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Abstract

This master thesis is devoted to the kinetic description in phase space of strongly magnetized
plasmas. It addresses the problem of stability near equilibria for magnetically confined plasmas
modeled by the relativistic Vlasov Maxwell system. A small physically pertinent parameter e,
with 0 < € < 1, related to the inverse of a gyrofrequency, governs the strength of a spatially
inhomogeneous applied magnetic field given by the function z + ¢ !B, (). Local C''-solutions
do exist. But these solutions may blow up in finite time. This phenomenon can only happen
at high velocities [14] and, since e~! is large, standard results predict that this may occur at
a time T, shrinking to zero when € goes to 0. It has been proved recently in [7] that, in the
case of neutral, cold, and dilute plasmas (like in the Earth’s magnetosphere), smooth solutions
corresponding to perturbations of equilibria exist on a uniform time interval [0, T], with 0 < T
independent of e. We investigate here the hot situation, which is more suitable for the description
of fusion devices. A condition is derived for which perturbed W*°-solutions with large initial
momentum also exist on a uniform time interval, they remain bounded in the sup norm for
well-prepared initial data, and moreover they inherit some kind of stability.

iii



Table of Contents

[Supervisory Committee] ii
[Abstractl iii
[Table of Contents| iv
[Dedications| vi
(1 Introduction to Plasma Physics and to the Strongly Magnetized Vlasov |
[ Maxwell System| 1
2 Modeling of Magnetized Plasmal 5
2.1 The MRVM System|. . . . . . .. .. ... ... ... ... ... .. 5
[2.2  Assumptions|. . . . . . . .. 6
[2.2.1 Global Neutrality Assumption| . . . . . . .. .. ... ... ... ... 6

[2.2.2  Coldness Assumption| . . . . . . . . . . ... ... ... 7

[2.2.3  Dilute Assumption| . . . . . . . .. ... 7

2.3 The Actual Frameworkl . . . . . . . . . . . . . ... 7
2.3.1 The HMRVM System|. . . . . . . .. ... ... ... ... .. .... 8

2.3.2 Conditions on the Initial Datal . . . . . ... ... ... ... ... .. 8

[2.3.3  Compact Support Assumption|. . . . . . . . . . . . ... ... .. 9

2.4 Main Result and Possible Extensiond . . . . . . ... ... ... ... .... 10
2.4.1  Well Posedness of HMRVM for Dilute Datal . . . . . ... ... ... 10

[2.4.2  Prospects for Progress| . . . . ... ... ... ... ... 10
3__Fundamental Solutions 12
[3.1 Classical Energyl. . . . . . .. .. ... o o 12
[3.2  Fundamental Solution of the Wave Equationl . . . . . . ... ... ... ... 14
3.3 Transfer of Derivatives . . . . . . . . . . . . .. 18
B.4 Obstruction for Uniform kstimates| . . . ... ... ... ... ... ... .. 21
[3.5 Vlasov Representation Formulal . . . . ... ... ... ... ... .. .... 23
[3.6 Field Straightening| . . . . . . . . . .. ... 24
4__Proof of Main Theoreml 29
[4.1  Asymptotics of Linear Characteristic Curves| . . . . . . . . . ... ... ... 29
{4.2  Uniform Bounds of Dilute Linear Model in Inhomogeneous Magnetic Field] . 33
4.3 Approximation of Dilute HMRVM System| . . . . . . .. ... ... ... .. 41

E i onl 44
[>.1 Constant Magnetic Field . . . . . . .. .. ... ... 0000 44
[>.2  Fourier Analysis for Inhomogeneous Fields| . . . . . ... ... ... ... .. 50

v



[>.3  Difficulty For Unprepared Initial Data] . . . ... ... ... ... ... ... 52

B.31 Picard Scheme . . . . ... oo o o o 53

.4 Loss of Derivatives in L, for Non-Linear Problem| . . . .. .. ... ... .. 55
B.5 Scaling]. . . . . .. 56
[Appendix A 61
[A.1 Homogeneous Distribution Theoryl . . . . . . . .. ... ... ... ... ... 61
[A.2 Bihari-LaSalle Inequality] . . . . . . .. .. .. ... ... ... ... ..., 63
[Referencesl 66



Dedications

I acknowledge my supervisor, committee members, friends and family for all their support
in completion of this program. The knowledge I have gained will follow me in my future
endeavors.

vi



Chapter 1

Introduction to Plasma Physics and to the Strongly Magne-
tized Vlasov Maxwell System

A standard description of a plasma is an “ionized gas”. A plasma can be created when a
substance is heated to high enough temperatures, such that the outer electrons of atoms can
be stripped away from the nuclei leaving a mixture of positive and negative charges. This
can also be accomplished through the presence of a strong electromagnetic field. Plasmas are
electrically conductive and subject to long range electromagnetic fields generated by particle
movement. They can also be subjected to short range interactions through particle collisions.
If a plasma is very concentrated, such as inside of stars, binary collisions between particles
(strong, short range electromagnetic forces from nearby particles) can dominate over the
mean fields of the plasma. In these regimes, the Maxwell-Boltzman (collisional plasmas) or
Magnetohydrodynmic (fluid mechanics) models will apply.

In this thesis, we are interested in collisionless plasmas, on time scales for which the mean
electromagnetic fields dominate the plasma behavior. This is well described mathematically
by the Vlasov Maxwell system. Due to the ionization, the plasma consists of multiple
types of charged particles which are passively transported, while also being subjected to self
consistent electromagnetic forces. Each particle of type i € {1,2,..., N} within the plasma
has an associated distribution function f; described by a Vlasov equation:

where Fj is the Lorentz force given by
Fi(t,x,&) == Z;(E(t,x) + Ec(t, ) + v;(§) x [B(t,x) + Be(t, x)]).

The constant Z; is the charge of particle i and the vector field v;(+) is the relativistic
velocity. Furthermore we denote the mass of the ith particle to be m;. The functions f;
depend on the time ¢, the spatial variable z € R? and the momentum variable £ € R3. They
can be physically interpreted as

/ / fi(t, z,&)dxdE Number of particles of type i at time ¢, inside the spatial
2\ Uy I7 T — . : ‘
Ar J Ae region A, C R?® and having momentum in the range A, C R3

The fields (E, B) are the self consistent, macroscopic electromagnetic fields generated by
the electrons and ions within the plasma and are governed by Maxwell’s equations. These
depend on all distribution functions f; through the superposition principle. By “macroscopic”
we mean that the charge density

N

=32 ]

i=1



and the current density

J= Z (ZZ- / v,;(g)fl-dg)

=1
are determined by averaging over all particle momentum.

In this thesis we are concerned with a two particle system, containing electrons and a
single type of positively charged ions. Remark that the ratio ¢ between proton mass m, and
electron mass m, is large (u &~ 1.8 x 10%). For this reason, and the fact that the acceleration
generated by the Lorenz force is inversely proportional to the particle mass, we are concerned
with time scales for which the ion motion can be neglected and only the electrons may be
viewed as free to move. The ions, however, serve as a neutralizing background for the plasma
through their density p;.

On the other hand, (E., B.) is an ezternal electromagnetic field, which is predetermined.
For instance, the Van Allen Belts are regions of space surrounding Earth consisting of a
hydrogen ion plasma, for which the Vlasov Maxwell system can be used for modeling. This
plasma generates it’s own electromagnetic field (E, B), but is subject to the (much stronger
and independent) magnetic field of the Earth. The Van Allen Belts shield Earth from
cosmic rays and solar flares, protecting the atmosphere from destruction. The presence of
the external magnetic field of Earth acts to confine the plasma to within a few radii of Earth.
Toroidal flux surfaces of Earth’s magnetic field prevent particles from escaping radially away
from the earth. This leads to drift of the particles along the magnetic field lines, and then
bouncing back and forth between magnetic poles.

In addition to astronomical applications, there has been significant research into fusion
energy reactors. At high enough temperature and pressure, hydrogen ions can fuse exother-
mically to create helium and release energy. This is precisely the process which takes place in
stars. Researches have continually been working to efficiently harness this energy. However,
in stars the plasma is conveniently contained by very strong gravitational forces which are
obviously not available in laboratory fusion reactors. A solution to this problem may be mag-
netic confinement. The idea, like in the Van Allen Belts, is to apply a strong magnetic field
along the toroidal axis of a toroidal chamber to contain the plasma. Such devices are known
as tokomaks or stellarators. It is therefore crucial to understand as exactly as possible the
effects of introducing the external field (E., B.). The aim is to better understand the plasma
behaviors during its confinement time, including the stability and the turbulent behaviour
which may arise spontaneously or due to the fact that the initial data are ill-prepared.

The Vlasov Maxwell Cauchy problem in the absence of an external electromagnetic field,
that is when (E.,B.) = (0,0), has been extensively studied in the last few decades. R.
Glassey and W. Strauss were the first to determine sufficient conditions for local C'*-solutions
to exist. The monograph [I1] is a complete review of their work. As long as the distribution
function f has compact support in the momentum variable, local smooth solutions exist and
can be extended to larger time intervals [14]. Furthermore, global C'-solutions exist for
nearly neutral (|pli—o| < 1) and sufficiently dilute plasmas [12], 13]. Other results (see [§]
and related references) deal with global weak L' N L?-solutions.

In this thesis, we are interested in the effects of a strong, inhomogeneous external magnetic
field, which is denoted by e 'B.(z). In dimensionless units, the number ¢ is of size ¢ ~ 107>
in the case of both Van Allen belts and tokamaks. From now on, we consider that 0 < € < 1



is a small parameter. In practice, this number € is related to the inverse of a gyrofrequency.
It controls the strength of the external applied magnetic field, and thereby the function B, (")
has an amplitude of size one. On the other hand, the variations of the vector field B.(-)
account for the spatial inhomogeneities coming from physical geometries inside the problem.
The number € may also be associated with the period at which the particles tend to wrap
around the magnetic field lines.

As a matter of fact, under the action of e 'B,(z), the charged particles starting from the
position z tend to follow deformed cylindrical paths of radius ~ O(e) orientated along the
direction |B.(z)|! B.(z). For longer times, the motions become much more complicated.
But, for well-adjusted functions B,(-), they remain bounded in a compact set [5, [6]. This is
what could be meant by a “dynamical particle confinement”. This property plays a crucial
role in fixing the Van Allen belts to Earth. It is also essential in tomokak reactors to prevent
particles from escaping radially outwards.

Now, in concrete situations, a self-consistent electromagnetic field (E,B) does appear.
This phenomenon is well described through the coupling between the Vlasov equation and
the Maxwell equations. This induces many extra phenomena which can completely change
the preceding stabilized picture. In particular, the onset of a non trivial electric field E # 0
may have disruptive effects. It can be shown that the energy of the system is bounded by
initial data. This is due to the fact that the magnetic field B, does no work on charged
particles. This is a key observation in order to obtain weak solutions, as well as a set of
preliminary information (see the article [3] and related works). But this does not allow to
describe sufficiently precisely the structure of the solutions (f¢, E¢, B€)(¢) when € is small.
It is not clear whether the external applied field B, can lead to large amplitude oscillations
or rapid oscillations which can degrade and destabilize the plasma (for instance through
resonances). The problem is to better explain how the solutions will behave in the limit that
€ tends to zero. This means to get a uniform lifespan T, and to control the evolution of the
solutions in adequate norms, like L or W1 which give accurate information.

In the article [7], C. Cheverry and S. Ibrahim have initiated this program. They have
derived a condition for which equilibria (or stationary solutions) (f°, E®, B®) are stable in
the space C°([0,T], W>). These authors assume that the momentum variable £ is initially
confined to a set of size e. Physically, this means particle velocities are bounded far away
from the speed of light. This is the notion of “coldness” of the plasma. In cold plasmas such
as the Van Allen Belts, this is a reasonable assumption. Then, the perturbed solutions exist
on a uniform time interval [0,7] with T" € R, implying that 7, > T does not shrink to
zero with e. Moreover, they stay close to the equilibrium profile and they remain uniformly
bounded (in the sense of L>). The goal of this thesis is to determine whether the stability
conditions of [7] are necessary. In particular we are concerned with initial data with large
momentum (hot plasma), which corresponds better to the case of fusion reactors.

The outline for this thesis is as follows. In Section [2 we introduce the Hot, Magnetized,
Relativistic Vlasov Maxwell (HMRVM) system and its underlying physical assumptions.
This section states our main result, Theorem [I] of Subsection 2.4.1], devoted to the well
posedness of the HMRVM system for dilute data. As long as the initial density function
rotates slowly about the frozen in applied magnetic field lines, small perturbations of dilute
equilibrium remain stable. In Section [2| we also outline an open problem, namely:

Does the perturbed HMRVM system remain stable for ill-prepared data ?



Section 3| reviews a number of techniques of [7] from a slightly different perspective.
One difference is we avoid the use of scalar and vector potentials in deriving representation
formulas for the electromagnetic fields. Furthermore, this section pinpoints exactly the
mathematical difficulty faced for the hot plasma regime. It concludes by reformulating
the HMRVM system in terms of canonical cylindrical coordinates. This has the advantage
of introducing a single, periodic, rapidly oscillating variable, which is useful to establish
averaging procedures.

Next, Section [ is entirely new. The approach is to completely study an associated
linear Vlasov Maxwell system. The introduction of the fast, periodic variable leads to an
asymptotic approximation of the characteristic curves constructed using a non-stationary
phase lemma. This is key to approximating the linear system. Then, we use a bootstrap
argument to approximate the non-linear system for dilute equilibrium using the linear model.
In essence, the non-linear term in the HMRVM system will remain small as long as the initial
data is well prepared. This is a great accomplishment, as it allows us to precisely understand
hot plasma dynamics using a reduced model which possesses a derived asymptotic expansion
in terms of the parameter e.

Finally Section [5| improves the results of Section [4] for the linear system by using Fourier
analysis for homogeneous applied fields. The improvement is that uniform estimates and
lifespans are established for non-dilute equilibrium. This gives insight into how instabilities
may occur for spatially varying magnetic fields. However, the picture is not yet completely
clear. According to the Beurling-Helson theorem, the non-linearity (in space) of the inho-
mogeneous, diffeomorphic flow may imply ill-posedness for the HMRVM for general initial
data. However, the asymptotic analysis established in Section {4} tells us this non-linearity
is small due to the rapid oscillations and converges to linear solutions. This dichotomy will
be addressed in future work which hopefully will definitively state the validity of the open
conjecture of Section



Chapter 2

Modeling of Magnetized Plasma

This chapter is intended to defining the Hot Magnetized Relativistic Vlasov Maxwell
system (HMRVM in abbreviated form). It starts in Section by introducing the Mag-
netized Relativistic Vlasov Maxwell (MRVM) system for a plasma consisting of electrons
and stationary ions. Section then introduces some physically relevant assumptions per-
taining to plasmas: the hot, cold and dilute assumptions. Improving on the work of [7], we
no longer impose the cold assumption. Next, Section defines the HMRVM system by
considering perturbations of equilibrium solutions to the MRVM system in the hot regime.
Finally, in Section [2.4] we state the main result of this thesis, Theorem [I} regarding stability
and well possedness of the HMRVM system for dilute well prepared data, and we finish by
addressing the open Conjecture 1| regarding the necessity of the dilute and well prepared
data assumptions of our Theorem [I]

2.1 The MRVM System

This section is devoted to constructing our mathematical model and precisely outlining
the assumptions necessary to prove the main result given by Theorem [ The Relativistic
Vlasov Maxwell system gives a kinetic description of the time evolution in the phase space
of charged particles within a plasma. We work in dimension three, with spatial position
r € R? and momentum ¢ € R3. We study properties of the Vlasov Maxwell system under
the influence of a strong applied magnetic field. The strength of this inhomogeneous field is
controlled by a large parameter ¢!, with € € (0, 1]. The parameter € is known as the inverse
gyro-frequency. As mentioned, here we consider a two particle system consisting of electrons
and a singly stationary ion type. We first define the relativistic velocity as a function of the
momentum &, for electron mass m, as

0= (S 1< = VTP, veeR:

MeC MeC

Since the ions are assumed stationary, we are free to choose units such that mass is measured
in units of electron mass m.. In other words, we simply set m, = 1. Furthermore, we also
take the speed of light ¢ to be set to unity (¢ = 1). The electron velocity then reduces to

&
VI+I[EP

Therefore, the Magnetized Relativistic Vlasov Maxwell (MRVM) system on the electron
density f, with charge Z. = —1, is given by:
1
O + [0(€) - VJE — [0(€) x Be(2)] - Ve = [E+0(€) x B)] - Vet (2.1)

€
Ve E=p—p(f) ; 9E—V xB=UJ(F), (2.2)
V,-B=0 : 9B+V,xE=0. (2.3)

v(€) = ve(§) =



Equation (2.1)) is known as the Vlasov equation, and (2.2)) - (2.3) are Maxwell’s equations
governing propagation of the fields. The constant p; € R, represents the background ion
charge density. The current and charge densities of the electrons are defined respectively as

3(6)(t,2) = / V(©)F(t, . €)dE. (2.4)
p(f)(t,x) == /f(t,x,f)df. (2.5)

The unknown in the above system is U := '(f, E,B). We impose here a strong inhomo-
geneous exterior magnetic field that is non-vanishing, divergence free, and curl free. More
specifically, for any compact set K C R3, there exists a constant ¢(K) > 0 such that

Vee K, ¢(K)<b(x)< C(K)*l, be(z) := |Be(z)] (2.6)
and
Vee K, V, -Be(x)=0, V,xB.(z)=0. (2.7)

The article [7] gives an extensive treatment of uniform estimates with respect to € € (0, 1], as
well as stability of U under particular technical assumptions related to a perturbed regime
about stationary solutions. The aim of this thesisis to prove similar stability when these
assumptions are removed.

2.2 Assumptions

Before stated the physical assumptions, we first introduce a family of equilibria denoted
by U* := (f*, E*, B®), which have the form

£5(t,x,€) := M(¢]), E°:=0, B°:=0. (2.8)

Fix any non-negative function M, € C}(R,;R,). We can always adjust p; in such a way that
pi = p(M,). Then, the expression U? is sure to solve -. Thus, it is a stationary
solution of —, hence the superscript“s” while the subscript “€” is put to mark a
possible dependence on e.

The goal is to perturb the stationary solutions U®, and to examine their stability. To this
end, we need to impose constraints on the data p; and M. In [7], the plasma was supposed
to be globally neutral, cold and dilute. In Subsections [2.2.1], 2.2.2 and [2.2.3] below, we come
back to the definitions of these three key assumptions.

2.2.1 Global Neutrality Assumption

The first important assumption is the neutrality assumption which describes the apparent
charge neutrality of a plasma overall. This property is widely used when looking at plasmas.
It is sometimes qualified as quasi-neutrality| because, at smaller scales, the positive and
negative charges may give rise to charged regions and electric fields. In the present context,
for each equilibrium profile M, this means to fix the constant p; := p;(M) = ||M||L: in such
a way that

p(f%) = p;. (Neutral background). (2.9)

6
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2.2.2 Coldness Assumption

The next assumption that is involved in [7] is the notion of coldness. After rescaling, this
condition limits particle momentum to be concentrated near the origin, that is for || ~ O(e).
This may be achieved by looking at equilibria such as

£2(t, 2, €) = Mc([¢]) = 7% M(e'[€)),
where M € C!(R?) is adjusted in such a way that (for some constant Rj;)
supp(M) C {€ € R? | |¢| < Ry} (2.10)
Next, we seek perturbed solutions having the form

f(t,x,&) = e 2 [M(eY€]) + f(t,m,e16)). (2.11)

Recall that a sufficient condition for local existence of smooth solutions of (2.1)-(2.3]) to exist
on [0,7] with 0 < T is that f(¢,x,-) has compact support in the variable £ for ¢t € [0,T].
With this in mind, in [7], local C'*-solutions satisfying (for some constants R, and R¢)

supp(f(t,-,+)) C {(z,€) € R* x R? | |z| < R,, and |¢]| < R¢} (2.12)
were constructed on [0, 7']. The restriction (2.11)) meant that for || > emax{R¢, Ry}, there
was f(t,z,£) = 0.

2.2.3 Dilute Assumption

The last assumption given in [7] is the dilute assumption which is given by the condition
pi = O(€). This may be viewed as a direct consequence of (2.9) and (2.10|) since we have

pi=le M (™' Dllzr = el [M]||z2 = O(e). (2.13)

2.3 The Actual Framework

The global neutrality condition is physically relevant at the scales under consideration.
It is therefore unavoidable, and we keep it. By contrast, the cold assumption is not suitable
in the case of many applications like fusion devices. Here we remove this condition so that
for most of the plasma (in the sense of L') we have |¢] ~ O(1). We typically consider the
two following distinct equilibrium profiles

(f°,E°,B®) = (M(|£]),0,0), p; =||M]||zr (Neutral, Hot and Dense), (2.14)
(f°, E*, B®) = (eM(|£]),0,0), p; =¢€||M||;r (Neutral, Hot and Dilute). (2.15)

We abuse notation and write M.(|£]) to denote either e M (|¢]) or M(|£]). These distinctions
will be made clear when distinguishing results for the dilute or dense settings.



2.3.1 The HMRVM System

We consider a perturbation of the equilibrium solution as indicated below:
f(t,x, &) == M (€]) + ef(t,2,€), E(t,x):=cE(t,x), B(t,x):=eB(t ). (2.16)
For a complete mathematical explanation of this particular scaling see Section Let
U™ = (f™ E™ B™) € C}(R® x R*) x C2(R?) x C3(R?) (2.17)

be some initial functions. Consider the system ({2.1))-(2.3) with initial data given by

flimo = £ := M(€]) + ef " (. €), (2.18)
E|—y = E™ := eE™(x), (2.19)
Bli—o = B"™ := ¢B"(1). (2.20)

Substituting the expression ([2.16]) into the system ({2.1)-(2.3)) leads to the new system on the
perturbation f given by

Ocf + (&) - Valf =€ u(g) x Be(2)] - Vef

a E- 2.21
~e[E +0(€) x Bl Vef = M(€) T (221)
together with B B ‘ ‘
(f, £,B)(0,-) = (f", £™, B")(-).
From the global neutrality condition, Maxwell’s equations become
Ve -E=-p(f) ; OE-V xB=J(f), (2.22)
V.- B=0 ; 0B+V,xFE=0, (2.23)
with the following current and charge densities
o7) = [ Fit..€)de, (224
Iy = [ @t e (2.25)

Denote the system (2.21)-----(2.25)) as the Hot, Magnetized, Relativistic Vlasov Maxwell
system (HMRVM). This is the main focus of the thesis.

2.3.2 Conditions on the Initial Data
Select (R, RY) € R x R, and define

R’ := max{R), R{} .
Impose

supp(f™) C {(x,€) | |2| < Ry and [¢] < R} (2.26)



Remark that if f is compactly supported in z, then by the relation (2.18) implies f™ is
not, since for large enough |z| > R we must have f(z,£) = M.(|¢]). To guarantee the
neutrality at time ¢ = 0, we have to adjust f in such a way that

Vo € R3, /fm(x,g) d¢ = 0. (2.27)

We also pay special attention to initial data that are prepared in the following sense.

Definition 1. Initial data, f™ = f, is said to be prepared if there exists some C > 0
such that for all e € (0,1]

1[v(€) x Be(2)] - Ve[|, < Ce. (2.28)
Remark that this condition arises naturally from equation (2.21]) which yields
Oi flizo = €' [0(€) X Be(2)] - Ve f" + O(1). (2.29)

Thus, in the absence of (2.28), the time derivative of f at time ¢t = 0 is large. This means
that (2.28]) is a necessary condition for uniform estimates in the Lipschitz norm.

Given f™ as above, we have to assume that the initial data £ and B™ satisfy at time ¢ = 0
the necessary compatibility conditions:

V.- E™=p(f™), V,-B™=0. (2.30)

2.3.3 Compact Support Assumption

Finally, we work under the classic Glassey-Strauss momentum condition. As in [7], this
means to look at a time interval [0, 7], with 7" below the maximal lifetime of (f, F, B)(t, )
solving the HMRVM system, such that

vt € [0, 7], supp(f(t,-) € {(z,€) | || < Ry, and [¢] < B¢} (2.31)

for some RT > 0 and R? > 0. It is easy to show (in the relativistic context) that we may
take R} = R) 4+ T. But there is no such evident control concerning R{. In particular, we
would like to show a uniform (in €) positive lower bound for 7', as well as a uniform (in €)
upper bound for R{. This is what has been done in [7]. Define

R" := max{R., R{},
and consider the set
Ar :={(y,n) | lyl < Ry +T, and |n| < R{}. (2.32)

Note that, in the case of spherical symmetry, the very recent result [I7] states that the
compact support assumption (2.31)) is not necessary for global well possedness of the RVM
system. The assumption of spherical symmetry is a way to reduce the dimension, and this is
in general not compatible with the magnetized context. Here, we work in dimension three,
and with an external magnetic field B.(-) which may be non constant and not invariant
under rotations.



2.4 Main Result and Possible Extensions

In Subsection [2.4.1], we state our main result. Then, in Subsection [2.4.2] we present some
associated perspectives.
2.4.1 Well Posedness of HMRVM for Dilute Data

In the new context of neutral, hot and dilute plasmas, we can show that solutions having
a uniform lifespan and satisfying sup-norm or Lipschitz estimates do persist.

Theorem 1. Let (f™, E™, B™) come from the space described in and satisfy (2.26),
, and . Assume the dilute condition

[ M{]|z < €C. (2.33)

Then, there exists T > 0 and €y € (0, 1] such that for all € € (0, €], there is a unique solution
(fe, Ec, Be) € C°([0,T; Lg,) to the HMRVM system —. This solution is subject

to for some RT >0 and RgT > 0, and it is such that, for allt € [0,T]:
1(fe, B, €Be)(t, - Mz ary < C(TRY, |Bellwroe, [|(F7, B™, B™)l| 120, (4r) < 00 (2.34)
Furthermore, if f™ is prepared in the sense of Deﬁm'tion then
|(fes Be, Bt liw,car) < C(T RY, [Bellwaee, [|(F7, ™, B™)||1s,ar)) < 0. (2:35)

In particular, the dilute equilibrium given by is a stable solution to the HMRVM
system under perturbed initial data. Observe that Example [I] in Section [4] gives a situation
showing that the prepared data assumption is necessary to ensure the uniform C'-estimate
stated in ([2.35)).

To prove Theorem , we consider a linear version of , be setting the order € non-linear
term €[E +v(§) x B] - V¢f = 0. It can then be argued that, for prepared data, this linear
model serves as a good approximation (of order €) to the non-linear system in the variable f
only. This linear approximation is then used to overcome the difficulty that will be described
in the next chapter.

2.4.2 Prospects for Progress

The goal of the thesis is also to advance in the direction of the following open problem.

Conjecture 1. Let (f™™, E™, B™) come from the space described in and satisfy ,
, and . Assume that

[|M{][p < C (2.36)

Then, there exists T > 0 and €y € (0, 1] such that for all € € (0, €], there is a unique solution
(fe: Ee, Be) € CO([0,T7; L) to the HMRVM system -m. This solution is subject
to for some R >0 and Rf >0, and it is such that, for all t € [0,T]:

||(f€7 EE7 BE)(tv " ')||L§?§(AT) < C(T7 RT: ||B6||W17°°7 ||(]Fm7 Emv Bm)HL;‘?&(AT)) < 00, (237)

10



and Lipschitz norm,

H‘Eat(fev Eeu Be)(t7 ) ')HL;Z(.AT) + ||€vz(fe> Ee; Be)(tu "y ')|’L;?§(AT) + Hevffﬁ(t’ ) '>HL;?§(-AT)
< C(Ta RT: ||Be||W1’°°7 ||(fln7Em7 an)||W;?(AT)> < 0.
(2.38)

Furthermore, if f™ is prepared in the sense of Deﬁm’tz’on then

|at(f67E67 Be)(t7 K )l + |Vx(f67E€7 Be)(t7x7§)| + |V§fe(t,$,§)|
< C(T7 RT’ HBCHWL‘X” H(fmvEm>Bm)HWQ}:}O(AT)) < Q.
(2.39)

The conjecture above can be interpreted as saying the stationary solution U* = (M.(|¢]), 0, 0)
is a stable solution to (2.1)-(2.3]) in the sup-norm.

11



Chapter 3

Fundamental Solutions

This Chapter is devoted to constructing solutions of the HMRVM system. We start
Section by recalling a classical energy result of the Vlasov Maxwell system. The function
f is a positive density, so the associated energy is positive. This can be used to achieve weak
solutions to the RVM system such as in [§] . However, the perturbation f can be negative,
so the the associated energy can also be negative. Next, Section derives representation
formulas for the electromagnetic fields (F, B). Unlike in [7], we take a more direct approach
by avoiding the usage of vector and scalar potentials. Instead, we show directly that the fields
(E, B) solve a linear wave equation. The solutions to the fields (F, B) are then represented
using the fundamental solutions of the wave equation and Kirchhoff’s formula. In doing so,
this introduces a source term depending on the derivatives 0,f and V,f. Section then
uses a classical division lemma of [4] to pass the time and spatial derivatives on this source
term to the transport operator d;+v(§)-V,. This allows us to substitute the Vlasov equation.
Since the current and charge densities posses an integration in the momentum, we can then
integrate by parts to remove these derivatives from f and estimate the fields (E, B) in term
of f. This allows us to arrive at a similar expression presented in [4] now in the presence
of an applied magnetic field. However, unlike [7], we are not able to uniformly estimate the
fields with respect to €. This is due to the fact, that we no longer have a cold plasma, and
so cannot recover the factor of € using the small momentum assumption. Section [3.4] states
precisely this difficulty and why the methods of [7] fail in the hot plasma regime. Next in
Section [3.5] we solve the Vlasov equation using the method of characteristics and Duhamel’s
principle. Then with an addition weight of € on the fields, we prove the estimate in
Theorem [I We finally conclude with Section which reformulates the Vlasov equation
in new canonical coordinates. This has the advantage demonstrating the penalization term
v(€) x e 'B.(x). The remainder of Theorem [I|is addressed in Chapter [4]

3.1 Classical Energy

The following is a classic energy result for the Vlasov Maxwell system ([2.1))-(12.3]).

Lemma 1. Suppose that (E,B) € [L*NC*([0,T] x R*;R?)]* and f € C1([0,T] x R® x R%; R)
are compactly supported in x and £ and are solution to - with initial data satisfying
. Then the energy

1
£() :://<g> fd{dx+§/|E|2+ B|2dz (3.1)
15 constant in time, meaning that
vte[0,T],  E(t) = &(0). (3.2)

Assume that the perturbed solution (f,E,B) of - 18 compactly supported in x
and &. Then the modified enerqgy

E(t) ://<g> fdxd§+%/e\E|2+e|B|2dm (3.3)
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1s also constant in time, meaning that
vt € (0,77, E(t) = &(0). (3.4)

Furthermore if

[ [ © Frasig < ec. (3.5)
then the perturbed energy is small
)] < eC +el|(E™, B™)|[7 (3.6)

As already mentioned, both f and f cannot be compactly supported in z simultaneously,
therefore it will not suffice to simply substitute f = f 4+ M,(|¢]) into (3.1)) to obtain (3.3)) as
this would introduce a divergence integral in x. Because of this we treat each case separately.
Furthermore, the perturbed energy £ can be negative since, unlike f and as a consequence
of (2 - the expression f cannot have a specific sign.

Proof. First we differentiate the integrated Vlasov Equation

/ / ) fdgda — / / (€F) + Ve - (€ x (B + ¢ 'BL)f)deda

+ / / (€)E -V fdédx.
Integrating by parts gives

%//(@ fddy — _/E-/v(g)fdgdx — —/E-J(f)dx. (3.7)

Taking the dot product of Maxwell’s equations with E and B we find

2dt|E|2 E-V,xB=E-J(f), (3.8)
2dt|B|2+B V,xE=0. (3.9)
Then using the identity
V- (Vyxw)==V, (vxw)+w-(V,xV), (3.10)
and adding (3.8)-(3.9) gives
;jt(|E|2+|B|) .- (ExB)=E-J(f). (3.11)

Then integrating with respect to x and adding to (3.7)) we obtain

d
ZE(H) =0

13



This proves the first part. Next, compute

& [ rwic=c [ [1@p-Vefazaz+ [ [ (@ ar06) - paic

——c [ B ([ Fvc@ac)at [ B ([ © e ae)an

Since V¢ () = v(€) and because the integral of an odd function is zero, there remains

d ~ _
%//<§> fdxdé = —e/E-J(f)dz, (3.12)
and similarly as before
1d 5 5 -
—— [ |E*+|Bl*dxe = | E-J(f)dx. (3.13)
2dt
Adding (3.12)) to (3.13]) with an additional factor of € it then follows that
d - 1
a(//({) fdxdé + §/€|E|2+E|B|2d$) = 0. (3.14)
O

3.2 Fundamental Solution of the Wave Equation

One approach to obtain representation formulas of the electromagnetic fields (E, B) is
though a wave equation. We define the 3D d’Alembertian as follows.

3
Dio=0; — A =07 = ) O,
=1

Then the following lemma gives the precise relation between (£, B) and the operator [ ,.

Lemma 2. Let f € CY([0,T] x R%R) be a solution of . Then the self-consistent
electromagnetic field (E, B) is in C°([0,T] x R3;R?) and it solves

OB = [ (0] + 9.5
OB == [ Vo x (O)fde (3.15)
Proof. Consider differentiating (2.22))-(12.23|) with respect to ¢. This gives

O'F —V, x OB = /v(f)@tfdf,

O’B+V, x O,E =0. (3.16)
We substitute (0;F, 0;B) from Maxwell’s equations into and use the vector identity

VXx(VxA)=V(V-A)—-AA,
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to obtain
/v(ﬁ)fdf = 8t2E -V, x(=V,x E) = 8t2E —AE+V,.(V,-E)

=O’E — AE — /medg.

Similarly,
0=0;B+V,x (V, x B+/v(§)fd§)
= 9B — A,B+V,(V,-B)+ / V. x (0(€)f)de
— 02B -~ A.B + / V. x (0(€)f)de.
This is the desired result. L]

Next, we introduce the fundamental solution of the wave equation. This will allow us to
write a solution of ([3.15) in terms of the derivatives d;f and V,f. We first define a space of
distributions and well known functional transforms.

Definition 2. We define the space D'(R"™;R) to be the set of continuous linear functionals
on CX(R™R). For ¢ € CX(R™R), and S € D'(R™;R) we use the notation

S(¢) = (5,¢0) = [ S(x)¢(x)d, (3.17)

Rn
where the rightmost term is imprecise, but will be used for formal computations.
One important example of such a distribution is the classical Dirac mass.

Definition 3. Define the distribution § € D'(R;R) such that for all ¢ € C°(R;R)

(0,9) = ¢(0). (3.18)
Next we introduce the following well known transform’s and notation we will consider.

Definition 4. We define the Laplace transform for a function ¢ € L*(R;R) as

L(P)(s) := lirg_ OOe_s’fgb(t)dt (3.19)
and the Fourier transform of v € L'(R™;R) as
1 : —ik-x
60 = FO) = g i [ e,
=1/ e 1 : ik-x, 7,
¥(w) = F(0)@) = o Jim /k Pk (3.20)
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We will not concern ourselves here with technical details involved in distribution theory,
but remark we have the formal computations for the 1 dimensional Dirac mass which is valid
from our definitions of F, and £

1 - 1

Fo(6) = lim S(x)e Fdy = —,

9= o Jim [ o) —
L(5) = lim e So(t)dt = 1. (3.21)

a—=0" J,
As a consequence of (3.21]) we have
1 1 ,

S(z)=F, ' (—)=— 1 e*rdk. (3.22)

V2r' 27 rfoe k| <r

In the sense that, for ¢ € L'(R;R) we define the Fourier transform of a distribution as

1 .
/E (2)dz = (F(0), ¢) := (6, F(¢)) = ¢(0) (3.23)

and

$(0) = <5, $> - <fx1(\/%),$> = <\/%¢> = \/%/d)(:v)dx (3.24)

We are now are now equipped to obtain representation formulas for the wave equation using
fundamental solution.

Lemma 3. Consider the Cauchy problem,
Oiou = g(t, 2), u(0,7) = up(x), Oulimo = u1(v), (t,7) € Ry x R?, (3.25)
with g € CHR, x R;R?) and ug, u; € C*(R3R3). Then fort > 0, u(t,-) has the represen-

tation formula

u(t,z) = # s [tul(y) +uo(y) + [(x —y) - Vy]uo|dS(y) + Y *i2 Lisog(t, z). (3.26)

Here *,, denotes the convolution in t and x and Y € D'(R*;R), the space of distributions
on C°(RY;R), is the fundamental solution of

Dt,xY = (S(t,l'), Y‘t:() = 0, atY(O,.fE) =0. (327)
Given by the distributional representation
ot — |z
Y(t,z) = %Hbo. (3.28)

Proof. First consider the problem 1) Let Y denote the spatial Fourier transform of Y.
Then it follows that Y solves the ODE

O2Y + k|2 = 8(t) Y]ieo =0, 9Yl]i—o=0.

1
(2m)3/2’
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Then denote Y, as the Laplace transform of Y. Remark that we are only considering forward
solutions of Y (¢, z), so that ¢ > 0, so we compute

SV, + kY _/ -
0
Solving the algebraic problem yields

Vo 1 |K|
b kR|2r)2 \ s+ (k2 )

Thus the inverse Laplace transform of Y7, is given by

sty 1
(27?)3/2 dt = (2m)3/2°

. 1 _
Y = W Sln(|]€|t) I]-t>0-

Next we compute the inverse Fourier transform by converting to polar coordinates with

k = rw, where r € [0,00) and w := |k| € S%

_ ! ik ST K])
Y(t,x) = (zﬂ)gﬂbo /RSe i dk

1 ~ : IrT-w
= Wﬂt>0/0 sin(rt)r /S2 e dwdr.

Consider now the well known identity

0 [ ag, _ Sn0rla)

A1 Jso T|z|
along with the representation (3.22). Thus Y is computed as follows (remark that these
integrals should be interpreted in the sence of (3.23) and ((3.24)))

: (3.29)

Y(t,x) = (2:)7;|x|1t>0 /OO sin(rt) sin(|z|r)dr
= (27r)12|:17]1t>0 /Z sin(rt) sin(|z|r)dr
~ G T e =
= L B e
~ aplioo(2m) (0004 al) = 8t = o) = O(=t-+ al) + 8(~t ~ o))
= T L0 @R 2500 = [2) = ZrrLisod( o).

where 6(—t — |z|) = 0 in the sense of distributions for ¢ > 0. Furthermore since supp(d(|z| —
t) = {(t,z) ||z| = t}, we have 6(t|xllw‘) (tjﬂ) in the sense of distributions. Next, consider
the Cauchy problem

O up = g(t,z), up(0,2) =0, 0Owuy(0,2) =0. (3.30)
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Then, if %, , denotes the convolution in x and ¢, we have for all ¢ > 0, and u,(¢, -) defined by
up(t, ) == (Y %4 gli=o)(t, 2), (3.31)

solves since by construction [0; .Y = (¢, z). Next, let u,. solve
Oiptie =0,  u(0,2) =up(x), Ouc(0,z) = ui(x), (3.32)

so that u(t,z) = u,(t,x) + u.(t,z). Finally u. is a standard result given by Kirchhoff’s
formula (22) in the graduate text [9] giving the desired result. O

Using Lemmas 2| and [3| we obtain the representation formula for (£, B).

Corollary 1. Let f € C*([0,T] xR3xR3 R) be a solution of , then (E, B)(t,-) solving
- has the solution

E(t,r) = Ki(E™) +Y %, Liso / [v(€)0.f + V. fldE, (3.33)
B(t,z) = Ko(B™) =Y %4 Lisg / [V x (v(€)f)]dE, (3.34)
where K; depends on the initial data

K\(E™)(t,z) : [tOEli—o(y) + E™(y) + [(y — x) - V,]E™(y)]dS(y), (3.35)

At Jyy
Ky (B™)(t,x) = yezl [t0:B)imo(y) + B™(y) + [(y — ) - V,]B™]dS (), (3.36)
y—zx|=t
with
OBl = J(f™) +V x B™  0,B|j—g = —V. x E™. (3.37)

3.3 Transfer of Derivatives

The idea is to pass the derivatives 9,f and V,f in to a derivative with respect to &
and integrate by parts in order to apply a Gronwall lemma to estimate the fields (£, B) in
terms of f only. This is done by using a corollary of the division lemma from [4] to obtain
a transport operator on f for which the Vlasov equation can be substituted in . First
define the spaces of smooth homogeneous functions My on R™ — {0},

M (R" —{0}) := {qb € C°(@R" — {0}) | p(ax) = o*¢(z), Vo > O}. (3.38)

Then set M (R™ — {0}) to be the space of homogeneous distributions on R™ — {0} of degree
k. This means S € M (R™ — {0}) if for all A > 0 and ¢ € CX(R™ — {0}) we have

(S, Myg) = A" (S, ¢) (3.39)

where My¢p(z) := ¢(A~'z). Remark that we will not make the distinction here between
homogeneous distributions on R™ and R™ — {0}, since we will only consider distributions of

18



degree k > —n. By a result in [I5] any homogeneous distribution on R™ — {0} of degree
k > —n has a unique homogeneous extension to R"”. Thus we simply identify the distributions
on R" — {0} with those on R"

M(R") ~ Mi(R" — {0}) and M, (R™) ~ M, (R™ — {0}), for k > —n.
Remark that Y € 9 ,(R*). Next we define the transport operator (also known as the
convective derivative) T as

T :=T(€) =9, +v(€) - V. (3.40)

The goal is to exchange [v(£)0;+V,]f and V. x (v(€) f) in (3.33)) by commuting the derivatives
onto Y through the convolution, and express 0;Y in terms of T'. This is given precisely in
the following lemma.

Lemma 4. Let Y be the fundamental solution of the wave equation given by . Then
there exits homogeneous functions p,a® € My(R*) and a',q € M_1(R*) such that

[0(€)0 + Va]Y = =T()(pY) + q¥ € M_3(R"),

Ve x (0(€)Y) =T(€)(a°Y) +a'Y € M_3(R?). (3.41)
In fact, we have the precise expressions
vt -z 1 w@t—=x

with similar expression for a® and a' given in appendiz A.

The proof of Lemma {4 is in Appendix A. The reason is that Lemma 4] is rather technical
and involves some deep results in homogeneous distribution theory which hides much of
the physics of the problem. However lemma [4| can be physically interpreted as follows.
The Vlasov equation has a speed of propagation in the spatial variable of v(Z), where =
is a partial solution (the ladder 3 components of the 6 dimensional vector field) of the
characteristic curves. The main remark is that for compactly support momentum, we have
the control |v(Z)| < 1. Physically this means that individual particle velocities are unlformly
bounded away from the speed of light. On the other hand, the electromagnetic waves (F, B)
travel at a speed ¢ = 1, ahead of the transport. This feature that transport speed never
surpasses the wave speed is crucial which allows for The distributions p and ¢ (as well as a°
and a') to be well defined away from the light cone {|z| = t}.

The next two lemmas enable us to write in a way that allows both the use of
Lemma {4l and a way to estimate (F, B).

Lemma 5. Let p € M,,(R*) with m > —1 and f € L=®(R x R*R). Then the following
expression can be written

u(t, ) = ( (f]lt>0>
/ / f(t—s,2— sw)s'T"dwds, (3.43)
SQ

where w = % € S2. Furthermore, from this we obtain the estimate

1+m
ja(t, z)| <

t
(L, 2= / [, (3.44)
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Proof. By direct formal computation, upon converting to polar coordinates, we have

o) = [ o)1 00— s - )10 sty

/ (s,wr) (S — T>f(t — 5,2 — rw)r’drdwds
4rs

y
[ e ; T
L

flt —s,2 — sw)s'T"dwds.

Then it is easy to conclude

t
ja(t, z)] < (L, ey / 17 (s, )l iy

Given |S?| = &, we are done. O

The next lemma allows us to commute the time derivative in (3.33) onto the distribution
Y. Remark the challenge is to pass 0; through the characteristic function 1.

Lemma 6. For f € W5 (R*;R) we have the identity
at(Y *t,:p ]lt>0f> Y * ]lt>(]atf + E f(O, xr — tUJ)dCL) (345)

Proof. First note, from Lemma with p = 1 € My(R?), we have

Y % Lisof = //%ft—s,x—sw)dsdw,
SQ

therefore
t -
oY #¢ Lisof) = / / —8t , x — sw)dsdw + / —f(0, 2 — tw)dw
S2 2 47T

_Y*]lt>06?tf+4— f(0, 2 — tw)dw.

Lemmas , and |§| then allow us to then manipulate as follows
Y Lo [[o€)01 + V. Fldg
= / (~T(WY) + qY) %10 Lisofde — — / / V() F(0, 2 — tw, €)dwde
’ 47 S2
—— [ o it - - / p(L,, ) F(0, 7 — tu, )duodS
/qY *0 Lo fd€ — — // — tw, &)dwdé. (3.46)
S2
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Remark that the term in (3.35) involving J(f™) can be written

1 mn 'Ln
el ROl 4m//wt (4, S y)¢

[

This cancels with the last term in . A similar computation for B, leads to a wonderful
representation formula for the fields (E ,B):

Bt z) = — / p(t, 2, )Y (£ 7) +1a (LinoT(F))dE + / ot 2, €)Y (£, 7) #1a (Liso F)dE

1

T e {tvx x B™(y) + E™(y) + [(y — ) - Vy]Em(y)] dS(y)

|z—y|=t

N iﬁ / /SQP(Lw?é)fi”(x — tw, §)dwde, (347)

B<t7$) = /ao(t,a:, §)Y<t7$) *t,:z: (1t>OT< 7))(16 + /al<t7 xﬂg)Y(t’ {E) *t,x (1t>0f>d5

1

e { — Ve x EM(y) + B"(y) + [(y — 2) - Vy]Bm(y)} dS(y)

lz—y|=t

* a’(1,w, &) f™(x — tw w
+ 7T//Sz (L, w, &) f"(x — tw, &)dwd€. (3.48)

3.4 Obstruction for Uniform Estimates

The difficulty for obtaining uniform in € estimates of the fields comes from the first terms
in (3.47). That is when we replace the T'(f) using the vlasov equation, this introduces the
term of order €, coming from the applied field. We will only consider computations for F
and simply state the final results for B as they are similar. Using lemma [3] the estimate
shown in [7] for p and ¢ with [¢| < R are given by

1+ (Rf)?
(1, -, )| poos2) < 2 = 2(14 (R{)> + (R /14 (RE)?) < oo, (3.49)
+(RE)? = (RY)

and
+ (RE)?
(/14 (RE)? = (R)?

||Q(17'7£)HL°°(§2) <2 :2(1+(R§T>2+(R§T) 1+(R?)2)2 < 00.

We then immediately obtain the estimate for the field £

t
|E(t,x)] < C(t, Rx,Rg,Em,Bm,fm)Jr/ ||q(1,',£)||Loo<s2>d§/ (8,5 )| oedls
0

supp(f(t,x,~))

; ' [ .2, (10) 20 (T (Pt (3.51)
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The idea to estimate this remaining term and apply Gronwall’s lemma is to pass the deriva-
tive T'(f) to the Vlasov equation and integrate by parts in £ as follows

/ Pt 2, )Y (t,2) %10 (LisoT(F))dE
= / p(t, , &)Y (t,x) %, (ﬂt>o{vg ([eE +v(&) x (eB + ¢ 'Bo)lf) + M(|¢]) | })

—E/Vgp(t,x,ﬁ)Y(t,x) k¢ (Liso[E +v(§) x B]f)d§

— e [ Vapltn. 9V (0.0 5 mm[v(a < B.) )

n / Dt 2, €)Y (£,2) %00 (LisoM/(1€]) > - B)de. (3.52)

€
Similarly for B. This is now in a suitable form to apply Gronwall’s estimates (after applying
Lemmal 5| one more time of course) pr0v1ded the solution f has compact support in & which
allows the use of the estimates (3.49 - More specifically we apply a non-linear Gronwall
estimate known as the Bihari- LaSalle inequality due to the quadratic term [E + v x B]f.
This is given in appendix A. Assuming f remains bounded in L>, we do have the fields
(E, B) are uniformly bounded in L* with respect to €, but only on a time interval T, > 0,
which may shrink to zero as € tends to zero. Unlike the cold case in [7], at this stage, it is
not apparent that we can achieve uniform estimates on a times interval t = O(1) due to the
penalization ¢ 'B,(z) (see Remark (| below). Therefore we pay special attention to the term

—! / Vep(t,n, &)Y (t,x) %40 (Liso[v(€) x B f)dE.

We can however generalize the results of [7] by considering various scaling of solutions in
terms of the small parameter e. This is done in Section Chapter [ is devoted to
overcoming this difficulty of achiving a uniform lifetime 0 < 7" < T, in the hot regime. To
accomplish this, we also require representation formulas for the Vlasov equation. This is
done in the next section. Finally we conclude Section by constructing a canonical set of
coordinates which simplifies the analysis of Chapter [4]

Remark 1. In [7], the cold assumption leads to the replacement of p(-,-, &) with pe(-,-, &)
giwen by the relationship p.(-,-,§) = p(-, -, €£) and hence V¢p is replaced with €Vep. which
compensates the term ¢ 'B.(x) allowing for uniform bounds in L™ of (E, B).

Remark 2. One does however have the estimate

t t
eE(t,x)| < eC + C/ L+ f (5,5 ez ds + ClM [z [ [[e(E, B)(s, )| g dls
0

+c/ 1e(E, BY(s, M, lef (5, )|z s, (3.53)

where the constant C' depends on the momentum support {|¢| < R{} of f,
1(Vep, Q)(L'7')||L°°(SQ><{|§|§R§T}); |Be||ze and initial data.

In the next section we will derive representation formulas for the Vlasov equation.
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3.5 Vlasov Representation Formula

The approach to solving the Vlasov Equation, a transport equation, is through the
method of characteristics. Consider the ODE system, depending on given fields (E, B),
defined as solutions of

X =0(3), X(0,2,¢) =z, (3.54)
= —'0(2) x B.(X) — E(L,X) +0(E) x B&,X),  E(0,2.8)=¢  (3.55)

(11

—_

Then for as long as the solution (X, Z)(¢) := (X, Z)(¢, x, &) exists (here we omit the depen-
dence on (z, &) in our notation), it follows that

fftf@ X(0.2(0) = MUE@®) = - Bt X). (3.56)

Thus we must justify the flow map defined by
Fi R xR* = R® x R?
(2,8) = (X(t2,8),E(t 2,8))

is invertible up to some time ¢. First remark that |X| < 1 and therefore

| X(t) — x| <t (3.57)
Next we compute
CIEP =25 =& B X(0)
—|Ef==2-2=€=-
dt ’
Therefore the Bahari-LaSalle inequality implies
t
E)(t,2,€) < |€] + €C / [ [F—— (3.58)
0
Therefore as long as [|eE(s, )| Loo(ju—y|<ty < 00 it follows that |Z(t)| < oco. Therefore the
characteristics ( t remain in a compact set. Furthermore, we have the right hand side
of the vector ﬁeld 1 . is divergence free Vxz= - (X ) = 0, and therefore the flow

F; is a volume preservmg diffeomorphism. Thus the Duhamel Principal on (3.56|) implies

Fit,.6) = FxX(-0,2-0) + [ [M'<|f|> ] (5, X(t — 5),Z(t — 8))ds.

5

Note that (3.57)) implies | X (t—s)—xz| < t—s <t for s € [0,t]. This then gives the immediate
estimate

t
[F (2, O < Mo, + ||Mé|!Lg°/O 1E (s, )| zoe (o—yi<nds- (3.59)

Lemma 7. The estimate in Theorem 1] holds as long as there exists C' > 0 such that
for all € > 0 such that holds
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Proof. We simply add (3.53) to (3.59) and apply Gronwall’s (Bihari-LaSalle) Lemma. This
gives gives for all ¢t € [0,T]

1(f,eB, eB)(t, )l ar) < C(T, RE, [[Bel[1). (3.60)

Note the quadratic term in (3.53)) has a factor of e. Therefore we can extend the lifetime
T for smaller values of e. Note the remaining terms of (3.52)) that do not involve ¢! are
controlled the same as in [7]. O

At this stage it is not apparent how uniform estimates should be obtained when the system
is not dilute. Moreover, these estimates do not show how one could remove the weight of
€ to achieve uniform Sup-norm estimates of the fields. Before we address these issues, we
will consider a canonical set of coordinates though a field straightening procedure. This will
involve a rotation of the the applied magnetic field to align with the x3-axis. The advantage
is to introduce a single oscillatory variable # in cylindrical coordinates as the characteristic
curve trajectories wrap around the zz-axis.

3.6 Field Straightening

As mentioned it will be convenient to work with a single, singular variable. To do this, we
will rotate our system in the following way. Let O : R — SO(3) be a map defined by the
relation

O'(z)B.(z) = b.()(0,0,1)".

Remark the superscript ¢ is used to denote a matrix transpose and should not be confused

with time. Thus, O' is a rotation by angle ¥(x) € [0,27) defined by cos(d(z)) := ]:’E((j))
about the axis BX := (B%(x), —Bl(z),0)! = B, x e3. Clearly when BX(z) = 0, we take
¥(z) = 0. Recall our assumption that b, > 0. So more precisely, O(-) is determined by
Euler-Rodrigues’ formula

B3(x) IBL(2)] B} Bl B!
Ol (x) := =21 £ B. 1——= £ =3 3.61
=5 B R B ) Tew) (36
with the cross product matrix and usual Euclidean outer product
0 -B! B? (B2)?  —B;BZ 0
[B.x]:=| B} 0 -Bj|, B;®B;:=B(B)=|-BB} (B)’ 0
-B? B! 0 0 0 0

The precise construction of O(x) is not of high importance, but retain that it is a smooth,
rational function of the components of B, with matrix norm |[|O'||z~ = 1. Next define a
new function f according to the following variable change

flt,z,€) = f(t,z,0(x)§). (3.62)
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As implied by our notation, we will focus on the function f. It follows that f is a solution of
be(z)

0cf +v(0(2)8) - Vo f = O'(2)Vo(O(2)§)v(0(2)€) - Ve f — 6_”(?)89}6

= ¢[O(z)E +v(€) x O'(z)B] - Vef + %@O(m)f - B (3.63)
F0,2,6) = f"(2,0(x)€) := f"(x,), (3.64)
where
. Bu(2) 0 10
1= ol 605, = [EX O'(a) 5] Ve= | =1 0 0| € Ve (369
€ 0 0 0

For now, we may think of 0y defined above to be given in a Cartesian coordinate system
as in the far right expression of . Later we will convert our new characteristic curves
to a cylindrical coordinate system and the notation will become clear. Furthermore, to be
unambiguous, the components of the matrix V,(O(z)¢{) are defined by

Va(O@)E)]ig =Y 0, 0ube, (i) € {1,2,3}.

This convention will be used whenever we write the gradient of a vector valued function.
Note that because det(O(x)) = 1 for all x € R3, it follows that the charge and current
density become

(Pt x) = p(f)(t.2) = / F(t, 2, €)de.

HPta) = [ (O@E s €)de (3.66)
So the compatibility conditions - are satisfied. The characteristic curves of
are defined by solutions of
X = v(0(X)E) X(0) =, (3.67)
E= S — e (E) x OY(X)B.(X)
— elOY(z)E(t, X) + v(Z) x O'(z)B(t, X)] =(0) =¢, (3.68)
where for more compact notation we have set the quadratic in ¢ term ) to be given by
Q(x,§) == —0"(x)V4(0(2)§)O(x)¢. (3.69)

See remark 3| below for the derivation of (). Note that the transformation (t,z,&) —
(t,z,0(x)€) is volume preserving with respect to dxd for all ¢. So it is expected that
the flow,

ft(x7£> = (X(t,:l],g),E(t,l’,f)), (37())

should also preserve volume. The following lemma guarantees that this will be the case for
any transformation 7 with non-zero constant Jacobian. Le. |Dn|(z,&) = C € R*, V(z,§) €
R3 x R3.
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Lemma 8. Suppose that we have a PDE with a given function F : R™ — R™ and C' solution
f:R™ — R satisfying

F(z)-Vf(z) =0, (3.71)

with

Suppose we consider a variable change
y :=n(x), with |Dyn| =1 (3.72)
and define

Then it follows that

F(y) = [(Dan)'Fo (' (y)),  Fly)-V,fly) =0, (3.73)

with the convention that

anl J—l o axl

g . 3.74
Ga =g (3.74)

(Dan)ig = Jij =

Moreover the following divergence free property is preserved for any constant Jacobian trans-
form

Yy F(y(x)) = Vo F(z) + F(z) - Vo In(| Dan|(x)) = 0. (3.75)

Proof. Using index notation (while not distinguishing between upper and lower indices) we
have by the chain rule

0=F(z)-Vf(z) = Fi(a;)g—i - E(x(y))???fg_yfj
- [GER )50

which is exactly (3.73). Consider next the y-divergence of F
OF; Oxy, Oy, 0 [0y;
_ Oi0m 0y | p O 19Uy

- 0y
Vy - F(y) = 0y, [ Z] (@) Oz, 0y, Ox; "0y; HOx;

O,
Then using (3.74)) it follows that

- OF; Oz, 0%y,
CE(y) = Lok p T 9
Vy - F(y) oxy, 0 + Fi 0y, Ox0x;

OF; Oyj1-1 0 0y,

_ g %Yi-1 9 9

ox; + Z[axk} ox; [8a:k]
=V -F+FTr(J'0,,J).
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Then Jacobi’s Formula gives that for any invertible matrix A(t) we have

oAl _

atln(lA’): |A| -

Tr(A719,A).

Thus we finally arrive at

Yy Fy) = V.- Fz(y)) + Fz(y)) - Vo In(|Dnl) (2 (y)).

O
Remark 3. Note that in our case we use the transformation (t,z,€) == (t,x,0x)E), so
that f(t,z,&) = f(t,z,€) and the term Q comes from
Q4 NS
i B8 (6) = 0,,(0)6) -
6~ an, O = 0 (Obig
I Ozm m
= 0,,(0L)Opufy i

() ~
_ axxo;,kook,g&) O<Tm§’" 04,0,.(00s) O<Z§m

— —[0"(2)V.(O(x)E)v(0(x)E)]

j?

where it is clear that (§) = <§> This is exactly the equation given by (3.69). Furthermore

Q 1is orthogonal to &

—(6) € Q = &0} 05, (0;,660) Ok méim
= ak(éiof,jOj,éfﬁ)Ok,mgm - ak(giOzt‘7j)Oj,€€EOk,m€m
= yx(O(x)ﬁ : O(@Q'O(I)f - gfoé,jak(Oj,ifi)Ok,mfm

=V(£:£)=0

=0 ¢ Q,
where we have relabeled ¢ and j in the last lines implying that € - QQ = 0.

This leads to the immediate corollary:

Corollary 2. The rotated flow of — preserves volume with respect to the Liouville
measure dxd€ as long as the characteristics do not cross.

Similarly to the non-rotated flow, the solution of (3.63) will exist up to time 7" > 0
provided the characteristics remain in a compact set up to time 7. Suppose a priori that
(E,B) € C*(]0,T] x R? x R3) is a classical solution. It follows that for t < T

IX| <1 = |X(t,z,8)| <R +T.
Next consider the pointwise estimate of |Z| using remark [3| that £ - Q =0,
HZP? =22 0,2 == €O'E < €¢|Z|||E|| - (3.76)
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Then integrating gives
t
EI° < (Re)® +€/ 1E(s, )| o< [E(s)]ds. (3.77)
0

If e£ € L>([0,T] x {|z| < RY}), then in fact , |Z| can be controlled by the Bahari LaSalle
inequality which gives us the estimate

=) < (RY)?(1 4 Cte™).

This means that the characteristics (3.67) - (3.68) remain in a bounded set for any finite
T > 0 and are thus globally defined.
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Chapter 4

Proof of Main Theorem

This chapter is devoted to the proof of Theorem [I Section begins by considering
an external inhomogeneous magnetic field orientated along a fixed direction. Furthermore,
we study a linearized version of the Vlasov Maxwell system and derive an asymptotic ap-
proximation of the associated characteristics in terms of €. This approximation is given by
Lemma |§] and is accomplished using a strategy similar to the methods of [10], involving a
non-stationary phase argument for the rapidly oscillating characteristics. In Section we
prove the well posedness of the linear system and derive estimates in the Sup and Lipschitz-
norms. The Sup-norm is uniform in e, while a weight € is necessary for a uniform Lipschitz
norm unless the data is well prepared in the sense of Definition[I} Furthermore, although the
computation is not done explicitly, the well posedness results of the linear system hold for
applied fields with variable direction. This remark is resolved by Lemma[10] Finally, Section
[4.3] uses the linear system described in 4.1 to prove Theorem 1. The linear solution serves
as a good O(e)-approximation of f, while only an O(1) approximation of the fields (F, B),
which is still enough to deduce Theorem [I} In other words, we establish well posedness on a
uniform times interval [0, 7] of the HMRVM system for dilute equilibrium and well prepared
data.

4.1 Asymptotics of Linear Characteristic Curves

For simplicity, we first consider the case of an inhomogeneous, magnetic field with con-
stant direction aligned along the zs-axis, that is

B.(z) = b.(z)"(0,0,1).

This implies @ = 0 and O(x) = Idsxs. The goal will be to first study the dilute, linearized
system in an inhomogeneous magnetic field with fixed direction. We define the linear system
by dropping the non-linear term of order € from (2.21]), namely:

Ocfe+ (&) Vafe— €1 ()7 be(x) Opfe = eM'(E]) 1|71 € - B,

OBy — Ny x By=J(fe), Vau-Ei=—p(fe) (4.1)
0B, +V, x E, =0, V. Br=0
together with
(ff?Eth)’t:O = (flTL,Eln?B’Ln) (42)

Furthermore, consider the characteristic curves (X, Z)(t, z,&) = (X, Z¢)(t) of the lin-
earized system solving

=
be(Xe) e -
2= — (Xo) Y(Zp, =20, 0), =(0) = €. (4.3)




Then the solution f, can be expressed using Duhamel’s principal in terms of these charac-
teristic curves as

flt,0,6) = £ 2 -0) + ¢ [ |MUED S B (5.6t 51, 2t - s

Remark that system (4.3) is divergence free and the flow is therefore volume preserving for
all times. Define the horizontal and perpendicular momentum variables as

g:: t(£17£270>7 gl = t(£27_€170)7

as well as the following phase ® and remainder functions R, as follows.

1

. 1 sin ( 335) - cos (I)(t7$a€) B
Rt i (e<s> et (T ) g)

t —t| ————— : 4.5
ri T ) (aie et )
Then we have the following approximation for the linear, inhomogeneous characteristics.

Lemma 9. Consider the ODE system . For any T > 0 and Rg > 0, there exists
C = C(T, ||be|lw2o, RE) > 0 such that for allt € [0,T] and || < RY,

‘Xg(t,x,g) —x— %63 — eRe(t,x,g)‘ < €éC, (4.6)
=(t.,6) — eos o L ainMEE e | < (47)

Proof. For neatness, we will omit the subscript ¢, but note that (X, =) should not be confused
with —. Remark that V, - B, = 0 and B.(z) = b.(z)es imply that b, depends
only on the horizontal spatial components, b.(z) = b(z', 2?). Furthermore 4|Z|? = 0 and
| X | < 2+t so the solution (X, Z)(t) is globally defined. Moreover, the solution =(t) in

can be expressed as

0€(t7 x? 5)
€ (&)

0.(t,x,§)
€ (&)

=(t,x, &) = cos( )€ — sin( )ET + esés, (4.8)

where
01..9) = [ DX (o7, €
Retain that, due to , we have
%QE(t,x,f) =b.(X(t,2,£)) > ¢(K) > 0. (4.9)
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This part is similar to the setting of [10]. Note that since |=| = |£| we also have (Z) = ().
Hence we can integrate to obtain an expression for X ()

=z ﬁe 1 t cos bels, . &) 7—sm€(sx£) +
Xt = ydest i [ (oo™ pehe - s ZEhet) as

The time integral is rapidly oscillating, so an integration by parts gives

L @63 :E/t 1 as(sin(&(s’z’g))f—i-COS(QE(S’%S))fL)dS
0

© X)) <© <©
. 1 <in O.(t,x,§) cos O.(t,z. &), | . |
‘zwxw% ( @ et cos( =) — gt

Therefore we have the estimate

t&s 3
[ X(t) — = - @€3| < €€l (5= + 2V e)||Lo<>)
where
0<c¢(K)<b_=0b_(tz):= min b.(y). (4.11)

lz—y|<t

We can then Taylor expand be(X)72V,bo(X) in the last line of (4.10) - with respect to X
about the point z + ¢ (€)' &3e5. When doing this, since b,(z) = b.(2", 2%) does not depend
on xs, the shift t(§>_1 &3e3 does not appear, so that

be(X) 2V, bo(X) = bo(2) 2 Vube(2) + O(e).

and integrate by parts once more after substituting X = v(Z). The only terms of size €
which remain are the ‘slow terms’ with non-zero mean. For instance, using standard trig
identities and substituting (4.8]) we have

X sin( <@ )—@sin( <@ )
L cos bt 2,8) ¢ — sin belt, 2,8) )1 esés | sin belt, 2, €)
] R e s R ey
1 ¢in 20.(t,z,&) . - cos 20.(t,z, &), .| orfe sin Oc(t,x, &)\ 1 .1
- g g e o e 4 iR - e
Similarly,
( cos belt, . 8)) Ecos belt, . &)
Xl ) "w e )
1 o L AERIN «in 20.(t, 2, &), .| el COS O.(t,z, ) R
- g | e e e SEEE |+ g8
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Therefore, Taylor expanding the first term in the integrand of (4.10)) gives

D)X O - Vb(@) X At
e = TR an g e o

[ e e e e eI

2 (€) be(w)? € (§) € (§) € (§)
Vabe(z) - €Y = )
- (SEamr )“O( ) 12
and the other term in (4.10) becomes
X cos<”§’<§; et = T e De ot
[ Vabe(z) cos 20.(t,x,€) s sin 20.(t,z, &), | ool COS O(t,x,&) n
= [ nip (o™ g e -G Dt o5 ) ¢
Vabe(z) - €
+ (g )¢ 00 13

Therefore after substltutlng 4.12)) and (4.13]) into (4.10) and integrating the oscillating terms
by parts, up to order €2, we have

1

—.CE—@@ 1 : e(twrvg) c COS ( 5) 1 T L
Yo T @ ey ) e
D) o
[ |- Ggior )£+<<>b())£]d+o()
n (t z f) cos Oc(t, 2, §) EL i
=g (g e e ) - e
e(x) €N 7 e(7) -
LG e L G ) SR
Similarly we can Taylor expand 6. and integrate the oscillating terms by parts
Qe(t,x,g):/o bo(z) + Vb () - [X—x—é—?;eg] ds + O(e)
_ Loy 2 e(7) &t o Vabe(®) - §\ 1 2
= Vb (et - (e )e (T )61) + 0@
= ®(t,z,8) + O(). (4.15)

After replacing this inside (4.8)), we get (4.7)). Finally, we can replace 6. inside (4.14]) as
indicated in (4.15]) to recover ({4.6]). O

Lemma [9] gives the immediate corollary which follows.

Corollary 3. There exists ¢ and T > 0 independent of €y, such that for all € € (0, €],
t€[0,T] and |£] < Rg the solution maps x — X (t,x,&) of is a diffeomorpshism.
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Proof. The proof easily follows by computing D, X and taking the operator sup-norm
(D2 X — Idss) (8. )| o<y < Ot + O().
where C' depends only on Rg and ||be||w2.. so that for ¢ and € small enough one has

[[(DeX — Idgus)(t, )| Lee (lo—yi<t) < 1.

The map X(¢,-,&) is therefore a local diffecomorphism. It is injective (uniqueness part of
Cauchy-Lipschitz Theorem) and it is surjective (it suffices to integrate the flow in the opposite
direction, from ¢ to 0). It is bijective, and thereby it is a global diffeomorphism. O]

Remark 4. A similar approximation to (@ and holds when we include the quadratic
term @QQ coming from the linearized version of the characteristics -. That s to
say, the normal form procedure of Lemma[9 holds when we allow the direction of the applied
field B, to vary. However, the procedure and approximation is much less explicit as it depends
on the matriz O(z). Furthermore, we no longer have b.(z) independent of x3, so the 3rd
component of the approrimation @ 18 less trivial.

4.2 Uniform Bounds of Dilute Linear Model in Inhomogeneous Magnetic Field

In this section we derive uniform estimates for a linear model of a dilute plasma in an
inhomogeneous magnetic field given by the following Cauchy problem:

Orfe +v(0(2)€) - Vo fe — € 1{E)  be(2)Dp fo
+Q(z,8) - Ve fo = eM'(I€]) 4] O(2)€ - Ey,

O E;—V, x By = /U(O(x)f)fedf, Ve E=—p(fe) (4.16)
OB+ V, x E;, =0, Vs -By=0
together with
V. E™=—p(f™), V,-B™=0. (4.17)
Again we assume the compatibility conditions on the initial data (f, £ B™):
V. E™=—p(f™), V,-B™=0. (4.18)

Note that (4.16) is the linearized version of the straightened system (3.63]). In this section

we prove the following proposition.

Proposition 1. (Uniform estimates for the solutions of the inhomogeneous linear model)
Let (f", E™, B™) € C3(R%R) x [CL(R% R%))? satisfying the compatibility conditions ({4.18).
Suppose there is R > 0 such that supp(f™(x,-)) C {|¢{] < RY} and denote by (fe, Ec, Be)
the solution in C1(R,; Lgf’g) of the linear Cauchy problem —. Then, there exists

T >0 and eo(T) € (0, 1] such that for all € € (0, €] we can find a constant Cr depending on
T, R} and ||(f™, E™, B"")||W1,§o such that for all t € [0,T], we have

(s Ees Bz, + 160 s Ees B2z, + 102 (fes Ee BO® 1,
16Valfes B BOOoz, +1eVefcBlliz, < Cre (419)
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where V, := (0, 0s,,0). Furthermore, in the case of prepared data, when
100" |1, < €C, (4.20)
the preceding Lipschitz norm control becomes

1(fe, Be, B )|z, +110:(fe; Ee; B) ()] |Lse, + 1105 (f, B, B)(8)] ] 1,
+[Va(fe €Ee, €Be) ()| Lz, + [IVefe(®)l|Lgm, < Cr. (4.21)

Before proving Proposition (1}, we would like to illustrate the optimally of its estimates.
Indeed, the prepared data assumption is necessary for uniform Lipschitz estimates in both
the linear and non-linear system. The underlying mechanism is local (we can forget the
condition on the support), and it does not involve the spatial variable . Thus, we can
explain it below by looking at functions f depending only on ¢t and &.

Example 1. Consider the initial data given by
fE(r,0,2)) = x(r,2) cos(20),  (E™,B™) = (0,0),

where (1,0, z) are the cylindrical coordinates for &, and take x € CH (R, x R). Then

Ly,

ft,x, &) = x(r, z) cos(2(0 + m

(E,B)(t,z) = (0,0),
solves the nonlinear problem with M = 0:

8tf+v(§)-vxf—%(%f—e[E%—v(f) X Bl -Vef =0
OF -V, x B=J(f). V. E=—p(f)

OB +V,x E=0, V, - B=0

(f, B, B) =0 = (f™,0,0)

This follows by construction, as we have J(f) = 0 and p(f) = 0. When x # 0, we do not
have ({.20), and we see that the control is not satisfied since both |0, f| and |V¢f| are

of order e !.

Proof of Proposition[]. The non singular terms inside can be handled as in [7] or as
briefly explained in Subsection|3.4. Thus, we can focus on the more problematic term implied
by , the one which is of order e~'. This involves f and not the expression f obtained
through the change of variables (3.62)). The change of variable £ = O(z)n allows to remedy
this, yielding

—6‘1/Vgp(t,w,O(x)n)Y(tw) st (Leso[v(O(2)n) x Belfelt, ,n)) dn. (4.22)

The aim of Lemma is to reformulate (4.22)). Thanks to (4.22)), we can handle the solution
fe of (4.16]). The interest is that we can solve f; in (4.16]) using Duhamel’s Principle

O(X)=
§

il ,€) = X 0.E(0) + ¢ | (DD B) (5. X0 = 5), 50 - 9)ds, (423
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where (X, Z)(t) solve the characteristics of the linear Vlasov equation in the system (4.16)).
Our goal is to absorb the singular factor e ! inside (4.22). To accomplish this, the strategy
is to substitute (4.23)) into (4.22). This yields a sum of two terms. The first is

e / Vep(t, 2, 0(2)) Y (t,2) #10 (Liolo(O(a)n) x BJf™(X(—t),Z(~1))) dy.  (4.24)
The second is

_/Vgp(t,x,O(a:)n) i o (I[t>0[v(0(a:)77) X Be]

x/o(M'(|n|)0(|f7(|)5-Ez)(s,X(t—s),E(t—s))ds) dy. (4.25)

Lemma [11]is devoted to estimate (4.24]). We accept to lose derivatives of the data f, and
therefore we can apply non-stationary phase arguments. The idea is to take advantage of
the rapid oscillations implied by the characteristics.

Lemmal[l2]deals with (4.25). We are saved by the dilute equilibrium condition M!(|¢]) = O(e)
which explains why the singular factor ¢! has disappeared from (4.25)).

Briefly, Proposition [I]is proved in four stages made of three lemmas and [12] followed
by a closing paragraph “End of proof or Proposition [1]’. O

A preliminary step is to reformulate (4.24) using f instead of f, with f as in (3.62)).

Lemma 10. [Transfer of derivatives after straightening of the field lines] Let g(t,-) € W;go
Then, under the change of variables

g(t, 2, &) = g(t,z,0(x)E), g(t,=,&) = g(t,z,0'(x)E),
we have the following identity

[ Pt Y (1) i LoV [(0(6) % TBule)glt 2, )

(1]

B _ﬁ/o /82/5(%[19(1,%0(8@77)])%%15— 5,4 — sw,n)dndS(w)ds, (4.26)

where d/df is the total derivative with respect to the new variable n := O*(z)E,

d
=5 1= 10y =m0y, =1 V.
Proof. First consider the variable change, with x as a parameter
§:=0(x)n, n:=0"(x)§, d§=|det(O(z))|dn= dn. (4.27)

Then using the formula (3.75)), remarking that |det(O(z))| = 1, and again that O'B,(z) =
be(x)es3 we have the divergence in the new variable becomes

Ve € B, Ve [(-5 x Bu(2))g(t,2,6)] = V, - [ot(g;)(0<(§>>’7 x B.(2))g(t, 2, O(x)n)]

©
=V [0'@)0(@) (15 % O'Belw))g(t, 7,1)]




Therefore we can change variables, apply Lemma [5] then integrate by parts in the new
momentum variable 7 to arrive at the conclusion

/ P2V (4:0) e Lo Ve - [(0€) x B (a))g(t, . €))d
N / / / pt = 50— . Y (= 5.0 = )Ve - (1) X Buly))gls,,E)ldédyds

— et / / / p(t = s.2 =y O(yIY (t = 5,2 = y)V, - (b <>ﬁ (s, m))dndyds

.
47T€/0 /82/ (1,w,0(sw)n)V,, - (be(x — sw)mg(t — 8,7 — sw,n))dndS(w)ds

47Te/ /S/ { (1,w O(Sw)ﬁ)} Wg(t— s, @ — sw,n)dndS(w)ds
47T6/ /Sz/ dG[ (1w, Olsw)r )] b (n >SW)9(75_5>$—Swan)dnds(w)d&

Observe that there are no more derivatives on g, but instead derivatives on the symbol p(-)
given by (3.42). We can check that this derivative on p(-) is non zero. O

Next we will state lemma [T1], which allows us to regain a factor of €, by taking advantage of
the time averaged rapid oscillations coming from the characteristics. Given Lemma [I0] the
method will hold when O(x) # Idsy«3;. However, as stated in Remark {4} the approximations
of Lemma [0 are less explicit. Therefore from now on we assume

Be(x) = be(2)'(0,0,1), O(x) = Idsus, Q(x,8) = 0.
Then we have the following, where £ comes to replace i to fit with the presentation of (4.1).

Lemma 11. [Impact of the oscillating flow] For any T > 0, there exists ¢o(T') € (0,1], and
constant Cp := Cp(RY, ||fm|]W1,go, ||be|lw2ec) such that for all € € (0,¢€], and all t € [0,T],

the following estimate holds

N

X [ o [(Xe, Bo)(—(t — 5),2 — sw, &) dsdS(w)dE| < eCr. (4.28)

Proof. We can first simplify our analysis by Taylor expanding ™ composed with the flow
with respect to X using Lemma [J]
t&s

fUX@),E() = "+ ©

This remaining term of order O(e||V,f™||r=), when substituted into (4.28)), is controlled
using Lemma [5] by the constant

t2 in
Ci(t) = Sl e @ xpg<ngn el o1 < roro [ Vo f "l Lo | Rel | oe ai<no e, 1e1<m0)-
(4.29)

€3, 2(t)) + O(e||Va /"] ).
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Next remark that the momentum component =(t) given by (|4.8)) can be viewed as a rotation
as follows

O(t,z,€)
e (§)

where R is the rotation matrix about the £3-axis

2(t,z,&) = R( )€+ Ofe),

cos(f) —sin(d) 0
R(0) = |sin(d) cos(d) 0
0 0 1

Therefore we may convert =(t) to cylindrical coordinates

rcos(f + q)(téf))
E(t,z,8(r,0,2)) = |rsin(d + t<§>5)) + O(e).

z

where 2z = Z3 = & and r = /27 + 22 = /€] + €2 are independent of time. Then with a
slight abuse of notation on the dependence of r» and z we consider the Fourier series

FUXE),EW) =Y f e+ %63, r,2)e"OHED 4 O(ellVeaf ™) (4.30)
neZ

Remark a similar estimate to ) holds for the order €||V¢f™]|| term, now including a
momentum derivative. Then substltutlng the order 1 term of - which must be evaluated
at the position (—(t — s),z — sw, &), into , it remains to consider

//SQ/S(%]DMé %JWX

> e+ - <_€>t)z€3 — sw, 1, 2)e" T D dsdS (w)de. (4.31)

In the above sum, the integer n = 0 does not appear because the integration with respect to
the variable 0 of the derivative Jyp is simply zero.The next step is to gain back the factor of
€ by a time integration along the lines of the proof of lemma [} First note

nez*

in@(sft,zfsw,f) € <§> ,L.nq)(sft,zfsw,&)
T ® = Oy <© , 0. 4.32
‘ in[0y® —w -V, P|(s —t,z — sw, &) (e Jon# (432)

Therefore we can integrate by parts in time s, as long as the denominator of (4.32)) does not
vanish. Recalling (4.4) we have

(0P —w -V, P)(t,2,8) = be(z) —w - Vibe(x)t

o L )€ T €
01— V] (Vo) (56— (g e+ (T €))
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Therefore choose T' > 0 small enough such that
3
b_ — TvabeHLoo > be > O,

where b_ is defined by (4.11)). Furthermore, choose €(T") small enough, such that for |§| < R
fixed, we can bound the reciprocal according to
1 2
J: | <o
0P —w- -V, P b_
Thus integrating (4.31]) by parts in time using (4.32)), we find the term (4.31)) remains uni-

formly bounded, depending only on initial data as long as the Fourier series is absolutely
convergent in the sense that

vt € (0,77,

LfP [ yrn.00
Yy S o
n|

neZ—{0}
which is guaranteed by the C3-smoothness of f™. O
Next, we consider (4.25)).

Lemma 12. There exists Cr = Cp(||be]|z~, || M'||1o, R) such that the following estimate
holds

t

/89pY s (H1ps0)d€ < CT/ sup [|E(s',)||peds, (4.33)
0 s’€[0,s]

where

H(t,z,) = bé‘;)/o( (|gy)‘€’ )(s,X(t—s),E(t—s))ds. (4.34)

Proof. Once again Lemma [5] implies

/&;pY *t g (Hﬂtzo)df =

J [ oo,
[/ ( (G2

|1be| | oo (B2 1 t
< (B(a.1)) / M ([ED1]100p(1, -, €)1 s2yde | sup [|E(s',-)|| Lo ds.
3 (€ 0 el
(4.35)

[]

| (1]

)(S', X(t—s—s),E(t—s— s'))ds’] dsdS(w)de

iﬁ

As an immediate corollary to lemma [I1] and [I2] we obtain the uniform Sup norm estimate
in Proposition We now prove the remainder of Proposition [l which is related to the
information involving derivatives .
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End of proof or Proposition [l There is nothing left to be done to estimate the Sup-norm.
To estimate the Lipschitz norm we use a trick from geometric optics. We first compute
0; with i = t,x1, x5 or x3, by first dividing the Vlasov equation by b.(x), apply 0;, then
re-multiply by b.(z). By this way there is no term of size ¢! acting as a source:

DD f) +v(&) - Val0if) = 500D f) = eM'(1€]) 5 - (DE)
+0, (be)[0rf + v(€) - Vo — eM(|€]) 5 - E]
H(OE) =V x (0;B) = J(0;f), Vau-(OE)=—p(0;f)
0(0;B) + V., x (0;E) =0, V.- (0;B)=0
Remark that if d,, In(b.) = O(e) (such as the constant case when 0,,b. = 0), the sup-norm
proof would follow once more since the new source term introduced into the first equation

in (4.36) would be of size e. Therefore, in the case when i = ¢ or x3 we have 9;In(b.) = 0
and therefore, we can once again integrate along the flow

(4.36)

: (913E> (s, X(t—s),=(t —s))ds

: BtE) (s, X(t—s),=2(t — s))ds.
(4.37)

For general (non prepared) data, the time derivative d;f in the right hand side of (4.36))
and in (4.37) are of size e7'. The weight € must be put in factor of d,f, d,f and O f to
compensate this. Then, by the previous argument, we have

0 (f, £, B) )12z, + 1102, (f, B, B)(t)|| e, < Cr, (4.38)
and if the data is prepared to ensure [|0,fli=o||z, < €C, then we have uniform estimates
10u(f, B, B)()]| o2, + 11023 (f, E, B) ()] |12, < Cr. (4.39)

When we consider ¢ = x; and x5 we can integrate along the flow to estimate 0; f as follows
t
0318260 < " Ollizz, + € [ 1Bl Moz +1OECs, oz
0
t
+C/ 101f (s, Wz, + [[Vaf (s, )l|Lee ds. (4.40)
0
For the fields, similar to (3.47)), we again have

00 = [ v€)a0.f) + V(01
Thus
@zE - Kl(azEm> - %//82 p(LWaf)aifm(x - tw7§>de§

- /p<t7 x, S)Y(ta .23) *tﬂ? (1t>0T(azf))d§ + /Q(tv xz, g)Y(ta 'T) *t,x (1t>08if)d57

39



and it follows, after multiplying by e and replacing T'(0;f), that 0;F can be estimated as
follows

t
+ Cr(RY) / (L+ )10 (5, Mz, + ednf (s, )lss, + 11€Vaf (5,1, ds
0

t
+ Cr(RY) / 60 (s, Mz + | E (s, )|z (4.41)
0

and similarly for B;. Thus adding (4.40|) and (4.41)) (and the similar expression for 9;B) and
applying Gronwall’s lemma we have for prepared data

102, (f, €E, €B)(s, )|z, + 1|0, ([, €E, €B)(s, )| Lge, < Cr (4.42)

For the momentum derivatives we again use a method from geometric optics. We can
estimate V¢ f using the cylindrical operator

1
Vg =e9—0p + €,0, + €,0,.
r

Remark that although the commutator [%89, Oy = 7%69 # 0, we do in fact have [0y, 9,] = 0.
Therefore, we first multiply (4.16]) by (&), then apply 0; with j € {r, 2} and then divide once
again by (£) leading to the expression

bix),
AG) "

— 0;(v(§)) - Vo f +9;(In((€))) [0ef +v(&) - Vaf — 6M’(Ifl)

9(0;f) + (&) - V(05 f) — 09(0;f) = €03 (M'(|¢])

i E]. (4.43)

| remains bounded

Assume that M’(0) = 0 and M'(|¢]) = O([€]) at € = 0 to ensure | IE\

at |€] = 0. This is satisfied as long as there is a differentiable extension of M(-) from R, to
R. Thus integrating along the flow gives the estimate

t
10, (t, 2, O < (10, " ||1ze, + O<R2)/O 10uf (5, Wege, + Ve (s, ) Lo, + [|€E(s, )|z ds.
(4.44)

For the # derivative we simply apply the operator —89 directly since 89(%) = 0. This gives

BT PRy éi &

With the same assumptions on M, we then arrive at

0-00f) +(6) - Vul500f) - V.S

1 1 ) MI t t
00t < 10z, + 1P e [ B Mlazds + [ 192f(5, Moz,
(4.45)
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Thus adding (4.44]) and (4.45)) and using the established estimates (4.42) and (4.39)) we can

conclude for prepared data

Ve f(t, ')HL;f§ < Cr
Il

Remark 5. The previous proof relies heavily on the dilute assumption to ensure no loss of
derivatives when estimating the fields. In order to control the initial data for f along the
flow a non-stationary phase argument was used. This implied derivatives on the initial data
of f. However, the singular term coming from the source term of the vlasov equation was
required to be small (coming from the dilute assumption) in order to avoid this integration
by parts step which would give a loss of derivatives when estimating the fields (E, B).

4.3 Approximation of Dilute HMRVM System

In this section we prove Theorem The goal of this section is use the results for the
linear models in the previous section to deduce results for complete non-linear problem under
the dilute assumption. In this section we will denote (f, E, B) as a solution to the Cauchy
problem

Of +0(€) - Vol = "G 00f — e[ E +0(€) x B] - Ve = eM'(El) - E

©
WE —VoxB=J(f), V. E=-p(f) (4.46)
atB+vx><E:07 Ve -B=0 |
(f7 E7 B)|t:0 = (fln’ Em’ Bln)
Then let (fy, Fy, By) denote the solution to the associated linear system
Oufe+v(€) - Vafe — LB fr = eM'(1€]) % - B
OEy— Vo x By=J(fs), Va-Ei=—p(fs) (4.47)

0By +V, x E, =0, V. Byr=0
<f7 E7 B)|t:0 = (fzn) Ein’ Bln)
In the dilute case, the ability to approximate the non-linear system with the linear version
is due to the fact the first equation in (4.46) only (eE, eB) appear instead of (F, B). This

allows for a linearization in the variable f when the data is prepared. This guarantees the
non linear term ¢[E + v X B] - V¢ f remains small. Theorem [2| gives a precise relationship

between (4.46)) and (4.47)). Furthermore, Theorem |1| follows as a corollary of Theorem

Theorem 2. (Local in time solution of non-linear system for prepared data) Let ( fo, Ey, By)
be a solution of with initial data (f™, E™, B™) satisfying the compatibility and
be prepared in the sense of . Then there exits T > 0 and ey € (0,1] such that for
all € € (0,€) there is a unique solution (fc, Ec, B) € C'([0,T]; Lg,) to such that
(fe, Ee, B)|i=o = (f™, E™, B™) and a constant Cr depending on ||(f™, Ei”,Bm)HW;,EQ such

that for all t € [0,T],

I(fe = F)D)lzz, < eCr.
I(E. — Ev. B. = B)(®)||1, < Cr. (4.48)
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Proof. First consider the anzatz

fe = f[ + €f67
(E.,B.) = (Ey, By) + (E°, B%). (4.49)

Here, the 6 in (f°, E°, B?) is not a parameter, but instead symbolizes a difference of solutions.
Therefore (f°, E°, B%) satisfies

Of° +0(€) - Vo f? = 220y £ — e[ E? + By +v(€) x (B + By)] - Ve f?
= M'(|]) 5 - B + [Ee + E° + 0(€) x (Be + BY)] - Ve fe

OB —V, x B =¢J(f%), V., E°=—ep(f?)

0,B° +V, x E° =0, V., -B=0

(4.50)

Remark that the dilute assumption is key here, otherwise the right hand side of the equation

on f° would involve e 1M’ (|¢ ])% - E°. Furthermore, the difference of scaling between f°

and (E°, BY), introduces eJ and ep in the current and charge density. The methods of [7]
can then be repeated to obtain uniform estimates without the difficulty involved in passing
the transport operator T(f°) to a & derivative which can be integrated by parts. First
note that f0 can be easily integrated along the full, non-linear flow F associated with the
characteristics of . Recall that f°|;—o = 0, then it follows by the Duhamel Principle

F(t2,6) = / [M’(Ifl)%-E5+ By + E° + v x (By+ BY)| - Vefy| o (5, F(t - 5,2,))ds.

This gives the estimate
t
7529 < 10l [ 15, s

t
+ / IVefe(s, ez (1B, B°) (s, )lee= + I(Ee, Be) (s, lege)ds.  (4.51)
0
This is precisely were the prepared data assumption is needed. It is to ensure uniform control

on ||Vefels, )| L, Next, due to the compensation of € on the current and charge density,
the fields (E°, B®) satisfy the wave equation

O = ¢ [ o©anf’ + V.s'ds
OB’ = / Vo X (0(€) f°)dé.
Again recalling (f°, E°, B%) = 0, the solution to the fields is given by
B(t0) =~ [ p(t.0. Y (1) s (LoD + € [ 0t €)Y (1) w0 (L)
B(ta) = [ b0,V (1) 50 LnaT(PNAE+ € [ (00, () 10 (L)

42



Replacing T'(f) with the Vlasov equation and integrating by parts in { we can estimate E
by

B < CRE ) [ 1560
€D [ 180 Mz (1 B B e+ el B, s
€D [ 1 Mz (1 el B, e+ el Bl s
+CRYIM e [ 1B s (4.52)

And similarly of B°. Therefore adding (4.52) and (4.51)) and applying Gronwall’s lemma
gives the result (4.48). As an immediate consequence we also have Theorem
O

Remark that a there is a difficulty with the Lipschitz estimate when we continue with this
argument. Although for prepared data one does have |V¢f,(t)| < C, it is not true in general
that |00, fo(t)] will also remain uniformly bounded. In fact we require |0y f™| < €C
to obtain such estimates. Furthermore, the prepared data assumption is not a necessary
condition for uniform estimates as shown in Example [I}
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Chapter 5

Discussion

This chapter outlines some original results about the linearized HMRVM system in a
constant magnetic field as well as difficulties associated with improving Theorem|[I]in order to
make progress towards Conjecture[I Section [5.1]establishes well possedness of the linearized
HMRVM system in a constant magnetic field for non-dilute equilibrium using the Fourier
transform to deduce Fourier L' estimates. A simple embedding theorem then implies Sup-
norm estimates. Although this is an improvement of Proposition [I} the bootstrap argument
of Theorem [2|still requires the dilute assumption. Next, Section [5.2| explains why the Fourier
transform method of Section does not work for inhomogeneous fields. Furthermore,
it establishes a possible route to studying stability of the non-dilute linear system in an
inhomogeneous magnetic field using a non-linear Fourier transform coming from the flow of
the characteristics. The Beurling Helson Theorem in [I] may pose an answer to this question
of stability. This is left for future work however. Section then explains why the proof of
Proposition (1] does not apply for non-dilute equilibrium, but also possible way to overcome
the difficulty. Furthermore, Section [5.3.1| uses a Picard scheme to give insight into why the
prepared data assumption is necessary for for the bootstrap argument of Theorem We
finish by addressing the choice of scaling used in the anzatz (2.16). This generalizes the
results of [7] for a larger class of perturbations.

5.1 Constant Magnetic Field

As alluded to the proof of Proposition |1}, which required the dilute assumption M, = eM,
may not be optimal. In the section we assume the applied magnetic field is a constant vector
along the es direction

B.(z) = *(0,0,1).

This implies that O(z) = id3x3 and @) = 0. Furthermore, we will derive uniform estimates
of the following simplified linear Cauchy problem in a constant magnetic field

Of + (&) Vof — J500f = M'(I€) - E
OE—VoxB=J(f), Vi E=—p(f)
OB+ V,xE=0, V., -B=0

(f, B, B)li=0 = (fm>Emv Bm)

(5.1)

We emphasize that are considering the non-dilute case using equilibrium profile M. Again
we assume the compatibility . In order to deduce uniform estimates of the system ({5.1])
we will consider the Fourier transformed equations in the variable x only. Therefore we will
consider the space L; (sometimes denoted FL') which denotes the space of functions whose
Fourier transform (in z) is in L'. More precisely

Ly(R™R™) := {f : R" = R™ measurable | ||F,(f)||z1(R") < co}.
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Similarly we set I/Vk1 ! to be the corresponding sobolev space
W (R R™) == {f : R" > R™ measurable | || Fo () @ny + || Fa(Va )l L1 @y < 00}

The idea is to Fourier transform the system (5.1)) with respect to the variable x and use the
inequality of the bounded linear operator F, : L' s L>®

19l[re < 1|9l (5.2)
to deduce uniform estimates in L°. More precisely we have the following lemma.

Lemma 13. (Global in time solution of linear homogeneous model) Let (f™, E™, B™) €
CHR%R) x [CHR*R?)|? with R > 0 such that supp(f™(z,-)) C {|§| < B¢} and
(fir, Bi* B™)(-,€) € WoH(R3: RT) and satisfies the compatibility condition 14.18). Let T >
0. Then for each e € (0,1] there exists a unique solution (f, E., B) € C*([0,T]; L3%) to
system with (fe, Ee, Bo)|i=o = (f™, E™, B™). Furthermore, there is a constant Cr
depending only on T and ||(f™, E™, Bm)HWkl’l,Lgo such that for all t € [0,T],

|(fe, Ee; B) ()]l ee, + [10:(efe, Ee; Be)(£)] |,
+ [IValfe EBe, B)(t)l|zz, + [|eVefe()llz, < Cr. (5.3)

Furthermore if f is prepared in the sense of deﬁm'tion or equivalently
106/ I, < €C, (5.4
then the Lipschitz norm is also uniform in €

1(fe: Ee; B)(O)|] oo, + [|0e(fe, Ee, B) ()| L2z, + [[Valfes Ee, Be) ()|, + [[Vefe(t)]| L2, < O
(5.5)

Proof. For neatness, we will omit the subscripts € on the solution (f., E¢, B.). Consider
taking the Fourier Transform of the system ({5.1)). Since the divergence conditions on F and
B are fixed by the compatibility conditions, the evolutionary part of the transformed system
then reads:

Of —v(©)-ikf — J500f = M'(|E]) - B
OE + ik x B=J(f)

B —ikx E=0

(f>E7 B)|t=0 = (fin’Ein’ Bm)

(5.6)

The first remark is that the transport term v () - ik f does not generate any growth of the
Li norm. This can be seen in two ways. One approach is change variables form 6 + 6 — %
in the spirit of an integrating factor. Furthermore, this change of variables introduces no
penalization of size ¢! in the Jacobian (which is identically 1) introduced in the charge and
current density. One then can show the semigroup associated with containing ik - v(&),

after this change of variables is uniformly bounded in k. The second approach is similar
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which introduces a PDE on |f|. This is the approach we take here. First we multiplying the
first equation on f by the complex conjugate f*, which implies
1

£12 AV P F12 ! i_A“*
| fI7 = v(&) - ik f] 6<€>0e!f| M(IEDW Ef.

Similarly, taking the complex conjugate and multiplying by f , and adding the two expressions
(i.e. taking the real part) gives

X 1 X ¢
ONfIE = — =0l fIF = M(JEl) -
AP = g Ol = M (eD
We can solve this equation through method of characteristics in cylindrical coordinates. If
we set &(r,0,z) = (rcos(f),rsin(f), z), then the Duhamel principle gives

(Ef +E" ).

t

(k&) = |7k, E(r, 0 + T 2))?
+/0 (%M’(|§|)’% (Ef*+ E*f)) o (s,k,&(r,0 + te<_—€; 2))ds, (5.7)

implying the point-wise estimate

f (2, O < [Fm(k €00+ — =, 2) +C(RM)||M’||LOO/O [E(s. R)] [/ (s, k, )| geds.

(5.8)

t
e{€)

Remark that 1} implies f remains compactly supported in the variable £ for all times
t > 0 since

|f(t. k. €)| = 0 for |¢] & supp(f™(k,)) Usupp(M(| - |)) € B(0, RY).
To estimate the fields we consider the ODE

A

18, UG a [ e

B k]« 0 B 0
where
0 -k k2
Kl =K 0 =k
k% Kt 0

The matrix A, has eigenvalues
A =0, A =xi/]k],
implying that the operator e*** is uniformly bounded in &

sup |[e*||ge,sre < C. (5.10)
keR3
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Therefore the variation of a constant formula on (5.9) gives

Bl _ o [B") [ eon {f v(é)fdé] ;
o) = ]+ o [P

Then since f has compact support in £ and using the estimate 1} we obtain
(B, B)(t,K)| < CY(E™, B)(R)| + () / 172, )l s (5.11)

Therefore adding and and applying Gronwall’s inequality imply
1(F, B B)(t k. )| < C(RE D™, E™, B™) (k)| ge-
Integrating with respect to k implies the L} estimate
(£ B, Bt Mlnge rp < CRE D™ E™ B™) (-, )l pgo 11
Finally we use that F : L' = L* is a bounded linear operator
(£, B, B)(t, -, Mg,z < CRE D™ E™ B™) ()1t (5.12)

Lipschitz estimates in time and space are similar. Differentiated the system ([5.1]) with respect
to 0; with i = x1, x9, 23 or t we have 0;(f, E, B) solves

QO f +v(8) - Va0 f — 1 39(9 f= M/<|§|) T

Therefore 0;(f, E, B) is also a solution of PDE (5.1)). Thus repeating the previous proof for
the L*>° estimates gives

10:(f, B, B)(t, -, Mlige,nee < C(RE TS, E, B)lemol-, ) 1o 11 (5.14)

In the case of i = a1, s, T3, since be(z) = 1, imposing more regularity on (f, £ B™) to
be in Wk gives uniform estimates on 9%(f, E, B) for all k € N. Furthermore we can bound
0:(E, B) since

o0l < V. x Bl +| [ v(e)sae]
|0,B] < |V, X E|.
For 0,f however, note that

O]y r€) = —-Bol 20, €) + MU(JED) S - (B (fy + (B ).

€ (&) €]
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Therefore for ¢ = t, the right hand side of is uniformly bounded in € as long as
holds. For the momentum derivatives, we could follow along the lines of , but instead
we take a different approach to emphasize the presence of rapid oscillations occurring in the
characteristics. Remark that the Vlasov equation can be solved with an exact solution along
the flow using the Duhamel principle as follows

f(t,a?,f(’f‘,ea Z)) = fm<x - Em(taf)ag(rve + %’ Z))

MUED [ e g b= .
+ €| /05(7“,9—1-@,2)-E(3,x—u (t —s,8))ds, (5.15)
where
er sin(6 + ﬁ) — ersin(f)
E"M(t,€) = | —ercos(f + %) + er cos(h)

©

We can then estimate V¢ f in cylindrical coordinates using the gradient operator
1
V5 = 69;8@ + e,ﬁr + 6282.

Firstly, we can estimate %89 f, along the same lines as before with 0; and 0., since %89 f
satisfies

1 1 , é'J_ 1
€<—£>39(;39f) ~M'(|§)) =7 - F— == - Vaf.

OL08) + 0(€) - V.00 - AT

Integrating along the flow then gives

%agf@, .6) = lagfm(x =€), £(r, 0 + % 2)

M’]é’\ ,2) - E(s,x —Z"(t — s S
e /s @7 Blar =2t = s.0)d

——/ e (r, _> 2) - Vaof(s,x —E™(t —s,&))ds (5.16)

Again assume that M’(0) = 0 and M'(|£]) = O(|¢|) at & = 0 to ensure M]gfl) remains
bounded at [£] = 0. Therefore

1 1 ) M/ t t
100001 < 100 "oz + 12 e [ G ads + [ 19276z,
(5.17)

From the definition of =™, the norm LZ° is in fact taken over the bounded set

A=Az, T,e) ={y e R | |y — 2|+ |v* — 2% < 2¢,|y* — 2®| < T},
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This suffices for uniform estimates of |19, f|. However, as noted we have |9,0% f| remains
bounded for all £ € N for prepared data. Therefore integrating (5.16)) by parts in time and
Taylor expanding the initial data term with respect to e for =™ implies

100 (0.2, = 20h " (¢ = Tren (0 + 5.2)

<eCT sup. (B, e + [10:V2 f(t, )| nx,) + 2€[106V 0 f|| 1,
tel0,T ’ ’

SeC(T +1).

Next we consider 0, f with j = r, z by differentiating (5.15). But remark that the derivatives
of Z™ are uniformly bounded in the sense that

IVEE™ (Ol + 0Z" (¢, 6] < Ot [€]) < C(T, RY). (5.18)

Thus we have

6jf(tv l’,f(’l“, 97 Z)) = _8jEm : vxfm($ - Em(t7£)vf(ra 6 + L> Z))

. (@)
9.6+ )
t 0+ )
M'<|s|>) s o
0. r s 0+2)| - F —= —
+0, () B - =t - .9 s
_oMgﬁ%0ﬁ+%é§waAﬂax—zm¢—a@mﬁm@—&ﬂﬁ
[sin(0+ 75)
e (- sy [0 _
B 4 t=s -E(s,z —Z™(t — s,£))ds. 5.19
| O | Bl == 519

For prepared data each term in the above is uniformly bounded in € except the last integral.
We recover this loss of e! by integrating by parts
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t (t — s)rj ti<§>
9"‘ 2 E 3 ="(t - ’ d
/0 e | ¢ s( 0 ®) (s, (t = 5,8))ds
. cos(f + &)
:/ <t_s2)rj(95 sin(9+i%’>) E(s,x —E"(t — s5,€))ds
0 (3 0

( — E+ (t—s)0E+ (V.E)O,=Z"(t — s, 5)) (s, —E™(t — s,£))ds. (5.20)

We can combine (5.19) and ([5.20) and again assume that M’(0) = 0 and M'(|¢]) = O(|¢])

in order to ensure @(%) remains bounded at || = 0, to obtain an estimate for |0; f|:

) 1 ) )
01 (8,2, 91 < O BNV S " lliz, + Tl=00f" |12, + TIE™ || 1o
t
+C(T, RE’)/ E(s; ez + IV E(s, )lloge + [[0E(s, )| g ls.
0

This completes the proof of existence. Uniqueness follows immediately from consider the
difference of two solutions, and using the linearity of the system. The inequalities ([5.12)) and
(5.14) then imply the difference must be zero implying uniqueness.

O

5.2 Fourier Analysis for Inhomogeneous Fields

When we consider the case of an inhomogeneous, magnetic field with constant direction
a difficulty in the previous proof arises when we attempt to take the Fourier transform of
the Vlasov equation. In this case, the Vlasov equation becomes

be(x)
€ (§)

Of +0(6) - Vo — 2D p M;<|5|>é—| E.

But then the transformed equation reads

O,f —v(€) - ik — % o0 O0f = Mz<|§|>|§7 E

Thus, due to the convolution JZ—Q xi, O f , we no longer can solve for | f | along the flow. But
remark that after taking a Fourier transform of the fields (F, B), the variation of a constant
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formula given by (5.9)) still remains. We can attempt to avoid this difficulty be solving the
non-transformed Vlasov equation first

| [1]

(t2.6) = P (X.E0)+ [ (F(ED - P, X0 = 9. = )ds, (521

(1]

where (X, Z) are solutions to the characteristic curves of the inhomogeneous linear system.

X = % X(0) = z,
== _be<X)EL, Z(0) = €. (5.22)

Remark once again, the system ([5.22)) is divergence free and is therefore the flow is volume
preserving for all times. For simplicity we write (X, Z)(¢,x,&) = (X,Z)(t) and therefore
the transformed current density coming from (5.9) after substituting (5.21)) and changing

variables is

[ @i = s [ [ e e

1 te—ik-X(t—s)U - , 5. 2\dsda
comi ] (Sl = )M (e - Bl a)dsdods. (529

In the constant case, where b.(x) = 1, the map x — X(t,2,§) = x + Z™(t,§) was linear in
x and E(t) = &(r,0 + %, z) so ((5.23]) reduces to

_n & 0+ 25 ,2) L
/ (f)fdf = 27T1)3/2/ —ik-B 5) /e_zk'mfzn(l‘,g)dQTdf

—ik-Z™ 6(7’ 0+ ) n
-/ GRS

t — 0+ 52, ¢ .
—ik-E™(t—s,8) 1 1/ (&) . B
/0 /6 M (|€|) <§> <|§‘ (57k>)d€d5>

which allowed for uniform estimates in Lj since the transformed current density could be
bounded by

[ o2 Fdel < 1F kMg + 1M Dl [ 1. R

When b, does depend on z, it may be possible to deduce uniform estimates of the fields by
remarking that the inhomogeneous flow is a perturbation of identity as explained precisely
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in Lemma [0} Using this in (5.23)), we have up to order €2,
¢ 1 —ik- X (t - in
[ @i = s [ [ OuE0) o

1 /t/‘ _i3=9)&s / —ik-(z+eRe (t— g)E(t — S,T, f) / f
T e ® e iwmenet=ame) T T2 M(|€]) = - E(s, x)dxdéds.
G ), @ el e

If we consider the Beurling-Helson theorem from [I], the non-linear exponent,
et (tele(t=s2.8) may imply ill-posedness in the L; norm when we attempt to obtain an
estimate of the form

t
///eik.(ﬁgRe(t—sw,&))gb(s’xjg)dxdgds
0

However due to the imprecision of ((5.2)) this would not immediately imply ill-posedness in
L. Moreover, the map = +— = + eR(t, z,£) is an approximation of identity. In other words
we have the point wise limit,

Folim eBelt=s9) (k) = F (1) = V2r0(k),

e—0T

2

< C(r) [ l19(s. ki ds.

in the sense of distributions. Therefore, an argument may exists to deduce uniform estimates
in L} for very small e. This is not immediately clear and will be further explored in more
details in forthcoming work.

5.3 Difficulty For Unprepared Initial Data

There is a difficulty which occurs when we attempt to extend the uniform results for
the non-dilute, linear model to the non-linear system even in the case of a homogeneous
magnetic field

Ouf +0(&) - Vaof — 2500 f — €[E+v(€) x B]- Vef = M'(|€]) g - E
atE_szB:‘]<f)v sz:_p(f)

(5.24)
OB+ V,x E=0, V., - B=0
(f,E7B)|t:0 — (fm,Ei”,Bi”)
and the associated linear system
Oefe+v(€) - Vafe— Je0afe = M'(IE]) % - Ee
atEK_Vx X BZZJ(fE)a vfo: _p(ff) (5 25)

0B, +V, x E, =0, V, - B, =0
(f7 E7 B)|t:0 = (fzn7Ezn7an)

First the proof given for Lemma [13] fails due to the non-linear term e¢[E + v x B] - V¢ f
when one attempts to compute the Fourier transforms in . Since the space L} is an algebra,
a non-linearity such as Ef would be fine, but the derivative V¢ does not allow for uniform
L; estimates by following the same lines. Furthermore, as remarked (remark , Proposition
fails in the non-linear case since the source term in the Vlasov equation is no longer small.

52



To illustrate this, if we Taylor expand the linear solution f, for a non-dilute plasma in with

respect to € in the variable z — =™

fg(i,x,f(T, 9’ Z)) - fm<x - Em<t,£),€(7’, 0 + L? Z))

e (£)

M'(IE]) [ t—s _om(t— s e))ds

# 2 [0+ 520 B~ 27— 5.0
in —t—Ze T L,z
:f (.’L‘ <£> 375( 76+6<§>7 )

+ Zj\/[|/€(||€|) /0 Ey(s,x — Z(t<€_> 8)63)d3 + O(e|%fi”| + ~€|?$Eg|)7
(5.26)

where V, = (0,,,0,,,0). Then when we consider the difficult term like , the term
above involving the initial data f is rapidly oscillating, so the proof of Lemma [11| can be
used as on this term. Similarly, if we assume a priori control over |eV,Ey|, the remaining
term in the above could be handled without the dilute assumption since

AMED [*p o ZE=8) 0
59( q /OEg(, @ 3)d)_0. (5.27)

Thus a similar argument could used for the non-linear case as long as there was a priori
control on eV, E|. To summarize, there are two issues with the preceding arguments for
extending the linear case to the non-linear case in a dilute setting

e The space L}, does not behave well with quasi-linear terms like eE - V¢ f.

e The wave equation introduces a loss of derivatives in order to regain the factor € from
passing T'(f) to a momentum derivative by means of €V, FE for sup-norm estimates on
E unless the plasma is dilute and the non-stationary phase argument is not needed on
the source term of the Vlasov equation.

5.3.1 Picard Scheme

Now suppose we attempt a Picard iterative scheme to try and avoid the prepared initial
data assumption. We will show the linearization procedure will not yield a good approxima-
tion for ill-prepared data. For simplicity, in this discussion we assume here that M = 0 and
b = 1. First consider the first approximation (fo, Eo, By) given by the following system

Oifo+v(€) - Vafo — %aefo =0
OiEy — Vo x By = J(fo), Va-Eo=—p(fo)

(5.28)
@tBo‘l‘szEo:O, VIB():O
(f07 E07 B0>|t:0 = (flnv Ein’ an)
Then let f; be a solution to the linear system,
{ Oufr (&) - Vefi = G0y = elBo + v(€) x Bul - Ve, (5.29)
fili=o = ™. '

The we have the following relation
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Lemma 14. Let (fo, Ey, By) solve and fy solve . These are global solutions C*
in time. Then for all T > 0, there exists Cr > 0 such that for all t € [0,T] we have

(t—s)z

{€)

tz

{€)

e3)ds| < eCr,

(5.30)

Fi(t 2. €) — folt2.€) + 20, 7 (X (), 2(—t)) / E3(s,x+

where (X, Z)(t) solve the linear homogeneous characteristics of given by
X(tal‘75> :I_Em(_t7§)a E(t7x7§) :é.(tag__

Proof. Again remark that the most singular part of V¢ f is given by

Vefolt,r,€) = —%a@ﬂ”m—w, =(—)) + 0(e).

Where (X, Z)(t) is the linear characteristic curve solution of fy. Therefore, up to order € we
have

[ + 0(€) X Bol - Vefo = — o+ o500 f"(X(~), 2(~1)) + O(e).

()"
Solving for f; yields
t=(t)
(&)’

%[fl(t,X(t), E(t)] = —Eo(t, X(1)) - 0o f ™" (x,€) + Ofe).

Thus

t

filt, X (1), E(t) = f"(2.€) Bk 0o f™ (x,¢) /Ot [Eo(s, X (5)) - Z(s)]ds + O(e).

We then write
d

E(S) = 5(7”, 0 — ma Z) =—¢ <£> %[5 (7’, 0 — mv Z)] + zes.
Therefore integrating by parts yields
- / [Eofs, X () Z(5)]ds = e €) [Eot X (1) - €010 = 5.2) = E"(a) - €'
—e(§) /0 [0sEo(s, X (s)) + VaEo(s, X ()X (s)] - & (r,0 — E, z)ds

—z /Ot E3(s, X(s))ds.

Next can approximate the linear flow X via
5z
X(S) =+ @63 + O(E)
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Recalling the estimates from theorem
|0:Eo| + Vo Eo| S C(1),
we can then solve f; along the flow

tz

()"

SZ

At X(1),21) = fi*(z,€) — (&)

¢
39fm(x,§)/0 E3(s,x + —e3)ds + O(e).

and finally
filt 2, &) = fM(X (=), E(-1))

tz

— <£>389fm(X(—t), =(—t)) /Ot E3(s,x + Meg)ds + O(e)

(€)
= folt,2,€) 0o f™(X (—t), E(=1)) /0 E3(s,z+ (s

tz

(€)°

—t)z

()

e3)ds + O(e).

]

This presentation shows that the nonlinear term €[E+v x B]- V¢ f may lead to non-trivial
growth in the sup-norm unless initial data is prepared.

5.4 Loss of Derivatives in L; for Non-Linear Problem

In this section we describe another potential problem by attempting to compute uniform
L; estimates on the fields in for the non-linear system. First consider computing the time
derivative of the nonlinear f along the linear flow in the inhomogeneous setting (b.(x) = 1):

X(t) =T — Em(_ta 5)7

t
=(t) = &(r, 0 z).
()= €020~ 7.9
Then we have that
d =
(X E)O)] = e Ve - ([E +v x Blf)]o (X, 5) + M'(ISI)E - B(t, X)
= Ve eE + 0 x Bl o (X, 2]+ Al + 0 x BIf) 0 (X,2)) - 555 + M (e g B8, X)
Next we consider the variable change as follows
g(t,z, &) = (X, E)(¢,z,9))

So that ¢ satisfies
g = V- B+ v x Bl o (X, Z)g] + Al(1E-+ v x Bl o (X, Z)a) 55 + M€ - Bt X)
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Suppose we seek to transform Maxwell’s equations using a Fourier transform in x. Then
the transformed current density, after changing variables along the the volume preserving
diffeomorphism (x, &) — (X, Z)(t) is given by

/ £) fde = // €)™ f(t,x,€)dwds
_ / / v(E(t))em = D) g dg
// S (16) {/ Ve [e[E +v x Bl o (X,Z)(s)g(s)]

:ss-g S sdx
PE +0 B)o (X, 2)(:)a(5)] - 55 + uwk, uxﬁdd%

Consider for example the first term in the above. We can first integrate by parts and the
flow can be inverted as follows

/ / Ve (U(E(t,§))eik'(m+5m(t’5))> o (X1 E™h / t[E + v x B]fdsdzd¢
0
- / / E(vg[v(z)] +0(E) @ Velik 5m]> oz / M[E 4 v x Blfdsdrde

0

remark that we have the estimates
1eVelo(E)] 0 = |z < €
whereas
|ev(Z) ® Velik - 2™ oE_lHLgo < ekC

Therefore this term can be controlled by
[ fm<o/HEB Meal £, gy e
#.0 [ k(8. BB iyl g

But this is not suitable for uniform L; estimates due to the multiplicative factor k.

5.5 Scaling

Coming back for a moment to the system - ., and considering the expression
- there is a clear challenge in deducing uniform in € estimates on (F, B) in terms of f
using the approach of [7]. However, theses methods can be generalized for a wider variety of
perturbations. It is apparent there is a strong dependence on 5 parameters, that are fixed at
time t = 0. These are: 1, the size of the in initial data f in the sense of L, 2, the size of the
initial fields (£, B), 3, the size of the momentum support of f, 4, the size of the momentum
size support of the equilibrium profile M, and finally 5, the size of M in the sense of L*°.
These can be summarized by consider a general anzatz as follows:
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f(t,2,6) = P M([E]) + O f(t,2,€€),  £7(x,8) = P M(e[¢]) + € f7 (w, €€), (5.31)
(E,B)(t,z) = ¢/(E, B)(t, ), (B, B™) = & (E™, B™)(x). (5.32)

In a completely general situation we simply have £, a, v, u, v € R fixed constants. Here we
do not scale the spatial variable z as it is already well adjusted. This is physically relevant as
we assume the characteristic length scale |x| < R? is fixed, such as confinement to a tokamak
or confined to Earth in the Van Allen Belts. The momentum variable however, can vary
since it will depend on the plasma temperature (which is independent of the characteristic
length scale). In the new momentum variable 7 := ¢ this perturbed system becomes:

(

Ouf +o(e™n) - Vo f — € '[iZhy x Be(a)] - Vi f

(e=#n)
—e"V[E +u(e ) x B] -V, f = P M (e ) - B
y OE—V,xB=e"3" [vetn)f(t,z,n)dny (5.33)

Vo E=—3" [ f(t,z,n)dn— =2 [ M(|n|)dn + p;
OBV, xE=0 V, B=0

\

We will consider this system under the following conditions:

ri=y—8u—v—12>0,

for p>0: 8 rhi=y—8u>0, (5.34)
rh =0 —2a—2u>0
rii=y—4pu—v—12>0,

for —1<pu<0: roi=7v—4pu >0 (5.35)
r3:=pF—2a >0

ry i =y—3u—v >0,

for p<—1: rhi=v—4p >0 (5.36)
\ ry=0—20>0
and
P 65‘30“”/M(1n|)dn, v >0, (5.37)

Under these conditions we have the following result:

Theorem 3. (Sufficient condition for uniform sup-norm following following the strategies

of [7]) For initial data (f™, E™, B™™)(-) satisfying (2.26])- , there exists €y € (0,1] and

some T > 0, independent of €y, such that for all € € (0,1], there is a unique C* solution
(fe, Ec, Be) on [0, T), with (f., Ee, Be)|i=o = (f™, E™, B™) to such that

sup ||(f€,E€,BE)(t,ZE,f)|| < O(Ta R807 ||(fmvEm’Bm||L2°§) < 00, (538)

(2,6)ERE
if the scaling parameter criteria - are satisfied.
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Remark 6. Physically we should assume that p < 0 to ensure that we have uniform control
of the initial support, supp(f™(x,e§)) C B(0, RY) x B(0, RY).

The example given in [7] consider the critical case of p = —1 and r; = ro = 0. This
meant to consider solutions of the form

£t ,€) = e *M(HE]) + P f(t, 2,670, (5.39)

(E,B)(t,x) = e(E, B)(t, ), (5.40)

pi = /M Inl)d (5.41)

Another result which follows from repeating the procedure of [7], which was not considered,
would be to take

f(t,2,8) = eM(I¢]) + €f(t,2,¢), (5.42)
(E,B)(t,z) = ¢(E, B)(t,z), (5.43)

- e/M In))d (5.44)

Remark 7. The proposed anzatz (2.16]) with equilibrium profile does not satisfy
since ro = —1, although r1 = 0 and rg = 0. Similarly for the case of equilibrium profile
these condition are not satisfied as ro = —1 whereas r1 =0 and r3 = 1. The question
becomes whether - are necessary conditions or not. It turns out that in the case
of equilibrium profile , we can obtain uniform estimates provided the initial data f™ is
prepared in the sense of definition[1].

Proof. (Outline) Following the lines of [7], the proof of theorem |3|can be sketched as follows
explaining each of the conditions ([5.34)-(5.35)). First, equation (3.47)) under this scaling reads

Bt z) = —e / Pl 2, €)Y (£ 2) +1a (Lo T(e1E) (1, 7, €))dE
+ 6“’_3“_”/q(t,x, eHOY (t, ) 10 (Lisof(t, x,8))dE

T [tvx x B7(y) + E™(y) + [y~ 2) vywm(y)] as(y)
- EW_SM_V% / /S2 (1w, e #E) f™(x — tw, §)dwd€
=h+ L+ I3+ 1. (5.45)

After passing the transport operator to the Vlasov equation the first term becomes

I, = -3 / Vep(t,z, e MY (t,x) % (Liso[E + v(eHE) x B|f)d¢

_ Ydumv—l /Vgp(t@, eFOY (t, ) *14 (ﬂt>o[ﬁ x Be]f)d¢
+ efta=du /p(t, T, e POY(t,2) %10 (1t>0M/(€au’§D|§_| - B)d¢
] (546)
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Owing to the estimates (3.49) and (3.50)), the 2nd and 4th terms in (5.45)) are estimated

respectively with

t

I, < @9 (1 + e #)C(RY) / [1£(s: 5 Mlzzzeds,
: ,

Iy < B WO o B,

Term I3 is easily controlled by initial data and is independent of €. Furthermore, one has

[IVep(1, w, ')||Lw({|g\gRg}) < 8(1+ (R{)* + (RgT)\/ 1+ (RE)Q)Z
Therefore the first two terms of are similarly controlled by
1< ICRE) [0 B s oo s,
1 < 1 OO B) [ 15l
and finally the last term in is bounded by
I} < CePtomn(1+ (6‘“32)2)/IM'(EO‘_“Ifl)Idf/OtIIE(S,-)HLMS
< CORYE 1+ (R s [ 1B s

This justifies ((5.34)-(5.35]). Therefore in the worst case scenario when p > 0 we require:

rii=y—8u—v—12>0,
w>0: rhi=v—8u>0,
ry:=L0—20—2u>0

For p < 0 we must have:

vy—4p—v—-12>0,

vy —=3u—v >0,
¥—4p >0
b—2a>0

Therefore if we consider two regimes p € [—1,0] and p € (—o0, 1), we have either —(1+u) <0
or —(1 4+ u) > 0 respectively. Therefore this reduces to

rii=y—4pu—v—-12>0,
—1<u<0: ro =7 —4p >0
r3:=0—2a>0
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and

r{=~v—-3u—v >0,
< —1: rhi=~y—4u >0
rf=0—-2a>0

Remark, the —1 comes from the size of the applied field O(¢~1). Finally, the estimate ((3.58)
becomes

t
()] < |¢] + e / 1E(s, )| 1zds (5.47)
0

Therefore, with the a priori assumption that |[E(¢,-)||ze remains uniformly bounded in e
on some time interval [0, 7], we must have p + v > 0 to ensure the characteristics curves
(X, Z)(¢) remain in a compact set on a uniform time interval [0, 7. O
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Appendix A

A.1 Homogeneous Distribution Theory

In this section we introduce some results homogeneous distributions in order to prove lemma
[ We first start with a result given in [16], about commuting vector fields

Lemma 15. (Commuting Vector Fields) Define

Then in the sense of distributions we have the identities

[Li,O,) = L0y, — O, Li =0, (5.49)
LY =0, (5.50)
L;io(t,x) =0. (5.51)

Proof. Consider the triplet {i,7,k} = {1,2,3} with possible rearrangement of order. For
neatness, we will identify 0,, = 9;. Then by direct computation we have

OiwLi = (07 — Ay) (2,0, + t0y,)
= [@:0]] + [207; + 0] — [2:(07 + ) Ds + 0} (,0,)] — [tAD}]
= [2,07] + [20% 4 t0su] — [2: A0, + 202] — [tAD)]
= 2,08 + 103, — 1A, — tAD;
= (2:0; + t0;) (0} — A) = L, ... (5.52)

Next we take ¢(t,x) € C2°(R*) and consider

(L0, ¢) = /([xi&g +t0;]0(t, x)) (¢, x)dxdt

_ / 5(t, 2)[widh + 0] (t, ) dudt
[0, 1) + 109t 2)] 100 = O. (5.53)
Finally we compute
(LY, 6) = — (Y, (t0 + 2:0,)9)
__ /R 4 0 =120 5 4 mid)o(t, o)dtda

47| x|
=~ [ Bl 2) + as(el, 2)d
AT Jps e 2| " e
1
= Oi[o(|x|, x)]dx = 0. (5.54)
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Before we can use these to proof lemma [i] we recall a result from [I5]. Recall that
S € M, (R™) if for all p € C(R™ —{0}) and A > 0,

(S, Myp) = X" (S, ) , (5.55)
where M ¢(z) := (A" 'z).

Lemma 16. Let S € M (R™). Then if « > —n, there exists a unique homogeneous extension
S € D'(R") of degree c.

Proof. (Proof of lemma 4) The following proof holds for any v € R? satisfying |v| < 1. Let
L:= (Ll, LQ, Lg) = $8t + th, (556)
then

v-L=(v-2)0+tv-V,
= (mv)@t—i-t[at—i—vvz] —t@t
= (x-v—1)0 +tT(v). (5.57)

By a straight forward computation we have
(t—x-v)L+x(v-L)=t[(t —x-v)V,+ 2T (v)]. (5.58)
Next using (5.50) we obtain

0= (v-L)Y =tT(0)Y + (x-v—1)0Y, (5.59)
O=[t—a-v)L+a(w- L)Y =t{(t —z-v)V,+ 2T (v)]Y. (5.60)

Therefore away from x - v =t # 0 it follows that

oy =- _’; —T()Y = aolt, ) T(0)Y,
oY = — zi_ T()Y = ai(t,2)T(v)Y. (5.61)

Remark that since |v| < 1 the singular set - v = t of a; intersects the support of Y only at
the origin

{z-v=t, ort=0}n{lz| <t} ={(0,0)} (5.62)
Denoting 0y = 0, it then follows for i € {0, 1,2, 3}
supp(0;Y — a;T(v)Y) ={(0,0)}. (5.63)

Therefore a;T(v)Y € M _3(R?) (as a; € Mo(R?)) and therefore, by lemma |16} has a unique
homogeneous extension to all of R?, i.e.

Y —a;T(v)Y € D(RY). (5.64)
Introduce an auxiliary cut-off function
. 1
X=X €CERY), 0<x<1 Xpipg=1 supp(x)C 0, |U—|)- (5.65)
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Therefore, on the light cone £C := {(t,z) | || = t}, we have x(12})|zc = 1. This implies

T

2] z|

;Y = X(T)&»Y = X(T)ai(t,x)T(v)Y(t, x) = al(t,n)T(v)Y (t,z). (5.66)
Thus
oY =T(v)[aY] - [T(v)ad]Y. (5.67)
Therefore we set
ao(ta Z, ) = (a(l]> ag? ag)7
a'(t,z,€) .= T(v)a’,
p(t,z,€) = —v(§)ag — a’,
q(t, 2, &) = v()T(v)a) + a'. (5.68)
Giving the desired result
[0()0y + V.Y = =T (v)(pY) + qY. (5.69)
Similarly
Vo x (0(§)Y) = [v(§) x VoY =v(¢) x (T(v)[a"Y] +a'Y). (5.70)

A.2 Bihari-LaSalle Inequality

We first introduce the classic Gronwall’s lemma.

Lemma 17. (Gronwall: Integral form) Let u and [ be continuous, real valued function
defined on an interval I = [0,0) (where b > 0 may be +00). Let a be an integral function on
I and suppose that u satisfies

t
u(t) < aft) +/ B(s)u(s)ds, YVt e I, (5.71)
0
then
t t
u(t) < aft) —|—/ a(s)B(s)els P ds Yt e T, (5.72)
0
If in addition « is non-decreasing then
u(t) < at)eh Ao (5.73)
We omit the proof this well known result. However will prove a non-linear version of
Gronwall’s lemma known as the Bihari-LaSalle inequality. This result was originally given

in [2]. For our purposes, the non-linear function w(u) in the following lemma will simply be
a quadratic polynomial such as in the expression (3.53)) for instance.
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Lemma 18. (Bihari-LaSalle) Let v and F be non-negative, continuous functions on an
interval I =10,b), b > 0. Furthermore, let w be a non-negative, non-decreasing, continuous
function on [0,00) and let a > 0. Suppose that u satisfies

u(t) <ot /0 B (s)w(u(s))ds. (5.74)

Then
u(t) < G- <G(a) + /0 t F(s)d5>,w c(0,7). (5.75)

where
G(x) = / % £ 0, 20> 0. (5.76)

and b > T > 0 is chosen so that the inverse function G~ evaluated above is well defined
G(a) + /Ot F(s)ds € Dom(G™1),vt € [0, T). (5.77)
Proof. First define the right hand side of as
v(t) == a+ /Ot F(s)w(u(s))ds. (5.78)

Then since w is non-decreasing, and the inequality (5.74) implies
w(u(t)) < wlv(t)), (5.79)

and since @ > 0 we have w(v(t)) > 0, and therefore dividing by w(v(t)) and multiplying by
F(t) gives

w(u(t))
w(v(t))F(t> < F(t). (5.80)
Furthermore,
V'(t) = F(t)w(u(t)), (5.81)
so that
v'(t)
W@ (®) < F(t) (5.82)
Moreover we compute with Leibniz’s integral formula
d (1)
)] = w(o()) < F(t) (5.83)
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Therefore integrating both side gives

Equivalently we have

G(v(t)) < G(a) +/0 F(s)ds

Finally, since w is non-decreasing, G~ is increasing and we finally arrive at

u(t) <v(t) < G™! (G(a) + /OtF(s)ds),Vt € [0,T7,

where T is chosen so that the above argument is well defined.
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