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ABSTRACT

We address the problem of finding groupoid models for C∗-algebras given some

prescribed K-theory data. This is a reasonable question because a groupoid model for

a C∗-algebra reveals much about the structure of the algebra. A great deal of progress

towards solving this problem has been made using constructions with inductive limits,

subgroupoids, and dynamical systems. This dissertation approaches the question with

a more specific methodology in mind, with factor groupoids.

In the first part, we develop a portrait of relativeK-theory for C∗-algebras using the

general framework of Banach categories and Banach functors due to Max Karoubi. The

purpose of developing such a portrait is to provide a means of analyzing the K-theory

of an inclusion of C∗-algebras, or more generally of a ∗-homomorphism between two

C∗-algebras. Another portrait may be obtained using a mapping cone construction

and standard techniques (it is shown that the two presentations are naturally and

functorially isomorphic), but for many examples, including the ones considered in the

second part, the portrait obtained by Karoubi’s construction is more convenient.

In the second part, we construct examples of factor groupoids and analyze their

C∗-algebras. A factor groupoid setup (two groupoids with a surjective groupoid ho-

momorphism between them) induces an inclusion of two C∗-algebras, and therefore

the portrait of relative K-theory developed in the first part, together with an excision

theorem, can be used to elucidate the structure. The factor groupoids are obtained

as quotients of AF-groupoids and certain extensions of Cantor minimal systems using

iterated function systems. We describe the K-theory in both cases, and in the first

case we show that the K-theory of the resulting C∗-algebras can be prescribed through

the factor groupoids.
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Introduction

Since the seminal papers of Murray and von Neumann [20], the study of operator alge-

bras has long been intertwined with the study of dynamics. This is hardly surprising,

one reason for which is that operator algebras provide a robust mathematical frame-

work for physical systems in quantum mechanics, and one would be hard pressed to

do anything interesting in physics without doing any dynamics. But more abstractly,

operator algebras appear to have an ability to capture symmetry very well, which

may explain their fruitful interactions with numerous areas of mathematics, including

group theory, number theory, graph theory, ergodic theory, logic, knot theory, proba-

bility, and statistics, to name a few. For many of these interactions, the notion of a

groupoid provides a very useful tool with which one may analyze the structure of the

objects involved.

Groupoids are algebraic objects that provide an extremely general framework for

studying mathematical phenomena that exhibit properties or behaviour that is locally

symmetric (as opposed to globally symmetric, for which groups are very useful). This

makes them an ideal lens through which to study dynamical systems, as well as situ-

ations arsing in noncommutative geometry and physics such as foliations, tilings, and

quasicrystals [22]. It was in 1980 that Renault formally introduced étale groupoids to

the theory of C∗-algebras in his thesis [31], and this relationship has only grown since.

In fact, it has grown so much that groupoids have actually begun to compete with

C∗-algebras for the title “noncommutative spaces”. This is illustrated by two facts.

First, if a C∗-algebra has a groupoid model (that is, it is isomorphic to a groupoid

C∗-algebra), much of the information about the C∗-algebra can be deduced from infor-

mation about the groupoid. Second, C∗-algebras that arise from a great many types

of constructions have groupoid models, including commutative C∗-algebras, approxi-

mately finite dimensional (AF) C∗-algebras, group C∗-algebras, crossed products from

locally compact groups acting on spaces, ring C∗-algebras, graph C∗-algebras, and

more.

It is therefore not surprising that the problem of finding groupoid models for C∗-

algebras has been, and continues to be, under a vast amount of investigation. If we

restrict our attention to C∗-algebras that are classifiable in the Elliott program (see

subsection 1.2.4), this reduces the problem to finding a groupoid model for some given
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K-theory and tracial data, all the while not so restrictive that we are left with quite

a wealth of interesting examples. An almost complete solution to this problem (for

classifiable C∗-algebras) is provided by Xin Li in [19], where it is shown that every

classifiable C∗-algebra has a groupoid model. (“Almost” refers to the fact that one

needs a twist on the groupoid in order to deal with the case when the K0-group has

torsion; determining when the twist can be removed and torsion retained is an active

area of research.) The construction is essentially to mimic an earlier construction of

George Elliott in [13] using inductive limits, modifying the inductive systems so that

the connecting maps preserve Cartan subalgebras, resulting in a groupoid model for the

limit. In another vein, Ian Putnam [29] discovered a method of constructing a minimal

equivalence relation on a Cantor set such that the resulting C∗-algebra is tracially AF,

and can exhaust all Elliott invariants where the K0-group is a simple, acyclic dimension

group, and the K1-group is a countable, torsion-free abelian group. The idea behind

the proof is to enlarge an AF-groupoid to regard it as an open subgroupoid of a larger

groupoid, which produces two C∗-algebras, one contained in the other as a subalgebra.

The K-theory is computed using relative K-theory and an excision result. Other

subgroupoids constructed for similar purposes may be found in [9]. The methods in [9]

improve upon those in [19] and [29] in that it is possible to prescribe K-theory with

torsion without a twist.

In both [29] and [9], the crucial tool in computing the K-theory is the excision

theorem of [27]. This excision theorem has recently been generalized in [30], no longer

requiring the groupoids in the intended applications to be principal and étale, and

without a cocycle. The key to the generalization seemed to be the choice of a different

portrait of relative K-theory for C∗-algebras which is drawn from a general framework

of Banach categories and Banach functors pioneered by Max Karoubi [18], which we

will spend a great deal of time addressing in the first portion of this project.

When trying to cook up a groupoid whose C∗-algebra will have a prescribed Elliott

invariant, the general line of attack is to start with some algebra(s) with familiar K-

theory, then use techniques with tensor products, inductive limits, and subalgebras

to produce examples such that the end result has the desired K-theory. Regarding

two of these techniques, computing the K-theory is usually cut-and-dried. For tensor

products, one has the Künneth Theorem (at least for “reasonably nice” C∗-algebras, see

Theorem 1.2.19). For inductive limits, K-theory is continuous; it does not distinguish

between elements that are nearby in norm, therefore the K-theory of an inductive limit

is completely contained in the K-theory of the approximating subalgebras. Analyzing

the K-theory associated with an inclusion of a C∗-subalgebra demands a bit more

attention; this leads to the subject of relative K-theory.

In topological K-theory, given a compact space X and a closed subspace Y , one can

form the relative group K0(X, Y ) using vector bundles. The noncommutative version

of this construction is to consider a unital C∗-algebra A, an ideal I of A, and pairs of

2



projections in matrix algebras over A that are equivalent via partial isometries modulo

I. The relative group (usually denoted K0(A, I), see [4]) thus captures homological

data of the quotient map from A to A/I. Generalizing this situation to a more general
∗-homomorphism (for example, an inclusion map) requires a bit more structure. One

method is to use the mapping cone, which is used in [27], and another is to use Karoubi’s

approach, as in [30]. It is the latter definition that we consider in this project, and we

show that both definitions give the same theory in a natural way and produce the same

six-term exact sequences, though Karoubi’s approach takes a great deal more work to

reach the desired results. The main trade-off is that the proof of the more general

excision theorem appears to rely quite heavily on the presentation in [18]. There are a

few other benefits to the latter portrait, which we discuss further in Chapter 2.

Once the Karoubian portrait of relative K-theory is in hand, the excision theorem

in [30] will be at our disposal. This theorem, while stated in a great deal of generality,

has two intended uses for groupoids. The first is the so-called “subgroupoid” situation

which is used in [29] and [9]. The second, which has seen little exploration to date and

which we will focus on, is the “factor groupoid” situation. This situation requires two

groupoids G and G′ with a surjective groupoid homomorphism π : G → G′ satisfy-

ing some natural hypotheses, which results in an inclusion between their C∗-algebras,

C∗
r (G

′) ⊆ C∗
r (G). The term comes from the theory of dynamical systems via factor

and extension systems, and therefore factor groupoids may be considered somewhat

intuitively as the noncommutative (or dynamical) version of the categorical equiva-

lence between quotient maps π : X → Y of compact Hausdorff spaces and inclusions

C(Y ) ⊆ C(X), see Proposition 1.3.9. Due to the assumptions we place on π, factor

groupoids are, in a sense, much more topological in nature than noncommutative, given

that much of the “collapsing” happens at the level of the unit space.

We will consider two constructions of factor groupoids, both with implications to

the problem of finding groupoid models for classifiable C∗-algebras. The first construc-

tion follows the same set-up as in [29] with AF-groupoids and embeddings of Bratteli

diagrams. Our method differs in that, rather than extending an equivalence relation

and retaining the unit space, we take a quotient of the unit space and the equivalence

relation follows along. The result is a recipe for a principal groupoid model for any C∗-

algebra with Elliott invariant containing a simple, acyclic K0-group and a countable,

torsion-free K1-group. The unit spaces that come out of the quotient operation are

quite fascinating, the connected components being either single points or circles. Many

of the spaces resemble fractals (or are fractals, depending on your definition of fractal),

and have particularly regular self-symmetry when the Bratteli diagrams involved have

simple descriptions.

The second construction considers minimal extensions of Cantor minimal systems

due to Robin Deeley, Ian Putnam, and Karen Strung. The original Cantor system is

a factor groupoid of the extension, and hence we may use relative K-theory and the

3



excision theorem to analyze the K-theory. The result, while less structured than the

first involving the quotient spaces, expresses the K-theory of the extensions in terms of

the topological K-theory of attractors of compact, invertible iterated function systems.

In sum, this dissertation may be divided into two main parts. The first part adapts

Karoubi’s portrait of relative K-theory for C∗-algebras and shows that it is naturally

isomorphic to that given by the mapping cone. The second part explores the problem

of finding groupoid models for C∗-algebras through the lens of factor groupoids, using

relative K-theory and excision to simplify the calculations. We end with speculation.

Specifically, we surmise the possibility of axiomatizing relative K-theory on a suitable

class of C∗-algebras by mimicking (in fact, extending) the original axiomatization due

to Joachim Cuntz in [7]. We also speculate further possibilities for factor groupoid

constructions.

4



Chapter 1

Preliminaries

We outline the basic background in C∗-algebras, K-theory, groupoids, and Bratteli

diagrams. We also prove a handful of simple results that will be needed in later

chapters.

1.1 C∗-algebras

We begin with an outline of the theory of C∗-algebras, emphasizing the ideas that will

be needed most. We refer to the encyclopedic reference [5] for more information.

Definition 1.1.1. A C∗-algebra A is a normed algebra over the complex numbers C,
with a conjugate linear involution, that satisfies the following properties.

(i) The involution a 7→ a∗ satisfies the property that, if a and b are in A, then

(ab)∗ = b∗a∗.

(ii) A is complete in its norm, and if a and b are in A, then ∥ab∥ ≤ ∥a∥∥b∥, and if a

is in A, then ∥a∗a∥ = ∥a∥2.

If there is a multiplicative identity 1A, then A is called unital. If ab = ba for any a and

b in A, then A is called commutative.

1.1.1 Examples and constructions

There are several important examples of C∗-algebras that we will need throughout, as

well as methods of constructing new C∗-algebras from old ones. We summarize them

in this subsection.

Example 1.1.2. The algebra C0(X), all continuous complex valued functions on the

locally compact Hausdorff space X which vanish at infinity, with pointwise operations

and supremum norm, is a C∗-algebra. X is compact if and only if C0(X) is unital,

and in this case we denote the algebra by C(X). It is always commutative, and every

commutative C∗-algebra is of this form (this is the Gelfand-Naimark Theorem).

5



Example 1.1.3. The algebra B(H), all bounded linear operators on the Hilbert space

H, is a C∗-algebra. The adjoint a∗ of a is the unique operator such that ⟨a∗ξ, η⟩ =

⟨ξ, aη⟩ for all ξ and η in H. This example is always unital, the unit 1B(H) being the

identity operator defined by 1B(H)ξ = ξ for all ξ in H, but never commutative unless

the dimension of H is 1 (in which case B(H) is isomorphic to C). If H has dimension n,

where n is a positive integer, we may fix an orthonormal basis {ξ1, . . . , ξn} and identify

B(H) with Mn(C): the (i, j) entry of a is ⟨aξi, ξj⟩. The algebraic operations are then

the usual ones on Mn(C), and the involution is the complex conjugate transpose. If

H is separable (that is, has a countable dense subset) and infinite-dimensional, it

is isomorphic to l2, the space of all sequences ξ = {ξ(n)}∞n=1 such that the norm

∥ξ∥2 = (
∑∞

n=1 |ξ(n)|2)
1/2

is finite. The space l2 has the standard orthonormal basis δn,

where δn(k) = 1 if n = k and δn(k) = 0 otherwise.

If H is a Hilbert space, every subalgebra of B(H) that is closed under the norm

and the adjoint operation is a C∗-algebra. The converse is remarkably true: for every

C∗-algebra A, there exists a Hilbert space H and an isometric (norm-preserving) ∗-

homomorphism ϕ : A → B(H) (the Gelfand-Naimark Theorem). The definition of a
∗-homomorphism is given below.

We will also need the following two examples of concrete C∗-algebras.

Example 1.1.4. The algebraK(H) (or justK ifH is separable and infinite-dimensional)

of all compact operators on H (that is, the operators a in B(H) such that the set

a{ξ ∈ H | ∥ξ∥ ≤ 1} is compact in H or, equivalently, operators that are limits of op-

erators with finite dimensional range) is a C∗-algebra. K can also be described as the

completion of the algebra M∞(C) =
⋃∞
n=1Mn(C). The latter union is viewed as in-

creasing by viewing small matrices as larger ones via “top left corner blocks”. We will

discuss this more precisely in the section on K-theory.

Example 1.1.5. The Toeplitz algebra, denoted T , is the universal C∗-algebra generated

by an isometry. It may be concretely realized as the C∗-algebra of operators generated

by the unilateral shift on l2, that is, the smallest C∗-subalgebra of B(l2) that contains
the operator v defined by vδn = δn+1 for n ≥ 1.

Example 1.1.6. If {Ai}i∈I is a collection of C∗-algebras, the direct sum A =
⊕

i∈I Ai
is a C∗-algebra with the obvious component-wise operations: it consists of all tuples

a = {ai}i∈I such that ai is in Ai for all i in I, and limi∈I ∥ai∥Ai = 0.

Example 1.1.7. If A is any C∗-algebra, denote by Ã the unitization of A: the set of

all formal sums a+λ with a in A and λ in C with component-wise addition and scalar

multiplication. The product and involution are given by

(a+ λ)(b+ ω) = ab+ λb+ ωa+ λω (a+ λ)∗ = a∗ + λ

6



and the norm is ∥a + λ∥ = sup{∥ba + λb∥ | b ∈ A and ∥b∥ ≤ 1}. Ã is unital, with

unit 1Ã = 0 + 1. For a = b + λ in Ã, we let ȧ denote the complex number λ. We

also regard ȧ as an element of Ã by identifying it with λ1Ã. If A is unital then Ã

is isomorphic to A ⊕ C via the map A ⊕ C → Ã : (a, λ) 7→ a + λ(1Ã − 1A). The

unitization C0(X)∼ is isomorphic as a C∗-algebra to C(X+), where X+ = X ∪ {∞} is

the one-point compactification of X.

Example 1.1.8. We will also need to consider tensor products of C∗-algebras. The

general theory is filled with technical difficulties, but thankfully, given any tensor prod-

uct in this project, at least one of the algebras involved will be nuclear, which means

there is no ambiguity in defining the norm (see II.9.4.1 of [5]).

If X is a locally compact Hausdorff space and A is a C∗-algebra, the tensor product

C0(X)⊗A is isomorphic to C0(X,A), all continuous functions f : X → A which vanish

at infinity. The algebraic operations are pointwise, and the norm is the supremum

norm, as with C0(X). The unitization C0(X,A)
∼ may be viewed as the subalgebra of

all functions in C(X+, Ã) such that there is some λ in C with f(∞) = λ and ḟ(x) = λ

(notice the dot) for all x in X+. We write SA for C0((0, 1)) ⊗ A = C0((0, 1), A), the

suspension of A, and CA for C0((0, 1])⊗ A = C0((0, 1], A), the cone of A.

If A is a C∗-algebra and n is a positive integer, the tensor product A ⊗ Mn(C)
is isomorphic to Mn(A), all n × n matrices with entries in A, with the usual matrix

operations. The norm is obtained by representing A faithfully on a Hilbert space H
(this is always possible by the Gelfand-Naimark Theorem) and considering an element

a inMn(A) as an operator in B(H⊕n) in the obvious way. As long as the representation

is faithful, the norm is well defined.

The tensor product A ⊗ K is often called the stabilization of A, and it may be

viewed as the completion of the ∗-algebra M∞(A) =
⋃∞
n=1Mn(A).

Definition 1.1.9. If A and B are C∗-algebras, a ∗-homomorphism ϕ : A → B is a

linear map such that ϕ(ab) = ϕ(a)ϕ(b) and ϕ(a∗) = ϕ(a)∗ for all a and b in A.

A ∗-homomorphism ϕ : A → B extends naturally to the unitizations and tensor

products described above: ϕ̃ : Ã → B̃ is defined by ϕ̃(a + λ) = ϕ(a) + λ. The map

idC0(X) ⊗ ϕ “applies ϕ to a function pointwise”, and the map ϕ⊗ idMn(C) “applies ϕ to

each entry”. We will frequently abuse notation and denote all of these extensions by

ϕ, except when clarity is necessary to avoid confusion. We will sometimes use Sϕ and

Cϕ to denote the respective induced homomorphisms SA→ SB and CA→ CB.

A C∗-algebra A is called contractible if for each t in the interval [0, 1] there is a
∗-homomorphism ϕt : A → A such that, for all a in A, t 7→ ϕt(a) is continuous,

ϕ1(a) = a, and ϕ0(a) = 0. The cone CA is contractible for every C∗-algebra A, by

taking ϕt(f) = ft, where ft(s) = f(ts).

We now name some important properties that elements of a C∗-algebra might have,

as well as some relations between them.
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Definition 1.1.10. An element a of a unital C∗-algebra is called

(i) invertible if it has a multiplicative inverse a−1, that is, a−1a = aa−1 = 1,

(ii) a unitary if a∗a = aa∗ = 1,

(iii) an isometry if a∗a = 1.

An element a of a (not necessarily unital) C∗-algebra is called

(i) idempotent if a2 = a,

(ii) self-adjoint if a = a∗,

(iii) a projection if a∗a = a,

(iv) a partial isometry if aa∗a = a, and

(v) normal if a∗a = aa∗.

Projections satisfy a = a2 = a∗ (in fact, this is an equivalent definition). If a

is a partial isometry, then both a∗a and aa∗ are projections (this is also an equiva-

lent definition), and they are respectively called the source projection and the range

projection.

Definition 1.1.11. Let A be a C∗-algebra.

(i) We say that two idempotents (resp. projections, invertibles, unitaries) a and b in

A are homotopic if there is a continuous path of idempotents (resp. projections,

invertibles, unitaries) at for 0 ≤ t ≤ 1 with a0 = a and a1 = b.

(ii) Two idempotents e and f in A are called (algebraically) equivalent if there are

elements a and b in A such that ba = e and ab = f .

(iii) Two idempotents e and f in A are called similar if there is an invertible z in Ã

such that f = zez−1.

(iv) Two projections p and q in A are called Murray-von Neumann equivalent if there

is a partial isometry v in A such that v∗v = p and vv∗ = q.

(v) Two projections p and q in A are called unitarily equivalent if there is a unitary

u in Ã such that q = upu∗.
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1.1.2 Spectral theory and continuous functional calculus

Most clever tricks in K-theory rely on spectral theory and continuous functional cal-

culus. For a in A, we define the spectrum σ(a) to be

σ(a) = {λ ∈ C | a− λ1 is not invertible in Ã}

The spectrum is always compact, and nonempty thanks to Liouville’s Theorem in com-

plex analysis. If a is normal, there is an isomorphism from C(σ(a)) to C∗(a, 1) (where

C∗(a, 1) is the smallest C∗-subalgebra of Ã containing a and 1). The isomorphism can

be roughly described as follows: for a polynomial p(z) = cnz
n+· · ·+c1z+c0 in C(σ(a)),

p(a) = cna
n + · · ·+ c1a+ c01

and one obtains everything else in C(σ(a)) and C∗(a, 1) using the Stone-Weierstrass

Theorem. An important example is the exponential function, which has the familiar

series expansion

exp(a) = ea =
∞∑
n=0

an

n!

Another important example is the square root function: if σ(a) ⊆ [0,∞) and f(x) =

x1/2, we denote f(a) by a1/2.

We record the following fairly standard facts that will be needed for K-theoretic

reasons. We sketch the proofs for convenience.

Proposition 1.1.12. Let A be a C∗-algebra, and let a, u, and v be elements of A.

(i) If A is contractible, then every unitary in Mn(Ã) is homotopic to 1.

(ii) If a is self-adjoint, then eia is a unitary in Ã and homotopic to 1.

(iii) If u is a self-adjoint unitary, then u = eiπ(1−u)/2, hence u is homotopic to 1.

(iv) If v is a partial isometry in Ã, then[
v 1− vv∗

1− v∗v v∗

]

is a unitary in M2(Ã) and is homotopic to

[
1 0

0 1

]
.

Proof. (i) If u is a unitary in Mn(Ã) = Ã ⊗Mn(C) and ϕt is as in the definition of

contractible, then ϕ̃t ⊗ idMn(C)(u) is a path of unitaries from u to a unitary in

Mn(C). Since the unitary group of Mn(C) is connected, the conclusion follows.
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(ii) One can use the power series for exp to show that ea+b = eaeb when a and b

commute. Therefore, for any b in A, eb is invertible with inverse (eb)−1 = e−b. So

if a is self-adjoint, (eia)∗ = e(ia)
∗
= e−ia = (eia)−1. For the homotopy, take the

path eita for 0 ≤ t ≤ 1.

(iii) We have u2 = 1, so (1− u)n = 2n−1(1− u) by induction. Then

eiπ(1−u)/2 =
∞∑
n=0

(iπ(1− u)/2)n

n!
= 1 +

1

2
(1− u)(eiπ − 1) = u

and u is homotopic to 1 by part (ii).

(iv) That the matrix is unitary is an easy computation. Write[
v 1− vv∗

1− v∗v v∗

]
=

[
0 1

1 0

][
1− v∗v v∗

v 1− vv∗

]

and observe that both matrices on the right are self-adjoint unitaries. The result

follows from part (iii).

In fact, one can show that every unitary homotopic to 1 is equal to a finite product

of elements of the form eia where a is self-adjoint (see, for example, Proposition 3.4.5 of

[4]). We use this fact in the proof below. If ϕ : A→ B is a surjective ∗-homomorphism

and b is in B, an element a in A such that ϕ(a) = b is called a lift of b.

Proposition 1.1.13. Suppose that A and B are unital and ϕ : A → B is a surjective
∗-homomorphism. Then

(i) Every self-adjoint element in B lifts to a self-adjoint element in A.

(ii) Every unitary in B that is homotopic to 1B lifts to a unitary in A that is homotopic

to 1A. In particular, if u is any unitary in B, then there is a unitary w in M2(A)

homotopic to

[
1 0

0 1

]
such that

ϕ(w) =

[
u 0

0 u∗

]

Proof. Letting c be any element with ϕ(c) = b and taking a = 1
2
(c+ c∗) shows (i). To

prove (ii), find self-adjoint elements a1, a2, . . . , ak with u = eia1eia2 · · · eiak . By (i) we

may lift each ai to a self-adjoint bi, and let w = eib1eib2 · · · eibk . The last claim follows

from taking v = u in part (iv) of Proposition 1.1.12.
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1.2 K-theory

Here we set out notation and record the basic definitions and results in C∗-algebra K-

theory. Proofs of all results in this section may be found in [4]. Other useful references

are [32] and [36].

Let A be a C∗-algebra. We need to consider arbitrarily large matrix algebras over

Ã. We denote the union
⋃∞
n=1Mn(Ã) by M∞(Ã). This union is sometimes viewed

as disjoint, but we will view it as increasing: if n and k are positive integers and a

is in Mn(Ã), we can regard a as an element of Mn+k(Ã) by “adding zeros down the

diagonal”, that is, by identifying it with the matrix[
a 0

0 0k

]

If a and b are in M∞(Ã) we define the “block diagonal sum”

a⊕ b =

[
a 0

0 b

]

There is some ambiguity here because, as we just described, a and b may be regarded as

matrices of arbitrarily large size. However, since K-theory doesn’t distinguish elements

that are “moved down the diagonal”, there will be negligible harm done by ignoring

this technical issue. If m ≥ n, we denote by 1n the matrix in Mm(Ã) with n ones down

the diagonal, and zeros elsewhere.

1.2.1 The group K0(A)

Definition 1.2.1. (i) Let A be a unital C∗-algebra. The group K0(A) is defined to

be the quotient of the free abelian group generated by all symbols of the form [p]

for a projection p in M∞(A) subject to the relations

(a) [p] + [q] = [p⊕ q].

(b) [0] = 0.

(c) If there exists an integer n ≥ 1 such that p and q are Murray-von Neumann

equivalent in Mn(A), then [p] = [q].

(ii) If A is non-unital, then K0(A) is defined to be the subgroup of K0(Ã) consisting

of all differences [p] − [q] such that [ṗ] = [q̇] in K0(C) (recall that ṗ denotes the

scalar part of p).
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When A is unital, it is a convenient fact (see [32]) that K0(A) may be defined via

(ii) above as well as via (i), and the resulting group is the same. Therefore, we will

take (ii) to be the standard definition of K0(A) whether A is unital or not.

For every element x of K0(A) we may find positive integers m and n such that

m ≥ n and a projection p in Mm(Ã) such that ṗ is Murray-von Neumann equivalent

(or even equal) to 1n and x = [p]− [1n] (6.2.7 of [36]).

Murray-von Neumann equivalence could also be replaced by unitary equivalence or

homotopy, as these equivalences are all the same, provided one chooses a large enough

matrix algebra (4.3.1 and 4.4.1 of [4]).

We could alternatively define K0(A) using idempotents in place of projections, and

algebraic equivalence instead of Murray-von Neumann equivalence. Indeed, this allows

us to define the K0-group of a more general Banach algebra A, but when A is a C∗-

algebra, projections are usually preferable because they are self-adjoint (hence normal)

and have nicer spectral theory.

Definition 1.2.2. An ordered abelian group G is an abelian group with a distinguished

subsemigroup G+, called the positive cone of G, such that

(i) G+ +G+ ⊆ G+,

(ii) G+ ∩ (−G+) = {0},

(iii) G = G+ −G+.

We write g ≥ 0 to mean that g is in G+ and g ≥ h to mean that g−h ≥ 0. An element

u of the ordered abelian group G is called an order unit if, for every g in G, there is

an integer n such that −nu ≤ g ≤ nu (where nu = u+ u+ · · ·+ u, n times).

A unital C∗-algebra A is called finite if every isometry in A is a unitary, and it is

called stably finite if Mn(A) is finite for all n ≥ 1.

Proposition 1.2.3. If A is unital and stably finite, then K0(A) is an ordered abelian

group with positive cone

K0(A)
+ = {[p] | p a projection in M∞(A)}

and order unit [1A].

Example 1.2.4. (i) K0(C) ∼= K0(Mn(C)) ∼= Z, for all n ≥ 1. A generator of the

group is [1C], or the class of any rank one projection. The positive cone is iden-

tified with Z+ = {0, 1, 2, 3, . . .} If X is a compact Hausdorff space, let C(X,Z)
denote the continuous functions from X to Z, where the integers have the dis-

crete topology. C(X,Z) is a group under pointwise addition. There is a surjective
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group homomorphism

dim : K0(C(X)) → C(X,Z)

defined, for a projection p in Mn(C(X)) = C(X,Mn(C)), by dim([p])(x) =

Tr(p(x)), where Tr is the usual trace onMn(C). If X is totally disconnected, then

dim is injective, hence an isomorphism. If X is contractible, then C(X,Z) = Z,
since the only continuous functions from a connected space into a discrete space

are constant. Moreoever, dim is injective if X is compact and contractible (as a

space), and therefore K0(C(X)) ∼= Z, a generator given by [1C(X)]. Again, the

positive cone is identified with Z+.

(ii) IfX is a compact Hausdorff space,K0(C(X)) is isomorphic toK0(X), the topolog-

ical K-theory of X (we will sometimes use this alternative notation). Topological

K-theory is defined using things called vector bundles and the aforementioned

isomorphism is the content of Swan’s theorem (I.6.18 of [18]).

(iii) K0(K) ∼= Z, generated by the class of any rank one projection.

(iv) K0(C0(R2)) ∼= Z. To find a generator of the group, let D = {z ∈ C | |z| ≤ 1},
and identify C0(R2)∼ with functions in C(D) that are constant on the unit circle

T = {z ∈ C | |z| = 1}. Then a generator of K0(C0(R2)) is given by [p]− [1⊕ 0],

where p in C(D,M2(C)) is the Bott projection:

p(z) =

[
|z|2 z

√
1− |z|2

z
√

1− |z|2 1− |z|2

]

Tracial data is intimately tied with ordered K0-theory. We will need the following

definitions in order to describe the Elliott invariant in subsection 1.2.4.

Definition 1.2.5. A trace on a C∗-algebra A is a bounded linear functional τ : A→ C
such that τ(ab) = τ(ba) for all a and b in A. We say τ is a tracial state if τ is positive

(τ(a∗a) ≥ 0 for all a in A) and ∥τ∥ = 1. We let T (A) denote the space of all tracial

states on A.

Definition 1.2.6. Let A be a unital and stably finite C∗-algebra. Define the map rA
from T (A) to S(K0(A)), the space of all states on the ordered abelian group K0(A),

by

rA(τ)([p]− [q]) = τ(p)− τ(q)

where, if a = (ai,j) in Mn(A), then τ(a) =
∑n

i=1 τ(ai,i).
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1.2.2 The group K1(A)

Definition 1.2.7. If A is a unital C∗-algebra and n ≥ 1, we let Un(A) denote the set

of unitaries in Mn(A), and let U∞(A) =
⋃∞
n=1 Un(A).

When regarding unitaries as arbitrarily large matrices, we add ones down the diag-

onal instead of zeros. So if u is in Un(Ã), we view it as[
u 0

0 1k

]

in Un+k(Ã).

Definition 1.2.8. (i) Let A be a unital C∗-algebra. The group K1(A) is defined to

be the quotient of the free abelian group generated by all symbols of the form [u]

for u in U∞(A) subject to the relations

(a) [u] + [v] = [u⊕ v].

(b) [1] = 0.

(c) If there exists n ≥ 1 such that u and v are homotopic in Un(A), then [u] = [v].

(ii) If A is non-unital, then K1(A) is defined to be K1(Ã).

Conveniently, we have −[u] = [u∗] for all unitaries u in U∞(Ã), so there is no need

for formal differences as with K0(A). If u and v are in Un(Ã), we have the formula

[u] + [v] = [uv]. Every element of K1(A) is represented by a class [u] for a unitary u in

Un(Ã) with u̇ = 1n.

Like the K0-group, we could define K1(A) in a more general way, using invertibles

instead of unitaries. Again, it is usually preferable to stick with unitaries due to their

nice spectral theory. In Chapter 2, we will see an even more general definition using

what may be called “partially invertible” elements.

Example 1.2.9. (i) K1(B(H)) = 0 for any Hilbert space H.

(ii) K1(C(X)) = 0 if X is compact and contractible.

(iii) The standard example that yields a nontrivial group is K1(C(T)) ∼= Z, which is

generated by the class of the function f(z) = z on T.

Henceforth, we will economically denote the function f(z) = z in C(T) by z.
K0 and K1 are functors from the category of C∗-algebras to the category of abelian

groups: if ϕ : A → B is a ∗-homomorphism, the induced group homomorphisms

ϕ∗ : K0(A) → K0(B) and ϕ∗ : K1(A) → K1(B) satisfy the property that

ϕ∗([p]) = [ϕ̃(p)] and ϕ∗([u]) = [ϕ̃(u)]
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for all projections p and all unitaries u in M∞(Ã). By homotopy invariance, K0(A) =

K1(A) = 0 if A is contractible.

Remark. A small word on notation: sometimes K0 and K1 are amalgamated and

studied simultaneously by defining K∗(A) = K0(A)⊕K1(A) and regarding the theory

as so-called Z2-graded, see V.1.3.8 of [5]. We will not make use of any grading, but we

will use the notation K∗ when discussing anything about the K-groups that does not

depend on the value of the subscript. We will do the same for the relative K-groups

in Chapter 2.

1.2.3 Stability, suspensions, exact sequences, and the Künneth

theorem

If A is any C∗-algebra and p is any rank one projection in K, the ∗-homomorphism κA :

A→ A⊗K given by κA(a) = a⊗p induces an isomorphism (κA)∗ : K∗(A) → K∗(A⊗K).

This property of K-theory is often referred to as stability. Strictly speaking, while κA
depends on the choice of p, (κA)∗ does not. Therefore, for all K-theoretic purposes, we

may sweep p under the rug.

If A is any C∗-algebra, there are natural (in a categorical sense) isomorphisms

θA : K1(A) → K0(SA) and βA : K0(A) → K1(SA) (Theorem 8.2.2 and Theorem 9.2.1

of [4], respectively). The map βA is called the Bott map for A. The map θA may be

computed as follows. For a class [u], where u is a unitary in Mn(Ã) with u̇ = 1n, find

a unitary v in C([0, 1])⊗M2n(Ã) such that v(0) = 12n, v(1) = u⊕ u∗, and v̇(t) = 12n
for all 0 ≤ t ≤ 1 (such a v exists by part (ii) of Proposition 1.1.13). Then

θA([u]) = [v(1n ⊕ 0n)v
∗]− [1n ⊕ 0n]

The Bott map may be computed as follows. If p and q are projections in Mn(Ã) with

[ṗ] = [q̇] in K0(C),
βA([p]− [q]) = [fpf

∗
q ]

where fp(t) = e2πitp for 0 ≤ t ≤ 1.

Definition 1.2.10. Let X, Y , and Z be modules over a ring (such as C∗-algebras

over C, or abelian groups over Z) and let f : X → Y and g : Y → Z be module

homomorphisms. We say that the sequence

X Y Z
f g

is exact (at Y ) if the image of f is exactly1 equal to the kernel of g. If such a sequence

of modules and homomorphisms has five terms (modules) and the first and last are

1I suspect this is the reason for the terminology.

15



zero, we say that the sequence is short exact. If such a sequence is cyclic and has

six-terms, we say that it is a six-term exact sequence.

The next result is the most important standard tool in K-theory.

Proposition 1.2.11. If the sequence

0 I A A/I 0ι π

of C∗-algebras is exact, then there are group homomorphisms δ0 : K0(A/I) → K1(I)

and δ1 : K1(A/I) → K0(I) (called the exponential map and the index map, respec-

tively) that make the sequence

K0(I) K0(A) K0(A/I)

K1(A/I) K1(A) K1(I)

ι∗ π∗

δ0δ1

π∗ ι∗

exact.

The map δ1 may be computed as follows. For a class [u], where u is a unitary in

Mn(Ã/I), find a unitary w in M2n(Ã) with π(w) = u⊕ u∗ (use part (ii) of Proposition

1.1.13). Then

δ1([u]) = [w(1n ⊕ 0n)w
∗]− [1n ⊕ 0n]

If there is a partial isometry v in Mn(Ã) with π(v) = u, then by taking w to be the

unitary in part (iv) of Proposition 1.1.12, the index map has the following alternative

description that forgoes doubling matrix sizes:

δ1([u]) = [1n − v∗v]− [1n − vv∗]

The map δ0 may be computed as follows. For integers m ≥ n and a projection p in

Mm(Ã/I) with ṗ equivalent to 1n, find a self-adjoint element a inMm(Ã) with π(a) = p

(use part (i) of Proposition 1.1.13). Then

δ0([p]− [1n]) = −[e2πia]

Both maps δ1 and δ0 are natural in a categorical sense.

The next two six-term exact sequences involve a useful homological construction

called the mapping cone.

Definition 1.2.12. Let ϕ : A → B be a ∗-homomorphism. The mapping cone Cϕ is

defined to be the C∗-subalgebra of A⊕CB consisting of all pairs (a, f) in A⊕CB such

that f(1) = ϕ(a).
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Such a C∗-algebra is often referred to as a pullback of two ∗-homomorphisms, the

two ∗-homomorphisms in this instance being ϕ : A→ B and πB : CB → B defined by

πB(f) = f(1).

Lemma 1.2.13. (i) Define the maps ι : SB → Cϕ and π : Cϕ → A by ι(f) = (0, f)

for f in SB and π(a, f) = a for (a, f) in Cϕ. Then the sequence

0 SB Cϕ A 0ι π (1.1)

is short exact.

(ii) Let δ1 and δ0 be the boundary maps given by Proposition 1.2.11 associated to the

short exact sequence (1.1). Then the diagrams

K1(A) K1(B) K0(A) K0(B)

K0(SB) K1(SB)

ϕ∗

δ1
θB

δ0

ϕ∗

βB

are commutative up to sign.

Proof. Part (i) is straightforward and we omit the proof. For part (ii), we consider

the left diagram first. Let u be a unitary in Mn(Ã) with u̇ = 1n. Find a unitary v in

C([0, 1])⊗M2n(B̃) with v(0) = 12n, v(1) = ϕ(u)⊕ϕ(u)∗, and v̇(t) = 12n for all t. Then

(u⊕ u∗, v) is a unitary in M2n(C̃ϕ) that lifts u⊕ u∗, so by the definitions of the maps

δ1 and θB,

δ1([u]) = [v(1n ⊕ 0n)v
∗]− [1n ⊕ 0n] = θB([ϕ(u)]) = θB(ϕ∗([u]))

Now we consider the diagram on the right. Let n ≤ m and p be a projection inMm(Ã)

with ṗ equivalent to 1n. Let a be the self-adjoint element of C([0, 1])⊗Mm(B̃) defined

by a(t) = tϕ(p) + (1− t)1n. Then (p, a) is in Mn(C̃ϕ) and is a self-adjoint lift of p, so

δ0([p]− [1n]) = −[e2πia]

Also observe that

e2πia(t) = e2πi(tϕ(p)+(1−t)1n) = e2πitϕ(p)e2πi1ne−2πit1n = fϕ(p)(t)f1n(t)
∗

since e2πi1n = 1m in Mm(B̃). So by definition of the map βB,

βB(ϕ∗([p]− [1n])) = βB([ϕ(p)]− [1n]) = [fϕ(p)f
∗
1n ] = [e2πia] = −δ0([p]− [1n]).
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Applying Proposition 1.2.11 to the short exact sequence in part (i) of Lemma 1.2.13

and using the commutative diagrams in part (ii) of the same lemma, we obtain the

following result.

Proposition 1.2.14. The sequence

K1(B) K0(Cϕ) K0(A)

K1(A) K1(Cϕ) K0(B)

ι∗◦θB π∗

ϕ∗ϕ∗

π∗ ι∗◦βB

is exact.

The following six-term exact sequence may be regarded as a “standard” six-term

exact sequence for mapping cones.

Proposition 1.2.15. Suppose that

0 I A A/I 0

0 J B B/J 0

ιA

ψ

πA

ϕ γ

ιB πB

is a commutative diagram with exact rows. Then the sequence

0 Cψ Cϕ Cγ 0ι π (1.2)

where ι(a, f) = (ιA(a), CιB(f)) for (a, f) in Cψ and π(a, f) = (πA(a), CπB(f)) for

(a, f) in Cϕ, is a short exact sequence, and therefore the sequence

K0(Cψ) K0(Cϕ) K0(Cγ)

K1(Cγ) K1(Cϕ) K1(Cψ)

ι∗ π∗

δ0δ1

π∗ ι∗

is exact.

Proof. The six-term exact sequence follows immediately from applying Proposition

1.2.11 to (1.2), and the only non-trivial part of proving that (1.2) is exact is in showing

that π is surjective. The diagram

0 SB Cϕ A 0

0 S(B/J) Cγ A/I 0

SπB π πA
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is clearly commutative, and it has exact rows by exactness of (1.1). The map πA
is surjective by assumption, and SπB is surjective by Proposition 10.1.2 of [32]. The

conclusion then follows from the five lemma (see, for example, Section 10.5, Proposition

24 of [10]).

It is because of the six-term exact sequences in Proposition 1.2.14 and Proposition

1.2.15 that K∗(Cϕ) may be taken to be the definition of the relative K-theory of ϕ.

Proposition 1.2.14 provides a way of comparing theK-theory of A with theK-theory of

B via ϕ, and Proposition 1.2.15 provides a way of comparing relative K-groups related

to each other through what homological algebraists would refer to as a “homomorphism

of short exact sequences”. Chapter 2 will be devoted to a more basic definition that

has two six-term exact sequences that naturally correspond to those above.

The final six-term exact sequence in this subsection involves crossed products of

C∗-algebras by Z, and is originally due to M. Pimsner and D. Voiculescu [24]. We

will not give an overview of crossed products as the ones we need will have groupoid

models (namely, those that arise as actions of Z on a compact metric space via a single

homeomorphism), but the sequence in Proposition 1.2.17 will be of use to us.

Theorem 1.2.16. Let A be a unital C∗-algebra and α : A → A a ∗-automorphism.

There is a C∗-algebra, denoted A×αZ, that is generated by an isomorphic copy of A and

a unitary element u such that uau∗ = α(a) for all a in A. Moreover, this C∗-algebra

is universal in the following sense: if B is any C∗-algebra containing a unitary v and

if there is a ∗-homomorphism ϕ : A → B such that vϕ(a)v∗ = ϕ(α(a)) for all a in A,

then there is a unique ∗-homomorphism ψ : A×α Z → B such that ϕ = ψ ◦ ι (where ι
is the inclusion map ι : A→ A×α Z) and ψ(u) = v.

Proposition 1.2.17. Let A be a unital C∗-algebra and α : A→ A a ∗-automorphism.

There is a six-term exact sequence

K0(A) K0(A) K0(A×α Z)

K1(A×α Z) K1(A) K1(A)

id−α−1
∗ ι∗

δ0δ1

ι∗ id−α−1
∗

We give a brief outline of a proof based on lecture notes of Allan Yashinski, which is

in turn based on the original proof in [24]. Recall that T denotes the Toeplitz algebra,

and let Tα be the C∗-subalgebra of (A ×α Z) ⊗ T generated by ι(A) ⊗ 1 and u ⊗ v,

where v is the unilateral shift. There is a short exact sequence

0 A⊗K Tα A×α Z 0ν π
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where π(ι(a) ⊗ 1) = ι(a) for all a in A and π(u ⊗ v) = u. Furthermore, if we define

j : A → Tα by j(a) = ι(a) ⊗ 1, then the induced map j∗ : K∗(A) → K∗(Tα) is an

isomorphism and the diagram

K∗(A) K∗(A) K∗(A×α Z)

K∗(A⊗K) K∗(Tα) K∗(A×α Z)

id−α−1
∗

(κA)∗

ι∗

j∗

ν∗ π∗

commutes. Applying Proposition 1.2.11 to the given short exact sequence above and

using the commutative diagram, we obtain the exact sequence in Proposition 1.2.17.

(We are abusing notation a bit to be more succinct: δn in the theorem is actually

(κA)
−1
∗ ◦ δn for n = 0, 1.)

Lemma 1.2.18. δ1([u]) = −[1A].

Proof. The unitary u lifts to the isometry u⊗ v, so, using the partial isometry descrip-

tion of the index map,

δ1([u]) = [1A ⊗ 1T − (u∗u)⊗ (v∗v)]− [1A ⊗ 1T − (uu∗)⊗ (vv∗)] = −[1A ⊗ (1T − vv∗)]

and since 1T − vv∗ is a rank one projection, (κA)∗([1A]) = [1A ⊗ (1T − vv∗)].

Finally, we need to know how to compute the K-theory of tensor products. The

bootstrap class is the class of all separable, nuclear C∗-algebras that contains C and is

closed under countable inductive limits, short exact sequences, and KK-equivalence.

The only thing we need to know is that this class contains the Toeplitz algebra, all

AF-algebras, and all commutative C∗-algebras. The following is a simplified version of

23.1.3 of [4].

Theorem 1.2.19. Suppose that A is in the bootstrap class and that at least one of

K∗(A) and K∗(B) is torsion free. Then there are isomorphisms

K0(A⊗B) ∼= (K0(A)⊗K0(B))⊕ (K1(A)⊗K1(B))

K1(A⊗B) ∼= (K0(A)⊗K1(B))⊕ (K1(A)⊗K0(B))

1.2.4 The Elliott classification program

An immense area of research in C∗-algebra theory is to determine the extent to which

K-theory can distinguish C∗-algebras. After proving his seminal result in 1976 [12] that

the K0-group, along with its order structure, is a complete invariant for AF-algebras

(C∗-algebras that are inductive limits of finite-dimensional C∗-algebras, or, alterna-

tively, isomorphic to C∗
r (RE) for some groupoid RE as defined in the next section),
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George Elliott conjectured in 1990 that K-theory is enough to distinguish C∗-algebras

that are unital, separable, simple (no non-trivial ideals), and nuclear. This conjecture

initiated a vast amount of work by many mathematicians over the next few decades.

The conjecture as it stood did not hold, and the list of assumptions needed to grow

slightly in order to accommodate pathological examples such as the Jiang-Su algebra Z
[17] (which is unital, separable, simple, nuclear, has the same K-theory as C, but is not
isomorphic to C). Added assumptions include finite nuclear dimension and the Univer-

sal Coefficient Theorem (abbreviated UCT, see 23.1.1 of [4]). Tracial data also needed

to be added alongside K-theory in the invariant. Ultimately, the Elliott invariant for

a C∗-algebra A is

Ell(A) = (K0(A), K0(A)
+, [1A], K1(A), T (A), rA)

We say that Ell(A) and Ell(B) are isomorphic if there is an order preserving isomor-

phism γ0 : K0(A) → K0(B) (that is, γ0(K0(A)
+) = K0(B)+ and γ0([1A]) = [1B]), an

isomorphism γ1 : K1(A) → K1(B), and a homeomorphism γT : T (B) → T (A) that

intertwines the maps rA and rB, that is, rA ◦γT = (· ◦γ0)◦ rB (if f is a state on K0(B),

then f ◦ γ0 is a state on K0(A)).

Theorem 1.2.20 (Theorem 14.2.1 of [34]). Suppose that A and B are two unital,

simple, separable, infinite-dimensional C∗-algebras with finite nuclear dimension that

satisfy the UCT. If Ell(A) is isomorphic to Ell(B), then A is isomorphic to B.

1.3 Groupoids

We will only be concerned with groupoids that are locally compact, Hausdorff, and

étale, and for a more extensive covering of the preliminary material here, see [34].

Definition 1.3.1. A groupoid is a set G together with a distinguished subset G(2) ⊆
G×G, a multiplication map (x, y) 7→ xy from G(2) to G, and an inverse map x 7→ x−1

from G to G such that

(i) (x−1)−1 = x for all x in G;

(ii) if (x, y) and (y, z) belong to G(2), then (xy, z) and (x, yz) belong to G(2), and

(xy)z = x(yz); and

(iii) (x, x−1) belong to G(2) for all x in G, and for all (x, y) in G(2), we have x−1(xy) = y

and (xy)y−1 = x.

We denote G(0) = {x−1x | x ∈ G}, and call it the unit space of G. The maps r

and s from G to G(0), respectively called the range and source maps, are defined by

r(x) = xx−1 and s(x) = x−1x. For u in G(0), we define Gu = r−1(u) and Gu = s−1(u).
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Another definition of a groupoid, famed for its pithiness, is that it is a small category

where every morphism is invertible. To compare with more familiar terminology, a

group may be defined as a small category where every morphism is invertible, and

there is only one object (and therefore any two morphisms are composable).

A topological groupoid is a groupoid with a topology such that the product and

inverse operations are continuous. We say that a topological groupoid is étale if the map

r is a local homeomorphism, and in this case, G(0) is open, and the relative topologies

on Gu and Gu are discrete, for all u in G(0). An open subset U of G such that r(U)

and s(U) are open and r|U : U → r(U) and s|U : U → s(U) are homeomorphisms is

called a open bisection. More generally, a bisection is any set that is contained in an

open bisection.

A groupoid homomorphism π : G → H is a map such that π × π(G(2)) ⊆ H(2) and

π(xy) = π(x)π(y) for every pair (x, y) in G(2) (so, with the category definition, it is a

functor). If G and H are topological groupoids, we will require that π be continuous.

We have π(x−1) = π(x)−1 for all x in G, and π(G(0)) ⊆ H(0), with equality if π is

surjective. We also have π ◦ r = r ◦ π and π ◦ s = s ◦ π. If π is a homeomorphism, we

say it is a groupoid isomorphism, and that G and H are isomorphic as groupoids.

The two standard examples of groupoids which will be of interest here are equiva-

lence relations and group actions.

Example 1.3.2. If R ⊆ X × X is an equivalence relation on a set X, R has the

structure of a groupoid with product and inverse

(x, y)(x′, y′) = (x, y′) (x, y)−1 = (y, x)

where the product is defined only when y = x′. The range and source maps are easily

checked to be r(x, y) = (x, x) and s(x, y) = (y, y), respectively. Thus the unit space

R(0) is {(x, x) | x ∈ X}, which can be identified with X in an obvious way. In general,

if G is a groupoid, the set RG := {(r(x), s(x)) | x ∈ G} is an equivalence relation on

G(0). The map G → RG : x 7→ (r(x), s(x)) is a surjective groupoid homomorphism,

and if it is injective, G is called principal. Every equivalence relation is principal, and,

conversely, every principal groupoid is isomorphic to an equivalence relation. (Under

the categorical definition of a groupoid, a principal groupoid is a small category where

every morphism is invertible and, for every pair of objects a and b, there is at most

one morphism from a to b.) If X is a space and every equivalence class is dense in X,

then R is called minimal.

Example 1.3.3. Let X be a set and Γ a group. Recall that a (left) action of Γ on X

is a map X ×Γ → X : (x, g) 7→ g · x such that g · (h · x)) = (gh) · x for all g and h in Γ

and all x in X, and 1Γ · x = x for all x in X, where 1Γ is the identity of the group. In
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this situation, the set X × Γ has the structure of a groupoid with product and inverse

(x, g)(y, h) = (x, gh) (x, g)−1 = (g · x, g−1)

for x and y in X and g and h in Γ, but the product is defined only when y = g · x.
If the action is free, then X × Γ is principal, as defined in the previous example. If

X and Γ carry topologies and Γ acts continuously by homeomorphisms, the groupoid

X × Γ is étale in the product topology if and only if Γ is discrete. If, for every x, the

orbit {g · x}g∈Γ is dense in X, we say X × Γ is minimal.

Definition 1.3.4. LetG be a locally compact, Hausdorff, étale groupoid. We denote by

Cc(G) the vector space of all continuous complex-valued functions on G with compact

support (the support of a function f is the closure of the set f−1(C− {0})).

Cc(G) is a
∗-algebra with the operations

(f ⋆ g)(x) =
∑

y∈Gr(x)
f(y)g(y−1x) f ∗(x) = f(x−1)

For u in G(0), let δx be the element in l2(Gu) that is 1 at x and 0 elsewhere. Define the

representation ϕu : Cc(G) → B(l2(Gu)) by

ϕu(f)δx =
∑

y∈Gr(x)

f(y)δyx

The representation ϕG =
⊕

u∈G(0) ϕu is well-defined and faithful, and it is called the

left regular representation of Cc(G).

Definition 1.3.5. The closure of ϕG(Cc(G)) in
⊕

u∈G(0) B(l2(Gu)) is called the reduced

C∗-algebra of G, and we denote it by C∗
r (G).

We will denote the norm in C∗
r (G) by ∥ · ∥r, so for f in Cc(G) we have

∥f∥r = ∥ϕG(f)∥ = sup
u∈G(0)

∥ϕu(f)∥

Example 1.3.6. (i) If X = {1, 2, . . . , n} and R = X × X (the trivial equivalence

relation), then C∗
r (R) is isomorphic toMn(C). More generally, if X is any set and

R = X ×X with the discrete topology, then C∗
r (R) is isomorphic to K(l2(X)).

(ii) If X is a locally compact Hausdorff space and R = {(x, x) | x ∈ X} (the co-trivial

equivalence relation), then C∗
r (R) is isomorphic to C0(X).

(iii) If Z acts on the compact Hausdorff space X by a homeomorphism σ : X → X,

then α(f) = f ◦ σ−1 is an automorphism of C(X), and C∗
r (X × Z) is iso-

morphic to C(X) ×α Z (9.3.8 of [34]). Under this identification, the inclusion
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ι : C(X) → C(X)×α Z is given by ι(f)(x, n) = f(x) if n = 0 and ι(f)(x, n) = 0

otherwise. The unitary u implementing the action is given by χX×{1} (where χA
is the characteristic function of the set A).

Many properties of C∗
r (G) may be deduced from properties of G. In the summary

below, we collect conditions on G that will ensure that C∗
r (G) is classifiable. The result

mentions “dynamic asymptotic dimension” for groupoids. We will not need the actual

definition of this term due to Proposition 1.3.8.

Proposition 1.3.7. Let G be a locally compact Hausdorff étale groupoid.

(i) If G(0) is compact, then Cc(G) and C
∗
r (G) are unital.

(ii) If G is second-countable, then C∗
r (G) is separable.

(iii) If G is principal and minimal, then C∗
r (G) is simple.

(iv) If G is principal and has finite dynamic asymptotic dimension, then G is amenable,

and C∗
r (G) is nuclear and satisfies the UCT. If, in addition, G(0) has finite cov-

ering dimension, then C∗
r (G) has finite nuclear dimension.

Therefore, if G satisfies all the hypotheses in (i) through (iv) above, then C∗
r (G) is

classified by its Elliott invariant.

Proof. (i) Since G(0) is open and compact, the characteristic function χ
G(0) is in

Cc(G), and it is easily checked to be the unit in both Cc(G) and C
∗
r (G).

(ii) If G is second-countable, then Cc(G) is separable in the inductive limit topology

by Lemma C.2 of [37]. The conclusion then follows from Lemma 9.2.4 of [34].

(iii) This follows from Theorem 10.3.3 of [34].

(iv) If G is principal and has finite dynamic asymptotic dimension, then G is amenable

by Corollary 8.25 of [15]. The fact that G is amenable then implies that C∗
r (G)

is nuclear by Proposition 6.1.8 of [1], and it also implies that C∗
r (G) satisfies the

UCT by a result of Tu, see [35]. Finally, if G(0) has finite covering dimension,

then Theorem 8.6 of [15] implies that C∗
r (G) has finite nuclear dimension.

The following result is Example 5.3 and Theorem 1.3(i) of [15].

Proposition 1.3.8. (i) If G is equal to the union of compact open subgroupoids,

then G has dynamic asymptotic dimension zero.

(ii) If X is a compact Hausdorff space and Z acts freely and minimally on X, then

X × Z has dynamic asymptotic dimension one.
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We now set the stage for our “factor groupoid” situation. As we mentioned earlier,

a factor groupoid may be regarded as a “noncommutative quotient space”. It may be

helpful to recall that, given a continuous proper surjective map π : X → Y of locally

compact Hausdorff spaces, the map α : C0(Y ) → C0(X) defined by α(f) = f ◦ π is an

injective ∗-homomorphism.

Proposition 1.3.9. Let G and G′ be locally compact Hausdorff étale groupoids and

π : G → G′ a continuous proper surjective groupoid homomorphism. Suppose also

that for all u in G(0), the map π|Gu : Gu → (G′)π(u) is bijective. Then the map

α : Cc(G
′) → Cc(G) defined by α(f) = f ◦ π is an injective ∗-homomorphism, and it

extends to an injective ∗-homomorphism from C∗
r (G

′) to C∗
r (G).

Proof. That α(f) is continuous and compactly supported follows from the fact that π

is continuous and proper. We have

α(f ⋆ g)(x) = (f ⋆ g)(π(x)) =
∑

z∈(G′)π(r(x))

f(z)g(z−1π(x))

and

(α(f) ⋆ α(g))(x) =
∑

y∈Gr(x)
f(π(y))g(π(y−1x))

for all f and g in Cc(G
′) and all x in G. Each z in the first sum corresponds to one

and only one y in the second sum via the bijective map π|Gr(x) , and thus both sums

have precisely the same terms. We also have

α(f ∗)(x) = f ∗(π(x)) = f(π(x)−1) = f(π(x−1)) = α(f)(x−1) = α(f)∗(x)

If α(f)(x) = f(π(x)) = 0 for all x in G, then f(y) = 0 for all y in G′ because π is

surjective, hence α is injective. Lastly, for each u in G(0), the operator Vu : l2(Gu) →
l2(G′

π(u)) defined by Vu(δx) = δπ(x) is unitary. Now take u in G(0), x′ in G′
π(u), and f

in Cc(G
′) to be arbitrary, and let x be the unique element in Gu with π(x) = x′ (note

that π|Gu is also bijective for every u in G(0)). We then have

Vuϕu(α(f))V
∗
u δx′ = Vuϕu(α(f))δx

= Vu
∑

y∈Gr(x)

f(π(y))δyx

=
∑

y∈Gr(x)

f(π(y))δπ(y)x′

=
∑

y′∈G′
r(x′)

f(y′)δy′x′

= ϕπ(u)(f)δx′
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where we used the same trick with the bijective map π|Gr(x) to re-index the sum.

Therefore V =
⊕

u∈G(0) Vu implements a unitary equivalence between ϕG ◦ α and the

representation
⊕

u∈G(0) ϕπ(u). The latter representation gives elements of Cc(G
′) the

same reduced norm since

sup
u∈G(0)

∥ϕπ(u)(f)∥ = sup
u′∈G′(0)

∥ϕu′(f)∥ = ∥f∥r

for f in Cc(G
′), and therefore produces a completion isomorphic to C∗

r (G
′). Thus we

may identify C∗
r (G

′) with the closure of ϕG(α(Cc(G
′))), which is contained in C∗

r (G).

If π and α are as in Proposition 1.3.9, it is worth recording the easy but useful

observation that

α(Cc(G
′)) = {f ∈ Cc(G) | π(x) = π(x′) implies that f(x) = f(x′)} (1.3)

So we may regard Cc(G
′) as all functions in Cc(G) that are constant on the fibres of π.

Remark. The hypothesis that π|Gu be bijective is necessary. To see this, let G and

G′ be the full equivalence relations on {0, 1} and {0}, respectively, with π(i, j) = 0 for

i, j = 0, 1. Then Cc(G
′) and Cc(G) may be respectively regarded as C and M2(C) and

the resulting linear map α : C →M2(C) is then regarded as

α(1) =

[
1 1

1 1

]

which is not multiplicative.

If G and H are locally compact Hausdorff étale groupoids, then G×H is too, with

component-wise operations and the product topology. The following result will be

useful. Although it appears rather standard, a proof is difficult to find, so we supply

one. As stated, the C∗-algebras may not be nuclear, so we use the minimal tensor

product to avoid ambiguity, see II.9.1.3 of [5]. If at least one of G and H is amenable,

then specifying the tensor product is not necessary.

Proposition 1.3.10. Suppose G and H are locally compact Hausdorff étale groupoids.

Then C∗
r (G×H) ∼= C∗

r (G)⊗min C
∗
r (H).

Proof. By the definition of the minimal tensor product, C∗
r (G)⊗minC

∗
r (H) is the com-

pletion of the algebraic tensor product C∗
r (G)⊙C∗

r (H) under the representation ϕG⊗ϕH ,
since the left regular representations are faithful. Notice that (G×H)(0) = G(0)×H(0)

and, if u is in G(0) and v is in H(0), (G×H)(u,v) = Gu ×Hv. The representation

ϕ : Cc(G×H) → B(l2(Gu)⊗ l2(Hv))
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defined by

ϕ(h)(δx ⊗ δy) =
∑

w∈Gr(x),z∈Hr(y)

h(w, z)(δwx ⊗ δzy)

is unitarily equivalent to ϕ(u,v) via the unitary U(u,v) : l
2(Gu ×Hv) → l2(Gu) ⊗ l2(Hv)

defined by U(u,v)(δ(x,y)) = δx ⊗ δy. Moreoever, if h = f ⊙ g, where f is in Cc(G) and g

is in Cc(H) and f ⊙ g(w, z) = f(w)g(z), then it is clear from the formula above that

ϕ(h) = ϕu(f)⊗ ϕv(g). Taking the direct sum over all u and v, we obtain that ϕG×H is

unitarily equivalent to ϕG ⊗ ϕH .

We finish this section by providing a characterization of traces on C∗-algebras of

principal groupoids, a proof of which may be found in [31]. If G is a locally compact

Hausdorff étale groupoid and µ is a regular Borel measure on G(0), µ is called invariant

if µ(r(U)) = µ(s(U)) for every open bisection U .

Proposition 1.3.11. Let G be a locally compact Hausdorff étale groupoid and let µ be

an invariant regular Borel measure on G(0). Then the formula

τ(f) =

∫
G(0)

f dµ

defines a trace on Cc(G) and extends to a trace on C∗
r (G). If G is principal, then all

traces on C∗
r (G) arise in this way.

1.3.1 AF-groupoids and Cantor minimal systems

All of the groupoids we will construct involve, in some way or another, a special class of

groupoids called AF-groupoids. These groupoids are built from combinatorial objects

known as Bratteli diagrams. A Bratteli diagram is an infinite directed graph consisting

of a set of vertices V and a set of edges E with initial and terminal maps i : E → V

and t : E → V . V and E are partitioned into countably many non-empty finite subsets

Vn for n ≥ 0 and En for n ≥ 1 in such a way that the following hold.

(i) V0 consists of a single vertex v0.

(ii) If e is in En, then i(e) is in Vn−1 and t(e) is in Vn.

(iii) i−1(v) is nonempty for each vertex v and t−1(v) is nonempty for each vertex v

other than v0.

We say that (V,E) has full edge connections if, for every n ≥ 0 and pair of vertices

v in Vn and w in Vn+1, there is an edge e in En+1 with i(e) = v and t(e) = w.

Definition 1.3.12. We denote by XE the path space of (V,E): the set of all infinite

paths, that is, all sequences x = (x1, x2, x3, . . .), where xn is in En and t(xn) = i(xn+1)

for all n ≥ 1.
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Figure 1.1: A Bratteli diagram

For a finite sequence of edges p = (p1, p2, . . . , pn) where pj is in Ej and t(pj) =

i(pj+1), we denote

C(p) = C(p1, p2, . . . , pn) = {x ∈ XE | xj = pj for 1 ≤ j ≤ n}

called the cylinder set of the finite path p. For any p and q, either C(p) and C(q) are

disjoint, or one is contained in the other. The path space XE is a totally disconnected

compact metric space in the metric

dE(x, y) = inf{1, 2−n | xj = yj for 1 ≤ j ≤ n}

and the cylinder sets C(p) are closed and open (clopen) in this metric. If (V,E) has

full edge connections and XE is infinite, then XE has no isolated points and is thus

homeomorphic to the Cantor set.

Definition 1.3.13. The equivalence relation RE ⊆ XE×XE is defined by (x, y) ∈ RE

if and only if there exists some n ≥ 1 such that xk = yk for all k ≥ n, also known as

tail-equivalence. For finite paths p and q with t(p) = t(q) ∈ Vn, let

γ(p, q) = {(x, y) ∈ RE | x ∈ C(p), y ∈ C(q), xk = yk for all k ≥ n+ 1}

Proposition 1.3.14. The sets γ(p, q) defined above form a base of compact open bisec-

tions which makes RE into a second-countable locally compact Hausdorff étale groupoid.

Proof. Given any two such sets, their intersection is either empty, or a set of the same

form. It follows that they give a base for a topology.

If p and q are finite paths with t(p) = t(q), it is not difficult to see that the

range map r implements a bijection between γ(p, q) and γ(p, p). To see that it is a

homeomorphism, note that if p′ and q′ are finite paths with γ(p′, q′) ⊆ γ(p, q), then

r(γ(p′, q′)) = γ(p′, p′), which is an open subset of γ(p, p), and the topology of γ(p, q) is

generated by all such sets γ(p′, q′). An analogous proof applies to the source map s.

Let p and q be finite paths with t(p) = t(q). To see that γ(p, q) is compact, it suffices

to see that γ(p, p) is compact, since these two sets are homeomorphic. γ(p, p) can be

identified with C(p) in an obvious way, and this identification is a homeomorphism:
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a finite path p′ satisfies γ(p′, p′) ⊆ γ(p, p) if and only if C(p′) ⊆ C(p). Since C(p) is

compact, so is γ(p, p).

The collection of sets γ(p, q) is countable, therefore RE is second-countable in the

topology it receives from this base. It is also locally compact because the sets γ(p, q)

are compact. To see that RE is Hausdorff, let (x, y) and (x′, y′) be distinct pairs in RE,

and without loss of generality, choose n ≥ 1 such that xn ̸= x′n. Then, choosing N ≥ n

large enough so that xk = yk and x′k = y′k for all k ≥ N , and letting p = (x1, . . . , xN),

p′ = (x′1, . . . , x
′
N), q = (y1, . . . , yN), and q

′ = (y′1, . . . , y
′
N), the sets γ(p, q) and γ(p′, q′)

are disjoint and separate (x, y) and (x′, y′).

With the étale topology from the sets γ(p, q), we call RE the AF-groupoid associated

to the Bratteli diagram (V,E). If (V,E) has full edge connections, then RE is minimal.

The topology is concretely metrizable: write

Rn = {(x, y) ∈ RE | xk = yk for all k ≥ n}

for n ≥ 1 and R0 = ∅, and note that RE =
⋃∞
n=0(Rn+1−Rn), which is a disjoint union

of compact open sets. Let d
(2)
E ((x, y), (x′, y′)) = max{dE(x, x′), dE(y, y′)} if (x, y) and

(x′, y′) are both in Rn+1 −Rn for some n, and d
(2)
E ((x, y), (x′, y′)) = 1 otherwise.

The C∗-algebra C∗
r (RE) is called an AF-algebra. Usually AF-algebras are defined

as inductive limits of finite-dimensional C∗-algebras, but this equivalent definition pro-

vides a concrete groupoid model. If a topological groupoid G is isomorphic to RE for

some Bratteli diagram (V,E), we say that G is an AF-groupoid.

The characteristic functions χγ(p,q) of the compact open sets γ(p, q) satisfy certain

“matrix unit” formulas in Cc(RE) that will be useful. We summarize these properties

below. We omit the proof, as it requires only routine computations.

Proposition 1.3.15. Let p, q, p′, and q′ be finite paths with t(p), t(q), t(p′), and t(q′)

in Vn, and t(p) = t(q) and t(p′) = t(q′). Then

(i) χ∗
γ(p,q) = χγ(q,p).

(ii) χγ(p,q) ⋆ χγ(p′,q′) = 0, unless q = p′, in which case χγ(p,q) ⋆ χγ(p′,q′) = χγ(p,q′).

We describe the K-theory of the C∗-algebras of AF-groupoids, which are precisely

the abelian groups known as dimension groups.

Definition 1.3.16 (7.2.4 of [32]). A dimension group G is an ordered abelian group

which is the inductive limit of the sequence of ordered abelian groups

Zn1 Zn2 Zn3 · · ·α1 α2 α3

where nk ≥ 1 for all k ≥ 1, each Znk is given the standard order

(Znk)+ = {(l1, l2, . . . , lnk) | lj ≥ 0 for all 1 ≤ j ≤ nk},
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and αk is a positive group homomorphism for all k ≥ 1 (that is, αk sends positive

elements to positive elements).

Dimension groups have the following intrinsic description due to Effros, Handelman,

and Shen [11].

Theorem 1.3.17. An ordered group (G,G+) is a dimension group if and only if the

following three properties hold.

(i) G is countable.

(ii) G is unperforated, that is, if g is in G and ng ≥ 0 (where ng = g+ g+ · · ·+ g (n

times)), then g ≥ 0.

(iii) G has the Riesz interpolation property, that is, if g1, g2, h1, h2 are four elements

in G such that gi ≤ hj for i, j = 1, 2, then there exists an element k in G such

that gi ≤ k ≤ hj for i, j = 1, 2.

Note that dimension groups are torsion-free; this follows from property (ii) above.

The following result may be found in [29]. We provide a detailed proof here.

Proposition 1.3.18. Every countable torsion-free abelian group may be endowed with

an order under which it is a dimension group.

Proof. Let G be a countable, torsion-free abelian group. The sequence

0 Z Q Q/Z 0

is short exact, and since G is torsion-free, it is flat as a Z-module (Corollary 18, 17.1

of [10]), hence the sequence

0 G G⊗Q G⊗ (Q/Z) 0

is also short exact, the important fact we draw from which is that the map i : G→ G⊗Q
defined by i(g) = g⊗1 is injective. Now observe that G⊗Q is a vector space over Q (the

scalar multiplication being x(g⊗ y) = g⊗ (xy) for g in G and x, y in Q, and extending

by linearity), as is R. The dimension of R as a vector space over Q is uncountable and

G ⊗ Q is countable, thus there is an injective Q-linear map j : G ⊗ Q → R. Endow

G with the order from R, that is, set G+ = {g ∈ G | j(i(g)) ≥ 0}. This is a total

order, and hence, with it, (G,G+) is unperforated and satisfies the Riesz interpolation

property. The result then follows from Theorem 1.3.17.

For a proof of the following result, see 7.2.8 of [32].

Proposition 1.3.19. If A is a unital AF-algebra, then (K0(A), K0(A)
+, [1A]) is a

dimension group with order unit [1A]. Conversely, if (G,G
+) is a dimension group with

order unit u, there exists a unital AF-algebra A and an isomorphism α : K0(A) → G

such that α(K0(A)
+) = G+ and α([1A]) = u.
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Briefly, the proof involves writing (G,G+, u) as a sequence as in Definition 1.3.16,

encoding the sequence in a Bratteli diagram (V,E), from which one obtains A as

C∗
r (RE).

The characteristic functions χγ(p,p), for a finite path p in the diagram (V,E), are

projections in Cc(RE). The classes of these elements generate the dimension group

K0(C
∗
r (RE)).

We will also need a dynamical construction involving Bratteli diagrams, which has

a close relationship to AF-groupoids; see [14], [25], and [28].

Definition 1.3.20. An ordered Bratteli diagram (V,E) is a Bratteli diagram where

the edges are endowed with an order, and two edges e and f are comparable if and

only if t(e) = t(f).

If there is only one infinite path in XE that consists of only maximal edges and only

one infinite path in XE that consists of only minimal edges, we say that the diagram

(V,E) is properly ordered, and in this case, we denote the path of all maximal (resp.

minimal) edges in XE by xmax (resp. xmin).

Definition 1.3.21. A Bratteli-Vershik system is a pair (XE, ϕE), where XE is the

path space of a properly ordered Bratteli diagram, and ϕE : XE → XE is a map that is

defined as follows. If x = (x1, x2, x3, . . .) is in XE and n is the smallest positive integer

such that xn is not maximal (if such an n exists), then

ϕE(x) = (y1, y2, . . . , yn−1, yn, xn+1, xn+2, . . .)

where (y1, y2, . . . , yn−1) is the unique finite path of minimal edges ending at t(yn−1), and

yn is the successor of xn. If no such n exists, then x = xmax, and we set ϕE(x
max) = xmin.

The map ϕE is well-defined and a homeomorphism [28], and therefore we obtain

an action of Z on XE, and from this action, a groupoid XE × Z. Notice that there

are only two pairs of infinite paths in a properly ordered Bratteli diagram that are

orbit equivalent under the map ϕE but not tail-equivalent: the pairs (xmin, xmax) and

(xmax, xmin).

Proposition 1.3.22 (Theorem 5.1 of [28]). Every Cantor minimal system is topologi-

cally conjugate to a Bratteli-Vershik system. In other words, if X is a Cantor set and

ϕ : X → X is a minimal homeomorphism, there is a Bratteli-Vershik system (XE, ϕE)

and a homeomorphism ψ : X → XE such that ψ ◦ ϕ = ϕE ◦ ψ.

Proposition 1.3.23 (Theorem 1.1 and Theorem 4.1 of [25]). Let (XE, ϕE) be a Bratteli-

Vershik system on the properly ordered Bratteli diagram (V,E).

(i) Let RE be the AF-groupoid associated to the Bratteli diagram (V,E). Then RE

is an open subgroupoid of XE × Z, and this gives rise to an inclusion C∗
r (RE) ⊆
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C∗
r (XE×Z). Moreover, this inclusion induces an order isomorphismK0(C

∗
r (RE)) ∼=

K0(C
∗
r (XE × Z)).

(ii) K1(C
∗
r (XE × Z)) ∼= Z, generated by the class of the unitary implementing the

action.
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Chapter 2

A Karoubian portrait of relative K-

theory for C∗-algebras

In this chapter we develop a portrait of relative K-theory for C∗-algebras by following

an approach due to Karoubi that uses Banach categories and Banach functors. For

every ∗-homomorphism ϕ : A → B between C∗-algebras A and B, we produce two

abelian groups K0(ϕ) and K1(ϕ) that give information about how the K-theory of A

and B are related through ϕ. In fact, the assignments ϕ 7→ K0(ϕ) and ϕ 7→ K1(ϕ) may

be regarded as functors in a natural way, and through this we obtain a homology theory

that satisfies Bott periodicity (the long exact sequence being the one in Theorem 2.1.2),

and the connections between the K-theory of A and B, the induced map ϕ∗ : K∗(A) →
K∗(B), and the relative data K∗(ϕ) are contained in the six-term exact sequence in

Theorem 2.1.1.

Karoubi’s approach to defining a relative theory is to describe the elements of the

groups using certain triples, sometimes referred to as “relative K-cycles”. One may no-

tice that this resembles the construction of K0(X, Y ) via triples of the form (E,F, α),

where E and F are vector bundles over X and α : E|Y → F |Y is an isomorphism

between the bundles E and F when restricted to Y . This approach may appear some-

what classical at first, particularly because it is at odds with the mapping cone, a

shortcut seen in both topological and operator K-theory. As we saw in Chapter 1,

the mapping cone furnishes the exact sequences needed to define a relative theory and

therefore obtain the excision theorem of [30]. Moreover, Theorem 2.1.3 states that the

two portraits are isomorphic in a natural way. It is therefore a reasonable question to

ask why one would employ an alternative portrait at all.

First, there is more freedom in selecting the elements from the algebras that rep-

resent elements of the relative groups via the setup in [18], which makes viewing and

working with the groups easier in many situations. Second, certain maps in the six-

term exact sequences are easier to compute (specifically µ0 in Theorem 2.1.1 and ∂1 in

Theorem 2.1.2). Third, there is a clear and growing desire for an alternative portrait

(at least for C∗-algebras) based on the literature, especially for relative K0-theory. For
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example, the proof of the excision theorem in [30], which is a significant generalization

of its predecessor in [27] (where the mapping cone was used), rests heavily on the new

presentation, particularly on the notions of “isomorphism” of triples and “elementary”

triples, to address certain fine, technical details. A portrait using partial isometries

is developed in [27], and in fact, the map κ constructed there is essentially the same

as ∆ in Theorem 2.1.3, the difference being that ∆ is a functorially induced group

isomorphism, while κ is a bijective map constructed concretely. The characterization

of the relative group in [27] later appeared in [2] in order to study exact sequences asso-

ciated to Cuntz-Pimsner algebras. Also worth mentioning is recent work on groupoid

homology [6], where a portrait of the relative K0-group using triples is presented in

order to elucidate the connections between K-theory and homology (this portrait was

inspired by [27]). An isomorphism between the resulting monoid and the K0-group of

the mapping cone is constructed under the assumption that A and B are unital and ϕ

is unit-preserving. The unital assumption can be done away with if ϕ is nondegenerate

and A contains an approximate identity of projections. Here, the general description

of the relative groups allows us to do away with these assumptions. To provide further

justification, we elaborate on the K0- and K1-groups separately.

The three usual notions of equivalence of projections, Murray-von Neumann, uni-

tary, and homotopy, are all stably equivalent; in other words, they are the same modulo

passing to matrix algebras. In constructing a relative K0-group, it is therefore neces-

sary to select a notion of equivalence with which to build the elements. The mapping

cone Cϕ is made from paths of projections in B with one endpoint equal to a scalar

projection and the other endpoint in the image of ϕ. Therefore, in effect, K0(Cϕ)

catalogues projections arising from A that are homotopic when moved to B via ϕ. It

is often more desirable to describe equivalences of projections using partial isometries

(see Example 2.10.2), from which the newer portrait is built.

As for K1, homotopy is a much more natural equivalence and hence the portrait

of the relative K1-group gets less of a makeover than that of K0. In fact, the two

portraits are more or less the same. However, we draw a useful property from [18]

which deserves to be mentioned. It is possible to define (ordinary and relative) K1-

groups more generally using partial unitaries (elements which are partial isometries

and normal) rather than unitaries alone. This more general representation of group

elements is especially convenient if one of (or both) A and B are not unital but contain

nontrivial projections, such as K, the compact operators on a separable Hilbert space

(see Example 2.10.3).

Therefore, the goal is to develop a comprehensive portrait of Karoubi’s relative K-

theory for C∗-algebras, as an alternative to the mapping cone. We do not claim that

one portrait is superior to the other, but rather that either portrait can be used, and

one may select that which is most convenient for the situation at hand. We remark

that a preliminary development of the picture may be found in [30], where the relative
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K0-group of an inclusion A′ ⊆ A is described using this approach. We also remark that,

although the intention in [18] is mainly to develop topologicalK-theory, the setup lends

itself quite well to C∗-algebras. In fact, one could pursue these results more generally

using Banach algebras, but we will not conduct such a pursuit beyond the definitions

and preliminary results.

We begin this chapter with a survey of Karoubi’s approach to K-theory using Ba-

nach categories and Banach functors, and verify that this approach lends itself well to

C∗-algebras. The survey is conducted in a great deal of generality using idempotents

and invertibles. We then refine the resulting portrait using the C∗-algebra structure,

allowing restriction to projections and unitaries. Next, we prove the existence of two

six-term exact sequences that are analogous to those in Proposition 1.2.14 and Propo-

sition 1.2.15. Finally, we show that the two portraits of relative K-theory (Karoubian

and mapping cone) are isomorphic in a natural way. Beyond the main results, we also

provide formulas for certain maps, a six-term exact sequence of relative groups involv-

ing composition of ∗-homomorphisms, and we summarize the excision theorem of [30]

in the context of factor groupoids. We end with examples.

A final remark is likely in order before we begin. It is probably possible to prove

Theorem 2.1.3 directly and deduce Theorem 2.1.1 and Theorem 2.1.2 from it with

the help of Proposition 1.2.14 and Proposition 1.2.15. The merit in proving Theorem

2.1.1 and Theorem 2.1.2 first is that this route helps one become accustomed to the

Karoubian picture. Moreover, once the first two results are in hand, the proof of the

third result becomes pleasantly slick.

Throughout this chapter, ϕ : A → B will denote an arbitrary ∗-homomorphism

between C∗-algebras A and B.

2.1 The main results

In order to properly state the main results, we provide an initial picture of the relative

groups K0(ϕ) and K1(ϕ) via Karoubi’s approach. Proofs will be given in later sections.

The groupK0(ϕ) is made from triples (p, q, v), where p and q are projections in some

matrix algebras over Ã, the unitization of A, and v is an element in a matrix algebra

over B̃ such that v∗v = ϕ(p) and vv∗ = ϕ(q) (recall that we may view them in the

same matrix algebra by adding zeros down the diagonal if necessary). The triples are

sorted into equivalence classes that are denoted [p, q, v] (the equivalence relation will

be rigorously defined in the Section 2.3), and are given a well-defined group operation

by the usual block diagonal sum,

[p, q, v] + [p′, q′, v′] = [p⊕ p′, q ⊕ q′, v ⊕ v′]

For two triples (p, q, v) and (p′, q′, v′) to yield the same equivalence class, p and p′
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must be (at least stably) Murray-von Neumann equivalent in Ã, as must be q and q′.

Moreover, elements c and d implementing such equivalences must play well with v and

v′ in that we require ϕ(d)v = v′ϕ(c). More generally, we may use idempotents instead

of projections to represent the elements of K0(ϕ).

K1(ϕ) is made from triples (p, u, g), where p is a projection inM∞(Ã), u is a unitary

in pM∞(Ã)p, and g is a unitary in C([0, 1]) ⊗ ϕ(p)M∞(B̃)ϕ(p) such that g(0) = ϕ(p)

and g(1) = ϕ(u). The triples are sorted into equivalence classes, denoted [p, u, g], and

are given a well-defined group operation by diagonal sum as before, although we have

the formula

[p, u, g] + [p′, u′, g′] = [p, uu′, gg′]

if p = p′. For two triples (p, u, g) and (p′, u′, g′) to yield the same equivalence class, p

and p′ must be (at least stably) Murray-von Neumann equivalent in Ã, and a partial

isometry v implementing such an equivalence must satisfy vu = u′v and ϕ(v)g(s) =

g′(s)ϕ(v) for 0 ≤ s ≤ 1. The equivalence may also be described as stable homotopy:

u and u′ must be (at least stably) homotopic, as must be g and g′. Moreover, such

homotopies ut and gt must satisfy gt(1) = ϕ(ut) for 0 ≤ t ≤ 1. In general, the projection

p may be replaced by an idempotent, u with an invertible in pMn(Ã)p, and g with a

path of invertibles through ϕ(p)Mn(B̃)ϕ(p).

Remark. It may happen that p = 0, in which case we are speaking of invertible, or

unitary, elements in pMn(Ã)p = {0}. To circumvent this small detail, we will regard 0

as an invertible element of the C∗-algebra {0}.1

We now state the first main result concerning the relative groups.

Theorem 2.1.1. Suppose that ϕ : A → B is a ∗-homomorphism. Then there is a

six-term exact sequence

K1(B) K0(ϕ) K0(A)

K1(A) K1(ϕ) K0(B)

µ0 ν0

ϕ∗ϕ∗

ν1 µ1

The maps ν0 and ν1 are given by the formulas

ν0([p, q, v]) = [p]− [q] ν1([p, u, g]) = [u+ 1n − p]

for triples (p, q, v) and (p, u, g). The maps µ0 and µ1 are given by the formulas

µ0([u]) = [1n, 1n, u] µ1([p]− [q]) = [1n, 1n, fpf
∗
q ]

1All complaints about this convention may be sent directly to the author, after which they will be
promptly ignored.
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where u is a unitary in Mn(B̃), and fp(t) = e2πitp for a projection p.

Before we state the second theorem, it will be useful to have the following functorial

property in mind (see Proposition 2.3.12 for a proof). If there is a commutative diagram

A C

B D

α

ϕ ψ

β

(2.1)

of C∗-algebras and ∗-homomorphisms, then there are well-defined group homomor-

phisms (α, β)∗ : Kj(ϕ) → Kj(ψ) for j = 0, 1 that satisfy (α, β)∗([p, q, v]) = [α(p), α(q), β(v)]

and (α, β)∗([p, u, g]) = [α(p), α(u), β(g)].

Theorem 2.1.2. Suppose that

0 I A A/I 0

0 J B B/J 0

ιA

ψ

πA

ϕ γ

ιB πB

is a commutative diagram with exact rows. Then there is a six-term exact sequence

K0(ψ) K0(ϕ) K0(γ)

K1(γ) K1(ϕ) K1(ψ)

ι∗ π∗

∂0∂1

π∗ ι∗

The boundary maps ∂1 and ∂0 are natural in a functorial sense, as well as in the

sense that they behave well with the boundary maps associated with the two short exact

sequences of C∗-algebras in the given diagram. This will be stated more precisely later.

The third result establishes a strong connection between the Karoubian portrait of

relative K-theory and that which is given by the mapping cone (recall Definition 1.2.12

and the results and discussion shortly thereafter).

Theorem 2.1.3. Let ϕ : A→ B be a ∗-homomorphism. There are group isomorphisms

∆ : K∗(ϕ) → K∗(Cϕ) that are natural in the sense that if we have a commutative

diagram as in (2.1), then the following diagram is commutative

K∗(ϕ) K∗(ψ)

K∗(Cϕ) K∗(Cψ)

∆

(α,β)∗

∆

(α⊕Cβ)∗

(2.2)
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Moreover, the isomorphisms ∆ intertwine the six-term exact sequence in Theorem 2.1.1

with the six-term exact sequence in Proposition 1.2.14, and they intertwine the six-term

exact sequence in Theorem 2.1.2 with the six-term exact sequence in Proposition 1.2.15.

Readers well-versed in category theory or homology may notice that the commu-

tative diagram in Theorem 2.1.3 makes the isomorphism ∆ look an awful lot like a

natural transformation. We will return to this idea in Chapter 5.

2.2 Banach categories, Banach functors, and an al-

ternate picture of K1(A)

Karoubi’s construction of K-theory and relative K-theory owes its generality to the

notions of Banach categories and Banach functors. In this section we outline these

notions and verify that they work well in the C∗-algebra setting. We also gain a

slightly more general picture of K1(A).

A robust knowledge of category theory is not necessary here; the basic material in

Appendix II in [10] suffices.

Notation. If C is a category, we denote the class of objects of C by Ob(C), and if a

and b are two objects, we denote the morphisms from E to F by hom(E,F ).

If C is an additive category (that is, each collection of morphisms has the structure of

an abelian group, and composition of morphisms is bilinear with respect to the group

operation) that admits direct sums of objects, then one defines the group K(C) (or

K0(C) to be specific) to be the Grothendieck group of isomorphism classes of objects

in C, with direct sum as the monoid operation. In topological K-theory the objects

in question are vector bundles over a compact space X, and the group so obtained

is denoted K0(X). This is enough to define the first K-group, but to form further

K-groups and the relative groups, another notion is needed.

Definition 2.2.1 (II.2.1 of [18]). A Banach category C is an additive category such

that every collection of morphisms has the structure of a Banach space, and such that,

if E, F , and G are in Ob(C), the composition map

hom(E,F )× hom(F,G) → hom(E,G)

is bilinear and continuous.

It is the Banach space structure on the morphisms that allows us to introduce the

notion of homotopy.
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Definition 2.2.2. Let A be a C∗-algebra. Define the category CA (we will prove that

it is indeed a category below) whose objects are idempotents in M∞(Ã) and, if e and

f are idempotents in M∞(Ã), the set hom(e, f) consists of all elements a in M∞(Ã)

such that a = fae. Composition of morphisms is given by multiplication.

Proposition 2.2.3. CA is a Banach category, and if A is unital, then K0(A) is iso-

morphic to K0(CA).

Proof. If a is in hom(e, f) and b is in hom(f, g), notice that fa = f(fae) = f 2ae =

fae = a, so ba = (gbf)(fae) = gbf 2ae = gbfae = gb(fa)e = gbae. We also have

e = eee, so e is in hom(e, e), and ae = (fae)e = a, so e is the identity morphism. If e

and f are in Ob(CA) and n is large enough so that e and f are both in Mn(Ã), then

hom(e, f) = fMn(Ã)e, which is a closed linear subspace of the Banach space Mn(Ã),

hence is a Banach space itself. Since multiplication is bilinear and continuous inMn(Ã)

for any n, CA satisfies Definition 2.2.1. It follows directly from the definitions that e

and f in Ob(CA) are isomorphic if and only if there are elements a and b with ba = e

and ab = f . This is just the usual algebraic equivalence of idempotents, which aligns

with the usual definition of K0(A) when A is unital.

Through the above result, we do not gain much more generality in the picture of

K0(A) using Banach categories. We do, however, gain some in the picture of K1(A).

The following construction is II.3.3 of [18]. Let Γ(A) denote all pairs (e, a) where e

is in Ob(CA) and a is an automorphism of e; in other words, it is an invertible element

of the Banach algebra eM∞(Ã)e. Notice that (e, e) is in Γ(A) for an idempotent e in

M∞(Ã). Define a direct sum operation on these pairs by (e, a)⊕(e′, a′) = (e⊕e′, a⊕a′).
Say that two pairs (e, a) and (e′, a′) are isomorphic, written (e, a) ∼= (e′, a′), if there is

an isomorphism b from e to e′ such that ba = a′b. We say a pair (e, a) is elementary

if there is a continuous path from a to e through the isomorphisms of e. We say that

two pairs (e, a) and (e′, a′) in Γ(A) are equivalent, written (e, a) ∼ (e′, a′), if there exist

elementary pairs (f, b) and (f ′, b′) such that (e, a) ⊕ (f, b) ∼= (e′, a′) ⊕ (f ′, b′). Denote

by [e, a] the equivalence class of the pair (e, a) via the relation ∼. K−1(CA) is defined
to be the quotient of Γ(A) by the relation ∼.

The following facts are II.3.4, II.3.5, II.3.6, and II.3.7 of [18].

Lemma 2.2.4. (i) K−1(CA) is an abelian group, and −[e, a] = [e, a−1], where a−1 is

the inverse of a as an automorphism.

(ii) If a and a′ are homotopic as automorphisms of e, then [e, a] = [e, a′].

(iii) We have the formula [e, a] + [e, a′] = [e, aa′] = [e, a′a].

(iv) [e, a] = 0 if and only if there is an idempotent g such that a ⊕ g and e ⊕ g are

homotopic as automorphisms of e⊕ g.
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Using the algebraic structure of the objects, we can say a bit more.

Lemma 2.2.5. (i) If (e, a) and (e′, a′) are pairs in Γ(A) and ee′ = e′e = 0, then

(e, a)⊕ (e′, a′) ∼= (e+ e′, a+ a′).

(ii) Every element of K−1(CA) is represented by a pair in Γ(A) of the form (1n, a) for

some integer n.

(iii) [1n, a] = 0 if and only if there is an integer k such that a ⊕ 1k and 1n+k are

homotopic as invertibles in Mn+k(Ã).

Proof. (i) The element b =

[
e e′

0 0

]
is an isomorphism from e ⊕ e′ to (e + e′) ⊕ 0

and satisfies b(a⊕ a′) = ((a+ a′)⊕ 0)b.

(ii) If e is any idempotent in Mn(Ã), then [1n− e, 1n− e] = 0 since (1n− e, 1n− e) is

elementary. So by part (i), [e, a] = [e, a] + [1n − e, 1n − e] = [1n, a+ 1n − e].

(iii) By part (iv) of Lemma 2.2.4, we can find an idempotent g such that a ⊕ g and

1n⊕g are homotopic as automorphisms of 1n⊕g (let at denote such a homotopy).

Choose k so that g is inMk(Ã). Then at+0⊕(1k−g) is a homotopy of invertibles

between a⊕ 1k and 1n+k.

Proposition 2.2.6. The map ΩA : K1(A) → K−1(CA) defined by ΩA([u]) = [1n, u]

(for a unitary u in Mn(Ã)) is a natural isomorphism.

Proof. For surjectivity, by the previous lemma we may find a preimage of some [1n, a].

Being an invertible element in Mn(Ã), a is homotopic to the unitary a(a∗a)−1/2 via

the path a(a∗a)−t/2 for 0 ≤ t ≤ 1, so ΩA([a(a
∗a)−1/2]) = [1n, a] by part (ii) of Lemma

2.2.4. For injectivity, use part (iii) of the previous lemma combined with the standard

fact that if a unitary is homotopic to the identity as an invertible, it is homotopic as a

unitary (see, for example, Proposition 2.1.8 of [32]).

We now introduce the notion of a Banach functor in order to define the relative

groups.

Definition 2.2.7 (II.2.6 of [18]). Let C and C ′ be Banach categories, and ϕ : C → C ′

a covariant functor.

(i) ϕ is called a Banach functor if, for each pair of objects E and F in Ob(C), the
induced map from hom(E,F ) to hom(ϕ(E), ϕ(F )) is linear and continuous.

(ii) ϕ is called quasi-surjective if, for every object F in Ob(C ′), there is an object E

in Ob(C) and an object G in Ob(C ′) such that ϕ(E) is isomorphic to F ⊕G.
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In topological K-theory, if X is a compact space and Y is a closed subspace of X,

the Banach functor in question is the restriction functor; that is, ϕ(E) = E|Y , where
E is a vector bundle over X. This produces the well-known relative group K0(X, Y ).

The quasi-surjectivity of the restriction functor follows from the fact that every vector

bundle over Y is (isomorphic to) a direct summand of the trivial bundle over Y (I.6.5

of [18]), which is the image of the trivial bundle over X through ϕ.

Proposition 2.2.8. Let ϕ : A → B be a ∗-homomorphism. Then the induced map

from CA to CB is a quasi-surjective Banach functor.

Proof. Since ϕ is linear, continuous, and preserves multiplication, the fact that it in-

duces a Banach functor is straightforward. If f is in Ob(CB), choose n so that f is in

Mn(B̃). Then ϕ(1n) = 1n is isomorphic to f ⊕ (1n − f): let

a =

[
f 1n − f

0 0

]
b =

[
f 0

1n − f 0

]

so that ab = 1n ⊕ 0n and ba = f ⊕ (1n − f). This shows that ϕ is quasi-surjective.

2.3 A portrait of K∗(ϕ)

We are now ready to define the relative groups K∗(ϕ) and discuss some of their prop-

erties. Recall that ϕ : A → B extends to the unitizations ϕ̃ : Ã → B̃, and we will

usually denote the extension by ϕ.

Definition 2.3.1. Define Γ0(ϕ) to be the set of all triples (e, f, b) where e and f are

idempotents in M∞(Ã) and b is in M∞(B̃) and is an isomorphism from ϕ(e) to ϕ(f).

For brevity, we will often denote these triples by the symbols σ and τ .

(i) Define the direct sum operation ⊕ on Γ0(ϕ) by

(e, f, b)⊕ (e′, f ′, b′) = (e⊕ e′, f ⊕ f ′, b⊕ b′).

(ii) We say that two such triples (e, f, b) and (e′, f ′, b′) are isomorphic, written (e, f, b) ∼=
(e′, f ′, b′), if there exist isomorphisms c and d from e to e′ and from f to f ′, re-

spectively, that intertwine b and b′, that is, ϕ(d)b = b′ϕ(c). It is often helpful to

convey this fact by saying that the diagram

ϕ(e) ϕ(f)

ϕ(e′) ϕ(f ′)

b

ϕ(c) ϕ(d)

b′
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is commutative.

(iii) A triple (e, f, b) is called elementary if e = f and there is a homotopy bt for

0 ≤ t ≤ 1 such that b0 = ϕ(e) and b1 = b, and bt is invertible in hom(ϕ(e), ϕ(e))

for all t.

(iv) Say that two triples σ and σ′ in Γ0(ϕ) are equivalent, written σ ∼ σ′, if there exist

elementary triples τ and τ ′ such that σ ⊕ τ ∼= σ′ ⊕ τ ′.

Denote by [σ], or [e, f, b], the equivalence class of the triple σ = (e, f, b) via the relation

∼.

Definition 2.3.2. K0(ϕ) is defined to be the quotient of Γ0(ϕ) by the relation ∼, that

is,

{[σ] | σ ∈ Γ0(ϕ)} = Γ0(ϕ)/ ∼

Lemma 2.3.3. All triples below are in Γ0(ϕ).

(i) If σ1 ∼= σ2 and σ3 ∼= σ4, then σ1 ⊕ σ3 ∼= σ2 ⊕ σ4.

(ii) For any two triples σ and σ′, we have σ ⊕ σ′ ∼= σ′ ⊕ σ.

(iii) If σ and σ′ are elementary, then so is σ ⊕ σ′.

(iv) All elementary triples are equivalent to each other, and two isomorphic triples are

equivalent.

(v) If (e, f, b) is any triple in Γ0(ϕ), then the triple([
e 0

0 f

]
,

[
e 0

0 f

]
,

[
0 b−1

−b 0

])

is elementary.

Proof. (i) through (iv) are straightforward. For (v), The homotopy

bt =

[
ϕ(e) tb−1

0 ϕ(f)

][
ϕ(e) 0

−tb ϕ(f)

][
ϕ(e) tb−1

0 ϕ(f)

]
,

for 0 ≤ t ≤ 1, does the job.

Proposition 2.3.4. K0(ϕ) is an abelian group when equipped with the binary operation

[σ] + [σ′] = [σ ⊕ σ′]

where the identity element is given by [0, 0, 0] and the inverse of [e, f, b] is given by

[f, e, b−1], for (e, f, b) in Γ0(ϕ).
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Proof. That K0(ϕ) is an abelian group and that [0, 0, 0] = 0 follows quite readily from

the observations above. To prove the last statement, note that

[e, f, b] + [f, e, b−1] = [e⊕ f, f ⊕ e, b⊕ b−1]

and the triple (e⊕ f, f ⊕ e, b⊕ b−1) is isomorphic to the triple([
e 0

0 f

]
,

[
e 0

0 f

]
,

[
0 −b−1

b 0

])

since [
0 −ϕ(f)

ϕ(e) 0

][
b 0

0 b−1

]
=

[
0 −b−1

b 0

][
ϕ(e) 0

0 ϕ(f)

]
.

By part (v) of Lemma 2.3.3, the latter triple is elementary.

We collect some useful properties of the elements of K0(ϕ).

Proposition 2.3.5. (i) Given two invertible morphisms b and b′ from ϕ(e) to ϕ(f),

if b and b′ are homotopic throughout the isomorphisms from ϕ(e) to ϕ(f), then

[e, f, b] = [e, f, b′].

(ii) For two triples (e, f, b) and (e′, f ′, b′) in Γ0(ϕ), if f = e′ then we have

[e, f, b] + [e′, f ′, b′] = [e, f ′, b′b].

(iii) Let (e, f, b) and (e′, f ′, b′) be two triples in Γ0(ϕ). If ee
′ = e′e = 0, then

(e, f, b)⊕ (e′, f ′, b′) ∼=

([
e+ e′ 0

0 0

]
,

[
f 0

0 f ′

]
,

[
b 0

b′ 0

])

If ff ′ = f ′f = 0, then

(e, f, b)⊕ (e′, f ′, b′) ∼=

([
e 0

0 e′

]
,

[
f + f ′ 0

0 0

]
,

[
b b′

0 0

])

If ee′ = e′e = ff ′ = f ′f = 0, then

(e, f, b)⊕ (e′, f ′, b′) ∼= (e+ e′, f + f ′, b+ b′)

(iv) [e, f, b] = 0 if and only if there exist idempotents g and h in M∞(Ã) and isomor-

phisms x and y in M∞(Ã) from e⊕ g to h and f ⊕ g to h, respectively, such that

ϕ(y)(b⊕ ϕ(g))ϕ(x−1) is homotopic to ϕ(h) through the automorphisms of ϕ(h).
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Proof. (i) This is essentially II.2.15 of [18]; we repeat the proof here. We compute

[e, f, b]− [e, f, b′] = [e⊕ f, f ⊕ e, b⊕ b′−1]

and the triple (e⊕ f, f ⊕ e, b⊕ b′−1) is isomorphic to([
e 0

0 f

]
,

[
e 0

0 f

]
,

[
0 −b′−1

b 0

])

similarly as in the proof of Proposition 2.3.4. Since b is homotopic to b′, the two

matrices [
0 −b′−1

b 0

] [
0 −b−1

b 0

]
are homotopic. It follows that the latter triple is elementary.

(ii) This is essentially II.2.16 of [18]; we repeat the proof here. We compute [e, f, b]+

[f, f ′, b′] = [e⊕ f, f ⊕ f ′, b⊕ b′] and observe that the triple (e⊕ f, f ⊕ f ′, b⊕ b′)

is isomorphic to the triple([
e 0

0 f

]
,

[
f ′ 0

0 f

]
,

[
0 −b′

b 0

])

since [
0 −ϕ(f ′)

ϕ(f) 0

][
b 0

0 b′

]
=

[
0 −b′

b 0

][
ϕ(e) 0

0 ϕ(f)

]
.

We also have that [e, f ′, b′b] = [e ⊕ f, f ′ ⊕ f, b′b ⊕ ϕ(f)], since (f, f, ϕ(f)) is

elementary. Now[
0 −b′

b 0

][
b−1b′−1 0

0 ϕ(f)

]
=

[
0 −b′

b′−1 0

]

and the matrix on the right is homotopic to ϕ(f ′)⊕ ϕ(f). It follows that the two

matrices [
0 −b′

b 0

] [
b′b 0

0 ϕ(f)

]
are homotopic, and hence, by part (i), the triples are equivalent.

(iii) If ee′ = e′e = 0, then bϕ(e′) = bϕ(e)ϕ(e′) = bϕ(ee′) = 0, and similarly b′ϕ(e) = 0.
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Thus we have[
ϕ(f) 0

0 ϕ(f ′)

][
b 0

0 b′

]
=

[
b 0

b′ 0

][
ϕ(e) ϕ(e′)

0 0

]

so the triples are isomorphic. The other two claims are similar.

(iv) It is a direct consequence of the definitions that [e, f, b] = 0 if and only if there

are elementary triples (g, g, c) and (h, h, d) such that

(e, f, b)⊕ (g, g, c) ∼= (h, h, d).

This is true if and only if there are isomorphisms x and y inM∞(Ã) such dϕ(x) =

ϕ(y)(b⊕ c). Then d = ϕ(y)(b⊕ c)ϕ(x−1), and since d is homotopic to ϕ(h) and c

is homotopic to ϕ(g), we have the conclusion.

Now we construct K1(ϕ). The construction of higher relative groups using Banach

functors uses Clifford algebras. We offer an alternative definition which is a sort of

middle ground between Karoubi’s definition and the mapping cone.

Definition 2.3.6. Define Γ1(ϕ) to be the set of all triples (e, a, g) where e is an idem-

potent inM∞(Ã), a is an invertible element of eM∞(Ã)e and g is an invertible element

of

C([0, 1])⊗ ϕ(e)M∞(B̃)ϕ(e)

such that g(0) = ϕ(e) and g(1) = ϕ(a). For brevity, we will often denote these triples

by the symbols σ and τ .

(i) Define the direct sum operation ⊕ on Γ1(ϕ) by

(e, a, g)⊕ (e′, a′, g′) = (e⊕ e′, a⊕ a′, g ⊕ g′)

for two triples (e, a, g) and (e′, a′, g′) in Γ1(ϕ).

(ii) We say that two such triples (e, a, g) and (e′, a′, g′) are isomorphic, written (e, a, g) ∼=
(e′, a′, g′), if there is an isomorphism from e to e′ such that ba = a′b and ϕ(b)g(s) =

g′(s)ϕ(b), for 0 ≤ s ≤ 1.

(iii) A triple (e, a, g) is called elementary if there are continuous paths (at) and (gt)

such that a1 = a, g1 = g, a0 = e, g0(s) = ϕ(e) for 0 ≤ s ≤ 1, and (e, at, gt) is in

Γ1(ϕ) for 0 ≤ t ≤ 1.

(iv) Say that two triples σ and σ′ in Γ1(ϕ) are equivalent, written σ ∼ σ′, if there exist

elementary triples τ and τ ′ such that σ ⊕ τ ∼= σ′ ⊕ τ ′.
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Denote by [σ], or [e, a, g], the equivalence class of the triple σ = (e, a, g) via the relation

∼.

Definition 2.3.7. K1(ϕ) is defined to be the set

{[σ] | σ ∈ Γ1(ϕ)} = Γ1(ϕ)/ ∼ .

It is easily checked that, like Γ0(ϕ), the direct sum operation of triples in Γ1(ϕ)

behaves well with respect to the notions of isomorphism and elementary.

Proposition 2.3.8. K1(ϕ) is an abelian group when equipped with the binary operation

[σ] + [σ] = [σ ⊕ σ′]

where the identity element is given by [0, 0, 0] and the inverse of [e, a, g] is given by

[e, a−1, g−1], for (e, a, g) in Γ1(ϕ).

Proof. We verify the last claim. We have

[e, a, g] + [e, a−1, g−1] = [e⊕ e, a⊕ a−1, g ⊕ g−1].

A concrete path at of invertibles from a⊕ a−1 to e⊕ e is

at =

[
e −ta
0 e

][
e 0

ta−1 e

][
e −ta
0 e

][
e −te
0 e

][
e 0

te e

][
e −te
0 e

]

For 0 ≤ s, t ≤ 1, let gt(s) be the product of matrices above, but with every occurrence

of e replaced with ϕ(e) and every occurrence of a replaced with g(s). Then (gt) is a

path with gt(1) = ϕ(at) for all t, g1 = g ⊕ g−1 and g0(s) = ϕ(e)⊕ ϕ(e) for all s. Thus

(e⊕ e, a⊕ a−1, g ⊕ g−1) is elementary.

The following result is similar to Proposition 2.3.5, so we omit the proof.

Proposition 2.3.9. (i) Suppose we have two triples (e, a, g) and (e′, a′, g′) and that

e = e′. If e is in Mn(Ã) and (at) is a path of invertibles from a to a′ in eMn(Ã)e

and (gt) is a path of invertibles from g to g′ in C([0, 1]) ⊗ ϕ(e)Mn(B̃)ϕ(e) such

that gt(1) = ϕ(at) for all t, then [e, a, g] = [e, a′, g′].

(ii) If e = e′, we have

[e, a, g] + [e′, a′, g′] = [e, aa′, gg′] = [e, a′a, g′g].

(iii) If (e, a, g) and (e′, a′, g′) are two triples in Γ1(ϕ) such that ee′ = e′e = 0, then

(e, a, g)⊕ (e′, a′, g′) ∼= (e+ e′, a+ a′, g + g′).

46



(iv) If e is inMn(Ã), [e, a, g] = 0 if and only if there is an integer k ≥ 1, an idempotent

e′ in Mk(Ã) and paths of invertibles at in (e ⊕ e′)Mn+k(Ã)(e ⊕ e′) and gt in

C([0, 1])⊗ (ϕ(e)⊕ϕ(e′))Mn+k(B̃)(ϕ(e)⊕ϕ(e′)) such that a0 = e⊕ e′, a1 = a⊕ e′,

g0 = e⊕ ϕ(e′), g1 = g ⊕ ϕ(e′), and gt(1) = ϕ(at) for all t.

We now collect some properties that hold for both relative groups. The first is a

universal property which is useful for defining maps.

Proposition 2.3.10. Suppose that G is an abelian group and ν : Γj(ϕ) → G is a map

that satisfies

(i) ν(σ ⊕ τ) = ν(σ) + ν(τ),

(ii) ν(σ) = 0 if σ is elementary, and

(iii) if σ ∼= τ , then ν(σ) = ν(τ).

Then ν induces a unique group homomorphism µ : Kj(ϕ) → G such that µ([σ]) = ν(σ)

for all σ in Γj(ϕ).

Proof. If σ ∼ σ′, find elementary triples τ and τ ′ such that σ ⊕ τ ∼= σ′ ⊕ τ ′. Then

ν(σ) = ν(σ) + ν(τ) = ν(σ ⊕ τ) = ν(σ′ ⊕ τ ′) = ν(σ′) + ν(τ ′) = ν(σ′)

So the map µ([σ]) := ν(σ) is well-defined. It is a group homomorphism because

µ([σ] + [σ′]) = µ([σ ⊕ σ′]) = ν(σ ⊕ σ′) = ν(σ) + ν(σ′) = µ([σ]) + µ([σ′]).

If ϕ : A → B and ψ : C → D are ∗-homomorphisms, we denote by ϕ ⊕ ψ the

component-wise ∗-homomorphism A⊕ C → B ⊕D.

Proposition 2.3.11. Suppose ϕ : A → B and ψ : C → D are ∗-homomorphisms.

Then there are natural isomorphisms K∗(ϕ⊕ ψ) → K∗(ϕ)⊕K∗(ψ) that satisfy

[(e, e′), (f, f ′), (b, b′)] 7→ ([e, f, b], [e′, f ′, b′])

in the case of K0, and

[(e, e′), (a, a′), (g, g′)] 7→ ([e, a, g], [e′, a′, g′])

in the case of K1.

Proof. For a triple ((e, e′), (f, f ′), (b, b′)) in Γ0(ϕ⊕ ψ), define the map ν : Γ0(ϕ⊕ ψ) →
K0(ϕ)⊕K0(ψ) by

ν((e, e′), (f, f ′), (b, b′)) = ([e, f, b], [e′, f ′, b′]).
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It is straightforward to check that ν satisfies the hypotheses of Proposition 2.3.10, so

we get a well-defined group homomorphism that factors ν. The fact that the group

homomorphism is surjective is clear, and injectivity follows from a simple application

of part (iv) of Proposition 2.3.5. The proof is similar for K1.

The next result shows that the relativeK groups satisfy a kind of functoriality. This

hints at the notion of a “generalized relative homology theory” for ∗-homomorphisms.

We will discuss this idea in more detail in Chapter 5.

Proposition 2.3.12. Suppose that

A B

C D

ϕ

α β

ψ

is a commutative diagram of C∗-algebras and ∗-homomorphisms. Then there are well-

defined group homomorphisms (α, β)∗ : Kj(ϕ) → Kj(ψ) that satisfy

(α, β)∗([e, f, b]) = [α(e), α(f), β(b)]

for a triple (e, f, b) in Γ0(ϕ) and

(α, β)∗([e, a, g]) = [α(e), α(a), β(g)]

for a triple (e, a, g) in Γ1(ϕ). If α and β are ∗-isomorphisms, then (α, β)∗ is a group

isomorphism.

Proof. For a triple (e, f, b) in Γ0(ϕ), set ν(e, f, b) = [α(e), α(f), β(b)]. Again, the hy-

potheses of Proposition 2.3.10 are easy to check, so ν factors to a group homomorphism

that we denote by (α, β)∗. If α and β are ∗-isomorphisms, then the diagram

C D

A B

ψ

α−1 β−1

ϕ

is commutative and the same argument works to obtain the group homomorphism

(α−1, β−1)∗, which is easily seen to be the inverse of (α, β)∗. Again, the proof is similar

for K1.

At this point it is worth making a brief digression regarding units. The reader may

notice that the only place we have used the units in Ã and B̃ in this chapter so far

is in the proofs of Lemma 2.2.5, Proposition 2.2.6, and Proposition 2.2.8, and these

results have not been used yet. They will be used when defining certain connecting

maps (specifically µ0 and ∂1) and the units will play a useful role when refining the
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portrait of K∗(ϕ) in the coming subsection. However, the results we have up until now

enable us to show that if A and B are already unital and ϕ(1A) = 1B, one may define

K∗(ϕ) without unitizations while remaining consistent with the results above.

Definition 2.3.13. Suppose that A and B are unital and ϕ(1A) = 1B. Let Ku
j (ϕ)

be the group defined in the same way as Kj(ϕ), but with Ã replaced with A and B̃

replaced with B.

Notice Kj(ϕ) and Ku
j (ϕ̃) are precisely the same objects, and all preceding results

aboutKj(ϕ) have analogues forK
u
j (ϕ). The only modifications needed are in the proofs

of Lemma 2.2.5, Proposition 2.2.6, and Proposition 2.2.8, and the same arguments work

by using the units already present.

Proposition 2.3.14. If A and B are unital and ϕ(1A) = 1B, then Kj(ϕ) and Ku
j (ϕ)

are naturally isomorphic as groups.

Proof. The map νA : A⊕C → Ã defined by νA(a, λ) = a+λ(1Ã−1A) is a
∗-isomorphism

and the diagram

A⊕ C B ⊕ C

Ã B̃

νA

ϕ⊕idC

νB

ϕ̃

is commutative. Therefore (νA, νB)∗ : Ku
j (ϕ ⊕ idC) → Ku

j (ϕ̃) is an isomorphism by

Proposition 2.3.12. Then

Kj(ϕ) = Ku
j (ϕ̃)

∼= Ku
j (ϕ⊕ idC) ∼= Ku

j (ϕ)⊕Ku
j (idC) ∼= Ku

j (ϕ)

where the third isomorphism is due to Proposition 2.3.11. The fact that Ku
j (idC) = 0

is rather clear, but the skeptical reader is referred to part (ii) of Corollary 2.4.4.

2.3.1 Projections, unitaries, and partial isometries

We now focus on simplifying the portrait of K∗(ϕ) using the underlying C∗-algebra

structure. As discussed in Chapter 1, when one is working with C∗-algebra K-theory,

it is convenient to work with projections, unitaries, and partial isometries instead of

idempotents and invertible morphisms, chiefly because the former types of elements

behave better with respect to the adjoint operation, have much nicer spectral theory,

and continuous functional calculus is available. To this end, we introduce a more

specific picture using a refined definition of triples, and show that this new picture

gives the same theory.

Define Γ∗
0(ϕ) to be the subset of Γ0(ϕ) consisting of all triples (p, q, v), where p and

q are projections in M∞(Ã) and v is a partial isometry in M∞(B̃) with v∗v = ϕ(p),
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vv∗ = ϕ(q). We define a refined equivalence relation ∼∗ on Γ∗
0(ϕ) as follows. Say

that (p, q, v) and (p′, q′, v′) are ∗-isomorphic, written (p, q, v) ∼=∗ (p′, q′, v′), if there

are partial isometries c and d in M∞(Ã) with c∗c = p, cc∗ = p′, d∗d = q, dd∗ = q′,

and ϕ(d)v = v′ϕ(c). A triple (p, q, v) is called ∗-elementary if p = q and there is a

continuous path (vt) of partial isometries such that v0 = ϕ(p) = ϕ(q) and v1 = v,

and v∗t vt = vtv
∗
t = ϕ(p) = ϕ(q) for all t. Say that two triples σ and σ′ in Γ∗

0(ϕ)

are ∗-equivalent, written σ ∼∗ σ
′, if there exist ∗-elementary triples τ and τ ′ such

that σ ⊕ τ ∼=∗ σ ⊕ τ ′. Denote by [σ]∗, or [p, q, v]∗, the equivalence class of the triple

σ = (p, q, v) via the relation ∼∗.

It is straightforward to verify that the set of equivalence classes forms an abelian

group in the same way as for K0(ϕ). To see that −[p, q, v]∗ = [q, p, v∗]∗, notice that

if two unitaries are homotopic as invertibles, they are homotopic as unitaries. The

analogue of Proposition 2.3.10 also holds. We denote this new group by K∗
0(ϕ). The

notation is not desirable, but it is temporary, as we now aim to show that the inclusion

Γ∗
0(ϕ) ⊆ Γ0(ϕ) induces a natural isomorphism from K∗

0(ϕ) to K0(ϕ).

Lemma 2.3.15. (i) For every triple σ in Γ0(ϕ), there is a triple τ in Γ∗
0(ϕ) with

σ ∼ τ . Moreover, such a triple τ = (p, q, v) in Γ∗
0(ϕ) may be chosen so that one

of p or q is equal to 1n for some n ≥ 1, and ṗ = q̇ = v̇ = 1n.

(ii) Suppose m ≥ n, p is in Mm(Ã), (p, 1n, v) is in Γ∗
0(ϕ), and ṗ = v̇ = 1n. Then

[p, 1n, v] = 0 in K0(ϕ) if and only if there exist k ≥ 0 and a partial isometry w in

Mm+k(Ã) with w
∗w = 1n⊕0m−n⊕1k and ww

∗ = p⊕1k such that (v⊕1k)ϕ(w) is a

unitary in (1n⊕0m−n⊕1k)Mm+k(B̃)(1n⊕0m−n⊕1k) homotopic to 1n⊕0m−n⊕1k.

The partial isometry w may be chosen so that ẇ = 1n ⊕ 0m−n ⊕ 1k.

Proof. (i) First, if e is an idempotent in Ã,

p = ee∗(1 + (e− e∗)(e∗ − e))−1

is a projection, and ep = p and pe = e (see 4.6.2 of [4]). Thus, if (e, f, b) is a triple

in Γ0(ϕ), we have (e, f, b) ∼= (p, q, ϕ(f)bϕ(p)), where q = ff ∗(1 + (f − f ∗)(f ∗ −
f))−1, thanks to the commutative diagram

ϕ(e) ϕ(f)

ϕ(p) ϕ(q)

b

ϕ(e) ϕ(f)

ϕ(f)bϕ(p)

We set b1 = ϕ(f)bϕ(p).

Next, notice that b1b
∗
1 is an invertible element of the C∗-algebra ϕ(q)M∞(B̃)ϕ(q)

with inverse (b−1
1 )∗b−1

1 . Now (b1b
∗
1)

−t/2b1 for 0 ≤ t ≤ 1 is a homotopy from b1 to
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(b1b
∗
1)

−1/2b1, and each (b1b
∗
1)

−t/2b1 is an invertible morphism from ϕ(p) to ϕ(q) with

inverse b−1
1 ((b−1

1 )∗b−1
1 )−t/2. Set v = (b1b

∗
1)

−1/2b1, which is a partial isometry with

v∗v = ϕ(p) and vv∗ = ϕ(q). By part (i) of Proposition 2.3.5, (p, q, b1) ∼ (p, q, v).

Now choose n such that p and q are in Mn(Ã) and v is in Mn(B̃). By adding

the elementary triple (1n− p, 1n− p, 1n−ϕ(p)) and using part (iii) of Proposition

2.3.5,

(p, q, v) ∼

([
1n 0

0 0

]
,

[
q 0

0 1n − p

]
,

[
v 0

1n − ϕ(p) 0

])

Set q1 = q⊕ (1n− p) and v1 =

[
v 0

1n − ϕ(p) 0

]
. Adding 1n− q instead of 1n− p

would replace q with 1n.

We have v̇∗1 v̇1 = 1n and v̇1v̇
∗
1 = q̇1, so choosem ≥ n and a unitary u inMm(C) such

that uq̇1u
∗ = 1n. Then (1n, q1, v1) ∼= (1n, uq1u

∗, uv1) since uv1ϕ(1n) = ϕ(uq1)v1.

The scalar part of uq1u
∗ is 1n and we now set q2 = uq1u

∗ and v2 = uv1. Lastly,

v̇2 may then be regarded as a unitary in Mn(C), so choose a homotopy vt from v̇2
to 1n and observe that each v2v

∗
t is a partial isometry from 1n to ϕ(q2). By part

(i) of Proposition 2.3.5, (1n, q2, v2) ∼ (1n, q2, v2v̇
∗
2), and the third element of the

latter triple has scalar part 1n.

(ii) For appropriate m ≥ n, obtain elementary triples (r, r, c) and (s, s, d) such that

(p, 1n ⊕ 0m−n, v)⊕ (r, r, c) ∼= (s, s, d)

as in part (iv) of Proposition 2.3.5. As we saw in part (i), an elementary triple

in Γ0(ϕ) is isomorphic to an elementary triple consisting of projections, not just

idempotents, so we may assume that r and s are projections. If k ≥ 0 is large

enough so that r is in Mk(Ã), then

(r, r, c)⊕ (1k − r, 1k − r, 1k − ϕ(r)) ∼= (1k, 1k, c+ 1k − ϕ(r))

by part (iii) of Proposition 2.3.5, so

(p, 1n ⊕ 0m−n, v)⊕ (1k, 1k, c+ 1k − ϕ(r)) ∼= (s, s, d)⊕ (1k − r, 1k − r, 1k − ϕ(r))

and so we may assume that r = 1k for some k ≥ 0. Obtain x and y as in part

(iv) of Proposition 2.3.5, so that dϕ(x) = ϕ(y)(v ⊕ c), hence ϕ(y−1)dϕ(y) =

(v ⊕ c)ϕ(x−1y). Since d is homotopic to ϕ(s), ϕ(y−1)dϕ(y) is homotopic to

1n ⊕ 0m−n ⊕ 1k and also c is homotopic to 1k. Lastly, ϕ(x−1y) is homotopic
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to ϕ((x−1x−1∗)−1/2x−1(yy∗)−1/2y) as seen in part (i), and

(v ⊕ 1k)ϕ((x
−1x−1∗)−1/2x−1(yy∗)−1/2y)

is then a unitary in (1n ⊕ 0m−n ⊕ 1k)Mm+k(B̃)(1n ⊕ 0m−n ⊕ 1k). It is still ho-

motopic to the identity through invertibles, and it is standard that two unitaries

homotopic through invertibles are homotopic through unitaries. Upon naming

w1 = (x−1x−1∗)−1/2x−1(yy∗)−1/2y and w = w1ẇ
∗
1, we have the conclusion.

The following analogous result holds in the K1 case. Let Γ∗
1(ϕ) denote the subset

of Γ1(ϕ) consisting of triples (1n, u, g), where n ≥ 1, u is a unitary in Mn(Ã), and g is

a unitary in C([0, 1])⊗Mn(B̃) with g(0) = 1n and g(1) = ϕ(u).

Lemma 2.3.16. (i) For every triple σ in Γ1(ϕ), there is a triple τ in Γ∗
1(ϕ) with

σ ∼ τ . Moreover, such a triple τ = (1n, u, g) in Γ∗
1(ϕ) may be chosen so that

u̇ = ġ(s) = 1n for all 0 ≤ s ≤ 1.

(ii) [1n, u, g] = 0 in K1(ϕ) if and only if there exist k ≥ 0, a path ut of unitaries in

Mn+k(Ã) and a path gt of unitaries in C([0, 1])⊗Mn+k(B̃) such that u0 = 1n+k,

u1 = u⊕ 1k, g0 = 1n+k, g1 = g ⊕ 1k, and gt(1) = ϕ(ut) for all 0 ≤ t ≤ 1.

Proof. The techniques in the proof are similar to those seen before, so we merely sketch

the proof.

(i) Take a triple (e, a, g), add the elementary triple (1n−e, 1n−e, 1n−ϕ(e)), and use

part (iii) of Proposition 2.3.9 to obtain 1n in place of e. Use the paths (aa∗)−t/2a

and (gg∗)−t/2g and part (i) of Proposition 2.3.9 to obtain unitaries in place of

invertibles. Replace u with u̇∗u and g with ġ∗g and use the fact that u̇ and ġ are

homotopic to the identity to obtain the last claim.

(ii) If [1n, u, g] = 0, use part (iv) of Proposition 2.3.9 to find an integer k ≥ 0, an

idempotent e′ in Mk(Ã) and paths of invertibles at in (1n ⊕ e′)Mn+k(Ã)(1n ⊕ e′)

and gt in C([0, 1]) ⊗ (1n ⊕ ϕ(e′))Mn+k(B̃)(1n ⊕ ϕ(e′)) such that a0 = 1n ⊕ e′,

a1 = u⊕ e′, g0 = 1n ⊕ ϕ(e′), g1 = g ⊕ ϕ(e′), and gt(1) = ϕ(at) for all t. This path

takes place in (1n ⊕ ϕ(e′))Mn+k(B̃)(1n ⊕ ϕ(e′)), so by adding 0n ⊕ (1k − ϕ(e′))

to everything, we obtain paths of invertibles in Mn+k, and using the usual polar

decomposition trick, we obtain paths of unitaries.

Proposition 2.3.17. The inclusion Γ∗
j(ϕ) ⊆ Γj(ϕ) induces a group isomorphism Ωϕ :

K∗
j (ϕ) → Kj(ϕ). Moreover, given the commutative diagram

A B

C D

ϕ

α β

ψ
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we have the commutative diagram

K∗
j (ϕ) K∗

j (ψ)

Kj(ϕ) Kj(ψ)

(α,β)∗

Ωϕ Ωψ

(α,β)∗

Proof. It is straightforward to check for both j = 0, 1 that the map Γ∗
j(ϕ) → Kj(ϕ)

satisfies the hypotheses of Proposition 2.3.10 (with Γj(ϕ) replaced with Γ∗
j(ϕ)), so we

get a group homomorphism Ωϕ : K∗
j (ϕ) → Kj(ϕ). In the case j = 0, surjectivity of

Ωϕ follows from part (i) of Lemma 2.3.15, and injectivity follows from part (ii) of the

same lemma. The j = 1 case is analogous, using Lemma 2.3.16.

Thus the groupsK∗
j (ϕ) andKj(ϕ) are, for all intents and purposes, identical when A

and B are C∗-algebras. From this point on we will favour the portrait using projections,

unitaries, and partial isometries, and we will denote both portraits using the notation

K∗(ϕ) with little to no risk of confusion.

2.4 The proof of Theorem 2.1.1

The exact sequence of Proposition 2.4.1 below is essentially that of Theorem 3.22 in

[18]. We provide a proof using our refined portrait.

Define the map µ0 : K1(B) → K0(ϕ) by µ0([u]) = [1n, 1n, u], where u is a unitary

in Mn(B̃). By part (i) of Proposition 2.3.5, µ0 is well-defined, and clearly it is a group

homomorphism.

Define a map ν : Γ0(ϕ) → K0(A) by ν(p, q, v) = [p] − [q]. Observe that the

image of ν is indeed in K0(A) (not just K0(Ã)) since v̇∗v̇ = ṗ and v̇v̇∗ = q̇, hence

[ṗ] = [q̇]. It is easy to check that ν satisfies the hypotheses of Proposition 2.3.10, hence

factors to a well-defined group homomorphism ν0 : K0(ϕ) → K0(A) that satisfies

ν0([p, q, v]) = [p]− [q].

Proposition 2.4.1. The sequence

K1(A) K1(B) K0(ϕ) K0(A) K0(B)
ϕ∗ µ0 ν0 ϕ∗

is exact.

Proof. It is quite clear that all compositions are zero. Let us check exactness at K0(A).

If ϕ∗([p]− [q]) = [ϕ(p)]− [ϕ(q)] = 0, choose a large enough n ≥ 1 and w in Mn(B̃) such

that w∗w = ϕ(p) and ww∗ = ϕ(q). Then we have

[p]− [q] = ν0([p, q, w]).
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Next, we check exactness at K0(ϕ). If (p, 1n, v) is such that p is in Mm(Ã) and

ν0([p, 1n, v]) = [p] − [1n] = 0, choose k ≥ m and w in Mk(Ã) such that w∗w = p

and ww∗ = 1n ⊕ 0m−n ⊕ 1k. Then

(p⊕ 1k, 1n ⊕ 0m−n ⊕ 1k, v ⊕ 1k) ∼= (1n ⊕ 0m−n ⊕ 1k, 1n ⊕ 0m−n ⊕ 1k, (v ⊕ 1k)ϕ(w
∗))

hence (v ⊕ 1k)ϕ(w
∗) + 0n ⊕ 1m−n ⊕ 0k is a unitary in Mm+k(B̃) and

[p, 1n, v] = µ0([(v ⊕ 1k)ϕ(w
∗) + 0n ⊕ 1m−n ⊕ 0k]).

Lastly, we check exactness at K1(B). If µ0([u]) = [1n, 1n, u] = 0, use part (ii) of Lemma

2.3.15 to find k ≥ 0 and a partial isometry w such that ϕ(w)(u⊕ 1k) is a unitary and

homotopic to 1n+k inMn+k(B̃). Since u⊕1k is a unitary, so is w and u⊕1k is homotopic

to ϕ(w∗). Thus

[u] = [u⊕ 1k] = [ϕ(w∗)] = ϕ∗([w
∗])

which completes the proof.

We now turn to the analogue for K1(ϕ). Consider a unitary g in C([0, 1])⊗Mn(B̃)

with g(0) = g(1) = ġ = 1n, so that g is inMn(S̃B). Define µ1([g]) = [1n, 1n, g]. By part

(i) of Proposition 2.3.9, this is a well-defined group homomorphism µ1 : K1(SB) →
K1(ϕ).

For a triple (e, a, g) in Γ1(ϕ), define the map ν : Γ1(ϕ) → K−1(CA) by ν(e, a, g) =
[e, a] (recall the definition of K−1(CA) given before Lemma 2.2.4). The hypotheses

of Proposition 2.3.10 are satisfied, so we get a group homomorphism ν1 : K1(ϕ) →
K−1(CA) such that ν1([e, a, g]) = [e, a]. With the unitary picture of K1(A), the formula

is more simply ν1([1n, u, g]) = [u].

Proposition 2.4.2. The sequence

K1(SA) K1(SB) K1(ϕ) K1(A) K1(B)
(Sϕ)∗ µ1 ν1 ϕ∗

is exact.

Proof. Again, all compositions are clearly zero. Let us show exactness at K1(A). If

ϕ∗([u]) = [ϕ(u)] = 0 for a unitary u in Mn(Ã), we may find a unitary g in C([0, 1]) ⊗
Mn(B̃) such that g(1) = ϕ(u) and g(0) = 1n (after possibly increasing n). Then we

have

[u] = ν1([1n, u, g]).

Next, we show exactness at K1(ϕ). If (1n, u, g) is a triple in Γ1(ϕ) with u̇ = ġ = 1n
and ν1([1n, u, g]) = [u] = 0, after increasing n if necessary we may find a unitary f in
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C([0, 1])⊗Mn(Ã) such that f(0) = ḟ = 1n and f(1) = u. Set

g̃(s) =

{
g(2s) 0 ≤ s ≤ 1/2

ϕ(f(2− 2s)) 1/2 ≤ s ≤ 1
.

Then g̃ is a unitary in C([0, 1])⊗Mn(B̃) and g̃(0) = g̃(1) = ġ = 1n. Now for a fixed t

in [0, 1], the function gt defined by

gt(s) =

{
g(s(1− 1

2
t)−1) 0 ≤ s ≤ 1− 1

2
t

ϕ(f(3− 2s− t)) 1− 1
2
t ≤ s ≤ 1

satisfies g0 = g, g1 = g̃, and gt(1) = ϕ(f(1− t)), and so

[1n, u, g] = [1n, 1n, g̃] = µ1([g̃]).

Finally, we show exactness at K1(SB). If µ1([g]) = [1n, 1n, g] = 0 for a unitary g in

Mn(S̃B), after increasing n if necessary, use part (ii) of Lemma 2.3.16 to find paths (ut)

and (gt) such that u0 = u1 = 1n, g1 = g, g0 = 1n, and gt(1) = ϕ(ut) and u̇t = ġt = 1n
for all t. Write f(t) = ut and set

g̃t(s) =

{
gt(2s) 0 ≤ s ≤ 1/2

ϕ(f((2− 2t)s+ 2t− 1)) 1/2 ≤ s ≤ 1

Then g̃t(0) = g̃t(1) = 1n for all t and

g̃1(s) =

{
g(2s) 0 ≤ s ≤ 1/2

1n 1/2 ≤ s ≤ 1

and

g̃0(s) =

{
1n 0 ≤ s ≤ 1/2

ϕ(f(2s− 1)) 1/2 ≤ s ≤ 1

Which are homotopic to g and Sϕ(f), respectively. Thus

[g] = [g̃1] = [g̃0] = [Sϕ(f)] = (Sϕ)∗([f ]).

Proposition 2.4.3. If a ∗-homomorphism ϕ : A → B satisfies ϕ(a) = 0 for all a in

A, then the sequence in Theorem 2.1.1 splits at K0(A) and K1(A). In other words, for

each j = 0, 1 there is a group homomorphism λj : Kj(A) → Kj(ϕ) such that νj ◦ λj is
the identity map on Kj(A).

Proof. If p and q are two projections inM∞(Ã) with [ṗ] = [q̇], let v be a partial isometry

in M∞(C) such that v∗v = ṗ and vv∗ = q̇. If u is a unitary in Mn(Ã), let g be any
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unitary in C([0, 1])⊗Mn(C) such that g(0) = 1n and g(1) = u̇. Define

λ0([p]− [q]) = [p, q, v], λ1([u]) = [1n, u, g].

For both j = 0, 1, it is straightforward to check that λj is well-defined, additive,

independent of the choices of v and g, and that νj ◦ λj is the identity.

By combining all results in this section, we obtain Theorem 2.1.1. The map µ1 in

Theorem 2.1.1 is (by abuse of notation) the composition of the Bott map βB and µ1

from Proposition 2.4.2. It may therefore be written as µ1([p] − [q]) = [1n, 1n, fpf
∗
q ],

where fp is the projection loop fp(s) = e2πisp in C([0, 1])⊗Mn(B̃). Since the Bott map

is natural, the diagram

K0(A) K0(B) K1(ϕ) K1(A)

K1(SA) K1(SB) K1(ϕ) K1(A)

ϕ∗

βA

µ1

βB

ν1

(Sϕ)∗ µ1 ν1

is commutative, and all vertical maps are isomorphisms. It follows that the top row is

exact.

We record the following immediate and useful consequence of Theorem 2.1.1.

Corollary 2.4.4. If ϕ∗ : K∗(A) → K∗(B) is an isomorphism, then K∗(ϕ) = 0.

The following result will also be useful.

Proposition 2.4.5. Suppose that the diagram

A B

C D

ϕ

α β

ψ

is commutative. Then the diagram

K1−j(B) Kj(ϕ) Kj(A)

K1−j(D) Kj(ψ) Kj(B)

µj

β∗

νj

(α,β)∗ α∗

µj νj

is commutative.

Proof. For the left square, (α, β)∗(µj([u])) = (α, β)∗([1n, 1n, u]) = [1n, 1n, β(u)] =

µj([β(u)]) = µj(β∗([u])). The right square is just as easy.
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2.5 The proof of Theorem 2.1.2

Throughout this section, we will assume that

0 I A A/I 0

0 J B B/J 0

ιA

ψ

πA

ϕ γ

ιB πB

(2.3)

is a commutative diagram with exact rows. We will denote the group homomorphisms

(ιA, ιB)∗ and (πA, πB)∗ by ι∗ and π∗, respectively.

2.5.1 Half-exactness and split exactness

Proposition 2.5.1. The sequence

K0(ψ) K0(ϕ) K0(γ)
ι∗ π∗

is exact. Moreover, if λA : A/I → A and λB : B/J → B are splittings of the rows in

(2.3) that keep the diagram commutative, then the sequence

0 K0(ψ) K0(ϕ) K0(γ) 0
ι∗ π∗

λ∗

is split exact, where λ∗ = (λA, λB)∗.

Proof. It is clear that π∗ ◦ ι∗ = 0. Conversely, suppose that [1n, q, v] is in the kernel of

π∗, so [1n, πA(q), πB(v)] = 0. Find (in order):

(i) an integer m ≥ n so that q is in Mm(Ã),

(ii) an integer k ≥ 0 and a partial isometry w in Mm+k(Ã/I) such that w∗w =

πA(q) ⊕ 1k and ww∗ = 1n ⊕ 0m−n ⊕ 1k and γ(w)(πB(v) ⊕ 1k) is homotopic to

1n⊕ 0m−n⊕ 1k as a unitary in (1n⊕ 0m−n⊕ 1k)Mm+k(Ã/I)(1n⊕ 0m−n⊕ 1k) (use

Lemma 2.3.15),

(iii) an integer l ≥ 0 and a unitary z homotopic to 1m+k+l in Mm+k+l(Ã/I) such

that z(πA(q) ⊕ 1k ⊕ 0l)z
∗ = 1n ⊕ 0m−n ⊕ 1k ⊕ 0l and γ(z)(πB(v) ⊕ 1k ⊕ 0l) =

(γ(w)(πB(v)⊕ 1k))⊕ 0l. For example, one may take l = m+ k and

z =

[
w 1m+k − ww∗

1m+k − w∗w w∗

]

and use part (iv) of Proposition 1.1.12.
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(iv) a unitary U in Mm+k+l(Ã) such that πA(U) = z (use part (ii) of Proposition

1.1.13),

(v) a unitary V in (1n ⊕ 0m−n ⊕ 1k)Mm+k(B̃)(1n ⊕ 0m−n ⊕ 1k) homotopic to 1n ⊕
0m−n⊕1k such that πB(V ) = γ(w)(πB(v)⊕1k) (use part (ii) of Proposition 1.1.13

on the unitary γ(w)(πB(v)⊕ 1k), which is homotopic to 1n ⊕ 0m−n ⊕ 1k).

Then

[1n, q, v] =




1n 0 0 0

0 0m−n 0 0

0 0 1k 0

0 0 0 0l

 ,
 q 0 0

0 1k 0

0 0 0l

 ,
 v 0 0

0 1k 0

0 0 0l




=




1n 0 0 0

0 0m−n 0 0

0 0 1k 0

0 0 0 0l

 , U
 q 0 0

0 1k 0

0 0 0l

U∗, ϕ(U)

 v 0 0

0 1k 0

0 0 0l




=




1n 0 0 0

0 0m−n 0 0

0 0 1k 0

0 0 0 0l

 , U
 q 0 0

0 1k 0

0 0 0l

U∗, ϕ(U)

 v 0 0

0 1k 0

0 0 0l




+




1n 0 0 0

0 0m−n 0 0

0 0 1k 0

0 0 0 0l

 ,


1n 0 0 0

0 0m−n 0 0

0 0 1k 0

0 0 0 0l

 ,
[
V ∗ 0

0 0l

]

=




1n 0 0 0

0 0m−n 0 0

0 0 1k 0

0 0 0 0l

 , U
 q 0 0

0 1k 0

0 0 0l

U∗, ϕ(U)

 v 0 0

0 1k 0

0 0 0l

[ V ∗ 0

0 0l

] .
To get the first equality above, we added an elementary scalar triple. To get the second,

notice that the two triples are isomorphic via the unitary U . In the third equality, the

new triple being added is elementary because V is homotopic to the identity. The

fourth equality follows from part (ii) of Proposition 2.3.5. Regarding the elements of

the latter triple, we have

πA

U
 q 0 0

0 1k 0

0 0 0l

U∗

 = πB

ϕ(U)
 v 0 0

0 1k 0

0 0 0l

[ V ∗ 0

0 0l

] =


1n 0 0 0

0 0m−n 0 0

0 0 1k 0

0 0 0 0l


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from which it follows that [1n, q, v] is in the image of ι∗.

For the split exact sequence, it is clear that λ∗ is a right inverse for π∗, so we

need only show that ι∗ is injective. Suppose that (1n, q, v) is a triple in Γ0(ψ) with

q̇ = v̇ = 1n and [1n, q, v] = 0 in K0(ϕ). Choose m ≥ n so that 1n ⊕ 0m−n and q are in

Mm(Ĩ) and v is in Mm(J̃). Use Lemma 2.3.15 to find an integer k ≥ 0 and a partial

isometry w inMm+k(Ã) with w
∗w = q⊕1k and ww

∗ = 1n⊕0m−n⊕1k and ϕ(w)(v⊕1k)

is homotopic to 1n⊕0m−n⊕1k. Let yt be such a homotopy, that is, y0 = 1n⊕0m−n⊕1k
and y1 = ϕ(w)(v ⊕ 1k). Set x = λA(πA(w

∗))w. Then πA(x) = 1n ⊕ 0m−n ⊕ 1k so

that x is in Mm+k(Ĩ). We have x∗x = q ⊕ 1k and xx∗ = 1n ⊕ 0m−n ⊕ 1k and, since

πB(v ⊕ 1k) = 1n ⊕ 0m−n ⊕ 1k,

ψ(x)

[
v 0

0 1k

]
= ψ(λA(πA(w

∗))w)

[
v 0

0 1k

]

= λB(πB(ϕ(w
∗)))ϕ(w)

[
v 0

0 1k

]

= λB

(
πB

([
v 0

0 1k

]
ϕ(w∗)

))
ϕ(w)

[
v 0

0 1k

]

= λB

(
πB

(
ϕ(w)

[
v 0

0 1k

])∗)
ϕ(w)

[
v 0

0 1k

]

is homotopic to 1n ⊕ 0m−n ⊕ 1k through Mm+k(J̃) via λB(πB(y
∗
t ))yt. It follows that

[1n, q, v] = 0 in K0(ψ).

Corollary 2.5.2. The inclusions A → Ã and B → B̃ induce isomorphisms K∗(ϕ) →
K∗(ϕ̃).

Proof. Use Proposition 2.5.1 on the diagram with split exact rows

0 A Ã C 0

0 B B̃ C 0

ϕ ϕ̃

together with Corollary 2.4.4.

Of course, a similar result involving mapping cones can be obtained. Using Propo-

sition 1.2.15 on the above diagram results in the split exact sequence

0 Cϕ Cϕ̃ C0((0, 1]) 0

and C0((0, 1]) is contractible.
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2.5.2 The index map

Now we associate an index map ∂1 : K1(γ) → K0(ψ) to the diagram (2.3).

Definition 2.5.3. Let (1n, u, g) be a triple in Γ1(γ). Define the map ν : Γ1(γ) → K0(ψ)

by

ν(1n, u, g) =

[
w

[
1n 0

0 0l

]
w∗,

[
1n 0

0 0l

]
,

[
h(1) 0

0 0l

]
ϕ(w∗)

]
where l ≥ 0 is an integer, w is a unitary in Mn+l(Ã) such that πA(w)(1n⊕ 0l) = u⊕ 0l,

and h is a unitary in C([0, 1])⊗Mn(B̃) such that h(0) = 1n and πB(h) = g.

Observe that we may always choose such elements l, w, and h: we may take l = n

and w to be a lift of u ⊕ u∗ by part (ii) of Proposition 1.1.13, and h exists because

g, as a unitary in C([0, 1])⊗Mn(B̃/J), is homotopic to 1n, so part (ii) of Proposition

1.1.13 applies. If h(0) ̸= 1n, simply replace h with h(0)∗h, which is still a lift of g since

g(0) = 1n.

As changing the value of l effectively only changes the number of zeros (or ones,

in the case of w) down the diagonal, the definition clearly does not depend on the

choice of this integer. One could avoid the arbitrary choice altogether and simply use

n instead, but the arbitrary choice simplifies the proof of Proposition 2.5.7.

Lemma 2.5.4. The map ν in Definition 2.5.3 is independent of the choices of w and

h, and if (1n, u, g) ∼ (1n, u
′, g′) in Γ1(γ), then ν(1n, u, g) = ν(1n, u

′, g′).

Proof. Fix a triple (1n, u, g) in Γ1(γ) and let w′ be an alternative choice for w satisfying

the same property. Notice that

x = w′

[
1n 0

0 0l

]
w∗

satisfies πA(x) = 1n ⊕ 0l and hence is a partial isometry in Mn+l(Ĩ). Moreoever, the

diagram

ϕ(w)(1n ⊕ 0l)ϕ(w
∗) 1n ⊕ 0l

ϕ(w′)(1n ⊕ 0l)ϕ(w
′∗) 1n ⊕ 0l

(h(1)⊕0l)ϕ(w
∗)

ψ(x) 1n⊕0l

(h(1)⊕0l)ϕ(w
′∗)

is commutative, which shows that the triples (w(1n ⊕ 0l)w
∗, 1n ⊕ 0l, (h(1)⊕ 0l)ϕ(w

∗))

and (w′(1n ⊕ 0l)w
′∗, 1n ⊕ 0l, (h(1)⊕ 0l)ϕ(w

′∗)) are isomorphic in Γ0(ψ).
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Next, suppose that h′ is another lift of g in C([0, 1])⊗Mn(B̃). Then the triple

σ =

([
1n 0

0 0l

]
,

[
1n 0

0 0l

]
,

[
h′(1)h(1)∗ 0

0 0l

])

is in Γ0(ψ), and it is elementary due to the path t 7→ h′(t)h(t)∗ (note carefully that

this is a path through Mn(J̃), not just Mn(B̃)). By part (ii) of Proposition 2.3.5,

ν(1n, u, g) + [σ] =

[
w

[
1n 0

0 0l

]
w∗,

[
1n 0

0 0l

]
,

[
h′(1) 0

0 0l

]
ϕ(w∗)

]

as desired.

To prove the last claim, we use a mapping cone argument2. Suppose that (1n, u, g) ∼
(1n, u

′, g′) in Γ1(γ). By increasing n if necessary, we may find a path of unitaries ut in

Mn(Ã/I) and a path of unitaries gt in C([0, 1])⊗Mn(B̃/J) such that u0 = u, u1 = u′,

g0 = g, g1 = g′, and gt(1) = γ(ut) for all t. Define the C∗-algebras

C = {(a, f) ∈Mn(Ã)⊕ (C([0, 1])⊗Mn(B̃)) | f(1) = ϕ(a) and f(0) ∈Mn(C)}

D = {(a, f) ∈Mn(Ã/I)⊕ (C([0, 1])⊗Mn(B̃/J)) | f(1) = γ(a) and f(0) ∈Mn(C)}

and observe that, applying πA and πB component-wise gives a surjective ∗-homomorphism

C → D. (To see this, observe that C and D are isomorphic to Mn(C̃ϕ̃) and Mn(C̃γ̃),

respectively, and use exactness of (1.2).) Now, (u∗u′, g∗g′) is a unitary in D homotopic

to 1n, and thus there is a unitary (z, k) in C with πA(z) = u∗u′ and πB(k) = g∗g′.

By replacing (z, k) with (k(0)∗z, k(0)∗k) if necessary, we may assume that k(0) = 1n.

Also, let z′ be a unitary in Mn(Ã) such that πA(z
′) = uu′∗. Let w and h be required

lifts in the definition of ν corresponding to u and g, and set

w′ = w

[
z 0

0 z′

]
, h′ = hk,

which satisfy πA(w
′) = u′⊕u′∗, h′(0) = 1n, and πB(h

′) = g′, hence are lifts correspond-

ing to u′ and g′. Moreover,

w

[
1n 0

0 0n

]
w∗ = w′

[
1n 0

0 0n

]
w′∗

2It is rather disappointing to appeal to mapping cones at this stage, but a more elementary (no
pun intended) method of producing the lift (z, k) proved to be more elusive than expected.
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and [
h(1) 0

0 0n

]
ϕ(w∗) =

[
h′(1) 0

0 0n

]
ϕ(w′∗).

Definition 2.5.5. We define ∂1 : K1(γ) → K0(ψ) to be the unique group homomor-

phism that makes the diagram

Γ1(γ)

K1(γ) K0(ψ)

ν

∂1

commutative, where ν is as in Definition 2.5.3.

Proposition 2.5.6. The map ∂1 is natural in the following sense. Suppose that

0 I ′ A′ A′/I ′ 0

0 I A A/I 0

0 J ′ B′ B′/J ′ 0

0 J B B/J 0

ψ′ ϕ′ γ′
ωI

ψ ϕ

ωA

γ

ωA/I

ωJ ωB ωB/J

is a commutative diagram with exact rows. Then the diagram

K1(γ) K0(ψ)

K1(γ
′) K0(ψ

′)

∂1

(ωA/I ,ωB/J )∗ (ωI ,ωJ )∗

∂1

is commutative.

Proof. Let (1n, u, g) be a triple in Γ1(γ), and choose lifts w and h corresponding to

this triple as in Definition 2.5.3. Then ωA(w) and ωB(h) are lifts corresponding to the

triple (1n, ωA/I(u), ωB/J(g)).

Proposition 2.5.7. The sequence

K1(ϕ) K1(γ) K0(ψ) K0(ϕ)
π∗ ∂1 ι∗

is exact and the diagram
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K1(S(B/J)) K1(γ) K1(A/I)

K1(J) K0(ψ) K0(I)

θ−1
J ◦δ2

µ1 ν1

∂1 δ1

µ0 ν0

is commutative.

Proof. For ease of notation we will denote

p = w

[
1n 0

0 0l

]
w∗ v =

[
h(1) 0

0 0l

]
ϕ(w∗).

It is easy to see from the formula for ∂1 that the right square in the diagram is commuta-

tive. For the left square, take [f ] in K1(S(B/J)), where f is a unitary in Mn(S̃(B/J))

and f(0) = ḟ = 1n. Find a unitary h in Mn(C̃B) such that h(0) = ḣ = 1n and

πB(h) = f . Then we have

∂1(µ1([f ])) = ∂1([1n, 1n, f ]) = [1n, 1n, h(1)].

Now find g in M2n(S̃B) such that g(0) = ġ = 12n and πB(g) = f ⊕ f ∗. Let

g̃(t) =

{
g(2t) 0 ≤ t ≤ 1/2

h(2t− 1)⊕ h(2t− 1)∗ 1/2 ≤ t ≤ 1
.

Then [g(1n⊕ 0n)g
∗]− [1n⊕ 0n] = [g̃(1n⊕ 0n)g̃

∗]− [1n⊕ 0n] in K0(SJ), the latter being

equal to θJ([h(1)]) since g̃(1) = h(1)⊕ h(1)∗. All in all, we have

µ0(θ
−1
J (δ2([f ]))) = µ0(θ

−1
J ([g̃(1n ⊕ 0n)g̃

∗]− [1n ⊕ 0n])) = µ0([h(1)]) = [1n, 1n, h(1)]

which shows commutativity of the left square.

The composition ∂1 ◦ π∗ is clearly zero since everything has a unitary lift. We also

have ι∗ ◦ ∂1 = 0 since

[p, 1n ⊕ 0l, v] = [p, 1n ⊕ 0l, v] + [1n ⊕ 0l, 1n ⊕ 0l, h(1)
∗ ⊕ 0l] = [p, 1n ⊕ 0l, (1n ⊕ 0l)ϕ(w

∗)]

since (1n⊕0l, 1n⊕0l, h(1)
∗⊕0l) is elementary in Γ0(ϕ) and (p, 1n⊕0l, (1n⊕0l)ϕ(w

∗)) ∼=
(1n ⊕ 0l, 1n ⊕ 0l, 1n ⊕ 0l).

Now suppose that

∂1([1n, u, g]) = [p, 1n ⊕ 0l, v] = [w(1n ⊕ 0l)w
∗, 1n ⊕ 0l, (h(1)⊕ 0l)ϕ(w

∗)] = 0

for a triple (1n, u, g) in Γ1(ϕ). Find k ≥ 1 and a partial isometry x in Mn+l+k(Ĩ) with
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xx∗ = p ⊕ 1k and ẋ = x∗x = 1n ⊕ 0l ⊕ 1k, and such that (v ⊕ 1k)ψ(x) is homotopic

to 1n ⊕ 0l ⊕ 1k. Let yt be such a homotopy, with ẏt = y0 = 1n ⊕ 0l ⊕ 1k for all t and

y1 = (v ⊕ 1k)ψ(x). Set

z =

 1n 0 0

0 0l 0

0 0 1k

[ w∗ 0

0 1k

]
x

and

h′(t) =

{
y2t 0 ≤ t ≤ 1/2

(h(2t− 1)∗ ⊕ 0l ⊕ 1k)(v ⊕ 1k)ψ(x) 1/2 ≤ t ≤ 1

Then πA(z) = u⊕ 0l ⊕ 1k and

πB(h
′(t)) =

{
1n ⊕ 0l ⊕ 1k 0 ≤ t ≤ 1/2

g(2t− 1)⊕ 0l ⊕ 1k 1/2 ≤ t ≤ 1

which is clearly homotopic to g ⊕ 0l ⊕ 1k. Moreover, h′(1) = ϕ(z). It follows that

[1n, u, g] = [1n ⊕ 0l ⊕ 1k, u⊕ 0l ⊕ 1k, g ⊕ 0l ⊕ 1k] = π∗([1n ⊕ 0l ⊕ 1k, z, h
′])

Now suppose that (p, 1n, v) is a triple in Γ0(ψ) with [p, 1n, v] = 0 in K0(ϕ). Choose

m ≥ n such that 1n ⊕ 0m−n and p are in Mm(Ĩ) and v is in Mm(J̃). Find k ≥ 0 and a

partial isometry x in Mm+k(Ã) with xx
∗ = p⊕ 1k and ẋ = x∗x = 1n ⊕ 0m−n ⊕ 1k, and

such that (v ⊕ 1k)ϕ(x) is homotopic to 1n ⊕ 0m−n ⊕ 1k. Find a unitary U in Mm+k(C)
such that

U(1n ⊕ 0m−n ⊕ 1k)U
∗ = 1n+k ⊕ 0m−n

and let p′ = U(p ⊕ 1k)U
∗, v′ = U(v ⊕ 1k)U

∗, and x′ = UxU∗. Clearly (p, 1n, v) ⊕
(1k, 1k, 1k) ∼= (p′, 1n+k, v

′), x′x′∗ = p′, x′∗x′ = 1n+k⊕0m−n, and that v′ϕ(x′) is homotopic

to 1n+k ⊕ 0m−n. Let yt be such a homotopy, with ẏt = y0 = 1n+k ⊕ 0m−n for all t and

y1 = v′ϕ(x′). Notice that πA(x
′) = (1n+k ⊕ 0m−n)πA(x

′)(1n+k ⊕ 0m−n), so we may

regard πA(x
′) as a unitary in Mn+k(Ã/I), and similarly we may regard yt as a path of

unitaries in Mn+k(B̃). Set g(t) = πB(yt) and notice that

g(1) = πB(ϕ(x
′∗))πB(v

′∗) = γ(πA(x
′∗))

so that (1n+k, πA(x
′∗), g) is a triple in Γ1(γ). Moreover, we see that its image under ∂1

is [p, 1n, v] by using l = 2m+ k − n,

w =

[
x′ 1m+k − x′x′∗

1m+k − x′∗x′ x′∗

]
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in M2(m+k)(Ã) and h(t) = yt in the definition of ∂1.

Definition 2.5.8. Define the map θϕ : K1(ϕ) → K0(Sϕ) to be the index map associ-

ated to the diagram

0 SA CA A 0

0 SB CB B 0

Sϕ Cϕ ϕ

Corollary 2.5.9. The map θϕ : K1(ϕ) → K0(Sϕ) is an isomorphism. Moreover, the

diagram

K1(SB) K1(ϕ) K1(A)

K1(SB) K0(Sϕ) K0(SA)

µ1 ν1

θϕ θA

µ0 ν0

is commutative.

Proof. CA and CB are contractible, hence K0(Cϕ) = K1(Cϕ) = 0 by Corollary 2.4.4.

So by Proposition 2.5.7, the sequence

0 K1(ϕ) K0(Sϕ) 0
θϕ

is exact, and the given diagram is commutative.

An explicit description of θϕ is as follows. Let (1n, u, g) be a triple in Γ1(ϕ), and let

w be a unitary in C([0, 1])⊗M2n(Ã) with w(0) = 12n and w(1) = u⊕ u∗. Then

θϕ([1n, u, g]) =

[
w

[
1n 0

0 0n

]
w∗,

[
1n 0

0 0n

]
,

[
g 0

0 0n

]
ϕ(w∗)

]

Corollary 2.5.10. The sequence

K1(ψ) K1(ϕ) K1(γ)
ι∗ π∗

is exact. If λA : A/I → A and λB : B/J → B are splittings of the rows in (2.3) that

keep the diagram commutative, then the sequence

0 K1(ψ) K1(ϕ) K1(γ) 0
ι∗ π∗

λ∗

is split exact.

Proof. The map θϕ is natural, so we have the commutative diagram
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K1(ψ) K1(ϕ) K1(γ)

K0(Sψ) K0(Sϕ) K0(Sγ)

θψ

ι∗ π∗

θϕ θγ

(Sι)∗ (Sπ)∗

in which, by Proposition 2.5.1, the bottom row is exact. It follows that the top row is

exact as well. The proof for split exactness is similar.

At this point we may unambiguously define higher relative groupsKj(ϕ) byK0(S
jϕ)

and higher index maps ∂j : Kj(γ) → Kj−1(ψ) to obtain a long exact sequence. We

proceed to prove that Bott periodicity holds so that the long exact sequence collapses

to the six-term exact sequence in Theorem 2.1.2.

2.5.3 Bott periodicity and the exponential map

The proof of Bott periodicity for relative K-theory is quite slick, as it essentially

follows from ordinary Bott periodicity and Corollary 2.4.4. We will follow the proof

in [7] that uses the Toeplitz algebra (recall Example 1.1.5). Let π : T → C(T) be

the ∗-homomorphism that sends the generating isometry to the function z on T. The

kernel of π is isomorphic to K, and by identifying C0((0, 1)) with elements in C(T) that
vanish at 1 and letting T0 = π−1(C0((0, 1))), we obtain the reduced Toeplitz extension

0 K T0 C0((0, 1)) 0π (2.4)

By applying Proposition 1.2.11 to (2.4), we obtain that K∗(T0) = 0.

Lemma 2.5.11. If C is in the bootstrap class and K∗(C) = 0, then K∗(ϕ⊗ idC) = 0.

In particular, K∗(ϕ⊗ idT0) = 0.

Proof. By Theorem 1.2.19, we have K∗(A ⊗ C) = K∗(B ⊗ C) = 0. The conclusion

follows from Corollary 2.4.4.

Lemma 2.5.12. (κA, κB)∗ : K∗(ϕ) → K∗(ϕ⊗ idK) is an isomorphism.

Proof. For j = 0, 1, we have a commutative diagram with exact rows

K1−j(A) K1−j(B) Kj(ϕ) Kj(A) Kj(B)

K1−j(A⊗K) K1−j(B ⊗K) Kj(ϕ⊗ idK) Kj(A⊗K) Kj(B ⊗K)

(κA)∗

ϕ∗ µj

(κB)∗

νj

(κA,κB)∗

ϕ∗

(κA)∗ (κB)∗

(ϕ⊗idK)∗ µj νj (ϕ⊗idK)∗

All vertical maps except for the middle one are known to be isomorphisms. The five

lemma then shows that the middle vertical arrow is an isomorphism.

66



We now produce the Bott map. By tensoring (2.4) with A and B, we obtain the

commutative diagram

0 A⊗K A⊗ T0 SA 0

0 B ⊗K B ⊗ T0 SB 0

ϕ⊗idK ϕ⊗idT0 Sϕ

(All C∗-algebras involved, with the exception of possibly A and B, are nuclear, hence

the rows remain exact, see II.9.6.6 of [5].) Proposition 2.5.7 implies that

K1(ϕ⊗ idT0) K1(Sϕ) K0(ϕ⊗ idK) K0(ϕ⊗ idT0)

is exact, and Lemma 2.5.11 and Lemma 2.5.12 together give an isomorphism K0(ϕ) ∼=
K1(Sϕ). We let βϕ : K0(ϕ) → K1(Sϕ) denote this isomorphism. By Proposition 2.5.7

we have the commutative diagram

K1(B) K0(ϕ) K0(A)

K1(S
2B) K1(Sϕ) K1(SA)

βSB◦θB

µ0 ν0

βϕ βA

µ1 ν1

Now we complete the six-term exact sequence in Theorem 2.1.2. We define the

exponential map ∂0 : K0(γ) → K1(ψ) to be the group homomorphism that makes the

diagram

K0(γ) K1(ψ)

K1(Sγ) K0(Sψ)

∂0

βγ θψ

∂2

commutative. All maps in the above diagram are natural, so the sequence in Theorem

2.1.2 is exact.

Remark. It is interesting to note that split exactness was not necessary to prove

Theorem 2.1.2. An examination of the proof of Bott periodicity in [7] reveals that

split exactness is pivotal in deducing that K∗(T0) = 0 from the isomorphism K∗(T ) ∼=
K∗(C). Here we were able to sneak around this difficulty using Corollary 2.4.4 and the

fact that K∗(T0) = 0.

We end this section with a straightforward application of Theorem 2.1.2, which

relates K∗(ϕ), K∗(kerϕ), and K∗(ι), where ι : ϕ(A) → B is the inclusion map.
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Notation. When A is a C∗-subalgebra of B and ι : A → B is the inclusion map, we

denote K∗(ι) by K∗(A,B).

Corollary 2.5.13. Suppose that ϕ : A → B is a ∗-homomorphism. Then there is a

six-term exact sequence

K0(kerϕ) K0(ϕ) K0(ϕ(A), B)

K1(ϕ(A), B) K1(ϕ) K1(kerϕ)

Proof. This follows immediately from applying Theorem 2.1.2 to the commutative

diagram

0 kerϕ A ϕ(A) 0

0 0 B B 0

ϕ

ϕ

We refer to Example 2.10.6 and Example 2.10.7 for specific instances of the six-term

sequence in Corollary 2.5.13.

2.6 The proof of Theorem 2.1.3

In this section, we prove Theorem 2.1.3. Consider the commutative diagram

0 SB Cϕ A 0

0 SB CB B 0

ιA πA

ηϕ ϕ

πB

(2.5)

with exact rows, where ιA(f) = (0, f), πA(a, f) = a, πB(f) = f(1), and ηϕ(a, f) = f .

Since K∗(CB) = 0 because CB is contractible, we have by Theorem 2.1.1 that ν∗ :

K∗(ηϕ) → K∗(Cϕ) is an isomorphism. Applying Theorem 2.1.2 to the diagram (2.5)

and using Corollary 2.4.4, we obtain that

0 K0(ηϕ) K0(ϕ)

K1(ϕ) K1(ηϕ) 0

π∗

π∗
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is exact, and hence π∗ : K∗(ηϕ) → K∗(ϕ) is an isomorphism.

Definition 2.6.1. ∆ = ν∗ ◦ π−1
∗

We now proceed to prove that ∆ has the desired properties, starting with the fact

that (2.2) is commutative. To this end, assume that (2.1) is commutative. Using the

commutative cube

Cψ C

Cϕ A

CD D

CB B

ηψ

πC

ψ

ηϕ

πA

(α⊕Cβ)

ϕ

α

πD

πB

Cβ β

together with Proposition 2.4.5, we see that the diagram

K∗(ϕ) K∗(ηϕ) K∗(Cϕ)

K∗(ψ) K∗(ηψ) K∗(Cψ)

(α,β)∗

π∗

(α⊕Cβ,Cβ)∗

ν∗

(α⊕Cβ)∗

π∗ ν∗

is commutative. By the definition of the map ∆, this implies that the diagram in

Theorem 2.1.3 is commutative.

Next we show that the six-term exact sequence of Proposition 1.2.15 plays well with

the six-term exact sequence of Theorem 2.1.2. By using naturality of the index map

(Proposition 2.5.6) on the commutative diagram with exact rows

0 I A A/I 0

0 Cψ Cϕ Cγ 0

0 J B B/J 0

0 CJ CB C(B/J) 0

ψ ϕ γ

πI

ηψ ηϕ ηγ

πA/I

πJ πB/J

and the commutative diagram in Proposition 2.5.7, we have the commutative diagram
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K1(γ) K1(ηγ) K1(Cγ)

K0(ψ) K0(ηψ) K0(Cψ)

∂1

π∗

∂′1

ν1

δ1

π∗ ν0

where δ1 is the index map associated to the sequence (1.2), and ∂′1 is the relative index

map associated to the (sub-)diagram of cones above, mapping or otherwise. It follows

that ∆ intertwines the index maps ∂1 and δ1, and hence also the exponential maps ∂0
and δ0 (as these are also index maps). Putting this all together, we have the following

commutative diagram that intertwines the exact sequence in Proposition 1.2.15 with

the one in Theorem 2.1.2:

K0(ψ) K0(ϕ) K0(γ)

K0(Cψ) K0(Cϕ) K0(Cγ)

K1(Cγ) K1(Cϕ) K1(Cψ)

K1(γ) K1(ϕ) K1(ψ)

ι∗

∆

π∗

∆

∂0

∆
ι∗ π∗

δ0δ1

π∗ ι∗

∂1

∆

π∗

∆

ι∗

∆

Finally, we prove the intertwining result for Theorem 2.1.1.

Proposition 2.6.2. The diagram

K0(ϕ)

K1(B) K0(Cϕ) K0(A)

K1(A) K1(Cϕ) K0(B)

K1(ϕ)

ν0
∆

ι∗◦θB

µ0

π∗

ϕ∗ϕ∗

π∗ ι∗◦βB

µ1ν1
∆

is commutative up to sign.

Proof. Commutativity of the top right triangle and the bottom left triangle can be

proved in one go: their commutativity is equivalent to commutativity of the square
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K∗(ηϕ) K∗(ϕ)

K∗(Cϕ) K∗(A)

π∗

ν∗ ν∗

π∗

which is immediate from Proposition 2.4.5.

Next we consider the top left triangle. Take [u] in K1(B) where u is a unitary in

Mn(B̃) with u̇ = 1n. Then ι∗(θB([u])) = [v(1n ⊕ 0n)v
∗]− [1n ⊕ 0n] in K0(Cϕ), where v

is in C([0, 1]) ⊗M2n(B̃) such that v(0) = 12n, v(1) = u ⊕ u∗, and v̇(t) = 12n for all t.

We also have µ0([u]) = [1n, 1n, u]. Define

σ = (v(1n ⊕ 0n)v
∗, 1n ⊕ 0n, (1n ⊕ 0n)v

∗)

which is a triple in Γ0(ηϕ). Then ν∗([σ]) = [v(1n ⊕ 0n)v
∗] − [1n ⊕ 0n] and π∗([σ]) =

[1n, 1n, u
∗] = −[1n, 1n, u].

Now for the bottom right triangle. Let p and q be projections in Mn(B̃) with

[ṗ] = [q̇]. Then we have µ1([p] − [q]) = [1n, 1n, fpf
∗
q ] in K1(ϕ) and ι∗(βB([p] − [q])) =

[(1n, fpf
∗
q )] in K1(Cϕ). Though it is slightly sloppy notation, for 0 ≤ s ≤ 1, define

fs(t) = fp(st)fq(st)
∗ and g(s) = fs. Then the triple

σ = (1n, (1n, fpf
∗
q ), g)

is in Γ1(ηϕ) and ν∗([σ]) = [(1n, fpf
∗
q )] and π∗([σ]) = [1n, 1n, fpf

∗
q ].

2.7 Composition of ∗-homomorphisms

In this section we prove a generalized version of Theorem 2.1.1 that involves the com-

position of two ∗-homomorphisms. The proof is similar to the proof of Theorem 2.1.1,

with a few additional details.

Theorem 2.7.1. Suppose that ϕ : A → B and ψ : B → C are ∗-homomorphisms.

Then there is a six-term exact sequence

K0(ϕ) K0(ψ ◦ ϕ) K0(ψ)

K1(ψ) K1(ψ ◦ ϕ) K1(ϕ)

µ0 ν0

∂∂

ν1 µ1

The maps νj and µj for j = 0, 1 are given by the formulas

µ0([p, q, v]) = [p, q, ψ(v)] ν0([p, q, v]) = [ϕ(p), ϕ(q), v]
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µ1([p, u, g]) = [p, u, ψ(g)] ν1([p, u, g]) = [ϕ(p), ϕ(u), g]

The vertical map ∂ on the left is

∂([1n, u, g]) = [1n, 1n, u]

and the vertical one on the right is the composition of βψ : K0(ψ) → K1(Sψ) with the

map K1(Sψ) → K1(ϕ) defined by

[1n, g, h] 7→ [1n, 1n, g]

It is straightforward to check that all of these maps are well-defined using Proposition

2.3.10. Observe that by setting C = {0}, we have K∗(ψ ◦ ϕ) ∼= K∗(A) and K∗(ψ) ∼=
K∗(B), and we obtain the six-term exact sequence of Theorem 2.1.1 as a special case.

Proof. First observe that the diagram

K0(ψ ◦ ϕ) K0(ψ) K1(ϕ) K1(ψ ◦ ϕ) K1(ψ)

K1(Sψ ◦ Sϕ) K1(Sψ) K0(Sϕ) K0(Sψ ◦ Sϕ) K0(Sψ)

ν0

βψ◦ϕ

∂

βψ

µ1

θϕ

ν1

θψ◦ϕ θψ

ν1 ∂ µ0 ν0

is commutative, and the bottom row is exact if and only if the top row is exact.

Therefore it suffices to show exactness only at K0(ψ ◦ ϕ), K0(ϕ), and K1(ψ). It is

straightforward to check that all compositions are zero.

Suppose that ν0([p, 1n, v]) = [ϕ(p), 1n, v] = 0. Find k ≥ 0 and a partial isometry w

in Mm+k(B̃) with w∗w = 1n ⊕ 0m−n ⊕ 1k and ww∗ = ϕ(p)⊕ 1k such that (v⊕ 1k)ψ(w)

is a unitary in (1n⊕0m−n⊕1k)Mm+k(C̃)(1n⊕0m−n⊕1k) homotopic to 1n⊕0m−n⊕1k.

This means that the triple (1n⊕0m−n⊕1k, 1n⊕0m−n⊕1k, (v⊕1k)ψ(w)) is elementary,

and we have

[p, 1n, v] = [p, 1n, v] + [1n ⊕ 0m−n ⊕ 1k, 1n ⊕ 0m−n ⊕ 1k, ψ(w
∗)(v∗ ⊕ 1k)]

= [p, 1n, ψ(w
∗)]

= µ0([p, 1n, w])

which shows exactness at K0(ψ ◦ ϕ).
Now assume µ0([p, 1n, v]) = [p, 1n, ψ(v)] = 0. Find a partial isometry w inMm+k(Ã)

with w∗w = 1n ⊕ 0m−n ⊕ 1k and ww∗ = p ⊕ 1k such that (ψ(v) ⊕ 1k)ψ(ϕ(w)) is a

unitary in (1n ⊕ 0m−n ⊕ 1k)Mm+k(C̃)(1n ⊕ 0m−n ⊕ 1k) homotopic to 1n ⊕ 0m−n ⊕ 1k.

Let g be a unitary in C([0, 1])⊗ (1n ⊕ 0m−n ⊕ 1k)Mm+k(C̃)(1n ⊕ 0m−n ⊕ 1k) such that

g(0) = 1n ⊕ 0m−n ⊕ 1k and g(1) = (ψ(v)⊕ 1k)ψ(ϕ(w)). The diagram
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p⊕ 1k 1n ⊕ 0m−n ⊕ 1k

1n ⊕ 0m−n ⊕ 1k 1n ⊕ 0m−n ⊕ 1k

v⊕1k

ϕ(w∗) 1n⊕0m−n⊕1k

(v⊕1k)ϕ(w)

is commutative, showing that (p, 1n, v) is isomorphic to the triple (1n⊕0m−n⊕1k, 1n⊕
0m−n ⊕ 1k, (v ⊕ 1k)ϕ(w)), and hence

[p, 1n, v] = [1n ⊕ 0m−n ⊕ 1k, 1n ⊕ 0m−n ⊕ 1k, (v ⊕ 1k)ϕ(w)]

= ∂([1n ⊕ 0m−n ⊕ 1k, (v ⊕ 1k)ϕ(w), g])

which shows exactness at K0(ϕ).

Finally, we show exactness at K1(ψ). Suppose that ∂([1n, u, g]) = [1n, 1n, u] = 0.

Find k ≥ 0 and a partial isometry w in Mn+k(Ã) such that ϕ(w)(u⊕ 1k) is homotopic

to 1n+k in Mn+k(B̃). Let ut be a path of unitaries in Mn+k(B̃) with u0 = u and

u1 = ϕ(w∗). Let

h(t) =

{
g(2t)⊕ 1k 0 ≤ t ≤ 1/2

ψ(u2t−1) 1/2 ≤ t ≤ 1

Then [1n, u, g] = [1n+k, u⊕ 1k, g ⊕ 1k] = [1n+k, ϕ(w
∗), h] = ν1([1n+k, w

∗, h]).

2.8 Formulas for ∆, βϕ, and ∂0

We now provide formulas for the natural isomorphisms ∆ : K∗(ϕ) → K∗(Cϕ), the Bott

map βϕ : K0(ϕ) → K1(Sϕ), and the exponential map ∂0 : K0(γ) → K1(ψ), where γ

and ψ are as in diagram (2.3). Though all of the maps are defined for both unital and

non-unital algebras, we will assume throughout this section that A and B are unital

and that ϕ(1A) = 1B. As is typical in K-theory, the non-unital cases can likely be

dealt with via diagram chases, which we elect to forgo here for the sake of simplicity.

We begin with a useful piece of notation.

Definition 2.8.1. For a triple (p, 1n, v) in Γ0(ϕ), choose m ≥ n such that p is in

Mm(A), and let

pv(s) = w(s)∗

[
1n 0

0 02m−n

]
w(s)

where w is a path of unitaries in M2m(B) with w(0) = 12m and

w(1) =

[
v 1m − vv∗

1m − v∗v v∗

]
.
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Note that such a path w exists by part (iv) of Proposition 1.1.12.

Proposition 2.8.2. (i) Given a triple (p, 1n, v) in Γ0(ϕ), we have

∆([p, 1n, v]) = [(p⊕ 0m, pv)]− [1n ⊕ 02m−n]

where m and pv are as in Definition 2.8.1.

(ii) Given a triple (1n, u, g) in Γ1(ϕ), we have

∆([1n, u, g]) = [(u, g)]

Proof. As we are assuming that A and B are unital and ϕ(1A) = 1B, we make the

identification

Mn(C̃ϕ) = {(a, f) ∈Mn(A)⊕ (C([0, 1])⊗Mn(B)) | f(1) = ϕ(a) and f(0) ∈Mn(C)}

for n ≥ 1. For (i), notice that (p⊕ 0m, pv) is indeed in M2m(C̃ϕ), and the scalar part is

pv(0) = 1n⊕ 02m−n, so [(p⊕ 0m, pv)]− [1n⊕ 02m−n] is a well-defined element of K0(Cϕ).

Consider the triple

σ =

(([
p 0

0 0m

]
, pv

)
,

[
1n 0

0 02m−n

]
,

[
1n 0

0 02m−n

]
w

)
.

This is an element of Γ0(ηϕ) where ηϕ is as in (2.5). Clearly we have ν0([σ]) = [(p ⊕
0m, pv)]− [1n ⊕ 02m−n] and π∗([σ]) = [p, 1n, v], which completes the proof of (i).

For (ii), clearly (u, g) is in Mn(C̃ϕ) and therefore [(u, g)] is a well-defined element

of K1(Cϕ). Define h in C([0, 1]) ⊗Mn(C̃B) by h(t) = gt, where gt(s) = g(st). Then

σ = (1n, (u, g), h) is an element of Γ1(ηϕ), and ν1([σ]) = [(u, g)] inK1(Cϕ) and π∗([σ]) =

[1n, u, g] in K1(ϕ) (notice that π(h)(t) = gt(1) = g(t) for all t).

Proposition 2.8.3. Given a triple (p, 1n, v) in Γ0(ϕ), we have the formula βϕ([p, 1n, v]) =

[12m, u, g] where

u(t) = exp

(
2πit

[
p 0

0 0m

])
exp

(
−2πit

[
1n 0

0 02m−n

])

and

g(s, t) = exp(2πitpv(s)) exp

(
−2πit

[
1n 0

0 02m−n

])
.

Proof. Since the Bott map is constructed as an index map, we have by (2.6) the

commutative diagram
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K0(ϕ) K1(Sϕ)

K0(Cϕ) K1(CSϕ)

βϕ

∆ ∆

βCϕ

(observe that SCϕ and CSϕ are isomorphic in a canonical way). Due to the simplicity

of the formula for ∆ given in part (ii) of Proposition 2.8.2, the remainder of the proof

amounts to using the formula for ∆ given in part (i) of Proposition 2.8.2 and the

formula for the ordinary Bott map βCϕ .

Proposition 2.8.4. Given a triple (p, 1n, v) in Γ0(γ), choose m and pv as in Definition

2.8.1. Let a in Mm(A) be such that a = a∗, πA(a) = p, and let f in M2m(C̃B) be such

that f(t) = f(t)∗ for all t, πB(f) = pv, and f(1) = ϕ(a)⊕ 0m. Then we have

∂0([p, 1n, v]) = −[12m, exp(2πi(a⊕ 0m)), exp(2πif)]

Proof. The proof is almost identical to that of Proposition 2.8.3, with the commutative

diagram there replaced with the commutative diagram

K0(γ) K1(ψ)

K0(Cγ) K1(Cψ)

∂0

∆ ∆

δ0

where δ0 is the exponential map associated to the sequence (1.2).

2.9 The excision theorem for factor groupoids

We now record the set-up and statement of the excision theorem in [30] in the context

of factor groupoids. This could have been placed in Chapter 1, but it seems prudent

to place it here since the notation for relative K-theory is established.

Suppose the hypotheses of Proposition 1.3.9 hold; that is, let G and G′ be locally

compact Hausdorff étale groupoids, π : G→ G′ a continuous proper surjective groupoid

homomorphism, and suppose that for all u in G(0), the map π|Gu : Gu → (G′)π(u) is

bijective. Suppose also that G has a metric dG yielding its topology. Let

H ′ = {x′ ∈ G′ | #π−1(x′) ̸= 1}

and H = π−1(H ′). Give H ′ and H the metrics

dH′(x′, y′) = dG(π
−1(x′), π−1(y′))
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(via the Hausdorff distance) and

dH(x, y) = dG(x, y) + dH′(π(x), π(y)).

Definition 2.9.1 (7.7 of [30]). π : G → G′ is regular if, for all x′ in H ′ and all ε > 0,

there is an open set U ′ ⊆ G′ with x′ in U ′ such that if y′ is in U ′, either

dG(π
−1(x′), π−1(y′)) < ε

or

diam π−1(y′) < ε.

There is also a necessary notion of “measure regularity” for π. We will not record

the definition because in our cases it will follow from regularity.

Definition 2.9.2 (5.5 of [30]). Let G be a locally compact, Hausdorff, étale groupoid,

and let H be a subgroupoid of G that is also locally compact, Hausdorff, and étale.

Let C ≥ 1 be a real number. We say that a subset X ⊆ H which is closed in G has

the C-extension property if, for any f in Cc(H) with support in X, there exists f̃ in

Cc(G) such that f̃ |X = f |X and ∥f̃∥r ≤ C∥f∥r, where the left norm is on Cc(G) and

the right is on Cc(H).

The following will be an important tool for computing the K-theory of the factor

groupoids. The assumptions are somewhat stronger than necessary, but sufficient for

our purposes.

Theorem 2.9.3 (7.9, 7.18 and 7.19 of [30]). Let π : G→ G′ be as in Proposition 1.3.9

and assume it is regular and measure regular. Then H ′ and H, with the metrics dH′

and dH , are locally compact, Hausdorff, étale groupoids with finer topologies than the

relative topologies received from G′ and G, respectively, and π|H : H → H ′ also satisfies

the hypotheses of Proposition 1.3.9. Moreoever, if there exists a C ≥ 1 such that every

subset X ⊆ H which is closed in G has the C-extension property, then

K∗(C
∗
r (G

′), C∗
r (G))

∼= K∗(C
∗
r (H

′), C∗
r (H)).

The moral of Theorem 2.9.3 is that in order to compute the relative K-theory of the

inclusion C∗
r (G

′) ⊆ C∗
r (G), one need only pay attention to the parts of G and G′ where

π is not one-to-one. In the examples we will encounter, the inclusion C∗
r (H

′) ⊆ C∗
r (H)

will be simpler than the inclusion C∗
r (G

′) ⊆ C∗
r (G) in the sense that C∗

r (H) will be

either a direct product or tensor product, and the “pieces” will be C∗
r (H

′). For this

reason, K∗(C
∗
r (H

′), C∗
r (H)) will be easier to compute than K∗(C

∗
r (G

′), C∗
r (G)).

It should be pointed out, however, that the isomorphism in the final conclusion

of Theorem 2.9.3 is somewhat difficult to describe. It involves representing C∗
r (G)
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and C∗
r (H) on a suitable Hilbert space H in such a way that C∗

r (G) acts as multi-

pliers of C∗
r (H), and realizing the factor groupoid C∗-algebras C∗

r (G
′) and C∗

r (H
′) as

those elements in C∗
r (G) and C∗

r (H) (respectively) that lie in the kernel of a certain
∗-derivation δ : C∗

r (G) + C∗
r (H) → B(H). Then, with the inclusion maps i : C∗

r (H) →
C∗
r (G) + C∗

r (H) and j : C∗
r (G) → C∗

r (G) + C∗
r (H), we draw the diagram

K∗(C
∗
r (G

′), C∗
r (G)) K∗(ker(δ), C

∗
r (G) + C∗

r (H))

K∗(C
∗
r (H

′), C∗
r (H))

j∗

i∗

The map i∗ is always an isomorphism (even without regularity of π and the C-extension

property), and the bulk of the work in [30] is in showing that (i∗)
−1 ◦ j∗ (the dashed

arrow) is an isomorphism under the additional assumptions. Consequently, even if one

has a good idea of what the elements of K∗(C
∗
r (H

′), C∗
r (H)) look like, determining

which elements in K∗(C
∗
r (G

′), C∗
r (G)) they correspond to under the inverse of an in-

duced map can be tricky, and may involve some guesswork. One approach is, given

x in K∗(C
∗
r (H

′), C∗
r (H)), to find y in K∗(C

∗
r (G

′), C∗
r (G)) with j∗(y) − i∗(x) equal to

something trivial, such as the class of an elementary triple. It is here that an advan-

tage of the Karoubian portrait becomes visible: the simplicity of the presentation of

the elements in the relative groups makes finding such a y easier.

2.10 Summary and examples

We now discuss some simple examples to begin to illustrate the utility of Theorem

2.1.1 and Theorem 2.1.2.

Example 2.10.1. The following four examples are rather standard.

(i) If K∗(B) = 0, the maps νj in Theorem 2.1.1 give isomorphisms Kj(ϕ) ∼= Kj(A)

for j = 0, 1. In particular, if A ⊆ B(H) where H is an infinite dimensional Hilbert

space and ϕ : A → B(H) is the inclusion map, the K-theory of A is the same as

the relative K-theory as a subalgebra of B(H).

(ii) If K∗(A) = 0, the maps µj in Theorem 2.1.1 give isomorphisms Kj(ϕ) ∼= K1−j(B)

for j = 0, 1.

(iii) If I is an ideal in A and ϕ : A→ A/I is the quotient map, then Kj(ϕ) ∼= Kj(I) for

j = 0, 1. This is the standard “strong excision” result from topological K-theory,

and it follows immediately from Corollary 2.5.13. See also 5.4.2 of [4].
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(iv) If I is an ideal in A, then the boundary maps in Theorem 2.1.2 associated to the

diagram

0 I A A/I 0

0 A A 0 0

give isomorphisms Kj(I, A) ∼= K1−j(A/I) for j = 0, 1.

Example 2.10.2. Let D be any C∗-algebra, B =M2(D), and

A =

{[
d1 0

0 d2

]
| d1, d2 ∈ D

}
.

Since K∗(A) ∼= K∗(D)⊕K∗(D) and K∗(B) ∼= K∗(D), we may write the six-term exact

sequence of Theorem 2.1.1 as

K1(D) K0(A,B) K0(D)⊕K0(D)

K1(D)⊕K1(D) K1(A,B) K0(D)

ϕ∗ϕ∗

The vertical maps are both ϕ∗(g, h) = g + h. Exactness implies that K∗(A,B) ∼=
kerϕ∗ ∼= K∗(D).

A slight variant of this example that has seen a great deal of attention in construc-

tions with subgroupoids, such as in [9] and [26], is as follows. Let H be a separable

Hilbert space of dimension at least 2, and M a closed subspace such that M ̸= {0}
and M ̸= H. Let A = K(M) ⊕ K(M⊥), where K(M) is the C∗-algebra of compact

operators on M. We regard A as the subalgebra of B = K(H) consisting of operators

that leave M and M⊥ invariant. Then K0(A,B) ∼= Z and K1(A,B) = 0. If we fix a

unit vector ξ in M, a unit vector η in M⊥, and a partial isometry v in B with source

subspace span{ξ} and range subspace span{η}, the group K0(A,B) is generated by

the class of the triple (v∗v, vv∗, v).

Example 2.10.3. Let D be any C∗-algebra and consider A = D as a subalgebra of

B = D ⊕ D via the embedding d 7→ (d, d). The six-term exact sequence of Theorem

2.1.1 becomes

K1(D)⊕K1(D) K0(A,B) K0(D)

K1(D) K1(A,B) K0(D)⊕K0(D)

ϕ∗ϕ∗
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This time the vertical maps are ϕ∗(g) = (g, g), which are injective, whence exactness

implies K0(A,B) ∼= K1(D) and K1(A,B) ∼= K0(D). In the case that D = K, the group

K1(A,B) ∼= Z is generated by the class of the triple (p, p, g), where p is a rank one

projection in K and g(s) = (e2πisp, p). Observe that we do not need to consider the

unit in the unitization K̃ to describe the group K1(A,B).

Example 2.10.4. Define the ∗-homomorphism ϕ : C([0, 1]) →M2(C) by ϕ(f) = f(0)⊕
f(1). Since K0(C([0, 1])) ∼= K0(M2(C)) ∼= Z and K1(C([0, 1])) = K1(M2(C)) = 0, we

may write the six-term exact sequence of Theorem 2.1.1 as

0 K0(ϕ) Z

0 K1(ϕ) Z

ϕ∗

µ1

where ϕ∗(n) = 2n because the class of 1C(X) gets sent to the class of a rank two

projection. It follows that K0(ϕ) = 0 and K1(ϕ) ∼= Z/2Z. Since the class of the

projection 1⊕ 0 is not in the image of ϕ∗, the nontrivial element of K1(ϕ) is given by

triple µ1([1⊕ 0]) = [12, 12, g], where

g(s) =

[
e2πis 0

0 1

]

Example 2.10.5. Consider the diagram

0 C0((0, 1)) C(T) C 0

0 C0((0, 1)) C([0, 1]) C⊕ C 0

ι π1

ϕ γ

π2

where ι(f)(e2πit) = f(t) for 0 < t < 1 and ι(f)(1) = 0, π1(f) = f(1), π2(f) =

(f(0), f(1)), ϕ(f)(t) = f(e2πit), and γ(z) = (z, z). Since ϕ and γ are injective, we will

identify C(T) and C with their images in C([0, 1]) and C ⊕ C, respectively. Theorem

2.1.2 gives the six-term exact sequence

0 K0(C(T), C([0, 1])) K0(C,C⊕ C)

K1(C,C⊕ C) K1(C(T), C([0, 1])) 0

π∗

π∗

So that the maps π∗ are isomorphisms. Example 2.10.3 tells us that K0(C,C⊕C) = 0

and K1(C,C ⊕ C) ∼= Z, the latter generated by (1, 1, g), where g(s) = (e2πis, 1). It is
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not difficult to find an element of K1(C(T), C([0, 1])) that maps to the class of (1, 1, g)

(and is therefore a generator): take the class of the triple (1, z, h), where h(s) = fs and

fs(t) = e2πist for 0 ≤ s, t ≤ 1.

The previous example (and diagram used in the proof of Theorem 2.1.3) is clearly

a specific instance of a more general phenomenon, that if A has an ideal I such that ϕ

is injective on I and ϕ(I) is an ideal in B, then the relative K-theory of ϕ is the same

as the relative K-theory when dropped to the quotients A/I and B/ϕ(I).

The final two examples illustrate that the boundary maps in Theorem 2.1.2 need

not be trivial.

Example 2.10.6. Consider the diagram

0 C0(R2) C(D) C(T) 0

0 0 C([0, 1]) C([0, 1]) 0

π

ϕ γ

where D = {z ∈ C | |z| ≤ 1} and R2 is identified with D◦ = {z ∈ C | |z| < 1}.
The ∗-homomorphisms are π(f) = f |T, γ(f)(t) = f(e2πit), and ϕ = γ ◦ π. We have

K0(ϕ) = K1(ϕ) = 0 since K1(C([0, 1])) = K1(C(D)) = 0 (see Corollary 2.4.4) and the

induced map ϕ∗ : K0(C(D)) → K0(C([0, 1])) is an isomorphism. The six-term exact

sequence of Theorem 2.1.2 becomes

K0(C0(R2)) 0 K0(C(T), C([0, 1]))

K1(C(T), C([0, 1])) 0 K1(C0(R2))

∂0∂1

By Example 2.10.5, K1(C(T), C([0, 1])) ∼= Z is generated by the class of (1, z, g) where

g(s) = fs and fs(t) = e2πist. Using the notation in Definition 2.5.3, let l = 1,

w =

[
z −(1− |z|2)1/2

(1− |z|2)1/2 z

]

and h = g. Then

∂1([1, z, g]) =

[[
|z|2 z(1− |z|2)1/2

z(1− |z|2)1/2 1− |z|2

]]
−

[[
1 0

0 0

]]

i.e., the class of the Bott projection.

Example 2.10.7. Let D be the diagonal matrices in M2(C). Consider the diagram
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0 C0((0, 1)) C([0, 1]) D 0

0 0 M2(C) M2(C) 0

π

ϕ

Where ϕ(f) = π(f) =

[
f(0) 0

0 f(1)

]
. We haveK0(C0((0, 1))) = 0 andK1(D;M2(C)) =

0, the latter by Example 2.10.2. The six-term exact sequence of Theorem 2.1.2 becomes

0 K0(ϕ) K0(D,M2(C))

0 K1(ϕ) K1(C0((0, 1)))

∂0

By Example 2.10.4, K0(ϕ) = 0 and K1(ϕ) ∼= Z/2Z, with the nontrivial element in

K1(ϕ) given by the class of the triple (1, 1, g), where

g(s) =

[
e2πis 0

0 1

]

The map ∂0 is therefore injective and takes a generator of K0(D,M2(C)) ∼= Z to twice

a generator of K1(C0((0, 1))) ∼= Z. More concretely,

∂0

([[
0 0

0 1

]
,

[
1 0

0 0

]
,

[
0 1

0 0

]])
= −[z2].
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Chapter 3

Factor groupoids of AF-groupoids:

noncommutative Cantor functions

In this chapter we introduce our first method of producing factor groupoids. We begin

with a motivating example that is essentially the bedrock of the entire construction.

Consider the function

ϕ : {0, 1}N → T

defined by ϕ({jn}) = exp(2πi
∑∞

n=1 jn2
−n), which is nothing but the Cantor ternary

function in a rather uncommon guise. We may view this function geometrically as

“closing all the gaps” in the Cantor set to form the circle. The space {0, 1}N can be

identified with the path space of the Bratteli diagram with one vertex at each level and

two edges at each level, and thus may be endowed with the tail-equivalence relation

RE and given the étale topology described in Chapter 1. If we let T = (ϕ × ϕ)(RE)

and endow T with the quotient topology from RE, T is a familiar equivalence relation

on T with an equally familiar étale topology, namely,

T = {(w, z) ∈ T× T | w = e2πiθz for some θ ∈ Z[1
2
]}

with basic open sets UW,θ = {(z, e2πiθz) | z ∈ W}, where W is open in T and θ is in

Z[1
2
]. T is isomorphic, as a topological groupoid, to the the group action T× Γ, where

the (discrete) group Γ = {e2πiθ | θ ∈ Z[1
2
]} acts on T by multiplication. The C∗-algebra

C∗
r (T ) is then recognizable as the Bunce–Deddens algebra of type 2∞, which is typically

constructed via weighted shifts, or as an inductive limit of circle algebras. This puts

the K-theory of C∗
r (T ) within reach: it is known that

K0(C
∗
r (T ))

∼= Z[1
2
] K1(C

∗
r (T ))

∼= Z

where K0(C
∗
r (T )) has the usual order from R. The key observation to make is that,

while the K0-group is unchanged passing from RE to T , the K1-group becomes non-

trivial, essentially due to the fact that we passed from the Cantor set to the circle;
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the generator of K1(C
∗
r (T )) is given by the class of the function z on the unit space.

The goal of this chapter is to generalize this construction, replacing {0, 1}N with the

path space of a Bratteli diagram (V,E), and the map ϕ with a quotient map ρ whose

fibres depend on two embedded copies of a second Bratteli diagram (W,F ) in (V,E).

In doing so, we obtain a method of producing groupoid models for a sizeable collection

of classifiable C∗-algebras, and these groupoids have interesting unit spaces whose

connected components are either points or circles. Depending on the diagrams (V,E)

and (W,F ), the unit spaces may possess some self-similar or fractal-like structure.

3.1 The main results

The construction begins with the same set-up as in [29]: two Bratteli diagrams (V,E)

and (W,F ) and two graph embeddings of (W,F ) into (V,E) satisfying some specified

conditions. The goal is to create a groupoid whose ordered K0-group is the dimension

group of (V,E), and whose K1-group is the dimension group of (W,F ). While the

construction in [29] enlarges the usual tail equivalence relation RE on the path space

XE of (V,E) to include pairs of paths in the two embeddings (which creates a new

groupoid over the same unit space), we actually collapse these paths in XE and pass RE

through the resulting quotient map, creating an equivalence relation on an entirely new

space, and we denote the space and equivalence relation by Xξ and Rξ, respectively. It

should also be noted that, unlike in [29], obtaining the étale topology and amenability

on the new groupoids is straightforward (these properties essentially carry over right

from RE). It is the new unit spaces, rather than the new groupoids, that require more

attention in order to describe them. We address this in section 3.2.

Theorem 3.1.1. Let (V,E) and (W,F ) be two Bratteli diagrams satisfying the embed-

ding conditions described in section 3.2. There exists a quotient space Xξ of XE that

satisfies the following.

(i) Xξ is compact and metrizable.

(ii) Every connected component of Xξ is either a single point or homeomorphic to T.

(iii) Xξ has covering dimension one.

Moreover, the resulting factor groupoid Rξ of RE satisfies the following.

(i) Rξ is second-countable, locally compact, Hausdorff, étale, and principal with dy-

namic asymptotic dimension zero.

(ii) If RE is minimal, then so is Rξ, and hence C∗
r (Rξ) is classifiable.

(iii) K0(C
∗
r (Rξ)) is order isomorphic to K0(C

∗
r (RE)).
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(iv) K1(C
∗
r (Rξ)) is isomorphic to K0(C

∗
r (RF )).

(v) The map τ 7→ τ◦α, where τ is a tracial state on C∗
r (RE) and α is as in Proposition

1.3.9, is an affine homeomorphism from T (C∗
r (RE)) to T (C

∗
r (Rξ)).

While the order isomorphism between theK0-groups in Theorem 3.1.1 is induced by

the inclusion C∗
r (Rξ) ⊆ C∗

r (RE), the K1-group appears to receive its structure from the

unit space of Rξ, whose connected components are either points or circles. Indeed, the

isomorphism between K1(C
∗
r (Rξ)) and K0(C

∗
r (RF )) is essentially given by a Bott map

(the map µ1 in Theorem 2.1.1), and the elements of the group K0(C
∗
r (RF )) seem to

correspond to winding numbers on (at least a portion of) the space Xξ. It is interesting

to note that these C∗-algebras are isomorphic (by classification considerations) to those

constructed in [29] using subgroupoid methods, but the two methods produce non-

isomorphic Cartan subalgebras, as the unit spaces are not homeomorphic.

From Theorem 3.1.1 we obtain the following result of prescribed K-theory.

Corollary 3.1.2. Let G0 be a simple acyclic dimension group and G1 a countable

torsion-free abelian group. Then there exist Bratteli diagrams (V,E) and (W,F ) sat-

isfying the embedding conditions described in section 4.2 such that the resulting Rξ

from Theorem 3.1.1 has K0(C
∗
r (Rξ)) ∼= G0 as ordered groups with order unit and

K1(C
∗
r (Rξ)) ∼= G1.

The proof is essentially to find Bratteli diagrams (V,E) and (W,F ) whose dimension

groups are G0 and G1, respectively (using Proposition 1.3.18 on G1). By telescoping

and symbol splitting the diagram (V,E), one can arrange that the embeddings de-

scribed in section 3 exist without altering the dimension groups. Details may be found

in [29].

Admittedly, the collection of Elliott invariants that are obtainable via Theorem

3.1.1 and Corollary 3.1.2 is not very extensive, as we are restricted to K-groups that

are dimension groups. However, the simplicity of the construction should not be over-

looked; indeed, the groupoids Rξ are obtained by passing an AF-groupoid through what

is essentially a generalized Cantor ternary function, and the desirable properties of Rξ

(second-countable, locally compact, Hausdorff, étale, principal, dynamic asymptotic

dimension zero) are inherited directly from RE through the quotient map. In contrast,

endowing the groupoid R from [29] with an étale topology is a subtle issue. This raises

the question as to what K-theory data may be obtained with more complicated factor

maps, or with additional structure(s) such as twists.

We also obtain a result on AF-embeddability. We say that a C∗-algebra is AF-

embeddable if it can be embedded into an AF-algebra. There has been a considerable

amount of research conducted into determining when a C∗-algebra is AF-embeddable,

initiated by the result of Pimsner and Voiculescu that every irrational rotation algebra

is AF-embeddable [23]. Possibly the most substantial recent result is the following,
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due to Schafhauser [33]: every separable, exact C∗-algebra satisfying the Universal Co-

efficient Theorem (UCT) and possessing a faithful, amenable trace is AF-embeddable.

Though the following result is weaker, it seems worth stating because it follows imme-

diately from Theorem 3.1.1 and Corollary 3.1.2, and because the embedding is given

concretely by a factor map.

Corollary 3.1.3. Suppose that A is a classifiable C∗-algebra, (K0(A), K0(A)
+, [1A])

is a simple, acyclic dimension group, and K1(A) is a countable, torsion-free abelian

group. Then A is AF-embeddable.

3.2 The spaces Xξ

In this section we describe the equivalence relation, denoted ∼ξ, on the path space XE

of a Bratteli diagram (V,E) that results in the desired quotient space of XE.

Let (V,E) and (W,F ) be two Bratteli diagrams, (V,E) with full edge connections,

such that there exist two graph embeddings ξ0 and ξ1 of (W,F ) into (V,E). We regard

ξ0 and ξ1 as functions on bothW and F . More precisely, for both j = 0, 1, the following

hold.

(i) ξj(w) is in Vn for all w in Wn and all n ≥ 0.

(ii) ξj(f) is in En for all f in Fn and all n ≥ 1.

(iii) i(ξj(f)) = ξj(i(f)) and t(ξj(f)) = ξj(t(f)) for all f in F .

(iv) ξj(f) ̸= ξj(f ′) for all f ̸= f ′ in F .

We also require that

(v) ξ0(w) = ξ1(w) for all w in W .

(vi) ξ0(F ) ∩ ξ1(F ) = ∅.

Due to (v), the functions ξ0, ξ1 : W → V are identical, so we may denote them

both by ξ. Observe that (iii) and (v) imply that, for any f in F , ξ0(f) and ξ1(f) have

the same initial vertices and terminal vertices. By (vi), they are distinct.

Definition 3.2.1. The equivalence relation ∼ξ on XE is defined as follows. For x =

(x1, x2, x3, . . .) in XE, suppose that there is a j in {0, 1}, an n0 ≥ 0, and edges zn in Fn
such that xn = ξj(zn) for n ≥ n0 + 1. Moreover, suppose n0 is the least integer with

this property.

(i) If n0 = 0, then

x ∼ξ (ξ
1−j(z1), ξ

1−j(z2), ξ
1−j(z3), . . .)
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(ii) If n0 ≥ 1 and xn0 is not in ξ1−j(F ), then

x ∼ξ (x1, x2, . . . , xn0 , ξ
1−j(zn0+1), ξ

1−j(zn0+2), . . .)

(iii) If n0 ≥ 1 and there is some f in F such that xn0 = ξ1−j(f), then

x ∼ξ (x1, x2, . . . , xn0−1, ξ
j(f), ξ1−j(zn0+1), ξ

1−j(zn0+2), . . .)

If none of the above occurs for x, then x ∼ξ x only. If x ∼ξ x
′ and x ̸= x′, we will refer

to the edge level Em, where m is the least integer such that xm ̸= x′m, as the splitting

level of the equivalence class {x, x′}. We denote the quotient space XE/ ∼ξ by Xξ and

let ρ : XE → Xξ denote the quotient map.

Observe that each equivalence class under ∼ξ consists of either one or two infinite

paths in XE. Speaking a bit more loosely, each path in XE that has edges eventually

in ξ0(F ) is “partnered up” with a corresponding path with edges eventually in ξ1(F ),

and vice versa. Every other path is in an equivalence class on its own.

If the two embeddings ξ0 and ξ1 cover every edge in (V,E), then the quotient space

has a simple description, as the following proposition shows.

Proposition 3.2.2. If E = ξ0(F )∪ ξ1(F ), then XE is homeomorphic to XF ×{0, 1}N,
and Xξ is homeomorphic to XF × T.

Proof. Define the map ϕ : {0, 1}N → T by ϕ({jn}) = exp (2πi
∑∞

n=1 jn2
−n) as in the

discussion at the beginning of this chapter. Notice that two distinct sequences in {0, 1}N

have the same image under ϕ if and only if they are (0, 0, 0, . . .) and (1, 1, 1, . . .), or of

the form

(j1, j2, . . . , jm, 1, 0, 0, 0, 0, . . .) and (j1, j2, . . . , jm, 0, 1, 1, 1, 1, . . .)

By our assumption and properties (iv) and (vi) of the embeddings, each x in XE is

uniquely determined by a path zx in XF and a sequence jx = {jn} in {0, 1}N with

xn = ξjn((zx)n) for all n. This gives a canonical continuous bijection from XE to

XF ×{0, 1}N, hence a homeomorphism. The composition of this homeomorphism with

idXF × ϕ is a quotient map whose fibres are identical to the fibres of ρ.

If the inclusion E ⊇ ξ0(F ) ∪ ξ1(F ) is proper, describing the space Xξ takes a bit

more work, and it may have a bit more self-similar structure. Over the next few results,

we provide a complete abstract description of the spaces based on the diagram (V,E)

and the location of the embeddings of (W,F ) inside (V,E).

Definition 3.2.3. Let p = (p1, p2, . . . , pn) be a finite path in (V,E). Denote

Dj(p) = {x ∈ C(p) | xk ∈ ξj(F ) for all k ≥ n+ 1}
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for j = 0, 1.

It is not difficult to see that such a setDj(p) is closed: if x is not inDj(p), then there

is an integer k ≥ n + 1 with xn not in ξj(F ). Then the cylinder set C(x1, x2, . . . , xn)

is an open neighbourhood of x disjoint from Dj(p).

In the following lemma, we describe some open sets in XE that remain open when

passed to Xξ. If a map f : X → Y is surjective, we call a subset V of X saturated if

there is a subset U of Y with V = f−1(U). It follows directly from the definition of

the quotient topology that open sets in the quotient are precisely the images of open

saturated sets in the ambient space.

Lemma 3.2.4. Let p = (p1, p2, . . . , pn) be a finite path in (V,E).

(i) If pn is not in ξ0(F ) ∪ ξ1(F ), then C(p) is clopen and saturated (with respect to

the map ρ).

(ii) If pn is in ξ0(F ) ∪ ξ1(F ), then

Up = C(p)− (D0(p) ∪D1(p))

is open and saturated.

(iii) Suppose that k ≥ m+ 1 and p and q are two finite paths either of the form

p = (ξ0(z1), ξ
0(z2), . . . , ξ

0(zk))

q = (ξ1(z1), ξ
1(z2), . . . , ξ

1(zk))

or of the form

p = (x1, x2, . . . , xm−1, xm, ξ
0(zm+1), ξ

0(zn+2), . . . , ξ
0(zk))

q = (x1, x2, . . . , xm−1, x
′
m, ξ

1(zm+1), ξ
1(zn+2), . . . , ξ

1(zk))

where xm is not in ξ0(F ), x′m is not in ξ1(F ), xm = x′m if xm is not in ξ1(F ),

and x′m = ξ0(f) if xm = ξ1(f) for some f in F . Then

Vp,q = (C(p)−D1(p)) ∪ (C(q)−D0(q))

is open and saturated.

Proof. (i) If x is in C(p), x ̸= x′, and x ∼ξ x
′, then the splitting level of {x, x′} must

be past level En since pn is not in ξ0(F ) ∪ ξ1(F ), so x′ is in C(p).

(ii) If x is in Up, x ̸= x′, and x ∼ξ x
′, the removal of the sets Dj(p) for j = 0, 1 forces

the splitting level of {x, x′} to be past level En, so x and x′ coincide on the first

n edges and x′ is thus in Up. Since Dj(p) is closed, Up is open.
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(iii) The proof that Vp,q is open is analogous to that for (ii). If x ∈ C(p) − D1(p),

x ∼ξ x
′, and the splitting level of {x, x′} is past level k, then x′ is in C(p)−D1(p)

similarly as in (ii). Otherwise, the splitting level must be either Em or Em+1, but

then x′ must be in C(q)−D0(q).

Definition 3.2.5. (i) Let P denote all finite paths p = (p1, p2, . . . , pn) in (V,E) such

that pn is not in ξ0(F ) ∪ ξ1(F ) but t(pn) is in ξ(W ).

(ii) For p in P , define

Cξ(p) = {x ∈ C(p) | xk ∈ ξ0(F ) ∪ ξ1(F ) for all k ≥ n+ 1}

To simplify notation, we will assume that there is an “empty path” p0 in P with

the property that Cξ(p0) = {x ∈ XE | xk ∈ ξ0(F ) ∪ ξ1(F ) for all k ≥ 1}.

(iii) For w ∈ Wn, define

X
(w)
F = {z = (zn+1, zn+2, . . .) | zk ∈ Fk, t(zk) = i(zk+1) for all k ≥ n+1, and i(zn+1) = w}

that is, all infinite paths in (W,F ) that start at w.

Note that Cξ(p) is not equal to D0(p) ∪ D1(p), since edges in paths in Cξ(p) may

alternate between the two embeddings. Regarding (iii) above, by fixing any finite path

p = (p1, p2, . . . , pn) in (W,F ) with t(pn) = w, we may identify X
(w)
F with C(p) by

associating z with pz (the concatenation of p and z) and endow X
(w)
F with the metric

it receives from this identification. This makes X
(w)
F a totally disconnected compact

metric space.

Lemma 3.2.6. Let p = (p1, p2, . . . , pn) be a finite path in P with t(pn) = ξ(w).

(i) Cξ(p) is closed and saturated.

(ii) Cξ(p) is homeomorphic to X
(w)
F ×{0, 1}N and ρ(Cξ(p)) is homeomorphic to X

(w)
F ×

T.

(iii) If p ̸= q in P, there are disjoint clopen saturated sets U and V in XE such that

Cξ(p) ⊆ U and Cξ(q) ⊆ V ; in particular, ρ(Cξ(p)) and ρ(Cξ(q)) are disjoint.

(iv) For every x in XE and δ > 0, there is an open saturated subset U of XE such

that ρ−1(ρ(x)) ⊆ U ⊆ B(ρ−1(ρ(x)), δ).

(v) If x is in XE −
⋃
q∈P Cξ(q), then U from part (iv) can be chosen to be clopen; it

follows that {ρ(x)} is a connected component of Xξ in this case.
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Proof. (i) For m ≥ n+ 1, let Am be the finite union of all cylinder sets of the form

C(p1, p2, . . . , pn, qn+1, qn+2, . . . , qm)

where qk is in ξ0(F ) ∪ ξ1(F ) for n+ 1 ≤ k ≤ m. Each Am is closed and Cξ(p) =⋂∞
m=n+1Am. Suppose that x is in Cξ(p), x ̸= x′, and x ∼ξ x

′. Since pn is not in

ξ0(F ) ∪ ξ1(F ), the splitting level of {x, x′} is past level n, so x′ is in C(p). But

since xk is in ξ
0(F )∪ξ1(F ) for all k ≥ n+1, we must also have x′k in ξ

0(F )∪ξ1(F )
for all k ≥ n+ 1, hence x′ is in Cξ(p).

(ii) Each x in Cξ(p) is uniquely determined by a path in X
(w)
F and a sequence in

{0, 1}N, and the proof then proceeds analogously to that of Proposition 3.2.2.

(iii) If C(p) ∩ C(q) = ∅, then U = C(p) and V = C(q) suffice (they are saturated by

Lemma 3.2.4). If C(p) ⊆ C(q), take U = C(p) and V = XE − C(p).

(iv) We consider two cases.

(a) Suppose that the ∼ξ equivalence class of x is {x}. Choose k ≥ 1 such that

2−k < δ, let p = (x1, . . . , xk), and let U = Up as in part (ii) of Lemma 3.2.4.

Observe that x is not in D0(p) ∪ D1(p) because otherwise ρ−1(ρ(x)) would

consist of two points.

(b) If ρ−1(ρ(x)) = {x, x′} and Em is the splitting level, choose k ≥ m with

2−k < δ, let p = (x1, . . . , xk) and q = (x′1, . . . , x
′
k), and let U = Vp,q from

part (iii) of Lemma 3.2.4.

(v) There are infinitely many edges xn1 , xn2 , . . . of x that are not in ξ0(F ) ∪ ξ1(F ).

Choose k ≥ 1 such that 2−nk < δ, let U = C(x1, . . . , xnk), and use part (i) of

Lemma 3.2.4.

We now establish the properties of Xξ claimed in Theorem 3.1.1.

Proposition 3.2.7. (i) The quotient map ρ : XE → Xξ is closed.

(ii) The space Xξ is second-countable, compact, and Hausdorff, hence metrizable.

(iii) Every connected component of Xξ is either a single point or homeomorphic to T.

(iv) The covering dimension of Xξ is one.

Proof. (i) Let F be closed in XE and y a point not in ρ(F ). Then F ∩ ρ−1(y) = ∅,

so F ∩ B(ρ−1(y), δ) = ∅ for some δ > 0. By part (iv) of Lemma 3.2.6, we can

find an open saturated set U of XE with ρ−1(y) ⊆ U and F ∩U = ∅. Then ρ(U)

is a neighbourhood of y disjoint from ρ(F ).
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(ii) A closed continuous surjective map with compact fibres (sometimes referred to

as a perfect map) preserves the Hausdorff property and the second-countable

property [21]. Metrizability follows from the Urysohn metrization theorem.

(iii) Let Y be a connected component of Xξ. If Y consists of more than one point,

it must be contained in
⋃
p∈P ρ(Cξ(p)) by part (v) of Lemma 3.2.6. By part (iii)

of Lemma 3.2.6, it must be contained in a single ρ(Cξ(p)). The conclusion then

follows from part (ii) of Lemma 3.2.6 since X
(w)
F is totally disconnected.

(iv) By part (ii) there is a metric that gives the topology of Xξ; choose such a metric

d. The space Xξ contains at least one homeomorphic copy of T, so it suffices to

prove that dimXξ ≤ 1. We can show this by showing that, for any ε > 0, we can

find two collections U0 and U1 of pairwise disjoint open saturated subsets of XE

such that U0 ∪ U1 is a cover of XE and diam ρ(U) < ε for all U in U0 ∪ U1. Since

XE and Xξ are compact, ρ is uniformly continuous with respect to the metrics dE
and d, so choose n ≥ 1 such that dE(x, y) < 2−n implies that d(ρ(x), ρ(y)) < ε

2
.

Consider a finite path p = (p1, . . . , pn). If pn is not in ξ0(F ) ∪ ξ1(F ), put C(p)

in U0. Otherwise, put the set Up from part (ii) of Lemma 3.2.4 in U0. By the

definition of the sets Up, the remaining paths possibly not covered by the elements

of U0 are the two-point equivalence classes whose splitting levels are among the

levels E1, E2, . . . , En. To cover these, let U1 consist of all sets of the form Vp,q
from part (iii) of Lemma 3.2.4, where k = n and 1 ≤ m ≤ n− 1.

We now consider some examples to help realize the spaces Xξ geometrically.

Example 3.2.8. Let (V,E) be the Bratteli diagram with #Vn = 1 for all n and

#En = 2 for all n (the 2∞ diagram), while (W,F ) is the diagram with #Wn = #Fn = 1

for all n. Embed one copy of (W,F ) on the left and the other copy on the right. Then

Xξ is homeomorphic to T by Proposition 3.2.2.

Example 3.2.9. Let (V,E) be the Bratteli diagram with #Vn = 1 for all n and

#En = 4 for all n (the 4∞ diagram), while (W,F ) is the diagram with #Wn = 1

and #Fn = 2 for all n. Embed one copy of (W,F ) on the left and the other copy on

the right. Then Xξ is homeomorphic to XF × T by Proposition 3.2.2. By identifying

XF with the middle thirds Cantor set X ⊆ [1, 2] (shifted to the right from its usual

position), we can identify Xξ with the planar set
⋃
x∈X xT, where xT = {xz | z ∈ T}.

Example 3.2.10. Consider the Bratteli diagram in Figure 3.1. Let (W,F ) be the

diagram with #Wn = #Fn = 1 for all n. Embed (W,F ) down the bottom edges of

(V,E). Then Xξ is homeomorphic to (
⋃∞
n=0 2

−nT)∪{0}. Indeed, any finite path ending

in a diagonal edge is in P , and ρ(Cξ(p)) is clopen and homeomorphic to T for each

such path. The only path in XE that is not in
⋃
p∈P Cξ(p) is the path along the top of

the diagram, which corresponds to the point 0.
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Figure 3.1: The Bratteli diagram (V,E) in Example 3.2.10

Example 3.2.11. Let (V,E) be the Bratteli diagram with #Vn = 1 for all n and

#En = 3 for all n (the 3∞ diagram), while (W,F ) is the diagram with #Wn = #Fn = 1

for all n. For every finite path p = (p1, p2, . . . , pn) in P , ρ(Cξ(p)) is homeomorphic to T
by part (ii) of Lemma 3.2.6. To help illustrate Xξ, we note that

⋃
p∈P Cξ(p) is dense in

XE and construct a continuous map from
⋃
p∈P Cξ(p) to the plane C which is constant

precisely on the fibres of ρ. We will identify XE with {0, 1, 2}N and regard the edges

labelled with j the edges in ξj(F ) for j = 0, 1.

First define θ2 = 0 and for a finite path p = (p1, p2, . . . , pn) in {0, 1}n−1 × {2} for

n ≥ 2, set θp = 2−n +
∑n−1

k=1 pk2
−k. Define the function fp : C → C by

fp(z) = e2πiθp(2−nz + (1 + 2−(n−1)))

Now suppose that p in P is arbitrary, and partition p = p(1)p(2) · · · p(m) where each p(k)

is in {0, 1}lk × {2} for some integer lk ≥ 0 (note that such a partition exists and is

unique). Define

fp = fp(1) ◦ fp(2) ◦ · · · ◦ fp(m)

If p0 is the empty path, let fp0(z) = z. If x = (x1, x2, . . .) is in Cξ(p), define

ρ(x) = fp

(
exp

(
2πi

∞∑
k=n+1

xk2
−k

))

Letting Xn =
⋃

length(p)≤n−1Cξ(p) (where length(p) is the number of edges in p with

the convention that length(p0) = 0), we have ρ(X1) the unit circle and ρ(X2) is the

disjoint union of the unit circle and the circle of radius 1
2
centred at −2. Figure 3.2

illustrates ρ(Xn) for n = 3, 4, 5, 6.

3.3 The groupoids Rξ

We now turn to the factor groupoids Rξ. Unlike the spaces Xξ, their definition is quite

straightforward.

Definition 3.3.1. We let Rξ = ρ × ρ(RE) and endow it with the quotient topology

induced by the étale topology on RE. We will denote π : RE → Rξ to be the restriction
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(a) ρ(X3) (b) ρ(X4)

(c) ρ(X5) (d) ρ(X6)

Figure 3.2: Geometric approximations of Xξ from Example 3.2.11

of ρ× ρ to RE.

Clearly π is a continuous surjective groupoid homomorphism, and since tail-equivalent

paths are never in the same fibre of ρ, π is bijective on the fibres of the range map

r : RE → R
(0)
E . We observe that the sets Rn and Rn+1 −Rn are saturated with respect

to π, for all n ≥ 1.

Proposition 3.3.2. (i) Rξ is a second-countable, locally compact, Hausdorff, étale

groupoid.

(ii) The map π : RE → Rξ satisfies the hypotheses in Proposition 1.3.9, and is regular

and measure regular.

Proof. We begin by proving that Rξ is Hausdorff. Notice that π is continuous with

respect to the relative product topologies from XE ×XE and Xξ ×Xξ. It follows that

the quotient topology Rξ receives from RE is finer than the relative topology from

Xξ ×Xξ. The space Xξ is Hausdorff by Proposition 3.2.7, thus Rξ is too.

To see that Rξ is locally compact, notice that RE =
⋃∞
n=1Rn and each Rn is com-

pact, open, and saturated. Therefore each element of Rξ is contained in the compact

open set π(Rn) for some n.
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Let µE : R
(2)
E → RE and µξ : R

(2)
ξ → Rξ be the multiplication maps. We will show

that µξ is continuous. It is readily verified that π◦µE = µξ ◦(π×π). If U is open in Rξ,

then µ−1
E (π−1(U)) = (π × π)−1(µ−1

ξ (U)) is open in R
(2)
E since µE and π are continuous.

Since RE and Rξ are locally compact Hausdorff and R
(2)
E is a closed subset of RE ×RE

which is saturated (because (π × π)−1(R
(2)
ξ ) = R

(2)
E ), the map π × π|

R
(2)
E

is a quotient

map, so µ−1
ξ (U) = π × π((π × π)−1(µ−1

ξ (U))) is open in R
(2)
ξ . Continuity of inversion

may be proven similarly.

To see that Rξ is étale, first observe that, since R
(0)
E = π−1(R

(0)
ξ ), the groupoid Rξ

is r-discrete (that is, R
(0)
ξ is open), so by Proposition 1.2.9 of [37], it suffices to show

that r is an open map. Let U ′ ⊆ Rξ be open. Then U = π−1(U ′) is open by continuity

of π, and r(U) is open since RE is étale. Now π(r(U)) = r(π(U)) = r(U ′), so we need

only show that r(U) is saturated with respect to π. If (x, x) is in r(U) and (x′, x′) is

in R
(0)
E with ρ(x) = ρ(x′), pick y in XE with (x, y) in U . Then there is some y′ in XE

with ρ(y) = ρ(y′). Then (x′, y′) is in RE and U is saturated, so (x′, y′) is in U . Then

(x′, x′) = r(x′, y′) is in r(U).

Regarding the properties of π, the only nontrivial one to check is that π is proper.

Let K ⊆ Rξ be compact. As noted earlier, RE is the union of the compact open

saturated sets Rn. It follows that K ⊆ π(Rn) for some n, so π−1(K) ⊆ Rn. Being a

closed subset of a compact set, π−1(K) is compact.

At this point, we may conclude that π is a closed map, and hence that Rξ is second-

countable, using Lemma 7.5 of [30] and the proof of parts (i) and (ii) of Proposition

3.2.7.

Finally, we show that π is regular. Let (x, y) and (x′, y′) be two distinct pairs in RE

with π(x, y) = π(x′, y′) and ε > 0. Let n ≥ 0 be the integer such that (x, y) and (x′, y′)

are in Rn+1 − Rn, let Em be the splitting level of {x, x′}, and let El be the splitting

level of {y, y′}. As before, we assume that the edges of x and y are eventually in ξ0(F )

and the edges of x′ and y′ are eventually in ξ1(F ). Choose k ≥ max{l,m, n+1} so that

2−k < ε. Let p = (x1, . . . , xk), p
′ = (x′1, . . . , x

′
k), q = (y1, . . . , yk), and q

′ = (y′1, . . . , y
′
k),

and let

U = (γ(p, q) ∪ γ(p′, q′)) ∩ (Vp,p′ × Vq,q′)

We must show that

(i) U is open,

(ii) U is saturated, and

(iii) π(U) satisfies the definition of regularity.

For (i), since the étale topology on RE is finer than the relative product topology,

Vp,p′ × Vq,q′ is open in RE, and therefore so is U .

93



(ii) and (iii) can be proved simultaneously, in two cases. Let (x′′, y′′) be in U

(suppose, without loss of generality, that it is in γ(p, q)) and (x′′′, y′′′) be another pair

with π(x′′, y′′) = π(x′′′, y′′′). We must show that (x′′′, y′′′) is also in U and that either

d
(2)
E ({(x, y), (x′, y′)}, {(x′′, y′′), (x′′′, y′′′)}) < ε (3.1)

(in the Hausdorff metric) or

d
(2)
E ((x′′, y′′), (x′′′, y′′′)) < ε. (3.2)

The first case considers when x′′j = y′′j is in ξ0(F ) for all j ≥ k + 1. Here, the

splitting level of {x′′, x′′′} must be Em and the splitting level of {y′′, y′′′} must be El.

This forces (x′′′, y′′′) into γ(p′, q′) ∩ (Vp,p′ × Vq,q′) ⊆ U . Also, we have

d
(2)
E ({(x, y), (x′, y′)}, {(x′′, y′′), (x′′′, y′′′)}) = max{d(2)E ((x, y), (x′′, y′′)), d

(2)
E ((x′, y′), (x′′′, y′′′))}

= max{dE(x, x′′), dE(y, y′′), dE(x′, x′′′), dE(y′, y′′′)}
≤ 2−k

< ε

and hence (3.1) holds.

The second case considers when x′′j = y′′j is not in ξ0(F ) for some j ≥ k + 1. This

assumption, together with (x′′, y′′) being in Vp,p′ × Vq,q′ , forces the splitting levels of

{x′′, x′′′} and {y′′, y′′′} to be level Ek+1 or further down. In this case, (x′′′, y′′′) is also

in γ(p, q) ∩ (Vp,p′ × Vq,q′) ⊆ U . Moreover, we have

d
(2)
E ((x′′, y′′), (x′′′, y′′′)) = max{dE(x′′, x′′′), dE(y′′, y′′′)}

≤ 2−k

< ε

and hence (3.2) holds. Finally, π is measure regular by Proposition 7.16 of [30].

Proposition 3.3.3. The dynamic asymptotic dimension of Rξ is zero. It follows that

Rξ is amenable, and that the nuclear dimension of C∗
r (Rξ) is at most one.

Proof. Since Rξ is equal to the union of the compact open subgroupoids π(Rn), its

dynamic asymptotic dimension is zero by part (i) of Proposition 1.3.8. The remaining

conclusions follow from part (iv) of Proposition 3.2.7 and part (iv) of Proposition

1.3.7.

All in all, the groupoids Rξ have compact unit space, are separable, and have finite

dynamic asymptotic dimension. If, in addition, RE is minimal, then so is Rξ because

ρ is continuous and surjective, hence dense equivalence classes in XE map to dense

94



equivalence classes in Xξ. We therefore obtain the following result from Proposition

1.3.7.

Corollary 3.3.4. If RE is minimal, then the C∗-algebra C∗
r (Rξ) is classified by its

Elliott invariant.

We now prove a noncommutative version of Proposition 3.2.2.

Proposition 3.3.5. If E = ξ0(F ) ∪ ξ1(F ), then C∗
r (RE) is isomorphic to C∗

r (RF ) ⊗
M2∞, and C∗

r (Rξ) is isomorphic to C∗
r (RF )⊗B, where B is the Bunce–Deddens algebra

of type 2∞.

Proof. We first establish the simplest case described in the beginning of the chapter.

Let S denote the tail-equivalence relation on {0, 1}N with its usual étale topology, so

that C∗
r (S)

∼= M2∞ (Example 9.2.6 of [34]). Let

T = {(w, z) ∈ T× T | w = e2πiθz for some θ ∈ Z[1
2
]}

Give T the topology with basic open sets UW,θ = {(z, e2πiθz) | z ∈ W}, whereW ⊆ T is

open and θ ∈ Z[1
2
]. This makes T a second-countable locally compact Hausdorff étale

principal groupoid, and C∗
r (T )

∼= B, see 10.11.4 of [4]. We show that this topology is

the same as the quotient topology received from τ : S → T , where τ = (ϕ× ϕ)|S and

ϕ is as in Proposition 3.2.2. Suppose that U ⊆ S is open and saturated; we must show

that τ(U) is open. Select a pair (w, z) in τ(U).

Suppose first that w and z are not dyadic. Then τ−1(w, z) = {(x, y)} for a pair

(x, y) in S, and U is open, so there is a positive integer k and finite strings p and q in

{0, 1}k such that (x, y) ∈ γ(p, q) ⊆ U . Set V = γ(p, q) ∩ (Up × Uq). Then

(w, z) ∈ τ(V ) = UW,θ ⊆ τ(U)

where W = ϕ(Up) and θ =
∑∞

n=1(yn − xn)2
−n =

∑k
n=1(qn − pn)2

−n.

If w and z are dyadic, then τ−1(w, z) = {(x, y), (x′, y′)} for two pairs (x, y) and

(x′, y′) in S. This time find γ(p, q) and γ(p′, q′), such that τ−1(w, z) ⊆ γ(p, q) ∪
γ(p′, q′) ⊆ U and set V = (γ(p, q) ∪ γ(p′, q′)) ∩ (Vp,p′ × Vq,q′). Then

(w, z) ∈ τ(V ) = UW,θ ⊆ τ(U)

where W = ϕ(Vp,p′) and θ =
∑∞

n=1(yn − xn)2
−n.

Define the map Ψ : RE → RF×S by Ψ(x, y) = ((zx, zy), (jx, jy)), using the notation

in Proposition 3.2.2. It is straightforward to check that this is an isomorphism of

groupoids (which proves the first statement of the proposition, by Proposition 1.3.10).

The composition of this isomorphism with idRF × τ is a quotient map whose fibres

are identical to the fibres of π, which therefore factors to an isomorphism from Rξ to

RF × T . Apply Proposition 1.3.10 again.
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3.4 The K-theory and tracial states of C∗
r (Rξ)

Up until now we have proven parts (i) and (ii) of the second list in Theorem 3.1.1. In

this section we turn to the remaining parts, and finish with some examples.

We begin by analyzing the subgroupoids H ⊆ RE and H ′ ⊆ Rξ introduced in

section 2.9. We have

H ′ = {(x′, y′) ∈ Rξ | #π−1(x′, y′) = 2}

and H = π−1(H ′). Clearly (x, y) is in H if and only if both x and y are eventually in

ξ0(F ) or eventually in ξ1(F ). The metrics on H and H ′ are given by

dH′((x′, y′), (w′, z′)) = d
(2)
E (π−1(x′, y′), π−1(w′, z′))

(with the Hausdorff distance on the right hand side) and

dH((x, y), (w, z)) = d
(2)
E ((x, y), (w, z)) + d

(2)
E (π−1(π(x, y)), π−1(π(w, z))).

The next result follows from the description of dH above. We use the notation x(n) for

n ≥ 1 to denote a sequence in XE, and reserve the subscript to label the edges.

Proposition 3.4.1. Suppose that j ∈ {0, 1} is fixed, (x, y) is a pair in H, and that

k is the least integer such that xm and ym are in ξj(F ) for m ≥ k. A sequence

(x(n), y(n)) → (x, y) in dH if and only if the following two conditions hold.

(i) x(n) → x and y(n) → y in dE.

(ii) There is an integer l such that k is the least integer such that x
(n)
m and y

(n)
m are in

ξj(F ) for all n ≥ l and all m ≥ k.

Lemma 3.4.2. There is a ∗-isomorphism β : C∗
r (H

′)⊕C∗
r (H

′) → C∗
r (H) such that the

diagram

C∗
r (H

′) C∗
r (H

′)⊕ C∗
r (H

′)

C∗
r (H

′) C∗
r (H)

γ

β

α

is commutative, where α is as in Proposition 1.3.9, and γ(a) = (a, a).

Proof. Set

Hj = {(x, y) ∈ H | x, y ∈ ξj(F ) eventually}

for j = 0, 1. Then H0 ∪H1 is a partition of H into two nonempty disjoint sets, and by

Proposition 3.4.1, they are clopen. H0 and H1 are therefore locally compact Hausdorff
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étale subgroupoids of H. Moreover, if fj is in Cc(H) with support contained in Hj for

j = 0, 1, then for any (x, y) in H,

(f0 ⋆ f1)(x, y) =
∑

(x,z)∈RE

f0(x, z)f1(z, y) = 0

since all (x, z) and (z, y) lie in one and only one Hj. It follows that Cc(H) = Cc(H0)⊕
Cc(H1). By partitioning the direct sum

⊕
x∈H(0)

l2(Hx) =

 ⊕
x∈H(0)

0

l2(Hx)

⊕

 ⊕
x∈H(0)

1

l2(Hx)


and representing Cc(H0) (respectively Cc(H1)) on the left (respectively right) factor,

it is apparent that C∗
r (H) = C∗

r (H0)⊕ C∗
r (H1) as well. Define

β′ : Cc(H
′)⊕ Cc(H

′) → Cc(H0)⊕ Cc(H1)

by β′(f, g) = (f ◦ (π|H0), g ◦ (π|H1)). Similarly as in Proposition 1.3.9, this is a ∗-

isomorphism which extends to the reduced algebras. It is straightforward to check that

the diagram commutes on continuous compactly supported functions, and therefore on

the completions.

Lemma 3.4.3. C∗
r (H

′) is Morita equivalent to C∗
r (RF ), where RF is tail-equivalence

on the diagram (W,F ). It follows that K∗(C
∗
r (H

′)) is isomorphic to K∗(C
∗
r (RF )).

Proof. Let H0 be as in the previous lemma, and let J = {(x, y) ∈ H0 | xn, yn ∈
ξ0(F ) for all n ≥ 1}, endowed with the relative topology from H. The map RF → J

which sends (x, y) to (ξ0(x), ξ0(y)) (applying ξ0 to each edge of x and y in the obvious

way) is clearly an isomorphism of groupoids. J (0) is thus compact and open (in H),

hence χJ(0) is a projection in Cc(H0). Then χ
J(0)C∗

r (H0) is an equivalence bimodule

between C∗
r (H0) ∼= C∗

r (H
′) and χJ(0)C∗

r (H0)χJ(0)
∼= C∗

r (J)
∼= C∗

r (RF ).

Lemma 3.4.4. The map α∗ : K0(C
∗
r (Rξ)) → K0(C

∗
r (RE)) is surjective.

Proof. Since C∗
r (RE) is a unital AF-algebra, it suffices to show that, for a finite path

p = (p1, p2, . . . , pn) in the diagram (V,E), the characteristic function χγ(p,p) is equivalent

to a projection in α(Cc(Rξ)). If pn is not in ξ0(F )∪ ξ1(F ), then χγ(p,p) is in α(Cc(Rξ)),

so there is nothing to do. Otherwise, let k be the least integer in {1, 2, . . . , n} such

that pj is in ξ0(F ) ∪ ξ1(F ) for all k ≤ j ≤ n. For a string ω = (j1, j2, . . . , jn−k+1) in

{0, 1}n−k+1, let

qω = (p1, p2, . . . , pk−1, ξ
j1(zk), ξ

j2(zk+1), . . . , ξ
jn−k+1(zn))
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and let

v =
1√

2n−k+1

∑
ω∈{0,1}n−k+1

χγ(p,qω).

The element v is a partial isometry in Cc(RE), and using the formulas in Proposition

1.3.15, we obtain that vv∗ = χγ(p,p) and v
∗v = 1

2n−k+1
χL, where

L =
⋃

ω,η∈{0,1}n−k+1

γ(qω, qη).

L is saturated, so v∗v is in α(Cc(Rξ)).

Readers with a background in quantum information theory may notice a similarity

between the formula for v in the above proof and the one for the n-fold tensor product

of the Hadamard operator H̃ acting on a computational basis state (written in ket

notation),

H̃⊗n |ω⟩n =
1√
2n

∑
η∈{0,1}n

(−1)ω·η |η⟩n

where ω ·η is the componentwise dot product computed mod 2. Indeed, if one identifies

the functions χγ(p,q) with matrix units as described in Proposition 1.3.15, the matrices

vv∗ and v∗v are respectively identified with the projections
1 0 0 · · · 0

0 0 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0

 , 1

2n


1 1 1 · · · 1

1 1 1 · · · 1
...

...
...

. . .
...

1 1 1 · · · 1


in M2n(C). A unitary equivalence between them is implemented by H̃⊗n.

Finally, we verify that every subset X of H that is closed in RE satisfies the C-

extension property, with C = 1.

Proposition 3.4.5. Every subset X ⊆ H which is closed in RE satisfies the C-

extension property with C = 1.

Proof. Suppose X ⊆ H is closed in RE and f is in Cc(H) with support in X. We seek

a function f̃ in Cc(RE) such that f̃ |X = f |X and ∥f̃∥r ≤ ∥f∥r. In fact, we find such a

function f̃ such that ∥f̃∥r = ∥f∥r.
As the support of f is compact in H, it is also compact in RE, hence the support

is contained in Rn for some n. Denote K = X ∩ Rn and K̃ = RnKRn (that is, all

possible products αβγ where β is in K and α and γ are in Rn). Notice that K ⊆ K̃,

K̃ ⊆ H and K̃ ⊆ Rn.

Claim 1. K̃ is a compact subgroupoid of Rn.
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Proof. Let K(0) =
⋃

(x,y)∈K [x]Rn , where [x]Rn denotes the Rn-equivalence class of the

path x. We will prove that K̃ = {(x, y) ∈ Rn | x ∈ K(0)}; this will imply that K̃ is a

subgroupoid.

Suppose first that (w, z) is in K̃. Then there are paths x and y such that (w, x)

and (y, z) are in Rn and (x, y) is in K. By the definition of K(0), x is in K(0), which

means w is in K(0) as well, because (w, x) is in Rn. This implies that (w, z) is in

{(x, y) ∈ Rn | x ∈ K(0)}.
Conversely, suppose that (x, y) is in Rn and x is in K(0). By the definition of

K(0), we may find a path y′ such that (x, y′) is in K. Then (y′, y) is in Rn because

(y′, y) = (y′, x)(x, y) ∈ RnRn = Rn, and (x, y) = (x, x)(x, y′)(y′, y) ∈ RnKRn = K̃.

Finally, K = X ∩Rn is compact because X is closed in RE and Rn is compact, and

K̃ = RnKRn is compact because multiplication is continuous in RE.

Now consider the map C(Rn) → C(K̃) that simply restricts a function to K̃. Since

K̃ is a subgroupoid of Rn, this map is a surjective ∗-homomorphism. Therefore, by

restricting f to K̃, we may find a function f̃ in C(Rn) that lifts f , that is, f̃ |K̃ = f |K̃ ,
and has the same norm. Since Rn is compact and open in RE, we may regard f̃ as an

element of Cc(RE) (with the same norm) by extending it to be zero on RE − Rn. To

check that f̃ |X = f |X , first suppose that (x, y) is in K. Then f̃(x, y) = f(x, y) because

f̃ and f agree on K̃, and K ⊆ K̃. If (x, y) is in X but not in K, then (x, y) is in

RE − Rn, but then f̃(x, y) = f(x, y) = 0 as both of their supports are contained in

Rn.

Remark. The important property of RE in the above proof is the existence of the

compact, open subgroupoids Rn for n ≥ 1. The proof could therefore be adapted to

groupoids that are equal to the union of compact, open subgroupoids.

We are now ready to compute the K-theory of C∗
r (Rξ). Theorem 2.1.1 furnishes

the six-term exact sequence

K1(C
∗
r (RE)) K0(C

∗
r (Rξ), C

∗
r (RE)) K0(C

∗
r (Rξ))

K1(C
∗
r (Rξ)) K1(C

∗
r (Rξ), C

∗
r (RE)) K0(C

∗
r (RE))

Using (in order) Theorem 2.9.3, Lemma 3.4.2, Example 2.10.3, and Lemma 3.4.3, we
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obtain

Kj(C
∗
r (Rξ);C

∗
r (RE)) ∼= Kj(C

∗
r (H

′), C∗
r (H))

∼= Kj(C
∗
r (H

′), C∗
r (H

′)⊕ C∗
r (H

′))

∼= K1−j(C
∗
r (H

′))

∼= K1−j(C
∗
r (RF )).

The exact sequence may therefore be simplified to

0 0 K0(C
∗
r (Rξ))

K1(C
∗
r (Rξ)) K0(C

∗
r (RF )) K0(C

∗
r (RE))

By Lemma 3.4.4, the vertical map on the right is an order isomorphism. Exactness

implies that the following map is zero, which in turn implies that the map after that

is an isomorphism.

We have thus proven parts (iii) and (iv) of the second list in Theorem 3.1.1; it

remains to prove part (v). As these groupoids are principal, we may appeal to Propo-

sition 1.3.11 and examine the invariant Borel measures on their unit spaces. It suffices

to show that any invariant measure cannot see the non-one-to-one parts of π.

Proposition 3.4.6. (i) If µ is an invariant measure on XE then µ(H(0)) = 0.

(ii) If µ is an invariant measure on Xξ then µ(H
′(0)) = 0.

Proof. (i) Every such measure µ is uniquely determined by a function ν : V →
[0, 1] such that ν(v0) = 1 and ν(v) =

∑
e∈i−1(v) ν(t(e)), the correspondence being

ν(v) = µ(C(p)), where p is any finite path ending at v, see Theorem 11.31 of [28].

It suffices to show that the set Y of all paths whose edges are eventually in ξ0(F )

has measure zero; the proof is analogous for those paths eventually in ξ1(F ), and

H(0) is the union of these. Let

Yn = {x ∈ XE | xm ∈ ξ0(F ) for all m ≥ n}

We have Y =
⋃∞
n=1 Yn, so it further suffices to show that µ(Yn) = 0 for all n. To

this end, fix n and, for m ≥ n+ 1, let Am be the union of all cylinder sets of the

form C(p1, p2, . . . , pn, qn+1, qn+2, . . . , qm) where qk is in ξ0(F ) for n+ 1 ≤ k ≤ m.

For any cylinder set C(p) in the union Am, there are at least 2m−(n+1) cylinder

sets in total passing through the same vertices as the path p, due to the edges in

ξ1(F ) (and possibly more). Thus, by the sum given by ν, we have µ(Am) ≤ 2−m.

Since Yn ⊆ Am for every m ≥ n+ 1, this completes the proof of (i).
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(ii) The set H ′(0) is contained in the countable union
⋃
p∈P ρ(Cξ(p)), so it suffices to

show that µ(H ′(0) ∩ ρ(Cξ(p))) = 0 for every p in P . Using part (ii) of Lemma

3.2.6, we may identify ρ(Cξ(p)) with X
(w)
F × T for some w in W . Let n ≥ 1 and

let γ be any open arc on T of normalized Lebesgue length 2−n. By invariance of

µ, the disjoint sets X
(w)
F × e2πik/2

n
γ for k = 0, 1, . . . , 2n − 1 are each contained in

an open set in Xξ of equal measure, so we have

µ(X
(w)
F × γ) ≤ 2−nµ(X

(w)
F × T).

Thus, we obtain that µ(X
(w)
F × {z}) = 0, for every z in T. As H ′(0) ∩ ρ(Cξ(p)) is

identified with X
(w)
F × exp(2πiZ[1

2
]) and exp(2πiZ[1

2
]) is countable, we are done.

Example 3.4.7. Consider the situation in Example 3.2.8. By Theorem 3.1.1, we have

K0(C
∗
r (Rξ)) ∼= Z[1

2
] with its usual order, and K1(C

∗
r (Rξ)) ∼= Z with generator given by

the class of the identity function z in C(T) = C(R
(0)
ξ ) ⊆ C∗

r (Rξ). We illustrate how to

use the excision theorem to spot the generator of K1(C
∗
r (Rξ)).

Since (W,F ) consists of a single path, we have C∗
r (RF ) = C, and under the Morita

equivalence to C∗
r (H

′), the generator [1C] of K0(C
∗
r (RF )) corresponds to the projection

χ{(0,0,0,...)} in Cc(H), which corresponds to the projection

p = χ{(0,0,0,...)} + χ{(1,1,1,...)}

in Cc(H
′) under the isomorphism in Lemma 3.4.2. Under the map µ1 : K0(C

∗
r (H)) →

K1(C
∗
r (H

′), C∗
r (H)) in Theorem 2.1.1, we obtain

µ1([χ{(0,0,0,...)}]) = [p, p, g]

where g(s) = χ{(0,0,0,...)} + e2πisχ{(1,1,1,...)} for 0 ≤ s ≤ 1. Here comes the guesswork:

we need an element in K1(C
∗
r (Rξ), C

∗
r (RE)) that corresponds to the triple (p, p, g)

in K1(C
∗
r (H

′), C∗
r (H)). A natural choice is to take the triple (1C∗

r (Rξ), f, h), where

h(s) = fs and fs({jn}) = exp(2πis
∑∞

n=1 jn2
−n) for {jn} in {0, 1}N = R

(0)
E and 0 ≤

s ≤ 1. By the main result of [30], the two classes [p, p, g] and [1C∗
r (Rξ), f, h] both live in

K1(ker(δ), C
∗
r (RE) + C∗

R(H)) as discussed in section 2.9, and thus we have

[1C∗
r (H

′), 1C∗
r (H

′), g + (1C∗
r (H) − p)]− [1C∗

r (Rξ), f, h] = [1C∗
r (H

′), f
∗, (g + (1C∗

r (H) − p))h∗]

by part (ii) of Proposition 2.3.9. A consequence of the results of [30] is that the elements

of C∗
r (RE) act as multipliers on C∗

r (H), and thus we regard the elements of the latter

triple above as living in C∗
r (H). For a fixed 0 ≤ s ≤ 1, the functions g(s) and h(s)
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agree on the set {(0, 0, 0, . . .)} ∪ {(1, 1, 1, . . .)}, so we obtain

(g + (1C∗
r (H) − p))h∗ = gh∗ + (1C∗

r (H) − p)h∗ = p+ (1C∗
r (H) − p)h∗

and thus

[1C∗
r (H

′), f
∗, (g + (1C∗

r (H) − p))h∗] = [1C∗
r (H

′), f
∗, p+ (1C∗

r (H) − p)h∗]

= [1C∗
r (H

′) − p, (1C∗
r (H

′) − p)f ∗, (1C∗
r (H) − p)h∗]

and the latter triple is elementary. It follows that the triples [p, p, g] and [1C∗
r (Rξ), f, h]

correspond to one another under the excision isomorphism. Finally, under the map

ν1 : K1(C
∗
r (Rξ), C

∗
r (RE)) → K1(C

∗
r (Rξ)), we have ν1([1C∗

r (Rξ), f, h]) = [f ], which is the

usual generator with winding number 1.

Example 3.4.8. Consider the situation in Example 3.2.9. By Theorem 3.1.1, we have

K0(C
∗
r (Rξ)) ∼= K1(C

∗
r (Rξ)) ∼= Z[1

2
] with the usual order in the K0 case. One can use a

similar argument as in the previous example to show that the K1-group is generated

by the partial unitaries χU ⊗z in C(XF )⊗C(T) = C(R
(0)
ξ ), where U is a clopen subset

of XF .

Example 3.4.9. Consider the situation in Example 3.2.10. By Theorem 3.1.1, we

have K0(C
∗
r (Rξ)) ∼= Z[1

2
]⊕Z with lexicographic order on the direct sum and the usual

order on both factors, and K1(C
∗
r (Rξ)) ∼= Z.

Example 3.4.10. Consider the situation in Example 3.2.11. By Theorem 3.1.1, we

have K0(C
∗
r (Rξ)) ∼= Z[1

3
] with its usual order, and K1(C

∗
r (Rξ)) ∼= Z.
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Chapter 4

Factor groupoids from non-homogeneous

extensions of Cantor minimal systems

In this chapter we discuss a second construction of factor groupoids due to Robin

Deeley, Ian Putnam, and Karen Strung. Unlike the examples in the previous chapter,

the fibres of the factor map will be either a single point, or infinite; specifically, the

infinite fibres will be homeomorphic to the attractor of an iterated function system

(detailed definitions to follow). The main result of [8] is the following.

Theorem 4.0.1 (Theorem 1.5 of [8]). Let (C, dC ,F) be a compact invertible iterated

function system and let (X,ϕ) be a minimal homeomorphism of the Cantor set. There

exists a minimal extension (X̃, ϕ̃) of (X,ϕ) with a factor map π : (X̃, ϕ̃) → (X,ϕ) such

that, for each x in X, π−1{x} is a single point or homeomorphic to C. Moreover, both

possibilities occur.

The original intention for this theorem was to provide a means of tying together

minimal dynamical systems with spaces of arbitrarily large finite covering dimension

in order to produce examples of minimal, principal groupoids whose K-theory can be

prescribed. It is a standard result in topology that any compact metrizable space with

covering dimension n ≥ 0 can be embedded in [0, 1]2n+1 [21]. The main example of

interest, therefore, is to take C to be equal to a cube in Euclidean space. One then

may find a closed subset Y of C, and construct groupoids whose K-theory essentially

depends on the space Y . It follows from the fact that C is contractible that the factor

map induces an isomorphism between the K-theory of (X̃, ϕ̃) and the K-theory of

(X,ϕ) (this is Corollary 1.6 of [8], and also Corollary 4.1.2 below).

Our goal in this chapter is to use Theorem 2.9.3 to obtain a description of the

K-theory of the C∗-algebras of the groupoids X̃ ×Z, for more general C. As discussed

in Section 2.9, the excision theorem allows one to view the relative K-theory of the

inclusion α : C∗
r (XE ×Z) → C∗

r (X̃ ×Z) through the non-one-to-one parts of the factor

map, and hence, by Theorem 4.0.1, one expects the K-theory of the extensions to

depend on the topological K-theory of C.
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4.1 The main results

Before we state the main result, we remark that we must modify the construction of

the extension (X̃, ϕ̃) in Theorem 4.0.1 slightly in order to apply the excision theorem.

We will describe the modification in detail later, but loosely speaking, we will require

that the fibres of the factor map “shrink” quickly enough so that Definition 2.9.1 is

satisfied. The dynamics are not affected in any profound way by this modification.

We refer to the extension (X̃, ϕ̃) in Theorem 4.0.1 as a DPS extension in acknowl-

edgement of the authors.

Theorem 4.1.1. Let (X, dX ,F) be an iterated function system and let C denote its at-

tractor. Let (XE, ϕE) a Bratteli-Vershik system on a properly ordered Bratteli diagram.

Then there is a modified version of the associated DPS extension (X̃, ϕ̃) of (XE, ϕE),

an AF-algebra A, a short exact sequence

0 K0(C
∗
r (RE)) K0(C

∗
r (X̃ × Z)) K0(A)⊗ (K0(C)/Z) 0

and a short exact sequence

0 Z K1(C
∗
r (X̃ × Z)) K0(A)⊗K−1(C) 0.

We are using the notation for the topological K-theory of a compact, Hausdorff

space X, that is, denoting Kj(C(X)) by K−j(X) for j = 0, 1. By K0(C)/Z we mean

the quotient of K0(C) by the canonical copy of Z generated by the unit of C(C).

We refine the conclusion of Theorem 4.1.1 in some specific cases of interest, such as

when C is a closed cube in Euclidean space (this case actually motivated the original

construction in [8]).

Corollary 4.1.2. In the context of Theorem 4.1.1, we have the following.

(i) If C is contractible, then the injective maps in both sequences are isomorphisms.

(ii) If XE consists of only one path (x1, x2, . . .) of edges such that fxn = idC for all

n ≥ 1, then K0(A) ∼= Z and hence

K0(C
∗
r (X̃ × Z))/K0(C

∗
r (RE)) ∼= K0(C)/Z K1(C

∗
r (X̃ × Z))/Z ∼= K−1(C)

At this point it is not clear whether or not the conclusions of Theorem 4.1.1 and

Corollary 4.1.2 can be improved upon without knowing more about the dynamics of

the iterated function system and the topology of the attractor. For example, it is not

clear precisely when the short exact sequences split, and hence when the quotients in

Corollary 4.1.2 can be replaced with direct sums. Of course, this is trivially the case

in part (i) of the corollary, and also when both K0(C) and K−1(C) are free abelian,

such as when C is the Sierpiński triangle.
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4.2 The (modified) DPS construction

We begin with the definition of an iterated function system. For more information on

this matter, we refer to [3].

Definition 4.2.1. An iterated function system (X, dX ,F) is a complete metric space

(X, dX) together with a finite set F of functions f : X → X such that there exists a

real number λ with 0 < λ < 1 and dX(f(x), f(y)) ≤ λdX(x, y) for all points x and y

in X and all f in F .

The following result is standard; see Theorem 7.1 and Definition 7.2 of [3].

Theorem 4.2.2. Let (X, dX ,F) be an iterated function system. There exists a unique

non-empty compact subset C of X such that⋃
f∈F

f(C) = C.

The set C is called the attractor of the iterated function system.

The proof is essentially to show that the assignment

Y 7→
⋃
f∈F

f(Y )

is a contraction mapping on the space of all compact subsets of X with the Hausdorff

metric. A fixed point theorem of Hutchinson (Theorem 6.1 of [3]) then guarantees the

existence and uniqueness of C.

We now outline the construction of the extension in [8]. First, we may assume

that the Cantor minimal system is given by a Bratteli-Vershik system (XE, ϕE) on a

properly ordered Bratteli diagram by Proposition 1.3.22. By telescoping the Bratteli

diagram, we may assume that there are at least #F + 1 many edges between any two

vertices in consecutive levels. We will also assume that each f in F is injective. Now,

to each edge e in the diagram we assign a function fe in F ∪ {idC} such that the

following properties hold.

(i) If e is either maximal or minimal, then fe ̸= idC .

(ii) For every v in V , we have
⋃
t(e)=v,fe ̸=idC

fe(C) = C.

(iii) The set {e | fe = idC} contains an infinite path.

We then define

Xn = {(x, c) ∈ XE × C | c ∈ fx1 ◦ · · · ◦ fxn(C)}
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and X̃ =
⋂∞
n=1Xn. The factor map π̃ : X̃ → XE (we reserve the letter π for our

groupoid homomorphism) is defined by π̃(x, c) = x. Notice that the space X̃ consists

of two types of points, as follows.

(i) If (x, c) is in X̃ and fxn ̸= idC for infinitely many n, then the fibre π̃−1(π̃(x, c))

consists of a single point (x, cx) due to the contractive factor λ causing the diam-

eters of the sets fx1 ◦ · · · ◦ fxn(C) to shrink.

(ii) If there is an m with fxn = idC for all n ≥ m, then the fibre π̃−1(π̃(x, c)) is equal

to

{x} × fx1 ◦ · · · ◦ fxm(C)

and is thus homeomorphic to C since each function f in F is injective.

The self map ϕ̃ of X̃ is then defined as follows, based on these two types of points.

(i) If x has infinitely many n with fxn ̸= idC , there is a unique point cx in C with

π̃(x, cx) = x. In this case, ϕE(x) also has infinitely many such n, and we set

ϕ̃(x, c) = (ϕE(x), cϕE(x)).

(ii) If there is an m with fxn = idC for all n ≥ m, then

ϕE(x) = (y1, y2, · · · , ym, xm+1, xm+2, . . .)

for some edges y1, . . . , ym with t(xm) = t(ym). In this case, we set

ϕ̃(x, c) = (ϕE(x), fy1 ◦ · · · ◦ fym ◦ f−1
xm ◦ · · · ◦ f−1

x1
(c)).

We now turn to the modification of the extension needed to apply the excision

theorem. We provide an example to show that it is necessary: take C = [0, 1] with the

usual metric and F to consist of the two functions f(x) = 1
2
x and g(x) = 1

2
x+ 1

2
. Let

(V,E) be the 3∞ diagram with the canonical odometer action. Order the edges from

left to right at each level, assign the left edge the function f , the centre edge idC , and

the right edge g. Take ε = 1
2
and x to be the path consisting of the centre edge at each

level. Any open set containing x will contain a path y consisting of the centre edge at

each level except for one. Then

d(π−1(x), π−1(y)) =
1

2
diam π−1(y) =

1

2

and thus Definition 2.9.1 cannot hold.

The modification is as follows. For n ≥ 1 we set

F (n) = {f1 ◦ f2 ◦ · · · ◦ fn | fj ∈ F for 1 ≤ j ≤ n}
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adjust the edge assignment so that an edge e in En is assigned to a function fe in

F (n) ∪ {idC} (note that this may require further telescoping of the diagram). The

action X̃ × Z is constructed in the same way.

Definition 4.2.3. Let G = X̃ × Z and G′ = XE × Z, and define the continuous

surjective groupoid homomorphism π : G→ G′ by π = π̃ × idZ.

Proposition 4.2.4. (i) G and G′ are second-countable, locally compact, Hausdorff,

étale groupoids.

(ii) The map π : G→ G′ is regular and satisfies the hypotheses of Proposition 1.3.9.

Proof. Both G′ and G have the product topology and Z is discrete, so (i) is immediate.

The only nontrivial thing to prove for (ii) is that π is regular. Since π does nothing

to Z, it suffices restrict our attention to π̃. By scaling the metric dC , we may assume

that diam C = 1. Fix ε > 0 and x in XE; we seek an open set U of XE such that for

all y in U , either d(π̃−1(x), π̃−1(y)) < ε or diam π̃−1(y) < ε.

First suppose x has infinitely many n with fxn ̸= idC . Choose N such that λN < ε

and fxN ̸= idC , and set U = C(x1, x2, . . . , xN). If y is in U and (y, c) and (y, d) are in

π̃−1(y), then c and d are both in fy1 ◦· · ·◦fyN (C) = fx1 ◦· · ·◦fxN (C) and since fxN has a

contractive factor of at most λN by the modification above, we have dC(c, d) ≤ λN < ε

and hence diam π̃−1(y) < ε.

Second, suppose that fxn = idC eventually. Choose N such that 2−N < ε, λN < ε,

and fxn = idC for all n ≥ N , and set U = C(x1, x2, . . . , xN). Now let y be in U ;

if fyn ̸= idC for some n ≥ N , then diam fy1 ◦ · · · ◦ fyn(C) ≤ λn ≤ λN < ε, so

diam π̃−1(y) < ε as in the first case. Otherwise, fxn(C) = fyn(C) for all n ≥ 1, and

dE(x, y) ≤ 2−N < ε, which implies that d(π̃−1(x), π̃−1(y)) < ε.

π is also measure regular in this construction, but it will be easier to prove it later

(Proposition 4.3.4).

Proposition 4.2.5. The dynamic asymptotic dimension of G is one, and if the cov-

ering dimension of C is finite, then C∗
r (G) has finite nuclear dimension.

Proof. This is immediate from Theorem 1.3(i) of [15] and Theorem 8.6 of [15].

Similarly as with Corollary 3.3.4, we obtain

Corollary 4.2.6. If the covering dimension of C is finite, then the C∗-algebra C∗
r (G)

is classified by its Elliott invariant.
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4.3 The K-theory of C∗
r (G)

We now prove Theorem 4.1.1. In this case we have

H ′ = {(x, k) | fxn = idC eventually} ⊆ XE × Z

and

H = {(x, c, k) | fxn = idC eventually} ⊆ X̃ × Z ⊆ XE × C × Z

We give a sequential description of the topologies on H ′ and H.

Proposition 4.3.1. (i) (x(n), kn) → (x, k) in H ′ if and only if kn = k eventually,

x(n) → x in XE, and if i0 is the least integer such that fxi = idC for all i ≥ i0,

then i0 is the least integer such that there exists an n0 with f
x
(n)
i

= idC for all

i ≥ i0 and n ≥ n0

(ii) (x(n), cn, kn) → (x, c, k) in H if and only if (x(n), kn) → (x, k) in H ′ and cn → c

in C.

The following lemma describes H in terms of H ′. The proof is straightforward.

Lemma 4.3.2. (i) The map Ψ : H → H ′ × C defined by

Ψ(x, c, k) = ((x, k), f−1
xn ◦ · · · ◦ f−1

x1
(c))

is well-defined as long as fxi = idC for i ≥ n, and is an isomorphism of groupoids

(C is regarded as the cotrivial groupoid {(c, c) | c ∈ C}).

(ii) If πC : H ′ × C → H ′ is defined by πC((x, k), c) = (x, k), then πC ◦Ψ = π.

Lemma 4.3.3. C∗
r (H

′) is Morita equivalent to an AF-algebra.

Proof. The proof is similar to that of Lemma 3.4.3. Consider the subdiagram (W,F )

of (V,E) formed by all infinite paths x such that fxn = idC for all n ≥ 1, and let RF

be the AF-groupoid associated to (W,F ). Note that there is at least one such path by

property (iii) of the edge assignment. Let

J = {(x, k) | fxn = fyn = idC for all n ≥ 1, where y = ϕkE(x)}.

It is straightforward to verify that J is an open subgroupoid of H ′. The map J → RF

defined by (x, k) 7→ (x, ϕkE(x)) is an isomorphism of groupoids. J (0) is thus compact and

open (in H ′), hence χJ(0) is a projection in Cc(H
′). Then χJ(0)C∗

r (H
′) is an equivalence

bimodule between C∗
r (H

′) and χJ(0)C∗
r (H

′)χJ(0)
∼= C∗

r (J)
∼= C∗

r (RF ).

Proposition 4.3.4. π : G→ G′ is measure regular.
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Proof. By Lemma 4.3.2 we may show instead that πC is measure regular. Fix a point

c0 in C and define the map µ : H ′ → H ′ × C by µ(x, k) = ((x, k), c0). Clearly µ is a

continuous groupoid homomorphism and πC ◦ µ = idH′ , so Proposition 7.15 from [30]

applies.

We also need to verify that the C-extension property in Theorem 2.9.3 is not an

obstacle.

Proposition 4.3.5. Every subset X ⊆ H which is closed in G satisfies the C-extension

property with C = 1.

Proof. Breaking the orbit {ϕnE(xmin)}n∈Z at xmin and letting the two sets

{ϕnE(xmin)}n≥0 {ϕnE(xmin)}n<0

be two separate equivalence classes results in a subgroupoid which is open in G′ and

isomorphic to RE [25]. Since H ′ does not intersect the orbit of xmin, H ′ is contained

in RE =
⋃∞
n=1Rn. Thus X ⊆

⋃∞
n=1 π

−1(Rn) and since π is continuous and proper, any

f in Cc(H) with support contained in X has support contained in some compact open

subgroupoid π−1(Rn). The proof then proceeds analogously to that of Proposition

3.4.5.

Lemma 4.3.6. We have

K0(C
∗
r (G

′), C∗
r (G))

∼= K0(C
∗
r (H

′))⊗K−1(C)

and

K1(C
∗
r (G

′), C∗
r (G))

∼= K0(C
∗
r (H

′))⊗ (K0(C)/Z)

Proof. By Theorem 2.9.3 and Lemma 4.3.2, we have

K∗(C
∗
r (G

′), C∗
r (G))

∼= K∗(C
∗
r (H

′), C∗
r (H)) ∼= K∗(C

∗
r (H

′), C∗
r (H

′ × C))

By combining the isomorphism C∗
r (H

′ × C) ∼= C∗
r (H

′) ⊗ C(C) of Proposition 1.3.10

with Theorem 1.2.19, we have an isomorphism

K∗(C
∗
r (H

′ × C)) ∼= K0(C
∗
r (H

′))⊗K∗(C)

under which the K0 map induced by the inclusion C∗
r (H

′) ⊆ C∗
r (H

′ × C) becomes

K0(C
∗
r (H

′)) → K0(C
∗
r (H

′))⊗K0(C) : g 7→ g⊗1. We have the six-term exact sequence
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K0(C
∗
r (H

′))⊗K−1(C) K0(C
∗
r (H

′), C∗
r (H

′ × C)) K0(C
∗
r (H

′))

K1(C
∗
r (H

′)) K1(C
∗
r (H

′), C∗
r (H

′ × C)) K0(C
∗
r (H

′))⊗K0(C)

As C is compact, there is a short exact sequence

0 Z K0(C) K0(C)/Z 0

and since C∗
r (H

′) is Morita equivalent to an AF-algebra, K0(C
∗
r (H

′)) is a dimension

group, hence torsion free. Thus we may tensor the sequence above with K0(C
∗
r (H

′))

and obtain that

0 K0(C
∗
r (H

′)) K0(C
∗
r (H

′))⊗K0(C) K0(C
∗
r (H

′))⊗ (K0(C)/Z) 0

is exact. In particular, the map K0(C
∗
r (H

′)) → K0(C
∗
r (H

′)) ⊗ K0(C) is injective, so

the right vertical arrow in the six-term sequence is injective. Combining the fact that

K1(C
∗
r (H

′)) = 0 with exactness gives the conclusion.

Lemma 4.3.7. The map α∗ : K∗(C
∗
r (G

′)) → K∗(C
∗
r (G)) is injective.

Proof. Consider the commutative diagram

C(XE,Z) C(XE,Z)

K1(C
∗
r (G

′)) K0(XE) K0(XE) K0(C
∗
r (G

′)) 0

K1(C
∗
r (G)) K0(X̃) K0(X̃) K0(C

∗
r (G))

C(X̃,Z) C(X̃,Z)

id−ϕE

α

δ1

α∗

id−ϕE∗

π̃∗

dim

ι∗

π̃∗

dim

α∗

δ1 id−ϕ̃∗

dim

ι∗

dim

id−ϕ̃

The second and third rows are extracted from Theorem 1.2.17, therefore they are

exact. By the map α : C(XE,Z) → C(X̃,Z), we mean α(f) = f ◦ π̃, which is clearly

an injective group homomorphism.

We consider the j = 0 case first. Let x be in K0(C
∗
r (G

′)) such that α∗(x) = 0. Since

the top ι∗ is surjective (by exactness), there is a y in K0(XE) with ι∗(y) = x. We have

ι∗(π̃
∗(y)) = α∗(ι∗(y)) = α∗(x) = 0, so by exactness again, there is some z in K0(X̃)

such that (id− ϕ̃∗)(z) = π̃∗(y). Denote f = dim(y) and g = dim(z). Commutativity of

the diagram implies that f ◦ π̃ = g− g ◦ ϕ̃−1 in C(X̃,Z), which means that g− g ◦ ϕ̃−1

is constant on the fibres of π̃. Thus, if w and w′ are points in X̃ with π̃(w) = π̃(w′),

we have

g(w)− g(w′) = g(ϕ̃−1(w))− g(ϕ̃−1(w′)).
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The above equation implies that the difference g(w)−g(w′) remains constant as w and

w′ run through their orbits under ϕ̃ in tandem. Since ϕ̃ is minimal and there are fibres

that consist of a single point, we must have g(w)− g(w′) = 0, that is, g must also be

constant on the fibres of π̃. Therefore there is a g0 in C(XE,Z) with g = g0 ◦ π̃. Then
we have

f ◦ π̃ = g − g ◦ ϕ̃−1 = g0 ◦ π̃ − g0 ◦ π̃ ◦ ϕ̃−1 = (g0 − g0 ◦ ϕ−1
E ) ◦ π̃.

Since α : C(XE,Z) → C(X̃,Z) is injective, we have f = g0 − g0 ◦ ϕ−1
E = (id− ϕE)(g0),

and since dim : K0(XE) → C(XE,Z) is an isomorphism (XE is totally disconnected),

there is one and only one y′ in K0(XE) with dim(y′) = g0. By commutativity, we have

(id− ϕE∗)(y′) = dim−1 ◦(id− ϕE) ◦ dim(y′) = dim−1 ◦(id− ϕE)(g0) = dim−1(f) = y.

Finally, we have

x = ι∗(y) = ι∗((id− ϕE∗)(y′)) = 0

by exactness.

The j = 1 case is simpler, since K1(C
∗
r (G

′)) ∼= Z is generated by the class of the

unitary u in C∗
r (G

′) implementing the action, so we need only show that α∗([u]) is

nonzero. By Lemma 1.2.18, we have

π̃∗(δ1([u])) = π̃∗(−[1C(XE)]) = −[1C(X̃)]

and both [1C(XE)] and [1C(X̃)] are non-zero since both XE and X̃ are compact. Thus

δ1(α∗([u])) = π̃∗(δ1([u])) is non-zero and hence α∗([u]) cannot be zero.

Returning to the six-term exact sequence with the relative groupsK∗(C
∗
r (G

′), C∗
r (G)),

K1(C
∗
r (G)) K0(C

∗
r (G

′), C∗
r (G)) K0(C

∗
r (G

′))

K1(C
∗
r (G

′)) K1(C
∗
r (G

′), C∗
r (G)) K0(C

∗
r (G))

Lemma 4.3.6 and the fact that K0(C
∗
r (G

′)) ∼= K0(C
∗
r (RE)) and K1(C

∗
r (G

′)) ∼= Z
(Proposition 1.3.23) simplify this to

K1(C
∗
r (G)) K0(C

∗
r (H

′))⊗K−1(C) K0(C
∗
r (RE))

Z K0(C
∗
r (H

′))⊗ (K0(C)/Z) K0(C
∗
r (G))
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By Lemma 4.3.7 and exactness, the top right and bottom left maps are zero, giving

the conclusion of Theorem 4.1.1.

4.4 Cubes, the Cantor set, and the Sierpiński tri-

angle

We conclude this chapter with some applications of Theorem 4.1.1 using some classical

examples of iterated function systems. In all examples, the vertex sets in the Bratteli

diagrams satisfy #Vn = 1 for all n ≥ 1, and there will only be one infinite path x in

XE such that fxn = idC , so that K0(C
∗
r (H

′)) ∼= Z.

Example 4.4.1. Let m ≥ 1 be an integer, C = [0, 1]m, and define the functions

fδ : C → C by fδ(x) =
1
2
(x+δ) for δ in {0, 1}m. Let (V,E) be the Bratteli diagram with

#Vn = 1 for all n, and #En = 2mn+1 for all n. Any order on the edges will do, and, for

a fixed n ≥ 1, assign each function in F (n) ∪ {idC} to an edge in En, making sure that

idC is assigned neither the maximal edge nor the minimal edge. Since C is contractible,

part (i) of Corollary 4.1.2 implies that the inclusion map α : C∗
r (XE×Z) → C∗

r (X̃×Z)
induced by the factor map induces isomorphisms α∗ : K0(C

∗
r (RE)) → K0(C

∗
r (X̃ × Z))

and α∗ : Z → K1(C
∗
r (X̃ × Z)).

Example 4.4.2. Let X = [0, 1] with the usual metric from R and define the functions

fj : X → X by fj(x) =
1
3
(x + 2j) for j = 0, 1. The attractor C of this system is the

middle-thirds Cantor set. Let (V,E) be the Bratteli diagram with #Vn = 1 for all n

and #En = 2n + 1 for all n. Any order on the edges will do, and, for a fixed n ≥ 1,

assign each function in F (n)∪{idC} to an edge in En, making sure that idC is assigned

neither the maximal edge nor the minimal edge. We have K−1(C) = 0, so by part

(ii) of Corollary 4.1.2, the inclusion map α : C∗
r (XE × Z) → C∗

r (X̃ × Z) induces an

isomorphism α∗ : Z → K1(C
∗
r (X̃ × Z)) and

K0(C
∗
r (X̃ × Z))/K0(C

∗
r (RE)) ∼= C(C,Z)/Z

where we identify Z with the subgroup of C(C,Z) of constant functions.

More generally, if the iterated function system (X, dX ,F) satisfies the strong sepa-

ration condition, that is, if C is the attractor and f(C)∩f ′(C) = ∅ whenever f ̸= f ′ in

F , then C is necessarily homeomorphic to the Cantor set, and we are in the situation

in the above example (with C replaced with {0, 1, 2, . . . ,m}N, where m = #F − 1).

Example 4.4.3. Let △ denote the solid equilateral triangle in R2 with corners at
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(0, 0), (1, 0), and (1
2
,
√
3
2
). For j = 0, 1, 2, define the three functions fj : △ → △ by

f0(x) =
1

2
x f1(x) =

1

2
x+

[
1/2

0

]
f2(x) =

1

2
x+

[
1/4√
3/4

]

The attractor C is called the Sierpiński triangle, and is obtained by successively re-

moving a countable number of disjoint open triangles from △, see Figure 4.1.1

Figure 4.1: Iterative construction of the Sierpiński triangle.

Let (V,E) be the Bratteli diagram with #Vn = 1 for all n and #En = 3n + 1 for

all n. As before, any order on the edges will do, and assign the functions similarly.

Before we apply Theorem 4.1.1, we verify that K0(C) ∼= Z and K−1(C) ∼= Z∞, where

Z∞ denotes the group of all sequences of integers that are eventually zero.

Let U denote the union of open triangles removed from the solid equilateral triangle

(each open triangle is homeomorphic to R2, hence U is homeomorphic to a countable

disjoint union of copies of R2). There is a short exact sequence

0 C0(U) C(△) C(C) 0

Since K0(R2) ∼= K0(△) ∼= Z and K−1(R2) = K−1(△) = 0, Proposition 1.2.11 gives

Z∞ Z K0(C)

K−1(C) 0 0

The top right arrow is surjective by exactness, and since K0(△) ∼= Z is generated by

the class of 1C(△) and this is mapped to the class of 1C(C), it is also injective. Thus

K0(C) ∼= Z, which implies that K−1(C) ∼= Z∞ by exactness.

Theorem 4.1.1 therefore implies that α∗ : K0(C
∗
r (RE)) → K0(C

∗
r (X̃ × Z)) is an

isomorphism, and K1(C
∗
r (X̃ × Z)) ∼= Z ⊕ Z∞ (Z∞ is free abelian, therefore the short

exact sequence splits).

1My thanks to Emily Korfanty for the image.
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Example 4.4.4. Let S denote the solid cube in R3 with corners at (i, j, k) for i, j, k

in {0, 1}. For each δ in {0, 1, 2}3 − {(1, 1, 1)}, define the function fδ : S → S by

fδ(x) =
1
3
(x+ δ). We let C be the attractor of this iterated function system.2

Let (V,E) be the Bratteli diagram with #Vn = 1 for all n and #En = 26n + 1 for

all n. As before, any order on the edges will do, and assign the functions similarly.

Before we apply Theorem 4.1.1, we verify that K0(C) ∼= Z⊕ Z∞ and K−1(C) = 0.

C is obtained from S by removing a countable number of open cubes, each of which

is homeomorphic to R3. Let U denote the union of these open cubes. There is a short

exact sequence

0 C0(U) C(S) C(C) 0

Since K−1(R3) ∼= K0(S) ∼= Z and K0(R3) = K−1(S) = 0, Proposition 1.2.11 gives

0 Z K0(C)

K−1(C) 0 Z∞

and therefore K0(C) ∼= Z⊕ Z∞ and K−1(C) = 0.

Theorem 4.1.1 therefore implies that K0(C
∗
r (X̃ × Z)) ∼= K0(C

∗
r (RE)) ⊕ Z∞, and

that α∗ : Z → K1(C
∗
r (X̃ × Z)) is an isomorphism.

2I do not know if this attractor has a name. “Sierpiński cube” seems to be already taken by the
Menger curve.
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Chapter 5

Conclusions and further directions

In this final chapter we indicate some possibilities for further work. Though we do

provide some definitions, everything from this point on is speculative, and we do not

provide proofs.

5.1 Axiomatization: generalized relative homology

In [7], it is shown thatK-theory is essentially the only “reasonable” homology theory for

C∗-algebras, a fact that is sometimes colloquially referred to as “Cuntz’s trap”. More

specifically, if one has a covariant, stable, half-exact, homotopy invariant, continuous

(i.e., preserves inductive limits) functor E from the smallest subcategory of separable

C∗-algebras that

(i) includes C,

(ii) is closed under countable inductive limits,

(iii) is closed under extensions (short exact sequences), and

(iv) is closed under KK-equivalence

to the category of abelian groups, and E(C) ∼= Z, then there is a natural transformation

between E and K0. In case the reader, like the author1, is unfamiliar with KK-theory,

“for suitably nice separable C∗-algebras A and B, KK-equivalence is the same as

K∗(A) ∼= K∗(B)” [36].

We have seen two approaches to defining relative K-theory; one via Banach cate-

gories, and the other via mapping cones. Both of these constructions satisfy similar

axioms, and we have seen that they are isomorphic in a natural way. Therefore it is not

unreasonable to surmise that an axiomatization, analogous to that in [7], of relative

K-theory exists. In this section we outline a possible such axiomatization.

1It is speculated by the author that KK-theory is so named because it is twice as frightening as
K-theory, and therefore deserves twice as many K’s.

115



Consider the category ∗-homo, where the objects are ∗-homomorphisms ϕ : A→ B

between C∗-algebras, and a morphism Φ = (α, β) from ϕ : A → B to ψ : C → D is a

pair of ∗-homomorphisms α : A→ C and β : B → D such that

A B

C D

ϕ

α β

ψ

commutes. If Φ0 = (α0, β0) and Φ1 = (α1, β1) are both morphisms from ϕ : A → B to

ψ : C → D, then we’ll say that Φt = (αt, βt) for 0 ≤ t ≤ 1 is a homotopy from Φ0 to Φ1

if Φt is a morphism from ϕ to ψ for all t and t 7→ αt(a) and t 7→ βt(b) are continuous

for all a in A and all b in B.

Proposition 5.1.1. (i) The map ϕ 7→ K∗(ϕ) is a functor from ∗-homo to the cat-

egory of abelian groups.

(ii) The map ϕ 7→ K∗(Cϕ) is a functor from ∗-homo to the category of abelian groups.

(iii) The map ∆ is a natural transformation between the functor ϕ 7→ K∗(ϕ) and the

functor ϕ 7→ K∗(Cϕ).

(iv) The category of all ∗-homomorphisms of the form ϕ : {0} → B is a subcategory

of ∗-homo, is equivalent as a category to C∗-alg, and ∆ is equivalent to the

transformations θ and β.

Now suppose that E is a covariant functor from this category into the category of

abelian groups. Consider the properties

(i) (Stability) The morphism

A B

A⊗K B ⊗K

ϕ

κA κB

ϕ⊗idK

gives an isomorphism (κA, κB)∗ : E(ϕ) → E(ϕ⊗ idK).

(ii) (Half-exactness) If

0 I A A/I 0

0 J B B/J 0

ψ ϕ γ

is commutative with exact rows, then
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E(ψ) E(ϕ) E(γ)

is exact, and

(iii) (Homotopy invariance) if Φ and Ψ are homotopic morphisms from ϕ : A→ B to

ψ : C → D as defined above, then Φ∗ = Ψ∗.

Conjecture. If E satisfies (i), (ii), and (iii), then we have Bott periodicity, that is, for

each ∗-homomorphism ϕ, there is an isomorphism βϕ : E(ϕ) → E(S2ϕ) that is natural

in the sense that if Φ : ϕ→ ψ is a morphism, the diagram

E(ϕ) E(ψ)

E(S2ϕ) E(S2ψ)

Φ∗

βϕ βψ

(S2Φ)∗

commutes.

To get a relative version of Cuntz’s trap, it is likely that we need a relative version

of continuity. A reasonable candidate seems to be the following: if lim−→An = A and

lim−→Bn = B, and if

A1 A2 A3 · · · A

B1 B2 B3 · · · B

ϕ1 ϕ2 ϕ3 ϕ

commutes then lim−→E(ϕn) ∼= E(ϕ). This gives a variant of countable inductive limits

for relative groups. Of course, one would need to show first that the category ∗-homo

admits inductive limits.

Lastly, it is likely that we need some trivial cases to hold in order to imitate the

“bootstrap” axiom in [7]. Based on Example 2.10.2 and Example 2.10.3, the following

guess seems reasonable.

Conjecture. Suppose that E is a covariant functor from the category ∗-homo to the

category of abelian groups, and that it satisfies (i), (ii), (iii), and is continuous. Define

the ∗-homomorphisms ϕ and ψ by

ϕ : C⊕ C →M2(C) : (w, z) 7→

[
w 0

0 z

]

ψ : C → C⊕ C : z 7→ (z, z)

Then
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(i) If E(ϕ) ∼= Z and E(ψ) = 0, then E = K0.

(ii) If E(ϕ) = 0 and E(ψ) ∼= Z, then E = K1.

If we define E(A) to be the relative group E(ϕ) where ϕ : A→ {0}, and if the above

conjecture holds, it seems likely that one would obtain Cuntz’s result as a special case

from the subclass of ∗-homomorphisms that map into the zero C∗-algebra.

5.2 Further examples of factor groupoids

We end with a short discussion on general factor groupoids.

We have seen that a certain subcollection of classifiable C∗-algebras have factor

groupoid models, specifically as factor groupoids of AF-groupoids. We have also seen

how to use the topological K-theory of attractors of iterated function systems to elu-

cidate the possible K-theory of minimal integer actions on compact metric spaces. It

seems yet to be seen just how “universal” factor groupoids are. In fact, one could ask

a more specific, but equally interesting, question given the following two facts.

(i) The unit spaces of AF-groupoids are totally disconnected and often Cantor sets,

which have the universal property of possesing a continuous surjective map onto

any compact metric space.

(ii) There appears to be some interest in knowing when a C∗-algebra may be embed-

ded into an AF-algebra.

In fact, the question proposed below is essentially a rephrasing of (ii) above in

groupoid language.

Question. Which C∗-algebras arise from a factor groupoid of an AF-groupoid?

Corollary 3.1.2 implies that among all such C∗-algebras are all classifiable C∗-

algebras A with K0(A) a simple, acyclic dimension group, K1(A) a countable, torsion-

free abelian group, and standard pairing between K-theory and traces.
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