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ABSTRACT

We address the problem of finding groupoid models for C*-algebras given some
prescribed K-theory data. This is a reasonable question because a groupoid model for
a C*-algebra reveals much about the structure of the algebra. A great deal of progress
towards solving this problem has been made using constructions with inductive limits,
subgroupoids, and dynamical systems. This dissertation approaches the question with
a more specific methodology in mind, with factor groupoids.

In the first part, we develop a portrait of relative K-theory for C*-algebras using the
general framework of Banach categories and Banach functors due to Max Karoubi. The
purpose of developing such a portrait is to provide a means of analyzing the K-theory
of an inclusion of C*-algebras, or more generally of a *-homomorphism between two
C*-algebras. Another portrait may be obtained using a mapping cone construction
and standard techniques (it is shown that the two presentations are naturally and
functorially isomorphic), but for many examples, including the ones considered in the
second part, the portrait obtained by Karoubi’s construction is more convenient.

In the second part, we construct examples of factor groupoids and analyze their
C*-algebras. A factor groupoid setup (two groupoids with a surjective groupoid ho-
momorphism between them) induces an inclusion of two C*-algebras, and therefore
the portrait of relative K-theory developed in the first part, together with an excision
theorem, can be used to elucidate the structure. The factor groupoids are obtained
as quotients of AF-groupoids and certain extensions of Cantor minimal systems using
iterated function systems. We describe the K-theory in both cases, and in the first
case we show that the K-theory of the resulting C*-algebras can be prescribed through

the factor groupoids.
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Introduction

Since the seminal papers of Murray and von Neumann [20], the study of operator alge-
bras has long been intertwined with the study of dynamics. This is hardly surprising,
one reason for which is that operator algebras provide a robust mathematical frame-
work for physical systems in quantum mechanics, and one would be hard pressed to
do anything interesting in physics without doing any dynamics. But more abstractly,
operator algebras appear to have an ability to capture symmetry very well, which
may explain their fruitful interactions with numerous areas of mathematics, including
group theory, number theory, graph theory, ergodic theory, logic, knot theory, proba-
bility, and statistics, to name a few. For many of these interactions, the notion of a
groupoid provides a very useful tool with which one may analyze the structure of the
objects involved.

Groupoids are algebraic objects that provide an extremely general framework for
studying mathematical phenomena that exhibit properties or behaviour that is locally
symmetric (as opposed to globally symmetric, for which groups are very useful). This
makes them an ideal lens through which to study dynamical systems, as well as situ-
ations arsing in noncommutative geometry and physics such as foliations, tilings, and
quasicrystals [22]. It was in 1980 that Renault formally introduced étale groupoids to
the theory of C*-algebras in his thesis [31], and this relationship has only grown since.
In fact, it has grown so much that groupoids have actually begun to compete with
C*-algebras for the title “noncommutative spaces”. This is illustrated by two facts.
First, if a C*-algebra has a groupoid model (that is, it is isomorphic to a groupoid
C*-algebra), much of the information about the C*-algebra can be deduced from infor-
mation about the groupoid. Second, C*-algebras that arise from a great many types
of constructions have groupoid models, including commutative C*-algebras, approxi-
mately finite dimensional (AF) C*-algebras, group C*-algebras, crossed products from
locally compact groups acting on spaces, ring C*-algebras, graph C*-algebras, and
more.

It is therefore not surprising that the problem of finding groupoid models for C*-
algebras has been, and continues to be, under a vast amount of investigation. If we
restrict our attention to C*-algebras that are classifiable in the Elliott program (see
subsection 1.2.4), this reduces the problem to finding a groupoid model for some given



K-theory and tracial data, all the while not so restrictive that we are left with quite
a wealth of interesting examples. An almost complete solution to this problem (for
classifiable C*-algebras) is provided by Xin Li in [19], where it is shown that every
classifiable C*-algebra has a groupoid model. (“Almost” refers to the fact that one
needs a twist on the groupoid in order to deal with the case when the Ky-group has
torsion; determining when the twist can be removed and torsion retained is an active
area of research.) The construction is essentially to mimic an earlier construction of
George Elliott in [13] using inductive limits, modifying the inductive systems so that
the connecting maps preserve Cartan subalgebras, resulting in a groupoid model for the
limit. In another vein, Ian Putnam [29] discovered a method of constructing a minimal
equivalence relation on a Cantor set such that the resulting C*-algebra is tracially AF,
and can exhaust all Elliott invariants where the Ky-group is a simple, acyclic dimension
group, and the Kj-group is a countable, torsion-free abelian group. The idea behind
the proof is to enlarge an AF-groupoid to regard it as an open subgroupoid of a larger
groupoid, which produces two C*-algebras, one contained in the other as a subalgebra.
The K-theory is computed using relative K-theory and an excision result. Other
subgroupoids constructed for similar purposes may be found in [9]. The methods in [9]
improve upon those in [19] and [29] in that it is possible to prescribe K-theory with
torsion without a twist.

In both [29] and [9], the crucial tool in computing the K-theory is the excision
theorem of [27]. This excision theorem has recently been generalized in [30], no longer
requiring the groupoids in the intended applications to be principal and étale, and
without a cocycle. The key to the generalization seemed to be the choice of a different
portrait of relative K-theory for C*-algebras which is drawn from a general framework
of Banach categories and Banach functors pioneered by Max Karoubi [18], which we
will spend a great deal of time addressing in the first portion of this project.

When trying to cook up a groupoid whose C*-algebra will have a prescribed Elliott
invariant, the general line of attack is to start with some algebra(s) with familiar K-
theory, then use techniques with tensor products, inductive limits, and subalgebras
to produce examples such that the end result has the desired K-theory. Regarding
two of these techniques, computing the K-theory is usually cut-and-dried. For tensor
products, one has the Kiinneth Theorem (at least for “reasonably nice” C*-algebras, see
Theorem 1.2.19). For inductive limits, K-theory is continuous; it does not distinguish
between elements that are nearby in norm, therefore the K-theory of an inductive limit
is completely contained in the K-theory of the approximating subalgebras. Analyzing
the K-theory associated with an inclusion of a C*-subalgebra demands a bit more
attention; this leads to the subject of relative K-theory.

In topological K-theory, given a compact space X and a closed subspace Y, one can
form the relative group K°(X,Y’) using vector bundles. The noncommutative version
of this construction is to consider a unital C*-algebra A, an ideal I of A, and pairs of



projections in matrix algebras over A that are equivalent via partial isometries modulo
I. The relative group (usually denoted Ky(A,I), see [4]) thus captures homological
data of the quotient map from A to A/I. Generalizing this situation to a more general
*~homomorphism (for example, an inclusion map) requires a bit more structure. One
method is to use the mapping cone, which is used in [27], and another is to use Karoubi’s
approach, as in [30]. It is the latter definition that we consider in this project, and we
show that both definitions give the same theory in a natural way and produce the same
six-term exact sequences, though Karoubi’s approach takes a great deal more work to
reach the desired results. The main trade-off is that the proof of the more general
excision theorem appears to rely quite heavily on the presentation in [18]. There are a
few other benefits to the latter portrait, which we discuss further in Chapter 2.

Once the Karoubian portrait of relative K-theory is in hand, the excision theorem
in [30] will be at our disposal. This theorem, while stated in a great deal of generality,
has two intended uses for groupoids. The first is the so-called “subgroupoid” situation
which is used in [29] and [9]. The second, which has seen little exploration to date and
which we will focus on, is the “factor groupoid” situation. This situation requires two
groupoids G and G’ with a surjective groupoid homomorphism 7 : G — G’ satisfy-
ing some natural hypotheses, which results in an inclusion between their C*-algebras,
Cx(G") C CHG). The term comes from the theory of dynamical systems via factor
and extension systems, and therefore factor groupoids may be considered somewhat
intuitively as the noncommutative (or dynamical) version of the categorical equiva-
lence between quotient maps m : X — Y of compact Hausdorff spaces and inclusions
C(Y) € C(X), see Proposition 1.3.9. Due to the assumptions we place on , factor
groupoids are, in a sense, much more topological in nature than noncommutative, given
that much of the “collapsing” happens at the level of the unit space.

We will consider two constructions of factor groupoids, both with implications to
the problem of finding groupoid models for classifiable C*-algebras. The first construc-
tion follows the same set-up as in [29] with AF-groupoids and embeddings of Bratteli
diagrams. Our method differs in that, rather than extending an equivalence relation
and retaining the unit space, we take a quotient of the unit space and the equivalence
relation follows along. The result is a recipe for a principal groupoid model for any C*-
algebra with Elliott invariant containing a simple, acyclic Ky-group and a countable,
torsion-free Ki-group. The unit spaces that come out of the quotient operation are
quite fascinating, the connected components being either single points or circles. Many
of the spaces resemble fractals (or are fractals, depending on your definition of fractal),
and have particularly regular self-symmetry when the Bratteli diagrams involved have
simple descriptions.

The second construction considers minimal extensions of Cantor minimal systems
due to Robin Deeley, Tan Putnam, and Karen Strung. The original Cantor system is
a factor groupoid of the extension, and hence we may use relative K-theory and the



excision theorem to analyze the K-theory. The result, while less structured than the
first involving the quotient spaces, expresses the K-theory of the extensions in terms of
the topological K-theory of attractors of compact, invertible iterated function systems.

In sum, this dissertation may be divided into two main parts. The first part adapts
Karoubi’s portrait of relative K-theory for C*-algebras and shows that it is naturally
isomorphic to that given by the mapping cone. The second part explores the problem
of finding groupoid models for C*-algebras through the lens of factor groupoids, using
relative K-theory and excision to simplify the calculations. We end with speculation.
Specifically, we surmise the possibility of axiomatizing relative K-theory on a suitable
class of C*-algebras by mimicking (in fact, extending) the original axiomatization due
to Joachim Cuntz in [7]. We also speculate further possibilities for factor groupoid
constructions.



Chapter 1
Preliminaries

We outline the basic background in C*-algebras, K-theory, groupoids, and Bratteli
diagrams. We also prove a handful of simple results that will be needed in later
chapters.

1.1 C*-algebras

We begin with an outline of the theory of C*-algebras, emphasizing the ideas that will
be needed most. We refer to the encyclopedic reference [5] for more information.

Definition 1.1.1. A (C*-algebra A is a normed algebra over the complex numbers C,
with a conjugate linear involution, that satisfies the following properties.

(i) The involution a +— a* satisfies the property that, if @ and b are in A, then
(ab)* = b*a*.

(ii)) A is complete in its norm, and if @ and b are in A, then ||ab|| < ||al|||b]|, and if a
is in A, then ||a*a|| = ||a|]?.

If there is a multiplicative identity 14, then A is called unital. If ab = ba for any a and
bin A, then A is called commutative.

1.1.1 Examples and constructions

There are several important examples of C*-algebras that we will need throughout, as
well as methods of constructing new C*-algebras from old ones. We summarize them
in this subsection.

Example 1.1.2. The algebra Cy(X), all continuous complex valued functions on the
locally compact Hausdorff space X which vanish at infinity, with pointwise operations
and supremum norm, is a C*-algebra. X is compact if and only if Cy(X) is unital,
and in this case we denote the algebra by C'(X). It is always commutative, and every
commutative C*-algebra is of this form (this is the Gelfand-Naimark Theorem).

5



Example 1.1.3. The algebra B(H), all bounded linear operators on the Hilbert space
H, is a C*-algebra. The adjoint a* of a is the unique operator such that (a*¢,n) =
(§,an) for all £ and 7 in H. This example is always unital, the unit 1z being the
identity operator defined by 14§ = & for all £ in H, but never commutative unless
the dimension of A is 1 (in which case B(#) is isomorphic to C). If H has dimension n,
where n is a positive integer, we may fix an orthonormal basis {{1, ..., &,} and identify
B(#H) with M, (C): the (i, ) entry of a is (a;, ;). The algebraic operations are then
the usual ones on M,,(C), and the involution is the complex conjugate transpose. If
H is separable (that is, has a countable dense subset) and infinite-dimensional, it
is isomorphic to [, the space of all sequences & = {£(n)}°°, such that the norm
1€l = 0202, |§(n)]2)1/2 is finite. The space [? has the standard orthonormal basis d,,,
where 0, (k) = 1 if n = k and 6, (k) = 0 otherwise.

If H is a Hilbert space, every subalgebra of B(H) that is closed under the norm
and the adjoint operation is a C*-algebra. The converse is remarkably true: for every
C*-algebra A, there exists a Hilbert space ‘H and an isometric (norm-preserving) *-
homomorphism ¢ : A — B(#H) (the Gelfand-Naimark Theorem). The definition of a
*-homomorphism is given below.

We will also need the following two examples of concrete C*-algebras.

Example 1.1.4. The algebra IC(#) (or just K if H is separable and infinite-dimensional)
of all compact operators on H (that is, the operators a in B(H) such that the set

a{é € H | ||&]] <1} is compact in H or, equivalently, operators that are limits of op-
erators with finite dimensional range) is a C*-algebra. K can also be described as the
completion of the algebra M, (C) = (J>7; M, (C). The latter union is viewed as in-
creasing by viewing small matrices as larger ones via “top left corner blocks”. We will
discuss this more precisely in the section on K-theory.

Example 1.1.5. The Toeplitz algebra, denoted T, is the universal C*-algebra generated
by an isometry. It may be concretely realized as the C*-algebra of operators generated
by the unilateral shift on /2, that is, the smallest C*-subalgebra of B(I?) that contains
the operator v defined by vd,, = 6,11 for n > 1.

Example 1.1.6. If {A4;};c; is a collection of C*-algebras, the direct sum A = @, ; A
is a C*-algebra with the obvious component-wise operations: it consists of all tuples
a = {a;}ier such that a; is in A; for all 7 in I, and lim;eg ||a;]

4 =0.

Example 1.1.7. If A is any C*-algebra, denote by A the unitization of A: the set of
all formal sums a + A with a in A and X in C with component-wise addition and scalar
multiplication. The product and involution are given by

(a+Nb+w)=ab+A+wat+Iw  (a+ N =a + A



and the norm is ||a 4+ || = sup{|[ba + Ab|| | b € A and ||b|| < 1}. A is unital, with
unit 1; =0+ 1. Fora = b+ A in A, we let @ denote the complex number . We
also regard @ as an element of A by identifying it with A1 i If Ais unital then A
is isomorphic to A @ C via the map A® C — A : (a,\) — a+ A(1;5 — 14). The
unitization Cy(X)™ is isomorphic as a C*-algebra to C(X ™), where X* = X U {oo} is
the one-point compactification of X.

Example 1.1.8. We will also need to consider tensor products of C*-algebras. The
general theory is filled with technical difficulties, but thankfully, given any tensor prod-
uct in this project, at least one of the algebras involved will be nuclear, which means
there is no ambiguity in defining the norm (see I11.9.4.1 of [5]).

If X is a locally compact Hausdorff space and A is a C*-algebra, the tensor product
Co(X)® A is isomorphic to Cy(X, A), all continuous functions f : X — A which vanish
at infinity. The algebraic operations are pointwise, and the norm is the supremum
norm, as with Cy(X). The unitization Cy(X, A)~ may be viewed as the subalgebra of
all functions in C'(X*, A) such that there is some X in C with f(co) = A and f(z) = A
(notice the dot) for all z in X*. We write SA for Cy((0,1)) ® A = Cp((0,1), A), the
suspension of A, and C'A for Cy((0,1]) ® A = Cy((0,1], A), the cone of A.

If Ais a C*-algebra and n is a positive integer, the tensor product A ® M, (C)
is isomorphic to M, (A), all n X n matrices with entries in A, with the usual matrix
operations. The norm is obtained by representing A faithfully on a Hilbert space H
(this is always possible by the Gelfand-Naimark Theorem) and considering an element
ain M,(A) as an operator in B(H®") in the obvious way. As long as the representation
is faithful, the norm is well defined.

The tensor product A ® I is often called the stabilization of A, and it may be
viewed as the completion of the *-algebra M (A) = |J,—, M,(A).

Definition 1.1.9. If A and B are C*-algebras, a *-homomorphism ¢ : A — B is a
linear map such that ¢(ab) = ¢(a)o(b) and ¢(a*) = ¢(a)* for all @ and b in A.

A *-homomorphism ¢ : A — B extends naturally to the unitizations and tensor
products described above: ¢ : A — B is defined by ¢(a + A) = ¢(a) + A. The map
idgy(x) ® ¢ “applies ¢ to a function pointwise”, and the map ¢ ®idy,c) “applies ¢ to
each entry”. We will frequently abuse notation and denote all of these extensions by
¢, except when clarity is necessary to avoid confusion. We will sometimes use S¢ and
C¢ to denote the respective induced homomorphisms SA — SB and CA — CB.

A Cr*-algebra A is called contractible if for each ¢ in the interval [0, 1] there is a
*-homomorphism ¢; : A — A such that, for all a in A, ¢t — ¢¢(a) is continuous,
¢1(a) = a, and ¢g(a) = 0. The cone C'A is contractible for every C*-algebra A, by
taking ¢(f) = fi, where fi(s) = f(ts).

We now name some important properties that elements of a C*-algebra might have,
as well as some relations between them.



Definition 1.1.10. An element a of a unital C*-algebra is called
(i) invertible if it has a multiplicative inverse a™!, that is, a™'a = aa™! = 1,
(i) a unitary if a*a = aa* =1,
(iii) an isometry if a*a = 1.
An element a of a (not necessarily unital) C*-algebra is called
(i) idempotent if a* = a,
(i) self-adjoint if a = a*,
(iii) a projection if a*a = a,
(iv) a partial isometry if aa*a = a, and
(v) normal if a*a = aa*.

Projections satisfy a = a* = a* (in fact, this is an equivalent definition). If a

is a partial isometry, then both a*a and aa* are projections (this is also an equiva-
lent definition), and they are respectively called the source projection and the range
projection.

Definition 1.1.11. Let A be a C*-algebra.

(i) We say that two idempotents (resp. projections, invertibles, unitaries) a and b in
A are homotopic if there is a continuous path of idempotents (resp. projections,
invertibles, unitaries) a; for 0 <t < 1 with a9 = a and a; = b.

(ii) Two idempotents e and f in A are called (algebraically) equivalent if there are
elements a and b in A such that ba = e and ab = f.

(iii) Two idempotents e and f in A are called similar if there is an invertible z in A
such that f = zez L.

(iv) Two projections p and ¢ in A are called Murray-von Neumann equivalent if there
is a partial isometry v in A such that v*v = p and vv* = q.

(v) Two projections p and ¢ in A are called unitarily equivalent if there is a unitary
u in A such that ¢ = upu*.



1.1.2 Spectral theory and continuous functional calculus

Most clever tricks in K-theory rely on spectral theory and continuous functional cal-
culus. For a in A, we define the spectrum o(a) to be

o(a) = {\ € C | a— Al is not invertible in A}

The spectrum is always compact, and nonempty thanks to Liouville’s Theorem in com-
plex analysis. If a is normal, there is an isomorphism from C(o(a)) to C*(a,1) (where
C*(a, 1) is the smallest C*-subalgebra of A containing a and 1). The isomorphism can
be roughly described as follows: for a polynomial p(2) = ¢,2"+- - -+c12+¢ in C(o(a)),

pla) = cpa™ + - -+ cra+ ol

and one obtains everything else in C(o(a)) and C*(a, 1) using the Stone-Weierstrass
Theorem. An important example is the exponential function, which has the familiar
series expansion
exp(a) = e = Z a_'
n=0

Another important example is the square root function: if o(a) C [0,00) and f(z) =
22, we denote f(a) by a'/?.

We record the following fairly standard facts that will be needed for K-theoretic
reasons. We sketch the proofs for convenience.

Proposition 1.1.12. Let A be a C*-algebra, and let a, u, and v be elements of A.

(1) If A is contractible, then every unitary in M, (A) is homotopic to 1.

(ii) If a is self-adjoint, then €' is a unitary in A and homotopic to 1.

im(1—u)/2

(111) If u is a self-adjoint unitary, then u=e , hence u is homotopic to 1.

() If v is a partial isometry in A, then
v 1 —ov*
1—v*v v*

- 10
is a unitary in Ms(A) and is homotopic to [ 0 1 ] .
Proof. (i) If u is a unitary in M,(A) = A ® M,(C) and ¢, is as in the definition of
contractible, then ¢; ® ida,c)(u) is a path of unitaries from u to a unitary in
M,,(C). Since the unitary group of M, (C) is connected, the conclusion follows.



atb — oo when o and b

(ii) One can use the power series for exp to show that e
commute. Therefore, for any b in A, e’ is invertible with inverse (¢®)™' = e*. So
if a is self-adjoint, (¢'*)* = e(®" = ¢~ = (¢)~!. For the homotopy, take the

path e for 0 <t < 1.

(iii) We have u? =1, so (1 —u)" = 2" (1 — u) by induction. Then

gro-oe _y UTA—W/2 S —u)(em 1) =

n!
n=0

and u is homotopic to 1 by part (ii).

(iv) That the matrix is unitary is an easy computation. Write

) 1 — vo* 101 1 —v* v*
1—v* v* 10 v 1 —ovv*

and observe that both matrices on the right are self-adjoint unitaries. The result
follows from part (iii). O

In fact, one can show that every unitary homotopic to 1 is equal to a finite product
of elements of the form e where a is self-adjoint (see, for example, Proposition 3.4.5 of
[4]). We use this fact in the proof below. If ¢ : A — B is a surjective *~homomorphism
and b is in B, an element a in A such that ¢(a) = b is called a lift of b.

Proposition 1.1.13. Suppose that A and B are unital and ¢ : A — B is a surjective
*-homomorphism. Then

(i) Every self-adjoint element in B lifts to a self-adjoint element in A.

(i1) Every unitary in B that is homotopic to 1g lifts to a unitary in A that is homotopic
to 14. In particular, if u is any unitary in B, then there is a unitary w in My(A)

0 ] such that

1
¢<w>:[§ f]

Proof. Letting ¢ be any element with ¢(c) = b and taking a = (¢ + ¢*) shows (i). To
latgiaz ... clak - By (i) we

may lift each a; to a self-adjoint b;, and let w = e®1e®2 . .. ¢ The last claim follows

. 1
homotopic to [ 0

prove (ii), find self-adjoint elements ay, as, ..., a; with u = e

from taking v = u in part (iv) of Proposition 1.1.12. O

10



1.2 K-theory

Here we set out notation and record the basic definitions and results in C*-algebra K-
theory. Proofs of all results in this section may be found in [4]. Other useful references
are [32] and [36].

Let A be a C*-algebra. We need to consider arbitrarily large matrix algebras over
A. We denote the union (J°2, M, (A) by M, (A). This union is sometimes viewed
as disjoint, but we will view it as increasing: if n and k are positive integers and a

is in M, (A), we can regard a as an element of M, ,(A) by “adding zeros down the
diagonal”, that is, by identifying it with the matrix

RS

If a and b are in M, (A) we define the “block diagonal sum”

a 0
0 b

There is some ambiguity here because, as we just described, a and b may be regarded as

a®b=

matrices of arbitrarily large size. However, since K-theory doesn’t distinguish elements
that are “moved down the diagonal”, there will be negligible harm done by ignoring

this technical issue. If m > n, we denote by 1,, the matrix in M,,(A) with n ones down
the diagonal, and zeros elsewhere.

1.2.1 The group Kjy(A)

Definition 1.2.1. (i) Let A be a unital C*-algebra. The group K((A) is defined to
be the quotient of the free abelian group generated by all symbols of the form [p]
for a projection p in M, (A) subject to the relations

(a) [p]+ gl = p®q]
(b) [0] = 0.

(c) If there exists an integer n > 1 such that p and ¢ are Murray-von Neumann
equivalent in M,,(A), then [p] = [q].

(ii) If A is non-unital, then Ky(A) is defined to be the subgroup of Ky(A) consisting
of all differences [p] — [g] such that [p] = [¢] in K((C) (recall that p denotes the
scalar part of p).

11



When A is unital, it is a convenient fact (see [32]) that Ky(A) may be defined via
(ii) above as well as via (i), and the resulting group is the same. Therefore, we will
take (ii) to be the standard definition of Ky(A) whether A is unital or not.

For every element x of Ky(A) we may find positive integers m and n such that
m > n and a projection p in Mm(fl) such that p is Murray-von Neumann equivalent
(or even equal) to 1, and x = [p| — [1,,] (6.2.7 of [36]).

Murray-von Neumann equivalence could also be replaced by unitary equivalence or
homotopy, as these equivalences are all the same, provided one chooses a large enough
matrix algebra (4.3.1 and 4.4.1 of [4]).

We could alternatively define Ky(A) using idempotents in place of projections, and
algebraic equivalence instead of Murray-von Neumann equivalence. Indeed, this allows
us to define the Ky-group of a more general Banach algebra A, but when A is a C*-
algebra, projections are usually preferable because they are self-adjoint (hence normal)
and have nicer spectral theory.

Definition 1.2.2. An ordered abelian group G is an abelian group with a distinguished
subsemigroup G, called the positive cone of G, such that

(i) G+ G C G,
(i) G* N (=G*) = {0},
(iii) G =G+ — G*.

We write g > 0 to mean that ¢ is in Gt and g > h to mean that g—h > 0. An element
u of the ordered abelian group G is called an order unit if, for every g in G, there is
an integer n such that —nu < g < nu (where nu = u+ u+ - - + u, n times).

A unital C*-algebra A is called finite if every isometry in A is a unitary, and it is
called stably finite if M, (A) is finite for all n > 1.

Proposition 1.2.3. If A is unital and stably finite, then Ko(A) is an ordered abelian
group with positive cone

Ko(A)" ={[p] | p a projection in M,,(A)}

and order unit [14].

Example 1.2.4. (i) Ky(C) = Ky(M,(C)) = Z, for all n > 1. A generator of the
group is [1¢], or the class of any rank one projection. The positive cone is iden-
tified with Z* = {0,1,2,3,...} If X is a compact Hausdorff space, let C(X,Z)
denote the continuous functions from X to Z, where the integers have the dis-
crete topology. C(X,7Z) is a group under pointwise addition. There is a surjective

12



group homomorphism
dim : Ko(C(X)) = C(X,Z)

defined, for a projection p in M,(C(X)) = C(X, M,(C)), by dim([p])(z) =
Tr(p(x)), where Tr is the usual trace on M, (C). If X is totally disconnected, then
dim is injective, hence an isomorphism. If X is contractible, then C'(X,Z) = Z,
since the only continuous functions from a connected space into a discrete space
are constant. Moreoever, dim is injective if X is compact and contractible (as a
space), and therefore Ko(C(X)) = Z, a generator given by [1c(x)]. Again, the
positive cone is identified with Z*.

If X is a compact Hausdorff space, Ko(C'(X)) is isomorphic to K°(X), the topolog-
ical K-theory of X (we will sometimes use this alternative notation). Topological
K-theory is defined using things called wvector bundles and the aforementioned
isomorphism is the content of Swan’s theorem (1.6.18 of [18]).

Ko(K) = Z, generated by the class of any rank one projection.

Ko(Cy(R?)) = Z. To find a generator of the group, let D = {z € C | |z| < 1},
and identify Co(R?)™ with functions in C'(D) that are constant on the unit circle
T ={z € C| |z] = 1}. Then a generator of Ky(Cy(R?)) is given by [p] — [1 & 0],
where p in C(D, My(C)) is the Bott projection:

(Z)_ |Z’2 2"\/1_’2‘2
PR 2 A2 12

Tracial data is intimately tied with ordered Kjy-theory. We will need the following

definitions in order to describe the Elliott invariant in subsection 1.2.4.

Definition 1.2.5. A trace on a C*-algebra A is a bounded linear functional 7: A — C

such that 7(ab) = 7(ba) for all @ and b in A. We say 7 is a tracial state if T is positive
(t(a*a) > 0 for all a in A) and ||7]| = 1. We let T'(A) denote the space of all tracial
states on A.

Definition 1.2.6. Let A be a unital and stably finite C*-algebra. Define the map r4
from T'(A) to S(Ky(A)), the space of all states on the ordered abelian group Ky(A),

by

ra(t)([p] = lq]) = 7(p) — 7(q)

where, if a = (a;;) in M,,(A), then 7(a) = > | 7(ais).

13



1.2.2 The group K;(A)

Definition 1.2.7. If A is a unital C*-algebra and n > 1, we let U,,(A) denote the set
of unitaries in M,(A), and let Ux(A4) = U, Un(4).

When regarding unitaries as arbitrarily large matrices, we add ones down the diag-

onal instead of zeros. So if u is in U,(A), we view it as

u 0
0 1
in Un_i_k(zzl)

Definition 1.2.8. (i) Let A be a unital C*-algebra. The group K;(A) is defined to
be the quotient of the free abelian group generated by all symbols of the form [u]

for u in Uy (A) subject to the relations

(a) [u] +[v] = [u@ 0],
(b) [1] = 0.
(c) If there exists n > 1 such that u and v are homotopic in U, (A), then [u] = [v].

(ii) If A is non-unital, then K;(A) is defined to be K;(A).

Conveniently, we have —[u] = [u*] for all unitaries u in U (A), so there is no need
for formal differences as with Ko(A). If u and v are in U,(A), we have the formula
[u] 4+ [v] = [uv]. Every element of K;(A) is represented by a class [u] for a unitary u in
U, (A) with @ = 1,,.

Like the Ky-group, we could define K;(A) in a more general way, using invertibles
instead of unitaries. Again, it is usually preferable to stick with unitaries due to their
nice spectral theory. In Chapter 2, we will see an even more general definition using

what may be called “partially invertible” elements.

Example 1.2.9. (i) K;(B(H)) = 0 for any Hilbert space H.
(i) K1(C(X)) =0if X is compact and contractible.

(iii) The standard example that yields a nontrivial group is K;(C(T)) = Z, which is
generated by the class of the function f(z) =z on T.

Henceforth, we will economically denote the function f(z) = z in C(T) by z.

Ky and K are functors from the category of C*-algebras to the category of abelian
groups: if ¢ : A — B is a *-homomorphism, the induced group homomorphisms
¢y Ko(A) — Ko(B) and ¢, : K;(A) — K;(B) satisfy the property that

¢.([p]) = [#(p)] and é.([u]) = [¢(w)]
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for all projections p and all unitaries u in My (A). By homotopy invariance, Ky(A) =
K;(A) = 0if A is contractible.

Remark. A small word on notation: sometimes K, and K; are amalgamated and
studied simultaneously by defining K,(A) = Ky(A) ® K;(A) and regarding the theory
as so-called Zs-graded, see V.1.3.8 of [5]. We will not make use of any grading, but we
will use the notation K, when discussing anything about the K-groups that does not
depend on the value of the subscript. We will do the same for the relative K-groups
in Chapter 2.

1.2.3 Stability, suspensions, exact sequences, and the Kiinneth

theorem

If A is any C*-algebra and p is any rank one projection in I, the *-homomorphism k4 :
A — A®K given by k4(a) = a®p induces an isomorphism (k). : K.(A) = K.(ARK).
This property of K-theory is often referred to as stability. Strictly speaking, while x4
depends on the choice of p, (k4). does not. Therefore, for all K-theoretic purposes, we
may sweep p under the rug.

If A is any C*-algebra, there are natural (in a categorical sense) isomorphisms
0a: Ki(A) — Ko(SA) and 4 : Ko(A) — K1(SA) (Theorem 8.2.2 and Theorem 9.2.1
of [4], respectively). The map (4 is called the Bott map for A. The map 64 may be
computed as follows. For a class [u], where u is a unitary in M,(A) with @ = 1,, find
a unitary v in C([0,1]) ® May,(A) such that v(0) = 1g,, v(1) = u ® u*, and 0(t) = 1s,
for all 0 <t <1 (such a v exists by part (ii) of Proposition 1.1.13). Then

0a([u]) = [v(1, @ 0,)v*] — [1, & 0,]

The Bott map may be computed as follows. If p and ¢ are projections in Mn(fl) with
[p] = [d] in Ko(C),
Ba(lpl — la)) = [fpfs]

where f,(t) = €™ for 0 < ¢ < 1.

Definition 1.2.10. Let X, Y, and Z be modules over a ring (such as C*-algebras
over C, or abelian groups over Z) and let f : X — Y and g : Y — Z be module
homomorphisms. We say that the sequence

f

X Y 257

is eract (at Y) if the image of f is exactly! equal to the kernel of g. If such a sequence
of modules and homomorphisms has five terms (modules) and the first and last are

IT suspect this is the reason for the terminology.
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zero, we say that the sequence is short exact. If such a sequence is cyclic and has
six-terms, we say that it is a siz-term exact sequence.

The next result is the most important standard tool in K-theory.

Proposition 1.2.11. If the sequence

0 >y —— A —"— A/l —— 0

of C*-algebras is exact, then there are group homomorphisms oy : Ko(A/I) — Ki(I)
and 61 1 K1(A/I) — Ko(I) (called the exponential map and the index map, respec-
tively) that make the sequence

Ko(I) ————— Ko(A) ———— Ko(A/I)
81 do

exact.

The map 0; may be computed as follows. For a class [u], where u is a unitary in
M, (A/I), find a unitary w in Ma,(A) with 7(w) = u @ u* (use part (i) of Proposition
1.1.13). Then

91 ([u]) = [w(l, & 0,)w*] — [1,, & 0,]

If there is a partial isometry v in M, (A) with m(v) = u, then by taking w to be the
unitary in part (iv) of Proposition 1.1.12; the index map has the following alternative
description that forgoes doubling matrix sizes:

0 ([u]) = [1, — v*v] — [1,, — V0]

The map dyp may be computed as follows. For integers m > n and a projection p in

M,,(A/I) with p equivalent to 1,, find a self-adjoint element a in M,,(A) with 7(a) = p
(use part (i) of Proposition 1.1.13). Then

do([p] — [La]) = —[e*™]

Both maps §; and dy are natural in a categorical sense.
The next two six-term exact sequences involve a useful homological construction
called the mapping cone.

Definition 1.2.12. Let ¢ : A — B be a *-homomorphism. The mapping cone C is
defined to be the C*-subalgebra of A® C'B consisting of all pairs (a, f) in A® CB such

that f(1) = ¢(a).
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Such a C*-algebra is often referred to as a pullback of two *-homomorphisms, the
two *-homomorphisms in this instance being ¢ : A — B and 7g : CB — B defined by

ms(f) = f(1).

Lemma 1.2.13. (i) Define the maps v : SB — Cy and 7w : Cy — A by o(f) = (0, f)
for fin SB and w(a, f) = a for (a, f) in Cy. Then the sequence

0 » SB —— Cy —— A > 0 (1.1)
1s short ezxact.

(ii) Let 01 and &y be the boundary maps given by Proposition 1.2.11 associated to the
short exact sequence (1.1). Then the diagrams

Ki(A) — 5 K\(B) Ko(A) — 25 Ky(B)
o (] %o BB
Ko(5B) Ki(SB)

are commutative up to sign.

Proof. Part (i) is straightforward and we omit the proof. For part (ii), we consider

the left diagram first. Let u be a unitary in M, (A) with & = 1,. Find a unitary v in

C([0,1]) ® My, (B) with v(0) = 1, v(1) = ¢(u) B ¢(u)*, and v(t) = 1y, for all £. Then
(u @ u*,v) is a unitary in M, (Cy) that lifts u ® u*, so by the definitions of the maps
(51 and QB,

01([u]) = [v(1n ® 0n)v7] = [1n @ 0n] = Op([¢(w)]) = O (¢« ([u]))

Now we consider the diagram on the right. Let n < m and p be a projection in M,,(A)

with p equivalent to 1,. Let a be the self-adjoint element of C'([0, 1]) ® M,,(B) defined
by a(t) = to(p) + (1 — t)1,. Then (p,a) is in M, (C,) and is a self-adjoint lift of p, so

So([p] — [1n]) = —[e*™]
Also observe that

e?ﬂia(t) _ e27ri(t¢(p)+(1—t)1n) _ 627rit¢(p)627ri1n€—27rit1n _ fd)(p) (t)fln (t)*
since e?™n =1, in Mm(é) So by definition of the map Sg,

Bo(+(Ip] — [1n])) = Ba([6(P)] — [1a]) = [fow f1,] = (7] = —do([p] — [1]). O
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Applying Proposition 1.2.11 to the short exact sequence in part (i) of Lemma 1.2.13
and using the commutative diagrams in part (ii) of the same lemma, we obtain the
following result.

Proposition 1.2.14. The sequence

Ki(B) —2 s [y (Cy) ——— Ko(A)
P o
Ky (A) 57— Ki(Cy) «— 55— Ko(B)

15 exact.

The following six-term exact sequence may be regarded as a “standard” six-term

exact sequence for mapping cones.
Proposition 1.2.15. Suppose that
0 s A5 AT AT —— 0

S O

0 yJ 2+ B "5 B/J—0

~

~

15 a commutative diagram with exact rows. Then the sequence

0—>O¢ = >C¢ u >O,y > 0 (12)
where v(a, f) = (tala),Cip(f)) for (a,f) in Cy and w(a, f) = (ma(a),Crp(f)) for
(a, f) in Cy, is a short exact sequence, and therefore the sequence

Ko(Cy) ———— Ko(Cy) ——— Ko(C,)
51 60

Ki(Cy) ¢ Ki(Cy) +—— Ki(Cy)
18 exact.

Proof. The six-term exact sequence follows immediately from applying Proposition
1.2.11 to (1.2), and the only non-trivial part of proving that (1.2) is exact is in showing
that 7 is surjective. The diagram

0 —— SB » Cy > A » 0
lSﬂ'B lﬂ lﬂ'A
0 —— S(B/J) > O » A/l —— 0
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is clearly commutative, and it has exact rows by exactness of (1.1). The map 74
is surjective by assumption, and Swp is surjective by Proposition 10.1.2 of [32]. The
conclusion then follows from the five lemma (see, for example, Section 10.5, Proposition
24 of [10]). O

It is because of the six-term exact sequences in Proposition 1.2.14 and Proposition
1.2.15 that K,(Cy) may be taken to be the definition of the relative K-theory of ¢.
Proposition 1.2.14 provides a way of comparing the K-theory of A with the K-theory of
B via ¢, and Proposition 1.2.15 provides a way of comparing relative K-groups related
to each other through what homological algebraists would refer to as a “homomorphism
of short exact sequences”. Chapter 2 will be devoted to a more basic definition that
has two six-term exact sequences that naturally correspond to those above.

The final six-term exact sequence in this subsection involves crossed products of
C*-algebras by Z, and is originally due to M. Pimsner and D. Voiculescu [24]. We
will not give an overview of crossed products as the ones we need will have groupoid
models (namely, those that arise as actions of Z on a compact metric space via a single
homeomorphism), but the sequence in Proposition 1.2.17 will be of use to us.

Theorem 1.2.16. Let A be a unital C*-algebra and o« : A — A a *-automorphism.
There is a C*-algebra, denoted AX 7, that is generated by an isomorphic copy of A and
a unitary element u such that uvau* = «(a) for all a in A. Moreover, this C*-algebra
1s universal in the following sense: if B is any C*-algebra containing a unitary v and
if there is a *-homomorphism ¢ : A — B such that vé(a)v* = ¢(a(a)) for all a in A,
then there is a unique *-homomorphism ¢ : A Xo Z — B such that ¢ = o1 (where ¢
is the inclusion map ¢ : A — A X4 Z) and (u) = v.

Proposition 1.2.17. Let A be a unital C*-algebra and o : A — A a *-automorphism.
There is a siz-term exact sequence

Ko(A) — 92 Ko(A) —— s Ko(A x4 Z)
51 60

Kl(A Xa Z) (T Kl(A> (T Kl(A)

We give a brief outline of a proof based on lecture notes of Allan Yashinski, which is
in turn based on the original proof in [24]. Recall that T denotes the Toeplitz algebra,
and let 7, be the C*-subalgebra of (A x, Z) ® T generated by ((4) ® 1 and u ® v,
where v is the unilateral shift. There is a short exact sequence

0 — AQK 2> T, L3 AXx,Z —— 0
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where 7(t(a) ® 1) = ¢(a) for all @ in A and 7(u ® v) = u. Furthermore, if we define
j:A—= T,by jla) = t(a) ® 1, then the induced map j, : K.(A) — K.(7,) is an
isomorphism and the diagram

. -1
K. (A) “% 5 K (A) —“ K,(A x4 Z)

foor b

K (A®K) 2= K.(T,) —— K.(Ax,7Z)

commutes. Applying Proposition 1.2.11 to the given short exact sequence above and
using the commutative diagram, we obtain the exact sequence in Proposition 1.2.17.
(We are abusing notation a bit to be more succinct: §, in the theorem is actually
(ka);tod, forn=0,1.)

Lemma 1.2.18. 0;([u]) = —[14].

Proof. The unitary wu lifts to the isometry u ® v, so, using the partial isometry descrip-
tion of the index map,

01([u]) = [1a®@ 17 — (u'u) ® (v"0)] = [1a ® 17 — (uu”) ® (v07)] = =[14 @ (17 — v0")]

and since 17 — vv* is a rank one projection, (k4)«([1a]) = [1a ® (17 — vv*)]. O

Finally, we need to know how to compute the K-theory of tensor products. The
bootstrap class is the class of all separable, nuclear C*-algebras that contains C and is
closed under countable inductive limits, short exact sequences, and K K-equivalence.
The only thing we need to know is that this class contains the Toeplitz algebra, all
AF-algebras, and all commutative C*-algebras. The following is a simplified version of
23.1.3 of [4].

Theorem 1.2.19. Suppose that A is in the bootstrap class and that at least one of
K.(A) and K.(B) is torsion free. Then there are isomorphisms

Ko(A® B) = (Ky(A) @ Ko(B)) @ (K;(A) ® K1(B))

Ki(A® B) = (Ko(A) ® K1(B)) ® (Ki(A) @ Ko(B))

1.2.4 The Elliott classification program

An immense area of research in C*-algebra theory is to determine the extent to which
K-theory can distinguish C*-algebras. After proving his seminal result in 1976 [12] that
the Ky-group, along with its order structure, is a complete invariant for AF-algebras
(C*-algebras that are inductive limits of finite-dimensional C*-algebras, or, alterna-
tively, isomorphic to C*(Rg) for some groupoid Rg as defined in the next section),
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George Elliott conjectured in 1990 that K-theory is enough to distinguish C*-algebras
that are unital, separable, simple (no non-trivial ideals), and nuclear. This conjecture
initiated a vast amount of work by many mathematicians over the next few decades.
The conjecture as it stood did not hold, and the list of assumptions needed to grow
slightly in order to accommodate pathological examples such as the Jiang-Su algebra Z
[17] (which is unital, separable, simple, nuclear, has the same K-theory as C, but is not
isomorphic to C). Added assumptions include finite nuclear dimension and the Univer-
sal Coefficient Theorem (abbreviated UCT), see 23.1.1 of [4]). Tracial data also needed
to be added alongside K-theory in the invariant. Ultimately, the Elliott invariant for
a C*-algebra A is

Ell(A) = (Ko(A), Ko(A)*, [14], K1(A), T(A),r4)

We say that Ell(A) and Ell(B) are isomorphic if there is an order preserving isomor-
phism 7y : Ko(A) = Ko(B) (that is, 70(Ko(A)T) = Ko(B)T and 7o([14]) = [15]), an
isomorphism v, : K1(A) — K;(B), and a homeomorphism ~r : T(B) — T(A) that
intertwines the maps 74 and rp, that is, r40yr = (-07y) orp (if f is a state on Ky(B),
then f o~ is a state on Ky(A)).

Theorem 1.2.20 (Theorem 14.2.1 of [34]). Suppose that A and B are two unital,
simple, separable, infinite-dimensional C*-algebras with finite nuclear dimension that
satisfy the UCT. If Ell(A) is isomorphic to Ell(B), then A is isomorphic to B.

1.3 Groupoids

We will only be concerned with groupoids that are locally compact, Hausdorff, and
étale, and for a more extensive covering of the preliminary material here, see [34].

Definition 1.3.1. A groupoid is a set G together with a distinguished subset G2 C

G x G, a multiplication map (z,y) — 2y from G® to G, and an inverse map z + 7!

from G to G such that
(i) (z=YH) ! =z for all z in G;

(i) if (z,y) and (y, z) belong to G, then (zy, z) and (z,yz) belong to G?, and
(zy)z = x(yz); and

(iii) (x,27!) belong to G@ for all x in G, and for all (x,y) in G®, we have 2~ (zy) =y
and (zy)y~! = z.

We denote G = {27!z | 2 € G}, and call it the unit space of G. The maps r
and s from G to G, respectively called the range and source maps, are defined by
r(z) = zx~! and s(z) = 7'z, For v in G, we define G* = r~!(u) and G, = s~ (u).
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Another definition of a groupoid, famed for its pithiness, is that it is a small category
where every morphism is invertible. To compare with more familiar terminology, a
group may be defined as a small category where every morphism is invertible, and
there is only one object (and therefore any two morphisms are composable).

A topological groupoid is a groupoid with a topology such that the product and
inverse operations are continuous. We say that a topological groupoid is étale if the map
7 is a local homeomorphism, and in this case, G(¥) is open, and the relative topologies
on G* and G, are discrete, for all  in G(°). An open subset U of G such that r(U)
and s(U) are open and 7|y : U — r(U) and s|y : U — s(U) are homeomorphisms is
called a open bisection. More generally, a bisection is any set that is contained in an
open bisection.

A groupoid homomorphism 7 : G — H is a map such that 7 x 7(G?) C H® and
m(zy) = m(x)n(y) for every pair (z,) in G@ (so, with the category definition, it is a
functor). If G and H are topological groupoids, we will require that m be continuous.
We have 7(z7!) = 7(x)~" for all z in G, and 7(G®) C H® with equality if 7 is
surjective. We also have ror =rom and mos = sox. If 7 is a homeomorphism, we
say it is a groupoid isomorphism, and that G and H are isomorphic as groupoids.

The two standard examples of groupoids which will be of interest here are equiva-
lence relations and group actions.

Example 1.3.2. If R C X x X is an equivalence relation on a set X, R has the
structure of a groupoid with product and inverse

(377 y)(w’, y/) = (.1', y/) (567 y)il = (y7 x)

where the product is defined only when y = 2’. The range and source maps are easily
checked to be r(z,y) = (x,z) and s(z,y) = (y,y), respectively. Thus the unit space
R is {(x,z) | z € X}, which can be identified with X in an obvious way. In general,
if G is a groupoid, the set Rg := {(r(x),s(z)) | = € G} is an equivalence relation on
G©. The map G — Rg : z — (r(z),s(x)) is a surjective groupoid homomorphism,
and if it is injective, G is called principal. Every equivalence relation is principal, and,
conversely, every principal groupoid is isomorphic to an equivalence relation. (Under
the categorical definition of a groupoid, a principal groupoid is a small category where
every morphism is invertible and, for every pair of objects a and b, there is at most
one morphism from a to b.) If X is a space and every equivalence class is dense in X,
then R is called minimal.

Example 1.3.3. Let X be a set and I" a group. Recall that a (left) action of T' on X
isamap X xI' = X : (x,g9) = ¢g-x such that g- (h-x)) = (gh) -z for all g and A in T’
and all z in X, and 1p -z = « for all z in X, where 1r is the identity of the group. In
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this situation, the set X x I' has the structure of a groupoid with product and inverse

(,9)(y, h) = (z,gh)  (x,9)" =(9-z,97")

for z and y in X and ¢ and h in I', but the product is defined only when y = ¢ - x.
If the action is free, then X x I' is principal, as defined in the previous example. If
X and I' carry topologies and I' acts continuously by homeomorphisms, the groupoid
X x I is étale in the product topology if and only if T" is discrete. If, for every x, the
orbit {g - x}ser is dense in X, we say X x I' is minimal.

Definition 1.3.4. Let G be a locally compact, Hausdorff, étale groupoid. We denote by
C.(G) the vector space of all continuous complex-valued functions on G' with compact
support (the support of a function f is the closure of the set f~1(C — {0})).

C.(G) is a *-algebra with the operations

(fxg)@)= D fwel ™)  f(z)=fl)

yeGr=)

For u in G, let 6, be the element in I?(G,) that is 1 at  and 0 elsewhere. Define the
representation ¢, : C.(G) — B(I*(G,)) by

yeGr(ac)
The representation ¢g = ,cc0 ¢u is well-defined and faithful, and it is called the
left reqular representation of C.(G).

Definition 1.3.5. The closure of ¢¢(C.(G)) in @, cqo B(I*(G.)) is called the reduced
C*-algebra of G, and we denote it by C)(G).

We will denote the norm in C*(G) by | - ||, so for f in C.(G) we have

£l = lloa(Hll = sup [[ou(f]
ueG(0)
Example 1.3.6. (i) If X = {1,2,...,n} and R = X x X (the trivial equivalence
relation), then C*(R) is isomorphic to M, (C). More generally, if X is any set and
R = X x X with the discrete topology, then C*(R) is isomorphic to K(I*(X)).

(i) If X is a locally compact Hausdorff space and R = {(z,z) | x € X} (the co-trivial
equivalence relation), then C(R) is isomorphic to Cy(X).

(iii) If Z acts on the compact Hausdorff space X by a homeomorphism o : X — X,
then a(f) = f oo™ ! is an automorphism of C(X), and C*(X x Z) is iso-
morphic to C(X) x4 Z (9.3.8 of [34]). Under this identification, the inclusion
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L:C(X) = C(X) x4 Zis given by ¢(f)(xz,n) = f(x) if n =0 and ¢(f)(x,n) =0
otherwise. The unitary u implementing the action is given by Xx {1} (where X4
is the characteristic function of the set A).

Many properties of C*(G) may be deduced from properties of G. In the summary
below, we collect conditions on G that will ensure that C(G) is classifiable. The result
mentions “dynamic asymptotic dimension” for groupoids. We will not need the actual

definition of this term due to Proposition 1.3.8.

Proposition 1.3.7. Let G be a locally compact Hausdorff étale groupoid.
(i) If G is compact, then C.(G) and C*(G) are unital.

(ii) If G is second-countable, then C¥(G) is separable.

(i17) If G is principal and minimal, then C}(G) is simple.

(iv) If G is principal and has finite dynamic asymptotic dimension, then G is amenable,
and C*(G) is nuclear and satisfies the UCT. If, in addition, G has finite cov-
ering dimension, then C}(G) has finite nuclear dimension.

Therefore, if G satisfies all the hypotheses in (i) through (iv) above, then C¥(G) is
classified by its FElliott invariant.

Proof. (i) Since G is open and compact, the characteristic function X is in
C.(G), and it is easily checked to be the unit in both C.(G) and C}(G).

(ii) If G is second-countable, then C.(G) is separable in the inductive limit topology
by Lemma C.2 of [37]. The conclusion then follows from Lemma 9.2.4 of [34].

(iii) This follows from Theorem 10.3.3 of [34].

(iv) If G is principal and has finite dynamic asymptotic dimension, then G is amenable
by Corollary 8.25 of [15]. The fact that G is amenable then implies that C(G)
is nuclear by Proposition 6.1.8 of [1], and it also implies that C*(G) satisfies the
UCT by a result of Tu, see [35]. Finally, if G® has finite covering dimension,
then Theorem 8.6 of [15] implies that C}(G) has finite nuclear dimension. O

The following result is Example 5.3 and Theorem 1.3(i) of [15].

Proposition 1.3.8. (i) If G is equal to the union of compact open subgroupoids,
then G has dynamic asymptotic dimension zero.

(i1) If X is a compact Hausdorff space and Z acts freely and minimally on X, then
X X Z has dynamic asymptotic dimension one.
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We now set the stage for our “factor groupoid” situation. As we mentioned earlier,
a factor groupoid may be regarded as a “noncommutative quotient space”. It may be
helpful to recall that, given a continuous proper surjective map 7 : X — Y of locally
compact Hausdorff spaces, the map a : Cy(Y) — Cop(X) defined by a(f) = fomis an
injective *-homomorphism.

Proposition 1.3.9. Let G and G’ be locally compact Hausdorff étale groupoids and
7w : G — G a continuous proper surjective groupoid homomorphism. Suppose also
that for all w in G, the map mlgu : G* — (G')™™ is bijective. Then the map
a: C(G') — C.(G) defined by a(f) = fox is an injective *-homomorphism, and it
extends to an injective *-homomorphism from C*(G") to C*(G).

Proof. That «(f) is continuous and compactly supported follows from the fact that 7
is continuous and proper. We have

afxg)(z) = (fxg)r(@) = Y [f)g(z""n(x))

2€(GN)(r @)

and
(a(f)*a(g)(x) = > flxy)g(x(y'z))

yeGr(=)

for all f and g in C.(G’) and all x in G. Each z in the first sum corresponds to one
and only one y in the second sum via the bijective map 7|qr@), and thus both sums
have precisely the same terms. We also have

If a(f)(x) = f(n(z)) = 0 for all z in G, then f(y) = 0 for all y in G’ because 7 is
surjective, hence « is injective. Lastly, for each u in G(*), the operator V, : I3(G,) —
ZZ(G;(H)) defined by V,(0,) = 0(») is unitary. Now take u in G, 2/ in Gl and f
in C.(G") to be arbitrary, and let x be the unique element in G, with 7(z) = 2’ (note
that 7|q, is also bijective for every u in G(»)). We then have

Vabula(£)Vi6 = Vdu(a(£))0
Ve 3 ()

yeG'r(z)

= Y f(@W)ore

yeG'r(z)

= Z f(Y)oya

y'eG’

r(z’)
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where we used the same trick with the bijective map W\GT(I) to re-index the sum.
Therefore V = @, .c0 V. implements a unitary equivalence between ¢ o o and the
representation €, ..o @rw)- The latter representation gives elements of C.(G’) the
same reduced norm since

sup ||gr) ()l = sup fl¢w (Sl = 11

ueG0) w' €G'(0)

for f in C.(G’), and therefore produces a completion isomorphic to C(G’). Thus we
may identify C*(G’) with the closure of ¢g(a(C.(G"))), which is contained in C}¥(G).
[l

If 7 and « are as in Proposition 1.3.9, it is worth recording the easy but useful
observation that

a(C(G) ={f € Cu(G) | m(x) = w(2) implies that f(z) = f(2)} (1.3)

So we may regard C.(G’) as all functions in C,(G) that are constant on the fibres of 7.

Remark. The hypothesis that 7|g« be bijective is necessary. To see this, let G and
G’ be the full equivalence relations on {0, 1} and {0}, respectively, with 7 (i, j) = 0 for
i,7 =0,1. Then C.(G") and C.(G) may be respectively regarded as C and M,(C) and
the resulting linear map o : C — M,(C) is then regarded as

(1]

which is not multiplicative.

If G and H are locally compact Hausdorff étale groupoids, then G x H is too, with
component-wise operations and the product topology. The following result will be
useful. Although it appears rather standard, a proof is difficult to find, so we supply
one. As stated, the C*-algebras may not be nuclear, so we use the minimal tensor
product to avoid ambiguity, see I1.9.1.3 of [5]. If at least one of G and H is amenable,
then specifying the tensor product is not necessary.

Proposition 1.3.10. Suppose G and H are locally compact Hausdorff étale groupoids.
Then CH(G x H) = C*(G) Qumin C(H).

Proof. By the definition of the minimal tensor product, C}*(G) @i, C;(H) is the com-
pletion of the algebraic tensor product C(G)®C;(H) under the representation ¢c®@dmn,
since the left regular representations are faithful. Notice that (G x H)® = G© x H©
and, if v is in G and v is in H®, (G x H)(uw) = Gy x H,. The representation

¢: C.(G x H) — B(I*(G,) ® I*(H,))
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defined by
¢(h)(0; ® 0y) = Z h(w, 2)(6uws © 02y)
WEG(1),2€H,(y)

is unitarily equivalent to ¢, via the unitary Uy, : (G, x H,) = *(G,) ® [*(H,)
defined by Upy,v)(6(z,y)) = 02 ® 6. Moreoever, if h = f ® g, where f is in C.(G) and g
is in C.(H) and f ® g(w,2) = f(w)g(z), then it is clear from the formula above that
d(h) = ou(f) ® ¢,(g). Taking the direct sum over all u and v, we obtain that ¢gxy is
unitarily equivalent to ¢g ® ¢ . H

We finish this section by providing a characterization of traces on C*-algebras of
principal groupoids, a proof of which may be found in [31]. If G is a locally compact
Hausdorff étale groupoid and s is a regular Borel measure on G, 1 is called invariant
if u(r(U)) = u(s(U)) for every open bisection U.

Proposition 1.3.11. Let G be a locally compact Hausdorff étale groupoid and let i be
an invariant reqular Borel measure on G°). Then the formula

T(f) = fdu

G(0)

defines a trace on C.(G) and extends to a trace on C}(G). If G is principal, then all
traces on C*(QG) arise in this way.

1.3.1 AF-groupoids and Cantor minimal systems

All of the groupoids we will construct involve, in some way or another, a special class of
groupoids called AF-groupoids. These groupoids are built from combinatorial objects
known as Bratteli diagrams. A Bratteli diagram is an infinite directed graph consisting
of a set of vertices V' and a set of edges F with initial and terminal maps ¢ : £ — V
andt: F — V. V and F are partitioned into countably many non-empty finite subsets
V,, for n > 0 and E, for n > 1 in such a way that the following hold.

(i) Vo consists of a single vertex vy.
(ii) If e is in E,,, then i(e) is in V,,_; and t(e) is in V.

(iii) i~!(v) is nonempty for each vertex v and ¢~!(v) is nonempty for each vertex v
other than vy.

We say that (V, E) has full edge connections if, for every n > 0 and pair of vertices
vin V, and w in V,,41, there is an edge e in E,;; with i(e) = v and t(e) = w.

Definition 1.3.12. We denote by X the path space of (V, E): the set of all infinite
paths, that is, all sequences z = (x1, x9, x3,...), where z,, is in E,, and t(x,) = i(x,11)
for all n > 1.
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Figure 1.1: A Bratteli diagram

For a finite sequence of edges p = (p1,p2,...,pn) Where p; is in E; and t(p;) =
i(pj+1), we denote

C(p) = C(p1,pas- - pn) ={x € Xp | x; =p; for 1 < j < n}

called the cylinder set of the finite path p. For any p and ¢, either C'(p) and C(q) are
disjoint, or one is contained in the other. The path space X is a totally disconnected
compact metric space in the metric

dg(z,y) =inf{1,27" | z; = y; for 1 <j <n}

and the cylinder sets C'(p) are closed and open (clopen) in this metric. If (V, E) has
full edge connections and X is infinite, then Xz has no isolated points and is thus
homeomorphic to the Cantor set.

Definition 1.3.13. The equivalence relation R C Xg x X is defined by (z,y) € Rg
if and only if there exists some n > 1 such that z; = y for all £ > n, also known as
tail-equivalence. For finite paths p and ¢ with t(p) = t(q) € V,,, let

v(p,q) ={(z,y) € Rg |z € C(p),y € C(q),x, =y for all k > n + 1}

Proposition 1.3.14. The sets v(p, q) defined above form a base of compact open bisec-
tions which makes Rg into a second-countable locally compact Hausdorff étale groupoid.

Proof. Given any two such sets, their intersection is either empty, or a set of the same
form. It follows that they give a base for a topology.

If p and ¢ are finite paths with ¢(p) = ¢(q), it is not difficult to see that the
range map r implements a bijection between v(p,q) and v(p,p). To see that it is a
homeomorphism, note that if p’ and ¢ are finite paths with v(p',¢") C v(p, q), then
r(v(p',q")) = (', p'), which is an open subset of v(p, p), and the topology of v(p, q) is
generated by all such sets v(p', ¢'). An analogous proof applies to the source map s.

Let p and ¢ be finite paths with ¢(p) = t(¢q). To see that y(p, ¢) is compact, it suffices
to see that v(p,p) is compact, since these two sets are homeomorphic. y(p,p) can be
identified with C(p) in an obvious way, and this identification is a homeomorphism:
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a finite path p’ satisfies v(p/,p") C v(p,p) if and only if C(p') C C(p). Since C(p) is
compact, so is y(p, p).

The collection of sets v(p, q) is countable, therefore Rg is second-countable in the
topology it receives from this base. It is also locally compact because the sets v(p, q)
are compact. To see that Rp is Hausdorff, let (z,y) and (2’,3’) be distinct pairs in Rg,
and without loss of generality, choose n > 1 such that x,, # /.. Then, choosing N > n
large enough so that x; =y and z}, = vy, for all £ > N, and letting p = (z1,...,2n),

p = (21, .,2), ¢ = (y1,...,yn), and ¢ = (yi,...,yy), the sets y(p,q) and v(p', ¢’)
are disjoint and separate (x,y) and (z/,y'). O

With the étale topology from the sets v(p, q), we call Rg the AF-groupoid associated
to the Bratteli diagram (V, E). If (V, E) has full edge connections, then Rg is minimal.
The topology is concretely metrizable: write

R, ={(z,y) € Rg | xx =y for all k > n}

for n > 1 and Ry = &, and note that Rg = |J,—,(Rn+1 — Ry), which is a disjoint union
of compact open sets. Let dg)((a:,y), (',y") = max{dg(z,2),dp(y,y')} if (z,y) and
(«',y') are both in R,.; — R,, for some n, and dg)((x, y), (2',y')) = 1 otherwise.

The C*-algebra Cf(Rp) is called an AF-algebra. Usually AF-algebras are defined
as inductive limits of finite-dimensional C*-algebras, but this equivalent definition pro-
vides a concrete groupoid model. If a topological groupoid G is isomorphic to Rg for
some Bratteli diagram (V) F), we say that G is an AF-groupoid.

The characteristic functions X(p,q) of the compact open sets v(p, q) satisfy certain
“matrix unit” formulas in C.(Rg) that will be useful. We summarize these properties

below. We omit the proof, as it requires only routine computations.

Proposition 1.3.15. Let p, q, p, and ¢’ be finite paths with t(p), t(q), t(p'), and t(¢')
in Vy, and t(p) = t(q) and t(p') = t(¢'). Then

(Z) Xf;(p,q) = X'y(q,p)'

/

(1) Xoy(pg) * X,y = 0, unless ¢ = p', in which case Xyp.q) * Xy(p'.q) = Xrv(pog)-

We describe the K-theory of the C*-algebras of AF-groupoids, which are precisely
the abelian groups known as dimension groups.

Definition 1.3.16 (7.2.4 of [32]). A dimension group G is an ordered abelian group
which is the inductive limit of the sequence of ordered abelian groups

a a as

7 2Ly e 22, 7ns

where ny, > 1 for all & > 1, each Z"* is given the standard order
(Z™)F ={(l1,la, ... 1) | [; > 0 forall 1 < j < mnyl,

29



and a4, is a positive group homomorphism for all £ > 1 (that is, a; sends positive
elements to positive elements).

Dimension groups have the following intrinsic description due to Effros, Handelman,
and Shen [11].

Theorem 1.3.17. An ordered group (G,G") is a dimension group if and only if the
following three properties hold.

(i) G is countable.

(i1) G is unperforated, that is, if g is in G and ng > 0 (whereng=g+g+---+g (n
times)), then g > 0.

(i1i) G has the Riesz interpolation property, that is, if g1, ge, h1, he are four elements
in G such that g; < h; fori,j = 1,2, then there exists an element k in G such
that g; < k < hj fori,j =1,2.

Note that dimension groups are torsion-free; this follows from property (ii) above.
The following result may be found in [29]. We provide a detailed proof here.

Proposition 1.3.18. FEvery countable torsion-free abelian group may be endowed with
an order under which it is a dimension group.

Proof. Let G be a countable, torsion-free abelian group. The sequence

0 > 7, > Q » Q)7 —— 0

is short exact, and since G is torsion-free, it is flat as a Z-module (Corollary 18, 17.1
of [10]), hence the sequence

0 y G »GRQ — G®(Q/Z) —— 0

is also short exact, the important fact we draw from which is that the map i : G — GRQ
defined by i(g) = g®1 is injective. Now observe that GRQ is a vector space over Q (the
scalar multiplication being z(g ® y) = g ® (xy) for g in G and z,y in Q, and extending
by linearity), as is R. The dimension of R as a vector space over Q is uncountable and
G ® Q is countable, thus there is an injective Q-linear map 7 : G ® Q — R. Endow
G with the order from R, that is, set G = {g € G | j(i(g)) > 0}. This is a total
order, and hence, with it, (G, G") is unperforated and satisfies the Riesz interpolation
property. The result then follows from Theorem 1.3.17. O]

For a proof of the following result, see 7.2.8 of [32].

Proposition 1.3.19. If A is a unital AF-algebra, then (Ko(A), Ko(A)T,[14]) is a
dimension group with order unit [14]. Conversely, if (G,G™) is a dimension group with

order unit u, there erxists a unital AF-algebra A and an isomorphism o : Ko(A) — G
such that a(Ko(A)T) = GT and a([14]) = u.
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Briefly, the proof involves writing (G, G",u) as a sequence as in Definition 1.3.16,
encoding the sequence in a Bratteli diagram (V,E), from which one obtains A as
Cr(Rp).

The characteristic functions X,,,), for a finite path p in the diagram (V, E), are
projections in C.(Rg). The classes of these elements generate the dimension group
Ko(Cr(Rp)).

We will also need a dynamical construction involving Bratteli diagrams, which has
a close relationship to AF-groupoids; see [14], [25], and [28].

Definition 1.3.20. An ordered Bratteli diagram (V, E) is a Bratteli diagram where
the edges are endowed with an order, and two edges e and f are comparable if and
only if t(e) = t(f).

If there is only one infinite path in X that consists of only maximal edges and only
one infinite path in X that consists of only minimal edges, we say that the diagram
(V, E) is properly ordered, and in this case, we denote the path of all maximal (resp.

minimal) edges in Xg by 2™ (resp. z™m).

Definition 1.3.21. A Bratteli- Vershik system is a pair (Xg, ¢g), where Xp is the
path space of a properly ordered Bratteli diagram, and ¢g : Xg — Xg is a map that is
defined as follows. If x = (21, x9,x3,...) is in Xg and n is the smallest positive integer
such that x, is not maximal (if such an n exists), then

¢E<x) - (y1>y27 <oy YUn—15Yny g1y Tn42y - - )

where (y1, 92, ..., Yn_1) is the unique finite path of minimal edges ending at ¢(y,,_1), and
Yn is the successor of x,,. If no such n exists, then x = 2™ and we set ¢p (™) = ™1,

The map ¢g is well-defined and a homeomorphism [28], and therefore we obtain
an action of Z on Xg, and from this action, a groupoid Xg x Z. Notice that there
are only two pairs of infinite paths in a properly ordered Bratteli diagram that are

max)

orbit equivalent under the map ¢p but not tail-equivalent: the pairs (z™", and

T

(xmax’ min)‘

Proposition 1.3.22 (Theorem 5.1 of [28]). Every Cantor minimal system is topologi-
cally conjugate to a Bratteli- Vershik system. In other words, if X is a Cantor set and
¢ X — X is a minimal homeomorphism, there is a Bratteli- Vershik system (Xg, ¢g)

and a homeomorphism ¢ : X — Xg such that ¢ o ¢ = ¢g o).

Proposition 1.3.23 (Theorem 1.1 and Theorem 4.1 of [25]). Let (Xg, ¢g) be a Bratteli-
Vershik system on the properly ordered Bratteli diagram (V, E).

(i) Let Rg be the AF-groupoid associated to the Bratteli diagram (V, E). Then Rpg
is an open subgroupoid of X x Z, and this gives rise to an inclusion C¥(Rg) C
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CH(XgXZ). Moreover, this inclusion induces an order isomorphism Ko(C(Rg))

(i1) K1(C(Xg x Z)) = Z, generated by the class of the unitary implementing the
action.
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Chapter 2
A Karoubian portrait of relative K-
theory for C*-algebras

In this chapter we develop a portrait of relative K-theory for C*-algebras by following
an approach due to Karoubi that uses Banach categories and Banach functors. For
every *-homomorphism ¢ : A — B between C*-algebras A and B, we produce two
abelian groups Ko(¢) and K;(¢) that give information about how the K-theory of A
and B are related through ¢. In fact, the assignments ¢ — Ky(¢) and ¢ — K;(¢) may
be regarded as functors in a natural way, and through this we obtain a homology theory
that satisfies Bott periodicity (the long exact sequence being the one in Theorem 2.1.2),
and the connections between the K-theory of A and B, the induced map ¢, : K.(A) —
K,(B), and the relative data K,(¢) are contained in the six-term exact sequence in
Theorem 2.1.1.

Karoubi’s approach to defining a relative theory is to describe the elements of the
groups using certain triples, sometimes referred to as “relative K-cycles”. One may no-
tice that this resembles the construction of K°(X,Y") via triples of the form (E, F, «),
where E and F' are vector bundles over X and « : E|y — F|y is an isomorphism
between the bundles £ and F' when restricted to Y. This approach may appear some-
what classical at first, particularly because it is at odds with the mapping cone, a
shortcut seen in both topological and operator K-theory. As we saw in Chapter 1,
the mapping cone furnishes the exact sequences needed to define a relative theory and
therefore obtain the excision theorem of [30]. Moreover, Theorem 2.1.3 states that the
two portraits are isomorphic in a natural way. It is therefore a reasonable question to
ask why one would employ an alternative portrait at all.

First, there is more freedom in selecting the elements from the algebras that rep-
resent elements of the relative groups via the setup in [18], which makes viewing and
working with the groups easier in many situations. Second, certain maps in the six-
term exact sequences are easier to compute (specifically pg in Theorem 2.1.1 and 0; in
Theorem 2.1.2). Third, there is a clear and growing desire for an alternative portrait
(at least for C*-algebras) based on the literature, especially for relative Ky-theory. For
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example, the proof of the excision theorem in [30], which is a significant generalization
of its predecessor in [27] (where the mapping cone was used), rests heavily on the new
presentation, particularly on the notions of “isomorphism” of triples and “elementary”
triples, to address certain fine, technical details. A portrait using partial isometries
is developed in [27], and in fact, the map x constructed there is essentially the same
as A in Theorem 2.1.3, the difference being that A is a functorially induced group
isomorphism, while x is a bijective map constructed concretely. The characterization
of the relative group in [27] later appeared in [2] in order to study exact sequences asso-
ciated to Cuntz-Pimsner algebras. Also worth mentioning is recent work on groupoid
homology [6], where a portrait of the relative Ky-group using triples is presented in
order to elucidate the connections between K-theory and homology (this portrait was
inspired by [27]). An isomorphism between the resulting monoid and the Ky-group of
the mapping cone is constructed under the assumption that A and B are unital and ¢
is unit-preserving. The unital assumption can be done away with if ¢ is nondegenerate
and A contains an approximate identity of projections. Here, the general description
of the relative groups allows us to do away with these assumptions. To provide further
justification, we elaborate on the Ky- and K;-groups separately.

The three usual notions of equivalence of projections, Murray-von Neumann, uni-
tary, and homotopy, are all stably equivalent; in other words, they are the same modulo
passing to matrix algebras. In constructing a relative Ky-group, it is therefore neces-
sary to select a notion of equivalence with which to build the elements. The mapping
cone Cy is made from paths of projections in B with one endpoint equal to a scalar
projection and the other endpoint in the image of ¢. Therefore, in effect, Ky(Cy)
catalogues projections arising from A that are homotopic when moved to B via ¢. It
is often more desirable to describe equivalences of projections using partial isometries
(see Example 2.10.2), from which the newer portrait is built.

As for K;, homotopy is a much more natural equivalence and hence the portrait
of the relative Kj-group gets less of a makeover than that of Ky. In fact, the two
portraits are more or less the same. However, we draw a useful property from [18]
which deserves to be mentioned. It is possible to define (ordinary and relative) K-
groups more generally using partial unitaries (elements which are partial isometries
and normal) rather than unitaries alone. This more general representation of group
elements is especially convenient if one of (or both) A and B are not unital but contain
nontrivial projections, such as K, the compact operators on a separable Hilbert space
(see Example 2.10.3).

Therefore, the goal is to develop a comprehensive portrait of Karoubi’s relative K-
theory for C*-algebras, as an alternative to the mapping cone. We do not claim that
one portrait is superior to the other, but rather that either portrait can be used, and
one may select that which is most convenient for the situation at hand. We remark
that a preliminary development of the picture may be found in [30], where the relative
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Ky-group of an inclusion A’ C A is described using this approach. We also remark that,
although the intention in [18] is mainly to develop topological K-theory, the setup lends
itself quite well to C*-algebras. In fact, one could pursue these results more generally
using Banach algebras, but we will not conduct such a pursuit beyond the definitions
and preliminary results.

We begin this chapter with a survey of Karoubi’s approach to K-theory using Ba-
nach categories and Banach functors, and verify that this approach lends itself well to
C*-algebras. The survey is conducted in a great deal of generality using idempotents
and invertibles. We then refine the resulting portrait using the C*-algebra structure,
allowing restriction to projections and unitaries. Next, we prove the existence of two
six-term exact sequences that are analogous to those in Proposition 1.2.14 and Propo-
sition 1.2.15. Finally, we show that the two portraits of relative K-theory (Karoubian
and mapping cone) are isomorphic in a natural way. Beyond the main results, we also
provide formulas for certain maps, a six-term exact sequence of relative groups involv-
ing composition of *~homomorphisms, and we summarize the excision theorem of [30]
in the context of factor groupoids. We end with examples.

A final remark is likely in order before we begin. It is probably possible to prove
Theorem 2.1.3 directly and deduce Theorem 2.1.1 and Theorem 2.1.2 from it with
the help of Proposition 1.2.14 and Proposition 1.2.15. The merit in proving Theorem
2.1.1 and Theorem 2.1.2 first is that this route helps one become accustomed to the
Karoubian picture. Moreover, once the first two results are in hand, the proof of the
third result becomes pleasantly slick.

Throughout this chapter, ¢ : A — B will denote an arbitrary *-homomorphism
between C*-algebras A and B.

2.1 The main results

In order to properly state the main results, we provide an initial picture of the relative
groups Ko(¢) and K;(¢) via Karoubi’s approach. Proofs will be given in later sections.

The group Ko(¢) is made from triples (p, g, v), where p and ¢ are projections in some
matrix algebras over A, the unitization of A, and v is an element in a matrix algebra
over B such that v*v = ¢(p) and vv* = ¢(q) (recall that we may view them in the
same matrix algebra by adding zeros down the diagonal if necessary). The triples are
sorted into equivalence classes that are denoted [p, ¢, v] (the equivalence relation will
be rigorously defined in the Section 2.3), and are given a well-defined group operation
by the usual block diagonal sum,

p,q, )+ . V] =pdp.qdq,vdV]

For two triples (p,q,v) and (p/,¢',v') to yield the same equivalence class, p and p’
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must be (at least stably) Murray-von Neumann equivalent in A, as must be ¢ and ¢
Moreover, elements ¢ and d implementing such equivalences must play well with v and
v" in that we require ¢(d)v = v'¢(c). More generally, we may use idempotents instead
of projections to represent the elements of Ky(¢).

K, (¢) is made from triples (p, u, g), where p is a projection in M, (A), u is a unitary
in pM..(A)p, and g is a unitary in C([0,1]) ® ¢(p)Ma(B)é(p) such that g(0) = ¢(p)
and g(1) = ¢(u). The triples are sorted into equivalence classes, denoted [p, u, g], and
are given a well-defined group operation by diagonal sum as before, although we have
the formula

[p,u, gl + [P, g'] = [p,und, gg']

if p=p’. For two triples (p,u, g) and (p',u’, ¢’) to yield the same equivalence class, p
and p’ must be (at least stably) Murray-von Neumann equivalent in A, and a partial
isometry v implementing such an equivalence must satisfy vu = w'v and ¢(v)g(s) =
g'(s)o(v) for 0 < s < 1. The equivalence may also be described as stable homotopy:
uw and u' must be (at least stably) homotopic, as must be g and ¢’. Moreover, such
homotopies u; and g, must satisfy g;(1) = ¢(u;) for 0 < ¢ < 1. In general, the projection

p may be replaced by an idempotent, v with an invertible in pM, (A)p, and g with a
path of invertibles through ¢(p)M,,(B)¢(p).

Remark. It may happen that p = 0, in which case we are speaking of invertible, or

unitary, elements in pM,, (A)p = {0}. To circumvent this small detail, we will regard 0
as an invertible element of the C*-algebra {0}.!

We now state the first main result concerning the relative groups.

Theorem 2.1.1. Suppose that ¢ : A — B is a *-homomorphism. Then there is a
siz-term exact sequence

Ki(B) ——— Ko(¢p) —2— Ky(A)
P e
Ky (A) «——— Ki(¢) «——— Ko(B)
The maps vy and 14 are given by the formulas
w(lp.g.v])) =[pl—ld  willpu,g]) =u+1, —p]
for triples (p, ¢, v) and (p,u, g). The maps po and p; are given by the formulas

po(lu]) = [1, 1n,u]  pa([p] = [q]) = [1n, 1ns fofg]

LAll complaints about this convention may be sent directly to the author, after which they will be
promptly ignored.
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where u is a unitary in M,(B), and f,(t) = ¢*™ for a projection p.
Before we state the second theorem, it will be useful to have the following functorial
property in mind (see Proposition 2.3.12 for a proof). If there is a commutative diagram

A—=>C

l¢ lﬂ) (2.1)
8

B—— D

of C*-algebras and *-homomorphisms, then there are well-defined group homomor-
phisms (o, 8) : K;(¢) — K;(¢) for j = 0, 1 that satisty (o, 8).([p, ¢, v]) = [e(p), a(q), B(v)]
and (047 B)*([]% u, g]) = [Oé(p), O‘(“)) ﬁ(g)]

Theorem 2.1.2. Suppose that

0 sy I —2 5 A "2 AT —— 0
ool
0 y JJ -2+ B "2 B/J —— 0

15 a commutative diagram with exact rows. Then there is a six-term exact sequence

Ko(¢) ———— Ko(¢) ——— Ko(7)
o 9o

Ki(7) ¢&——— Ki(¢) «— Ki(¢)

The boundary maps 0; and 0y are natural in a functorial sense, as well as in the
sense that they behave well with the boundary maps associated with the two short exact
sequences of C*-algebras in the given diagram. This will be stated more precisely later.

The third result establishes a strong connection between the Karoubian portrait of
relative K-theory and that which is given by the mapping cone (recall Definition 1.2.12
and the results and discussion shortly thereafter).

Theorem 2.1.3. Let ¢ : A — B be a *-homomorphism. There are group isomorphisms
A K. (¢) = K.(Cp) that are natural in the sense that if we have a commutative
diagram as in (2.1), then the following diagram is commutative

(avﬁ)*

K.(9) K.(v)
A A (2.2)
K.(Cp) — KL (Cy)
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Moreover, the isomorphisms A intertwine the siz-term exact sequence in Theorem 2.1.1
with the siz-term exact sequence in Proposition 1.2.1/, and they intertwine the siz-term
exact sequence in Theorem 2.1.2 with the six-term exact sequence in Proposition 1.2.15.

Readers well-versed in category theory or homology may notice that the commu-
tative diagram in Theorem 2.1.3 makes the isomorphism A look an awful lot like a
natural transformation. We will return to this idea in Chapter 5.

2.2 Banach categories, Banach functors, and an al-

ternate picture of K;(A)

Karoubi’s construction of K-theory and relative K-theory owes its generality to the
notions of Banach categories and Banach functors. In this section we outline these
notions and verify that they work well in the C*-algebra setting. We also gain a
slightly more general picture of K;(A).

A robust knowledge of category theory is not necessary here; the basic material in
Appendix II in [10] suffices.

Notation. If C is a category, we denote the class of objects of C by Ob(C), and if a
and b are two objects, we denote the morphisms from E to F' by hom(FE, F').

If C is an additive category (that is, each collection of morphisms has the structure of
an abelian group, and composition of morphisms is bilinear with respect to the group
operation) that admits direct sums of objects, then one defines the group K(C) (or
K°(C) to be specific) to be the Grothendieck group of isomorphism classes of objects
in C, with direct sum as the monoid operation. In topological K-theory the objects
in question are vector bundles over a compact space X, and the group so obtained
is denoted K°(X). This is enough to define the first K-group, but to form further
K-groups and the relative groups, another notion is needed.

Definition 2.2.1 (I1.2.1 of [18]). A Banach category C is an additive category such
that every collection of morphisms has the structure of a Banach space, and such that,
if £, F', and G are in Ob(C), the composition map

hom(E, F') x hom(F,G) — hom(E,G)
is bilinear and continuous.

It is the Banach space structure on the morphisms that allows us to introduce the
notion of homotopy.
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Definition 2.2.2. Let A be a C*-algebra. Define the category C4 (we will prove that
it is indeed a category below) whose objects are idempotents in M., (A) and, if e and

f are idempotents in M (A), the set hom(e, f) consists of all elements a in M (A)
such that a = fae. Composition of morphisms is given by multiplication.

Proposition 2.2.3. C4 is a Banach category, and if A is unital, then Ky(A) is iso-
morphic to K°(Ca).

Proof. Tf a is in hom(e, f) and b is in hom(f, g), notice that fa = f(fae) = f?ae =
fae = a, so ba = (gbf)(fae) = gbflae = gbfae = gb(fa)e = gbae. We also have
e = eee, so e is in hom(e, e), and ae = (fae)e = a, so e is the identity morphism. If e

and f are in Ob(C4) and n is large enough so that e and f are both in M, (A), then

hom(e, f) = fM,(A)e, which is a closed linear subspace of the Banach space M, (A),
hence is a Banach space itself. Since multiplication is bilinear and continuous in M,, (A)
for any n, C,4 satisfies Definition 2.2.1. It follows directly from the definitions that e
and f in Ob(C4) are isomorphic if and only if there are elements a and b with ba = e
and ab = f. This is just the usual algebraic equivalence of idempotents, which aligns

with the usual definition of Ky(A) when A is unital. O

Through the above result, we do not gain much more generality in the picture of
Ko(A) using Banach categories. We do, however, gain some in the picture of K;(A).

The following construction is 11.3.3 of [18]. Let I'(A) denote all pairs (e,a) where e
is in Ob(C4) and a is an automorphism of e; in other words, it is an invertible element

of the Banach algebra eM, (A)e. Notice that (e, e) is in I'(A) for an idempotent e in
M., (A). Define a direct sum operation on these pairs by (e,a)® (¢, d’) = (e®e, a®a’).
Say that two pairs (e,a) and (¢/,d’) are isomorphic, written (e, a) = (¢/,d’), if there is
an isomorphism b from e to €’ such that ba = a’b. We say a pair (e, a) is elementary
if there is a continuous path from a to e through the isomorphisms of e. We say that
two pairs (e, a) and (¢/,a’) in I'(A) are equivalent, written (e,a) ~ (€’,d’), if there exist
elementary pairs (f,b) and (f’,b’) such that (e,a) @ (f,b) = (¢/,a') & (f', V). Denote
by [e, a] the equivalence class of the pair (e, a) via the relation ~. K~(C4) is defined
to be the quotient of I'(A) by the relation ~.

The following facts are 11.3.4, 11.3.5, 11.3.6, and I1.3.7 of [18].

Lemma 2.2.4. (i) K~*(Ca) is an abelian group, and —[e,a] = [e,a™'], where a™' is

the inverse of a as an automorphism.
(i1) If a and @’ are homotopic as automorphisms of e, then [e,a] = [e,d'].
(111) We have the formula [e,a] + [e,d’] = [e,ad’] = [e,d’a].

() [e,a]l = 0 if and only if there is an idempotent g such that a ® g and e & g are
homotopic as automorphisms of e ® g.
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Using the algebraic structure of the objects, we can say a bit more.

Lemma 2.2.5. (i) If (e,a) and (¢/,d’) are pairs in T'(A) and ee’ = e'e = 0, then
(e,a) @ (e,d) = (e+€,a+d).

(ii) Every element of K~'(Ca) is represented by a pair in T'(A) of the form (1,,a) for
some integer n.

(111) [1n,a] = 0 if and only if there is an integer k such that a © 1 and 1, are

homotopic as invertibles in M, (A).

e /

Proof. (i) The element b = 0 ; is an isomorphism from e @ €’ to (e +¢') ® 0

and satisfies b(a @ a’) = ((a + ') ® 0)b.

(i) If e is any idempotent in M, (A), then [1, —e, 1, —e] = 0 since (1, —e, 1, —e) is
elementary. So by part (i), [e,a] = [e,a] + [1, —e,1, — €] = [1n,a+ 1, — €]

(iii) By part (iv) of Lemma 2.2.4, we can find an idempotent g such that a @ ¢g and
1,,® g are homotopic as automorphisms of 1,, &g (let a; denote such a homotopy).

Choose k so that g is in Mj(A). Then a;+0® (1 — g) is a homotopy of invertibles
between a & 1; and 1,,,4. O

Proposition 2.2.6. The map Q4 : Ki(A) — K 1(Ca) defined by Qa([u]) = [1,,u]
(for a unitary w in M,(A)) is a natural isomorphism.

Proof. For surjectivity, by the previous lemma we may find a preimage of some [1,, al.
—1/2

Being an invertible element in M, (A), a is homotopic to the unitary a(a*a) via
the path a(a*a)™? for 0 < t < 1, so Qa([a(a*a)™"/?]) = [1,,a] by part (ii) of Lemma
2.2.4. For injectivity, use part (iii) of the previous lemma combined with the standard
fact that if a unitary is homotopic to the identity as an invertible, it is homotopic as a
unitary (see, for example, Proposition 2.1.8 of [32]). H

We now introduce the notion of a Banach functor in order to define the relative

groups.

Definition 2.2.7 (I1.2.6 of [18]). Let C and C’ be Banach categories, and ¢ : C — ('’
a covariant functor.

(i) ¢ is called a Banach functor if, for each pair of objects E and F' in Ob(C), the
induced map from hom(F, F') to hom(¢(E), ¢(F')) is linear and continuous.

(ii) ¢ is called quasi-surjective if, for every object F' in Ob(C’), there is an object E
in Ob(C) and an object G' in Ob(C’) such that ¢(FE) is isomorphic to F' & G.
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In topological K-theory, if X is a compact space and Y is a closed subspace of X,
the Banach functor in question is the restriction functor; that is, ¢(F) = E|y, where
E is a vector bundle over X. This produces the well-known relative group K°(X,Y).
The quasi-surjectivity of the restriction functor follows from the fact that every vector
bundle over Y is (isomorphic to) a direct summand of the trivial bundle over Y (1.6.5
of [18]), which is the image of the trivial bundle over X through ¢.

Proposition 2.2.8. Let ¢ : A — B be a *-homomorphism. Then the induced map
from C4 to Cp 1s a quasi-surjective Banach functor.

Proof. Since ¢ is linear, continuous, and preserves multiplication, the fact that it in-
duces a Banach functor is straightforward. If f is in Ob(Cp), choose n so that f is in

M, (B). Then ¢(1,) = 1, is isomorphic to f & (1, — f): let

R 3 N
a = =
0 0 1,—f 0
so that ab =1, ®0,, and ba = f @& (1,, — f). This shows that ¢ is quasi-surjective. [J

2.3 A portrait of K,(¢)

We are now ready to define the relative groups K,(¢) and discuss some of their prop-
erties. Recall that ¢ : A — B extends to the unitizations ¢ : A — B, and we will
usually denote the extension by ¢.

Definition 2.3.1. Define I'y(¢) to be the set of all triples (e, f,b) where e and f are
idempotents in M., (A) and b is in M, (B) and is an isomorphism from ¢(e) to ¢(f).
For brevity, we will often denote these triples by the symbols ¢ and 7.

(i) Define the direct sum operation @ on I'g(¢) by
(e, )@ (e, fV)=(ede, faf bal).

(ii) We say that two such triples (e, f,b) and (¢/, f', ') are isomorphic, written (e, f,b) =
(e/, f',b'), if there exist isomorphisms ¢ and d from e to € and from f to f’, re-
spectively, that intertwine b and ¥, that is, ¢(d)b = V'¢(c). It is often helpful to
convey this fact by saying that the diagram

d(e) —— o(f)

l(b(C) l¢(d)

b(e') —— $(/")
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1S commutative.

(iii) A triple (e, f,b) is called elementary if e = f and there is a homotopy b; for
0 <t <1 such that by = ¢(e) and by = b, and b, is invertible in hom(¢(e), ¢(e))
for all ¢.

(iv) Say that two triples o and ¢’ in T'y(¢) are equivalent, written o ~ o', if there exist
elementary triples 7 and 7/ such that c @7 = o' & 7.

Denote by [o], or [e, f, b], the equivalence class of the triple o = (e, f, b) via the relation

~,

Definition 2.3.2. K(¢) is defined to be the quotient of I'y(¢) by the relation ~, that
is,

{lo] | 0 € To(9)} =To(e)/ ~
Lemma 2.3.3. All triples below are in Ty(¢).

(i) If o1 = 09 and 03 = 04, then o1 @ 03 = 09 @ 04.

1) For any two triples o and o', we have 0 ® o’ = o' § 0.
(ii) y D :
(i5i) If o and o' are elementary, then so is o ® o’.

w) All elementar t7il)l€5 are equivalent to each 0the7, and two isomorphic tr ipl@S are
Y
equivalent.

(v) If (e, f,b) is any triple in Uo(¢), then the triple
e 0 e 0 0 bt
o f|1'1o f|'|=p o
Proof. (i) through (iv) are straightforward. For (v), The homotopy

p | @le) ] gle) 0
' 0 o(f) || —tb o(f)

for 0 <t <1, does the job. O

15 elementary.

ole) tb!
0 o(f) |

Proposition 2.3.4. Ky(¢) is an abelian group when equipped with the binary operation
o] + [0 = [0 ® o]

where the identity element is given by [0,0,0] and the inverse of [e, f,b] is given by
[f:e,071], for (e, f,D) in To(6).
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Proof. That Ky(¢) is an abelian group and that [0, 0, 0] = 0 follows quite readily from
the observations above. To prove the last statement, note that

e, f.0] +[fe b7 ] =[e@ f f@eb@db]

and the triple (e ® f, f ® e,b® b~1) is isomorphic to the triple

(EMRERIR )

0 —¢(f) |[b 0 | _|0 =bt|]ale) O
ole) 0 0 b b 0 0 o(f) |

By part (v) of Lemma 2.3.3, the latter triple is elementary. ]

since

We collect some useful properties of the elements of Ko(¢).

Proposition 2.3.5. (i) Given two invertible morphisms b and b" from ¢(e) to ¢(f),
if b and U are homotopic throughout the isomorphisms from ¢(e) to ¢(f), then

e, £, 0] = [e, £, V).
(i1) For two triples (e, f,b) and (¢/, f', V) in To(d), if f = €' then we have

e, f,0] + [¢, £/, V] = [e, [, D).

(iii) Let (e, f,b) and (€', f', V') be two triples in U'o(¢). If ee’ = €’'e =0, then

e+e 0 f o0 b 0
o ol lo ¥y o
f+f 0 b v
0 01’0 0

(e, f,b)d (e, f,0)=(e+e€, f+f,0+0)

(eyf,b)@(e’,f’,b’)§<

55 = J'f =0, then
(e, 10)& (¢, 1) = ([ 0]

Ifee! =ce=ff = ff=0, then

() [e, f,b] = 0 if and only if there exist idempotents g and h in My (A) and isomor-
phisms x and y in Moo(fl) frome® g to h and f ® g to h, respectively, such that
o(y)(b® d(g))p(x~1) is homotopic to ¢(h) through the automorphisms of ¢(h).
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Proof. (i) This is essentially I1.2.15 of [18]; we repeat the proof here. We compute

(iii)

e, f.ol = le. f,b]=le@ f f@e bbb

and the triple (e ® f, f ® e, b @ b'~!) is isomorphic to

(ERIRER R E)

similarly as in the proof of Proposition 2.3.4. Since b is homotopic to ¥, the two

DD

are homotopic. It follows that the latter triple is elementary.

e 0
0 f

matrices

This is essentially 11.2.16 of [18]; we repeat the proof here. We compute [e, f, b] +
[, b =led f,f® f,bd V] and observe that the triple (e ® f, f & f,bBV)
is isomorphic to the triple

e 0 0 0 -V

o fl’lo f|'[b o
0 —o(f)|[b 0| _[0 =¥]|]d o0
o(f) 0 0V b 0 0 o(f) |

We also have that [e, f, 8] = [ & f, f & £, & 6(f)], since (f, £, 6(f)) is

elementary. Now
0 - b=t 0 B 0 =V
b 0 0 &f)| |v' o0

and the matrix on the right is homotopic to ¢(f’) ® ¢(f). It follows that the two

matrices
0 -V bb 0
b 0 0 o(f)

are homotopic, and hence, by part (i), the triples are equivalent.

since

If ee’ = €’e = 0, then bp(e') = bop(e)p(e’) = bp(ee’) = 0, and similarly ¥'¢p(e) = 0.
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Thus we have

[¢<f> 0 ] b 0]:[b 0”¢<e) ¢<e/>]
0  o(f) 0 v b0 0 0

so the triples are isomorphic. The other two claims are similar.

(iv) It is a direct consequence of the definitions that [e, f,b] = 0 if and only if there
are elementary triples (g, g, c) and (h, h,d) such that

(e, f,0) © (g,9,¢) = (h, h,d).

This is true if and only if there are isomorphisms x and y in M, (A) such d¢(x) =
é(y)(bd ). Then d = ¢(y)(b® c)p(x™1), and since d is homotopic to ¢(h) and ¢
is homotopic to ¢(g), we have the conclusion. ]

Now we construct K;(¢). The construction of higher relative groups using Banach
functors uses Clifford algebras. We offer an alternative definition which is a sort of
middle ground between Karoubi’s definition and the mapping cone.

Definition 2.3.6. Define I'1(¢) to be the set of all triples (e, a, g) where e is an idem-

potent in M, (A), a is an invertible element of eM,,(A)e and ¢ is an invertible element
of

C([0,1]) ® ¢e) Mo (B)(e)

such that g(0) = ¢(e) and g(1) = ¢(a). For brevity, we will often denote these triples
by the symbols ¢ and 7.

(i) Define the direct sum operation @ on I'1(¢) by
(e.a,9) @ (¢,d',g") = (e e add . goy)

for two triples (e, a, g) and (¢/,d’,¢’) in T'1(9).

[l

(ii) We say that two such triples (e, a, g) and (¢/, d’, ¢’) are isomorphic, written (e, a, g)
(¢/,d’, ¢'), if there is an isomorphism from e to ¢’ such that ba = a’b and ¢(b)g(s) =
g (s)p(b), for 0 < s < 1.

(iii) A triple (e, a,g) is called elementary if there are continuous paths (a;) and (g;)
such that a1 = a, g1 = g, ap = e, go(s) = ¢(e) for 0 < s < 1, and (e, ay, g¢) is in
I'i(¢) for 0 <t < 1.

(iv) Say that two triples o and ¢’ in I';(¢) are equivalent, written o ~ o', if there exist
elementary triples 7 and 7/ such that c &7 = o' & 7.
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Denote by [o], or [e, a, g], the equivalence class of the triple o = (e, a, g) via the relation

Y,

Definition 2.3.7. K;(¢) is defined to be the set

{lo] | o €Ti(9)} =T1(d)/ ~ .

It is easily checked that, like I'g(¢), the direct sum operation of triples in I'1(¢)
behaves well with respect to the notions of isomorphism and elementary.

Proposition 2.3.8. Ki(¢) is an abelian group when equipped with the binary operation
[o] + [o] = [0 @ o]

where the identity element is given by [0,0,0] and the inverse of le,a,g] is given by

[67 a_17 9_1]7 fOT’ (67 a, g) imn Fl(¢)

Proof. We verify the last claim. We have
le;a,g] +le,a™ g7 =e@eadal gDy

A concrete path a; of invertibles from a @ a~! to e ® e is

S O | [ e el [ e

For 0 < s,t <1, let g;(s) be the product of matrices above, but with every occurrence

of e replaced with ¢(e) and every occurrence of a replaced with g(s). Then (g;) is a

path with g;(1) = ¢(a;) for all ¢, gy = g ® g~ ' and go(s) = ¢(e) ® ¢(e) for all s. Thus
Y

(e®e,a®at,g®g!) is elementary. ]

The following result is similar to Proposition 2.3.5, so we omit the proof.

Proposition 2.3.9. (i) Suppose we have two triples (e,a,g) and (¢/,a’,g") and that

e=¢. Ifeisin M,(A) and (a;) is a path of invertibles from a to o’ in eM,(A)e
and (g) is a path of invertibles from g to ¢ in C([0,1]) ® ¢(e)M,(B)p(e) such
that g.(1) = ¢(a;) for allt, then [e,a,g] = [e,d’, ¢'].

(ii) If e = €', we have
le;a. gl +[€',d, '] = [e,ad’, gg'] = [e,d'a, g'g].

(i11) If (e,a,q) and (¢',d’,g") are two triples in I'i(¢) such that e’ = e'e = 0, then
(e;a,9) @ (¢.d . g) = (e+ € at+d . g+7).
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() Ifeisin M,(A), [e,a,g] = 0 if and only if there is an integer k > 1, an idempotent
¢ in My(A) and paths of invertibles a; in (e ® € )Muir(A)(e ® €') and g, in
C([0,1]) @ (p(e) ® (¢) Myy1(B)(d(e) © ¢(€)) such that ag = e @ ¢/, ay = a® ¢,
go=ed o), 1 =g®o(e), and g,(1) = P(ay) for all t.

We now collect some properties that hold for both relative groups. The first is a
universal property which is useful for defining maps.

Proposition 2.3.10. Suppose that G is an abelian group and v : T'j(¢) — G is a map
that satisfies

(i) vicd1)=v(o)+v(r),
(i1) v(o) =0 if o is elementary, and
(i1i) if 0 = 7, then v(o) = v(T).

Then v induces a unique group homomorphism p : K;(¢) — G such that p([o]) = v(o)
for all o in T';(¢).

Proof. If o ~ ¢, find elementary triples 7 and 7" such that o ® 7 = ¢’ @ 7’. Then
vio)=v(o)+v(t)=viedT)=v(e' ®7)=v(d)+v(r) =v(o)
So the map p([o]) := v(o) is well-defined. It is a group homomorphism because
o]+ [0]) = wllo ® 0']) =v(o @ o) = v(o) + (o) = p(lo]) + p(lo’]). O

If : A— Band vy : C — D are *~homomorphisms, we denote by ¢ @ 1) the
component-wise *-homomorphism A® C — B ® D.

Proposition 2.3.11. Suppose ¢ : A — B and ¢ : C — D are *-homomorphisms.
Then there are natural isomorphisms K.(¢ &) — K.(¢) & K.(¢) that satisfy

[(e, ), (f; ), (b, )] = ([e, £ 0], [€], f, 6])
in the case of Ky, and
[(e,€), (a,a"), (g.9)] = (e, a, g],[¢",d", g])

in the case of Kj.

Proof. For a triple ((e,€’), (f, f'), (b,0')) in I'y(¢ @ ), define the map v : To(¢ ® ) —
Ko(¢) & Ko(v) by

v((e,e), (f, 1), (0, 0)) = ([e, £, 0], [/, [, V).
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It is straightforward to check that v satisfies the hypotheses of Proposition 2.3.10, so
we get a well-defined group homomorphism that factors v. The fact that the group
homomorphism is surjective is clear, and injectivity follows from a simple application
of part (iv) of Proposition 2.3.5. The proof is similar for K. ]

The next result shows that the relative K groups satisfy a kind of functoriality. This
hints at the notion of a “generalized relative homology theory” for *~homomorphisms.
We will discuss this idea in more detail in Chapter 5.

Proposition 2.3.12. Suppose that

ALB

L)

C —— D

is a commutative diagram of C*-algebras and *-homomorphisms. Then there are well-
defined group homomorphisms (o, 5). : Kj(¢) — K;(v) that satisfy

(@, B)«(le; 1, 0]) = lale), a(f), B(D)]

for a triple (e, f,b) in T'o(¢) and

(@, B)«(le; a, g]) = [ale), ala), 5(g)]

for a triple (e,a,g) in T'1(¢). If « and B are *-isomorphisms, then («, B). is a group
isomorphism.

Proof. For a triple (e, f,b) in T'g(¢), set v(e, f,b) = [a(e),a(f), 5(b)]. Again, the hy-
potheses of Proposition 2.3.10 are easy to check, so v factors to a group homomorphism
that we denote by («, 8).. If a and § are *-isomorphisms, then the diagram

CLD

a’ll l371
A2, B
is commutative and the same argument works to obtain the group homomorphism

(a1, B71),, which is easily seen to be the inverse of (a, 3),. Again, the proof is similar
for K;. O

At this point it is worth making a brief digression regarding units. The reader may
notice that the only place we have used the units in A and B in this chapter so far
is in the proofs of Lemma 2.2.5, Proposition 2.2.6, and Proposition 2.2.8, and these
results have not been used yet. They will be used when defining certain connecting
maps (specifically po and 0;) and the units will play a useful role when refining the
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portrait of K,(¢) in the coming subsection. However, the results we have up until now
enable us to show that if A and B are already unital and ¢(14) = 1p, one may define
K, (¢) without unitizations while remaining consistent with the results above.

Definition 2.3.13. Suppose that A and B are unital and ¢(14) = 1p. Let Kj'(9)
be the group defined in the same way as K;(¢), but with A replaced with A and B
replaced with B.

Notice Kj(¢) and K} (¢) are precisely the same objects, and all preceding results
about Kj;(¢) have analogues for K}(¢). The only modifications needed are in the proofs
of Lemma 2.2.5, Proposition 2.2.6, and Proposition 2.2.8, and the same arguments work
by using the units already present.

Proposition 2.3.14. If A and B are unital and ¢(14) = 1p, then K;(¢) and K3(9)
are naturally isomorphic as groups.

Proof. The map v4 : A®C — A defined by v4(a, \) = a+A(1;—1,4) is a *~isomorphism
and the diagram

AacC 2% pgC

[ L
A—2 4B
is commutative. Therefore (va,vp). : K} (¢ @ idc) — Kju(gg) is an isomorphism by
Proposition 2.3.12. Then
K;(6) = K}'(9) = K} (¢ @ ide) = K}'(9) & K (ide) = K}(¢)

where the third isomorphism is due to Proposition 2.3.11. The fact that K}(idc) = 0
is rather clear, but the skeptical reader is referred to part (ii) of Corollary 2.4.4. [

2.3.1 Projections, unitaries, and partial isometries

We now focus on simplifying the portrait of K,(¢) using the underlying C*-algebra
structure. As discussed in Chapter 1, when one is working with C*-algebra K-theory,
it is convenient to work with projections, unitaries, and partial isometries instead of
idempotents and invertible morphisms, chiefly because the former types of elements
behave better with respect to the adjoint operation, have much nicer spectral theory,
and continuous functional calculus is available. To this end, we introduce a more
specific picture using a refined definition of triples, and show that this new picture
gives the same theory.

Define I'j(¢) to be the subset of I'g(¢) consisting of all triples (p, ¢, v), where p and
q are projections in My, (A) and v is a partial isometry in M., (B) with v*v = ¢(p),
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vv* = ¢(q). We define a refined equivalence relation ~, on I'j(¢) as follows. Say
that (p,q,v) and (p/,q¢’,v’) are #-isomorphic, written (p,q,v) =, (p/,¢’,v’), if there
are partial isometries ¢ and d in Moo(fl) with ¢*c = p, ec* = p/, d*d = q, dd* = ¢,
and ¢(d)v = v'¢(c). A triple (p,q,v) is called *-elementary if p = ¢ and there is a
continuous path (v;) of partial isometries such that vy = ¢(p) = ¢(¢) and v; = v,
and viv, = vy = ¢(p) = ¢(q) for all t. Say that two triples o and o’ in ['j(¢)
are x-equivalent, written o ~, o', if there exist #-elementary triples 7 and 7’ such
that o & 7 =, 0 & 7. Denote by [0]., or [p, q,v]., the equivalence class of the triple
o = (p,q,v) via the relation ~,.

It is straightforward to verify that the set of equivalence classes forms an abelian
group in the same way as for Ky(¢). To see that —[p,q,v]. = [¢,p, v*]., notice that
if two unitaries are homotopic as invertibles, they are homotopic as unitaries. The
analogue of Proposition 2.3.10 also holds. We denote this new group by K§(¢). The
notation is not desirable, but it is temporary, as we now aim to show that the inclusion
(@) C To(¢) induces a natural isomorphism from Kj(¢) to Ko(¢).

Lemma 2.3.15. (i) For every triple o in I'o(¢), there is a triple T in I'i(¢) with
o ~ 7. Moreover, such a triple T = (p,q,v) in I'{(¢) may be chosen so that one
of p or q is equal to 1,, for somen >1, andp=q¢=0v=1,.

(ii) Suppose m > n, p is in My, (A), (p,1,,v) is in I§(¢), and p = 0 = 1,,. Then
D, 1n,v] = 0 in Ko(¢) if and only if there exist k > 0 and a partial isometry w in

M1 (A) with w*w = 1, 0,,_, ® 1) and ww* = p®H 1y such that (v 1y)p(w) is a

unitary in (1, B0, —n® 1) Moy (B) (1, B0, B 1x) homotopic to 1, ®0,,_, B 1.
The partial isometry w may be chosen so that w = 1,, ® 0,,,_,, D 1.

Proof. (i) First, if e is an idempotent in A,
p=-ce* (14 (e —e")(e* —e))!

is a projection, and ep = p and pe = e (see 4.6.2 of [4]). Thus, if (e, f, b) is a triple
in I'o(¢), we have (e, f,0) = (p,q,¢(f)bo(p)), where ¢ = ff*(1+ (f = f)(f" —

)71, thanks to the commutative diagram

dle) —— o(f)
l@ﬁ(e) Lﬁ(f)

6(p) L2 6 (g)

We set by = ¢(f)bo(p).

Next, notice that byb* is an invertible element of the C*-algebra ¢(q) Mo (B)é(q)
with inverse (b;1)*b; . Now (byb%)™#/2b; for 0 < ¢ < 1 is a homotopy from b; to

20



(byb*)~1/2by, and each (b1b%)~"/?b, is an invertible morphism from ¢(p) to ¢(q) with
inverse by *((by1)*b; 1) 72, Set v = (b1b}) /2y, which is a partial isometry with

v*v = ¢(p) and vv* = ¢(q). By part (i) of Proposition 2.3.5, (p,q,b1) ~ (p, q,v).

Now choose n such that p and ¢ are in M,,(A) and v is in M, (B). By adding
the elementary triple (1, —p, 1, — p, 1, — ¢(p)) and using part (iii) of Proposition

2.3.9,
1, 0 g 0 v 0
(p7 CL/U) ~ 0O 01’10 1, — p ’ 1, — ¢(p) 0

v 0
. Adding 1,, — ¢q instead of 1,, — p

Set ¢ = q¢® (1, —p) and v, = [

would replace ¢ with 1,,.

We have v70; = 1,, and 9,07 = ¢y, so choose m > n and a unitary u in M,,(C) such
that ugu* = 1,. Then (1,,q1,v1) = (1,, ugru*, uvy) since uvip(1l,) = ¢(uq)v;.
The scalar part of ug;u* is 1,, and we now set ¢o = ugq u* and v, = uwv;. Lastly,
U9 may then be regarded as a unitary in M,,(C), so choose a homotopy v; from v
to 1, and observe that each vyvy is a partial isometry from 1, to ¢(q2). By part
(i) of Proposition 2.3.5, (1,, g2, v2) ~ (1, g2, v205), and the third element of the
latter triple has scalar part 1,,.

For appropriate m > n, obtain elementary triples (r,, ¢) and (s, s,d) such that
<p7 ]'n @ Om—na U) @ (/r‘7 T? C) g (87 S’ d)

as in part (iv) of Proposition 2.3.5. As we saw in part (i), an elementary triple
in [o(¢) is isomorphic to an elementary triple consisting of projections, not just
idempotents, so we may assume that r and s are projections. If £ > 0 is large

enough so that r is in My(A), then
(ryrye) @ (1 — 1y 1k — g — o(r)) = (1g, 1, ¢+ 1k — o(r))
by part (iii) of Proposition 2.3.5, so
(P 1n @ O, 0) & (Li, Ly ¢ + 1 — (1)) = (s,5,d) & (1 — 7, 1k — 7, 1k — (1))

and so we may assume that r = 1, for some k£ > 0. Obtain z and y as in part
(iv) of Proposition 2.3.5, so that d¢(x) = ¢(y)(v @ c), hence ¢(y~')do(y) =
(v @ c)p(z'y). Since d is homotopic to ¢(s), ¢(y ')dp(y) is homotopic to
1, ® 0 @ 1 and also ¢ is homotopic to 1. Lastly, ¢(z~'y) is homotopic
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to ¢((z~ ')~ V2x (yy*)~1/2y) as seen in part (i), and

(v @ L)((x e )20 (yy) )

is then a unitary in (1, ® 0y—p @ 13) Mypak(B) (1, B 0y @ 1x). Tt is still ho-
motopic to the identity through invertibles, and it is standard that two unitaries
homotopic through invertibles are homotopic through unitaries. Upon naming

wy = (2777227 (yy*) Y2y and w = wi}, we have the conclusion. O

The following analogous result holds in the K; case. Let I'{(¢) denote the subset

of I'1(¢) consisting of triples (1,,u, g), where n > 1, u is a unitary in M, (A), and ¢ is

a unitary in C([0,1]) ® M, (B) with ¢(0) = 1, and g(1) = ¢(u).

Lemma 2.3.16. (i) For every triple o in T'1(¢), there is a triple T in Ti(¢) with
o ~ 1. Moreover, such a triple 7 = (1,,u,g) in I'j(¢) may be chosen so that
uw=g(s) =1, forall0 <s<1.

(11) [1n,u,g] = 0 in Ki(¢) if and only if there exist k > 0, a path u; of unitaries in
Mn+k(f~1) and a path g; of unitaries in C([0,1]) ® Mn+k(£~3) such that ug = 1,1,
ur =u®l, go = Lok, 1 = g & 1i, and gi(1) = d(ue) for all 0 <t < 1.

Proof. The techniques in the proof are similar to those seen before, so we merely sketch
the proof.

(i) Take a triple (e, a, g), add the elementary triple (1, —e, 1, —e, 1, — ¢(e)), and use
part (iii) of Proposition 2.3.9 to obtain 1,, in place of e. Use the paths (aa*)~*/%a
and (gg*)~"/?
invertibles. Replace u with @*u and g with ¢*g and use the fact that @ and ¢ are

g and part (i) of Proposition 2.3.9 to obtain unitaries in place of

homotopic to the identity to obtain the last claim.

(ii) If [1,,u,g] = 0, use part (iv) of Proposition 2.3.9 to find an integer £ > 0, an

idempotent ¢’ in My (A) and paths of invertibles a; in (1, ® €)M, x(A)(1, & €)
and g, in C([0,1]) @ (1, @ ¢(e)) Mpx(B)(1, @ ¢(¢')) such that ag = 1, @ ¢,
ap=ude, go=1,DP(e), 1 = g® P(€), and g,(1) = ¢(a;) for all £. This path
takes place in (1, @ (€)M, ix(B)(1, ® ¢(e')), so by adding 0, ® (1, — ¢('))

to everything, we obtain paths of invertibles in M, ., and using the usual polar
decomposition trick, we obtain paths of unitaries. O

Proposition 2.3.17. The inclusion I';(¢) C I';(¢) induces a group isomorphism €y :
K3 (¢) — K;(¢). Moreover, given the commutative diagram

ALB

L)

C —— D
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we have the commutative diagram

K (¢) — =2 K ()

Qg Qy

(awg)*

K;(o) K;(v)

Proof. Tt is straightforward to check for both j = 0,1 that the map I'j(¢) — Kj;(¢)
satisfies the hypotheses of Proposition 2.3.10 (with I';(¢) replaced with I';(¢)), so we
get a group homomorphism € : K7(¢) — Kj;(¢). In the case j = 0, surjectivity of
), follows from part (i) of Lemma 2.3.15, and injectivity follows from part (ii) of the
same lemma. The j = 1 case is analogous, using Lemma 2.3.16. [

Thus the groups K (¢) and K;(¢) are, for all intents and purposes, identical when A
and B are C*-algebras. From this point on we will favour the portrait using projections,
unitaries, and partial isometries, and we will denote both portraits using the notation
K., (¢) with little to no risk of confusion.

2.4 The proof of Theorem 2.1.1

The exact sequence of Proposition 2.4.1 below is essentially that of Theorem 3.22 in
[18]. We provide a proof using our refined portrait.

Define the map po : K1(B) — Ko(¢) by uo([u]) = [1n, 1n, u), where u is a unitary
in M, (B). By part (i) of Proposition 2.3.5, y is well-defined, and clearly it is a group
homomorphism.

Define a map v : T'o(¢) — Ko(A) by v(p,q,v) = [p] — [q]. Observe that the

image of v is indeed in Ky(A) (not just Ky(A)) since 0*0 = p and 00* = ¢, hence
[p] = [g]. It is easy to check that v satisfies the hypotheses of Proposition 2.3.10, hence
factors to a well-defined group homomorphism vy : Ko(¢) — Ky(A) that satisfies

VO([p7 q, U]) = [p] - [Q]
Proposition 2.4.1. The sequence

Ki(A) =2 K\(B) — Ko(¢) —2 Ko(A) —2— Ko(B)
18 exact.

Proof. 1t is quite clear that all compositions are zero. Let us check exactness at Ky(A).

If ¢.([p] — [q]) = [¢(p)] — [#(q)] = 0, choose a large enough n > 1 and w in M, (B) such
that w*w = ¢(p) and ww* = ¢(q). Then we have

[p] = [q] = wo([p, q, w]).
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Next, we check exactness at Ky(¢). If (p,1,,v) is such that p is in M,,(A) and

vo([p, 1n,v]) = [p] — [1n] = 0, choose k& > m and w in My(A) such that w*w = p
and ww* =1, ®0,,,—, D 1. Then

hence (v @ 1)p(w*) + 0, & 1y, & 0y, is a unitary in M,,,,(B) and

[P, 1, 0] = puo([(v © 1) (w") + 00 & L ® O4]).

Lastly, we check exactness at K1(B). If po([u]) = [1,, 1n, u] = 0, use part (ii) of Lemma
2.3.15 to find k > 0 and a partial isometry w such that ¢(w)(u @ 1) is a unitary and
homotopic to 1, in Mn%(é) Since u®1y, is a unitary, so is w and u® 1, is homotopic
to ¢(w*). Thus

[u] = [u® 1] = [p(w")] = du([w"])
which completes the proof. O]

We now turn to the analogue for K;(¢). Consider a unitary g in C([0,1]) ® M, (B)
with g(0) = g(1) = g = 1,,, so that g is in M, (SB). Define 1([g]) = [1n, 1n, g]. By part
(i) of Proposition 2.3.9, this is a well-defined group homomorphism p; : K;(SB) —
K\(9).

For a triple (e, a,g) in I';(¢), define the map v : T';(¢) — K~1(C4) by v(e,a,g) =
le,a] (recall the definition of K~!(Ca) given before Lemma 2.2.4). The hypotheses
of Proposition 2.3.10 are satisfied, so we get a group homomorphism vy : Ki(¢) —
K~1(C4) such that vy([e, a, g]) = [e, a]. With the unitary picture of K;(A), the formula
is more simply v4([1,,,u, g]) = [u].

Proposition 2.4.2. The sequence

Ki(SA) B k(SB) M K (¢) —“s Ki(A) —2 Ki(B)
18 exact.

Proof. Again, all compositions are clearly zero. Let us show exactness at K;(A). If
¢+ ([u]) = [p(u)] = 0 for a unitary u in M,(A), we may find a unitary ¢ in C([0,1]) ®
M, (B) such that g(1) = ¢(u) and g(0) = 1, (after possibly increasing n). Then we
have

] = 01 (Lo, 0, g]).

Next, we show exactness at Ki(¢). If (1,,u,g) is a triple in T'1(¢) with u = ¢ = 1,
and v ([1n,u, g]) = [u] = 0, after increasing n if necessary we may find a unitary f in
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C([0,1]) ® M,,(A) such that f(0) = f =1, and f(1) = u. Set

~<S)_{ g(2s) 0<s<1/2
PV s(r2—29) 1/2<s<1

Then g is a unitary in C([0,1]) ® M, (B) and g(0) = g(1) = g = 1,,. Now for a fixed ¢

in [0, 1], the function g¢; defined by

satisfies go = g, g1 = g, and gi(1) = G(f(1 — 1)), and 50

[1n7u>g] = [1717 1n;§} = Nl([g])

Finally, we show exactness at K1(SB). If ui([g]) = [1n, 1n,g] = 0 for a unitary g in

M, (SB), after increasing n if necessary, use part (ii) of Lemma 2.3.16 to find paths (u;)
and (g;) such that ug = uy = 1,, g1 = g, go = 1n, and (1) = ¢(w;) and @ = g, = 1,,

for all . Write f(¢) = u; and set

(s) = { 9:(25) 0<s<1/2
=Y w(f(2—20)s+2t—1)) 1/2<s<1

Then ¢:(0) = g:(1) = 1, for all ¢t and

. ) og(2s) 0<s<1)/2
91(8)_{ 1, 1/2<s<1

and

- B 1, 0<s<1/2
W= G(r2s—1) 12<s<1

Which are homotopic to g and S¢(f), respectively. Thus

l9] = 9] = [90] = [Se(f)] = (59).([f])-

O

Proposition 2.4.3. If a *-homomorphism ¢ : A — B satisfies ¢(a) = 0 for all a in
A, then the sequence in Theorem 2.1.1 splits at Ko(A) and K1(A). In other words, for
each j = 0,1 there is a group homomorphism X\; : K;(A) — K;(¢) such that v; o \; is

the identity map on K;(A).

Proof. 1f p and ¢ are two projections in M. (A) with [p] = [¢], let v be a partial isometry

in M, (C) such that v*v = p and vv* = ¢. If u is a unitary in M, (A), let g be any
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unitary in C([0,1]) ® M,,(C) such that g(0) = 1,, and g(1) = @%. Define

M(p] = 1d]) = g0, M([u]) = [1n,u, g].

For both j = 0,1, it is straightforward to check that \; is well-defined, additive,
independent of the choices of v and ¢, and that v; o \; is the identity. O

By combining all results in this section, we obtain Theorem 2.1.1. The map p; in
Theorem 2.1.1 is (by abuse of notation) the composition of the Bott map S and p;
from Proposition 2.4.2. It may therefore be written as pi([p] — [q]) = [1n, Ln, fof5];

where f, is the projection loop f,(s) = e*™* in C([0,1]) ® M,,(B). Since the Bott map
is natural, the diagram

KO(A) # Ko(B) ————— ljl_____) K1(¢> #} Kl(A)
ﬁA BB
Ko (SA) — B s K(SB) — M Ki(¢) — s K (A)

is commutative, and all vertical maps are isomorphisms. It follows that the top row is
exact.
We record the following immediate and useful consequence of Theorem 2.1.1.

Corollary 2.4.4. If ¢, : K.(A) — K.(B) is an isomorphism, then K,(¢) = 0.
The following result will also be useful.

Proposition 2.4.5. Suppose that the diagram

ALB

L)

C —— D

1s commutative. Then the diagram

Ki-j(B) ——— K;(¢) ———— K;(4)

B (a,8)« Qs

Klfj(D) L Kj(z/)) — KJ<B>

18 commutative.

Proof. For the left square, (o, ).(p;([u])) = (o, B)«([1n, 1n,u]) = [1n, 1o, B(w)] =
1i([B(w)]) = pj(B«([u])). The right square is just as easy. O
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2.5 The proof of Theorem 2.1.2

Throughout this section, we will assume that

0 s I —2 5 A A AJT —— 0
lzb l«b lv (2.3)
0 y J 2+ B "3 B/] ——0

is a commutative diagram with exact rows. We will denote the group homomorphisms
(ta,tB)s and (w4, TB)« by ¢, and 7, respectively.

2.5.1 Half-exactness and split exactness

Proposition 2.5.1. The sequence
Ko(¢) —— Ko(¢) —— Ko(7)

is exact. Moreover, if Ay : AJ/I — A and A\g : B/J — B are splittings of the rows in
(2.3) that keep the diagram commutative, then the sequence

0 —— Ko(v) —=— Ko(o) :: Ko(y) —— 0

is split exact, where Ay = (Mg, AB)s-

Proof. 1t is clear that 7, o ¢, = 0. Conversely, suppose that [1,, ¢, v] is in the kernel of
Ty SO [1n, ma(q), mp(v)] = 0. Find (in order):

(i) an integer m > n so that ¢ is in M,,(A),

(ii) an integer k& > 0 and a partial isometry w in Mm+k(;17}) such that w*w =
Ta(q) @ 1} and ww* = 1, © Oy @ 1}, and y(w)(7p(v) @ 1;) is homotopic to

L, ® 0ppy @ 1y as a unitary in (1, ® 0, & 1) Mk (A/I)(1, © 0,y ® 1) (use
Lemma 2.3.15),

—

(iii) an integer [ > 0 and a unitary z homotopic to 1,k in My ke (A/T) such
that Z(?TA(Q) ) 1k ©® OZ)Z* = 1n S5, Omfn ©® 1k ) Ol and ’)/(Z)(?TB(U) ) 1k D Ol) =
(7(w)(mp(v) ® 1)) & 0;. For example, one may take | = m + k and

w Lk — ww*

z =
Lpar — ww w*

and use part (iv) of Proposition 1.1.12.
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(iv) a unitary U in M,,;,(A) such that m4(U) = z (use part (ii) of Proposition
1.1.13),

(v) a unitary V in (1, @ 0, & 1x) My 1k(B)(1, & 0,,_, & 1;) homotopic to 1, &
Om—n @ 1x such that 75(V) = v(w)(mp(v)® 1) (use part (ii) of Proposition 1.1.13
on the unitary v(w)(7mp(v) @ 1;), which is homotopic to 1,, @ 0, @ 1%).

Then
'[1, 0 0 0]
0 0 0 0 g 0 O v 0 0
1,,q,v] = men .10 1, O [,[0 1 O
00 1 0 0 0 0 0 0 0
Lo 0 0 0] ! :
([1, 0 0 0] - . - 1]
0 0 0 0 qg 0 O v 0 0
— m-n U0 1, 0|USe(U)|0 1; 0
00 1 0 0 0 0 0 0 0
Lo 0o 0 0 i g i =y
(1, 0 0 0] - . - 1]
0 0 0 0 g 0 O v 0 0
_ m—n U0 1, 0|USe(U)|0 1; 0
00 L 0 00 0 0 0 0
Lo 0o 0 0 i g i ey
I, 0 0 0 I, 0 0 0
. 0 0,., 0 O 0 0,., 0 O Ve o0
0 0 1, 0]’ o 0o 1, 01| o0 o
0 0 0 0 0 0 0 0O
I, 0 0 0
0 0 0 0 ¢ 00 v 00 ey
— X ”6‘” Lo U0 Lo U o(U) | 0 1, . o]
k 0 0 0 00 0 :

To get the first equality above, we added an elementary scalar triple. To get the second,
notice that the two triples are isomorphic via the unitary U. In the third equality, the
new triple being added is elementary because V' is homotopic to the identity. The
fourth equality follows from part (ii) of Proposition 2.3.5. Regarding the elements of
the latter triple, we have

- 0 0 1, 0 0
q v
V0 0 0,., O
aa|U10 1, 0 |U | =mp|aU)]| 0 1, =
0 0 o 0 0 0 0 0 0 0 1
l l
0O 0 0

o8

o O O



from which it follows that [1,, ¢, v] is in the image of ..

For the split exact sequence, it is clear that A, is a right inverse for 7, so we
need only show that ¢, is injective. Suppose that (1,,¢,v) is a triple in I'y(¢)) with
g=v=1, and [1,,q,v] = 0 in Ky(¢). Choose m > n so that 1,, ® 0,,_,, and ¢ are in

M,,(I) and v is in M,,(.J). Use Lemma 2.3.15 to find an integer k > 0 and a partial
isometry w in Mm+k(14~1) with w*w = ¢® 1 and ww* = 1,, 0, ® 11, and ¢(w) (v D 1)
is homotopic to 1,,®0,,_, ® 1. Let y; be such a homotopy, that is, yo = 1, ®0,,,_,, D 11
and ;1 = ¢(w)(v ® 1x). Set x = Aa(ma(w*))w. Then wa(z) = 1, ® 0pp & 1i SO
that z is in Mm+k(f). We have 22 = ¢ ® 15, and z2* = 1, ® 0,,_, ® 1, and, since

7TB('U @ 1k) - ]-TL @ Om—n EB 1k‘7

v 0

v | oy

= b Oa(malu)) [g f]

= Au(ms(6(u))o(w) [ - ]

v 0 . -v 0-
o[y oo
ool )

is homotopic to 1,, ® 0,,_, & 1, through Mm+k(j) via Ag(mp(y;))y:. It follows that
[1,,q,v] =0 in Ky(). H

Corollary 2.5.2. The inclusions A — A and B — B induce isomorphisms K.(¢) —

K.(¢).
Proof. Use Proposition 2.5.1 on the diagram with split exact rows

0 s A 5

0 > B >
together with Corollary 2.4.4. O

Of course, a similar result involving mapping cones can be obtained. Using Propo-
sition 1.2.15 on the above diagram results in the split exact sequence

0 > Cy » C5 —— Co((0,1]) —— 0

and Cy((0,1]) is contractible.
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2.5.2 The index map

Now we associate an index map 0, : K;(v) — Ky(¢) to the diagram (2.3).

Definition 2.5.3. Let (1,,,u, g) be a triple in I'; (). Define the map v : T'y(y) — Ko ()

by
V(lnauvg) - [w [ 0 Ol w-, [ O 01 ) [ O Ol ] Qb(w )

where [ > 0 is an integer, w is a unitary in M, ;(A) such that 74 (w)(1, ®0;) = u® 0,

and h is a unitary in C([0,1]) ® M, (B) such that k(0) = 1,, and 7p(h) = g.

Observe that we may always choose such elements [, w, and h: we may take | =n
and w to be a lift of u & u* by part (ii) of Proposition 1.1.13, and h exists because
g, as a unitary in C([0,1]) ® M, (B/J), is homotopic to 1,, so part (ii) of Proposition
1.1.13 applies. If A(0) # 1, simply replace h with h(0)*h, which is still a lift of ¢ since
9(0) = 1,.

As changing the value of [ effectively only changes the number of zeros (or ones,
in the case of w) down the diagonal, the definition clearly does not depend on the
choice of this integer. One could avoid the arbitrary choice altogether and simply use
n instead, but the arbitrary choice simplifies the proof of Proposition 2.5.7.

Lemma 2.5.4. The map v in Definition 2.5.3 is independent of the choices of w and
h, and if (1,,u,9) ~ (1,4, ¢") in T1(y), then v(1,,u,g) = v(1,,u/,¢").

Proof. Fix a triple (1,,u,¢g) in I'1 () and let w’ be an alternative choice for w satisfying
the same property. Notice that
/ ]‘Tl 0 *
r=w w
0 0O

satisfies m4(x) = 1,, @ 0; and hence is a partial isometry in MnH(IZ ). Moreoever, the
diagram

o(w) (1, @ 0)p(w*) LLEN e,

S(w') (1, @ 0))p(uw') LLEWX) 1 g,

is commutative, which shows that the triples (w(1, @ 0;)w*, 1, & 05, (h(1) & 0;)p(w*))
and (w'(1, & 0;)w™, 1, & 0y, (h(1) & 0;)p(w™)) are isomorphic in I'y(v)).
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Next, suppose that A’ is another lift of g in C([0,1]) ® M, (B). Then the triple

(10 1, 0 KAL) 0
“\lo ollo ol 0 0,

is in ['y(¢)), and it is elementary due to the path t — h/(t)h(t)* (note carefully that

this is a path through M, (J), not just M, (B)). By part (ii) of Proposition 2.3.5,

v(ly,u,9) + o] = [w [ 1(; ([))l ] w*, [ 10n (())z ] , [ h/[()D (())l ] ¢(w*)]

as desired.

To prove the last claim, we use a mapping cone argument?. Suppose that (1,,,u, g) ~
(1n, v, g") in I'1(7). By increasing n if necessary, we may find a path of unitaries u; in
M, (A/I) and a path of unitaries g, in C([0,1]) ® M,,(B/J) such that uy = u, vy =/,
go=9¢, g1 = ¢, and g;(1) = y(us) for all t. Define the C*-algebras

C = {(a, f) € Mau(A) & (C([0,1)) ® My(B)) | (1) = ¢(a) and f(0) € M(C)}

D ={(a, f) € My(A/T) ® (C([0.1]) ® Mo (B/J)) | f(1) = (a) and f(0) € M,(C)}

and observe that, applying 74 and 75 component-wise gives a surjective *~homomorphism
C' — D. (To see this, observe that C' and D are isomorphic to Mn(é’¢) and M, (C5),
respectively, and use exactness of (1.2).) Now, (u*u, g*¢’) is a unitary in D homotopic
to 1,, and thus there is a unitary (z,k) in C with m4(2) = v*u' and 7wp(k) = ¢*¢'.
By replacing (z, k) with (k(0)*z, k(0)*k) if necessary, we may assume that k(0) = 1,,.

Also, let 2’ be a unitary in M, (A) such that m4(2') = uwu*. Let w and h be required
lifts in the definition of v corresponding to u and ¢, and set

w':wlg O,], W = hi,
VA

which satisfy m4(w') = v’ @ u™, B'(0) = 1,,, and wp(h') = ¢, hence are lifts correspond-
ing to v’ and ¢’. Moreover,

1n O * / 1TL O I£3
w w =w w
0 0, 0 0,

21t is rather disappointing to appeal to mapping cones at this stage, but a more elementary (no
pun intended) method of producing the lift (z, k) proved to be more elusive than expected.
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and
h(1) 0
0

0 ] o) = [ o ] o). =

0 0,

n

Definition 2.5.5. We define 0, : Ki(y) — Ky(¢) to be the unique group homomor-
phism that makes the diagram

commutative, where v is as in Definition 2.5.3.

Proposition 2.5.6. The map 0, is natural in the following sense. Suppose that

0 r A’ Al —— 50

wA WA/
¥ % /
0 I A AT 0
LD
B)J) ——————0
"

0 J B B/J 0

/

v

1s a commutative diagram with exact rows. Then the diagram
Ki(y) ——— Ko(¥)
(wa/rwpys)« (wrwr)«
Ky (7)) —"—— Ko(t)

15 commutative.

Proof. Let (1,,u,g) be a triple in I'1(), and choose lifts w and h corresponding to
this triple as in Definition 2.5.3. Then ws(w) and wg(h) are lifts corresponding to the

triple (1n,wa,r(w),ws;s(9)). O
Proposition 2.5.7. The sequence
Tk 0 Lx
Ki(¢) —— Ki(y) —— Ko(¢) —— Ko(¢)

15 exact and the diagram

62



Ki(S(B/J)) ———— Ki(y) ———— Ki(A/I)

0706, o 51

Yo

K, (J) Ho y Ko(y)) —2—— Ko(I)

15 commutative.

Proof. For ease of notation we will denote

L0, _ A1) 0 "
p—w[ ]w U—[ 0 Ol]gb(w).

It is easy to see from the formula for 0; that the right square in the diagram is commuta-

tive. For the left square, take [f] in K;(S(B/J)), where f is a unitary in M, (S @7]))
and f(0) = f = 1,. Find a unitary h in M,(CB) such that h(0) = h = 1, and
wp(h) = f. Then we have

O (pa([f]) = O1([1n, In, f1) = [Ln, 1n, A(1)].

Now find ¢ in Ma,(SB) such that g(0) = g = 1o, and 75(g) = f ® f*. Let

~ g(2t) 0<t<1/2
g(t):{h(%—l)@h(%—l)* 1/2<t<1

Then [g(1, ®0,)g"] — [1, © 0,,]

[G(1,©0,)7*] — [1,®0,] in K(SJ), the latter being
equal to 6;([h(1)]) since g(l) 1

_h( )@ h(1)*. All in all, we have
po(05 " (82([f1)) = 10(05" ([§(1n & 00)7"] = [1 & 0])) = pro([A(1)]) = [1n, L, h(1))]

which shows commutativity of the left square.
The composition 9; o m, is clearly zero since everything has a unitary lift. We also
have ¢, o 0; = 0 since

p, 1, 0, 0] =[p, 1, &0, 0]+ [1, &0, 1, B0, R(1)" B 0] = [p, 1, &0, (1, & 0)p(w™)]

since (1, @0, 1, B0, ~h(1)*®0;) is elementary in I'y(¢) and (p, 1,0, (1, ®0;)p(w*)) =
(1n S7 017 1n S%) 017 1n ¥ Ol)
Now suppose that

O ([1n, s 9]) = [P, 1n ® O, 0] = [w (1, © 0w, 1 @ Oy, (A(1) ® O1)p(w")] = 0
for a triple (1,,u,g) in T'1(¢). Find k > 1 and a partial isometry @ in M, (]) with
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xx* =p@® 1, and & = z*x = 1,, ® 0; & 1, and such that (v & 1;)¥(z) is homotopic
to 1, & 0; ® 1. Let y; be such a homotopy, with 3, = yo = 1,, ® 0; ® 1; for all £ and
y1 = (v & 1p)Y(z). Set

and
Yor 0<t<1/2

{ (h(2t — 1)* @0, @ 1) (v ® L)w(x) 1/2<t<1

Then m4(2) = u® 0; & 1; and

W (t) =

1,00, & 1 0<t<1/2
g2t —1)@0,d1, 1/2<t<1

mp(h'(t)) = {

which is clearly homotopic to g ® 0; @ 1. Moreover, h'(1) = ¢(z). It follows that
Lo, g) =1 @0 @ 1y, u® 0 @ 1g, g ® 0 & 1] = m([1, ® 0 ® 1, 2, h'])

Now suppose that (p,1,,v) is a triple in Tg(¢) with [p, 1,,v] = 0 in Ky(¢). Choose

m > n such that 1, @ 0,,_,, and p are in M,,(I) and v is in M,,(J). Find £ > 0 and a
partial isometry x in Mm+k(f~1) with zz* =p® 1, and z =z*x =1, ® 0,,_, D 14, and
such that (v @ 1;)¢(z) is homotopic to 1, @ 0, @ 1x. Find a unitary U in M,,1(C)
such that

U(ln @ 0pp—rn, ® 1k)U* = 1n+k @ Opm—n

Ulp® 1)U* v = U(v & 1;)U*, and 2/ = UzU*. Clearly (p,1,,v) &
(P, g, V), 2’2" =, 22" = 1,1, B0, _p, and that v'¢(2’) is homotopic

and let p/
(1k7 1k7 1k>
to 1,4k @ 0,,_p. Let y; be such a homotopy, with ¢, = yg = 1,44 @ 0,,_,, for all ¢ and
y1 = v'¢(a’). Notice that ma(z") = (Lisk @ Opm—n)ma(@")(Lnsk B Op—rn), SO We may

—_—

regard m4(z') as a unitary in M, ,(A/I), and similarly we may regard y; as a path of

el

unitaries in M, x(B). Set g(t) = m5(y:) and notice that

9(1) = mp(d(a"))mp(v") = y(ma(z"))

so that (1,4, ma(2™), g) is a triple in I'; (). Moreover, we see that its image under 0,
is [p, 1,,v] by using | = 2m + k — n,

x Lyr — 2’2
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in Mgtk (A) and h(t) =y, in the definition of 0;. O

Definition 2.5.8. Define the map 0, : K;(¢) — K(S¢) to be the index map associ-
ated to the diagram

0 —— SA CA > A

[se  Jes o

0—— SB CB s B s ()

o

~

2\

Corollary 2.5.9. The map 04 : K1(¢) — Ko(S¢) is an isomorphism. Moreover, the
diagram

Ki(SB) ——— Ki(¢) —2—— K;i(A)
By 0a

Ki(SB) —=—— Ky(S¢) ———— Ko(SA)
15 commutative.

Proof. CA and CB are contractible, hence Ky(C¢) = K;(C¢) = 0 by Corollary 2.4.4.
So by Proposition 2.5.7, the sequence

0
0 —— Ki(¢) —— Ko(Sp) — 0
is exact, and the given diagram is commutative. O]

An explicit description of 8, is as follows. Let (1,,u, g) be a triple in I';(¢), and let
w be a unitary in C([0, 1]) ® My, (A) with w(0) = 1y, and w(1) = u ® u*. Then

Lboo] ,[1 o] g o0 .
dCRE RS RS

Corollary 2.5.10. The sequence

05 ([1n, u, 1) =

Ki(¢) —— Ki(¢) —— Ki(7)

is exact. If Ay : AJI — A and A\ : B/J — B are splittings of the rows in (2.3) that
keep the diagram commutative, then the sequence

0 —— Ki(§) — Ki(¢) == Ki(y) —— 0

*

18 split exact.

Proof. The map 64 is natural, so we have the commutative diagram
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L

() ———— Ki(¢) ——— Ki(7)

0, 0, 0,

(Sm)«
Ko(S7)

in which, by Proposition 2.5.1, the bottom row is exact. It follows that the top row is
exact as well. The proof for split exactness is similar. n

At this point we may unambiguously define higher relative groups K;(¢) by Ko(S7¢)
and higher index maps 0; : K;(y) — K;_1(¢) to obtain a long exact sequence. We
proceed to prove that Bott periodicity holds so that the long exact sequence collapses
to the six-term exact sequence in Theorem 2.1.2.

2.5.3 Bott periodicity and the exponential map

The proof of Bott periodicity for relative K-theory is quite slick, as it essentially
follows from ordinary Bott periodicity and Corollary 2.4.4. We will follow the proof
in [7] that uses the Toeplitz algebra (recall Example 1.1.5). Let 7 : T — C(T) be
the *-homomorphism that sends the generating isometry to the function z on T. The
kernel of 7 is isomorphic to IC, and by identifying C((0, 1)) with elements in C(T) that
vanish at 1 and letting 7o = 771(Cy((0,1))), we obtain the reduced Toeplitz extension

0 » K —— To —— Cp((0,1)) —— 0 (2.4)
By applying Proposition 1.2.11 to (2.4), we obtain that K,(7) = 0.

Lemma 2.5.11. If C is in the bootstrap class and K.(C) =0, then K.(¢ ®idc) = 0.
In particular, K,(¢ ® idg,) = 0.

Proof. By Theorem 1.2.19, we have K, (A ® C) = K. (B ® C) = 0. The conclusion
follows from Corollary 2.4.4. ]

Lemma 2.5.12. (ka,kp)s : Ki(¢) = K.(¢ ® idg) is an isomorphism.

Proof. For j = 0,1, we have a commutative diagram with exact rows

K1-j(A) —2— K j(B) — s K;(9) —2— K;(A) —2— K;(B)

l(ﬁA)* l(fﬂs)* l(ﬁAﬁB)* l(fﬁA)* l(RB)*

Ki_j(A0 ) 2 g (Bok) s Ki(poide) —2 Kj(Ae K) 2N K (B k)

All vertical maps except for the middle one are known to be isomorphisms. The five
lemma then shows that the middle vertical arrow is an isomorphism. O]
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We now produce the Bott map. By tensoring (2.4) with A and B, we obtain the

commutative diagram

0 —— AQK —— A® T, SA > 0

l¢>®id;c l¢®idro l&zﬁ

0 — BK — B®T, » SB > 0

2\

(All C*-algebras involved, with the exception of possibly A and B, are nuclear, hence
the rows remain exact, see 11.9.6.6 of [5].) Proposition 2.5.7 implies that

Ki(¢p ®idy) —— Ki(S¢) —— Ko(¢ ®idx) —— Ko(¢p ®@idy)

>~

is exact, and Lemma 2.5.11 and Lemma 2.5.12 together give an isomorphism Ky(¢)
K1(S¢). We let 5, : Ko(¢p) — K1(S¢) denote this isomorphism. By Proposition 2.5.7

we have the commutative diagram
K1 (B) ——=—— Ky(¢) ———— Ky(A)
Bspobp Bs Ba
K,(S8?°B) — 2 —— K,(S¢) —2—— K (SA)

Now we complete the six-term exact sequence in Theorem 2.1.2. We define the
exponential map 9y : Ko(y) = K1(1) to be the group homomorphism that makes the

diagram

Koly) ===+ Ki(9)

B, 0,

d
commutative. All maps in the above diagram are natural, so the sequence in Theorem
2.1.2 is exact.

Remark. It is interesting to note that split exactness was not necessary to prove
Theorem 2.1.2. An examination of the proof of Bott periodicity in [7] reveals that
split exactness is pivotal in deducing that K,(7y) = 0 from the isomorphism K, (7) =
K.(C). Here we were able to sneak around this difficulty using Corollary 2.4.4 and the

fact that K.(7o) = 0.

We end this section with a straightforward application of Theorem 2.1.2; which
relates K, (¢), K.(ker ¢), and K,(¢), where ¢ : ¢(A) — B is the inclusion map.
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Notation. When A is a C*-subalgebra of B and ¢ : A — B is the inclusion map, we
denote K, (¢) by K.(A, B).

Corollary 2.5.13. Suppose that ¢ : A — B is a *-homomorphism. Then there is a
six-term exact sequence

Ko(ker ¢) ————— Ko(¢) ——— Ko(¢(A), B)

Ki(¢(A), B) ¢ Ki(¢) «———— Ki(ker¢)

Proof. This follows immediately from applying Theorem 2.1.2 to the commutative
diagram

0 — kergp —— A ¢>¢(A)—>O

! S

0 > 0 > B

— 0

[]

We refer to Example 2.10.6 and Example 2.10.7 for specific instances of the six-term
sequence in Corollary 2.5.13.

2.6 The proof of Theorem 2.1.3

In this section, we prove Theorem 2.1.3. Consider the commutative diagram

0 —— SB 25 Cy —5 A > 0
ek
0 —— SB——CB 2> B > 0

with exact rows, where ta(f) = (0, f), ma(a, f) = a, 7p(f) = f(1), and ny(a, f) = f.
Since K,(CB) = 0 because CB is contractible, we have by Theorem 2.1.1 that v, :
K.(ns) — K.(Cy) is an isomorphism. Applying Theorem 2.1.2 to the diagram (2.5)

2\

and using Corollary 2.4.4, we obtain that

0 —————— Ko(ng) —————— Ko(o)



is exact, and hence 7, : K.(ns) = K.(¢) is an isomorphism.
Definition 2.6.1. A = v, o7 !

We now proceed to prove that A has the desired properties, starting with the fact
that (2.2) is commutative. To this end, assume that (2.1) is commutative. Using the
commutative cube

C¢ o > C
(a®CPB) o
M
C¢ A s A P
L
Mo cD — 2 s D
S
CB "5 s B

together with Proposition 2.4.5, we see that the diagram

Vx

Ki(¢) «———— K.(1s) ——— K.(Cy)
(0, 8) (a®CB,CB)« (a®CPB)«

K. () «———— K.(ny) ——— K.(Cy)

is commutative. By the definition of the map A, this implies that the diagram in
Theorem 2.1.3 is commutative.

Next we show that the six-term exact sequence of Proposition 1.2.15 plays well with
the six-term exact sequence of Theorem 2.1.2. By using naturality of the index map
(Proposition 2.5.6) on the commutative diagram with exact rows

0 y I y A » AJIl —— 0
I TA/T
/ P / ) / v
0 Cw C¢ > 07 > 0
My J ¢ J el Jf
J B » B/J ——— 0

B 7 B2

o— 0 ———— 3 CB————— CO(B/J)

~
o

and the commutative diagram in Proposition 2.5.7, we have the commutative diagram
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Ko() +———— Ko(ny) ———— Ko(Cy)

where ¢; is the index map associated to the sequence (1.2), and 9 is the relative index
map associated to the (sub-)diagram of cones above, mapping or otherwise. It follows
that A intertwines the index maps d; and 47, and hence also the exponential maps 0y
and &y (as these are also index maps). Putting this all together, we have the following
commutative diagram that intertwines the exact sequence in Proposition 1.2.15 with
the one in Theorem 2.1.2:

Ko(1) = » Ko(o) = > Ko(7)

v
81 51T léso a0

Finally, we prove the intertwining result for Theorem 2.1.1.

Proposition 2.6.2. The diagram

Ko(¢)
Ky(B) ——— Ko(Cy) ———— Ko(4)
(o [on
Ki(A) +— = K,(Cy) «—=2 K(B)
\ AE /
?)

18 commutative up to sign.

Proof. Commutativity of the top right triangle and the bottom left triangle can be
proved in one go: their commutativity is equivalent to commutativity of the square
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which is immediate from Proposition 2.4.5.
Next we consider the top left triangle. Take [u] in K;(B) where u is a unitary in
M, (B) with @ = 1,,. Then ¢,(85([u])) = [v(1, ® 0,)v*] — [1,, ® 0,] in Ko(C,), where v

is in C([0,1]) ® My, (B) such that v(0) = 1g,, v(1) = u @ u*, and v(t) = 1g, for all ¢.
We also have pg([u]) = [1n, 1, u]. Define

g = (U(ln @ On)U*, 1n EB Ona (1n @ On)’U*)

which is a triple in I'g(n,). Then v.([o]) = [v(1, & 0,)v*] — [1, & 0,] and 7.([o]) =
(1, Ly, u*] = —[1,, 1, u.

Now for the bottom right triangle. Let p and ¢ be projections in M, (B) with
[P] = lg]. Then we have p([p] — [q]) = [1n, In, fpfg] in K1(¢) and w.(Ba([p] —[4])) =
(1, fpf;)] in K1(Cy). Though it is slightly sloppy notation, for 0 < s < 1, define
fs(t) = fo(st) fy(st)* and g(s) = fs. Then the triple

o = (1n, (1n7 fpf;)7g)

is in Ty (ny) and v.([0]) = [(1,, £,£)) and 7 ((0]) = (Lo, L, fyf]. =

2.7 Composition of *~homomorphisms

In this section we prove a generalized version of Theorem 2.1.1 that involves the com-
position of two *~homomorphisms. The proof is similar to the proof of Theorem 2.1.1,
with a few additional details.

Theorem 2.7.1. Suppose that ¢ : A — B and ¢ : B — C' are *-homomorphisms.
Then there is a six-term exact sequence

Ko(¢) ——— Koo ) —— Ko(¥)

Ki(¢) «———— Ki($0¢) «—— Ki(9)

The maps v; and p; for j = 0,1 are given by the formulas

tolp, q,v]) = [p.q, ()] wollp, g, v]) = [6(p), 6(q), V]
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pa(lp,u, g) = [pw 9(g)] wallp u, g]) = [6(p), $(u), g]
The vertical map 0 on the left is

a([lmuag]) = [1717 1n7u]

and the vertical one on the right is the composition of gy : K¢(¢)) — K1(Sv) with the
map K;(5v) — K1(¢) defined by

[17’17 g? h] '_> [lna 1717 g]

It is straightforward to check that all of these maps are well-defined using Proposition
2.3.10. Observe that by setting C' = {0}, we have K, (1) o ¢) = K,(A) and K, (¢) =

K, (B), and we obtain the six-term exact sequence of Theorem 2.1.1 as a special case.

Proof. First observe that the diagram
Koy 0 ¢) —"— Ko(t)) —"— Ki(¢) —"— Ki(¢0¢) —"— Ki())

e e e

Ki(St 0 S¢) —— Ki(Sv) —2— Ko(S¢) —— Ko(St 0 S¢) —2— Ko(Sv)

is commutative, and the bottom row is exact if and only if the top row is exact.
Therefore it suffices to show exactness only at Ky(1) o ¢), Ko(¢), and K;(). It is
straightforward to check that all compositions are zero.

Suppose that vy([p, 1,,v]) = [¢(p), 1, v] = 0. Find k& > 0 and a partial isometry w
in My, 1(B) with w*w = 1, ® 0p_p, ® 1 and ww* = ¢(p) ® 1 such that (v @ 1;)(w)
is a unitary in (1, ®0,,_, ® 11<;)Mm+k(é')(1n @ 0p—n ® 1) homotopic to 1, & 0,,_,, D 1.
This means that the triple (1, ® 0,y ® 1, 1, B 0y B 1, (VD 15)10(w)) is elementary,
and we have

D, Lo, v] = [P, L, v] 4+ [1 @ 0y @ i, 1y @ Oy @ 1, 0(w0™) (v @ 1)
= [p, 1, (w")]
= :U’O([p7 1n7w])

which shows exactness at Ky(¢ o ¢).
Now assume po([p, 1n, v]) = [p, 1n, ¥(v)] = 0. Find a partial isometry w in M,,,,(A)
with w*w = 1, @ 0, ® 1y and ww* = p @ 1; such that (Y(v) & 1x)Y(p(w)) is a

unitary in (1, @ Om—n @ 1) Mk (C) (1, @ Oy & 1;) homotopic to 1, & 0 & 1y

Let g be a unitary in C([0,1]) ® (1, ® 0y, ® 1) Mk (C)(1y, @ Oy @ 1) such that
9(0) = 1, & O —n & 1 and g(1) = (¥ (v) & 1x)Y(d(w)). The diagram
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vPly

B(w*) 1n@®0m—n®lg

vpl w
1, @0, @1, 2 w0, @1,

is commutative, showing that (p, 1,,v) is isomorphic to the triple (1, @& 0,—p & 15, 1,, D
Om—n ® g, (v @ 1x)p(w)), and hence

D, 10,0 = 1, ® 0y B 1i, 1y ® Oy B 1, (v B 1g) d(w)]
= ([1, & 0ppy @ 1i, (v & 1) (W), g])

which shows exactness at Ko(¢).

Find k£ > 0 and a partial isometry w in M, x(A) such that ¢(w)(u @ 1) is homotopic

Finally, we show exactness at K;(¢). Suppose that 9([1,,u,g]) = [1n, 1, u] = 0.
(

to 1,4k in M, x(B). Let u; be a path of unitaries in M, x(B) with vy = w and
u; = ¢(w*). Let

Jgeher, 0<t<1)2
h(t)_{ ¢(U2t—1)k 1/2<t<1

Then [1,,,u, g] = [Lpsk, u ® 1k, 9 B 1] = [Lngg, @(w*), h] = v1([Lygg, w*, h]). O

2.8 Formulas for A, 3, and 0,

We now provide formulas for the natural isomorphisms A : K,(¢) — K,(Cy), the Bott

map B4 : Ko(¢) — K1(S¢), and the exponential map 0y : Ko(y) — Ki(1), where v

and 9 are as in diagram (2.3). Though all of the maps are defined for both unital and

non-unital algebras, we will assume throughout this section that A and B are unital

and that ¢(14) = 1p. As is typical in K-theory, the non-unital cases can likely be

dealt with via diagram chases, which we elect to forgo here for the sake of simplicity.
We begin with a useful piece of notation.

Definition 2.8.1. For a triple (p,1,,v) in I'o(¢), choose m > n such that p is in
M, (A), and let
1, 0

] w(s)

where w is a path of unitaries in My, (B) with w(0) = 1s,,, and



Note that such a path w exists by part (iv) of Proposition 1.1.12.

Proposition 2.8.2. (i) Given a triple (p,1,,v) in Io(¢), we have

A([p, 1”7 U]) = [(p S Omapv)] - [171 ) 02mfn]

where m and p, are as in Definition 2.8.1.

(i1) Given a triple (1,,u,g) in I'1(¢), we have

A([1n,u, g]) = [(u, )]

Proof. As we are assuming that A and B are unital and ¢(14) = 1p, we make the
identification

M (Cy) = {(a, f) € Ma(A) @ (C([0,1]) ® My (B)) | f(1) = ¢(a) and f(0) € M,(C)}

for n > 1. For (i), notice that (p @ O, py) is indeed in Mo, (Cy), and the scalar part is
Pu(0) = 1, B 02im—n, 80 [(P B O, u)] — [1n © O2m—n] is a well-defined element of Ky(Cy).
Consider the triple

(2] 5ot T o))

This is an element of I'g(n,) where 7, is as in (2.5). Clearly we have vy([o]) = [(p @
Om, Po)] — [1n @ O2p—y] and 7. ([o]) = [p, 1, v], which completes the proof of (i).

For (i), clearly (u,g) is in M, (Cy) and therefore [(u, g)] is a well-defined element
of K1(Cy). Define h in C([0,1]) ® M, (CB) by h(t) = g,, where g,(s) = g(st). Then
o= (1n, (u, g), h) is an element of I'; (1), and v4([0]) = [(u, g)] in K;1(Cy) and 7. ([o]) =
[1,,u,g] in K1(¢) (notice that w(h)(t) = g:(1) = g(t) for all £). O

Proposition 2.8.3. Given a triple (p, 1,,,v) in Io(¢), we have the formula By([p, 1n,v]) =
(Lo, u, g] where

u(t) = exp (27rit [ ](j O(jn ]) exp <—2m't [ 1(; 022—71 ])

. L 1, 0
g(s,t) = exp(2mitp,(s)) exp (—27th [ 0 Oy . ]) :

and

Proof. Since the Bott map is constructed as an index map, we have by (2.6) the
commutative diagram
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Ko(¢) —— K,(S0)

A A

B
Ko(Cy) ——— K,(Csy)

(observe that SC, and Cg, are isomorphic in a canonical way). Due to the simplicity
of the formula for A given in part (ii) of Proposition 2.8.2, the remainder of the proof
amounts to using the formula for A given in part (i) of Proposition 2.8.2 and the
formula for the ordinary Bott map (¢, . O

Proposition 2.8.4. Given a triple (p, 1,,v) inTo(7), choose m and p, as in Definition
2.8.1. Let a in M,,(A) be such that a = a*, ma(a) = p, and let f in My,,(CB) be such
that f(t) = f(t)* for allt, 7p(f) = py, and f(1) = ¢(a) ® 0,,. Then we have

80([]9, 1”7 U]) = _[12m7 GXp(27Ti<a S Om))7 eXp(27Tif)]

Proof. The proof is almost identical to that of Proposition 2.8.3, with the commutative
diagram there replaced with the commutative diagram

Ko(7) —2—— K, (¢)

Ko(C,) —"—— K, (Cy)

where dy is the exponential map associated to the sequence (1.2). O

2.9 The excision theorem for factor groupoids

We now record the set-up and statement of the excision theorem in [30] in the context
of factor groupoids. This could have been placed in Chapter 1, but it seems prudent
to place it here since the notation for relative K-theory is established.

Suppose the hypotheses of Proposition 1.3.9 hold; that is, let G and G’ be locally
compact Hausdorff étale groupoids, 7 : G — G’ a continuous proper surjective groupoid
homomorphism, and suppose that for all v in G, the map 7|qu : G* — (G')™™ is
bijective. Suppose also that G' has a metric dg yielding its topology. Let

H ={d e |#r ' (2) #1}
and H = 7 '(H'). Give H and H the metrics
dp(z',y) = de(r™ (2'), 7 ()
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(via the Hausdorff distance) and

du(v,y) = da(z,y) + dw (7 (x), 7(y)).

Definition 2.9.1 (7.7 of [30]). 7 : G — G is regular if, for all 2’ in H" and all € > 0,
there is an open set U’ C G’ with 2/ in U’ such that if 3/ is in U’, either

de(n(2), 7" (y) <«

or
diam 7! (y/) < e.

There is also a necessary notion of “measure regularity” for 7. We will not record
the definition because in our cases it will follow from regularity.

Definition 2.9.2 (5.5 of [30]). Let G be a locally compact, Hausdorff, étale groupoid,
and let H be a subgroupoid of GG that is also locally compact, Hausdorff, and étale.
Let C' > 1 be a real number. We say that a subset X C H which is closed in G has
the C-extension property if, for any f in C.(H) with support in X, there exists f in
C.(G) such that flx = f|x and ||f||l, < C||f|l,, where the left norm is on C,(G) and
the right is on C.(H).

The following will be an important tool for computing the K-theory of the factor
groupoids. The assumptions are somewhat stronger than necessary, but sufficient for
our purposes.

Theorem 2.9.3 (7.9, 7.18 and 7.19 of [30]). Let 7 : G — G’ be as in Proposition 1.3.9
and assume it is reqular and measure reqular. Then H' and H, with the metrics dy
and dg, are locally compact, Hausdorff, étale groupoids with finer topologies than the
relative topologies received from G' and G, respectively, and 7|y : H — H' also satisfies
the hypotheses of Proposition 1.3.9. Moreoever, if there exists a C' > 1 such that every
subset X C H which is closed in G has the C-extension property, then

K.(C/(G), CH(@)) = K.(C[(H), CI(H)).

The moral of Theorem 2.9.3 is that in order to compute the relative K-theory of the
inclusion C*(G") C C*(G), one need only pay attention to the parts of G and G' where
7 is not one-to-one. In the examples we will encounter, the inclusion C(H') C C*(H)
will be simpler than the inclusion C’(G') C C}(G) in the sense that C’(H) will be
either a direct product or tensor product, and the “pieces” will be C*(H'). For this
reason, K,(C¥(H'),C*(H)) will be easier to compute than K,(C*(G"), C:(G)).

It should be pointed out, however, that the isomorphism in the final conclusion
of Theorem 2.9.3 is somewhat difficult to describe. It involves representing C*(G)
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and C*(H) on a suitable Hilbert space H in such a way that C*(G) acts as multi-
pliers of C*(H), and realizing the factor groupoid C*-algebras C*(G’) and C}(H’) as
those elements in C*(G) and C*(H) (respectively) that lie in the kernel of a certain
*-derivation ¢ : C(G) + C¥(H) — B(H). Then, with the inclusion maps i : C'(H) —
CxG)+ CHH) and j : CHG) — CxG) + C:(H), we draw the diagram

K.(C}(G), C(G)) —— K.(ker(5),C}(G) + C;(H))

KL (CH(), €2 ()

The map i, is always an isomorphism (even without regularity of 7 and the C-extension
property), and the bulk of the work in [30] is in showing that (i,)™! o j, (the dashed
arrow) is an isomorphism under the additional assumptions. Consequently, even if one
has a good idea of what the elements of K,(C!(H'),C!(H)) look like, determining
which elements in K,(C}(G"),C(G)) they correspond to under the inverse of an in-
duced map can be tricky, and may involve some guesswork. One approach is, given
x in K.(CHH'),Cr(H)), to find y in K,(CXG),CHG)) with j.(y) — i.(z) equal to
something trivial, such as the class of an elementary triple. It is here that an advan-
tage of the Karoubian portrait becomes visible: the simplicity of the presentation of
the elements in the relative groups makes finding such a y easier.

2.10 Summary and examples

We now discuss some simple examples to begin to illustrate the utility of Theorem
2.1.1 and Theorem 2.1.2.

Example 2.10.1. The following four examples are rather standard.

(i) If K.(B) =0, the maps v; in Theorem 2.1.1 give isomorphisms K(¢) = K;(A)
for j = 0, 1. In particular, if A C B(#H) where H is an infinite dimensional Hilbert
space and ¢ : A — B(H) is the inclusion map, the K-theory of A is the same as
the relative K-theory as a subalgebra of B(H).

(ii) If K.(A) =0, the maps 1, in Theorem 2.1.1 give isomorphisms K;(¢) = K,_;(B)
for j =0, 1.

(iii) If I is anideal in A and ¢ : A — A/I is the quotient map, then K;(¢) = K;(I) for
j = 0,1. This is the standard “strong excision” result from topological K-theory,
and it follows immediately from Corollary 2.5.13. See also 5.4.2 of [4].
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(iv) If I is an ideal in A, then the boundary maps in Theorem 2.1.2 associated to the
diagram

0 > —— A » AJI > 0

I

0 — A=——=A > () > 0

give isomorphisms K;(I, A) = K;_;(A/I) for j =0, 1.
Example 2.10.2. Let D be any C*-algebra, B = M(D), and

& o0
{8 8o}

Since K,(A) = K.(D)® K.(D) and K.(B) = K.(D), we may write the six-term exact
sequence of Theorem 2.1.1 as

K\(D) s Ko(A, B) —— Kyo(D) @ Ko(D)
Ki(D) @ K\(D) +——— K,(A, B) < Ko(D)

The vertical maps are both ¢.(g,h) = g + h. Exactness implies that K, (A, B) =
ker ¢, = K. (D).

A slight variant of this example that has seen a great deal of attention in construc-
tions with subgroupoids, such as in [9] and [20], is as follows. Let H be a separable
Hilbert space of dimension at least 2, and M a closed subspace such that M # {0}
and M # H. Let A = K(M) @ K(M*1), where K(M) is the C*-algebra of compact
operators on M. We regard A as the subalgebra of B = KC(H) consisting of operators
that leave M and M* invariant. Then K(A, B) & Z and K;(A, B) = 0. If we fix a
unit vector £ in M, a unit vector n in M=, and a partial isometry v in B with source
subspace span{¢} and range subspace span{n}, the group Ky(A, B) is generated by
the class of the triple (v*v,vv*,v).

Example 2.10.3. Let D be any C*-algebra and consider A = D as a subalgebra of
B = D @ D via the embedding d — (d,d). The six-term exact sequence of Theorem
2.1.1 becomes

Kl(D)@Kl(D) _— K()(A, B) > K()(D)
Kl(D) < Kl(A, B) < KO(D)@K()(D)
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This time the vertical maps are ¢.(g) = (g, g), which are injective, whence exactness
implies Ky(A, B) = K;(D) and K,(A, B) = Ky(D). In the case that D = K, the group
K,(A, B) = Z is generated by the class of the triple (p,p, g), where p is a rank one

2mis

projection in K and ¢(s) = (e*™*p,p). Observe that we do not need to consider the
unit in the unitization K to describe the group Ki(A, B).

Example 2.10.4. Define the *~homomorphism ¢ : C([0, 1]) — My(C) by ¢(f) = f(0)®
f(1). Since Ko(C([0,1])) = Ko(M2(C)) = Z and K;(C([0,1])) = K;1(M3(C)) = 0, we
may write the six-term exact sequence of Theorem 2.1.1 as

0 — Ko(¢p) ——— Z
P

0 ¢ Ky(¢) ¢ Z

where ¢,(n) = 2n because the class of 1¢(x) gets sent to the class of a rank two
projection. It follows that Ky(¢) = 0 and K;(¢) = Z/2Z. Since the class of the
projection 1@ 0 is not in the image of ¢, the nontrivial element of K;(¢) is given by
triple p1([1 @ 0]) = [12, 12, g], where

Example 2.10.5. Consider the diagram

e}

2\

0 —— C5((0,1)) —— C(T n_C

)
| 2 5
0 — Cp((0,1)) — C([0,1]) =25 CoC —— 0
where (f)(e*™) = f(t) for 0 < ¢t < 1 and «(f)(1) = 0, m(f) = f(1), m(f) =
(£(0), £(1)), &(f)(t) = f(e**), and ~(z) = (2, z). Since ¢ and ~ are injective, we will
identify C'(T) and C with their images in C([0, 1]) and C & C, respectively. Theorem
2.1.2 gives the six-term exact sequence

0 » Ko(C(T), C([0,1])) ———— Ky(C,C @ C)

Ki(C,C® C) «+———— K (C(T),C([0,1])) < 0

So that the maps 7, are isomorphisms. Example 2.10.3 tells us that Ky(C,Ca® C) =0
and K(C,C @ C) = Z, the latter generated by (1,1, g), where g(s) = (e*™*,1). It is
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not difficult to find an element of K;(C(T), C([0,1])) that maps to the class of (1,1, g)
(and is therefore a generator): take the class of the triple (1, z, h), where h(s) = f, and
fo(t) = e*™t for 0 < s,t < 1.

The previous example (and diagram used in the proof of Theorem 2.1.3) is clearly
a specific instance of a more general phenomenon, that if A has an ideal I such that ¢
is injective on I and ¢(I) is an ideal in B, then the relative K-theory of ¢ is the same
as the relative K-theory when dropped to the quotients A/I and B/¢(I).

The final two examples illustrate that the boundary maps in Theorem 2.1.2 need
not be trivial.

Example 2.10.6. Consider the diagram

0 —— Co(R?) — (D) — = C(T) ——— 0

(
I

» C([0,1]) == C([0,1]) —— 0
where D = {z € C | |z] < 1} and R? is identified with D° = {2 € C | |2] < 1}.
The *-homomorphisms are 7 (f) = f|r, v(f)(t) = f(e*™), and ¢ = v o7w. We have
Ko(¢) = K1(¢) = 0 since K;(C([0,1])) = K1(C(D)) = 0 (see Corollary 2.4.4) and the
induced map ¢, : Ko(C(D)) — Ko(C([0,1])) is an isomorphism. The six-term exact
sequence of Theorem 2.1.2 becomes

0

e}

Ko(Co(R?)) » Ko (C(T), C¢([0,1]))

o1 kr?o

K (C(T), C([0, 1)) < 0 < K1(Co(R?))

By Example 2.10.5, K1(C(T), C([0,1])) = Z is generated by the class of (1, z, g) where
g(s) = fs and f(t) = ™!, Using the notation in Definition 2.5.3, let [ = 1,

S (G ]

(1—=%)Y2 z

and A = g. Then

_ ER 2(1 = [2?)1/? L0
0([1,2,9]) = ”5(1_’2|2)1/2 1—|2? ” B ”O O”

i.e., the class of the Bott projection.

Example 2.10.7. Let D be the diagonal matrices in M,(C). Consider the diagram
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0 —— Cp((0,1)) —— C([0,1]) ——— D > 0
| J¢ |
0 > 0 > My(C) =——= M,(C) —— 0
Where 6(f) = 7(f) = fg)) f?l) . We have Ko(Co((0,1))) = 0 and K, (D; My(C)) =

0, the latter by Example 2.10.2. The six-term exact sequence of Theorem 2.1.2 becomes

0 ———— Ko(¢) ——— Ko(D, M>(C))

lao

0 ¢—— Ki(¢) +—— Ki(Cu((0,1)))

By Example 2.10.4, K¢(¢) = 0 and K;(¢) = Z/2Z, with the nontrivial element in
K;(¢) given by the class of the triple (1,1, g), where

-]

The map 0y is therefore injective and takes a generator of Ko(D, My(C)) = Z to twice
a generator of K1(Cy((0,1))) = Z. More concretely,

(Lo o b [o o))
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Chapter 3
Factor groupoids of AF-groupoids:
noncommutative Cantor functions

In this chapter we introduce our first method of producing factor groupoids. We begin
with a motivating example that is essentially the bedrock of the entire construction.
Consider the function

¢:{0,1}" =T

defined by ¢({jn}) = exp(2mi ) -, jn27"), which is nothing but the Cantor ternary
function in a rather uncommon guise. We may view this function geometrically as
“closing all the gaps” in the Cantor set to form the circle. The space {0,1}" can be
identified with the path space of the Bratteli diagram with one vertex at each level and
two edges at each level, and thus may be endowed with the tail-equivalence relation
Rp and given the étale topology described in Chapter 1. If we let T' = (¢ x ¢)(Rg)
and endow T with the quotient topology from Rg, T is a familiar equivalence relation
on T with an equally familiar étale topology, namely,

T={(w,z) e TxT|w=e**z for some 6 € Z[]}

with basic open sets Uy = {(2,e*2) | 2 € W}, where W is open in T and 6 is in
Z[%] T is isomorphic, as a topological groupoid, to the the group action T x I', where
the (discrete) group I' = {¢*™ | § € Z[1]} acts on T by multiplication. The C*-algebra
C*(T) is then recognizable as the Bunce-Deddens algebra of type 2°°, which is typically
constructed via weighted shifts, or as an inductive limit of circle algebras. This puts
the K-theory of C*(T') within reach: it is known that

Ko(CHT) = Z[}]  Ki(CiT) =1

where Ko(C?(T)) has the usual order from R. The key observation to make is that,
while the Kjy-group is unchanged passing from Rg to 7', the K;-group becomes non-
trivial, essentially due to the fact that we passed from the Cantor set to the circle;
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the generator of K;(C}(T)) is given by the class of the function z on the unit space.
The goal of this chapter is to generalize this construction, replacing {0, 1} with the
path space of a Bratteli diagram (V, E'), and the map ¢ with a quotient map p whose
fibres depend on two embedded copies of a second Bratteli diagram (W, F') in (V, E).
In doing so, we obtain a method of producing groupoid models for a sizeable collection
of classifiable C*-algebras, and these groupoids have interesting unit spaces whose
connected components are either points or circles. Depending on the diagrams (V, E)
and (W, F), the unit spaces may possess some self-similar or fractal-like structure.

3.1 The main results

The construction begins with the same set-up as in [29]: two Bratteli diagrams (V, E)
and (W, F') and two graph embeddings of (W, F') into (V, E) satisfying some specified
conditions. The goal is to create a groupoid whose ordered Ky-group is the dimension
group of (V, E), and whose K;j-group is the dimension group of (W, F'). While the
construction in [29] enlarges the usual tail equivalence relation Rg on the path space
Xpg of (V, E) to include pairs of paths in the two embeddings (which creates a new
groupoid over the same unit space), we actually collapse these paths in Xz and pass Rg
through the resulting quotient map, creating an equivalence relation on an entirely new
space, and we denote the space and equivalence relation by X, and R, respectively. It
should also be noted that, unlike in [29], obtaining the étale topology and amenability
on the new groupoids is straightforward (these properties essentially carry over right
from Rpg). It is the new unit spaces, rather than the new groupoids, that require more
attention in order to describe them. We address this in section 3.2.

Theorem 3.1.1. Let (V, E) and (W, F') be two Bratteli diagrams satisfying the embed-
ding conditions described in section 3.2. There exists a quotient space X¢ of X that
satisfies the following.

(1) X¢ is compact and metrizable.

(11) Every connected component of X¢ is either a single point or homeomorphic to T.
(111) X¢ has covering dimension one.
Moreover, the resulting factor groupoid Re of R satisfies the following.

(i) Re is second-countable, locally compact, Hausdorff, étale, and principal with dy-
namic asymptotic dimension zero.

(it) If Rg is minimal, then so is Re, and hence C}(Re) is classifiable.
(iii) Ko(Ck(Re)) is order isomorphic to Ko(Ck(REg)).
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() K1 (C}(Rye)) ts isomorphic to Ko(Ck(Rp)).

(v) The map T — Toa, where T is a tracial state on C*(Rg) and « is as in Proposition
1.5.9, is an affine homeomorphism from T(C}(Rg)) to T(C}(Re)).

While the order isomorphism between the Ky-groups in Theorem 3.1.1 is induced by
the inclusion C(R¢) C C}(Rg), the K;-group appears to receive its structure from the
unit space of R¢, whose connected components are either points or circles. Indeed, the
isomorphism between K;(C(R¢)) and Ko(C;(Rp)) is essentially given by a Bott map
(the map py in Theorem 2.1.1), and the elements of the group Ko(C}(Rp)) seem to
correspond to winding numbers on (at least a portion of) the space X¢. It is interesting
to note that these C*-algebras are isomorphic (by classification considerations) to those
constructed in [29] using subgroupoid methods, but the two methods produce non-
isomorphic Cartan subalgebras, as the unit spaces are not homeomorphic.

From Theorem 3.1.1 we obtain the following result of prescribed K-theory.

Corollary 3.1.2. Let Go be a simple acyclic dimension group and G a countable
torsion-free abelian group. Then there exist Bratteli diagrams (V, E) and (W, F) sat-
isfying the embedding conditions described in section 4.2 such that the resulting R
from Theorem 8.1.1 has Ko(C}(Re)) = Go as ordered groups with order unit and
Ki(CT(Re)) = G

The proof is essentially to find Bratteli diagrams (V, E') and (W, F') whose dimension
groups are Gy and G7, respectively (using Proposition 1.3.18 on G;). By telescoping
and symbol splitting the diagram (V, E), one can arrange that the embeddings de-
scribed in section 3 exist without altering the dimension groups. Details may be found
in [29].

Admittedly, the collection of Elliott invariants that are obtainable via Theorem
3.1.1 and Corollary 3.1.2 is not very extensive, as we are restricted to K-groups that
are dimension groups. However, the simplicity of the construction should not be over-
looked; indeed, the groupoids R, are obtained by passing an AF-groupoid through what
is essentially a generalized Cantor ternary function, and the desirable properties of R
(second-countable, locally compact, Hausdorff, étale, principal, dynamic asymptotic
dimension zero) are inherited directly from Rg through the quotient map. In contrast,
endowing the groupoid R from [29] with an étale topology is a subtle issue. This raises
the question as to what K-theory data may be obtained with more complicated factor
maps, or with additional structure(s) such as twists.

We also obtain a result on AF-embeddability. We say that a C*-algebra is AF-
embeddable if it can be embedded into an AF-algebra. There has been a considerable
amount of research conducted into determining when a C*-algebra is AF-embeddable,
initiated by the result of Pimsner and Voiculescu that every irrational rotation algebra
is AF-embeddable [23]. Possibly the most substantial recent result is the following,
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due to Schafhauser [33]: every separable, exact C*-algebra satisfying the Universal Co-
efficient Theorem (UCT) and possessing a faithful, amenable trace is AF-embeddable.
Though the following result is weaker, it seems worth stating because it follows imme-
diately from Theorem 3.1.1 and Corollary 3.1.2, and because the embedding is given
concretely by a factor map.

Corollary 3.1.3. Suppose that A is a classifiable C*-algebra, (Ko(A), Ko(A)™,[14])
is a simple, acyclic dimension group, and Ki(A) is a countable, torsion-free abelian
group. Then A is AF-embeddable.

3.2 The spaces X;

In this section we describe the equivalence relation, denoted ~¢, on the path space Xp
of a Bratteli diagram (V) F') that results in the desired quotient space of Xg.

Let (V, FE) and (W, F) be two Bratteli diagrams, (V, E') with full edge connections,
such that there exist two graph embeddings £° and &' of (W, F) into (V, E). We regard
€% and ¢! as functions on both W and F'. More precisely, for both j = 0, 1, the following
hold.

(i) & (w) is in V, for all w in W, and all n > 0.
(i) &(f) is in E, for all f in F, and all n. > 1.
(i) §(€7(f)) = €2(i(f)) and H(&I(f)) = EI(¢(f)) for all f in F.
(iv) €(f) #€(f") forall f # f/in F.
We also require that
(v) €w) = ' (w) for all w in W,
(vi) &(F)NEY(F) = 2.

Due to (v), the functions £°,&' : W — V are identical, so we may denote them
both by £. Observe that (iii) and (v) imply that, for any f in F, £°(f) and £!(f) have
the same initial vertices and terminal vertices. By (vi), they are distinct.

Definition 3.2.1. The equivalence relation ~¢ on X is defined as follows. For x =
(21,29, 3,...) in Xg, suppose that there is a j in {0, 1}, an ng > 0, and edges z, in F,
such that z, = £(z,) for n > ng + 1. Moreover, suppose ng is the least integer with
this property.

(i) If ng = 0, then
T ~¢ (glij(zlx élij(ZQ)y 517j<23), .. )

85



(ii) If ng > 1 and x,, is not in £'~7(F), then
X ~¢ (I‘l, X2y ..oy Tng, flij(2n0+1>, £1fj(zn0+2), .. )
(iii) If ng > 1 and there is some f in F such that z,, = £77(f), then

T ~e ('Ilv L2 -+ 5 Tng—1, fj(f)a fl_j(zno-‘rl)? gl_j(zn()'f'z)? . )

If none of the above occurs for z, then « ~¢ x only. If z ~¢ 2" and z # 2', we will refer
to the edge level FE,,, where m is the least integer such that x,, # x/ , as the splitting
level of the equivalence class {z,2"}. We denote the quotient space Xp/ ~¢ by X, and
let p: Xp — X¢ denote the quotient map.

Observe that each equivalence class under ~¢ consists of either one or two infinite
paths in Xpz. Speaking a bit more loosely, each path in Xy that has edges eventually
in £9(F) is “partnered up” with a corresponding path with edges eventually in &'(F),
and vice versa. Every other path is in an equivalence class on its own.

If the two embeddings £ and &' cover every edge in (V, E), then the quotient space
has a simple description, as the following proposition shows.

Proposition 3.2.2. If E = %(F)UEY(F), then Xg is homeomorphic to Xp x {0, 1},
and X¢ is homeomorphic to Xp x T.

Proof. Define the map ¢ : {0,1} — T by ¢({jn}) = exp (27 oo, jn27") as in the
discussion at the beginning of this chapter. Notice that two distinct sequences in {0, 1}
have the same image under ¢ if and only if they are (0,0,0,...) and (1,1,1,...), or of
the form

(1,925« -+ Jm, 1,0,0,0,0,...) and (ji,j2, -, Jm,0,1,1,1,1,...)

By our assumption and properties (iv) and (vi) of the embeddings, each z in Xp is
uniquely determined by a path z, in Xp and a sequence j, = {j,} in {0,1} with
T, = &((2,)n) for all n. This gives a canonical continuous bijection from Xp to
Xp x {0, 1}, hence a homeomorphism. The composition of this homeomorphism with
idx, x ¢ is a quotient map whose fibres are identical to the fibres of p. O

If the inclusion £ D &°(F) U ¢'(F) is proper, describing the space X¢ takes a bit
more work, and it may have a bit more self-similar structure. Over the next few results,

we provide a complete abstract description of the spaces based on the diagram (V, E)
and the location of the embeddings of (W, F') inside (V, E).

Deﬁnition 3.2.3- Let p = (Z’)1’])27 . ’pn) be a ﬁnlte path 1n (‘/’ E) Denote
Dj(p) ={z € C(p) | z, € Z(F) for all k >n + 1}
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for y =0, 1.

It is not difficult to see that such a set D;(p) is closed: if = is not in D;(p), then there
is an integer k& > n + 1 with z, not in & (F). Then the cylinder set C(z, o, ..., x,)
is an open neighbourhood of z disjoint from D;(p).

In the following lemma, we describe some open sets in Xz that remain open when
passed to X¢. If a map f: X — Y is surjective, we call a subset V' of X saturated if
there is a subset U of Y with V = f~1(U). It follows directly from the definition of
the quotient topology that open sets in the quotient are precisely the images of open
saturated sets in the ambient space.

Lemma 3.2.4. Let p = (p1,p2,...,pn) be a finite path in (V, E).

(i) If pn is not in E°(F) UEY(F), then C(p) is clopen and saturated (with respect to
the map p).

(ii) If p, is in EO(F) U EN(F), then

1s open and saturated.

(111) Suppose that k > m+ 1 and p and q are two finite paths either of the form
p= (=), (), (=)

¢=(§(21), & (22), ... & (=)
or of the form

b= (wla T2y ooy Tin—1, T, go(zm-i-l)a fo(zn-‘ﬂ)? s 750(216))

q = (-7317 L2y .oy Tm—1, x;na fl(zm-&-l)? £1<Zn+2)7 s agl(zk))

where T, is not in E°(F), o' is not in EY(F), x,m = 2, if T is not in EY(F),

and © = E(f) if v = EX(f) for some f in F. Then

Vog = (C(p) = Di(p)) U (C(q) = Do(q))

1s open and saturated.
Proof. (i) If z isin C(p), z # 2/, and = ~¢ 2/, then the splitting level of {z, 2’} must
be past level E, since p, is not in £2(F) U EY(F), so 2’ is in C(p).

(ii) If z isin Uy, x # @', and = ~¢ @', the removal of the sets D;(p) for j = 0,1 forces
the splitting level of {x, 2} to be past level E,, so x and 2’ coincide on the first
n edges and 2’ is thus in U,. Since D;(p) is closed, U, is open.
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(iii) The proof that V,, is open is analogous to that for (ii). If z € C(p) — Di(p),
x ~¢ o', and the splitting level of {z, 2’} is past level k, then 2’ is in C(p) — D1(p)
similarly as in (ii). Otherwise, the splitting level must be either FE,, or E,, 1, but
then 2’ must be in C(q) — Dy(q). O

Definition 3.2.5. (i) Let P denote all finite paths p = (p1, pa2, ..., ps) in (V, E) such
that p, is not in £%(F) U (F) but t(p,) is in (W).

(ii) For p in P, define
Ce(p) = {z € C(p) | m € E(F)UE(F) for all k > n + 1}

To simplify notation, we will assume that there is an “empty path” py in P with
the property that Ce(pg) = {o € Xp |z, € %(F) UEH(F) for all k > 1}.

(iii) For w € W, define
X}w) ={z = (Znt1, Znt2,---) | 2k € Fi,t(zk) = i(2x41) for all & > n+1, and i(2,41) = w}

that is, all infinite paths in (W, F') that start at w.

Note that C¢(p) is not equal to Dy(p) U D1(p), since edges in paths in C¢(p) may
alternate between the two embeddings. Regarding (iii) above, by fixing any finite path
p = (p1,p2,-..,pn) in (W, F) with t(p,) = w, we may identify X}w) with C'(p) by
associating z with pz (the concatenation of p and z) and endow X I(;w) with the metric
it receives from this identification. This makes Xl(;w) a totally disconnected compact

metric space.
Lemma 3.2.6. Let p = (p1,p2,-..,pn) be a finite path in P with t(p,) = £(w).
(1) Ce(p) is closed and saturated.

(it) Ce(p) is homeomorphic to X}w) x {0, 1} and p(C¢(p)) is homeomorphic to X](;,w) X
T.

(15i) If p # q in P, there are disjoint clopen saturated sets U and V in Xg such that
Ce(p) CU and Ce(q) C V; in particular, p(Ce(p)) and p(Ce(q)) are disjoint.

(iv) For every x in Xg and 6 > 0, there is an open saturated subset U of Xg such
that p~ (p(z)) C U C B(p~(p(x)),d).

(v) If x is in Xp — U,ep Ce(q), then U from part (iv) can be chosen to be clopen; it
follows that {p(z)} is a connected component of X¢ in this case.
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Proof. (i) For m > n + 1, let A,, be the finite union of all cylinder sets of the form

C(p17p27 <oy Pns dnt1, Qni2, - - - 7qm)

where g is in O(F) UEN(F) for n+1 < k < m. Each A,, is closed and C¢(p) =
Mi—ns1 Am. Suppose that z is in C¢(p), z # 2/, and 2 ~¢ 2’. Since p, is not in
EO(F) U EY(F), the splitting level of {z,z'} is past level n, so 2’ is in C(p). But
since zy is in EY(F)UEN(F) for all k > n+1, we must also have @), in £°(F)UE(F)

for all £ > n + 1, hence 2’ is in C¢(p).

(ii) Each x in C¢(p) is uniquely determined by a path in X}w) and a sequence in
{0, 1}, and the proof then proceeds analogously to that of Proposition 3.2.2.

(iii) If C(p) N C(q) = @, then U = C(p) and V = C(q) suffice (they are saturated by
Lemma 3.2.4). If C'(p) C C(q), take U = C(p) and V = Xg — C(p).

(iv) We consider two cases.

(a) Suppose that the ~¢ equivalence class of x is {x}. Choose k > 1 such that
27% < §, let p= (x1,...,71), and let U = U, as in part (ii) of Lemma 3.2.4.
Observe that x is not in Dy(p) U D;(p) because otherwise p~(p(z)) would
consist of two points.

(b) If p~Y(p(x)) = {x,2'} and E,, is the splitting level, choose k > m with
277 < 6, let p = (z1,...,71) and ¢ = (2},...,2}), and let U = V,,, from
part (iii) of Lemma 3.2.4.

(v) There are infinitely many edges z,,, Z,,, ... of = that are not in £°(F) U ¢H(F).
Choose k > 1 such that 27™ < ¢, let U = C(z1,...,2y,,), and use part (i) of
Lemma 3.2.4. O

We now establish the properties of X, claimed in Theorem 3.1.1.
Proposition 3.2.7. (i) The quotient map p: Xg — X¢ is closed.
(it) The space X¢ is second-countable, compact, and Hausdorff, hence metrizable.
(iii) Every connected component of X¢ is either a single point or homeomorphic to T.
() The covering dimension of X¢ is one.

Proof. (i) Let F be closed in Xg and y a point not in p(F). Then F N p~!(y) = &,
so FN B(p~(y),8) = @ for some § > 0. By part (iv) of Lemma 3.2.6, we can
find an open saturated set U of Xg with p~!(y) C U and FNU = @. Then p(U)
is a neighbourhood of y disjoint from p(F).
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(ii) A closed continuous surjective map with compact fibres (sometimes referred to
as a perfect map) preserves the Hausdorff property and the second-countable
property [21]. Metrizability follows from the Urysohn metrization theorem.

(i) Let Y be a connected component of X,. If Y consists of more than one point,
it must be contained in (J,cp p(Ce(p)) by part (v) of Lemma 3.2.6. By part (iii)
of Lemma 3.2.6, it must be contained in a single p(C¢(p)). The conclusion then
follows from part (ii) of Lemma 3.2.6 since X}w) is totally disconnected.

(iv) By part (ii) there is a metric that gives the topology of X¢; choose such a metric
d. The space X, contains at least one homeomorphic copy of T, so it suffices to
prove that dim X, < 1. We can show this by showing that, for any € > 0, we can
find two collections Uy and U of pairwise disjoint open saturated subsets of Xg
such that Uy U, is a cover of Xg and diam p(U) < € for all U in Uy UU;. Since
Xg and X are compact, p is uniformly continuous with respect to the metrics dg
and d, so choose n > 1 such that dg(z,y) < 27" implies that d(p(z), p(y)) < 5.
Consider a finite path p = (p1,...,pn). If p, is not in E°(F) U EL(F), put C(p)
in Uy. Otherwise, put the set U, from part (ii) of Lemma 3.2.4 in Uy. By the
definition of the sets U, the remaining paths possibly not covered by the elements
of Uy are the two-point equivalence classes whose splitting levels are among the
levels Ey, Es, ..., E,. To cover these, let U; consist of all sets of the form V,,
from part (iii) of Lemma 3.2.4, where k =n and 1 <m <n — 1. O

We now consider some examples to help realize the spaces X, geometrically.

Example 3.2.8. Let (V, E) be the Bratteli diagram with #V,, = 1 for all n and
#E, = 2 for all n (the 2°° diagram), while (W, F') is the diagram with #W,, = #F, =1
for all n. Embed one copy of (W, F') on the left and the other copy on the right. Then
X¢ is homeomorphic to T by Proposition 3.2.2.

Example 3.2.9. Let (V, E) be the Bratteli diagram with #V,, = 1 for all n and
#E, = 4 for all n (the 4% diagram), while (W, F') is the diagram with #W, = 1
and #F,, = 2 for all n. Embed one copy of (W, F) on the left and the other copy on
the right. Then X, is homeomorphic to Xp x T by Proposition 3.2.2. By identifying
Xr with the middle thirds Cantor set X C [1,2] (shifted to the right from its usual
position), we can identify X, with the planar set |,y 2T, where 2T = {zz | z € T}.

Example 3.2.10. Consider the Bratteli diagram in Figure 3.1. Let (W, F) be the
diagram with #W, = #F, = 1 for all n. Embed (W, F)) down the bottom edges of
(V,E). Then X is homeomorphic to (|J 7,2 "T)U{0}. Indeed, any finite path ending
in a diagonal edge is in P, and p(Ce¢(p)) is clopen and homeomorphic to T for each
such path. The only path in Xp that is not in (J,cp Ce(p) is the path along the top of

the diagram, which corresponds to the point 0.
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Figure 3.1: The Bratteli diagram (V, E') in Example 3.2.10

Example 3.2.11. Let (V, E) be the Bratteli diagram with #V,, = 1 for all n and
#E, = 3 for all n (the 3°° diagram), while (W, F') is the diagram with #W,, = #F, = 1
for all n. For every finite path p = (p1,p2, ..., pn) in P, p(Ce(p)) is homeomorphic to T
by part (i) of Lemma 3.2.6. To help illustrate X¢, we note that (J,.p Ce(p) is dense in
Xg and construct a continuous map from Upep Ce¢(p) to the plane C which is constant
precisely on the fibres of p. We will identify X with {0, 1,2} and regard the edges
labelled with j the edges in &/(F) for j = 0, 1.

First define #; = 0 and for a finite path p = (py,pa, ..., ps) in {0,1}771 x {2} for
n>2 setd,=2""+ 22;11 pr27%. Define the function f, : C — C by

fo(z) = 62”‘91’(2_”2 +(1+ 2_("_1)))

Now suppose that p in P is arbitrary, and partition p = p(p®@ ... p(™ where each p*)
is in {0, 1}"* x {2} for some integer I, > 0 (note that such a partition exists and is
unique). Define

fr=fmofymo-0ofm
p p p

If po is the empty path, let f, (2) = z. If x = (21, 29,...) is in C¢(p), define

p(z) = f, <exp <2m' Z xk2k>)

Letting Xn = Ulength(p)y<n_1 Ce(p) (where length(p) is the number of edges in p with
the convention that length(py) = 0), we have p(X;) the unit circle and p(X3) is the
disjoint union of the unit circle and the circle of radius 1 centred at —2. Figure 3.2

2
illustrates p(X,) for n = 3,4,5,6.

3.3 The groupoids R

We now turn to the factor groupoids R,. Unlike the spaces X¢, their definition is quite
straightforward.

Definition 3.3.1. We let R = p x p(Rg) and endow it with the quotient topology
induced by the étale topology on Rg. We will denote m : Rg — R¢ to be the restriction
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Figure 3.2: Geometric approximations of X from Example 3.2.11

of p X pto Rg.

Clearly 7 is a continuous surjective groupoid homomorphism, and since tail-equivalent
paths are never in the same fibre of p, 7 is bijective on the fibres of the range map
r: Rp — Rg). We observe that the sets R, and R, ; — R,, are saturated with respect
to m, for all n > 1.

Proposition 3.3.2. (i) R is a second-countable, locally compact, Hausdorff, étale
groupoid.

(11) The map 7 : Rg — Re satisfies the hypotheses in Proposition 1.5.9, and is reqular
and measure reqular.

Proof. We begin by proving that R, is Hausdorff. Notice that 7 is continuous with
respect to the relative product topologies from Xz x Xz and X¢ x X. It follows that
the quotient topology R receives from Rp is finer than the relative topology from
Xe X X¢. The space X is Hausdorff by Proposition 3.2.7, thus Ry is too.

To see that R is locally compact, notice that Rg = |J -, R, and each R, is com-
pact, open, and saturated. Therefore each element of R, is contained in the compact
open set m(R,,) for some n.
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Let pg : RS) — Rp and pg : R?) — R¢ be the multiplication maps. We will show
that ¢ is continuous. It is readily verified that mopup = peo(mx ). If U is open in R,
then ! (w1 (U)) = (7 x 7)) (g '(U)) is open in Rg) since up and 7 are continuous.
Since Rg and R are locally compact Hausdorff and Rg) is a closed subset of Rg X Rg
which is saturated (because (7 X W)*I(REQ)) = Rg)), the map 7 x 7r|Rg) is a quotient

map, Sso ugl(U) =7 x7m((7r x W)_l(ugl(U))) is open in Réz). Continuity of inversion
may be proven similarly.

To see that R is étale, first observe that, since Rg) = ﬂ’l(Réo)), the groupoid R
is r-discrete (that is, Réo) is open), so by Proposition 1.2.9 of [37], it suffices to show
that 7 is an open map. Let U’ C R¢ be open. Then U = 7~(U’) is open by continuity
of m, and r(U) is open since Rg is étale. Now 7 (r(U)) = r(w(U)) = r(U’), so we need
only show that r(U) is saturated with respect to 7. If (z,z) is in r(U) and (2/,2) is
in Rg) with p(z) = p(2’), pick y in Xp with (z,y) in U. Then there is some ¢’ in Xg
with p(y) = p(y'). Then (2/,y') is in Rp and U is saturated, so (z/,4') is in U. Then
(' 2"y =r(2,y) is in r(U).

Regarding the properties of m, the only nontrivial one to check is that 7 is proper.
Let K C R¢ be compact. As noted earlier, Rg is the union of the compact open
saturated sets R,. It follows that K C w(R,) for some n, so 7~ *(K) C R,. Being a
closed subset of a compact set, 7—!(K) is compact.

At this point, we may conclude that 7 is a closed map, and hence that R, is second-
countable, using Lemma 7.5 of [30] and the proof of parts (i) and (ii) of Proposition
3.2.7.

Finally, we show that 7 is regular. Let (z,y) and (2/,y’) be two distinct pairs in Rg
with 7(x,y) = 7w(2’,y') and € > 0. Let n > 0 be the integer such that (x,y) and (z/, /)
are in R,1 — Ry, let E,, be the splitting level of {z, 2}, and let E; be the splitting
level of {y,y'}. As before, we assume that the edges of z and y are eventually in £°(F)
and the edges of 2’ and ¢/’ are eventually in £!(F'). Choose k > max{l, m,n+1} so that
27 <e Let p=(z1,...,2%), 0 = (2}, ..., 7)), ¢ = (y1,- -, yx), and ¢ = (¥, ..., v}),
and let

U= e, Uv@. )N (Vo X Vo)
We must show that

(i) U is open,
(ii) U is saturated, and
(iii) 7(U) satisfies the definition of regularity.

For (i), since the étale topology on Rpg is finer than the relative product topology,
Vo X Vg is open in R, and therefore so is U.

93



(ii) and (iii) can be proved simultaneously, in two cases. Let (2”,4”) be in U
(suppose, without loss of generality, that it is in v(p, ¢)) and (2”,3") be another pair
with w(2”,y") = n(2”,y"). We must show that (z",y") is also in U and that either

AP ({(z,y), (@, v} A" y"), (@ y")}) < e (3.1)

(in the Hausdorff metric) or
dg)((l’”, v, (2", ") < e. (3.2)

The first case considers when 2z = y7 is in EO(F) for all j > k + 1. Here, the
splitting level of {z”, 2"’} must be E,, and the splitting level of {y”, 3"} must be Ej.
This forces (z”,y") into v(p',¢") N (Vpy X Vi) C U. Also, we have

d ({(2,9). (& )} A"y, (")) = max{dy (x,), (2".y"). di (o). (2" 5")}
= max{dE (IE, 13”)7 dE (yﬂ y”)7 dE<$/a x///), dE (y,7 ?Jm)}
<27k
<€

and hence (3.1) holds.

The second case considers when z// = y; is not in &°(F) for some j > k + 1. This
assumption, together with (z”,y") being in V,,,; x V, 4, forces the splitting levels of
{2 2"} and {y”,y"'} to be level Ey,1 or further down. In this case, (z",y") is also

in v(p,q) N (Vo x V) € U. Moreover, we have

dg)((x//’ y//)7 (l,///7 y///)) — maX{dE(l’//, I///)’ dE(y//7 y//l)}
<27F
< €

and hence (3.2) holds. Finally, 7 is measure regular by Proposition 7.16 of [30]. O

Proposition 3.3.3. The dynamic asymptotic dimension of R is zero. It follows that
R¢ is amenable, and that the nuclear dimension of C(R¢) is at most one.

Proof. Since R is equal to the union of the compact open subgroupoids 7(R,,), its
dynamic asymptotic dimension is zero by part (i) of Proposition 1.3.8. The remaining
conclusions follow from part (iv) of Proposition 3.2.7 and part (iv) of Proposition
1.3.7. O

All in all, the groupoids R¢ have compact unit space, are separable, and have finite
dynamic asymptotic dimension. If, in addition, Rg is minimal, then so is ¢ because
p is continuous and surjective, hence dense equivalence classes in Xz map to dense
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equivalence classes in X;. We therefore obtain the following result from Proposition
1.3.7.

Corollary 3.3.4. If Rg is minimal, then the C*-algebra C}(R¢) is classified by its
Elliott invariant.

We now prove a noncommutative version of Proposition 3.2.2.

Proposition 3.3.5. If E = £%(F) U EY(F), then C:(Rg) is isomorphic to C¥(Rr) ®
My, and C}(Ry) is isomorphic to C}(Rp)® B, where B is the Bunce-Deddens algebra
of type 2°°.

Proof. We first establish the simplest case described in the beginning of the chapter.

Let S denote the tail-equivalence relation on {0, 1} with its usual étale topology, so
that C*(S) = M~ (Example 9.2.6 of [34]). Let

T={(w,z) e TxT|w=e**z for some 0 € Z[3]}

Give T the topology with basic open sets Uy g = {(z,e*2) | z € W}, where W C T is
open and 6 € Z[%] This makes T a second-countable locally compact Hausdorff étale
principal groupoid, and C*(T) = B, see 10.11.4 of [4]. We show that this topology is
the same as the quotient topology received from 7 : S — T, where 7 = (¢ X ¢)|s and
¢ is as in Proposition 3.2.2. Suppose that U C S is open and saturated; we must show
that 7(U) is open. Select a pair (w, z) in 7(U).

Suppose first that w and z are not dyadic. Then 77 (w,2) = {(z,y)} for a pair
(z,y) in S, and U is open, so there is a positive integer k and finite strings p and ¢ in
{0,1}* such that (x,y) € v(p,q) CU. Set V = ~(p,q) N (U, x U,). Then

(w,2) € 7(V) =Uwy C 7(U)

where W = ¢(U,) and 0 = 32°° (yn — 2,)27" = 325 (qn — pn)27"

If w and z are dyadic, then 771 (w,2) = {(z,y), (z,%')} for two pairs (z,y) and
(',y') in S. This time find v(p,q) and (p',q'), such that 77! (w,z) C ~(p,q) U
(P, ¢') S U and set V = (y(p,q) U (1',¢') N (Vopr X Voqr). Then

(w,2) € 7(V) = Uwyp C 7(U)

where W = ¢(V,,y) and 0 = >~ (y, — z,,)27".

Define the map ¥ : Rp — Rp xS by V(z,y) = ((24, 2y) (Jz, Jy)), using the notation
in Proposition 3.2.2. It is straightforward to check that this is an isomorphism of
groupoids (which proves the first statement of the proposition, by Proposition 1.3.10).
The composition of this isomorphism with idg, X 7 is a quotient map whose fibres
are identical to the fibres of m, which therefore factors to an isomorphism from R, to

Rr x T. Apply Proposition 1.3.10 again. O
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3.4 The K-theory and tracial states of C(Ry)

Up until now we have proven parts (i) and (ii) of the second list in Theorem 3.1.1. In
this section we turn to the remaining parts, and finish with some examples.

We begin by analyzing the subgroupoids H C Ry and H' C R, introduced in
section 2.9. We have

H' ={(2',y) € Re | #x (<, ¢/) = 2}

and H = 7~ !(H'). Clearly (z,y) is in H if and only if both z and y are eventually in
EO(F) or eventually in ¢'(F). The metrics on H and H' are given by

A (@9, (', ) = di) (7 (o' ), 7 (', )
(with the Hausdorff distance on the right hand side) and

dir((2,y), (w, 2)) = d ((,y), (w, 2)) + d2 (7 (x (2, y)), 7 (7(w, 2))).

The next result follows from the description of dy above. We use the notation =™ for
n > 1 to denote a sequence in Xg, and reserve the subscript to label the edges.

Proposition 3.4.1. Suppose that j € {0,1} is fized, (x,y) is a pair in H, and that
k is the least integer such that x,, and y, are in &(F) for m > k. A sequence
(™, y™) = (2,y) in dg if and only if the following two conditions hold.

(i) 2 =z and y™ — y in dg.

(i) There is an integer | such that k is the least integer such that x%) and yﬁff) are in
E(F) for alln > 1 and all m > k.

Lemma 3.4.2. There is a *-isomorphism 8 : C*(H') & Ct(H') — C!(H) such that the
diagram

Ci(H') —— Cy(H") & C:(H')

| s

Cr(H') ———— C}(H)
is commutative, where a is as in Proposition 1.3.9, and y(a) = (a,a).

Proof. Set
H; = {(z,y) € H|z,y € Z(F) eventually}

for 7 =0,1. Then HyU H; is a partition of H into two nonempty disjoint sets, and by
Proposition 3.4.1, they are clopen. Hy and H; are therefore locally compact Hausdorft
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étale subgroupoids of H. Moreover, if f; is in C.(H) with support contained in H; for
j =0,1, then for any (z,y) in H,

(fox f)(zy) = D folw,2)fi(zy) =0

(z,2)ERE

since all (z, z) and (z,y) lie in one and only one H;. It follows that C.(H) = C.(Hy) &
C.(Hy). By partitioning the direct sum

P ru)=| P ) |e| P rH.)

=€ HO) vt wet®

and representing C.(Hy) (respectively C.(H;)) on the left (respectively right) factor,
it is apparent that C*(H) = C}(Hy) & C(H;) as well. Define

g C.(H)® C.(H") — C.(Hy) & C.(Hy)

by B'(f,g9) = (f o (7|m,), g © (7|m,)). Similarly as in Proposition 1.3.9, this is a *-
isomorphism which extends to the reduced algebras. It is straightforward to check that
the diagram commutes on continuous compactly supported functions, and therefore on

the completions. O

Lemma 3.4.3. C*(H') is Morita equivalent to C*(Rp), where R is tail-equivalence
on the diagram (W, F'). It follows that K.(C}(H'")) is isomorphic to K.(C}(Rp)).

Proof. Let Hy be as in the previous lemma, and let J = {(z,y) € Hy | Zn,yn €
EO(F) for all n > 1}, endowed with the relative topology from H. The map Rp — J
which sends (z,y) to (£°(z),£%(y)) (applying £° to each edge of x and y in the obvious
way) is clearly an isomorphism of groupoids. .J(® is thus compact and open (in H),
hence X ;o) is a projection in C.(Hp). Then X ;0 C)(Hy) is an equivalence bimodule
between C(Hy) = Cr(H') and X ;0 C}(Hp)X j0) = CHJ) = CH Rp). O

Lemma 3.4.4. The map o, : Ko(C!(Re)) — Ko(C!(REg)) is surjective.

Proof. Since C}(Rg) is a unital AF-algebra, it suffices to show that, for a finite path
p = (p1, D2, - - ., pn) in the diagram (V, ), the characteristic function X, ) is equivalent
to a projection in a(C.(Rg)). If p, is not in £2(F) U (F), then X, is in a(Ce(Ry)),
so there is nothing to do. Otherwise, let k be the least integer in {1,2,...,n} such
that p; is in &°(F) UEH(F) for all k < j < n. For a string w = (j1, J2, - -+ Jn—kt1) in
{0, 1} F+1 et

qQuw = (p1,p2, «oo s Pl—1, gjl (Zk)7 5j2 (Zk-‘rl)a s 7€jn_k+l (Zn))
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and let

1
V= —\/W Z Xv(p,qw)'

we{0,1}n—k+1

The element v is a partial isometry in C.(Rg), and using the formulas in Proposition
1.3.15, we obtain that vv* = X,(,p) and v*'v = Q,L_;HIXL, where

L= UJ .

w,ne{0,1}r—k+1
L is saturated, so v*v is in a(C.(R¢)). O

Readers with a background in quantum information theory may notice a similarity
between the formula for v in the above proof and the one for the n-fold tensor product
of the Hadamard operator H acting on a computational basis state (written in ket

Z D“" ),

nE{O 1}

notation),

H®n ’w

where w -7 is the componentwise dot product computed mod 2. Indeed, if one identifies
the functions X, ) with matrix units as described in Proposition 1.3.15, the matrices
vu* and v*v are respectively identified with the projections

100 --- 0
000 -0 1
0 00 0 1 11 1

in Mo (C). A unitary equivalence between them is implemented by H®™,
Finally, we verify that every subset X of H that is closed in Rp satisfies the C-
extension property, with C' = 1.

Proposition 3.4.5. Every subset X C H which is closed in Rg satisfies the C-
extension property with C' = 1.

Proof. Suppose X C H is closed in Rg and f is in C.(H) with support in X. We seek
a function f in C.(Rg) such that f|x = f|x and ||f||» < ||f|. In fact, we find such a
function f such that || f]l, = ||,

As the support of f is compact in H, it is also compact in Rg, hence the support
is contained in R,, for some n. Denote K = X N R,, and K = R,KR, (that is, all
possible products affy where § is in K and a and ~ are in R,). Notice that K C K,
K CHand K C R,,.

Claim 1. K is a compact subgroupoid of R,,.
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Proof. Let K© = Uy []r,, where [z]g, denotes the R,-equivalence class of the
path z. We will prove that K = {(z,y) € R, | x € K(©}; this will imply that K is a
subgroupoid.

Suppose first that (w, z) is in K. Then there are paths z and y such that (w,z)
and (y,z) are in R, and (z,y) is in K. By the definition of K, z is in K(© which
means w is in K as well, because (w, ) is in R,. This implies that (w,z) is in
{(z,y) € R, | v € KO},

Conversely, suppose that (z,y) is in R, and z is in K(©). By the definition of
K© we may find a path 3’ such that (z,7') is in K. Then (¢/,y) is in R, because
(v, y) = (¢, 2)(2,y) € RyRy, = Ry, and (z,y) = (z,2)(z,y)(v,y) € R.KR, = K.

Finally, K = X N R, is compact because X is closed in Rg and R, is compact, and
K = R,KR,, is compact because multiplication is continuous in Rg. O]

Now consider the map C(R,) — C(K) that simply restricts a function to K. Since
K is a subgroupoid of R,, this map is a surjective *-homomorphism. Therefore, by
restricting f to K, we may find a function f in C'(R,) that lifts f, that is, f|z = f|z,
and has the same norm. Since R, is compact and open in Rp, we may regard f as an
element of C.(Rg) (with the same norm) by extending it to be zero on Rg — R,,. To
check that f|x = f|x, first suppose that (z,y) is in K. Then f(x,y) = f(z,y) because
f and f agree on K, and K C K. If (z,y) is in X but not in K, then (x,y) is in
Rr — R, but then f(x,y) = f(z,y) = 0 as both of their supports are contained in
R,. O

Remark. The important property of Rg in the above proof is the existence of the
compact, open subgroupoids R,, for n > 1. The proof could therefore be adapted to
groupoids that are equal to the union of compact, open subgroupoids.

We are now ready to compute the K-theory of C}(R¢). Theorem 2.1.1 furnishes
the six-term exact sequence

K\ (Cr(Rp)) ————— Ko(CF(Re), C7(RE)) ———— Ko(C7(Re))

Ki(CF(Re)) «—————— Ku(CX(Re), CF(Rp)) «———— Ko(C7(Rg))

Using (in order) Theorem 2.9.3, Lemma 3.4.2, Example 2.10.3, and Lemma 3.4.3, we
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obtain

The exact sequence may therefore be simplified to

0 > 0 > Ko(C:(Rg))

Ki(Cr(Re)) < Ko(Cr(RF)) «— Ko(C)(RE))

By Lemma 3.4.4, the vertical map on the right is an order isomorphism. Exactness
implies that the following map is zero, which in turn implies that the map after that
is an isomorphism.

We have thus proven parts (iii) and (iv) of the second list in Theorem 3.1.1; it
remains to prove part (v). As these groupoids are principal, we may appeal to Propo-
sition 1.3.11 and examine the invariant Borel measures on their unit spaces. It suffices
to show that any invariant measure cannot see the non-one-to-one parts of .

Proposition 3.4.6. (i) If u is an invariant measure on Xg then u(H©®) = 0.
(ii) If i is an invariant measure on X¢ then p(H'®) = 0.

Proof. (i) Every such measure p is uniquely determined by a function v : V. —
[0, 1] such that v(vo) = 1 and v(v) = }_ ;-1 v(t(€)), the correspondence being
v(v) = u(C(p)), where p is any finite path ending at v, see Theorem 11.31 of [28].
It suffices to show that the set Y of all paths whose edges are eventually in £°(F)
has measure zero; the proof is analogous for those paths eventually in £'(F), and
H(© is the union of these. Let

Y, ={r € Xg | z,, € &°(F) for all m > n}

We have Y = |J | Yy, so it further suffices to show that u(Y;) = 0 for all n. To
this end, fix n and, for m > n + 1, let A,, be the union of all cylinder sets of the
form C(p1,pay .-+, Py Guits Gui2s - - - > Gm) Where qx is in EO(F) forn+1 < k < m.
For any cylinder set C(p) in the union A,,, there are at least 2™~ ("*1 cylinder
sets in total passing through the same vertices as the path p, due to the edges in
EY(F) (and possibly more). Thus, by the sum given by v, we have u(A,,) < 27™.
Since Y,, C A,, for every m > n + 1, this completes the proof of (i).
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(ii) The set H'® is contained in the countable union U,er p(Ce(p)), so it suffices to
show that pu(H'® N p(Ce(p))) = 0 for every p in P. Using part (ii) of Lemma
3.2.6, we may identify p(Ce¢(p)) with X}w) x T for some w in W. Let n > 1 and
let v be any open arc on T of normalized Lebesgue length 27". By invariance of
(t, the disjoint sets Xj(?w) X 2™ Hk/2"~ for k =0,1,...,2" — 1 are each contained in
an open set in X, of equal measure, so we have

u(XE % 7) < 27X x T),

Thus, we obtain that u(X x {z}) =0, for every z in T. As H'© 1 p(Ce(p)) is
identified with X}w) x exp(2miZ[3]) and exp(2miZ[3]) is countable, we are done.
[

Example 3.4.7. Consider the situation in Example 3.2.8. By Theorem 3.1.1, we have
Ko(C}(Re)) = Z[3] with its usual order, and K;(C(R¢)) = Z with generator given by
the class of the identity function z in C(T) = C (Réo)) C CF(Re). We illustrate how to
use the excision theorem to spot the generator of K;(C(Ry)).

Since (W, F') consists of a single path, we have C*(Rp) = C, and under the Morita
equivalence to C*(H'), the generator [1¢] of Ko(C(Rp)) corresponds to the projection
X{(0,0,0,..)} in Ce(H ), which corresponds to the projection

P = X{(0,00,..)} T X{(1,1,1,..)}

in C.(H’) under the isomorphism in Lemma 3.4.2. Under the map p; : Ko(C}(H)) —
K, (C(H"),C!(H)) in Theorem 2.1.1, we obtain

1 ([X¢,00..3]) = [P, 0, 9]

where ¢(s) = X{0,0,0,.)1 + €*™*X{@,1,1,.)} for 0 < s < 1. Here comes the guesswork:
we need an element in K;(Cy(R¢),C}(Rg)) that corresponds to the triple (p,p,g)
in Ky(Cy(H'),Cy(H)). A natural choice is to take the triple (1cx(r,), f,h), where
h(s) = fo and fo({jn}) = exp(2mis 3°°°, j,27) for {j,} in {0,1} = R and 0 <
s < 1. By the main result of [30], the two classes [p, p, g] and [1gx(r,), f, h] both live in
K (ker(9), C*(Rg) + Cx(H)) as discussed in section 2.9, and thus we have

Loz Yoz, 9 + Loz — ) = ez re), oA = [Lezary, 7, (9 + Loz — )R]

by part (ii) of Proposition 2.3.9. A consequence of the results of [30] is that the elements
of C¥(Rg) act as multipliers on C¥(H), and thus we regard the elements of the latter
triple above as living in C¥(H). For a fixed 0 < s < 1, the functions g(s) and h(s)
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agree on the set {(0,0,0,...)}U{(1,1,1,...)}, so we obtain
(9+ ez —p)B™ = gh™ + (lexmy —p)h" =p+ (lexmy — p)h*

and thus

Loz, £, (9 + ez — PP = Loz, 50+ 1oy — p)R7]
= [Lexuy — p, Loz — )5 (Lexy — p)h]
and the latter triple is elementary. It follows that the triples [p, p, g] and [1cx(ry), f,
correspond to one another under the excision isomorphism. Finally, under the map
v« K1 (CF(Re), Cr(RE)) — Ki(Cy(Re)), we have v1([1cx(r,), f, h]) = [f], which is the

usual generator with winding number 1.

Example 3.4.8. Consider the situation in Example 3.2.9. By Theorem 3.1.1, we have
Ko(C}(Re)) = Ki(C}(Re)) = Z[3] with the usual order in the Kj case. One can use a
similar argument as in the previous example to show that the Ki-group is generated
by the partial unitaries Xy ® z in C(Xp) @ C(T) = C(Réo)), where U is a clopen subset
of Xp.

Example 3.4.9. Consider the situation in Example 3.2.10. By Theorem 3.1.1, we
have Ko(C(Re¢)) = Z[] ® Z with lexicographic order on the direct sum and the usual
order on both factors, and K;(C}(R;)) = Z.

Example 3.4.10. Consider the situation in Example 3.2.11. By Theorem 3.1.1, we
have Ko(C;(Re)) = Z[3] with its usual order, and K;(C;(R¢)) = Z.
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Chapter 4
Factor groupoids from non-homogeneous
extensions of Cantor minimal systems

In this chapter we discuss a second construction of factor groupoids due to Robin
Deeley, lan Putnam, and Karen Strung. Unlike the examples in the previous chapter,
the fibres of the factor map will be either a single point, or infinite; specifically, the
infinite fibres will be homeomorphic to the attractor of an iterated function system
(detailed definitions to follow). The main result of [8] is the following,.

Theorem 4.0.1 (Theorem 1.5 of [8]). Let (C,dc,F) be a compact invertible iterated
function system and let (X, ¢) be a minimal homeomorphism of the Cantor set. There
exists a minimal extension (X, é) of (X, ¢) with a factor map 7 : (X, P) — (X, ¢) such
that, for each x in X, 7= {x} is a single point or homeomorphic to C'. Moreover, both
possibilities occur.

The original intention for this theorem was to provide a means of tying together
minimal dynamical systems with spaces of arbitrarily large finite covering dimension
in order to produce examples of minimal, principal groupoids whose K-theory can be
prescribed. It is a standard result in topology that any compact metrizable space with
covering dimension n > 0 can be embedded in [0,1]*"*! [21]. The main example of
interest, therefore, is to take C' to be equal to a cube in Euclidean space. One then
may find a closed subset Y of C, and construct groupoids whose K-theory essentially
depends on the space Y. It follows from the fact that C' is contractible that the factor
map induces an isomorphism between the K-theory of (X’ ,gg) and the K-theory of
(X, ¢) (this is Corollary 1.6 of [8], and also Corollary 4.1.2 below).

Our goal in this chapter is to use Theorem 2.9.3 to obtain a description of the
K-theory of the C*-algebras of the groupoids X x Z, for more general C. As discussed
in Section 2.9, the excision theorem allows one to view the relative K-theory of the
inclusion o : C*(Xp x Z) — C*(X x Z) through the non-one-to-one parts of the factor
map, and hence, by Theorem 4.0.1, one expects the K-theory of the extensions to
depend on the topological K-theory of C'.
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4.1 The main results

Before we state the main result, we remark that we must modify the construction of
the extension (X' , (5) in Theorem 4.0.1 slightly in order to apply the excision theorem.
We will describe the modification in detail later, but loosely speaking, we will require
that the fibres of the factor map “shrink” quickly enough so that Definition 2.9.1 is
satisfied. The dynamics are not affected in any profound way by this modification.
We refer to the extension (X, ¢) in Theorem 4.0.1 as a DPS extension in acknowl-

edgement of the authors.

Theorem 4.1.1. Let (X,dx, F) be an iterated function system and let C' denote its at-
tractor. Let (Xg, ¢r) a Bratteli-Vershik system on a properly ordered Bratteli diagram.
Then there is a modified version of the associated DPS extension (X, ¢) of (Xg, ég),
an AF-algebra A, a short exact sequence

0 —— Ko(C*(Rp)) —— Ko(C*(X x Z)) —— Ko(A) @ (K°(C)/Z) — 0

and a short exact sequence

0 W/ » K1 (CH(X X Z)) —— Ko(A) @ K~1(C) —— 0.

We are using the notation for the topological K-theory of a compact, Hausdorft
space X, that is, denoting K;(C(X)) by K7(X) for j = 0,1. By K°(C)/Z we mean
the quotient of K(C) by the canonical copy of Z generated by the unit of C'(C).

We refine the conclusion of Theorem 4.1.1 in some specific cases of interest, such as
when C'is a closed cube in Euclidean space (this case actually motivated the original
construction in [8]).

Corollary 4.1.2. In the context of Theorem /.1.1, we have the following.

(i) If C is contractible, then the injective maps in both sequences are isomorphisms.

(i1) If Xg consists of only one path (x1,xs,...) of edges such that f,, = idc for all
n > 1, then Ko(A) = Z and hence

Ko(C3 (X x )/ Ko(C(Re) = KYC)/Z Ky(CH(X x 2))/Z= K~(C)

At this point it is not clear whether or not the conclusions of Theorem 4.1.1 and
Corollary 4.1.2 can be improved upon without knowing more about the dynamics of
the iterated function system and the topology of the attractor. For example, it is not
clear precisely when the short exact sequences split, and hence when the quotients in
Corollary 4.1.2 can be replaced with direct sums. Of course, this is trivially the case
in part (i) of the corollary, and also when both K°(C) and K~!(C) are free abelian,
such as when C' is the Sierpinski triangle.
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4.2 The (modified) DPS construction

We begin with the definition of an iterated function system. For more information on
this matter, we refer to [3].

Definition 4.2.1. An iterated function system (X, dx,F) is a complete metric space
(X, dx) together with a finite set F of functions f : X — X such that there exists a
real number A with 0 < A < 1 and dx(f(z), f(y)) < Adx(z,y) for all points x and y
in X and all f in F.

The following result is standard; see Theorem 7.1 and Definition 7.2 of [3].

Theorem 4.2.2. Let (X,dx,F) be an iterated function system. There exists a unique
non-empty compact subset C' of X such that

U re)y=c

ferF
The set C' is called the attractor of the iterated function system.

The proof is essentially to show that the assignment

Yo )

fer

is a contraction mapping on the space of all compact subsets of X with the Hausdorff
metric. A fixed point theorem of Hutchinson (Theorem 6.1 of [3]) then guarantees the
existence and uniqueness of C.

We now outline the construction of the extension in [8]. First, we may assume
that the Cantor minimal system is given by a Bratteli-Vershik system (Xg, ¢g) on a
properly ordered Bratteli diagram by Proposition 1.3.22. By telescoping the Bratteli
diagram, we may assume that there are at least #F + 1 many edges between any two
vertices in consecutive levels. We will also assume that each f in F is injective. Now,
to each edge e in the diagram we assign a function f, in F U {id¢} such that the
following properties hold.

(i) If e is either maximal or minimal, then f, # id¢.
(ii) For every v in V, we have (U, )—, 1. zia.. fe(C) = C.
(iii) The set {e | fo =id¢} contains an infinite path.
We then define
Xo ={(z,c) e Xp x Clc€ foo- 0 [, (C)}
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and X = ﬂ;’ozl X,,. The factor map 7 : X o5 X g (we reserve the letter 7 for our
groupoid homomorphism) is defined by 7(x,c) = x. Notice that the space X consists
of two types of points, as follows.

(i) If (x,¢) is in X and f,, # ide for infinitely many n, then the fibre 7~ 1(7(z, ¢))
consists of a single point (z, ¢,) due to the contractive factor A causing the diam-
eters of the sets f,, o---o f, (C) to shrink.

(ii) If there is an m with f, = id¢ for all n > m, then the fibre 7! (7(x, c)) is equal
to

{z} X fey 000 fr,(C)

and is thus homeomorphic to C since each function f in F is injective.
The self map ¢ of X is then defined as follows, based on these two types of points.

(i) If = has infinitely many n with f,, # ideo, there is a unique point ¢, in C' with
7(x,c;) = x. In this case, ¢g(x) also has infinitely many such n, and we set

o, ¢) = (¢5(2), Csp(w))-

(ii) If there is an m with f, = id¢ for all n > m, then

¢E(x) = (ylv Y2, 5 Ymy Tm+1, T2, - - )

for some edges v, ..., Yy with t(z,,) = t(ym). In this case, we set
O(x,¢) = (¢(x), fyy 0+ 0 fy 0 frlo-o fr1(c)).

We now turn to the modification of the extension needed to apply the excision
theorem. We provide an example to show that it is necessary: take C' = [0, 1] with the
usual metric and F to consist of the two functions f(z) = 3z and g(z) = 3z + 3. Let
(V, E) be the 3°° diagram with the canonical odometer action. Order the edges from
left to right at each level, assign the left edge the function f, the centre edge id¢e, and
the right edge g. Take ¢ = % and z to be the path consisting of the centre edge at each
level. Any open set containing x will contain a path y consisting of the centre edge at

each level except for one. Then

A @) n ) =5 diam () = 5

and thus Definition 2.9.1 cannot hold.
The modification is as follows. For n > 1 we set

}"(")Z{flofzo"'ofn|fj€}—f0r1§j§”}
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adjust the edge assignment so that an edge e in F), is assigned to a function f, in
F™ U {ide} (note that this may require further telescoping of the diagram). The
action X X Z is constructed in the same way.

Definition 4.2.3. Let G = X x Z and &' = X x Z, and define the continuous
surjective groupoid homomorphism 7 : G — G’ by m = 7 X idy.

Proposition 4.2.4. (i) G and G’ are second-countable, locally compact, Hausdorff,
étale groupoids.

(ii)) The map 7 : G — G’ is reqular and satisfies the hypotheses of Proposition 1.3.9.

Proof. Both G' and G have the product topology and Z is discrete, so (i) is immediate.
The only nontrivial thing to prove for (ii) is that 7 is regular. Since m does nothing
to Z, it suffices restrict our attention to 7. By scaling the metric d¢, we may assume
that diam C' = 1. Fix € > 0 and x in Xg; we seek an open set U of Xg such that for
all y in U, either d(77'(z),7*(y)) < € or diam 7 '(y) < e.

First suppose x has infinitely many n with f, # idc. Choose N such that AN < ¢
and f,, # ide, and set U = C(z1,x9,...,2y). If yisin U and (y,c) and (y,d) are in
77 1(y), then c and d are both in f,,0---0f, (C) = fy 0---0f,,(C) and since f,, has a
contractive factor of at most AV by the modification above, we have do(c,d) < AN < &
and hence diam 771(y) < e.

Second, suppose that f,, = idc eventually. Choose N such that 27V < g, AN < ¢,
and f,, = id¢ for all n > N, and set U = C(x1,2,...,2y5). Now let y be in U;
if f,, # ide for some n > N, then diam f,, o--- o f, (C) < A" < AN < £ s0
diam 7'(y) < € as in the first case. Otherwise, f,, (C) = f,,(C) for all n > 1, and
dp(z,y) <27V < &, which implies that d(77!(z), 7 (y)) < e. O

7 is also measure regular in this construction, but it will be easier to prove it later
(Proposition 4.3.4).

Proposition 4.2.5. The dynamic asymptotic dimension of G is one, and if the cov-
ering dimension of C' is finite, then C}(G) has finite nuclear dimension.

Proof. This is immediate from Theorem 1.3(i) of [15] and Theorem 8.6 of [15]. O
Similarly as with Corollary 3.3.4, we obtain

Corollary 4.2.6. If the covering dimension of C' is finite, then the C*-algebra C*(G)
15 classified by its Elliott invariant.
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4.3 The K-theory of C*(G)

We now prove Theorem 4.1.1. In this case we have
H ={(z,k) | fo, =1idc eventually} C Xp x Z

and
H={(z,¢,k) | fs, =idc eventually} C X x Z C Xp x C x Z

We give a sequential description of the topologies on H' and H.

Proposition 4.3.1. (i) (2", k,) — (x,k) in H' if and only if k, = k eventually,
™ — 2 in Xg, and if ig is the least integer such that f,, = idc for all i > i,
then 1g 1s the least integer such that there exists an ng with fx(’” = id¢ for all
1> 1 andn > ng '

(ii) (x™, cp, kn) — (z,¢,k) in H if and only if (™, k,) — (2, k) in H' and ¢, — ¢
i C.

The following lemma describes H in terms of H'. The proof is straightforward.

Lemma 4.3.2. (i) The map V: H — H' x C defined by

\IJ(:E,C, k) = ((ZE, k:)>f;n_,L1 ©:--0 x_ll(c))

is well-defined as long as f,, = idc fori > n, and is an isomorphism of groupoids
(C' is regarded as the cotrivial groupoid {(c,c) | ¢ € C}).

(ii) If 7¢ . H' x C — H' is defined by ©¢((z,k),c) = (x, k), then 7° o ¥ = 7.
Lemma 4.3.3. C*(H') is Morita equivalent to an AF-algebra.

Proof. The proof is similar to that of Lemma 3.4.3. Consider the subdiagram (W, F)
of (V, E) formed by all infinite paths x such that f,, = id¢ for all n > 1, and let Rp
be the AF-groupoid associated to (W, F). Note that there is at least one such path by
property (iii) of the edge assignment. Let

J={(x,k) | fu, = f, =idc for all n. > 1, where y = ¢ (z)}.

It is straightforward to verify that .J is an open subgroupoid of H'. The map J — Rp
defined by (z, k) + (2, ¢%(2)) is an isomorphism of groupoids. J(© is thus compact and
open (in H'), hence X ;) is a projection in C.(H'). Then X ;0 C(H') is an equivalence
bimodule between C}(H') and X ;o) C(H')X j0) = C(J) = CH(Rp). O

Proposition 4.3.4. 7 : G — G’ is measure regular.
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Proof. By Lemma 4.3.2 we may show instead that 7 is measure regular. Fix a point
¢o in C' and define the map p: H — H' x C' by p(z, k) = ((x, k), cp). Clearly u is a
continuous groupoid homomorphism and 7 o y = idg, so Proposition 7.15 from [30]
applies. O

We also need to verify that the C-extension property in Theorem 2.9.3 is not an
obstacle.

Proposition 4.3.5. Fvery subset X C H which is closed in G satisfies the C'-extension
property with C' = 1.

Proof. Breaking the orbit {¢%(z™™)},cz at 2™ and letting the two sets

{5 o {PR(E™) <o

be two separate equivalence classes results in a subgroupoid which is open in G’ and
isomorphic to Rg [25]. Since H' does not intersect the orbit of z™® H’ is contained
in Rg =)~ R,. Thus X C |22, 7 *(R,) and since 7 is continuous and proper, any
f in C.(H) with support contained in X has support contained in some compact open
subgroupoid 77 (R,). The proof then proceeds analogously to that of Proposition
3.4.5. ]

Lemma 4.3.6. We have
Ko(CHG),CHG)) = Ko(CH(H") @ K1(O)

and

E\(CH(G), CH(G)) = Ko(Cr(H')) @ (K°(C)/Z)
Proof. By Theorem 2.9.3 and Lemma 4.3.2, we have
K.(CHG), CHG)) = K.(CH(H'), CI(H)) = K.(CI(H'), I (H' x C))

By combining the isomorphism C}(H' x C) = C¥(H') ® C(C) of Proposition 1.3.10

with Theorem 1.2.19, we have an isomorphism
K(CI(H' x C)) = Ko(Cr(H') ® K7(C)

under which the Ky map induced by the inclusion C*(H') C C*(H' x C) becomes
Ko(Cr(H") — Ko(C*(H")) 2 K°(C) : g — g®1. We have the six-term exact sequence
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Ko(Ci(H") @ K~H(C) ————— Ko(Ci(H"), C}(H' x C)) Ko(Cr(H))

| |

K1(CF(H)) Ky (CEHH"),C(H' x C)) «———— Ko(CI(H")) @ K°(C)

As (' is compact, there is a short exact sequence

0 > 7 » KO%(C) —— KY(C)/Z —— 0

and since C*(H') is Morita equivalent to an AF-algebra, Ky(C}(H’)) is a dimension
group, hence torsion free. Thus we may tensor the sequence above with Ko(C*(H"))
and obtain that

0 —— Ko(Cy(H') —— Ko(Ci(H")) ® K°(C) —— Ko(Cy(H")) ® (K°(C)/Z) —— 0
is exact. In particular, the map Ko(C*(H')) — Ko(C;(H')) ® K°(C) is injective, so
the right vertical arrow in the six-term sequence is injective. Combining the fact that
K, (C!(H")) = 0 with exactness gives the conclusion. O
Lemma 4.3.7. The map o, : K. (C}(G)) — K.(C:(Q)) is injective.

Proof. Consider the commutative diagram

C(Xp, Z) =5 C(Xp, 2)

dim dim
K (CH(G) —2 KO(Xp) 2% KO(Xp) —2\Ko(C*(G) —— 0

Qux * 7*
~ 5 ~+

K\(CH(G)) —2— KO(X) ——2 KO(X

dim dim

O(X,7) 2% (X, 7)

The second and third rows are extracted from Theorem 1.2.17, therefore they are
exact. By the map o : C(Xp, Z) — C(X,Z), we mean off) = f o7, which is clearly
an injective group homomorphism.

We consider the j = 0 case first. Let « be in Ko(C(G")) such that a,.(x) = 0. Since
the top ¢, is surjective (by exactness), there is a y in K(Xg) with ¢,(y) = z. We have
L(T5(Y)) = au(t.(y)) = a.(z) = 0, so by exactness again, there is some z in K°(X)
such that (id — ¢,)(z) = #*(y). Denote f = dim(y) and g = dim(z). Commutativity of
the diagram implies that fo7 =g —go¢~!in C’(X', Z), which means that g — g o ot
is constant on the fibres of #. Thus, if w and w’ are points in X with 7 (w) = 7(w'),

we have



The above equation implies that the difference g(w) — g(w’) remains constant as w and
w’ run through their orbits under gf; in tandem. Since gz~5 is minimal and there are fibres
that consist of a single point, we must have g(w) — g(w’) = 0, that is, g must also be
constant on the fibres of 7. Therefore there is a gy in C'(Xg,Z) with g = go o 7. Then
we have

for=g—god ' =goor—gootod = (g —good5)oT.

Since a : C(Xp, Z) — C(X,7Z) is injective, we have f = go — go 0 ' = (id — ¢x)(g0),
and since dim : K°(Xg) = C(Xg,Z) is an isomorphism (X is totally disconnected),
there is one and only one 3 in K°(Xg) with dim(y') = go. By commutativity, we have

(id — ¢p*)(y) = dim ™! o(id — ¢p) o dim(y’) = dim ™' o(id — ¢x)(go) = dim ' (f) = v.

Finally, we have
= 1.(y) = t.((id — ¢p*)(y')) =0

by exactness.

The j = 1 case is simpler, since K;(C}(G")) = Z is generated by the class of the
unitary u in C*(G’) implementing the action, so we need only show that o ([u]) is
nonzero. By Lemma 1.2.18, we have

7 (01([u])) = 7 (—[Loxm]) = —ox)

and both [l¢(xp)] and [155)] are non-zero since both Xp and X are compact. Thus
01 (au([u])) = 7*(01(u])) is non-zero and hence . ([u]) cannot be zero. O

Returning to the six-term exact sequence with the relative groups K, (C(G"), C*(G)),

Ky (CHG)) ———— Ko(CH(G), CH(G)) ——— Ko(CF(E))

| |

KA (CH(G)) ——— K1 (CHE), CHG)) —— Ko(CL(G))

2

Lemma 4.3.6 and the fact that Ko(C!(G')) = Ko(C:(Rg)) and K (CHG)) = Z
(Proposition 1.3.23) simplify this to

K\(CHG)) ———— Ko(CH(H")) @ K7H(C) ————— Ko(C}(RE))

|

Z + Ko(Cr(H") @ (K°(C)/Z) +———— Ko(CF (@)
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By Lemma 4.3.7 and exactness, the top right and bottom left maps are zero, giving
the conclusion of Theorem 4.1.1.

4.4 Cubes, the Cantor set, and the Sierpinski tri-

angle

We conclude this chapter with some applications of Theorem 4.1.1 using some classical
examples of iterated function systems. In all examples, the vertex sets in the Bratteli
diagrams satisfy #V,, = 1 for all n > 1, and there will only be one infinite path x in
Xpg such that f, =idg, so that Ko(C:(H')) = Z.

Example 4.4.1. Let m > 1 be an integer, C' = [0,1]™, and define the functions
fs: C = Cby fs(x) = 3(x+0) for 6 in {0,1}™. Let (V, E) be the Bratteli diagram with
#V, = 1forall n, and #E, = 2™ +1 for all n. Any order on the edges will do, and, for
a fixed n > 1, assign each function in 7™ U {id¢} to an edge in E,, making sure that
id¢ is assigned neither the maximal edge nor the minimal edge. Since C'is contractible,
part (i) of Corollary 4.1.2 implies that the inclusion map o : C*(Xg x Z) — C*(X x Z)
induced by the factor map induces isomorphisms o, : Ko(C*(Rg)) — Ko(C*(X x Z))
and a, : Z — K,(C*(X x Z)).

Example 4.4.2. Let X = [0, 1] with the usual metric from R and define the functions
fi X = X by fij(z) = i(z +2j) for j = 0,1. The attractor C' of this system is the
middle-thirds Cantor set. Let (V, E) be the Bratteli diagram with #V,, = 1 for all n
and #FE, = 2" 4+ 1 for all n. Any order on the edges will do, and, for a fixed n > 1,
assign each function in F™ U {id¢} to an edge in E,, making sure that id¢ is assigned
neither the maximal edge nor the minimal edge. We have K~'(C) = 0, so by part
(i) of Corollary 4.1.2, the inclusion map o : C*(Xp x Z) — C*(X x Z) induces an
isomorphism v, : Z — K;(C*(X x Z)) and

Ko(CI(X x 7))/ Ko(C(Rp)) = C(C, Z) /7,
where we identify Z with the subgroup of C(C,Z) of constant functions.

More generally, if the iterated function system (X, dx, F) satisfies the strong sepa-
ration condition, that is, if C'is the attractor and f(C)N f'(C') = & whenever f # [’ in
F, then C'is necessarily homeomorphic to the Cantor set, and we are in the situation
in the above example (with C replaced with {0,1,2,...,m}, where m = #F — 1).

Example 4.4.3. Let /A denote the solid equilateral triangle in R? with corners at
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(0,0), (1,0), and (3, \/75) For j = 0,1, 2, define the three functions f; : A — A by

fo(x) = =z fi(x) = %x + [1(/)2] fo(z) = %I + [\}éil]

The attractor C' is called the Sierpinski triangle, and is obtained by successively re-
moving a countable number of disjoint open triangles from A, see Figure 4.1.

A LA -4

Figure 4.1: ITterative construction of the Sierpinski triangle.

Let (V, E) be the Bratteli diagram with #V,, = 1 for all n and #FE,, = 3" 4+ 1 for
all n. As before, any order on the edges will do, and assign the functions similarly.
Before we apply Theorem 4.1.1, we verify that K°(C') & Z and K~(C) = Z*, where
7> denotes the group of all sequences of integers that are eventually zero.

Let U denote the union of open triangles removed from the solid equilateral triangle
(each open triangle is homeomorphic to R?, hence U is homeomorphic to a countable
disjoint union of copies of R?). There is a short exact sequence

0 —— Co(U) —— C(A) —— C(C) —— 0

Since K°(R?) = K%(A) 2 Z and K~ '(R?) = K~'(A) = 0, Proposition 1.2.11 gives

7> > Z > K°(O)

K=YC) « 0 < 0

The top right arrow is surjective by exactness, and since K°(/A) = Z is generated by
the class of 1¢(a) and this is mapped to the class of 1¢(¢), it is also injective. Thus
K°(C) 2 Z, which implies that K~(C) & Z> by exactness.

Theorem 4.1.1 therefore implies that a, : Ko(C*(Rg)) — Ko(C*X x Z)) is an
isomorphism, and K (C*(X x 7)) = Z @ Z>® (Z™ is free abelian, therefore the short
exact sequence splits).

My thanks to Emily Korfanty for the image.
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Example 4.4.4. Let S denote the solid cube in R? with corners at (i, j, k) for 7,5, k
in {0,1}. For each d in {0,1,2}* — {(1,1,1)}, define the function f5 : S — S by
fs(x) = 3(x + ). We let C be the attractor of this iterated function system.?

Let (V, E) be the Bratteli diagram with #V,, = 1 for all n and #E,, = 26" + 1 for
all n. As before, any order on the edges will do, and assign the functions similarly.
Before we apply Theorem 4.1.1, we verify that K°(C) ¥ Z & Z* and K(C) = 0.

C'is obtained from S by removing a countable number of open cubes, each of which
is homeomorphic to R3. Let U denote the union of these open cubes. There is a short

exact sequence
00— Co(U) —— C(S) — C(C) —— 0

Since K'(R?) & K°(S) 2 Z and K°(R3) = K~'(S) = 0, Proposition 1.2.11 gives

0 > Z > K°(O)

K=1C) « 0 < Z>

and therefore K°(C') 2 Z & Z*> and K~*(C) = 0.
Theorem 4.1.1 therefore implies that Ko(C*(X x Z)) = Ko(C*(Rg)) ® Z*, and
that o, : Z — K;(C#*(X x Z)) is an isomorphism.

2T do not know if this attractor has a name. “Sierpinski cube” seems to be already taken by the
Menger curve.

114



Chapter 5
Conclusions and further directions

In this final chapter we indicate some possibilities for further work. Though we do
provide some definitions, everything from this point on is speculative, and we do not
provide proofs.

5.1 Axiomatization: generalized relative homology

In [7], it is shown that K-theory is essentially the only “reasonable” homology theory for
C*-algebras, a fact that is sometimes colloquially referred to as “Cuntz’s trap”. More
specifically, if one has a covariant, stable, half-exact, homotopy invariant, continuous
(i.e., preserves inductive limits) functor £ from the smallest subcategory of separable
C*-algebras that

(i) includes C,

)

(ii) is closed under countable inductive limits,

(iii) is closed under extensions (short exact sequences), and
)

(iv) is closed under K K-equivalence

to the category of abelian groups, and E(C) = Z, then there is a natural transformation
between E and Kj. In case the reader, like the author?, is unfamiliar with K K-theory,
“for suitably nice separable C*-algebras A and B, K K-equivalence is the same as
K.(A) = K.(B)” [36].

We have seen two approaches to defining relative K-theory; one via Banach cate-
gories, and the other via mapping cones. Both of these constructions satisfy similar
axioms, and we have seen that they are isomorphic in a natural way. Therefore it is not
unreasonable to surmise that an axiomatization, analogous to that in [7], of relative
K-theory exists. In this section we outline a possible such axiomatization.

'Tt is speculated by the author that K K-theory is so named because it is twice as frightening as
K-theory, and therefore deserves twice as many K’s.
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Consider the category *~homo, where the objects are *~homomorphisms ¢ : A — B
between C*-algebras, and a morphism ® = (a, 8) from ¢ : A - Btoy: C — D is a
pair of *~homomorphisms a: A — C' and §: B — D such that

ALB

L)

C —— D

commutes. If &5 = (o, fy) and &1 = («ay, 1) are both morphisms from ¢ : A — B to
¥ : C'— D, then we'll say that ®; = (o, 5;) for 0 <t < 1is a homotopy from @, to ¥,
if @, is a morphism from ¢ to ¢ for all ¢ and ¢t — o (a) and t — §,(b) are continuous
for all @ in A and all b in B.

Proposition 5.1.1. (i) The map ¢ — K.(¢) is a functor from *-homo to the cat-
egory of abelian groups.

(i) The map ¢ — K.(Cy) is a functor from *-homo to the category of abelian groups.

(15i) The map A is a natural transformation between the functor ¢ — K.(¢) and the
functor ¢ — K.(Cy).

(iv) The category of all *-homomorphisms of the form ¢ : {0} — B is a subcategory
of *-homo, is equivalent as a category to C*-alg, and A is equivalent to the
transformations 6 and 3.

Now suppose that F is a covariant functor from this category into the category of
abelian groups. Consider the properties

(i) (Stability) The morphism

Aok 9% oK

gives an isomorphism (K4, kg)s : E(¢) = E(¢ ® idx).

(ii) (Half-exactness) If

0 > 1 > A » AJl > 0
lw l¢> lv
0 > J > B > B/J > 0

is commutative with exact rows, then
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E() — E(¢) — E(v)

is exact, and

(iii) (Homotopy invariance) if ® and W are homotopic morphisms from ¢ : A — B to
1 : C'— D as defined above, then &, = VU,

Conjecture. If E satisfies (i), (ii), and (iii), then we have Bott periodicity, that is, for
each *-homomorphism ¢, there is an isomorphism 3, : E(¢) — E(S%¢) that is natural
in the sense that if ® : ¢ — v is a morphism, the diagram

E(¢) —"— E()
Be lﬁw
(%) &5 B(s2)
commutes.

To get a relative version of Cuntz’s trap, it is likely that we need a relative version
of continuity. A reasonable candidate seems to be the following: if ligAn = A and
li& B, = B, and if

Ay > Ao > As > s A
l¢1 lﬁbz l¢>3 l¢>
B > By > Bs S s B

commutes then lim E(¢,) = E(¢). This gives a variant of countable inductive limits
for relative groups. Of course, one would need to show first that the category *~homo
admits inductive limits.

Lastly, it is likely that we need some trivial cases to hold in order to imitate the
“bootstrap” axiom in [7]. Based on Example 2.10.2 and Example 2.10.3, the following
guess seems reasonable.

Conjecture. Suppose that E is a covariant functor from the category *~homo to the
category of abelian groups, and that it satisfies (i), (ii), (iii), and is continuous. Define
the *~homomorphisms ¢ and ¢ by

6:CoC— My(C): (w,2) [‘6’ 2]

P:Co>CaC: 2z (2,2)
Then
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(i) If E(¢) =Z and E(¢) =0, then £ = K.
(ii) If E(¢) =0 and E(¢) = Z, then E = K;.

If we define E(A) to be the relative group E(¢) where ¢ : A — {0}, and if the above
conjecture holds, it seems likely that one would obtain Cuntz’s result as a special case
from the subclass of *~homomorphisms that map into the zero C*-algebra.

5.2 Further examples of factor groupoids

We end with a short discussion on general factor groupoids.

We have seen that a certain subcollection of classifiable C*-algebras have factor
groupoid models, specifically as factor groupoids of AF-groupoids. We have also seen
how to use the topological K-theory of attractors of iterated function systems to elu-
cidate the possible K-theory of minimal integer actions on compact metric spaces. It
seems yet to be seen just how “universal” factor groupoids are. In fact, one could ask
a more specific, but equally interesting, question given the following two facts.

(i) The unit spaces of AF-groupoids are totally disconnected and often Cantor sets,
which have the universal property of possesing a continuous surjective map onto
any compact metric space.

(ii) There appears to be some interest in knowing when a C*-algebra may be embed-
ded into an AF-algebra.

In fact, the question proposed below is essentially a rephrasing of (ii) above in
groupoid language.

Question. Which C*-algebras arise from a factor groupoid of an AF-groupoid?

Corollary 3.1.2 implies that among all such C*-algebras are all classifiable C*-
algebras A with Ky(A) a simple, acyclic dimension group, K;(A) a countable, torsion-
free abelian group, and standard pairing between K-theory and traces.
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