- d , which is a (circular) hst consistmg of 0, 1, 

n - 1 with repetition allowed Each strmg w1 actually records the curve 

numbers with which curve i mtersects consequently, startmg at a pomt where 

it touches the outer face Furthermore, P [i][J] tells us that which mtersection 

on curve i is the one that curve J mtersect with curve i after curve J touches 

the outer face first time 
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OBTAIN _N 0RMAL_G RAPH_REPRESENTATI0 

Input vertex u touches most outside reg10n 
vertex v touches most mside region 

1 k +-- 0 

2 for each neighbor w of u touches the most outside region 

3 TRAVERSAL_GRAPH(w, u, leftmost) 

4 Update(G[k]), k +-- k + l 

5 TRAVERSAL_GRAPH(w, u, nghtmost) 

6 Update(G[k]), k +-- k + l 

7 for each neighbor w of v touches the most mside reg10n 

8 TRAVERSAL_GRAPH(w, v, leftmost) 

9 Update(G[k]) , k +-- k + l 

10 TRAVERSAL_GRAPH(w, v, nghtmost) 

11 Update(G[k]) 

12 lexicographic sort G[O], G[l ], , G[7] 

Figure 4 4 Algonthm for ormal Graph Representat10ns 

70 
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TRAVERSAL_GRAPH 

Input mteger label of vertex f from vertex f 
mteger label of vertex t to vertex t 
d1rect10n leftmost or rightmost 

l from+- f , to +- t 

2 n +- 0 

3 for i = 0 to 125 

4 to +- ( to+ i ) mod 126 

5 1f vertex labled to 1s WHITE 

6 DFS(Jrom, to , direction) 

7 from+- to 

Figure 4 5 Algorithm for Traversal of a Graph 

71 
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DFS 

Input label of vertex from 
label of vertex u 

d1rect10n leftmost or nghtmost 

1 1f color of vertex u 1s BLACK, return 

2 color of u r BLACK 

3 F [u] = n 

4 nrn+l 

5 1f d1rect10n = leftmost vers10n 

6 for all unv1s1ted vertex v adJacent to um clockwise order 

7 DFS( u, v, leftmost) 

8 else 1f d1rect10n = nghtmost 

72 

9 for all unv1s1ted vertex v adJacent to um counter-clockwise order 

10 DFS( u, v, nghtmost) 

Figure 4 6 Algonthm of Leftmost and Rightmost DFS 
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We can compare the first normal graph representat10n of V with that of 

the SSM 7-Venn diagrams we have ready obtamed, to see whether V 1s a 

new diagram 
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Conclusion 

We have implemented two computer programs m order to compute all the 

simple symmetric monotone (SSM) Venn diagrams with seven curves One 

program uses Grunbaum encodmg to identify the diagrams (Algrithm One, 

Chapter 4) and the other program uses graph representations to identify 

the SSM diagrams (Algorithm Two, Chapter 4) In each program, there 

are 20,125,224 matrices generated The total number of different SSM Venn 

diagrams we obtamed is 23 The two programs come out with the exactly 

the same solut10ns These 23 SSM diagrams match with the 23 SSM Venn 

diagrams found by A Edwards, B Grunbaurn and F Ruskey These findmgs 

verified m practice that the Grunbaum encodmg is mdeed a representat10n 

of an SSM Venn diagram, which we have proved m theory m Chapter 2 

74 
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Index of Solutions Index of Matrices 
1 96,948 
2 144,637 
3 145,004 
4 150,449 
5 245,226 
6 270,995 
7 337,325 
8 420,957 
9 487,352 
10 650,806 
11 740,224 
12 746,788 
13 746,888 
14 751 ,414 
15 1,097,622 
16 1,126,308 
17 1,349,320 
18 1,467,557 
19 2,218,590 
20 2,219,552 
21 2,247,989 
22 2,314,011 
23 2,782,864 
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Assume m stnng I , the first occurrence of d1g1t 0, 1, , n - 1 1s at i 0 , i 1, 

, 'ln-I, (1 e, let x be the smallest mdex for a given k (0::; k::; n - 1) such 

that ex = k, then denote x as ik ) Now we label all vertices (mtersect10ns of 

curves) consecu t1 vely along strmg w1k ( 1 e , along curve k) for O ::; k ::; n - 1 

We will firnsh the labelmg process m the followmg two steps 

Step one Startmg with Wi0 , where 

we label the vertex correspondmg to Wi0o as vertex v0 = 0, w101 as v1 = 1, 

and so on We then have the followmg result for Wi0o 

For Wi1 we label all mtersect10ns of curve 1 with other curves except curve 

0 In general, for curve k, along Wik, we only label the mtersect10ns of curve 

k and curves with lugher curve numbers The mtersect10ns of curve k and 

curves with lower curve numbers must have been labeled already m some 

other w's 

After we fimsh ass1gnmg vertex labels along Win- 2 for curve n - 2, we 

obtam a vertex table of the mtersect10ns of curve i with curve J (0 ::; i ::; 

J ::; n - l) We shall call this vertex table as a initial table The algorithm 

for constructmg m1tial table 1s given m Figure 2 5 

Step two In this step, For each w," m the m1tial table, we assign vertex 

labels to the mtersect10ns of curve k with all curve c where c < k We scan 

along strmg Wik (k = 1, , n - l ) startmg at its first element Wiko until 
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CONSTRUCT JNITIAL_ TABLE 

1 vt--0 

2 for k= 0 n - 2 

3 for each WikJ m Wik for curve k 

4 1f ( ( the first component of) WikJ > k) 

5 associate w,kJ with vertex v 

6 vt--v+ l 

7 Output Imtial Table Wi0 , Wi 1 , , Win-i with vertex labels 

Figure 2 5 Algorithm for Constructmg Imtial Vertex Table 

we meet some WikJ (0 ::; J ::; mik) which has not associated with a vertex 

number m the mitial table Assume that the curve number WikJ be c (the 

first component of WikJ is c if it is written m a pa1r of a curve number and 

a segment number, or c = WikJ otherwise), then c must be less than ik and 

this is why WikJ is not associated with a vertex label m the mitial table 

However, this mtersect10n of curve k and curve c is also recorded m Wic, and 

a vertex label , say v1, has been associated to the same mtersect10n m Wic m 

the mitial table We may assume the mtersect10n m Wic is Wicm for some m 

By the way we found out WikJ' and the assumpt10n on ik's, we have m = 

P[cl[k] (And this is exactly what P 1s form G-encodmgs) 
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We then simply associate vertex Vt to WikJ 

By Lemma 2 7, all other Wik>* for the same curve c m Wik can be associated 

vertex numbers deduced from Wic We then keep scannmg the strmg Wik 

contmuously until all mtersect10ns of curve k with any other curve (different) 

c ( c < k) are associated with vertex numbers After we fimsh scannmg all 

Wik (1 ::; k::; n-1), we end up with a completed vertex table The algorithm 

for this step 1s shown m Figure 2 6 

If two w strmgs m the given G-encodmg are for the same curve, then the 

vertices on one w strmg 1s a circular shift of the other w strmgs The sh1ftmg 

number can be determmed by countmg the occurrence of each digit m w 

We now have labeled all vertices along n curves Each vertex has a 

neighborhood cons1stmg of four vertices (not necessarily different), two on 

each mtersectmg curve 

Now we construct a circular hst of four oriented edges for each vertex m 

the completed vertex table For simphc1ty we assume curve c and curve k 

mtersect at vertex v1 , and assume that m the complete vertex table we Just 

bmlt, we have (with Wicm ' s omitted) 

Wic Vo Vi V2 

Wik V3 Vi V4 
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CONSTRUCT _COMPLETE_ TABLE 
Input Initial Table Wzo, Wzi, , Wzn-1 

1 for k= 1 n-1 

2 for each w,k1 m Wk for curve k 

3 c f- curve number of WzkJ 

4 1f c < k and no vertex label associated with WzkJ 

5 m = P[c][J] 

6 associate WzkJ with the vertex associated with Wzcm 

7 Nk f- total vertex number on curve k 

8 Ne f- total vertex number on curve c 

9 s f- J + 1 mod Nk 

10 t f- m + 1 mod Ne 

11 while s f- J 

29 

12 while curve number of Wzks f- c, s = s + l mod Nk 

13 while curve number of Wzct f- k, t = t + l mod Ne 

14 associate w,ks with the vertex associated with Wict 

Figure 2 6 Algonthm for Constructmg Complete Vertex Table 
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We can easily figure out that whether curve c is movmg m or out of curve 

k at v1 by countmg the numbers of mtersect10ns between these two curves 

along the ongmal Wi c strmg of the G-encodmg If curve c meets curve k 

even (mcludmg 0) times up to Vi (exclusive) , then curve c is movmg mto the 

mtenor of curve k This is important to bmld the circular hst of onented 

edges at vertex vi Without loss of the generality, we assume that curve c is 

movmg mto curve k at Vi Therefore the cucular hst of Vi 1s 

{(vi,VJ)k, (v1,vo)c, (v1,v4)k, (vi,v2)c}, 

where (v1 , i 3)k md1cates the onented edge from v1 to v3 along curve k We 

can bmld a circular hst of onented edges m a similar way for each vertex m 

the completed vertex table 

The algonthm for bmldmg a circular hst of the onented edges for each 

vertex 1s gn en m Figure 2 7 

By Theorem 1 3, the given G-encodmg determmes a 2-cell embeddmg on 

some onentable surface Sh 

Assume that there are p vertices, q edges and r reg10ns m the given 

diagram We have p - q + r = 2 smce the given diagram is planar Actually 

1t 1s not hard to show directly that q = 2p and r = p + 2 When the diagram 

1s 2-cell embedded mto some surface Sh by Euler's theorem (Theorem 1 2), 

we have p - q + r = 2 - 2h, so h 1s O This mdicates the resultmg pastmg 

surface 1s a sphere 

By the defimt10n of NFISC, there 1s a common mtenor to all curves It is 

tnv1al to show that for a curve to contnbute to the boundary of the common 
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CONSTRUCT _CIRCULAR_LIST 
Input Completed Table Wi0 , Wi 1 , , Win- i 

1 for each vertex v m the completed table 

2 find the two curve numbers c < k contam v 

3 find the two vertices v0 , v2 adJacent to v on curve c 

4 swap v0 and v2 1f necessary 
so that v0 , v and v2 1s m clockwise order on curve c 

5 find out the two vertices v3 , v4 adJacent to v on curve k 

6 swap v3 and v4 1f necessary 
so that v3 , v and v4 1s m clockwise order on curve k 

7 count the number of times curve c and k meet before v on w 1c 

8 1f even 

9 v -+ { ( v, V3)k , ( v, vo)c, ( v, v4)k, ( v, v2)c} 

10 else 

Figure 2 7 Algorithm for Bmldmg Circular 11st of Oriented Edges 
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mtenor, the curve has to meet each of other curves odd times By exammg 

wi's, it is not hard to find out which vertices touch the common mtenor, and 

hence what are the onented edges may consist of the boundary for the 2-cell 

on the sphere which is correspondmg to the common mtenor reg10n of the 

desired diagram Indeed, if some orbit of the mapping ¢ consists entirely by 

the above onented edges, the orbit contams the des1red 2-cell Similarly we 

can also find the onented edges for the 2-cell on the sphere correspondmg to 

the outer most face of the desired diagram We then make a stereographic 

proJect10n to obtam the plane n-diagram, by settmg the north pole m the 

region on the sphere corresponds to the outermost face of then-diagram, and 

the south pole m the reg10n on the sphere which is to the common mtenor 

of the n-diagram We are done I 

Example 2 10 This example gives a detailed illustrat10n of Theorem 2 9 

and Theorem 1 3 vVe show that how an FISC can be determmed given a 

G-encodmg 

0 1 2 [2] [1] 
1 2 [2] 0 [O] 
2 1 0 [O] [1] 
1 0 [O] 2 [2] 

That is, I = { c0, c1, c2, c3} = {O, 1, 2, 1 }, Wo = { Woo , wo1, Wo2, w03}, and 

P[Ol[l] = 3, P[Ol[2] = 2 and P[l ][2] = 1 

We now start to label vertices along w0 , wi , and w2 which are correspond­

mg to the first occurrences of curve O curve 1 and curve 2 m J respectively 

Along curve 0, the mtersect10ns of curve O with curve 1 or curve 2 are labeled 
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consequently, and along curve 1, only the mtersect10ns of curve 1 with curve 

2 are labeled We end up with the followmg table, which we call zmtzal table 

0 1(0) 2(1) 2(2) 1(3) 
1 2(4) 2(5) 0 0 
2 1 0 0 1 
1 0 0 2 2 

We then determme the vertex labels for the mtersect10ns corresponding to 

the rest of unlabeled WiJs Start at wi2 = 0 which is an intersect10n of curve 1 

and curve O The vertex number for this mtersect10n must have been assigned 

on curve O already And this vertex is the first one curve 1 meets curve 0 

after curve 1 touches outer face , so this mtersect10n 1s the one corresponding 

to w03 since P[O] [1] = 3 (Lemma 2 7) Hence the vertex label for wi2 is the 

same as the vertex label for w03 , which is vertex 3 Consequently, the vertex 

label for w 13 = 0 is vertex O Similarly, we can determine all vertex labels 

along curve 2, and end up with the followmg table, which we call a complete 

table 

0 1(0) 2(1) 2(2) 1(3) 
1 2(4) 2(5) 0(3) 0(0) 
2 1(5) 0(2) 0(1) 1(4) 
1 0 0 2 2 

Now for each vertex, we know which two curves it 1s on, and which vertices 

it is adJacent to For instance, vertex O is adJacent to vertex 3 and vertex 1 

on curve 0, and vertex O is also adJacent to vertex 3 and vertex 4 on curve 1 

To bmld a circular hst of the oriented edges at vertex 0, we first count the 

number of times that curve O and curve 1 meet before vertex O along curve 

0 This can be done by countmg how many l 's m the given G-encodmg We 
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have 0 (even) time that these two curves meet before vertex 0 We therefore 

know that curve 0 1s movmg mto the mtenor of curve 1, and curve l 1s movmg 

out from curve 0 So the c1rcular hst for vertex 0 1s 

0 (0, 3)i , (0, 3)0 , (0 ,4)i,(0,2)o 

For another mstance, let us exam vertex 2 which 1s on curve 0 and curve 

2 Furthermore, from the above table , vertex 2 1s adJacent to vertex 1 and 

vertex 3 on curve 0, and 1s adJacent to vertex 5 and vertex 1 on curve 2 In 

add1t10n, we also know that curve 0 moves out curve 2 at vertex 2, because 

from the G-encodmg strmg w0 , curve 0 and curve 2 mtersect once (odd) 

With this m mmd, we bmld the the c1rcular hst for vertex 2 

2 (2 , 1)0 , (2 , 5)2 , (2, 3)0 , (2 , 1)2 

The completed c1rcular hsts for each vertex are obtamed similarly 

0 (0, 3)i , (0 , 3)o, (0, 4)i , (0, 2) 0 

1 (1 , 2)2 , (1, 0)0 , (1, 4)2 , (1, 2) 0 

2 (2, 1)0 , (2 , 5)2 , (2, 3)0 , (2 , 1)2 
3 (3, 2)o, (3, 5)i , (3, 0)o, (3 , 0)1 
4 (4, 1)2 , (4,0)1 , (4, 5)2, (4,5)1 
5 (5, 4)i, (5 , 4)2 , (5, 3)i, (5, 2)2 

We denote the set of the oriented edges as E* = {(i,J) k} , and we define 

a map ¢ on E* as we did m Theorem 1 3 

E* ----+ E* 
( i, J )k ----+ the one after (J, i )k 

It 1s stra1tforward to show that the map 1s well-defined , one-to-one, and onto 

For each edge (i, J )k m E*, ( i, J )k, ¢( (i J )k), ¢>2 ( ( i, J )k ), , consist of a closed 
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walk In this way, we can obtam reg10ns (2 cells) Then we paste the reg10ns 

by glumg (i , J )k with (J, i)k together, we get an onentable surface (which is 

actually a sphere) on which the desired n-d1agram is umquely embedded 

Furthermore, by studymg w0 , curve O meet curve 1 once (odd) at vertex 0 

and then curve 1 once (odd) at vertex 1, so vertex 1 must touch the common 

mtenor of all curves Hence the arc of curve O between vertex 1 and the next 

vertex (which is vertex 2 from w0) must be a part of the boundary Similarly 

the arc of curve 2 between vertex 2 and vertex 1 (from w2 ) is a part of the 

boundary of the common mtenor too 

By exammg all orbits of (2, 1)0 , (1, 2) 0 , (2, 1)2 and (1, 2)2, we can find 

out which orbit is for the common mtenor for the desired diagram For 

mstance, ¢(1, 2) 0 is (2, 5)2 which is not on the boundary of the common 

mtenor anymore, so the orbit of (1 , 2) 0 does not contam the 2-cell which is 

correspondmg to mner most face of the des1red diagram However, ¢(2, 1)0 

is (1, 2)2, and ¢(1, 2)2 is (2, 1)0 , the ongmal preimage, and the orbit is back 

to the startmg preimage All elements of the orbit consist of the boundary 

of the common mtenor 

It is stra1tforward , but ted10us to show that one can determme the 2-cell 

reg10n on the sphere which is correspondmg to the outer most face of the 

desired diagram 

We now can take a smtable stereographic proJection to obtam a planar 

3-diagrarn, which we showed that it 1s umquely deterrnmed by the given 

G-encodmg 
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2 

A B 

Figure 2 8 Matrices P for G-encodmgs 

Example 2 11 This example explams why matrices P 1s necessary for the 

defimt10n of G-encodmgs Assume we are given the fo llowmg G-encodmgs 

(without P), and we try to construct some 3-diagram 

0 Wo = 1 1 1 2 2 2 2 2 2 1 1 1 
1 W1= 00220000 
0 W2 = 1 2 2 2 2 2 2 1 1 1 1 1 
1 W3 = 22000000 
2 W4 = 10 000001 
1 W5 = 00000022 
0 W6 = 1 1 1 1 1 2 2 2 2 2 2 1 
1 W7 = 00002200 

We can assign vertex labels along w0 and w1 accordmg to the Algorithm 

m Figure 2 5, and obtam the followmg m1tial table 

0 Wo = 1(0) 1(1) 1(2) 2(3) 2(4) 2(5) 2(6) 2(7) 2(8) 1(9) 1(10) 1(11) 
1 W1 = 0 0 2(12) 2(13) 0 0 0 0 
2 W4 = 1 0 0 0 0 0 0 1 

To obtam the complete vertex tables, we need to determme what the 

vertices are for the mtersect10ns on curve 2 with curve 0, and with curve 

1 However, we can not umquely determme for all the mtersect10ns of curve 
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2 and curve O m this example, due to lack of mformat10n For example, 

for w4i m strmg w4 , where (segment O of) curve 2 meets curve O first time, 

all we know is that w41 , the first O m w4 should be correspondmg to some 

vertex associated with Worn = 2 m w0 where m = 3, 4, , 8 Diagram A 

and B m Figure 2 8 have the same G-encodmgs as above For Diagram A, 

the mtersect10n denoted by w4i is the same one denoted by w06 But for 

Diagram B, it is w08 correspondmg to w41 The matnx P m the defimt10n 

of G-encodmg 1s for solvmg the undetermmed problem For mstance, m 

Diagram A, P[O] [2] = 6 should be given, md1catmg that w06 1s the same 

mtersect10n of the segment O of curve 2 with curve O Similarly m Diagram 

B, P[Ol[2] = 8 should be given, md1catmg that w08 1s the same mtersect10n 

of the segment O of curve 2 with curve 0 

2 1.2 A Special Case: Griinbaum Encoding 

The Grunbaum encodmg of a simple symmetric monotone (SSM) Venn dia­

gram consists of four n-ary strmgs, which we call w, x, y, z To obtam strmg 

w for the diagram, we first order the curves by the1r clockwise appearance 

on the outer most reg10n so that all curves are labeled with 0, 1, , n-1 In 

order to obtam strmg w, we follow curve O m a clockwise direct10n, startmg 

at a pomt where 1t touches the outer most reg10n and meets curve 1, record­

mg its mtersect10ns with the other curves, until we reach the startmg pomt 

agam 
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Stnng x is obtamed m a s1m1lar manner, by followmg curve Om a clock­

wise direction , startmg at the pomt where 1t touches mner most reg10n and 

crosses with another curve (which must actually be curve 1), and recordmg 

its mtersect10ns with the other curves 

To obtam the third stnng y, we must re-label the curves counter-clockwise 

as they appear on the outer most reg10n We follow curve O m a d1rect10n, 

startmg at the pomt where curve O is out most and is mtersected by curve 

1, and record curve O's mtersect10ns with other curves 

Strmg z is obtamed by followmg curve Om a counter-clockwise d1rect10n , 

startmg at the pomt where 1t is most mside and crosses with some curve (it 

must be curve 1 agam), recordmg its mtersect10ns with the other curves 

Example 2 12 The Venn diagram Victoria (Figure 2 9) has the followmg 

Grunbaum encodmg 

w 142536163536251615362514261625142416 

X 163536251615362514261625142416142536 

y 163536251615362514261625142416142536 

z 142536163536251615362514261625142416 

Example 2 13 The Venn diagram Ml (Figure 2 10) has the followmg Grunbaum 

encodmg 
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Figure 2 9 V ictona 

Figure 2 10 Ml 
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w 142624253613536416213235161435452546 

X 143545254614262425361353641621323516 

y 132523243616245465163142461425351536 

z 162454651631424614253515361325232436 
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Although any one of the four strmgs of a Grunbaum encodmg can produce 

another three stnngs, we will still calculate and have all four strmgs for each 

Venn diagram Indeed, any Venn diagram can generate another three 1so­

morph1c Venn diagrams by "fhppmg" and/or "polar fhppmg" mappmgs The 

strmgs x, y and z are the first strmg of the Grunbaum encodmg of these 1so­

morph1c diagrams respectively Keepmg all four strmgs for each Grunbaum 

encodmg will be convement to venfy 1somorph1sms of Venn diagrams 

Property 2 14 Each string of the Grunbaum encoding of a simple symmet­

ric monotone n- Venn diagram has length (2n+l - 4)/n 

Proof Let m be the length of the stnng w, which records the mtersect10ns 

of curve O with other curves If we construct such a strmg for each curve 

then there are n such strmgs to record all mtersect10ns Smee the digram 1s 

simple, each mtersect10n 1s counted twice These stnngs must have the same 

length m , smce the diagram 1s symmetnc There are altogether 2n reg10ns 

m the Venn diagram, among them one 1s the most outside reg10n and one 1s 

the most ms1de reg10n Therefore there are 2n - 2 mtersect1ons altogether 

Hence we have nm= 2(2n - 2), so m = (2n+l - 4)/n I 

Property 2 15 Each string starts with 1 ends with n - 1 



Chapter 2 R epresentatwn 41 

Proof This property 1s obv10us grven the defimt10n of Grunbaum encodmg 

I 

Property 2 16 String x, y and z can be inf erred from string w 

Proof Let L denote the length (2n+1 _4)/n of the Grunbaum encodmg, and 

let w[i] and y[i] be the ith bit of w and y respectively, where O :S i :S L - 1 

Then 

y[i] = n - w[L - i - 1] + 1 

To obtam x, we first find out the umque locat10n where all curves have been 

encountered an odd number of times, then shift w circularly at this locat10n 

The strmg z can be mferred from y as x from w I 

In Example 2 12, the strmg x, y and z can be mferred from w as follows 

to obtam x, we simply shift w at the posit10n where the second "1" occurs, 

smce before t his posit10n, each number occurs one time, to obtam z from 

y we shift y at the posit10n where the eighth "1" occurs smce before the 

posit10n each number occurs odd number of times 

Corollary 2 1 7 If an n- Venn Diagram is polar symmetric then its Grunbaum 

en coding consists of two pairs of identical strings 

Proof Smee the given Venn diagram is polar symmetric, b) the way of its 

Grunbaum encodmg bemg constructed we have w = z and x = y ■ 

The followmg theorem is a direct result of Theorem 2 9 
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Theorem 2 18 Each Grunbaum encoding determines a unique (up to zso­

morphzsms) simple symmetric monotone n -Venn diagram 

Proof It suffices to show that Grunbaum encodmgs are actually a G­

encodmgs for SSM Venn diagrams Given a Grunbaum encodmg, we use 

the labels of the curves of Grunbaum encodmg as the ones for G-encodmg 

Therefore, I = {O, 1, 2, , n - 1} Each curve has exactly two segments, 

smce each curve touches outer face exactly once Moreover, we have w0 = 

x of Grunbaum encodmg, (and there are no need to wnte w0 as a strmg of 

paus of mtegers) Other Wi can be deduced from w0 Wi1 = w01 + i mod n 

To determme the value of P[i][J] with O::; i ::; J ::; n - l, we first find out 

the first k such that w1k = i, and we count the even or odd encounter times 

of curve J with each of curve 0, 1, , n - 1 respectively ( odd for J) up to 

w1k Then m strmg Wi , we look for some m such that Wim = J and before 

Wim the even or odd occurrences of O, 1, , n - l ( except i) are the same as 

we Just calculated for w1k The properties of Venn diagrams guarantees that 

there exits exactly one such m We let P [i][J] = m 

In this way, we can construct a G-encodmg This G-encodmg only de­

pends on which stnng of x, y, z or w 1s chosen to be the first strmg w0 of 

G-encodmg Smee there exist permutat10n mappmgs for one to deduce all 

other strmgs from any one of x, y , z or w It 1s not hard to show that all the 

possible G-encodmgs which are deduced from the given Grunbaum encodmg 

are equivalent, and hence they determme a same SSM n-Venn diagram Thus 

the Grunbaum encodmg umquely 1dent1fies this SSM n-Venn diagram I 
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2.2 The Matrix Representations 

Simple symmetnc monotone Venn diagrams can be represented by matnces 

Because of symmetry, 1t 1s sufficient to represent one sector with radian 21r /n 

for each diagram One can always rotate the sector to generate the whole 

diagram 

Given a sector of an n-Venn diagram, one can map this piece of sector 

mto a graph cons1stmg of crossmg polygonal curves (poly-Imes) We then put 

0 between these n - l poly-Imes and put a 1 at each crossmg pomt In this 

way a 0-1 matnx 1s generated We shall call the matnx a representation 

matrix for the Venn diagram Example 2 19 and Example 2 20 show how the 

representat10n matnces for the Venn diagram V1ctona and Ml are generated 

Example 2 19 In Figure 2 11, one sector of Venn diagram V1ctona 1s rep­

resented by some lme segments, which we call poly-lines In Figure 2 12, O's 

and l's are mserted mto the sectors After removmg the poly-Imes, we obtam 

the matnx representat10n of Venn diagram V1ctona 

Example 2 20 Figure 2 14, 2 15 and 2 16 show how the matnx representa­

t10n for Venn diagram Ml 1s obtamed 

On the other hand, from a representation matnx we can easily draw 

smtable poly-Imes to construct the correspondmg sector of the Venn diagram 

We can then expand the matnx by appendmg 1dent1cal matnx blocks to 

generate a matnx which represents the whole Venn diagram 
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Figure 2 11 The Poly-lme of Victona 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 

0 0 
0 0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

Figure 2 12 The Matnx and the Poly-lme of Victona 

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 
0 1 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 
0 0 0 0 1 0 1 0 0 0 1 0 0 1 0 0 1 0 
0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 

Figure 2 13 The Matnx of Victona 

Figure 2 14 The Poly-lme of Ml 
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0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 
0 0 0 0 0 

0 0 0 0 0 0 

Figure 2 15 The Matnx and the Poly-lme of Ml 

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 1 0 
0 1 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 
0 0 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 0 
0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

Figure 2 16 The Matnx of Ml 
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Intmtively, we can generate SSM Venn diagrams by generatmg smtable 

0-1 matrices However, the problem is that computational complexity would 

be too high if there were no restrict10ns on the matrices The followmg 

theorem gives a necessary condit10n for representat10n matrices of SSM Venn 

diagrams 

Theorem 2 21 For the representation matrix of one sector of an n- Venn 

diagram, there are (2n - 2) /n 1 's in each matrix There are (;) /n 1 's in the 

kth row, where k = 1, 2, ,n-1 

Proof For a SSM n-Venn diagram there are 2n-2 mterior regions altogether 

They are evenly distributed m each sector Hence m each sector there are 

(2n -2)/n regions 
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For representmg such a reg10n with a matnx, we use a 1 to mdicate the 

startmg pomt of a reg10n and the endmg pomt of the next adJacent reg10n 

This implies that there are exactly (2n - 2)/n l 's m the matnx 

For each k = l , 2, , n - 1, the number of the reg10ns which are mside k 

curves and outside of other n - k curves is obv10usly (; ) for the whole SSM 

n-Venn diagrams Therefore , m each sector, there are (;) / n such reg10ns, it 

turns out that there are (;)/n l 's m the kth row of a representat10n matnx 

I 

Remark 2 22 /5} [12} For an integer n such that n zs a dzvzsor for all (;) , 

k = 1, 2, , n - l , n zs necessarily przme 

It t hus follows that, for n = 7, we have the followmg corollary 

Corollary 2 23 For the representation matrix of one sector of an 7- Venn 

diagram, there are eighteen 1 's zn each matrix There zs one 1 zn the first 

row and the last row, three 1 's zn the 2nd row and fifth row, five 1 's zn the 

thzrd row and fourth row 

By t he above theorem, with exactly one 1 m each column, one may always 

use an (n - 1) x (2n - 2)/n 0-1 matnx to represent the sector and use an 

( n - 1) x ( 2n - 2) 0-1 matnx to represent the whole diagram In this paper, 

we always use 6 x 18 matnces for one sector of an SSM 7-Venn diagram 

The followmg theorem reduces the computational complexity by addmg 

more restnctions on the representat10n matnces of SSM Venn diagrams 
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diagrams? To solve this problem the Grunbaum encodmg techmque 1s em­

ployed 

2.3 Graph Representations 

2.3.1 The Definition 

The graph representat10n of a SSM n-Venn diagram 1s an "adJacency-hst 

representation" [3] Given an SSM n-Venn diagram V, we can label all of 

the vertices of V 0, l, , up to 2n - 2 The graph representat10n consists of 

an array a of 2n - 2 circular hsts, one for each vertex m V For each vertex 

labeled by an mteger k, a[k] 1s a cucular hst of the labels of the neighbors 

of vertex k, m clockwise d1rect10n A graph representat10n a of an SSM n­

Venn diagram V 1s related to the labelmg of V's vertices Therefore an SSM 

Venn diagram can have ( 2n - 2) 1 many graph representat10ns For each graph 

representat10n of an SSM n-Venn diagram, we have 

Theorem 2 25 The graph representation of an SSM n- Venn diagram zs an 

array a of 2n - 2 circular lzsts, wzth each lzst having 4 elements 

Proof We have shown that there are 2n - 2 vertices m V Smee V 1s simple, 

each vertex u 1s an mtersect10n of two Jordan curves Therefore u's neighbor 

consists of 4 vertices, two on each curve I 

2.3.2 Graph Representations and Isomorphisms 

It 1s well-known that, 1f two n-Venn diagrams have the same graph represen­

tat10n, then these t¥-o n-Venn diagram must be 1somorph1c 
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Given two SSM n-Venn diagrams, each with a graph representat10n, our 

interest here is to determine whether they are 1Somorphic One way to do 

this is to relabel all the vertices of one Venn diagram m all possible ways 

(there are (2n - 2) 1 altogether), get a new graph representat10n each time, 

and compare it with the graph representat10n of the other Venn diagram If 

one representat10n of the first Venn diagram matches up with the other 's, 

then these two diagrams are isomorphic Fortunately, smce the given Venn 

diagrams are simple, symmetric, and monotone, we only need to relabel 

them a few times each each time we choose some special starting vertex, to 

determine whether they are isomorphic or not 

2.3.3 Choosing Suitable Graph Representations 

When we need to determine whether two SSM n-Venn diagrams are isomor­

phic, we do not need to compare all of theu graph representat10ns, we can 

achieve the same result by comparing some special graph representat10ns of 

these two diagrams Smee graph representations are related to the labeling 

of vertices, first problem is how to label the vertices to obtam the special 

graph representations for each diagram 

The vertex relabeling method is mduced from the Depth-first Search, 

or DFS [3] and involves domg a depth-first search on a given SSM Venn 

diagrams V, and relabel the vertices m the order they are visited There are 

two vers10ns of DFS for our purpose the leftmost DFS and the rightmost 

DFS Durmg the left DFS process, we imagme that we are walkmg on the 
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edges ( or curves) of the diagram if we enter a vertex, we choose one of the 

neighbormg vertices to go to, startmg from our left side The vertex we move 

to will be the first unvisited vertex on our left side This makes sense smce 

we are on an orientable surface and the neighbor is represented by a circular 

hst , m clock wise order We can call this search the leftmost version of depth­

first search The nghtmost vers10n of depth-first search can be described 

m a similar manner Obv10usly, domg a left DFS on a SSM Venn diagram 

V is eqmvalent to domg a rightmost DFS on the mirror image of V After 

all the vertices of V are relabeled, we obtam a new graph representat10n by 

constructmg ( or updatmg) its vertex-adJacent hst 

Assume we are given two SSM 7-Venn diagram Vi and ½ with labeled 

vertices and graph representat10ns, and we need to determme whether they 

are isomorphic To do leftmost and rightmost DFS searches for each SSM 

n-Venn diagram V, we can only choose a vertex u which touches the most 

outside reg10n and a vertex v which touches the most mside region as the 

startmg pomts For the startmg pomts, we need an agreement as to which 

vertex is on our left and which is on our right side, smce we may turn around 

at the startmg pomts For mstance, assume the vertex u we chose above has 

a neighbor (circular hst m clockwise) { w0 , wi , w2 , w3 } If we assume Wi is on 

our left, then Wi+i is to our front, Wi+2 to our nght, and Wi+ 3 behmd us (usmg 

modular addit10n if necessary) Notice that smce u touches the outermost 

reg10n, two of w's must do so as well To reduce the computat10nal time, we 

will only choose one of these two w's as it is behmd us when we start to do 
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leftmost or nghtmost DFS Therefore, startmg from u, we will do two leftmost 

DFS and two rightmost DFS In each case, we always know which will be the 

next vertex to v1Sit from the startmg vertex u Similarly, we do two leftmost 

and two rightmost DFS startmg from v, for a total of 8 DFS's for each given 

SSM 7-Venn diagram We can relabel the vertices after each search, and 

accordmgly get an updated graph representat10n each time The 8 typical 

graph representat10ns so obtamed are called normal graph representations 

From the discuss10n above, we have the followmg theorem which provides us 

with another method to identify a SSM n-Venn diagram 

Theorem 2 26 Any two zsomorphzc SSM n- Venn diagrams have the same 

8 normal graph representations 

The detailed algorithm for graph representat10n and searchmg all SSM 7-

Venn diagram will be presented m Chapter 4 



Chapter 3 

The Algorithm Using 
Griinbaum Encoding 

Our first algorithm to search all simple symmetric monotone (SSM) 7-Venn 

diagrams is given m (Figure 3 1) In this algorithm, we use Grunbaum en­

codmg to distmgmsh Venn diagrams We use the set S to hold the SSM 

7-Venn diagrams obtamed For each diagram V, we use gv to denote its 

Grunbaum encodmg 

3.1 Generating Matrices 

Accordmg to Theorem 2 21 and Corollary 2 23, for the case n = 7, each 6 x 18 

matrix M generated m step 2 has 18 entries with value 1, and the other 90 

entries are ,alued O The 18 entries with value 1 are distributed with the 

followmg restrict10n 

• 1 entr) m each column, 

• 1 entrj m row O and row 5 respectively, 

52 
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COMPUTE_ALL_l 

l S +- Nil 

2 for each of all possible 6 x 18 0-1 representmg matrices 

3 Expand the matnx to 6 x 126 matnx M 

4 Construct the poly-Imes 

5 1f the poly-hnes consist of a Venn Diagram V 

6 calculate Grunbaum encodmg 9v for V 

7 compare 9v with gv, of each ¼ m S 

8 1f 9v =I- gv, for all i 

9 V 1s a new solution, add V mto S 

10 goto step 2 

Figure 3 1 Algorithm One 

53 
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• 3 entnes m row 1 and row 4 respectively, 

• 5 entnes m row 2 and row 3 respectively, 

• the entry m row O 1s also m column O (1 e M[O][O] = 1), 

• no adJacent entries (with value 1) many row 

Imtially, Mis set as a zero matnx, and then the entries with value 1 can 

be simply selected with 17 for loops To reduce the computat10nal time, we 

can use two add1t10nal matrices F and A, m order to guarantee that there 

are the desired number of entries with value 1 m certam row, and that there 

are no adJacent entnes with value 1 many row 

The first matrix F is 1 x 18 The value F[J] (0 :::; J :::; 17) md1cates 

whether the correspondmg column i has an entry with value 1 

F[J] = 1 1ffor some i such that M[i][J] = 1, 
= 0 otherwise 

The second matrix A is a 6 x 18 matnx Its purpose 1s to md1cate the available 

entries which can be assigned to 1 ma given row These two matrices have to 

be updated every time a row has been successfully constructed The followmg 

example illustrates how a representmg matnx 1s generated and the usage of 

matrices F and A 

Example 3 1 Suppose the followmg matnx Mis m the generatmg process, 

the first three rows (row O to row 2) have been successfully generated, and 

we are m pos1t10n to select five entries m row 3 and assign value 1 to the 

entries 
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The matrix F is 

100000000000000000 

001000000001000001 

0 10100010000101000 

000000000000000000 

000000000000000000 

000000000000000000 

1 1 1 1 0 0 0 1 0 0 0 1 1 0 1 0 0 1 
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The matrix A[3][] for row 3 (the fourth row) has nme vahd entries (only nme 

entries remamed to be selected) 

4 5 6 8 9 10 13 15 16 

The other entries A 3][9], A[3][10], , A[3][17] could be simply assigned to 

-1 In this case the five entries m this row will be chosen from column 4, 5, 6, 

8, 9 10, 13, 15, and 16 The only restrict10n is that no consecutive columns 

be selected For mstance, the ch01ces of the five entries could be 

{ 4, 6, 8, 10, 13}, 

{ 4, 6, 8, 10, 15}, 

{ 4, 6, 10, 13, 16}, 
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In general for row 3, we can select five entnes by usmg five for loops Smee 

m this row there always nme columns available 1f row 0, row 1, and row 2 

have been fimshed , the first chosen entry has to be from the columns which 

are m the first five available columns as well as m the first 10 columns In 

other words , the entry must be chosen from the first five available columns 

with a column value of no more than 10 m order to leave enough choices for 

the other four entnes The second entry to be selected has be w1thm the first 

six available entnes for this row with a column value no greater than 11, and 

at least two column away from the entry already chosen, so that therefore 

no consecutive 1 's m t his row S1m1lar rules apply to the next three entnes 

to be selected The m1t1al values for the for loops may be -vaned, however, 

this can be easily done with one or at most two companson operat10ns 

3.2 Constructing Poly-lines 

For each 6 x 18 matnx M generated m Step 2 of Algonthm One, we must 

first expand 1t to a 6 x 126 matnx by appendmg the origmal matrix by itself 

six times "'vVe still denote the expanded matrix by M The behavior of 7 

poly-lmes can be mferred from matrix M two poly-lmes mtersect with each 

other at some pomt 1f the correspondmg entry of M is 1 

We can use a 7 x 126 poly-line matrix L to represent the poly-lmes inferred 

from M The first column of L is [O, 1, 2, 3, 4, 5, 6f The rest of the entries 

will be evaluated with the Algorithm m Figure 3 2 

Example 3 2 The poly-lme matrix for V1ctona (the first 18 columns) 
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UPDATE_POLY_LINES 

1 for i = 0 to 6 

2 L[il[O] +- i 

3 for r = 0 to 5 

4 for c = 1 to 124 

5 1f M[r][c] = 0 

6 L[r][c + 1] +- L[r][c] 

7 else L[r][c + 1] = L[r + ll[c] 

8 L[r + ll[c+ 1] +- L[r][c] 

9 r+-r+l 

10 1f M[5l[c] = 0, L[6l[c + 1] +- L[6l[c] 

Figure 3 2 Algorithm for Constructing a Poly-lme Matnx 
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0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

100333333333555555 

223022225555366222 

332204452226632664 

444440544462223346 

555555000644444433 

666666666000000000 

Example 3 3 The poly-lme matnx for Ml (the first 18 columns) 

0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

100033333444444442 

223304444366000224 

332440006630662066 

444222260003326600 

555555622222233333 

666666555555555555 

3.3 Validation 
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A matnx M represents a Venn diagram 1f and only if the represented diagram 

has 27 - 2 = 126 distmct regions To dIStmgmsh all the regions from each 
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other we can label these regions with ranks The rank of a given region is 

defined by 

2n -i + Xn-l , 

where Xi = 1 if the region is outside of poly-lme i and Xi = 0 otherwise By 

this defimtion , we therefore have 

Theorem 3 4 The upper bound of the ranks of the regions zn an n- Venn 

diagram zs 2n - 1, whzch zs for the outer most face And the lower bound of 

the ranks is 0, whzch zs for the inner most face For n = 7, the upper bound 

ZS 127 

Corollary 3 5 A matrix M represents a Venn diagram if and only zt has 

exactly 126 regions wzth different ranks valued from 1 to 126 

For each representmg matnx M, a umque poly-lme matnx L has been 

constructed m the previous step To see whether the represented diagram 1s 

a Venn diagram , we can scan the M column by column from left to nght 

When an entry with value 1 is found , one region has Just scanned successfully 

and another region is ready to be scanned The rank of the scanned region 

can be calculated accordmg to the entries m the same column of the poly-lme 

matnx L That is , suppose we scan M up to its column J and M[i][J] = 1 

for some z (0 ~ i ~ 5), then the rank of the region we Just scanned is 
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All reg10ns can be stored in a 1 x 128 matnx R, indexed by the ranks of 

reg10ns (Theorem 3 4) 

With ranks, we can 1dent1fy the reg10ns and therefore 1mmed1ately know 

that the diagram represented by M 1s not a Venn diagram 1f some regions 

scanned more than once At this pomt we can terminate the scanning process 

for the current matnx M 

If the scanning process 1s fimshed successfully, we can then check the 

reg10ns of the diagram to see whether there are exactly 126 different reg10ns 

presented in the diagram ( except the most ms1de one and the most outside 

one) The algonthm for testmg whether a generated matnx M represents 

an SSM Venn diagram 1s given in Figure 3 3 In this algorithm, M 1s the 

given 6 x 126 matnx we generated in prev10us steps, L 1s the poly-line matnx 

associated with M, and R 1s a one-d1mens10nal matrn.., each indexed by ranks 

of reg10ns For each i, 0 S i S 127, R[i] 1s the number of times the reg10n 

with rank i 1s scanned An integer variable k 1s for the number of reg10ns 

scanned The algorithm will return true 1f the diagram represented by a 

given matnx M 1s a Venn diagram Otherwise, 1t returns false 

The idea of the algorithm 1s this dunng the process of scanning M from 

column 0 to column 125, we are lookmg for the entry with value 1 in each 

column Without loss of generality, assume we see M[i][J] = 1 for some 

nonnegative i S 5 and J S 125 We know a reg10n has Just scanned and 

another reg10n 1s to be scanned The ranks of these two reg10ns can be 

calculated with the values of entnes m Jth column and J + 1th column in 
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IS_VENN_DIAGRAM 

1 count k +-- 0, 

2 for column J = 0 to 125 

3 for row i such that M[i][J] = 1 

4 k+--k+l 

5 r +-- 2L[Ol[J] + 2L[l][J) + + 2L[i)[J) 

6 R[r] +-- R[r] + 1 

7 1f R[r] > 1, return false 

8 return true 

Figure 3 3 Algorithm for Vahdat1on of Venn Diagrams 

matnx L (mod 126 1f necessary) 

If we do find a Venn diagram at this stage, we are ready to calculate its 

Grunbaum encodmg 

3.4 Generating Griinbaum Codes 

As was shown m Sect10n 3 2, 7 poly-lmes can be constructed accordmg to 

each matnx M generated The poly-lmes are labeled m the up down order 

m the first sector of the diagram represented by M, and the behav10r of the 

poly-lmes is recorded m L To generate Grunbaum encodmg g , we first have 

to relabel the poly-lmes by order of appearance m the first row so that all 

poly-lmes are labeled with 0, 1, , 6, smce this is how Grunbaum codes are 

defined We will still use L for the relabeled poly-lmes 
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The Grunbaum encodmg g for the SSM 7-Venn diagram represented by 

M consists of 4 sequences w, x , y and z Each is a sequences of 0, 1, 

and 6 (Section 2 1 2) In the followmg sect10n, we will show an algonthm for 

obtammg w, and will mfer x , y and z from 1t 

Example 3 6 The relabeled poly-lme matnx L for Victona (the first 18 

columns) 

0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

100444444444333333 

224022223333466222 

442205532226642665 

555550355562224456 

333333000655555544 

666666666000000000 

The sequence w can be obtamed from L directly It is the sequence of 

the labels of the poly-hnes which the poly-hne 0 meets when it travels from 

column 0 to column 125 m matnx L For example, we can obtam the first 

several digits of w from Example 3 6 

w 142536 

Figure 3 4 shows the algonthm for obtammg w and x given matnx L 

The vanable p is for the mdex of the sequence w, s is the number for circular 



Chapter 3 The Algonthm Usrng Grunbaum Encodmg 63 

GENERATING_GRUNBAUM_ENCODING 

1 p +-- 0, s +-- 0, f +-- false, 

2 for column J = 0 to 125 

3 for row i such that M[i] [J] = 1 

4 1f L[il[J] = 0, w[p] +-- L[i + ll[J], p +-- p + 1 

5 1f i = 5 and f = false, f +-- true 

6 else 1f f = false, s = s + 1 

7 else 1f L[i + ll[J] = 0, w[p] +-- L[i][J], p +-- p+ 1 

8 1f f = false , s +-- s + 1 

9 for i = 0 to p 

10 x [i] = w[(i + s) mod p] 

Figure 3 4 Algorithm for Generatmg Grunbaum Encodmg 

sh1ftmg on w After w 1s obtamed, x can be obtamed by circular sh1ftmg w 

by the number s 

If we relabeled the poly-lme m the reverse order of their appearance m 

the first row of the poly-lme matnx, the first row of L will be changed from 

0 0 1 1 6 6 ---+ 6 6 5 5 0 0 

This actually defines a permutat10n II on {O, 1, , 6} By applymg this per­

mutat10n to the sequences of w and x, and reversmg the resultmg sequences, 

we obtam sequences y and z The desired Grunbaum encodmg for the Venn 

diagram represented by M 1s g = { w, x, y , z} 
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Each time we obtam a Grunbaum codes g for a generated matnx M, we 

compare g with the Grunbaum code of all the Venn diagrams we have already 

found (stored m set S) If g 1s eqmvalent to some Grunbaum encodmg for 

some Venn diagram V m the set S of the solut10ns, then the Venn diagram 

M represents 1s 1somorph1c to the Venn diagram V E S In this case, matnx 

M and its Grunbaum encodmg will not be added mto set S agam, otherwise, 

we add this M and g mto S 



Chapter 4 

The Algorithm Using Graph 
Representations 

Our second algonthm to search all SSM 7-Venn diagrams 1s given m (Figure 

4 1) Smee the diagrams represented by generated matnces M are symmetnc, 

1t 1s sufficient for us to calculate only 8 normal graph representat10ns for each 

diagram m order to 1dent1fy 1t (Section 2 3 3) 

The methods for generatmg 0-1 matnx M and poly-lme matnx L are 

exactly the same as m the prev10us chapter In this chapter, we will only 

discuss the methods for constructmg graph representat10ns As we pomted 

out m Sect10n 2 3, for each diagram V represented by M, we will 

• label the vertices , and construct a graph representat10n for V , 

• choose two vertices u and v, which touch the most outside reg10n or 

most ms1de reg10n respectively, 

• do two leftmost and two nghtmost depth-first searchmg on u and v, 
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CO MPUTE_ALL_2 

1 St- N il 

2 for each of all possible 6 x 18 0-1 representmg matnces 

3 Expand the matnx to 6 x 126 matnx M 

4 Construct the poly-Imes L 

5 If the poly-Imes consist of a Venn Diagram V 

6 calculate the 8 normal graph representat10ns G v[i]!:b for V 

7 compare G[O] with Gv, [O] of each ¼ m S 

8 If V 1s a new solut10n, add V mto S 

Figure 4 1 Algonthm Two 

• relabelmg the vertices of v after each search, 

• construct a ( normal) graph representat10n after each search, 

• sort these 8 normal graph representat10n m lex1cograph1c order, 

The normal graph representat10ns of each diagram are sorted m lex1co­

graph1c order, denoted by G[O], G[l], , G[7] When we determme whether 

two given SSM 7-Venn diagrams are 1somorph1c, we only need to compare 

the first ones (G[O]'s) of the 8 normal graph representat10ns In fact, we only 

need to store the G[O] as a umque graph representation 
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4.1 Constructing Graph Representations 

For each generated 0-1 6x 126 matrix Mand the poly-lme matrix L associated 

with 1t, we can label all vertices of the diagram V represented by M as 0, 

1, , 125 A graph representat10n can be constructed accordmg to these 

vertex labels , these labels and the graph representat10n will be referred as 

the "ongmal labels' and the "ongmal graph representat10n " The upcoming 

depth-first searchmg and vertex relabelmg will work on the diagram with 

origmal labels 

The vertices are labeled row by row, and column by column on each row 

We can use a new 6 x 126 matrix N to record the labels of the vertices The 

entries of N with value O are m the exactly the same pos1t10n as those m 

Matrix M The entries with value 1 m Mare replaced m N by the label value 

of the correspondmg vertices Then, for each vertex i , we check its neighbors 

and construct an adJacent hst for 1t, m clockwise order The algorithm 1s m 

Figure 4 2 

4.2 Leftmost and Rightmost Depth-first Search-. 1ng 

After all the vertices of the diagram V are represented by matrix M generated 

m Algorithm Two, we choose two vertices, which touch the most outside 

reg10n or most ms1de reg10n respectively We then perform four depth-first 

searchmg two leftmost and two rightmost depth-first searchmg (DFS) on 
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LABELING_ VERTICES 

1 k t- 0 

2 for row i = 0 to 5 

3 for column J = 0 to 125 

4 1f M[il[J] = 1, N[il[J] t- k kt- k + 1 

5 else N[i][J] +- 0 

Figure 4 2 Algorithm for Labeling Vertices 

CONSTRUCT _GRAPH_REPRESE TATION 

1 color all vertices WHITE 

2 for row i = 0 to 5 

3 for J = 0 to 125 

4 if M[il[J] = 1 

5 k +- N[i][J] 

6 g[k] +- k 

7 search in poly-line matrix L to find neighbor of vertex k 

8 find out the labels of the neighbor of k in matrix N 

9 make an adJacent list for vertex k 

Figure 4 3 Algorithm for Constructing Graph Representat10ns 
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both of them 

Durmg the process of a DFS, at each vertex u, we know which vertex m 

u's neighborhood is the leftmost unvisited vertex to u, smce we know which 

vertex w is behmd us, i e , from which vertex w (m neighbor of u) we come 

from However, for the startmg pomt of each search, we have to define what 

is behmd us , so that the left and right side make sense Smee for the startmg 

pomt which touchs the most outside reg10n, there are two curves lead mto 

the mside of the diagram, and the left and right side vertex of the startmg 

pomt is determmed by the way how we walk mto the diagram, it is necessary 

to do two leftmost DFS 

The algorithms m Figure 4 4, Figure 4 2, and Figure 4 6 are for the left­

most and rightmost DFS 

After each search, all vertices m diagram V represented by matrix M will 

be relabeled The mappmg of the old labels and the new labels is represented 

as an array F m algorithm DFS (Figure 4 6) We thus find a permutat10n 

on the set {O, 1, , 125} , and can then update matrix N (which records the 

labels of the vertices), with this permutat10n mappmg 

N[z][J] +-- F[N[z][J ]] 

A new ( or normal) graph representat10n can be obtamed accordmg to the 

new labels of the vertices, this is accomplished m the algonthm m Figure 

4 4 There are 8 normal graph representat10ns obtamed altogether and they 

are sorted m lexicographic order 
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OBTAIN_N0RMAL_GRAPH_REPRESENTATION 

Input: vertex u touches most outside region 
vertex v touches most inside region 

1. k ~ 0 

2. for each neighbor w of u touches the most outside region 

3. TRAVERSAL_GRAPH(w, u, leftmost) 

4. Update(G[k]), k ~ k + 1 

5. TRAVERSAL_GRAPH(w, u, rightmost) 

6. Update(G[k]), k ~ k + 1 

7. for each neighbor w of v touches the most inside region 

8. TRAVERSAL_GRAPH(w, v, leftmost) 

9. Update(G[k]), k ~ k + 1 

10. TRAVERSAL_GRAPH(w, v, rightmost) 

11. Update(G[k]) 

12. lexicographic sort G[O], G[l], ... , G[7] 

Figure 4.4: Algorithm for Normal Graph Representations 
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TRAVERSAL_GRAPH 

Input: integer label of vertex f: from vertex f 
integer label of vertex t to vertex t 
direction: leftmost or rightmost 

1. from +--- f, to +--- t 

2. n +--- 0 

3. for i = 0 to 125 

4. to +--- ( to+ i ) mod 126 

5. if vertex labled to is WHITE 

6. DFS(from, to, direction) 

7. from+--- to 

Figure 4.5: Algorithm for Traversal of a Graph 
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DFS 

Input: label of vertex from 
label of vertex u 
direction: leftmost or rightmost 

1. if color of vertex u is BLACK, return 

2. color of u +- BLACK 

3. F[u] = n 

4. n +- n + l 

5. if direction = leftmost version 

6. for all unvisited vertex v adjacent to u in clockwise order 

7. DFS( u, v, leftmost) 

8. else if direction = rightmost 

72 

9. for all unvisited vertex v adjacent to u in counter-clockwise order 

10. DFS( u, v, rightmost) 

Figure 4.6: Algorithm of Leftmost and Rightmost DFS 
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We can compare the first normal graph representation of V with that of 

the SSM 7-Venn diagrams we have ready obtained, to see whether V is a 

new diagram. 



Chapter 5 

Conclusion 

We have implemented two computer programs in order to compute all the 

simple symmetric monotone (SSM) Venn diagrams with seven curves. One 

program uses Griinbaum encoding to identify the diagrams (Algrithm One, 

Chapter 4) and the other program uses graph representations to identify 

the SSM diagrams (Algorithm Two, Chapter 4). In each program, there 

are 20 ,125,224 matrices generated. The total number of different SSM Venn 

diagrams we obtained is 23. The two programs come out with the exactly 

the same solutions. These 23 SSM diagrams match with the 23 SSM Venn 

diagrams found by A. Edwards, B. Griinbaum and F. Ruskey. These findings 

verified in practice that the Griinbaum encoding is indeed a representation 

of an SSM Venn diagram, which we have proved in theory in Chapter 2. 
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Index of Solutions Index of Matrices 
1 96,948 
2 144,637 
3 145,004 
4 150,449 
5 245,226 
6 270,995 
7 337,325 
8 420,957 
9 487,352 
10 650,806 
11 740,224 
12 746,788 
13 746,888 
14 751,414 
15 1,097,622 
16 1,126,308 
17 1,349,320 
18 1,467,557 
19 2,218,590 
20 2,219,552 
21 2,247,989 
22 2,314,011 
23 2,782,864 
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