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Abstract. ‘Attractor’ neural network models have useful properties, but biology suggests that lack of
symmetry and more varied dynamics may be significant. The equations of the Hopfield network, without
the constraint of symmetry, can have complex behaviours which have been little studied. G.-H. Cottet [C.
R. Acad. Sci. Paris, 312-1 (1991), pp. 217-221] borrowed techniques from particle methods to show that a
class of such networks with symmetric, translation-invariant connection matrices may be approximated by
reaction-diffusion equations. A single, albeit infinite-dimensional, equation of known type 1s easier to analyse
than an enormous system of equations, keeping track of the activity of every neuron. This idea is extended
to a wider class of network connections yielding a slightly more complex reaction-diffusion equation. It is
also shown that the approximation holds rigorously only in certain spatial regions (even for Cottet’s special
case) but the small regions where it fails, namely within transition layers between regions of high and low
activity, are not likely to be critical.
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ion. A good deal of attention has been paid in the last few years to the type of neural
network model often referred to as the ‘Hopfield network’ since Hopfield’s important contribution to the
study of such systems [20, 21]. The equations describing the dynamies of these networks are of the form

U = —au; + Zﬂjg(/\uj) , (1.1)
J

where i and j are indices over all neurons in the network, u; represents the membrane potential of the itk
neuron, & > 0 is a ‘leakage’ rate (or resistance parameter in Hopfield’s formulation), T;; is the ‘synaptic
efficacy’ modulating the effect of neuron j on neuron i, and g is a sigmoid response function with ‘gain’ A > 0,
“describing how a neuron’s firing rate depends on its membrane potential. These equations may also have
external input terms, ¢;, and threshold terms, 8;, describing signals to each neuron arriving from outside the
net and firing thresholds other than zero. For example,

U; = —au; + Z Tijg(Mu; —0;)) + ¢ (1.2)
i

As a model for biological neural networks this is clearly a great simplification but it nevertheless extracts
some features of their design. Artificial neural networks using these dynamics have proven useful in some
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applications. There are, of course, many models of neural nets (see, for example, the survey papers [18, 24,

25, 35]). The dynamics of many of the models (especially those closer to biclogy) have the form of equations
(1.2).

The dynamical behaviour of these equations is in general complex and difficult to describe. Much
of the literature has concentrated on the special case of a symmetric connection matrix, T (ie. Tj; =
T;:). This is mathematically convenient as there exists an energy functional in this case which ensures
convergent behaviour of the net [21]}: All initial conditions approach a fixed point. Convergence is useful in
the application of these neural nets to content-addressable memory or the retrieval of patterns (‘memories’)
from distorted or similar versions of them; it is possible to construct the transition matrix so that selected
patterns become fixed points of the dynamics.

However, there is no biological reality to the symmetry of synaptic connections and there are good
reasons why neural nets (perhaps even artificial ones) should not simply converge to fixed points (see e.g.
the paper of Skarda and Freeman and the discussion following [32]; also [26]). Biological neural nets, whether
we refer to the entire brain of an organism or a subsystem of a brain, do not simply converge to fixed levels
of neural activity — they respond to external input, they often behave chaotically (see, e.g., [16, 22, 32])
and they learn without supervision. Hence, it seems likely that something can be learned by studying more
general neural network models and in particular non-symmetric ones.

When the Hopfield network equations are allowed to have a non-symmetric transition matrix, the range
of possible dynamics is much greater. It appears, on the basis of numerical studies [28, 29] and analytic
studies (e.g. [33, 34]), that their behaviour is often chaotic. We would like to explore the types of dynamics
possible and to develop analytic techniques to help do this. This paper explores one such technique, namely,
approximation of the Hopfield network equations by a single partial differential equation. This blurring of
the distinction between individual neurons is in the same spirit as the laws of thermodynamics and statistical
mechanics where important properties do not depend on keeping track of the motions of individual particles.

Neurobiologists often take measurements of neural activity by inserting electrodes which record activity
of a pool of neurons in a general area. Although neurons are discrete entities, it appears that at least some
(and perhaps all, according to Skarda and Freeman) of the interesting behaviour occurring in biological
brains occurs at this level of averaged activity over an area. (See e.g. [32, p. 163, 190] and [17, pp. 7-10]).
This suggests that continuous space models might be capable of describing these behaviours.

Furthermore, it has been pointed out (e.g. hy Cottet [12]) that it is appropriate to study the limiting
system as the number of neurons in a network goes to infinity if one is interested in studying the behaviour of
very large neural networks, particularly since the increase in size may cause changes in the type of dynamics

and asymptotic behaviour.

The possibility of using a continuous space model with the same form as the discrete space model has
been explored occasionally in the literature (e.g. [3, 4, 10, 31]). Neural activity is essentially modelled by a
‘neural field’ rather than a neural network. For example

(e, 1) = —aule, 1) + / (2, y)g(Muly,1)) dy . (1.3)
19

Cottet has taken this idea one step further [11]. He hasshown at least formally that, in a restricted case of
symmetric, translation-invariant connection functions T (i.e. T(z,y) = T(y,z) and T(z,y) = T(z+z,y+2)),
the integro-differential equation may be replaced by a certain partial differential equation (PDE). In fact, he
claims (using techniques from particle methods in fluid dynamics, etc.) that solutions to Hopfield equations
are approximated arbitrarily closely by the solution to a PDE in a fixed time interval. Thus, he has attempted
to give a rigorous analysis of the relationship between his continuous space and discrete space models, rather
than simply presenting a new continuous space model. Although it appears that the convergence of the
approximation cannot be rigorously carried through in general, it holds in some spatial regions (and a
weaker form of convergence may still hold everywhere).

Cottet was particularly interested in applications of these equations to image processing problems (see
also [12]) and for these problems, his restrictions on the connection function T are appropriate. However,
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it is possible to apply the same methods to more general T' and obtain PDEs whose solutions approximate
those of the corresponding Hopfield nets over fixed time intervals.

In particular, it is not necessary to insist that T be symmetric or translation-invariant. There are
still, of course, restrictions on the form of T (smoothness, moment conditions, concentration around the
diagonal), but there is a class of such functions (and corresponding matrices) for which the Hopfield nets are
approximated by the behavicur of PDEs. The particular PDEs which are obtained are of a type for which
some theory exists so we have an idea as to how they behave. In any case, this opens up the possibility of
bringing the analytic theory of PDEs to bear on the behaviour of some neural network models.

It is also of interest to observe for what types of connection function (or matrix) 7' the PDE approxima-
tion theorems break down. PDEs may not be capable of approximating all network dynamics, particularly
complex, chaotic dynamics. The results of this paper, for example, lead us to look at connection matrices T'
with wildly varying entries (in other words, interspersed inhibitory and excitatory connections) to produce
the kind of complex behaviour not possible for the PDEs.

Our main object, however, is to prove a theorem estabishing the approximation of Hopfield net equations
with a more general form of the function (or matrix) 7" than covered by Cottet’s result. A discussion of the
implications and limitations follows.

2. The conventional Hopfield network equations. The Hopfield network equations with external
inputs and thresholds may be written as in (1.2) or, if instead we let u; represent the amount by which the
membrane potential of neuron 7 exceeds its threshold, we may write them alternately as

U = ZT,'jg (Auj) — avg + ¢; — ab;. (2.1)
J

We requirte @ > 0, A > 0 and g sigmoidal in shape, increasing on R and bounded. Typically we use
g: R —(0,1)org: R — (=1,1) (the eflfect of this choice is discussed below). To be precise we will now
assume:

g: R— (_171)7 g € Cly
g'(z) >0, (22)

Hopfield [21] showed that there exists an energy functional (Lyapunov functional) for these equations
in the case where T is symmetric:

= _%Zznjuiuj + %Z / G(V)dV = (e — aby)v; (2.3)
i i /0 i

where G = ¢g~! and
v; = ¢(Au;) (2.4)
represents the firing rate of neuron 7. In fact
dE 'y . 1 02
o A Zg (Au; ), Z Tijg(Au;) —ou; + ¢ —af; | = =X zg (Au;)i; <0,
; j i

since ¢’ > 0, so that energy decreases except at equilibria.

If T is not symmetric, then the E above is not a Lyapunov functional for the system. Convergent
behaviour appears to be slightly robust in regard to asymmetry [5] but in general non-convergent behaviour
is to be expected (see, e.g., [28, 290, 33, 34]).



We can re-express equation (2.1) in terms of firing rates, v;, as follows:
1
u; = :\—G(vi),
from (2.4), so

. d ) 1,
u; = 5 < G(v;) > ZT’JUJ — <—/\—G(vi)> +c¢; — af;

1
G'(vi)

v =

A ZT,;jvj —aG{v)) + Mei — ab;)| . (2.5)
J

This is entirely equivalent to (2.1) for initial conditions v;(0) € range(g). It is easy to show that solutions to
equations (2.1) and therefore to equations (2.5), are bounded and so exist globally in time and are unique.

In the literature g is often taken to be an odd function taking values in (—1,1), such as tanh. In
particular, such a function has g(0) = 0. Horizontal shifts in the response function may be accounted for
by a threshold term. A more realistic sigmoid might, however, take values in (0,1). For example, a logistic
function is often used: ) :

(/\U) 1_{_6—{)\11

However, by a change of coordinates, the resulting Hopfield-type equation can be transformed into the
original one with an additional threshold term. Equation (2.1) can still be transformed to equation (2.5)
and then we let w = 2v — 1 so that w = 20. Then

. 2 w; 4+ 1 w; + 1
= e | (M) o6 (M) e men

Now let F(w) = 2G (%), so that F'(w) = G’ (¥£L). Then

. 1 ] v
w; = m /\%:T,:j'wj —aF(w;)+ A 2¢ —20'0i+2j:T,~j ,

which is of the same form as before with gain A, inputs 2¢; and thresholds (‘Za'f)i - Ej T,J)

Thus, horizontal and vertical shifts in the response function do not significantly alter the model, except
in changing the threshold values. Il g is taken to be an odd function with range (-1,1), then the Hopfield
equations without inputs or thresholds (1.1) have the steady state solution u; = 0. In biological nets, where
firing rates should be strictly positive, this may not make sense, but there is no reason not to create artificial
nets with this property if it is desired.

Learning in a conventional Hopfield net is accomplished by setting

3

T;] — Z vi’m)v.gzm),

m=1

for i # j, and T;; = 0, where vU™) represents the m!* pattern to be learned with vlgm) = 41, say. If s is not
too large and the patterns are approximately orthogonal then the patterns will be close (in phase space) to
fixed points of the dynamics [21]. This ‘learning rule’, loosely referred to as Hebbian learning, is not the
only one which has been applied to the Hopfield network equations. Some others are described by Denker
[14] and Michel and Farrell {25] but learning rules do not concern us further here.
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3. Approximation of an integral operator by a differential operator. The theorem of this
section is a generalization of that presented in Degond and Mas-Gallic [13] (see their Remark 2, p.491) and
uses similar notation.

We let @ = (a1,as,...,a,) denote a multi-index and e; denote the standard basis vector in R™ with 1

in the #** component. For z € R", we will be concerned with a function 7(z) with the following properties

(moment conditions):
o ifa=0
/ zn(z)de =< T if @ = 2e; (3.1a)
’ 0 ifa#2; 1<la|<r+1
and

/ 2" [n(2)| dz = K42 < 00 (3.1b)
Rﬂ

for some integer » > 1. For example, if 7 is even (n(2) = n(—=z)), compactly supported and n € L' (R"),
then the moment conditions are satisfied with » = 2. For £ > 0, we define the cutoff function

n(x) = —1—77 (1> . (3.1¢)

en €

We consider a continuous space analogue to the connection matrix of the Hopfield net of the following
form. For z,y € R", define »
n(z, y)ne (x = y)

T (x,y) = = (3.2)
We define the integral operator I, which corresponds to the summed inputs from other neurons, by
P = [ T ) dy (33)
We will also use the shorthand notation (following Degond and Mas-Gallic):
Zi(x) = /F (y—2)*n(x - y)dy, (3.4)

Zi(x) = /R (y —2)%| e (x — y)| dy.

Lemma 1 Let z,y € R™. Suppose 1 satisfies conditions (3.1a) and (3.1b). Then

To ifa=0
Zi(x) =< if a = 2e;
0 fo#2eg, 1<|o<r+1

and when |a] = r + 2, )
122 (0)] < Z5(2) < e+ Koy
where Z: and Zg are defined by (3.4).

Proof Let v = =%, Then ¢"dv = dy and

Zi(x) = / (ev)® [%17(—1))] (e"dv) = 5""'(—1)1“!/ ven(v)dv
and the result follows directly from (3.1a) and (3.1b).
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We now state and prove the theorem generalizing that of Degond and Mas-Gallic. The integral operator
I¢ given by (3.3) will be approximated by the differential operator Do defined by

1. T .
Dof(z) = 5divy (rVy [(2, )W) | + Zulz,2)f(2), (3.5)
(z,z)  ~
where 7 = diag(m, T2,..., ™), T from equation (3.1).
Theorem 1 Let z,y € R™. Suppose that T¢ is of the form given by (3.2) and I¢ f(z) by (3.3) with

poe L (R, Wrt2ee (R1))

and also that n satisfies conditions (3.1a) and (3.1b). Suppose also that Dy is as given in (3.5). Then there
ezxists a constant C > 0, depending on K, 4o (from (3.1b)) and ||g||, the norm of p in the above space, such
that

D2f = I* fllo,co < Ce™||fllr42,00
for any f € WAoo (RM),

Proof In (3.3), we consider z to be fixed for the time being and expand f(y) as a Taylor polynomial
about f(z) with integral remainder:

r4-1 1
fy) = = 2)70" f(2) + Ry(x,y)
jo|=0
where
. 1 1 .
Re(,y) = (r +2) —(y—2)" / (1= 0)+10" f(a+ 0(y — ) df . (3.6)
|aj=r4+2

This gives the following 1'ép1'65611 tation for I° f(x) :

IF fz) = Ip fa) + Ry(2), (3.7)
where
r+1
IT fla) = Z mf)“f(nr) ; (y —2)"T(z,y)dy,
e
Ri(x) = / ) T (2, y)Ry(z,y) dy. (3.8)

Now we approximate I% f(z) by expressing T° in terms of u and 7 and expanding u(2,y) about (x,z) for a
particular « as follows:

r+1—|aol
pay) = Y Sy =2V Ou(,2) + Rual@,y)
|3|=0
where
1 ! ot 1elals
Rualz,y)=(r+2—lal) > =(y—z) / (1= 7y =128l (2 + 7(y — 2)) dr . (3.9)
|Bl=r+2—]a| ' 40
Then I f(z) can be expressed as
1 s 11
I3 f(z) = = Z —Cﬁﬁ—!a“'f(.v)ﬁfu(.r, )25 () + Ry 4 (2),
fal+]Bl=0



where

1 I
)= 3 3 | =2 = ) Ruofe,y) dy. (3.10

By Lemma 1, the only non-zero terms in the sum in I%(z) are the term with @ = § = 0 and those with
a+ 03 =2e,i=1,...n. Thus,

Ipf(z) = f(J«)/l(’L z) + Iz 0(2) + In,1(2) + Ioo(2) + R, ,(2) (8.11)
where
1 5ot 1, .
Io(2) = /@)Y mgs| =5 @), (V]|
i=1 Yi (z2) (z.x)
N "L Of(a )8;1
fg,l(z)—;n B2 u| =(VIE) (V)| (3.11a)
1 1
Ty a(z) = 5/,1(.1',.1:)ZT10,)f1_1) S wlz, 2) [div(7V f(2))] .
i=1 ?
Putting (3.7) and (3.11) together, we have
I F(@) = 2 p@inte,2) + Too(e) + Toa(w) + Toal@) + RE(2), (3.12)
with
R(z) = R, j(2) + Ry (2). (3.12a)

Note that the expressions in (3.11a) can be rewritten together as

.. .
Lig(z) + Inq(2) + Ino(z) = §chvy (rVy [ulz, ) F()]) ,
()
so by (3.5) and (3.12),
IFf(z) = Daf(x) + R ().
Thus, the theorem is proved by obtaining a bound on R*.
To obtain this bound first note that the condition on g in the statement of the theorem says that there

is a single (essential) bound on the magnitude of p and its first (r + 2) derivatives in y everywhere. We will
denote this bound, which 1s a norm on its space, by ||p]|, i.e.

[|1]| = ess sup <||,L1‘H{,‘,.,+3‘N(R,y.)> .

[l Wrtaes(rn) = Max 1Dy pllzes -

o<|aj<r+2

Now we estimate each component of the error. I'rom (3.6) and (3.8), and using (3.2), (3.4) and the hypotheses
on g and f,

R < (2 htzee 3 / 172, |(y — @) |/| — 0y dody,

|n|—1+"
where | - ;42,00 denotes the usual seminorm in W"+2° But fol I(l - ’+1l do = +2 50
RN < a3 27 [ Tl =217 dy
Jaj=r+2
b 1 -,
< :§|f|r+2,m||lf'r|| Z ngs (z)

|| =r42
S Ersr+3,n [\—r+'.2[flr+2,o:\HﬂH s
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by Lemma 1, where Syq0p, = Z[a]:r+" . Similarly, from (3.9) and (3.10),

O"

. 1 r+1
1R (@] < 1 fll ol > (r+2—al)
Ja]=0
DY il/ |(y = 2)** [ Ine (2 = w)] dyfl (1= 7y trtel] ar
e C\'! /3' e € 0
[Bl=r+2=]a|
r+1

< Slflbrnesllill 3 ,@zww<>

la]=0 |]=r+2-]al
S ErC1'+2,71["1'+2Hf”r+1,mH,U'“ 3

where Cryopn = Zi:[l:o 2 iBl=r+o-lal a5 Thus, (3.12a) gives

|RE(2)] < € (Srpan+ Cryon) Kogal| Fllrt2,collpll -

This is true for all z, so
WD2f = If fllo,co = [[R¥|lo,c0 < Ce|| fllr42,00 5

for some C > 0, depending on |[g|| and K, 40 = [g. [2|"F?|n(z)] dz.

Remark 1 If nis even and 7 € L* then the above theorem is true with » = 2 (as long as yu also satisfies
the conditions of the theorem).

Remark 2 The above theorem is also true if R™ is replaced by a subset & C R", as long as £ is also
used in the conditions of the theorem (moment conditions, etc.). An even function i will satisfy the moment
conditions with » = 2 as long as @ is symmetric about the origin (so that if € Q, so is —z).

Remark 3 Simpler forms of 7% lead to simpler forms of the differential operator Ds.

(i) f , =7, a constant, then

=

Daf(x) = 34, e )] | +

(z,r)

f@)n(z, ).

o

(ii) If in addition g = 1 then
Dyf(x) = ‘“Af( )+ f( ). (3.13)

4. Quadrature for the integral. We have shown that the differential operator D2 is approximated
by the integral operator I*. We now wish to approximate I by a sum over points on a grid with grid
point spacing h. This can be done as in the literature on particle methods. Particle methods allow us to
obtain approximations of arbitrarily high order, given enough smoothness in n and u. (Of course, high order
approximations may involve very large constants).

Let x; = ¢h, i € Z" and similarly for 2;. Our discrete analogue of the integral operator will be:

Ii fa rﬁ7§jizfz]

~ jezn



where

o . Ti— T;
Tij = eI (Iile)Z#(wMj)n< — ]> :

Lemma 2 Ifn € WL (R™) and p € W™ (R™ x R"™) for m > n, then there exists a constant C,
depending on m, n, ||pt]lm,co and ||nllm,1 (but not h or €} such that

sup 1 1(a:) = 11@)| < € (o ) 1l

for all f € W™= (R™).

Proof Define a cell, B;, around each grid point by

1
B; = {y €R", (jk - %) h <y, < <jl: + §> h, 1<k < 77},

where the subscript & here refers to a component of an n-vector. Thus, the grid point z; = jh is the centre
of B;. Let

P =0 S sty — o). (4.1)

JjeZn

This is the particle approximation. Now let

Ej(g) = / a(y) dy — h™g(x;)
JB

b

We let g = fT¢(z,-) so that our quadrature error is,

(f = fn, Tz, )

[ ey =t 3 7))

jeZn

where (-, ) refers to the usual inner product in L*. Raviart’s [27] Theorem 3.1 with p = 1 says that there
exists a ' > 0 so

> Bi)| SO Y Mgl s,
A jezr

as long as m > n, and g € W™ R"). With g(y) = f(y)T¢(z,y), this gives a bound on the quadrature error
of

> E (T (e, )| < R 3 T (@ s,
jezm jezr

Now, we take L® norms on both sides of this inequality to obtain

S BT | <o | Z/ D% (J ()T (2, )| dy

jeZn oo JEZ" Jal=m Loo

<CH Z > /R,,ID/’f|~|DZTE(-'B)y)IdyL

al=m f+y=o "

< Ch™ DPf| -\ DYTe(x,y)| dy
n y L

81+ 7|=m
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But from (3.2)

. 1
|DIT* (2,)] = = | D] (#(@,y)ne (= = )]
c
<3 ) D )| [Dinez - )] -
C+HE=y
So,
/177.
> Ej(fT¢(z,)| <C ;2 > / |DP £| | DSz, w)| | D ne(z — y)| dy
jezr Loo 181+ +lgl=m 171" L
/‘m
<G > ool D fllz=lIDfnel s
181+ CI+gl=m

by Young’s inequality. Finally, noting that ||Dén.||z: = ;,%TI]DEU[][} and taking ¢ < 1, we obtain the error
bound

h m

2 EUT ) < Ol collnllon, o
jezn Lo -

The quadrature error is a function of x, so thie maximum error al a grid point, z;, is bounded by the above:

sup |I° f(w;) — 15, [ (xi)] = sup / T y)f(y) dy = b > T (@i, 25) f(x)

jezr
< / Tz, y)f(y)dy—h" Z T (x,z;)f(z;)
! jezn Leo
=3 B (T (2,)
jez» Leo
s hm i
< C ozl es il 11 Al oo -

m

£

Note that although 7€ and f are only defined almost everywhere, p € W (R" x R™), n € W™ (R")
and f € W™ (R") guarantee that /7¢ is in W™! (R") and since by the Sobolev embedding theorems [1]
wml(Q) — C° (Q), we may assume that we have a representative of the equivalence class of fT¢ that is
continuous on bounded sets. This establishes the result.

Remark 1 The result is also true if we restrict the spatial domain to 2 C R”™.

5. Generalization of Cottet’s result. We now use the above results to generalize the theorem of
Cottet [11]. This amounts to combining the two approximations above to obtain an integral operator close
to the differential operator and then a sum close to the integral. These approximations are in terms of the
solution to the PDE, so we must also have an a priori bound on the solution in terms of the initial data.
These are then used to show that solutions to an equation involving the sum (the Hopfield network) are
approximated by solutions to a partial differential equation involving the differential operator Ds.

Consider the Hopfield network equations expressed in terms of firing rates as in (2.5) but without
threshold or input terms for the time being, i.e.

! A ZT;']"U]' - O'G(‘Ui) . (51)

- Gl(w) F
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We will suppose that g is a strictly increasing odd function taking values in (-1,1) and with a maximum
slope at 0 as in conditions (2.2). Thus, G = ¢g~! is well-defined and strictly increasing on (-1,1). Also,
G'(v) > G'(0) = g for all v, since G' has a minimum at 0 (see Fig. 1).

Consider also the partial differential equation,

1 9
v = o) [ve*Dav — aG(v)]
1 752 (52)
= 07 |5t (Y, [ele (D) | -+ 7ot 2)ole) —aGle)

(z,2)

where Dqv is as in (3.5) above, G is as described above for equation (5.1) and v = A (%)” Here, ¢ and h are
the parameters involved in the two approximations, ¢ for replacing the differential operator by the integral
and h for quadrature of the integral. Existence and uniqueness are also not difficult to establish for this
equation under the conditions

rple,z) > 0,Va, Vi (5.3)
vo(z) € (—1,1). (5.4)

In fact, there is a maximum principle guaranteeing boundedness and global existence of solutions as long as
initially v € (=1,1). We can also recast the equation in terms of u, the membrane potential, giving another
quasi-linear parabolic equation, and then global existence for this equation guarantees that v = g(Au)
remains in (—1,1). Proofs of global existence and uniqueness for such quasi-linear equations can be found,
for example, in [23].

However, we also need control over derivatives of solutions to equation (5.2) since the approximations
in Theorem 1 and Lemma 2 involve Sobolev norms of the solution. It is implied in Cottet’s Theorem 1
that there exist bounds, independent of € and v, on derivatives of the solution to his equation, in terms of
similarly bounded initial data and a fixed time interval [11]. It appears that such a condition is unlikely to
hold globally (see discussion in section 6) but we may expect it to hold on some regions.

For the time being we will assume for the sake of simplicity that we have an a prior: bound:

HUHm,m S Cv”‘”()”m,mv (55)
for z € R™, vg € W™ where C is independent of ¢ and 7.
Now we give our main result.
Theorem 2 Let 7, 19 and T%(x,y) be defined as above in (3.1a), (3.2) and Theorem 1, and let p and 75

salisfy the conditions of that theorem withn € W™H(R™) and p € W™= (R" x R™) form >n, m>r+2
(r from the moment conditions on 7, {3.1)). Lel v;(1) be the solution 1o (5.1) with initial conditions

vi(0) = v, i €27,
Let w(z,t) be the solution to (5.2) with initial conditions
w(x,0) = vp(a),

such that vo € W™(R") and

vo(x;) = vg,i

(i.e. initial conditions coincide). Assume also that conditions (5.3), (5.4) and (5.5) hold. Then, fort € [0, M]
these solutions salisfy

, ] hm
sup [[v;(1) — w(wi, 1)||Le < Cye” (E' + <;:T¥§>)
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Jor some constant C' > 0, depending on the parameters o, A, 3, and Tj; as well as

||;U'Hm,c0) ”"Hm,l 3 ]{7‘-*-21 HUOHm,oo 3 M.

Proof By Theorem 1,

1

[')"52 Daw — Q'G(w)]

0y

Gl

(w),
1
(

e Y 76 E (o
Gilw) [ve*Ifw aG(w)] —— R (z),

G (w)

where |R*(z)| < Ce™||v]lim,co - Note that W7 (R® x R™) C L*® (RZ, W™ (R})) so that any u satisfying
the conditions of this theorem must also satisfy those of Theorem 1, as long as m > r + 2, which we have
assumed. Then, by Lemma 2,

Wy =

[ve*ITw — oG(w)] + ve” R(z),

1
G'(w) G'(w)

where |R(z)| < C (" + (L%)) [[o(t)]|m.co at any time ¢ € [0, M], and so by condition (5.5), |R(z)| <

E'" 2

C (e +( ,,,P)). In other words,

G'(w)w (i, 1) = A Z Tijw; — aG(w;) + ve* R(x;)
i
at grid points. So the solution w; of the PDE at grid points and the solution v; of the system of ODE’s at
grid points satisfy

G'(v;)0; — G'{w; )y = A Z Tij (vj —wy) + a(Gvi) — G(w;)) — EQR.
J

Now integrate and take absolute values, noting that the initial conditions for v and w are equal.
t
|G(v;) — Glw;)] < / A Z Tii (0j(5) — w;(8)) + o (G(wi(s)) — G(wi(s))) — ve* R(s)| ds

t
5/ /\E T3] v (8) = w;(8)] + a |G(vi(s)) — Glw;(s))] +ve* |R(s)| | ds .
0 ;
i

Taking the supremum over all 7 and writing
T= Sl}PXj: ITis1
we have
.l
G (v(t)) — G(w(t)Meo < / [AT||v(s) — w(s)||eo + ||G(v(s)) — G(w(s))||co + 75 H|R(s)||oo] ds .
0

Note that the supremum ahove exists since g € W™ (R") and n € W™! (R"), and since W™! () —
CY(Q) for bounded by a Sobolev embedding theorem we may take 7 to be continuous.

12



Now observe that |v; — w;| < % |G(vi) — G(w;)| where B = G'(0) since by the mean value theorem:

G(v;) — G(w;)

U — Wi

G'(e) > B,

Thus,

IG(2) = G(w) o (5.6)

and , ,
umwm—cmmmms(%Hm)Aumwm—cwmmuw+vanmmmw.

Now apply Gronwall’s inequality to get

16000 - Gl < exp (A + 0} 1] 36 [ IR e

Now, for t € [0, M], letting || R]} denote max,efo,ar || R{1)]|co.
, \ AT
IG(0(1)) = Clw(D)lles < 7e*M ]| Rl|exp Qﬁ+a)M

and using (5.6) again,

o0 = wlt)ls < FIG() = Gl(®)]-

M AT 9 , h™
< 73—exp [(73—— -+ cx') A-’[] ye~ (Cla + Ch (;ﬁﬁ))
< C' i . L
SCyem e + em+2 !

where C depends on M and the constants o, A, 3, and 7" as well as (through C1 and C2) ||gt]jm,cor [|7im,1,
K42 and [|vo]|m,co-

Remark 1. n, p, vo, are fixed functions, so making ¢ — 0 and E—’—‘——,F: — 0 (which implies v — o0} gives
convergence of the approximation. This amounts to letting the size of the ‘visible window’ shrink to zero
g
while at the same time letting the number of neurons in the ‘visible window’ increase to infinity.
g
Remark 2. If g = 1, then

1
Dyv = é—(liv(rv-v) + T—g'v

<

and if in addition, 7, = 7, a constant, then

T To
Div=-Av+ —v
- 2 g2

and

1 i ‘f- A
v = ) 7£“§Av + (yrov — aG(v)], (5.7)

which is the equation of Cottet [11].

Remark 3. The initial value problem for equation (5.2) is well-posed if r;u(z, z) > 0, for each 7 and z (recall
(3.5)). Note that it is not well-posed if 7p(z,2) < 0 for any 7. For example, in equation (5.7) if 7 < 0, we
have backwards diffusion.

13



Remark 4. Thresholds and external inputs in the Hopfield model may be incorporated easily into the above
analysis with no significant change in the proofs. If ¢; is the external input and §; is the firing threshold of
the i** neuron, then the Hopfield network may be formulated as in (2.5) and the PDE becomes

[752D3'v —aG(v) + Ale; — a()i)] .

Vg =

1
G'(v)

Remark 5. A more biologically realistic sigmoid with range (0,1) and maximum slope not at zero can
be handled by recasting the model in terms of a sigmoid with range (-1,1) and maximum slope at zero as
described in section 2. Thus, we can still carry out the approximation of this theorem with an extra threshold
term.

Remark 6. R"™ may be lep]aced by € throughout if appropriate boundary conditions are imposed. Then if
lvll,, o < Cllvoll,, o only on a bounded set, the result still holds there.

6. Convergence of the approximation. Theorem 2 applies only where we have a bound on the
solution independent of € and y (condition 5.5). Under what circumstances can we expect this condition to
hold? We attempt to answer this question by looking at a simple one-dimensional example.

One standard way to obtain the desired bounds is by energy estimates. We show what happens when
we attempt to apply this technique to a simple form of equation (5.2). The basic idea is that, if the small
¢ is neglected, derivatives of the solution to the resulting equation can grow exponentially. For a fixed time
interval, they could be bounded except that the factor v occurs in the growth rate. There are regions,
however, where the growth is stopped or reversed.

We take z € @ C R, an interval, and D given by (3.13) with 7 = 2, 7 = 1, and for simplicity, assume
periodic boundary conditions. Thus,

v = e2va(v)vpe + 7b(v) (6.1)

with
'U(JE,O) = ’UD("L‘) E [—"US ) 'US] ]
—aG(v)

e v | w7 > 0 and b(v) = Lng(T)v_ (Note
that if o > v, then there 1s no v, > U (see I'ig. 1), so all solutions collapse to 0. Under these circumstances,
condition (5.5) holds globally, but for the neural network application, we are only interested in the other
case).

where v; is the positive solution to yv = aG{v), af < ¥, and a(v) = C’

First recall from section 5 that v itself is already bounded for vg(z) € (—1,1). Also, v € [~vs,v,] if
vg € [—vs, v} by the maximum principle for this equation. Differentiating (6.1) by = gives

w, = £ [a(v)w,], + 70 (v)w (6.2)

where w = v;. We can approximate the L? norm of w as follows.

{ 4 l 9
(;—[Her_“, ;;—[ (wow) =2 (w,w) = 2/w [e* [a(v)w,], + b (v)w] dz

__'ZEQ')/ 1(v)w? (1L+2//b( Jw? dz

! / a(v)w? dz + 2y max |b'(v)] [|w]|3 .
v

INA
|
[\~
cry
)

Let B = max, [}'(v})], which exists for v € [~v,,v,], and is independent of 7 for v large, since ¥'(v) is even
‘and decreasing on (0, v,] (see Fig. 3) and



1 o o
! I/'s:————— —— — — .
0> b'(vs) IO 7> " 0asy — o

Now applying variation of constants to the above, we obtain

Il < exp 2980 | [ ' (cety) exp (C2r8) ([ atopuz i) ar + 0]

so that
lw]]3 < exp (27B1) ||w(-,0)||3. : (6.3)
Furthermore,
¢ . )
'2627/ exp (—2vBT) </ a(v)w? cIJ.) dr < ||lw(-,0)||3 — exp (=2vBt) ||wl|Z,
0
s0

/ exp (—2yBT) (/a(v)wg (11’) dr < ! lw(-, 0)]]3. (6.4)
0

2e%y

Letting z = w, and differentiating (6.2) again, we can use (6.3) and (6.4) to estimate ||z||3 in a similar way
to show that

n _ l ,l,l [ 2 9 119 9
415 < exp 2980 |5 mas (D) o Ot o) + [, 0]

The same procedure works for still higher derivatives.

These estimates give us an upper bound on L? norms of vy, vz, etc. for ¢ € [0, M] in terms of initial
data, but this bound depends also on . For convergence of the approximation we require ¥ — oo, so this
technique does not give us an appropriate upper bound on derivatives of the solution everywhere. If a
derivative is unbounded in L* on a compact interval, then of course it is also unbounded in L.

However, looking again at (6.2) and neglecting the small € term, we see that the growth rate depends
on both v and on '(v). The latter quantity has a maximum of % — % at v = 0 and becomes negative for |v|
near v; (see Figs. 2 and 3). Thus, for larger values of v, w actually decays. Consider, for example, an initial
condition, vp(2), that is an odd function and monotone increasing on R.. Then v(0,1) = 0 for all { and

w(0) ~ (% - cr) w(0),

so w(0) grows exponentially with rate depending on v. However, for x away from 0, |v| also increases since
vy =~ vh(v)

and b(v) has the sign of v for v € (—v,,v,). Then as |v] exceeds the value where §'(v) = 0, w; becomes
negative and v flattens out.

The above analysis suggests that in the region of transition layers we cannot expect to get a bound on v,
or higher derivatives independent of y. However, away from transition layers, v flattens out and approaches
+v,, so derivatives of v will be bounded.

Another approach is to attempt to obtain a time-independent bound. In the transition layers, the
reaction term in (6.1) drives the magnitude of v and its derivatives up, but eventually, the small diffusion
term dampens this growth. So there must be an upper bound, even in the transition layers, which holds
for all time. However, such bounds must depend on . For example, let us look at equation (6.1) in the
particular form

9

vy = (1= v%) [ 7000 + 70 — tanh_l(v)] . (6.5)

This is similar to
i

V= €YU YU — l,anh—l(v) (6.6)
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which is an example of what is variously known as the Allen-Cahn equation or the Ginzburg-Landau equation.
This type of equation has been studied by Carr and Pego [7, 8, 9], as well as Reyna and Ward [30] and Ward
[36], for example, and it is clear that (6.5) and (6.6) have the same energy functional and the same equilibria.
It is well-known that equations of this type develop transition layers between positive and negative regions
which are metastable in general (see section 8). The transition layers are approximated by the equilibrium
solution which is monotonically increasing (or decreasing) in z (namely the heteroclinic orbit between the
positive and negative solutions to yv = tanh™! v, —v; and v5). The norms of derivatives of solutions will be
dominated by these transition layers, since elsewhere the solutions become quite flat. Thus, we expect that
the norms of the transition layer in the equilibrium state will control the norms of all solutions to (6.5) and

(6.6).

Consider this monotonic equilibrium, v(z), solving
2 qvpp + v — tanh~H(v) = 0. (6.7)

Clearly v itself is bounded and ||v||es = vs. Also, v takes on all values in (—v,,v,) for z € R! so

1 1 1
Ztanh™! <\/1 - —) — \/1 - —t .
7 v Y

We are interested in what happens as ¢ — 0 and v — oc. 1t is not difficult to show that

2
3

1 1
Norelloo = — max |- tanh =1 (v) — v
£~ v ¥

Hm |vge]]es = 00
c—0

Yoo

and that the rate of growth is O(¢~?). In the limit as € — 0, this equilibrium approaches the discontinuous
function,

—-lifz <0
v(z) = 0ifa=0.
1ife>0
Thus, ||vz|lee must also grow without bound as & — 0.
This example shows that L™ norms of derivatives of solutions cannot in general be hounded indepen-
dently of £ and t. The possibility remains that bounds exist in L? for p < oo. Then we might hope for

Theorem 2 to hold globally in space if L norms were replaced by LP norms. This appears not to be the
case, as we see below.

We examine the L! norms of derivatives of the solution to (6.6) (the transition layer) which is increasing
and centred at 0, on an interval (—a,a). Note that if an L' norm is not bounded, neither is any L? norm
for 1 < p < oo. First,

Nvells = / vpde = v(a) — v(—a) = 2v(a),

—a

which is constant, independent of £ and . However,
i vt
(ves|ls = / [py| dv = —2/ Vppdr = 2 [v,(0) = vy (a)] .
—a 0
As e — 0, vy(a) — 0 and v,(0) — oo as shown above.

The order of growth of v,(0) is O(¢7!), shown as follows. In (6.7) let

tanh ™! o) — v
(

J(v) =

2=

so that the equation becomes



Let z = ey and define w(y) = v(cy) = v(x). Then
wy(y) = evs(ey),

wyy () = €* vz (€y)
and so
wyy(y) = f(v(ey)) = f(w(y)) .
This implies that w is independent of ¢ ( ¥ is not critical here).

Since we know that v, is positive and takes its supremum at 0, letting 2 = ey we have

0 0
oz lloo = v.(0) = / vee(@) da = - /_ f(w(y) dy =<,

£

for some ¢ > 0, since w is independent of ¢.

We have already shown that ||ve.|]; = 2[v:(0) — ve(a)] and vg(a) — 0 as ¢ — 0, so ||vez]s = O (%)
also. Similarly, denoting the value of & where v, or f(v(2)) takes its minimum as b,

rat ra b
“'U;z:.r:.rnl = 2/ I'U.r:.v;n| de = 2/ Vg dl — 2/ Vg d
0 b 0

= 2v,.(a) — 4'”;1:.1:([)) = 2vgp(a) — 4“’”.1.';1:”0&

Since [|vgz||eo = O (5—15), 50 18 ||vge||1 -

—9_ _m

The approximation error for the operator in Cottet’s equation is O (e" + 72y n) if the solution is
bounded in W™ by initial conditions. If not and we try to use the above time-independent bounds on
the solution, we lose three orders of ¢ by demanding that three derivatives of v be in L® (and in general
m orders of ¢ for v € W™*). Recall that we need m > r+ 2 and r > 1, so even with m = » + 2, the
approximation becomes e™™ - O (¢™~? + 7%y~ %) =0 (7% + &7 27™y~ %) and convergence is lost. Even if
we could do the approximations in W1 we only save one order of ¢ and convergence is still lost.

Thus, in the transition layers, time-independent bounds depend too strongly on ¢, and energy estimates
only give us a bound if ¥ is bounded, whereas for convergence we require ¢ — 0 and ¥ — oo. Nevertheless,
away from transition layers, we expect condition (5.5) to hold and therefore Theorem 2 as well. Moreover,
numerical work appears to confirm that the approximation does hold reasonably well.

We speculate that the approximation is actually quite good as far as is important for the application to
neural networks. The approximation holds in regions where the solution’s derivatives do not grow, i.e. away
from transition layers. Typically, we know that transition layers form quickly and then move only extremely
slightly for a long time. If the transition layers are slightly offset by the approximation (a shift of order ¢,
say), it is not of critical importance for the neural network dynamics; positive and negative regions are still
virtually the same. The transition layers which form in the evolution of the reaction-diffusion equation should
thus closely model the corresponding neural network dynamics despite the lack of rigorous convergence in
the entire domain. A rigorous analysis of this question would require properly accounting for boundary
conditions. After a long period of time, when the layers start to collapse, we might no longer expect to have
a close approximation, of course.

Since, the transition layers hecome sharper as € — 0 and v — oo, it is possible that the approximation
converges in a weaker sense such as, for example,

meas {¢ : 3, @, |o] < m such that |D%v(z,4)| > ¢} — 0 as e — 0.

Finally, if we consider equation (5.2) in its general form, the above conclusions should be substantially
the same. The presence of the function y in (5.2) means that the solution will not necessarily become flat
away from transitions, but it should still be controlled there by the norm of g in W™ (R™ x R™).
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To summarize, we expect that the reaction-diflusion equation will be good at defining regions of high
and low activity in the network and at approximating the activity in these regions, but may not accurately
model the structure of the transition layers themselves.

7. Discussion. Approximating a system of many ordinary differential equations (enormous systems
for real biological brains) by a single partial differential equation has the advantages of allowing us to study
a simpler model (even though we have gone from a finite dimensional to an infinite dimensional system)
and allowing us to bring a different body of theory to bear on the problem. It is similar in spirit to the
approximation of gas dynamics by statistical equations and thermodynamics where it is too difficult to keep
track of vast numbers of individual particles. It has been argued (by Skarda and Freeman [32, p. 190], for
instance) that the level of averaged neural activity is more significant for behaviour than the level of the
individual neurons. It is possible that there is something crucial about the behaviour of neural nets at the
level of individual neurons, at least for some purposes, but this itself may become clear from a study of their
collective behaviour with an understanding of the relationship between the collective and individual levels.

What do the restrictions on the function T¢ in Theorem 2 mean? Also, what exactly does the approxi-
mation mean when, as we let ¢ get smaller and v get larger (’E—’ — 0), the parameters of the PDE change and
also the connection matrix of the Hopfield net changes? In fact, we cannot decide for a Hopfield net with a
specific connection matrix whether it is a good approximation to a PDE. However, Theorem 2 does give a
general idea of what the matrices for nets approximating PDEs will be like.

me
We must have € small, i small and S5— large. We also want € L! so we could take, for example
] h m & 1 1

supp(n) C [-1,1]7,

so that 7., the cutoff function has
supp(n:) C [—¢,¢€]".
Thus, T¢(z,y) and

€Ty — Ty
Tij = i, ) <J—€~“L>

effectively sample g near its ‘diagonal’, i.e. near (z,2). We can think of this as a ‘visible window’ of size
2¢ in each direction around each neuron such that other neurons within its window are connected to it but
neurons outside its window are not. The spacing between the neurons is determined by the step size used in
the quadrature, h, so the number of neurons in a visible window will be

25 n
N =|— .
v=(%)

In the case of one space dimension (n = 1), the connection matrix T will be large (h small), will have a band
about the diagonal (visible window) which is wide (§ large) but narrow in relation to all of T' (¢ small). Also,
the entries of the matrix will not fluctuate wildly; i.e. an entry will not differ too radically from neighbouring
entries (as a result of the smoothness requirements on 5 and p). Finally, in order to obtain a well-posed
PDE, we require 7% to be predominantly positive (#m; > 0). Note that specific connections, T;;, may still
be negative.

This gives a degree of classification of Hopfield nets, some having PDE-like behaviour, others not. The
restriction to banded matrices with wide bands is reasonable {rom the biological point of view as, typically,
neurons will be connected to many other neurons but mainly those in its vicinity.

Note that in the PDE obtained from the network, equation (5.2), the connection matrix has been
‘squeezed’ into the diagonal of i, namely p(x,2) itself and the first and second y—derivatives of u(z,y)
evaluated at {2, z), and into the parameters 75 and 7. In this sense, at least, the PDE-like nets are simpler
than general ones. In the case studied by Cottet (¢ = 1, » = 7), all the information of the connection
matrix is squeezed into the two parameters, p and 7. In one space dimension, the matrix 7" has constant
diagonals in Cottet’s case (this is the translation invariance).
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Another level of classification is obtained by this method. Any Hopfield net whose solutions closely
approximate those of a PDE also closely approximate solutions to standard discretizations of the PDE, as
long as appropriate discretizations are used. These standard discretizations are, of course, also Hopfield nets
of a very simple type, so that all Hopfield nets which have the same PDE approximation form a class with
similar behaviour and there is at least one very simple representative of each class.

Learning in the conventional Hopfield net consists in setting or modifying the connection matrix, 7.
There is still some room for making analogous modifications directly in the PDE formulation, by altering
p#(z,z) and the y-derivatives of p at (z,2) and the parameters 7; and 79, though the range of possibilities
for modification may be smaller. In Cottet’s simpler case only the two parameters 7y and 7 are available for
modification.

8. Behaviour of the reaction-diffusion equation. In the case studied by Cottet (¢ = 1), there is
an energy functional corresponding to that for the Hopfield net. Assuming appropriate boundary conditions,
we express equation (5.4) as

¥ 0T
V= = e =Av — f(v 8.1
s R A= 1), (1)
Glu . ! . .
where f(v) = a% — 1ov, and we require 15 > O’G_go) = ”7—/3 . In one space dimension, for example, we have

the energy functional
E[v} = / [E'-’%'u;“: + F('v)] dz

where F'(v) = f(v). It is easy to show that

—
E:—/ '(U)u;-’dz,-go‘
7

This energy functional can be modified in the obvious way if a threshold function and an external input
function are included. The existence of this energy functional is not surprising since Cottet’s connection
matrices are symmetric. However, it can be generalized for equation (5.2), still in one spatial dimension, as
long as piyy(x,2) = pea(2,2) and py(v,2) = pe(x,2). Interestingly, since this is a weaker condition than
symmetry (pu(z,y) = p(y, z)), and since also 17 need not be even as long as it satisfies the moment conditions,
we have an energy functional which applies to a wider class of connection functions 7°¢ than the symmetric
ones.

Note that if 1y < 9;,@, the gain in equation (8.1) is too low and all solutions collapse immediately to
zero. (This is not true, of course, when threshold and input terms are present). Also, if 7 < 0, the diffusion
operator is negative and the reaction-diflusion equation is ill-posed, as mentioned in the general case above.
In Cottet’s case, T is essentially just 1, so this says that the neural connections should be predominantly
excitatory for the reaction-diffusion cquation to be well-posed.

Equation (8.1) is similar to the Ginzburg-Landan equation or Allen-Cahn equation [2] (see also [6],
which deals with a different discrete form of this equation). The factor ﬁ does not alter the dynamics
significantly, as the energy functional is the same (recall that G'(v) > 3, for all v € (—1, 1)). In the one-
dimensional case, an equation of this type has been studied by Carr and Pego [7, 8, 9], Reyna and Ward [30]
and Ward [36]:

vy = EQ'U,L';L' - f('U) )

where f has the same form as above. They show that solutions typically develop transition layers which
are metastable, eventually collapsing to a constant state. 1t is known that no stable patterns exist for this
equation with Neumann or periodic boundary conditions [19]. Numerical evidence suggests that Cottet’s
equation behaves similarly. The image processing application suggested by Cottet for this type of equation
depends on this development of transition layers: diffusion smooths out noise and the reaction term enhances
contrast [11, 12].
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It is possible that some of the metastable solutions of the reaction-diffusion equation correspond to
stable states of corresponding Hopfield nets (recall that the approximation is only good for a fixed time
interval). In fact there are PDEs of essentially the same type (therefore having no stable patterns) whose
discretizations (by standard finite diflerence methods) do have stable patterns [15].

The generalized equation (5.2) has apparently not been studied. It should retain features of the specific
equation in which g = 1, but the variation in g must have a modulating eflect. Analysis and numerical
experimentation are required.

9. Conclusions. Reaction-diffusion equations of the type obtained in this paper give us approximations
to the behaviour of Hopfield net equations with connection matrices of a certain form. Study of the reaction-
diffusion equations can shed some light on the dynamics of such networks. Also, the conditions of the theorem
giving the approximation give a rough classification of connection matrices: those which approximate the
PDEs and those which do not. Those which are approximations to PDEs are also approximations to the
discrete systems obtained by standard discretizations of the PDEs.

The theorems also provide a semi-rigorous analysis of the relationship between continuous and discrete
space models and suggest what form of connection matrix is more likely to produce complex behaviour.
Specifically, if we want a Hopfield net with more complex behaviour than the PDE-like ones, we should
look at connection matrices which either vary wildly in nearby entries or perhaps deviate significantly from
the banded structure. In fact the ill-posedness of the PDE in the case of negative moments is tantalizing
evidence for interesting and complex behaviour.
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Figure captions
Fig. 1. Plot of aG(v) against yv, showing the intersections at 4v,. Here o = 1, v = 2, G(v) = tanh™!(v)
and 3= 1.
Fig. 2. Plot of b(v), with a = 1, v = 2, G(v) = tanh™"(v) and B = 1. Note that b(v) = 0 at +uv,.
Fig. 3. Plot of ¥'(v), with @ = 1, ¥ = 2, G(v) = tanh™!(v) and 8 = 1. Note that b'(v) < 0 at +uv,.
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