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ABSTRACT

Five-dimensional (5-D) light field video (LFV) (also known as plenoptic video) is a

more powerful form of representing information of dynamic scenes compared to con-

ventional three-dimensional (3-D) video. In this dissertation, the spectra of moving

objects in LFVs are analyzed, and it is shown that such moving objects can be en-

hanced based on their depth and velocity by employing 5-D digital filters, what is

defined as depth-velocity filters. In particular, the spectral region of support (ROS)

of a Lambertian object moving with constant velocity and at constant depth is shown

to be a skewed 3-D hyperfan in the 5-D frequency domain. Furthermore, it is shown

that the spectral ROS of a Lambertian object moving at non-constant depth can be

approximated as a sequence of ROSs, each of which is a skewed 3-D hyperfan, in the

5-D continuous frequency domain.

Based on the spectral analysis, a novel 5-D finite-extent impulse response (FIR)

depth-velocity filter and a novel ultra-low complexity 5-D infinite-extent impulse re-

sponse (IIR) depth-velocity filter are proposed for enhancing objects moving with

constant velocity and at constant depth in LFVs. Furthermore, a novel ultra-low

complexity 5-D IIR adaptive depth-velocity filter is proposed for enhancing objects

moving at non-constant depth in LFVs. Also, an ultra-low complexity 3-D linear-

phase IIR velocity filter that can be incorporated to design 5-D IIR depth-velocity
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filters is proposed. To the best of the author’s knowledge, the proposed 5-D FIR and

IIR depth-velocity filters and the proposed 5-D IIR adaptive depth-velocity filter are

the first such 5-D filters applied for enhancing moving objects in LFVs based on their

depth and velocity.

Numerically generated LFVs and LFVs of real scenes, generated by means of a

commercially available Lytro light field (LF) camera, are used to test the effectiveness

of the proposed 5-D depth-velocity filters. Numerical simulation results indicate that

the proposed 5-D depth-velocity filters outperform the 3-D velocity filters and the

four-dimensional (4-D) depth filters in enhancing moving objects in LFVs. More

importantly, the proposed 5-D depth-velocity filters are capable of exposing heavily

occluded parts of a scene and of attenuating noise significantly. Considering the ultra-

low complexity, the proposed 5-D IIR depth-velocity filter and the proposed 5-D IIR

adaptive depth-velocity filter have significant potentials to be employed in real-time

applications.
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Chapter 1

Introduction

Light is a fundamental form of conveying information. The light rays emanating

from a scene is completely described by the seven-dimensional (7-D) plenoptic func-

tion, proposed by Adelson and Bergen [1]. The name plenoptic has been derived

by combining the Latin term plenus (meaning complete or full) with the term op-

tic [1]. More specifically, the 7-D plenoptic function describes the intensity of light

rays passing through the center of an ideal camera at every possible location in the

three-dimensional (3-D) space (x, y, z), at every possible angle (θ, φ), for every wave-

length λ and at every time t [1], as shown in Figure 1.1.

The two-dimensional (2-D) images and panoramas, the 3-D videos and concentric

mosaics, the four-dimensional (4-D) light fields (LFs) and the five-dimensional (5-D)

light field videos (LFVs) (also known as plenoptic videos) are simplified forms of the

7-D plenoptic function [2] [3]. In particular, the 5-D LFV is derived from the 7-D

plenoptic function by assuming the intensity of a light ray does not change along its

direction of propagation and the red, green and blue (RGB) colour components are

used instead of the wavelength [2]. An LFV may be considered as a 2-D array of 3-D

conventional videos and can be generated by employing a specifically designed LFV

camera or a collection of conventional 3-D video cameras arranged as a 2-D planar

array. A typical planar array of 3-D conventional video cameras, a commercially-

available LF camera and a LFV camera are shown in Figure 1.2. Ideally, an LFV

of a dynamic scene in free space contains all information of the scene because it

captures all the light rays emanating from the scene. This richness of information

may be exploited to accomplish novel tasks that are not possible with conventional

3-D videos such as digital refocusing and depth-velocity filtering, a technique proposed

in this dissertation to enhance moving objects in LFVs based on their velocity and



2

θ

φ

(x, y, z)

λ

t

Figure 1.1: The 7-D plenoptic function describes the intensity of light rays passing
through the center of an ideal camera at every possible location in the 3-D space
(x, y, z), at every possible angle (θ, φ), for every wavelength λ and at every time t.

depth by employing 5-D depth-velocity filters.

The 5-D depth-velocity filters have significant potential to be employed in a mul-

titude of applications. An exiting feature offered by the 5-D depth-velocity filters

is the capability of exposing heavily occluded moving objects in a dynamic scene.

Thanks to this exiting feature, the 5-D depth-velocity filters naturally fit for intelli-

gent surveillance and security systems [4] [5] [6] [7]. For example, in such systems,

the 5-D depth-velocity filters can be used as a preprocessing technique in tracking of

moving objects (e.g., humans and vehicles) regardless of occlusion. Furthermore, the

5-D depth-velocity filters can be employed as a preprocessing technique in various

computer vision applications. For example, they may be employed in the vision sys-

tem of a robot [8] [9]. Another potential application is the refocusing of LFVs based

on both depth and velocity; in other words, controlling the defocus (or out-of-focus)

blur and the motion-blur of a dynamic scene [10] [11]. For this case, the frequency

response of the 5-D depth-velocity filters needs to be slightly modified so that objects

lying outside the focal region are blurred rather than completely attenuated. Fur-

thermore, the focal region may be selected, for example, as an elliptical region around

a human, a circular region around a vehicle or an arbitrary shape around an object

of interest. Such refocusing has been exploited to improve the artistic quality of 3-D

movies and 3-D television shows [12] [13]. Furthermore, considering the fact that an

LFV camera gathers more light compared to a conventional video camera [14], LFVs

have been emerged as an attractive replacement for conventional videos especially un-
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(a)

(b) (c)

Figure 1.2: (a) The Stanford camera array (Source - http://graphics.stanford.edu/);
(b) a Lytro Illum LF camera (Source - https://www.lytro.com/illum/); (c) a Raytrix
LFV camera (Source - http://www.raytrix.de/).

der low light conditions, for example in underwater scenes [15] [16] [17]. This opens

an another potential area for the 5-D depth-velocity filtering.

1.1 Related Work

A brief review of previous work related to 3-D velocity filters, 4-D depth filters, 5-

D LFVs and the spectral analysis of the 7-D plenoptic function is presented in this

section.
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1.1.1 3-D Velocity Filtering

In many applications including traffic analysis, motion detection, radar tracking and

computer vision, enhancement of moving objects is generally accomplished by em-

ploying 3-D velocity filters (also known as 3-D linear-trajectory filters) [18] [19] [20]

[21] [22] [23]. Such filters selectively filter moving objects based on their 2-D spatial

velocities. A number of design methods for 3-D velocity filters are found in the lit-

erature. In [24], a 3-D infinite-extent impulse response (IIR) filter having a planar

passband has been proposed based on the concept of network resonance to enhance

moving objects having linear trajectories, i.e. objects moving with constant velocities.

In [25], the work presented in [24] has been extended to 3-D IIR adaptive filters for

tracking and enhancing moving objects with general trajectories. Another IIR filter

design technique for tracking moving objects with linear or nonlinear trajectories has

been presented in [26]. In [27], an optimal 3-D finite-extent impulse response (FIR)

filter for detecting moving objects with linear trajectories has been proposed. Two

3-D IIR filter banks having wedge-shaped (exterior of a wide-angle cone) passbands

have been reported in [28] and [29]. An IIR velocity filter and an IIR velocity filter

bank designed using multidimensional wave digital filters have been presented in [22]

and [30], respectively.

1.1.2 4-D Depth Filtering

4-D LFs have been used for image-based rendering systems [31] [32], refocusing

in digital photography [33] [34] [35] [36] [37] and exposing occluded regions in a

scene [38] [39] [40] [41] [42]. Another important application is enhancing objects of

a scene based on their depth. This has been first demonstrated in [43] using a 4-D

depth filter having a planar passband. Similar results have been reported in [38] [44]

and [45]. In particular, an efficient 4-D IIR filter was proposed in [44]. In [46], a 4-D

IIR dual-fan filter is proposed to selective filtering of objects occupied in a range of

depths. A 4-D hyperfan all-in-focus filter is employed in [47] in order to denoise LFs.

Moreover, in [37], 4-D depth filters are utilized to obtain volumetric focus for LFs

instead of traditional planar focus. Two hardware implementations of first-order 4-D

IIR hyperplanar filters that can be employed for depth filtering of LFs have been pro-

posed in [48] and [49]. Furthermore, differential-form and integral-form 4-D IIR depth

filters and their hardware implementations have been presented in [41] and [50], re-

spectively. Recently, a 4-D FIR filter, which can be employed for real-time refocusing
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of LFs, and its hardware architecture are proposed in [51].

1.1.3 5-D Light Field Videos

Most of the early work on LFVs was about capturing and rendering systems. In [52]

and [53], a system consisting of 100 conventional video cameras, arranged rectan-

gularly on a plane, is presented. In [54], another system has been described. This

system was comprised of eight conventional video cameras arranged in a line, and

real-time LFV compression and decompression has also been discussed. Recently, an

LFV capturing system, where conventional video cameras were arranged in a hemi-

sphere, has been presented in [55]. This system is capable of recoding LFVs at 30

fps with a resolution of 9000 × 2400 pixels. A true LFV camera, especially suitable

for smart phones, is reported in [56]. A motion-aware LFV camera that can capture

high resolution LFVs by exploiting scene-specific redundancy in space, time and angle

is presented in [57]. Another LFV recoding system consisting of a camera array is

reported in [58]. In that system, a spatio-temporal exposure pattern is employed to

capture high dynamic range LFVs. In the context of motion analysis in LFVs, 3-D

motion estimation has been studied in [59] and [60]. In addition, recently, closed-form

solutions for visual odometry for LFV cameras have been reported in [61].

1.1.4 Spectral Analysis of the 7-D Plenoptic Function

Some of the earliest work in spectral analysis of the plenoptic function has been pre-

sented in [62] and [63] in the context of LFs and image-based rendering. In particular,

for a Lambertian scene, it is shown that the region of support (ROS) of the spectrum

of an LF is bounded by the minimum and maximum depths. In [34] and [64], the

ROS of the spectrum of an LF is shown to be a 3-D manifold in the 4-D frequency

space, which is denoted as a 3-D hyperfan in [47]. In [65], the spectral analysis of the

plenoptic function was extended to non-Lambertian and occluded scenes exploiting

the concept of the so-called six-dimensional (6-D) surface plenoptic function1. It is

shown that non-Lambertian reflections and occlusion broaden the ROS of the spec-

trum of an LF. Furthermore, it was asserted that, in most cases, the spectrum is

not band limited even though the surface plenoptic function may be band limited.

In [66], the bandwidth of the plenoptic function has been more precisely analyzed,

1The 6-D surface plenoptic function is a reparameterization of the 7-D plenoptic function under
the assumption of the intensity of a light ray does not change along its direction of propagation [65].
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and shown that the plenoptic function is not band limited unless the scene is a flat

surface. Moreover, it is shown that the bandwidth of the plenoptic function depends

on the maximum surface slope in addition to the minimum and maximum depths of

the scene and the maximum frequency of the texture of the scene. In [67] and [68], the

bandwidth of the plenoptic function has been examined under the finite field-of-view

constraint of cameras and finite scene width. It is shown that these finite constraints

lead to band-unlimited plenoptic spectra even for Lambertian scenes having only a

flat surface. Spectrum broadening due to non-Lambertian reflections and occlusion

is studied in [69] and [70], and a new sampling rate and new reconstruction filters

have been proposed. Furthermore, in [71], the effect of the resolution of the sampling

cameras in a camera array is studied.

1.2 Contributions of the Dissertation

In this dissertation, the spectra of moving objects in LFVs are analyzed, and it is

shown that such moving objects can be enhanced based on their depth and velocity

by employing 5-D depth-velocity filters. In particular, it is shown that the spectral

ROS of a Lambertian object moving with constant velocity and at constant depth is

a skewed 3-D hyperfan in the 5-D frequency domain. Furthermore, a novel 5-D FIR

depth-velocity filter, a novel ultra-low complexity 5-D IIR depth-velocity filter and a

novel ultra-low complexity 5-D IIR adaptive depth-velocity filter are proposed. To the

best of the author’s knowledge, these three 5-D depth-velocity filters are the first such

5-D filters applied to enhance moving objects in LFVs based on depth and velocity.

Moreover, an ultra-low complexity 3-D IIR velocity filter that can be incorporated

to design 5-D IIR depth-velocity filters is proposed and used in enhancing shallow

underwater videos. In what follows is detailed descriptions of the contributions of the

dissertation.

Spectral Analysis of Moving Objects in LFVs (part of this work has been

published in [72])

The spectrum of a Lambertian object moving with constant velocity in an LFV is

analyzed. First, it is shown that a Lambertian point source moving with a constant

velocity is represented as a 3-D hypersurface of constant value in the continuous-

domain LFVs. Next, it is shown that when the motion of the Lambertian point
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source is parallel to the camera plane (i.e., the Lambertian point source moves at

a constant depth), the 3-D hypersurface is reduced to a 3-D hyperplane. For this

case, the spectrum of the LFV and its ROS are derived in closed form. The ROS of

the spectrum is a plane through the origin in the 5-D continuous frequency domain.

Based on the analysis for a Lambertian point source, the ROS of the spectrum of a

continuous-domain LFV, corresponding to a Lambertian object moving with a con-

stant velocity and at a constant depth, is derived. For this case, it is shown that

the ROS of the spectrum is a skewed 3-D hyperfan in the 5-D continuous frequency

domain. The degree of skewness of the 3-D hyperfan depends on both velocity and

depth of the moving object whereas the angle of the 3-D hyperfan depends on the

depth range occupied by the moving object. The 3-D hyperfans corresponding to the

ROSs of the spectra of Lambertian objects moving with different constant velocities

or at different constant depths do not overlap except at the origin in the 5-D frequency

domain. This allows enhancement of such objects based on depth and velocity by

employing 5-D digital filters, what is defined as depth-velocity filters. Furthermore,

it is shown that the essential bandwidth of the spectrum is finite along the temporal

frequency dimension and, therefore, the corresponding discrete-domain LFV can be

generated with negligible aliasing by employing a sufficiently high temporal sampling

rate. The analysis is concluded by deriving the ROS of the spectrum for a discrete-

domain LFV sampled with negligible aliasing and illustrating it through numerical

simulations.

Novel 5-D FIR Depth-Velocity Filter (part of this work has been published

in [72])

A novel 5-D linear-phase FIR depth-velocity filter having a planar passband in the

5-D frequency domain is proposed. The planar passband of the proposed 5-D FIR

depth-velocity filter is realized by cascading three 5-D linear-phase FIR filters having

4-D hyperplanar passbands of appropriate orientations in the 5-D discrete frequency

domain. The 5-D FIR filters having 4-D hyperplanar passbands are designed by em-

ploying the so-called windowing method [73](ch. 3.3) [74](ch. 5.1). The performance

of the proposed 5-D FIR depth-velocity filter in enhancing moving objects in LFVs is

tested by employing a numerically generated LFV and an LFV of a real scene, gen-

erated by means of a commercially available Lytro LF camera. Experimental results

confirm the effectiveness of the proposed 5-D FIR depth-velocity filters over 4-D FIR
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depth filters and 3-D FIR velocity filters.

Novel Ultra-Low Complexity 5-D IIR Depth-Velocity Filter (part of this

work has been published in [75])

A novel ultra-low complexity 5-D IIR depth-velocity filter is proposed for enhancing

objects moving with constant velocity and at constant depth in LFVs. The proposed

5-D IIR depth-velocity filter is realized by cascading three first-order 5-D IIR filters

having 4-D hyperplanar passbands of appropriate orientations. The first-order 5-D

IIR filters are designed by appropriately extending the first-order 3-D IIR planar

filter design method proposed in [24]. The proposed 5-D IIR depth-velocity filter

is practical bounded-input bounded-output (BIBO) stable. Numerical simulation

results indicate that the proposed 5-D IIR depth-velocity filter outperforms the 3-D

IIR velocity filters [24] and the 4-D IIR depth filters [44] in enhancing moving objects

in LFVs. Furthermore, by employing the LFV generated using the commercially

available Lytro LF camera, it is shown that the performance of the proposed 5-D IIR

depth-velocity filter is comparable to that of the proposed 5-D FIR depth-velocity

filter. Most importantly, the proposed 5-D IIR depth-velocity filter requires less than

1% of the arithmetic operations required by the 5-D FIR depth-velocity filter to process

a sample. Considering the ultra-low complexity, the proposed 5-D IIR depth-velocity

filter has a significant potential to be employed in real-time applications.

Novel Ultra-Low Complexity 5-D IIR Adaptive Depth-Velocity Filter (part

of this work has been published in [76])

The 5-D depth-velocity filtering technique is extended to a more general case, where

objects moving with constant velocity but at non-constant depth are enhanced. First,

the spectrum of a Lambertian object moving in an LFV at non-constant depth is an-

alyzed, and it is shown that the ROS of the spectrum can be approximated as a

sequence of ROSs, each of which is a skewed 3-D hyperfan, in the 5-D continuous fre-

quency domain. Based on this analysis, a novel ultra-low complexity 5-D IIR adaptive

depth-velocity filter is proposed for enhancing such moving objects. The proposed 5-

D IIR adaptive depth-velocity filter is realized by cascading three first-order 5-D IIR

adaptive filters having time-variant 4-D hyperplanar passbands of appropriate orienta-

tions. The first-order 5-D IIR adaptive filters are designed by appropriately extending

the first-order 3-D IIR adaptive planar filter design method proposed in [25]. The
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time-variant coefficients of the three first-order 5-D IIR adaptive filters are derived in

closed form. The performance of the proposed 5-D IIR adaptive depth-velocity filter

is confirmed by employing a numerically generated LFV and an LFV of a real scene,

generated by means of a commercially available Lytro LF camera. Experimental re-

sults indicate that the proposed 5-D IIR adaptive depth-velocity filter outperforms

the 3-D IIR adaptive velocity filters [25] and the 4-D IIR adaptive depth filters in

enhancing moving objects in LFVs. Considering the ultra-low complexity and the

availability of the closed-form expressions for the time-variant coefficients, the pro-

posed 5-D IIR adaptive depth-velocity filter has a significant potential to be employed

in real-time applications.

Ultra-Low Complexity 3-D Linear-Phase IIR Velocity Filter (part of this

work has been published in [77] and [78])

An ultra-low complexity 3-D linear-phase IIR velocity filter that can be incorporated

to design 5-D IIR depth-velocity filters is proposed. The proposed 3-D linear-phase

IIR velocity filter consists of an ultra-low complexity 3-D wide-angle linear-phase

IIR cone filter bank between two 2-D spatial variable-shift filters. The ultra-low

complexity 3-D wide-angle linear-phase IIR cone filter bank is designed by employing a

one-dimensional (1-D) temporal modified discrete Fourier transform (DFT) filter bank

and 2-D spatial allpass, IIR highpass and allstop filters. The linear phase response is

achieved by employing zero-phase filtering for the 2-D spatial IIR highpass filters. A

typical 3-D linear-phase IIR velocity filter of order 4 × 4 × 510 requires only 26 real

multiplications and 60 real additions to process a sample, which is significantly lower

compared to the previously reported 3-D FIR and IIR velocity filters [27] [28] [29]. In

order to illustrate the performance of the proposed 3-D linear-phase IIR velocity filter

in enhancing videos, it is employed to attenuate sunlight flicker patterns in shallow

underwater videos. Experimental results confirm the effectiveness of the 3-D linear-

phase IIR velocity filter in attenuating the sunlight flicker patterns and its robustness

to motion estimation errors.

1.3 Outline of the Dissertation

The organization of the rest of the dissertation is briefly presented in this section,

and a detailed outline of a chapter is presented in the beginning of each chapter.
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In Chapter 2, the analysis of the spectra of object moving with constant velocity

in LFVs is presented. The novel 5-D FIR depth-velocity filter is described in detail

in Chapter 3. Furthermore, the experimental results obtained using a numerically

generated LFV and a Lytro-LF-camera-based LFV are presented. In Chapter 4,

the novel ultra-low complexity 5-D IIR depth-velocity filter and the experimental

results obtained using the numerically generated LFV and the Lytro-LF-camera-based

LFV are presented. Next, in Chapter 5, the approximate form of the spectrum of a

Lambertian object moving in an LFV at non-constant depth is presented. More over,

the design of the novel ultra-low complexity 5-D IIR adaptive depth-velocity filter

is described in detail. Also, the experimental results obtained using a numerically

generated LFV and an Lytro-LF-camera-based LFV are presented. In Chapter 6,

the ultra-low complexity 3-D linear-phase IIR velocity filter and the experimental

results corresponding to the enhancement of shallow underwater videos are presented.

Finally, conclusions and future work are presented in Chapter 7.
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Chapter 2

Analysis of the Spectra of Moving

Objects in Light Field Videos

2.1 Introduction

The spectrum of an LFV that corresponds to a Lambertian object moving with con-

stant velocity is analyzed in this chapter. Furthermore, it is shown that such moving

objects can be enhanced based on their depth and velocity by employing 5-D depth-

velocity filters.

A Lambertian object may be assumed to be comprised of Lambertian surfaces1.

A Lambertian surface may be considered as a collection of Lambertian point sources

and, therefore, the LF of a Lambertian object is given by the superposition of the LFs

of corresponding Lambertian point sources. Consequently, in the analysis presented

in this chapter, we mainly pay our attention to the LF and LFV representations of

Lambertian point sources and their spectra.

We begin the analysis by showing that a Lambertian point source moving with a

constant velocity (i.e., having a linear trajectory) is represented as a 3-D hypersurface

of constant value in the continuous-domain LFVs. Next, it is shown that when

the motion of the Lambertian point source is parallel to the camera plane (i.e., the

Lambertian point source moves at a constant depth), the 3-D hypersurface is reduced

to a 3-D hyperplane. For this case, we derive the spectrum of the LFV and its ROS

in closed form. The ROS of the spectrum is a plane through the origin in the 5-D

1A Lambertian surface scatters incoming light uniformly in all directions. In other words, the
bidirectional reflectance distribution function (BRDF) of a Lambertian surface is constant [79](ch.
2.2).
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continuous frequency domain. Based on the analysis for a Lambertian point source,

the ROS of the spectrum of a continuous-domain LFV, corresponding to a Lambertian

object moving with a constant velocity and at a constant depth, is derived. For this

case, it is shown that the ROS of the spectrum is a skewed 3-D hyperfan in the 5-D

continuous frequency domain. The degree of skewness of the 3-D hyperfan depends on

both velocity and depth of the moving object whereas the angle of the 3-D hyperfan

depends on the depth range occupied by the moving object. Furthermore, it is shown

that the essential bandwidth of the spectrum is finite along the temporal frequency

dimension and, therefore, the corresponding discrete-domain LFV can be generated

with negligible aliasing by employing a sufficiently high temporal sampling rate. The

analysis is concluded by deriving the ROS of the spectrum for a discrete-domain LFV

sampled with negligible aliasing and illustrating it through numerical simulations.

The rest of the chapter is organized as follows. In Section 2.2, LF parameteri-

zation, the LF representation of a Lambertian scene and its spectrum are reviewed.

In Section 2.3, a detailed analysis of the LFV representation of a Lambertian point

source moving with constant velocity and its spectrum is presented. Furthermore, the

ROS of the spectrum of an LFV corresponding to a Lambertian object moving with

constant velocity and at constant depth is derived and illustrated through numerical

simulations. Finally, a summary of the chapter is presented in Section 2.4.

2.1.1 Notation

The following notation scheme is employed in this dissertation. Lowercase letters

are used to denote 4-D LF and 5-D LFV signals whereas uppercase counterparts

are used to denote their spectra. In addition, an alphanumeric subscript scheme

is utilized in order to avoid the ambiguity of the dimension and domain of the LF

and LFV signals (and their spectra) denoted by the same letter. The alphanumeric

subscripts are comprised of two elements: a number, denoting the dimension of the

signal, followed by the uppercase letter “C” or “D”, denoting the continuous and

discrete domains, respectively. For example, l4C(·) is a 4-D continuous-domain LF

signal whereas l5D(·) is a 5-D discrete-domain LFV signal. Their spectra are denoted

by L4C(·) and L5D(·), respectively. Vectors and matrices are denoted by lowercase

and uppercase bold letters, respectively. The superscript “T” is employed to denote

the transpose of a vector or a matrix. Furthermore, uppercase calligraphic letters in

conjunction with the above mentioned alphanumeric subscript scheme are employed
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to denote sets.

2.2 Review of LF Representation of a Lambertian

Scene and Its Spectrum

We review the LF representation of a Lambertian scene and its spectrum, i.e. the

Fourier transform, in this section. To this end, we first consider the standard two-

plane parameterization [31] [32] of a LF.

2.2.1 Two-Plane Parameterization of a LF

The light rays of a LF can be parameterized in number of ways [2] [3] [80](ch. 2.1).

The most widely employed LF parameterization is the standard two-plane parame-

terization, where each light ray is parameterized by its intersections with two par-

allel planes: the camera plane and the image plane. Note that, in a more general

two-plane parameterization, the camera and image planes are not necessary to be

parallel [3] [80](ch. 2.1). Two other possible LF parameterizations are the two-sphere

parametrization [81] [82] and the sphere-plane parameterization [81].

Two variants of the two-plane parameterization are shown in Figures 2.1 (a) and

2.1 (b). The main difference between the two variants is the image coordinates (u, v)

are defined globally in one case and locally in the other case, with respect to the

camera position (x, y). Note that, in the case of a camera array, the camera plane

xy corresponds to the plane containing the principal planes2 of the camera lenses,

and the image plane uv corresponds to the coplanar focal planes of the cameras.

Under the two-plane parameterization with the locally defined image coordinates, all

rays with identical (u, v) values are parallel whereas all rays with u = v = 0 are

perpendicular to the two planes, which results more compact expressions for the LF

representation [61]. Consequently, the two-plane parameterization with the locally

defined image coordinates, henceforth referred to as simply the two-plane parame-

terization for brevity, is employed throughout in this dissertation unless otherwise

specified.

2The principal planes of an optical system are the two hypothetical planes at which the lateral
magnification is equal to unity [83](ch. 4.3). These planes can be obtained by the locus of intersection
of incident light rays parallel to the axis and by the light rays directed to the focus [84](ch. 7.1).
For a thin lens system in air, the principal planes are coincident and pass through the optical center
of the thin lens [84](ch. 7.1).
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Figure 2.1: The two-plane parameterization of a Lambertian scene comprised of an
object having Lambertian surfaces; (a) with globally defined image coordinates (u, v);
(b) with locally defined image coordinates (u, v).

The pinhole camera model [84](ch. 6.2) is employed in the two-plane parameteri-

zation, and each ray r is represented by the 4-tuple (x, y, u, v) ∈ R
4, where the coor-

dinates (x, y) and (u, v) represent the position and direction of the ray, respectively.

In the following review and in the analysis presented in Section 2.3, for simplicity,

the scene is assumed to have no occlusion. Furthermore, windowing effects due to

the finite number of cameras and due to the limited field-of-view of each camera are

ignored, i.e. both the camera plane xy and the image plane uv are assumed to be of
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infinite extent.

2.2.2 LF Representation of a Lambertian Point Source and

Its Spectrum

Consider the two-plane parametrization of a Lambertian point source of intensity

(or radiance) l0 shown in Figure 2.2. In this case, the Lambertian point source is

represented as a plane of constant value l0 in the corresponding 4-D continuous-

domain LF l4C(x, y, u, v) [44]. The plane is given by the intersection of the two 3-D

hyperplanes3

mx+ u+ cx = 0 (2.1a)

my + v + cy = 0, (2.1b)

having normal vectors c4C,xu = [m, 0, 1, 0]T and c4C,yv = [0,m, 0, 1]T, respectively,

where

m =
D

z0
(2.2a)

cx =
−Dx0

z0
(2.2b)

cy =
−Dy0
z0

, (2.2c)

where (x0, y0, z0) ∈ R
2 × R

+ is the position of the Lambertian point source and D

is the distance between the camera plane xy and the image plane uv [44]. The LF

l4C(x, y, u, v) may be expressed as

l4C(x, y, u, v) = l0 δ(mx+ u+ cx) δ(my + v + cy), (2.3)

where δ(·) is the 1-D continuous-domain impulse function [86](ch. 6.2) [87](ch. 2.1).

The spectrum of l4C(x, y, u, v), L4C(Ωx,Ωy,Ωu,Ωv) can be obtained as [44] [63]

L4C(Ωx,Ωy,Ωu,Ωv) = 4π2l0 δ(Ωx −mΩu) δ(Ωy −mΩv)

× ej(Ωucx+Ωvcy), (2.4)

3An n-D hyperplane, where n = 3, 4, means an n-D manifold in the (n+1)-D space that is uniquely
determined by the (n+ 1)-D normal vector and an (n+ 1)-D point on the n-D hyperplane [85](ch.
66).
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Figure 2.2: (a) Two-plane parametrization of a Lambertian point source of intensity
l0; (b) the representation of the Lambertian point source in the xu subspace.

where (Ωx,Ωy,Ωu,Ωv) ∈ R
4.

2.2.3 ROS of the Spectrum

The ROS P4C of the spectrum L4C(Ωx,Ωy,Ωu,Ωv) can be obtained from (2.4) as [44]

[63]

P4C = H4C,xu ∩H4C,yv, (2.5)

where

H4C,xu = {(Ωx,Ωy,Ωu,Ωv) ∈ R
4 | Ωx −mΩu = 0} (2.6a)

H4C,yv = {(Ωx,Ωy,Ωu,Ωv) ∈ R
4 | Ωy −mΩv = 0}. (2.6b)

The ROS P4C, illustrated in Figure 2.3, is a plane through the origin in the 4-D

continuous frequency domain, which is given by the intersection of the two 3-D hy-

perplanes

Ωx −mΩu = 0 (2.7a)

Ωy −mΩv = 0 (2.7b)
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Figure 2.3: The ROS of the spectrum of a Lambertian point source, P4C, (a) H4C,xu

in the ΩxΩu subspace; (b) H4C,yv in the ΩyΩv subspace; as z0 varies in the range
(0,∞), α varies in the range (0◦, 90◦).

having normal vectors d4C,xu = [1, 0,−m, 0]T and d4C,yv = [0, 1, 0,−m]T, respectively.

Note that, the ROS P4C depends only on the depth z0 of the Lambertian point

source [44] [63].

In the case of a Lambertian object, where the depth varies in a range, i.e. z0 ∈
[dmin, dmax] (see Figure 2.1), the ROS of the spectrum, O4C, is obtained as

O4C =
⋃

z0

P4C

=
⋃

z0

(H4C,xu ∩H4C,yv) , (2.8)

which is a 3-D hyperfan in the 4-D continuous frequency domain [9](ch. 4) [47]. The

angle of the 3-D hyperfan depends on the depth range occupied by the Lambertian

object. Figure 2.4 illustrates the ROS O4C.
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Figure 2.4: The ROS of the spectrum of a Lambertian object, O4C, (a) in the ΩxΩu

subspace; (b) in the ΩyΩv subspace. The angle of the 3-D hyperfan depends on the
depth range z0 ∈ [dmin, dmax] occupied by the Lambertian object.

2.3 Analysis of the Spectrum of a Lambertian Ob-

ject Moving with Constant Velocity

2.3.1 LFV Representation of a Lambertian Point Source

Consider the case shown in Figure 2.5, where a Lambertian point source of intensity

l0 moves with the constant velocity V = [Vx, Vy, Vz]
T. Similar to the 4-D continuous-

domain LF representation of a Lambertian point source, as discussed in the previous

section, the 5-D continuous-domain LFV l5C(x), x = [x, y, u, v, t]T ∈ R
5, may be

expressed as

l5C(x) = l0 δ(m(t)x+ u+ cx(t)) δ(m(t)y + v + cy(t)), (2.9)

where

m(t) =
D

zp(t)
(2.10a)

cx(t) =
−Dxp(t)

zp(t)
(2.10b)

cy(t) =
−Dyp(t)

zp(t)
. (2.10c)
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Figure 2.5: (a) A Lambertian point source of intensity l0 moves with the constant
velocity V = [Vx, Vy, Vz]

T; (b) the representation of the Lambertian point source in
the xu subspace.

In this case, similar to the constant intensity assumption [88](ch. 2.3) employed in

analysis of moving objects in conventional 3-D videos, we assume that the intensity

l0 of the Lambertian point source does not change with time, i.e. the scene is under

homogeneous ambient illumination. Because

xp(t) = Vxt+ x0 (2.11a)

yp(t) = Vyt+ y0 (2.11b)

zp(t) = Vzt+ z0, (2.11c)
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where (x0, y0, z0) ∈ R
2 × R

+ is the position of the Lambertian point source at t = 0,

after some manipulation, (2.9) can be rewritten as

l5C(x) = l0 δ(mx+ u+ kxt− kzut+ cx)

× δ(my + v + kyt− kzvt+ cy), (2.12)

where m, cx and cy are given by (2.2a), (2.2b) and (2.2c), respectively, and

kx =
−DVx

z0
(2.13a)

ky =
−DVy

z0
(2.13b)

kz =
−Vz

z0
. (2.13c)

According to (2.12), the Lambertian point source is represented in the LFV l5C(x) as

a 3-D hypersurface of constant value l0, which is given by the intersection of the two

4-D hypersurfaces

mx+ u+ kxt− kzut+ cx = 0 (2.14a)

my + v + kyt− kzvt+ cy = 0. (2.14b)

In the case, where the Lambertian point source moves at a constant depth z0, i.e.

Vz = 0, (2.12) reduces to

l5C(x) = l0 δ(mx+ u+ kxt+ cx) δ(my + v + kyt+ cy). (2.15)

In this case, the Lambertian point source is represented in the LFV l5C(x) as a 3-D

hyperplane of constant value l0, which is given by the intersection of the two 4-D

hyperplanes

mx+ u+ kxt+ cx = 0 (2.16a)

my + v + kyt+ cy = 0 (2.16b)

having normal vectors c5C,xut = [m, 0, 1, 0, kx]
T and c5C,yvt = [0,m, 0, 1, ky]

T, respec-

tively.
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2.3.2 Spectrum of a Lambertian Point Source Moving at a

Constant Depth

In this subsection, the spectrum of l5C(x) is derived in closed form for the case Vz = 0.

The spectrum L5C(Ω), Ω = [Ωx,Ωy,Ωu,Ωv,Ωt]
T ∈ R

5, can be obtained as

L5C(Ω) = 8π3l0 δ(Ωx −mΩu) δ(Ωy −mΩv)

× δ(Ωt − kxΩu − kyΩv) e
j(Ωucx+Ωvcy) (2.17)

as derived in Appendix A. Note that, similar to the spectrum of an object moving

with constant 2-D spatial velocity in a conventional 3-D video [88] (ch. 2.3), (2.17)

can be expressed as

L5C(Ω) = 2π L4C(Ωx,Ωy,Ωu,Ωv) δ(Ωt − kxΩu − kyΩv), (2.18)

where L4C(Ωx,Ωy,Ωu,Ωv) is the spectrum of the time-invariant LF of the Lambertian

point source as given in (2.4).

From (2.17), the ROS of the spectrum, P5C, can be obtained as

P5C = H5C,xu ∩H5C,yv ∩H5C,uvt, (2.19)

where

H5C,xu = {Ω ∈ R
5 | Ωx −mΩu = 0} (2.20a)

H5C,yv = {Ω ∈ R
5 | Ωy −mΩv = 0} (2.20b)

H5C,uvt = {Ω ∈ R
5 | Ωt − kxΩu − kyΩv = 0}, (2.20c)

which are illustrated in Figures 2.6(a)–2.6(c), respectively. The ROS P5C is a plane

through the origin in the 5-D continuous frequency domain, which is given by the

intersection of the three 4-D hyperplanes

Ωx −mΩu = 0 (2.21a)

Ωy −mΩv = 0 (2.21b)

Ωt − kxΩu − kyΩv = 0 (2.21c)

having normal vectors d5C,xu = [1, 0,−m, 0, 0]T, d5C,yv = [0, 1, 0,−m, 0]T and d5C,uvt =
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Figure 2.6: The ROS of the spectrum, P5C, (a) H5C,xu in the ΩxΩu subspace; (b)
H5C,yv in the ΩyΩv subspace; as z0 varies in the range (0,∞), α varies in the range
(0◦, 90◦). (c) H5C,uvt in the ΩuΩvΩt subspace.

[0, 0,−kx,−ky, 1]
T, respectively. Note that the ROS P5C depends on both the con-

stant velocity vector V = [Vx, Vy, 0]
T and the depth z0 of the Lambertian point source,

implying that Lambertian point sources moving with different constant velocities or

at different depths ideally have non-overlapping ROSs except at the origin. This fact

is the basis for enhancing moving objects in LFVs by employing 5-D depth-velocity

filters described in this dissertation.



23

2.3.3 ROS of the Spectrum of a Lambertian Object Moving

at a Constant Depth

In the context of filter design, the ROS of the spectrum is more important than the

spectrum itself since the most of the design specifications, such as cutoff frequencies,

of a filter are determined based on the ROS of the spectra of signals to be filtered. In

this subsection, we derive the ROS of the spectrum of a Lambertian object moving

with V = [Vx, Vy, 0]
T.

The Lambertian object may be considered as a collection of Lambertian point

sources having depth z0 ∈ [dmin, dmax] (see Figure 2.1). Therefore, the ROS of the

spectrum, O5C, can be obtained as the union of the ROSs of the spectra of the

corresponding Lambertian point sources because of the linearity of the Fourier trans-

form [73](ch. 1.3) [74](ch. 1.2), i.e.

O5C =
⋃

z0

P5C

=
⋃

z0

(H5C,xu ∩H5C,yv ∩H5C,uvt) . (2.22)

The ROSO5C, illustrated in Figure 2.7, is a skewed 3-D hyperfan in the 5-D continuous

frequency domain. Here, 3-D hyperfan means a 3-D manifold that can be formed by

sweeping a plane through the 4-D or 5-D space [9](ch. 4) [47]. The degree of skewness

of the 3-D hyperfan depends on both velocity and depth of the moving object whereas

the angle of the 3-D hyperfan depends on the depth range occupied by the moving

object. Note that, similar to 4D LFs, we observe a dimensionality gap in the ROS of

the spectrum; that is the 5-D LFV is reduced to a 3-D manifold in the 5-D continuous

frequency domain. In this case, one dimension is reduced due to the fact that the

Lambertian scene is in fact in the 3-D space even though it is represented as 4-D in

the corresponding LF [64]. In other words, the parameter m in (2.16a) and (2.16b) is

the same for both 4-D hyperplanes for a point in the 3-D space. The other dimension

is reduced as a consequence of the constant intensity assumption.
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Figure 2.7: The ROS of the spectrum, O5C, (a) in the ΩxΩu subspace; (b) in the
ΩyΩv subspace; (c) in the ΩuΩvΩt subspace.

2.3.4 ROS of the Spectrum Corresponding to a Discrete-

Domain LFV

An LFV obtained from an LFV camera is in fact a discrete-domain (sampled) signal.

Consequently, processing of LFVs is carried out in the discrete-domain. In this subsec-

tion, we derive the ROS of the spectrum corresponding to a discrete-domain LFV. To

this end, we assume that the discrete-domain LFV l5D(n), n = [nx, ny, nu, nv, nt]
T ∈

Z
5, is generated by rectangularly sampling the corresponding continuous-domain LFV

l5C(x), with the sampling matrix

∆ = diag[∆x,∆y,∆u,∆v,∆t], (2.23)
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where the term “diag” denotes a diagonal matrix and ∆i, i = x, y, u, v, t, is the

sampling interval along the corresponding dimension. Furthermore, the 5-D principal

Nyquist hypercube in the 5-D discrete frequency domain ω (= [ωx, ωy, ωu, ωv, ωt]
T ∈

R
5, where ωi = Ωi∆i, i = x, y, u, v, t) is defined as

N5D ,
{
ω ∈ R

5 | − π ≤ ωi ≤ π, i = x, y, u, v, t
}
. (2.24)

The discrete-domain spectrum L5D(ω) is a periodic extension of the corresponding

continuous-domain spectrum L5C(Ω) and is given by [73](ch. 1.4) [74](ch. 2.2)

L5D(ω) =
1

|det∆|
∑

k

L5C

(
Ω− 2π∆−1k

)
, (2.25)

where k ∈ Z
5 and the term “det” denotes the determinant of a matrix. Even though

the spectrum of an LF is, in general, band unlimited, most of the energy of the

spectrum resides within a finite 4-D hypervolume denoted as the essential band-

width [66] [67]. Therefore, most LFs can be sampled with negligible aliasing. It

is clear from (2.17) and especially from (2.18) that the maximum temporal frequency

of L5C(Ω) depends only on the maximum values of kx and ky, and the essential band-

width of L4C(Ωx,Ωy,Ωu,Ωv) on the Ωu and Ωv dimensions. Consequently, with finite

kx and ky, we can conclude that the essential bandwidth of L5C(Ω) on the Ωt di-

mension is finite. Therefore, the continuous-domain LFV l5C(x) can be sampled with

negligible aliasing by employing a sufficiently high temporal sampling rate and, for

this case, the ROS of the spectrum, O5D, inside N5D is obtained as

O5D =
⋃

z0

(H5D,xu ∩H5D,yv ∩H5D,uvt) , (2.26)

where

H5D,xu =

{
ω ∈ N5D

∣∣∣ ωx −
(
m∆x

∆u

)
ωu = 0

}
(2.27a)

H5D,yv =

{
ω ∈ N5D

∣∣∣ ωy −
(
m∆y

∆v

)
ωv = 0

}
(2.27b)

H5D,uvt =

{
ω ∈ N5D

∣∣∣ ωt −
(
kx∆t

∆u

)
ωu −

(
ky∆t

∆v

)
ωv = 0

}
. (2.27c)
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Figure 2.8: The epipolar-plane images of the generated LFV (a) 10th frame; (b) 40th
frame.

2.3.5 Numerical Simulation of the ROS of the Spectrum

In this subsection, we present the numerically simulated ROS of the spectrum of a

discrete-domain LFV that corresponds to a Lambertian object moving with a constant

velocity and at a constant depth. Note that, for illustration purposes, the LFV is

restricted to the x, u and t dimensions. The time-invariant intensity pattern of the

Lambertian object is selected as sinusoidal in space and the velocity Vx is selected as

3 pixels/frame. Furthermore, the distance D between the camera plane xy and the

image plane uv is selected as 50 cm, and the Lambertian object occupies the depth

range [30, 70] cm. The LFV of size 256 × 128 × 64 is numerically generated. The

epipolar-plane images [89] corresponding to the 10th and 40th frames of the LFV are

shown in Figures 2.8 (a) and 2.8 (b), respectively.

In the present case, where only the x, u and t dimensions are incorporated, the

ROS of the spectrum, O3D, inside N3D can be obtained, by following a procedure
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similar to that employed in the previous subsection, as

O3D =
⋃

z0

(H3D,xu ∩H3D,ut) , (2.28)

where

H3D,xu =

{
ω ∈ N3D

∣∣∣ ωx −
(
m∆x

∆u

)
ωu = 0

}
(2.29a)

H3D,ut =

{
ω ∈ N3D

∣∣∣ ωt −
(
kx∆t

∆u

)
ωu = 0

}
. (2.29b)

Note that, in this case, ω = [ωx, ωu, ωt]
T ∈ R

3, and N3D is the principal Nyquist

cube in the 3-D discrete frequency domain. The ROS of the spectrum corresponding

to a single depth z0 is a straight line through the origin of which the orientation

is determined by the depth z0 and the velocity Vx. For a Lambertian object where

depth z0 ∈ [dmin, dmax], the ROS is a collection of straight lines that resembles a

skewed fan-shaped surface inside N3D, with the degree of skewness depending on the

velocity and depth. For example, for Vx = 0, the fan lies on the ωxωu plane, and as

Vx increases, the angle between the fan and the ωxωu plane increases.

The ROS of the spectrum of the numerically generated LFV is shown in Figure 2.9.

It is observed that the ROS of the spectrum is approximately a fan-shaped surface

inside N3D. Consequently, the numerically obtained ROS of the spectrum is consis-

tent with the theoretically predicted ROS of the spectrum. The slight deviations of

the numerically obtained ROS of the spectrum from an ideal fan-shaped surface are

mainly due to windowing effects caused by the finite number of samples available for

x and u dimensions.

2.4 Summary

A LF can be parameterized in number of ways. The most widely employed LF

parameterization is the standard two-plane parameterization, where a light ray is

parameterized by its intersections with two parallel planes: the camera plane xy and

the image plane uv. In the two-plane parameterization, each light ray is represented

by the 4-tuple (x, y, u, v), where the coordinate (x, y) represents the position of the

light ray while the coordinate (u, v) represents the direction of the light ray.

A Lambertian point source is represented as a plane of constant value in the
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Figure 2.9: The ROS of the spectrum of the numerically generated LFV. The mag-
nitude of the spectrum is normalized, and the iso-surface is drawn at 0.05.

corresponding 4-D continuous-domain LF l4C(x, y, u, v). The ROS of the spectrum

L4C(Ωx,Ωy,Ωu,Ωv) is a plane through the origin in the 4-D continuous frequency

domain. Furthermore, the ROS depends only on the depth of the Lambertian point

source. In the case of a Lambertian object, the ROS of the spectrum is a 3-D hyperfan

in the 4-D continuous frequency domain. The angle of the 3-D hyperfan depends on

the depth range occupied by the Lambertian object.

A Lambertian point source moving with a constant velocity is represented as a

3-D hypersurface of constant value in the corresponding 5-D continuous-domain LFV

l5C(x). When the motion of the Lambertian point source is parallel to the camera

plane, i.e. the Lambertian point source moves at a constant depth, the 3-D hyper-

surface is reduced to a 3-D hyperplane. For this case, the spectrum L5C(Ω) and

its ROS are derived in closed form. The ROS of the spectrum is a plane through

the origin in the 5-D continuous frequency domain. The ROS of the spectrum of a

continuous-domain LFV corresponding to a Lambertian object moving with a con-

stant velocity and at a constant depth is derived in closed form. It is shown that
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the ROS is a skewed 3-D hyperfan in the 5-D continuous frequency domain. The

degree of skewness of the 3-D hyperfan depends on both velocity and depth of the

moving object whereas the angle of the 3-D hyperfan depends on the depth range

occupied by the moving object. The 3-D hyperfans corresponding to the ROSs of the

spectra of Lambertian objects moving with different constant velocities or at different

constant depths do not overlap except at the origin in the 5-D continuous frequency

domain. This allows enhancement of such objects based on their depth and velocity

by employing 5-D depth-velocity filters.

The essential bandwidth of the spectrum is finite along the temporal frequency

dimension Ωt and, consequently, the corresponding discrete-domain LFV can be gen-

erated with negligible aliasing by employing a sufficiently high temporal sampling

rate. The ROS of the spectrum of a discrete-domain LFV corresponding to a Lam-

bertian object moving with a constant velocity and at a constant depth is derived in

closed form. Furthermore, the ROS of the spectrum is numerical simulated. The nu-

merically simulated ROS of the spectrum well agrees with the theoretically predicted

ROS of the spectrum.
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Chapter 3

Novel 5-D FIR Depth-Velocity

Filter

3.1 Introduction

Multi-dimensional FIR filters are widely employed in image, 3-D conventional video

and LF processing applications [51] [73] [74] [88] [90]. Major reasons for their popu-

larity in those applications are: the design of multi-dimensional FIR filters is simple

compared to IIR counterparts, and they can be designed to have zero- or linear-phase

responses. The other prominent feature of the multi-dimensional FIR filters over IIR

counterparts is that they are always stable.

It is clear from the spectral analysis presented in Chapter 2 that the ROSs of the

spectra of objects moving with different constant velocities or at different depths are

distinct and do not overlap except at the origin. Consequently, by employing a 5-D

depth-velocity filter of which the passband encompasses the ROS of the spectrum

of the object of interest and the stopband encompasses the ROSs of the spectra

of interfering objects, the object of interest can be enhanced while attenuating the

interfering objects.

A novel 5-D linear-phase FIR depth-velocity filter having a planar passband in

the 5-D frequency domain is proposed in this chapter. The planar passband of the

proposed 5-D FIR depth-velocity filter is realized by cascading three 5-D FIR filters

having 4-D hyperplanar passbands of appropriate orientations in the 5-D discrete fre-

quency domain. The 5-D FIR filters having 4-D hyperplanar passbands are designed

by employing the so-called windowing method [73](ch. 3.3) [74](ch. 5.1). The per-
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formance of the proposed 5-D FIR depth-velocity filter in enhancing moving objects

in LFVs is tested by employing a numerically generated LFV and an LFV of a real

scene, generated by means of a commercially available Lytro LF camera. Experimen-

tal results confirm the effectiveness of the proposed 5-D FIR depth-velocity filters

over 4-D FIR depth filters and 3-D FIR velocity filters.

The rest of the chapter is organized as follows. The design of the proposed 5-

D FIR depth-velocity filter is described in detail in Section 3.2. In Section 3.3,

experimental results of enhancing moving objects in LFVs by using the proposed 5-D

FIR depth-velocity filter are presented. Furthermore, we discuss the performance

limitations of the proposed 5-D FIR depth-velocity filter. In Section 3.4, the effects

of non-Lambertian reflections and occlusion on the performance of the 5-D depth-

velocity filters are briefly discussed. Finally, a summary of the chapter is presented

in Section 3.5.

3.2 Design of the 5-D FIR Depth-Velocity Filter

The structure of the 5-D FIR depth-velocity filter H(z), z = [zx, zy, zu, zv, zt]
T ∈ C

5,

is shown in Figure 3.1. The 5-D FIR depth-velocity filter is designed as a cascade of

three 5-D FIR filters Hxu(z), Hyv(z) and Huvt(z), and the transfer function H(z) is

given by

H(z) = Hxu(z)Hyv(z)Huvt(z). (3.1)

The passband of each of the three 5-D FIR filters is selected as 4-D hyperplanes

inside the 5-D principal Nyquist hypercube N5D. In particular, the passbands of

Hxu(z), Hyv(z) and Huvt(z) encompass the 5-D hypervolumes given by

B5D,xu =
⋃

z0

H5D,xu (3.2a)

B5D,yv =
⋃

z0

H5D,yv (3.2b)

B5D,uvt =
⋃

z0

H5D,uvt (3.2c)

respectively, as illustrated in Figure 3.2. Recall thatH5D,xu,H5D,yv andH5D,uvt are the

4-D hyperplanes corresponding to the ROS of the spectrum of the object of interest
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Hxu(z) Hyv(z) Huvt(z)

l5D(n) l̂5D(n)

Figure 3.1: Structure of the 5-D FIR depth-velocity filter.

and are given by (2.27a), (2.27b) and (2.27c), respectively. The overall passband B5D

of H(z), which is a 5-D hypervolume inside the 5-D principal Nyquist hypercube N5D,

is given by the intersection of B5D,xu, B5D,yv and B5D,uvt, i.e.

B5D =

(
⋃

z0

H5D,xu

)
⋂
(
⋃

z0

H5D,yv

)
⋂
(
⋃

z0

H5D,uvt

)
. (3.3)

Note that the 3-D hyperfan corresponding to the ROS O5D of the spectrum of the

object of interest, given by (2.26), is a proper subset of B5D. Consequently, the

passband of H(z) completely encompasses the ROS of the spectrum of the object

of interest. Furthermore, most of the ROSs of the spectra of interfering objects lie

outside the passband of H(z).

3.2.1 Design of the 5-D FIR Filters Hxu(z) and Hyv(z)

The passbands of the 5-D FIR filters Hxu(z) and Hyv(z) have similar characteristics.

In particular, they occupy the similar areas of parallelograms on the ωxωu and ωyωv

planes, respectively. Moreover, the passbands of Hxu(z) and Hyv(z) are independent

of three dimensions inside the 5-D principal Nyquist hypercube N5D. Consequently,

the design methods of Hxu(z) and Hyv(z) are similar, and we present the design

method only for Hxu(z) in detail.

The frequency-domain specifications of the ROS ofHxu(z) are shown in Figure 3.3.

The parameter au ∈ (0,∞) determines the orientation of the 4-D hyperplaner pass-

band whereas bx and bu, where bx, bu ∈ R
+, are the bandwidths of the filter along

the ωx and ωu dimensions, respectively. Note that bu = bx/au. The ideal frequency

response of Hxu(z), inside N5D, may be expressed as

Hxu(e
jω) =




1, auωu − bx ≤ ωx ≤ auωu + bx

0, otherwise.
(3.4)

The ideal infinite-extent impulse response hI
xu(n) of Hxu(z) is derived in Appendix B.
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ωx

π

O

ωu

Passband of

−π

−π π

ROS of the
spectrum

Hxu(z)

(a)

ωy

π

O

ωv

Passband of

−π

−π π

ROS of the
spectrum

Hyv(z)

(b)

Passband of ROS of the
spectrumHuvt(z)

ωt

ωv

π

O

−π

−π π

ωu

−π

π

(c)

Figure 3.2: The ROS of the spectrum of the object of interest (solid) and the passband
(cross-hatched) of (a) Hxu(z) on the ωxωu plane; (b) Hyv(z) on the ωyωv plane; (c)
Huvt(z) in the ωuωvωt space.

Then, the finite-extent impulse response hxu(n) of Hxu(z) is obtained as

hxu(n) = hI
xu(n)wxu(nx, nu)

=
[
gIxu(nx, nu)wxu(nx, nu)

]
δ(ny)δ(nv)δ(nt), (3.5)

where wxu(nx, nu) is a 2-D separable or circular window of size (Mx + 1) × (Mu +

1) [73](ch. 3.3) [74](ch. 5.1), where Mx,Mu ∈ N. Note that the order of Hxu(z) is

Mx × 0×Mu × 0× 0.

With the passband considered in deriving hxu(n) (see Figure 3.3), for the range

(0, 1) of the parameter au, the passband of Hxu(z) has undesired ROSs as shown in

Figure 3.4. Nevertheless, this drawback can be avoided by employing the symme-
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ωx

π

O

ωu

Passband of

−π

−π π

ωx = auωu + bx

Hxu(zx, zu)
bu

−bu

bx

−bx

ωx = auωu − bx

Figure 3.3: Frequency-domain specifications of the ROS of Hxu(z) on the ωxωu plane.
The parameter au determines the orientation of the 4-D hyperplaner passband. bx
and bu are the bandwidths of the filter along the ωx and ωu dimensions, respectively,
and bu = bx/au.

try of the passbands corresponding to au and 1/au around the diagonal defined by

the line ωx = ωu inside the 2-D principal Nyquist square N2D on the ωxωu plane.

More specifically, in calculating gIxu(nx, nu) from (B.3a)–(B.3d), au and bx should

be replaced with 1/au and bt, respectively, and
[
gIxu(nx, nu)wxu(nx, nu)

]T
should be

used instead of
[
gIxu(nx, nu)wxu(nx, nu)

]
in (3.5). Furthermore, in this case, the 2-D

window should be of size (Mu+1)× (Mx+1) rather than of size (Mx+1)× (Mu+1).

The design of Hyv(z) can be carried out similar to the design of Hxu(z). In

particular, the finite-extent impulse response hyv(n) of Hyv(z) of order 0×My × 0×
Mv × 0 can obtained as

hyv(n) = hI
yv(n)wyv(ny, nv)

=
[
gIyv(ny, nv)wyv(ny, nv)

]
δ(nx)δ(nu)δ(nt), (3.6)

where gIyv(ny, nv) can be obtained from (B.3a)–(B.3d) by replacing nx and nu with

ny and nv, respectively, and au and bx with the counterpart parameters av and by,

respectively. Note that wyv(ny, nv) is a 2-D separable or circular window of size

(My + 1)× (Mv + 1) [73](ch. 3.3) [74](ch. 5.1), where My,Mv ∈ N, and bv = by/av.
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−bu
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3π
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of the passband

of the passband

Figure 3.4: The ROS of Hxu(z) on the ωxωu plane for au ∈ (0, 1).

3.2.2 Design of the 5-D FIR Filter Huvt(z)

The frequency-domain specifications of the ROS of Huvt(z) are shown in Figure 3.5.

The parameters au ∈ (−∞,∞) and av ∈ (−∞,∞) determine the orientation of

the 4-D hyperplaner passband whereas bu, bv and bt, where bu, bv, bt ∈ R
+, are the

bandwidths of the filter along the ωu, ωv and ωt dimensions, respectively. Note that

bu = bt/|au| and bv = bt/|av|. The ideal frequency response of Huvt(z), inside N5D,
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Passband of

ωt = auωu + avωv + bt

Huvt(z)

ωt

ωv

π

O

−π

−π π

ωu

−π

π

bt

−bt
−bv

bvbu

−bu

ωt = auωu + avωv − bt

Figure 3.5: Frequency-domain specifications of the ROS of Huvt(z) in the ωuωvωt

space. The parameters au and av determine the orientation of the 4-D hyperplaner
passband. bu, bv and bt are the bandwidths of the filter along the ωu, ωv and ωt

dimensions, respectively. Note that bu = bt/|au| and bv = bt/|av|.

may be expressed as

Huvt(e
jω) =




1, auωu + avωv − bt ≤ ωt ≤ auωu + avωv + bt

0, otherwise.
(3.7)

The ideal infinite-extent impulse response hI
uvt(n) ofHuvt(z) is derived in Appendix C.

Then, the finite-extent impulse response huvt(n) of Huvt(z) can be obtained as

huvt(n) = hI
uvt(n)wuvt(nu, nv, nt)

=
[
gIuvt(nu, nv, nt)wuvt(nu, nv, nt)

]
δ(nx)δ(ny), (3.8)

where wuvt(nu, nv, nt) is a 3-D separable or spherical window of size (Mu+1)× (Mv+

1)× (Mt + 1) [73](ch. 3.3) [74](ch. 5.1), where Mu,Mv,Mt ∈ N. Note that the order

of Huvt(z) is 0× 0×Mu ×Mv ×Mt.

Similar to the passbands of Hxu(z) and Hyv(z), the passband of Huvt(z) has un-

desired ROSs for some values of au and av. This undesired property of Huvt(z)

is studied using extensive numerical simulations. The passband of Huvt(z) is free

from the undesired ROSs, if |au|, |av| ∈ [0, 0.5]. Furthermore, if |au|, |av| ∈ [2,∞)

(or 1/|au|, 1/|av| ∈ (0, 0.5]), Huvt(z) can be designed to have no undesired ROSs
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in the passband by employing the symmetry of the passbands inside the 3-D prin-

cipal Nyquist cube N3D in the ωuωvωt space and appropriate permutations of the

dimensions, as employed in the design of Hxu(z) and Hyv(z). Unfortunately, if

|au|, |av| ∈ (0.5, 2), the passband of Huvt(z) suffers from the undesired ROSs, which

may degrade the performance of the 5-D FIR depth-velocity filters in attenuating in-

terfering objects and noise. Nevertheless, thanks to the fact that the undesired ROSs

of the passband act like a highpass filter and most of natural scenes are lowpass sig-

nals, the effects of the undesired ROSs of the passband may be negligible for most

of natural scenes. Furthermore, it is worthwhile to note that the multi-dimensional

FIR filters having planar passbands (without undesired ROSs) can be designed by

appropriately rotating the passband of a 1-D FIR lowpass filter. This fact is further

discussed in the section “Future Work” in Chapter 7.

3.3 Experimental Results

The concept of the 5-D depth-velocity filtering of LFVs to enhance moving objects

is experimentally proved in this section. First, experimental results obtained for a

numerically generated LFV are presented, and the effectiveness of the proposed 5-

D FIR depth-velocity filter in enhancing moving objects is confirmed. Then, the

proposed 5-D FIR depth-velocity filter is employed to enhance a moving object in an

LFV of a real scene, which is generated using a Lytro LF camera, and it is shown that

the proposed 5-D FIR depth-velocity filter is capable of exposing heavily occluded

parts of a scene and of attenuating noise significantly.

3.3.1 Numerically Generated LFV

The numerically generated LFV contains three Lambertian planar objects moving

with constant velocity and at constant depth. All the three planar objects have a

Lambertian intensity pattern that resembles a checkerboard of 8 × 8 squares. The

other specifications of the three planar objects are presented in Table 3.1. The dis-

tanceD between the camera plane and the image plane is selected as 50 cm. Note that

the object of interest and the first interfering object move at the same depth so that

the first interfering object can not be attenuated using 4-D depth filters. On the other

hand, the object of interest and the second interfering object move with the same ap-

parent velocity so that the second interfering object can not be attenuated using 3-D
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Object type

Size Depth True velocity Apparent velocity

height×width z0 [Vx, Vy, Vz] [−kx,−ky,−kz]

(cm2) (cm) (cm/frame) (pixels/frame)

Object of interest 50× 50 50 [1, 1, 0] [1, 1, 0]

Interfering object 1 50× 50 50 [1,−2, 0] [1,−2, 0]

Interfering object 2 10× 10 10 [0.2, 0.2, 0] [1, 1, 0]

Table 3.1: Specifications of the Lambertian planar objects.

velocity filters. The generated LFV is of the size 9× 9× 256× 256× 64, and the 15th

frame of the LFV corresponding to the central 25 sub-apertures (nx, ny = 3, 4, . . . , 7)

is shown in Figure 3.6. Note that all three objects appear with the same apparent

size in the LFV because the smaller object (interfering object 2) moves closer to the

camera plane.

The filters Hxu(z) and Hyv(z) are designed with the parameters au = av = 1 and

bx = by = 0.02π rad/sample and by using a 2-D rectangular window of size 9 × 41.

The orders of the two filters are 8× 0× 40× 0× 0 and 0× 8× 0× 40× 0, respectively.

The magnitude response |Hxu(e
jω)| is shown in Figure 3.7. The magnitude response

of Hyv(z) is similar to that of Hxu(z). The filter Huvt(z) of order 0 × 0 × 40 × 40 ×
40 is designed with the parameters au, av = −1 and bt = 0.02π rad/sample and

by using a 3-D rectangular window of size 41 × 41 × 41. The magnitude response

|Huvt(e
jω)| is shown in Figure 3.8. Note that two undesired ROSs exist in addition to

the desired passband. Also, note that |Hxu(e
jω)| has wider transition bands (similar

for |Hyv(e
jω)|) compared to the transition bands of |Huvt(e

jω)| because the order of

Hxu(z) for the nx dimension (similarly, the order of Hyv(z) for the ny dimension) is

substantially lower compared to the orders ofHuvt(z) for the nu, nv and nt dimensions.

The order of the 5-D FIR depth-velocity filter H(z) is 8× 8× 80× 80× 40.

The numerically generated LFV is filtered with the proposed 5-D FIR depth-

velocity filter, a 4-D FIR depth filter and a 3-D FIR velocity filter. The 4-D FIR

depth filtered LFV is obtained by filtering the original LFV only with Hxu(z) and

Hyv(z). Similarly, the 3-D FIR velocity filtered LFV is obtained by filtering the

original LFV only with Huvt(z). The 15th frame of the original, the 4-D FIR depth

filtered, the 3-D FIR velocity filtered and the 5-D FIR depth-velocity filtered LFVs

corresponding to the central sub-aperture (nx, ny = 5) are shown in Figure 3.9. It
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Figure 3.6: The 15th frame of the numerically generated LFV corresponding to the
central 25 sub-apertures (nx, ny = 3, 4, . . . , 7). The middle object is the object of
interest; the bottom object is the interfering object 1 moving at the same depth
(but with a different apparent velocity) of the object of interest; the top object is
the interfering object 2 moving with the same apparent velocity (but at a different
depth) of the object of interest.

can be clearly observed that the first interfering object (bottom object) moving at

the same depth of the object of interest (middle object) is not attenuated by the

4-D FIR depth filter. Similarly, the second interfering object (top object) moving

with the same apparent velocity of the object of interest is not attenuated by the

3-D FIR velocity filter. On the other hand, both interfering objects are attenuated
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Figure 3.7: Magnitude response |Hxu(e
jω)| of the 5-D FIR filter Hxu(z) in the ωxωu

plane.

Figure 3.8: Magnitude response |Huvt(e
jω)| of the 5-D FIR filter Huvt(z) (a) −3 dB

iso-surface in the ωuωvωt space (b) cross section obtained at ωv = 0.

by the proposed 5-D FIR depth-velocity filter. This confirms the effectiveness of the

proposed 5-D FIR depth-velocity filters, compared to the 4-D FIR depth filters and

the 3-D FIR velocity filters, in enhancing objects moving with constant velocity and

at constant depth in LFVs.

3.3.2 Lytro-LF-Camera-Based LFV

The experimental setup employed to generate the LFV is shown in Figure 3.10. It is

comprised of a white truck (object of interest), a red truck (moving interfering object)
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(a) (b)

(c) (d)

Figure 3.9: The 15th frame of (a) the original, (b) the 4-D FIR depth filtered, (c)
the 3-D FIR velocity filtered and (d) the 5-D FIR depth-velocity filtered (proposed)
LFVs corresponding to the central sub-aperture (nx, ny = 5). The middle object is
the object of interest; the bottom object is the interfering object 1 moving at the
same depth (but with a different apparent velocity) of the object of interest; the top
object is the interfering object 2 moving with the same apparent velocity (but at a
different depth) of the object of interest.

and a fence (static interfering object). The white and red trucks were manually moved

in planes approximately parallel to the camera plane, and a commercially available

Lytro LF camera [91] [92] was employed to capture the static LFs of the scene. The

scene is under homogeneous ambient illumination so that non-Lambertian reflections

are minimum. The depth ranges occupied by the white truck and the red truck are

[160, 163] cm and [157, 160] cm, respectively, whereas the fence is located at 8 cm

deep from the camera plane. The white truck was manually moved from right to left

with the speed of 1 cm per frame whereas the red truck was manually moved from left

to right with the speed of 1 cm per frame. Sixty LFs were captured, and each LF was

decoded by using the MATLAB LFToolbox (Version 0.3) [93]. The generated LFV is

of the size 9× 9× 220× 360× 60. The 20th frame of the LFV corresponding to the
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Object of interest

Interfering objects

Lytro camera

Figure 3.10: The experimental setup employed to generate the LFV of a real scene.
A Lytro LF camera was employed to capture the individual frames of the scene. The
white truck (object of interest) and the red truck (moving interfering object) move
at approximately the same depth. The fence is a static interfering object.

central 15 sub-apertures (nx = 4, 5, 6 and ny = 3, 4, . . . , 7) is shown in Figure 3.11.

The frequency specifications for the 5-D FIR depth-velocity filter are derived based

on the parameterization of the decoded LFV [93] which is a two-plane parameteriza-

tion different than the one used for the analysis presented in Chapter 2. This leads

to the filters Hxu(z) and Hyv(z) being designed with the parameters au = av = −0.33

and bx = by = 0.01π rad/sample. A 2-D rectangular window of size 9 × 41 is em-

ployed in the design, and the order of Hxu(z) and Hyv(z) is 8 × 0 × 40 × 0 × 0

and 0 × 8 × 0 × 40 × 0, respectively. The magnitude response |Hxu(e
jω)| is shown

in Figure 3.12. The magnitude response of Hyv(z) is the same as that of Hxu(z).

The velocity Vy of the object of interest employed in the experiment is zero (hence,

ky = 0). In this special case, B5D,uvt, given in (3.2c), is independent of the ωv dimen-

sion. Consequently, the passband of Huvt(z) is independent of the ωv dimension, and

the finite-extent impulse response huvt(n), given in (3.8), can be expressed as

huvt(n) =
[
gIut(nu, nt)wut(nu, nt)

]
δ(nx)δ(ny)δ(nv), (3.9)

where gIut(nu, nt) can be obtained from gIxu(nx, nu) presented in Appendix B, by re-

placing (nx, nu) with (nu, nt) and the parameters au and bx with the counterpart

parameters at and bu, respectively. A filter Huvt(z) of order 0 × 0 × 40 × 0 × 40,

designed with the parameters at = 0.25 and bu = 0.005π rad/sample and by using a

2-D rectangular window of size 41×41 for wut(nu, nt), is employed in the experiment.



43

Figure 3.11: The 20th frame of the LFV corresponding to the central 15 sub-apertures
(nx = 4, 5, 6 and ny = 3, 4, . . . , 7). The white truck is the object of interest; the red
truck is the moving interfering object; the fence is the static interfering object.

The magnitude response |Huvt(e
jω)| is shown in Figure 3.13. The order of the 5-D

FIR depth-velocity filter H(z) is 8× 8× 80× 40× 40.

Three frames of the original and the filtered LFVs, corresponding to the central

sub-aperture (nx, ny = 5), are shown in Figure 3.14. It can be observed that the object

of interest (white truck) is enhanced with slight distortion while the two interfering

objects (red truck and the fence) are substantially attenuated. Most importantly, it
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Figure 3.12: Magnitude response |Hxu(e
jω)| of the 5-D FIR filter Hxu(z) in the ωxωu

plane.

Figure 3.13: Magnitude response |Huvt(e
jω)| of the 5-D FIR filter Huvt(z) (a) −3 dB

iso-surface in the ωuωvωt space (b) cross section obtained at ωv = 0.

can be seen in the 29th and 37th frames that the object of interest, which is considerably

occluded in the original LFV, is substantially exposed in the filtered LFV. These results

confirm the successful enhancement of the object of interest based on depth and

velocity by the 5-D FIR depth-velocity filter.

Next, we evaluate the de-noising performance of the proposed 5-D FIR depth-

velocity filter. To this end, an additive white Gaussian noise (AWGN) signal of

size 9 × 9 × 220 × 360 × 60 is added to the original LFV. The standard deviation
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(a) (b) (c)

(d) (e) (f)

Figure 3.14: Three frames of the original LFV (top row) and the filtered LFV (bottom
row), nx, ny = 5; (a) and (d) 20th frame; (b) and (e) 29th frame; (c) and (f) 37th
frame.

(a) (b) (c)

(d) (e) (f)

Figure 3.15: Three frames of the corrupted LFV (top row) and the filtered LFV
(bottom row), nx, ny = 5; (a) and (d) 20th frame; (b) and (e) 29th frame; (c) and (f)
37th frame.

of the AWGN (σin) is selected as 40 units to represent a heavily corrupted LFV.

Note that the maximum intensity value for the RGB colour components is 255 units.
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The average peak-signal-to-noise ratio (PSNR) [88](ch. 1.5) of the input LFV is

16.09 dB/frame. The corrupted LFV is filtered with the proposed 5-D FIR depth-

velocity filter to enhance the white truck. Three frames of the corrupted and the

filtered LFVs, corresponding to the central sub-aperture (nx, ny = 5), are shown in

Figure 3.15. It is observed that the 5-D FIR depth-velocity filter has attenuated the

AWGN significantly so that there is no visual difference between the outputs of the

noise-free (see Figure 3.14) and the noisy LFVs. In order to numerically evaluate the

de-noising performance of the 5-D FIR depth-velocity filter, the standard deviation of

the AWGN (σout) and the average PSNR of the output LFV are calculated. They are

found to be 0.73 units and 50.82 dB/frame, respectively. In calculating the average

PSNR of the output LFV, the output of the noise-free LFV is considered as the

ground truth. The comparatively very high value of the average PSNR of the output

LFV confirms the negligible visual difference between the outputs of the noise-free

and the noisy LFVs. Furthermore, the AWGN attenuation (in dB) is defined as

AWGN Attenuation = 20 log10

(
σin

σout

)
. (3.10)

The AWGN attenuation is 34.73 dB, which is a significantly high value for a de-

noising method. Such a high noise attenuation is obtained due to the fact that most

of the noise energy reside in the 5-D hypervolume corresponding to the stopband of

the 5-D FIR depth-velocity filter. These results indicate that the proposed 5-D FIR

depth-velocity filter provides an excellent de-noising performance.

3.3.3 Performance Limitations of Proposed 5-D FIR Depth-

Velocity Filters

It can be seen from Figures 3.7 and 3.8(b) (also from Figures 3.12 and 3.13(b)) that

the selectivity of Hxu(z) (and Hyv(z)) is relatively poor compared to the selectivity

of Huvt(z) as a result of the wider transition bands of Hxu(z) and Hyv(z). Among

other factors, the selectivity of a filter is determined by the order of the filter, which

in turn partly depend on the number of samples available for a particular dimension.

For example, in our case, the orders of Hxu(z) and Hyv(z) corresponding to the x and

y dimensions, respectively, cannot exceed 8 because the number of samples available

for those two dimensions (or the number of sub-apertures of the available Lytro LF

camera) is 9. On the other hand, the order of Huvt(z) can be as high as 40× 40× 40
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or even higher. Consequently, if the number of samples available for the x and y

dimensions are comparatively low, the performance of 5-D FIR depth-velocity filters

on the enhancement of moving objects based on depth may be poor. This limitation

on the highest possible order corresponding to the x and y dimensions are especially

critical on the performance of FIR filters, for which substantially high orders are

necessary to achieve substantial selectivity and stopband attenuation. Furthermore,

the depth resolution is affected by the aperture size of the LFV camera. Consequently,

in addition to the number of samples available for the x and y dimensions, a sufficiently

large aperture is required for better enhancement based on depth. It is expected that

the future generations of LFV cameras will offer much increased number of sub-

apertures and sufficiently large apertures, which will eliminate the above mentioned

drawback.

3.4 Effects of Non-Lambertian Reflections and Oc-

clusion

The effects of non-Lambertian (or specular) reflections and occlusion on the perfor-

mance of enhancing moving objects in LFVs using the 5-D depth-velocity filters are

briefly discussed in this section. Recall that moving objects were assumed to be purely

Lambertian in the spectral analysis presented in Chapter 2. This assumption is gen-

erally valid for most of natural scenes because almost all of natural materials, except

water, are primarily diffusive [9](ch. 4.3), as confirmed by the measurements of their

BRDFs [94]. That is, most of the energy of light rays emanating from the object of

interest in a natural scene is confined to the ROS obtained for a purely Lambertian

moving object in Chapter 2. Furthermore, no occlusion was assumed in deriving the

ROS of the spectrum despite the fact that, except some trivial cases, almost all real

world scenes suffer from occluded objects. However, as confirmed through the exper-

imental results in Section 3.3, the effects of occlusion on the performance of the 5-D

depth-velocity filters in enhancing moving objects in LFVs can be neglected as long

as the object of interest is occluded only in a few frames. That is, in such a case,

most of the energy of light rays emanating from the object of interest is confined to

the ROS of the spectrum obtained for a moving object with no occlusion.

Now let us pay the attention to the case where the object of interest has consid-

erable non-Lambertian reflections or is occluded in most of the frames. In this case,
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substantial energy of light rays emanating from the object of interest may reside

outside the ROS of the spectrum obtained for a purely Lambertian moving object

with no occlusion. Consequently, if the passband of a 5-D depth-velocity filter only

encompasses the ROS of the spectrum corresponding to a purely Lambertian moving

object with no occlusion, there may appear undesired artifacts. As pointed out in [46]

and [47], such artifacts may include the disappearance of non-Lambertian reflections

for the object of interest, the appearance of such reflections for interfering objects

and the appearance of attenuated interfering objects in place of occluded parts of the

object of interest. It is shown in [65] that non-Lambertian reflections and occlusion

broaden the ROS of the spectrum of a Lambertian scene1. Therefore, such artifacts

may be alleviated by appropriately widening the passband of a 5-D depth-velocity fil-

ter so that most of the energy of the broadened spectrum resides inside the passband,

however, at the cost of reduced selectivity.

3.5 Summary

A novel 5-D linear-phase FIR depth-velocity filter is proposed in this chapter to

enhance objects moving with constant velocity and at constant depth in LFVs. The

5-D FIR depth-velocity filter H(z) is designed as a cascade of three 5-D FIR filters

Hxu(z), Hyv(z) and Huvt(z), each having a 4-D hyperplanar passband of appropriate

orientation inside the 5-D principal Nyquist hypercube N5D. The ideal infinite-extent

impulse responses of the three 5-D FIR filters are derived in closed form. The finite-

extent impulse responses of Hxu(z) and Hyv(z) are obtained by multiplying the ideal

infinite-extent impulse responses with a 2-D separable or circular window. Similarly,

the finite-extent impulse response of Huvt(z) is obtained by multiplying the ideal

infinite-extent impulse response with a 3-D separable or spherical window. For all the

possible specifications of the 4-D hyperplanar passbands, Hxu(z) and Hyv(z) can be

designed so that the passbands do not have undesired ROSs. However, in the design of

Huvt(z), the passband suffers from undesired ROSs for some passband specifications.

Nevertheless, thanks to the fact that the undesired ROSs of the passband act like

a highpass filter and most of natural scenes are lowpass signals, the effects of the

undesired ROSs of the passband may be negligible for most of natural scenes.

The concept of the 5-D depth-velocity filtering of LFVs to enhance moving objects

1The reader is referred to [65], [95] and [96] for a more detailed analysis of the effects of non-
Lambertian reflections and occlusion on the spectrum of a LF.
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is experimentally proved by employing a numerically generated LFV and an LFV of

a real scene, generated using a Lytro LF camera. The experimental results obtained

using the numerically generated LFV confirm the effectiveness of the proposed 5-D

FIR depth-velocity filters, compared to the 4-D FIR depth filters and the 3-D FIR

velocity filters, in enhancing objects moving with constant velocity and at constant

depth in LFVs. The experimental results obtained using the Lytro-LF-camera-based

LFV indicate that the proposed 5-D FIR depth-velocity filter is capable of exposing

heavily occluded parts of a scene and of attenuating noise significantly. The very high

noise attenuation is obtained as a consequence of most of the noise energy reside in

the 5-D hypervolume corresponding to the stopband of the 5-D FIR depth-velocity

filter.

The number of sub-apertures available with the current generation of LF and LFV

cameras is limited to a few. As a result, the maximum achievable orders of Hxu(z)

and Hyv(z) for the x and y dimensions, respectively, are substantially lower compared

to the order of Huvt(z). Therefore, Hxu(z) and Hyv(z) have relatively poor selectivity

compared to that of Huvt(z). As a consequence, the performance of the proposed 5-D

FIR depth-velocity filter on the enhancement of moving objects based on depth may

be poor. It is expected that the future generations of LF and LFV cameras will offer

much increased number of sub-apertures, which will eliminate the above mentioned

drawback.
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Chapter 4

Novel Ultra-Low Complexity 5-D

IIR Depth-Velocity Filter

4.1 Introduction

The computational complexity1 of a multi-dimensional filter increases with its order.

In general, the order of a multi-dimensional FIR filter needs to be considerably higher

compared to that of a multi-dimensional IIR filter in order to have a good frequency

response, i.e., a frequency response having a less passband ripple, a high stopband

attenuation and narrow transition bands. For example, as pointed out in [14], the

performance of a 3-D FIR beam filter of order 20 × 20 × 20 and the performance

of a 3-D IIR beam filter of order 2 × 2 × 2 are similar in broadband beamforming

applications. In this example, the 3-D IIR beam filter provides a reduction in com-

putational complexity that exceeds two orders of magnitude [14]. Because of the low

computational complexity, multi-dimensional IIR filters are of significant interest for

many real-time applications [14] [24] [29] [50] [97].

In this chapter, a novel ultra-low complexity 5-D IIR depth-velocity filter is pro-

posed for enhancing objects moving with constant velocity and at constant depth

in LFVs. The proposed 5-D IIR depth-velocity filter is realized by cascading three

first-order 5-D IIR filters having 4-D hyperplanar passbands of appropriate orienta-

tions. The first-order 5-D IIR filters are designed by appropriately extending the

first-order 3-D IIR planar filter design method proposed in [24]. Numerical simula-

1The computational complexity of a 1-D or a multi-dimensional filter means the number of
multiplications and additions required by the filter to process a sample.
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tion results indicate that the proposed 5-D IIR depth-velocity filter outperforms the

3-D IIR velocity filters [24] and the 4-D IIR depth filters [44] in enhancing moving

objects in LFVs. Furthermore, by employing the LFV generated using the commer-

cially available Lytro LF camera, it is shown that the performance of the proposed

5-D IIR depth-velocity filter is comparable to that of the 5-D FIR depth-velocity

filter presented in Chapter 3. Most importantly, the proposed 5-D IIR depth-velocity

filter requires less than 1% of the arithmetic operations required by the 5-D FIR depth-

velocity filter to process a sample. Considering the ultra-low complexity, the proposed

5-D IIR depth-velocity filter has a significant potential to be employed in real-time

applications.

The rest of the chapter is organized as follows. In Section 4.2, the design of the

3-D IIR planar filters is briefly reviewed. In Section 4.3, the proposed 5-D IIR depth-

velocity filter is described in detail. Experimental results obtained for the numerically

generated LFV and the Lytro-LF-camera-based LFV are presented in Section 4.4.

Furthermore, the performance of the proposed 5-D IIR depth-velocity filter is com-

pared with that of the 5-D FIR depth-velocity filter presented in Chapter 3. Finally,

in Section 4.5, a summary of the chapter is presented.

4.2 Review of Design of the 3-D IIR Planar Filters

The design of the first-order 3-D IIR planar filters is briefly reviewed in this section.

The design method is based on the resonance of a first-order 3-D pseudo-passive

inductor-resistor (RL) network [24] shown in Figure 4.1. Note that (x, y, t) ∈ R
3

denotes the 3-D spatio-temporal domain, and (sx, sy, st) ∈ C
3 is the corresponding

3-D Laplace domain. Furthermore, Lx, Ly, Lt ≥ 0 are the values of the inductors

corresponding to the x, y and t dimensions, respectively, and R > 0 is the value of

the resistor. In order to describe salient properties of the frequency response of such

a 3-D pseudo-passive RL network, we obtain the transfer function as [24]

H(sx, sy, st) =
Vout(sx, sy, st)

Vin(sx, sy, st)
=

R

R + Lxsx + Lysy + Ltst
. (4.1)

Note that the denominator of H(sx, sy, st) is a strictly Hurwitz polynomial, which

ensures that H(sx, sy, st) is BIBO stable [98]. From (4.1), the frequency response

of the 3-D pseudo-passive RL network can be obtained, by evaluating the transfer
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Lxsx Lysy Ltst

RVin(sx, sy, st) Vout(sx, sy, st)

Figure 4.1: First-order 3-D pseudo-passive RL network.

function H(sx, sy, st) at (sx, sy, st) = (jΩx, jΩy, jΩt), as

H(jΩx, jΩy, jΩt) =
R

R + j(LxΩx + LyΩy + LtΩt)
, (4.2)

where (Ωx,Ωy,Ωt) ∈ R
3 is the 3-D continuous frequency domain. Note that the

magnitude response |H(jΩx, jΩy, jΩt)| is given by [24]

|H(jΩx, jΩy, jΩt)| =
R

[R2 + (LxΩx + LyΩy + LtΩt)2]
1/2

. (4.3)

According to (4.3), the magnitude response has a maximum value of unity at the

resonant plane, given by [24]

LxΩx + LyΩy + LtΩt = 0. (4.4)

The normal vector associated with the resonant plane is L = [Lx, Ly, Lt]
T. Further-

more, |H(jΩx, jΩy, jΩct)| = 1/
√
2 when

LxΩx + LyΩy + LtΩt = ±R, (4.5)

and the corresponding two planes are called −3 dB planes [24]. Note that the −3 dB

bandwidth B of the magnitude response is given by

B =
R

||L||2
, (4.6)

where || · ||2 is the 2-norm of a vector. When ||L||2 ≫ R, the magnitude response

|H(jΩx, jΩy, jΩt)| rapidly decreases outside the resonant plane, approximating a

highly-selective planar passband with a −3 dB bandwidth B ≪ 1. Hence, the re-

sulting filter is called a 3-D planar filter.
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In order to obtain the 3-D IIR planar filter, we first express the transfer function

H(sx, sy, st) in a more compact form as [97]

H(sx, sy, st) =
1

1 + 1
B
(dxsx + dysy + dtst)

, (4.7)

where d̂ = [dx, dy, dt]
T = L/||L||2 is the unit normal vector of the resonant plane, and

then apply the triple bilinear transformation

si =
zi − 1

zi + 1
, i = x, y, t, (4.8)

where (zx, zy, zt) ∈ C
3 is the 3-D z domain. This yields the first-order 3-D discrete-

domain transfer function H(zx, zy, zt) [24]

H(zx, zy, zt) =

1∑
ix=0

1∑
iy=0

1∑
it=0

z−ix
x z

−iy
y z−it

t

1∑
ix=0

1∑
iy=0

1∑
it=0

bixiyitz
−ix
x z

−iy
y z−it

t

, (4.9)

where the denominator coefficients are given by

bixiyit = 1 +
(−1)ixdx + (−1)iydy + (−1)itdt

B
, ix, iy, it = 0, 1. (4.10)

It is worthwhile to note that H(zx, zy, zt) may not be BIBO stable because the ap-

plication of the triple bilinear transformation leads to a 3-D discrete-domain transfer

function having a nonessential singularity of the second kind on the unit polydisc

at (zx, zy, zt) = (−1,−1,−1) [97] [99] [100]. However, H(zx, zy, zt) is practical-BIBO

stable [101] [102] for all 3-D amplitude-bounded input signals having finite and suf-

ficiently small ROSs in the 3-D spatio-temporal domain (x, y, t) with respect to at

least two of the three dimensions. This condition is satisfied by most of practical 3-D

signals since the number of samples available for the two spatial dimensions is always

finite and mostly small compared to the number of samples available for the temporal

dimension.

Another fact of importance is the restriction of the unit normal vector d̂ to the

first closed octant of the 3-D frequency domain (i.e., all the three elements of the unit

normal vector d̂ should be non-negative) as a consequence of the non-negativity of

the values (Lx, Ly and Lt) of the inductors employed in the 3-D pseudo-passive RL
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Hxu(z) Hyv(z) Huvt(z)

l5D(n) l̂5D(n)

Figure 4.2: Structure of the 5-D IIR depth-velocity filter.

network. Consequently, for the applications where the required planar passband has

a unit normal vector d̂ that lies outside the first closed octant of the 3-D frequency

domain, the denominator coefficients of the 3-D IIR planar filter should be calculated

(using (4.10)) by employing the absolute values of the negative elements of the unit

normal vector d̂. Furthermore, in the filter implementation, the direction of recursion

should be reversed for all the dimensions corresponding to the negative elements [24]

[98].

4.3 Design of the 5-D IIR Depth-Velocity Filter

The structure of the proposed 5-D IIR depth-velocity filter H(z) is shown in Fig-

ure 4.2. Similar to the design of the 5-D FIR depth-velocity filter presented in Chap-

ter 3, the 5-D IIR depth-velocity filter is designed as a cascade of three 5-D IIR filters,

Hxu(z), Hyv(z) and Huvt(z). The transfer function H(z) of the 5-D IIR depth-velocity

filter is given by

H(z) = Hxu(z)Hyv(z)Huvt(z). (4.11)

Note that the passbands of the 5-D IIR filters Hxu(z), Hyv(z) and Huvt(z) encompass

the 5-D hypervolumes given by

B5D,xu =
⋃

z0

H5D,xu (4.12a)

B5D,yv =
⋃

z0

H5D,yv (4.12b)

B5D,uvt =
⋃

z0

H5D,uvt (4.12c)

respectively, inside the 5-D principal Nyquist hypercube N5D as illustrated in Fig-

ure 4.3. Here, H5D,xu, H5D,yv and H5D,uvt are the 4-D hyperplanes corresponding to

the ROS of the spectrum of the object of interest, which are given by (2.27a), (2.27b)

and (2.27c), respectively. The overall passband B5D of H(z), given by the intersection
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Figure 4.3: The ROS of the spectrum of the object of interest (solid) and the pass-
bands of the 5-D IIR filters (cross-hatched); (a) Hxu(z) on the ωxωu plane; (b) Hyv(z)
on the ωyωv plane; (c) Huvt(z) in the ωuωvωt space.

of B5D,xu, B5D,yv and B5D,uvt, completely encompasses the 3-D hyperfan corresponding

to the spectral ROS of the object of interest.

The 5-D IIR filters Hxu(z), Hyv(z) and Huvt(z) are designed by appropriately ex-

tending the first-order 3-D IIR planar filter design method [24] reviewed in Section 4.2.

In particular, the transfer functions of the three filters are obtained as

Hxu(z) =

1∑
ix=0

1∑
iu=0

z−ix
x z−iu

u

1∑
ix=0

1∑
iu=0

bixiuz
−ix
x z−iu

u

(4.13a)
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Hyv(z) =

1∑
iy=0

1∑
iv=0

z
−iy
y z−iv

v

1∑
ix=0

1∑
iu=0

biyivz
−iy
y z−iv

v

(4.13b)

Huvt(z) =

1∑
iu=0

1∑
iv=0

1∑
it=0

z−iu
u z−iv

v z−it
t

1∑
iu=0

1∑
iv=0

1∑
it=0

biuivitz
−iu
u z−iv

v z−it
t

. (4.13c)

Here, the denominator coefficients of Hxu(z), Hyv(z) and Huvt(z) are, respectively,

obtained as [24]

bixiu = 1 +
(−1)ixdxxu + (−1)iuduxu

Bxu

, ix, iu = 0, 1 (4.14a)

biyiv = 1 +
(−1)iydyyv + (−1)ivdvyv

Byv

, iy, iv = 0, 1 (4.14b)

biuivit = 1 +
(−1)iuduuvt + (−1)ivdvuvt + (−1)itdtuvt

Buvt

, iu, iv, it = 0, 1, (4.14c)

where Bxu, Byv and Buvt are the parameters that determine the −3 dB bandwidths

of the three filters, respectively, and d̂xu = [dxxu, 0, d
u
xu, 0, 0]

T, d̂yv = [0, dyyv, 0, d
v
yv, 0]

T

and d̂uvt = [0, 0, duuvt, d
v
uvt, d

t
uvt]

T are the unit normal vectors corresponding to the

4-D hyperplanar passbands of the three filters, respectively. Furthermore, the partial

difference equations for Hxu(z), Hyv(z) and Huvt(z) are, respectively, given by

lout5D (n) =
1

b00

[
1∑

ix=0

1∑

iu=0

lin5D(n− ixu)−
1∑

ix=0

1∑

iu=0
ix+iu 6=0

bixiul
out
5D (n− ixu)

]
(4.15a)

lout5D (n) =
1

b00

[
1∑

iy=0

1∑

iv=0

lin5D(n− iyv)−
1∑

ix=0

1∑

iu=0
iy+iv 6=0

biyiv l
out
5D (n− iyv)

]
(4.15b)

lout5D (n) =
1

b000

[
1∑

iu=0

1∑

iv=0

1∑

it=0

lin5D(n− iuvt)−
1∑

iu=0

1∑

iv=0

1∑

it=0
iu+iv+it 6=0

biuivitl
out
5D (n− iuvt)

]
, (4.15c)

where lin5D(n) and lout5D (n) are the input and the output signals of each filter, respec-

tively. Further, ixu = [ix, 0, iu, 0, 0]
T, iyv = [0, iy, 0, iv, 0]

T and iuvt = [0, 0, iu, iv, it]
T.

Note that the order of the 5-D IIR depth-velocity filter H(z) is 1× 1× 2× 2× 1.
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In order to satisfy the conditions for the practical-BIBO stability [101], the unit

normal vectors d̂xu, d̂yv and d̂uvt corresponding to the 4-D hyperplanar passbands

of the 5-D IIR filters Hxu(zx, zu), Hyv(zy, zv) and Huvt(zu, zv, zt), respectively, should

always lie in the first closed orthant of the 5-D frequency domain, i.e., all five ele-

ments of a vector should be non-negative. If a unit normal vector lies outside the

first closed orthant, the direction of recursion should be reversed for all dimensions

having negative elements so that the new unit normal vector lies in the first closed

orthant [24].

4.4 Experimental Results

In this section, experimental results are presented to confirm the effectiveness of the

proposed 5-D IIR depth-velocity filter in enhancing objects moving with constant

velocity and at constant depth in LFVs. First, by employing the numerically gen-

erated LFV, it is shown that the proposed 5-D IIR depth-velocity filter outperforms

the counterpart 3-D IIR velocity and 4-D IIR depth filters reported in [24] and [44],

respectively. Next, the LFV generated using the Lytro LF camera is employed to

compare the performance of the proposed 5-D IIR depth-velocity filter with that of

the 5-D FIR depth-velocity filter presented in Chapter 3.

4.4.1 Numerically Generated LFV

Recall that the numerically generated LFV contains three Lambertian planar objects

moving with constant velocity and at constant depth, of which the specifications are

given in Table 3.1. Note that the object of interest and the interfering object 1 move

at the same depth so that the interfering object 1 can not be attenuated using 4-D

depth filters. On the other hand, the object of interest and the interfering object

2 move with the same apparent velocity so that the interfering object 2 can not be

attenuated using 3-D velocity filters.

The unit normal vectors corresponding to the 4-D hyperplanar passbands of the

5-D IIR filtersHxu(z), Hyv(z) andHuvt(z) are obtained as d̂xu = [0.71, 0,−0.71, 0, 0]T,

d̂yv = [0, 0.71, 0,−0.71, 0]T and d̂uvt = [0, 0, 0.58, 0.58, 0.58]T, respectively. The filters

Hxu(z) and Hyv(z) are designed with the parameters Bxu = Byv = 0.06π rad/sample.

The magnitude response |Hxu(e
jω)| is shown in Figure 4.4. Note that the narrower

transition bands of the magnitude response of the 5-D IIR filter Hxu(z) compared to
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Figure 4.4: Magnitude response |Hxu(e
jω)| of the 5-D IIR filter Hxu(z) in the ωxωu

plane.

Figure 4.5: Magnitude response |Huvt(e
jω)| of the 5-D IIR filter Huvt(z) (a) −3 dB

iso-surface in the ωuωvωt space (b) cross section obtained at ωv = 0.

that of the FIR counterpart, shown in Figure 3.7. The magnitude response of Hyv(z)

is similar to that of Hxu(z). The filter Huvt(z) is designed with the parameter Buvt =

0.03π rad/sample. The −3 dB iso-surface of the magnitude response |Huvt(e
jω)|

is shown in Figure 4.5. It is observed that the passband of Huvt(z) deviates from

the desired 4-D hyperplane at higher frequencies as a consequence of the so-called

frequency warping of the bilinear transform.

The numerically generated LFV is filtered with the proposed 5-D IIR depth-

velocity filter, the 4-D IIR depth filter [44] and the 3-D IIR velocity filter [24]. The
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5-D IIR depth-velocity filter is implemented in the spatio-temporal domain using the

partial difference equations given in (4.15a)–(4.15c). The 15th frame of the original,

the 4-D IIR depth filtered, the 3-D IIR velocity filtered and the 5-D IIR depth-velocity

filtered LFVs corresponding to the central sub-aperture (nx, ny) = (5, 5) are shown

in Figure 4.6. Note that the interfering object 1 (bottom object) moving at the same

depth of the object of interest (middle object) is not attenuated by the 4-D IIR depth

filter. Similarly, the interfering object 2 (top object) moving with the same apparent

velocity of the object of interest is not attenuated by the 3-D IIR velocity filter. On

the other hand, both interfering objects are attenuated by the 5-D IIR depth-velocity

filter. This confirms the effectiveness of the proposed 5-D IIR depth-velocity filter,

compared to the 3-D IIR velocity filter [24] and the 4-D IIR depth filter [44], in

enhancing objects moving with constant velocity and at constant depth in LFVs.

As a side note, it is observed that the achieved attenuation for the interfering

object 1 is slightly poor compared to that for the interfering object 2 by the proposed

5-D IIR depth-velocity filter. This results as a consequence of overlapping a part

of the spectral ROS of the interfering object 1 with the passband of Huvt(z), which

deviates from the desired 4-D hyperplane at higher frequencies.

4.4.2 Lytro-LF-Camera-Based LFV

Recall that the Lytro-LF-camera-based LFV comprised of a white truck (object of

interest), a red truck (moving interfering object) and a fence (static interfering object).

Note that the depth ranges occupied by the white truck and the red truck are [160, 163]

cm and [157, 160] cm, respectively, whereas the fence is located at 8 cm deep from the

camera plane. Furthermore, the white truck was manually moved from right to left

with the speed of 1 cm per frame whereas the red truck was manually moved from

left to right with the speed of 1 cm per frame.

The unit normal vectors corresponding to the 4-D hyperplanar passbands of the

5-D IIR filters Hxu(z), Hyv(z) and Huvt(z) are derived based on the parameterization

of the decoded LFV [93] which is a two-plane parameterization different than the one

used for the analysis presented in Chapter 2. This leads to the unit normal vectors

d̂xu = [0.95, 0, 0.32, 0, 0]T, d̂yv = [0, 0.95, 0, 0.32, 0]T and d̂uvt = [0, 0,−0.97, 0, 0.24]T.

Note that the velocity Vy of the object of interest employed in the experiment is

zero, hence, ky = 0. In this special case, Huvt(z) is independent of zv, and the order

of H(z) is 1 × 1 × 2 × 1 × 1. The filters Hxu(z) and Hyv(z) are designed with the
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(a) (b)

(c) (d)

Figure 4.6: The 15th frame of (a) the original, (b) the 4-D IIR depth filtered [44], (c)
the 3-D IIR velocity filtered [24] and (d) the 5-D IIR depth-velocity filtered (proposed)
LFVs corresponding to the central sub-aperture (nx, ny) = (5, 5). The middle object
is the object of interest; the bottom object is the interfering object 1 moving at the
same depth (but with a different apparent velocity) of the object of interest; the top
object is the interfering object 2 moving with the same apparent velocity (but at a
different depth) of the object of interest.

parameters Bxu = Byv = 0.04π rad/sample. The magnitude response |Hxu(e
jω)| is

shown in Figure 4.7. The magnitude response of Hyv(z) is similar to that of Hxu(z).

The filter Huvt(z) is designed with the parameter Buvt = 0.006π rad/sample. The

magnitude response |Huvt(e
jω)| is shown in Figure 4.8. In this case, it is observed

that the passbands of all the three filters Hxu(z), Hyv(z) and Huvt(z) deviate from

the corresponding desired 4-D hyperplanes at higher frequencies due to the frequency

warping of the bilinear transform.

The LFV is filtered with the proposed 5-D IIR depth-velocity filter, and three

frames of the original and the filtered LFVs, corresponding to the sub-aperture

(nx, ny) = (7, 7), are shown in Figure 4.9. Similar to the 5-D FIR depth-velocity

filter presented in Chapter 3, the proposed 5-D IIR depth-velocity filter enhances the
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Figure 4.7: Magnitude response |Hxu(e
jω)| of the 5-D IIR filter Hxu(z) in the ωxωu

plane.

Figure 4.8: Magnitude response |Huvt(e
jω)| of the 5-D IIR filter Huvt(z) (a) −3 dB

iso-surface in the ωuωvωt space (b) cross section obtained at ωv = 0.

object of interest (white truck) with slight distortion while substantially attenuating

the two interfering objects (red truck and the fence). Furthermore, it can be seen in

the 29th and 37th frames that the object of interest, which is considerably occluded

in the original LFV, is substantially exposed in the filtered LFVs. These results con-

firm that the performance of the proposed 5-D IIR depth-velocity filter is comparable

to that of the 5-D FIR depth-velocity filter.

Next, we evaluate the de-noising performance of the proposed 5-D IIR depth-

velocity filter. To this end, the heavily corrupted LFV, employed in Chapter 3, is
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(a) (b) (c)

(d) (e) (f)

Figure 4.9: Three frames of the original LFV (top row) and the 5-D IIR depth-velocity
filtered LFV (bottom row), (nx, ny) = (7, 7); (a) and (d) 20th frame; (b) and (e) 29th
frame; (c) and (f) 37th frame.

(a) (b) (c)

(d) (e) (f)

Figure 4.10: Three frames of the corrupted LFV (top row) and the 5-D IIR depth-
velocity filtered LFV (bottom row), (nx, ny) = (7, 7); (a) and (d) 20th frame; (b) and
(e) 29th frame; (c) and (f) 37th frame.

filtered with the proposed 5-D IIR depth-velocity filter to enhance the white truck.

Note that the standard deviation of the AWGN (σin) is 40 units, and the average

PSNR of the input LFV is 16.09 dB/frame. Three frames of the corrupted and the
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filtered LFVs, corresponding to the sub-aperture (nx, ny) = (7, 7), are shown in Fig-

ure 4.10. Similar to the 5-D FIR depth-velocity filter presented in Chapter 3, it is

observed that the 5-D IIR depth-velocity filter has attenuated the AWGN signifi-

cantly so that there is no visual difference between the outputs of the noise-free (see

Figure 4.9) and the noisy LFVs. The standard deviation of the AWGN (σout) and the

average PSNR of the output LFV are found to be 0.44 units and 55.33 dB/frame, re-

spectively. Similar to the case of the 5-D FIR depth-velocity filter, in calculating the

average PSNR of the output LFV, the output of the noise-free LFV is considered as

the ground truth. The AWGN attenuation achieved with the 5-D IIR depth-velocity

filter is 39.24 dB. Recall that the AWGN attenuation achieved with the 5-D FIR

depth-velocity filter is 34.73 dB. Accordingly, the proposed 5-D IIR depth-velocity fil-

ter provides an improvement of 4.51 dB in attenuating AWGN, compared to the 5-D

FIR depth-velocity filter. This results as a consequence of the higher stopband attenu-

ation and the narrower transition bands of the 5-D IIR depth-velocity filter compared

to the FIR counterpart.

Now, we compare the computational complexity of the proposed 5-D IIR depth-

velocity filter with that of the 5-D FIR depth-velocity filter presented in Chapter 3.

To this end, the number of multiplications (excluding the trivial multiplications with

1) and additions required to process a sample of the Lytro-LF-camera-based LFV is

calculated. The proposed 5-D IIR depth-velocity filter (of order 1 × 1 × 2 × 1 × 1)

requires only 12 multiplications and 18 additions whereas the 5-D FIR depth-velocity

filter (of order 8× 8× 80× 40× 40) requires 1211 multiplications and 2416 additions.

Here, we assume that both filters are implemented using direct form structures, and

the symmetry of the coefficients is utilized to reduce the number of multiplications

required by the 5-D FIR depth-velocity filter. Accordingly, the proposed 5-D IIR

depth-velocity filter requires only 0.99% of the multiplications and 0.75% of the addi-

tions required by the 5-D FIR depth-velocity filter to process a sample. In other words,

the implementation of the 5-D IIR depth-velocity filter requires less than 1% of the

resources required by that of the 5-D FIR depth-velocity filter.

4.4.3 Performance Limitations of Proposed 5-D IIR Depth-

Velocity Filters

Even though the proposed 5-D IIR depth-velocity filter eliminates the main drawback

of the 5-D FIR depth-velocity filter presented in Chapter 3, i.e. the poor selectivity of
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Hxu(z) and Hyv(z) due to the limited number of samples (or sub-apertures) available

for the nx and ny dimensions, it has its own drawbacks. Note that, in the case of the

Lytro-LF-camera-based LFV, the output LFV of the 5-D IIR depth-velocity filter has

less brightness compared to the original LFV (see Figure 4.9) and the output LFV of

the 5-D FIR depth-velocity filter (see Figure 3.14). This results as a consequence of

the substantially long transient response of the 5-D IIR depth-velocity filter and the

limited number of samples available for the nx and ny dimensions. In other words, the

output LFV of the 5-D IIR depth-velocity filter has not reached to the steady state

with respect to the nx and ny dimensions. This effect may be overcome by employing

a post-processing technique such as histogram equalization [103] [104] [105] [106] [107].

On the other hand, we expect that the future generations of LFV cameras will offer

much increased number of sub-apertures, which will eliminate this drawback.

Furthermore, the passbands of the 5-D IIR filters Hxu(z), Hyv(z) and Huvt(z) de-

viate from the corresponding desired 4-D hyperplanes at higher frequencies due to the

frequency warping of the bilinear transform. Because most of natural scenes are low-

pass signals, the effect of this drawback may be negligible for most of natural scenes.

However, as observed in the case of the numerically generated LFV, in some LFVs,

the attenuation of some interfering objects may be poor as a result of overlapping of

parts of the spectral ROSs of those interfering objects with the distorted passbands

of the 5-D IIR filters Hxu(z), Hyv(z) and Huvt(z).

4.5 Summary

In this chapter, a novel ultra-low complexity 5-D IIR depth-velocity filter is proposed

for enhancing objects moving with constant velocity and at constant depth in LFVs.

The proposed 5-D IIR depth-velocity filter is realized by cascading three first-order

5-D IIR filters, Hxu(z), Hyv(z) and Huvt(z), each having a 4-D hyperplanar passband

of appropriate orientation inside the 5-D principal Nyquist hypercube N5D. The first-

order 5-D IIR filters are designed by appropriately extending the first-order 3-D IIR

planar filter design method proposed in [24]. The 5-D IIR filters Hxu(z), Hyv(z) and

Huvt(z) are practical-BIBO stable as long as the corresponding unit normal vectors

lie inside the first closed orthant of the 5-D frequency domain.

The experimental results obtained for the numerical generated LFV confirm that

the proposed 5-D IIR depth-velocity filter outperforms the 3-D IIR velocity filters [24]

and the 4-D IIR depth filters [44] in enhancing moving objects in LFVs. Furthermore,
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the experimental results obtained for the Lytro-LF-camera-based LFV indicate that

the performance of the proposed 5-D IIR depth-velocity filter is comparable to that

of the 5-D FIR depth-velocity filter presented in Chapter 3 when noise is negligi-

ble. On the other hand, when the LFV is heavily corrupted by noise, the 5-D IIR

depth-velocity filter provides a better performance because it provides a higher noise

attenuation, as a results of the higher stopband attenuation and the narrower transi-

tion bands, compared to the FIR counterpart. Most importantly, the proposed 5-D

IIR depth-velocity filter requires less than 1% of the arithmetic operations required

by the 5-D FIR depth-velocity filter to process a sample. Considering the ultra-low

complexity, the proposed 5-D IIR depth-velocity filter has a significant potential to

be employed in real-time applications.

In the case of the Lytro-LF-camera-based LFV, the output LFV of the 5-D IIR

depth-velocity filter has less brightness compared to the input LFV because the out-

put LFV has not reached to the steady state with respect to the nx and ny dimen-

sions. This effect may be overcome by employing a post-processing technique such

as histogram equalization or by increasing the number of samples (or sub-apertures)

available for the nx and ny dimensions, a feature which is expected to be available

with the future generations of LFV cameras. Furthermore, the passbands of the 5-D

IIR filters Hxu(z), Hyv(z) and Huvt(z) deviate from the corresponding desired 4-D

hyperplanes at higher frequencies due to the frequency warping of the bilinear trans-

form. Even though the effect of this drawback may be negligible for most of natural

scenes, in some cases, the attenuation of some interfering objects may be poor.



66

Chapter 5

Novel Ultra-Low Complexity 5-D

IIR Adaptive Depth-Velocity Filter

5.1 Introduction

The spectrum analysis presented in Chapter 2 and the 5-D FIR and IIR depth-velocity

filters presented in Chapter 3 and Chapter 4, respectively, considered a special case of

the enhancement of moving objects in LFVs, i.e., the objects moving with constant

velocity and at constant depth. In this chapter, we extend the 5-D depth-velocity

filtering technique to a more general case, where objects moving with constant velocity

but at non-constant depth are enhanced.

First, the spectrum of a Lambertian object moving in an LFV with nonzero Vz

is analyzed, and it is shown that the ROS of the spectrum can be approximated as

a sequence of ROSs, each of which is a skewed 3-D hyperfan, in the 5-D continuous

frequency domain. Based on this analysis, a novel ultra-low complexity 5-D IIR

adaptive depth-velocity filter is proposed for enhancing such moving objects. The

proposed 5-D IIR adaptive depth-velocity filter is realized by cascading three first-

order 5-D IIR adaptive filters having time-variant 4-D hyperplanar passbands of

appropriate orientations. The first-order 5-D IIR adaptive filters are designed by

appropriately extending the first-order 3-D IIR adaptive planar filter design method

proposed in [25]. The time-variant coefficients of the three first-order 5-D IIR adaptive

filters are derived in closed form. The performance of the proposed 5-D IIR adaptive

depth-velocity filter is tested by employing a numerically generated LFV and an LFV

of a real scene, generated by means of a commercially available Lytro LF camera.
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Experimental results indicate that the proposed 5-D IIR adaptive depth-velocity filter

outperforms the 3-D IIR adaptive velocity filters [25] and the 4-D IIR adaptive depth

filters in enhancing moving objects in LFVs. Considering the ultra-low complexity

and the availability of the closed-form expressions for the time-variant coefficients,

the proposed 5-D IIR adaptive depth-velocity filter has a significant potential to be

employed in real-time applications.

The rest of the chapter is organized as follows. In Section 5.2, the analysis of

the spectrum of a Lambertian object moving in an LFV at non-constant depth is

presented. The 5-D IIR adaptive depth-velocity filter is described in Section 5.3. In

Section 5.4, numerical simulation results are presented. Finally, a summary of the

chapter is presented in Section 5.5.

5.2 Analysis of the Spectrum of a Lambertian Ob-

ject Moving at Non-Constant Depth

The spectrum of a Lambertian object moving in an LFV at non-constant depth (or

with nonzero Vz) is analyzed in this section. To this end, an approximate repre-

sentation of a Lambertian point source moving at non-constant depth in an LFV is

proposed in the next subsection.

5.2.1 Approximate Representation of a Lambertian Point

Source Moving at Non-Constant Depth Using Time-

Variant 3-D Hyperplanes

Recall that a Lambertian point source of intensity l0 moving with the constant velocity

V = [Vx, Vy, Vz]
T is represented in a 5-D continuous-domain LFV l5C(x) as a 3-D

hypersurface of constant value l0, which is given by the intersection of the two 4-D

hypersurfaces

mx+ u+ kxt− kzut+ cx = 0 (5.1a)

my + v + kyt− kzvt+ cy = 0, (5.1b)

where m, cx and cy are given in (2.2a), (2.2b) and (2.2c), respectively, and kx, ky and

kz are given in (2.13a), (2.13b) and (2.13c), respectively. In this case, l5C(x) is given
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by

l5C(x) = l0 δ(mx+ u+ kxt− kzut+ cx)

× δ(my + v + kyt− kzvt+ cy). (5.2)

Obtaining a closed-form expression for the spectrum of l5C(x), when kz 6= 0 (or

Vz 6= 0), is highly complicated due to the nonlinear nature of the arguments of the

δ(·) function. Motivated from the LFV representation of Lambertian point sources

moving at constant depth (with Vz = 0) presented in Chapter 2, where a closed-form

expression for the spectrum can be obtained, we propose an approximate representa-

tion for a Lambertian point source moving with nonzero Vz in this subsection. More

specifically, the two 4-D hypersurfaces given by (5.1a) and (5.1b) are approximated

with the two time-variant 4-D hyperplanes

m(t)x+ u+ kx(t)t+ cx(t) = 0 (5.3a)

m(t)y + v + ky(t)t+ cy(t) = 0, (5.3b)

respectively, where the parameters m(t), kx(t), ky(t), cx(t) and cy(t) are restricted to

be piece-wise constant with respect to the time t. For a short time interval t0 ∈ [ti, tf ],

for which the parameters m(t), kx(t), ky(t), cx(t) and cy(t) are constant, they can be

obtained as

m(t0) =
D

z0(ti)
(5.4a)

kx(t0) =
−DVx

z0(ti)
(5.4b)

ky(t0) =
−DVy

z0(ti)
(5.4c)

cx(t0) =
−Dx0(ti)

z0(ti)
(5.4d)

cy(t0) =
−Dy0(ti)

z0(ti)
, (5.4e)

respectively, where (x0(ti), y0(ti), z0(ti)) is the position of the Lambertian point source

at t0 = ti. In fact, in this case, the LFV l5C(x) is locally approximated for the short

time interval t0 with the LFV corresponding to a Lambertian point source moving at
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the constant depth z0(ti), i.e.,

l5C(x) ≈ l0 δ(m(t0)x+ u+ kx(t0)t+ cx(t0))

× δ(m(t0)y + v + ky(t0)t+ cy(t0)). (5.5)

Furthermore, for t ∈ R, the LFV l5C(x) is approximated with a sequence of LFVs,

each corresponding to a Lambertian point source moving at a constant depth for a

short time interval.

5.2.2 Approximate Spectrum of a Lambertian Object Mov-

ing at Non-Constant Depth and Its ROS

Following the spectral analysis presented in Chapter 2, the time-variant spectrum

L5C(Ω, t) can be approximated, for the short time interval t0, as

L5C(Ω, t0) ≈ 8π3l0 δ(Ωx −m(t0)Ωu) δ(Ωy −m(t0)Ωv)

× δ(Ωt − kx(t0)Ωu − ky(t0)Ωv) e
j(Ωucx(t0)+Ωvcy(t0)). (5.6)

Furthermore, the time-variant ROS of the spectrum, P5C(t), can be obtained as

P5C(t0) ≈ H5C,xu(t0) ∩H5C,yv(t0) ∩H5C,uvt(t0), (5.7)

where

H5C,xu(t0) = {Ω ∈ R
5 | Ωx −m(t0)Ωu = 0} (5.8a)

H5C,yv(t0) = {Ω ∈ R
5 | Ωy −m(t0)Ωv = 0} (5.8b)

H5C,uvt(t0) = {Ω ∈ R
5 | Ωt − kx(t0)Ωu − ky(t0)Ωv = 0}. (5.8c)

Note that the ROS P5C(t) is a time-variant plane through the origin in the 5-D

continuous frequency domain, which is given by the intersection of the three time-

variant 4-D hyperplanes

Ωx −m(t)Ωu = 0 (5.9a)

Ωy −m(t)Ωv = 0 (5.9b)

Ωt − kx(t)Ωu − ky(t)Ωv = 0 (5.9c)
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Hxu(z, nt) Hyv(z, nt) Huvt(z, nt)

l5D(n) l̂5D(n)

Figure 5.1: Structure of the proposed 5D IIR adaptive depth-velocity filter.

having normal vectors d5C,xu(t) = [1, 0,−m(t), 0, 0]T, d5C,yv(t) = [0, 1, 0,−m(t), 0]T

and d5C,uvt(t) = [0, 0,−kx(t),−ky(t), 1]
T, respectively, which are piece-wise constant

with respect to the time t.

Similar to Chapter 2, a Lambertian object moving with the constant velocity

V = [Vx, Vy, Vz]
T is considered as a collection of Lambertian point sources moving

with the same velocity. Consequently, the LFV of the Lambertian object is given by

the superposition of the LFVs of the corresponding Lambertian point sources. In this

case, the LFV of the Lambertian object is approximated with a sequence of LFVs,

each corresponding to the Lambertian object moving at a constant depth for a short

time interval. Therefore, the time-variant ROS of the spectrum, O5C(t), is obtained

as a sequence of ROSs. For the short time interval t0, O5C(t0) is given by

O5C(t0) ≈
⋃

z0(ti)

P5C(t0)

≈
⋃

z0(ti)

(H5C,xu(t0) ∩H5C,yv(t0) ∩H5C,uvt(t0)) , (5.10)

where z0(ti) is the depth range occupied by the Lambertian object at t0 = ti. Due

to the time-variant nature of the ROS of the spectrum, in this case, the passband

(or stopband) of a 5-D depth-velocity filter needs to be appropriately tuned with

respect to time in order to enhance (or attenuate) a Lambertian object, i.e, the 5-D

depth-velocity filter should be adaptive.

5.3 Design of the 5-D IIR Adaptive Depth-Velocity

Filter

The design of the 5-D IIR adaptive depth-velocity filter is described in this section.

The structure of the proposed 5-D IIR adaptive depth-velocity filter H(z, nt) is shown

in Figure 5.1. Similar to the design of the 5-D IIR depth-velocity filter presented in

Chapter 4, the 5-D IIR adaptive depth-velocity filter is designed as a cascade of three
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5-D IIR adaptive filters; Hxu(z, nt), Hyv(z, nt) and Huvt(z, nt). The transfer function

H(z, nt) of the 5-D IIR adaptive depth-velocity filter is given by

H(z, nt) = Hxu(z, nt)Hyv(z, nt)Huvt(z, nt). (5.11)

The coefficients of each 5-D IIR adaptive filter are adapted with respect to the time nt

such that the passband of H(z, nt) encompasses the instantaneous (or local) spectral

ROS of the object of interest. Note that, for a time instant nt0, the passbands of

the 5-D IIR adaptive filters Hxu(z, nt), Hyv(z, nt) and Huvt(z, nt) encompass the 5-D

hypervolumes given by

B5D,xu(nt0) =
⋃

z0(nt0)

H5D,xu(nt0) (5.12a)

B5D,yv(nt0) =
⋃

z0(nt0)

H5D,yv(nt0) (5.12b)

B5D,uvt(nt0) =
⋃

z0(nt0)

H5D,uvt(nt0), (5.12c)

respectively, inside the 5-D principal Nyquist hypercube N5D, where z0(nt0) is the

depth range occupied by the Lambertian object at nt = nt0. Moreover, H5D,xu(nt0),

H5D,yv(nt0) and H5D,uvt(nt0) are the discrete-domain counterparts of the 4-D hyper-

planes given by (5.8a), (5.8b) and (5.8c), respectively. Furthermore, in this case,

the overall passband B5D(nt0) of H(z, nt), given by the intersection of B5D,xu(nt0),

B5D,yv(nt0) and B5D,uvt(nt0), completely encompasses the approximated 3-D hyperfan-

shaped spectral ROS of the object of interest, which corresponds to the time instant

nt0.

The design of the 5-D IIR adaptive filters Hxu(z, nt), Hyv(z, nt) and Huvt(z, nt)

are carried out by appropriately extending the design method reported for the first-

order 3-D IIR adaptive planar filters [25]. The time-variant difference equations for

Hxu(z, nt), Hyv(z, nt) and Huvt(zt, nt) are, respectively, obtained as

lout5D (n) =
1

b00(nt)

[
1∑

ix=0

1∑

iu=0

lin5D(n− ixu)−
1∑

ix=0

1∑

iu=0
ix+iu 6=0

bixiu(nt) l
out
5D (n− ixu)

]
(5.13a)

lout5D (n) =
1

b00(nt)

[
1∑

iy=0

1∑

iv=0

lin5D(n− iyv)−
1∑

ix=0

1∑

iu=0
iy+iv 6=0

biyiv(nt) l
out
5D (n− iyv)

]
(5.13b)
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lout5D (n) =
1

b000(nt)

[
1∑

iu=0

1∑

iv=0

1∑

it=0

lin5D(n− iuvt)−
1∑

iu=0

1∑

iv=0

1∑

it=0
iu+iv+it 6=0

biuivit(nt) l
out
5D (n− iuvt)

]
,

(5.13c)

where lin5D(n) and lout5D (n) are the input and the output signals of each filter, respec-

tively. Further, ixu = [ix, 0, iu, 0, 0]
T, iyv = [0, iy, 0, iv, 0]

T and iuvt = [0, 0, iu, iv, it]
T.

The time-variant denominator coefficients of the three adaptive filters Hxu(z, nt),

Hyv(z, nt) and Huvt(z, nt) are, respectively, obtained as [24] [25]

bixiu(nt) = 1 +
(−1)ixdxxu(nt) + (−1)iuduxu(nt)

Bxu

, ix, iu = 0, 1 (5.14a)

biyiv(nt) = 1 +
(−1)iydyyv(nt) + (−1)ivdvyv(nt)

Byv

, iy, iv = 0, 1 (5.14b)

biuivit(nt) = 1 +
(−1)iuduuvt(nt) + (−1)ivdvuvt(nt) + (−1)itdtuvt(nt)

Buvt

, iu, iv, it = 0, 1,

(5.14c)

where Bxu, Byv and Buvt are the time-invariant −3 dB bandwidths of the three

filters, respectively. Furthermore, d̂xu(nt) = [dxxu(nt), 0, d
u
xu(nt), 0, 0]

T, d̂yv(nt) =

[0, dyyv(nt), 0, d
v
yv(nt), 0]

T and d̂uvt(nt) = [0, 0, duuvt(nt), d
v
uvt(nt), d

t
uvt(nt)]

T are the time-

variant unit normal vectors corresponding to the time-variant 4-D hyperplanar pass-

bands, respectively.

Because the depth of the object of interest, z0(nt), is always positive and the ve-

locity of the object of interest is constant, the signs of the time-variant parameters

m(nt), kx(nt) and ky(nt), which determine the unit normal vectors d̂xu(nt), d̂yv(nt)

and d̂uvt(nt), do not change with the time nt, i.e., positive parameters remain pos-

itive and negative parameters remain negative for all the time. Consequently, the

unit normal vectors d̂xu(nt), d̂yv(nt) and d̂uvt(nt) always lie inside the closed orthants

corresponding to d̂xu(0), d̂yv(0) and d̂uvt(0). That is, the unit normal vectors al-

ways lie inside their initial closed orthants. Therefore, the 5-D IIR adaptive filters

Hxu(z, nt), Hyv(z, nt) and Huvt(z, nt) can be implemented so that the practical-BIBO

stability [101] is always guaranteed.
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Object type

Size Initial Depth True velocity

height×width z0(0) [Vx, Vy, Vz]

(cm2) (cm) (cm/frame)

Object of interest 50× 50 50 [1, 1, 0.3]

Interfering object 1 50× 50 50 [1,−2, 0.3]

Interfering object 2 10× 10 10 [0.2, 0.2, 0.06]

Table 5.1: Specifications of the Lambertian planar objects.

5.4 Experimental Results

In this section, experimental results are presented in order to confirm the effectiveness

of the proposed 5-D IIR adaptive depth-velocity filter in enhancing objects moving

with constant velocity and at non-constant depth in LFVs based on their depth and

velocity. First, by employing a numerically generated LFV, it is shown that the

proposed 5-D IIR adaptive depth-velocity filter outperforms the 3-D IIR adaptive

velocity filters [25] and the 4-D IIR depth filters. Next, the experimental results

obtained using an LFV generated using the Lytro LF camera are presented.

5.4.1 Numerically Generated LFV

Similar to the numerically generated LFV employed in Chapters 3 and 4, the nu-

merically generated LFV employed in this chapter contains three Lambertian planar

objects. All the three planar objects have a Lambertian intensity pattern that re-

sembles a checkerboard of 8× 8 squares. The other specifications of the three planar

objects are presented in Table 5.1. Note that the distance D between the camera

plane and the image plane is selected as 50 cm. Note that the object of interest and

the first interfering object always move at the same depth so that the first interfering

object can not be attenuated using 4-D adaptive depth filters. On the other hand, the

object of interest and the second interfering object always move with the same appar-

ent velocity, i.e. both have the same kx(nt) and ky(nt), so that the second interfering

object can not be attenuated using 3-D adaptive velocity filters. The generated LFV

is of the size 9 × 9 × 256 × 256 × 64, and the 10th frame of the LFV corresponding

to the central 25 sub-apertures (nx, ny = 3, 4, . . . , 7) is shown in Figure 5.2.

The 5-D IIR adaptive filters Hxu(z, nt) and Hyv(z, nt) are designed with the pa-
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Figure 5.2: The 10th frame of the numerically generated LFV corresponding to the
central 25 sub-apertures (nx, ny = 3, 4, . . . , 7). The middle object is the object of
interest; the bottom object is the interfering object 1 moving at the same depth
(but with different apparent velocity) of the object of interest; the top object is the
interfering object 2 moving with the same apparent velocity (but at different depth)
of the object of interest.

rameters Bxu = Byv = 0.1π rad/sample. The magnitude response |Hxu(e
jω, nt)|

obtained at nt = 50 is shown in Figure 5.3. The magnitude response of Hyv(z, nt) at

nt = 50 is similar to that of Hxu(z, nt) shown in Figure 5.3. The filter Huvt(z, nt) is

designed with the parameter Buvt = 0.03π rad/sample. The −3 dB iso-surface of the

magnitude response |Huvt(e
jω, nt)| obtained at nt = 50 is shown in Figure 5.4.
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Figure 5.3: Magnitude response |Hxu(e
jω, nt)| obtained at nt = 50 in the ωxωu plane.

Figure 5.4: Magnitude response |Huvt(e
jω, nt)| obtained at nt = 50 (a) −3 dB iso-

surface in the ωuωvωt space (b) cross section obtained at ωv = 0.

The numerically generated LFV is filtered with the proposed 5-D IIR adaptive

depth-velocity filter, a 4-D IIR adaptive depth filter and the 3-D IIR adaptive ve-

locity filter [25]. The 4-D IIR adaptive depth filter was designed by appropriately

extending the 4-D IIR time-invariant depth filter presented in [44]. Note that the

coefficients of all the three filters were adapted for each temporal frame. The 5-D

IIR adaptive depth-velocity filter H(z, nt) was implemented using the time-variant

difference equations given by (5.13a)–(5.13c). The 10th frame of the original, the 4-D
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(a) (b)

(c) (d)

Figure 5.5: The 10th frame of (a) the original, (b) the 4-D IIR adaptive depth filtered
(c) the 3-D IIR adaptive velocity filtered [25] and (d) the 5-D IIR adaptive depth-
velocity filtered (proposed) LFVs corresponding to the central sub-aperture (nx, ny =
5). The middle object is the object of interest; the top object is the interfering
object moving at the same apparent velocity (but at different depth) of the object of
interest; the bottom object is the interfering object moving at the same depth (but
with different apparent velocity) of the object of interest.

IIR adaptive depth filtered, the 3-D IIR adaptive velocity filtered [25] and the 5-D

IIR adaptive depth-velocity filtered LFVs corresponding to the central sub-aperture

(nx, ny = 5) are shown in Figure 5.5. It can be clearly observed that the first interfer-

ing object (bottom object) moving at the same depth of the object of interest (middle

object) is not attenuated by the 4-D IIR adaptive depth filter. Similarly, the second

interfering object (top object) moving with the same apparent velocity of the object

of interest is not attenuated by the 3-D IIR adaptive velocity filter. On the other

hand, both interfering objects are attenuated by the 5-D IIR adaptive depth-velocity

filter. This confirms the effectiveness of the proposed 5-D IIR adaptive depth-velocity

filters, compared to the 4-D IIR adaptive depth filters and 3-D IIR adaptive velocity

filters [25], in enhancing objects moving at non-constant depth in LFVs.
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Object of interest

Interfering objects
Lytro camera

Figure 5.6: The experimental setup employed to generate the LFV of a real scene. A
Lytro LF camera was employed to capture the individual frames of the scene. The
red truck is the object of interest whereas the white truck and the fence are a moving
interfering object and a static interfering object, respectively.

5.4.2 Lytro-LF-Camera-Based LFV

The experimental setup employed to generate the LFV is shown in Figure 5.6. It

is comprised of a red truck (object of interest), a white truck (moving interfering

object) and a fence (static interfering object). The red truck was manually moved

towards the Lytro LF camera while the white truck was manually moved outwards

from the Lytro LF camera. Fifty six LFs were captured, and each LF was decoded

by using the MATLAB LFToolbox (Version 0.3) [93]. The generated LFV is of the

size 9× 9× 256× 360× 56. The 40th frame of the LFV corresponding to the central

15 sub-apertures (nx = 4, 5, 6 and ny = 3, 4, . . . , 7) is shown in Figure 5.7.

The time-variant parameters m(nt), kx(nt) and ky(nt) corresponding to the object

of interest and the interfering objects are derived based on the parameterization

of the decoded LFV [93]. When nt varies from 0 to 55, m(nt), kx(nt) and ky(nt)

corresponding to the object of interest vary from −2.8 to −3.2, −0.3 to −1, and −0.4

to −1.2, respectively. The variations of these time-variant parameters corresponding

to the moving interfering object are −3.2 to −2.8, 1 to 0.3, and 1.2 to 0.4, respectively.

Furthermore, m(nt), kx(nt) and ky(nt) corresponding to the static interfering object

are −3.3, 0, and 0, respectively. Note that the time-variant parameters corresponding

to the object of interest are close to those of the interfering objects. Consequently,

the spectral ROSs of the three objects lie close to each other, and the enhancement of

the object of interest using the 5-D IIR adaptive depth-velocity filter is challenging in
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Figure 5.7: The 40th frame of the LFV corresponding to the central 15 sub-apertures
(nx = 4, 5, 6 and ny = 3, 4, . . . , 7). The red truck is the object of interest; the white
truck is the moving interfering object; the fence is the static interfering object.

this case. The 5-D IIR adaptive filters Hxu(z, nt) and Hyv(z, nt) are designed with the

parameters Bxu = Byv = 0.08π rad/sample. The magnitude response |Hxu(e
jω, nt)|
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Figure 5.8: Magnitude response |Hxu(e
jω, nt)| obtained at nt = 30 in the ωxωu plane.

Figure 5.9: Magnitude response |Huvt(e
jω, nt)| obtained at nt = 30 (a) −3 dB iso-

surface in the ωuωvωt space (b) cross section obtained at ωv = 0.

obtained at nt = 30 is shown in Figure 5.8. The magnitude response of Hyv(z, nt) at

nt = 30 is similar to that of Hxu(z, nt) shown in Figure 5.8. The filter Huvt(z, nt) is

designed with the parameter Buvt = 0.003π rad/sample. The −3 dB iso-surface of

the magnitude response |Huvt(e
jω, nt)| obtained at nt = 30 is shown in Figure 5.9.

The LFV is filtered with the proposed 5-D IIR adaptive depth-velocity filter,

and three frames of the original and the filtered LFVs, corresponding to the sub-

aperture (nx, ny) = (7, 7), are shown in Figure 5.10. It is observed that the proposed

5-D IIR depth-velocity filter enhances the object of interest (red truck) with slight
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(a) (b) (c)

(d) (e) (f)

Figure 5.10: Three frames of the original LFV (top row) and the 5-D IIR adaptive
depth-velocity filtered LFV (bottom row), (nx, ny) = (7, 7); (a) and (d) 30th frame;
(b) and (e) 40th frame; (c) and (f) 50th frame.

distortion while substantially attenuating the moving interfering object (white truck)

and modestly attenuating the static interfering object (fence). These results confirm

the effectiveness of the proposed 5-D IIR adaptive depth-velocity filter in enhancing

objects moving at non-constant depth in LFVs.

In the filtered LFV, the attenuation of the two interfering objects is higher in the

50th frame, compared to that in the 30th frame. This results as a consequence of

the increase of the difference between the apparent velocity of the object of interest

and those of the two interfering objects when nt varies from 0 to 55. Furthermore, it

is worthwhile to note the attenuation of the interfering objects can be increased by

reducing the parameters Bxu and Byv employed in the design of the 5-D IIR adaptive

filters Hxu(z, nt) and Hyv(z, nt), respectively. However, in this case, the number of

samples available for the nx and ny should be substantially higher than the number

of samples available with the LFV employed in the experiment in order to overcome

the long transient responses.
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5.5 Summary

In this chapter, the 5-D depth-velocity filtering technique is extended to the more

general case, where objects moving with constant velocity but at non-constant depth

are enhanced. First, the spectrum of a Lambertian object moving in an LFV at

non-constant depth is analyzed. In particular, an approximate representation for a

Lambertian point source moving at non-constant depth is presented. In this case, the

two 4-D hypersurfaces corresponding to the LFV representation of the Lambertian

point source are approximated with two 4-D time-variant hyperplanes. Furthermore,

the ROS of the spectrum of a Lambertian object moving at non-constant depth is

approximated as a sequence of ROSs, each of which is a skewed 3-D hyperfan, in the

5-D continuous frequency domain.

Based on the spectral analysis, a novel ultra-low complexity 5-D IIR adaptive

depth-velocity filter is proposed for enhancing objects moving at non-constant depth.

The proposed 5-D IIR adaptive depth-velocity filter is realized by cascading three

first-order 5-D IIR adaptive filters having time-variant 4-D hyperplanar passbands of

appropriate orientations. The three first-order 5-D IIR adaptive filters are designed by

appropriately extending the first-order 3-D IIR adaptive planar filter design method

presented in [25]. The time-variant coefficients of the three first-order 5-D IIR adap-

tive filters are derived in closed form. The proposed 5-D IIR adaptive depth-velocity

filter is practical-BIBO stable.

The performance of the proposed 5-D IIR adaptive depth-velocity filter is con-

firmed by employing a numerically generated LFV and an LFV of a real scene, gen-

erated by means of a commercially available Lytro LF camera. Experimental results

indicate that the proposed 5-D IIR adaptive depth-velocity filter outperforms the 3-D

IIR adaptive velocity filters [25] and the 4-D IIR adaptive depth filters in enhancing

moving objects in LFVs. The performance of the 5-D IIR adaptive depth-velocity

filter can be increased if a few tens of samples along the nx and ny dimensions are

available with an LFV, a feature that is expected to be available with the future gen-

erations of LFV cameras. Considering the ultra-low complexity and the availability

of the closed-form expressions for the time-variant coefficients, the proposed 5-D IIR

adaptive depth-velocity filter has a significant potential to be employed in real-time

applications.
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Chapter 6

Ultra-Low Complexity 3-D

Linear-Phase IIR Velocity Filter

6.1 Introduction

The 5-D FIR and IIR depth-velocity filters presented in Chapter 3 and Chapter 4,

respectively, employed 5-D FIR and IIR filters having 4-D hyperplanar passbands.

One disadvantage of such a 4-D hyperplanar passband is that it provides poor se-

lectivity at frequencies near the origin inside the 5-D principal Nyquist hypercube.

This disadvantage can be overcome by employing 5-D FIR or IIR filters having 5-D

hyperfan-shaped passbands instead of 4-D hyperplanar passbands. For example, the

required 5-D hyperfan-shaped passband for the 5-D filter Huvt(z) is shown in Fig-

ure 6.1. Note that the 5-D hyperfan-shaped passband encompasses the ROS of the

object of interest more compactly compared to a 4-D hyperplanar passband. In this

chapter, we present the design of an ultra-low complexity 3-D linear-phase IIR ve-

locity filter in the context of conventional 3-D video enhancement. This filter can be

directly employed as the 5-D IIR filter Huvt(z) in the design of 5-D IIR depth-velocity

filters. Furthermore, the 5-D IIR filters Hxu(z) and Hyv(z) can be designed by slightly

modifying the design method of the proposed filter.

3-D velocity filters (also known as linear trajectory (LT) filters) are employed in

such applications as traffic analysis, motion detection and analysis, radar tracking and

advanced driver assistance systems to selectively enhance or attenuate moving objects

based on their 2-D spatial (or apparent) velocities [18] [19] [20] [21] [23] [27] [30].

Another potential application is the attenuation of moving artifacts in underwater
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Figure 6.1: The ROS of the spectrum of the object of interest (solid) and the 5-D
hyperfan-shaped passband of the 5-D filter Huvt(z) in the ωuωvωt space.

videos while enhancing static objects or objects moving on smooth approximately-

linear trajectories. Two premier examples are the attenuation of sunlight flicker

patterns in shallow underwater videos [108] [109] [110] and the attenuation of live

creatures, such as fish, in seabed modeling and coral reef monitoring [15].

A number of methods for the design of 3-D FIR and IIR velocity filters are found

in the literature. In most of the design methods, the passband has been selected

to be planar shaped [24] [25] [26] or wedge shaped (i.e., exterior of a wide-angle

cone) [22] [27] [28] [29] [111] inside the principal Nyquist cube in the 3-D frequency

domain. In general, these passbands are not symmetric with respect to the temporal

frequency axis.

Recently, a low-complexity 3-D FIR velocity filter is proposed to enhance severely

corrupted LT signals [77]. Motivated from the temporal delaying in conventional

delay-and-sum beamformers [73](ch. 6) [112] [113], the low-complexity 3-D FIR ve-

locity filter has employed a 2-D spatial variable-shift filter to spatially shift the 3-D

input video signal before filtering with a low-complexity 3-D wide-angle FIR cone

filter. The use of the 2-D spatial shifts has the effect of skewing (or shearing) the

region of support of the spectrum of an LT signal so that it is symmetric with re-

spect to the temporal frequency axis. Therefore, the wedge-shaped passband of the

low-complexity 3-D wide-angle FIR cone filter can be selected to be symmetric with
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respect to the temporal frequency axis and has been approximated by employing a

low-complexity filter bank structure similar to those employed in 3-D FIR cone and

frustum filters, which have been used for broadband beamforming [114] [115].

In this chapter, an ultra-low complexity 3-D linear-phase IIR velocity filter, which

extends the low-complexity 3-D FIR velocity filter proposed in [77], is proposed to

further reduce the computational complexity of 3-D velocity filters. The proposed

3-D linear-phase IIR velocity filter consists of an ultra-low complexity 3-D wide-angle

linear-phase IIR cone filter bank between two 2-D spatial variable-shift filters. The

ultra-low complexity 3-D wide-angle linear-phase IIR cone filter bank is designed by

employing a 1-D temporal modified DFT filter bank and 2-D spatial allpass, IIR

highpass and allstop filters. The ultra-low complexity is achieved by exploiting the

maximal decimation in the temporal dimension and by realizing the nonseparable

2-D spatial IIR highpass filters using the 2-D spatial allpass filters and 1-D spatial

IIR lowpass filters. Furthermore, the linear phase response is achieved by employing

zero-phase filtering for the 1-D spatial IIR lowpass filters. A typical 3-D linear-phase

IIR velocity filter of order 4 × 4 × 510, applied to enhance a heavily corrupted test

video signal, provides a signal-to-interference-and-noise ratio (SINR) improvement of

13.86 dB, which is almost independent of the scene complexity. Compared to the 3-D

FIR velocity filter presented in [77], the proposed 3-D linear-phase IIR velocity filter

requires 52.28% and 66.41% less real multiplications and additions, respectively, for

similar SINR improvements. In order to illustrate the performance of the proposed

3-D linear-phase IIR velocity filter in enhancing videos, it is employed to attenuate

sunlight flicker patterns in shallow underwater videos. Experimental results confirm

the effectiveness of the 3-D linear-phase IIR velocity filter in attenuating the sunlight

flicker patterns and its robustness to motion estimation errors. Note that, in this

chapter, the image coordinate of a 3-D video is denoted as (x, y) instead of (u, v).

Furthermore, the apparent velocities of a moving object in a 3-D video along the x

and y dimensions are denoted as vx and vy, respectively.

The organization of the rest of the chapter is as follows. A review of LT signals

and their spectra is presented in Section 6.2. In Section 6.3, the proposed 3-D linear-

phase IIR filter is described in detail. In Section 6.4, the design and the efficient

implementation of the 3-D wide-angle linear-phase IIR cone filter bank are presented.

Numerical simulation results are presented in Section 6.5. Finally, a summary of the

chapter is presented in Section 6.6.
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6.2 Review of LT Signals and Their Spectra

Let us consider a sampled LT signal corresponding to an object moving with a con-

stant 2-D spatial velocity [vx, vy]
T as shown in Figure 6.2 (a). Under the constant

intensity assumption [88](ch. 2.3), i.e. assuming that the intensity of the mov-

ing object is time invariant, the 3-D intensity of the moving object, i(nx, ny, nt),

(nx, ny, nt) ∈ Z
3, may be written as

i(nx, ny, nt) = iR(nx −∆x(nt), ny −∆y(nt), nt0), (6.1)

where iR(nx, ny, nt0) is the 2-D intensity of the moving object at nt = nt0. The

frame obtained at nt = nt0 is called the reference frame, and ∆x(nt) and ∆y(nt) are,

respectively, the displacements (in pixels) of the moving object along the nx and ny

dimensions at nt with respect to the reference frame. The displacements ∆x(nt) and

∆y(nt) are given by [88](ch. 2.3)

∆x(nt) = vx(nt − nt0) (6.2a)

∆y(nt) = vy(nt − nt0), (6.2b)

respectively.

The 3-D spectrum of the LT signal i(nx, ny, nt) can be obtained as [24]

I(ωx, ωy, ωt) = IR(ωx, ωy) δ(vxωx + vyωy + ωt), (6.3)

where (ωx, ωy, ωt) ∈ R
3 and δ(·) is the 1-D continuous-domain impulse function.

According to (6.3), the region of support of the spectrum I(ωx, ωy, ωt) is a plane

going through the origin inside the principal Nyquist cube {(ωx, ωy, ωt) ∈ R
3, −π ≤

ωx, ωy, ωt ≤ π} [24] as shown in Figure 6.2 (b). Note that the orientation of the

plane is determined by the 2-D spatial velocity [vx, vy]
T. Consequently, the regions

of support of the spectra corresponding to objects moving with different 2-D spatial

velocities do not ideally overlap except at the origin in the 3-D frequency domain [24],

and such moving objects can be selectively enhanced or attenuated by employing 3-D

velocity filters. Nevertheless, it is worthwhile to note that the aliasing components

resulting from sampling rates employed in video capturing processes [88](ch. 3.3)

cannot be eliminated by 3-D velocity filters. This, in general, poses a natural limit

for applications of 3-D velocity filters.
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Figure 6.2: (a) An LT signal corresponding to an object moving with a constant 2-D
spatial velocity [vx, vy]

T; (b) the region of support of its spectrum inside the principal
Nyquist cube.

6.3 Proposed Ultra-Low Complexity 3-D Linear-

Phase IIR Velocity Filter

The proposed ultra-low complexity 3-D linear-phase IIR velocity filter, henceforth

called as the 3-D IIR velocity filter for brevity, is illustrated in Figure 6.3. It consists

of a 3-D wide-angle linear-phase IIR cone filter C(zx, zy, zt), (zx, zy, zt) ∈ C
3, between

two 2-D spatial variable-shift filters Sb(zx, zy) and Sf (zx, zy), (zx, zy) ∈ C
2. In order to

describe the operation of the proposed 3-D IIR velocity filter, let us consider a 3-D in-

put signal iin(nx, ny, nt) consisting of an LT signal of interest having the 3-D intensity

i(nx, ny, nt) and moving with the 2-D spatial velocity [vx, vy]
T, and interfering signals

having 2-D spatial velocities other than [vx, vy]
T. The first 2-D spatial variable-shift

filter Sb(zx, zy) spatially shifts iin(nx, ny, nt) by [−∆x(nt),−∆y(nt)]
T (or provides the

backward shifts) so that the 3-D intensity i(nx, ny, nt) of the LT signal of interest is

stationary with respect to the temporal dimension. This is equivalent to skewing the

region of support of the spectrum I(ωx, ωy, ωt) to lie on the ωxωy plane. On the other

hand, the regions of support of the spectra of interfering signals occupy regions other

than the ωxωy plane (except the origin).

In real applications, the 1-D spatial shifts ∆x(nt) and ∆y(nt) can be estimated

by means of readily available motion estimation techniques [88](ch. 6). In this case,

the 1-D spatial shifts are approximations of the exact 1-D spatial shifts. As a result,

after the 2-D backward spatial shifts [−∆x(nt),−∆y(nt)]
T, the region of support of
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Sb(zx, zy) C(zx, zy, zt) Sf (zx, zy)

iin(nx, ny, nt) iout(nx, ny, nt)

Figure 6.3: Proposed ultra-low complexity 3-D linear-phase IIR velocity filter.
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Figure 6.4: Ideal passband of the 3-D IIR filter C(zx, zy, zt), which is the exterior of
a wide-angle cone, where ǫ is the angle between the ωxωy plane and the surface of the
wide-angle cone.

the spectrum I(ωx, ωy, ωt) may deviate slightly from the ωxωy plane. Consequently,

in order to make the 3-D IIR velocity filter robust to spatial shift estimation errors,

the passband of the 3-D IIR filter C(zx, zy, zt) should be the exterior of a wide-angle

cone [29], as shown in Figure 6.4. Note that the passband of the 3-D IIR filter

C(zx, zy, zt) is symmetric with respect to the ωt axis. Therefore, it can be approxi-

mated using an ultra-low complexity 3-D wide-angle linear-phase IIR cone filter bank

as described in Section 6.4. The second 2-D spatial variable-shift filter Sf (zx, zy) is

used to reverse the 2-D spatial shifts introduced by the first 2-D spatial variable-shift

filter Sb(zx, zy). In other words, Sf (zx, zy) provides the forward shifts necessary to

reintroduce the motion for the LT signal of interest.

In the implementation of the 2-D spatial variable-shift filters Sb(zx, zy) and Sf (zx, zy),

the 2-D spatial shifts can be carried out as two 1-D spatial shifts for each temporal

frame. For most applications, it is sufficient to estimate the 1-D spatial shifts ∆x(nt)
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and ∆y(nt) to the accuracy of one pixel, i.e. both ∆x(nt) and ∆y(nt) are integer

valued. Consequently, for each temporal frame, the 1-D spatial shifts can be imple-

mented using circular shifts along the nx and ny dimensions. Note that this does not

require any arithmetic operations, and the additional memory requirement is very low.

6.4 Design and Efficient Implementation of the Ultra-

Low Complexity 3-D Wide-Angle Linear-Phase

IIR Cone Filter Bank

The design and the efficient implementation of the ultra-low complexity 3-D wide-

angle linear-phase IIR cone filter bank are presented in this section. For brevity,

we henceforth call it the cone filter bank. The proposed cone filter bank, shown in

Figure 6.5(a), consists of a 1-D temporal modified DFT filter bank [116] [117] and

2-D spatial filters. The 1-D temporal modified DFT filter bank employs a two-step

decimation and the subsampling matrices M1 and M2 are given by [118](ch. 12)

M1 = diag [1 1 M/2] (6.4a)

M2 = diag [1 1 2] , (6.4b)

respectively, where the term “diag” denotes a diagonal matrix. The 2-D spatial

filters include a 2-D spatial allpass filter, 2Mh 2-D spatial IIR highpass filters and

M − (2Mh + 1) 2-D spatial allstop filters, where M (an even integer) is the number

of bands of the 1-D temporal modified DFT filter bank. For given M and ǫ, Mh is

obtained as

Mh = arg min
k

∣∣∣∣
2k + 1

M
− tan ǫ

∣∣∣∣ , (6.5)

where k ∈ {1, 2, . . . ,M/2− 1}. The passband of the cone filter bank is approximated

using the 2-D spatial allpass filter and the 2Mh 2-D spatial IIR highpass filters as

illustrated in Figure 6.5(b). The 2-D spatial allstop filters are utilized for the stopband

of the cone filter bank.
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Figure 6.5: (a) The 3-D wide-angle linear-phase IIR cone filter bank. (b) Approxima-
tion of the passband using a 2-D spatial allpass filter and 2Mh 2-D spatial highpass
filters; a planar view on the ωxωt plane.

6.4.1 Design of the 1-D Temporal Modified DFT Filter Bank

Both analysis filtersHk(zt) and synthesis filters Fk(zt), zt ∈ C and k = 0, 1, . . . ,M−1,

of a 1-D modified DFT filter bank are obtained by means of uniform complex mod-

ulation of a zero-phase FIR lowpass prototype filter P (zt) having a cutoff frequency

π/M and a passband gain
√
M as [117]

Hk(zt) = Fk(zt) = z
−NP /2
t P (ztW

k
M), (6.6)

where WM = e−j2π/M and NP is the order of the prototype filter. Therefore, the

design of the 1-D temporal modified DFT filter bank is effectively reduced to the

design of the prototype filter. The order NP of the prototype filter is selected as

2M − 1 and, for this case, the impulse response of the prototype filter, p(nt), can be
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obtained in closed form as [117] [119]

p(nt) =
−1

2
√
M

+
1√
2M

cos
( π

2M
(2nt + 2M)

)
,

nt = −M + 0.5,−M + 1.5, . . . ,M − 0.5. (6.7)

6.4.2 Design of the 2-D Spatial Filters

The 2-D spatial filter corresponding to the 0th band, G0(zx, zy), (zx, zy) ∈ C
2, is

allpass and its impulse response is given by

g0(nx, ny) = δ2D(nx, ny), (6.8)

where (nx, ny) ∈ Z
2 and δ2D(·, ·) is the 2-D discrete-domain impulse function. The

2-D spatial filters Gk(zx, zy) corresponding to k = 1, 2, . . . ,Mh and k = M−Mh,M−
(Mh + 1), . . . ,M − 1 are 2-D spatial IIR highpass filters having circularly symmetric

stopbands. In order to reduce the computational complexity, the frequency responses

of the 2-D spatial IIR highpass filters are approximated by employing a 2-D spatial

allpass filter and 1-D spatial IIR lowpass filters as

Gk(zx, zy) = AP (zx, zy)−Glp,k(zx)Glp,k(z
−1
x )Glp,k(zy)Glp,k(z

−1
y ), (6.9)

whereAP (zx, zy) is the 2-D spatial allpass filter having an impulse response ap(nx, ny) =

δ2D(nx, ny), and Glp,k(·) are the 1-D spatial IIR lowpass filters. Note that Gk(zx, zy)

is a zero-phase filter [86](ch. 12.5). The cutoff frequencies of the 1-D spatial IIR

lowpass filters, ωc,k, are selected as

ωc,k =
2kπ

M
cot ǫ, k = 1, 2, . . . ,Mh, (6.10)

and

ωc,k = ωc,M−k, k = M −Mh,M − (Mh + 1), . . . ,M − 1. (6.11)

In general, low-order classical 1-D IIR filter types, such as Butterworth and elliptic,

are good choice for the 1-D spatial IIR lowpass filters. The design of such a 1-D IIR

lowpass filter can be carried out following a standard design procedure [86](ch. 12).
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The impulse responses of the 2-D spatial allstop filters are simply zero, i.e.,

gk(nx, ny) = 0, k = Mh + 1,Mh + 2, . . . ,M − (Mh − 1). (6.12)

6.4.3 Near-Perfect Reconstruction of the 3-D Wide-Angle

Linear-Phase IIR Cone Filter Bank

The cone filter bank provides the near-perfect reconstruction as shown in Appendix D.

That is, it approximates a linear time-invariant system, and the transfer function can

be obtained as

C(zx, zy, zt) ≈
z
−M/2
t

M

∑

k∈C

Hk(zt)Gk(zx, zy)Fk(zt)

≈ z
−(NP+M/2)
t

M

∑

k∈C

[
P (ztW

k
M)
]2
Gk(zx, zy), (6.13)

where C = {0, 1, . . . ,Mh,M − Mh,M − (Mh + 1), . . . ,M − 1}. Furthermore, the

temporal group delay τ(ωx, ωy, ωt) of the cone filter bank can be obtained from (6.13)

as

τ(ωx, ωy, ωt) = NP +
M

2

= 2M +
M

2
− 1. (6.14)

6.4.4 Efficient Implementation of the 3-DWide-Angle Linear-

Phase IIR Cone Filter Bank

The efficient realization of the cone filter bank is shown in Figure 6.6. In this case,

the 1-D temporal modified DFT filter bank is realized by employing two 1-D tempo-

ral DFT-polyphase filter banks [116] [120], and the subsampling matrix M is given

by [118](ch. 12)

M = diag [1 1 M ] . (6.15)

Note that Em(zt) and Rm(zt), m = 0, 1, . . . , (M − 1), are the type-1 polyphase com-

ponents of H0(zt) and the type-3 polyphase components of F0(zt), respectively. Their
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definitions are, respectively, given by [121](ch. 3.3)

H0(zt) =
M−1∑

m=0

z−m
t Em(z

M
t ) (6.16a)

F0(zt) =
M−1∑

m=0

zmt Rm(z
M
t ). (6.16b)

Note that H0(zt) = F0(zt) = z
−NP /2
t P (zt). For more details on the polyphase decom-

positions, the reader is referred to a standard textbook on filter banks such as [118]

or [121]. Note that, in the efficient realization of the cone filter bank, both temporal

and spatial filtering operations are carried out after the temporal downsampling and

before the temporal upsampling. Consequently, the computational complexity of the

efficient realization is M times less than that of the original realization of the cone

filter bank shown in Figure 6.5 (a).

The number of nontrivial real multiplications and additions, i.e. excluding the

multiplications with ±1, ±j and 0 and the additions with 0, required to process a

sample by the different blocks of the efficient realization of the cone filter bank are

presented in Table 6.1. In this derivation, the order of the 2-D spatial IIR highpass

filters is assumed to be 2NS × 2NS, where NS is the order of the 1-D spatial IIR low-

pass filters. Furthermore, all the 1-D temporal polyphase filters and the 1-D spatial

IIR lowpass filters are assumed to be implemented using direct-form structures. Note

that no nontrivial arithmetic operation is required for the implementations of the 2-D

allpass filters and the 2-D allstop filters. Because the input signals for the inverse

DFT (IDFT) blocks are real-valued, a fast Fourier transform (FFT) algorithm opti-

mized for real-valued signals [122] can be employed to implement the IDFT blocks

whereas the DFT blocks can be implemented by employing a general FFT algorithm

designed for complex-valued signals [123](chs. 3 and 12). In Table 6.1, MFFT,R,

AFFT,R, MFFT,C and AFFT,C , respectively, denote the number of nontrivial real mul-

tiplications and additions required by the employed real-valued and complex-valued

FFT algorithms to perform an M -point DFT (or IDFT). For example, the split-radix

FFT algorithm optimized for real-valued signals [122] requires 258 nontrivial real

multiplications (MFFT,R) and 1028 nontrivial real additions (AFFT,R) to perform a

128-point DFT (or IDFT). Furthermore, in the derivation, the multiplication by M

is assumed to be carried out before performing the IDFT in the IDFT blocks, and a

complex multiplication is assumed to be carried out with 3 real multiplications and
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Figure 6.6: Efficient realization of the 3-D wide-angle linear-phase IIR cone filter
bank. The 1-D temporal modified DFT filter bank is realized by two 1-D temporal
DFT-polyphase filter banks.

Table 6.1: Nontrivial real multiplications and additions required to process a sample
by the different blocks of the 3-D wide-angle linear-phase IIR cone filter bank.

Block Real multiplications Real additions

1-D temporal polyphase filters 8 4

IDFT and multiplication by M
2

M
MFFT,R + 2

2

M
AFFT,R

2-D spatial IIR highpass filters
16Mh(2NS + 1)

M

4Mh(8NS + 1)

M

DFT
2

M
MFFT,C

2

M
AFFT,C

W
kNP

2

M terms
20Mh

M

12Mh

M

Addition after upsampling — 1

3 real additions.
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6.5 Numerical Simulation Results

Numerical simulation results are presented in this section to confirm the effectiveness

of the proposed 3-D IIR velocity filter. In particular, we consider the enhancement of a

heavily corrupted test video signal and the attenuation of the sunlight flicker patterns

in shallow underwater videos. Furthermore, a design example of the proposed 3-D

IIR velocity filter and a brief comparison between previously reported 3-D velocity

filters and the proposed 3-D IIR velocity filter are presented.

6.5.1 A Design Example of the Proposed Ultra-Low Com-

plexity 3-D Linear-Phase IIR Velocity Filter

The design of the proposed 3-D IIR velocity filter mainly consists of the design of the

cone filter bank, which in turn consists of the design of the 1-D FIR prototype filter

P (zt) of the 1-D temporal modified DFT filter bank and the designs of the 2Mh 1-D

spatial IIR lowpass filters Glp,k(·), k = {1, 2, . . . ,Mh,M−Mh,M− (Mh+1), . . . ,M−
1}. For the design example presented in this subsection, the number of bands M of

the 1-D temporal modified DFT filter bank and the angle ǫ are selected as 128 and

4◦, respectively. Note that the order NP of the 1-D FIR prototype filter P (zt) is 255.

For the selected values of M and ǫ, Mh is obtained as 4 from (6.5), and 2nd-order

1-D Butterworth lowpass filters are employed to realize the 2-D spatial IIR highpass

filters. The order of the cone filter bank is 4×4×510. The magnitude response of the

cone filter bank C(zx, zy, zt) is shown in Figure 6.7. It is observed that the magnitude

response approximates the required passband fairly well.

6.5.2 Performance in Enhancing a Heavily Corrupted Ap-

proximately LT Signal

The performance of the proposed 3-D IIR velocity filter in enhancing a heavily cor-

rupted approximately LT signal is numerically evaluated in this subsection. To this

end, a test video signal of size 256 × 256 × 512, which is similar to that employed

in [29], is numerically generated. The test video signal contains an approximately LT

signal of interest is(nx, ny, nt), an interfering signal ii(nx, ny, nt) and additive white

Gaussian noise. Both the LT signal of interest and the interfering signal consist of a

highly-detailed black (intensity = −0.5) and white (intensity = +0.5) checkerboard
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Figure 6.7: Magnitude response of the 3-D wide-angle linear-phase IIR cone filter
bank (a) −3 dB iso-surface; (b) a slice at ωt = 0.0313π; (c) a slice at ωy = 0.

pattern ic(nx, ny, nt) of 64× 64 pixels in a gray (intensity = 0) background [29]. The

two signals is(nx, ny, nt) and ii(nx, ny, nt) are numerically generated as

is(nx, ny, nt) = ic(
⌈
5 + 0.1nt + 0.0005n2

t

⌉
, ⌈100 + 0.09nt − 7 sin(2πnt/800)⌉ , nt)

(6.17a)

ii(nx, ny, nt) = ic(
⌈
180− 0.7nt + 0.0007n2

t

⌉
, ⌈50 + 0.09nt − 7 sin(2πnt/800)⌉ , nt),

(6.17b)

respectively, where ⌈·⌉ is the ceiling function. The energy of the interfering signal

and the noise is selected as the same and 10 times the energy of the signal of interest,
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(a) (b)

Figure 6.8: The 275th frame of (a) input video (b) output video.

respectively, in order to represent a heavily corrupted input signal. The 3-D IIR

velocity filter designed in Section 6.5.1 is employed to enhance the signal of interest.

The 275th frame of the input and the output test video signals are shown in Figure 6.8.

Note that the signal of interest and the interfering signal partially overlap in the input

frame, and the signal of interest is successfully enhanced by the proposed 3-D IIR

velocity filter.

The SINR improvement is employed as a measure in order to numerically evaluate

the performance of the proposed 3-D IIR velocity filter. The SINR of the input signal

is −10.41 dB. The segment of the output signal corresponding to the temporal steady

state, {(nx, ny, nt)|1 ≤ nx, ny ≤ 256, 129 ≤ nt ≤ 384}, is employed to estimate

the SINR of the output signal. The SINR of the output signal is 3.45 dB and,

consequently, the SINR improvement is 13.86 dB. For the same test video signal, the

3-D FIR velocity filter (of order 30 × 30 × 510) proposed in [77] provides a 13.25

dB SINR improvement. Accordingly, the proposed 3-D IIR velocity filter (of order

4 × 4 × 510) provides an additional SINR improvement of 0.61 dB because it has

a slightly higher stopband attenuation compared to the 3-D FIR velocity filter of

order 30 × 30 × 510 [77]. Note that the SINR improvement mainly depends on the

stopband attenuation of the 3-D velocity filter and the 2-D spatial velocities of the

moving objects. It is almost independent of the scene complexity.
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6.5.3 Attenuation of Sunlight Flicker Patterns in Shallow

Underwater Videos

Sunlight flicker is a familiar natural phenomenon observed on shallow underwater

surfaces on sunny days. The sunlight is converged by the convex regions of water

surface waves creating sunlight flicker patterns. These patterns appear as spatio-

temporal-varying brighter regions on underwater surfaces and considerably distort the

shallow underwater images and videos. Such moving artifacts in shallow underwater

videos affect not only the human perception of the scene but also the behaviour

of image processing and computer vision algorithms [108] [109]. Consequently, the

attenuation of the sunlight flicker patterns is of great interest. Previously proposed

methods [108] [109] [110] to attenuate the sunlight flicker patterns are nonlinear and

employ temporal median filtering in the log-intensity domain. In this subsection, the

performance of the proposed 3-D IIR velocity filter in attenuating the sunlight flicker

patterns is evaluated. Note that the proposed 3-D IIR velocity filtering method is

linear and operates in the linear-intensity domain.

In order to evaluate the performance of the proposed method in attenuating the

sunlight flicker patterns, two underwater videos, “pool” and “caesarea”1, are consid-

ered. Figure 6.9 shows the 100th frame of the two underwater videos. Underwater

surface in the “pool” underwater video is shallower than that in the “caesarea” under-

water video. Consequently, the sunlight flicker pattern in the former is much stronger

than that in the latter. Both videos are processed by employing the 3-D IIR velocity

filter designed in Section 6.5.1 and by employing the state-of-the-art method proposed

in [109]. Figures 6.10 and 6.11 show the 100th frame of the processed “pool” and

“caesarea” underwater videos, respectively. Note that the strong sunlight flicker pat-

tern in the “pool” underwater video is completely attenuated by the proposed method

whereas some residues of the attenuated sunlight flicker pattern can be observed in

the underwater video processed using the method in [109]. This indicates the better

performance of the proposed method, especially attenuating the strong sunlight flicker

patterns.

In general, underwater videos are captured by cameras mounted on fixed struc-

tures or autonomous underwater vehicles. In the first case, the object of interest,

i.e. the seabed or coral reefs, is static in the underwater video and the object of

1Original videos are available at http://webee.technion.ac.il/~yoav/research/flicker.

html
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(a) (b)

Figure 6.9: The 100th frame of the (a) “pool” underwater video; (b) “caesarea”
underwater video.

(a)

(b)

Figure 6.10: The 100th frame of the processed “pool” underwater video (a) proposed
method; (b) method in [109].

interest can be enhanced directly by employing the cone filter bank. That is, the

processing with the two 2-D spatial variable-shift filters is not necessary. In the sec-
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(a) (b)

Figure 6.11: The 100th frame of the processed “caesarea” underwater video (a) pro-
posed method; (b) method in [109].

ond case, it is assumed that the autonomous underwater vehicle follows a smooth

approximately-linear trajectory, and the motion of the autonomous underwater vehi-

cle is required to be estimated in order to calculate the 2-D spatial shifts. In both

cases, the underwater video has motion-related errors. In the first case, the object

of interest is not perfectly static due to slight deviations of the camera position and,

in the second case, the motion estimation errors are unavoidable. Next, we show

that the proposed 3-D IIR velocity filtering method is robust to such motion-related

errors. To this end, uniformly distributed random 2-D spatial shifts are artificially

introduced to both underwater videos in order to represent the motion estimation

errors, and both videos are processed with the 3-D IIR velocity filter designed in Sec-

tion 6.5.1. In order to numerically evaluate the performance of the proposed method,

the average PSNR is estimated for different levels of 2-D spatial-shift errors. In the

PSNR estimation, the outputs of the 3-D IIR velocity filter corresponding to the

original motion-related-error-free underwater videos are considered as the noise-free

ground truths. Figure 6.12 shows the average PSNR obtained for different levels of

2-D spatial-shift errors. As expected, the average PSNR is reduced with the increased

level of 2-D spatial-shift errors. However, the average PSNR is greater than 30 dB

for both underwater videos, when the 2-D spatial-shift errors are in the range [−6, 6]

pixels, which is a good match for fast low-complexity motion estimation techniques.

Moreover, the average PSNR of 30.57 dB and 27.43 dB are achieved for the “pool” and

“caeserea” underwater videos, respectively, even for the worst case considered in the



100

3 6 9 12 15
24

26

28

30

32

34

36

38

40

b

A
ve

ra
ge

 P
S

N
R

, d
B

 

 
pool
caesarea

Figure 6.12: The average PSNR of the “pool” and “caesarea” underwater videos
obtained with different levels of random 2-D spatial-shift errors, which are uniformly
distributed in the range [−b, b] pixels.

simulations, i.e. with the range [−15, 15] pixels for the 2-D spatial-shift errors. These

results confirm the robustness of the proposed method to the motion-related errors.

Considering the ultra-low complexity and robustness to the motion-related errors, the

proposed method has an excellent potential to be employed in real-time applications

such as real-time monitoring of coral reefs.

6.5.4 Comparison with Previously Reported 3-D Velocity

Filters

In this subsection, we briefly compare the proposed 3-D IIR velocity filter with pre-

viously reported 3-D velocity filters [27] [28] [29] [77] of which the passbands are

similar to that of the proposed filter. To this end, we first consider the computational

complexity of the 3-D IIR velocity filter designed in Section 6.5.1 and those of the

four 3-D velocity filters considered in the study. The specifications of the filters are

selected so that they provide similar SINR improvements. The numbers of nontrivial

real multiplications and additions required to process a sample are presented in Ta-

ble 6.2. Note that, in estimating the numbers of nontrivial real multiplications and

additions required by the proposed 3-D IIR velocity filter, the DFT and IDFT blocks

are assumed to be implemented by means of the split-radix FFT algorithm [124].

According to Table 6.2, for similar SINR improvement, the proposed 3-D IIR velocity
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Table 6.2: Numbers of nontrivial real multiplications and additions required to process
a sample by different 3-D velocity filters.

Filter Mul. Add.

Proposed 3-D IIR filter 25.22 59.63

3-D FIR filter [77] 52.84 177.5

3-D IIR filter [29]† 231 440

3-D IIR filter [28]† 1411 1377

3-D optimal FIR filter [27]† 3375 3374

† Obtained from [29].

filter provides significant reduction in the computational complexity compared to the

other four 3-D velocity filters. This reduction is achieved mainly due to the fact that

no nontrivial arithmetic operation is required for the implementations of the 2-D all-

pass filters and the 2-D allstop filters and the number of 2-D spatial IIR highpass

filters (2Mh) is considerably small compared to the number of bands (M) of the 1-D

temporal modified DFT filter bank. For example, Mh = 4 and M = 128 for the 3-D

IIR velocity filter designed in Section 6.5.1. Compared to the 3-D FIR velocity filter

presented in [77], the proposed 3-D IIR velocity filter requires 52.28% and 66.41%

less nontrivial real multiplications and additions, respectively.

The proposed 3-D IIR velocity filter and the 3-D FIR velocity filter presented

in [77] have similar temporal group delays. However, the temporal group delay of the

proposed 3-D IIR velocity filter is considerably higher compared to those of the 3-D

velocity filters presented in [27] [28] [29]. For example, the temporal group delay of

the 3-D IIR velocity filter designed in Section 6.5.1 is 319 samples whereas those of the

3-D velocity filters presented in [27] [28] [29] may be maximally a few tens of samples.

As shown in Section 6.4.3, the temporal group delay of the proposed 3-D IIR velocity

filter depends on the number of bands M of the 1-D temporal modified DFT filter

bank. Consequently, by employing a less number of bands, the temporal group delay

of the proposed 3-D IIR velocity filter may be reduced. However, this will results

a less accurate approximation for the ideal passband (See Figures 6.4 and 6.5 (b)).

Furthermore, the proposed 3-D IIR velocity filter may provide a poor approximation

to the ideal passband at frequencies near the origin compared to the 3-D velocity
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filters proposed in [28] [29]. This results as a consequence of the lower number of 2-D

spatial IIR highpass filters employed in the cone filter bank. This drawback of the

proposed 3-D IIR velocity filter may be partially avoided by employing a 1-D non-

uniform temporal filter bank, however, at the expense of additional computational

complexity.

6.6 Summary

An ultra-low complexity 3-D linear-phase IIR velocity filter is proposed for attenuat-

ing moving artifacts in videos while enhancing objects moving on smooth approximately-

linear trajectories. The proposed 3-D IIR velocity filter consists of an ultra-low com-

plexity 3-D wide-angle linear-phase IIR cone filter bank between two 2-D spatial

variable-shift filters. The use of the 2-D spatial shifts has the effect of skewing (or

shearing) the region of support of the spectrum of an LT signal so that it is sym-

metric with respect to the temporal frequency axis. Therefore, the wedge-shaped

passband of the ultra-low complexity 3-D wide-angle linear-phase IIR cone filter can

be selected to be symmetric with respect to the temporal frequency axis and can be

approximated by employing a low-complexity filter bank structure. The ultra-low

complexity 3-D wide-angle linear-phase IIR cone filter bank is designed by employing

a 1-D temporal modified DFT filter bank and 2-D spatial allpass, IIR highpass and

allstop filters. The ultra-low complexity is achieved by exploiting the maximal deci-

mation in the temporal dimension, by employing 2-D spatial allpass filters and 1-D

spatial IIR lowpass filters to realize the 2-D spatial IIR highpass filters and due to

the higher percentage of the 2-D spatial allpass and allstop filters, which require no

nontrivial arithmetic operations. Furthermore, the linear phase response is achieved

by employing the zero-phase filtering for the 1-D spatial IIR lowpass filters.

The experimental results obtained using a test video signal indicate that the pro-

posed 3-D IIR velocity filter provides significant reduction of the computational com-

plexity compared to the previously proposed 3-D velocity filters for similar SINR

improvement. In particular, a typical 3-D linear-phase IIR velocity filter of order

4× 4× 510 provides a SINR improvement of 13.86 dB, which is almost independent

of the scene complexity, and the proposed 3-D linear-phase IIR velocity filter requires

52.28% and 66.41% less real multiplications and additions, respectively, compared to

the 3-D FIR velocity filter presented in [77]. The proposed 3-D IIR velocity filter is

employed to attenuate the sunlight flicker patterns in shallow underwater videos. The
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experimental results confirm the effectiveness of the proposed method and its robust-

ness to motion-related errors. Considering the ultra-low complexity and robustness

to the motion-related errors, the proposed method has an excellent potential to be

employed in real-time applications.

The proposed 3-D IIR velocity filter can be directly employed as the 5-D IIR filter

Huvt(z) in the design of 5-D IIR depth-velocity filters. Furthermore, the 5-D IIR

filters Hxu(z) and Hyv(z) can be designed by slightly modifying the design method

of the proposed filter. In particular, the 2-D spatial variable-shift filters need to be

replaced with 1-D spatial variable-shift filters, and the 2-D spatial IIR highpass filters

need to be replaced with 1-D spatial IIR highpass filters. Furthermore, the 1-D spatial

variable-shift filters should be designed to provide fractional-shifts in addition to the

integer shifts.
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

In this dissertation, the spectra of moving objects in LFVs are analyzed, and it is

shown that such moving objects can be enhanced based on their depth and velocity

by employing 5-D depth-velocity filters. In the spectral analysis, it is first shown that

a Lambertian point source moving with a constant velocity is represented as a 3-D

hypersurface of constant value in the corresponding 5-D continuous-domain LFV.

When the motion of the Lambertian point source is parallel to the camera plane,

i.e. the Lambertian point source moves at a constant depth, the 3-D hypersurface is

reduced to a 3-D hyperplane. For this case, the spectrum and its ROS are derived

in closed form. The ROS of the spectrum is a plane through the origin in the 5-D

continuous frequency domain. The spectral ROS of a continuous-domain LFV corre-

sponding to a Lambertian object moving with a constant velocity and at a constant

depth is derived in closed form. It is shown that the ROS is a skewed 3-D hyperfan

in the 5-D continuous frequency domain. The degree of skewness of the 3-D hyperfan

depends on both velocity and depth of the moving object whereas the angle of the 3-D

hyperfan depends on the depth range occupied by the moving object. The 3-D hy-

perfans corresponding to the ROSs of the spectra of Lambertian objects moving with

different constant velocities or at different constant depths do not overlap except at

the origin in the 5-D continuous frequency domain. This allows enhancement of such

objects based on their depth and velocity by employing 5-D depth-velocity filters.

The essential bandwidth of the spectrum is finite along the temporal frequency di-

mension and, consequently, the corresponding discrete-domain LFV can be generated



105

with negligible aliasing by employing a sufficiently high temporal sampling rate. The

ROS of the spectrum of a discrete-domain LFV corresponding to a Lambertian object

moving with a constant velocity and at a constant depth is derived in closed form.

Furthermore, the spectral ROS is numerical simulated. The numerically simulated

spectral ROS is well agree with the theoretically predicted spectral ROS.

A novel 5-D linear-phase FIR depth-velocity filter having a planar passband in

the 5-D frequency domain is proposed. The planar passband of the proposed 5-D FIR

depth-velocity filter is realized by cascading three 5-D linear-phase FIR filters having

4-D hyperplanar passbands of appropriate orientations in the 5-D discrete frequency

domain. The 5-D FIR filters having 4-D hyperplanar passbands are designed by em-

ploying the so-called windowing method [73](ch. 3.3) [74](ch. 5.1). The concept of

the 5-D depth-velocity filtering of LFVs to enhance moving objects is experimentally

proved by employing the proposed 5-D FIR depth-velocity filter to enhance a numer-

ically generated LFV and an LFV of a real scene, generated using a commercially

available Lytro LF camera. The experimental results obtained using the Lytro-LF-

camera-based LFV indicate that the proposed 5-D FIR depth-velocity filter is capable

of exposing heavily occluded parts of a scene and of attenuating noise significantly.

The very high noise attenuation is obtained as a consequence of most of the noise

energy reside in the 5-D hypervolume corresponding to the stopband of the 5-D FIR

depth-velocity filter.

A novel ultra-low complexity 5-D IIR depth-velocity filter is proposed for en-

hancing objects moving with constant velocity and at constant depth in LFVs. The

proposed 5-D IIR depth-velocity filter is realized by cascading three first-order 5-D

IIR filters having 4-D hyperplanar passbands of appropriate orientations. The first-

order 5-D IIR filters are designed by appropriately extending the first-order 3-D IIR

planar filter design method proposed in [24]. The proposed 5-D IIR depth-velocity

filter is practical-BIBO stable. Numerical simulation results indicate that the pro-

posed 5-D IIR depth-velocity filter outperforms the 3-D IIR velocity filters [24] and

the 4-D IIR depth filters [44] in enhancing moving objects in LFVs. Furthermore,

by employing the Lytro-LF-camera-based LFV, it is shown that the performance of

the proposed 5-D IIR depth-velocity filter is comparable to that of the proposed 5-D

FIR depth-velocity filter. Most importantly, the proposed 5-D IIR depth-velocity

filter requires less than 1% of the arithmetic operations required by the 5-D FIR

depth-velocity filter to process a sample. Considering the ultra-low complexity, the

proposed 5-D IIR depth-velocity filter has a significant potential to be employed in
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real-time applications.

The 5-D depth-velocity filtering technique is extended to a more general case,

where objects moving with constant velocity but at non-constant depth are enhanced.

First, the spectrum of a Lambertian object moving in an LFV at non-constant depth

is analyzed, and it is shown that the ROS of the spectrum can be approximated as

a sequence of ROSs, each of which is a skewed 3-D hyperfan, in the 5-D continuous

frequency domain. Based on the spectral analysis, a novel ultra-low complexity 5-D

IIR adaptive depth-velocity filter is proposed for enhancing objects moving at non-

constant depth. The proposed 5-D IIR adaptive depth-velocity filter is realized by

cascading three first-order 5-D IIR adaptive filters having time-variant 4-D hyper-

planar passbands of appropriate orientations. The three first-order 5-D IIR adaptive

filters are designed by appropriately extending the first-order 3-D IIR adaptive pla-

nar filter design method presented in [25]. The time-variant coefficients of the three

first-order 5-D IIR adaptive filters are derived in closed form. The proposed 5-D

IIR adaptive depth-velocity filter is practical-BIBO stable. The performance of the

proposed 5-D IIR adaptive depth-velocity filter is confirmed by employing a numeri-

cally generated LFV and a Lytro-LF-camera-based LFV of a real scene. Considering

the ultra-low complexity and the availability of the closed-form expressions for the

time-variant coefficients, the proposed 5-D IIR adaptive depth-velocity filter has a

significant potential to be employed in real-time applications.

An ultra-low complexity 3-D linear-phase IIR velocity filter that can be incor-

porated to design 5-D IIR depth-velocity filters is proposed. The proposed 3-D

linear-phase IIR velocity filter consists of an ultra-low complexity 3-D wide-angle

linear-phase IIR cone filter bank between two 2-D spatial variable-shift filters. The

ultra-low complexity 3-D wide-angle linear-phase IIR cone filter bank is designed by

employing a 1-D temporal modified DFT filter bank and 2-D spatial allpass, IIR

highpass and allstop filters. The ultra-low complexity is achieved by exploiting the

maximal decimation in the temporal dimension and by realizing the nonseparable

2-D spatial IIR highpass filters using the 2-D spatial allpass filters and 1-D spatial

IIR lowpass filters. Furthermore, the linear phase response is achieved by employing

zero-phase filtering for the 1-D spatial IIR lowpass filters. A typical 3-D linear-phase

IIR velocity filter of order 4 × 4 × 510, applied to enhance a heavily corrupted test

video signal, provides a SINR improvement of 13.86 dB, which is almost independent

of the scene complexity. The 3-D linear-phase IIR velocity filter of order 4× 4× 510

requires only 26 real multiplications and 60 real additions to process a sample, which
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is significantly lower compared to previously reported 3-D FIR and IIR velocity fil-

ters. In order to illustrate the performance of the proposed 3-D linear-phase IIR

velocity filter in enhancing videos, it is employed to attenuate sunlight flicker pat-

terns in shallow underwater videos. Experimental results confirm the effectiveness

of the 3-D linear-phase IIR velocity filter in attenuating the sunlight flicker patterns

and its robustness to motion estimation errors.

7.2 Future Work

Potential extensions of the work presented in this dissertation are briefly discussed in

this section.

5-D Depth-Velocity Filtering of Plenacoustic Signals

The acoustic counterpart of the 7-D plenoptic function is called the plenacoustic func-

tion [125]. The plenacoustic function has two forms: omnidirectional and directional.

The omnidirectional plenacoustic function is defined as a 4-D function that describes

sound pressure at location (x, y, z) in the 3-D space and at time t given an acoustic

event in a room [125]. On the other hand, the definition of the directional plena-

coustic function is more similar to the definition of the 7-D plenoptic function. That

is, the directional plenacoustic function is a 7-D function that describes sound pres-

sure at location (x, y, z) and direction (θ, φ) in the 3-D space, for frequency ω and at

time t [125]. The concept of the directional plenacoustic function has been exploited

in acoustic signal processing for number of applications including source localization

and analysis [126] [127]. Considering the similarity of the 7-D plenoptic function and

the 7-D directional plenacoustic function, the concept of 5-D depth-velocity filtering

may be applied to applications in the field acoustic signal processing, for example, to

localization of moving acoustic sources.

Multi-Dimensional FIR Filter Design by Rotation

As mentioned in Section 3.2.2, the passband of the 5-D FIR filter Huvt(z), which is

employed to design the 5-D FIR depth-velocity filter proposed in Chapter 3, suffers

from undesired ROSs for some values of the design parameters au and av. This may

be avoided by employing a more general ROS for the passband (with more cutoff

frequencies) in the derivation of the ideal impulse response. As pointed out in [128]
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for the design of 2-D FIR fan filters, this may lead to very complicated expressions

and numerical difficulty. Instead, we may employ an appropriate 1-D FIR lowpass

prototype filter and coordinated rotation [128] in the design of Huvt(z). Furthermore,

this technique may be generalized to design other multi-dimensional filters.

Hardware Architectures for 5-D Depth-Velocity Filters

In real-time applications of the 5-D depth-velocity filters, the processing speed of the

software implementations may not be fast enough to provide the demanded through-

put by a real-time application. In such a case, the 5-D depth-velocity filters are re-

quired to be implemented in fast dedicated hardware such as field-programmable gate

arrays. To this end, it is worthwhile to investigate new systolic-array hardware archi-

tectures especially for the 5-D IIR depth-velocity filters, considering their ultra-low

complexity. Furthermore, the hardware architectures can be optimized with respect

to power consumption, throughput and so on to be compatible with the requirements

of different applications, for example, to achieve the lowest power consumption (at

a reduced throughput) in the case of a battery-powered robot [8] or an underwater

autonomous vehicle [17].
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Appendix A

Derivation of the Spectrum of a

Lambertian Point Source Moving

at a Constant Depth

The 5-D continuous-domain Fourier transform of l5C(x) given in (2.15) can be ex-

pressed as

L5C(Ω) =

∞∫
· · ·
∫

x,y,u,v,t=−∞

l5C(x) e
−jΩT

x dx

=

∞∫
· · ·
∫

x,y,u,v,t=−∞

l0 δ(mx+ u+ kxt+ cx)

× δ(my + v + kyt+ cy) e
−jΩT

x dx

= l0

∞∫

t=−∞

L3C(Ωx,Ωu, t)L3C(Ωy,Ωv, t) e
−jΩtt dt, (A.1)

where

L3C(Ωx,Ωu, t) =

∞∫∫

x,u=−∞

δ(mx+ u+ kxt+ cx) e
−j(Ωxx+Ωuu) dudx (A.2a)

L3C(Ωy,Ωv, t) =

∞∫∫

y,v=−∞

δ(my + v + kyt+ cy) e
−j(Ωyy+Ωvv) dvdy. (A.2b)



110

Now we evaluate (A.2a) as

L3C(Ωx,Ωu, t) =

∞∫∫

x,u=−∞

δ(mx+ u+ kxt+ cx) e
−j(Ωxx+Ωuu) dudx

=

∞∫

x=−∞

e−j(Ωxx+Ωu(−mx−kxt−cx)) dx

= ejΩu(kxt+cx)

∞∫

x=−∞

e−j(Ωx−mΩu)x dx

= 2π δ(Ωx −mΩu) e
jΩu(kxt+cx). (A.3)

Here, we have used the fact that δ(mx+u+kxt+cx) 6= 0 only whenmx+u+kxt+cx =

0 [86](ch. 6.2) [87](ch. 2.1). Similarly, L3C(Ωy,Ωv, t) can be obtained as

L3C(Ωy,Ωv, t) = 2π δ(Ωy −mΩv) e
jΩv(kyt+cy). (A.4)

By substituting (A.3) and (A.4) into (A.1), L5C(Ω) can be obtained as

L5C(Ω) = 4π2l0 δ(Ωx −mΩu) δ(Ωy −mΩv) e
j(Ωucx+Ωvcy)

×
∞∫

t=−∞

e−j(Ωt−kxΩu−kyΩv)t dt

= 8π3l0 δ(Ωx −mΩu) δ(Ωy −mΩv)

× δ(Ωt − kxΩu − kyΩv) e
j(Ωucx+Ωvcy). (A.5)
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Appendix B

Derivation of the Ideal

Infinite-Extent Impulse Response

of Hxu(z)

By using the 5-D Fourier series expansion of Hxu(e
jω) [73](ch. 1.3), the ideal infinite-

extent impulse response hI
xu(n) of Hxu(z) can be obtained as

hI
xu(n) =

1

(2π)5

π∫
· · ·
∫

ωx,ωy ,ωu,ωv ,ωt=−π

Hxu(e
jω)ejω

T
n dω

=
1

(2π)2

π∫

ωu=−π

auωu+bx∫

ωx=auωu−bx

ej(ωxnx+ωunu) dωxdωu

× 1

(2π)3

π∫

ωy=−π

ejωynydωy

π∫

ωv=−π

ejωvnvdωv

π∫

ωt=−π

ejωtntdωt

= gIxu(nx, nu) δ(ny)δ(nv)δ(nt), (B.1)

where

gIxu(nx, nu) =
1

(2π)2

π∫

ωu=−π

auωu+bx∫

ωx=auωu−bx

ej(ωxnx+ωunu) dωxdωu. (B.2)

Note that, in deriving (B.1), we employed the 1-D discrete-time Fourier transform

pair δ(n) ⇔ 1 [129](ch. 2.9). After some manipulation and considering the special
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cases for which the denominator of gIxu(nx, nu) is zero, the closed-form expressions for

gIxu(nx, nu) can be obtained from (B.2) as

gIxu(nx, nu) =
bx
π
, nx = 0 and nu = 0 (B.3a)

gIxu(nx, nu) =
bx sin(nuπ)

nuπ2
, nx = 0 and nu 6= 0 (B.3b)

gIxu(nx, nu) =
sin(bxnx)

nxπ
, nx 6= 0 and aunx + nu = 0 (B.3c)

gIxu(nx, nu) =
sin(bxnx) sin[(aunx + nu)π]

nx(aunx + nu)π2
, nx 6= 0 and aunx + nu 6= 0. (B.3d)
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Appendix C

Derivation of the Ideal

Infinite-Extent Impulse Response

of Huvt(z)

By using the 5-D Fourier series expansion of Huvt(e
jω) [73](ch. 1.3), the ideal infinite-

extent impulse response hI
uvt(n) of Huvt(z) can be obtained as

hI
uvt(n) =

1

(2π)5

π∫
· · ·
∫

ωx,ωy ,ωu,ωv ,ωt=−π

Huvt(e
jω)ejω

T
n dω

=
1

(2π)3

π∫

ωu=−π

π∫

ωv=−π

ωt=auωu+avωv+bt∫

ωt=auωu+avωv−bt

ej(ωunu+ωvnv+ωtnt) dωtdωvdωu

× 1

(2π)2

π∫

ωx=−π

ejωxnxdωx

π∫

ωy=−π

ejωynydωy

= gIuvt(nu, nv, nt) δ(nx)δ(ny), (C.1)

where

gIuvt(nu, nv, nt) =
1

(2π)3

π∫

ωu=−π

π∫

ωv=−π

ωt=auωu+avωv+bt∫

ωt=auωu+avωv−bt

ej(ωunu+ωvnv+ωtnt) dωtdωvdωu.

(C.2)
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Here, in deriving (C.1), the 1-D discrete-time Fourier transform pair δ(n) ⇔ 1 [129](ch.

2.9) was employed. After some manipulation and considering the special cases for

which the denominator of gIuvt(nu, nv, nt) is zero, the closed-form expressions for

gIuvt(nu, nv, nt) can be obtained from (C.2) as

gIuvt(nu, nv, nt) =
bt
π
, nu = 0, nv = 0 and nt = 0 (C.3a)

gIuvt(nu, nv, nt) =
bt sin(nuπ)

nuπ2
, nu 6= 0, nv = 0 and nt = 0 (C.3b)

gIuvt(nu, nv, nt) =
bt sin(nvπ)

nvπ2
, nu = 0, nv 6= 0 and nt = 0 (C.3c)

gIuvt(nu, nv, nt) =
bt sin(nuπ) sin(nvπ)

nunvπ3
, nu 6= 0, nv 6= 0 and nt = 0 (C.3d)

gIuvt(nu, nv, nt) =
sin(btnt)

ntπ
,

aunt + nu = 0, avnt + nv = 0 and nt 6= 0 (C.3e)

gIuvt(nu, nv, nt) =
sin(btnt) sin[(aunt + nu)π]

nt(aunt + nu)π2
,

aunt + nu 6= 0, avnt + nv = 0 and nt 6= 0 (C.3f)

gIuvt(nu, nv, nt) =
sin(btnt) sin[(avnt + nv)π]

nt(avnt + nv)π2
,

aunt + nu = 0, avnt + nv 6= 0 and nt 6= 0 (C.3g)

gIuvt(nu, nv, nt) =
sin(btnt) sin[(aunt + nu)π] sin[(avnt + nv)π]

nt(aunt + nu)(avnt + nv)π3
,

aunt + nu 6= 0, avnt + nv 6= 0 and nt 6= 0. (C.3h)
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Appendix D

Proof of the Near-Perfect

Reconstruction of the 3-D

Wide-Angle Linear-Phase IIR

Cone Filter Bank

The near-perfect reconstruction of the 3-D wide-angle linear-phase IIR cone filter

bank, henceforth referred to as the cone filter bank for brevity, can be proved fol-

lowing an approach similar to that employed in [114]. To this end, the input-output

relationship of the cone filter bank is expressed, following [29] and [117], as

Îout(zx, zy, zt) = z
−M/2
t

M/2−1∑

l=0

Al(zx, zy, zt)Îin(zx, zy, ztW
2l
M), (D.1)

where Îin(zx, zy, zt) and Îout(zx, zy, zt) are the 3-D Z transforms of the input signal

îin(nx, ny, nt) and the output signal îout(nx, ny, nt) of the cone filter bank, respectively,

and

Al(zx, zy, zt) =
1

M

M−1∑

k=0

Hk(ztW
2l
M)Gk(zx, zy)Fk(zt),

l = 0, 1, . . . , (M/2− 1). (D.2)
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The output signal Îout(zx, zy, zt), given in (D.1), consists of the desired alias-free

component D(zx, zy, zt) corresponding to l = 0 and given by

D(zx, zy, zt) =
z
−M/2
t

M

M−1∑

k=0

Hk(zt)Gk(zx, zy)Fk(zt)Îin(zx, zy, zt), (D.3)

and the undesired aliased component A(zx, zy, zt) having (M/2 − 1) aliasing terms

corresponding to l = 1, 2, . . . , (M/2− 1) and given by

A(zx, zy, zt) =
z
−M/2
t

M

M/2−1∑

l=1

(
M−1∑

k=0

Hk(ztW
2l
M)Gk(zx, zy)Fk(zt)

)
Îin(zx, zy, ztW

2l
M)

= z
−M/2
t

M/2−1∑

l=1

Al(zx, zy, zt)Îin(zx, zy, ztW
2l
M). (D.4)

In order to achieve the perfect reconstruction, the magnitude and the phase responses

of the cone filter bank should be unity and linear, respectively, inside the passband.

Moreover, the aliased component A(zx, zy, zt) should be zero inside the passband of

the cone filter bank. In what follows, we show that the cone filter bank approximately

satisfies the above three conditions and, consequently, achieves the near-perfect re-

construction. To this end, (D.2) is rewritten, by employing (6.6), as

Al(zx, zy, zt) =
z−NP

t W−lNP

M

M

M−1∑

k=0

P (ztW
2l+k
M )Gk(zx, zy)P (ztW

k
M). (D.5)

Because the prototype filter P (zt), designed in Section 6.4.1, has a stopband edge less

than 2π/M and a fairly high stopband attenuation, it can be shown that [130]

P (ztW
2l+k
M )P (ztW

k
M) ≈ 0, l = 1, . . . , (M/2− 1),

k = 0, 1, . . . , (M − 1). (D.6)

By substituting (D.6) into (D.5), we can show that

Al(zx, zy, zt) ≈ 0, l = 1, 2, . . . , (M/2− 1). (D.7)

Furthermore, by substituting (D.7) into (D.4), it can be shown that ||A(zx, zy, zt)||2
can be made arbitrarily small in relation to ||Îin(zx, zy, zt)||2. In this case, the cone
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filter bank is almost alias free, and the transfer function C(zx, zy, zt) can be expressed

as

C(zx, zy, zt) ≈
z
−M/2
t

M

M−1∑

k=0

Hk(zt)Gk(zx, zy)Fk(zt)

≈ z
−(NP+M/2)
t

M

M−1∑

k=0

[
P (ztW

k
M)
]2
Gk(zx, zy). (D.8)

Considering the fact that Gk(zx, zy) = 0 for all the 2-D spatial allstop filters, (D.8)

can be rewritten as

C(zx, zy, zt) ≈
z
−(NP+M/2)
t

M

∑

k∈C

[
P (ztW

k
M)
]2
Gk(zx, zy), (D.9)

where C = {0, 1, . . . ,Mh,M−Mh,M−(Mh+1), . . . ,M−1}. Because P (e jωt) ≈
√
M

and Gk(e
jωx , e jωy) ≈ 1, k ∈ C, inside their respective passbands, the frequency

response of the cone filter bank can be obtained from (D.9) as

C(e jωx , e jωy , e jωt) ≈ z
−(NP+M/2)
t , (ωx, ωy, ωt) ∈ P , (D.10)

where P denotes the region of support corresponding to the passband of the cone

filter bank in the 3-D frequency domain. It is clear from (D.10) that the magnitude

response |C(e jωx , e jωy , e jωt)| of the cone filter bank is approximately unity inside the

passband whereas the phase response ∠C(e jωx , e jωy , e jωt) of the cone filter bank is

approximately linear inside the passband. Therefore, the cone filter bank achieves

the near-perfect reconstruction.
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