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Abstract

This dissertation addresses fundamental challenges in solving constrained combinatorial
optimization problems using hybrid quantum-classical computing approaches. Quantum
computing shows promise for tackling computationally intractable problems, current ap-
proaches face significant limitations. The path forward in computing involves combining
quantum and classical computing approaches. Quantum processing units (QPUs) will play
a key role in accelerating algorithms in optimization, simulation, and machine learning ap-
plications beyond what classical computers can achieve on their own, similar to how graph-
ical processing units (GPUs) have become integral to general-purpose computing. The cur-
rent generation of quantum devices is limited by noise and circuit depth constraints, making
it challenging to gain practical utility. Hybrid quantum-classical approaches, which com-
bine quantum computing resources with classical computing resources, are essential for ad-
dressing these limitations on near-term devices. In the area of combinatorial optimization,
current practical state-of-the-art hybrid approaches are variational in nature, relying on
parameterized quantum circuits to encode solutions and classical optimization techniques
to find optimal parameters. While the ultimate goal of solving computationally intractable
problems is to find provably optimal solutions, practical constraints of real-world scenarios
often necessitate focusing on efficiently obtaining high-quality, near-optimal solutions.

The Quantum Approximate Optimization Algorithm (QAOA) is a hybrid quantum-
classical approach for tackling these challenging problems that are encoded using quadratic
and higher-order unconstrained binary optimization problems (QUBO and HUBO). QAOA
alternates between two operators: a problem-specific cost Hamiltonian that encodes the
optimization objective, and a mixer Hamiltonian that explores the solution space. The
algorithm’s parameters are iteratively optimized using classical methods to maximize the
probability of sampling high-quality solutions. However, these methods often struggle with
solution feasibility, especially for problems where the solutions must satisfy specific con-
straints. Penalty-based encodings require careful parameter tuning and risk producing in-
feasible solutions, while feasibility-preserving methods demand deeper quantum circuits
that are challenging to implement on near-term quantum devices.

In this dissertation, we present novel strategies that reduce or omit dependency on
penalty parameters while maintaining solution quality, effectively capturing both optimal
and near-optimal solutions, and balancing the trade-offs between circuit depth and solu-
tion feasibility. We present SCOOP, a novel QAOA-based framework for solving constrained
optimization problems. SCOOP transforms a constrained problem into an unconstrained
counterpart, forming SCOOP problem twins. QAOA operates on the unconstrained twin to
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identify potential optimal and near-optimal solutions. Effective classical post-processing re-
duces the solution set to the constrained problem space. Our SCOOP approach is solution-
enhanced, objective-function-compatible, and scalable.

We demonstrate the effectiveness of the SCOOP framework on selected NP-hard prob-
lems, some of which can be encoded quadratically (such as MINIMUM VERTEX COVER and
MAXIMUM INDEPENDENT SET), and some that can be encoded using higher-order terms
(such as MINIMUM DOMINATING SET, MINIMUM MAXIMAL MATCHING, and MINIMUM SET
COVER). We also apply our framework to constrained combinatorial optimization prob-
lems that can be solved in polynomial time, such as MINIMUM EDGE COVER and MAXIMUM
MATCHING.

Experimental results on full statevector simulators and tensor network simulators show
that SCOOP significantly improves the probability of finding high-quality feasible solutions
across various problem classes, on problems that can be encoded quadratically as well as
problems that can be encoded using higher-order terms. We also demonstrate the effective-
ness of SCOOP on real quantum hardware, specifically IBM Quantum Heron R2 processors
with 156 qubits, showing that SCOOP can be applied to practical problems with current
quantum hardware limitations.

This work makes significant contributions toward achieving quantum utility by enabling
systematic investigation of constrained optimization problems on quantum devices. While
current quantum computing research primarily focuses on unconstrained problems like
MaxCut, real-world applications typically involve constraints. SCOOP provides a scalable
framework for encoding constrained problems, extending quantum computing’s practical
utility beyond simple unconstrained cases. By eliminating dependency on penalty parame-
ters and providing natural problem formulations, SCOOP makes it feasible to explore quan-
tum solutions for constrained problems where classical exact methods become intractable.
This capability is crucial for identifying promising avenues for demonstrating quantum util-
ity across diverse constrained optimization problems, advancing the practical applicability
of quantum computing approaches.
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At the heart of the field of computation is the goal of expanding the limits of what
can be computed, through the development of novel algorithmic techniques and the explo-
ration of innovative computational models that address the constraints imposed by com-
putational complexity. One of the most fascinating computational models to gain practical
traction over the past decades is quantum computing [Nielsen and Chuang, 2011], an in-
terdisciplinary field that lies at the intersection of mathematics, quantum physics, computer
science, and engineering, and finds applications in areas including optimization, machine
learning, and simulation of chemical, physical and biological systems. Quantum comput-
ers harness quantum mechanical phenomena such as superposition, entanglement, and
interference to perform computing. Quantum computing has the potential to help solve
problems that so far have no satisfying method solving them, and to provide significant
speedup to solutions when compared to their best classical approaches. In turn, quan-
tum computing may allow to solve problems for inputs that so far are deemed practically
intractable.

Quantum Advantage refers to the ability of quantum computers to outperform all known
classical methods to solve specific computational problems [IBM Quantum, 2023]. How-
ever, realizing quantum advantage in practice is a significant challenge as current quantum
computers are limited by factors such as noise and decoherence. Fault-tolerance is the abil-
ity of quantum computers to perform reliable computations despite noise and errors and
is essential for achieving quantum advantage but is currently beyond the capabilities of
existing quantum hardware [Kim et al., 2023]. Quantum Utility refers to the ability to per-
form reliable computations at a scale beyond brute force classical computing methods that
provide exact solutions to computational problems [Kim et al., 2023]. Quantum Utility rep-
resents an important milestone in the development of quantum computing, where quantum
systems demonstrate practical value by performing specific computations more effectively



than classical computers of similar scale. While not as specific as quantum advantage,
which aims to definitively outperform all classical methods, quantum utility focuses on
achieving tangible benefits in targeted applications. This intermediate goal helps validate
the potential of quantum computing while working within current hardware limitations,
providing a pragmatic path toward broader quantum advantage.

While there is no expectation to solve all classically intractable problems in polynomial
time using quantum computers [Aaronson, 2013], it is worthwhile investigating how to
combine quantum routines with classical problem-solving strategies to speed up solutions
for such problems and, in turn, enable faster practical implementations. We focus on the
classical problem-solving strategies derived from parameterized complexity [Downey et al.,
1999c], which provides a framework for analyzing computational problems with respect
to multiple input and output parameters. This multi-faceted view of problems may sug-
gest novel approaches for quantum implementations; a problem that appears challenging
from one perspective might reveal exploitable structure when viewed through a different
parameterization. Such insights guide our development of quantum encoding strategies
that capitalize on alternative problem characterizations.

Combinatorial optimization problems are ideal candidates for demonstrating practical
quantum utility [Brooks, 2019, Farhi and Harrow, 2016]. Moreover, constrained combina-
torial optimization problems are of particular interest, as they arise in various real-world
applications, including logistics, finance, and machine learning and has been studied ex-
tensively in theoretical computer science (cf., [Karp, 1972,Downey and Fellows, 1995, Pa-
padimitriou, 1997, Vazirani, 2001, Papadimitriou and Steiglitz, 1998]). These problems
involve finding the best solution from a finite set of feasible solutions while satisfying a
specific set of constraints. The challenge lies in effectively encoding these constraints into
quantum circuits to ensure that the solutions generated are both feasible and optimal.

The path forward in computing involves combining quantum and classical computing
approaches. Quantum Processing Units (QPUs) will play a key role in accelerating algo-
rithms in optimization, simulation, and machine learning applications beyond what classi-
cal computers can achieve on their own, similar to how Graphics Processing Units (GPUs)
have become integral to general-purpose computing [Nvidia, 2024]. The effective integra-
tion of classical and quantum hardware and software architectures will play a crucial role
in achieving quantum utility [Kim et al., 2023] and quantum advantage [Shaydulin et al.,
2023, Lanes et al., 2025].

In recent years, rapid progress has been made in developing usable quantum simula-
tors, quantum computers [Goo, 2025b,Rig, 2025b,Mic, 2025,1BM, 2025a,Xan, 2025,D-W,
2025b,hon, 2025], and quantum development kits [Qis, 2025,D-W, 2025a,Microsoft Azure,
2025, Goo, 2025a, Rig, 2025a, Xanadu, 2025] resulting in the field becoming a full fledged
technology industry [Karalekas et al., 2020]. One of its biggest challenges is to solve clas-
sically intractable problems quantumly. However, challenges with scalability, availability
of logical qubits, and decoherence are a hindrance for practically running fault-tolerant
quantum computations effectively [Corcoles et al., 2019].
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The emerging fields of Hybrid Quantum-Classical (HQC) computation and Quantum
High-Performance Computing (QHPC) hold great promise for demonstrating quantum util-
ity. These fields leverage both classical and quantum resources to solve challenging prob-
lems that are classically intractable. Variational Quantum Algorithms (VQAs) are the result
of one of the most significant developments in hybrid quantum-classical techniques. These
techniques can be used to solve practical real-world challenges [Farhi et al., 2014, Peruzzo
et al., 2014] that are NP-hard problems such as simulating energies in molecules. The
most notable hybrid techniques are the Variational Quantum Eigensolver (VQE), Quantum
Approximate Optimization Algorithm (QAOA), and the Quantum Support Vector Machine
(QSVM).

The Quantum Approximate Optimization Algorithm (QAOA) [Farhi et al., 2014] is a
variational quantum algorithm specifically designed to solve unconstrained combinatorial
optimization problems. It involves finding a best solution from a large (but finite) set of
solutions (e.g., from all possible subsets of elements of the problem input). Note that the
solution space of such a problem has only feasible solutions, and can be described in the
form of Quadratic Unconstrained Binary Optimization (QUBO) or Higher-order Uncon-
strained Binary Optimization (HUBO) problems.

In contrast, constrained combinatorial optimization problems refer to those combinato-
rial optimization problems where constraints limit the set of feasible solutions (or constrain
the solution space). Some of the key methods for modeling constraints in a QUBO or HUBO
framework include:

Method 1: introducing penalty parameters to discourage solutions that violate the con-
straints during the optimization process [Lucas, 2014];

Method 2: designing QAOA circuits that operate within a feasible subspace [Hadfield
et al., 2019] only; and

Method 3: initializing QAOA circuits with quantum states that correspond exclusively
to feasible problem configurations [Bartschi and Eidenbenz, 2019].

These methods come with their own specific challenges: Method 1 requires the determina-
tion of (input specific) penalty parameters and allows infeasible solutions (thereby making
the solution space larger) while Methods 2 and 3 require more sophisticated quantum cir-
cuitry compared to Method 1 to restrict the initial state or restrict the solution space to
only feasible solutions. This raises a fundamental question: can we develop a systematic
approach to transforming constrained optimization problems into unconstrained versions
that avoids both penalty parameter tuning and complex quantum circuits while maintain-
ing solution quality guarantees?

1.1. Problem Statement

Building upon these motivating factors and the broad optimization research context, we
formulate the central problem addressed in this dissertation:
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The effective solution of constrained and unconstrained combinatorial optimiza-
tion problems remains a significant challenge in classical computing, with many
real-world applications requiring solutions that must satisfy multiple constraints
while optimizing specific objectives. While quantum computing shows promise for
addressing such computationally intensive problems, the challenge lies in effectively
encoding these constraints and obtaining feasible solutions. This dissertation ad-
dresses the fundamental question: How can we develop effective encoding strategies
for constrained combinatorial optimization problems that leverage both classical
and quantum computing resources to consistently produce feasible optimal and
near-optimal solutions? Our focus is on developing scalable hybrid approaches
that not only maintain solution feasibility but also improve the probability of find-
ing high-quality solutions within the limitations of current quantum computing
technologies. For highly practical multi-objective optimization problems, comput-

ing not only optimal, but also near-optimal solutions is highly beneficial.

1.2. Challenges considered

This dissertation focuses on two key areas.

The first set of challenges relates to the development of effective problem encoding
strategies for constrained combinatorial optimization problems and is described as fol-

lows:

CHI1:

CH2:

CH3:

The transformation of constrained combinatorial optimization problems into
quantum circuits formulated for QAOA presents a fundamental challenge: it ei-
ther risks ineffective encodings that may produce infeasible solutions, or imple-
ments complicated quantum circuits (involving a large number of two-qubit or
multi-qubit gates) that maintain feasibility but increase computational complex-

ity.

Designing encoding strategies that not only target optimal solutions but also ef-
fectively capture near-optimal solutions, recognizing that quantum systems’ prob-
abilistic nature often returns a distribution of solutions. This requires carefully
balancing the encoding’s ability to identify global optima while preserving mean-
ingful information about high-quality local optima that may be more practically
attainable under current hardware constraints.

Balancing encoding approaches between qubit-intensive QUBO formulations that
offer shallow circuits but increased probability of infeasible solutions, versus com-
pact higher-order representations that better preserve problem constraints at the
cost of deeper circuits, while considering hardware quality limitations and prob-
lem characteristics.

The second set of challenges addresses navigating the limitations of current quantum
and hybrid quantum-classical computing systems and can be characterized as follows:
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CH4: The difficulty in training variational circuits [Bittel and Kliesch, 2021] due to
penalty-based encodings includes tuning of both problem parameters and con-
straint penalty coefficients.

CH5: Impact of qubit decoherence on encoding choices, where deeper circuits face in-
creased quantum noise and error rates, while shallower circuits trade accuracy
for better hardware reliability. In the context of combinatorial optimization prob-
lems, this presents the challenge of maximizing the probability of obtaining high-
quality feasible solutions while minimizing QAOA layer depth (independent of
the encoding strategy trade-offs addressed by challenge CH2).

CH6: Performance overhead in hybrid workflows due to communication delays be-
tween classical and quantum resources, impacting the efficiency of iterative op-
timization procedures. The challenge lies in minimizing this overhead while en-
suring that the hybrid workflow remains effective.

1.3. Research Questions

In this dissertation, we aim to address the challenges outlined above by investigating the
following research questions. These questions are designed to guide our exploration of
effective strategies to solve constrained combinatorial optimization problems leveraging
both classical and quantum computing resources effectively.

RQ1: What characteristics of existing penalty-based encoding approaches for con-
strained combinatorial optimization problems impact their ability to maintain so-
lution feasibility and optimization quality across different problem classes?

RQ2: How can we leverage the inherent limitations of penalty-based approaches for
constrained combinatorial optimization problems to develop novel encoding strate-
gies that enhance solution feasibility?

RQ2.1: How can we effectively capture both optimal and near-optimal solu-
tions while accounting for the probabilistic nature of quantum systems and
current hardware constraints?

RQ2.2: How can we leverage classical pre- and post-processing to maximize
the probability of obtaining high-quality feasible solutions while minimiz-
ing QAOA circuit depth under current hardware noise and decoherence con-
straints?

RQ3: How can we develop a targeted encoding framework for constrained combina-
torial optimization problems that reduces or eliminates penalty coefficient depen-
dencies while maintaining solution quality?

RQ4: Using such a framework, how can we identify and effectively formulate problem
types that can be encoded as QUBOs?
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RQ5: Using such a framework, which problems can be effectively encoded as HUBOs
and to what extent can we optimize the trade-off between QUBO and higher-order
encodings to balance circuit depth, qubit requirements, and solution feasibility for
different problem classes and hardware constraints?

RQ6: How can we experimentally evaluate the effectiveness of the SCOOP framework,
and what insights can we gain about the performance of QUBO and HUBO encod-
ings in practical applications?

RQ6.1: How do these encodings compare to traditional penalty-based ap-
proaches in terms of solution feasibility and quality?

RQ6.2: How can we leverage quantum simulators to minimize the communi-
cation overhead in hybrid quantum-classical workflows while maintaining the
effectiveness of iterative optimization procedures?

RQ6.3: How can SCOOP strengthen quantum computing benchmarking ef-
forts for combinatorial optimization, and how can it be used evaluate the
utility-scale performance of quantum algorithms on current hardware plat-
forms?

1.4. Research Objectives

The dissertation’s objectives are to develop effective encoding strategies for constrained
combinatorial optimization problems that leverage both classical and quantum computing
resources, with a focus on maintaining solution feasibility and improving the probability of
determining high-quality solutions for constrained combinatorial optimization problems.
We characterize the overarching objectives as follows:

O1: Investigate classical pre- and post-processing techniques from parameterized com-
plexity and their potential applicability when solving NP-hard problems using hy-
brid quantum-classical techniques.

02: Develop novel encoding strategies that:

02.1: Transform limitations of penalty-based approaches into advantages for
solution feasibility.

02.2: Capture both optimal and near-optimal solutions while considering cur-
rent hardware noise and decoherence constraints.

02.3: Integrate classical pre- and post-processing techniques to enhance solu-
tion quality while minimizing circuit depth.

03: Develop a targeted encoding framework for constrained combinatorial optimiza-
tion problems that minimizes penalty coefficient dependencies while maintaining
solution quality.
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O4: Leverage tensor network simulation techniques to optimize QAOA circuit parame-
ters while reducing the computational overhead in hybrid quantum-classical work-
flows.

O5: Realize a hybrid encoding toolkit (comprising libraries, automation, and, frame-
works) using various Quantum Development Kits, such as Qiskit and PennyLane
to facilitate the implementation of the proposed encoding strategies and hybrid
quantum-classical workflows.

06: Evaluate the performance of the proposed quadratic and higher-order encoding
strategies and hybrid quantum-classical workflows on various problems in con-
strained combinatorial optimization.

O7: Evaluate the performance of the proposed quadratic and higher-order encoding
strategies and hybrid quantum-classical workflows on various simulator and hard-
ware platforms, such as PennyLane, Argonne QTensor [Lykov et al., 2021], and
IBM Quantum in constrained combinatorial optimization.

08: Provide insights into the practical implications of the proposed encoding strategies
for achieving quantum utility in constrained combinatorial optimization problems.

1.5. Dissertation Outline

The remainder of this dissertation is organized as follows.

Chapter 2 Context and State-of-the-Art Background In this chapter, we provide the nec-
essary background on quantum computing fundamentals, QAOA, and classical optimiza-
tion techniques, setting the foundation for our proposed SCOOP framework and subsequent
analysis of both quadratic and higher-order problem formulations. We also discuss the cur-
rent state of the art in hybrid quantum-classical approaches to constrained combinatorial
optimization problems.

Part II: Unconstrained SCOOP formulations of constrained combinatorial op-
timization problems

Chapter 3 Beyond Feasibility: The Hidden Value of Infeasible Solutions We introduce
the concept of penalty-free optimization through the MINVC problem. We analyze limi-
tations of traditional penalty-based approaches and presents the MAXIMUM PROFIT COVER
problem as an alternative solution method. We show how both optimal and near-optimal
solutions can be captured without relying on penalty parameters, establishing foundational
concepts that will be generalized in later chapters through the SCOOP framework.

Chapter 4 SCOOP Framework We present the SCOOP framework, which integrates the
insights gained from Chapter 3 and provides a structured approach to formulating un-
constrained versions of constrained combinatorial optimization problems. The framework
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emphasizes the importance of capturing both feasible and infeasible solutions and provides
guidelines for adapting existing algorithms to leverage the benefits of the SCOOP approach.

Chapter 5 Quadratic Problem Formulations In this chapter, we apply the SCOOP frame-
work to quadratic problem formulations, demonstrating how it can be used to transform
constrained combinatorial optimization problems into unconstrained QUBO problems. We
explore the problems of MAXIMUM INDEPENDENT SET, MAXIMUM CLIQUE, MAXIMUM SET
PACKING and MAXIMUM 3 SATISFIABILITY and show how the SCOOP framework can be used
to derive unconstrained quadratic formulations of these problems.

Chapter 6 Higher-order Problem Formulations We extend the SCOOP framework to
higher-order problem formulations, focusing on the NP-hard problems MINIMUM DOMINAT-
ING SET, MINIMUM MAXIMAL MATCHING, MINIMUM EDGE DOMINATING SET and MINIMUM
SET COVER. We also extend the SCOOP framework to polynomial-time solvable problems
MAXIMUM MATCHING and MINIMUM EDGE COVER. We explore the challenges and opportu-
nities presented by higher-order encodings, demonstrating how they can be used to capture
complex relationships in constrained combinatorial optimization problems without using
penalty parameters.

Part III: Evaluation

Chapter 7 Experimental Setup and Methodology In this chapter, we describe the exper-
imental setup and methodology used to evaluate the performance of the proposed SCOOP
framework for selected QUBO and HUBO formulations. We outline the evaluation metrics,
datasets, and quantum platforms used in our experiments. We also discuss the implemen-
tation details of the hybrid quantum-classical workflows and the tools used for simulation
and execution.

Chapter 8 Results and Discussion We present the results of our experiments, comparing
the performance of the SCOOP framework’s encoding strategies against traditional penalty-
based approaches. We analyze the impact of different encoding strategies on solution fea-
sibility, quality, and computational efficiency.

Chapter 9 Evaluation on Quantum Hardware We extend our evaluation to quantum
hardware platforms, specifically focusing on the performance of the SCOOP framework’s
encoding strategies on IBM Quantum devices. We discuss the challenges and limitations
encountered during the hardware evaluation and provide insights into the practical impli-
cations of our findings.

Part IV: Summary

Chapter 10 Conclusions and Future Work We summarize the key findings of our re-
search, highlighting the contributions of the SCOOP framework to the field of constrained
combinatorial optimization. We discuss the implications of our work for future research
directions, including potential extensions of the SCOOP framework and its application to
other problem domains.
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1.6. Chapter Summary

This chapter introduced the fundamental challenges in solving constrained combinato-
rial optimization problems using hybrid quantum-classical approaches. While quantum
computing shows promise for addressing computationally intensive problems, current ap-
proaches face significant hardware limitations as well as limitations in effectively encoding
constraints and obtaining feasible solutions. We discussed the importance of quantum util-
ity as an intermediate goal towards quantum advantage, focusing on practical applications
of quantum computing that can outperform exact classical methods in specific problem
domains. We discussed the emergence of hybrid quantum-classical computing as a path to-
wards quantum utility and advantage for not just near-term quantum devices, highlighting
key challenges in encoding constrained optimization problems for QAOA implementation.
We examined the trade-offs between penalty-based approaches and feasibility-preserving
methods. The research questions and objectives outlined focus on developing novel encod-
ing strategies that balance solution feasibility with practical implementation constraints.
The next chapter will provide the necessary background on quantum computing fundamen-
tals, QAOA, and classical optimization techniques, setting the foundation for our proposed
SCOOP framework and subsequent analysis of both quadratic and higher-order problem
formulations.

10
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In 1981, Richard Feynman challenged the physics community to build a quantum computer
with his famous quote: “Nature isn’t classical, and ... if you want to make a simulation of
nature, you’d better make it quantum mechanical, and by golly, it’s a wonderful problem,



Chapter 2. Context and State-of-the-Art Background

because it doesn’t look so easy.” After delivering his famous lectures on Simulating Physics
with Computers [Feynman, 1982], the field began in earnest with quantum information
theory, computing models, and algorithms [Nielsen and Chuang, 2011]—culminating in
seminal results, including Shor’s 1994 factoring algorithm with exponential speedup [Shor,
19941], and Grover’s search (1996) with quadratic speedup [Grover, 1996] over classical al-
gorithms. In recent years, the field of quantum computing has transitioned to a technology
industry [Karalekas et al., 2020] with usable near-term quantum devices and roadmaps for
fault-tolerant quantum computers [Mount, 2021, Gambetta, 2021]. With near-term quan-
tum devices, an emerging paradigm is hybrid computations involving both classical and
quantum resources [Preskill, 2018].

This chapter outlines the key concepts and research areas that form the foundation of
the underlying research, including quantum computing, the Quantum Approximate Opti-
mization Algorithm (QAOA), constrained combinatorial optimization, and parameterized
complexity.

This chapter is organized as follows. We follow a top-down approach, starting with an
overview of the field of combinatorial optimization. Next, we introduce quantum comput-
ing in Section 2.3, followed by a discussion of simulating physical systems on quantum
computers in Section 2.3.3. We then introduce constrained and unconstrained combinato-
rial optimization in Section 2.4, followed by a discussion of the Quadratic Unconstrained
Binary Optimization (QUBO) and Ising formulations in Section 2.4.1. We then introduce
Higher-Order Unconstrained Binary Optimization (HUBO) in Section 2.4.2 and conclude
with a discussion of hybrid quantum-classical techniques in Section 2.5.

2.1. Combinatorial Optimization

Combinatorial Optimization Problems (COPs) are problems that require finding an optimal
object from a finite set of candidate objects [Schrijver, 2005]. One of the ways to clas-
sify COPs is into two categories: constrained and unconstrained problems. In constrained
problems, the feasible solutions must satisfy certain constraints, while in unconstrained
problems, all combinations of variables are considered feasible solutions. We define the
following terms that are relevant to this dissertation:

* Combinatorial Optimization Problem (COP): A COP is a problem that requires
finding an optimal object from a finite set of candidate objects.

* Constrained Combinatorial Optimization Problem (CCOP): A CCOP is a COP that
has constraints that must be satisfied by the feasible solutions.

* Unconstrained Combinatorial Optimization Problem (UCOP): A UCOP is a COP
that does not have any constraints on the feasible solutions.

* Binary Variables: Binary variables are variables that can take on only two values,
typically O or 1. Binary variables are often used to represent the inclusion or exclusion
of an object in a solution.
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* Feasible Solution: A feasible solution is a solution that satisfies all the constraints of
a CCOP. In the context of UCOPs, all combinations of variables are considered feasible
solutions.

* Infeasible Solution: An infeasible solution is a solution that does not satisfy all the
constraints of a CCOP.

* Optimal Solution: An optimal solution is a feasible solution that maximizes or min-
imizes the objective function of an optimization problem.

* Solution Space: We define the solution space to be the set of all feasible solutions
to a COP. In the case of UCOPs, the solution space is the set of all combinations of
binary variables.

* Objective/Cost Function: An objective function is a function that assigns a value
to each feasible solution of an optimization problem. The goal of the optimization
problem is to find the feasible solution that maximizes or minimizes the objective
function.

2.2. Computational Complexity Theory

Computational complexity theory concerns classifications of problems based on the compu-
tational resources required to find their solutions. For combinatorial optimization problems
(COPs), a problem instance consists of a finite set of objects and an objective function,
while a solution represents a selection or arrangement of these objects that optimizes the
objective function.

A problem P, is a relation between its input instances Z and its solutions § [Garey and
Johnson, 1979]. The complexity class P concerns decision problems that can be solved
deterministically in polynomial time and the complexity class NP concerns decision prob-
lems that can be solved non-deterministically in polynomial time. The class of NP-complete
problems encompasses all problems in NP that are at least as hard as any other problem in
NP. NP-complete problems are considered intractable, i.e., for such a problem it is assumed
that a deterministic polynomial-time algorithm does not exist [Garey and Johnson, 1979].
NP-Hard problems are at least as hard as the hardest problems in NP, but they do not have
to be decision problems. A problem is NP-complete if it is both in NP and NP-hard. It is
famously unknown whether or not P=NP. The working assumption of computer scientists
is that P#NP.

Different combinatorial optimization problems have been characterized by varying lev-
els of computational complexity. While some fundamental problems like MINIMUM SPAN-
NING TREE and MAXIMUM MATCHING admit polynomial-time solutions, a significant num-
ber of practically important problems, including MAXIMUM INDEPENDENT SET and MINI-
MUM VERTEX COVER, are NP-hard.
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Throughout this dissertation, we use the MINIMUM VERTEX COVER problem as a running
example to illustrate key concepts. This is a classic NP-hard optimization problem serves as
an ideal case study because it combines structural simplicity with computational hardness,
exhibits clear constraints, and is well-studied in both classical and quantum contexts.

2.2.1. Vertex Cover

A
S

Figure 2.1.|: The graph on the left is a 5 node graph with 5 edges. Graphs (a), (b), and
(c) on the right show vertex covers (vertices highlighted in red) of different
sizes for a given graph. (c) shows the minimum vertex cover with a size of 2
covering all edges.

Given an undirected graph G = (V, E) with a set of vertices V' and a set of edges F, a
vertex cover VC is a subset of V, where (u,v) € E implies that w € VC or v € VC, i.e, a
vertex cover of a graph is a set of vertices that includes at least one endpoint of every edge
of the graph. An example is shown in Fig. 2.1.

2.2.2. Decision and Optimization Problems

A problem P can be formulated as a decision problem or an optimization problem.

A decision problem can be characterized by a tuple {Z,S} with S € {YES, NO}, i.e.,
a decision problem is one that has a yes or no answer for any given input. For example,
VERTEX COVER is a decision problem with the question “Given a graph, G, does there exist
a vertex cover of size at most k?” Decision problems can be expressed as languages. In
the case of VERTEX COVER this is Ly = {< V,k >}, where G is a graph that has a vertex
cover of size at most k. Vertex cover is a decision problem that is NP-complete [Garey and
Johnson, 1979].
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An optimization problem seeks the best solution among a collection of possible solutions
and is characterized by a quadruple {Z,S,m, goal}. Here, S is a function that associates
an instance of Z to its set of feasible solutions, m is a function that computes a positive
integer based on the value of a feasible solution in S, and goal specifies whether P is
a minimization or a maximization. Continuing with the above example, the problem of
finding the MINIMUM VERTEX COVER is an optimization problem and is NP-hard. Any
optimization problem P has an associated decision problem Pp [Ausiello et al., 2012].

2.2.3. Parameterized Complexity

In classical computing, there are many methods to tackle problems for which (likely)
no polynomial-time algorithm exists [Karp, 1972, Downey et al., 1999c, Vazirani, 2001,
Hromkovi¢, 2013]. Some examples of such techniques are randomized algorithms, approx-
imation algorithms and heuristic algorithms. All these methods sacrifice solution quality
for speed.

Another way to look at computational intractability is through the lens of parameterized
complexity. Parameterized complexity characterizes problems concerning parameters of
input or output [Downey et al., 1999c]. Formally, a parameterized decision problem can
be described as a language L. C ¥* x N where ¥ is a finite alphabet, N is a non-negative
integer. The parameterized version for VERTEX COVER that we consider here is called the k-
VERTEX COVER, and is defined the same as a VERTEX COVER with the addition of considering
k, the size of the vertex cover to be determine, as the problem parameter.

2.2.3.1. Fixed-Parameter Tractability

A parameterized problem L is fixed-parameter tractable (or in class FPT) if the question
“(z,k) € L” can be decided in f(k)|2|°(") running time, where f is an arbitrary function
dependent only on parameter k. Note that f(k) can be super-polynomial. While VERTEX
COVER is a decision problem, k-VERTEX COVER is a parameterized problem that is fixed-
parameter tractable.

Not all parameterized versions of NP-complete problems are considered fixed-parameter
tractable. Instead, a parameterized problem can be hard with respect to a superclass of FPT,
falling into the following hierarchy

FPT C W[1] C W[2] C ---XP

called the WW-hierarchy (or the weft hierarchy). Here, W[1] is the parameterized analog
of NP, i.e., for a problem that is 1[1] hard, every problem in W1] can be reduced to it. It
is assumed that W[1] # FPT. An example of a W{l]-hard problem is the k-INDEPENDENT
SET, which is the problem of finding a subset I of vertices in a graph such that no two
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vertices of I share an edge. The problem parameter is the size of the independent set to be
determined.!

The Bounded Search Tree technique is a fundamental algorithm design approach for
fixed-parameter algorithms that employs recursive branching while ensuring the recursion
depth remains bounded by a function of the parameter. This method systematically ex-
plores different cases of a problem through recursive branching and backtracking. For
vertex cover, this approach creates a search tree where each node represents a partial so-
lution, with branches corresponding to different choices for including vertices in the cover,
ensuring the tree’s depth remains bounded by the parameter k.

Kernelization: For fixed-parameter algorithms, there exists a kernelization step (i.e., a
polynomial-time pre-processing algorithm that reduces the given parameterized decision
problem to a (smaller) one that has a size that depends only on the parameter instead of
the original input size). Kernelization is a technique by which problem inputs are reduced
in size (using polynomial-time pre-processing) before running a computationally expen-
sive algorithm, to achieve efficiency. Problems that are fixed-parameter tractable can be
kernelized in polynomial time. For the vertex cover problem, there are several effective
pre-processing rules that prune the search space and reduce the size of the input graph,
such as removing isolated vertices or vertices of degree greater than k. These rules can be
applied iteratively until no further reductions are possible, resulting in a smaller instance of
the problem that retains the same solution properties. We describe a few of these reduction
rules in Appendix A.

'We note that a graph, G has a vertex cover of size k if and only if G has an independent set of size at least
n — k, where n is the number of vertices in the graph.
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2.3. Quantum Computing

Quantum computing leverages the principles of quantum mechanics to perform computa-
tions. The fundamental unit of quantum information is the quantum bit or qubit, which un-
like classical bits, can exist in a superposition of states. Quantum computers can be realized
using various physical systems, including superconducting qubits [Martinis, 2004], trapped
ions [Bruzewicz et al., 2019], and topological qubits [Aasen et al., 2025]. While various
quantum computing models exist, including continuous-variable [Lloyd and Braunstein,
1999] and measurement-based quantum computing [Briegel et al., 2009], throughout this
dissertation we focus on the gate-based model unless stated otherwise. The gate-based
model uses sequences of quantum gates to manipulate qubits, forms the basis for many
quantum algorithms and allows for representation of complex computations as a series of
gate operations.

Quantum annealing [Johnson et al., 2011] is another quantum computing paradigm
which we mention here as it focuses on solving optimization problems. The quantum an-
nealer evolves the system from an initial state to a final state that represents the solution to
the optimization problem. This process is guided by the principles of quantum tunneling
and adiabatic evolution, allowing the system to explore multiple configurations simulta-
neously. Quantum annealers, such as those developed by D-Wave Systems [D-W, 2025a],
are designed to solve combinatorial optimization problems by finding the ground state of a
Hamiltonian that encodes the problem. The quantum annealing process involves gradually
changing the Hamiltonian from an initial form to a final form that represents the problem
to be solved.

2.3.1. Quantum Mechanics

Quantum mechanics is a set of four postulates that provide a mathematical framework to
describe the behavior of quantum systems [Nielsen and Chuang, 2011]:

First Postulate (State space): A quantum system is described by a state vector, which is
a complex vector in a Hilbert space. The state of a quantum system can be represented
as a linear combination of orthonormal basis states.

Second Postulate (Unitary evolution): The evolution of a quantum system is governed
by unitary transformations, which preserve the norm of the state vector.

Third Postulate (Measurement): The act of measurement collapses the quantum state
into one of the basis states, with probabilities determined by the amplitudes of the
state vector.

Fourth Postulate (Composite systems): The state of a composite quantum system is de-
scribed by the tensor product of the individual systems’ state vectors.
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A qubit’s state can be represented as |¢)) = «|0) + 5 |1), where o and  are complex
1 0
numbers satisfying |a|? + |3]2 = 1. |0) = 0 and |1) = | are the basis states of a qubit.

The coefficients « and 3 represent the probability amplitudes of measuring the qubit in the
respective states, with |«|? and |3|? giving the probabilities of measuring the qubit in state
|0) or |1), respectively.

Quantum computations are performed through unitary quantum gates that manipulate
these quantum states. Quantum gates can be applied to one or more qubits, and they can be
combined to form quantum circuits. Common single-qubit gates include the Pauli gates (X,
Y, Z), Hadamard gate (H), and phase gates. Two-qubit gates, such as the controlled-NOT
(CNOT) gate, enable interaction between qubits.

The power of quantum computing stems from three key quantum mechanical proper-
ties:

* Superposition: Allows qubits to exist in a linear combination of states, enabling
parallelism in computation.

* Entanglement: Enables qubits to be correlated in such a way that the state of one
qubit can depend on the state of another, even when they are separated by large dis-
tances. This property is crucial for quantum teleportation and quantum cryptography.

* Interference: The ability to combine quantum states in a way that can amplify or
cancel out certain outcomes, allowing for the construction of algorithms that can
outperform classical counterparts.

The Hadamard gate is a fundamental quantum gate that creates superposition states.
Entanglement can be achieved through operations such as the Hadamard gate and the
controlled-NOT (CNOT) gate.

Quantum algorithms exploit the three quantum mechanical properties to solve prob-
lems more efficiently than classical algorithms. Notable quantum algorithms include Shor’s
algorithm [Shor, 1994] with exponential speedup for factoring large integers and Grover’s
algorithm [Grover, 1996] with quadratic speedup for unstructured search.

2.3.2. Expectation Values and Measurements

A quantum measurement is a process that extracts information from a quantum system
by collapsing or projecting its state vector into one of the basis states. The outcome of a
measurement is probabilistic, with the probabilities determined by the amplitudes of the
state vector. In quantum mechanics, physical variables are represented by mathematical
operators called observables. These observables are expressed as Hermitian matrices whose
eigenvalues correspond to the possible measurement outcomes in experimental settings.
The Hamiltonian is a particularly significant observable that represents the total energy of
a quantum system. The eigenvalues of the Hamiltonian operator determine the discrete
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energy levels that can be measured in the system, making it fundamental to understand-
ing quantum systems’ behavior and evolution. In physical systems, Hamiltonians possess
a spectrum of ordered eigenvalues (Fy < E; < FE, < ---), with corresponding eigen-
vectors representing the system’s possible quantum states, known as energy eigenstates.
The ground state, corresponding to the lowest eigenvalue Ej, or lowest energy, represents
the system’s most natural and stable configuration, which it naturally evolves toward and
maintains when undisturbed. While measuring an energy eigenstate yields its correspond-
ing eigenvalue with certainty, superposition states yield probabilistic outcomes based on
their decomposition in the energy eigenbasis.? This ground state property makes Hamilto-
nians particularly useful for optimization problems, where the lowest energy configuration
often corresponds to the optimal solution. The expectation value of an observable O in a
quantum state |¢) is defined as follows:

(0) = (¥|O[¥) (2.1)

where (¢| is the conjugate transpose of the state vector |¢)). The expectation value provides
a statistical average of the observable’s measurement outcomes when the quantum system
is in the state |¢). This metric guides the design of quantum and hybrid quantum-classical
algorithms, as successful algorithms leverage interference to maximize the probability am-
plitude of desired states while suppressing unwanted ones.

Finding the lowest eigenvalues of Hamiltonians has implications for optimization prob-
lems across various domains, including portfolio optimization, logistics planning, and
scheduling [Cerezo et al., 2021, Abbas et al., 2024]. By encoding optimization problems
into Hamiltonians, we can leverage quantum systems to find optimal solutions, where the
ground state eigenvector corresponds to the optimal solution. While classical algorithms
struggle with eigenvalue computation, especially for large, dense matrices, quantum algo-
rithms such as Quantum Phase Estimation (QPE) and hybrid quantum-classical approaches
(such as Variational Quantum Algorithms) offer promising avenues for finding these eigen-
values.

2.3.3. Simulating Nature on Quantum Computers

Most physical systems exist in continuous states, necessitating approximation through dis-
cretization for computational modeling on classical digital computers. While these approxi-
mations can be refined with increased computing power, our ability to understand complex
physical systems remains fundamentally limited by available computational resources.

Simulation of physical systems on a quantum computer requires three fundamental
components: (1) a quantum encoding of the physical system’s state, (2) the ability to
manipulate qubits to model the system’s evolution (called unitary evolution), and (3) mea-
suring meaningful physical quantities. The encoding process involves mapping the physi-
cal system’s degrees of freedom onto quantum states, while the evolution is implemented

2Eigenvectors are also referred to as eigenbasis as they are the basis states.
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through quantum gates that represent the system’s dynamics. While the first two com-
ponents (encoding and unitary evolution) are deterministic, the measurement process is
inherently probabilistic, requiring careful design to ensure that the extracted information
is relevant and useful.

2.3.3.1. Hamiltonians

A Hamiltonian, introduced in the earlier section, is a Hermitian mathematical operator (an
observable) that describes the total energy of a quantum system. The time evolution of a
quantum system is governed by the Schrodinger equation, which relates the Hamiltonian
to the state vector’s time dependence:

L d A
ih— (1) = H|y(t) (2.2)

where H is the Hamiltonian operator. The solution to this equation yields the system’s
state at any time ¢:

[(t)) = e 1P|y (0)) (2.3)

where [¢(0)) is the initial state of the system. Here # is the reduced Planck constant.
The Hamiltonian operator H encodes the system’s dynamics, including interactions be-
tween particles and external fields. The time evolution operator e~it/h which is unitary
when H is Hermitian, describes how the quantum state evolves over time, allowing for
the simulation of complex physical processes. This unitary nature of quantum evolution is
fundamental to quantum computation, as it ensures that quantum operations preserve the
normalization of quantum states.

For a Hamiltonian A and its eigenstate |E) with energy F, the time evolution can be
derived as follows:?

U|E) = e~ E)

(I + (—iHt) + %(—z’fltﬁ + - ')\E>

[B) + (~it)H|E) + o (it BP|E) + - )

B} + (<) BIE) + o (~it) BB} + - )

I
Y

14 (—iEt) + %(—z’Et)Q +--- ) |E)
—iEt‘E>

®

3Note that the Planck constant 7 is often set to 1 in literature, simplifying the time evolution operator to e "

instead of et/
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2.3.3.2. Unitary Evolution

The time evolution of a quantum state under a Hamiltonian is unitary, meaning it preserves
the inner product of states and ensures that probabilities remain valid throughout the com-
putation. The implementation of our framework relies on the following fundamental uni-
tary operations: single-qubit rotations around the Z-axis and X-axis, and two-qubit ZZ
rotations. Here we derive these rotations to show how they translate into practical quan-
tum circuit implementations. For a single qubit with Hamiltonian, for example, H = —aZ,,
the time evolution operator can be implemented using a rotation around the Z-axis. Using

. . 0 .
the relationship RZ(0) = e~*2Z, we can express the evolution as:

[ (t)) = e 1*)(0))
= e~ 7% y(0))
= €[y (0)
= RZ(—2at)|¢(0))

O— R-(0) —

(2.4)

(2.5)

(2.6)

2.7)
S— R-(0) —®

(c) exp (—igZ RIZQ Z)

Figure 2.2.|: Implementation of single-qubit (Z), two-qubit(ZZ), and three-qubit(ZZZ2)

interactions using quantum gates.

In a similar manner, two-qubit and multi-qubit Z interactions can be implemented using
circuit identities and as shown in Fig. 2.2. For example, the two-qubit interaction ZZ can
be implemented using a controlled-Z gate followed by a rotation around the Z-axis on
the second qubit. These single and multi-qubit operations form the building blocks for
implementing Hamiltonians that encode optimization problems, which are discussed in

detail in Section 2.4.

2.3.3.3. Trotterization

Trotterization is a technique used to approximate the time evolution operator for a Hamil-
tonian that can be expressed as a sum of non-commuting terms. The Trotter-Suzuki de-
composition [Suzuki, 1993] allows for the splitting of the time evolution operator into a
product of exponentials, each corresponding to a single term in the Hamiltonian. This
enables the implementation of the time evolution operator using a sequence of quan-
tum gates, making it feasible to simulate complex quantum systems on a quantum com-
puter. For a Hamiltonian that can be expressed as a sum of non-commuting terms
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(H = Hj + Hp), implementing the time evolution operator e~ requires special con-

sideration. Two operators A and B commute if AB = BA, and anti-commute if AB # BA,

with their commutator denoted as [A,B] = AB — BA. Unlike commuting operators

where eA+8 = ¢4¢B | non-commuting operators follow the more complex Zassenhaus for-
. . 1 1

mula, involving nested commutators: e85 = eAeBe~ 34 BlesCIBIABIHAABL The

Trotter-Suzuki decomposition provides a practical solution by approximating the evolution
asexp(A+ B) = limnﬁoo(exp(%) exp(%))”. This allows us to implement the simultaneous
effect of non-commuting terms by alternating between small time steps of each term, mak-
ing it feasible to simulate complex quantum systems on gate-based quantum computers.
This forms the basis for many quantum algorithms, including the Quantum Approximate
Optimization Algorithm (QAOA), which is discussed in detail in Section 2.5.
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2.4. Encoding combinatorial optimization problems

So far, we have introduced the concepts of combinatorial optimization problems, quantum
computing, and the mathematical framework for simulating physical systems on quantum
computers. In this section, we focus on how combinatorial optimization problems can be
encoded into quantum systems, particularly in the context of constrained combinatorial
optimization problems (CCOPs).

Let C(x) = Y.V | Ci(z) be a function, where Z = [z}, &3, . . ., ] holds binary variables.
Combinatorial optimization aims to find a binary vector Z that maximizes or minimizes
C(z).

A combinatorial optimization problem can be unconstrained or constrained. Uncon-
strained problems consider all combinations of binary variables as feasible solutions. The
MAXCUT problem is an example of unconstrained optimization, where the objective is to
partition a graph’s vertices into two disjoint subsets maximizing the sum of weights of edges
between them. Every variable assignment corresponds to a cut, making all assignments
feasible solutions. Constrained combinatorial optimization problems (CCOPs) impose ad-
ditional restrictions on the feasible solutions. These constraints can be expressed as linear
or non-linear equations, inequalities, or logical conditions that must be satisfied by the bi-
nary variables. An example of a CCOP is the MINIMUM VERTEX COVER problem discussed
in Section 2.2.1, where the objective is to find a subset of vertices that covers all edges in a
graph while minimizing the number of vertices selected. In this case, not all combinations
of binary variables cover all edges, making some binary assignments infeasible solutions.

2.4.1. Quadratic Unconstrained Binary Optimization (QUBO)

We now turn our attention to the encoding of combinatorial optimization problems into
quantum systems. The most common way to encode combinatorial optimization problems
is through the Quadratic Unconstrained Binary Optimization (QUBO) formulation [Lucas,
2014]. In a QUBO problem, the objective function is expressed as a quadratic polynomial
in binary variables, which can be represented as:

N N N
C(f) = Z a;xr; + Z Z bisz‘{L‘j (2.8)
=1

i=1 j=i+1

where z; € {0,1} are binary variables, a; € R are linear coefficients, and b;; € R are
quadratic coefficients. The goal is to find the binary vector ¥ that minimizes or maxi-
mizes the objective function C'(#). The QUBO formulation is particularly well-suited for
quantum computing because it can be directly mapped to the Hamiltonian of a quantum
system. The objective function can be expressed as a Hamiltonian operator using operators
described in Section 2.3.3.2, which can then be used in quantum algorithms such as the
Quantum Approximate Optimization Algorithm (QAOA) [Farhi et al., 2014]. In QAOA, the
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cost Hamiltonian is used to define the cost function that the algorithm seeks to minimize,
and the solution corresponds to the ground state of this Hamiltonian.

The QUBO problem provides a framework for representing various combinatorial opti-
mization problems in an unconstrained manner. Many unconstrained problems can be rep-
resented as QUBO problems using quadratic and linear terms involving binary variables.
For example, the problem MAXCUT can be defined as a QUBO as follows:

Maximize: C(%) = Z (T + @y — 2x4xy) 2.9)
(uv)EE

where z,,, z, € {0,1} are binary variables representing which partition a vertex belongs
to. For each edge (u,v):

* If vertices are in different partitions (x, = 0,2, = 1 or z, = 1,2, = 0), the term
contributes +1 to the sum.

* If vertices are in the same partition (¢, = =, = 0 or z, = z, = 1), the term con-
tributes 0.

Thus, maximizing this function finds the partition that cuts the maximum number of
edges. To encode binary variables in a quantum system, we use the Ising model. The Ising
model is a mathematical model of ferromagnetism [Peierls, 1936], whose basic element is
a spin which can take one of two values, typically represented as +1 or —1. These spins
are arranged on a lattice, which can be in one, two, or more dimensions. The Ising model
provides a natural framework for formulating QUBO problems on a quantum computer
using the transformation z; = (1 — s;)/2, where the spins s; € {1,—1}. This maps the
QUBO problem to an Ising Hamiltonian minimization problem, which is used as the cost
Hamiltonian in QAOA [Lucas, 2014].

For the MAXCUT problem defined in Eqn. 2.9, we can use the transformation z; =
(1 — s;)/2 to obtain the Ising formulation:

El 1 .
LY s = H(3)

Since problems are usually encoded as minimization problems, we can take the negative
of the above expression to obtain the Ising Hamiltonian. Constants can be ignored in the
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context of optimization problems, as they do not affect the optimal solution. Thus, we can
express the Ising Hamiltonian for the MAXCUT problem as:

. A 1
Minimize: H(S) = 5 Z SuSv (2.10)
(u,w)EE

Many problems of practical interest are constrained optimization problems (i.e., not
all assignments of binary variables are feasible). For such problems to be embedded
into a QUBO, penalty functions can be applied to a problem to penalize infeasible solu-
tions [Glover et al., 2022]. Penalty function methods offer a simple approach to tackling
constrained optimization problems by transforming them into unconstrained optimization
problems, allowing the use of algorithms explicitly designed for unconstrained problems.
With penalties, infeasible solutions come at a (high) cost, discouraging their exploration in
the solution landscape. However, there are limitations to this approach such as the need
to choose appropriate penalty parameters and the potential for convergence issues [Smith
et al., 1997]. These limitations extend to QAOA when addressing constrained optimiza-
tion problems. There is a relatively high probability of obtaining infeasible solutions that
violate the constraints. Beyond incorporating penalty terms into the objective function,
several other considerations arise for QAOA and are described in Section 2.5.4. We also
describe the limitations of penalty functions in the context of quantum optimization for the
problem MINIMUM VERTEX COVER in Chapter 3.

2.4.2. Higher-Order Unconstrained Binary Optimization (HUBO)

The Ising model [Johnson et al., 2011, Lucas, 2014] is widely used in quantum combi-
natorial optimization because it provides a natural mathematical structure for encoding
binary decision problems in a way that maps directly onto quantum hardware and algo-
rithms like QA or QAOA. The field of quantum optimization relies heavily on Ising model
formulations that use quadratic terms due to their direct compatibility with QA hardware.
Gate-based hardware has no such restriction, as higher-order terms can be encoded na-
tively using multi-qubit gates [Cowtan et al., 2019]. The higher order unconstrained bi-
nary optimization (HUBO) formulation offers a more expressive way to represent many
optimization problems by directly incorporating multi-way (K -local) interactions between
variables [Wang et al., 2025]. Rapid advancements in gate-based quantum computers, par-
ticularly in qubit fidelity and connectivity, are paving the way for more effective handling of
multi-qubit interactions [IBM, 2025b], and consequently the encoding of HUBO problems.
While QA strictly requires a QUBO formulation, QAOA generally can handle both QUBO
and HUBO problems. Initially, lower-order terms and, consequently, QUBOs might be pre-
ferred. However, converting a HUBO into a QUBO through quadratization necessitates
introducing auxiliary variables and additional penalties [Glover et al., 2022]. In contrast,
Campbell et al. [Campbell and Dahl, 2022] investigate the advantages of incorporating
higher-order terms (HOTs) into the problem formulation. Their research underscores the
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potential of utilizing the inherent capabilities of gate-model quantum computers to man-
age HOTs, suggesting an expanded application domain for QAOA and paving the way for
near-term quantum superiority on NP-hard problems.

Pelofske et al. [Pelofske et al., 2023a] conducted an experimental comparison between
QAOA and QA on different hardware platforms. Their study focused on cubic ZZZ interac-
tions, which are natively constructible for QAOA, while QA necessitates order reduction to
quadratic interactions using auxiliary variables.

Mandal et al. [Mandal et al., 2020] study quadratization and propose a method of de-
gree reduction that works directly in the Ising space. They note that a sparse problem in the
Ising space—i.e., its cost Hamiltonian, defined by a sum of local terms that each involves
a small, bounded number of variables and each variable appears in only a small number
of terms—is not necessarily sparse in Boolean space and vice versa. A simple example il-
lustrates this: Consider polynomial 2" [];" , b;. Applying the transformation from binary
to Ising variables (b; < (1 — Z;)/2) results in the Hamiltonian Zlg{l,...,n}(_l)m [Licr Zi
which grows exponentially [Mandal et al., 2020]. In the context of the traveling salesper-
son problem (TSP), Glos et al. [Glos et al., 2022] propose a trade-off between the number
of qubits and the circuit depth to demonstrate an efficient binary encoding for TSP.

We note that the feasibility of the encoding of HUBOs or HOTs into a cost Hamiltonians
is instance dependent; understanding the structural properties of the problem is crucial for
assessing whether or not higher-order terms must be used

2.5. Hybrid Quantum-Classical Techniques

Techniques that combine the strengths of both classical and quantum computing resources
are called hybrid quantum-classical techniques. Hybrid approaches can be applied to
problem-solving at design time (e.g., problem decomposition and algorithm design tech-
niques) as well as at run-time (e.g., parameterized or variational circuits). Hybrid ap-
proaches can also be applied at different levels of abstraction, i.e., at the kernel level,
algorithm level, and the model level as envisioned by IBM’s quantum roadmap for build-
ing an open quantum software ecosystem [Gambetta et al., 2021]. We expand the term
to hybrid quantum building blocks (or hybrid toolkit [Angara et al., 2020] for short) to in-
clude quantum algorithms that lend themselves as sub-problems of a larger problem and
hybrid algorithmic and architectural design patterns. Examples of such powerful building
blocks are quantum phase estimation (QPE), Grover’s search, variational quantum eigensolver
(VQE), variational quantum factoring (VQF) [Anschuetz et al., 2018], quantum approximate
optimization algorithm [Farhi and Harrow, 2016], and solvers for linear systems of equa-
tions [Harrow et al., 2009, Lee et al., 2019].
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2.5.1. Grover’s search and its variants

One of the most famous building blocks is Grover’s search [Grover, 1996], a quantum
search algorithm that can be used as a subroutine in many different contexts. Given a list of
n unstructured (or unsorted) elements, Grover’s search finds a specific item in O(y/n) time.
The classical algorithm takes ©(n) time. This constitutes a quadratic speedup. The quan-
tum algorithm is based on a black-box transformation and phase kickback and makes use of
amplitude amplification. Important variants of Grover’s search are the quantum algorithm
for finding the minimum in an unstructured set [Diirr and Hgyer, 1996], quantum partial
search [Grover and Radhakrishnan, 2005], and quantum walk algorithms [Aharonov et al.,
2001, Ambainis, 2007].

Since NP-complete problems typically can be solved using a brute-force search, Grover’s
search algorithm can be applied to achieve a quadratic speedup of the brute-force algo-
rithm. More sophisticated classical algorithmic methods for solving NP-complete prob-
lems include dynamic programming [Bellman, 1962,Held and Karp, 1961, Wang and Tian,
2011], divide and conquer [Ambainis et al., 2019, Ge and Dunjko, 2020], and other meth-
ods in the toolkits of exact algorithms [Fomin and Kratsch, 2010] and fixed-parameter
tractability [Downey et al., 1998, Cygan et al., 2015].

Ambainis et al. [Ambainis et al., 2019] describe how to apply Grover’s search [Grover,
1996] or its variant of finding a minimum item in a set [Diirr and Hgyer, 1996] to speedup
particular exponential-time dynamic-programming algorithms, for example for the NP-
complete problems Hamiltonian Circuit, TSP [Bellman, 1962, Held and Karp, 1961] or
Minimum Set Cover [Fomin and Kratsch, 2010]. What these dynamic-programming ap-
proaches have in common is that they solve subproblems corresponding to subsets of an
n-element set. Such a dynamic programming approach in its most basic form typically runs
in exponential time in the size of the input. The achieved dynamic programming quantum
speed-up relies on pre-computing solutions for sub-problems of a specific size (e.g., say, a
quarter of the original instance size) using the classical dynamic programming algorithm,
followed by searching—on the remaining subsets—for an answer to the problem using a
quantum search in the pre-computed answers for the sub-problems [Angara et al., 2020].

2.5.2. Variational Quantum Algorithm (VQA)

Variational Hybrid Techniques or Variational Quantum Algorithms (VQAs) are emerging
general frameworks that have been proposed for many applications suitable for quantum
computers such as optimization, simulation of physical systems, and machine learning. The
building blocks of variational hybrid techniques are the following:

1. Cost/Objective function A cost function C'(#) encodes the problem’s objective func-
tion by characterizing it as a quantum operator called a Hamiltonian. VQAs use a
quantum computer to estimate this cost function.
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2. Ansatz An ansatz is a trial state that is prepared using a parameterized quantum
circuit. The structure of an ansatz usually depends on the problem being solved (i.e.,
a problem-inspired ansatz [Hadfield et al., 2019]), but also can be problem-agnostic
and hardware-efficient [Kandala et al., 2017a, Rattew et al., 2019].

3. Classical Optimizer A classical optimizer is used to optimize the variational parame-
ters. There are various classical optimizers available to use such as SPSA [Spall et al.,
1992], COBYLA [Powell, 2007], Gradient Descent [Kantorovich and Akilov, 2014]
and the Nelder-Mead [Nelder and Mead, 1965] method and can be chosen according
to their performance on the specific optimization landscape.

2.5.3. Variational Quantum Eigensolver (VQE)

VQE is a hybrid algorithm that computes the lowest eigenvalue of a Hamiltonian 7{ [Pe-
ruzzo et al., 2014, Kandala et al., 2017b]. VQE techniques are based on the variational
method of quantum mechanics, which states that for a given # its expectation value must
be greater than or equal to the lowest possible eigenvalue. The Hamiltonian % can be
expressed as a set of terms that are realized as separate quantum circuits. The expectation
values of its parts are then summed up classically to compute the expectation value of 7.
The initial states for these circuits are selected from a set of states based on an ansatz and
are generated by a parameterized circuit. The parameters for the state preparation circuit
are computed in a classical optimization loop that minimizes the expectation value of .
Compared to Quantum Phase Estimation (QPE) circuits, the depths of the VQE circuits are
considerably smaller, which is a big advantage for execution on near-term quantum com-
puters. Progress in computational quantum chemistry and optimization has been driven
largely by VQE [Kandala et al., 2017b,McArdle et al., 2020]. While many VQE applications
are in molecule simulation, certain machine learning and combinatorial optimization prob-
lems can be formulated such that the lowest possible eigenvalue represents the optimal
value we would like to obtain. Liu et al. [Liu et al., 2022] propose a notable variant of
the VQE, called the Layer-VQE for combinatorial optimization problems and demonstrate
it using the networking problem of k-community detection. Instead of using kn qubits
to encode the problem (typically as an Ising model Hamiltonian), this work proposes a
formulation that requires fewer qubits (n[log k| qubits).

2.5.4. Quantum Approximate Optimization Algorithm (QAOA)

The quantum approximate optimization algorithm (QAOA) introduced by Farhi et al. [Farhi
et al., 2014], is a variational technique to solve combinatorial optimization problems. Here,
the quantum part evaluates the objective function and involves alternating between uni-
taries corresponding to a cost Hamiltonian, H¢, and a mixer Hamiltonian, Hj,. A classical
optimization loop updates the ansatz parameters. Constraints to the optimization problem
can be imposed by adding a penalty term to the problem’s objective function (the Lagrange
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multiplier approach) or by constructing the variational ansatz in a way such that constraints
are satisfied at all times.

QAOA, introduced by Farhi et al. in 2014, is a hybrid quantum-classical algorithm that
mimics adiabatic quantum computation on near-term gate-based quantum computers aim-
ing to solve combinatorial optimization problems. Farhi’s QAOA, often referred to as vanilla
QAOA, has inspired numerous variants; selected variants are described at the end of this
section.

The key building blocks of a vanilla QAOA setup include:

1. An initial state |¢) in an equal superposition of all computational basis states, pre-
pared by applying Hadamard gates to qubits initialized in state [0)®".

2. An alternating ansatz consisting of:

* A cost or phase separator unitary that encodes the cost function C(x) of the
optimization problem being solved by introducing relative phase shifts between
the states based on their cost function values. This unitary is generated by the
cost Hamiltonian (H¢) and for combinatorial optimization problems typically
consists of sums of Pauli-Z and ZZ terms. For a minimization problem, the ob-
jective is to identify an assignment of variables that yields the smallest possible
value of the cost function C(z).

* A mixing unitary that anti-commutes with the cost unitary and enables transi-
tions between the computational basis states. This unitary is generated by the
mixer Hamiltonian (H);), commonly chosen as a sum of Pauli-X operators.

* The number of layers p, i.e., the number of times the cost and mixer unitaries
are applied alternatively. With increasing alternating layers, QAOA progressively
mimics QAA through Trotterization [Farhi et al., 2014].

* Parameter vectors, 3 and ~, comprising variational parameters that control the
cost and mixer unitaries, respectively, across the p alternating layers.

3. A classical optimizer responsible for finding the optimal values of the parameter
vectors 5 and 4 such that the expectation value of the cost function is minimized
(for a minimization problem):

By

where |1,Z)(5, 7)) is the state prepared by the alternating ansatz with p layers of cost
and mixer unitaries.

The quantum part of QAOAs hybrid routine evaluates the objective function. It alternates
between unitaries corresponding to cost Hamiltonian H- and mixer Hamiltonian Hj;, p
times.

[¥(B.9)) = UB)U (1) - - U(B)U (1) Itho)

p times
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where U(B) = e M and U(y) = e "Hc characterized by the parameters (3,7v). The
goal of QAOA is to determine the optimal parameters (3,,;,¥,,) such that the quantum
state |1(Bypt, Yopt)) €Ncodes the solution to the problem. Optimal parameters can be found
using different kinds of classical optimizers such as L-BFGS, Adam, COBYLA, and Gradi-
ent Descent [Pellow-Jarman et al., 2021]. Implementing QAOA effectively requires careful
consideration of several hyperparameters: the circuit depth (number of alternating layers),
choice of classical optimizer, optimization parameters (steps and step size), and mitigation
of barren plateaus in the optimization landscape [Kulshrestha and Safro, 2022, Huembeli
and Dauphin, 2021]. In general, the problem of training variational circuits is NP-hard [Bit-
tel and Kliesch, 2021]. Choosing a classical optimizer is influenced by several factors, in-
cluding the number of parameters, the problem, and the cost function landscape [Malan
and Engelbrecht, 2013,Bonet-Monroig et al., 2023,Sung et al., 2020]. These design choices
significantly impact QAOAs performance on constrained optimization problems. Various
QAOA variants have been proposed to address these challenges, which we discuss in the
following section.

2.5.4.1. Related Work on QAOA

Several QAOA components are tunable, including initialization, ansatz construction, pa-
rameter choice, and the classical optimization method. These components significantly
influence the algorithm’s efficacy and can be tailored to specific problem instances for im-
proved performance. Hadfield et al. [Hadfield et al., 2019] extend QAOA by introducing
the Quantum Alternating Operator Ansatz (QAO-Ansatz), which alternates between more
general families of unitary operators. This can potentially narrow the algorithm’s focus to
a more useful set of states. The QAO-Ansatz can be used to guarantee that the state of
the circuit never leaves the set of feasible states. However, the circuit is composed of com-
plicated circuitry. For example, multi-controlled Toffoli gates are often used in the ansatz,
which are challenging to execute depending on the connectivity of qubits on a quantum
computer [He et al., 2017]. Golden et al. [Golden et al., 2023] compare the performance
of different variations of QAOA on three problems, Max Bisection, Max k-Vertex Cover, and
k-Densest Subgraph, using different kinds of mixers and show a possibility of achieving a
super-polynomial advantage over Grover’s unstructured search. The problem Max k-Vertex
Cover has also been studied by [Cook et al., 2020, Bartschi and Eidenbenz, 2020], and
while it is related to MINVC, is not as complex, due to a deterministic quantum algorithm
to prepare Dicke states [Bartschi and Eidenbenz, 2019] that allows for exploration only
in the feasible solution subspace of Max k-Vertex Cover. These problems are either uncon-
strained or constrained by the Hamming weight and, therefore, do not need penalties in the
cost function. Pelofske et al. [Pelofske et al., 2019, Pelofske et al., 2023b] propose a recur-
sive classical decomposition of large problems (as a pre-processing and pruning step) such
that they can be solved on quantum annealers. Saleem et al. [Saleem et al., 2023, Tomesh
et al., 2023] consider penalty-term approaches, QAO-Ansatz, and introduce a new ansatz
variant that adapts to the quantum resources available for the MAXIS.

Other notable variants of QAOA includes QAOA+ [Chalupnik et al., 2022], WS-
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QAOA [Egger et al., 2021], Digitized Counterdiabatic QAOA [Chandarana et al., 2022],
and multi-angle QAOA [Herrman et al., 2022]. For QAOA+, the authors propose adding
a problem-independent layer of parameterized ZZ-gates and the parameterized X-gates
(as a mixer) to improve the approximation ratio of MAXCUT, which is an unconstrained
optimization problem. In WS-QAOA, warm starting methods are used to prepare an initial
state that corresponds to the solution of a relaxation of the portfolio optimization problem.
In multi-angle QAOA, a parameter is assigned to every element of the ansatz to improve
the approximation ratio achieved for MAXCUT. Digitized Counterdiabatic QAOA appends a
layer (and therefore, an additional variational parameter) to perform counterdiabatic driv-
ing to converge to the optimal solution faster (thereby requiring a shorter circuit depth).

The performance of QAOA has been typically studied for Erdés-Rényi Random Graphs
with different probabilities of edge connections [Golden et al., 2023, Saleem et al., 2023]
as well as bounded-degree graphs (specifically random 3-regular graphs [Shaydulin and
Pistoia, 2023,Lykov et al., 2021]). Herrman et al. [Herrman et al., 2021] perform a detailed
analysis across different graph structures (up to eight nodes) to understand QAOA MAXCUT
performance of up to three layers.

2.6. Quantum Computing Software Development Kits

2.6.1. Full statevector simulation
2.6.1.1. Xanadu PennyLane

PennyLane is a cross-platform Python library for differentiable quantum programming,
making it a powerful tool for hybrid quantum-classical techniques that involve variational
circuits [Bergholm et al., 2018]. PennyLane enables the integration of various libraries
such as TensorFlow, PyTorch, and Autograd due to the quantum node abstraction, thereby
fitting seamlessly into the existing automatic differentiation methods. In our work, we uti-
lized PennyLane not only for its robust support for variational algorithms but also for its
ease of use and the availability of plugins for different quantum simulators and hardware.

2.6.1.2. IBM Qiskit
Qiskit is IBM’s comprehensive quantum computing software stack designed for utility-scale
quantum applications.

* Qiskit SDK: At its foundation lies an open-source SDK enabling work with quantum
circuits, operators, and primitives.

* Qiskit Runtime: Qiskit Runtime is IBM’s quantum computing service that optimizes
the execution of quantum programs by reducing the latency between classical and
quantum computations [Qis, 2025]. It provides a containerized environment where
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both quantum and classical code are executed in proximity to the quantum hard-
ware, significantly reducing the communication overhead in hybrid quantum-classical
workflows. The service includes built-in primitives for sampling and estimating ex-
pectation values, along with error mitigation techniques that help improve the re-
liability of results. For variational algorithms like QAOA, Runtime’s architecture is
particularly beneficial as it minimizes the classical-quantum communication bottle-
neck during parameter optimization loops. The service also provides dynamic circuit
execution capabilities and automated resource estimation, enabling more efficient
execution of quantum algorithms on real hardware.

» Qiskit Transpiler: Qiskit’s transpiler service incorporates heuristics to enhance per-
formance for common quantum tasks.

* Qiskit Functions: Qiskit supports both built-in and third-party services for simula-
tion, optimization, and error handling, offering a modular architecture that allows
developers to work at their preferred abstraction level.

* Performance: Qiskit’s codebase is optimized for memory efficiency and improved
results, particularly beneficial for variational algorithms and QAOA implementations.
Access to IBM Quantum’s hardware is provided through cloud services, comple-
mented by tools for noise mitigation and error correction [Qis, 2025].

2.6.2. Tensor Network Simulation with Argonne QTensor

Quantum circuit simulators are essential for understanding how quantum computers work
and for developing and testing quantum algorithms and their benchmarking and verifica-
tion. Variational algorithms that involve iteratively updating the parameters based on the
results obtained from quantum circuit executions benefit from fast simulators to obtain pa-
rameters. Furthermore, quantum circuit simulators can be used to study the behaviour of
such hybrid algorithms under varying parameters.

Full statevector simulation is a common approach to simulating quantum circuits, where
the entire quantum state is represented as a vector in a Hilbert space. This method is com-
putationally expensive, especially for larger circuits, as the size of the state vector grows
exponentially with the number of qubits. Tensor networks are a powerful computational
framework used to efficiently simulate quantum circuits by representing quantum states
and operations as interconnected tensors. Instead of working with exponentially large
state vectors, tensor networks exploit the structure and entanglement of quantum systems
to compress information. Common forms, such as Matrix Product States (MPS), Projected
Entangled Pair States (PEPS), or Tree Tensor Networks (TTN) allow for scalable simulations
of low-entanglement and shallow circuits [Ibrahim et al., 2022, Orts, 2014]. By contract-
ing these networks in a specific order, one can approximate the evolution of quantum states
with significantly reduced computational resources compared to brute-force methods.

Argonne QTensor Simulator [Lykov et al., 2021, Lykov et al., 2022] is a highly efficient
quantum circuit simulator library which is founded upon the tensor network contraction
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technique [Markov and Shi, 2008], offering a significant performance speedup compared
to existing simulators (such as those that run a full amplitude-vector evolution). A core fea-
ture of Argonne QTensor is its highly parallelizable evaluation of observables based on the
lightcone or the reverse causal cone approach [Farhi et al., 2020, Streif and Leib, 2020]. This
means that if some observable acts only on a small subset of the qubits, then most of the
gates in the quantum circuit commute through and cancel out when evaluating the expecta-
tion value. The QAOA cost operator is a sum of m independent terms, each of which could
be computed separately (i.e., can be computed in parallel). The lightcone (or subgraph) of
the computation depends on the number of layers p. For example, when p = 1, the sim-
ulator only needs to evaluate the circuit on the independent cost term and its immediate
neighbourhood. This method works well for sparse or large fixed-degree graphs. However,
for dense graphs, since every evaluation requires consideration of numerous nodes, the
speedup provided by Argonne QTensor may be negligible.

In Chapter 8, we present experimental results on PennylLane as well as Argonne QTen-
sor simulators. The latter is used to evaluate the performance of our framework on larger
problem instances, where PennyLane’s full statevector simulation is used for smaller in-
stances.

2.7. Quantum Hardware

Quantum computers leverage different physical implementations, including supercon-
ducting qubits [Martinis, 2004], trapped ions [Bruzewicz et al., 2019], and topological
qubits [Aasen et al., 2025]. While various quantum computing models exist, including
continuous-variable [Lloyd and Braunstein, 1999] and measurement-based quantum com-
puting [Briegel et al., 2009], throughout this dissertation we focus on the gate-based model
that uses superconducting qubits unless stated otherwise. The gate-based model uses se-
quences of quantum gates to manipulate qubits, forms the basis for many quantum algo-
rithms and allows for representation of complex computations as a series of gate opera-
tions.

In this dissertation, we use IBM’s quantum hardware. IBM’s quantum hardware is based
on superconducting qubits, which are small circuits that can exist in a superposition of
states. These qubits are manipulated using microwave pulses to perform quantum gates.
IBM’s quantum hardware is accessible through the cloud, allowing users to run experiments
on real quantum devices. The hardware is designed to support a wide range of quantum
algorithms, including those for optimization problems like QAOA.

IBM Quantum’s roadmap outlines progress toward utility-scale quantum computing
through a series of hardware advances. The IBM Quantum Starling system aims to en-
able circuits with 100 million gates operating on 200 logical qubits 4. Near-term advances
like the Nighthawk processor focus on demonstrating quantum utility through support for

“https://www.ibm.com/quantum/blog/large-scale-ftqc
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more complex circuits, longer-term developments including Kookaburra and Cockatoo pro-
cessors target fault-tolerance through quantum error correction, modular architectures,
and enhanced qubit connectivity. In this dissertation, we make use of the IBM Heron R2
processors, which are superconducting qubit processors with 156 qubits and heavy-hex
connectivity. Experimental results on this processor are discussed in Chapter 9.

2.8. Chapter Summary

This chapter established the foundational concepts necessary for understanding hybrid
quantum-classical approaches to constrained optimization problems. We examined both
gate-based and adiabatic quantum computing models, with particular emphasis on how
quantum systems can be used to simulate physical processes through Hamiltonian evolu-
tion. The chapter detailed the Quantum Approximate Optimization Algorithm (QAOA),
explaining its hybrid nature, variational parameters, and the interplay between cost and
mixer Hamiltonians. We explored how QAOA implements optimization problems through
quantum circuits and the challenges of parameter optimization.

We presented relevant topics in classical complexity theory concepts including the im-
portance of parameterized complexity in addressing computational intractability. We ex-
amined specific pre- and post-processing techniques, using vertex cover as an illustrative
example. On the software side, we presented an overview of current quantum software
development tools, including PennyLane, Qiskit, and QTensor, highlighting their roles in
implementing and simulating quantum algorithms. These frameworks provide essential
capabilities for developing and testing hybrid quantum-classical approaches on both simu-
lators and real quantum hardware and are used for evaluating our framework in Chapter 7,
Chapter 8 and Chapter 9. This background sets the stage for our subsequent exploration
of novel encoding strategies and the SCOOP framework for constrained optimization prob-
lems.
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Chapter Contributions

C1: Analysis of penalty-based QUBO formulations revealing that: (1) opti-
mal penalty settings are instance-specific rather than problem-specific, (2)
penalties that support finding optimal solutions may not necessarily sup-
port finding near-optimal solutions, and (3) strict enforcement of feasibil-
ity requires prohibitively large penalty values that impact solution quality
and scalability.

C2: Introduction of a penalty-free encoding strategy and its cost Hamiltonian
for the constrained optimization problem MINIMUM VERTEX COVER using
the MAXIMUM PROFIT COVER problem

This chapter introduces our first problem of study, MINIMUM VERTEX COVER. The MINIMUM
VERTEX COVER problem is an NP-hard constrained combinatorial optimization problem and
is well studied through the lens of classical complexity theory [Garey and Johnson, 1979]
and parameterized complexity [Downey et al., 1999c]. Vertex cover has numerous appli-
cations in scheduling, network design, resource allocation, and conflict resolution [Stege,
1999] Quantum computing offers promising avenues to tackle optimization problems, es-
pecially classically intractable combinatorial optimization problems. In this chapter, we ex-
plore the MINIMUM VERTEX COVER problem and its relationship with the MAXIMUM PROFIT
COVER problem [Stege et al., 2002a]. We also discuss how to formulate these problems as



3.1. Vertex Cover

QUBO problems, which can be solved using quantum annealers or quantum approximate
optimization algorithms (QAOA) [Angara et al., 2025a].

This chapter is organized as follows: We begin by defining the MINIMUM VERTEX COVER
problem and its cost Hamiltonian in Section 3.1. We then discuss penalty-based approaches
to vertex cover in Section 3.2, where we analyze the effect of penalty parameters on the
solution space. In Section 3.3, we introduce the MAXIMUM PROFIT COVER problem, which
is a penalty-free version of the MINIMUM VERTEX COVER problem. We also show how to
derive a vertex cover from a profit cover. Finally, we provide an example to illustrate the
concepts discussed in this chapter.

3.1. Vertex Cover

A vertex cover of a graph! G = (V, E) is a subset of vertices VC C V such that every
edge uv € F shares at least one vertex with VC. The objective is to find a vertex cover of
minimum cardinality, referred to as minimum vertex cover.

3.1.1. MINIMUM VERTEX COVER

We define the problem MINIMUM VERTEX COVER (MINVC) for a graph G = (V, E), where
VC C V, as follows.

Minimize: [VC|

Subject to: for all edges uv € E, u € VCorwv € VC

Any VC C V that satisfies this constraint is a vertex cover. Any VC that optimally sat-
isfies the objective function is a minimum vertex cover. Note that the decision version? is
fixed-parameter tractable when parameterized by the size of the vertex cover to be de-
termined [Downey et al., 1999a]; its fastest known fixed-parameter algorithm has a time
complexity of O*(1.25284") [Harris and Narayanaswamy, 2024] where k is the size of the

desired solution.

LAll graphs in this chapter are simple undirected graphs
2The decision version of MINIMUM VERTEX COVER of MINIMUM VERTEX COVER of MINIMUM VERTEX COVER is
known to be an NP-complete problem [Garey and Johnson, 1979].

While there is a 2-approximation algorithm for MINVC that is based on the idea of a maximal
matching, when assuming that the Unique Games Conjecture holds, MINVC is hard to approximate
within a factor of smaller than 2 [Garey and Johnson, 1979]. Generally, MINVC is known to be APX-
complete [Papadimitriou and Yannakakis, 1988]. The best known approximation factor for MINVC is

2-0 (1/\/log \V|) [Karakostas, 2009].

Moreover, the decision version asks, when given G = (V, E) and a positive integer k, whether or not
there exists a subset VC C V of size |V C| < k.
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Cost Hamiltonian for MINIMUM VERTEX COVER

The QUBO problem provides a framework for representing various combinatorial opti-
mization problems in an unconstrained manner. Many unconstrained problems can be
represented as QUBO problems using quadratic and linear terms involving binary vari-
ables. For constrained problems, penalty parameters are introduced to accommodate the
constraints. Assuming a minimization routine, they add a cost to solutions that violate the
constraints, steering the algorithm towards feasible solutions. Solving constrained prob-
lems with QAOA requires fine-tuning of penalty parameters in addition to optimizing the
variational parameters, to be able to maneuver the cost Hamiltonian landscape. The choice
and strength of penalty parameters can significantly impact QAOA performance [Mirkarimi
et al., 2024].

The cost Hamiltonian for MINVC in the form of a QUBO can be defined as per the
specifications outlined in [Lucas, 2014]. Given VC C V, and v € V, let x, be a binary
variable whose value is 1 if v is included in the vertex cover VC (v € VC), and 0 otherwise.
The constraint that every edge uv € E has at least one of its vertices in the subset VC is
encoded by the following equation:

Cover Constraint encoding Hamiltonian:

HYC@) = 3 (1—2)(1— ) = {1 iy =20 =0 3.1)

wocE 0 otherwise

Given edge uv € F, if both z,, and x, are assigned to be 0, then uv is uncovered and
therefore uv violates the constraint that VC is a vertex cover. This is encoded by the Cover
Constraint encoding Hamiltonian. A trivial vertex cover arises when all x,, € V are set to
1. The objective of minimizing the number of vertices in the subset leads to the following
Hamiltonian:

Vertex Cover set size Hamiltonian:

HYC(Z) =) =, (3.2)

The total cost Hamiltonian for MINVC is then given by the sum of the edge and vertex
costs, with penalty parameters A and B:

Hyc(Z) = A- HYC(Z) + B - HYC (). (3.3)

The penalty parameters are set with 0 < B < A, with A, B € R [Lucas, 2014] and

are used to balance the edge and vertex costs. The penalty value of the edge encoding

constraint A must be larger than the vertex penalty B to ensure that feasible solutions
(vertex covers) have lower costs than infeasible ones (the bigger multiplier A goes with the
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constraints, and the smaller multiplier B relates to the set size). The penalties in the cost
Hamiltonian can be alternatively expressed using a single parameter A = %, commonly
referred to as the Lagrange or Lagrangian parameter in optimization theory [Arfken et al.,
2013, Saleem et al., 2023]. This allows us to rewrite the cost Hamiltonian as:

Hyc(Z) = X - HLC (@) + HYC (D). (3.4

The penalty parameters are typically set to ensure that the cost of a feasible solution is
less than the cost of an infeasible solution. The choice of these parameters can significantly
influence both the quality of solutions obtained and the probability of finding optimal or
near-optimal solutions through QAOA, i.e., the trade-off between solution feasibility and
quality. The cost function is designed to minimize the number of vertices in the cover
while ensuring that all edges are covered. The following section discusses in detail the
effectiveness of penalty parameters on encoding and solving constrained combinatorial
optimization problems.

3.2. Analysis of Penalty-Based Approaches to Vertex Cover

The effectiveness of penalty-based formulations of constrained combinatorial optimization
problems heavily depends on the choice of penalty parameters. The QUBO formulation,
while widely adopted, presents significant challenges when encoding constrained combina-
torial optimization problems. The conventional approach to handling constraints involves
incorporating them into the objective function as quadratic penalty terms, weighted by
penalty parameters. This transformation effectively converts the constrained optimization
problem into an unconstrained one, where constraint violations incur additional costs in
the objective function. This approach has several limitations:

1. There is no distinction between hard and soft constraints when using QUBOs to en-
code constrained problems [Wilson et al., 2022]. Hard constraints are requirements
that must be strictly satisfied for a solution to be considered feasible. Soft constraints,
in contrast, are preferences that can be violated while maintaining solution feasibility,
though such violations may reduce solution quality. The QUBO formulation’s limita-
tion is that it treats all constraints uniformly through penalty terms, without distin-
guishing between these fundamentally different types of constraints [Wilson et al.,
2022]. In the context of the MINVC problem, the constraints are hard constraints,
meaning that any solution that is not a vertex cover is infeasible. Therefore, all so-
lutions that do not satisfy the constraint of being a vertex cover must have a higher
cost than the feasible solutions.

2. There needs to be a balance between feasibility and solution quality as lower penalties
allow better exploration but risk infeasible solutions whereas higher penalties may
restrict the exploration of the solution space [Roch et al., 2023].
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3. Penalty-based approaches can be effective in encoding constraints to find optimal
solutions, however, they may not be suitable to find near-optimal solutions (which
is important, for example, when finding the optimal solution may be impossible or
impractical).

4. Linear constraints that are encoded as quadratic penalty terms may necessitate addi-
tional (auxiliary) variables to ensure that the constraints are satisfied. This can lead
to an increase in the number of qubits required to represent the problem, which can
be a significant limitation for quantum annealers and QAOA implementations [Gab-
bassov et al., 2023].

5. Quadratic penalty terms can lead to higher connectivity between the problem vari-
ables resulting in deeper quantum circuits [Gabbassov et al., 2023].

6. Some technically feasible solutions provide limited practical value. For example, triv-
ially selecting all of the vertices in a vertex cover is feasible, however, it is not an
interesting solution.

These limitations are particularly significant considering the probabilistic nature of
quantum computation and the approximate nature of QAOA. Furthermore, quantum com-
putational implementations in the near term due to hardware constraints require careful
consideration of circuit depth, including the two-qubit gate depth (e.g. CNOT or CZ) to
maintain qubit fidelity and solution accuracy. As a variational algorithm, QAOA provides
approximate solutions whose quality depends on the number of alternating layers (circuit
depth), the effectiveness of the classical optimizer, and the structure of the cost function
landscape. This approximation aspect becomes particularly relevant when dealing with
constrained problems, where solution feasibility must be balanced against optimization

quality.

Table 3.1 illustrates how penalty parameters affect solution feasibility and optimality for
the simplest case of MINVC: a graph with a single edge. Blue vertices belong to the vertex
cover and white vertices are the ones which do not belong to the vertex cover. Recall the
bigger multiplier A goes with the constraints, and the smaller multiplier B relates to the set
size. For this minimal example, we observe how the penalty values A and B (see Eqn. 3.3)
influence whether low cost solutions maintain vertex cover constraints.
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Table 3.1.: The impact of penalty parameters on edge coverage for MINIMUM VERTEX
COVER. For a single edge, the first row shows an infeasible solution with cost
A (no vertices selected, edge uncovered). The second and third rows show fea-
sible solutions with cost B (one vertex selected, edge covered). The last row
shows a suboptimal solution with cost 2B (both vertices selected). To maintain
feasibility, cover constraint penalty parameter A must exceed set size penalty pa-
rameter B to ensure single-vertex solutions are preferred over uncovered edges.

‘ Graph ‘ Cost ‘ Is Vertex Cover? ‘

@. ..... @ A No
@AG) B Yes
B Yes
2B Yes

Table 3.2 illustrates the impact of penalty parameters on solution costs for a sample
four-node graph with four edges. The penalty parameters must satisfy A > B > 0 [Lucas,
2014] to ensure feasible solutions have lower costs than infeasible ones. More specifically,
to guarantee feasibility in MINVC:

* The maximum cost of a feasible solution is bounded by B|V| (when all vertices are
selected)

* The minimum cost of an infeasible solution is A (when a single edge is uncovered)

* Therefore, we must have A > B|V| to ensure all feasible solutions have lower cost
than infeasible ones.

For the single-edge case shown in Table 3.1, this means A > 2B since the maximum
feasible solution cost is 2B (both vertices selected). This ensures the infeasible solution
with cost A (no vertices selected) will always have higher cost than any feasible solution.
The penalty strength can affect the number of near-optimal solutions (i.e., solutions that
are not optimal but may be of interest). For the graph shown in Table 3.2, A > 4B. In prac-
tice, this bound is overly conservative as it guarantees feasibility even for trivial solutions
(such as selecting all vertices or all but one vertex). Such solutions, while feasible, provide
limited practical value and unnecessarily expand the solution space. Therefore, a more
nuanced approach to penalty parameter selection can help focus the search on more mean-
ingful regions of the solution space. However, when this bound is not satisfied, the cost
hierarchy between feasible and infeasible solutions may be compromised. As illustrated
in Table 3.2, the infeasible solution VC = {3} has a lower cost than the feasible solution
VC = {0,1,3}. This raises a fundamental challenge in penalty parameter selection: de-
termining the optimal threshold that discriminates between high-quality feasible solutions
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Table 3.2.: Impact of penalty parameters on solution costs for a four-node graph with four

edges. Each row shows a different vertex selection pattern, with associated costs
calculated using various penalty parameter combinations (A and B). Red edges
indicate uncovered edges (contributing cost A), while blue-colored vertices in-
dicate selected vertices (contributing cost B). This demonstrates how penalty
strength affects the relative costs between feasible and infeasible solutions.

Graph Cost Is Vertex A=3 A=3 A=14
Cover? B =2 B=1 B=2

4A No 12 12 16

2A+ B No 8 7 10

A+2B No 7 5 8

A+B No 5 4 6

2B Yes 4 2 4

3B Yes 6 3 6
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3.2. Analysis of Penalty-Based Approaches to Vertex Cover

and technically feasible but unproductive solutions. The boundary between these cate-
gories is often instance-dependent and cannot be universally prescribed through penalty
parameters alone.

Now, consider the infeasible solution VC = {3} shown in Table 3.2. While technically
violating the vertex cover constraints, this solution exhibits promising structural properties:
it leaves only a single edge uncovered while using minimal vertices. Such near-feasible so-
lutions are valuable for constructing optimal vertex covers, suggesting that strict adherence
to feasibility might unnecessarily exclude informative intermediate solutions.

(a) A feasible and optimal vertex cover (b) An infeasible vertex cover

Figure 3.1.|: a) A vertex cover with a calculated cost of 8 (using A = 1.5). b) The second-
best solution, which is infeasible. For this particular graph, a higher penalty
is needed to ensure vertex cover constraints are met.

The penalty parameters can also lead to a situation where the cost of the second-best
solution is infeasible. This is particularly problematic when the goal is to find near-optimal
solutions. Consider Eqn. 3.3 for penalty parameters to be A = 3 and B = 2 (i.e.,, A = 1.5).
The cost of the feasible and optimal vertex cover (in Fig. 3.1a) is 8. However, for this
choice of penalty parameters, the cost of the second best solution is an infeasible solution—
depicted in Fig. 3.1b—with a cost of 9. Notably, there exists no feasible vertex cover with
a cost between 8 and 9. This is because adding any additional vertex to the optimal cover
would increase the cost by at least 2, resulting in a minimum cost of 10 for the next best
feasible solution. This shows that there exists an additional tier of challenges when it comes
to satisfactorily represent near-optimal solutions using penalties.

3.2.1. Comparing summed probabilities using penalty-term formulations

Fig. 3.2 below shows four summed probability plots for the MINVC problem for eight nodes
with varying edge probabilities (d € {0.1,0.3,0.5,0.8}) and varying penalty parameters.
Here, summed probabilities are calculated by summing the probabilities of finding an opti-
mal solution for each graph type.

Penalties are varied with different values for the term A, keeping A > 2 and B = 2
constant. The plots illustrate that no single penalty consistently outperforms others across
all graph types. The optimal penalty varies depending on the specific characteristics of
each graph. Even within a single class of graphs, certain penalties may perform better for
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Figure 3.2.|: The plots above show summed probabilities for constrained optimiza-
tion problems using penalty term formulations for edge densities, d €
{0.1,0.3,0.5,0.8} for graphs with eight nodes averaged over ten graphs. It
is evident that no single penalty value consistently outperforms the others
across all graph types. The optimal penalty varies depending on the specific
characteristics of each graph. Even within a single class of graphs, certain
penalties may perform better for some graphs while being less effective for

others.

some graphs while being less effective for others. This highlights the challenge of selecting
appropriate penalty parameters in penalty-based approaches to constrained combinatorial
optimization problems.
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The next section introduces the MAXIMUM PROFIT COVER problem and its relevance
to the MINVC problem. In Chapter 4, we present an approach to generalize this method
to other constrained combinatorial optimization problems. Chapter 5 discusses quadratic
formulations and Chapter 6 discusses higher-order formulations of various problems based
on our approach.



3.3. MAXIMUM PROFIT COVER

3.3. MAXIMUM PROFIT COVER

Given the limitations of penalty-based approaches, we propose a new approach that aims
to solve the MINVC problem using a different unconstrained cost function. The new cost
Hamiltonian is based on the MAXIMUM PROFIT COVER problem first introduced in [Stege
et al., 2002b], which allows us to explore the solution space more effectively and find
near-optimal solutions without being constrained by strict feasibility requirements. This
raises a natural question: can we systematically discover unconstrained versions for other
constrained optimization problems while maintaining similar solution quality guarantees?
This question motivates the development of our SCOOP framework, which we present in
the next chapter. Consider the MINIMUM VERTEX COVER problem. Suppose we relax the
requirement that the subset of vertices that represents a solution must be a vertex cover. If
instead we consider the extent to which this subset covers edges and its closeness to being
a vertex cover (i.e., the more edge coverage the better), then we obtain the graph problem
MAXIMUM PROFIT COVER [Stege et al., 2002b]. For a subset PC' C V in G, the number of
edges covered by vertices from PC is the gain, and the number of vertices spent to cover
these edges is considered the loss. The profit of PC' C V for a graph G = (V, E) is then
defined as profit = gain — loss.

We define the problem MAXPC for a graph G = (V, E') where PC C V.
Maximize: profit ppc, where

ppc = |Epc(G, PC)| — [PC|

Here, Epc(G, PC) represents the edges in G covered by PC:

Epc(G,PC) = {uv € E:u € PCorwv e PC}

We call a subset PC with maximum profit also a maximum profit cover. Like MINVC, MAXPC
is NP-hard [Stege et al., 2002b].

Cost Hamiltonian for MAXIMUM PROFIT COVER

The binary variables for the QUBO for the MAXPC problem are similar to MINVC. Each z,
is a binary variable with value 1 if v is included in the profit cover PC, and 0 otherwise. The
edge and vertex cost Hamiltonians for MAXPC are given as follows:
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Cost Hamiltonian for MAXPC

Edge cost:

Vertex cost:
HYC(£) =) @y
v
The total cost to be maximized for MAxXPC is

Hpc (%) = HEC (7) — HYC (@) (3.5)

J

While the definitions for Hyc(Z) and Hpc(Z) may appear similar, Hpc(Z) has no penalty
parameters that need to be set, since every binary variable assignment corresponds to a
feasible solution.

3.3.1. Finding minimum vertex covers via maximum profit covers

We next point out an important relationship between the decision versions of both prob-
lems, which guarantees that we can derive a vertex cover VC for any subset of profit p while
guaranteeing the profit of the obtained vertex cover VC.

Theorem 1. [Stege et al., 2002b] For any graph G = (V, E), G has a vertex cover VC C V
of size k if and only if G has a subset PC C V with profit ppc = |E| — k.

Proof. On the one hand, determining the profit ppc of a vertex cover VC C V for G results
in ppc = |Eaps(G, VC)| — |VC|, where E4p (G, VC) are the edges covered by VC. Since VC
is a vertex cover, Eapy(G,VC) = E and therefore ppc = |E| — k.

On the other hand, consider a subset PC C V with a profit ppc = |F| — k . First,
consider a case where Eap;(G,PC) = E, then |PC| = k and thus PC is a vertex cover of
size k. Second, if Eapy # F, not all edges in G are covered by the vertices in PC. In this
case we can obtain a vertex cover of size at most |E| — ppc by covering the remaining edges
in E'\ Eaps(G,PC) as follows.

(*) Pick an edge uv € E \ Eapy(G,PC). To cover edge uv, add one of the vertices, say
u, to PC.

Note that the profit of the update set PC remains pp¢ since one more edge, uv, is covered
with one additional vertex, .

We repeat (*) as long as F \ Eapy(G,PC) # (. O
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3.3. MAXIMUM PROFIT COVER

Theorem 1 implies that, given a maximum profit cover PC for a graph GG, we can obtain a
minimum vertex cover for GG using the procedure given in the proof. To convert profit cover
results to vertex cover, we apply Alg. 1 based on Theorem 1.

Algorithm 1: Converting Profit Cover to Vertex Cover
Require: Graph G, Solution PC
Let Eync be the set of uncovered edges in G
for each edge uv € Ey,c do
if u ¢ PC and v ¢ PC then
Add u to PC
end if
end for

3.3.2. An Example

o5 oO—@
o e ‘ e
55— (s

(a) PC = {1,2,3,5}, (b) PC = {2,3,5},
profit =5 profit =5

&—® O—

(0) PC = {2, 3}, (d) PC = {1,2,4},
profit =5 profit = 5

Figure 3.3.|: An illustration of different profit covers with optimal profit. The graph shown
in Fig. 3.3a is also a minimum vertex cover. Graphs in Fig. 3.3b, 3.3c,
and 3.3d can be converted into minimum vertex covers using classical post-
processing (cf. Sec. 7.2.4).

Fig. 3.3 shows a graph with different choices of subsets of vertices as profit covers (in
red or shaded). The selected vertices in Fig. 3.3a form a minimum vertex cover (of size 4)
as well as a maximum profit cover (with ppc = 5). Fig. 3.3b, 3.3c, and 3.3d are not feasible
vertex covers but are feasible profit covers with maximum profit ppc = 5.
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The maximum profit covers in Fig. 3.3b, 3.3c, and 3.3d can be converted into a mini-
mum vertex cover without changing the profit by adding vertices associated with uncovered
edges using classical post processing based on Alg. 1.

MAXIMUM PROFIT COVER (MAXPC) can be utilized to solve MINIMUM VERTEX COVER
(MINVC) by post-processing solutions of profit cover instances into vertex covers while
maintaining the quality of the solution. Since MAXIMUM PROFIT COVER is an unconstrained
problem, it can be written as a penalty-free unconstrained binary form. As MINVC, MAXPC
can be represented as a QUBO.

Building upon the insights from this chapter, Chapter 4 introduces SCOOP—a systematic
framework for transforming constrained optimization problems into their unconstrained
counterparts while preserving solution quality characteristics.

3.4. Chapter Summary

This chapter examined the challenges of solving constrained optimization problems
through the lens of the MINIMUM VERTEX COVER (MINVC) problem, introducing a novel
penalty-free approach. We began by analyzing traditional penalty-based QUBO formula-
tions, revealing several fundamental limitations including the challenge of balancing fea-
sibility and solution quality through penalty parameters, and the inability to distinguish
between hard and soft constraints in the problem formulation. We illustrated how penalty
parameters affect solution hierarchies and demonstrated cases where infeasible solutions
provide valuable insights for constructing optimal vertex covers. This chapter marks a fun-
damental shift in approaching constrained optimization problems: rather than enforcing
constraints through penalties, we transform problems to naturally capture both optimal
and near-optimal solutions while maintaining solution quality characteristics. This rela-
tionship between vertex covers and profit covers establishes the foundation for our SCOOP
framework, as described in Chapter 4, setting the stage for generalizing this approach to
other constrained optimization problems.
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Chapter Contributions

C3: Development of the SCOOP framework: A systematic approach
for transforming constrained optimization problems into their un-
constrained counterparts ensuring that the resulting problem pairs
are solution-enhanceable, constrained-unconstrained, objective-function-
compatible optimization problem twins.

In this chapter, we formalize a blueprint that guides us in deriving an unconstrained Com-
binatorial Optimization Problem (COP) Py, from a constrained one, Po. Py possesses the
necessary properties to obtain optimal and near-optimal solutions using the vanilla QAOA
approach for Py, followed by efficient post-processing. In Sec. 3.3.1, we derived the un-
constrained problem MAXIMUM PROFIT COVER from the constrained problem MINIMUM
VERTEX COVER. This chapter is organized as follows. We first introduce the SCOOP frame-
work, which describes how to derive an unconstrained COP Py from a constrained COP
Pc [Angara et al., 2025b].

4.1. Formulation of the SCOOP Framework

In general terms, a combinatorial optimization problem P takes as input, an instance x
from its input domain Z (e.g., a graph from the set of all simple undirected graphs). For
a given x € I, a solution is s € Sol(x), where Sol(x) denotes the general set of possible
solutions for x (e.g., if the instance is a graph G = (V, E)) and every solution is a subset
of vertices, then Sol(G) = P(V), the powerset of V). The objective function of P for an
instance x € I can be described as obj® : Sol(x) — Q (e.g., if the measure of the solution
is size, and a solution to a graph problem is a vertex subset, say V/ C V, then obj®(s) =



Chapter 4. SCOOP Framework

obj& (V') = |V']). A typical format for describing a COP P: For 2 € I and s € Sol(z),

Optimize: obj®(s)

Note that in the case of an unconstrained COP, any s € Sol(z) is a feasible solution. When
talking about a COP that is unconstrained, we may call it Py. If instead the COP considered
is a constrained COP, then the set of feasible solutions is a subset of Sol(x), denoted Sol¢(x)
where Sol¢(z) C Sol(z).

A typical format for describing a constrained COP P¢ is: for z € I and s € Sol(x),

Optimize: obj*(s)
Subject to: s € Sol¢(x)

Before describing the process of how to derive an unconstrained COP Py from a given
constrained COP Pg, we define a relationship between the problems that is sufficient to ob-
tain optimal and near-optimal solutions using the vanilla QAOA approach for Py, followed
by efficient post-processing.

We say that a constrained COP Py with input domain I, feasible solutions Solg,
and objective function obj.-, and an unconstrained COP Py with input domain I, so-
lutions Sol; = Sol, and objective function obj;, are solution-enhanceable, constrained-
unconstrained, objective-function-compatible optimization problem twins or SCOOP twins if
the following conditions hold:

1. Identical Input Domains: The problems share the same input domain I, i.e., [ =
Io=1Iy.

2. Solution Containment: for every instance = € I, Solc(z) C Soly(z). That is, each
feasible solution for P is a solution for P .

3. Objective Function Compatibility: For any = € I there exists a polynomial-time
computable function f, : Q — Q such that for all s € Solg(z): objE(s) = fz(0bif;(s))
and objf;(s) = f,1(obj%(s)).

4. Solution Enhance-ability: For each = € I, and each s € Soly(z), s € Sol¢(z) or there
exists s’ € Solo(z), where s’ is computable in polynomial time from s. Furthermore,
objf;(s’) is at least as good as obj{;(s) and objZ (s') is at least as good as f,.(objf;(s)).

Fig. 4.1 outlines the steps to solve a constrained problem using the SCOOP framework.
We next describe a process that may allow, given a constrained problem Pg, to derive an
unconstrained problem Py such that P and P, are SCOOP twins. Let Po be a constrained
combinatorial optimization problem where for x € I, a feasible solution s € Sol¢(z) has
cost objE(s).
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Constrained Optimization Problem Pg

1

{ Transform Pe to derive uncon- J

strained optimization problem P
that satisfies SCOOP properties

[
Solve Py using QAOA to obtain Soly

I

Apply efficient classical post-processing
procedure to Soly to obtain solutions of P

Figure 4.1.|: SCOOP Framework: This flowchart outlines the steps to solve a constrained
optimization problem P¢ using its unconstrained SCOOP twin P.
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4.2. SCOOP Framework applied to MINVC

We discuss this using the example of MINIMUM VERTEX COVER discussed in Chapter 3 and
in [Angara et al., 2025a], and describe three steps as general guidance, before illustrating
this framework on various problems in Chapters 5 and 6.

Returning to the examples considered in [Stege et al., 2002b, Angara et al., 2025a]: To
obtain the unconstrained problem MaAXPC from MINVC, observe that any subset PC C V'
for the given graph G = (V, E) is a solution for the MINVC problem as long as PC satisfies
that it is a vertex cover for G, that is every edge in F is covered by a vertex in PC. To obtain
an unconstrained problem, we characterize subsets of vertices by how many edges of the
graph they cover minus the investment to achieve the amount of covered edges, |PC|. In
other words, we develop a measure for the extent that a solution satisfies the constraint.

We can generalize this process as follows.

Step 1 Identify the constraints of Pg.

Step 2 Consider any infeasible solution s’ for Po. Identify a way to quantify the ex-
tent to which the solution satisfies the constraint, deriving obj{;(.) by relating it to

objZ(s").
Step 3 Develop Py using the cost function obj{(.).
Step 4 Prove objective function compatibility.
Step 5 Prove solution enhance-ability.
Note that the existence of the SCOOP twin Py for a given Pr yields NP-hardness for Py as
long as P¢ is NP-hard.

Recall the problem MINIMUM VERTEX COVER (MINVC) for a graph G = (V, E), where
VC C V, is defined as follows.

Minimize: [VC|

Subject to: (1) for all edges uv € E, w € VCorwv € VC

Any VC C V that satisfies this constraint is a vertex cover. Any VC that optimally satisfies
the objective function is a minimum vertex cover.

Here, obj{.(VC) = |VC|. Solutions to the problem are subsets of vertices (i.e., Sol(G) =
[VC|) that must satisfy the coverage constraint i.e., (1), describing Sol¢(G) C Sol(G). To
quantify how much a subset VC of vertices satisfies the constraint, when VC is not feasible,
that is VC does not satisfy constraint (1), we say that an edge (u,v) € E is covered by
VC if u € VC or v € VC. Let Epcgpc) = {€ € E | eis covered by PC}. Wee can define
objfc(PC) = |Epc(apc)| — [PC|.
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Now, we are ready to define the problem MAXiMUM PROFIT COVER (MAXPC): for a
graph G = (V,E) and PCC V,

Maximize: profit ppc where ppc = objSe(PC)

In Sec. 3.3.1 we proved the equivalence between MINVC and MAXPC, therefore indicating
that they are indeed SCOOP twins.

4.3. Chapter Summary

This chapter introduced the SCOOP framework—a systematic approach for transforming
constrained optimization problems into their unconstrained counterparts. We formalized
the concept of SCOOP twins, which are problem pairs that satisfy four key properties:
identical input domains, solution containment, objective function compatibility, and solution
enhance-ability.

Using the MINIMUM VERTEX COVER problem as our primary example, we demonstrated
how to systematically derive an unconstrained equivalent problem MAXIMUM PROFIT
CoOVER. The framework preserves solution quality while eliminating the need for penalty
parameters, providing a natural way to handle certain kinds of constraints in quantum opti-
mization. In the following two chapters, we document that our framework applies various
NP-hard problems, including MAXIMUM INDEPENDENT SET, MAXIMUM CLIQUE, MAXIMUM
SET PACKING, MAX3SAT, MINIMUM DOMINATING SET, MINIMUM MAXIMAL MATCHING, and
MINIMUM SET COVER. We also show that the SCOOP framework can be applied to con-
strained combinatorial optimization problems that can be solved in polynomial time, such
as MINIMUM EDGE COVER and MAXIMUM MATCHING.
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Quadratic Problem Formulations
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Chapter Contributions

C4: Application of the SCOOP framework to the problems: MAXIMUM INDEPEN-
DENT SET, MAXIMUM CLIQUE, MAXIMUM SET PACKING

C5: Non-SCOOP QUBO formulations of the MAX3SAT problem

This chapter presents the SCOOP twins of selected constrained optimization problems that
can be written as a QUBO.! For each problem, we state the constrained formulation and the
unconstrained equivalent, as well as their respective cost operators in the form of a QUBO,
and their relationships. The first two problems are MAXIMUM INDEPENDENT SET (MAXIS)
and MAXIMUM CLIQUE.

! Although higher-order formulations can be converted into QUBOs by quadratization, the problems addressed
in this chapter do not inherently require such a transformation



5.1. Independent Set

The MINVC, MAXIS and MAXCL problems are known to be NP-hard [Garey and John-
son, 1979]. Reviewing the relationship between the three problems shows that they permit
an efficient translation of solutions for instances between the problems. Therefore, regard-
less which of MINVC, MAXIS and MAXCL is the problem under consideration, algorithmic
explorations for one of them are useful and applicable to all of them.

MINVC, MAXIS and MAXCL are equivalent in the sense that they are pairwise bi-
directionally polynomial-time reducible to each other: for any graph G = (V, F) and its
complement graph G. = (V, E.) where E. = (V x V) \ E, VC C V is a vertex cover for G if
and only if V' \ VC is an independent set for G if and only if V' \ VC is a clique for G. [Garey
and Johnson, 1979].2

In Sec. 5.5.1 and 5.4 we showMAX3SAT and MAXIMUM SET PACKING problems are
constrained combinatorial optimization problems due to their relationship to MAXIMUM
INDEPENDENT SET and thus can be tackled using our SCOOP approach.

5.1. Independent Set

5.1.1. MAXIMUM INDEPENDENT SET (MAXIS)

We define the problem MAXIMUM INDEPENDENT SET (MAXIS) for a graph G = (V, E),
where IS C V, as follows.

Maximize: [IS|

Subject to: for all vertices u,v € IS, wv ¢ E

We denote any subset of V' that satisfies the constraint an independent set. Any largest
independent set is also referred to as maximum independent set. Independent sets find
applications in areas that require elements of a set to be uncorrelated (such as portfo-
lio optimization or supply chain optimization) or in collision avoidance such as antenna
placement strategies. MAXIS is APX-hard and Poly-APX-complete for general graphs [Baz-
gan et al., 2005]. Approximation algorithms with constant approximation factor exist for
bounded-degree graphs [Berman and Fiirer, 1994, de Berg et al., 2023]. In contrast to the
fixed-parameter tractability result for the decision version of MINIMUM VERTEX COVER, the
decision version of MAXIMUM INDEPENDENT SET for general graphs is W[1]-complete when
parameterized by the size of the independent set to be determined, but fixed-parameter
tractable for planar graphs [Downey and Fellows, 2013b]. Inapproximability results state
that MAXIS cannot be approximated within a factor of n!~¢ for any ¢ > 0, unless P
= NP [Héastad, 1999, Zuckerman, 2006]. Exact algorithms for MAXIS include Robson’s
O(2™/*) algorithm [Robson, 2001] and more recently a O(1.1664™)-algorithm by Xiao and
Nagamochi [Xiao and Nagamochi, 2017].

2The “\” symbol denotes the setminus operation.
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Due to their close relationship, the above findings for MAXIMUM INDEPENDENT SET
transfer to MAXIMUM CLIQUE, which is defined in the next section.

The cost Hamiltonian for MAXIS is defined as follows. Given S C V, and v € V, let z,
be a binary variable whose value is 1 if v is included the independent set S (v € S), and 0
otherwise.

The objective of maximizing the number of vertices in the subset leads to
H{P(Z) =B ..
v

The constraint that there does not exist an edge (u,v) € E’, with both u,v € S can be
expressed as follows:

Given edge uv € F, if both x,, and z,, are assigned to be 1, then the edge constraint is vi-
olated (and therefore adds a penalty of — A to the cost Hamiltonian). A trivial independent
set arises when any one single node in z, is set to 1.

The total cost for the MAXIS problem is

His(%) = HEP (%) + HYP (2). (5.1)

Note that this is formulated as a maximization problem. To convert it into a mini-
mization problem, one can change the sign of the objective function, which allows us to
maximize the original function indirectly.

5.1.2. MAXIMUM PROFIT INDEPENDENCE (MAXPI)

Using the SCOOP framework defined in Chapter 4, we derive the unconstrained problem
MAXIMUM PROFIT INDEPENDENCE or MAXPI and prove that they are SCOOP twins using
Theorem 2.

Step 1: Identify constraints
To maintain feasibility, MAXIS requires that the selected subset IS C V' contains no adjacent
vertices, thereby forming an independent set.

Step 2: Quantify feasibility of infeasible solution
Consider the extent to which a subset of vertices violates independence and its closeness to
being an independent set (i.e., the fewer edges between vertices, the better).

Step 3: Develop objective function obj%;

For a subset PI C V in G,

obj&,(PI) = |PI| — |Epi(G, PI)|, where Epi(G, PI) is the set of edges with both endpoints in
PI. We denote the value of the objective function obj%,(PI) as the profit pp;.
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a‘:u}e Q| /|k

(a) PI = {0, 4}, (b) PI = {0,1,4},
profit = 2 profit = 2
O—(2) (D—(3)
AU
O—@ —®)

(¢) PI = {0,1,4,5}, (d) PI = {0,3,5},
profit = 2 profit = 2

Figure 5.1.|: An illustration of different profit independent sets with optimal profit. The
graph shown in Fig. 5.1a is also a maximum independent set. Graphs in
Fig. 5.1b, 5.1c, and 5.1d can be converted into maximum independent sets
using classical post-processing (cf. Sec. 7.2.4).
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We formulate the problem MAXIMUM PROFIT INDEPENDENCE (MAXPI) [Van Rooij,
2003] for a graph G = (V,E) and PI C V:

Maximize: profit pp;, where pp; = obj%, (PI)

Step 4: Objective function compatibility
From Theorem 2 below, we can derive function fc(.). Thatis, fo(p) = k and f5' (k) = p.

Step 5: Solution enhance-ability
Alg. 2 describes a polynomial-time post-processing procedure that converts a solution PI for
MAXPI to an independent set, i.e., a solution for MAXIS while preserving solution quality.

Cost Hamiltonian for MAXIMUM PROFIT INDEPENDENCE

The binary variables for the MAXPI problem are similar to MAXIS: each x, is a binary
variable with value 1 if v is included in the Profit Independence set PI, and 0 otherwise.
The edge and vertex cost Hamiltonians for MAXPI are given as follows:

Cost Hamiltonian for MAxPI

Edge cost:

Vertex cost:
HYN(@) =) a,
v
The total cost that is maximized for MAXPI is

Hpy (%) = AYL(Z) — HE (2) (5.2)

J

While His(7) and Hpr(#) may appear similar, Hpi(7) has no penalty parameters that needs
to be set, since every binary variable assignment corresponds to a feasible solution.

5.1.2.1. Finding maximum independent sets via maximum profit independent sets

Similar to the connection between the decision versions of MINVC and MAXPC, maxi-
mum independent sets can also be identified through profit independent sets. Fig. 5.1a
shows a maximum independent set and a maximum profit cover (with profit pp; = 2).
Fig. 5.1b, 5.1c, and 5.1d show feasible (and maximum) profit independent sets that are
infeasible independent sets. The following theorem shows the relationship between profit
independence and independent sets which can then be subsequently used to convert profit
independent sets to independent sets.
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5.1. Independent Set

Theorem 2. [Van Rooij, 2003] For any graph G = (V, E'), G has an independent set IS C V
of size k if a only if G has a subset PI C V with profit pp; = k.

Proof. The proof is based on the relationship between vertex cover and independent set.
The proof is divided into two parts:

(<) First, we show that if G has an independent set IS C V of size k, then there exists
a subset PI C V with profit pp; = k. Let IS be an independent set of size k. We can
define a subset PI = IS, which is also an independent set. The profit of PI is given by
ppr = |PI| — |Epi(G,PI)|. Since IS is an independent set, Ep;(G,PI) = (), and therefore
ppr = [IS| = k.

=)

Consider a subset PI C V with profit pp; = k. We need to show that there exists an
independent set IS C V of size k. If Ep;(G,PI) = (), then PI is an independent set of size k.
If Epi(G, PI) # (), then not all vertices in pi are independent. In this case, we can obtain an
independent set of size at least k by removing vertices from PI as follows.

(*) Pick an edge uv € Ep;(G,PI) with both endpoints in PI. Remove one of the vertices,
say u, from PI. Note that the profit of the updated set PI remains pp; (or only increases)
since removal of one vertex u from PI reduces |PI|, but also removes one or more edge(s)
from Ep;(G, PI), thus keeping the profit unchanged.

We repeat (*) as long as E \ Epi(G, PI) # (. O
Theorem 2 implies that, given a maximum profit independence PI for a graph G, we can ob-

tain a minimum vertex cover for GG. To convert profit independence results to independent
sets, we apply Alg. 2 based on Theorem 2.

Algorithm 2: Converting Profit Independent Set to Independent Set
Require: Graph G = (V, F), Solution PI
Let E.ont € E be the set of edges with both endpoints in PI
for each edge uv € E.qop¢ do
if u € PI and v € PI then
Remove u from PI
end if
end for
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5.2. Clique

The clique problem involves finding a subset of vertices in a graph such that every two
vertices in the subset are adjacent, forming a complete subgraph. The clique problem has
both constrained and profit variants, which we discuss below. Due to its relationship to
vertex cover and independent set, applications discussed earlier can also be reformulated
as clique problems. One interesting application area is that of molecular biology and drug
discovery. The docking problem involves finding a correct docking pose of a small molecule
(“ligand”) to a protein and can be encoded using the clique problem [Wurtz et al., 2022].

5.2.1. MAXIMUM CLIQUE (MAXCL)

We define the problem MaxiMuM CLIQUE (MAXCL) for a graph G = (V, E), where C1 C V,
as follows.

Maximize: |Cl|

Subject to:  for all vertices u,v € Cl, wv € E

We denote any subset of V' that satisfies the constraint a clique. Any largest clique is also
referred to as maximum clique.

Lucas [Lucas, 2014] provides the following QUBO formulations for the decision ver-
sion and optimization version of MAXCL. The decision version of the clique problem asks
whether an undirected graph G = (V, E) contains a complete subgraph (clique) of size K.
This can be expressed as a QUBO problem using binary variables z,, € {0, 1}, where z,, = 1
if vertex v € V is included in the potential clique.

The objective function is defined as follows:
H(f):A(K—Zx>2+B KK _ > (5.3)
veV ' 2 (u,v)€E o .
where A, B > 0 are penalty parameters.

The first term penalizes solutions that do not select exactly K vertices, while the second
term penalizes pairs of selected vertices that are not connected by an edge. A ground state
(i.e., minimizing configuration) with H = 0 exists if and only if a clique of size K exists in
the graph.

To ensure correctness, the coefficients should satisfy A > K B, which ensures that over-
selection of vertices does not compensate for missing edges.

The optimization version of the clique problem can be formulated as a QUBO model by
combining binary selection variables for vertices with auxiliary binary variables to encode
the clique size.
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5.2. Clique

As before, we use z,, € {0, 1} indicate whether vertex v € V is included in the candidate
clique. To encode the size of the clique, introduce auxiliary binary variables y; € {0,1} for
i=2,...,N, where N = |V|, such that exactly one y; is set to 1 and it indicates that the
clique has size i.

The Hamiltonian is given by:
N 2
H(z,y)=A (1 - Zy> (5.4
+4 (Z Wi =) x) (5.5)
i=2

veV
WA N
+ B 3 <Z zyz) <Z Wi — 1) — Z TuLo (5.6)
=2 =2 (u,v)eE
- C Z Ty, (5.7)
veV

where A, B, C > 0 are penalty weights.

* The first two terms (with coefficient A) ensure that exactly one y; is active and that
the number of selected vertices matches the chosen clique size.

* The third term (with coefficient B) penalizes the lack of required edges among se-

lected vertices; a clique of size K should have @ edges.

* The final term (with coefficient ") encourages inclusion of more vertices, thus maxi-
mizing the size of the clique.

To ensure correct encoding, we must choose penalty weights such that constraint vio-
lations are energetically more costly than any gain from increasing clique size. One such
sufficient condition is:

A>NB and C< A- NB.

To reduce the number of auxiliary y; variables, one may encode the clique size using
[logy N'| binary variables via a weighted sum.

Due to the relationship between independent set and clique, we use the following QUBO
formulation for MAXCL which is derived due to its relationship with MAXIS:3

f[ccl(f) =-A Z Ty
we(VXV)\E

HG'(#) =B
v

3Recall: E. denotes the set of edges in the complement graph G.. of G

61



Chapter 5. Quadratic Problem Formulations

The total cost for MAXCL is

Hya (%) = HGH(Z) + H{(2). (5.8)

5.2.2. MAXIMUM PROFIT CLIQUE (MAXPCL)

The problem MAXiMUM PROFIT CLIQUE (MAXPCL) [Scott, 2004] involves the relaxation of
the definition of the concept clique to include less-than-complete sub-graphs.

We define the problem MaxiMmum PROFIT CLIQUE MAXPCL for a given graph G = (V, E)
where PCl C V, as follows.

Maximize: pc;, where

pal = |PCl| — |Epqi (G, PCI)|
= |PI| — |Ep(G., PI)|

Here, Epc(G,PCl) represents are the edges in the complement graph G. with both end-
points in PCL:

Epq(G,PCl) = {uv € (V xV)\ E:u,v € PCl}

We call a subset PCl with maximum profit also a maximum profit clique. MAXPCL is NP-
hard [Scott, 2004].

Cliques and independent sets are related: an independent set (IS) in a graph’s com-
plement (G,.) is equivalent to a clique in the original graph (G). This applies to Profit
Independence and Profit Clique as well (cf. Fig. 5.2). Nevertheless, we derive the un-
constrained problem MAXIMUM PROFIT CLIQUE (MAXPCL) and prove that they are SCOOP
twins using Theorem 3.

Step 1: Identify constraints
To maintain feasibility, MAXCL requires that the selected subset Cl C V' contains no non-
adjacent vertices, thereby forming a clique.

Step 2: Quantify feasibility of infeasible solution
Consider the extent to which a subset of vertices violates clique and its closeness to being a
clique (i.e., the fewer non-adjacent pairs, the better).

Step 3: Develop objective function obj %,

For a subset PCI C V in G,

objIGDCl(PCI) = |PCl| — | Epci(G, PCl)|, where Epci(G,PCl) is the set of edges in the comple-
ment graph G. with both endpoints in PCl. We denote the value of the objective function
0bj %, (PCl) as the profit ppc.

Step 4: Objective function compatibility
From Theorem 3 below, we can derive function f¢(.). Thatis, f(p) = k and f5' (k) = p.
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Step 5: Solution enhance-ability
Alg. 3 describes a polynomial-time post-processing procedure that converts a solution PCI
for MAXPCL to a clique, i.e., a solution for MAXCL while preserving solution quality.

Theorem 3. For any graph G = (V, E), G has a clique Cl C V of size k if and only if G has a
subset PCl C V with profit ppg = k.

Proof.

(«=) First, we show that if G has a clique Cl C V of size k, then there exists a subset
PCl C V with profit ppcy = k. Let Cl be a clique of size k. The profit of PCl is given
by ppc1 = |PCl| — |Epci(G,PCl)|. Since Cl is a clique, Fpc(G,PCl) = () (no non-edges in
complement graph), and therefore ppc = |Cl| = k.

(=) Consider a subset PCl C V with profit ppc; = k. We need to show that there exists
a clique Cl C V of size k. If Epq(G,PCl) = (), then PCl is already a clique of size k. If
Epc1(G,PCl) # (0, then not all vertices in PCl form a clique. We can obtain a clique of size
at least k by removing vertices as follows:

(*) Pick a non-edge uv € Epci(G,PCl) from the complement graph with both endpoints
in PCl. Remove one of the vertices, say u, from PCIl. Note that the profit remains pp¢| since
removing vertex u reduces |PCl| but also removes one non-edge from Epc(G, PCl), keeping
the profit unchanged.

Repeat (*) until Fpc (G, PCl) = (), yielding a clique. O

rem

Algorithm 3: Converting Profit Clique to Clique
Require: Graph G = (V, E), Solution PCI
Let Epc be the set of edges in the complement graph G. with both endpoints in PCI
for each edge uv € Epc; do
if u € PCl and v € PCl then
Remove u from PCl
end if
end for

Cost Hamiltonian for MAXIMUM PROFIT CLIQUE

The binary variables for the MAXPCL problem are similar to MAXPI. x,, is a binary variable
whose value is 1 if v is included in the profit clique set PCl, and 0 otherwise. The cost
Hamiltonian for MAXPCL is given as follows:

63



Chapter 5. Quadratic Problem Formulations

Cost Hamiltonian for MAXPCL

Edge cost:

I:IPCCI(@ = Z (Tuy)

uwve€FE,

Vertex cost:
H XI;Cl(f) = Z Ly
v
The total cost that needs to be maximized for MAXPCL is

Hpe(%) = AYN@) — HECY(T) (5.9)

5.3. Relationships among vertex cover, independent set, and
clique and their profit variants

Fig. 5.2 illustrates the connections between the constrained and profit (unconstrained)
variants of Vertex Cover, Independent Set, and Clique for a given graph G. This diagram
visualizes how these problems relate to one another and to their profit equivalents. We
summarize the relationships among all six problems in Fig. 5.2. Let G = (V, E). Then G
has a vertex cover of size k if and only if G has an independent set of size |V| — k if and
only if G’s complement G, has a clique of size |V | — k if and only if G has a profit cover of
profit |E'| — k if and only if G has a profit independent set of profit |V | — k if and only if G,
has a profit clique of profit |V| — k.

The interrelated nature of these profit problems means that solving one can provide so-
lutions for others through simple transformations. In particular, a solution to MAXPC can be
transformed classically to obtain solutions for MAXVC, MAXIS, and MAXCL. This extends
beyond these problems to other optimization problems such as MAXPSP and MAX3SAT,
which we discuss in subsequent sections. This interconnected nature has important im-
plications for our experimental evaluation: analyzing QAOA’s performance on any one of
these profit problems provides valuable insights into its effectiveness across the entire fam-
ily of related problems.
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...................................................................................................... Profit Cover
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........................................................................................................ XOCI = |PCl| _ |EPCI|
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Figure 5.2.|: Profit Commuting Diagram: Relationship between constrained and profit
(unconstrained) variants of vertex cover, independent set, and clique. Note
that VC/VC and IS/PI correspond to the vertex/profit cover and independent
set/profit independence of graph G whereas Cl/PCl refer to Clique/Profit
Clique for the complement graph G..

5.4. Set Packing

Given a family of sets S, a set packing is a subfamily S’ C S, where the elements in S’ are
pairwise disjoint from each other, i.e., for any two sets S;, S; € §’, S;NS; = 0. The problem
of finding such a set is known as set packing [Karp, 1972].

5.4.1. MAXIMUM SET PACKING (MAXSP)

The optimization version of this problem is MAXIMUM SET PACKING (MAXSP) for a family
of sets S, where S’ C S, as follows.
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Maximize: |S’|
Subject to: VS;,5; € ', 5, NS; =10

The problem can be formulated as a QUBO problem by defining binary variables x; for
each set S; € S, where x; = 1 if S; is included in the packing and 0 otherwise [Lucas,
2014].

The objective of maximizing the number of sets leads to
ﬁgp(f) =B Z(L‘Z

The constraint that there does not exist a pair of sets S;, S; € S’ such that S; N S; # 0 is
given by
ﬁgp(f) =-A Z iy,
1,5:5;NS; #0

where the sum is taken over all pairs of sets S;, S; that intersect. If both z; and z; are
assigned to be 1, then the disjoint constraint is violated (and therefore adds a penalty of
— A to the cost Hamiltonian). A trivial packing arises when any one single set in S is set to
1. The total cost for the MAXSP problem is

Hsp(Z) = HSP (2) + HP (2). (5.10)

Similar to the MAxXIS and MAXCL problems, this is formulated as a maximization prob-
lem. To convert it into a minimization problem, one can change the sign of the objective
function, which allows us to maximize the original function indirectly.

5.4.2. MAXIMUM PROFITABLE SET PACKING (MAXPSP)

Using the SCOOP framework defined in Chapter 4, we derive the unconstrained problem
MAXIMUM PROFITABLE SET PACKING or MAXPSP and prove that they are SCOOP twins
using Theorem 4.

Step 1: Identify constraints
To maintain feasibility, MAXSP requires that the selected subset S’ C S contains no inter-
secting sets, thereby forming a packing.

Step 2: Quantify feasibility of infeasible solution
Consider the extent to which a subset of sets violates packing and its closeness to being a
packing (i.e., the fewer intersections between sets, the better).

Step 3: Develop objective function obj %
For a subset PSP C Sin S,
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0bj % p(PSP) = |PSP|—|Dpsp(S, PSP)|, where Dpsp(S, PSP) is the set of pairs of sets
in PSP that intersect. We denote the value of the objective function obj%¢p(PSP) as the

profit ppsp.

Step 4: Objective function compatibility
From Theorem 4 below, we can derive function fc(.). Thatis, fg(p) = k and f5' (k) = p.

Step 5: Solution enhance-ability
Alg. 4 describes a polynomial-time post-processing procedure that converts a solution PSP
for MAXPSP to a packing, i.e., a solution for MAXSP while preserving solution quality.

Algorithm 4: Converting Profit Set Packing to Set Packing
Require: Family of sets S, Solution PSP
Let Dpgsp be the set of pairs of sets in PSP that intersect
for each pair of sets S;, S; € Dpsp do
if Sl M Sj 7'5 Q) then
Remove S; from PSP
end if
end for

Cost Hamiltonian for MAXIMUM PROFITABLE SET PACKING

The binary variables for the MAXPSP problem are similar to MAXSP: each z; is a binary
variable with value 1 if S; is included in the profitable packing PSP, and 0 otherwise. The
cost Hamiltonian for MAXPSP is given as follows:

Cost Hamiltonian for MAXPSP

Set cost:
HESP(8) =)
i
Intersection cost:

HEP (@) = > (wiwy)

1,7:5;NS; 70

The total cost that is maximized for MAXPSP is

Hpsp(Z) = HYSP (&) — HESP () (5.11)

J

Notably, the cost Hamiltonians for MAXIS and MAXSP are structurally similar, with the
main difference being that the inputs for MAXSP are sets of elements rather than ver-
tices [Lucas, 2014]. Similarly, the cost Hamiltonian for MAXPSP is also similar to the cost
Hamiltonian for MAXPI, also with the main difference being that the inputs for MAXPSP
are sets rather than pairs of vertices.
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5.4.2.1. Finding maximum set packings via maximum profitable set packings

Similar to the connection between the decision versions of MAXVC and MAXPC, maximum
set packings can also be identified through profitable set packings. The following theo-
rem shows the relationship between profitable packing and set packing which can then be
subsequently used to convert profitable packings to packings.

Theorem 4. For any family of sets S, S has a packing of size k if a only if S has a subset
PSP C S with profit ppsp = k.

Proof. The proof is based on the relationship between packing and disjoint sets. The proof
is divided into two parts:

(<) First, we show that if S has a packing of size k, then there exists a subset PSP C S
with profit ppsp = k. The profit of PSP is given by ppsp = |PSP| — |Dpsp(S, PSP)|.
Since P is a packing, Dpsp(S, PSP) = ), and therefore ppsp = |P| = k.

(=) Consider a subset PSP C S with profit ppsp = k. We need to show that there
exists a packing of size k. If Dpsp(S,PSP) = (), then PSP is a packing of size k. If
Dpsp(S,PSP) # (), then not all sets in PSP are disjoint. In this case, we can obtain a
packing of size at least k by removing sets from PSP as follows.

(*) Pick a pair of sets S;, S; € Dpsp(S, PSP) that intersect. Remove one of the sets, say
S;, from PSP. Note that the profit of the updated set PSP remains ppsp since removal of
one set S; from PSP reduces |PSP|, but also removes one pair S;, Sj from Dpsp (S, PSP),
thus keeping the profit unchanged. We repeat (*) as long as Dpsp (S, PSP) # 0. O

Theorem 4 implies that, given a maximum profitable set packing PSP for a family of sets

S, we can obtain a maximum packing for S. To convert profitable set packing results to
packings, we apply Alg. 4 based on Theorem 4.
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5.5. 3SAT: An odd one out

The problems discussed so far, MAXVC, MAXIS, MAXCL, and MAXPSP, all share a common
theme: they involve identifying subsets of vertices or sets that satisfy certain constraints,
such as independence or disjointness. These constrained problems can be formulated using
the QUBO framework by using penalties or by using their unconstrained SCOOP twins,
where the goal is to maximize a profit function derived from the constraints.

While satisfiability problems (SAT) do not fit neatly into the SCOOP framework’s approach,
we demonstrate how SCOOP can be adapted to solve these problems.

SAT is a decision problem that asks whether there exists an assignment of truth values
to variables in a logical formula such that the formula evaluates to true.

Let X = {x1,...,x,} be a set of boolean variables. A literal is either a variable x; or
its negation —x;. A clause is a disjunction of literals (e.g., x1 V —x2 V x3). A formula is
in Conjunctive Normal Form (CNF) if it is a conjunction (AND, A) of clauses, where each
clause is a disjunction (OR, V) of literals. A 3-CNF formula ¢ is a conjunction of clauses
where each clause contains exactly three literals.

/\ (yi Vy; VvV yk) where Yi € {xi, —|in} (5.12)
ijk

For example,

(.271 V —x9 V xg) A (1‘2 Vxy V —|$5) A (_‘.Z'l Va3V 1‘4)

is a 3-CNF formula with three clauses and five variables.

Below is a brief overview of the variants of the satisfiability problem relevant to this
chapter:

* Boolean Satisfiability Problem (SAT): Given a Boolean formula, determine if there
exists an assignment of truth values to its variables that makes the formula true. The
problem is NP-complete [Cook, 1971].

* 3-SAT: A specific case of SAT where the formula is in Conjunctive Normal Form
(CNF) with each clause containing exactly three literals. The problem is NP-
complete [Karp, 1972].

* Maximum 3-Satisfiability (MAX3SAT): An optimization version of 3-SAT that seeks
to maximize the number of satisfied clauses in a 3-CNF formula. The problem is
NP-hard [Papadimitriou and Yannakakis, 1988].

* Decision Version of MAX3SAT: The decision variant of MAX3SAT asks whether there
exists an assignment satisfying at least k clauses, where k is a given threshold [Garey
and Johnson, 1979].
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5.5.1. MAXIMUM 3-SATISFIABILITY (MAX3SAT)

Let ¢ be a 3-CNF formula with a set of n clauses C' = {c1,c2...¢,} over n variables
X ={z1,22... 2}

Each clause is of the form ¢; = (¢;1 V 42 V ¢;3), where each ¢, = z; or {;;; = —x;, where
z; € X.

A truth assignment 7(¢;1, 42, ¢;3) evaluates to true if (¢;; V l2 V £;3) = 1, and false
otherwise.

The problem MAXIMUM 3-SATISFIABILITY (MAX3SAT) is defined as follows:

Maximize: Z sat(c, 1)
ceC

where sat(c, 7) is 1 if clause c is satisfied by truth assignment 7, and O otherwise.

A formula is satisfiable if there exists an assignment that satisfies all clauses. The objec-
tive of MAX3SAT is to find an assignment that satisfies the maximum number of clauses.

Cost Hamiltonian for MAX3SAT

For the problem MAX3SAT, we define binary variables for each literal in the formula. Let
;1 (x1,) represent the encoding of the k-th variable as it appears in clause j:

Tp if literal x;, appears in clause j
Cin(an) = { PP (5.13)

1 —xy, if literal —zj, appears in clause j

Each clause’s disjunction (OR) of literals can be transformed into a product of binary vari-
ables:

(xl V —x9 V 1‘3) — 1‘1(1 — 1'2).733

Since this formulation involves cubic terms (products of three binary variables), it re-
sults in a higher-order (HUBO) rather than quadratic (QUBO) encoding. In the HUBO
formulation of the MAX3SAT problem, there are no constraints and it is an unconstrained
optimization problem. The goal is to maximize the number of satisfied clauses by finding
an optimal assignment of the binary variables.

The cost Hamiltonian for MAX3SAT in its higher-order form is given by:
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5.5. 3SAT: An odd one out

Cost Hamiltonian for MAX3SAT

The total cost that is maximized for MAxX3SAT is

Awassr(@) = Y (1= T~ tis())) (5.14)

jep kej

Note that any clause containing a literal and its negation (e.g., x; V —x; V x;) is al-
ways satisfied. Therefore, such clauses can be removed from the formula without affecting
the optimal solution, allowing us to work with a simplified problem instance. The cost
Hamiltonian ﬁMaxgsAT(f) is a sum of products of binary variables corresponding to the lit-
erals in each clause. An assignment of the binary variables that maximizes the total cost
corresponds to satisfying as many clauses as possible.

MAX3SAT presents an interesting case that does not directly apply the SCOOP frame-
work. Unlike the other problems we have examined, MAX3SAT is naturally unconstrained.
However, its direct formulation leads to cubic terms (HUBO) rather than quadratic terms.
Various quadratization techniques have been proposed to transform the MAX3SAT HUBO
into a QUBO. Chancellor et al. [Chancellor et al., 2016] discuss a method to convert
MAx3SAT HUBO into a QUBO by introducing m auxiliary variables, where m is the num-
ber of clauses, and therefore, the number of cubic terms. This results in a QUBO with
n + m variables. Converting this into a minimization problem, they assign a cost of g to
every clause with an assignment that does not satisfy it. Choi [Choi, 2010] proposes a
penalty-based problem Hamiltonian with 3m qubits based on the reduction of MAX3SAT
problem to the MAXIS problem [Garey and Johnson, 1979, Dietzfelbinger, 2008]. Zielinski
et al. [Zielinski et al., 2024] provide approximate QUBO representations of MAX3SAT for
quantum annealers that use n + m qubits but have fewer couplings than the method by
Chancellor et al. [Chancellor et al., 2016].

These quadratization approaches, while converting the HUBO to a QUBO formulation,
rely on penalty terms and auxiliary variables that introduce additional complexity to quan-
tum implementations. The penalty parameters require careful tuning, and the auxiliary
variables increase qubit requirements, both of which present significant challenges for near-
term quantum devices [Gabor et al., 2019].

MAX3SAT’s relationship with MAXIS suggests another path: we could solve MAX3SAT
through MAXIS’s SCOOP twin, MAXPI. Although this approach still requires additional
qubits, it eliminates the need for penalty parameter tuning.

5.5.1.1. Finding solution to MAX3SAT via maximum profit independent sets

To bridge between MAX3SAT and graph-based problems like MAXIS and MAXPI, we must
first transform the clause-based structure of MAX3SAT into a graph representation. The
creation of graph G is based on the classic polynomial time reduction from 3SAT to Inde-
pendent set [Garey and Johnson, 1979], is as follows.
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Given 3-CNF formula ¢ = (611 V lig V 513) A\ (621 V log V 523) VANERIVAY (Eml V lpo V Emg)
with m clauses over n variables {1, z2,...2,} and each ¢;; = z; or {;; = —x; for some
x; € {x1,22,...2,}, then Gy = (V,E) with V' = {{11,...4,3}, i.e., for each clause we
create three vertices representing its literals. The edge set E of G, are as follows:

* For each j create an edges (¢;1,%2), ({j2,¢;3), (¢j1,¢;3). We refer to the vertices
corresponding to a clause also as triangle.

* For each j, j/ where j /', and each ¢, £y with £;, = x;, create edge ({;i, {jy) if
Ej/k/ = Z;.

We note that graph G4 has 3m vertices. Furthermore, 3SAT problem instance ¢ with m
clauses has a satisfying assignment if there is an independent set of size m for G [Garey
and Johnson, 1979, Dietzfelbinger, 2008].

The following theorem establishes that, given a profit independent set PI for G, with
|PI| = k, we can determine a truth assignment for ¢ that satisfies & clauses.

Theorem 5. A 3-CNF formula ¢ with m clauses over n variables {1, x2,...x,}, has a truth
assignment with k satisfiable clauses if and only if the gadget graph G4 = (V, E) created from
¢ has a subset PI C V with profit pp; = k.

Proof.

(«=) Recall that, given a profit independent set PI C V' with profit pp; = k, we can construct
an independent set IS C V of size |IS| > k (Theorem 2) using the post-processing algorithm
outlined in Alg. 2.

Since IS is an independent set, for G, there do not exists two vertices in IS, representing
a literal z; and its negation —x;, respectively. Furthermore, since the vertices representing
literals in a clause are pairwise connected, for each triangle subgraph of G4, which corre-
sponds to a clause, at most one vertex is a member of IS.

At least k clauses of G, are satisfiable by assigning each variable in z; € {z1,...2,} a
truth value as follows. If there exists a literal ¢;, = x; and ¢;;, € IS then assign x; to true. If
instead, literal /;;, = —x; and ¢;;, € IS then assign x; to false.

(=) This direction follows directly from the polynomial time reduction from 3SAT to Inde-
pendent Set [Garey and Johnson, 1979] in combination with Theorem 2.

O
From Theorem 5 we abserve the following: The gadget graph construction ensures that
each selected vertex must be an independent one in its clause-triangle, yielding profit m if
and only if all clauses are satisfiable.
Corollary 1. A 3-CNF formula ¢ with m clauses and n literals, is satisfiable if and only if the
gadget graph Gy = (V, E) created from ¢ has a subset PI C V with profit pp; = m.
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In summary, Theorem 5 implies that, given a maximum profit independence PI with a profit
of pp; = k for a graph G, we can obtain a truth assignment for the 3-CNF formula ¢ that
satisfies k clauses. Corollary 1 implies that, given a maximum profit independence PI of
profit pp; = m for a graph G, we can obtain a a satisfiable assignment for the 3-CNF formula
¢. To convert all profit independence results to independent sets, we apply Alg. 2 based on
Theorem 2 defined in Section 5.1.

5.5.2. SCOOP inspired process for MAX3SAT

Due to the nature of the MAX3SAT problem, the conditions for the SCOOP framework
are not directly applicable as they were for the other problems discussed in this chapter.
MAx3SAT is inherently an unconstrained optimization problem, as it seeks to maximize the
number of satisfied clauses without any additional constraints on the assignments. Since
the direct encoding of MAX3SAT as an unconstrained binary formulation requires higher-
order terms, the quadratization of this problem into a QUBO using MAXIS introduces a
constrained variant. As shown in the previous section, combined with pre-processing (con-
struction of G,) and post-processing (transforming a profit independent set for G, into
a truth assignment of ¢) enables us to solve MAX3SAT with QAOA with a penalty-free
QUBO. Nevertheless, MAX3SAT and MAXPI do not satisfy the properties of being SCOOP
twins: MAX3SAT and MAXPI do not share the same input domain, as MAX3SAT operates
on clauses and literals, while MAXPI operates on vertices in a graph. Since they do not
share the same input domain, we cannot directly compare solutions between the two prob-
lems for solution containment, objective function compatibility, or solution enhance-ability
as required by the SCOOP framework.
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Algorithm 5: Converting Profit Independent Set to MAX3SAT truth assignment

Require: Formula ¢, Graph G, = (V, E), Solution PI
Let E.onf C F be the set of edges with both endpoints in PI
for each edge uv € Eon¢ do

if u € Pl and v € PI then
Remove u from PI
end if
end for
for each clause ¢; € C do
Let VjA = {éjl,éjg,ﬁjg} cVv
for each literal /;;, € VA do
if ijk = x; and fjk € IS then
z; = TRUE
break
end if
if Ew]k = X; and Ejk € IS then
x; = FALSE
break
end if
end for
end for
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5.6. Chapter Summary

This chapter demonstrated the broad applicability of our SCOOP framework to problems
that can be naturally encoded as QUBOs. We examined several NP-hard problems in-
cluding MAXIMUM INDEPENDENT SET, MAXIMUM CLIQUE, MAXIMUM SET PACKING, and
MAaXx3SAT, and derived their SCOOP twins that also have QUBO formulations For Max3SAT,
we demonstrated an interesting case where the problem, while unconstrained in its original
form (a HUBO), requires careful consideration when transformed into a QUBO represen-
tation. The shared structure with Maximum Independent Set enabled us to apply similar
penalty-free techniques, showcasing the framework’s flexibility.

In the next chapter we extend our framework to selected NP-hard and polynomial-time
solvable problems that require higher-order formulations (HUBOs).
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6.1. Dominating Set

Chapter Contributions

C6: Derivations of the unconstrained SCOOP twins of NP-hard and classi-
cally tractable problems that have a higher-order unconstrained binary
optimization (HUBO) formulation, including MINIMUM EDGE DOMINAT-
ING SET, MINIMUM MAXIMAL MATCHING, MINIMUM SET COVER,MINIMUM
EDGE COVER, and MAXIMUM MATCHING

C7: HUBO formulations of NP-hard problems including MINIMUM DOMINATING
SET, MINIMUM MAXIMAL MATCHING, MINIMUM EDGE DOMINATING SET,
MINIMUM SET COVER and their respective SCOOP twins

C8: HUBO formulations of classically tractable problems including MINIMUM
EDGE COVER and MAXIMUM MATCHING, and their SCOOP twins, demon-
strating SCOOP’s versatility across complexity classes

This chapter presents higher-order unconstrained binary optimization (HUBO) formula-
tions for several combinatorial optimization problems that cannot be described as QUBOs
without quadratization. While any HUBO can be converted to a QUBO through quadra-
tization techniques, the problems in this chapter have natural higher-order formulations
that directly capture their underlying structure. For each problem, we present both the
constrained formulation and its unconstrained HUBO equivalent, along with their relation-
ships and corresponding cost operators.

The problems we examine include MINIMUM DOMINATING SET, MINIMUM MAXIMAL
MATCHING, and MINIMUM SET COVER, all of which are NP-hard. We also explore
polynomial-time solvable problems like MINIMUM EDGE COVER, demonstrating SCOOP’s
versatility across computational complexity classes. For each problem, we show how their
natural higher-order formulations relate to their constrained counterparts and examine the
implications for quantum optimization.

6.1. Dominating Set

A dominating set in an undirected graph G = (V, E)! with vertex set VV and edge set £ is a
subset DS € V such that every vertex in G is “dominated” by DS. A vertex is considered to
dominate itself and all of its adjacent vertices. This ensures that all vertices in the graph are
either part of the dominating set or directly connected to a vertex in it. A smallest possible
dominating set is referred to as minimum dominating set. An application area is to model
wireless sensor network design, where a minimal number of sensor nodes must cover the
entire sensing area for cost-effective monitoring. The dominating set problem also appears

n this chapter, we refer to simple undirected graphs without isolated vertices.
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in social network influence, where the goal is to identify a minimal group of individuals
who can directly or indirectly influence the entire network.

6.1.1. MINIMUM DOMINATING SET (MINDS)

We define the problem MINIMUM DOMINATING SET (MINDS) for a graph G = (V, E) as
follows. A subset of vertices DS C V' is a dominating set if every vertex v € V is either in
DS or adjacent to at least one vertex in DS. The objective is to find the smallest such set:

Minimize: |DS]|
Subject to: forallv e V
v € DS or there exists u € N(v) such that u € DS

Cost Hamiltonians for MINDS

We describe cost Hamiltonians for MINDS (Hps) using higher-order unconstrained binary
formulations. Let ¥ = (z1,%2,...,7)y|) be a vector of binary variables, where z; € {0,1}
for each i € V, then,

Hps(2) = HY* (7) + Hy*(7)

:AE:(Q_%)[[Q—%g

iV JEN()

+BZ«TZ‘;

eV

with, A > B.

We formulated the HUBO of the constrained COP MINDS following the guidelines of
Glover et al. [Glover et al., 2022]. The goal of this HUBO is to minimize ﬁDs(f). ﬁDs(f)
imposes a penalty for vertices that are not dominated by a factor of A. Its minimum value

is Hps(Z) = BY ey @i

Dinneen et al. [Dinneen and Hua, 2017a] provide a different, quadratic, formulation for
MINDS, which requires additional variables/qubits to balance penalties where more than
one vertex is selected in the dominating set. We present the QUBO below, in Eqn. 6.1for
reference.

Let z; € {0, 1} be binary variables indicating whether vertex v; € V' is in the dominating
set. For each vertex v;, we also define auxiliary binary variables y; ;, € {0,1} for 0 < k <
|logy(deg(v;i))] to encode a balancing integer.

The QUBO objective function is:
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Flz,y)= Y w=+AY P, 6.1)
v, EV v, EV
where
|log (deg(v))] 2
Pi=(1-|a+ D> x|+ D 2], (6.2)
v €N (v;) k=0

and A > 1 is a penalty parameter to enforce constraint satisfaction.

In this formulation, ) x; minimizes the number of selected vertices (i.e., the size of
the dominating set). P; penalizes any vertex v; that is not dominated (i.e., neither z; = 1
nor one of its neighbors is in the set). The auxiliary variables y; , compensate for potential
over-penalization when more than one vertex in {v;} U N(v;) is selected.

The optimal solution is obtained by minimizing F'(z,y), and the dominating set is re-
covered as:
D(x*) = {UZ' eV ’ xr; = 1}.

The number of binary variables used is O(n + nlogn) in the worst case. We go around
the necessity of auxiliary variables by using the higher-order formulation.

6.1.2. MAXIMUM PROFIT DOMINATION (MAXPD)

Using our SCOOP framework for MINDS, we derive the unconstrained problem MAXIMUM
PROFIT DOMINATION or MAXPD. Theorem 6 below concludes the proof that MINDS and
MAXPD are SCOOP twins.

Step 1: Identify constraints
The constraint that MINDS must satisfy to ensure feasibility is that the subset DS C V is a
dominating set.

Step 2: Quantify feasibility of infeasible solution
Consider the extent to which a subset of vertices dominates vertices and its closeness to being
a dominating set (i.e., the more vertices are dominated, the better).

Step 3: Develop objective function objS,
Let Vpp (G, PD) denote the set of vertices dominated by a subset PD C V' in graph G,

Vep(G,PD) = {v € V | v is dominated by PD}

For a subset PD C V in G,
0bj§,(PD) = |Vbp(G,PD)| — [PD|. We also refer to the value produced by the objective
function obj$; (PD) as profit, ppp.

Before moving on to Step 4, we formulate the problem MAXIMUM PROFIT DOMINATION
(MAXPD) [Fernau and Stege, 2019] for a graph G = (V, E) and PD C V:
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Maximize: profit ppp, where ppp = 0bj S, (PD)

Step 4: Objective function compatibility
From Theorem 6 below, we can derive function fg(.). Thatis, fo(p) = |[V|—k and f, Yk) =
VI—p.

Step 5: Solution enhance-ability
Alg. 6 describes a polynomial-time post-processing procedure that converts a solution PD
for MAXPD to a domintating set, i.e., a solution for MINDS while preserving solution qual-

ity.

Algorithm 6: Converting solutions: MAXPD to MINDS adapted from [Fernau and Stege,
2019]
Require: Graph G, Solution PD
Let V;4 be the set of non-dominated vertices in G
for each vertex v € V4 do
if N(v) € PD and v ¢ PD then
Add v to PD
end if
end for

Cost Hamiltonian for MAXIMUM PROFIT DOMINATION (MAXPD)

For the unconstrained COP MAXPD, the goal is to maximize the unconstrained objective
Hpp (7). The term HEP (%) keeps track of all vertices that are dominated—the contribution
of each vertex is 1 if dominated and 0 otherwise.

Cost Hamiltonian for MAXPD

Neighborhood cost:
2@ =3 1= (-2 T] 0- )]
eV FEN(3)
Vertex cost:
HP(&) =) a
eV

The total cost that is maximized for MAXPD is

Hpp(2) = HYP(2) — APP(2) (6.3)
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6.1.2.1. Finding minimum dominating sets via maximum profit domination

We now establish the relationship between MINDS and MAxXPD. Theorem 6 demonstrates
this equivalence, showing how maximum profit domination solutions can be transformed
into minimum dominating sets while preserving solution quality characteristics.

Theorem 6. [Fernau and Stege, 2019] For any graph G = (V, E), G has a dominating set
DS C V of size k if and only if G has a subset PD C V with profit ppp = |V| — k.

Proof.

(=) Determining the profit ppp of a dominating set DS C V for G results in ppp =
obj§(DS). Since DS is a dominating set ppp = |E| — k.

(«=) Consider a subset PD C V with profit ppp = |V| — k. If PD is a dominating set, then
|[PD| = k and thus PD is a dominating set of size k.

If instead PD is not a dominating set then we can obtain a dominating set of size at
most |V | — ppp by applying Alg. 6. Note that the algorithm at no step when expanding PD
reduces the profit. m

Theorem 6 implies that, given an optimal solution to MAXPD PD for a graph G, we can
obtain a minimum dominating set for G using Algorithm 6.
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6.2. Maximal Matching

A matching in a graph G = (V, E) is a subset of edges M C F such that no two edges in M
share a vertex.

A maximal matching M is a matching that cannot be extended by adding any other edge
from E without violating the matching property. Formally, M is maximal if, for every edge
(u,v) € E\ M, M U (u,v) is not a matching in G.

6.2.1. MINIMUM MAXIMAL MATCHING (M?)

A minimum maximal matching is a maximal matching with the least possible number of
edges. That is, if M is the set of all maximal matchings in G, a minimum maximal matching
M* satisfies

Minimize: |M™|
Subject to: (1) M* is a matching: for every pair of edges
ab,cd € M*,ab # cd, a,b,cand d are
pairwise distinct
(2) matching M™ is a maximal: there is no edge

e € E with M* U {e} is a matching

Here, obj%3 (M) = |M|. Solutions to the problem are subsets of edges (i.e., Sol(G) = |E|)
that must satisfy constraints (1) and (2), describing Sol-(G) C Sol(G).

Cost Hamiltonians for M3

In 2014, Lucas [Lucas, 2014] provided the QUBO formulation for M3. Let ¥ =
(71,72,...,2p) be a vector of binary variables, where . € {0,1} for each e € E rep-
resenting whether or not edge e is in the matching. The Hamiltonian H (%, 7) is defined
as follows:
Hyo(7,9) = HY'(¥) + HY(9) + BY(2),
where:
ﬁ%s(f):AZ Z TeyTey
veV {e1,e2}Cov
penalizes having two matched edges incident to the same vertex v, where dv is the set of
edges incident to v. This term enforces the matching constraint.

82



6.2. Maximal Matching

Auxiliary binary variables, g, are defined such that y, = > __,, z. (only valid for states
with H4 = 0) which indicates if a vertex v has a matched edge. Then,

Ag[() B Z 1_yu 1_yv)

e=(u,v)€E

penalizes states where an edge (u,v) could be added to the matching (i.e., both y, = 0
and y,, = 0) without violating the matching constraint, thus enforcing maximality. Finally,

since
M3 Z 2,
eck
counts the number of matched edges, the optimal value of the total Hamiltonian corre-
sponds to a minimum maximal matching. Lucas highlights the absence of prior work on
M?3; our current analysis confirms that it remains unaddressed in the literature from the

perspective of QAOA or QA.

6.2.2. MAXIMUM PROFITABLE EDGE SET (MAXPES)

We now define the unconstrained problem MAXIMUM PROFITABLE EDGE SET (MAXPES) as
a SCOOP twin of M3. To quantify how much a subset E’ of edges satisfies the constraints,
when FE’ is not feasible, that is £’ does not satisfy one or both of the constraints, we say
that an edge e € F is covered by FE’ if there is an edge ¢’ € F’ such that e and ¢’ share a
common endpoint. In other words every, edges covered by E’ are all edges in E’ plus all
edges in E \ E’ that are “adjacent” to E’.

The profit formulation MAXPES of M? is derived by relaxing the two constraints of
M3: we neither require the set of edges to be a matching nor maximal. Using the SCOOP
framework, this process can by summarized as follows.

Step 1: Identify constraints
The constraints that any solution M C E to M3 must satisfy to ensure feasibility is that M
is a matching that is maximal.

Step 2: Quantify feasibility of infeasible solution
Consider the extent to which a subset covers edges. An edge is covered by itself or is adjacent
to an edge in the subset.

Step 3: Develop objective function objpgg

For a subset PES C F in G,

Let Epps(G,PES) = {e € E | e is covered by PES} be the set of edges covered by PES.
0bj$is(PES) = |{e € E'| e is covered by PES}| — [PES|. We refer to the value produced by
the objective function ob jlgES(PES) as profit, ppes.

Step 4: Objective function compatibility
From Theorem 7 we can derive function fg(.). Here, fo(p) = |E| — k and f5'(k) =
[E] -
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Step 5: Solution enhance-ability

The proof of Theorem 7 shows a two-step process that converts any solution PES C E for a
given MAXPES-instance G = (V, F) to a maximal matching, and therefore to a solution for
M? while preserving solution quality. Alg. 7 describes the first step of the polynomial-time
post-processing procedure, i.e. converting PES to a maximal subset of edges—a subset PES’
where the addition of any additional edge from E would reduce the profit-while preserving
solution quality. Alg. 8 describes the second step that converts PES’ to a maximal matching,
again while preserving solution quality.

We say that a subset that covers all edges is a maximal profitable edge set and a subset
PES C F that maximizes obj$s(PES) is a maximum profitable edge set.

Algorithm 7: Converting solutions: profitable edge sets to maximal profitable edge sets
Require: Graph G, solution PES
Let PES’ = PES
Let Eync be the set of uncovered edges in G
for each edge (u,v) € Eypc do
if Ne(u,v) € PES and (u,v) ¢ PES then
Add (u,v) to PES'
end if
end for

Algorithm 8: Converting a maximal profitable edge set into a maximal matching;
adapted from [Yannakakis and Gavril, 1980]

Require: Graph G, maximal profitable edge set PES’
for each pair of adjacent edges (u,v), (v,w) € PES' do
if PES" \ (u,v) covers all edges then
Remove (u,v) from PES’ and break
end if
if PES" \ (v, w) covers all edges then
Remove (v, w) from PES’ and break
else
Let S be the set of edges incident to w
Pick an edge (w, z) € S, z # v, such that (w, z) is covered only by (v, w)
PES’ := (PES’\ (v,w)) U (w, 2)
end if
end for

Cost Hamiltonians for MAXPES

We describe the cost Hamiltonian for Hpgg below.

Let & = (v1,72,...,2|p) be a vector of binary variables, where x; € {0,1} for each
1€ b
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Cost Hamiltonian for MAXPES

Edge Neighborhood cost:

@) =y [1 -(a-=) [T @ —wn)]

icE JENL (i)

Edge cost:

HyES (@) =) i
i€l

The total cost that is maximized for MAXPES is

Hpps(Z) = HYES (2) — HPES (2) (6.4)

J

For MAXPES, the goal is to maximize the unconstrained objective Hppg(#). The term
H TES (%) keeps track of all edges that are covered (the contribution of each edge that is
covered is 1 and 0 otherwise).

Determining minimum maximal matchings via maximum profitable edge sets

The following theorem implies that we can derive, from any given subset of edges with
profit p, a maximal matching MM with profit at least p.

Theorem 7. Let G = (V, E) be an undirected simple graph. G has a maximal matching
MM C E of size k if and only if G has a subset PES C E with profit pprs = |E| — k.

Proof.

(=) Consider a maximal matching MM C E for G, [MM| = k. MM has a profit of ppgs =
| Epes(G,MM)| — |[MM|, where Epgps(G,MM) are the edges covered by MM. Since MM
is a maximal matching, it covers all edges in G. Therefore, |Epps(G,MM)| = |E| and

pres = | E| — [K].

(<) Let subset PES C E with ppgs = | E|—k. For the case where PES is a maximal matching,
there is nothing to prove.

If PES is not a maximal matching and Epgs(G,PES) = E, then |PES| = k, and PES
covers all edges, which means that PES is a maximal profitable edge set.

If PES is neither a maximal matching nor a maximal profitable edge set, then PES does
not cover all edges. One can obtain a maximal profitable edge set PES’ of size at most
|E| — ppes and profit at least ppgs by covering the remaining edges in F'\ Epgs(G, PES) with
post-processing Alg. 7.

85



Chapter 6. Higher-Order Problem Formulations

Finally, if the maximal profitable edges set PES’ is not a matching, it can be converted
in polynomial time into a maximal matching MM with [M M| < |PES’| (Alg. 8).

O
Theorem 7 implies that, given a maximum profitable edge set PES for a graph G, we
can obtain a minimum maximal matching for G using the procedure given in the proof.

Generally, to convert any solution to instances for MAXPES to maximal matchings for the
same instance without sacrificing the solution quality, we apply the 2-step procedure.
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6.3. Edge Dominating Set

An edge dominating set in an undirected graph G = (V, E) with vertex set V' and edge
set £ is a subset EDS C FE such that every edge in G is “dominated” by EDS. An edge is
considered to dominate itself and all of its adjacent vertices. This ensures that all vertices
in the graph are either part of the edge dominating set or directly connected to an edge
in it. A smallest possible edge dominating set is referred to as minimum edge dominating
set.

6.3.1. MINIMUM EDGE DOMINATING SET (MINEDS)

We define the problem MINIMUM EDGE DOMINATING SET (MINEDS) for a graph G = (V| FE)
as follows. A subset of vertices EDS C FE is an edge dominating set if every edge e € E is
either in EDS or adjacent to at least one edge in EDS. The objective is to find the smallest
such set:

Minimize: |EDS]
Subject to: foralle € E
e € EDS or there exists g € N.(e) such that g € EDS

Here, N, (e) denotes the set of edges adjacent to edge e, where two edges are considered
adjacent if they share a common vertex.

Cost Hamiltonians for MINEDS

We describe cost Hamiltonians for MINEDS (Hgps) using higher-order unconstrained bi-
nary formulations. Let ¥ = (x1,22,...,7g) be a vector of binary variables, where
x; € {0,1} for each i € E, then,

Heps(7) = HEPS(Z) + HEPS(7)
=AYy (a2 I 0-w)|+BY =
i€k JEN(4) i€FE

with, A > B.

Similar to the MINDS problem, we formulated the HUBO of the MINEDS following the
guidelines of Glover et al. [Glover et al., 2022]. The goal of this HUBO is to minimize
ﬁEDS(f). ﬁEDS(f) imposes a penalty for edges that are not dominated by a factor of A. Its
minimum value is ﬁEDS(f) =B cpTi-
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6.3.2. Using MAXPES as the SCOOP Twin for MINEDS

The MAXIMUM PROFITABLE EDGE SET (MAXPES) problem defined in Section 6.2.2 serves
as a SCOOP twin for MINEDS as well.

We can derive the SCOOP twin MAXPES from the constrained MINEDS as follows:

Step 1: Identify constraints
The constraint that MINEDS must satisfy to ensure feasibility is that the subset EDS C F is
an edge dominating set.

Step 2: Quantify feasibility of infeasible solution
Consider the extent to which a subset of edges dominates edges and its closeness to being an
edge dominating set (i.e., the more edges are dominated, the better).

Step 3: Develop objective function obj$gg
For a subset PES C F in G,
Let Epps(G, PES) denote the set of edges dominated by a subset PES C F in graph G,

Epes(G,PES) = {e € E | e is dominated by PES}

0bj &g (PES) = | Eprs(G, PES)| — |PES|. We also refer to the value produced by the objective
function objf,;ES(PES) as profit, ppgs.

Step 4: Objective function compatibility
From Theorem 8 below, we can derive function f¢(.). Thatis, f(p) = |E|—k and f5' (k) =
[E] = p.

Step 5: Solution enhance-ability

Alg. 7 defined previously, describes the polynomial-time post-processing procedure that
converts a solution PES for MAXPES to maximal profitable edge sets. A similar algorithm
(Alg. 9) can be used to convert solutions of MAXPES to MINEDS

Algorithm 9: Converting solutions: MAXPES to MINEDS
Require: Graph G, Solution PES
Let E,q be the set of non-dominated edges in G
for each edge e € E, 4 do
if N.(e) Z PES and e ¢ PES then
Add e to PES
end if
end for

The cost Hamiltonian for MAXPES is defined in Sec. 6.2.2
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6.3.2.1. Finding minimum edge dominating sets via maximum profitable edge sets

We now establish the relationship between MINEDS and MAXPES. Theorem 8 demon-
strates this equivalence, showing how maximum profit domination solutions can be trans-
formed into minimum dominating sets while preserving solution quality characteristics.

Theorem 8. For any graph G = (V, E), G has an edge dominating set EDS C E of size k if
and only if G has a subset PES C E with profit ppgs = |E| — k.

Proof.

(=) Determining the profit ppgs of an edge dominating set EDS C FE for G results in
PPES = objf,;ES(EDS). Since EDS is an edge dominating set ppgs = |E| — k.

(«=) Consider a subset PES C V with profit ppgs = |E| — k. If PES is an edge dominating
set, then |[PES| = k and thus PES is an edge dominating set of size k.

If instead PES is not a dominating set then we can obtain a dominating set of size at
most |E| — ppgs by applying Alg. 9. Note that the algorithm at no step when expanding PES
reduces the profit. m

Theorem 8 implies that, given an optimal solution to MAXPES PES for a graph GG, we can
obtain a minimum edge dominating set for G using Algorithm 9.

6.3.3. Using MAXPES for MINIMUM INDEPENDENT EDGE DOMINATING SET

We would like to point out a connection between the problems investigated in the section
with two other famous NP-hard problems. In 1980, Yannakakis and Garvil [Yannakakis and
Gavril, 1980] pointed out the transformational equivalence between the problems M? and
MINIMUM EDGE DOMINATING SET (MINEDS), the problem that for an undirected graph
seeks a smallest subset of edges that covers every edge in the graph. When following
the SCOOP framework one can see that the constrained problem M? and Minimum Edge
Dominating Set share unconstrained SCOOP twin MAXPES. However, to convert solutions
for MAXPES into solutions for MINEDS, Alg. 7 is sufficient. Another problem investigated
in this work is MINIMUM INDEPENDENT EDGE DOMINATING SET (MINIEDS). An independent
edge dominating set is a dominating set that is also a matching. While there is no difference
between a minimum independent edge dominating set and a minimum maximal matching,
not every edge dominating set is also a maximal matching. Similarly, not every maximal
matching is also an edge dominating set. MAXPES, however, again serves a SCOOP twin
for MINIEDS as any subset of edges of profit p can be converted into a matching of profit
at least p.
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6.4. Set Cover

In the previous sections, we applied our SCOOP framework to two different graph prob-
lems. Now, we apply the SCOOP framework to a different type of constrained combinatorial
optimization problem, Set Cover.

Given a universe U consisting of n elements and a family C consisting of m subsets of
U whose union equals U, a set cover is a subfamily C’ C C where the union of elements in
C' equals U. We begin by defining the problem before applying our SCOOP framework to
derive and solve the problem via its SCOOP twin.

6.4.1. MINIMUM SET COVER (MINSC)

We define the optimization version of the problem MINIMUM SET COVER (MINSC) for a
universe U, a family of subsets C C U, and a subfamily C’ C C as follows:

Minimize: |C’|
Subject to: U C;i=U
C;eC’

Cost Hamiltonian for MINSC

Lucas [Lucas, 2014] defines a QUBO for MINSC using the following binary variables:
. o 1 C;e o4
"o cec

1 Numberof C;’'se Cwitha e Cjism >1
® Tam = .
0 otherwise

The QUBO for MINSC with penalties A and B is then defined on binary variables & and
i as follows:

where . n N 2
ch(fagj):AZ 1- Zxa,m +
2

a=1 m=1
n N
A E g MmTo,m E Yi
a=1 \m=1 i:a€C;
and N
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For MINSC, the QUBO formulation uses penalties to enforce the constraint that each
element of the universe U is covered. The penalty also activates when the variable z ,
is counted more than once, which is necessary because we aim to count coverage only a
single time (and penalize otherwise) even if the element appears in multiple subsets.

6.4.2. MAXIMUM PROFIT SET COVERAGE (MAXPSC)

Step 1: Identify constraints
The constraints that any solution C’ C C to MINSC must satisfy to ensure feasibility is that
C' is a set cover for U, i.e., |J C;=U.
Ciec’
Step 2: Quantify feasibility of infeasible solution
Consider the extent to which a subfamily of C covers the elements of U.

Step 3: Develop objective function obj l(,g’cc)

For a subfamily PSC C C,

objl()g’cc ) (PSC)=| U Ci| —|PSC|. We refer to the value produced by the objective
C;ePSC

function ppsc = objg’cc ) (PSC) as profit.

Step 4: Objective function compatibility
From Theorem 9 below we can derive function fy(.). Here, fy(p) = |U| — k and f; Yk) =
Ul =p.

Before moving on to Step 5, we formulate the problem MAXIMUM PROFITABLE SET
COVERAGE or MAXPSC for a universe U, a family of subsets C and a subfamily PSC C U,

Maximize: profit ppsc, where ppsc = objl(,g’cc ) (PSC)

Step 5: Solution enhance-ability
The proof of Theorem 9 below shows a process that converts any solution PSC C C for a
given MAXPSC-instance (U, C) into a set cover while preserving solution quality.

Algorithm 10: Converting solutions: MAXPSC to MINSC

Require: Universe U, family of subsets C, Solution PSC
Let Uync be the set of uncovered elements in U
for each element z € Uy do
for each subfamily C; € C \ PSC do
if x € C; then
Add C; to PSC
end if
end for
end for
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Cost Hamiltonians for MAXPSC

In contrast to MINSC, we formulate MAXPSC as a HUBO that naturally captures the re-
quirement that each element is counted only once even if it appears in multiple subsets,
without the need for penalty terms. To describe MAXPSC as unconstrained binary opti-
mization problem, we define the HUBO as follows:

Cost Hamiltonian for MAXPSC

We begin by defining the binary variables y; expressing whether or not subset C; is
selected into the cover, and z,,; that tells us whether or not element o € U N C;:

. 1 CiEC/
TV cec
{1 acUandacC;forC; eC
® Ta,i = .
0 otherwise

The total cost to maximize for MAXPSC is

Hpsc(@,§) = HEC(2,9) — HESC (9) (6.5)
|U| IC] IC|

=> |11 — o) | =D v (6.6)
@= i=1

=1

—

where HL9C(3) corresponds to the size of C/, and HESY(Z, %) to the number of
elements of U that are covered by the chosen subsets.

6.4.2.1. Finding minimum set covers via maximum profit set coverage

We now establish the relationship between MINSC and MAXPSC. Theorem 9 demonstrates
this equivalence, showing how maximum profit set coverage solutions can be transformed
into minimum set covers while preserving solution quality characteristics.

Theorem 9. For any universe U and family C of subsets of U whose union equals U, U has a
set cover of size k if and only if there is a subfamily PSC C C with profit ppsc = |U| — k.

Proof. Given: U,Cwith |J C; =U.
C;eC

(=) If there is a set cover C' C C with |C'| = k, then |J C; = U. Thus, the profit of C’ is

ciec
ppsc=| U Ci|—k=|U|—k.
Ciec
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(«=) If there is a subfamily PSC C C with profit ppsc, then | |J C;| — |[PSC| > ppsc. If
C,ePSC

PSC is a set cover, then |J C; =U. Thus, |U|— |PSC| > ppsc, yielding |U| — ppsc >
CiePSC
|PSC|. If PSC is not a minimum set cover, then there exists x € U such that for all

Ci CPSC,x ¢ Cj;thus, |J C;#Uand| |J Ci| <|U|. In this case we can obtain a
Ci;ePSC ciec’
set cover of size at most |U| — |[PSC| by applying Alg. 10.

d

The proof of Theorem 9, given a maximum profitable set coverage PSC for a universe

U and family C of subsets of U such that (J C; = U, tells us that we can determine
c;eC
in polynomial time a minimum set cover for U using the procedure outlined in the proof

above.

Up to this point, we have explored NP-hard problems. In the following section, we
examine two problems that can be solved classically in polynomial time.
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6.5. A polynomial-time solvable problem: Edge Cover

An edge cover in an undirected graph G = (V, E) is a subset of edges (EC) C E such that
every vertex in V is incident to at least one edge in (EC). An edge cover is called mini-
mum edge cover if it has the smallest possible number of edges. The minimum edge cover
problem is polynomial time solvable. While MINEC is polynomial-time solvable [Garey
and Johnson, 1979], it merits investigation in the quantum computing context for two
compelling reasons. First, it provides a valuable benchmarking framework for quantum
algorithms, as its classical tractability enables exact solution verification across all prob-
lem sizes. This contrasts with NP-hard problems, where classical verification becomes in-
tractable beyond modest sizes, limiting meaningful performance comparisons. Second, it
presents an academically interesting case where a polynomially-solvable problem has a
higher-order Hamiltonian with constraints for quantum implementation, exhibiting non-
trivial challenges, offering insights into solvability of combinatorial optimization problems
with QAOA.

6.5.1. MINIMUM EDGE COVER (MINEC)

We define the problem MINIMUM EDGE COVER (MINEC) for a graph G = (V, E) as follows.
A subset of edges (EC) C E is an edge cover if every vertex v € V is incident to at least one
edge in (EC). The objective is to find the smallest such set:

Minimize: |[(EC)]

Subject to: forallv e V
Jde € 6(v) such that e € EC
where §(v) ={e€ E:v €e}

In contrast, Dinneen et al. [Dinneen and Hua, 2017b] provide a QUBO formulation for
this problem. However, it uses auxiliary variables for its encoding. The QUBO is similar to
that of MINDS, which we discuss in Section 6.1.

Binary variables z;; € {0,1} are defined for each edge e;; € E, with z;; = 1 meaning
that edge e;; is included in the edge cover. For each vertex v; € V, let I(v;) denote the set
of edges incident to v;, and let deg(v;) be its degree.

To avoid over-penalizing valid solutions, we introduce auxiliary binary variables y; ;, €
{0,1} for 0 < k < |logy(deg(v;) — 1)] to encode a balancing term.

The objective function to be minimized is:

eijEE v; eV
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where
[og (deg(vi)—1) 2
Po=(1- > wy+ > 2|, (6.8)
eij€I(v;) k=0

and A > 1 is a penalty parameter that ensures the cover constraints are satisfied. Here,
> z;; penalizes the total number of edges selected, promoting smaller edge covers. P; en-
forces that each vertex is covered by at least one selected edge. The auxiliary y; ,, variables
help balance the penalty if more than one incident edge is selected for a vertex.

A feasible edge cover C'(z*) C FE is extracted from the optimal assignment as:

C(z*) ={ej € E | wjj = 1}.

This QUBO formulation requires O(m + nlogn) binary variables for a graph with m
edges and n vertices.

6.5.1.1. Cost Hamiltonian for MINEC

We describe cost Hamiltonians for MINEC (Hgc) using a higher-order unconstrained binary
formulation. Let ¥ = (x1, 72, ...,z |g)) be a vector of binary variables, where z; € {0,1} for
each i € F, then,

The first term, f[}f,c(a?) ensures that every vertex v € V is incident to at least one edge
in the edge cover, while the second term, H‘F;C(f), minimizes the number of edges in the
edge cover.

6.5.2. MAXIMUM PROFIT EDGE COVER (MAXPEC)

Using our SCOOP framework for MINEC, we derive the unconstrained problem MAXIMUM
PROFIT EDGE COVER or MAXPEC. Theorem 10 below concludes the proof that MINEC and
MAXPEC are SCOOP twins.

Step 1: Identify constraints
The constraint that MINEC must satisfy to ensure feasibility is that the subset (EC) C F
covers all vertices in V.

Step 2: Quantify feasibility of infeasible solution
Consider the extent to which a subset of edges covers vertices and its closeness to being an
edge cover (i.e., the more vertices are covered, the better).
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Step 3: Develop objective function obj Sy
For a subset PEC C F in G,

Let Vprc(G, PEC) denote the set of vertices covered by a subset PEC C F in graph G,

Vpec(G,PEC) = {v € V | v is covered by PEC}

0bj$ec(PEC) = |Vppc(G,PEC)| — |PEC|. We also refer to the value produced by the
objective function objS;.(PEC) as profit, pprc.

We formulate the problem MAXIMUM PROFIT EDGE COVER (MAXPEC) for a graph G =
(V,E) and PEC C E:

Maximize: profit pprc, where ppgc = objggc(P EC)

Step 4: Objective function compatibility
From Theorem 10 below, we can derive function f;(.). That is, fg(p) = |V| — k and

fo' (k) =[V]—p.

Step 5: Solution enhance-ability
Alg. 11 describes a polynomial-time post-processing procedure that converts a solution PEC
for MAXPEC to an edge cover, i.e., a solution for MINEC while preserving solution quality.

Algorithm 11: Converting solutions of MAXPEC to MINEC
Require: Graph G, Solution PEC
Let V¢ be the set of non-covered vertices in G
for each vertex v € V. do
Add an edge (v, u) to PEC, where u is any vertex in §(v)
end for

Cost Hamiltonian for MAXPEC

We describe the cost Hamiltonian for MAXPEC using higher-order unconstrained binary
formulation. Let ¥ = (z1, 72, ...,7|g|) be a vector of binary variables, where z; € {0, 1} for
each i € F, then,
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Cost Hamiltonian for MAXPEC

Neighborhood cost:

GRS [1 ~(ITa —:m)]

i€V JE8(i)

Vertex cost:

PEC § : x;

i€E

The total cost that is maximized for MAxXPD is

Hpp (%) = HYC(7) — HDEC (7) (6.9)

J

The first term, H PEC(#) counts the number of vertices i € V' that are incident to at least
one edge in the edge cover, while the second term, HEPC(7) counts the number of edges in
the edge cover. The objective is to maximize the profit, which is equivalent to maximizing
the cost Hamiltonian ﬁpEc(:E).

6.5.2.1. Finding minimum edge covers via maximum profit edge covers

We now establish the relationship between MINEC and MAXPEC. Theorem 10 demon-
strates this equivalence, showing how maximum profit edge covers can be transformed
into minimum edge covers while preserving solution quality characteristics.

Theorem 10. For any graph G = (V, E), G has an edge cover (EC) C E of size k if and only
if G has a subset PEC C E with profit ppec = |V| —

Proof.

(=) Consider an edge cover EC C FE, with |[EC| = k. The profit of EC is ppgc =
|Veec(G, EC)| — |[EC|. Since EC is a feasible edge cover, Vprc(G,EC) =V, and pprc = |V | —

(<)

Consider a profit edge cover, PEC C F with a profit ppgc = |V| — k. In the case where
PEC is an edge cover, there is nothing to prove as PEC covers all vertices.

If instead PEC is not an edge cover, then we need to prove that we can obtain an edge
cover of size at most |V| — ppgc. For PEC, let V,,. be the set of uncovered vertices, i.e.,
Vie =V — Vpgc.

A vertex v € V,,. implies that none of its incident edges belongs to the profit edge cover,
PEC. Since covering a vertex requires only a single incident edge, we can arbitrarily select
any edge e € E incident to v and incorporate it into PEC. This expansion process preserves
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the profit value, as each edge addition corresponds to at least one newly covered vertex.
We repeat this procedure until all vertices are covered. The formal procedure is detailed in

Alg. 11.
O
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6.6. A polynomial-time solvable problem: Maximum Matching

Recall from Section 6.2, matching in an undirected graph G = (V, E) is a subset of edges
M C F such that no two edges in M share a vertex. A matching is called maximum
matching if it has the largest possible number of edges. MINIMUM MAXIMAL MATCHING
(M3) is an NP-hard problem described in Section 6.2. Here we describe the polynomial
time solvable MAXIMUM MATCHING.

The MAXIMUM MATCHING problem differs from maximal matching in that it seeks the
matching of maximum cardinality. While finding a minimum maximal matching is NP-hard,
the MAXIMUM MATCHING problem is polynomial-time solvable, with strong connections
to the edge cover problem. Edmonds’ work in 1965 [Edmonds, 1965] provided the first
polynomial-time algorithm with O(n*) complexity. Subsequent improvements have yielded
increasingly efficient algorithms [Kameda and Munro, 1974, Micali and Vazirani, 1980].

Despite its classical tractability, examining MAXIMUM MATCHING from a quantum per-
spective offers valuable insights. Of particular interest is its relationship with the edge
cover problem: traditionally, maximum matchings serve as a foundation for constructing
edge covers through post-processing of uncovered vertices. Our approach inverts this re-
lationship, deriving maximum matchings through a chain of transformations: profit edge
cover — edge cover — maximum matching.

Benchmarking large problem instances that are classically intractable is a significant
challenge in quantum computing, as we lack reference solutions to evaluate the perfor-
mance of quantum techniques. However, the MAXM problem is solvable in polynomial
time, yet its Hamiltonian structure is similar to those of M3, MINDS, and MINIEDS. As
a result, obtaining results for QAOA on MAXM can provide valuable insights into where
QAOA performs well or faces challenges.

6.6.1. MAXIMUM MATCHING (MAXM)

We define the problem MAXIMUM MATCHING (MAXM) for a graph G = (V, E) as follows. A
subset of edges M C F is a matching if no two edges in M share a vertex. The objective is
to find the largest such set:

Maximize: |M]|
Subject to: forallv e V
Z T <1
)
where 6(v) ={e€ E:v € e}
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6.6.2. Maximum Matchings via Profit Edge Cover

Using the unconstrained problem MAXPEC, our approach leverages the relationship be-
tween profit edge covers and matchings through the following chain of transformations.
Given a profit edge cover (PEC), we can derive an edge cover (EC), which in turn yields a
matching.

Theorem 11. For any graph G = (V, E), G has a matching M C E of size k if and only if G
has a subset PEC C E with profit ppgc = |V| — k.

Proof.

(=) Consider a matching M C FE, with | M| = k. We distinguish two cases:

Case 1: M is a feasible edge cover and therefore a profit edge cover, i.e., every vertex
in V is incident to at least one edge in M. In this case, we can define a profit edge cover
PEC = M, which has a profit of pprc = |V| — k.

Case 2: M is not a feasible edge cover, i.e., there exists at least one vertex v € V that
is not incident to any edge in M. In this case, we construct an edge cover, EC, by adding
edges incident to the uncovered vertices using Alg. 11. The resulting edge cover EC has a
profit no worse than ppgc > |V| — k.

(<) Consider a profit edge cover, PEC C E, |PEC| = k, with a profit ppgc = |V| — k.

Case 1: If PEC is a matching and an edge cover, then we are done as PEC is a matching
of size k.

Case 2: If PEC is not a matching but is an edge cover, then we need to prove that we
can obtain a matching of size at least k. If PEC is not a matching, that means there exists
at least one vertex v € V' that is incident to more than one edge in PEC. We can select one
edge incident to v and remove the others. The profit value remains unchanged. The proof
of correctness is as follows: Let (u,v) be the edge selected to remain in PEC. Let (v, w) be
an edge in PEC incident to v. Now, (v, w) can be safely removed from PEC (does not affect
the profit value) as it would only affect coverage of the one endpoint, w (as v is already
covered by (u,v)).

Case 3: If PEC is not an edge cover, then we need to prove that we can obtain a matching
of size at least k. For PEC, let V,,. be the set of uncovered vertices, i.e., V,,. = V'\ Vpgc.Then
we can use the procedure outlined in Alg. 11 to add edges incident to the uncovered vertices
until all vertices are covered to form an edge cover. This would yield a matching of size at
least k as it falls under the same logic as the above two cases. O

The quality of the derived matching depends on the profit value of the initial PEC:

* When PEC achieves maximum profit, it corresponds to a minimum edge cover, from
which we can derive a maximum matching
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* For suboptimal profit values, corresponding edge covers would derive matchings

6.7. Chapter Summary

This chapter extended the SCOOP framework to problems requiring higher-order (HUBO)
formulations, demonstrating its versatility across both NP-hard and polynomial-time solv-
able problems. While higher-order formulations can be quadratized using auxiliary vari-
ables, we focused on problems whose natural formulations inherently require higher-order
terms to capture their underlying structure.

We began by analyzing selected NP-hard graph problems, focusing on dominating set
variants and matching problems that inherently require higher-order Hamiltonian formu-
lations. These formulations demonstrated how our framework handles higher-order con-
straints while maintaining solution quality characteristics. We explored the Minimum Set
Cover problem and found it noteworthy that its counterpart, the Maximum Set Packing
problem, can also be expressed as a QUBO formulation. We explored the MINIMUM SET
CovER HUBO and find it noteworthy that its problem pair, the MAXIMUM SET PACKING
problem, has a QUBO formulation. We then explored two polynomial-time solvable prob-
lems, specifically MINIMUM EDGE COVER and MAXIMUM MATCHING. The successful appli-
cation of SCOOP to these higher-order problems establishes its broader utility as a frame-
work for quantum optimization, setting the stage for experimental evaluation in subsequent
chapters.
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Experimental Setup and Methodology
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Chapter Contributions

C9: Development of software infrastructure for the SCOOP framework:

C9.1: Implementation of a suite of QUBO/HUBO encodings of SCOOP
twins in PennyLane, Qiskit and QTensor

C9.2: Creation of test datasets with random graphs of different sizes
(n = 5 ton = 70) of varying densities (d = [0.1,0.3,0.5,0.8]) and
3-regular graphs for benchmarking

C9.3: Extensions to QTensor’s architecture to constrained optimization
problems

C9.4: Classical post-processing routines for assessing solution feasibility

This chapter describes the experimental setup and methodology used to evaluate the per-
formance of our proposed approach for solving unconstrained SCOOP problem twins of
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constrained combinatorial optimization problems using quantum approximate optimiza-
tion algorithm (QAOA). We focus on comparing the selected QUBO and HUBO profit for-
mulations with penalty-term constrained formulations. We provide the experimental setup
to evaluate/compare our formulations, including the cost Hamiltonians, mixer Hamilto-
nian, and classical algorithms to calculate the exact reference solutions and the evaluation
platforms used.

Our primary goal is to evaluate and contrast the quality of solutions obtained for profit
formulations and penalty-term constrained formulations using QAOA.

Koch et al. [Koch et al., 2025] outline three key metrics for benchmarking quantum
combinatorial optimization algorithms: solution quality, computational resource require-
ments, and quantum hardware runtime measurements. We present the results of our sim-
ulator experiments in Chapter 8 and quantum hardware experiments in Chapter 9.

For solution quality assessment, we examine the summed probabilities (alternatively,
winning probabilities) of optimal and near-optimal solutions. Unlike penalty-based ap-
proaches where solutions must be classified as both feasible and optimal, our SCOOP
framework guarantees feasibility, allowing us to focus solely on optimality measures. We
evaluate solution quality through probability distributions of solutions, summed probabil-
ities of optimal solutions, expectation values, and approximation ratios across different
problem instances.

Regarding computational resources, rather than making exact timing measurements,
we use problem size to determine the appropriate simulation approach. We perform full
statevector simulation for smaller instances (up to 14 nodes) and tensor network simulation
for larger instances (15-70 nodes) due to the practical limitations of classical simulation
resources while enabling evaluation across a broad range of problem sizes.

7.1. QAOA Setup

In this section, we describe the cost Hamiltonians used for selected constrained and un-
constrained SCOOP problem twins. For every binary variable z; in the QUBO/HUBO for-
mulations, we use spin variables s; to encode the variable in the Hamiltonian using the
transformation z; — 1_251' (cf. Section 2.4). These spin variables s; € {—1,1} can then be
reformulated to Pauli-Z operators, where each s; is replaced by the corresponding 2 x 2

Pauli matrix:
. 1 0
Z; = (7.1

The operators Z; act on the quantum computer’s computational space — a Hilbert space
of size 2" x 2" for n qubits. Products of Pauli operators like Z;Z; are understood as tensor
products Z; ® Z; embedded in this larger Hilbert space. The cost Hamiltonians are derived
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from the corresponding QUBO/HUBO formulations of the problems, as described in Chap-
ters 5 and 6. The cost Hamiltonians are used in the QAOA algorithm to find solutions to
the profit relaxation of the constrained problems.

7.1.1. Cost Hamiltonians for selected CCOPs and their SCOOP problem twins
Cost Hamiltonians for MINVC and MAXPC

The cost Hamiltonian for MINVC is derived from the QUBO formulation in Eqn. 3.3 and is
based on the profit relaxation of the problem. The profit relaxation of MINVC is defined as
follows:

N A B
ch(g) = 1 uUZE:E(SuSU + Sy + SU) — 5 l;/ Sy + Avg. (7.2)

Here, s, and s, are Ising variables that take the values s; € {+1, —1} compared to z; €
{0,1}.
Formulated using the Pauli-Z operators, the Hamiltonian Hyc can be expressed as:
A

. A . . B ;
min __
vC = Z EEE(ZUZU + 24y + Zv) - 5 gev Z'u + A'\/'C (73)

Here, Ayc = %A|E | + %B|V|, and penalties A and B in ff\%n are set to 3 and 2, respec-
tively, unless stated otherwise. Note that % corresponds to the size of the solution state
for (only) the cases that correspond to a feasible vertex cover solution.

Our choice of penalties is based on PennyLane’s implementation [Xanadu, 2024] of
MINVC. It is difficult to set desirable penalties [Glover et al., 2022], as they depend on
the particular input graphs. Small penalties increases the likelihood of infeasible solutions
being returned and values that are too large may lead to slower convergence. For the
subsequent problem formulations, we express the Hamiltonians using Pauli Z; operators.
The corresponding Hamiltonian Hpc for MAXPC, is based on its QUBO as in Eqn. 3.5:

- 1 SN . . 1 .
min __
=g > (ZuZu+ Zu+ Zy) - 5 > Zy+ Apc (7.4)
wel veV
where Apc = |—‘2/| — %. Hpc can be obtained by setting A = B = 1 in Eqn. 7.2, but

it is important to highlight that this does not imply that all constrained problems can be
transformed into profit problems by setting penalties to 1. For instance, setting A = 1 in
the Dominating Set QUBO [Dinneen and Hua, 2017b] does not transform it to the QUBO
for Profit Domination.

Any solution obtained using the maximum profit Hamiltonian is either a vertex cover
or can be converted into a vertex cover by a classical polynomial-time post-processing step,
and without loss of profit (cf. Theorem 1).
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Cost Hamiltonians for MaxIS and MAxPI

The following cost Hamiltonians are used for MAXIS and MAXPI:

P A A A A A B A
InSnn:Z Z(Zqu_ u_Zv)+§ZZv+AIS
uwwel veV
where Ags = £|E| - B|V|.
=2 S (22 - 2 - 2) 42 2+ A
PI 4 uév u v 9 v PI
uwvel veV

where Ap; = 3 E| — 1|V

Cost Hamiltonians for MAXCL and MAXPCL

Similar Cost Hamiltonians are used for MAxXCL and MAXPCL.

s A A . . B .
érlun — Z Z (Zqu — Ly — Zy) + 5 Z Zy+ A
we(VxV)\E veV

where Aq = 4|(V x V) \ E| - Z|V].

1 L. 1 X
IIPCIIHZZ Z (Zqu_Zu_Zv)+§ZZU+APCI
we(VxV)\E veV

where Apgy = 1|(V x V) \ E| — 5|V|.

Note that all Cost Hamiltonians are formulated as minimization problems.

Cost Hamiltonians for MINDS and MAXPD

The cost Hamiltonians for MINDS and MAXPD are defined as follows:

g -4y |(552) T ()| eyt
eV JEN(i) eV

- |- (50) 11 (552)]- 252
eV JEN(3) eV
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where N (i) is the set of neighbours of vertex 7 in the graph. The parameters A and B are
set to 3 and 2, respectively, unless stated otherwise.

Note that Eqn. 7.10 is for maximization. Since we use minimization versions for all
problems, we define that as follows:

i = i == 30 (152 - - (M52 11 (42)] o
eV eV JEN(4)
:Z (1—1- Ai) H (1+ Aj) 72 (Z> (7.12)
i€V 2 FEN(4) 2 o\ 2

Cost Hamiltonian for MAXPES

frmin __
PRs =)

el

5 1 (5

JENE(7)

-3 (%) (7.13)
icFE

1€

We do not provide the cost Hamiltonian for M? as defined in Section 6.2.1, as the appro-
priate penalty parameter settings for this higher-order formulation require further investi-
gation.

7.1.2. Mixer Hamiltonian

The mixer Hamiltonian plays a crucial role in QAOA by preventing the system from getting
trapped in eigenstates of the cost Hamiltonian. Without the mixer, applying only the cost
unitary operator e~"Hc to an eigenstate |) of Ho would leave the state unchanged. By
choosing a mixer that anti-commutes with the cost Hamiltonian, we ensure the system can
escape local optima and explore the full solution space.

For unconstrained optimization problems, the Pauli-X mixer is effective as it transitions
between all computational basis states. We use a basic Pauli-X mixer Hamiltonian as fol-

lows:
Hy =) X
A

The mixer Hamiltonian is used to explore the parameter space during the QAOA opti-
mization process. The corresponding unitary operator is given by:

Un(B) = e*i,BHM — He*iﬁf(i

%

where X; is the Pauli-X operator acting on qubit i. The initial state used in QAOA is typ-
ically the uniform superposition state |+)*", which is the ground state of H,;. The Pauli-X
mixer is particularly well-suited for unconstrained problems for several reasons: it enables
transitions between all computational basis states for full solution space exploration, is
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hardware-efficient requiring only local single-qubit rotations, and does not need to restrict
state evolution to a subspace of valid configurations when all solutions are feasible. The
SCOOP formulations of constrained problems are unconstrained, therefore, the standard
Pauli-X mixer is used. To enable a fair comparison with the penalty-term formulations of
constrained optimization problems, we use the same mixer Hamiltonian for both profit and
penalty-term formulations.

7.1.3. Initial Parameters

The initial parameters for the QAOA algorithm are set with the following strategy:

* ~ parameters: p evenly spaced values from 0 to 7

* [ parameters: p evenly spaced values from 0 to 7

The parameters are subsequently refined using classical optimization methods such as RM-
SProp to calculate optimal parameters quantum circuit.

7.1.4. QAOA Circuit

This section describes the QAOA circuit used to solve the profit relaxation of the constrained
problems. The QAOA circuit consists of alternating layers of cost and mixer Hamiltonians,
where each layer is parameterized by angles ~ and 5.

7.2. Evaluation on the Xanadu PennyLane and Argonne QTensor
Simulator platforms

7.2.1. Xanadu PennyLane

Fig. 7.1 shows the class diagram of our PennyLane implementation as well as functional-
ity used to calculate exact reference solutions. The architecture separates the core QAOA
components from problem-specific implementations, allowing easy addition of new prob-
lem types. This design enables seamless integration of both QUBO and HUBO formulations
within the same framework, facilitating comparative analysis between penalty-based and
SCOOP approaches. Key components of the PennyLane implementation can be found in
Appendix B.
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7.2.2. Argonne QTensor Quantum Circuit Simulator

Argonne QTensor Simulator [Lykov et al., 2021, Lykov et al., 2022] is a highly efficient
quantum circuit simulator library which is founded upon the tensor network contraction
technique [Markov and Shi, 2008], offering a significant performance speedup compared
to existing simulators (e.g., those that run a full amplitude-vector evolution).

QTensor serves as our primary simulation framework for evaluating SCOOP on larger
problem instances (15-70 qubits) where full statevector simulation becomes infeasible. By
leveraging tensor network techniques, QTensor enables efficient simulation of quantum cir-
cuits through strategic contraction of tensor networks. We extend QTensor’s Circuit Com-
poser framework to implement both constrained problems and their SCOOP variants, uti-
lizing its QAOAComposer for circuit construction and QAOASimulator for execution. The
framework’s ability to handle larger qubit counts while maintaining reasonable computa-
tional resources is crucial for validating SCOOP’s scalability beyond the limits of traditional
quantum simulation approaches. Further details on the implementation of SCOOP prob-
lems on the QTensor simulator can be found in Appendix C

For smaller problem instances involving graphs with fewer than 14 nodes, we use Pen-
nyLane to perform full state vector simulation. For larger problem instances (up to 70
nodes), we use tensor network expectation value simulation with QTensor due to its mem-
ory efficiency and scalability. PennyLane code! and QTensor code used in this study will be
made available on GitHub.? To validate our proposed approach, we employ the following
methodology:

1. A set of random connected graphs of varying size and density are generated.

2. The given problem is solved using QAOA on the set of random graphs using our profit
relaxation approach, as well as the penalty-term formulation of MINVC.

3. Results from our approach and results from the penalty-term QAOA are compared
against classical exact solutions for varying graph sizes and densities.

7.2.2.1. Choice and density of graphs

For PennyLane, we used random connected Erdés-Rényi [Erd’os et al., 1960] graphs of
varying densities (with edge probabilities of 0.1,0.3,0.5,0.8 and 3-regular graphs). For
QTensor, we chose to work with sparse graphs (edge probability=0.1), and 3-regular
graphs due to the large size of the graphs being simulated.

'https://github.com/RigiResearch,/pf-opt
2https://github.com/danlkv/QTensor
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7.2. Evaluation on the Xanadu PennylLane and Argonne QTensor Simulator platforms

7.2.2.2. Depth of circuits

For graphs with fewer that n = 14 nodes, we performed experiments with up to eight layers
of QAOA. For larger graphs on QTensor we performed simulations with up to five layers.

7.2.2.3. Classical optimizer

We have used both Gradient Descent and a Gradient Descent based optimizer RMSProp
(Root Mean Square Propagation) on PennylLane and QTensor. Both are similar optimiz-
ers based on gradients, with a fixed learning rate on Gradient Descent, and an adaptive
learning rate on RMSProp. The results presented here are obtained using RMSProp, which
offers more sophisticated parameter adaptation compared to standard gradient descent.

7.2.3. Contributions to QTensor Simulator

QTensor enables efficient classical simulation of quantum circuits using tensor network
contractions and is well studied for the MAXCUT problem with QAOA [Lykov et al., 2021].
The design principles of QTensor allow for ease of extensibility of the framework with min-
imal changes to the underlying QTensor architecture. The primary components of QTensor
include Composers and Simulators. Composers allow for the creation of quantum circuits
in a way that is backend-agnostic. These circuits can then be run using Simulators of pop-
ular libraries such as Qiskit and Cirq, as well as the QTensor tensor network simulator.
We extend this framework to include the vertex cover and profit cover problems and their
expectation value calculation on QTensor. Because our Hamiltonians contain four distinct
terms, calculating an expectation value requires four calls to the simulator. To alleviate
this, we consolidate the node contributions, for example:

Fioc — i > [z2]+ %Z(deg(i) _9). 7.14)
(i,)€E eV

Aoy = i > (2:2] - iZ(deg(z’) ~9). 2 (7.15)
(i,J)eE eV

7.2.4. Classical Post-processing

To convert the results for the unconstrained profit problem (i.e., solutions for Py;) to results
of the constrained problem (FP¢), we apply polynomial-time classical post-processing that
runs in O(|E|) time. We apply Alg. 1 above based on Theorem 1 in Chapter 3 on solutions
to MAXPC to obtain the corresponding solutions to MINVC. Similarly, Alg. 2 above based

111



Chapter 7. Experimental Setup and Methodology

on Theorem 2 is used to obtain solutions to MAXIS. To find solutions for MAXCL, we use
the same Alg. 2 on the graph G = (V,(V x V) \ E) (the complement graph).

These polynomial-time algorithms guarantee that the profit of the post-processed result
is at least as high as the profit of the input to the classical post-processing and ensure that
the post-processed result is a feasible solution to the constrained optimization problem.

7.2.5. Classical Algorithms for Exact Reference Solutions
MinVC, MaxIS, MaxCl

To compare the results of our approach to optimum solutions for MINVC inputs, we used
the implementation of an exact classical algorithm, as described below. The solutions ob-
tained from this algorithm serve as benchmarks to evaluate the solution quality of our
approach.

To obtain exact solutions for the MINVC problem, we employ a linear programming
based problem kernel approach and use an implementation by Abu-Khzam of this reduc-
tion rule [Fomin et al., 2019, Abu-Khzam et al., 2005], combined with a basic bounded
search-tree fixed-parameter algorithmic approach [Downey et al., 1999a, Downey and Fel-
lows, 2013a]. Our (classical) algorithm is listed below as Alg. 12, and additional back-
ground on fixed-parameter tractability and classical algorithms is available in Chapter 2.
Implementation details can be found in Appendix A.

Before computing the bounded search tree, we determine an upper bound of the size of
the vertex cover using a greedy heuristic method, by repeatedly selecting vertices with the
highest degree until a vertex cover is complete. Reference solutions for MAXIS and MAXCL
are also obtained by running Alg. 12 with additional steps guided by the relationships
among all three problems (cf. Section 5.3).

To find maximum independent sets and maximum cliques, we use Alg. 12 with some
post-processing:

1. MAXIS: IS =V \ MinVC(G)

2. MaxCL: MCl =V \ MinVC(G¢)

MINDS and MAXPD

To find exact solutions for MINDS and MAXPD, we use the Algorithm described in Alg. 13.
This algorithm is based on simple reduction rules and uses a recursive approach to find the
minimum dominating set. The algorithm works by iteratively applying reduction rules to
vertices with degree 1 or 2, and then applying an Integer Linear Programming (ILP) solver
to find the minimum dominating set for the remaining graph.
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Algorithm 12: MINVC(G):
Exact classical algorithm

V1, G’ < LPKernelization(G)
V5 + GreedyVertexCover(G')

k<« V2l
Vbest<_V1UV2
k:best:k_1

while kpes; > 0 do
V). < BoundedSearchTree(G’, kpes; )

if V, = () then
return Ve
else

kbest < kbest -1
Vi)est = Vl U Vk:
end if
end while
return Vieg

Algorithm 13: MinDS(G): Exact Classical Algorithm

1: if V = () then
2:  return ()
3: end if
4: forv e V do
5. if degree(v) = 1 then
6: u < neighbor(v)
7: G + GV \ {v}]
8: return {u} UMinDS(G’)
9: endif
10: end for
11: forv e V do
12:  if degree(v) = 2 then
13: {u1,u2} < neighbors(v)
14: Dy + {ul} U MinDS(G[V\ {U}])
15: Dy + {v} UMInDS(G[V \ {u1, u2}])
16: D3 {UQ} U MlnDS(G[V \ {1), ul}])
17: return min{D;, Dy, D3} {Return smallest set}
18: end if
19: end for
20: return ILP DominatingSet(G)
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7.2.6. Evaluation of the SCOOP Framework

To evaluate the performance of the SCOOP framework, we compared the results obtained
from our profit relaxation approach with those obtained from the penalty-term constrained
formulations. We evaluated our approach across different problem sizes and graph densi-
ties, for different number of QAOA layers to provide a comprehensive assessment of our ap-
proach. To evaluate our hybrid approach to find small vertex covers via large profit covers,
we compare the results for the constrained problem and its SCOOP twin on both PennyLane
(Iess than 15 nodes) and QTensor (20-70 nodes). For smaller problem instances, we use a
combination of probabilities, summed optimal probabilities, summed near-optimal proba-
bilities, and mean approximation ratio to evaluate performance. For larger graphs, a full
statevector simulation is not possible due to an exponential number of states to evaluate.
In this case, we perform an expectation value analysis using the Argonne QTensor Tensor
network simulator.

Both the constrained problem and its unconstrained SCOOP twin are solved on Penny-
Lane as well as QTensor using the same initial parameters and classical optimizer with 100
or more iterations.

* Probabilities: In our analysis, we examine the individual probabilities of obtain-
ing feasible solutions, comparing the constrained formulations and unconstrained
SCOOP formulations using the standard QAOA implementation.

* Summed optimal probability (maximum success probabililty): We calculate the
summed probabilities of obtaining optimal solutions for both the constrained and un-
constrained formulations. This metric provides insight into the likelihood of finding
optimal solutions across multiple iterations.

* Summed Near-Optimal Probabilities: We also compute the summed probabilities
of obtaining near-optimal solutions, which are defined as solutions that are within
a certain threshold of the optimal solution. This metric helps us understand the
performance of our approach in finding solutions that are close to optimal.

* Expectation Values: For larger graphs, since full statevector simulation is not pos-
sible, we use the QTensor tensor network simulator and compute the expectation
values of the cost Hamiltonians for both the constrained and unconstrained formu-
lations. This allows us to evaluate the performance of our approach in terms of the
expected profit obtained from the solutions.

* Approximation Ratio: The approximation ratio is defined as the ratio of the ex-
pected value of the solution obtained by our approach to the expected value of the
optimal solution. This metric provides a measure of how well our approach performs
compared to the optimal solution. The approximation ratio is calculated as follows:

Expected Value of Solution

1
Expected Value of Optimal Solution (7.16)

Approximation Ratio =
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7.2.7. A note on Approximation Ratios

In classical computing, we say that an algorithm ALG for a maximization problem is an «-
approximation algorithm (or that its approximation factor is ) if the following inequality
holds for every input instance x:

ALG(z) < OPT(x) < a- ALG(x)

For a minimization problem:

OPT(z) < ALG(z) < a-OPT(x)

Note that in both cases the approximation factor « is a number greater than or equal to
1. In contrast to classical approximation algorithms [Vazirani, 2001, Hromkovi¢, 2013], in
the QAOA literature a different notational convention is adopted [Farhi et al., 2014]. All
problems as minimization problems (the standard form for optimization), the approxima-
tion ratio is defined as:

Expected Value of Optimal Solution
Expected Value of Solution

<1 (7.17)

Approximation Ratio =

Under this convention, the approximation ratio is always bounded above by 1, with
values closer to 1 indicating better algorithm performance. This aligns with the standard
practice in quantum optimization literature and provides a consistent metric across differ-
ent problem types. However, this notation can be misleading when applied to penalty-
based encodings of constrained problems. In such cases, the approximation ratio may not
accurately reflect the true performance of the algorithm, as discussed below.

Limitations of Approximation Ratio for Penalty-Based Encodings

While approximation ratio serves as a reliable metric for unconstrained problems encoded
naturally as QUBOs or HUBOs (where cost values maintain proper solution hierarchy),
its effectiveness breaks down for penalty-based encodings of constrained problems. As
discussed in Chapter 3, penalty-based approaches, while capable of encoding optimal solu-
tions correctly, often fail to maintain proper cost hierarchies for near-optimal solutions.

This misalignment between solution quality and cost values may create an artificial in-
flation of the approximation ratio. Consider the following scenario: suppose a QAOA exe-
cution returns a infeasible solution with 50% probability, and a higher-quality feasible solu-
tion with 25% probability. Due to suboptimal penalty parameter settings, the higher-quality
solution might be assigned a worse cost value than the infeasible solution. Consequently,
the approximation ratio calculation would favor the poorer solution, producing mislead-
ingly optimistic performance metrics. This issue is further compounded when working
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with larger graphs using expectation value simulators like QTensor. Unlike full statevec-
tor simulation, expectation value calculations do not provide information about individual
solution probabilities, making it impossible to filter out infeasible solutions. Without the
ability to distinguish between feasible and infeasible solutions in the expectation value, the
approximation ratio becomes particularly unreliable as a performance metric, as it may
incorporate contributions from infeasible solutions that artificially improve the ratio.

This phenomenon highlights a fundamental limitation: approximation ratio becomes
an unreliable metric for evaluating algorithm performance on penalty-encoded problems,
as it fails to capture the true hierarchy of solution quality. This limitation is particularly
significant when the penalty parameters are not perfectly tuned and near-optimal solutions
are of interest.

7.3. Chapter Summary

This chapter detailed our experimental methodology and evaluation metrics for assessing
the SCOOP framework. We presented comprehensive setup details for both quadratic and
higher-order problem formulations.

We described the QAOA implementation specifics, including cost Hamiltonians for var-
ious problem pairs, mixer Hamiltonian, and parameter initialization. The evaluation was
conducted on two complementary platforms: Xanadu PennyLane for full statevector sim-
ulation of smaller instances (up to 14 nodes) and Argonne QTensor for tensor network
simulation of larger instances (up to 70 nodes).

We described the following metrics to evaluate the quality of solutions produced by
penalty-based methods and our approach using the SCOOP framework: individual prob-
ability distributions, summed probabilities of optimal and near-optimal solutions, and ap-
proximation ratios.

We also discussed important limitations of approximation ratios in penalty-based en-
codings. This is especially relevant when working with expectation value calculations on
larger instances using tensor network simulation where individual solution probabilities
cannot be determined.

The experimental methodology and metrics described in this chapter are used to eval-
uate our SCOOP framework in the following chapter, where we present detailed results
across various problem classes and instance sizes.
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Experimental Evaluation and
Discussion on Quantum Simulators
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Chapter Contributions

C10: Comprehensive experimental evaluation of QUBO-based SCOOP problems:
C10.1: Full statevector simulation (< 14 nodes) on Xanadu PennyLane
C10.2: Tensor network simulation (15-70 nodes) on Argonne QTensor
C10.3: Comparison with penalty-based approaches across multiple met-

rics

C11: Evaluation of HUBO-based SCOOP problems through full statevector sim-
ulation on small 3-regular graph instances, demonstrating feasibility of
higher-order optimization problems

This chapter presents the results of our experimental evaluation of solving SCOOP prob-
lems using QAOA, focusing on QUBO and HUBO formulations presented in the previous
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chapters. We utilize PennyLane’s standard analytical simulator for smaller problem in-
stances (< 14 nodes) and the Argonne QTensor Tensor network simulator for larger graphs
(15-70 nodes). Our analysis includes a range of metrics to assess performance, including
probabilities, summed probabilities, near-optimal solutions, and approximation ratios.

8.1. Experimental Results: QUBO Problems

8.1.1. Probabilities

In our analysis, we examine the individual probabilities of obtaining feasible solutions,
comparing the profit and constrained formulations using the standard (i.e., vanilla) QAOA
implementation.

Fig. 8.1 shows a probability distribution for MAXPC and MINVC with p € {1, 2,3} layers
for the five node graph shown in the inset of Fig. 8.1, run on PennyLane’s standard ana-
lytical simulator (default.qubit). The classical optimizer used is the Root Mean Squared
Propagation (RMSProp). The quantum-classical loop is run 200 times to obtain the results.
The bar in the burgundy color in Fig. 8.1 shows the result of post-processing profit cover
results to vertex cover using Alg. 1 in Chapter 3. As the number of layers increases, we can
see a high probability (greater than 0.9) of obtaining the optimal result. Fig. 8.2 demon-
strates analogous probability distributions for the dominating set problem, which requires
a higher-order Hamiltonian formulation, using a representative five-node graph as our test
instance.

8.1.2. Summed Probabilities

Summed probabilities (or the winning probabilities) refers to the summation of probabili-
ties associated with obtaining optimal solutions in a given problem space.

SPopr= Y P(X =k) 8.1)

kesolopt

We adopt the summed probability metric from [Saleem, 2020]. They introduced it to
capture optimal and near-optimal solutions to a constrained optimization problem better
than, say, an approximation ratio. In Equation 8.1, solop is the set of all optimal solutions,
and P(X = i) is the probability of obtaining solution i. The vertex cover, independent
set, and clique problems have multiple optimal solutions in both their constrained and
profit formulations. Notably, the profit variants of these problems tend to yield a greater
number of optimal solutions compared to their constrained counterparts. Solving the profit
formulation leads to solutions sampled with a higher probability because every MINVC
solution of size k corresponds to a MAXPC solution with profit p = |E|—k, and additionally,
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certain infeasible vertex covers can achieve the same profit value while still being valid
profit covers.

The increased density of optimal solutions for profit problems, coupled with the prob-
abilistic nature of quantum computing outputs enhances the likelihood of the QAOA con-
verging towards an optimal outcome. Fig. 8.3 shows the summed probabilities over eight
layers for constrained and profit versions of vertex cover, independent set and clique for
varying edge probabilities averaged over ten graphs.

8.1.3. Near-optimal analysis

Our analysis extends beyond focusing on the optimal solutions. In many practical scenar-
ios, a range of near-optimal or sub-optimal solutions is desirable. For example, in financial
applications, such as portfolio optimization, a solution with slightly higher risk might be
preferred because it also comes with the potential for greater returns. Therefore, we exam-
ine the probability distribution across this wider spectrum of solutions.

Eqgns. 8.2 and 8.3 represent summed probabilities of optimal solutions, second-, third-
best near-optimal solutions.

SPopr—1 = SPopr + Z P(X =k) (8.2)
ke€solopt—1
SPopr—2 = SPopr + SPopr—1 + Z P(X =k) (8.3)
k€solopt—2

Here solopi—1 and solope—o refer to the sets of the second and the third best solutions,
respectively.

8.1.3.1. Near-optimal analysis on Vertex Covers

Fig. 8.7 shows summed probabilities of optimal and near-optimal solutions for MINVC
and MAXPC for varying edge densities averaged over ten graphs. The leftmost column
shows the summed probability of obtaining optimal solutions, the middle column shows
the summed probability of obtaining optimal solutions and second best solutions. The
rightmost column shows the summed probability of obtaining optimal solutions, second
best solutions, and third best solutions. In the case of profit problems, near-optimal so-
lutions are those with the second and the third best profit. For example, in the case of
MAxPC the graph in Fig. 3.3a has an optimal profit of 5. A second-best solution for this
graph would be PC = {1, 3,5} with a profit of 4. A third best solution for this graph would
be PC = {3, 5} with a profit of 3.

For constrained problems, such as the MINVC, we choose the second-best solutions
from the set of feasible solutions with a vertex cover size of |V C|opr+ 1. Consider the same
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graph from Fig. 3.3a, this has an optimal vertex cover of size 4. A second-best solution
for this graph would be VC = {1,2,3,4,5} with a size of 5. A third best solution for this
graph would be PC = {0,1,2,3,4,5} with a size of 6. Note there are also examples of
the second and the third best profit covers. Near-optimal solutions for vertex cover can
only be obtained by adding vertices to the minimum vertex cover, however, near-optimal
solutions to profit cover can be obtained by adding or removing vertices to the maximum
profit cover.

Given that constrained problems have a penalty-term formulation, it is worth noting
that near-optimal solutions that have the second lowest or the third lowest cost (as calcu-
lated using Eqn. 7.2) may not correspond to feasible solutions depending on the penalties
chosen (cf. Section 3.2). Therefore, near-optimal solutions are chosen by summing the
probabilities for all feasible solutions with size |V C|opr 4+ 1 and |V C|opr + 2.

8.1.3.2. Near-optimal analysis on Independent Sets

Fig. 8.4 is analogous to Fig. 8.7 (which shows summed optimal and near-optimal proba-
bility results for vertex cover), but applied to the MAXIS and MAXPI problems for n = 8.
Fig. 8.5 shows results of summed optimal and near-optimal solutions for n = 14. The
results are presented across a spectrum of graph densities, ranging from sparse (d = 0.1)
to dense (d = 0.8) edge probabilities, allowing us to evaluate the algorithm’s performance
under varying conditions.

8.1.3.3. Near-optimal analysis on 3-Regular Graphs

Fig. 8.6 shows the near-optimality analysis for 3-regular graphs for all six problems; MINVC
and MAXPC in the first row, MAXIS and MAXPI in the middle row, and, MAXCL and PCL in
the bottom row.

8.1.4. Expectation value simulation of large problems with QTensor

Fig. 8.8 shows the cost function evaluations for a random 3-regular graph for n €
{30, 40, 50,70}. While expectation values indicate the closeness to the optimal solution,
with profit cover, we have the advantage that the expectation value corresponds to the
calculated profit, with the minimum expectation value equal to the maximum profit. For
example, consider the results for layer 3 for MAXPC. The cost value is close to —15, suggest-
ing a high likelihood of a profit cover with a profit of 15, and therefore, a high likelihood
of a vertex cover of size at most |E| — 15.
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Figure 8.1.|: Probabilities for a sample graph (shown in the inset of topmost figure or
graph) containing 5 vertices with p € {1, 2,3} layers. MINVC is run for three
different penalty parameters and is shown in blue. For example, Vertex Cover
(3, 2) refers to MINVC penalties A = 3, B = 2. Results of MAXPC are shown
in orange. Post-processed results of MAXPC are shown in burgundy.
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Figure 8.2.|: Probabilities for a sample graph (shown in inset of leftmost sub-figure) con-
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taining 5 vertices with p € {1,3,5} layers. MINDS is run for three different
penalty parameters and is shown in blue. For example, Dominating Set(3, 2)
refers to MINDS penalties A = 3, B = 2. Results of MAXPD are shown in
orange. Post-processed results of MAXPD are shown in burgundy.
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Figure 8.3.|: Average summed probabilities of optimal solutions over ten graphs ob-
tained over eight layers. The figures in the leftmost column compare MINVC
and MAXPC, The figures in the middle column show MAXIS and MAXPI, The
figures in the rightmost column compare MAXCL and MAXPCL. The rows indi-
cate different edge densities of d € {0.1,0.3,0.5,0.8}. Each figure features two
line graphs that represent the comparison between the profit version (blue)
and the constrained version (red). Data points correspond to the average
value for each layer, with shaded regions indicating one standard deviation
away from the mean. The blue line graphs (profit formulation) are consis-
tently above the red line graphs (constrained formulation), indicating that
the profit versions have a higher probability of obtaining optimal solutions.
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Figure 8.4.|: Probabilities of optimal and near-optimal solutions obtained over eight layers
for MaxIS and MAXPI. The first column shows the summed probability of
all the optimal solutions averaged over ten graphs with n = 8. The second
column depicts the summed probability of obtaining the optimal solution and
the second best solution. The third column indicates the summed probability
of the optimal, second best and the third best solutions. Each row indicates
a different edge density. Each figure features two line graphs that represent
the comparison between the profit version (blue) and the constrained version
(red). The results show that the profit formulation consistently has a higher
probability of obtaining optimal and near-optimal solutions compared to the
constrained formulation.
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Figure 8.5.|: Summed optimal and near-optimal probabilities obtained over eight lay-
ers averaged over ten graphs for MAXPI and MAXIS for n = 14.The figures
presented here can be interpreted in a manner similar to Fig. 8.7. Each row
represents a different edge density of the graphs. The figures in the left-
most column display the summed optimal probabilities, while those in the
middle and right columns show the near-optimal probabilities. Each figure
features two line graphs that represent the comparison between the profit
version (blue) and the constrained version (red), and shows that QAOA on
MAaXPI results in higher probabilities of obtaining optimal and near-optimal
solutions.
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Figure 8.6.|: Average summed probabilities of optimal solutions over ten 3-regular
graphs obtained over eight layers. The figures in the topmost row com-
pare MINVC and MAXPC, The figures in the middle row compare MAXIS and
MAXPC, the graphs or figures in the bottom row compare MAXCL and MAX-
PCL. The rows indicate the extent of near-optimality. Each figure features two
line graphs that represent the comparison between the profit version (blue)
and the constrained version (red). Data points correspond to the average
value for each layer, with shaded regions indicating one standard deviation
away from the mean. For three-regular graphs, we see consistent improve-
ment in probabilities for profit formulations over their constrained versions.
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Figure 8.7.|: Probabilities of optimal and near-optimal solutions obtained over eight layers
for MINVC and MAXPC. The figures in the first column show the summed
probability of all the optimal solutions averaged over ten graphs with n = 8.
The figures in the second column depict the summed probability of obtaining
the optimal solution and the second best solution. The figures in the third
column indicates the summed probability of the optimal, second best and the
third best solutions. Each row indicates a different edge density with the last
row showing the results for 3-regular graphs.
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Figure 8.8.|: Cost optimization over n € {30, 40,50, 70}, for 3-regular graphs on QTensor
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Figure 8.9.|: Cost optimization for n = 20 for a sparse (edge probability of 0.1) graph,
on a graph over five layers. The figures in the top row present the expecta-
tion value minimized over 100 iterations for MAXPC and MINVC, while The
figures in the bottom row show the results for MAXPI and MAXIS. Note that
although MAXPC, MAXPI, and MAXIS are maximization problems, the results
presented correspond to the minimization versions of these problems.
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8.2. Approximation Ratios

Fig. 8.10 shows the approximation ratios for solving MAXPC for n = 7 and n = 8 over eight
layers and ten graphs calculated using PennyLane. The approximation ratio is calculated

using:
_ |Expectation value obtained + Apc|

Optimal Profit 8.4)

We show the results starting with layer 0, which has no cost or mixer unitaries, and
shows the expectation value of an equal superposition state added to the offset Apc (note
the addition of Apc in Equation 8.4). Adding the offset provides the exact expectation
value of the profit obtained.

Fig. 8.11 shows the average MAXPC performance of 10 3-regular graphs each for n =
{8,10, 12,14} on PennyLane and for n = {20, 30, 40, 70} calculated on QTensor.

8.3. Discussion: QUBO Problems

Our findings provide valuable insights into formulating and solving constrained optimiza-
tion problems with vanilla QAOA.

Solving the cost Hamiltonian for constrained problems with QAOA requires fine-tuning
of penalty parameters in addition to optimizing the variational parameters, to be able to
maneuver the cost function landscape successfully. For profit formulations, since every state
vector represents a feasible solution, one only needs to optimize the circuit’s variational
parameters without the need to set appropriate penalties.

Fig. 8.1 shows one instance of probability distribution with p € {1, 2,3} layers for the
five node graph shown in the inset of the graph, run on PennyLane’s standard simulator
(default.qubit). Since there are three maximum profit covers, we see a higher probability
for the states 01000, 01100, and 11000 than all other states. While 01100 and 11000 are
minimum vertex covers, the state 01000 (i.e., VC = {1}) is not a vertex cover but can be
converted into a minimum vertex cover (i.e., VC = {1,0} or VC = {1, 2}) of size 2 (Alg. 1).
At p = 3, the vertex cover formulation demonstrates improved outcomes. Note that the
summed probabilities for the profit covers (43.1%) of the largest size are higher than the
summed probabilities for the minimum vertex covers (35.5%).

For the same problem instance, the data points in burgundy in Fig. 8.1 shows the results
of post-processing profit cover using Alg. 1. Recall that every bit string for profit cover is
feasible, whereas only a subset of the bit strings are feasible for vertex cover. Therefore, we
run Alg. 1 on every bit string to convert each of those into feasible vertex covers and add
up the probabilities.
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A key finding from our experimental results is that profit formulations consistently
achieve higher summed probabilities of obtaining optimal and near-optimal solutions com-
pared to their constrained counterparts. This advantage in sampling efficiency demon-
strates the effectiveness of our approach in leveraging the unconstrained nature of profit
formulations. From Fig. 8.3, one can see that for optimal constrained problem solutions to
catch up to the same summed probability value as profit cover, on average, it takes addi-
tional QAOA layers. Fig. 8.7 shows the summed probabilities for near-optimal solutions.
The near-optimal analysis shows a significant increase in the probability values for the
profit formulations as compared to the constrained formulation. Due to the unconstrained
nature of the profit formulations, many infeasible solutions are also candidate near-optimal
solutions as compared to the constrained formulation. Note that while solutions may be
infeasible, for profit versions, they can be easily converted to a feasible solution with no
change in profit using classical post-processing. While the same classical post-processing
routine can be used for the constrained formulations, it does not hold the same value as
the constrained formulations promote feasible solutions over infeasible solutions.

We observe a dip in the summed probabilities for both profit and constrained versions of
vertex cover and independent set for dense graphs. A few dips in the summed probabilities
over layers can be attributed to the classical optimizer becoming trapped at local minima.
Further investigation into the cost function landscape of profit cover problems is warranted
here.

We can see the same trend between results obtained in the summed probabilities, as
depicted in Fig. 8.3, and the approximation ratios obtained (i.e., the increase up to layer 2
and the dip in solution quality between layers 3 and 5).

Fig. 3.2 and Fig. 8.1 show the effect of using different penalties for the constrained
formulation of the MINVC problem. In both figures, it is clear that not one penalty value is
better than another for finding optimal solutions using QAOA. The performance of penal-
ties is also not consistent over layers; for example, in the top left corner sub-figure of
Fig. 3.2, the summed optimal probability of QAOA with penalty parameters A = 6, B = 2
does not perform well on average in the initial layers, but improves after layer 5. Addition-
ally, the sub-figure on the bottom left corner shows that QAOA with penalty parameters
of A = 6,B = 2 does not perform well for graphs with edge density of d = 0.5. Fig. 8.8
shows the cost function evaluations of MAXPC and MINVC for a single random 3-regular
graph with n € {30, 40, 50, 70}. Fig 8.9 shows MAXPC, MINVC, MAXPI and MAXIS results
for a single sparse graph (edge density, d = 0.1). We observe fluctuations in the early parts
of the optimization for all four problems due to the adaptive learning rate of RMSProp.
The red dotted line represents the exact solution to the corresponding problems. While
QAOA tends to get stuck in local minima, it approaches the exact solution more closely
in MAXPC compared to MINVC, due to the presence of more optimal and near-optimal
solutions in MAXPC than MINVC. We further remark that in the case of constrained opti-
mization (MINVC) while the expectation value indicates how close the current solution is
to the optimal one in terms of the objective, it does not give information about whether
the constraints are satisfied. However, this is not the case for the unconstrained MAXPC.
For example, the top left graph of Fig. 8.8 shows that the expectation value achieved with
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Figure 8.10.|: Approximation ratios computed for MAXPC on PennyLane. The rate of
change of approximation ratio is higher for sparse graphs compared to
denser graphs. Denser graphs have more near-optimal solutions compared
to sparse graphs, therefore, start off with a high approximation ratios but
have a smaller rate of change of the approximation ratio.

MAaxPC is in between —24 and —26, indicating that the optimal profit is at least 24 for this
particular graph. Given a total of |E| edges for the graph, we can conclude that a vertex
cover of size at most |V C| < |E| — 24 exists for this graph. We demonstrate the scalability
of our approach by comparing the approximation ratio achieved on MAXPC for p = 1,2,3
layers, which shows that our approach can achieve an approximation ratio greater than 0.8
for graphs of varying sizes, ranging from n = 8 to n = 70.
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Profit Cover: Approximation Ratio on 3-Regular Graphs
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Figure 8.11.|: Approximation ratios computed for MAXPC on PennylLane for n =
{8,10, 12,14} and QTensor for n = {20, 30,40, 50,70} showing scalability
of our approach.

8.4. Experimental Results: HUBO Problems

8.4.1. Probabilities

In our analysis, we examine the individual probabilities of obtaining feasible solutions
for the constrained problem, comparing Hamiltonians for both SCOOP twins using the
standard QAOA implementation. Fig. 8.2 shows a probability distribution for MAXPD and
MINDS with p € {1, 3,5} layers for the five node graph shown in the inset of Fig. 8.2, run on
PennyLane’s standard analytical simulator (default.qubit). The classical optimizer used
is the Root Mean Squared Propagation (RMSProp). The quantum-classical loop is run 400
times to obtain the results. The bar in the burgundy color in Fig. 8.2 shows the result of
post-processing profit domination results to dominating set using Alg. 1. As the number of
layers increases, we can see a high probability (greater than 0.8) of obtaining the optimal
result.
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Figure 8.12.|: Probabilities of optimal & near-optimal solutions obtained over 8 layers for
MINDS & MAXPD averaged over 10 3-regular graphs. The sub-figures in
the first column show the summed probability of all the optimal solutions
with n € {6,8,10}. The sub-figures in the 2"¢ column depict the summed
probability of obtaining the optimal solution and the 2"? best solution. The
sub-figures in the 3" column indicates the summed probability of the opti-

mal, 2" best and the 37 best solutions.
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Figure 8.13.|: Approximation ratios computed for MAXPD and MAXPES on PennyLane for
n € {6,8,10} averaged over 10 3-regular graphs. The profit of solutions to
MINDS are guaranteed to be no worse than MAxPD (Alg. 1), and thus the
approximation ratio is preserved for MINDS. Similarly, Algs. 7 and 8 imply
that this approximation ratio also applies to M?>.
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8.4.2. Summed Optimal and Near-Optimal Probabilities

Fig. 8.12 shows summed optimal and near-optimal probabilities for MAXPD and MINDS.
For MINDS we present the results with penalties set to A = 3, B = 2. The results are
averaged over 10 3-regular graphs each of sizes n € {6, 8,10}. For a 3-regular graph, when
all three neighbors of a node interact to contribute jointly to the cost, it results in terms
involving four variables (the node plus its three neighbors), leading to a polynomial with a
maximum degree of 4. Thus, in this case, the QAOA operates on a cost function of degree
4, rather than the more typical degree 2 in QUBOs.

8.4.3. Approximation Ratios

Fig. 8.13 shows the approximation ratio obtained for MAXPD and MAXPES for n €
{6,8,10} on 3-regular graphs. The derived approximation ratio applies not only to the
SCOOQP variants but also to the constrained versions of the problem. Specifically, The-
orem 6 and Theorem 7 guarantee that the approximation ratio remains valid under the
imposed constraints of MINDS and M?3.

8.5. Discussion: HUBO Problems

From Figs. 8.12 and 8.13, we observe that our method achieves an average probability
of 10% — 40% of sampling the best solution at p = 1 for 3-regular graphs with up to 10
nodes. Our approach yields over 60% probability of sampling near-optimal solutions at
p = 1for n € {6,8,10}—a probability that only increases with additional layers or broader
solution sets. Due to the direct relationship with its constrained SCOOP twin MINDS,
post-processing these solutions will only make the probability better (but not worse, see
Theorem 6).

In the past, for MINDS, comprehensive experiments have been done only on quantum
annealing hardware by Dinneen et al. in 2017 [Dinneen and Hua, 2017a]. M3, described
in Lucas (2014) [Lucas, 2014], has not yet been tested on QA or gate-based hardware.

136



Chapter 9

Utility-scale experiments of SCOOP
on IBM Quantum Hardware
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Chapter Contributions

C12: Evaluation of SCOOP framework on IBM quantum hardware using Qiskit
2.0, analyzing hardware considerations and experimental results on IBM
Fez processor using MINVC and MAXPC problems as test cases.

In this chapter, we present our results from utility-scale experiments of the SCOOP
framework on IBM Quantum hardware. We introduce the experimental setup, including
the hardware used, the optimization techniques applied, and the specific combinatorial op-
timization problems selected for evaluation: MINVC and its SCOOP twin MAXPC. The ex-
periments are conducted on IBM’s superconducting quantum hardware using the Heron R2
processor, which is a state-of-the-art quantum processor provided by IBM Quantum [Gam-
betta, 2022]. We investigate circuit optimization techniques available in Qiskit and present
the results obtained from running constrained combinatorial optimization problems and
their SCOOP counterparts on IBM quantum hardware instances. Our analysis includes
circuit metrics such as two-qubit gate counts and circuit depths, and discusses their impli-
cations for solution quality and hardware efficiency.



Chapter 9. Utility-scale experiments of SCOOP on IBM Quantum Hardware

9.1. Quantum Software: Qiskit 2.0

Qiskit 2.0! represents a significant evolution in quantum software development, focusing
on performance and scalability. This version introduces several key improvements that are
useful in terms of performance and scalability. The transition to Qiskit 2.0 brings substantial
architectural enhancements through a new C-language API for interfacing with quantum
observables and extensive Rust-based implementations for core components. Rust enables
significant performance improvements, including 2x speedup in circuit construction and
20% faster transpilation using Benchpress [Nation et al., 2025]. Rust also facilitates a new
C-language API, critical for high-performance computing integration and hardware-level
optimizations. Qiskit 2.0 adopts Semantic Versioning (<major>.<minor>.<patch>),
with an 18-month support cycle. These improvements, particularly the enhanced circuit
optimization capabilities and error mitigation features, are crucial for large scale experi-
mental evaluation of the SCOOP framework on IBM’s quantum hardware. The new archi-
tecture enables more efficient handling of quantum circuits, which is essential for scaling
to larger problem instances.

9.2. IBM Quantum Hardware

The era of quantum utility has emerged, where quantum computers are becoming practical
tools for scientific discovery [Kim et al., 2023,Alexeev et al., 2021]. Recent achievements by
IBM demonstrate that noisy quantum computers can produce accurate expectation values
using up to 127 qubits and 2880 gates, pushing beyond the limits of classical simulation
capabilities [Kim et al., 2023]. With the release of Qiskit 2.0, the latest version of Qiskit,
improvements in circuit execution and performance enable researchers to work with larger
and more complex quantum circuits. In this section, we provide an overview of the IBM
Quantum hardware used in our experiments, focusing on the Heron R2 architecture.

9.2.1. Overview of IBM Quantum Processors

IBM Quantum processors utilize superconducting qubits, which are known for their rela-
tively high coherence times and gate fidelities. The architecture is built to support various
quantum algorithms, with a focus on scalability and integration with classical computing
resources. Over the years, IBM has released several generations of quantum processors,
each with improvements in qubit connectivity, gate fidelity, and overall performance, evolv-
ing from the 5-qubit Canary series to the ultra-dense 1,121-qubit Condor. Key milestones
include the Falcon series, which introduced scalable connectivity and multiplexed read-
out, and the Hummingbird and Eagle processors, which pushed coherence and qubit counts
further. Recent innovations have centered around tunable couplers and improved control
fidelity, exemplified by Egret and Osprey. The latest step in this progression, which is also

12
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used in our experiments, is the Heron series, with Heron R2 offering 156 qubits arranged
in a heavy-hexagonal lattice. It features improved coherence, fast gate execution, and TLS
(two-level system) noise mitigation, making it IBM’s most performant system to date. In
this work, we utilize Heron R2 as it is the most advanced processor currently accessible via
the IBM Quantum cloud platform.

9.2.2. Heron R2 Architecture

In this section, we provide a short overview of the Heron R2 processor architecture, high-
lighting its key features and innovations that make it suitable for quantum computing appli-
cations. The Heron R2 processor represents a significant milestone in IBM’s quantum com-
puting architecture,® offering substantial improvements over previous generations. Com-
pared to its predecessor, the R2 revision features an increased qubit count from 133 to 166,
implemented in a heavy-hexagonal lattice architecture. Key advancements include tunable
couplers that significantly reduce crosstalk (a limitation in the earlier Eagle processor),
enhanced coherence times, and faster gate execution speeds. A notable innovation is the
integration of two-level system (TLS) noise mitigation techniques, which substantially im-
prove quantum operation fidelity. These improvements have resulted in significantly lower
median two-qubit error rates, making Heron R2 IBM’s most capable quantum processor to
date.

The Heron R2 processor implements a heavy-hexagonal (heavy hex) lattice architecture,
a qubit connectivity pattern designed to balance connectivity requirements with fabrication
constraints. In this topology, qubits are arranged in a hexagonal grid where each qubit
connects to either two or three nearest neighbors. This asymmetric connectivity pattern
creates a lattice of hexagons where some vertices (qubits) have additional connections,
hence the term “heavy hex.”

The heavy-hex topology represents a strategic balance between connectivity and error
reduction, developed through collaborative design between hardware, theoretical, and ap-
plication teams [Carroll et al., 2024]. While it features slightly reduced qubit connectivity
compared to earlier architectures, this design choice significantly improves system perfor-
mance by:

* minimizing frequency collisions between adjacent qubits, which can lead to un-
wanted interactions and errors,

* reducing spectator errors (unwanted interactions with inactive qubits) that can de-
grade the fidelity of quantum operations,

* maintaining sufficient connectivity for error correction codes, which are essential for
reliable quantum computation,

* providing a scalable architecture for larger quantum systems

3https ://newsroom.ibm.com/2023-12-04-IBM-Debuts-Next-Generation-Quantum-Processor-IBM-Quantum-
System-Two,-Extends-Roadmap-to-Advance-Era-of-Quantum-Utility
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Chapter 9. Utility-scale experiments of SCOOP on IBM Quantum Hardware

This design approach prioritizes reliable quantum operations over maximum connectiv-
ity, resulting in better overall performance for practical quantum applications. The experi-
ments were conducted on IBM Fez (version 1.3.1), a processor with Heron R2 architecture
which provides a native basis gate set consisting of CZ, ID, RX, RZ, RZZ, SX, and X
gates. At the time of performing the experiments, IBM Fez had lowest two-qubit error rate
of 1.31 x 10~3 measured through isolated randomized benchmarking, and an average lay-
ered two-qubit error rate of 5.11 x 103 for a 100-qubit chain. The median CZ gate error
rate was 2.737 x 1073, indicating high-fidelity two-qubit operations. The system’s perfor-
mance is measured using the hardware-aware Circuit Layer Operations Per Second or the
CLOPS* metric, which accounts for both the execution speed and the physical constraints
of the quantum processor. At the time of running experiments, IBM Fez had speeds of
195,000 CLOPS.
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Figure 9.1.|: Heavy-hexagonal lattice architecture in Heron R2 processor IBM Fez, showing
qubits (vertices) and their connectivity (edges). Some qubits connect to two

neighbors while others connect to three, creating an asymmetric but optimal
pattern for quantum error correction. Image source: IBM Quantum.

Fig. 9.1 illustrates the heavy-hexagonal lattice architecture in the Heron R2 processor
IBM Fez, highlighting the qubits (vertices) and their connectivity (edges).

9.3. Quantum Circuit Optimization Techniques

Qiskit provides a comprehensive suite of optimization techniques to enhance quantum cir-
cuits for execution on IBM Quantum hardware. These techniques are crucial for reducing

*https://www.ibm.com/quantum,/blog/circuit-layer-operations-per-second
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9.3. Quantum Circuit Optimization Techniques

circuit depth, minimizing gate counts, and improving overall performance. In this section,
we discuss the key optimization levels available in Qiskit, focusing on their application to
the SCOOP framework and the Heron R2 processor.

9.3.1. Optimization Levels in Qiskit

Qiskit provides different optimization levels for quantum circuit transpilation, ranging from
basic transformations to sophisticated optimization techniques. We briefly describe these
levels to provide context for our experimental results:

* Level 0 (No Optimization): Performs only necessary transformations to make cir-
cuits executable on the target hardware, such as mapping to the device topology and
converting to the supported basis gate set.

* Level 1 (Light): Applies basic optimization passes by simple adjacent gate collapsing
with minimal computational overhead.

* Level 2 (Medium): Introduces commutation analysis and noise-adaptive qubit map-
ping to identify gates that can be combined or simplified

* Level 3 (High): Employs heavy optimization through noise-adaptive qubit mapping,
gate cancellation using commutativity rules, and unitary synthesis to maximize cir-
cuit efficiency. This level provides the most thorough optimization but requires sig-
nificantly longer compilation times.

While higher optimization levels generally produce better results, they require longer
compilation times and may not always yield significant improvements for every circuit.

9.3.2. Fractional Gate Decomposition

Native gate sets are the basic building blocks of quantum circuits, consisting of single-qubit
and two-qubit gates that can be directly executed on quantum hardware. However, Non-
native gate sets often lead to deep circuits due to decomposition with high gate counts,
which can negatively impact the performance of quantum algorithms on quantum hard-
ware. Circuit depth reduction becomes crucial when executing large-scale experiments
involving hundreds of qubits and thousands of gates on current noisy quantum hardware.
Fractional gates, introduced by IBM represent an important optimization technique that
extends the instruction set architecture (ISA) with two additional operations, RX (¢) and
RZZ(0) enabling more efficient circuit implementations with reduced depths. This opti-
mization is particularly relevant for QAOA as we scale to larger problem instances on IBM’s
quantum processors.

Given a quantum state |¢)), an RX () gate is decomposed as follows:

RX(O)l) = RZCT)WXRZ(6 +m)WXRZ(T )
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This decomposition significantly increases circuit depth, transforming a single gate into
a sequence of five gates. While only the /X gates contribute to the gate error due to IBM’s
implementation of RX gates, the doubling of effective gate depth becomes particularly
significant when scaling to circuits with hundreds of qubits and thousands of operations.

Similarly, the RZZ(6) gate is decomposed using four v/ X gates, two controlled-Z gates
and seven RZ gates. Fractional gates implement RZZ and RX gates natively, allowing
for more efficient circuit implementations. Fig. 9.2 shows such a circuit with and without
fractional gate decomposition. Given that QAOA circuits typically use RZZ as well as RX
gates, the fractional gate decomposition is particularly useful. At the time of writing this

s

dissertation RZZ gates can only be implemented for angles {0, 5] , and therefore, we are
limited too using these angles in our QAOA formulations as well.
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Figure 9.2.|: The first circuit shows a toy example with an optimization level of 0, which
does not apply any optimization techniques. The second circuit shows the
same toy example with an optimization level of 3, but without fractional gate
decomposition. The third circuit shows the same toy example with an op-
timization level of 3, but with fractional gate decomposition applied. The
fractional gate decomposition significantly reduces the circuit depth and gate
count, demonstrating its effectiveness in optimizing quantum circuits for ex-
ecution on IBM Quantum hardware.
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9.4. Experimental Setup

In our experimental evaluation, we implemented the Quantum Approximate Optimization
Algorithm (QAOA) in Qiskit to solve MINVC and MAXPC. Single 3-regular graphs of size
10, 50 and 100 were generated for testing. We configured the QAOA circuit with a single
repetition (reps=1) and used error mitigation techniques including XY4 dynamical decou-
pling sequences [Ezzell et al., 2023]. The optimization was performed using the COBYLA
method and a tolerance of 1¢ — 2. Different initial parameters were used: for example, we
used initial parameters v = § and 8 = 7, or v = 7 and §. Multiple parameter initial-
izations were necessary for penalty-based approaches since the presence of penalty terms
required either scaling down the Hamiltonian or reducing the angles to remain within the
native RZZ gate constraints. The SCOOP framework avoided this complication entirely
since its penalty-free formulation allowed direct use of the full range of available angles.

The quantum execution utilized two key Qiskit primitives: the Estimator, which com-
putes expectation values of observables, and the Sampler, which returns measurement sam-
ples from quantum circuits. We used the estimator with 1000 shots during optimization to
evaluate the cost function, followed by the sampler with 10000 shots for final state mea-
surement to ensure statistical significance. The experiments were executed on the IBM Fez
processor, which uses the Heron R2 architecture and experiments were conducted using
Qiskit 2.0, which provides improved performance and circuit execution capabilities. Im-
plementation details for circuit construction and execution using Qiskit 2.0, including key
code snippets and configurations, are provided in Appendix D.

9.5. Results

In this section, we present the results of our experiments evaluating the SCOOP framework
on IBM Quantum hardware.

Small-Scale Validation on 10 Qubits

Fig 9.3 shows the highest sampled instance (of 10000 runs) of the small-scale experiments
on a 10-qubit instance of MAXPC run using QAOA with one layer. The circuit was optimized
using Qiskit’s optimization level 3 and initial parameters chosen were v = 7 and § = /2.
Running the classical post processing (Alg. 1) on the sampled result, we obtain a minimum
vertex cover of size 7. The profit obtained from the sampled (and the post-processed) result
is 8, which is a maximum profit cover.

Two-Qubit Gate Count and Circuit Depth

Figs. 9.4, 9.5 and 9.6 show the optimized circuit diagram (optimization level 3) for the 100
qubit instances of MAXPC. The circuit is divided into three parts due to its size. For graph
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Graph with Selected Nodes (Red)

Figure 9.3.|: Highest sampled instance (of 10000 runs) of the small-scale experiments on
a 10-qubit instance of MAXPC run using QAOA with one layer. Vertices in red
represent the selected subset PC. This is a maximum profit cover with a profit
of 8. We can post-process this result using Alg. 1 to obtain a minimum vertex
cover of size 7.

instances with 100 nodes, the circuits were optimized using Qiskit’s optimization level 3,
which applies advanced optimization techniques to reduce circuit depth and gate counts.
For the MAXPC circuit with 100 qubits, we observed a two-qubit gate depth of 165 and
total gate depth of 456 for a single QAOA layer, increasing to 353 and 810, respectively,
for two layers. For a 100 qubit MINVC circuit, we observed a two-qubit gate depth of 234
and total gate depth of 490 for a single QAOA layer. These measurements of two-qubit
gate depth are particularly relevant for assessing circuit complexity on near-term devices,
where two-qubit operations are typically the main source of errors.

Expectation Values and Solution Quality

Fig. 9.7 shows the expectation values obtained from the 100 qubit MAXPC instance with
one layer (top) and two layers (bottom). Recall that the corresponding Hamiltonian Hpc

144



9.5. Results

RN

it

EERE] P

il

Figure 9.4.|: Optimized circuit diagram (optimization level 3) for the 100 qubit instariets

of MAXPC. Circuit continues on the next page.
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Figgure 9.5.|: Optimized circuit diagram (optimization level 3) for the 100 qubit instances
of MAXPC. Circuit continues on the next page.
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Figure 9.6.|: Optimized circuit diagram (optimization level 3) for the 100 qubit instarie
of MAXPC.
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MaxPC evaluation on 100 node 3-Regular Graph on IBM Fez
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Figure 9.7.|: Expectation values for the 100 qubit MAXPC instance with one layer (top) and
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two layers (bottom). While MAXPC is a maximization, we use the standard
minimization convention. The results indicate a better performance with one
layer, as evidenced by the lower expectation values obtained than the two
layer. This is due to the fact that the two-layer circuit has more gate depth
and introduces additional noise, which can degrade the performance of the
algorithm. The results demonstrate the importance of circuit depth optimiza-
tion in achieving better solution quality on quantum hardware.
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for MAaXPC is defined as follows:

. 1 . . . 1 .
=1 > (ZuZo+ Zu+ Zy) - 5 2 2ot B 9.1
uwveE veV
where Apc = |2ﬂ — %. While Apc appears in the final expectation value calculations

shown in the graphs, we exclude this constant offset during optimization as it does not in-
fluence the parameter optimization process. For the one layer circuit, the QAOA algorithm
achieved an expectation value of Costpe = —4.73. To calculate the profit obtained, we
add the constant offset Apc. For the chosen instance |V| = 100 and |E| = 150, we have
Apc = 50 — 112.5 = —62. Therefore, the profit obtained is:

ppc = Costpe + Apc = —4.73 — 62 = —66.73

Note that this is negative due to minimization, but can be interpreted as a profit of at
least 66 for the MAXPC instance. Given that the number of edges is 150, a vertex cover of
size 150 — 66 = 84 can be obtained. A minimum vertex cover would be smaller or equal
to this size. Note that the highest sampled instance (of 10000 runs) may not correspond
to this value, as the sampling process may yield different results and the expectation value
obtained is a weighted average.

MinVC evaluation on 100 node 3-Regular Graph on IBM Fez

104

Cost
o

—10 1

0 5 10 15 20
Iterations

Figure 9.8.|: Expectation value for the 100 qubit MINVC instance with one layer. The
initial paramters chosen were v = 7 and 3 = §. The two-layer circuit could
not converge with the chosen initial parameters due to insufficient parameter
space exploration as the angles were too small.

Fig. 9.8 shows the expectation value obtained from the 100 qubit MINVC instance with
one layer. The initial parameters chosen were v = 7 and § = T with a Hamiltonian that

149



Chapter 9. Utility-scale experiments of SCOOP on IBM Quantum Hardware

was scaled down to fit within the native RZZ gate constraints. Recall the Hamiltonian Hyc
for MINVC is defined as follows:

Fymin

PN - A B
V=N (ZuZo+ Zu+ Zo) — 5 Y 2o+ Ay (9.2)

For the experiments we used 0.5 ﬁ{}‘ci“ with A = 3 and B = 2. The final expectation
value obtained was Costyc = —11.34. Note that adding the offset value for the vertex cover
Hamiltonian does not give us any meaningful insight into the solution quality as in the case
of MAXPC.

We use the Sampler primitive to obtain the final state measurement results. Fig. 9.9
shows the final state measurement results for the 100 qubit instance for MINVC and MAXPC
with one layer. Nodes in red represent the solution subset for both problems. The high-
est sampled instance shown in Fig 9.9 shows a MINVC solution of size 58 with 22 edges
remaining to be covered indicating an infeasible solution. For the MAXPC instance, we
obtained a profit cover selecting 54 vertices. Applying post-processing (Alg. 1) yielded a
vertex cover of size 74. For comparison, we also applied the same post-processing to the in-
feasible MINVC solution which produced a larger vertex cover of size 79, further validating
our SCOOP approach.

To validate our hardware results, we performed QTensor simulations on the identical
problem instance (Figure 9.10). Note that the final visualization includes the offset cal-
culations of Apc and Avyc. From the simulations, we observe that the MAXPC instance
converges to a value between —77 and —78 with a single layer, indicating a profit of at least
77 for the 100 qubit instance. With the simulation, we can calculate that there is a vertex
cover of size 150 — 77 = 73. This solution is 11 vertices smaller than the one obtained on
IBM’s quantum hardware, highlighting the impact of hardware noise and errors on solution
quality compared to ideal simulation conditions.

Further analysis of the results by comparing it to the exact reference solutions is still
ongoing, we have shown the preliminary results here to demonstrate the feasibility of
running SCOOP on IBM Quantum hardware.
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1-layer QAOA on MinVC (Selected Nodes in Red)

1-layer QAOA on MaxPC (Selected Nodes in Red)

Figure 9.9.|: Final state measurement results for the 100 qubit instance for MINVC and
MAxPC with one layer. Red vertices indicate the selected solution subset. The
top figure shows the MINVC solution and the bottom figure shows the MAXPC
solution, where the nodes in red represent the selected vertices in the profit
cover.
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Vertex Cover: Loss Over 100 Iterations - 100 node 3-Regular Graph
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Figure 9.10.|: QTensor simulation results for the 100 qubit instance for MINVC and MAXPC
with one layer. The top figure shows the QTensor simulation results for
the MINVC instance and the bottom figure shows the QTensor simulation
results for the MAXPC instance. The results show that QTensor can simulate
the same instance with a significantly lower circuit depth and gate count
compared to the IBM Quantum hardware execution.
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9.6. Chapter Summary

In this chapter, we presented the results of our utility-scale experiments of the SCOOP
framework on IBM Quantum hardware. We introduced the Heron R2 processor, high-
lighting its heavy-hexagonal lattice architecture and key features that make it suitable for
quantum computing applications. We discussed the optimization techniques available in
Qiskit, including fractional gate decomposition, which significantly reduces circuit depth
and gate counts. We provided preliminary results of a utility-scale experiment using the
SCOOP framework to solve MINVC and MAXPC on IBM Quantum hardware.
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In this chapter, we summarize the contributions of this dissertation, discuss their signif-
icance, and outline future work opportunities.

10.1. Dissertation Summary

In this dissertation, we addressed the challenges of solving constrained combinatorial opti-
mization problems using hybrid quantum-classical computing approaches. We identified
the limitations of existing penalty-based methods, which often lead to sub-optimal so-
lutions and feasibility issues. To overcome these challenges, we introduced the SCOOP
framework, which transforms constrained combinatorial optimization problems into un-
constrained counterparts, allowing for more effective solution exploration. Since quantum
and quantum-classical methods return probabilistic results, it is crucial to ensure that high
quality feasible solutions have a high probability of being sampled. The SCOOP framework
operates on the concept of SCOOP twins, which are pairs of problems that share identi-
cal input domains but differ in their objective functions and solution spaces. The SCOOP
framework ensures that the unconstrained twin problem is designed to capture the essence
of the original constrained problem while allowing for effective exploration of the solution
space. This transformation enables the use of quantum optimization techniques, such as
the Quantum Approximate Optimization Algorithm (QAOA), to find high-quality solutions
without being hindered by the constraints of the original problem.
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10.1.1. Challenges Addressed

In this dissertation, we focused on the following key challenges related to the development
of effective quantum encodings for constrained combinatorial optimization problems, par-
ticularly in the context of the Quantum Approximate Optimization Algorithm (QAOA) and
the challenge of working within the limitations of current quantum hardware.

CHI1:

CH2:

CH3:

CH4:

CH5:
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Encoding of constrained combinatorial optimization problems for QAOA. The in-
vestigation reaffirmed a core challenge in QAOA-based optimization: mapping
constrained problems onto quantum circuits requires a delicate balance between
simplicity and feasibility. Ineffective penalty-based encodings often yield infea-
sible results, whereas solution feasibility preserving encodings typically involve
complex multi-qubit operations that increase circuit depth and computational de-
mands.

Solution Distribution. This dissertation highlighted the importance of encoding
strategies that account not only for the optimal solution but also for the broader
solution landscape. Given the probabilistic nature of quantum outputs, encoding
schemes must preserve the structure of near-optimal solutions to enhance practi-
cal utility under real-world quantum hardware limitations.

Circuit Depth vs. Feasibility. In this dissertation, we investigated the trade-offs
between circuit depth and solution feasibility in the context of encoding using
QUBO and HUBO strategies. Qubit-intensive QUBO formulations offer shallow
circuits but come with an increased probability of infeasible solutions, whereas
compact higher-order representations preserve the problem constraints better at
the cost of deeper circuits. Considering hardware quality limitations and prob-
lem characteristics, the challenge lies in finding a balance between circuit depth
and solution feasibility that maximizes the probability of obtaining high-quality
feasible solutions.

Scalability. The complexity of tuning penalty-based encodings for constrained
problems presents a significant bottleneck for scalability. In particular, managing
the balance between the problem’s penalty parameters and QAOA parameters re-
mains a non-trivial task that complicates the training of variational circuits. We
addressed this challenge by proposing SCOOP, an alternative encoding frame-
work that reduces or eliminates the dependency on penalty parameters, thereby
enhancing scalability and simplifying the optimization process.

Trade-offs with Qubit Decoherence. Due to the impact of qubit decoherence, deeper
circuits face increased quantum noise and error rates, while shallower circuits
traded accuracy for better hardware reliability. For constrained combinatorial
optimization problems, this challenge is particularly pronounced, as the depth
of the quantum circuit directly affects the probability of sampling high-quality
feasible solutions. With the SCOOP framework, solutions that are infeasible with
penalty-based approaches can still be explored effectively, as the SCOOP twins
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are naturally unconstrained. Since this improves sampling probabilities, it also
mitigates the impact of qubit decoherence by reducing circuit depth.

CH6: Hybrid Workflow Overhead. The integration of quantum and classical resources
in hybrid workflows introduces communication overhead, particularly in itera-
tive optimization procedures. One way to address this challenge to use classical
tensor network simulators to calculate optimal parameters for the QAOA circuit
for smaller problems and then use these parameters to run the QAOA circuit on
quantum hardware for larger problems [Galda et al., 2021]. This approach aims
to minimize the communication overhead by leveraging classical resources for
initial parameter tuning. This was shown for MAXCUT which is an unconstrained
problem. We anticipate that the SCOOP framework can be used to extend this ap-
proach to constrained combinatorial optimization problems, as SCOOP twins are
unconstrained by design. This would allow for efficient parameter tuning on clas-
sical simulators, followed by execution on quantum hardware, thereby reducing
the communication overhead in hybrid workflows.

The above challenges were important considerations throughout the research work for
this dissertation. Out of these challenges, many research questions germinated. The next
section summarizes the most important research questions together with their research
findings and contributions.

10.1.2. Contributions

RQ1: What characteristics of existing penalty-based encoding approaches for constrained
combinatorial optimization problems impact their ability to maintain solution feasibility
and optimization quality across different problem classes?

C1: Analysis of penalty-based QUBO formulations revealing that: (1) optimal penalty set-
tings are instance-specific rather than problem-specific, (2) penalties that support finding
optimal solutions may not necessarily support finding near-optimal solutions, and (3)
strict enforcement of feasibility requires prohibitively large penalty values that impact
solution quality and scalability. This contribution highlights the limitations of penalty-
based approaches to constrained combinatorial optimization problems, particularly
in the context of QAOA, and sets the stage for exploring alternative encoding strate-
gies that are better suited for obtaining high-quality solutions that satisfy feasibility
constraints.

RQ2: How can we leverage the inherent limitations of penalty-based approaches for con-
strained combinatorial optimization problems to develop novel encoding strategies that
enhance solution feasibility?

RQ2.1: How can we effectively capture both optimal and near-optimal solutions while
accounting for the probabilistic nature of quantum systems and current hardware
constraints?
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RQ2.2: How can we leverage classical pre- and post-processing to maximize the proba-
bility of obtaining high-quality feasible solutions while minimizing QAOA circuit depth
under current hardware noise and decoherence constraints?

C2: Introduction of a penalty-free encoding strategy and its cost Hamiltonian for the con-
strained optimization problem MINIMUM VERTEX COVER using the MAXIMUM PROFIT
COVER problem. For the particular case of MINIMUM VERTEX COVER, we demonstrated
that the penalty-free encoding effectively captures both optimal and near-optimal so-
lutions, effectively addressing the challenges of solution feasibility and quality. This
contribution establishes a foundation for further exploration of penalty-free encodings
in other constrained combinatorial optimization problems.

RQ3: How can we develop a targeted encoding framework for constrained combinatorial
optimization problems that reduces or eliminates penalty coefficient dependencies while
maintaining solution quality?

C3: Development of the SCOOP framework: A systematic approach for transforming con-
strained optimization problems into their unconstrained counterparts ensuring that the
resulting problem pairs are solution-enhanceable, constrained-unconstrained, objective-
function-compatible optimization problem twins. SCOOP characterizes the constraints
in a constrained optimization problem and systematically transforms the problem into
an unconstrained twin that can be solved using QAOA. The SCOOP framework is de-
signed to reduce or eliminate the dependency on penalty parameters while ensuring
that the resulting unconstrained twin captures the essence of the original constrained
problem using classical post-processing, allowing for effective solution exploration.
A comprehensive collection of SCOOP twins developed in this dissertation, spanning
both NP-hard and polynomially solvable problems, is summarized in Table 10.1.

RQ4: Using such a framework, how can we identify and effectively formulate problems
that can be encoded as QUBOs?

C4 - C5: Application of SCOOP and QUBO formulations of SCOOP twins to the prob-
lems: MAXIMUM INDEPENDENT SET, MAXIMUM CLIQUE, MAXIMUM SET PACKING, and
application to MAX3SAT — a naturally higher-order problem that can be encoded as a
penalty-free QUBO. We systematically identified problems that have similar kinds of
constraint structures and applied the SCOOP framework to derive their unconstrained
formulations. While MAX3SAT is a naturally higher-order problem, we demonstrated
that it can be effectively encoded as a penalty-free QUBO using the SCOOP framework
due to its relationship with Maximum IS and therefore, MAXPI.

RQ5: Using such a framework, which problems can be effectively encoded as HUBOs and
to what extent can we optimize the trade-off between QUBO and higher-order encodings
to balance circuit depth, qubit requirements, and solution feasibility for different problem
classes and hardware constraints?

C6-C8: Derivation and formulation of HUBO-based SCOOP twins for both NP-hard prob-
lems (MINIMUM DOMINATING SET, MINIMUM MAXIMAL MATCHING, MINIMUM EDGE
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DOMINATING SET, MINIMUM SET COVER) and classically tractable problems (MINIMUM
EDGE COVER, MAXIMUM MATCHING), demonstrating SCOOP’s versatility across com-
plexity classes. These contributions demonstrate SCOOP’s versatility by creating novel
unconstrained optimization problems that naturally have higher-order interactions.
Rather than relying on penalty-based approaches or quadratization (which also in-
troduces penalty terms), we introduce new unconstrained problems that preserve the
inherent structure of higher-order constrained problems. This extension of SCOOP be-
yond quadratic formulations, while providing formulations across both NP-hard and
polynomial-time solvable problems, represents a significant impact in encoding con-
strained combinatorial optimization problems for QAOA.

RQ6: How can we experimentally evaluate the effectiveness of the SCOOP framework,
and what insights can we gain about the performance of QUBO and HUBO encodings in
practical applications?

RQ6.1: How do these encodings compare to traditional penalty-based approaches in
terms of solution feasibility and quality?

RQ6.2: How can we leverage quantum simulators to minimize the communication
overhead in hybrid quantum-classical workflows while maintaining the effectiveness
of iterative optimization procedures?

RQ6.3: How can SCOOP strengthen quantum computing benchmarking efforts for
combinatorial optimization, and how can it be used evaluate the utility-scale per-
formance of quantum algorithms on current hardware platforms?

C9 - C12: Development, implementation, and evaluation of software for the SCOOP
framework on simulators as well as quantum hardware including: QUBO/HUBO encod-
ings in PennyLane, Qiskit and QTensor; test datasets with random graphs of varying sizes
(n=5 to n=70) and densities (d = [0.1, 0.3, 0.5, 0.8]) as well as 3-regular graphs for
benchmarking; extensions to QTensor’s architecture for constrained optimization prob-
lems; and classical post-processing routines for solution feasibility. This dissertation
makes significant contributions to quantum computing benchmarking efforts by ex-
panding beyond the traditional focus on unconstrained problems like MAXCUT. We
provide a comprehensive suite of ten classically well-studied optimization problems,
both constrained and unconstrained, that can serve as benchmarking targets for quan-
tum algorithms. Our evaluation includes full statevector simulations for problems up
to 14 nodes, tensor network simulations for larger instances (15-70 nodes), and real
hardware experiments on IBM quantum processors. This multi-faceted evaluation ap-
proach, spanning different problem sizes and hardware platforms, establishes a more
diverse and robust benchmarking framework for assessing quantum optimization al-
gorithms. By including both NP-hard and polynomially solvable problems, our bench-
mark suite enables a more nuanced understanding of quantum algorithm performance
across different complexity classes.

Beyond addressing our research questions, this dissertation makes the contribution
of introducing novel unconstrained optimization problems such as MAXIMUM PROFIT SET
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Table 10.1.: SCOOP twins This table summarizes the collection of SCOOP twins derived

in this dissertation. The classical post-processing steps are provided to ensure
that the solutions obtained from the unconstrained problems can be trans-
formed back to feasible solutions for the original constrained problems.
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PACKING, MAXIMUM PROFIT SET COVER, MAXIMUM PROFITABLE EDGE SET and MAXIMUM
PROFIT EDGE COVER, which are mathematically interesting independent of their quantum
computing applications. The development of these problems, along with new relationships
between constrained and unconstrained formulations, provides fresh perspectives on prob-
lem complexity and solution spaces that could benefit classical algorithmic approaches,
opening up new directions for theoretical research.

10.2. Future Work

The contributions of this dissertation open up several avenues for future research. The
SCOOP framework provides a solid foundation for further exploration of constrained com-
binatorial optimization problems. In this section, we outline some key areas for future
work.

Applicability and limitations to the SCOOP Framework

The SCOOP framework can be applied to a wider range of constrained combinatorial op-
timization problems. In this dissertation, we focused on different kinds of covering and
packing problems, as well as problems related to matchings. One avenue for future work
is to explore the applicability of the SCOOP framework to these problems that have not
been addressed in this dissertation, such as scheduling problems, routing problems, and
other NP-hard problems. This would involve developing new SCOOP twins and evaluating
their performance on quantum hardware. Such problems often have unique constraints
including problems with linear constraints or problems with cycle or path constraints. It
would be interesting to explore how the SCOOP framework can be extended to handle
these constraints effectively.

QAOA Implementation Improvements

Several aspects of the QAOA implementation could be explored to enhance SCOOP’s perfor-
mance. While this dissertation used the standard X mixer Hamiltonian, alternative mixer
Hamiltonians may better suit specific problem classes or hardware constraints, particularly
for problems where certain constraints cannot be fully unconstrained. Additionally, ex-
ploring optimizers beyond RMSProp and COBYLA, such as basin-hopping [Iwamatsu and
Okabe, 2004] or evolutionary algorithms, could improve convergence and solution quality.
This investigation would involve analyzing solution landscapes across different problem
instances to identify optimal optimizer configurations for various SCOOP problems.
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Investigating more problems that do not fit the SCOOP framework

While the SCOOP framework provides a powerful tool for transforming constrained combi-
natorial optimization problems, there are problems that may not fit into the SCOOP frame-
work. One of the problems considered in this dissertation, the MAX3SAT problem, is an
example of a problem that does not fit the SCOOP framework as it has an unconstrained
higher-order formulation. However, it does have constraints when it is quadratized. It is
still possible to encode it as a QUBO problem by using its relationship with the MAXIMUM
INDEPENDENT SET problem. Since MAXIMUM INDEPENDENT SET is a SCOOP problem, we
can use the SCOOP framework to encode it as a QUBO problem. However, this approach
does not directly follow the guidelines of the SCOOP framework but we have used a SCOOP
twin to encode it as a QUBO problem. This highlights the need for further investigation into
problems that do not fit the SCOOP framework and how they can be effectively encoded
for quantum optimization.

Integration with QPLEX Framework

The SCOOP problems developed in this dissertation present an opportunity for integration
with QPLEX, a quantum hardware-agnostic Python library for solving optimization prob-
lems [Giraldo et al., 2023]. QPLEX provides a unified interface for executing both classical
and quantum optimization algorithms across different hardware platforms. Adding our
SCOOP problems to QPLEX would extend its problem library with novel unconstrained for-
mulations and enable benchmarking across different quantum platforms, including both
gate-based and annealing systems. This integration would make SCOOP problems more
accessible to the research community through a standardized implementation, while al-
lowing direct comparisons between penalty-based and SCOOP approaches using QPLEX’s
unified interface.

Implications of the SCOOP framework for Distributed Quantum Computing

For a constrained combinatorial optimization problem, different penalty parameters can
lead to different solutions. Large problems that require distributed quantum computing
may have different penalty parameters for different parts of the problem (e.g., by dividing
the problem or by circuit cutting [Tang et al., 2021]). This can lead to challenges in penalty
setting as there would be multiple penalty parameters to set. The SCOOP framework does
not require penalty parameters, which can simplify the process of setting up distributed
quantum computing workflows for constrained optimization problems. The SCOOP frame-
work can be used to encode the problem as a QUBO or HUBO problem, which can then
be distributed across multiple quantum devices without the need for penalty parameters.
This can lead to more effective distributed quantum computing workflows for constrained
combinatorial optimization problems.
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10.3. Closing Reflections

This dissertation set out to address a fundamental challenge in quantum optimization:
developing effective encoding strategies to solve constrained combinatorial optimization
problems on quantum computers, using hybrid quantum-classical algorithms. Through
the development of the SCOOP framework, we have shown how constrained optimization
problems can be systematically transformed into their unconstrained counterparts while
preserving solution quality and feasibility, eliminating the need for penalty parameters and
enhancing the probability of finding high-quality solutions.

The SCOOP framework represents a significant step toward making quantum optimiza-
tion more practical for real-world applications. Our approach spans both NP-hard and
polynomially solvable problems, demonstrating the framework’s versatility across different
complexity classes.

This dissertation aligns with the practicality of near-term quantum computing: quan-
tum processors are specialized hardware that work alongside classical computers. Our
SCOOP framework embraces this hybrid approach by strategically allocating computation-
ally intensive tasks to quantum hardware while leveraging classical resources for pre- and
post-processing. The SCOOP framework provides a foundation for future research in quan-
tum optimization, offering a systematic approach that acknowledges both the potential and
limitations of near-term quantum devices.
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Acronyms

QUBO Quadratic Unconstrained Binary Optimization
HUBO Higher-order Unconstrained Binary Optimization
QAOA Quantum Approximate Optimization Algorithm
MINVC MINIMUM VERTEX COVER

MaAxPC MAXIMUM PROFIT COVER

CPU Central Processing Unit

QPU Quantum Processing Unit

GPU Graphics Processing Unit

HQC Hybrid Quantum-Classical

VQE Variational Quantum Eigensolver

QA Quantum Annealing

QSVM Quantum Support Vector Machine

QPE Quantum Phase Estimation

VOQA Variational Quantum Algorithm

QHPC Quantum High-Performance Computing
MAXIS MAXIMUM INDEPENDENT SET

MAXPI MAXIMUM PROFIT INDEPENDENCE

MAXCL MAXIMUM CLIQUE

MAXPCL ~ MAXIMUM PROFIT CLIQUE

MINDS MINIMUM DOMINATING SET

MAXPD MAXIMUM PROFIT DOMINATION

MINEDS MINIMUM EDGE DOMINATING SET
MAXPED  MAXIMUM PROFIT EDGE DOMINATION
MAXPES MAXIMUM PROFITABLE EDGE SET
MAX3SAT MAXIMUM 3-SATISFIABILITY

MAXSP MAXIMUM SET PACKING

MAXxPSP MAXIMUM PROFITABLE SET PACKING
M3 MINIMUM MAXIMAL MATCHING
MM MAXIMUM MATCHING

MINEC MINIMUM EDGE COVER

MAXPEC MAXIMUM PROFIT EDGE COVER
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Appendix A

Classical Pre-processing techniques
and Exact Reference Solutions for
Vertex Cover

We discuss a few classical pre-processing techniques for the problem MINIMUM VERTEX
COVER and its parameterized decision version k-VERTEX COVER. These techniques have
been used in the algorithms to compute exact reference solutions for the problem MINI-
MUM VERTEX COVER and have also served to compute the exact reference solutions for the
problems MAXIMUM INDEPENDENT SET and MAXIMUM CLIQUE.

A.1. MINIMUM VERTEX COVER and k-VERTEX COVER

The optimization problem that asks to find the MINIMUM VERTEX COVER is a vertex cover
of the smallest size and the parameterized decision version asks whether there exists a
vertex cover of size at most k. Since k-Vertex Cover is fixed-parameter tractable, we can
leverage powerful preprocessing techniques to reduce the problem size while preserving
solution properties. This reduction in problem size is particularly valuable as it allows us to
handle larger instances by first applying polynomial-time kernelization before using more
computationally intensive solution methods.

A.2. Reduction rules for k-VERTEX COVER

The problem MINIMUM VERTEX COVER is NP-hard [Garey and Johnson, 1979] and the pa-
rameterized decision version k-VERTEX COVER is fixed-parameter tractable [Downey et al.,
1999b]. Using a bounded search tree, the problem can be solved in time O(2*n), where
n is the number of vertices in the graph. However, this running time is not practical for
graphs with a large value of k. Therefore, we can use pre-processing techniques to reduce
the size of the input graph before applying the algorithm.

We classify some classical pre-processing rules from the literature (also called reduction
rules) to be general or to be specific to the parameter k (i.e., the size of the vertex cover
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to be determined). The following are a few reduction rules for the k-VERTEX COVER prob-
lem [Downey et al., 1999b]. The kinds of vertices used in the reduction rules are illustrated
in Fig. A.1.

VC1: isolated vertex

VC3: Degree = k + 1 vertex

VC2: neighbor of a
degree-1 vertex

Figure A.1.|: The different kinds of vertices used in the reduction rules VC1, VC2 and VC3

* VC1:(General) Removal of all isolated vertices. This reduction rule relates to isolated
vertices. Vertices with no adjacent edges can be removed from the graph thereby
reducing the input size.

* VC2:(General) Neighbouring vertices of degree-1 vertices. We can add the neighbour-
ing vertices of degree-1 vertices into the vertex cover and remove this edge, and its
incident edges from the graph.

* VC3:(Specific) Vertices with a degree at least k+ 1. We can add a vertex of degree k+ 1
to the vertex cover. By not adding this vertex, we would need to add all of the & + 1
neighbours to the vertex cover which is not possible since we are looking for a vertex
cover of size at most k.

Note that above rules can be implemented in the time O(nk).

Kernelization based on global properties of the vertex cover
The first three rules explore local substructures, one could also exploit kernelizations based
on global properties [Nemhauser and Trotter, 1975] leading to kernelizations based on
matching. Another example of using arbitrarily large substructures is crown reductions
which is a generalization of VC2. A crown consists of an independent set I (no two vertices
in [ are connected by an edge) and another set H containing vertices adjacent to vertices in
I as illustrated in Fig. A.2. For I U H to be a crown, there has to exist a size-| H | maximum
matching (i.e., every vertex of H is matched) in the graph induced by the edges between
H and I. If such a crown exists, then we need at least | H| vertices to cover all edges in the
crown. Since [ is an independent set, there is a minimum size vertex cover for the graph
that contains all the vertices of H and none of I. Therefore, any given crown can be deleted
reducing the parameter k£ by |H|. Chor et al. [Chor et al., 2004] give a polynomial-time
kernelization with a running time of O(k(n +m)), where n is the number of vertices and m
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B e ------ 1 (Crown)

R (Rest of the graph)

Figure A.2.|: A graph G with a crown I U H.

is the number of edges for finding crowns by computing maximum matchings. This yields
another general reduction rule.

* VC4: General If G has a crown structure I U H, then delete H and reduce k by |H|.

A.3. Linear Programming Kernelization for £-VERTEX COVER

The optimization version of Vertex Cover can be formulated as an integer program [Abu-
Khzam et al., 2005]:

Minimize: Z Ty
ueV
Subject to: xy +x, >1 Y{u,v} €FE

z, € {0,1} VueV

where z,, = 1 indicates vertex u is in the cover. Relaxing this to a linear program by
replacing z,, € {0,1} with z, > 0 provides a lower bound on the optimal vertex cover
size [Nemhauser and Trotter, 1975].

Given the LP solution, we partition vertices into three sets:

P={ueV |z, >0.5}
Q={uveV |z, =0.5}
R={ueV |z, <05}

A modification [Abu-Khzam et al., 2005] of the Nemhauser-Trotter theo-
rem [Nemhauser and Trotter, 1975] guarantees that there exists an optimal vertex cover
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that contains all vertices in P and no vertices in R. This insight enables a problem re-
duction by allowing us to fix certain vertices as either included or excluded from the final
solution.

A.4. Exact Reference Solutions for MINIMUM VERTEX COVER

The exact reference solutions use the pre-processing techniques described above to reduce
the size of the input graph before applying a branching algorithm. The VertexCoverSolver
class implements the complete solution pipeline for solving the MINIMUM VERTEX COVER
problem. The class is initialized with an input graph:

Listing A.1: Vertex Cover Solver Initialization

class VertexCoverSolver:
def init_ (self, graph):
self .graph = graph

General Pre-processing

The following code snippets demonstrate the general pre-processing techniques that can
be applied to the input graph.

Listing A.2: General Pre-processing for MINVC

def remove isolated nodes(self, graph):

nnn

Removes all isolated nodes from the graph.
isolated nodes = [node for node in graph.nodes() if graph.degree(node) == 0]
graph.remove nodes from(isolated nodes)
return graph
def apply pendant rule(self, graph):

nnn

Handles pendant vertices (degree—1 vertices)by adding their neighbors to the

nnn

solution_vertices = []
modified graph = graph.copy()

# Get all degree—1 vertices
pendant _vertices = [v for v in graph.nodes() if graph.degree(v) == 1]

for v in pendant vertices:

neighbor = list (graph.neighbors(v))[0]
if neighbor not in solution vertices:
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solution _vertices.append(neighbor)
modified graph.remove nodes from ([v, neighbor])

return modified graph, solution vertices

LP Kernelization

The following snippet is used to apply the LP Kernelization technique to the input graph.
The function 1p_kernelization takes a graph as input and returns the reduced graph along
with the vertex cover size.

Listing A.3: LP Kernelization for MINVC
def lp kernelization (self, graph):

Credits: Faisal Abu—Khzam

Implement the LP kernelization technique.

Returns the kernel graph and the vertices in the cover so far.

# Create a Pulp ILP problem

prob = pl.LpProblem("VertexCover", pl.LpMinimize)

x = pl.LpVariable.dicts("x", graph.nodes(), lowBound =0 ,cat=’Continuous
prob += pl.lpSum(x)

for (u,v) in self.graph.edges():
prob += x[u] + x[v] >=1

solver = pl.getSolver (’PULP_CBC CMD’, threads = 1)
start = time.time ()

prob.solve (solver)

end = time.time ()

execution time = end — start

kernelgraph = graph.copy()
solutionpart = []

for v in prob.variables ():
index = re.findall (r’\d+’, v.name)
s = [str(i) for i in index]
res = int("".join(s))
if v.varValue!=0.5:
kernelgraph.remove node(res)
if v.varValue >0.5:
solutionpart.append(res)
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return kernelgraph, solutionpart, execution time

Bounded Search Tree

The following code snippet implements the bounded search tree algorithm for solving the
MINIMUM VERTEX COVER problem.

Listing A.4: Bounded Search Tree for MINVC

def bounded_search tree VC(self, kernelgraph, k, current):
# Base cases
if not kernelgraph.edges():
return True, current
elif k == 0:
return False, []

u = max(kernelgraph.nodes(), key=lambda x: kernelgraph.degree(x))
neighbors = list (kernelgraph.neighbors(u))

# Recurse on two cases: (1) Remove u from the

# graph, (2) Remove v from the graph

graph _minus_u = kernelgraph.copy()

graph _minus_u.remove node (u)

current_u = current.copy()

current_u.append (u)

result minus_u = self.bounded search tree VC(graph minus u, k — 1, curre

graph minus v = kernelgraph.copy()
graph minus_v.remove nodes from(neighbors)
current_v = current.copy()

if (k—len(neighbors)>=0):
current_v.extend (neighbors)

result minus v = self.bounded search tree VC(graph minus v, k — len(
else:

result minus v = False, []
if result minus u[O]:

return result minus u
elif result minus v[O]:

return result minus_v
else:

return False, []
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Cost Calculation

We compute the cost of the vertex cover based on the penalties set in the graph. For
profit covers, there is no penalty, and profit is calculated as the number of edges covered
subtracted by the number of vertices in the cover. Note that we multiply the profit by -1
when we convert it into a cost (as the QAOA solver minimizes the cost function and we use
this value for comparison).

Listing A.5: Cost Calculation for MINVC

def compute profit(self, cover):
gain=0
for edge in self.graph.edges():
if (edge[0] in cover or edge[l] in cover):
gain +=1

loss = len(cover)

profit = gain — loss

if (profit <0):
profit=0

return profit
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Impementation Details: PennyLane

B.1. Hamiltonian Construction

The PennyLane library provides a convenient way to construct Hamiltonians using the
gml.Hamiltonian class. This class allows us to define Hamiltonians in terms of Pauli op-
erators and their coefficients, which is essential for implementing quantum algorithms like
QAOA. A Hamiltonian class implements various quantum Hamiltonians for graph opti-
mization problems using PennyLane’s quantum computing framework. It provides a uni-
fied interface for constructing both cost and mixer Hamiltonians for QAOA. The following
listing shows the implementation of the Hamiltonian class for the problem MAXPC. Other
QUBO formulations can be implemented similarly by defining the appropriate cost Hamil-
tonians.

Listing B.1: Hamiltonian Construction in PennyLane

class Hamiltonian:
def __init__(self, graph):
self.graph = graph

def profit cover cost Hamiltonian(self):
obs = []
coeffs = []

for edge in self.graph.edges():
coeffs.extend ([0.25, 0.25, 0.25])
obs.extend ([qml.PauliZ (edge[0]), qml.PauliZ (edge[1]),
gml. PauliZ (edge[0]) @ qml. PauliZ (edge[1])])
hamiltonian _edge = qml.Hamiltonian(coeffs, obs)

obs = []

coeffs = []

for vertex in self.graph.nodes():
coeffs.extend ([ —0.5])
obs.extend ([gqml. PauliZ (vertex)])
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hamiltonian vertex = gqml.Hamiltonian(coeffs, obs)
profit cover = hamiltonian edge + hamiltonian vertex
return profit cover

For SCOOP problems with higher-order terms, the Hamiltonian construction is simi-
lar.

Listing B.2: Hamiltonian Construction for MAXPD

def profit domination cost Hamiltonian(self):
gain = qml.Hamiltonian ([0], [qml.Identity (0)])
for i in self.graph.nodes():
hamiltonian i = qml.Hamiltonian([1], [qml.Identity(i)])
— qml.Hamiltonian ([0.5, —0.5],
[qml.Identity (i), gqml.PauliZz(i)])
for j in self.graph.neighbors(i):
obs = []
coeffs = []
coeffs.extend ([0.5, —0.5])
obs.extend ([gml. Identity (j),
gml.PauliZ (j)]1)
hamiltonian n = qml.Hamiltonian([1], [qml.Identity (j)])
— gqml.Hamiltonian (coeffs , obs)
hamiltonian i = hamiltonian_i@hamiltonian _n

gain += (qml.Hamiltonian([1], [qml.Identity(i)]) — hamiltonian i)

obs = []
coeffs = []
for i in self.graph.nodes():
coeffs.extend ([0.5, —0.5])
obs.extend ([qml. Identity (i),
qml. PauliZ (i)])

loss = gqml.Hamiltonian (coeffs, obs)
profit = gain — loss
cost_hamiltonian = (—1)«profit
return cost_hamiltonian

For constructing the Hamiltonians for constrained problems, penalties values are input
arguments as well:

Listing B.3: Hamiltonian Construction for MINVC

def vertex cover penalty(self, penalty A=3, penalty B=2):
obs = []
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coeffs = []

for edge in self.graph.edges():
coeffs.extend ([ penalty A/4,penalty_A/4, penalty_A/4])
obs.extend ([qml. PauliZ (edge[0]), gqml.PauliZ (edge[1]),
gml.PauliZ (edge[0]) @ qml. PauliZ (edgel[1])])
hamiltonian _edge = qml.Hamiltonian(coeffs, obs)

obs = []

coeffs = []

for vertex in self.graph.nodes():
coeffs.extend([—1xpenalty B/2])
obs.extend ([gqml. PauliZ (vertex)])

hamiltonian_vertex = qml.Hamiltonian(coeffs, obs)
cost_hamiltonian = hamiltonian_edge + hamiltonian_vertex
return cost_hamiltonian

B.2. QAOA Implementation

The QAOASolver class implements the complete QAOA workflow, handling both circuit
construction and optimization. It takes cost and mixer Hamiltonians as inputs and man-
ages:

* Circuit Construction: Implements p-layer QAOA with alternating cost and mixer op-
erations

e Parameter Optimization: Uses RMSProp optimizer over 400 iterations
* Measurement: Returns both state probabilities and expectation values

* Initial State Preparation: Applies Hadamard gates to create superposition

The solver automatically handles quantum device configuration and provides methods
for both optimization and final state measurement. We implement the QAOA algorithm
using PennyLane’s qaoa function, which allows us to specify the cost Hamiltonian and the
mixer Hamiltonian. PennyLane provides methods for layering quantum operations, which
is essential for implementing the QAOA algorithm. For QAOA, PennyLane provides QAOA
cost layer and QAOA mixer layer functions to construct the cost and mixer layers of the
QAOA circuit. These functions allow us to define the quantum operations that correspond
to the cost and mixer Hamiltonians, respectively. The gml.layer function is used to apply
these layers in a structured manner, enabling the construction of multi-layer QAOA circuits.
The cost layer applies the unitary operation Uc = e~ where H is the cost Hamiltonian
and + is a variational parameter that determines the strength of the evolution under the
cost Hamiltonian. Similarly, the mixer layer applies the unitary operation Uy, = e~ "#Hum
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where H); is the mixer Hamiltonian and (3 is another variational parameter. The QAOA
circuit is constructed by alternating these layers for a specified number of repetitions p,
which determines the depth of the circuit.

The following code snippet demonstrates how to set up and run the QAOA algorithm
for a given graph.

Listing B.4: QAOA Implementation in PennyLane

import networkx as nx

import pennylane as qml

from pennylane import numpy as np

from pennylane import qaoa

from .hamiltonian import Hamiltonian

dev = gqml. device("default.qubit", wires=16)

class QAOASolver:
def _ init__ (self, cost, mixer):
self.cost = cost
self .mixer = mixer

def solve(self, init params, p=1):

def gqaoa layer(gamma, alpha):
qaoa.cost_layer (gamma, self.cost)
qaoa.mixer layer(alpha, self.mixer)

def circuit (params, =+xkwargs):
wires = self.cost.wires
for w in wires:
gml . Hadamard (w)

qml. layer (qaoa_layer, p, params[0], params[1])

@qgml. gnode (dev)

def cost function (params):
circuit (params)
return gml.expval(self.cost)

optimizer = gqml.RMSPropOptimizer ()
steps = 400
params = init_params
for _ in range(steps):
params = optimizer.step(cost _function, params)

@qgml. gnode (dev)
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def penalty probability circuit(gamma, alpha):
wires = self.cost.wires

circuit ([gamma, alphal])
return qml. probs(wires=wires)

probabilities = penalty probability circuit(params[0], params[1])
expectation_value = cost function (params)
return probabilities, expectation value, params

Generating Graphs

We use the NetworkX library to generate random graphs (varying density or 3 regular) for
testing the QAOA algorithm. Note that all graphs generated are connected graphs. Note
that these subroutines are also used for QTensor and Qiskit.

import networkx as nx

import matplotlib.pyplot as plt
import pickle

def generate and save random_ connected graphs(num_graphs, num nodes,

edge proba
graphs = []

for _ in range(num_graphs):
# Generate a random graph

random_graph = nx.fast gnp random_ graph(num nodes, edge probability)

# Ensure the graph is connected
while not nx.is _connected (random_graph):

random_graph = nx.fast gnp random graph(num nodes, edge probability)

graphs.append (random_graph)

# Save the graphs to a pickle file
with open(pickle file, ’'wb’) as file:
pickle .dump(graphs, file)

def generate and save random regular graphs(num_graphs, num nodes, degree, pickl
graphs = []

for _ in range(num_graphs):

# Generate a random regular graph
random_graph = nx.random_regular graph(degree, num nodes)
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graphs.append (random_graph)

# Save the graphs to a pickle file
with open(pickle file, ’'wb’) as f:
pickle .dump(graphs, f)

Collating Results

To collate results from multiple QAOA runs, we can use the following code snippet. This
code reads the results from a pickle file and aggregates the probabilities and expectation
values for each graph.

Listing B.5: Collating Results from QAOA Runs

import pickle

def solve pc_from pickle(pickle file, num layers, init params):
try:
with open(pickle file, ’rb’) as file:
graphs = pickle.load (file)
except Exception as e:
raise RuntimeError(f"Error_loading_pickle_file:_{e}")

probs_all = []
exp_val all = []
summed probs_all = []

for i, graph in enumerate(graphs):
probs _graph = []
exp_val graph = []
summed_ probs_graph = []

_, pc_cost = solve pc_classical(graph)
for layer in range(0O, num layers + 1):
probs, exp _val, opt params = solve pc(graph, layer, init params)
summed probs = get summed probs pc(graph, probs, pc_cost)
probs graph.append(probs)
exp_val graph.append(exp_val)
summed probs _graph.append (summed probs)
probs_all.append(probs_graph)
exp_val all.append(exp_val graph)
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summed probs_all.append (summed probs graph)

return {
"probs’: probs_all,
“exp_vals’: exp_val all,

’opt_params’: opt_params_all,
’summed_probs’: summed_ probs_all

¥

The code snippets presented here highlight key implementation aspects of the SCOOP
framework; the complete implementation, including additional utilities, tests, and example
notebooks, is available in our GitHub repository at https://github.com/RigiResearch/pf-

opt.
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Appendix C

Implementation Details: QTensor

C.1. Circuit Composer Class

The CircuitComposer class implements a hierarchical system for constructing QAOA cir-
cuits for graph optimization problems. It separates circuit construction from problem-
specific implementations. A CircuitBuilder class defines a framework for constructing
quantum circuits using a common interface (CircuitBuilder) that is specialized for differ-
ent quantum simulation or computation backends such as QTensor, Qiskit, or Cirq. This
design allows for flexibility in circuit construction while maintaining a consistent interface
across different quantum computing platforms. The CircuitBuilder serves as an abstract
base class that defines a common interface for quantum circuit construction across dif-
ferent backends. This interface includes fundamental operations such as reset, gate ap-
plication, and circuit inversion. Backend-specific implementations (like ‘QiskitBuilder‘ or
‘CirqBuilder) inherit from this class, implementing these operations according to their re-
spective platform requirements while maintaining a consistent interface. This is useful in
hybrid quantum-classical workflows and in research code that needs to support multiple
simulators or quantum SDKs. The cone_ansatz method implements a lightcone version
of QAOA, which strategically constructs quantum circuits by focusing on dynamically de-
fined subgraphs relevant to each QAOA layer. The circuit initialization applies a layer of
Hadamard gates to all qubits to prepare a uniform superposition state. For each layer from
p down to 1, the method creates a subgraph centered around the target edge or vertex,
bounded by the distance corresponding to the current layer index. It then applies the
cost operator using ~[i] on this subgraph and reconstructs a (possibly updated) subgraph
to apply the mixer operator with f§[i]. This localized layering strategy is facilitated by
utils.get_edge_subgraph, and the original graph structure is preserved and restored us-
ing cone_base. By confining quantum operations to lightcone-relevant regions, this ansatz
significantly reduces circuit depth and qubit connectivity requirements.

Figure C.1 illustrates the overall architecture of the CircuitComposer framework, high-
lighting the interactions between different components and the flow of information during
circuit construction. The CircuitComposer, QAOAComposer, and ZZComposer are provided
by QTensor. Our contribution is the addition of constrained problems.

Below we show a sample code snippet that illustrates how the CircuitComposer is used
to construct a QAOA circuit for a given problem:
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VCZZQAOAComposer PCZZQAOAComposer PIZZQAOAComposer ISZZQAOAComposer
L J7 I J
v ¥ é%
v
ZZQAOAComposer
VCQAOAComposer PCQAOAC! PIQAOAComposer ISQAOAComposer

+append_zz_term()

il Bl

QAOAComposer

+graph
+qubit_map

+ansatz_state()
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+energy_expectation()
+mixer_operator()
+cost_operator_circuit()
+append_zz_term()

Y
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+params
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+expectation()
+layer_of_Hadamards()

Figure C.1.|: Architecture of the CircuitComposer framework.
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Listing C.1: Using CircuitComposer to construct a QAOA circuit
class PCQAOAComposer (QAOAComposer) :

def energy expectation(self, xargs):
self.cone ansatz(xargs)
self.energy term(xargs)
first part = self.builder. circuit
self.builder.reset ()

self.cone ansatz(xargs)

self.builder.inverse ()

second part = self.builder. circuit
self.circuit = first_part.compose(second part)

def cost operator circuit(self, gamma, edges=None):
if edges is None: edges = self.graph.edges()
nodes = self.graph.nodes()

for i, j in edges:
u, v = self.qubit map[i], self.qubit map[j]
self.append zz term(u, v, gammax(0.25))

for i in nodes:
u = self.qubit map[i]
self.z term(u, gamma * (—0.25)«(self.graph.degree(i) —2))

class VCQAOAComposer (QAOAComposer) :
def energy expectation(self, xargs):
self.cone ansatz(xargs)
self.energy term(xargs)
first_part = self.builder.circuit
self.builder.reset ()

self.cone ansatz(xargs)

self.builder.inverse ()

second part = self.builder. circuit
self.circuit = first _part.compose(second part)

def cost _operator_circuit(self, gamma, edges=None):
if edges is None: edges = self.graph.edges()
nodes = self.graph.nodes()
for i, j in edges:
u, v = self.qubit map[i], self.qubit map[j]
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self.append zz term(u, v, gammax(0.75))

for i in nodes:
u = self.qubit map[i]
self.z term(u, gammax(0.25)%((3+self.graph.degree(i))—4))
class ZZQAOAComposer (QAOAComposer) :
def append zz term(self, ql, q2, gamma):
self.apply gate(self.operators.ZZ, ql, q2, alpha=2xgamma)

class VCZZQAOAComposer (VCQAOAComposer, ZZQAOAComposer):
def energy expectation(self, xargs):
self.cone ansatz(xargs)
self.energy term(xargs)
first_part = self.builder.circuit
self.builder.reset ()
self.cone ansatz(xargs)
self.builder.inverse ()
second part = self.builder.circuit
self.circuit = first _part + second part

class PCZZQAOAComposer (PCQAOAComposer, ZZQAOAComposer) :
def energy expectation(self, xargs):
self.cone ansatz(xargs)
self.energy term(xargs)
first_part = self.builder.circuit
self.builder.reset ()
self.cone ansatz(xargs)
self.builder.inverse ()
second part = self.builder. circuit
self.circuit = first _part + second part

C.2. QAOASimulator Class

The QAOASimulator class is responsible for simulating the QAOA circuits constructed by
the CircuitComposer. It provides methods for running the circuits on classical simulators
and obtaining results that can be compared with quantum hardware executions. The class
is designed to be backend-agnostic, allowing it to work with various quantum simulation
frameworks. Tensor network simulation is done using the QTensor-QTree backend. Fig-
ure C.2 shows the architecture of the QAOASimulator class, which includes methods for
circuit execution, result retrieval, and performance evaluation.
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PCQAOASimulat PIQAOASimulat
VCQAOASimulator CQAOASimulator 1SQAOASimulator QAOASimulator
2 +_post_process_ener; : +_post_process_ener;
+energy_expectation() +;:erg;pexpect;mn(g)yo +energy_expectation() +;zerg;pexpect_ation(g)yo
QAOASimulator
+composer
+profile

+_edge_cache

+_get_edge_energy()
+_edge_energy_circuit()
+_iterate_edges()
+optimize_lightcone()
+optimize_lightcones()
+_post_process_energy()
+energy_expectation()
+_parallel_unit_edge()
+energy_expectation_parallel()
+energy_expectation_mpi()

!

Simulator

QtreeSimulator

Figure C.2.|: Architecture of the QAOASimulator class. The class is responsible for sim-
ulating QAOA circuits constructed by the CircuitComposer. We inherit from
the QAOASimulator and QAOAQtreeSimulator classes to implement problem
specific simulations for various constrained problems and their SCOOP twins.
The problems shown here are Vertex Cover (VC), Independent Set (IS), and
its SCOOP variants, Profit Cover (PC), and Profit Independence (PI).
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Below we show a sample code snippet that illustrates how the QAOASimulator is used
to run a QAOA circuit for a given problem:

Listing C.2: Using QAOASimulator to run a QAOA circuit

class VCQAOASimulator (QAOAQtreeSimulator):
def energy expectation(self, G, gamma, beta):

nnn

Arguments:

G: VertexCover graph, Networkx
gamma, beta: list[float]
Returns: VertexCover energy expectation

total E = 0
for i, edge in enumerate(G.edges()):

E = self. get edge energy(G, gamma, beta, edge)
total E += E

if self.profile:

print (self.backend. gen report())
return np.real(total E)

class PCQAOASimulator (QAOAQtreeSimulator):
def post process energy(self, G, E):
if (np.abs(np.imag(E))>1e—6).any():

print (f"Warning: _Energy_result_imaginary_part_was:_{np.imag(E)}")

nnn

Calculate final energy of Profit Cover by adding the offsets

nnn

E = np.real (E)

Ed = G.number of edges ()
V = G.number_of nodes ()

return E + V/2 — 3xEd/4

def energy expectation(self, G, gamma, beta):

nnn

Arguments:

G: ProfitCover graph, Networkx
gamma, beta: list[float]
Returns: ProfitCover energy expectation

nnn

total E = 0
for i, edge in enumerate(G.edges()):
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E = self. get edge energy(G, gamma, beta, edge)
total E += E
if self.profile:

print (self.backend. gen report())
C = self. post process _energy(G, total E)
return C

Note that we do not include any imports or class definitions that are used in the code
snippets above, as they are assumed to be part of the QTensor library. The code snippets
illustrate how to use the CircuitComposer and QAOASimulator classes to construct and
simulate QAOA circuits for constrained problems. Code related to QTensor can be found in
https://github.com/danlkv/QTensor.
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Implementation Details: Qiskit 2.0

D.1. Hamiltonian Representation using SparsePauliOp

SparsePauliOp is a Qiskit class that provides an efficient representation of quantum opera-
tors in the Pauli basis, particularly useful for large qubit systems with sparse interactions.
The primary advantage of SparsePauliOp lies in its sparse representation of quantum op-
erators. By storing only non-zero Pauli terms, it significantly reduces memory requirements
for N-qubit systems. The class enables practical implementation of large-scale optimiza-
tion problems involving hundreds of qubits, making it essential for our utility-scale experi-
ments.

SparsePauliOp (
paulis: PauliList ,
coeffs: np.ndarray

The SparsePauliOp requires two arguments:
* paulis: A PauliList object containing Pauli strings (e.g., I XY 7).

* coeffs: A complex numpy array of coefficients for each Pauli term.

D.1.1. MINVC and MAXPC Hamiltonian Construction

The build_mvc_paulis function constructs the quantum Hamiltonian for the Minimum
Vertex Cover problem. This implementation translates graph structure into Pauli operators
suitable for QAOA execution.

Formulated using the Pauli-Z operators, the Hamiltonian Hyc can be expressed as:

Fymin

min _ 2 Z (ZuZw+ Zu+ 20) — = Zy+ Ave (D.1)

Note that we multiply both coefficients by 0.5 so as to scale down the Hamiltonian for
the application of fractional gates. Ay = $A|E| + 1 B|V|, and penalties A and B in fl{}‘cin
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are set to 3 and 2. Note that % corresponds to the size of the solution state for (only) the
cases that correspond to a feasible vertex cover solution.

Edge Terms:

Each edge (i, j), generates three terms:
» 77 interaction between vertices ¢ and j
* Single Z operator on vertex i
* Single Z operator on vertex j

Vertex Terms:

Each vertex v generates:
* Single Z operator on vertex v

Listing D.1: Building the Minimum Vertex Cover Hamiltonian using SparsePauliOp

from qiskit.quantum_info import SparsePauliOp
def build mvc paulis(graph: nx.graph) —> list[tuple[str, float]]:
pauli_list = []
for edge in list(graph.edges()):
paulis = ["I"] * len(graph)

paulis[edge[0]], paulis[edge[1l]] = "Z", "Z"
coeff = 0.75+%0.5
pauli list.append(("".join(paulis)[::—=1], coeff))

paulis = ["I"] * len(graph)

paulis[edge[0]] = "Z"

pauli list.append (("".join(paulis)[:: —=1], coeff))
paulis = ["I"] * len(graph)

paulis[edge[1]] = "Z"

pauli list.append(("".join(paulis)[::=1], coeff))

for vertex in list(graph.nodes()):
paulis = ["I"] » len(graph)
paulis[vertex] = "Z"
coeff = —1.0+0.5
pauli list.append(("".join (paulis)[::=1], coeff))

return pauli_ list
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mvc_paulis = build mvc_paulis(graph)

cost_hamiltonian_mvc = SparsePauliOp.from list (mvc_paulis)

Listing D.2: Building the Maximum Profit Cover Hamiltonian using SparsePauliOp

def build mpc_paulis(graph: nx.graph) —> list[tuple[str, float]]:
"""Convert the graph to Pauli list.

nnn

pauli_list = []
for edge in list(graph.edges()):
paulis = ["I"] * len(graph)

paulis[edge[0]], paulis[edge[1]] = "Z2", "Z"

coeff = 0.25

pauli list.append(("".join (paulis)[::—=1], coeff))

paulis = ["I"] * len(graph)

paulis[edge[0]] = "Z"

pauli list.append(("".join(paulis)[::=1], coeff))

paulis = ["I"] * len(graph)

paulis[edge[1]] = "Z"

pauli list.append(("".join(paulis)[::—=1], coeff))
for vertex in list(graph.nodes()):

paulis = ["I"] * len(graph)

paulis[vertex] = "Z"

coeff = —0.5
pauli list.append(("".join(paulis)[:: =1], coeff))

return pauli_list

mpc_paulis = build mpc_paulis(graph)

cost_hamiltonian _maxpc = SparsePauliOp.from list(mpc_ paulis)

Note that other Hamiltonians can be constructed similarly, and are not shown here for
brevity.

D.2. Circuit Compilation
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Listing D.3: Circuit decomosition and transpilation

from qiskit.circuit.library import QAOAAnsatz

from qiskit.transpiler import generate preset pass _manager

from qiskit_ibm runtime import EstimatorV2 as Estimator

circuit = QAOAAnsatz(cost _operator=cost_hamiltonian, reps=1)
circuit.measure_all()

circuit.decompose(reps=3)

# QiskitRuntimeService.save_account(channel="ibm_quantum",

# token="<MY IBM QUANTUM TOKEN>", overwrite=True, set_as_default=True)

service = QiskitRuntimeService (channel="ibm_quantum’)
backend = service.backend(’ibm fez’, use fractional gates=True)
print (backend)

pm = generate preset pass manager (optimization level =3,
backend=backend)

candidate circuit = pm.run(circuit)

D.3. Cost Function Estimator

Listing D.4: Using Estimator Primitive to calculate Cost
initial gamma = np.pi/2
initial beta = np.pi/4
init_params = [initial gamma, initial beta]
def cost func_estimator (params, ansatz, hamiltonian, estimator):
isa_hamiltonian = hamiltonian.apply layout(ansatz.layout)
pub (ansatz, isa_hamiltonian, params)
job = estimator.run([pub])
results = job.result ()[0]
cost = results.data.evs
objective func vals.append(cost)
return cost

D.4. Running QAOA

Listing D.5: Run on IBM Hardware backend

from qiskit ibm runtime import Session, EstimatorV2 as Estimator
from scipy.optimize import minimize

with Session (backend=backend) as session:
estimator = Estimator (mode=session)
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estimator.options.default shots = 1000

# Set simple error suppression/mitigation options
estimator.options.dynamical decoupling.enable = True
estimator.options.dynamical decoupling.sequence type = "XY4"
# Cannot use twirling with fractional gates
estimator.options. twirling.enable gates = False

# estimator.options. twirling.num_randomizations = "auto"

result = minimize (
cost_func_estimator ,
init_params,
args=(candidate circuit, cost hamiltonian,
method="COBYLA" ,
tol=le—-2,

estimator),
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