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1 Introduction

We study an optimal stopping time problem with an extended-valued lower
semicontinuous stopping cost. We prove that the optimal value associated
with such a problem as a function of the initial time and state is the unique
lower semicontinuous solution of a generalized Hamilton-Jacobi equation
(H-J equation for short) involving the proximal subgradients and derive a
verification theorem that uses lower semicontinuous verification functions.

Allowing the stopping cost to be extended-valued considerably generalizes
the ordinary stopping time problem. The generalized optimal stopping time
problem considered in this paper encompasses stopping time problems, fixed
time problems, free time problems, infinite horizon problems and some types
of exit time problems as special cases.

By the classical Hamilton-Jacobi theory if the value function (i.e. the opti-
mal value associated with the optimal control problems as a function of the
initial time and state) is smooth, then it is a solution of the H-J equation
and the H-J equation provides a tool for verifying an admissible control is
acturally optimal (see e.g. Fleming and Rishel [13]). In general, however, the
value function is nonsmooth and therefore can not satisfy the H-J equation in
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the classical sense, Several approaches have been taken in the control theory
literature to cope with this difficulty. Boltyanski [5] (see also Fleming and
Rishel [13]) restricted the class of controls so that the value function becomes
piecewise smooth. Vinter and Lewis [22] characterized optimality through
a sequence of C! subsolutions of the H-J equation. If the value function is
Lipschitz continuous, Havelock [17] and Clarke [6] characterized the value
function as a solution of the H-J equation involving the Clarke generalized
gradient. Crandall and Lions [11] introduced the concept of viscosity solu-
tions for uniformly continuous functions. A uniformly continuous function is
called a viscosity solution of the H-J equation if and only if it satisfies both
the H-J sub- and supinequalities involving sub- and supdifferentials respec-
tively. When the value function is uniformly continuous it is then a viscosity
solution of the H-J equation. Recently the notion of a viscosity solution has
been extended to discuss discontinuous solutions by Ishii [19, 20} and Barles
and Perthame [1]. According to their definition, a discontinuous function is a
viscosity solution of H-J equation if and only if its upper semicontinuous en-
velope satisfies the H-J subinequality and its lower semicontinuous envelope
satisfied the H-J supinequality. The value function is then characterized as a
viscosity solution through its lower and upper semicontinuous envelopes. In
order to treat semicontinuous functions, Barron and Jensen [3, 4] modified
this two-sided approach and define the concept of viscosity solution for semi-
continuous functions by using an one-sided approach. They charaterized the:
value function of the relaxed control problem as a viscosity solution of the
H-J equation involving only the subdifferential. Recently Clarke et. al. [9]
introduced the concept of proximal solutions of the H-J equation and char-
acterized the lower semicontinuous value function as a solution to the H-J
equation involving.the proximal subgradient. When the value function is
continuous, it was shown in (8] that the proximal solutions are equivalent to
viscosity solutions. The H-J equation involving the proximal subgradient has
the advantage over the viscosity solution in that only the the set of points,
where the proximal subgradient exists which is a proper subset of the points
where the subdifferential exists, are needed to be checked.

The various kinds of Hamilton-Jocobi theories that we discussed above have
been extended to treat some nonstandard problems such as the exit time
problem (or the so-called optimal control problem with a boundary condi-
tion). The exit time problem is difficult to solve since the value function



is in general discontinuous even all the problem data are Lipschitz continu-
ous unless some nontangency condition is imposed on the boundary (see e.g.
[15, 24, 12] for the Lipschitz continuity of the value function). Gonzalez and
Rofman [16] proved that the value function is an upper bound of a suitable
set of subsolutions of the H-J equation. Dempster and Ye [12] charaterized
the Lipschitz optimal value function as a solution of the H-J equation involv-
ing the Clarke generalized gradient. Discontinuous viscosity solutions for the
exit time problem have been treated by Ishii in [19], Barles and Perthame in
[1, 2]. ‘The purpose of this paper is to extend the H-J theory using the prox-
imal subgradient as in Clarke et. al. [9] to the stopping time problem with
endpoint constraints, free time problem, infinite horizon problem and exit
time problem. For the exit time problem, under a condition in the boundary
of the state space that is similar to but different from the one introduced
by Barles and Perthame [1], we are able to show that the value function is

lower semicontinuous and therefore the proximal subgradient approach can
be used.

The verification technique is an improtant part of the dynamical program-
ming method. In the classical theory a verification function must be smooth.
This is a severe restriction. For verification theorems that allow: Lipschitz ver-
ification functions we refer to [6, 7, 10, 25] and the references therein. Since
the value function is always a verification function and in many important
problems the value functions are only lower semicontinuous it is important
to find verification theorems that use lower semicontinuous verification fune-
tions. We prove in §3 that a candidate for a solution to our generalized
stopping time problem is actually optimal if there exists a lower semicon-
tinuous verification function (defined by a Hamilton-Jacobi inequality). We
also discuss an example where a lower semicontinuous verification function
can be used to verify the optimal solution.

We derive our results by using both forward and backward information of
the optimal principle. This approach determines a generalized H-J equa-
tion (described in terms of the proximal subgradient) that characterizes the
lower semicontinuous value function. A verification theorem is derived as a
by product (using only the backward information). The technique of treat-
ing semicontinuous solutions to the H-J equation by using both forward and
backward information of the optimal principle was used in [9, 14]. The tech-
nical-tools for proximal subgradients are contained in [9] and also from there



many of our arguments owe their origin.

We arrange the paper as follows: in the next section we state our stopping
time problem and our main result that the value function of the stopping
time problem is uniquely determined by a generalized H-J equation. In §3
we discuss verification theorems and examples. We discuss various special
cases of our stopping time problem in §4. Longer proofs are contained in §5.

2 A generalized optimal stopping time prob-
lem and H-J equation

Let U be a compact subset of R™ and Prob(U) the set of all Borel probability
measures on U. Consider Prob(U) as a subset of the dual of C'(U) endowed
with the weak star topology, where C(U) is the Banach space of continuous
functions on U with the supremum norm. For any ¢ € C(U) and u €
Prob(U), we denote the pairing of ¢ and u by ¢(u) := [y ¢(r)u(dr). Let U
be the set of all Lebesgue measurable mappings from R to Prob(U). For finite
real numbers a < b, define Uja ) := {ujp) : v € U}. Then Uy is a weak star
compact subset of L'([a, b]; C(U))*. Elements of Ujey are often called relaxed
controls. We endow U with the following topology: u™ converges to u in U
provided that u™|, 5 converges to uljap in Uy for any finite real number
a < b. We refer to [23] for more details. Assume that g: R x R% x U — R*
satisfies the condition

(H1) g(t,z,u) is continuous, bounded by My > 0 and Lipschitz in ¢,z uni-
formly in u € U with rank Ly > 0.

Under such a condition, for each u € U, the differential equation

y(s) = g(s,y(s),uls)) ae.
has a unique solution defined on R that satisfies the side condition y(t) = .
We denote such a solution by ylt, z,u](-) to indicate its dependence on ¢,z
and u. Consider the following generalized optimal stopping time problem
P minimize  J(tz,ur) = [ fs,ylt,,0l(s), u(s)ds + hlr,ylt, 2, ul(r)
' 3
subject to T € [t,00],u € U,



where f : Rx Réx U — R, h: Rx R* - (—00,00]. In this paper for &
function 1 : R x R* — R, we use the following convention for the value of
Y(r, ylt,z,u](r)) at r = oo: '

1. oo ) , , ‘ . . . . ,
(00, 3lt,3,u)(00)) = { Memen $(T9lt 2y l(7)) i the limit exists

and we define

/:o f(s,ylt, z,u](s),u(s))ds :=

{limf_ﬂx, I f(s,ylt, z,u](s), u(s))ds 1if the limit exists,
00 _ otherwise.

Remark 2.1 Allowing the stopping cost h to be discountinous and extended
valued and the intergral in the cost function to be divergent at infinity sig-
nificantly generalizes the usual optimal stopping time problem. Under the
current setting the generalized optimal stopping time problem encompasses
stopping time, fixed time, free time, infinite horizon and some exit time prob-
lems as special cases. The definition of the cost functional at r = oo is a

device for handling both finite and infinite horizon problem at the same time
with minimum notations.

We state some further basic assumptions:

(H2) f(t,z,w) is continuous and Lipschitz in ¢,z uniformly in v € U with
rank Ly > 0. '

(H3) h is lower semicontinuous.

(H4) Either there exists T > 0 such that h(r,z) = oo for all 7 > T er

as 7,7 — o0, h(r,z) and f:l f(s,ylt, z,ul(s),u(s))ds converges to 0
uniformly for all (¢,z,u) € R x R% x U.

Remark 2.2 Assumptions (H1)-(H3) are standard and mild. Assumption
- (H4) is a technical one for the value function to be lower semicontinuous
and attained where it is finite. It is automatically satisfled for a problem
with an indicator function as a stopping cost or with discounted running and
stopping costs. ‘



We define the value function of the family of problems P,, as an extended
valued function V; : R x R? — [—o00, 00] given by

Vil(t, ) := ,
inf{ [ f(s,ylt,z,u)(s),u(s))ds + h(r,ylt, z,u](r)) : 7 € [t,00],u € U}

and define the Hamiltonian corresponding to problem F, , by

QOur main results are:

Theorem 2.1 Assume that f,g and h satisfy assumptions (H1)-(H4).Then
the value function V, is the unique lower semicontinuous functzon w: Rx
R?% — (—00, 0] that satzsﬁes the terminal condition at oo

Jim. w(s,x) = - m h(s,x) (1)
uniformly for x € R and the Hamilton-Jacobi equation
max{w(t,z) — h(t,z), —p; + H(t,z,~pz)} =0 V(pe,pz) € Su(t,x) (2)

for all (t,z) € R x R%, where 8yw(t,z) is the prozimal subgradient of w at
(t,x) defined as follows (see Clarke [7] for more details): (e, pz) € Opw(t, )
if and only if there ezist ¢ > 0 and 6§ > 0 such that, for all (s,y) satisfying
l(s,y) — (¢, 2)|| <6, one has

'lU(S,’y) - w(t,x) + UI'(S,y) - (t,.’l?)“2 2 pt(s - t) + (p:cay - .’13>

Remark 2.3 The Hamilton-Jacobi equation (2) is actually a variational in-
equality.

The proximal subgradient of a lower semicontinuous function is in general
nonempty only on a dense subset of its domain. Equation (2) in Theorem
2.1 should be interpreted in the following sense: it is checked at points where
Opw(t,x) # 0 for —ps+ H (¢, z, —p=) and in the domain of w for w(t, z)—h(t, z)
(The domain of a function is the set of all points where the function is finite).



- The proof of Theorem 2.1 depends on the following optimality principle of
the value function which is of independent interest:

Theorem 2.2 Assume that f,g and h satisfy assumptions (H1)-(H4). Let
w: Rx R% — (—00,00] be a lower semicontinuous function. Then w is equal
to the value function of P, if and only if it satisfies-

(z) the terminal condition at co
Jm s, 2) = Jim (s
uniformly in z € RE,

(a) the supoptimality principle
for any (t,z) € R x R* where w(t,z) < oo there ezist v € U and
r € [t,00] such that, for all T € [t,T),

wt2) 2 [ foyihe,u(s) uds +ulnyl s @) @)
and
w(r,ylt,z,ul(r) = hir,ylt, 7, o)), (@

(b) the backward supoptimality principle
for any (t,z) € R x R,

w(t, z) < h(t,z) (5)

and, for anyu €U and 7 < t,
w(t,2) 2 [ flsplt,3 (o), u(s)ds +w(r gtz ul). (©)

Remark 2.4 The counterpart of (b) in Theorem 2.2 for the classical Mayer
problem (see e.g. [13, Theorem 3.1] is that the value function evaluated along
any trajectory is a nondecreasing function of time and the counterpart of (a)
(see e.g. [13, Theorem 3.2]) is that the value function evaluated along any
optimal trajectory is constant as a function of time.
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3 Lower semicontinuous verification functions

In the classieal verification theorem a verification function must be smooth.
This is a severe restriction. Verification theorems that allow Lipschitz veri-
fication functions are discussed in, for example, [6, 7, 10, 12, 25]. Example
3.7.5 of [6] shows that there exists a problem that does not have any Lipschitz
verification function but has a lower semicontinuous verification function (in
the above example the value function is a lower semicontinuous verification
function). Therefore it is desirable to extend the Lipschitz verification theo-
rem to allow lower semicontinuous verification functions. The following result
offers a verification theorem with lower semicontinuous verification function
for the generalized optimal stopping time problems. The proof is defered to
85. :

Theorem 3.1 Suppose that assumptions (H1)-(H4) hold. Let (y[0,xo,u), u)
be an admissible pair for Py, with a stopping time r. If there exists a lower
semicontinuous function w : R x R* — (—o0,00] that satisfies the terminal
condition at oo

S]Lrglow(s,m) = }Lrgo h(s,:t) (7)
uniformly for = € R, the Hamilton-Jacobi inequality
—p+ Ht, 2, —p:) 0 Y(p,ps) € Gpw(t,z), (8)
for all (t,x) € R x R%, the stopping condition
w(t,z) < ht,z)  V(,z)€ R xR (9)

and the verification equality

w(0,50) = [ F(s910,70,00(6),u()ds + hir,y0,z0, W), (10)
Then (y[O,:cg., u),u) is optimal for Py, with optimal stopping time T and

Vs(0, z) = w(0, xo).



A lower semicontinuous function w satisfying (7), (8), (9) and (10) is called
a verification function (for (y[0, o, u],%)). Unlike in Theorem 2.1, the veri-
fication function in Theorem 3.1 is not uniquely determined. Thus, we can
often choose a verification function that is simpler than the value function.
The following is an example:

Example 3.1 Consider the generalized optimal stopping time problem Fp, -1
with f =0, g(s,y,u) = yu, U = [0, 1] and

00 ify>2,
h(s,y) = § —2¢™%y if y € [1,2],
—e*(y+1) ify<l.

This is an ordinary stopping time problem with end point constraints. The
Hamilton-Jacobi inequality (8) becomes:

—p + max{—p,x,0} <0 VY(p:,p:) € Gpw(t,x), (t,z) e Rx R (11)
‘We can directly verify that the value function of this problem is

_ ——26—3'!/ lfy € [172]7'
Vi(s,y) = —e(y+1) ifyel-L,1],
0 ify < -1

Of course V; is a verification function for this stopping time problem. We
now show that the following simpler function

: 00 ity >2,
w(s,y) = { —-(4/3)e*(y+1) ifyel-1,2],
0 ify <—1.

is also a verification function. First the terminal condition at infinity (7)
and the stopping condition (9) are satisfied. It is-obvious that d,w(s,y) =
{Vw(s,y)} at y € (—o0,—1)N(-1,2) and

@3y + 1), ~@/3)e) iy e (-1,2),
Vulsy) = {(0,0) Y ify < —1.

Therefore, (11) is satisfied for y € (—o0,—1) N (-1,2). At y = —1 since
Oyw(t,y) = 0, the inequality (11) is automatically satisfied. At y = 2

9



Bpw(s,2) = {de™*} x (—(4/3)e~*,00) and it is easily verified again that (11)
is satisfed. Let 2o = —1. The control u* = 0 and the stopping time r* = 0
are feasible for Py_; and satisfy the verification equality. Therefore w as
defined is a verification function and »* = 0 and r* = 0 is indeed a pair of
solution to problem Fy ;.

4 Fixed time, free time, infinite horizon and
exit time problems

In this section we discuss how to uniformly treat fixed time, free time, infinite
horizon and exit time problems by using the general model of the optimal
stopping time problems discussed in the previous sections. We emphasize
free time and exit time problems and treat fixed time and infinite horizon-
problems as their special cases respectively.

4.1 Free time and fixed time problems

Consider the following free time problem:

T
FREE;, minimize J¢(t,z,u,T) ::/ [(s,ylt,z,ul(s),u(s))ds
t

+o(T, ylt, z, ul(T))
subject to  (T,y(1)) € S,u € U,

where S is a compact subset of Rx R?, f: RxR4xU — R, g: RxR*xU —
R% and ¢ : S — R. Let T* denote the maximum projection of S to R, i.e.,

T* := max{T : 3y € R% such that (T,y) € S}.

We define the value function of the family of problems FREE;, as an ex-
tended valued function V : (—00,00) x R? — [—00, o0}, given by

.V(t,x) - {zf{Jf(t,x,u,T) (T, ylt, z,u)(T)) € S,u €U} ltfi ;31*’

10



Let the stopping cost h: R x R? — (—00, 00] be defined as

h(s,y) = 6s(s,9) + @(s,), (12)

. where
0 ifzeA

ba(2) = {oo if2d A
denote the indicate function of set A at point z. Then the free time problem -
FREF,, is equivalent to the generalized optimal stopping problem F;. in
the sense that the optimal controls for the two problems are the same and the
optimal terminal time of FREE,, is equal to the optimal stopping time of
P, . We can therefore deduce from the results in §2 and §3 the corresponding

H-J equation and the verification theorem for the free time problem FREE; ;
as follows: :

Corollary 4.1 Assume that f and g satisfy assumptions (H1)-(H2) and ¢
is a lower semicontinuous function. Then the value function V is the unique
lower semicontinuous extended valued function w(-,-) on (—o00,00) X R* such
that

w(t,z) =0 Y(t,z)€ (T* 00) x R®
which satisfies the H-J equation
—p+ H(t,z,~pz) =0 Y(pe,pz) € Gpw(t,x) (13)
for all (t,z) € S° and the terminal condition
max{w(t,z) — o(t, ), —p + HE,z,—ps)} =0 V(pe, pz) € Sw(t,x)
for all (t,x) € S.

Remark 4.1 Since the function w is defined on the whole space, the proxi-
mal subgradients on the boundary of the set S is then well-defined.

The above terminal condition should be understood as follows: At any
(t,z) € S where dw(t,z) # 0 and w(t,z) # oo, either w(t,z) = p(t,x)
and the H-J sub-inequality

—pe+ H(t,z,~pz) <0 V(pr,p2) € Gpw(t, z)

11



is satisfied or w(t,z) < @(t,z) and the H-J equation

—Dt + H(tv z, _pz) =0 V(pt,Pz) € apw(ta IE)
must be satisfied.

In the case when S = {1} x C and y is independent of the time variable, the
free time problem reduces to the fixed time problem. Since in the fixed time
problem V/(1,z) = ¢(z),Vx € C the terminal condition becomes w(l,z) =
bc(z) + p(z) and forallz € C

—Dt + H(t7$’ “pz) S 0 V(Pt,pz) € 6Pw(1)x)'

This type of terminal condition was discussed in [14] in the viscosity sense.
Note that the uniquess of lower semicontinuous functions satisfying the H-J
inequality involving proximal subgradient with the limiting type of terminal
condition was first given in [9, Theorem 9.1].

Corollary 4.2 Assume that f and g satisfy assumptions (H1)-(H2) and
is a lower semicontinuous function. Then a feasible pair (y[0,zo,ul,u) is a
solution for problem FREE,;, with optimal terminal time T < T* if there
exists o lower semicontinuous function w(-,-) on (—oo,00) x R* such that

tl_l_,Iglo w(t,T) = 00
uniformly for all x € R® which satisfies the Hamilton-Jacobi inequality,
—pe + H(t, 2, —pz) <0 V(pi,p2) € Opw(t, x)
for all (t,x) € R x R%, the terminal condition
w(t,z) < p(t,z)

o

for all (t,z) € S and ihe verification equality

w(0,30) = [ F(s,410,70,u)(s),u(s))ds + o(T, (0,0, (7).

12



The proofs of these two corollaries are merely to check conditions and to
convert the conclusions of Theorems 2.1 and 3.1 to the appropriaté forms.
We prove only Corollary 4.1.

Proof of Corollary 4.1. Since  is lower semicontinuous and S is a closed
set, the stopping cost h defined by (12) is lower semicontinuous (i.e., (H3) is
satisfied). Since h(7,T) = oo V7 > T*, it also satisfies assumption (H4). By
Theorem 2.1, the value function V;(t,z) of the generalized optimal stopping
time problem is the unique lower semicontinous function on R x R% which
satisfies the boundary condition at oco:

tlirg Vi(t,x) = tlirg h{t, x)
uniformly for all z € R? and the Hamilton-Jacobi equation (2). For any
y € R? since h(t,z) = oco0,Vt > T*, we have
Vi(t,z) = V(t,z) = oo,¥t > T*,y € R%

The conclusion of the corollary follows from the above observation -and the
fact that for all (¢, ) € S¢ such that V(t,z) < co we have V (t,z) - h(t,z) =
—oo and, therefore, (2) becomes (13).

4.2 Exit time and infinite horizon problems

Throughout this section E is an open domain in R? with boundary 8E and
closure E. For (t,z) € R x R% and u € U we denote the first exit time of the
trajectory ylt,z,u] from F as

0 =0[t,z,u] == inf{s > ¢:yt,x,u]l € E}.

Note that the first exit time is defined for any z starting from inside the
state space F as well as from outside the state space E. 0[t,z,u] as defined
is equal to zero for any = ¢ E.

Given any z € E consider the exit time problem from E:
6
EXIT;, minimize J.({,z,u):= / folylt,z,u)(s),u(s))e™ ds .
t

+e’p(ylt, z,u)(6))
subject to  u €U,

where ¢ : B - R, g: Rx Ex U — R%and fo: E x U — R satisfies

13



(H2") fo(z,u) is continuous, bourided by My, > 0 and Lipschitz in z uniformly
in u € U with rank Lg, > 0. '

To convert this problem to the generalized stopping time problem we need
the following technical assumption which is somewhat different from the one
- proposed by Barles and Perthame in [1].

(H3") ¢ : E° — R is a lower semicontinuous function bounded by M, and
there exist extensions g and f to R x R% x U and R? x U, respectively,
satisfying (H1) and (H2) such that

eio(@) < [ folult,,ul(s),u(s))e™ds + € p(ylt,z,(r)),

for all (t,z) € R x OF, all controls u € U and r > ¢t such that
ylt,z,ul(r) € OF or r = o0:

Remark 4.2 In its essentials, assumption (H3’) requires that the cost of
a trajectory leaving the boundary of E after hitting E for the ﬁrst time is
larger than those staying at the boundary.

When E = R® and ¢ = 0 problem EXIT;, becomes an infinite horizon .
problem and the assumption (H3’) is satisfied vacuously.

We define the value function of the family of problems FXIT;, as an ex-
tended valued function V : R x R% — [—00, 00}, given by
- [inf{J(t,z,u) :uelU} ifzeE,
Vit.z) = {e‘tgo(x) if z € E°,
Under assumptions (H1), (H2') and (H3') we can convert the exit time prob-
lem to the generalized optimal stopping time problem. Then Theorems 2.1

and 3.1 lead to a H-J equation for the value function of problem EXIT; .
Precisely, we have

Corollary 4.3 Assume that the extended valued functions f and g and o,U
satisfy assumptions (H1), (H2") and (H3'). Then the value function V' is the
unique lower semicontinuous function w(:,-) on R x R? such that

w(t,z) =e tp(x) VY(t,x)€ R x E°

14



and
tlirglo w(t,z) =0

uniformly for x € E which satisfies the Hamilton-Jacobi equation
—pe+ H(t,z,—pz) =0 (e, p2) € Gow(t, z)
for all (t,x) € R x E and the exit condition
w(t,z) = e"p(z)
and
—p; + H(t,x,—p:). <0 V(pt,s) € Opw(t,x)

for all (t,z) € R x OF.

Corollary 4.4 Assume that the extended valued functions f and g and o, U
satisfy assumptions (H1), (H2") and (H3"). Let zo € E. Then a feasible pair
(y[0, zo,u),u) is a solution for problem EX 1Ty, with optimal exit time 6* if
there exists a lower semicontinuous function w(-,+) on B x R?* such that

tlirg w(t,z) =0
uniformly for x € R® which satisfies the Hamilton-Jacobi inequality,
—Dt + H(tvx) —pz) g 0 V(pt,p:z:) € ap'IU(t,.'E) '
for all (t,z) € R x R?, the exit condition

- [2e(Mpy + M,) ifre EUE*
< 0 ' ’
w(t, ) < {e‘sw(m) _ ifx € OF.
for all (t,z) € R x R? and the verification equality

w0,20) = [ F6,010,30,0)(5), us))ds + = y[0,20,u1(8")
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Proof of Corollary 4.3. Define the stoppiﬁg cost

.y [ 2es(My, + M) ifye EUES
his,y) = {e“sgo(y) if y€ OF.
and let f(¢,z,u) = e tfo(z,u). Then we can easily check that g, f and h
satisfy assumptions (H1)-(H4).

We now prove that the generalized stopping time problem P, is equivalent -
to the exit time problem EXIT;,. Let (y[t,z,u),u) be a solution pair of
P, , with the optimal stopping time r € [t, 00] and V;(t, z) the value function
corresponding to the generalized stopping time problem. Then

Vitt,2) = [ folyltz,ul(e), u(s)e™*ds + e pylt, 2,ul(r)

The definition of h implies that either 7 < oo and y[t, z, u|(r) € 8E or 7 = 0.
Indeed, if r < oo then y[t,z,u(r) cannot belong to E because if that is the

case then we can take a n > 0 very small such that y[t, z, u] (r+mn) € E. This
leads to

' J(tmur+n) J(t,z,u,T) ‘
= [ follt,z ul(s), u(s))e™ds + 2(My, + M,)(e T - &)

r

rn
= / [fo(ylt, z,u](s), u(s)) — 2(My, + M,,)]e™*ds < 0,
a contradiction. For the same reason it cannot belong to E° either. We may

assume 7 = 0 = O[t, z,u]. In fact, it is obvious that r > 0[t,z,u]. If r > 6 by
assumption (H3') we have :

Viho) = [ folult, (), uls))eds + e plylh 2, ul(r))

- u/t-efo(y[t’x>u](s)au(s))e-—sds :
+ [ ulylt 2, 00(5) e ds + e plyle 2y u(r)

v

[ ol ul(s), ul))eds + e~ plyt, 2, u)(0)
> Vilt). |
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Therefore we can take r = 6. Thus, (y[t,z,u],u) is also an optimal solution
pair for EXIT, .. The converse can be proved similarly.

Invoking Theorem 2.1 and noticing that, for (t,z) € R x E, h(t,z) > V(t,z)
we obtain

—Dt + H(ta z, _pz) =0 v(ptvpz) € BpV(t,x),‘v’(t,z) € R x E.

Also by (H3'), for all (t,z) € R x 0E, V(t,z) = e *p(z). Thus, for all
(t,x) € R x OF,

—Dt + H(t, xz, _pm) S 0 V(phpz) € 6pV(t, l')

We now turn to a time independent version of Corollary 4.3. Assume that
g does not depend on t then the value function V' (¢,2) corresponding to
EXIT,, is of the form V (¢, ) = e~*V(z) where Vo(z) := V (0, z).

Lemma 4.1 Assume that f and ¢ are nonnegative. Then (pt,pz) € OpV (¢, 1) -
if and only if ep, € OpVo(z) and p: = —e Vo (x).

Proof. “Only if” part. Let (p;,pz) € O,V (t,z). Then there exist ¢ > 0 and
a neighborhood N(t,z) of (¢,x) such that, for all (s,y) € N(¢, ),

e~ Vo(y) — e Vo(@) + o((s = 1) + lly — l|”) 2 pi(s — &) + (pe,y — z). (14)
Setting s = t in (14) yields
e (Vo(y) — Yo(@)) + olly — zl1* = (pe,y — 7).
- That is to say e'p; € 9,Vo(x). Similarly, setting y = z in (14) yields
(67 = 7)Wala) + (s = 1 > {purs — 1),
ie.
—e"Vo(z)(s — t) + o((s = £)°) 2 (pr, s - t).

Thus, p; = —e"Vo(x).
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“If” part. Since f and y are nonnegative so is Vo. Let elp, € 0,Vo(z) and
Py = *—c‘tVo(a:). Then there exists o; > 0 such that

Vo(y) — Volz) + o1lly — 2lf* > (e'peyy — 2)-
Also since e—* is a C? function there exists a oy > 0 such that
e — et 4 op(s — )2 > —e (s —t).

Therefore
e~ *Vo(y) — e Vo(z)
e~ (Voly) — Vo()) + (e° — e )Vo(2)
> e efpe,y — ) — e olly — 2|
~Vo(z)e (s — t) — o2Vo(z)(s — t)°
{pz,y — ) — Vo(x)e™* (s — 1) -
—ally — z|? — o2Vo (@) (s = 8)% + (¢"° ~ 1) {pa,y — 2)-
Observe that there exists o3 > 0 such that ,

(e = D{payy — 2| < Ipellle’™* = 1{ly — |
, < (lp=ll/2)(ly — zl* + as(s — 1)%).
Let M := o1 + o, V{z) | (Ip}/2)(1 + 03). Then we have
e~ Valy) — e~ Valz) + M((s = 1)2+ |y —z|?) = (p,y —2) = Vo(z)e™ (s — 1).

Th'llS, (p.'mpt) € 8V(t7$) L
Define

I

v

HO(CC;P) = SupuGU{(pag(‘r,u)) - fo(ﬁE,’LL)}

Then H(t,z,e'p) = e~ Ho(z,p). Invoking Lemma 4.1 we derive the follow-
ing time independent form of Corollary 4.3.

Corollary 4.5 Assume that the estended functions f and g and p,U satisfy
assumptions (H1), (H2') and (H3') and f and ¢ are nonnegative. Then the
value function Vg corresponding to problem EXITy . 15 the unique bounded
lower semicontinuous function w(-) on R* such that

w(z) = p(z) Ve E°
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which satisfies the Hamilton-Jacobi equation
w(z) + Ho(z,—p:) =0 Vp; € Gpw(x)
for all x € E and the boundary condition
w(@) = p(a)
and
w(z) + Ho(z,—p:) £0 Vp, c Opw(z)
for all z € OF.

A time independent version of Corollary 4.4 can be derived similarly.

5 Proofs of the main results
We break the proofs of our main results into a series of lemmas.

Lemma 5.1 Under assumptions (H1)-(H4) suppose that (t*,2™) € R x R* -

converges to (t,x) where Vi(t,x) < co. Then there exist a control u €U and
a stopping time r € [t,00] such that

liminf V(2" 2") > [ £(s,ylt,2,ul(s),u(s))ds + h(r,ylt,z,u)(r).

Proof. For each n, there exists u™ € U and a stopping time 7" > t" such
that
V2 b2 [ fls gl ar) (o), a o) ds + Oyl 2l
(15)

Without loss of generality we may assume that t* > ¢t — 1 and consider two
cases:

Case 1. The sequence {r"} is bounded. Without loss of generality we may
assume that ™ converges to r(> t), 7™ € [t—1,r+1] and u"|j;—1,r41) converges
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t0 % € Up—1,r41) in the topology of Uy—1,r41)- Then y[t™, z,u*](s) uniformly
converges to y[t,z,u)(s) in [t — 1,7 + 1]. Taking liminf in (15) when n — oo
yields by virtue of lower semicontinuity of &

liminf Vi(£",27) 2 /t (s, ylt, z,ul(s), u(s))ds + h(r, ylt, z, u(r)).
Case 2. The sequence {r"} is unbounded. Without loss of generality we
may assume that r» — oco. For each integer m > ¢, consider the restriction
of u™ to [t — 1,m]. Since Up_1,m is compact we can extract a convergent
subsequence from {u”|;—1m}. Using the diagonal method we can choose a
subsequence u™ of ™ and an element u € U such that u™|;_1m converges
0 Ul[s—1,m] i0 U|[t=1,m for any m. We may assume that

ilir& V(™ 2™) = hﬂgf‘%(tn’ ™).
Since

/:"" Fs,ylt™, @™, u™](s), u™ (s))ds + h(r™, y[t™, x™, u™](r™))

T

N 1
< Vi(tn‘7xm) + :’; <00,

(]

by assumption (H4) for any given € > 0 there exist mo and % such that, for
i > ip and m € {mg, ™| :

[ foairs @ ) (e)u(s))ds + By, )] < e (1)
Since r™ > mg when i > g, by (15) we have for i > ig and m € [fmo., il

1
Vilt™,a™) + —
Ty

i

< /tr. F(s,y[t™, 2™, u™](s),u™ (s))ds + h(r™, yt™, 2™, u™](r™))

T

= [ 2, e 5

T

b ol ) (s + Byl 2 )

m

> /m Fs,y[t™, 2™, u™](s),u™(s))ds — €, by virtue of (16).
t

i
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Taking limits when i — oo yields

1— 0

liﬁg}f%(t",m") = lim V,{t™,2™) > /tmf(s,y[t,x,u](s),u(s))ds — €.

Observe that by assumption (H4), (16) implies that h(oco,ylt, z,ul(c0)) = 0
and the limit

Jim / f(s,ylt, z,ul(s), u(s))ds.

exists. Since € and m > my are arbitrary, one. has

liminf V,(¢",z™) > /oo f(s,ylt, z,u](s),u(s))ds

= [ flsylt,z,ul(s), u()ds + hloos yt, 2,1(00)).
|

Lemma 5.2 Under assumptions (H1)-(H4), for any (t,z) € R x R® such
that V(t,z) < oo, the problem P, has at least one solution pair (y[t, =, ul, u)
with an optimal stopping time T € [t, 00].

Proof. The result follows from Lemma 5.1 by taking (t*,z") = (t,z) Vn.
-
The proofs of Lemmas 5.3-5.8 below basically follows the technique in [9].

Lemma 5.3 Assume that f,g and h satisfy assumptions (H1)-(H4). Then
the value function Vs is a lower semicontinuous extended valued function w(-)
on R x R which satisfies the terminal condition at co (z), the supoptimality
principle (a) and the backward supoptimality principle (c).

Proof. The lower semicontinuity of V; follows from Lemma 5.1.

Proof of V, satisfying (z). Suppose there exists T such that ‘h(t,z) = oo for
allt> T and z € R%. Then V,(t,z) = oo forall t > T and = € R?. Therefore
in this case

tlirg Vi(t,z) = tlirglo‘h(t,x) =

21
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If such a T does not exist then by assumption (H4), h(s,y) — 0 uniformly
for all z € R? as s — oo and for any € > 0 there exists o such that

[ 5o, vt 2,)(5),ule)ds + hlr, gl 2, ()] <

~ for all z € R4, u € U and r,t > ;. Therefore in this case
lim Velt,z) = tll.rglo h(t,z) = 0.

" Proof of V, satisfying (a). By Lemma 5.2, for any (t,z) € R X R? where
V,(t,x) < co there exists a solution pair (y[t, =, u],u) corresponding to the
problem P, with an optimal stopping time r € [t oo]. For any 7 € [t,7),
since (y[t, z,u],u) is also feasible for problem Pryjs,z,u(r), one has

Vi) = [ Floyltaul(s) uls)ds + by, ul)
= /tT f(s,y[t,a:,u](s),u(s))ds
+ [ 1.l (), u(®)ds + h(ryylt 2,)(r)

> [ fs,ulty,ul(s),uls))ds + Valr ylt, 2, ().

That is, V; satisfies (3). If r = oo, (4) is always satisfied by V; by virtue of
(z). If r < 0o and (4) is not satisfied by V; then :

Va(r, ylt, z,4)(r)) < h(r,ylt, z, () (17)
since one always has Vi(t,z) < h(t,z) for all (t,z) € R X R¢. Applying
Lemma 5.2 to problem P, where z, = y[t,z,u|(r) yields a solution pair
(y[r, z,,v],v) to problem P, with an optimal stopping time > 7. (17)
implies

[ £yt z,ul(s), u())ds + h(r,plt, 2, 0)(r)
> [ 1, yltyz,ul(s),uls))ds + Vil 7,ul(r)
= [ f(s plt,z, () uleds + [ Fls,yl 3 0)(6), o(s)ds
+h(r',ylt, 2, v](r")) |
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which implies that the pair (y[t,z,u],u) and the stopping time r is not an
optimal solution of P, ;. That is a contradiction. Hence (4) has to be safisfied
by V.

- Proof of V, satisfying (b). (5) is easily seen to be satisfied by the value
function V,. Now we prove the backward suboptimality principle (6). 1If
Vi(t,z) = oo then there is nothing to prove since (6) is always satisfied.
Suppose Vi(t,z) < oo and let (y[t,z,],v) be a solution pair to the problem
P, with an optimal stopping time r € [t, 0], i.e.,

Vita) = [ Flo,lt,30](6),v()ds + h(rylt,3,0)(r)-
Consider any u € U and 7 < t. Define a control v’ € U by

! — () if €[>t)
u(s) -—{Zf<§> fociinl

Then y[t, z,u](r) =.y[t,z,v](7) and one has

Vi(r,ylt,z,ul(r)) = Vil ylt, ,w](r))
< [ 1 yltau(s),u(s)ds + b, vt 2,u)(r)

[ " syl z,u)(8), us))ds
+ /tr £(s,ylt, 7, v](s),v(s))ds + h(r, y[t, z,v](r))
= [ Fsylt,00(6),u()ds + Valt, ).

That, is V, satisfies (6). [

Il

I

Lemma 5.4 Assume that f,g and h satisfy assumptions (H1)-(H4).Suppose
w: R x R% — (—00,00] is a lower semicontinuous function which satisfies
the terminal condition at co (z) and the suboptimality principle (a).

Then
w(t,z) > Vi(t, z).

Proof. If w(t,z) = oo at (t,z), then there is nothing to prove. For any
(t,z) € R x R% where w(t, ) < oo since w satisfies the suboptimality, there
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exits u € U and r € [t,00] such that for any 7 € [t,7) one has

witz) > [ f(sult o), us)ds +ulnyl o) 09

=
=
[o B

w(r,ylt, z, ul(r)) = hir,ylt, 5, ul(r)),

Taking liminf on the right hand side of (18) as 7. — yields by virtue of
assumption (H4) and the lower semicontinuity of w that

wit,) > [ fsplta,ul(s)u(s)ds + wirylt, 2, )

[ #,uit2,01(6), u()ds + hr, i, ()
> Vilt,). |

Lemma 5.5 Assume that f,g and h satisfy assumptions (H1)-(H4). Suppose
w: R x R* — RU {oo} is a lower semicontinuous function which satisfies

the terminal condition at oo (z) and the backward suboptimality principle (b).
Then

w(t,r) < Vi(t, x).
Proof. If V,(t,z) = oo, then there is nothing to prove. Suppose Vi(t,z) < 00

and let (y[t,z,u],u) be a solution pair of F; with an optimal stopping time
r € [t,00]. If 7 < oo then by (b)

Vilta) = [ Faltzalle) u(s)ds + ralt 2. ulr)

[ #splt,2,ul(s),uls))ds + wryl, o, ul)
> wit,ylt,z,ult)) = w(t, ).

Vv

If r = oo then since V4(t,z) < oo by assumption (H4)

lim h(t',z) =0

t/ 00
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uniformly in € R%and one has

Vilt,a) = Jim { [ (s, vtz ul(s), u(s))ds + (Y ylt, 2, ul(E))}-
Therefore for any € > 0 there exists a r. < r such that, for all 7' € [re, 00),
Viite) +e> [ fls,pltaul(s), uls)ds + hlr',ylt, 2, ul(0)-
t

Hence by the backward suboptimality of w, one has

Vit ke > [ flsuthm e ue)ds + bl alh 2,al()

Y

[ s, ultm,ul(s), uls)ds + wle' it z,)(r)
> w(t,ylt,z,ul(t) = wt, ).
Letting ¢ — 0 we are done. ‘ ' |

. For the convenience of the exposition, we denote the epigraph of a function
w defined on R x R? by E(w), i.e. '

B(w) := epi(w) := {(s,y,2) : z > w(s,y)}-

We will also use the proximal normal cone N%(z) for a closed set A at point
z € A defined by

NP (z) := {p : there exists M > 0 such that (p,2'—z) < M||z'—z| Vz' € A}.

Lemma 5.6 Assume that f,g and h satisfy assumptions (H1)-(H4). Let
w: R x R — (—o0,00| be a lower semicontinuous function that satisfies

—Dt + H(t,ﬁ:, ““pm) 2 0 V(phpz) S 8pw(ta$)a

for any (t,x) € Rx R%. Then, for any (t,x) € R X R? there ezist n > 0 and
U € Up ety such that, for all T € [t,t + 7],

(r,ylt, @, u)(7), 2(1)) € E(w) | (19)
w_here

2(r) = wlt o)+ [ * Fs,ylt,z, ul(s), u(s))ds.
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Proof. Define

Flo,y2) = {(L, g(8,,0),—f(s,9,0)) : v € Prob(U)}.

Then the conclusion of the lemma is equivalent to saying that, for some
n > 0, (F, B(w)) is weakly invariant on [¢,t + n] as defined in [9, Section 2].
By Theorem 2.1 amd Remark 2.3 of [9] this is in turn equivalent to

m ; ) <0 (t,x)€eltt % Re. (20
EGNZ.(;;)(CI‘,,I,Z) vel’lf’i‘l%gz)<€ > — ( y L) [ + 77] ( )

Using the same argument as in the proof of [9, Theorem 2.2] (20) is equivalent
to

—Pt + H(t,(L‘, "p’-':) 2 0 V(pt’pz) € 6’Pw(t7x)
for any (t,z) € R x R% |

Lemma 5.7 Assume that f,g and h satisfy assumptions (H1)-(H4). Let
w: R x R¢ — (—o0,00] be a lower semicontinuous function which satisfies
the terminal condition at oo (z). Then the suboptimality principle (a) is
equivalent to the H-J subinequality

(c) for any (t,z) € R x R%, either
w(t, ) = h(t,z)
or
—ps+ H(t,z,-ps) 20 V(pe,p:) € Gpu(t,z).
Proof.

(a) implies (c). Let w be a lower semicontinuous function which satisfies
the terminal condition at co and the suboptimality principle (a). The H-J
subinequality is satisfied vacuously at any point (t,x) where w(t,z) = oo.
For any (t,z) € R x R? where w(t,z) < 00, by (a) there exist u € U and
r € [, 00| such that, for all 7 € [t,7),

w(t,®) > [ fls,ult,,ul(s), u(s)ds + wrylt 2, 0)()

and
w(r,ylt, z,u)(r)) = h(r,ylt, z,u)(r))-
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If r = ¢ then w(t,z) = h(t,z) and (c) is satisfied. We turn to the case when
r >t and (ps, ps) €.0pw(t,z) (when dpw(t,z) = 0 (c) is satisfied vacuously).
By the definition of the proximal subgradient, there exist o > Qandnp >0
such that

w(s,y) — wit,z) +oll(s,9) — GO 2 pls — ) + Py — ), (21)

for all (s,y) such that |[(s,y) — (¢,2)]| < n. Therefore, for 7 > ¢ sufficiently
close to t set s := 7 and y := ylt,z, u)(7) in (21) yields

pt(T - t) + (p,,,y[t,a:,u]('r) - IL‘>
< w(r,ylt, 3,u)(7)) — wlt, ) + ol (r9lt 7, ul(r)) - @2)]°
< [ syt z,ul(s), u)ds + ol(nylh zul) - BN (22)

We can rewrite (22) as

0 < —pulr =)+ [ [(=ar gs,vlt, 3, 0l(s), u(s)))
— F(s,9lt, (), ul(s)))ds + | (r,ylt, 2, () = ()
< —p(T—1t) +/ (s,y[t, z,u](s), —pz)ds
+oll (it z,0)() - DI | (23)

Dividing both sides of (23) by 7 — ¢ and letting 7 — ¢, noticing that the
Hamiltonian in the integration is continuous in its first two components, we
obtain

—pe+ H(t, z,—pz) 2 0.
(c) implies (a). Let (t,z) € R x R%. If w(t,z) = h(t,z) then there is nothing
to prove. Assume that w(t,z) < h(t,z). Then by Lemma 5.6, the H-J

sub inequality implies the existence of 7 and u € U4y such that for all
T € [t,t+7),

wt,) > [ fls,plte0l(6),uls)ds +ulnitae). (24
If for some 7 € [t,t + 7,
w(r, ylt, z,u)(r)) = h(r, ylt, z, u)(r))
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then we are done. Otherwise applying Lemma 5.6 again to (t+n,y[t, z,u)(¢+
n)) we can extend the intervel on which (24) is valid. Repeating this process
one conclude that either there exist an 7 < oo such that (24) is valid on [t,7]
and ’

w(r,ylt, ¢, u)(r)) = h(r,ylt,z, u)(r))
or the intervel on which (24) is valid can be extend to [t, 00). B

Lemma 5.8 Assume that f,g and h satisfy assumptions (H1)-(H4). Let
w: R x R* — (—00,00] be a lower semicontinuous function which satisfies
the terminal condition at 0o. Then the backward suboptimality principle (b)
is equivalent to the H-J sup-inequality

(d) for any (t,z) € R x RY,
w(t,z) < h(t, )

and
—p; + H(t,z,—pz) <0 V(p:,p:) € Gpu(t, ).

Proof.

(b) implies (d) Assume that w satisfies (z) and (b). Let (ps, pz) € Spw(t, T).
Then there exist o > 0 and 5 > 0 such that

w(s,y) - wt,@) +ol(s,y) — G 2 ps— ) + Py —2), (25)

for all (s,y) with [|(s,¥) — (t,aé)l\ < 1. Let v be an arbitrary element of U
and define u € U by u(s) = v, Vs € R. Then when 7 <t 1s sufficiently close
to t set s := 7 and ¥ := y[t, T, u}(r) in (25) yields

pt(T - t) + (pz)y[t7$7u](7-) - :I:)
< winylt,e,ul(M) —wt,z) + ol (ryltz,ul(7) - ¢ )|

rt . T . T PPN
< /T (s, 3t z,u)(s),u(s))ds + o || (. ylt, 2, ul (7)) = (D) (26)
Dividing both sides of (26) by t — 7 and letting 7 — ¢ yield

—Dt + (“pa:, g(tvmav» - f(t,ﬂ?,’l)) _<- 0. (27)
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Since v € U is arbitrary, taking sup in (27) we obtain
—p + H(t,z,—p:) < 0.
(d) implies (b). Assume w satisfies (z) and (d). We need to show that, for
any (t,z) € R x R%, u e and 7 < t,
w(t,z) > [ f(s,3lt,3,0l(6), u(s)ds + wir,ylt, 2, (7))
The above inequality is obviously equiyalent to
(r,ylt, 5, 0(7), 2(r)) € E(w) (28)
where .
z(t) == w(t,m).+/ f(s,ylt, z,u](s),u(s))ds.
To deduce (28) from '
—pe+ H(t,z,p:) <0 V(p,pz) € Gpw(t, )
we apply [9, Theorem 7.2] with set E(w) and multifunction
{1} x @{(g(t, z,u), f(t,z,w)) :u € U}.
-}

Proof of Theorem 2.2 The “only if” part is given in Lemma 5.3. The “if”
part follows from Lemmas 5.4 and 5.5. H

Proof of Theorem 2.1 Follows directly from Theorem 2.2, Lemma 5.7 and
Lemma 5.8. |

Proof of Theorem 3.1

Let w be a lower semicontinuous function satisfying the requirement of the-
orem 3.1. Then by Lemma 5.8 W has property (b) of Lemma 5.8. Invoking
Lemma 5.5 yields :

Vi(0,20) 2 w(0,20) = [ f(5,10,20,ul(s),u(s))ds + hir, (0,0, (7))

But by definition V4(0,zo) cannot be greater than the right hand side of the
above inequality. Thus,

VS(O"IO) = /OT f(s,y[O,mo,u](s),u(s))ds + h(r,y[O,a:o,u](r))

and (y[0, 2o, u}, v) is a solution pair to problem Py 5, with an optimal stopping
time 7. H
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