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A B S T R A C T

A macroscopic model for non-homogeneous traffic is proposed based on harmonization during transitions. This
model considers the lateral and forward distances between vehicles, reaction and harmonization times, and
changes in velocity. Further, the equilibrium velocity distribution is characterized based on the density and
travel time of real non-homogeneous traffic. The proposed and Payne–Whitham (PW) models are evaluated
over a 200 m circular road using the FORCE scheme. The results obtained demonstrate that the proposed
model provides a more realistic representation of non-homogeneous traffic.
1. Introduction

Understanding traffic flow is important from both economic and
societal perspectives. The economic factors include fuel consumption
and travel time whereas the societal factors include driver fatigue and
injuries (Imran et al., 2020). Congestion results in significant losses
in both developing and developed countries (Timilsina and Dulal,
2010). Thus, techniques should be developed to overcome this problem.
Traffic can be homogeneous or non-homogeneous. Homogeneous traffic
follows lane discipline and is comprised of similar types of vehicles. In
this case, there is little variation in velocity and density. Conversely,
non-homogeneous traffic does not follow lane discipline and is often
comprised of both motorized and non motorized vehicles (Mallikarjuna
and Rao, 2011). This impedes traffic flow and often results in moving
bottlenecks and congestion (Zhang, 1998). Non-homogeneous traffic is
more complex than homogeneous traffic which makes flow characteri-
zation challenging (Delitala and Tosin, 2007). However, understanding
this type of traffic is essential to designing effective strategies for traffic
control (Jiang et al., 2002).

Spatial changes in traffic result in driver interactions (Khan et al.,
2020). In particular, a safe distance is maintained with leading vehi-
cles to prevent accidents (Brackstone and McDonald, 2007) and the
distances between vehicles affect the traffic flow. Congested traffic is
characterized by small distances between vehicles and high acceler-
ation (Qu et al., 2014). Traffic flow is also affected by the lateral

∗ Corresponding author.
E-mail addresses: waheedemran@hotmail.com (W. Imran), khanz@uvic.ca (Z.H. Khan), agullive@ece.uvic.ca (T.A. Gulliver), emalam82@gmail.com

(M. Alam), khurram.s.khattak@gmail.com (K.S. Khattak).

separation between vehicles. In a non-homogeneous flow, lateral dis-
tances can vary greatly as drivers do not maintain lane discipline.
Therefore, a model considering both forward and lateral distances is
required to adequately characterize non-homogeneous traffic.

Numerous traffic models have been developed to study traffic be-
havior. However, they cannot be used for non-homogeneous traffic
since this type of traffic has not been explicitly incorporated. Further,
vehicle behavior is often described by non-physical constants that do
not reflect reality. Traffic models should be based on traffic physics.
This is important as traffic in developing countries such as Pakistan is
non-homogeneous. In this paper, a new macroscopic model that can be
employed for non-homogeneous traffic is proposed. Both the forward
and lateral distances between vehicles are used to characterize traffic
behavior. The main contributions of this paper are as follows.

1. The well-known Payne–Whitham (PW) model is modified to
incorporate the forward and lateral distances between vehicles.
Thus, driver presumption is not a constant as in the PW model.
Further, the parameters in the proposed model are based on
traffic physics.

2. Regression models are used to characterize the velocity–density
relationship (equilibrium velocity distribution), of non-homo-
geneous traffic based on real density and travel time data from a
highway in Pakistan. These models are employed to characterize
traffic behavior.
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3. A 200 m circular road with an inactive bottleneck is used to
evaluate the performance of the proposed and PW models. In
particular, the impact of lateral distance on the velocity is de-
termined. The results obtained indicate that the proposed model
provides a more realistic representation of non-homogeneous
traffic.

The rest of this paper is organized as follows. A review of the related
literature is presented in Section 2. The empirical equilibrium velocity
distributions are given in Section 3. Section 4 presents the proposed
macroscopic traffic model and the model hyperbolicity is examined in
Section 5. The performance of the proposed and PW models is evaluated
in Section 6. Finally, some conclusions are given in Section 7.

2. Literature review

Aggregate parameters such as velocity, density, and flow are typi-
cally examined using macroscopic traffic models (Kessels, 2019). Con-
versely, individual vehicle behavior is considered in microscopic mod-
els along with human behavior (Nagel et al., 2003) such as psycho-
logical and physical responses (Henein and White, 2010). Mesoscopic
models combine the characteristics of both microscopic and macro-
scopic models (Cantarella et al., 2014) and probability distributions
are often employed (Kessels, 2019; Hoogendoorn and Bovy, 2001).
Macroscopic models are commonly used due to their low computational
complexity (Khan et al., 2019b, 2022a).

The macroscopic study of traffic flow started with the Lighthill,
Whitham and Richards (LWR) model (Lighthill and Whitham, 1955;
Richards, 1956) which is given by

𝜌𝑡 + 𝜌(𝑣(𝜌))𝑥 = 0, (1)

where 𝜌 is density and 𝑣(𝜌) is the relationship between velocity and
density during equilibrium traffic conditions. The subscripts 𝑡 and 𝑥
epresent spatial and temporal derivative, respectively. This model
ssumes traffic continuum and only small changes that occur instanta-
eously, i.e. ideal traffic conditions on a long road. This model cannot
ccurately characterize large or abrupt changes in traffic (Liu et al.,
998) such as in stop and go conditions or with rapid changes in veloc-
ty (Daganzo, 1995; Khan and Gulliver, 2018; Maerivoet and De Moor,
008; Khan et al., 2022b). An acceleration term was added to im-
rove the LWR model (Khan et al., 2019b). A higher-order traffic flow
odel based on car following theory was proposed by Payne (Zhang,
998; Payne, 1971). It considers adjustments in traffic based on driver
esponse (anticipation). An anticipation term was employed to charac-
erize driver reaction to forward stimuli and a relaxation term to char-
cterize changes in velocity (Maerivoet and De Moor, 2008). Whitham
roposed a similar model and so it is known as the Payne Whitham
PW) model and is given by Khan and Gulliver (2019) and Khan et al.
2018)

𝜌𝑡 + 𝜌(𝑣(𝜌))𝑥 = 0,

𝜌𝑣)𝑡 +
(

(𝜌𝑣)2

𝜌
+ 𝐶2

0𝜌
)

𝑥
= 𝜌

(

𝑣(𝜌) − 𝑣
𝜏

)

, (2)

where 𝐶2
0 is the velocity constant (backward perturbation propagation

speed) and 𝑣(𝜌)−𝑣
𝜏 is the relaxation term. This term characterizes traffic

alignment during the relaxation time 𝜏. The PW model assumes ve-
hicles have uniform behavior (Whitham, 1971) which is contrary to
reality as vehicle behavior varies according to factors such as traffic
conditions. As a consequence, the PW model can produce unsatisfactory
results (Zhang, 1998).

A model similar to the PW model was proposed in Kuhne and
Rodiger (1991) and a numerical improvement of the PW model was
given in Kerner and Konhäuser (1993). However, the diffusion terms
and a constant backward perturbation propagation speed can cause
unrealistic traffic behavior. A computationally efficient form of the PW
model was proposed in Papageorgiou et al. (1989), but the parameters
2

lack a physical interpretation so it is difficult to calibrate them. A
macroscopic model based on the variance in the velocity was given
in Helbing (1996). This model is based on Gas-Kinetic-Theory (GKT)
so some parameters are difficult to interpret.

Del Castillo et al. (1994) incorporated anticipation and reaction
time into the PW model. Phillips (1979) modeled the relaxation time
𝜏 as a function of traffic density. Daganzo (1995) demonstrated that
traffic flow is affected by forward conditions and changes in velocity
are smaller than the average velocity. The effect of leading vehicles is
not considered in the PW model (Hegyi et al., 2001) and this can result
in speeds below the minimum when the flow is large, which is unreal-
istic (Grace and Potts, 1964; Graham and Chenu, 1962). However, in
multi lane traffic, lane speeds may differ which allows some vehicles
to travel faster then the average speed (Papageorgiou, 1998).

Aw and Rascle (2000) improved the PW model by considering
the density for changes at or below the average speed. However, the
acceleration can be unrealistic when the density is high (Richardson,
2012). The time headway and lateral distance of vehicles in non-
homogeneous traffic was considered in Imran et al. (2020), but the
time headway is a constant. The PW model was improved in Khan et al.
(2021) by incorporating gap filling behavior using analogies between
traffic flow and the Maxwell–Boltzmann equation for gases. However,
these analogies result in parameters not connected to the real world.
These results indicate that existing models are not suitable for non-
homogeneous traffic because changes during transitions are affected by
the velocity and lateral distance between vehicles.

The relationship between average speed and traffic density under
equilibrium conditions is given by the equilibrium velocity distribu-
tion (Jiang et al., 2002). When changes in flow occur, traffic moves
towards this distribution. The velocity and density were considered in
Bonzani and Mussone (2009) to develop equilibrium velocity distribu-
tion models. Greenshields proposed a distribution with an inverse linear
relationship between velocity and density (Khan et al., 2019b) which
is given by

𝑣(𝜌) = 𝑣𝑚

(

1 −
𝜌
𝜌𝑚

)

, (3)

where 𝑣𝑚 is the maximum velocity and 𝜌𝑚 is the maximum density. This
distribution is not suitable for non-homogeneous traffic because spatial
changes in traffic are nonlinear. In reality, the flow is a convex function
of density and the flow increases with decreasing density (Li and
Zhang, 2011). Greenberg (1959) considered a logarithmic relationship
between speed and density based on analogies with fluid dynamics.
However, the free flow speed tends to infinity when the density is
small. Underwood proposed an exponential relationship based on data
from the Merritt Parkway in Connecticut (Salter, 1996). However,
the velocity can become zero for large densities which is a major
shortcoming of this model.

Traffic in developing countries consists of both motorized and non-
motorized vehicles so it is non-homogeneous. Existing models were
developed based on homogeneous traffic so they are unsuitable for non-
homogeneous traffic. Most consider the density and neglect individual
vehicle speeds and dimensions. Therefore, it is necessary to develop
models for the equilibrium velocity distribution based on the density
and travel time of non-homogeneous traffic. This will provide more
accurate results and better inform traffic engineers.

3. Empirical equilibrium velocity distributions for non-homo-
geneous traffic

In this section, equilibrium velocity distributions for non-homoge-
neous traffic based on density and travel time are developed. Data was
obtained from a 200 m section of National Highway N-45 (National
Highways of Pakistan, 2018) in Mardan, KPK, Pakistan. This highway
connects four districts of the Khyber Pakhtunkhwa and has a high

traffic density. There are two lanes of width 3.6 m in each direction.
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Fig. 1. The video recording components including solar panels, cameras, monitor, DVR,
and UPS used for recording traffic data on a 200 m road section.

Table 1
Vehicle types and numbers.
Type Number

Van 12
Car 63
Motorbike 45
Rickshaw 18
Tow truck 8
Small truck 6
Jeep 2
Tractor 2
Heavy truck 5
Bus 7
Trailer 2

The data was collected using a system consisting of two CCTV cameras,
a digital video recorder (DVR), solar panels for power, an uninter-
ruptable power supply (UPS), and two poles to mount the cameras
as shown in Fig. 1. The data was recorded from 1200 h to 1500 h
(PST) on Monday, August 13, 2018, which is the peak time for traffic.
The weather was clear with 28% humidity. Eleven different types
of vehicles were observed which indicates non-homogeneous traffic
conditions. The number of vehicles of each type is given in Table 1.

The traffic data recorded on the road section is summarized in
Table 2 and the detailed data is given in Imran et al. (2020). As the road
section for this study is 200 m, The first camera was installed at the start
of the road section and the second camera at the end of the road section.
These points were marked with lime to accurately determine the time.
The recorded video was visually analyzed. Traffic behind the leading
vehicles in the road section was counted at random time intervals. The
density was determined by dividing the number of vehicles by 200 m.
The ingress and egress times of the leading vehicles were also recorded.
The travel time is the difference between these times and the velocity
is 200 m divided by this time. The density, travel time, and velocity of
some of the observed vehicles is given in Table 2. The maximum travel
time of 42 s was for a trailer with a velocity of 4.8 m∕s and density
35∕200 veh/m.

The velocity of the vehicles on the road section in m/s is 200 m
divided by the travel time and is given in Table 2. This gives the
equilibrium velocity distribution

𝑣(𝑡) = 200∕𝑡, (4)

for non-homogeneous traffic. The velocity versus density on the road
section is given in Fig. 2. This shows that the velocity decreases as the
density increases, as expected. The velocity is 20 m∕s when the density
is 1 veh/200 m and this decreases to 9 m∕s when the density is 25
veh/200 m. This experimental data is used to determine the equilibrium
velocity distribution for non-homogeneous traffic.
3

Table 2
Traffic data obtained on a 200 m road section.

Type Ingress
time (s)

Egress
time (s)

Density
(veh/200 m)

Travel
time (s)

Velocity
(m/s)

Velocity
(km/h)

Van 1 11 1 10 20.0 72.0
Car 27 37 4 10 20.0 72.0
Motorbike 27 39 4 12 16.7 60.0
Rickshaw 54 74 6 20 10.0 36.0
Tow truck 59 70 6 11 18.2 65.5
Small truck 9 22 6 13 15.4 55.4
Car 52 62 7 10 20.0 72.0
Heavy truck 42 54 8 12 16.7 60.0
Jeep 59 75 9 16 12.5 45.0
Tractor 43 67 30 24 8.3 30.0
Bus 9 46 35 37 5.4 19.5
Trailer 49 91 35 42 4.8 17.1

Fig. 2. Velocity versus density for the experimental traffic data from a 200 m road
section with non-homogeneous traffic conditions.

To determine the best distribution for the velocity based on the den-
sity, the coefficient of determination (𝑅2), Mean Square Error (MSE),
and Mean Absolute Error (MAE) are considered. The coefficient of
determination is based on velocity 𝑣 and density 𝜌 and is given by

𝑅 =
𝑛(
∑𝑛

𝑖=1 𝑣𝑖𝜌𝑖) − (
∑𝑛

𝑖=1 𝑣𝑖)(
∑𝑛

𝑖=1 𝜌𝑖)
√

((

𝑛(
∑𝑛

𝑖=1 𝑣
2
𝑖 − (

∑𝑛
𝑖=1 𝑣𝑖)2)

) (

𝑛(
∑𝑛

𝑖=1 𝜌
2
𝑖 − (

∑𝑛
𝑖=1 𝜌𝑖)2)

))

, (5)

where 𝑛 = 170 is the number of observations. The MSE is

MSE =

(

∑𝑛
𝑖=1(𝑝𝑖 − 𝑜𝑖)2

𝑛

)

, (6)

where 𝑝𝑖 is the 𝑖th predicted value and 𝑜𝑖 is the corresponding observed
value, and the MAE is

MAE = 1
𝑛

𝑛
∑

1
(|𝑝𝑖 − 𝑜𝑖|). (7)

A robust model should have small MSE and MAE, and large 𝑅2 (De-
vore, 2011). The coefficient of determination is a general measure
while the MSE and MAE are typically used to compare different func-
tions. The values of 𝑅2, MSE, and MAE for logarithmic, exponential
and linear functions are given in Table 3. These results indicate that
the logarithmic function given by

𝑣(𝜌) = −3.76ln(𝜌) + 21.25, (8)

is the best fit and this is shown in Fig. 2.

4. Extended PW model for non-homogeneous traffic

Transitions are changes in velocity due to changes in density (Yu
et al., 2016) and occur during the transition time 𝜏𝑡. Driver reaction to
a transition can be expressed as

𝐷𝑟 =
𝛥𝑣 , (9)

𝜏𝑡
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Table 3
The coefficient of determination, mean squared error and mean absolute error
for several density functions.

Function Equation 𝑅2 MSE MAE

Logarithmic −3.76 ln 𝜌 + 21.25 0.884 1.310 0.816
Exponential 18.84𝑒−0.035𝜌 0.854 1.410 1.017
Linear −0.402𝜌+17.74 0.839 1.820 1.194

where 𝛥𝑣 is the change in velocity to adjust to forward conditions.
Reaction is quick with a small transition time, and vice versa for a
large transition time (Xin and Xu, 2015). Assuming a constant velocity
during a transition (Khan and Gulliver, 2020), the safe distance 𝑑𝑠
is proportional to 𝜏𝑡. Since a vehicle moves this distance during a
transition (Qu et al., 2014), (9) can be reformulated as

𝐷𝑟 =
𝛥𝑣
𝑑𝑠

. (10)

Further, drivers react according to the equilibrium velocity distribution
𝑣(𝜌). A larger difference in velocity between forward and following
vehicles results in a greater reaction to align to forward vehicles. This
difference is

𝛥𝑣 = |𝑣(𝜌) − 𝑣|, (11)

and substituting this in (10) gives

𝐷𝑟 =
|𝑣(𝜌) − 𝑣|

𝑑𝑠
. (12)

Drivers maintain a safe transition distance between vehicles during
quilibrium flow to avoid collisions with leading vehicles. When the
ransition distance is less than this, collisions are more likely to occur.
he time to cover the safe transition distance is the reaction time 𝜏𝑟 to

a forward change in traffic and the harmonization time 𝜏𝑏 to adjust to
this change (Qu et al., 2014)

𝜏𝑟 + 𝜏𝑏. (13)

Thus, 𝜏𝑏 is the stopping time and the stopping distance is

𝑠 = 𝑣2

2𝑎𝑚
, (14)

here 𝑎𝑚 is the maximum deceleration. Thus, the safe transition dis-
ance is

𝑠 = 𝑣 ×
(

𝜏𝑟 + 𝜏𝑏
)

+ 𝑣2

2𝑎𝑚
, (15)

and substituting this in (12) gives

𝐷𝑟 =
|𝑣(𝜌) − 𝑣|

𝑣 ×
(

𝜏𝑟 + 𝜏𝑏
)

+ 𝑣2
2𝑎𝑚

. (16)

his indicates that a driver reacts to forward traffic changes by adjust-
ng their velocity over the safe transition distance (Qu et al., 2014).

In non-homogeneous traffic, during congestion vehicles do not obey
ane discipline (Mi et al., 2019) and the lateral distance between vehi-
les is small. When the traffic is free flow, lane discipline is typically
ollowed and the lateral distance between vehicles is large. Thus, the
peed increases as the density decreases and driver reaction is more
ikely to result in a smooth flow. In this paper, traffic stimulus is
haracterized by the ratio of average lateral distance to maximum
ateral distance between vehicles (Imran et al., 2020)

=
𝑏𝑎
𝑏𝑚

, (17)

here 𝑏𝑎 is the average lateral distance and 𝑏𝑚 is the maximum lateral
istance. 𝜍 is negligible when 𝑏𝑎 is small and 1 when the maximum lat-

eral distance between vehicles is achieved. Driver reaction to forward
conditions is based on the traffic stimulus. For a large stimulus, there
4

are large changes in vehicle speed at transitions whereas for a small c
stimulus this change is small. Thus, when 𝜍 is near 0, there is no driver
eaction as the traffic flow is negligible, and when 𝜍 = 1, driver reaction
s large as the flow is high.

Driver response is the product of stimulus and driver reaction
Zhang, 1998). Using driver reaction from (16) and stimulus from (17)
ives

𝑟 =
⎛

⎜

⎜

⎝

|𝑣(𝜌) − 𝑣|

𝑣 ×
(

𝜏𝑟 + 𝜏𝑏
)

+ 𝑣2
2𝑎𝑚

⎞

⎟

⎟

⎠

× 𝜍, (18)

which indicates that velocity (speed) harmonization is based on the
stimulus of forward traffic while maintaining a safe transition distance.

For simplicity, let 𝑓 =

(

|𝑣(𝜌)−𝑣|

𝑣×(𝜏𝑟+𝜏𝑏)+ 𝑣2
2𝑎𝑚

)

, and substituting (18) for 𝐶2
0 in

(2) gives the second equation for the proposed model

(𝜌𝑣)𝑡 +
(

(𝜌𝑣)2

𝜌
+ 𝑓𝜍𝜌

)

𝑥
= 𝜌

(

𝑣(𝜌) − 𝑣
𝜏

)

. (19)

The first equation of the proposed model is the same as in the PW
model (2). Eq. (19) indicates that traffic evolution in non-homogeneous
traffic is based on driver response, driver reaction, and harmonization
time. Conversely, traffic evolution with the PW model is the same
regardless of the stimuli.

5. Traffic flow model hyperbolicity

Changes in flow during congestion are greater in downstream traffic
than in upstream traffic. This condition is guaranteed by hyperbolicity,
so traffic systems should be hyperbolic (Morgan, 2002; Khan et al.,
2020). A system with real and distinct eigenvalues is strictly hyperbolic.
The conserved form (small changes in traffic), of the models in vector
form is

𝜒𝑡 + 𝑓 (𝜒)𝑥 = 𝑆(𝜒), (20)

here the subscripts 𝑥 and 𝑡 denote spatial and temporal derivative,
espectively, and

=
(

𝜌
𝜌𝑣

)

, 𝑓 (𝜒) =

(

𝜌𝑣
(𝜌𝑣)2
𝜌 + 𝐶0

2𝜌

)

, 𝑆(𝜒) =

(

0
𝜌 𝑣(𝜌)−𝑣

𝜏

)

, (21)

for the PW model (Khan et al., 2019b) and

𝜒 =
(

𝜌
𝜌𝑣

)

, 𝑓 (𝜒) =

(

𝜌𝑣
(𝜌𝑣)2
𝜌 + 𝑓𝜍𝜌

)

, 𝑆(𝜒) =

(

0
𝜌 𝑣(𝜌)−𝑣

𝜏

)

, (22)

for the proposed model. For quasilinear systems, harmonization occurs
only due to anticipation, so the relaxation term 𝑆(𝜒) is zero. Then (20)
becomes

𝜒𝑡 + 𝑓 (𝜒) = 0. (23)

The Jacobian matrix for the PW model is

𝐴(𝜒) =
(

0 1
−𝑣2 + 𝐶2

0 2𝑣

)

, (24)

and the eigenvalues are the solutions of

|𝐴(𝜒) − 𝜆𝐼| =
|

|

|

|

|

−𝜆 1
−𝑣2 + 𝐶2

0 2𝑣 − 𝜆

|

|

|

|

|

, (25)

hich are (Khan et al., 2019a)

1 = 𝑣 + 𝐶0, 𝜆2 = 𝑣 − 𝐶0. (26)

hese eigenvalues are real and distinct so the model is hyperbolic. The
hanges in traffic during congestion occur at below average velocity
onsidering 𝜆2 whereas changes during free flow occur at higher speeds
onsidering 𝜆1. This is because changes in velocity occur based on a
onstant 𝐶 regardless of the stimuli, which is not realistic.
0
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The Jacobian matrix for the proposed model is

𝐴(𝜒) =
(

0 1
−𝑣2 + 𝑓𝜍 2𝑣

)

, (27)

and the eigenvalues are the solutions of

|𝐴(𝜒) − 𝜆𝐼| =
|

|

|

|

|

−𝜆 1
−𝑣2 + 𝑓𝜍 2𝑣 − 𝜆

|

|

|

|

|

, (28)

which are

𝜆1 = 𝑣 +
√

𝑓𝜍, 𝜆2 = 𝑣 −
√

𝑓𝜍, (29)

where

√

𝑓𝜍 =

√

√

√

√

√

√

⎛

⎜

⎜

⎝

|𝑣(𝜌) − 𝑣|

𝑣 ×
(

𝜏𝑟 + 𝜏𝑏
)

+ 𝑣2
2𝑎𝑚

⎞

⎟

⎟

⎠

𝑏𝑎
𝑏𝑚

. (30)

Substituting (30) in (29) gives

𝜆1 = 𝑣+

√

√

√

√

√

√

⎛

⎜

⎜

⎝

|𝑣(𝜌) − 𝑣|

𝑣 ×
(

𝜏𝑟 + 𝜏𝑏
)

+ 𝑣2
2𝑎𝑚

⎞

⎟

⎟

⎠

𝑏𝑎
𝑏𝑚

, 𝜆2 = 𝑣−

√

√

√

√

√

√

⎛

⎜

⎜

⎝

|𝑣(𝜌) − 𝑣|

𝑣 ×
(

𝜏𝑟 + 𝜏𝑏
)

+ 𝑣2
2𝑎𝑚

⎞

⎟

⎟

⎠

𝑏𝑎
𝑏𝑚

.

(31)

To ensure hyperbolicity, the discriminant should be positive and dis-
tinct (Khan and Gulliver, 2018; Toro, 2011) and since this is satisfied
by (31), the proposed traffic model (19) is hyperbolic. Further, these
eigenvalues indicate that changes during harmonization are based on
lateral distance headway, reaction, and harmonization time.

6. Performance results

The PW and proposed models are numerically discretized using the
first order centered (FORCE) scheme (Khan et al., 2020). A 200 m
circular road is considered to evaluate the performance. The simulation
parameters are given in Table 4. The Courant, Friedrich and Lewy
(CFL) (de Moura and Kubrusly, 2013) conditions are employed to
ensure model stability. For the proposed model, the road and time steps
are 𝛥𝑥 = 2 m and 𝛥𝑡 = 0.01 s, respectively. The simulation time for both
models is 10 s and the target is the equilibrium velocity distribution.
The maximum velocity is 𝑣𝑚 = 23 m/s and the maximum normalized
density is 𝜌𝑚 = 1. 𝜏𝑟 ranges between 0.8 s to 1.0 s, and 𝜏𝑏 ranges
between 0.1 s and 0.2 s (Basak et al., 2013; Yi et al., 2004). Thus,
in this paper 𝜏𝑟 = 0.9 s and 𝜏𝑏 = 0.2 s are considered. The maximum
deceleration is 7 ms−2 (Qu et al., 2014). The initial density at time 𝑡 = 0
for the proposed and PW models is

𝜌0 =

{

0.01, for 𝑥 ≤ 100
0.2, for 𝑥 ≥ 100,

(32)

over the 200 m road. The speed constant (backward perturbation
propagation speed) for the PW model varies between 2.4 m/s and 57
m/s (Khan et al., 2019b), so in this paper 𝐶0 = 5, 15 and 20 m/s are
utilized.

6.1. Proposed model velocity behavior using (8)

The proposed model velocity over the 200 m circular road at 1 s
with 𝜍 = 0.1 and 𝜍 = 0.5, and target equilibrium velocity distribution
given by (8) is shown in Fig. 3 and given in Table 5. With 𝜍 = 0.1, at
1 m the velocity is 13.4 m/s and increases to 22.9 m/s at 48 m. It is
10.7 m/s at 120 m and increases to 13.1 m/s at 200 m. With 𝜍 = 0.5,
the velocity is 12.0 m/s at 1 m and increases to 22.3 m/s at 72 m. It
is approximately 11.1 m/s from 150 m to 178 m and then increases to
11.8 m/s at 200 m. The corresponding velocity at 5 s is shown in Fig. 4
and given in Table 5. With 𝜍 = 0.1, the velocity at 1 m is 11.9 m/s and
is 16.7 m/s at 98 m and 11.9 m/s at 200 m. With 𝜍 = 0.5, at 1 m the
5

Table 4
Simulation parameters.

Description Value

Simulation time 10 s
Circular road length 200 m
𝑣𝑚 23 m∕s
𝛥𝑡 0.01 s
𝛥𝑥 2 m
Relaxation time 𝜏 = 2.5 s
Reaction time 𝜏𝑟 = 0.9 s
Harmonization time 𝜏𝑏 = 0.2 s
Velocity distribution Greenshields, (4) and (8)
𝜌𝑚 1
𝐶0 5 m/s, 15 m/s, and 20 m/s
Maximum deceleration, 𝑎𝑚 7 ms−2

Fig. 3. The proposed model velocity over a 200 m circular road at 1 s with 𝜍 = 0.1
and 𝜍 = 0.5, and target equilibrium velocity distribution given by (8).

Fig. 4. The proposed model velocity over a 200 m circular road at 5 s with 𝜍 = 0.1
and 𝜍 = 0.5, and target equilibrium velocity distribution given by (8).

velocity is 11.5 m/s, increases to 18.1 m/s at 114 m, and then decreases
to 11.5 m/s at 200 m. The corresponding velocity at 10 s is shown in
Fig. 5 and given in Table 5. With 𝜍 = 0.1, at 1 m the velocity is 13.1
m/s, increases to 14.8 m/s at 142 m, and then decreases to 13.4 m/s at
200 m. With 𝜍 = 0.5, at 1 m the velocity is 13.6 m/s, increases to 15.7
m/s at 162 m, and then decreases to 13.7 m/s at 200 m.

6.2. Proposed model velocity behavior using (4)

The proposed model velocity at 1 s over the 200 m circular road
with 𝜍 = 0.1 and 𝜍 = 0.5, and target equilibrium velocity distribution
given by (4) is shown in Fig. 6 and given in Table 6. With 𝜍 = 0.1,
at 1 m the velocity is 12.0 m/s and increases to 20.1 m/s at 142 m. It
decreases to 10.1 m/s at 126 m and is 11.7 m/s at 200 m. With 𝜍 = 0.5,
at 1 m the velocity is 11.0 m/s and increases to 19.8 m/s at 70 m. It
is approximately 10.3 m/s from 146 m to 178 m and is 10.9 m/s at 200
m. The corresponding velocity at 5 s is shown in Fig. 7 and given in
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Fig. 5. The proposed model velocity over a 200 m circular road at 10 s with 𝜍 = 0.1
and 𝜍 = 0.5, and target equilibrium velocity distribution given by (8).

Table 5
The proposed model velocity with 𝜍 = 0.1 and 𝜍 = 0.5 at 1 s, 5 s, and
10 s, and target equilibrium velocity distribution given by (8).

Time (s) 𝜍 Distance (m) Velocity (m/s)

1 0.1 1 13.4
1 0.1 48 22.9
1 0.1 120 10.7
1 0.1 200 13.1

1 0.5 1 12.0
1 0.5 72 22.3
1 0.5 120–178 11.1
1 0.5 200 11.8

5 0.1 1 11.9
5 0.1 98 16.7
5 0.1 200 11.9

5 0.5 1 11.5
5 0.5 114 18.1
5 0.5 200 11.5

10 0.1 1 13.1
10 0.1 142 14.8
10 0.1 200 13.1

10 0.5 1 13.6
10 0.5 162 15.7
10 0.5 200 13.7

Table 6. With 𝜍 = 0.1, at 1 m the velocity is 10.8 m/s, increases to 15.5
m/s at 98 m, and then decreases to 11.0 m/s at 200 m. With 𝜍 = 0.5, at
1 m the velocity is 10.6 m/s, increases to 16.2 m/s at 108 m, and then
decreases to 10.5 m/s at 200 m. The corresponding velocity at 10 s is
shown in Fig. 8 and given in Table 6. With 𝜍 = 0.1, at 1 m the velocity
is 11.7 m/s, increases to 13.6 m/s at 138 m, and then decreases to 11.7
m/s at 200 m. With 𝜍 = 0.5, the velocity is 12.0 m/s at 1 m, increases
to 14.1 m/s at 154 m, and then decreases to 12.1 m/s at 200 m.

6.3. PW model velocity behavior using the Greenshields distribution

The velocity with the PW model at 1 s over the 200 m circular road
with 𝐶0 = 5 m/s, 𝐶0 = 15 m/s and 𝐶0 = 20 m/s, and the Greenshields
equilibrium velocity distribution is given in Fig. 9 and Table 7. With
𝐶0 = 5 m/s, the velocity is 13.8 m/s at 1 m and approximately 21.7 m/s
from 50 m to 72 m. It then decreases to approximately 11.1 m/s from
146 m to 174 m and is 13.4 m/s at 200 m. With 𝐶0 = 15 m/s, at 1 m
the velocity is 14.9 m/s and is 24.5 m/s at 44 m. It then decreases to
approximately 11.9 m/s from 144 m to 164 m and is 14.5 m/s at 200 m.
With 𝐶0 = 20 m/s, at 1 m the velocity is 15.9 m/s and increases to 27.0
m/s at 46 m. It then decreases to approximately 11.0 m/s from 140 m
to 160 m and is 15.4 m/s at 200 m. The corresponding velocity at 5 s
is shown in Fig. 10 and given in Table 7. With 𝐶 = 5 m/s, at 1 m the
6

0

Fig. 6. The proposed model velocity over a 200 m circular road at 1 s with 𝜍 = 0.1
and 𝜍 = 0.5, and target equilibrium velocity distribution given by (4).

Fig. 7. The proposed model velocity over a 200 m circular road at 5 s with 𝜍 = 0.1
and 𝜍 = 0.5, and target equilibrium velocity distribution given by (4).

Fig. 8. The proposed model velocity over a 200 m circular road at 10 s with 𝜍 = 0.1
and 𝜍 = 0.5, and target equilibrium velocity distribution given by (4).

velocity is 12.8 m/s and increases to 20.3 m/s at 124 m. It decreases to
12.4 m/s at 188 m and then increases to 12.7 m/s at 200 m. With 𝐶0 = 15
m/s, at 1 m the velocity is 13.4 m/s and increases to 20.1 m/s at 110 m.
It then decreases to 13.4 m/s at 200 m. With 𝐶0 = 20 m/s, at 1 m the
velocity is 13.8 m/s, increases to 19.8 m/s at 100 m, and then decreases
to 13.7 m/s at 200 m. The corresponding velocity at 10 s is shown in
Fig. 11 and given in Table 7. With 𝐶0 = 5 m/s, at 1 m the velocity is 17
m/s and increases to 14.4 m/s at 44 m. It is 18.5 m/s at 174 m and then
decreases to 17.3 m/s at 200 m. With 𝐶0 = 15 m/s, at 1 m the velocity
is 16.7 m/s and decreases to 14.9 m/s at 46 m. It is 18.1 m/s and 16.5
m/s at 162 m and 200 m, respectively. With 𝐶0 = 20 m/s, the velocity
is 16.1 m/s at 1 m and decreases to 15.2 m/s at 42 m. It is 17.8 m/s and
16.2 m/s at 150 m and 200 m, respectively.

The velocity behavior with the PW model for 10 s over a 200 m
circular road with 𝐶0 = 15 m/s, 𝐶0 = 20 m/s and 𝐶0 = 50 m/s is given in
Figs. 12–14, respectively. With 𝐶 = 5 m/s, the velocity is between the
0
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Table 6
The proposed model velocity with 𝜍 = 0.1 and 𝜍 = 0.5 at 1 s, 5 s, and
10 s, and target equilibrium velocity distribution given by (4).

Time (s) 𝜍 Distance (m) Velocity (m/s)

1 0.1 1 12.0
1 0.1 48 20.1
1 0.1 126 10.1
1 0.1 200 11.7

1 0.5 1 11.0
1 0.5 70 19.8
1 0.5 146–178 10.3
1 0.5 200 10.9

5 0.1 1 10.8
5 0.1 98 15.5
5 0.1 200 11.0

5 0.5 1 10.6
5 0.5 108 16.2
5 0.5 200 10.5

10 0.1 1 11.7
10 0.1 138 13.6
10 0.1 200 11.7

10 0.5 1 12.0
10 0.5 154 14.1
10 0.5 200 12.1

Fig. 9. The PW model velocity over a 200 m circular road at 1 s with 𝐶0 = 5 m/s,
𝐶0 = 15 m/s, and 𝐶0 = 20 m/s, and the Greenshields equilibrium velocity distribution.

Fig. 10. The PW model velocity over a 200 m circular road at 5 s with 𝐶0 = 5 m/s,
𝐶0 = 15 m/s, and 𝐶0 = 20 m/s, and the Greenshields equilibrium velocity distribution.

maximum and minimum as shown in Figs. 9–11. However, this value of
𝐶0 is small as the velocity of non-homogeneous traffic is often higher
than 5 m/s. The velocity is as high as 24.5 m/s with 𝐶0 = 15 m/s at
1 s as shown in Fig. 9. Moreover, the results in Fig. 12 are unrealistic
as there are very rapid changes in velocity which is impossible. With
𝐶0 = 20 m/s, the velocity behavior is worse as shown in Fig. 13. At 1 s,
the velocity reaches 27.0 m/s which is greater than the maximum value
7

Fig. 11. The PW model velocity over a 200 m circular road at 10 s with 𝐶0 = 5 m/s,
𝐶0 = 15 m/s, and 𝐶0 = 20 m/s, and the Greenshields equilibrium velocity distribution.

Fig. 12. Velocity evolution with the PW model for 10 s over a 200 m circular road
with 𝐶0 = 15 m/s, and the Greenshields equilibrium velocity distribution.

Fig. 13. Velocity evolution with the PW model for 10 s over a 200 m circular road
with 𝐶0 = 20 m/s, and the Greenshields equilibrium velocity distribution.

23.0 m/s. This indicates that the PW model can produce very unrealistic
results. Further, with 𝐶0 = 50 m/s, velocities over 75 m/s and below
−37 m/s occur as shown in Fig. 14. This confirms earlier results that
the velocity can exceed the limits with the PW model.

The proposed model was evaluated using two velocity distributions
obtained from actual traffic data. The results for the equilibrium ve-
locity distribution given by (8) at 1 s, 5 s and 10 s are presented
in Figs. 3–5, respectively. This shows that the velocity variations are
smooth and the velocity is within the minimum and maximum values.
The results for the equilibrium velocity distribution given by (4) at 1
s, 5 s and 10 s are presented in Figs. 6–8, respectively. This also shows
that the velocity variations are smooth and the velocity is within the
minimum and maximum values. Thus, the proposed model produces
much better results than the PW model.

The methodology employed in this paper can be used to realis-
tically characterize non-homogeneous traffic. The proposed model is
based on parameters derived from traffic physics and can be used to
evaluate traffic behavior under different conditions by changing these
parameters. This will be useful in applications such as traffic planning
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Table 7
The PW model velocity with 𝐶0 = 5 m/s, 𝐶0 = 15 m/s and 𝐶0 = 20 m/s at 1
s, 5 s, and 10 s, and the Greenshields equilibrium velocity distribution.

Time (s) 𝐶0 (m/s) Distance (m) Velocity (m/s)

1 5 1 13.8
1 5 50–72 21.7
1 5 146–174 11.1
1 5 200 13.4

1 15 1 14.9
1 15 44 24.5
1 15 144–146 11.0
1 15 200 14.5

1 20 1 15.9
1 20 46 27.0
1 20 140–160 11.0
1 20 200 15.4

5 5 1 12.8
5 5 124 20.3
5 5 188 12.4
5 5 200 12.7

5 15 1 13.4
5 15 110 20.1
5 15 200 13.4

5 20 1 13.8
5 20 100 19.8
5 20 200 13.7

10 5 1 17.1
10 5 44 14.4
10 5 174 18.5
10 5 200 17.3

10 15 1 16.7
10 15 46 14.9
10 15 162 18.1
10 15 200 16.5

10 20 1 16.1
10 20 42 15.2
10 20 150 17.8
10 20 200 16.2

Fig. 14. Velocity evolution with the PW model for 10 s over a 200 m circular road
with 𝐶0 = 50 m/s, and the Greenshields equilibrium velocity distribution.

to improve road efficiency and reduce exhaust emissions. It can also
be employed to evaluate the effects of imposing lane discipline when
traffic is non-homogeneous.

7. Conclusion

In this paper, a macroscopic traffic flow model was proposed which
considers harmonization during transitions. Parameters such as veloc-
ity, reaction time, harmonization time, and lateral distance headway
were incorporated into this model. Thus, the proposed model can be
used to evaluate traffic flow for different stimuli which is not possible
8

with the PW model. Equilibrium velocity distributions were developed
for non-homogeneous traffic based on recorded data. The results pre-
sented indicate that the PW model results in unrealistic traffic behavior
with velocities beyond the limits. Conversely, the results with the
proposed model are smooth and within the limits. Thus, this model
can be used to characterize non-homogeneous traffic to provide realistic
insights into traffic dynamics under different conditions.
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