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Abstract

A family of intersecting simple closed curves (FISC) 1s a collection of simple
closed curves 1n the plane with the properties that there 1s some open region
common to the interiors of all the curves, and that every two curves intersect
in finitely many pomnts A normal FISC, or NFISC 1s a FISC with the proper-
ties that each curve touches the outer face and the family 1s convex-drawable
In this thesis, we present a G-encoding technique for an NFISC, which gener-
alizes a Grunbaum encoding for a simple monotone Venn diagram We prove
that NFISC diagrams can be uniquely 1dentified with theirr G-encodings,
and simple monotone Venn diagrams can be 1dentified with their Grunbaum
encodings By applying this theory, we develop two algorithms to search
all possible simple symmetric monotone (SSM) Venn diagrams with seven
curves The total number of such diagrams 1s 23
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Chapter 1

Introduction

This thesis 1s concerned with simple symmetric monotone (SSM) Venn di-
agrams and their representations and related properties It develops algo-
rithms for generating and identifying all SSM Venn diagrams with seven
curves

The rest of this chapter gives fundamental concepts and introduces most
of the terminology used later in the thesis The chapter has four sections
The first section gives a concise introduction to the pertinent graph theory
In the second section we present some relevant topological graph theory, with
which we will prove the main theorem of this thesis in Chapter 2 The third
section talks about the basic definitions and theory of Venn diagrams, and
the last section describes the contribution of the thesis

In Chapter 2, we present several data structures for simple monotone
Venn diagrams G-encoding and Grunbaum encoding methods, matrix rep-
resentations, and graph representations These data structures are essential

for generating, 1dentifying and comparing Venn diagrams Some detailed ex-
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amples are studied A number of properties and theorems regarding SSM
Venn diagrams and these data structures are fully discussed and proved

In Chapter 3 and Chapter 4, two algorithms for generating all the SSM
Venn diagrams with seven curves are given With the data structures for
representing SSM Venn diagrams imvented in Chapter 2, we show how all
SSM Venn diagrams with seven curves are generated, how they are identified,
and how they are compared with each other

Conclusions and computational details are presented in Chapter 5 We

find out that there are exactly 23 SSM Venn diagrams for n = 7

1.1 The Basic Definitions of Graph Theory

In this thesis, all graphs are finite An undirected graph G = (V, E) consists
of a finite nonempty set V and a set E of unordered pairs of distinct elements
of V' The elements in V are called vertices of G, and the elements in E are
called edges of G

A finite undirected multigraph G = (V, E) consists of a finite nonempty
set V and a set E of unordered (not necessarily distinct) elements of V

A directed graph G = (V, E) consists of a finite nonempty set V and a set
E of ordered pairs of (not necessarily distinct) elements of V' The elements
i V are called vertices of G, and the elements in F are called (directed) edges
of G

A plane graph 1s a graph G = (V, E) with the following properties

1 V CR?
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2 every edge 1s an arc between two vertices,
3 every two edges are either disjoint or meet only at a common vertex

For a plane graph G, a region 1s an open set U C IR?\G such that for
each pair u, v 1n U there exists a simple Jordan curve from u to v and that
1s contained 1n U The faces of a plane graph G are the maximal regions of
the plane that are disjoint from G We also call faces regions if no confusion
arises We shall use F(G) to denote the set of faces of G

Let G, = (V4, Ep) and Gy = (V,, Es) be two graphs Then G 1s 1somor-
phic to G, wnitten G; = Gj, 1f there 1s a byective function ¢ G; — Go
such that uwv € E; 1f and only 1if ¢(u)¢(v) € E,

A graph G 1s planarif 1t 1s 1Somorphic to some plane graph G’ The latter

1s called a drawrng of G 1n the plane

1.2 The Basic Definitions of Topological Graph
Theory

1.2.1 Surfaces

In this thesis our interest 1s in representing a certain kind of graph on
(some compact subset of) the plane, or more generally, on some compact
2-dimensional mamifold A set of points 1n a topological space 1s called a
2-manafold 1if every point has a neighborhood which 1s homeomorphic to an
open disk or 2-cellU? = {z € R? ||z|| < 1}[11] A set of ponts in a topolog-

1cal space 1s compact if every covering with open sets has a finite subcovering
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A surface 1s a compact connected 2-dimensional manifold

A surface 1s non-orientable if by following some closed loop on the surface,
we can change clockwise rotations into anti-clockwise rotations A surface 1s
orientable if no such loops exist

Spaces such as the plane and the Mobius strip are not surfaces by this defi-
nition The plane 1s not compact, and the Mobius strip 1s not a 2-dimensional
manifold Spheres and tor: are examples of orientable surfaces Projective

planes and Klein bottles are non-orientable surfaces

1.2.2 Surfaces S, and N;

There are two ways we can obtain more complicated orientable or non-
orientable surfaces adding “handles” to a sphere, or adding “crosscaps”
to a sphere

To add a handle to the sphere, we first make two “holes” on a sphere,
and orient their boundaries in the same directions We then take a truncated
cylinder, bend 1t 1nto a shape of a handle, orient 1ts ends 1n the same direction,
and “glue” 1ts boundaries to those on the sphere, preserving orientation
Then we have another orientable surface, which 1s equivalent to the torus
We can repeatedly add more handles to the sphere A sphere with A handles
1s denoted by Sy, where h 1s called the genus of the surface

To add a crosscap on a sphere, we make one “hole” on a sphere first, and
“glue” the boundary by 1dentifying each point with its opposite one We

can repeat this procedure k£ times to obtain a sphere with &k crosscap The
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resulting surface 1s denoted by N

The classification theorem on surfaces states that [1]

Theorem 1.1 An orientable surface 1s homeomorphic to Sy, for some h > 0,

a non-orientable surface 1s homeomorphic to Ny, for some k > 0

1.2.3 Plane Models of Surfaces

Surfaces can be represented by polygons on the plane The polygons are
called plane models of the surfaces [1] Since complicated surfaces are some-
times hard to draw 1n three-dimensions, plane models help us to represent
surfaces 1n two-dimensions The edges of the polygons are assigned labels
to indicate how the corresponding surfaces can be reassembled Two edges
to be 1dentified will be assigned the same labels and they are glued together
along the same direction as indicated

For example, 1n Figure 1 1, the sphere 1s cut as indicated Its plane model
1s a quadrilateral, with labels a, ™!, b, and b=! In Figure 1 2, we show that

the plane model of a double torus 1s
az, bl) al_l, bi-la ag, b2, a’2_la b2_1

In fact, as noted by White and Beneke [1], the orientable surface Sj can be
formed from a 4h-gon by 1dentifying corresponding sides when the boundary

labels are

-1 -1 -1 —1
ai, bla a; -, bl ) y Qp, bha ap -, bh
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Figure 1 1 Polygon Representation of the Sphere

Figure 1 2 Polygon Representation of the Double Torus
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Use of plane models also allows us to represent graphs on the plane,
and could be a convenient tool to solve some surface-related problems The
examples presented here only 1llustrated the basic 1deas, more details can be

found 1n [1], [6] and [9]

1.2.4 Two-cell Embeddings

In the thesis, our particular interest lies 1n the embedding of Venn Diagrams
i some surface (see Section 13) An embedding of a general graph G =

(V, E) m a surface S 1s a mapping 7 of G to S such that

1 7(V) are a set of points of S and 7(E) are a set of disjoint open arcs

of S,
2 the distinct vertices of G are mapped to distinct points of S,
3 the edges of G are mapped to disjoint open arcs of S,

4 for any edge e jomning vertices v and w of G, the open arc 7(e) joins

the ponts 7(v) and 7(w) n S,

5 for any edge vw, and for any vertex u, 7(vw) does not contain 7(u) 1n

S

Moreover, if the complement of 7(G) relative to S 1s a collection of 2-cells, the
embedding 1s called 2-cell embedding Indeed, the complement 1s necessarily

a collection of open sets of S The embedding 1s 2-cell only 1if all such open
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1
i 1 L b vb
b v b b b

>
1 1

Figure 1 3 Embeddings of K4 1n a Torus

sets are homeomorphic to a disk In Figure 1 3, three embeddings of K,’s 1n
a torus, only (c) 1s a 2-cell embedding [1]
With S as a surface, the Euler characteristic x(S) 1s defined by

x(Sp) = 2—2h for the orientable surface Sy,
X(Nx) = 2—k  for the non-orientable surface Ny

The following theorem 1s a generalization of Euler’s polyhedron formula
for the plane It gives the relationship among the numbers of vertices, edges

and regions 1n a 2-cell embedding

Theorem 1 2 [1] For a 2-cell embedding of a connected (general) graph with

p vertices, q edges, and r regions in a surface S, we have
p—g+r=x(S5)
1.2.5 Rotation Scheme

Rotation scheme 1s a method “for describing a 2-cell embedding algebraically,
so that no actual drawings need be made”[1] Here we only represent this
tool for 2-cell embeddings of finite graphs in orientable surfaces

Let G = (V, E) be a finite connected (multi)graph and assume V =

{vi,v2, ,vn} Each edge e has two oriented directions on it we use (v,, v;)
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to denote the oriented edge starting from v, to v, and (v,, v,). for the one
with opposite direction For each vertex v,, let E, be the set of edges oriented

from v,, 1€
E, ={(v, v))e e € E for some v, € V}

Let @, be the set of the cyclic permutations of E, Then there 1s a one to one

correspondence between the set of 2-cell embeddings of G and the Cartesian

product [] ®,

Theorem 1.3 [1] Let G = (V, E) be a finite connected (multi)graph Define
E, and ®, as above Then each choice of permutations (¢1,¢2, ,¢n) of
P, x &, x X ®, determines a 2-cell embedding of G 1n some orientable
surface S, Conversely, for any 2-cell embedding of G wn Sy, there 1s a

corresponding set of permutations which yields that embedding

Proof* For each permutation ¢ of the set E, of the oriented edges at vertices
v, 1 <1 < n, we can define a mapping ¢ on set E,, so that for each (v, v5)
for some 7, ¢(v,,v,). 1 the oriented edge next to (v,,v,). In the permutation
¢ of E,

Let E* be the set of all the oriented edges of G For the given choice of
permutations (¢1, 2, ,¢,) of &3 X P x  x P, define a mapping ® on
E* by

o E* — E*
('Unvj)e —3 ¢J('U],vz)e
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This map 1s one to one and onto 1f ¢, (v,,, v, )e; = Py (Vyy, Uiy ey, the two
edges should be 1n the same set of oriented edges at the vertex,1e v,, =v,,
By the definition of qASJl, (V51, V41 )er = (Ugp5Us5)e,, 15 the same oriented edge
after a common oriented edge adjacent to a common vertex v,, = v;,, So
v,, = U, and e; = e; Therefore, ®* 1s a permutation of E*

Each orbit of ®, which 1s a closed walk of the graph, determines a region
We then paste these regions together by identifying each oriented edge (v, w).
with (w,v), Since each permutation ¢ 1s cyclic, the result of the pasting 1s
a 2-manifold Since all edges are pasted, there are no boundaries for the
2-manifold, the 2-manifold indeed 1s a surface This surface can be oriented
consistently such that at each vertex v,, the oriented edge (v,, v, ). 1s followed
by qAS,(v,, v,)e The surface 1s orientable hence 1t 1s a Sj, for some A > 0 The
number of regions, denoted by f, 1s the number of the orbits of ® So the
genus h can be calculated by Euler’s formula

For each 2-cell embedding of G on Sy, 1t 1s trivial to obtain a choice of

permutations (¢1,d2, ,¢n) of &1 x Py x X P, [

1.3 Venn Diagrams

A Venn diwagram 1s a plane diagram consisting of n simple Jordan curves
such that each of all possible intersections of the interior or the exterior
of the curves 1s non-empty and connected There are at most 2" possible
intersections of the interior or exterior of the n curves

Before giving the formal definition of Venn diagrams, we should examine
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A B L

Figure 14 (A) 3-Venn Diagram, (B) not a Venn diagram,(C) not a Venn
diagram
several examples

In Figure 1 4, the diagram (a) has all eight possible intersections of the

interior or exterior of the three curves The eight possible intersections are
e one ntersection which 1s inside all three curves,
e one intersection outside all three curves,

e three intersections which are inside two curves and outside the other

curve,

e three intersections which are inside one curve and outside the other

two

Furthermore, each intersection 1s in exactly one region The resulting di-
agram 1s a Venn diagram Diagram (b) 1s not a Venn diagram since the
interior of all three curves do not exist Diagram (c) 1s not a Venn diagram
either since the intersection of interiors of the two curves are separated into

two regions
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In 1880, British mathematician John Venn popularized Venn diagrams
[13] Here we follow Grunbaum [7] in the terminology

Let C = { C1, Cy, , C, } be a collection of simple closed curves drawn
in the plane The collection C 1s said to be an independent famaly if the
mntersection of X;, X,, , X, 1s nonempty, where each X, 1s either int(C, )
(the nterior of C, ) or 1s ext(C, ) (the exteror of C, )

Furthermore, 1if each such intersection 1s connected, then C 1s an n-Venn
diagram (or just Venn diagram) “The condition that there are only a finite
number of intersection points 1s usually assumed 1n the literature, but often
not stated explicitly It rules out segments of curves from intersecting ” [12]

A Venn diagram 1s ssmple if no three curves intersect at a common point

A Venn diagram 1s monotone if every k-region (the area mnside & curves,
0 < k < n) 1s adjacent to both a (k — 1)-region and (k + 1)- region

A Venn diagram 1s symmetric if there 1s a point z about which the dia-
grams may be rotated by 2:7/n and remain invanant, for2 =0,1, ,n-—1
A Venn diagram 1s polar symmetric if 1t 1s invariant under stereographic
projection when one puts 1its center at the “north pole” of the sphere

Two Venn diagrams are called isomorphic if they are topologically 1so-
morphic In this case, one of them can be changed into the other or 1ts mirror
1mage or 1ts polar image by a homeomorphic transformation of the plane

It 1s well known that 1f an n-Venn diagram 1s symmetric then n 1s prime
[12], [5] Symmetric Venn diagrams for n = 2,3,5,7 have been found For

n 18 2 or 3, the symmetric Venn diagrams are trivial For n = 5, there
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exists only one simple symmetric monotone Venn diagram [12] For n = 7,
there are many simple or non-simple symmetric Venn diagrams have been
found For n = 11, Hamburger [10] discovered a method for drawing a non-
simple symmetric 11-Venn diagram However, no simple symmetric 11-Venn
diagrams have been found yet The total number of such simple or non-
simple symmetric n-Venn diagrams for an arbitrary prime number n 1s still
unknown The purpose of this thesis 1s to determine the total number of
simple symmetric monotone 7-Venn diagrams

Since the 1980’s, people have found that symmetric Venn diagrams have
close relationships with some other interesting topics in computer science,
such as single-track Gray codes Symmetric Venn diagrams also provide good
challenges for people drawing graphs However, not much 1s known about
these kind of diagrams yet The sufficient and necessary conditions about
the existence of the symmetric Venn diagrams for a prime number 7 are still
unknown Now some mathematics and computer science experts are using
computers to generate Venn diagrams to try and find out all symmetric Venn
diagrams for some small prime numbers Investigation of these diagrams 1s
ongoing 1n order to find out more properties and interesting results New
achievements may be helpful to explore the sufficient and necessary condi-
tions mentioned above

Since 1996 23 simple symmetric monotone (SSM) Venn diagrams for n=7
have been discovered, where 6 of them are polar symmetric A Edwards

found the first 5 SSM Venn diagrams with polar symmetry, one of which
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was also found by B Grunbaum F Ruskey found another 18 SSM Venn
diagrams, one of them with polar symmetry Now the question 1s are there
any more of them? To answer this question, one can study the properties
of SSM Venn diagrams for n=7, and write a computer program to do an
exhaustive search

The program should find all SSM Venn diagrams which have been found
before by other people It should also do exhaustive checking on all possible
cases to see whether there are additional SSM Venn diagrams If there are

such diagrams, the program should print out the diagrams’ structure

1.4 Contribution of the Thesis

This thesis discusses several data structures such as 0-1 matrices, Grunbaum
encoding, and graph representation for SSM Venn diagrams A number of
properties and theorems regarding these data structures and SSM Venn di-
agrams are discovered and proved This thesis also presents two algorithms
for computing all SSM 7-Venn diagrams, one using Grunbaum encoding, and
the other using graph representation to identify the diagrams Grunbaum
encoding 1s an encoding method for identifying a SSM Venn diagram 1n prac-
tice However, the conjectured one-to-one correspondence between the set
of Grunbaum encoding and the set of SSM Venn diagrams had never been
proved

The major achievement of this thesis 1s that 1t proves Grunbaum encod-

ings do indeed 1dentify SSM Venn diagrams In this thesis, a new encoding
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method, G-encoding, for diagrams consisting of a certain type of Jordan
curves (called normal diagrams), as a general case of Grunbaum encoding
and SSM Venn diagrams, 1s studied The one-to-one corresponding relation-
ship between G-encoding and such normal diagrams 1s proved As a result
we prove that the Grunbaum encoding, which 1s a special case for SSM Venn
diagrams , 1s a representation method for simple monotone Venn diagrams
For this study, two computer programs were implemented to do exhaus-
tive searching for all SSM 7-Venn diagrams, using Grunbaum encoding or
graph representation respectively to identify the diagrams We verified that
the total number of diagrams 1s 23, and the two 1dentifying methods give us

exactly the same solutions



Chapter 2

Representations of Symmetric
Monotone Venn Diagrams

2.1 G-encoding Representation

2.1.1 The Definition and Properties of G-encoding

The G-encoding technique 1s for graphs consisting of a normal collection
of Jordan curves For simple symmetric monotone (SSM) Venn diagrams,

G-encoding has 1ts special case Grunbaum encoding

Definition 2.1 /2] A famuly of intersecting simple closed curves (FISC) 1s a
collection of simple closed curves 1n the plane with the properties that there
1s some open region common to the interiors of all the curves, and that every

two curves 1ntersect 1n finitely many points

Definition 2.2 A normal FISC, or NFISC, 1s a FISC satisfying the following

conditions

1 every curve contributes to the boundary of the infinite face (the outer

16
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most face),

2 the collection 1s sumple, 1 e, at every point of intersection exactly two

curves meet, and they cross each other,

3 the collection 1s convex drawable, 1 e, there 1s a FISC C whose curves
are all convex and the collection can be transformed into C by a home-

omorphic transformation of the plane

Let F be a FISC, and let G(F) be a plane graph, where 1ts vertices are
the intersections of F, and 1ts edges are the curve arcs between vertices The
directed dual D(F) of G(F) 1s the dual graph of G(F) with edges oriented
to indicate inclusion 1n fewer interiors of the curves In [2], 1t 1s shown that
F 1s convex drawable 1f and only 1if 13(.7-' ) contains only one source and only
one sink

Let C be an NFISC of n Jordan curves, and call the diagram consisting
of these n curves an n-diagram The n Jordan curves are labeled in the
following way Arbitrarily choose a curve as curve 0, and Start at a segment
of curve 0 where 1t touches the outer most region, (which will be labeled as
segment 0 of the curve 0), we label the next n — 1 curves by their clockwise
appearance on the out most region

Let M, (or just M) be the number of curve segments touching the outer
face Furthermore, for each curve, we divide 1t into 2k oriented segments
if the curve touches the outer face k£ times the curve 1s partitioned by the

endpoints of the segments which touch outer face, and the segment 0 of the



Chapter 2 Representation 18

curve 1s the one which touches the outer face and 1s the first segment of the
curve we encountered when we label the curve FEach segment 1s oriented
clockwise For our convenience, we define that each endpoint belongs to the
segment with 1t as the starting point A G-encoding of the n-diagram consists
of M +1 sequences and an n x n matrix P The first sequence, call 1t I, 1s an
outer face intersection list of length M Starting at curve 0, 1t goes clockwise

around the outer face recording the curves encountered

I = {COacla 761\1-1}’

where ¢, € {0,1, ,n —1} The other M sequences {w,}¥ ;! record mter-

sections along a given curve with other curves, starting at the segment where
1t touches the outer face For each intersection, we record the encountered
curve’s number and the segment number of the encountered curve in the form

of (curve number, segment number)

Wy = Wep Wo1 Womg
wp = Wi W11 Wim,
Wpy-1 = WM-1,0 WM-1,1 WM-1,mpr—15

where each w,, 1s a pair of a curve number and a segment number Without
loss of generality, we assume that ¢, and ¢, in I are for curve 2 and curve )
respectively, and assume curve 2 intersects with curve j exactly k times, then

we have k pairs of (7, x) 1n w, string

w, = (1,%) (2%
We use P[1][] to record the order of the pair (j, ) which 1s corresponding to

the first intersection on curve j, among all the intersections of curve ¢ and
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Figure 21 A Simple Example of an NFISC

curve 7, along curve ) starting at segment 1 of curve 3 We define P[i][7] = m

1if the pair of (7, ) 1s corresponding to w,, n w,

Example 2 3 Figure 2 1 shows an NFISC diagram consists of three curves

We label the curves with label 0, 1 and 2 as indicated 1n the figure We also

label all vertices as vy, vy,

, Us, to 1llustrate 1ts G-encoding Curve 0, curve

1 and curve 2 are divided 1nto 2, 4 and 2 segments respectively

curve 0

curve 1

curve 2

segment 0
segment 1

segment 0
segment 1
segment 2
segment 3

segment 0
segment 1

The G-encoding of Figure 2 1 15

arc [vs, vg)
arc [vg, v1, U2, v3)

arc [vo, vq)
arc [vg, vs)
arc [vs, v3)
arc [vs, vg)

arc [vy, vs)
arc [vs, vg, U1, Vy)
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1

D

1

Figure 2 2 Segment Labels

1w = (2,0)(21) (0,0) (0, 1)
1w = (0,0)(0,1) (2,0) (2,1)

where [ 1s
{C(), Cy, Co, 03} = {07 17 2a 1}

Since curve 0 and curve 1 intersects at vy and v3, and v3 1s prior to vy along
curve 1 starting at segment 1, we have P[0][1] equals to the position of v3 1n
wp, which 1s the (second) index 3 of woz = (1,3) 1n string wy Similarly we

can figure out the value for all other P[:][7]s
PlO][1] = 3, P[O][2)
P1][0] =3, P[1]2]
P[2][0] = 2, P[2][1]

2
1
3

Il

We may simply write the G-encoding nto one table as

0 1 2 [2 |
1 2 2 0 |
2 1 0 [0 |
1 0 [0] 2 |

1]
0]
1]
2|
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Figure 23 A Counter-example for Convex Drawable

Example 2 4 The G-encoding of Victoria (Figure 2 9) 1s

STl W NN~ O

142536[1]63536([2]51615[3]6251[4/26162[5]142411[6
253640[204640[3]62026[40362[530203[6]25352][0
364051[3]15051[403130[5]1403[6]41314[0]36463 ]
405162[426162[5]14241[6]2514[0]52425([1]40504 |
[
[
[

e e

516203[5]30203[6]25352[0]3625([1]63536([2]51615
620314[6]41314[0]36463([1]4036[2J04640[3]62026
031425[0]52425[1]40504([2)5140[3]15051[4]03130[5

)
]
1]
2]
3]
4]
)

Example 2 5 If the collection of curves are not normal, then G-encoding

cannot determine a diagram uniquely In Figure 2 3, two diagrams, which

are not normal, have the same G-encoding

0 11111[1]
1 00000 0]

However, they are not 1somorphic
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and 1n Diagram B, curve 1 intersects curve 0 1n the following order
5,4,3,2, 1,0

None of the last two sequences can be obtained by circular shifting the first

one

Theorem 2 9 (Ruskey) Each G-encoding of an NFISC of n Jordan curves

uniquely determines a 2-cell embedding of the n-diagram wn some sphere Sy

Proof Given an n-diagram of NFISC with n curves, 1t 1s trivial to construct
a G-encoding The difficult part of the proof 1s showing that, given a G-
encoding of an n-diagram of NFISC, the diagram can be determined and 1t
1s unique up to homeomorphic transformation of the plane Our strategy 1s
to show that the G-encoding determines a 2-cell embedding of the diagram
(as a planar graph) onto the sphere, and thus that uniqueness 1s guaranteed
by Theorem 13 The desired n-diagram can be obtained via a suitable
stereographic projection from the sphere to the plane

Assume the given G-encoding1s I, {w,}'5", {P[1][s]}}12y,+,, and assume
string I = {cp,¢1, ,cm-1}, which 1s a (circular) st consisting of 0, 1,
n — 1 with repetition allowed Each string w, actually records the curve
numbers with which curve 7 intersects consequently, starting at a point where
1t touches the outer face Furthermore, P[][y] tells us that which intersection

on curve 7 1s the one that curve j intersects with curve 7 after curve j touches

the outer face first time
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OBTAIN_NORMAL_GRAPH_REPRESENTATION

Input vertex u touches most outside region

1

10
11

12

vertex v touches most 1nside region

k<0

for each neighbor w of u touches the most outside region
TRAVERSAL_GRAPH(w, u, leftmost)
Update(G[k]), k < k+1
TRAVERSAL_GRAPH(w, u, nghtmost)
Update(G[k]), k « k +1

for each neighbor w of v touches the most inside region
TRAVERSAL_GRAPH(w, v, leftmost)
Update(G[k]), k < k+1
TRAVERSAL_GRAPH(w, v, nghtmost)
Update(G|[k])
lexicographic sort G[0], G[1], ,G[7]

Figure 4 4 Algorithm for Normal Graph Representations
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TRAVERSAL_GRAPH

Input nteger label of vertex f from vertex f
mteger label of vertex ¢ to vertex ¢
direction leftmost or rightmost

1 from < f, to <t
2 n+ 0

3 for . = 0to 125

4 to < ( to+ ¢ ) mod 126

5 if vertex labled to 1s WHITE
6 DFS(from, to, direction)
7 from « to

Figure 4 5 Algorithm for Traversal of a Graph

71
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DFS

Input label of vertex from
label of vertex u
direction leftmost or rightmost

1 if color of vertex u 1s BLACK, return

2 color of u + BLACK

3 Flul=n

1 ne—n+1

D if direction = leftmost version

6 for all unvisited vertex v adjacent to u 1n clockwise order

7 DFS( u, v, leftmost)

8 else 1f direction = rightmost

9 for all unvisited vertex v adjacent to u 1n counter-clockwise order
10 DFS( u, v, nghtmost)

Figure 4 6 Algorithm of Leftmost and Rightmost DFS
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We can compare the first normal graph representation of V' with that of
the SSM 7-Venn diagrams we have ready obtained, to see whether V 1s a

new diagram
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Conclusion

We have implemented two computer programs in order to compute all the
sumple symmetric monotone (SSM) Venn diagrams with seven curves One
program uses Grunbaum encoding to 1dentify the diagrams (Algrithm One,
Chapter 4) and the other program uses graph representations to identify
the SSM diagrams (Algorithm Two, Chapter 4) In each program, there
are 20,125,224 matrices generated The total number of different SSM Venn
diagrams we obtained 1s 23 The two programs come out with the exactly
the same solutions These 23 SSM diagrams match with the 23 SSM Venn
diagrams found by A Edwards, B Grunbaum and F Ruskey These findings
verified 1n practice that the Grunbaum encoding 1s indeed a representation

of an SSM Venn diagram, which we have proved in theory in Chapter 2
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Index of Solutions

Index of Matrices

96,048
144,637
145,004
150,449
245,226
270,995
337,325
420,957
487,352
650,806
740,224
746,788
746,888
751,414

1,097,622
1,126,308
1,349,320
1,467,557
2,218,590
2,219,552
2,247,089
2,314,011
2,782,864
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Assume 1n string I, the first occurrence of digit 0, 1, , n—11s at 19, 21,
, in—1, (1€, let z be the smallest index for a given k£ (0 < k < n — 1) such
that ¢, = k, then denote z as 7, ) Now we label all vertices (intersections of
curves) consecutively along string w,, (1 e, along curve k) for 0 < k <n-—1
We will finish the labeling process n the following two steps

Step one Starting with w,,, where
wzo w'l,oO w201 wlomo,

we label the vertex corresponding to w,, as vertex vy = 0, w,,; as v; = 1,

and so on. We then have the following result for w,

Wy, wng('Uo) wzol(vl) wlomo(vmo)

For w,, we label all intersections of curve 1 with other curves except curve
0 In general, for curve k, along w,,, we only label the intersections of curve
k and curves with higher curve numbers The intersections of curve k& and
curves with lower curve numbers must have been labeled already in some
other w’s

After we finish assigning vertex labels along w, _, for curve n — 2, we
obtain a vertex table of the intersections of curve ¢ with curve 7 (0 <1 <
7 <n—1) We shall call this vertex table as a nitial table The algorithm
for constructing 1mitial table 1s given 1in Figure 2 5

Step two: In this step, For each w,, 1n the initial table, we assign vertex
labels to the intersections of curve k with all curve ¢ where ¢ < k& We scan

along string w,, (k = 1, ,n — 1) starting at 1ts first element w,  until
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CONSTRUCT_INITIAL_.TABLE
Input w,,, w,,, ,w,, _,
1 v+ 0

2 fork=0 n-2

3 for each w,,, mn w,, for curve k

4 if ((the first component of) w,,, > k)

5 associate w,,, with vertex v

6 vév+1

7 Output Imtial Table w,,, w,,, , w,, _, with vertex labels

Figure 2 5 Algorithm for Constructing Initial Vertex Table

we meet some w,,, (0 < 7 < m,, ) which has not associated with a vertex
number 1n the mitial table Assume that the curve number w,,, be ¢ (the
first component of w,,, 1s ¢ 1f 1t 1s written 1n a pair of a curve number and
a segment number, or ¢ = w,,, otherwise), then ¢ must be less than #; and

this 1s why w,, , 1s not associated with a vertex label in the mmitial table

wzk wsz(v*) wzk,]—l(v*) wzk,]

However, this intersection of curve k and curve c 1s also recorded 1n w,,, and
a vertex label, say v;, has been associated to the same intersection 1n w,, 1n

the initial table We may assume the intersection in w,, 1s w,,,, for some m

Wy, wzCO(v*) wzc,m—l(v*) wlc.,m(vl)

By the way we found out w,,, and the assumption on z;’s, we have m =

Plc][k] (And this 1s exactly what P 1s for in G-encodings )
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W, Wio(Vs)  Wiem—1(Vs) Wi m (V1)

wzk wlkO(U*) wlk,]"‘l(v*) wlkvj

We then simply associate vertex v; to w,,,

W,  Weo(Vs)  Wim—1(Vs) Wi m(Wr)

Wy, W0 (U*) Wiy 5—1 (v*) Wy 3 (Ul)

By Lemma 2 7, all other w,, , for the same curve ¢ in w,, can be associated
vertex numbers deduced from w,, We then keep scanning the string w,,
contiuously until all intersections of curve k with any other curve (different)
¢ (¢ < k) are associated with vertex numbers After we fimsh scanning all
w,, (1 <k <n—1), weend up with a completed verter table The algorithm
for this step 1s shown 1n Figure 2 6

If two w strings in the given G-encoding are for the same curve, then the
vertices on one w string 1s a circular shift of the other w strings The shifting
number can be determined by counting the occurrence of each digit in w

We now have labeled all vertices along n curves FEach vertex has a
neighborhood consisting of four vertices (not necessarily different), two on
each 1ntersecting curve

Now we construct a circular list of four oriented edges for each vertex in
the completed vertex table For simplicity, we assume curve ¢ and curve £
intersect at vertex v;, and assume that in the complete vertex table we just

built, we have (with w,_p,’s omitted)

w,
W,

Vo U1 U2
U3 U1 Uy

c

k
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CONSTRUCT_COMPLETE_TABLE

Input Imtial Table w,,, w,,, ,w,,_,

1 fork=1 n-1

2 for each w,,, 1n wy for curve k

3 ¢ « curve number of w,,,

| if ¢ < k and no vertex label associated with w,,,

5 m = Plc][y]

6 associate w,,, with the vertex associated with w, p,

i N, < total vertex number on curve k

8 N, + total vertex number on curve ¢

9 s« 7+ 1 mod N;
10 t < m+1mod N,
11 while s #
12 while curve number of w,, s # ¢, s = s +1 mod Ny
13 while curve number of w,; # k, t =t + 1 mod N,
14 assoclate w, s with the vertex associated with w, t

Figure 2 6 Algorithm for Constructing Complete Vertex Table
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We can easily figure out that whether curve ¢ 1s moving 1n or out of curve
k at v; by counting the numbers of intersections between these two curves
along the original w,, string of the G-encoding If curve ¢ meets curve k
even (including 0) times up to v; (exclusive), then curve ¢ 1s moving into the
interior of curve £ This 1s important to build the circular list of oriented
edges at vertex v; Without loss of the generality, we assume that curve c 1s

moving 1nto curve k at v; Therefore the circular hist of vy 1s

{(vl’ v3)k’ (Ul’ UO)Ca (1)1, v4)ka (Uly U2)c}a

where (v1,13), 1indicates the oriented edge from v; to vs along curve k& We
can build a circular list of oriented edges 1n a similar way for each vertex in
the completed vertex table

The algorithm for building a circular list of the oriented edges for each
vertex 1s given 1n Figure 2 7

By Theorem 1 3, the given G-encoding determines a 2-cell embedding on
some orientable surface S

Assume that there are p vertices, ¢ edges and r regions in the given
diagram We have p - ¢ + r = 2 since the given diagram 1s planar Actually
1t 18 not hard to show directly that ¢ = 2p and r = p+2 When the diagram
18 2-cell embedded nto some surface S, by Euler’s theorem (Theorem 1 2),
we have p-q + r = 2 - 2h, so h1s 0 This indicates the resulting pasting
surface 1s a sphere

By the definition of NFISC, there 1s a common interior to all curves It 1s

trivial to show that for a curve to contribute to the boundary of the common
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CONSTRUCT_CIRCULAR_LIST
Input Completed Table w,,, w,, ,w,,

1
2

10
11

for each vertex v 1n the completed table

find the two curve numbers ¢ < k contain v
find the two vertices vy, v adjacent to v on curve ¢

swap vy and v, 1if necessary
so that vy, v and vy 18 1n clockwise order on curve ¢

find out the two vertices vz, v4 adjacent to v on curve k

swap v3 and vy 1if necessary
so that v3, v and vy 18 1n clockwise order on curve k

count the number of times curve ¢ and k meet before v on w,,
if even
v — {(Uv U3)k‘? (Ua vO)cy ('U, U4)k7 (Ua ’Ug)c}

else

v — {(U? U3)k’ (’U, UO)C’ (U’ U4)ka (U) U?)c}

Figure 2 7 Algorithm for Building Circular List of Oriented Edges
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interior, the curve has to meet each of other curves odd times By examing
w,’s, 1t 18 not hard to find out which vertices touch the common interior, and
hence what are the oriented edges may consist of the boundary for the 2-cell
on the sphere which 1s corresponding to the common 1nterior region of the
desired diagram Indeed, 1f some orbit of the mapping ¢ consists entirely by
the above oriented edges, the orbit contains the desired 2-cell Similarly we
can also find the oriented edges for the 2-cell on the sphere corresponding to
the outer most face of the desired diagram We then make a stereographic
projection to obtain the plane n-diagram, by setting the north pole in the
region on the sphere corresponds to the outermost face of the n-diagram, and
the south pole in the region on the sphere which 1s to the common 1nterior

of the n-diagram We are done | |

Example 2 10 This example gives a detailed illustration of Theorem 29

and Theorem 13 We show that how an NFISC can be determined given a

G-encoding
0 1 2 [2] [1]
1 2 [2] 0 [0
2 1 0 [0 [1]
1 0 [0] 2 [2]

That 18, I = {co,c1,¢0,¢3} = {0, 1, 2, 1}, wo = {woo, Wo1, Wo2, Wo3}, and
P0][1] =3, P[0]|2] = 2. and P[1][2] = 1

We now start to label vertices along wg, wy, and wy which are correspond-
g to the first occurrences of curve 0, curve 1 and curve 2 1n I respectively

Along curve 0, the intersections of curve 0 with curve 1 or curve 2 are labeled
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consequently, and along curve 1, only the intersections of curve 1 with curve

2 are labeled We end up with the following table, which we call nitial table
0 1(0) 2(1) 2(2) 1(3)
1 2(4) 2055 0 0
2 1 0 0 1
1 0 0 2 2
We then determine the vertex labels for the intersections corresponding to
the rest of unlabeled w,;s Start at wi; = 0 which 1s an intersection of curve 1
and curve 0 The vertex number for this intersection must have been assigned
on curve 0 already And this vertex 1s the first one curve 1 meets curve 0
after curve 1 touches outer face, so this intersection 1s the one corresponding
to woz smce P[0][1] = 3 (Lemma 2 7) Hence the vertex label for wi, 1s the
same as the vertex label for wgz, which 1s vertex 3 Consequently, the vertex
label for w3 = 0 1s vertex 0 Similarly, we can determine all vertex labels

along curve 2, and end up with the following table, which we call a complete

table

—_— N = O
[ =
PN
Ol O
N—
O NN
P, S P
Do Ot =
N’
O O N
P o O e W e
— W N
SN
(e}
G
o
N’

Now for each vertex, we know which two curves 1t 1s on, and which vertices
1t 18 adjacent to For instance, vertex 0 1s adjacent to vertex 3 and vertex 1
on curve 0, and vertex 0 1s also adjacent to vertex 3 and vertex 4 on curve 1
To build a arcular hst of the oriented edges at vertex 0, we first count the
number of times that curve 0 and curve 1 meet before vertex 0 along curve

0 This can be done by counting how many 1’s in the given G-encoding We
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have 0 (even) time that these two curves meet before vertex 0 We therefore
know that curve 0 1s moving into the interior of curve 1, and curve 1 1s moving

out from curve 0 So the circular list for vertex 0 1s
0 (07 3)17 (07 3)07 (01 4)17 (072)0

For another 1nstance, let us exam vertex 2 which 1s on curve 0 and curve
2 Furthermore, from the above table, vertex 2 1s adjacent to vertex 1 and
vertex 3 on curve 0, and 1s adjacent to vertex 5 and vertex 1 on curve 2 In
addition, we also know that curve 0 moves out curve 2 at vertex 2, because
from the G-encoding string wy, curve 0 and curve 2 mtersect once (odd)

With this in mind, we build the the circular hist for vertex 2
2 (27 ]-)Oa (27 5)2a (2a 3)0, (2, 1)2

The completed crcular lists for each vertex are obtained similarly

0 (0 3)1) (O 3)09 (0’ 4)1> (0? 2)0
1 (172)%( 70)0’(174)2»(172)0
2 (2? 1)07 (2’ 5)27 (2’ 3)0a (2) 1)2
3 (3,2)0,(3,5)1,(3,0)0, (3,0):
4 (41 1)2a (47 0)1» (4’ 5)2a (4’ 5)1
5 (5,4)1,(5,4)2,(5,3)1, (5,2)s

We denote the set of the oriented edges as E* = {(1,))x}, and we define

a map ¢ on E* as we did in Theorem 1 3

E* — E*
(2,7)k — the one after (j,2)

It 1s straitforward to show that the map 1s well-defined, one-to-one, and onto

For each edge (2,7)r in E*, (2, 7)k, #((2,7)k), ¢*((1,7)x), , consist of a closed
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walk In this way, we can obtain regions (2 cells) Then we paste the regions
by gluing (1, ), with (y,)x together, we get an orientable surface (which 1s
actually a sphere) on which the desired n-diagram 1s uniquely embedded

Furthermore, by studying wy, curve 0 meet curve 1 once (odd) at vertex 0
and then curve 1 once (odd) at vertex 1, so vertex 1 must touch the common
interior of all curves Hence the arc of curve 0 between vertex 1 and the next
vertex (which 1s vertex 2 from wy) must be a part of the boundary Similarly
the arc of curve 2 between vertex 2 and vertex 1 (from wy) 1s a part of the
boundary of the common 1nterior too

By examing all orbits of (2,1)g, (1,2)o, (2,1)2 and (1,2),, we can find
out which orbit 1s for the common interior for the desired diagram For
istance, ¢(1,2)y 15 (2,5)2 which 1s not on the boundary of the common
interior anymore, so the orbit of (1,2), does not contamn the 2-cell which 1s
corresponding to nner most face of the desired diagram However, ¢(2,1),
15 (1,2)9, and ¢(1,2)s 15 (2, 1), the original preimage, and the orbit 1s back
to the starting preimage All elements of the orbit consist of the boundary
of the common 1nterior

It 1s straitforward, but tedious to show that one can determine the 2-cell
region on the sphere which 1s corresponding to the outer most face of the
desired diagram

We now can take a suitable stereographic projection to obtain a planar
3-diagram, which we showed that 1t 1s uniquely determined by the given

G-encoding
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A B

Figure 2 8 Matrices P for G-encodings

Example 2 11 This example explains why matrices P 1s necessary for the
definition of G-encodings Assume we are given the following G-encodings
(without P), and we try to construct some 3-diagram

O:-wy= 111222222111
1 wy= 00220000
O:w= 122222211111
1 ws= 22000000
2 wy= 10000001
1 ws= 00000022
0 we= 111112222221
1 wy;= 00002200

We can assign vertex labels along wy and w; according to the Algorithm

i Figure 2 5, and obtain the following initial table

0 wo= 1(0)1(1) 1(2) 2(3) 2(4) 2(5) 2(6) 2(7) 2(8) 1(9) 1(10) 1(11)
1 wi= 002(12)2(13)0000
2 wy;= 10000001

To obtamn the complete vertex tables, we need to determine what the
vertices are for the intersections on curve 2 with curve 0, and with curve

1 However, we can not uniquely determine for all the intersections of curve
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2 and curve 0 in this example, due to lack of information For example,
for wy; 1 string wy, where (segment 0 of) curve 2 meets curve 0 first time,
all we know 1s that w4, the first 0 in w, should be corresponding to some
vertex associated with wg,, = 2 1n wy where m = 3,4, ,8 Diagram A
and B 1n Figure 2 8 have the same G-encodings as above For Diagram A,
the itersection denoted by wy; 1s the same one denoted by wgs But for
Diagram B, 1t 1s wgg corresponding to wy; The matrix P in the definition
of G-encoding 1s for solving the undetermined problem For instance, in
Diagram A, P[0][2] = 6 should be given, mdicating that wgs 1s the same
intersection of the segment 0 of curve 2 with curve 0 Similarly in Diagram
B, P[0][2] = 8 should be given, indicating that wggs 1s the same ntersection

of the segment 0 of curve 2 with curve 0

2 1.2 A Special Case: Griinbaum Encoding

The Grunbaum encoding of a simple symmetric monotone (SSM) Venn dia-
gram consists of four n-ary strings, which we call w, z, y, z To obtain string
w for the diagram, we first order the curves by their clockwise appearance
on the outer most region so that all curves are labeled with 0,1, ,n—1 In
order to obtain string w, we follow curve 0 1n a clockwise direction, starting
at a point where 1t touches the outer most region and meets curve 1, record-
g 1ts intersections with the other curves, until we reach the starting point

again
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String z 1s obtained 1n a similar manner, by following curve 0 1n a clock-
wise direction, starting at the point where 1t touches inner most region and
crosses with another curve (which must actually be curve 1), and recording
1ts intersections with the other curves

To obtain the third string y, we must re-label the curves counter-clockwise
as they appear on the outer most region We follow curve 0 1n a direction,
starting at the point where curve 0 1s out most and 1s intersected by curve
1, and record curve 0’s intersections with other curves

String z 1s obtained by following curve 0 in a counter-clockwise direction,
starting at the point where 1t 1s most 1nside and crosses with some curve (1t

must be curve 1 again), recording 1ts intersections with the other curves

Example 2 12 The Venn diagram Victoria (Figure 2 9) has the following

Grunbaum encoding

w 142536163536251615362514261625142416
r 163536251615362514261625142416142536
y 163536251615362514261625142416142536
2 142536163536251615362514261625142416

Example 2 13 The Venn diagram M1 (Figure 2 10) has the following Grunbaum

encoding
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Figure 2 10 M1

39
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w 142624253613536416213235161435452546
r 143545254614262425361353641621323516
y 132523243616245465163142461425351536
2 162454651631424614253515361325232436

Although any one of the four strings of a Grunbaum encoding can produce
another three strings, we will still calculate and have all four strings for each
Venn diagram Indeed, any Venn diagram can generate another three 1so-
morphic Venn diagrams by “flipping” and /or “polar flipping” mappings The
strings x, y and z are the first string of the Grunbaum encoding of these 1so0-
morphic diagrams respectively Keeping all four strings for each Grunbaum

encoding will be convenient to verify 1somorphisms of Venn diagrams

Property 2 14 Fach string of the Grunbaum encoding of a sumple symmet-

ric monotone n-Venn diagram has length (2" — 4)/n

Proof Let m be the length of the string w, which records the intersections
of curve 0 with other curves If we construct such a string for each curve
then there are n such strings to record all intersections Since the digram 1s
simple, each intersection 1s counted twice These strings must have the same
length m, since the diagram 1s symmetric There are altogether 2" regions
in the Venn diagram, among them one 1s the most outside region and one 1s
the most nside region Therefore there are 2" — 2 intersections altogether

Hence we have nm = 2(2" — 2), so m = (2" —4)/n L]

Property 2 15 Fach string starts with 1 ends with n — 1
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Proof This property 1s obvious given the definition of Grunbaum encoding

¥
Property 2 16 String x, y and z can be inferred from string w

Proof Let L denote the length (2"*! —4)/n of the Grunbaum encoding, and

let w(2] and y[2] be the sth bit of w and y respectively, where 0 <1 < L — 1
Then

ypl=n—-w[L-—1-1]+1

To obtain z, we first find out the unique location where all curves have been
encountered an odd number of times, then shift w circularly at this location
The string z can be inferred from y as = from w |

In Example 2 12, the string z, y and 2 can be inferred from w as follows
to obtain z, we simply shift w at the position where the second “1” occurs,
since before this position, each number occurs one time, to obtain z from
y we shift y at the position where the eighth “1” occurs since before the

position each number occurs odd number of times

Corollary 2 17 If an n-Venn Dwagram 1s polar symmetric then its Grunbaum

encoding consists of two pairs of identical strings

Proof Since the given Venn diagram 1s polar symmetric, by the way of 1ts
Grunbaum encoding being constructed, we have w = z and 2 = y [ |

The following theorem 1s a direct result of Theorem 2 9
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Theorem 2 18 Fach Grunbaum encoding determines a unique (up to 1so-

morphisms) simple symmetric monotone n-Venn diagram

Proof It suffices to show that Grunbaum encodings are actually a G-
encodings for SSM Venn diagrams Given a Grunbaum encoding, we use
the labels of the curves of Grunbaum encoding as the ones for G-encoding
Therefore, I = {0,1,2, ,n — 1} Each curve has exactly two segments,
since each curve touches outer face exactly once Moreover, we have wy =
z of Grunbaum encoding, (and there are no need to write wy as a string of
pairs of integers) Other w, can be deduced from wy w,, = wp, +¢ mod n

To determine the value of P[s][y] with 0 <2 < 7 < n—1, we first find out
the first k such that w,; =1, and we count the even or odd encounter times
of curve y with each of curve 0, 1, |, n — 1 respectively (odd for 7) up to
w,r Then m string w,, we look for some m such that w,, = 7 and before
Wy the even or odd occurrences of 0, 1, , n—1 (except ) are the same as
we Just calculated for w,; The properties of Venn diagrams guarantees that
there exits exactly one such m We let P[¢][j] = m

In this way, we can construct a G-encoding This G-encoding only de-
pends on which string of z, y, z or w 1s chosen to be the first string wy of
G-encoding Since there exist permutation mappings for one to deduce all
other strings from any one of z, y, z or w It 1s not hard to show that all the
possible G-encodings which are deduced from the given Grunbaum encoding
are equivalent, and hence they determine a same SSM n-Venn diagram Thus

the Grunbaum encoding uniquely 1dentifies this SSM n-Venn diagram |
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2.2 The Matrix Representations

Simple symmetric monotone Venn diagrams can be represented by matrices
Because of symmetry, 1t 1s sufficient to represent one sector with radian 27 /n
for each diagram One can always rotate the sector to generate the whole
diagram

Given a sector of an n-Venn diagram, one can map this piece of sector
mmto a graph consisting of crossing polygonal curves (poly-lines) We then put
0 between these n — 1 poly-lines and put a 1 at each crossing point In this
way a 0-1 matrix 1s generated We shall call the matrix a representation
matriz for the Venn diagram Example 2 19 and Example 2 20 show how the

representation matrices for the Venn diagram Victoria and M1 are generated

Example 2 19 In Figure 2 11, one sector of Venn diagram Victoria 1s rep-
resented by some line segments, which we call poly-lines In Figure 2 12, 0’s
and 1’s are mserted mto the sectors After removing the poly-lines, we obtain

the matrix representation of Venn diagram Victoria

Example 2 20 Figure 2 14, 2 15 and 2 16 show how the matrix representa-

tion for Venn diagram M1 1s obtained

On the other hand, from a representation matrx we can easily draw
suitable poly-lines to construct the corresponding sector of the Venn diagram
We can then expand the matrix by appending identical matrix blocks to

generate a matrix which represents the whole Venn diagram
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Figure 2 11 The Poly-line of Victoria
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Figure 2 12 The Matrix and the Poly-line of Victoria

10000000O00O0OO0ODOOOCOO
001000000001000O0O0CO0T1

0101000100001 0100O0°0O0
00001010001 001O0010O0

0000010001 0000O0100

00000O0O0O0O100O0O0OO0OCOO0OOO

Figure 2 13 The Matrix of Victoria

Figure 2 14 The Poly-line of M1
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Figure 2 15 The Matrix and the Poly-line of M1

1 0000O0OO0OO0OO0OOOOOOOOO0OO0
000100001 00000CO0CO0OTO
010010000101 00100°0
0600100001001 001O010°0
0000001 000O0O0O1O0O0CO0TO01
00000100000O0CO0OO0O0OO0OO0O

Figure 2 16 The Matrix of M1

Intuitively, we can generate SSM Venn diagrams by generating suitable
0-1 matrices However, the problem 1s that computational complexity would
be too high 1if there were no restrictions on the matrices The following
theorem gives a necessary condition for representation matrices of SSM Venn

diagrams

Theorem 2 21 For the representation matriz of one sector of an n-Venn
diagram, there are (2" —2)/n 1’s in each matriz There are (Z)/n 1’s wn the

kth row, where k =1,2, ,n—1

Proof For a SSM n-Venn diagram there are 2" —2 interior regions altogether
They are evenly distributed in each sector Hence 1n each sector there are

(2™ — 2)/n regions
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For representing such a region with a matrix, we use a 1 to indicate the
starting point of a region and the ending pomnt of the next adjacent region
This implies that there are exactly (2" — 2)/n 1’s in the matrix

For each k = 1,2, ,n—1, the number of the regions which are inside &
curves and outside of other n — k curves 1s obviously (Z) for the whole SSM
n-Venn diagrams Therefore, in each sector, there are (:) /n such regions, 1t
turns out that there are (’,:) /n 1’s 1n the kth row of a representation matrix

Remark 2 22 [5] [12] For an integer n such that n 1s a dwnsor for all (Z),

k=1,2, ,n—1,n s necessarily prime

It thus follows that, for n = 7, we have the following corollary

Corollary 2 23 For the representation matriz of one sector of an 7-Venn
diagram, there are eighteen 1’s wn each matrix There 1s one 1 in the first
row and the last row, three 1’s wn the 2nd row and fifth row, five 1’s in the

third row and fourth row

By the above theorem, with exactly one 1 1n each column, one may always
use an (n — 1) x (2" — 2)/n 0-1 matrix to represent the sector and use an
(n—1) x (2" — 2) 0-1 matrix to represent the whole diagram In this paper,
we always use 6 x 18 matrices for one sector of an SSM 7-Venn diagram

The following theorem reduces the computational complexity by adding

more restrictions on the representation matrices of SSM Venn diagrams
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diagrams” To solve this problem the Grunbaum encoding technique 1s em-

ployed

2.3 Graph Representations

2.3.1 The Definition

The graph representation of a SSM n-Venn diagram 1s an “adjacency-list
representation” [3] Given an SSM n-Venn diagram V', we can label all of
the vertices of V' 0, 1, , up to 2" —2 The graph representation consists of
an array a of 2™ — 2 circular lists, one for each vertex in V' For each vertex
labeled by an integer k, a[k] 1s a circular list of the labels of the neighbors
of vertex k, in clockwise direction A graph representation a of an SSM n-
Venn diagram V' 1s related to the labeling of V’s vertices Therefore an SSM
Venn diagram can have (2" —2)' many graph representations For each graph

representation of an SSM n-Venn diagram, we have

Theorem 2 25 The graph representation of an SSM n-Venn diagram 1s an

array a of 2" — 2 cuircular lists, with each list having 4 elements

Proof We have shown that there are 2" — 2 vertices n V' Since V' 1s simple,
each vertex u 1s an ntersection of two Jordan curves Therefore u’s neighbor

consists of 4 vertices, two on each curve [ |

2.3.2 Graph Representations and Isomorphisms

It 1s well-known that, 1f two n-Venn diagrams have the same graph represen-

tation, then these two n-Venn diagram must be 1somorphic
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Given two SSM n-Venn diagrams, each with a graph representation, our
interest here 1s to determine whether they are 1somorphic One way to do
this 1s to relabel all the vertices of one Venn diagram 1n all possible ways
(there are (2" — 2)! altogether), get a new graph representation each time,
and compare 1t with the graph representation of the other Venn diagram If
one representation of the first Venn diagram matches up with the other’s,
then these two diagrams are 1somorphic Fortunately, since the given Venn
diagrams are simple, symmetric, and monotone, we only need to relabel
them a few times each each time we choose some special starting vertex, to

determine whether they are isomorphic or not

2.3.3 Choosing Suitable Graph Representations

When we need to determine whether two SSM n-Venn diagrams are 1somor-
phic, we do not need to compare all of their graph representations, we can
achieve the same result by comparing some special graph representations of
these two diagrams Since graph representations are related to the labeling
of vertices, first problem 1s how to label the vertices to obtain the special
graph representations for each diagram

The vertex relabeling method 1s induced from the Depth-first Search,
or DFS [3] and involves domng a depth-first search on a given SSM Venn
diagrams V', and relabel the vertices 1n the order they are visited There are
two versions of DFS for our purpose the leftmost DFS and the rightmost

DFS During the left DFS process, we imagine that we are walking on the
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edges (or curves) of the diagram 1if we enter a vertex, we choose one of the
neighboring vertices to go to, starting from our left side The vertex we move
to will be the first unvisited vertex on our left side This makes sense since
we are on an orientable surface and the neighbor 1s represented by a circular
list, 1n clockwise order We can call this search the leftmost version of depth-
first search The rightmost version of depth-first search can be described
in a similar manner Obviously, doing a left DFS on a SSM Venn diagram
V' 1s equivalent to doing a rightmost DFS on the muirror image of V' After
all the vertices of V' are relabeled, we obtain a new graph representation by
constructing (or updating) 1ts vertex-adjacent st

Assume we are given two SSM 7-Venn diagram V; and V, with labeled
vertices and graph representations, and we need to determine whether they
are 1somorphic To do leftmost and rightmost DFS searches for each SSM
n-Venn diagram V', we can only choose a vertex u which touches the most
outside region and a vertex v which touches the most inside region as the
starting points For the starting points, we need an agreement as to which
vertex 1s on our left and which 1s on our right side, since we may turn around
at the starting points For instance, assume the vertex u we chose above has
a neighbor (circular hst in clockwise) {wg, wy, wy, w3} If we assume w, 1s on
our left, then w,;; 1s to our front, w,;, to our right, and w,3 behind us (using
modular addition 1f necessary) Notice that since u touches the outermost
region, two of w’s must do so as well To reduce the computational time, we

will only choose one of these two w’s as 1t 1s behind us when we start to do
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leftmost or rightmost DF'S Therefore, starting from u, we will do two leftmost
DFS and two rightmost DFS In each case, we always know which will be the
next vertex to visit from the starting vertex u Similarly, we do two leftmost
and two rightmost DFS starting from v, for a total of 8 DFS’s for each given
SSM 7-Venn diagram We can relabel the vertices after each search, and
accordingly get an updated graph representation each time The 8 typical
graph representations so obtained are called normal graph representations
From the discussion above, we have the following theorem which provides us

with another method to 1dentify a SSM n-Venn diagram

Theorem 2 26 Any two isomorphic SSM n-Venn diagrams have the same

8 normal graph representations

The detailed algorithm for graph representation and searching all SSM 7-

Venn diagram will be presented in Chapter 4



Chapter 3

The Algorithm Using
Grunbaum Encoding

Our first algorithm to search all simple symmetric monotone (SSM) 7-Venn
diagrams 1s given 1 (Figure 3 1) In this algorithm, we use Grunbaum en-
coding to distinguish Venn diagrams We use the set S to hold the SSM
7-Venn diagrams obtained For each diagram V, we use gy to denote 1its

Grunbaum encoding

3.1 Generating Matrices

According to Theorem 2 21 and Corollary 2 23, for the case n = 7, each 6 x 18
matrix M generated in step 2 has 18 entries with value 1, and the other 90
entries are valued 0 The 18 entries with value 1 are distributed with the

following restriction
e 1 entry 1n each column,

e 1 entry 1in row 0 and row 5 respectively,

52
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COMPUTE_ALL.1
1 S « Nil

2 for each of all possible 6 x 18 0-1 representing matrices

3 Expand the matrix to 6 x 126 matrix M
4 Construct the poly-lines
5 if the poly-lines consist of a Venn Diagram V
6 calculate Grunbaum encoding gy for V
T compare gy with gy, of each V; m S
8 if gy # gy, for all ¢
9 V 1s a new solution, add V into S
10 goto step 2

Figure 31 Algorithm One
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e 3 entries in row 1 and row 4 respectively,
e 5 entries 1n row 2 and row 3 respectively,
e the entry in row 0 1s also in column 0 (1e M|[0][0] = 1),

e 1o adjacent entries (with value 1) in any row

Initially, M 1s set as a zero matrix, and then the entries with value 1 can
be simply selected with 17 for loops To reduce the computational time, we
can use two additional matrices F' and A, 1n order to guarantee that there
are the desired number of entries with value 1 1n certain row, and that there
are no adjacent entries with value 1 in any row

The first matrix F' 1s 1 x 18 The value F[j] (0 < 7 < 17) indicates
whether the corresponding column 2 has an entry with value 1

F[3] =1 f for some ¢ such that M[z][7] =1,
=0 otherwse

The second matrix A 1s a 6x 18 matrix Its purpose 1s to indicate the available
entries which can be assigned to 1 1n a given row These two matrices have to
be updated every time a row has been successfully constructed The following
example 1llustrates how a representing matrix 1s generated and the usage of

matrices F' and A

Example 3 1 Suppose the following matrix M 1s in the generating process,
the first three rows (row 0 to row 2) have been successfully generated, and
we are 1n position to select five entries in row 3 and assign value 1 to the

entries
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100000000000000000
001000000001000001
010100010000101000
000000000000000000
000000000000000000O
000000000000000000O

The matrix F 1s
111100010001101001

The matrix A[3][] for row 3 (the fourth row) has nine valid entries (only nine

entries remained to be selected)
4568910131516

The other entries A 3][9], A[3][10], , A[3][17] could be simply assigned to
-1 In this case the five entries in this row will be chosen from column 4, 5, 6,
8,9 10, 13, 15, and 16 The only restriction 1s that no consecutive columns

be selected For instance, the choices of the five entries could be
{4, 6, 8, 10, 13},
{4, 6, 8, 10, 15},

{4, 6, 10, 13, 16},
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In general for row 3, we can select five entries by using five for loops Since
1n this row there always nine columns available if row 0, row 1, and row 2
have been finished, the first chosen entry has to be from the columns which
are 1n the first five available columns as well as 1n the first 10 columns In
other words, the entry must be chosen from the first five available columns
with a column value of no more than 10 1n order to leave enough choices for
the other four entries The second entry to be selected has be within the first
six available entries for this row with a column value no greater than 11, and
at least two column away from the entry already chosen, so that therefore
no consecutive 1’s 1n this row Similar rules apply to the next three entries
to be selected The initial values for the for loops may be varied, however,

this can be easily done with one or at most two comparison operations

3.2 Constructing Poly-lines

For each 6 x 18 matrix M generated in Step 2 of Algorithm One, we must
first expand 1t to a 6 X 126 matrix by appending the original matrix by 1itself
six times We still denote the expanded matrix by M The behavior of 7
poly-lines can be inferred from matrix M two poly-lines intersect with each
other at some point 1if the corresponding entry of M 1s 1

We can use a 7 x 126 poly-line matriz L to represent the poly-lines inferred
from M The first column of L 1s [0,1,2,3,4,5,6]7 The rest of the entries

will be evaluated with the Algorithm in Figure 3 2

Example 3 2 The poly-line matrix for Victoria (the first 18 columns)
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UppATE_POLY_LINES

1
2
3

10

for1.=0%to6
L[2][0]
forr=0to5

for c =1 to 124
if M[r]ic] =0
Lirlle+1]  Lirlld
else L[r|[c+ 1] = L[r + 1][c]
L[r + 1][c+ 1] + L[r][c]
r<r+1

if M[5][c] =0, L[6][c + 1] + L[6][c]

Figure 3 2 Algorithm for Constructing a Poly-line Matrix

o7
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011111111111111111
100333333333555555
223022225555366222
332204452226632664
444440544462223346
2565555000644444433
666666666000000000

Example 3 3 The poly-line matrix for M1 (the first 18 columns)

011111111111111111
100033333444444442
223304444366000224
332440006630662066
444222260003326600
555555622222233333
666666555555555555

3.3 Validation

A matrix M represents a Venn diagram if and only 1if the represented diagram

has 27 — 2 = 126 distinct regions To distinguish all the regions from each
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other we can label these regions with ranks The rank of a given region 1s

defined by
rank = 2%z + 2z, + 4+ 2"z, 4,

where x, = 1 1if the region 1s outside of poly-line 2 and z, = 0 otherwise By

this definition, we therefore have

Theorem 3 4 The upper bound of the ranks of the regions win an n-Venn
dragram 1s 2™ — 1, which 1s for the outer most face And the lower bound of
the ranks 1s 0, whach s for the inner most face Forn =7, the upper bound

1s 127

Corollary 3 5 A matriz M represents a Venn diagram if and only it has

exactly 126 reqions with different ranks valued from 1 to 126

For each representing matrix M, a unique poly-line matrix L has been
constructed 1n the previous step To see whether the represented diagram 1s
a Venn diagram, we can scan the M column by column from left to right
When an entry with value 1 1s found, one region has just scanned successfully
and another region 1s ready to be scanned The rank of the scanned region
can be calculated according to the entries in the same column of the poly-line
matrix L That 1s, suppose we scan M up to 1ts column j and M[z]y] = 1

for some ¢ (0 <2 < 5), then the rank of the region we just scanned 1s

VL)) + 2' L]+ + 2°L[6][]
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All regions can be stored 1n a 1 x 128 matrix R, indexed by the ranks of
regions (Theorem 3 4)

With ranks, we can 1dentify the regions and therefore immediately know
that the diagram represented by M 1s not a Venn diagram 1f some regions
scanned more than once At this point we can terminate the scanning process
for the current matrix M

If the scanning process 1s finished successfully, we can then check the
regions of the diagram to see whether there are exactly 126 different regions
presented 1n the diagram (except the most mside one and the most outside
one) The algorithm for testing whether a generated matrix M represents
an SSM Venn diagram 1s given 1n Figure 33 In this algorithm, M 1s the
given 6 X 126 matrix we generated in previous steps, L 1s the poly-line matrix
associated with M, and R 1s a one-dimensional matrix, each indexed by ranks
of regions For each 2, 0 <1 < 127, R[] 1s the number of times the region
with rank 2 1s scanned An integer variable k 1s for the number of regions
scanned The algonthm will return true 1if the diagram represented by a
given matrix M 1s a Venn diagram Otherwise, 1t returns false

The 1dea of the algorithm 1s this during the process of scanning M from
column 0 to column 125, we are looking for the entry with value 1 in each
column Without loss of generality, assume we see M[i][y] = 1 for some
nonnegative ¢+ < 5 and 7 < 125 We know a region has just scanned and
another region 1s to be scanned The ranks of these two regions can be

calculated with the values of entries in jth column and j + 1th column 1n
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IS_-VENN_DIAGRAM
1 count k < 0,
2 for column 3 = 0 to 125

3 for row ¢ such that M[s][7] =1

4 k—k+1

5 r o oLOL] 4 oLb] 4 4 9LUID]
6 R[r] «+ R[r]+1

7 if R[r] > 1, return false

8 return true

Figure 3 3 Algorithm for Validation of Venn Diagrams

matrix L (mod 126 1f necessary)
If we do find a Venn diagram at this stage, we are ready to calculate 1ts

Grunbaum encoding

3.4 Generating Grinbaum Codes

As was shown 1n Section 3 2, 7 poly-lines can be constructed according to
each matrix M generated The poly-lines are labeled in the up down order
in the first sector of the diagram represented by M, and the behavior of the
poly-lines 1s recorded 1n L To generate Grunbaum encoding g, we first have
to relabel the poly-lines by order of appearance in the first row so that all
poly-lines are labeled with 0, 1, , 6, since this 1s how Grunbaum codes are

defined We will still use L for the relabeled poly-lines
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The Grunbaum encoding g for the SSM 7-Venn diagram represented by
M consists of 4 sequences w, x, y and 2z Each 1s a sequences of 0, 1, |,
and 6 (Section 2 1 2) In the following section, we will show an algorithm for

obtaining w, and will infer z, y and z from 1t

Example 3 6 The relabeled poly-line matrix L for Victona (the first 18

columns)

011111111111111111
100444444444333333
224022223333466222
442205532226642665
205550355562224456
333333000655555544
666666666000000000

The sequence w can be obtained from L directly It 1s the sequence of
the labels of the poly-lines which the poly-line 0 meets when 1t travels from
column 0 to column 125 1n matrix L For example, we can obtain the first

several digits of w from Example 3 6
w 142536

Figure 3 4 shows the algorithm for obtaining w and = given matrix L

The variable p 1s for the index of the sequence w, s 1s the number for circular
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(GENERATING_GRUNBAUM_ENCODING
1 p+ 0,5« 0, f « false,

2 for column 3 = 0 to 125

3 for row ¢ such that M[i|[y] =1

4 if L[o][y] =0, w[p] < Lt + 1[5, p+p+1

5 if : = 5 and f = false, f < true

6 else if f = false, s = s+1

7 else if L[v + 1][7] =0, wlp] « L[][y], p < p+1
8 if f="false, s + s+1

9 for.=0top

10 z[t] = w[(2 + s) mod p]
Figure 3 4 Algorithm for Generating Grunbaum Encoding

shifting on w After w 1s obtained, z can be obtained by circular shifting w
by the number s
If we relabeled the poly-line in the reverse order of their appearance in

the first row of the poly-line matrix, the first row of L will be changed from
0---01 1 6 6—6 65 5 0--0

This actually defines a permutation [T on {0, 1, , 6} By applying this per-
mutation to the sequences of w and z, and reversing the resulting sequences,
we obtain sequences y and z The desired Grunbaum encoding for the Venn

diagram represented by M 1s g = {w, z, y, z}
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Each time we obtain a Grunbaum codes g for a generated matrix M, we
compare g with the Grunbaum code of all the Venn diagrams we have already
found (stored in set S) If g 1s equivalent to some Grunbaum encoding for
some Venn diagram V 1n the set S of the solutions, then the Venn diagram
M represents 1s 1somorphic to the Venn diagram V' € S In this case, matrix
M and 1ts Grunbaum encoding will not be added 1nto set S again, otherwise,

we add this M and g into S
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The Algorithm Using Graph
Representations

Our second algorithm to search all SSM 7-Venn diagrams 1s given 1n (Figure
4 1) Since the diagrams represented by generated matrices M are symmetric,
1t 1s sufficient for us to calculate only 8 normal graph representations for each
diagram 1 order to identify 1t (Section 2 3 3)

The methods for generating 0-1 matrix M and poly-line matrix L are
exactly the same as in the previous chapter In this chapter, we will only
discuss the methods for constructing graph representations As we pointed

out 1 Section 2 3, for each diagram V represented by M, we will
e label the vertices, and construct a graph representation for V|

e choose two vertices u and v, which touch the most outside region or

most mside region respectively,

e do two leftmost and two rightmost depth-first searching on u and v,
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COMPUTE_ALL_2

1 S+ Nil

2 for each of all possible 6 x 18 0-1 representing matrices

3 Expand the matrix to 6 x 126 matrix M

4 Construct the poly-lines L

5 if the poly-lines consist of a Venn Diagram V

6 calculate the 8 normal graph representations Gy [2]'=} for V

-~

compare G[0] with Gy;[0] of each V, in S

8 1f V 1s a new solution, add V into S
Figure 4 1 Algorithm Two
e relabeling the vertices of v after each search,
e construct a (normal) graph representation after each search,
e sort these 8 normal graph representation in lexicographic order,

The normal graph representations of each diagram are sorted 1n lexico-
graphic order, denoted by G[0], G[1], , G[7] When we determine whether
two given SSM 7-Venn diagrams are 1somorphic, we only need to compare
the first ones (G[0]’s) of the 8 normal graph representations In fact, we only

need to store the G[O] as a unique graph representation
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4.1 Constructing Graph Representations

For each generated 0-1 6126 matrix M and the poly-line matrix L associated
with 1t, we can label all vertices of the diagram V represented by M as 0,
1, , 125 A graph representation can be constructed according to these
vertex labels, these labels and the graph representation will be referred as
the “original labels’ and the “original graph representation ” The upcoming
depth-first searching and vertex relabeling will work on the diagram with
original labels

The vertices are labeled row by row, and column by column on each row
We can use a new 6 x 126 matrix N to record the labels of the vertices The
entries of N with value 0 are in the exactly the same position as those in
Matrix M The entries with value 1 1n M are replaced in NV by the label value
of the corresponding vertices Then, for each vertex i, we check 1ts neighbors
and construct an adjacent list for 1t, in clockwise order The algorithm 1s 1n

Figure 4 2

4.2 Leftmost and Rightmost Depth-first Search-
ing

After all the vertices of the diagram V' are represented by matrix M generated
i Algorithm Two, we choose two vertices, which touch the most outside
region or most 1side region respectively We then perform four depth-first

searching two leftmost and two rightmost depth-first searching (DFS) on
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LABELING_VERTICES

1 k<« 0

2 forrow:=0to 5

3 for column 7 = 0 to 125

4 if M[o)[s] =1, N[b][j] « k k< k+1
5 else N[|[y] + 0

Figure 4 2 Algorithm for Labeling Vertices

CONSTRUCT_GRAPH_REPRESENTATION
1 color all vertices WHITE

2 forrow: =0to 5

3 for ) =0 to 125

4 if M[o][y] =1

5 k  NDID]

6 gkl < k

T search 1n poly-line matrix L to find neighbor of vertex k
8 find out the labels of the neighbor of £ 1n matrix N

9 make an adjacent list for vertex k

Figure 4 3 Algorithm for Constructing Graph Representations
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both of them

During the process of a DFS, at each vertex u, we know which vertex in
u’s neighborhood 1s the leftmost unvisited vertex to u, since we know which
vertex w 1s behind us, 1 e, from which vertex w (in neighbor of u) we come
from However, for the starting point of each search, we have to define what
1s behind us, so that the left and right side make sense Since for the starting
point which touchs the most outside region, there are two curves lead into
the nside of the diagram, and the left and right side vertex of the starting
point 1s determined by the way how we walk into the diagram, 1t 1s necessary
to do two leftmost DFS

The algorithms in Figure 4 4, Figure 4 2, and Figure 4 6 are for the left-
most and rightmost DFS

After each search, all vertices in diagram V' represented by matrix M will
be relabeled The mapping of the old labels and the new labels 1s represented
as an array F' in algorithm DFS (Figure 4 6) We thus find a permutation
on the set {0,1, ,125}, and can then update matrix N (which records the

labels of the vertices), with this permutation mapping
N3] « F[N[2][s]]

A new (or normal) graph representation can be obtained according to the
new labels of the vertices, this 1s accomplished 1n the algorithm in Figure
4 4 There are 8 normal graph representations obtained altogether and they

are sorted 1n lexicographic order
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OBTAI;\‘_NOR;\IAL_GRAPHREPRESENTATION

Input: vertex u touches most outside region
vertex v touches most inside region

1. k+ 0

2. for each neighbor w of u touches the most outside region
8. TRAVERSAL_GRAPH(w, u, leftmost)

4. Update(G[k]), k + k + 1

TRAVERSAL_GRAPH(U), u, rightmost)

at

6. Update(G[k]), k + k +1

~

for each neighbor w of v touches the most inside region

8. TR:\VERSAL_GRAPH(UJ, v, leftmost)
9. Update(Glk]), k + k + 1
10. TRAVERSAL.GRAPH(uw, v, rightmost)
11. Update(G[k])
12. lexicographic sort G[0], G[1],...,G[7]

Figure 4.4: Algorithm for Normal Graph Representations
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TRAVERSAL_GRAPH

Input: integer label of vertex f: from vertex f
integer label of vertex ¢ to vertex ¢
direction: leftmost or rightmost

1. from + f, to+t
2. n++0

3. for s = 0 to 125

4. to < ( to+ i) mod 126

5. if vertex labled to is WHITE
6. DFS(from, to, direction)
7. from + to

Figure 4.5: Algorithm for Traversal of a Graph
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DFS

Input: label of vertex from
label of vertex u
direction: leftmost or rightmost

i if color of vertex u is BLACK, return

2. color of u + BLACK

3. Flul =n

4. n+n+l

5. if direction = leftmost version

6. for all unvisited vertex v adjacent to u in clockwise order

7. DFS( u, v, leftmost)

else if direction = rightmost

9. for all unvisited vertex v adjacent to u in counter-clockwise order

10. DFS( u, v, rightmost)

Figure 4.6: Algorithm of Leftmost and Rightmost DFS
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We can compare the first normal graph representation of V' with that of
the SSM 7-Venn diagrams we have ready obtained, to see whether V' is a

new diagram.



Chapter 5

Conclusion

We have implemented two computer programs in order to compute all the
simple symmetric monotone (SSM) Venn diagrams with seven curves. One
program uses Griinbaum encoding to identify the diagrams (Algrithm One,
Chapter 4) and the other program uses graph representations to identify
the SSM diagrams (Algorithm Two, Chapter 4). In each program, there
are 20,125,224 matrices generated. The total number of different SSM Venn
diagrams we obtained is 23. The two programs come out with the exactly
the same solutions. These 23 SSM diagrams match with the 23 SSM Venn
diagrams found by A. Edwards, B. Griinbaum and F. Ruskey. These findings
verified in practice that the Griinbaum encoding is indeed a representation

of an SSM Venn diagram, which we have proved in theory in Chapter 2.
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Index of Solutions

Index of Matrices

96,948
144,637
145,004
150,449
245,226
270,995
337,325
420,957
487,352
650,806
740,224
746,788
746,888
751,414

1,097,622
1,126,308
1,349,320
1,467,557
2,218,590
2,219,552
2,247,989
2,314,011
2,782,864
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