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Abstract

Global optimization methods can be classified into two non-overlapping classes
with respect to accuracy: those with guaranteed accuracy and those without. The
former are called bounding methods, the latter point methods. Bounding methods
compute lower and upper bounds of function over a box and give a lower bound and
an upper bound for the minimum. Point methods compute function values at points

and output as the minimum the function value at a point.

R. E. Moore was the first to propose the bounding method using interval arith-
metic for unconstrained global optimization. The first bounding method using in-
terval arithmetic for constrained global optimization was due to E. R. Hansen and
S. Sengupta. These methods are the well known bounding methods. Since these
methods use interval arithmetic, we call them interval arithmetic methods. This dis-
sertation studies the new bounding methods that use interval constraints, which is

called interval constraint methods.

We prove that interval constraints is a generalization of interval arithmetic, com-
puting an interval function in interval constraints gives the same result as in interval
arithmetic. We propose a hypernarrowing algorithm using interval constraints. This
algorithm produces a smaller interval result for the range of function f over a given
domain than interval arithmetic. We present a generic Branch-and-Bound algorithm
for unconstrained global optimization, prove the properties of the algorithm, and pro-
pose improvements on the algorithm. From this algorithm, we can obtain its interval

arithmetic version and interval constraint version. We investigate the role of interval



il

constraints in global optimization and discuss the performance and characteristics of

interval arithmetic methods and interval constraint ones.

Based on the Branch-and-Bound algorithm for unconstrained global optimization,
we present a generic Branch-and-Bound algorithm for constrained global optimiza-
tion, study the effect of Fritz-John conditions as redundant constraints and compare
the interval arithmetic method for constrained optimization with the interval con-

straint one.
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Chapter 1

Introduction

1.1 Motivation

Global optimization is concerned with the determination of the global optimum (max-
imum or minimum) of a function. Many practical engineering applications can be
formulated as global optimization problems, which are difficult to solve. For quite
a long time, it has been held that no numerical method could guarantee a global

optimum to a general nonlinear global optimization problem [81].

Interval arithmetic provides an upper bound and a lower bound for the range of
the values of a function over a given domain [64, 61, 74, 36]. The global optimization
methods using interval arithmetic can produce an upper bound and a lower bound
for the global optimum of a given function [61, 78, 34, 35, 36], which are the well
known methods that produce results with guaranteed accuracy [81]. These methods
are called interval arithmetic methods. However, they are not efficient enough for

practical uses.
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[S)

This dissertation will study a new global optimization method which uses inter-
val constraints. This new method inherits the advantages of the interval arithmetic

methods. More importantly, it is more declarative and faster than interval arithmetic

methods.

1.2 Global Optimization

Definition 1.1:

The global optimization problem is defined as finding
f*=min { f(z) |

pi(z) £0(t=1,...,m) and (1.1)

4i(2) =0 (j=1,...,7) (12)

where f, p; (i =1,...,m) and ¢; ( = 1,...,r) are scalar functions of a vector & of

n components and f* is the global minimum.

Without loss of generality, we restrict our attention to minimization. Since min-
imizing f(z) is equivalent to maximizing — f(z), we can find the maximum for f(a)
by finding the minimum of —f(z). If m = 0 and r = 0, we get an unconstrained

global optimization problem; otherwise, we get a constrained one.

The global optimization is to find the global minimum f* as well as global min-

imizers or locations at which this minimum value occurs. Formally, we say that a
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point 2™ is a global minimizer if
f&™) =f"

and 2™ satisfying the constraints in 1.1 and 1.2.

Contrary to the global optimization, local optimization is to find local minima

and local minimizers. A point z* is a local minimizer if there exists a number ¢ > 0

such that
f(@") < f()
for all & satisfying
llz —2™|| < e
and the constraints in 1.1 and 1.2; where x — 2* is the result of vector subtraction,

the norm ||v|| of a vector v with n components is a measure of the size of v [28, 81].

One common norm is defined as

Hlv]| = maxi<i<alvil-

Rinnooy Kan and Timmer [45] claim that the global optimization problem as
stated above is unsolvable in a finite number of steps. However, for a given tolerance
e > 0, one can, in a finite amount of time, find a point 2’ such that the difference
between f(z') and the global optimum is within € [62]. Such a point 2’ is called an

e-global minimizer. Formally, an ¢-global minimizer is defined as a point, 2, such

that
| fa) = [ I<e
and
pi(z)y<e(t=1,...,m) (1.3)

(@) <e(i=1,...,7) (1.4)
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where f(2') is called an e-global minimum.

In the following, the terms minimum and minimizer will mean global minimum

and global minimizer respectively if we do not specify otherwise.

1.3 Methods for Solving the Global Optimization

Problem

Among many kinds of classifications of methods for solving the global optimization
problem [81, 88], we are interested in dividing the methods into the following two

categories:

e point methods, and

e bounding methods.

Point methods compute function values at points and output as the minimum the
function value at a point. Bounding methods compute lower and upper bounds of
function over a box and give a lower bound and an upper bound for the minimum.
Point methods are incapable of reliably solving the global optimization problem.
Bounding methods produce correct global optimization solutions even in the presence

of round-off errors. The strength of the point methods is their efficiency.

1.3.1 Point Methods

Point methods are iterative. Irom a starting point z; (initially = 0), a point method

tries to converge to a minimum by finding another point ;4 such that f(xiy1) < f(2:)
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and using x;4+; as a new starting point.

Point methods may converge to a local minimum. Through starting the iteration
at a number of randomly selected points or at the points of a grid, we increase the
probability of finding all of the local minima. Thus it is possible that the smallest

local minimum among all the local minima found is the global minimum.

A point method gives an upper bound for the global minimum without an indica-
tion of how close this bound is. Without additional information about the objective

function, point methods can not even guarantee that an e-global minimizer has been

found [74].

1.3.2 Bounding Methods

Starting with a given box, a Cartesian product of intervals, bounding methods pro-
duce: (1) a lower bound and an upper bound for the global minimum of the function
f, and (2) a list of small boxes. The union of these boxes will contain all global

minimizers.

All bounding methods, such as Lipschitzian methods [81] and interval arithmetic
methods [81], consist of the following three steps:
(1) partitioning the initial box into smaller boxes,

(2) bounding the function (and possibly its derivatives) over the boxes and the

global minimum of the function, and

(3) rejecting (by using the bounds calculated in step 2) those boxes which do not

contain a global minimizer.
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The above three steps will be repeatedly executed until a certain termination
condition is satisfied. The union of the remaining boxes will contain all global mini-

mizers.

The bounding algorithm searches for the global minimum by exhaustively parti-
tioning and “pruning” all of the feasible space, which do not contain a global mini-

mizer.

Step 1 (i.e., the partitioning step) usually splits the initial domain, a given box,
into smaller boxes. Choosing boxes as the geometric shape to be split has the following

advantages:

e boxes are easily partitioned,
e boxes cover the feasible region without overlap,

e lower and upper bounds of the function f over boxes are easily computed.

If the feasible space itself is not a box, then an initial box containing it is used as the
initial search domain. The equalities and inequalities which are used to characterize
the true feasible space are then additionally used in the rejection phase of the algo-
rithm to eliminate those subboxes lying in the initial box, but outside of the feasible
region.

Step 2 (i.e., the bounding step) computes the lower bounds of the function f over
boxes and finds an upper bound of the global minimum. Initially, the upper bound
of the minimum is set to +co. At each iteration, it may be improved by the value of
the function f at a point in the feasible region or a local minimum. For a given box

B, the lower bound of f can be computed in one of the following ways:
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e Lipschitzian Approach. It is based on the assumption that a Lipschitz con-

stant, L, exists such that for any u,v € B, we have

|f(w) = f()] < Lilu = v]|.

If the value of function f is known at point u, then a lower bound on the function

value for all z between u and v can be determined by the following formula
fw) = Lllu = v]|.

e Interval Arithmetic. Lower and upper bounds of the function f over the given
box can be calculated by using interval arithmetic. An “interval extension” (to
be defined later) F for f can be obtained easily. Such an interval function
operates over a given box and returns an interval result bounding the range of

the function over the given box.

o Interval Constraints. For the function f and box B, the interval constraints
approach produces the same interval result as interval arithmetic if the initial
interval for y is (—o0, +00), where y is the variable for the value of the function
f. More importantly, when various additional conditions are used as constraints,
not only can it produce a smaller interval result than interval arithmetic, but
also it can make the given box B become smaller. This will be explained in

more detail later.

Among the lower bounds of the function f over all the unrejected hoxes, the lowest

lower bound is a lower bound of the global minimum.

Step 3 (i.e., the rejecting step) rejects boxes by using various conditions. The

following are some of commonly used conditions.



CHAPTER 1. INTRODUCTION 8

o rejecting boxes over which the lower bound of the function f is greater than an

upper bound on the global minimum known so far;

o rejecting boxes which do not intersect with the feasible space (i.e., in which any

point does not satisfy the conditions 1.1 and 1.2);

e rejecting boxes B not on the border of the initial box for which 0 ¢ {g(z) |z €

B}, where g is the gradient of the objective function, f;

e rejecting boxes for which the function is not concave anywhere within the boxes.

1.4 Related Work

Applications of BNR-Prolog. BNR-Prolog [10, 67, 7] is an interval constraint
logic programming language. W. J. Older explored in BNR-Prolog the applications
of interval constraints in several areas [73, 69, 65, 72, 70]. In global optimization,
Older solved a global optimization problem from [29] by using a branch and bound
algorithm and the Kuhn-Tucker conditions {72]. But he did not study the properties

of the branch and bound algorithm for solving the global optimization problem.

UniCalc Solver. The UniCalc solver [3] was designed to solve systems of nonlin-
ear equalities and inequalities. A technique analogous to interval constraints, called
subdefinite computations method [76], is used in the UniCalc solver. It gives bounds
on solutions. But it does not contain special methods for solving global optimiza-
tion problems. To find the global minimum of a second order differentiable function

without constraints, one has to follow the following three steps:
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(1) create a system of equalities and inequalities from the known necessary condi-
tions for a point ¢ to be a local minimizer: the first order partial derivative of
the objective function must be zero, and the diagonal elements of the Hessian

matrix must be greater than or equal to zero.

(2) apply the UniCalc solver to the system, and thus find the intervals for the

variables in the system.

(3) separate minimizers by using the root locating tool.

Numerica. Recently, P. Van Hentenryck and L. Michel reported their Numerica
system for global optimization in [37, 38]. They use interval constraints, therefore
obtaining the same advantages over interval arithmetic as reported in [16, 84, 17].
Numerica is built on Newton [5], an interval constraint logic programming language.
An iterative interval Newton method was embodied in Newton. And the interval
Newton method was combined with an internal splitting operation on intervals. It
reported in [5] that Newton achieved one to two order magnitudes in speed over
BNR-Prolog. They demonstrated the performance of their system. It seems that
their system outperforms existing ones. Comparison are hard to make from their
papers, since they only give timings and number of splits. The number of splits
has the advantage of being machine independent. However, they did not report the
“Internal splits” performed by means of the iterative interval Newton method. Since
there are hierarchical redundant conditions that can be used as constraints for solving

the global optimization problem, it is not clear what role of each constraint is played.
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1.5 An Overview of the Dissertation

In chapter 2, we first review the basic concepts of interval arithmetic, followed by
interval constraints. We then demonstrate how the interval functions can be computed
by using interval constraints and prove that computing an interval function in interval

constraint gives the same result as in interval arithmetic.

In chapter 3, we give a hypernarrowing algorithm which can produce a smaller
interval result for the range of function f over a given box than the correspond-
ing interval function in interval arithmetic. And then we compare the semantics of

hypernarrowing with that of a constraint solver, which is followed by applications.

In chapter 4, we first review interval arithmetic methods for unconstrained global
optimization, describe a generic Branch-and-Bound algorithm for unconstrained global
optimization, prove the properties of the algorithm, and propose improvements on the
algorithm. We investigate the role of interval constraints in global optimization and
show how to obtain an interval arithmetic version and interval constraint version of
the algorithm, which is followed by the implementation of a variety of versions of
the Branch-and-Bound algorithm in BNR-Prolog. We then compare the computa-
tional results produced by the interval arithmetic versions with those produced by

the interval constraint ones.

In chapter 5, we discuss the differences between unconstrained and constrained
optimization, which is followed by the review of interval arithmetic methods for con-
strained global optimization. We then present the transition from the Branch-and-
Bound algorithm for the unconstrained global optimization to the variety for the
constrained global optimization. We also study the effect of redundant conditions as

interval constraints and compare the interval arithmetic methods with the interval
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constraint ones.

In chapter 6, we summarize our results and contributions, and indicate directions

of future researches.



Chapter 2

Interval Arithmetic and Interval

Constraints

Interval arithmetic is an arithmetic defined on intervals, rather than on real numbers.
A form of interval arithmetic perhaps first appeared in 1924 in [12, 47]. Modern
development of interval arithmetic began with R. E. Moore’s dissertation [59, 47].
The key idea of interval arithmetic is to bound by an interval the effect of errors from
all sources, including approximation errors and errors in data. Since then, applications
[2, 74, 36, 8] of interval arithmetic have been developed. In most applications, interval
functions [64, 2, 74, 36] are used to bound the ranges of given functions. In general,
the interval yielded by an interval function of a given function f is much larger than
the range of f. It is therefore important to find ways to bound the range of f as

closely as possible.

Using interval constraints, we can bound the range of the function f better than

using interval arithmetic. The concept of constraints was formed gradually. Suther-

12
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land [80] is one of pioneers of constraints. A basic consistency technique for interval
constraints, the Waltz consistency algorithm, was given by Waltz [89]. Interval con-
straints has been embedded in several programming languages [18, 44, 23, 20, 5, 57].
It provides a general approach in computer problem solving where one expects the
problem to be solved by merely entering the constraints among the variables of the
problem without need for any algorithm in addition to a general-purpose constraint
solver that comes with the system. Of course, in interesting problems the general-
purpose constraint solver is neither efficient nor convenient to use. This is also the

case in global optimization problems.

In this chapter, we prove that for any interval function F' of a given {unction
f, if we leave the value ¥ for F' unconstrained initially and compute it in interval
constraints, we get the same result for ¥ as we compute it in interval arithmetic.

This indicates that interval arithmetic is a special case of interval constraints.

2.1 Basics of Interval Arithmetic

Before the use of interval arithmetic, bounds on the range of a function were some-
times obtained with Lipschitz constants. Judicious use of interval arithmetic allows
such range bounds to be computed without extensive analysis. With outward rounding
(to be explained later), interval arithmetic provide correct results from floating-point

operations on computers in the presence of rounding errors.

We use R to denote the set of real numbers and F a finite subset of R. Typically,

F is the set of floating-point numbers of a computer.

Definition 2.1: [40]
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For every a,b € R, the real interval (or R-interval for short)

[a,b] represents {x € R | a < & < b},
[a, +00] represents {x € R | a < 2},
[—o0, D] represents {z € R | 2 < b}, and

[—o0, +00] represents R.

Note +00 ¢ R and —oco ¢ R. [a, 400}, [—00,b] and [—co, +00] are just more conve-

nient notations for {z € R | a < 2}, {x € R |z < b}, and R respectively.

If we replace “a,b € R” by “a,b € F” in the definition 2.1, then we obtain the
definition of floating-point interval (or F-interval for short). We denote the set of all
F-intervals by I(F). For any [l,u] € I(F), we call [ the lower bound and u the upper
bound of [I,u]. For convenience, we will use lower bound function {b: I(F) — F and

upper bound function ub: I(F) — F, which are defined as follows:

Ib([l,u]) =1, ub([l,u])=u forany [[,u] € I(F).

Note that real and floating-point intervals differ only in the bounds but every

interval, real or floating-point, denotes a set of real numbers.

2.1.1 Interval Arithmetic Operations

Definition 2.2: [74, 36]

If o€ {+,—,%,/} and A, B € I(F), then Ao B, the result of the interval operation

o, is the smallest interval in I(F) containing

{roy|z e Aand y € B}.
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Other operations over I(F) like sin, cos, log, etc. can be defined in the same way.

The image of each of the four basic interval operations is the range of the cor-
responding real operation except for A/B which is complicated if 0 € B. Although
the above definition characterizes these operations mathematically, the practical use

of interval arithmetic is due to the following theorems.

Theorem 2.1: [83]
For any o € {+, —,*,/} and [a, ], [¢,d] € I(F)

[a,b] 0 [¢,d] = [min(aoc,a0d,boc,bod),max(aoc,aod,boc,bod)
except for [a,b]/[c, d], which is more complicated if 0 € [c, d].

Theorem 2.2: [74, 36]
Let [a,b],[c,d] € I(F), then

[@,0] + [e,d] = [a+c¢,b+d]

[@,b] — [¢,d] = [a—d,b—(]

[a,0] % [e,d] = [min(ac,ad,be,bd), max(ac, ad,be,bd)]
[a,0]/[e,d] = [a,0]*[g,¢], if 0¢[cd]

Theorem 2.3: [83]
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Let 0 € [c,d], then

0 if0¢[a,bland c=0and d=0
[—o00, +c0] ifa<0and 0 <b

[~ o0, +00] ifc<0and0<d

[a,b]/[c,d] = [5, oo ife=0and 0<dand a >0
[—o0, £] ifc=0and 0 <dand 6 <0

[—oo0, & ifc<O0and d=0and a >0

[g, +00] ifec<O0andd=0and b <0

It is obvious that both interval operations + and * are commutative and associa-
tive. However, the distributive laws do not hold. For any intervals A,B,C,D € I(F),
we have !

Ax(B+C)CAx*B+ Ax*C.

This property of the interval operations is called subdistributive. Moreover, although
[0,0] is an identity for addition and [1, 1] is an identity for multiplication, that is that

for any interval X € I(F), we have

0,0+ X =X
and

1,1l x X = X,

but we do not have

0,0]=X—X

or

[1,1] = X/X.

1 As we regard Bourbaki [11] and Halmos [31] as authorities on set-theoretic notation, we prefer

C for the subset relation to C. Similarly, O rather than 2.
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This is due to the fact that the multiple occurrences of one variable X vary inde-
pendently from the definition 2.2. This phenomenon is called interval dependency.
Because of the interval dependency, the interval result of evaluating a function f over

a given interval with interval arithmetic usually is much larger than the range of the

function f. For example, if
f(.’l)) = 3;2 -,

then evaluating f over [0,1] with interval arithmetic gives
[0,1)* +1{0,1] = [0,1] — [0, 1] = [-1,1],

but the range of f over [0,1] is [—3,0].

In floating-point arithmetic, real numbers are approximated by floating-point
numbers using rounding. This rounding introduces roundoff errors. During the pro-
cess of a computation, the rounding errors are accumulated. This may lead to the
result of the computation to be wrong. This is not the case in floating-point interval
arithmetic. In an interval operation, the lower bound of the result interval is rounded
down to the largest floating-point number less than the exact lower bound, and the
upper bound of the result interval is rounded up to the smallest floating-point number
larger than the exact upper bound. This rounding process is called outward round-
ing. The outward rounding does not introduce roundoff errors. It guarantees that no
answer, if there exists any, escapes from the rounded interval. This contributes to the
guaranteed accuracy property of interval arithmetic. Therefore, a sound implemen-

tation of the outward rounding is essential in an interval arithmetic system.

The IEEE binary floating point standard [21, 30] prescribes three rounding modes:
nearest (round to the nearest floating-point number), round down (round toward

—00), and round up (round toward +o0). The nearest mode is the default rounding
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mode. For the implementation of outward rounding, we use the round down mode

when computing lower bounds and the round up mode when computing upper bounds.

2.1.2 Inclusion Functions

In order to introduce the inclusion function of the real function f : R* — R, we define

floating-point box. Let
Fo={Lx x| Ll{F)feri=1,...,n} (2.1)

the set of Cartesian products of n floating-point intervals. We call I; x --- x [,, € F,
floating-point box or F-box for short, and I € F; (i.e., I{F)) floating-point interval

or F-interval for short.

Definition 2.3: [74]

Let f: R* — R. Let furthermore O f(X) be the smallest interval containing the range
of f over X, where X denotes X; x --- x X, and X; C R. A function F : F,, —» F
is called an inclusion function for f if Of(X) C F(X) for any X € F,.

2.1.3 How to Get Inclusion Functions

Definition 2.4: [74]

Let f : R* — R, E be an expression for f, and X € F,. The natural interval
extension for E of f to X is the function F' : F, — F, defined by the expression E’
that is obtained from E by replacing each occurrence of the variable 2 by X, each
arithmetic operation by the corresponding interval arithmetic operation and each pre-

defined function by the corresponding inclusion function. We also call F' an interval
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function of f.

Lemma 2.1: [74]
For any f,g,h : R = R, if f(z) = g(h(z)), G and H are inclusion functions for ¢ and
h, and F(X) = G(H(X)), then F is an inclusion function for f.

Corollary 2.1: [74]
For any real number functions f,h;(z = 1,...,n) : R* - R, g : R™ — R, if
f(z) = glhi(2),...,hn(z)), G and H; (i =1,...,n) are inclusion functions for g and

h;, and F(X) = G(H(X),..., Hn(X)), then F is an inclusion function for f.

Theorem 2.4: [74]
The natural interval extension for any expression for f as defined above is an inclusion

function for f.

The mean-value form and Taylor form [74, 64] of f are two other kinds of inclusion

functions for f.

In general, the value of an inclusion function for a given function f over X € F,
is much larger than O f(X), the smallest interval containing the range of the function
f over X. Therefore, it is important and challenging to find ways to approximate
Of(X) as well as possible. It is challenging as O f(X) itself requires solving global

minimization and maximization problems where f may not be a convex function.

2.2 Solving Interval Constraints

Interval constraints, built on interval arithmetic, is a generalization of interval arith-

metic. The fundamental algorithm for solving interval constraint systems was pro-
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posed by Davis [22]. Following the work presented in [18, 52, 68], F. Benhamou and
W. Older [6] introduced the notions of approximation and narrowing, and applied
them to constraints over real numbers, integers and Booleans. M. H. van Emden [82]

generalized these notions to Herbrand universes and finite domains.

2.2.1 Interval Constraint Systems

Definition 2.5: [84]

An interval constraint system is an entity consisting of

(1) A constraint conjunction, A; A--:A A, where A; (¢ =1,...,m) are atomic
formulas of first-order predicate logic. These formulas are called primitive con-
straints or primitive relations, each of which has one of the forms in Table 2.1,

where the variables are interpreted as reals.

(2) A state, [; x--- x I, which is an F-box. Each component (i.e., an interval) of
the box is associated with a variable occurring in the constraint conjunction. It
may happen that one or more of the intervals are empty. In this case the state
denotes an empty set of tuples of values for the variables. Such a state is called

a failure state or an inconsistent state.

For example,
exp(z,2,y) N exp(y,2,z) A sum(y,z,1)
is a constraint conjunction, which is interpreted as

2=y Ay =z Ay+z=1
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formula interpretation
sum(2,y,2) |z2+y=z
times(,y,2) |z *xy =2

exp(z, n,y)

z" = y for integer n > 2

eq(x,y) T=y
lt(z, y) T <y
le(z,y) z<y
gt(e,y) x>y
ge(z,y) T2y

sin(z,y)

sin(z) =y

cos(z,y)

cos(z) =y

tan(z,y)

tan(z) =y

asin(z,y)

arcsin(z) =y

acos(z,y)

arccos(z) = y

atan(z,y)

arctan(z) =y

abs(z,y)

abs(z) =y

In(z,y)

In(z) =y

min(z,y, 2)

ifa<ythenz=uzelsez=y

max(z,y, z)

fa>ythenz=celsez=y

Table 2.1: Primitive constraints
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Suppose that we also have the following F-box
[-5.5,6.5] x [—1.5,1.5] x [—1.6,1.6].

If we associate the interval [~5.5,6.5], [-1.5, 1.5] and [—1.6, 1.6] with the variables z,
y and z in the above constraint conjunction respectively, then we get a state. This

state and the above conjunction constitute an interval constraint system.

When writing a primitive relation, we prefer to write the interpretation as shown
in the right-hand column of the table. This has the advantage of improved readability
at the expense of a risk of confusion. For example, when writing “c + y = z” as a
primitive relation, we should keep in mind that it is a ternary relation written in a
sort of distributed infix notation (i.e., it is the set {< z,y,2z >| v +y = z}.) and that

it is not an instance of the binary equality relation involving the result of an addition.

Usually, we denote a constraint system by C = < 5, D >, where § = A;A---A A,
is the constraint conjunction, D = I; X --- x I, is the state, in which intervals
I...., I, are associated with the variables @,...,a, in the constraint conjunction S

respectively.

Definition 2.6:

A solution of an interval constraint system is an n-tuple of values for the variables
that makes the constraint conjunction A; A --+ A A,, become true if each variable is

replaced by the corresponding value.

Thus the set of solutions is a set of n-tuples, hence an n-ary relation, say r, where

rC I x - x I,

Even though the interval constraint system defined here allows only a limited

number of primitive constraints, it is general enough to represent equalities or in-
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equalities between polynomials of any degree in any number of variables. Of course
such polynomials have to be translated to the primitive constraints by introducing
auxiliary variables. Such a translation is similar to the one performed by a Fortran
or C compiler, where the target code’s arithmetic instructions play the role of the

primitive constraints here.
For example,
y = 2%+, 2; € [-10,10], 2, € [-100,50], y € (—00,+00)
is translated to an interval constraint system where the constraint conjunction is

2
31

=z AN zd+zy=yYy
and the state is

[—10,10] x [—100, 50] x [—o0, +00] X [~o0, +00]

which is associated with the variables z,, x4, ¥ and z, where z is the auxiliary variable

introduced.

2.2.2 Consistency Operators

Definition 2.7:

Let p(21,...,2,) be a primitive constraint, and X = X; x .-+ x X, be the state, in
which X1i,..., X, are associated with the variables zi,...,2, in the constraint. A
value v € X; for the variable z; is said to be consistent for p and X if we can find

z; € X; (e {l,...,n},7 # 1) such that

P(ZC]_, coey Lic1y Uy Tigdy '7-7771)
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holds.

The functionality of the consistency operator associated with a primitive con-
straint p and a given box is to remove inconsistent values from each interval of the

box and find the smallest box containing all the consistent points in the given box.

For example, if p(2,y, z) is a+y = z (the primitive constraint sum from Table 2.1)
and the intervals associated with =,y and = are [0, 2], [0,2] and [3, 5] respectively, then
all three intervals contain inconsistent values. Now y < 2 (from y € [0,2]) and z > 3
(from z € [3,5]) imply that + = z —y > 1. Hence the values in [0,1) for @ are
inconsistent. Thus we get the interval [1,2] for @ from [0,2]. Similar considerations
rule out values in [0,1) for y and values in (4,5] for . Removing all inconsistent

values from the given intervals leaves the intervals [1,2] for @ and y and [3,4] for =.

This is an example of the consistency operator associated with the primitive con-
straint sum acting on intervals associated with variables related by sum. In general
there is a consistency operator associated with each primitive constraint relation p
that acts on intervals associated with argument places of p by first removing all in-
consistent values. As the resulting sets may not be intervals, the consistency operator
includes a second step, which is to replace these sets by the least intervals containing

them.

Before giving the definition of consistency operator formally, we introduce pro-

jection and approximation.

Definition 2.8: [6]

For every n-ary relation r C R", the projection of r, denoted by m;(r), is defined as



CHAPTER 2. INTERVAL ARITHMETIC AND INTERVAL CONSTRAINTS 25

follows:

mi(r) = {x; € R| Jwq - - FziyIziyy - - T2, such that (zy,...,2,) € 7}

Definition 2.9: [6, 85]

The approximation of a relation r, denoted by ap(r), is the least (w.r.t. inclusion

relation) F-box containing r.

Definition 2.10: [6]

Let » C R*. The consistency operator of r is the function C,: F, — F,, such that
for any u € Fp,

Cr(u) = ap(unr).

If r is one of the primitive constraints in Table 2.1, the corresponding consistency
operator can be simply computed. The formulas used for computing consistency
operators can be found in [18, 71, 85, 6, 51, 83]. We list a few of important ones in

the following lemmas.

Lemma 2.2: [18, 71, 85, 6, 51]

If sum is the ternary relation
sum={<z,y,z>x+y=2z, 2,y,z2€ R}

and Csyn is the consistency operator of sum, then for any [a,b] x [¢,d] X [e, f] € Fa

we have
Coum([a,b] x [¢,d] x [e, f]) = [a,0]N ([e, f] = [c, d]) %

[cv d] N ({es f] - [aa bpx
e, /10 ([a, ] + [c, d]).
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Thus, the consistency operator Cg,, can be easily computed in terms of the
interval arithmetic operations + and —. However, the formulas for computing Ciimes
in [18, 71, 51] are complicated and incomplete, because the result of interval division
[a,b]/[c,d] is not defined if 0 € [c,d]. Even in extended interval arithmetic [33],
[a,0]/]0,0] is not defined. Because of the discontinuity at 0, W. Older broke the
computation of Cymes into twenty seven cases. By using symmetry, he reduced these
twenty seven cases to three essentially different ones. The discontinuity also led to the
consistency operator Cymes incompletely implemented in BNR-Prolog for a number
of years [71].

After deriving the actually executable computation rules for interval division
[a, b]/[c, d] especially when the divisor is near 0, M. H. van Emden [83] has presented

the simple formula for the consistency operator of times.
Lemma 2.3: [83]
If times is the ternary relation

times = {< z,y,z>|axy =2z a,y,z € R}

and Cyimes 1s the consistency operator of times, then for any [a,b] X [¢, d] x [e, f] € F3
we have
Crimes([a,0] X [c,d] x [e, f]) = [a,b] O ([e, fl/[e,d]) %
[e,d] N ([e, £]/[a, b]) %
e, £10 ([a, 8] * [¢, d]).

Lemma 2.4: [71]

If eq is the binary relation

eq={<=,2>|z € R}
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and Cg, is the consistency operator of eq, then for any [a,b] X [¢,d] € F, we have

Ceg(la,b] x [e,d]) = [a,b] N]e,d]x
[a,b] N [e, d].

Theoretically speaking, the relation r defined by the constraint system C' can be
approximated by the consistency operator C,. However, there is no algorithm for C,.
The following prepares our mathematical model for the practical consistency operator

of the relation .

Suppose that we have a constraint system C' = < 5, D >, where § = AjA- - A A,
D=1 x--xI Foralli=1,...,m, if ¢;,...,z;, are the variables occurring in
A;, then A; denotes the n;-ary relation r; C Iy x --- X I, as the set of tuples that,

when substituted for @;,,...,z;, , make 4; true.

Lemma 2.5: [35]

r=ry M- X r,, where X denotes the natural join.

The specification of r by means of 3z;...3za(A1 A -+ A Ap) may suggest that
r =r; N---Nry, but this is only the case if each of A,,..., A, contains all the
variables in the constraint conjunction. Typically, however, every constraint contains

only a small subset of all the variables.

Definition 2.11: [85]

Foranyue F,andr=r; X .- Mr,,
T(u)=C, (u')X--- X Cp (u™)

where for all i = 1,...,m, u’ is the projection of u on the subset of the variables that

occur in A;.
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Proposition 2.1: [35]
(i) T is monotonic; (ii) For any u € F,, u D T'(u) D C,(w); (iii) T(Cr(u)) = Cr(u).

Theorem 2.5: [85]
For any u € F,, there exists a finite M such that 7'(T™(u))) = T™(u). Moreover,

u D TM(u) > Cp(u).

This suggests a consistency operator for approximating C,(u) and hence r.

Definition 2.12: [35]
The consistency operator of a constraint conjunction S is the function ¥g : F,, — F,,.

such that for any u € F,,

Us(u) = TM(u).

Lemma 2.6: [85]

(i) Vg is contracting: ¥s(u) C u for all u € F,.
(ii) Ws is monotonic:  uy C uz = ¥s(uy) C Ys(uz) for all uy,us € F.
(iii) Ws is idempotent: Ug(u) = Us(TUgs(u)) for all u € F,.

In other words, ¥s maps JF,, to the fixpoints of WUg.

2.2.3 Consistency Algorithms

Definition 2.13:
A state is a consistent state for an interval constraint system if this state is unchanged
under the consistency operator of any of the primitive constraints in the constraint

conjunction.

A consistency algorithm takes as input an interval constraint system, which has
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a state. The algorithm reduces the intervals in this initial state to one of the interval
constraint system’s “consistent states”. It performs this reduction in such a way that
any solution contained in the initial state is also contained in the consistent state
obtained from it. That is, it does not eliminate any solution. It may happen that
the consistent state has intervals that have a width in the same order of magnitude
as the precision of the machine arithmetic. This suggests that a unique solution is

contained in the consistent state.

It may also happen that the consistency algorithm reduces the state to the failure
state. In that case it has been shown that the original state contains no solutions.
Finally, it may happen that the intervals of the consistent state that has been reached
provide too little information about solutions to be useful. In this case, the state can
be split into two or more sub-states. By applying the consistency algorithm to each

of these sub-states, we can obtain more information about solutions.

One can get a consistent state by starting from an initial state and repeatedly
execute a cycle in which all consistency operators are applied to the current state. As
intervals never increase in size and as there are only finitely many machine numbers,

such an iteration reaches a consistent state.

It is usually unnecessary to apply all consistency operators in each cycle. For
a primitive constraint in the constraint system, its consistency operator needs to be
applied only if the intervals associated with some of the variables occurring in the
constraint are changed. This optimization is achieved by Waltz/Davis algorithm [22].
The process is often referred to as “constraint propagation” or “filtering”. Thus
the Waltz/Davis algorithm maps an initial state of an interval constraint system

to a consistent state contained in it. In the process we obtain information about
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solutions possibly contained in the initial state to the extent by which the intervals

have contracted.

The algorithm in Figure 2.1, which is based on the algorithms in [22, 6], is the
pseudocode of an efficient procedure. In the algorithm, I(z;) represents the interval
associated with the variable x; in the constraint system. The input of the algorithm
is a constraint system C = < 5, D >. The output is a failure state or a consistent
state D'.

For example, if the constraint conjunction S is

y=:v2/\z:y2/\y-|-s=
and the initial state D is

[0,1] x [0,1] x [0,1],

then no information is gained as this initial state is a consistent state. Through
splitting the interval [0, 1] for @ into two sub-intervals [0, 0.5] and [0.5,1], we get two
states:

D1 =10,0.5] x {0,1] x [0, 1]
and

D2 =[0,0.5] x {0,1] x [0, 1].
Thus we have two interval constraint systems C1 =< 5, D1 > and C2 =< 5, D2 >.
The consistency algorithm will map the state D1 of the constraint system C'1 to
empty. That is, we will obtain a failure state from D1. This indicates that D1 does

not contain any solution. Applying the consistency algorithm to D2, we obtain as

corresponding consistent state

0.78615137775742[3, 4] x 0.61803398874989[4, 5] x 0.38196601125010(5, 6].

>This is a notation invented by M. H. van Emden [84]. We use this notation instead of the
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1: input: a constraint system C =< .5,D >

2:  output: inconsistency or a consistent state D’

3:  initialize @ to the queue of all the constraints in S
4: while @ is not empty do

5: remove a constraint r(zy,...,2,) from Q

6: Xi=1I(zy) x -+ x I(2p)

T apply C, to X to obtain X', i.e., X' = C,(X)
8: if X'’ =0 then exit with inconsistency

9: foreach z;in {21,...,2n} do

10: if X!z I(z;) then

11: I(z;) = X!

12: foreach 1 # r and r' ¢ Q in which z; appears do
13: put r’ into @

14: end-if

15: end-foreach

16: end-while

17: output: D' = I(x;) x -+ x [(x,)

Figure 2.1: Consistency algorithm
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This suggests that a unique solution for z,y and z is contained in this state.

The above states are obtained from BNR-Prolog {10, 6], which includes an im-

plementation of the consistency algorithm for interval constraint systems.

2.2.4 Interval Constraint Programming Languages

So far we have discussed interval constraints as mathematical entities. It is the basis
of an interval constraint programming language (or constraint language for short).
Among several paradigms for combining the current programming languages with
interval constraints, the Constraint Logic Programming (CLP) is the most natural

one [58].

Constraint languages are declarative [53, 39, 87]. In a constraint language, it is
easy to specify as a constraint system constraints (i.e., equalities and inequalities) of
arbitrary complexity and a domain for the variables in the constraints. We call this
type of constraint system a high-level constraint system. To distinguish it from the
constraint system defined in Definition 2.5, we call the latter a low-level constraint
system. A high-level constraint system can not be solved directly. To solve it, a

constraint language compiler or interpretor translates it into a low-level version by

conventional

[0.786151377757423,0.786151377757424],

which is not only cumbersome, but requires close attention to determine the most significant digit

at which the two numerals differ. We regard
0.78615137775742(3, 4]

as a scaled interval notation. The numeral before the brackets modifies what is inside by shifting

and scaling.
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transforming the constraints to a conjunction of primitive constraints and the domain

fo a state.

For example, the high-level constraint system
Y =212, 1+ 23 <0, 21,1 € [0, 400]
will be translated into a low-level one, of which the constraint conjunction is
y=z1%x2 Ayr=a5 A p=a1+y A 32 <0,
and the state is

I(x1) x I(22) x I(y) % I(y1) X I(y2)

where I(2;) = I(z;) = [0,+00] and I(y) = I(y1) = I(y2) = [—00,+c0]. Note that
the domains for the auxiliary variables y; and y are [—o0,+00]. In the high-level
constraint system, if the domain of a variable is not specified, then the domain for

that variable in the corresponding low-level constraint system will be also [—o0, +-00].

Constraint languages provide operations on a given high-level constraint system.

The operations include:

o adding an equality or inequality to the constraint system.

e splitting the interval for a variable in the constraint system into two or more
sub-intervals. Using (1) the constraints of the constraint system, (2) one of
these sub-intervals for this variable, and (3) the intervals for the other variables

in the constraint system, one can specify a new constraint system.

Constraint languages also allow one to explicitly or implicitly invoke the consis-

tency algorithm to provide information about possibly existing solutions of a high-
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level constraint system. The amount of information ranges from nil to near the
maximum allowed by the machine numbers.

To simplify notation, we will use the term constraint system for either a high-level
constraint system or a low-level constraint system. Which one it represents should

be determined from the context.

2.3 Computing Interval Functions in Interval Con-

straints

The result of an interval function of f over a box X calculated in interval arithmetic
contains the range of f over X. The value of the interval function can also be
computed in interval constraints. In this way we can compare interval arithmetic
with interval constraints within the same software system. This is a fundamental

requirement for the research reported in this dissertation.

Example. Suppose that we have function
f(1, 22) = z122 + X,
Using interval arithmetic,

£([~5,5],[~10,10)) = [-5,5]* [~10,10] 4 [-10,10]
= [—50,50] + [—10,10]
= [-60,60].

The same result can be obtained in interval constraints.
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At first, the function f can be equivalently translated to the following conjunction

of primitive constraints
S = times(2y, T2,y1) A sum(yy, To,y)
ie,Sis
N=T1*22 A y=uy+22

where y; and y are auxiliary variables introduced; y is the variable for the function;

constraints times and sum correspond to the interval operations * and + respectively.

And then, associate each variable in the constraint conjunction with an interval.
Associate x; with X = [-5,5], @, with X, = [~10, 10], the auxiliary variables y, y;
with Y,Y) = [—o0, +00] respectively.

Thus we get the interval constraint system C =< 5, X; x Xo x ¥ x ¥} >.

The execution of the consistency algorithm with input C yields the consistent
state D' = [—5, 5] x[—10, 10] x [—60, 60] x[—50, 50], where the interval for y is [—60, 60],
which is the same as that of f([—5,5],[—10,10}) computed in interval arithmetic.
Initially, @ in the algorithm contains two primitive constraints “times(zi,22,y1)”

and “sum(y;, 2,y)”. From the initial state
X1 x Xy xY xY; =[-5,5] x [-10,10] X [—o0, +00] X [—00, +0c0]
the consistent state D’ can be reached in the following two iterations.
1. remove “times(x1, T2, y;)” from @ and apply Ciimes to X1 X X3 X ¥]

Ctimes(—Xl X . X3 X Yl) = Ctimes([—5a5] X [_107 10] x [_OO7+OO])
= [-5,5] x [-10,10] x [—50, 50]
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The state of the constraint system becomes
X1 xXoxY x ¥, =[-5,5] x [-10,10] x [—00,+00] x [—50,50].

2. remove “sum(yq, T2,y)” from @ and apply Ceum to Y1 X X X Y

Com(Y1 x Xa xY) = Coaum([—50,50] x [-10,10] x [—c0, +00])
= [-50,50] x [~10,10] x [-60,60]

The state of the constraint system becomes

X1 x Xy xY x Y =[-5,5] x [-10,10] x [-60,60] x [—50, 50].

Definition 2.14:

Let E be the expression of f used for the interval function F. The constraint con-

junction S and the variable y translated from E are defined as follows:

1. If E is a variable v, then it is only translated to v.

o

If E is a constant, then it is translated to the variable y.

3. If (1) E'is (E; op E»), (2) E; is translated to the constraint conjunction S; and
variable y;, (3) E2 to S; and y, and (4) y; is not in S; and y» is not in Sy, then
E is translated to the constraint conjunction S = A,p(y1,y2, y) A S1 A S2 and the
variable y, where A,, is the primitive constraint corresponding to the interval

operation op, y is different from y;, y» and any other variable in S; A S,.

4. If (1) E is op(E;) and (2) E; is translated to the constraint conjunction S; and
variable y;, then F is translated to the constraint conjunction S = A,,(y1,y)AS:
and the variable y, where A,, is the primitive constraint corresponding to the

interval operation op, y is different from y; and any other variable in S;.
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Definition 2.15:

Let

1. E be the expression of f used for the interval function F,

SV

S be the constraint conjunction translated from E as defined in Definition 2.14,
3. 2; (1 =1,...,n) be the variables in E,

4. 2.4 (7 =1,...,m) be the variables translated from constants in E, and

(@]

. Totmtk (B =1,...,1) be the auxiliary variables introduced in S.

The constraint system C translated from F over X = X; x---x X,, € F, is defined as
< S, I X...X Inymys >, where I; (1 € {1,...,n})is X;, Lny; (5 € {1,...,m}) is the
constant from which the variable @,4; is translated to, and Inymer (K € {1,...,t})

is [—00, +0o0].

Lemma 2.7:

If op € {+,—,*,/}, then for any A, B € Fy,

1. A op B, the result of the interval operation op, can be obtained by apply-
ing the corresponding consistency operator to the box consisting of A, B and

[—00, +00];
2. applying the operator to the box does not change A or B.
Proof: Let @, y and z be the variables occurring in the primitive constraint corre-

sponding to op. Let furthermore A and B be the intervals for z and y respectively,

[—00,+00] the interval for z.



CHAPTER 2. INTERVAL ARITHMETIC AND INTERVAL CONSTRAINTS 38

For A+ B, suppose that “sum(z,y, z)” is the corresponding primitive constraint
and Csyn 1s the consistency operator of sum. From Lemma 2.2, we have the following

by applying Csum to A X B X [—00, +00].

Csum(A X B X [—00, +0])

AN ([-o0,+00] —~ B) x BN ([—00, +00] — A) X [—00, +00] N (A + B)
= (AN[~00,+00]) X (BN[—00,+x]) x (A+ B)
= AxBx(A+ B).

Thus, the interval for z is the result of A+ B and applying Csyn to the box A x B x

[—00, +0o0] does not change A or B.

Similarly, we can prove that (1) A — B, A* B and A/B can be obtained by
applying the corresponding consistency operator to the box consisting of A, B and

[—00, +00] and (2) applying the consistency operator to the box does not change A

or B. |

Theorem 2.6:

For any X € F,, if E is the expression of f used for the interval function F, y is the
variable translated from E, and C is the constraint system translated from E over X
as defined in Definition 2.15, then the output of the consistency algorithm with input
C will be a consistent state D’ and the interval in D’ for y equals the value of F(X)

computed in interval arithmetic.
Proof: The proof is by induction on the number m of interval operations in E.

If m = 0, then F is a variable or a constant. There is no primitive constraint in
C. If E is the variable @ and the interval for z is X, the consistency algorithm will

output the consistent state D’ = X. The interval for y (note that y is the same as )
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in D' is X, which equals the value of F(X) computed in interval arithmetic. If E is
the constant [a,b], the algorithm will output D’ = [a,b]. The interval for y in D’ is

[a,b], which is the same as F(X) = [a, b].
Suppose that for any m < k, the theorem is true.

If m = k+1, i.e., the number of interval operations in £ is k+ 1, then E has the
form (E; op E») or op(E;). For the former, let y; and C; =< S, [;; x -+ x I, > be
translated from E; over X! (i = 1,2), where X* is the projection of X on the subset
of the variables that occur in Ej, and S5; = Ay, A -+ A A, Suppose that A, is the
primitive constraint corresponding to the interval operation op and y is the variable
translated from E, then C =< §,I; x --+ x I; >, where S = 51 A S2 A Ap(y1,Y2,9),

is the constraint system translated from £ over X.

It has been shown in [66] that the result of executing the consistency algorithm
with a constraint system C as its input does not depend on the order in which
primitive constraints are chosen from the constraint queue @) in Algorithm 2.1. Thus

we can select constraints in the following order:

1. as long as there exists a primitive constraint of Cy in @, choose that constraint;

[

if there is a primitive constraint of C; in @ and no constraint of C; in @), then

choose the constraint of Cy;

3. choose A,, if there is no constraint of C; or Cs in Q.

From Lemma 2.7, applying Ca,, does not change the intervals for y, and y,,
so it does not lead to any constraints of C; or Cs to be put back in Q. For each
constraint of C; (C3), applying the corresponding consistency operator does not affect

any constraint of Cy (C}) since there is not an auxiliary variable shared by C; and C,
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according to Definition 2.14. Thus, the execution of the algorithm with input C until
there is not any constraint of C; in @ is equivalent to the execution of the algorithm
with the input Ci. And then the execution of the algorithm with input C' until there
is not any constraint of C in @ is equivalent to the execution of the algorithm with

the input Cs.

Suppose that F; (1 = 1,2) is the expression used for the interval function F;.
Since the number of interval operations in E; is less than or equal to k, according
to induction hypothesis, the execution of the consistency algorithm with the input
C; (i = 1,2) will output the consistent state D" and the interval for y; in D" equals

the value of F;(X*) computed in interval arithmetic.

Thus from the interval for y is [—co,4o0] and Lemma 2.7, after applying the
consistency operator of A,,, the consistency algorithm will output the consistent

state D', in which the interval Y for y is:
Y =Yio0p Y,
where Y; is the interval for y; in D":. Therefore
Y = [i(X') op Fo(X?) = F(X),

i.e., the interval for y in D’ equals F(X) computed in interval arithmetic.

Similarly, we can prove that the theorem is true if E has the form op(E). A



Chapter 3

Hypernarrowing

Hypernarrowing is built on a consistency algorithm. It can he used to narrow the
given intervals in a constraint system. The interval ¥ for F', hypernarrowed by the
hypernarrowing, bounds the range of f closer than the corresponding interval function
in interval arithmetic. We will present its origin and a hypernarrowing algorithm. And
then we compare the semantics of hypernarrowing with that of a constraint solver,

which is followed by applications.

3.1 Where the Idea of Hypernarrowing Comes
From

Given a function f, an interval function F for f and an element X € F,, the value ¥
of F(X) computed in interval arithmetic is generally much larger than Of(X), the
smallest interval containing the range of f over X. Since F/(X) can be translated to

a constraint system C, and after a consistency algorithm is applied to C', the interval

41
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for Y in C' is the same as the value of F'(X), why not probe the large interval for ¥’
obtained from applying the consistency algorithm to C' by means of constraints on
Y? We show by example how to obtain a smaller interval for ¥ by adding constraints

to the constraint system C.

Suppose we have the following function
f(z) = 1222 — 6.327 + 2% + 622(22 — 1)

Here we choose the natural interval extension of f (see Definition 2.4) as the inclu-
sion function for f (see Definition 2.3). The BNR-Prolog system [10] for interval

constraints allows one to enter the definition of the relation £ defined as
£(X1,X2,Y) := Y is 12*%X1**%2 - 6.3*X1**x4 + X1x*x6 + 6xX2x (X2 -X1).

Read this as: “The relation £ holds between X1, X2 and Y if Y equals the polynomial
shown.” The definition of the relation £ is translated to an equivalent conjunction of

primitive constraints, typically introducing auxiliary variables.

For [—2,4] x [—2,4] € F2, we can enter the query
?- Xi:real(-2, 4), X2:real(-2, 4), £(X1,X2,Y).

Because we leave Y initially unconstrained, the consistency algorithm yields an interval
for Y equal to the result of the interval function computed in interval arithmetic. In

this example the interval for Y is [—1757,4432].

When we add the constraint “Y" < —137” to the constraint system by entering

the query

?7- X1l:real(-2, 4), X2:real(-2, 4), f(X1,X2,Y), Y < -137.



CHAPTER 3. HYPERNARROWING 43

4432

the interval computed in
2748

interval arithmetic

the interval obtained

Of(X) by hypernarrowing

L1

-1757

Figure 3.1: Intervals for f(z) = 1222 — 6.32] + 2% + 6z9(22 — 21) over [—2,4] x [—2,4]

The BNR-Prolog reports that the constraint system has no solution. This implies
that there are no solutions for “f(x1,22) < —137” within the given intervals for 2
and 5. Therefore, —137 is a lower bound of f over the given domain [—2,4] x [-2, 4].
When we add the constraint “Y < —136”, the BNR-Prolog leaves open the possibility
of solutions. Similarly, 2748 is a upper bound of f over the given domain. Thus with
the interval constraint system, we can improve the interval [—1757,4432], obtained
from the interval function used, to [—137,2748]. W. J. Older discovered this idea and
implemented it in “absolve” [67]. The hypernarrowing is a generalization of this idea,

which will be described later.

By applying hypernarrowing to the interval for ¥ in the constraint system trans-
lated from an interval function, we can obtain an interval for ¥ that contains the
range of f that is smaller than the one obtained by computing the interval function

in interval arithmetic.
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Figure 3.1 illustrates three kinds of intervals for the given function f over domain
X =[-2,4] x [-2,4] € F5. The smallest interval is O f(X). The largest interval is
the one obtained from the interval function F' of f in interval arithmetic. The one
in between is the interval obtained by hypernarrowing the interval ¥ for F in the
constraint system translated from the interval function. This middle one gives a

better approximation of O f(X).

3.2 A Hypernarrowing Algorithm

The hypernarrowing algorithm is based on a consistency algorithm. Suppose that we
have a consistency algorithm, Narrowing, which takes the constraint system C' =
< S, I} x++-x I, > asits input, and I] x ... x I as its output, where I1,..., I, € F,
I{ %+ -x I is the narrowed version of I, X+ - -x I),. The hypernarrowing algorithm takes
as its input (1) the constraint system C, (2) a nonempty subset Sy of {[1,...,,}, in
which we want the hypernarrowing algorithm to hypernarrow all the intervals, and (3)

a predetermined tolerance e. Its output is the hypernarrowed version of I; x -+ X [,,.

The hypernarrowing algorithm is described in Figure 3.2. In the algorithm, the
variable S, is used for storing the intervals which the hypernarrowing algorithm will

hypernarrow, S, for storing intervals temporarily. Initially, S, = Sy, Sq = 0.

At first, the algorithm chooses an interval I, from S,, moves I, from S, to Sy,
and hypernarrows the interval I.. And then, for each narrowed interval I; in the
constraint system, it moves all the intervals in Sy which are related to I; from Sy to
Sq. This procedure is repeated until S, is empty, i.e., all the intervals, which we want

the hypernarrowing algorithm to hypernarrow, can not be narrowed any more.
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Hypernarrowing(< S,I; x --- X I, >, 5], ¢, output)

1: begin

2: Sy 1= 573 4= 0;

3 while S, #0 do

4: choose an interval I, from S;

5: move [, from S, to Sg;

6: force(l,,< S,I; x .-+ X I, >, ¢, output);

T: foreach narrowed I; € output do

8: move all I; related to I; from Sy to S,.
9: end-while

10: end

force(l.,< S,I; x --- x I, >, €, output)

1: begin

2: forceL(l,,< S,I; X --- x I, >, ¢, outputl);
3: forceU(I,, < S, outputl >, ¢, output);

4: end

Figure 3.2: A hypernarrowing algorithm
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For a given constraint system C and an interval I, in C, to hypernarrow the
interval I, is to hypernarrow the lower part and upper part of I.. Two procedures
named forceL and forceU hypernarrow the lower part and upper part of I, respectively,
(see Figure 3.3). Since these two procedures are symmetric, we only explain the

procedure forceL.

For a given interval I, and the constraint system
< S Iy X oo X Loy X IoX [ogy X ooo X Iy >

at first, forceL tries to find a lower part I, of the interval I. such that the constraint
system

< S, X o X Ty X Iy X Loypy X oo X Iy >

is not consistent. And then, it applies the consistency algorithm to the following

constraint system :
<S L X x Loy X Iy X Loy X oo X Iy >

where the interval I, = {a | ¢ € I,,x & I, }. Thus the interval I, can be at least
hypernarrowed to I, and the other intervals in the constraint system may also be

narrowed if a nonempty interval I, is found.

3.3 Waltz, Solve and Hypernarrowing

Waltz algorithm is a basic consistency algorithm. Both solve and hypernarrowing are

built on the Waltz algorithm.
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forceL([l,,< S,I; x -+ x I, >, €, output)

1: begin
2: I, =1 I, := 0; outputl := I} x -+ X Ip;
3: while outputl # empty and width(/,)> ¢ do
4: bisect I, into two intervals I.,, and I.,;
St I, =1 I, =1, Ul,;
6: Narrowing(< S, Iy x -+ X Io—y X Iy X Ieyy X -+ X I, >, outputl)
7 end-while
8: if width(l,) > € then
9: Narrowing(< S, [y X -+« X Ioey X I, X Tepy X -+ x [, >, output)
10: else output := (I3,...,I,)
11: end
forceU(l,,< S, I x - -+ x I, >, €, output)
1: begin
JF**** symmetric to forcel ®#*** /
11: end

Figure 3.3: Algorithms for hypernarrowing the lower and upper part of an interval
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3.3.1 Comparing Waltz and Hypernarrowing

Although hypernarrowing is built on the Waltz algorithm, the iteration procedures in

these two algorithms are the same. The differences between them exist in each step

of the iterations.

1. Waltz maintains a queue @ of constraints, hypernarrowing a queue @; of inter-

vals.

8]

. Waltz removes a constraint A; from ¢ and applies the function similar to Cy;,
to the domains of variables in A;, hypernarrowing removes an interval I;, (the
domain of a variable in some constraint) from @ and applies the function force

to Ip.

3. For each narrowed interval I; of the variable X; in A;, Waltz adds every con-
straint A; # A; that contains X; and is not in @ into @; for each narrowed
interval I;, hypernarrowing adds every interval [, ¢ @ that is related to I;

through a constraint into Q);.

The hypernarrowing algorithm makes an improvement on Waltz. For example,
suppose that we want to find the roots of the following function over [-1.0e+15,1.0e+15] x
[-1.0e4+15,1.0e+15].

(=1, 22) = 2l + 2122+ 22
The solution of f(z,22) = 0 given by BNR-Prolog with the consistency algorithm

similar to Waltz is the interval [-1.0e+15,1.0e+15] for z; and ;. Here is the BNR-

Prolog query for finding the solution.

7- [X1,X2] :real(-1.0e+15, 1.0e+15), X1%*2 + X1#X2 + X2%*2 == 0.
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However, the solution given by our hypernarrowing algorithm with ¢ = 0.1 is the

interval [—0.04,0.04] for z; and [—0.04,0.04] for 2,. Here follows the query with

hypernarrowing,.

7- [X1,X2] :real(-1.0e+15, 1.0e+15), X1**2 + X1%X2 + X2%%2 == 0,

hypernarrowing([X1,X2], 0.1).

3.3.2 Comparing “Solve” with Hypernarrowing

Lemma 3.1:

The set F,, together with the set inclusion as the binary relation is a poset.

Figure 3.4 is a rough representation of the poset F,,. In the poset F,, R" is the

largest element and ) is the least one.

Certain n-ary relations on R are singletons. They contain only one tuple. Let
s be one such. In general, the least element § € F, such that 3§ O s is not a
singleton. We call it the approzimation singleton, being the image of a singleton under
approximation. In the poset J, there is nothing between () and the approximation

singletons.

Suppose that an n-ary relation » C R" is defined by a conjunction S, of primitive
constraints. For any u € F,, Ug (u) is a fixpoint under u. But this fixpoint often

gives too little information about the tuples in r N w.

In order to get more information about the tuples in rNu for any u € F,, “solve”
splits w into uy,...,ux (g U+ -Uup = wand uy N---Nuy = 0). In general, uy,...,ux
are not fixpoints. Hence Wg (u1),...,¥s. (ux) can be usefully lower than uq,...,uy

respectively. Because uy,...,u; are disjoint, so are Usg, (uy),..., Vs, (ur). If Us, (u;)
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Rn
fixpoint of ¥s— _/\_
fixpoint of ¥g— #
. / \U v v the a’s are the singletons
fixpoint of Ug— a; *°* Qs by °*° b,
that belong to r; the b’s
nothing between { those that don’t.
0

Figure 3.4: A rough map of the poset F,

(1 € {1,...,k}) is not low enough, “solve” will split u; into sub-boxes. This process
is performed on each sub-box u; of u until Ug, (us) is empty or low enough. If we make
the partition fine enough, then g, (u,) will be either §) or an approximation singleton
that may contain one or more tuples in » N u. That is what “solve” attempts to do

(see Figure 3.5).

Hypernarrowing is different (see Figure 3.6). It searches for a partition that splits
u into two subsets u; and u, such that Ug (up) = (. One way to obtain wu, consists
of (1) selecting an interval [; of «, (2) using binary search to find the largest possible

low (or upper) part I;, of the interval I; such that Ug (u;) = (), where
Us =11 X "'Ii—l X Iil X IH_]_"' X [71-

uy is in general not a fixpoint, so Ug (u;) # u;. Hypernarrowing is to repeat this
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U

Uy Ug Up—1 Uy,

0 =Ts,(u2) = s, (wr)
Figure 3.5: The behavior of “solve”
starting at Us, (u;) until we can not find [;, whose width is greater than a given

tolerance for any interval of u or sub-box of u. The best result of hypernarrowing is

the least F-box containing r N u.

3.4 Applications of the Hypernarrowing

Interval arithmetic has been used to solve many problems. However, most applications
of interval arithmetic use the largest interval mentioned in Figure 3.1. Why not try

the middle one which is obtained by hypernarrowing?

Global optimization using interval arithmetic is a typical application. In order

to compare the differences between using the largest interval and the hypernarrowed
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U

Uy Us

Il
=

Us, (us)

Uy, Ui,

o Us(u,) =0

Figure 3.6: The behavior of hypernarrowing

one, at first, we implemented in BNR-Prolog a simple version of Hansen’s algorithm
[36] for unconstrained global optimization, which uses the largest interval. The simple
version does not use the monotonicity, convexity tests, or the one step interval Newton
method. And then we wrote a BNR-Prolog program to implement an improved
version, which uses the middle interval in Figure 3.1. The only difference between
these two programs is that the former uses the largest interval obtained by interval
arithmetic and the latter uses the one obtained by hypernarrowing. The two programs
are tested on the test problems used for testing the Hansen’s algorithm. In order to
avoid ambiguity, we denote the former by Program A, the latter by Program B. The
computational results (see table 3.1) show that the Program B achieves a factor of
two to eighteen in inclusion function evaluations. It is 1.8 to 9.7 times as fast as

the Program A. However, compared to the program using interval arithmetic, the
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Problem 1 | Problem 2 | Problem 28 | Problem 29

w 6 8 3.78 2.4

Input € 1071 102 1072 1072

N 2067 319 161 61

Program A | ¢ 505.9 49.5 27.7 5.4
N’ 161 17 45 27

Program B | ¢/ 52.2 5.8 8.8 3
Comparison | N/N’ 12.8 18.7 3.5 2.2
t/t 9.7 8.5 3.1 1.8

Table 3.1: Running results of Program A and Program B

program using interval constraints but not hypernarrowing only achieves a factor of
two to five in inclusion function evaluations and is 1.8 to 4.9 times faster [84, 16].
The more interesting thing is that the execution of the Program B needs much less
memory space than the Program A. All this suggests that we can improve most of
the applications of interval arithmetic by using the middle interval which is obtained
by hypernarrowing.

Here is an explanation of the symbols used in the table 3.1.

W Width of initial box.

€ Intended absolute accuracy.

N Number of all inclusion function evaluations till termination.

t Running time.
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Unconstrained Global

Optimization

Given a function f : R* — R and a domain X € F, (F, is defined in equation 2.1),

the unconstrained global optimization problem is to find

f*=min {f(z) | z € X} (4.1)

where f* is the global minimum. We study interval constraint methods for seeking
the minimum value f* of f and the locations z* at which this minimum value occurs.
The interval constraint methods are based on interval arithmetic methods. Like the

interval arithmetic methods, they can give a solution with guaranteed accuracy.

After reviewing the interval arithmetic methods and describing a Branch-and-
Bound algorithm for solving 4.1, we prove the properties of the algorithm. We analyze
the role of interval constraints in global optimization. Next we describe the imple-
mentations of both the interval arithmetic version and the interval constraint version

of the algorithm. The implementations are done in the constraint logic programming

54
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language BNR-Prolog [10, 67, 7], and are followed by computational results. Finally,

we introduce improvements on the memory use of the Branch-and-Bound algorithm.

4.1 Overview of Interval Arithmetic Methods

Given a function f: R* — R and a domain X € F,, R. E. Moore [64] discovered that
the combination of an inclusion function of f with a certain method of partitioning
X could be used to determine the range and thus the global minimum and maximum
values of the function f. S. Skelboe [78] was able to reduce the number of inclusion
function evaluations used in Moore’s method by combining Moore’s method with
the Branch-and-Bound principle. H. Ratschek and J. Rokne [74] call this method

Moore-Skelboe algorithm.

The Moore-Skelboe algorithm first partitions the initial box X into smaller sub-
boxes. The search for the global minimum f* is performed iteratively by (1) selecting
those sub-boxes, for which the lower bound on the function value is the least, and
(2) partitioning these sub-boxes further. It is more likely that these boxes contain a

global minimizer z~.

For some sub-boxes, a simple test can show that they do not contain any global
minimizer. But the Moore-Skelboe algorithm does not eliminate any. An improve-
ment to the Moore-Skelboe algorithm was made by K. Ichida and Y. Fujii [43]. Their
method combined Branch-and-Bound with a test that allows one to reject a sub-box.
In the following, we discuss this test and some other tests proposed by E. R. Hansen

(34, 35, 36).
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Midpoint Test. Suppose that 7, is the lowest upper bound of the global minimum
obtained by evaluating the function f at the midpoint of each sub-box and choosing

the smallest value. For a given box B, if we can determine that
f(z) < fr, forsome z € B (4.2)

does not hold, then no minimizer can be in B. Thus B can be removed from further

consideration.

We call the inequality 4.2 midpoint condition. One way to determine that the

midpoint condition does not hold is to see whether the following inequality holds:

16(f(B)) < fay (4.3)

where f(B) is the interval value of the natural interval extension of the function f
over B. If the inequality 4.3 does not hold, then the midpoint condition does not
hold and we can reject B without sacrifice of correctness. This way of rejecting boxes

is called midpoint test.

Stationarity Test. The midpoint test only uses the information about the function
f. It can and should always be used in Branch-and-Bound to reject sub-boxes. The
stationarity test uses the gradient of f to determine whether a given box B can be
rejected. The use of this test in Branch-and-Bound is subject to the existence of the

gradient of f.

Definition 4.1: [29]

Suppose that
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The vector
T
Vi(z)=(g1(2), ..., 9n(2))
is the gradient of the function f at x, where V is the gradient operator.

For a given box B, if we can determine that
gi(x)=0 for i=1,...,n forsome € B (4.4)

does not hold, then the gradient of f is not zero in B. Thus the global minimum can

not occur in B and B can be rejected.

The equality 4.4 is called stationarity condition. One way of determining that
the stationarity condition does not hold is to check whether the following inequality

holds:

1b(g:(B)) €0 < ub(g:(B)) for i=1,...,n (4.5)

where g;(B) is the interval value of the natural interval extension of the function g;
over B. If the inequality 4.5 does not hold, then the stationarity condition does not
hold and we can reject B for further consideration. This way of discarding boxes is

called stationarity test or monotonicity test.

Convexity Test. The convexity test uses the second-order derivatives of the func-
tion f to determine whether a given box B can be rejected. It can be used in

Branch-and-Bound if f is twice differentiable.

Definition 4.2: [29]

Suppose that
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The matrix
[hij(2)], 4,5=1,...,n
is the Hessian matriz of the function f at 2.

Since the Hessian matrix of f at £ must be positive semi-definite at a minimizer
x*, we can reject a box B if we can guarantee that the Hessian matrix is not positive
semi-definite anywhere in B. One necessary condition for the Hessian matrix to
be positive semi-definite is that its diagonal elements 2;(2) (: = 1,...,n) are non-

negative. If we can determine that the following inequality does not hold,
hi(z) >0 for :=1,...,n forsome z€ B (4.6)

then B can be rejected.

We call the inequality 4.6 convezity condition. One way to determine whether

the convexity condition holds is to see if the following inequality holds:
Ib(hz(B)) >0 for i=1,...,n (4.7)

where h;;(B) is the interval value of the natural interval extension of the function h;;
over B. If the inequality 4.7 does not hold, then the convexity condition 4.6 does not

hold and B can be rejected. This way of rejecting boxes is called convexity test.

In addition to these two tests, Hansen used the linear method, the quadratic
method and the one-pass interval Newton method to reject a sub-box B’ of B. These
three methods are based on Taylor’s theorem and interval analysis, and will be dis-

cussed in the following.
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Linear Method. Consider the one-dimensional case for the linear method. From

Taylor’s theorem, expanding f(z) about a point zo, we have

f(z) = f(zo) + (@ — xo)f(€) {or some & between x4 and z. (4.8)

For a given box B, a point o € B and an upper bound f3, of f~, if we can

determine that

f(@o) + (. — 0) f'(§) < fr, for some @ € B and some ¢ between xo and & (4.9)

does not hold, then B can be rejected. The condition 4.9 is called linear condition.

The linear method tries to find a sub-box B’ of B such that the linear inequality
U+ (z—2)V <0 forsome z¢€ B (4.10)

does not hold (i.e., there is not any point @ € B" at which the value of f is less than
or equal to f ), where g is a point of B, U = f(xo)~ f, and V = f/(B) are constant
intervals. After B’ is found, we can get the box B; complementary to B’. Thus the
sub-box B’ of B can be rejected through replacing B by BN B.. If BN B, = (), then

B is totally rejected.

Quadratic Method. Still consider the one-dimensional case. Suppose that f has
the derivative of the second order. From Taylor’s theorem, expanding f(z) about a

point xg, we have

f(2) = f(zo) + (z — o) f'(20) + %('c —x0)2f"(€) for some € between 24 and =.

4

Given a box B, a point 2o € B and an upper bound [, of f*, if we can determine
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that

1
f(:co)—i—(:c—:co)f'(:vo)+a(m—mo)zf"(@ < fr, for some x € B and £ between xp and z

(4.11)

does not hold, then B can be rejected. We call the inequality 4.11 quadratic condition.

The quadratic method tries to find a sub-box B’ of B such that the quadratic

inequality

| =

f@o) = fiy + (@ —20)f'(B)+ =(z — 20)*f"(B) <0 forsome z € B  (4.12)

¢

ND

t

does not hold. After B’ is found, we can get the box B! complementary to B’. Thus
the sub-box B’ of B can be rejected through replacing B by BN B.. If BN B, =0,
then B is totally rejected.

Newton Method. For the Newton method, consider the one-dimensional case.
Suppose that g is the gradient of the function f and B is a box. From Taylor’s

theorem, we have
g(z) = g(z*) + (x — 2")g'(§) for some ¢ between 2™ and 2. (4.13)

If 2= is the minimizer, then g(z*) = 0. Thus we have

. g(z)

2" = — ——-= for some £ between ™ and z. (4.14)

g'(€)
We call this equation Newton condition. One way of determining whether there exists
2*,x € B such that the condition 4.14 holds is to use interval arithmetic to try to

find an 2™ € B.

Let B contain both 2* and z. Since £ is between z and z*, it follows that £ € B.

Therefore, ¢'(€) € ¢'(B). Thus z* € v —g(2)/¢'(B). Based on this fact, the algorithm
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described in Figure 4.1 can be used to find *. The algorithm produces two possible
outputs. One is X = {}, the other is X # ) and X is small enough. In the former case,
it is determined that B does not contain any minimizer. Thus B can be rejected. For

the latter case, B is replaced by X.

1:  input: g¢,¢,B;

2: X :=B;

3:  while X is not small enough do
4: @ 1= midpoint(X);

5: X' = 2 — gl2) /¢ (X);

6: X:=XNnX

7:  end-while

8: output: X =0 or X #0;

Figure 4.1: Newton algorithm in Interval Arithmetic

It is wasteful to use the interval Newton method to iterate to convergence. The
reason is that it may be converging to a local minimizer which is not a (global)
minimizer. Because of this, Hansen uses one execution of the body of the loop of the

Newton method, which is called one-pass interval Newton method [36].
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4.2 Branch-and-Bound for Unconstrained Opti-

mization

Branch-and-Bound [56, 77, 81] is an algorithm for finding the minimum of a function
over a given set of points. This set may be countable, as in the discrete optimization
problems, or the set may be a box in Euclidean n-space, as here. We will consider

from the start the continuous instance of the Branch-and-Bound algorithm.

4.2.1 The Major Components of the Algorithm

The essential constituents of the algorithm to determine the global minimum are: (1)
partitioning a box into sub-boxes, (2) finding an upper bound f3, for f~, and (3)

using conditions to reject sub-boxes.

Partitioning a box into sub-boxes. Let
|[a,b)] =b—a

denote the width of the interval [a,b]. The width of a box B = X; x --- x X, is

defined as the following

|B| = max{|X;]|i =1,...,n}.

Given a box B = Xj x -+ x X,, if Xi = [a, bi] has the largest width among
those for Xi,...,Xn, and X is split into Xy, = [ak, cx] and Xy, = [ck, bi], where
¢ = ap+ (br, — ax)/2 is the midpoint of the interval X}, then the box B is partitioned

into two sub-boxes

By =X x x Xpoy X X, X Xppr X oo X X,
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and

By = X1 X+ x Xy X Xp, X Xpn X o0 x X,

Finding an upper bound f;, of f*. Suppose that f}, is the lowest upper bound
of f* currently known. Initially f = ub(f(mid(X))), where X is the given box over
which we want to find the global minimum. For a given sub-box B of X, we may be

able to improve f3 by arbitrarily selecting a point ¢ in B and obtaining a new f, by

fap = min(fg, ub(f(c))).

Using conditions to reject boxes. Given a box B and the lowest upper bound
fuy of f* found so far, we can use the midpoint condition 4.2 in any circumstances.
If the midpoint condition does not hold, then the box B can be rejected. One way
of determining whether the midpoint condition holds is the midpoint test, which is
the implementation of the midpoint condition in interval arithmetic. In the following

section, we will give another way.

If the function f is differentiable, we can use the stationarity condition 4.4 and

the linear condition 4.9 to reject the box under consideration.

When f is twice differentiable, we can use the convexity condition 4.6, the
quadratic condition 4.11 and the Newton condition 4.14 to reject the box under

consideration.

4.2.2 The Data Structures Used in the Algorithm

The data structures and variables manipulated by the algorithm are:
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(1) Floating-point number f},, which is initialized as ub( f(mid(X))).

(2) Alist A and a priority queue L of tuples < B,l,u >, where B is a box in which
a minimizer may occur, [ is a lower bound of f over B, u is an upper bound
for the minimum of f over B. The priority queue L is ordered according to

increasing .

A non-empty priority queue allows one to perform a “remove” operation. The
result of this operation is the removal of a tuple < B, [, u > with the lowest value
of [. The priority queue also allows one to perform an “add” operation, which
adds an arbitrary tuple to the priority queue. A priority queue is an “abstract
data type” in the sense of [55]. Its significance is based on the fact that certain
data structures allow add and remove to be performed in time O(logn) where

n is the number of elements in the priority queue.

The list A is initially empty and contains on termination the tuples whose boxes
are small enough to qualify as part of the final result. Priority queue L contains
at any time tuples with boxes that may intersect with the minimizer. Initially, it
only contains < X, (b(f(X)), ub(f(mid(X))) >, where X is the box of the given
optimization problem. The function f always yields an interval, even when its

argument is a point.

4.2.3 The Description of the Algorithm

After the data structures and initializations of the Branch-and-Bound algorithm thus

given, we specify the iteration of the algorithm as in Figure 4.2.

The input data for the algorithm are :
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e a function f and a given box X,

e a tolerance ¢y on box size and a tolerance ¢ on function width.

The output data of the algorithm are :

e a lower bound f}; and an upper bound fX, for f*,

e a list

A=[< By, li,up >,...,< Bs,ls,us >]

where for 2 = 1,...,s, [; = Ib(f(B:)), u; = ub(f(mid(B;))), |Bi| < ex and

(ui — ;) < ep.

In the algorithm, the key part is “conditions(< B,[,u >, f7)”, which is under-
lined. The failure of any single one of the conditions implies that B does not contain
any minimizer. Hence neither it, nor any subset of it should appear on the answer list

A. Thus it can be omitted from L without sacrificing the correctness of the algorithm.

In the beginning, the algorithm initializes fj,, L and A. In each iteration, it
removes a tuple < B,l,u > from L. If the tuple satisfies the following criterion for
the answer list A:

|Bl <ex AMu—1)<er (4.15)

then it will be added into A. Otherwise, an attempt is made to reject the tuple by
subjecting it to the conditions. If it is not rejected, then (1) the box B in the tuple
will be partitioned into two sub-boxes B; and B,, (2) lower bound [; (i = 1,2) and
upper bound u; (z = 1,2) of f* over B; will be computed, (3) fi, will be replaced

by min(f, u1,uz2), and (4) two new tuples < By,l1,u; > and < By, lp,us > will be
added to L.
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1:  input: [, X, eyx,e€r;

2 fr o= ub(f(mid(X)));

3 Li=[< X, B(F(X), 5 >)

4: A=

5: while L#0 do

6: remove < B,l,u > from L;

7 if |B|<exA(u—1)<er then

8 add < B,l,u>to A

9 else if conditions(< B,l,u >, fr) then
10: partition B into By and B, with midpoints m, and mo;
11: by :=16(f(B1)); Lz == 1b(f(B2));

12: up i= ub(f(m1)); ug := ub(f(ma2));

13: Fap = man(f,, w1, ua);

14: add < By, l1,u; > and < Ba,ly,us > to L
15: end-if

16: end-while
17 fl,z - min{ii ‘< Bi’liaui >e€ A};
18: Output: fl"l;’ J 1):b’ A1

Figure 4.2: Branch-and-Bound algorithm for unconstrained optimization
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In the algorithm, “partition” is assumed to have the property of that both B; and
B, are non-empty and smaller than B, otherwise the algorithm may not terminate.
The algorithm does not handle the case that B can not be partitioned. This case
arises only for functions that are pathological in the sense that when the size of hox
B is less than or equal to the distance between two adjacent floating point numbers,

the value of (u — ) is still greater than ep.

Theorem 4.1:

When the algorithm terminates, it is the case that

I <7< faps (4.16)
foy — [ S er, (4.17)
e BU---UB; (4.18)
and
u; — fi < 2ep  foranyi€{l,...,s} (4.19)

Proof: Since f}j is a lower bound of the function f over the original given domain
X and f, is the value of f at the midpoint of a sub-box of X, it is obvious that the

inequality 4.16 holds.

Suppose that f}; equals to /; of the tuple < Bj;,[;, u; > in the answer list A, where

j €1{1,...,s}. From the criterion 4.15 for the answer list A, we have
uj —l; <ep

ie.,

u; — fip < €r.
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Since f, is the lowest one among all w; (1 = 1,...,s), we have

Jav — fio < er
That is that the inequality 4.17 holds.

The Branch-and-Bound algorithm only rejects the sub-boxes of the original given
box X that do not satisfy the conditions for the global minimizers. Thus all the
minimizers that occur in X are still in the union of the sub-boxes of X that are not

rejected. Therefore we have

2" € ByU---U B;.
That is that the formula 4.18 holds.
Suppose that the inequality 4.19 does not hold. Thus we have
ug — [, > 2ep  for some k € {1,...,s}, (4.20)

ie.,

u, —€p > f +ep forsome k€ {1,...,s}. (4.21)
From the criterion 4.15 for the answer list A, we have
up —lp < ep, (4.22)
ie.,
Ly 2 up — €p. (4.23)
From the inequalities 4.23 and 4.21, we have
le > fiy + €F. (4.24)

From the inequality 4.17, we have

s+ er 2 fop (4.25)
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From the inequalities 4.24 and 4.25, we have
Zk > :b‘ (4.26)

This contradicts with “conditions(< By, lk,ur >, fip)”. If the inequality 4.26 holds,
then the midpoint condition implemented either in interval arithmetic or in interval
constraints can not be satisfied and the tuple < B, Iy, ur > will be rejected. Thus

< By, li,up > can not be in the answer list A. Therefore, the inequality 4.19 holds.

This is the Branch-and-Bound algorithm for unconstrained global optimization.
Its performance varies with the effectiveness of the implementation of “conditions(<
B,l,u >, f)". If we use the midpoint test, the stationarity test, the convexity test,
the linear method, the quadratic method and the one-pass interval Newton method,
we obtain Hansen’s Branch-and-Bound algorithm for unconstrained global optimiza-
tion. Since all the tests and methods use interval arithmetic, we call Hansen’s algo-
rithm an interval arithmetic version of Branch-and-Bound. In the next section, we
translate all the conditions into a pure constraint processing task in Interval Con-

straints.

4.3 Interval Arithmetic vs Interval Constraints

“conditions(< B,l,u >, f%)” in the Branch-and-Bound algorithm can be imple-
mented in two ways. One way is in interval arithmetic. The other is in interval
constraints. Since BNR-Prolog can simulate interval arithmetic, we can implement

these two ways in this same language.

Suppose that Y is the variable for the value of the function f over a box B and £y
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is the lowest upper bound of f* found so far. The following one line of BNR-Prolog

code implements the midpoint condition in interval arithmetic:
less(Y, Fub) :- range(Y, [Ylb, Yubl), Ylb =< Fub.

This line of code means that the formula “less(Y, Fub)” holds if [b(Y) < F,;, where
Y = f(B). In BNR-Prolog, the implementation of the midpoint condition in interval

constraints is as follows:
less(Y, Fub) :- Y =< Fub.

This line of code means that the formula “less(Y, Fub)” holds if adding the interval
constraint “y < Fu” to the existing constraint system “y = f(z),2 € B” does not

produce a failure state.

Although these two lines of code look similar, there is a huge difference between
the behaviors of the program with one line and that with the other. This difference

brings great effect on the performance of the algorithm.

4.3.1 Translating Conditions into an Interval Constraint

System

For a given box B and an upper bound f};, of f*, we can create the following interval

constraint system from the midpoint condition 4.2:
2€ B, f(z)< S (4.27)

For any other applicable conditions, we can add them as interval constraints into

the constraint system 4.27 and obtain a new constraint system. For example, if the
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function f has the first-order derivative, we can add the stationarity condition 4.4
and the linear condition 4.9 as interval constraints into the constraint system 4.27

and obtain the following interval constraint system:

v€ B, f(@)<fh F2)=0, flzo)+(e—2)f(€) < fy  (429)
where £ is between g and .

Whenever we have an interval constraint system, we can invoke the consistency
algorithm described in Figure 2.1 with this constraint system as an input. In BNR-
Prolog, when we add an interval constraint into the existing constraint system and
obtain a new constraint system, the consistency algorithm is automatically called with
this new constraint system as its input. The output of the consistency algorithm will
be inconsistency (i.e., failure) or a reduced non-empty box B’. The inconsistency
means that some of the conditions translated into the interval constraints in the
constraint system can not be satisfied for the given B and f;,. That is that we
can not find some z € B such that all the conditions translated into the interval
constraints in the constraint system are satisfied. Thus the box B can be rejected.
The inconsistency also implies that the box B is reduced to an empty box (). When
the box B is reduced to an non-empty box B’, we have that some of the conditions

can not hold for B — B'.

4.3.2 Comparing Interval Arithmetic with Interval Con-

straints on Small Examples

Let us call feasible any box that contains at least one point that satisfies all the appli-

cable conditions. The interval constraints translated from the midpoint condition 4.2,
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the stationarity condition 4.4 or the convexity condition 4.6 can be used to reduce the
size of the box B and also, in certain cases, to tell whether the box B in its entirety

is infeasible.

The midpoint test, the stationarity test and the convexity test are the interval
arithmetic implementations of the midpoint condition, the stationarity condition and
the convexity condition respectively. These three tests do not change the size of the
box B. They can only be used to determine whether the box B in its entirety is
infeasible. If it is infeasible, we can eliminate it. However, if these tests can not tell
us the box B in its entirety is infeasible, then the box B is not changed. In this case,

these tests do nothing.

By using the linear method, the quadratic method or the Newton method, we
may delete the entire box B or some of it. It seems that these methods have the same
functionality as the interval constraints corresponding to them. In fact, the interval
constraint versions work differently and have more power. To illustrate this, we
present some examples; and then explain why interval constraints are more powerful

than their corresponding interval arithmetic tests.

Example 1: Interval constraints more powerful for midpoint condition.

Suppose that we wish to find the global minimum of
flz1,20) = 2i(4 + 2}(=2.1 + (1/3)2])) + 423 (2f — 1) + 212,

For the given box B = [—1.9,—1.8] x[0.6,0.8] and f;;, = —0.8, the lower bound of
f(B) is —2.13, which is below f},. So we can not eliminate B by using the midpoint
test, which is the implementation of the midpoint condition in interval arithmetic.

Even though the lower bound of f(B) is below f};, the box B is deleted just by the
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interval constraint f(z) < fr,, which is the implementation of the midpoint condition
in interval constraints. The reason is that this constraint reduces the box B to an

empty result.

For the given box B = [0,1.3] x [0,1.5] and f¥ = —0.2, the lower bound of
f(B) is =9.0, which is below f;,. The midpoint test does nothing for this box. By
the interval constraint f(z) < fy,, the box B = [0,1.3] x [0,1.5] will be shrunk
to B = [0,1.3] x [0.2,1.0], and the interval for f(z) is shrunk to [-3.6, —0.2] from
[—9.0,20.0].

Example 2: Interval constraints more powerful for linear condition. Sup-

pose that we wish to find the global minimum of

f(z) = «® — 152 + 272 + 250.

For the given box B = [-3.0,—2.0] and f}, = 7.00000000000245, using the linear
method, we can not eliminate any part of the box B. But by using the interval

constraints corresponding to the linear method, we get box B shrunk to [-3.0, —2.2].

For the given box B = [—3.147, —3.06067] and f;, = 7.00000000000245, the linear
method narrows the box to [—3.0704, —3.06067]. The interval constraints correspond-

ing to the linear method produces an empty box. This means that the entire box is

deleted.
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4.3.3 Comparing Interval Arithmetic with Interval Con-

straints in General

The examples show that the linear method can be less effective than the same idea

expressed as interval constraints. Below we show that this is always the case.

For a given box B and an upper bound f} of f*, the linear method tries to
delete infeasible points from B, i.e., tries to find a sub-box B’ of B such that the
linear inequality

U+ (z—20)V <0 forsome z¢€ B

does not hold and removes B’ from B, where 2¢ is a point of B, U = f(x¢) — f5 and

V = f'(B) are constant intervals. Since both @ and aq are contained in B, £ is in B
and [(¢) € f(B).

If we use interval constraints for unconstrained global optimization, we just use

the formula
f(@o) = fay + (x —20) f'(§) <0 (4.29)
as an interval constraint, where £ is between zg and . It is not necessary to write a

function or procedure to solve the linear inequality.

From the point of view of interval constraints, the linear method only considers

the following linear constraint indirectly and independently
U+ (z—20)V <0, z€B

where ¢ is a point of B, U and V are constant intervals. U = f(2o)— f, V = f'(B).
Thus only the interval for £ may be shrunk. U and V are not changed since they are

constants. If we use interval constraints, the nonlinear constraint 4.29 is considered.
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Not only may the interval for « be shrunk, but also the interval for V. In the place

of V,is f'(§), which may get shrunk. This shrunk interval may make the interval for

x become smaller further.

In addition, the interval constraints in a constraint system interact with each
other. For example, suppose that we have a box V and a constraint A;(z¢) in the
constraint system, where @ € V. If adding constraint As(z) (where z € V) makes
V' shrink, this shrunk V' will propagate to A;, which may make the box V' shrink
further. This procedure repeats until the box V' can not be shrunk or one of two

constraints A; and A, can not be satisfied (i.e., an empty result is produced).

Thus we see that interval constraint versions of the linear condition are more
effective than the linear method. Similar considerations will show that the interval
constraint versions of the quadratic condition and the Newton condition are also more

effective.

4.3.4 Overview of the Implementation Variations

There are six conditions (i.e., the midpoint, the stationarity, the convexity, the lin-
ear, the quadratic and the Newton condition). The Branch-and-Bound algorithm
described in Figure 4.2 may use any non-empty sub-set of these six conditions. Each
of these six conditions can be implemented in two different ways, in interval arithmetic

and in interval constraints. There are many combinations.

We will focus on two sets of conditions. One set only contains the midpoint con-
dition. The Branch-and-Bound algorithm using this set of conditions is called order
zero algorithm, since it only uses the information about the objective function f. The

other set includes the midpoint condition and stationarity condition. The Branch-



CHAPTER 4. UNCONSTRAINED GLOBAL OPTIMIZATION 76

T AU, | Interval Arithmetic version of order 0 algorithm

ICU, | Interval Constraints version of order 0 algorithm

T AU, | Interval Arithmetic version of order 1 algorithm

ICU, | Interval Constraints version of order 1 algorithm

Table 4.1: Names of different algorithms

and-Bound algorithm using this set of conditions is called order one algorithm, since
it uses the information about the objective function f and the first-order derivative
of f.

Thus there are four combinations. We have four names for these combinations
(see Table 4.1) if we use strings AU and ICU to represent the Interval Arithmetic
and Interval Constraint version of algorithm for Unconstrained global optimization,

and subscript 0 and 1 to represent order 0 and 1 algorithm respectively.

4.3.5 Implementations of the Algorithms

We first present a generic implementation of the algorithm described in Figure 4.2.
The implementations of I AUy, ICUy, I AU; and ICUj can be easily derived from this
generic implementation. Figure 4.3 shows the main part of the BNR-Prolog program
for this generic implementation. We omit the definitions of partition, small, fb and

min. The user should provide the definitions of f, g; and hi; (1 =1,...,n).

For example, suppose that we want to find the minimum value of the following

function

f(.'l)l,il,‘z) = 4(%1 - 5)2 + (I'C~2 - 6)2
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We can define relation f in BNR-Prolog as follows:
£f([X1,X2],Y) :~ Y is 4*(X1 - 5)**2 + (X2 - 6)**2.

Similarly we can define ¢; and h; (1 =1,...,n).
Here we briefly explain the relations defined in the program.

The formula “partiiion(B,Bl,Bg)” holds if the sub-boxes B; and B, are the
result of partitioning the box B along the dimension in which the interval is the

largest.
The formula “small(B,Y,U)” holds if |B| < ex and U — [b(Y) < ep.

The formula “fo(B,U)” holds if U equals ub(f(m)), where m is the middle point
of the box B.

The formula “min([X, ..., X,], M)” holds if M is the minimal one of X, ..., X,.

The formula “insert([B, Y, U], L, L,)” holds if L, = [[B1, Y1, U1, ..., [Bn; Y, Us]]
is the result of adding [B,Y, U] into the list L such that {6(Y;) < --- < [b(Y3).

The formula “g-min(L, Fy;, A0, A)” holds if
(1) L = [[B1,Y1,U1,...,[Bs,Y;, Us]], where B; (i = 1,...,8) is a sub-box of the

initial domain X, Y; is the interval value of the function f over B;, and U; is

the value of f at the middle point of B;.
(2) F, is the lowest upper bound of f* found so far.
(3) A0 has the same form as A, which is described just below.

4) A=[[B,Y.,Ul,...,[B.,,Y!,U.]] contains all elements which satisfy that

nY - n?

|B!| <ex and U/ — Ib(Y!) <ep (i =1,...,n).
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g-—min([],FUb,A,A) F I %

g_min([[B,Y,U] ILO],Fub,A0,A) :- %
small(B,Y,U), 1|, %
insert ([B,Y,U],A0,A1), A

g-min(LO,Fub,Al1,4).
g_min([[B,Y,U] ILO],Fub,A0,A) :-

conditions([B,Y,Ul,Fub), ', %
partition(B,B1,B2), %
f(B1,Y1), fb(B1,U1), %
£(B2,Y2), fb(B2,U2), %

min([Fub,U1,U2],Fubl), %
insert([B1,Y1,U1],L0,L1), yA
insert([B2,Y2,U2],L1,L2), %
g_min(L2,Fubl,A0,4A).
g_min([[B,Y,U]|L0],Fub,A0,A) :- %

g_min(LO,Fub,A0,A). h
conditions([B,Y,U],Fub) :- %

less(Y, Fuh),

g1(B,G1),eq(G1,0),...,gn(B,Gn)

L = [], terminate, Answers are in A

remove [B,Y,U] from L=[[B,Y,U]|LO]
width(B)=<Ex and U-1b(Y)=<Ey
insert [B,Y,U] into A0 and get Al

conditions may be satisfied
partition box B into Bl and B2
Yi=£f(B1),Ui=ub(f(m1)) ,mi=midpoint (B1)
Y2=£(B2) ,U2=ub(f (m2)) ,m2=midpoint (B2)
Fubil=min(Fub,U1,U2)

insert [B1,Y1,U1] and [B2,Y2,02]

into LO and get L2

conditions can not be satisfied
remove [B,Y,U] from [[B,Y,U]|LO]

conditions:
% £(x) =< Fub

,eq(Gn,0), % gi(x) =0, i=1,...,n

hi1(B,H1),ge(H1,0),...,hnn(B,Hn),ge(Hn,0), % hii(x) >= 0, i=1,...,n
£t1(B,Y,Fub), % £(x)=f(x0)+(x-x0)f’(E)=<Fub, E is between x0 and x
£2(B,Y,Fub), % f(x)=f(x0)+(x-x0)£f’ (x0)+0.5(x-x0)£"(E) (x-x0)=<Fub
newton(B,Y). % x = x0 + £’ (x0)/£"(E)

insert([B,Y,U],01,L[B,Y,0]]) :- !

insert([B,Y,U],[[Bl,Yl,Ul]lT],[[B,Y,U],[Bl,Yl,Ul]|T]) -
range(Y, [L,_]), range(¥1, [L1,]), L =< L1, !.
insert([B,Y,U],[[B1,Y1,U111T],[[B1,Y1,U1]1IR]) :- insert([B,Y,U],T,R).

Figure 4.3: Code of Branch-and-Bound algorithm for unconstrained optimization
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The Implementations of [AU,, ICUy, AU, and ICU;. The implementation
given in Figure 4.3 becomes the implementation of an order zero algorithm if we
just keep “less(Y, Fub)” in the definition of the relation conditions. If we have both
“less(Y, Fub)” and “g1(B,G1),eq(G1,0),...,gn(B,Gn),eq(Gn,0)”, we obtain the imple-

mentation of an order one algorithm.

We obtain the Interval Constraint version of the Branch-and-Bound algorithm
by providing the definitions for the relations less and/or eq in Interval Constraint as

follows:

less(Y, Fub) :- Y =< Fub.
and/or

eq (Y, 0) :=-Y==

If we define the relations less and/or eq in Interval Arithmetic in the following, we

have the Interval Arithmetic version of the algorithm.
less(Y, Fub) :- range(Y, [Ylb, Yubl), Yub =< Fub.
and/or

eq (Y, 0) :- range(Y, [Ylb, Yub]), Ylb =< 0, 0 =< Yub.

4.3.6 Computational Results

Two groups of computational results are given in this section. The first group is the

results from running IAU; and ICU,. The second group is from running IAU; and

ICU,.



CHAPTER 4. UNCONSTRAINED GLOBAL OPTIMIZATION

S0

All the results are from running the algorithms on the test problems selected

from [36, 42, 75]. We choose the test problems of polynomials with a few of variables.

These test problems are listed in Table 4.2.

Problem | Objective Function

1 f(z) = 4(z1 — 5)% + (29 — 6)?

P Fx) = 0.26(22 + 22) — 0.482, 25

3 f(x) = (1.5 — 21 4+ 2129)% + (2.25 — 21 + £122)% + (2.625 — z1 + ;23)°

4 | fla) = 100(’02 —2)? 4 (2 — 1)?

5 f(z) = 122% — 6.3z + 28 + 629(a2 — 1)

6 f(z) = 28 = 152* + 2727 + 250

7| @) = T [ — o) + (o — 1))

8 f(z) =32, [(Az, — Ba})? + (Cz; — D)?],A= B=C = D = [0.999,1.001]
9 f(z) = (z1 +1022)2 + 5(z3 — x4)? + (g — 223)* + 10(z; — @4)*

10| flz) =L, [(m1 —af)* + (1 — )]

Table 4.2: Test problems for unconstrained global optimization

Before giving the computational results, we explain the symbols used for showing

and comparing the results as follows:
IA Interval Arithmetic version of an algorithm.
IC Interval Constraint version of an algorithm.
Wi Width of initial box.
€ Intended tolerance for box size and function width.

Wos Width of final box for z*.
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Wg Width of bound on f~.
Niar  Maximum Number of elements in L during the execution.
( Running time.

NA The result is not available because of memory overflow.

In Table 4.5, 4.6, 4.9, 4.10, 4.13 and 4.14, each of these symbols with superscript
A represents that the corresponding results are from running the interval arithmetic
version of an algorithm, that with superscript C' represents that the corresponding
results are from running the interval constraint version of the algorithm, and that
with M represents that the corresponding results are from running a version of the

algorithm with the improvements on Memory use.

Running Results of AU, and ICUy. Table 4.3 shows the computational results
of TAUy and ICU,. Table 4.5 gives some comparisons between the computational

results of these two implementations.

From Table 4.5, we can see that JCU, achieves a factor of 2.7 to 27.5 in speedup
on the unconstrained optimization test problems over [ AU;. Moreover, most of the
output results produced by ICUp are better than those produced by I AUy, the final
boxes for f* and a* produced by ICU, are usually smaller. Finally, running /AU
needs more memory space, the maximum numbers of elements (tuples) in L during
the execution of I AUy on the test problems are about 2.7 to 27 times as large as those

of elements in L during the execution of ICU,.

Running Results of /AU, and [CU,. Table 4.4 shows the computational results

of TAU; and ICU,. Table 4.6 gives some comparisons between the computational

results of TAU; and ICU;.
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From Table 4.6, we can see that ICU; achieves a factor of 5.8 to 123.5 in speedup
on the unconstrained optimization test problems over I AU;. The maximum numbers
of elements in L during the execution of AU, on the test problems are about 5.9 to

126 times as large as those of elements in L during the execution of ICU,.

4.4 Time vs Memory Trade-off

We present improvements on memory use of the Branch-and-Bound algorithm, which
are applicable both to the interval arithmetic version and to the interval constraint

version of the algorithm. This is followed by test results.

In general, the improvements on memory use imply additional computation time.
The interesting thing is that these improvements speed up the execution of the
Branch-and-Bound algorithm for solving some unconstrained global optimization

problems.

4.4.1 Reducing Memory Use

During the iteration of the Branch-and-Bound algorithm, the upper bound f;;, may be
updated to a new value, which is less than the previous f;,. Whenever this happens,
some tuples in L may be discarded by checking the conditions with the new f},. This
is because for a given tuple, the conditions that succeed with the old [}, may fail with

the new one. Thus we may reduce the size of L by checking each tuple in L with the

new fr,.

This can be achieved by changing the line that updates £ in the algorithm and

defining a procedure called “reduce” that discards tuples from a given priority queue
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that do not satisfy the conditions.

The line in the algorithm
Foy i=man(f, w1, u2)
is replaced by the following segment

fa' = man(f, w1, u2)
if fr' < fr then

reduce(L, f);
end-if

Jop =, :Zb';

This code segment checks whether the new upper bound £’ is less than the old upper
bound f3,. If £ is less than f%,, it will call the procedure “reduce” to discard all

the tuples in L that do not satisfy the conditions with f7,'. Finally, it updates f3, by
s
It is possible that the change of f, is quite small. In this case, calling “reduce”

is not very useful. To avoid this kind of situation, we can replace
far < fab

in the if-then line of the segment by
w *¢< fy

where ¢ > 1 is a constant. The choice of ¢ should suggest that f7' * ¢ < fr, imply

that f, is significantly less than fJ; . We choose ¢ = 1.5 in our implementation.
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The procedure “reduce” is described in Figure 4.4. For a given priority queue
L of tuples and an upper bound [, of f*, it checks every tuple in L with f3,’. It

removes all the tuples in L that do not satisfy the conditions.

In the procedure “reduce”, “conditions(< B, [,u >, f2')” may shrink the box B.
If B is shrunk to, say, B', ub(f(m)) may be less than w, where m is the midpoint

of B'. Thus it is better to update u to min(u,ub(f(m))) and f,' with min(f2/, )

whenever B shrinks.

This can be achieved through replacing the if-then statement in the procedure
“reduce” by one assignment statement and one complicated if-then statement. The
improved procedure “reduce” is shown in Figure 4.5. It considers that the box B may
shrink. In the improved “reduce”, m is the midpoint of the shrunk box B, “shrunk(B,

Boia)” checks whether the box B is shrunk after the conditions are executed.

The Branch-and-Bound algorithm with the improvements is given in Figure 4.6.
From this improved version, both an interval arithmetic and an interval constraint

version can be obtained in the same way as from the algorithm in Figure 4.2.

4.4.2 Implementations of the Algorithms with Improvements
on Memory Use

The first improvement on the Branch-and-Bound algorithm can be implemented

through changing the last line of the third clause that defines g-min and defining

in BNR-Prolog the relation reduce for the procedure “reduce” given in Figure 4.4.

The last line of the third clause

g-min(L2,Fubl,A0,A).
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reduce(L, f3)

1: begin

2: L= 0;

3: while L #( do

4: remove < B,l,u > from L;

5: if conditions(< B,l,u >, f5') then
6: add < B,l,u > to L';

7: end-if

8: end-while

9: L:=1,

10: end

Figure 4.4: Procedure “reduce”

reduce(L, f5")

1: begin

2: L' = {;

3: while L#0 do

4: remove < B,l,u > from L;

5: Bold = B;

6: if conditions(< B,l,u >, fa') then
T: if shrunk(B, B,q) then
8: L:=1b(f(B));

9: w = min(u, ub(f(m)));
10: o= man(fa uw);

11: end-if ;

12: add < B,{,u > to L';

13: end-if

14: end-while

15: L:=1L,

16: end

Figure 4.5: Procedure “reduce” considering box shrunk
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I: input: f,X,ex,er;

% fpy = ub(f(mid(X));

3 Li=[< X, 1(f(X)), f3 >}

4:  A:=0;

5: while L#0 do

6: remove < B,[,u > from L;

7 if |B|<exA(u—1[)<ep then

8: add < B,l,u>to A

9: else if conditions(< B,l,u >, f¥) then
10: partition B into B; and B, with midpoints m; and mg;
11: Ly == I(f(Bh)); b2 := 1b(f(B2));

12: wy = ub(f(m1)); ug 1= ub(f(m,));

13: Il = man(fo, w1, ua)

14: if fr'+*c< fr then

15: reduce(L, f2');

16: end-if

17: M

18: add < By,l,u; > and < Ba,la,us > to L;
19: end-if

20: end-while

21: reduce(A, fi);

22:  fr = min{(; |< B, l;,u; >€ A};

23: output: [, fr, A;

Figure 4.6: Branch-and-Bound algorithm with improvements on memory use
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can be changed by the following two lines

may_reduce(L2, Fubl, Fub, Lr),

g_min(Lr, Fubl, A0, A).

where the definition of may_reduce is described in Figure 4.7. The definition of the

relation reduce is also given in BNR-Prolog in Figure 4.7.

The other improvement on the Branch-and-Bound algorithm can be implemented
by adding a new parameter for a possibly lower f7 in the relations may_reduce and
making some changes for the definitions of reduce accordingly. The definitions of

may-reduce and reduce for both of the improvements is given in Figure 4.8.

Using the same way as implementing I AUy, ICUy, I AU, and ICU,, we obtain the
implementations of TAUy, ICU{, IAU] and ICU] from the code given in Figure 4.3
for the implementation of the algorithm with the improvements. Here the ’ represents

an algorithm with the improvements.

4.4.3 TAU, and TAU, vs TAU; and TAU;

The results of running AU, and AU, are contained in Table 4.3 and 4.4 respec-
tively. Here we just give the results of running /AUy and I AUj in Table 4.7 and 4.8

respectively.

Table 4.9 (4.10 ) gives some comparisons between the results of running I AU,

and TAUY (AU, and TAU?).

From Table 4.9, we can see that JAU] is faster than 7AUp on most of the test

problems. Moreover, I AU uses less memory space than [ AUy, the maximum numbers
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may_reduce(L, Fubl, Fub, Lr) :-
Fubi*1.5 < Fub, !, % if Fubl is significantly less than Fub
reduce(L, Fubl, Lr). % then reduce L to Lr

may_reduce(L, Fubl, Fub, L). % otherwise, do nothing

reduce([], Fubl, []) :- !'.

reduce([[B,Y,U]IT], Fubl, [[B,Y,U][R]) :- % keep [B,Y,U] if
conditions([B,Y,U],Fubl),!, % conditions may be held for Fubl
reduce(T, Fubl, R). % reduce T, the Tail of the List

reduce([_|T], Fubl, R) :- % conditions can not be held for Fubil
reduce(T, Fubl, R). % discard [B,Y,U] and reduce T

Figure 4.7: Code for the procedure “reduce”

may_reduce(L,Fubl,Fub,Lr,Fub2) :-
Fub1*1.5 < Fub, !, % if Fubl is significantly less than Fub
reduce(L,Fubl,Lr,Fub2). % then reduce L to Lr and get a new Fub2
may_reduce(L,Fubl,Fub,L, Fub2). % otherwise, do nothing

reduce([], Fubl, [], Fubl) :- !.
reduce([[B,Y,U]IT], Fubl, [[B,Y,U]IR], Fub2) :- % keep [B,Y,U] if

copy (B, Bold), % Bold := B
conditions([B,Y,U],Fubl), !, % conditions may be held for Fubi
may_shrink(B,Bold,Fubl,Fubl1), % get new bound Fubll if B is shrunk
reduce(T, Fubll, R, Fub2). % reduce T with the new bound Fubilil

reduce([_|T], Fubl, R, Fub2) :- J conditions can not be held for Fubl
reduce(T, Fubl, R, Fub2). % discard [B,Y,U] and reduce T

Figure 4.8: Code for the procedure “reduce” considering box shrunk
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of elements in L during the execution of I AU, are upto 1.9 times as large as those of

elements in L during the execution of IAUJ.

The results in Table 4.10 are similar to those in Table 4.9.

4.4.4 ICUy and ICU; vs ICU; and ICU|

The results of running ICU and ICU,; are contained in Table 4.3 and 4.4 respectively.
Here we give the results of running /CU} and ICU] in Table 4.11 and 4.12 respectively.

Table 4.13 ( 4.14 ) gives some comparisons between the results of running /C Uy

and ICU!, (ICU, and ICUY).

From Table 4.13, we can see that JCU] is faster than /CU; on almost half of
the test problems. It uses less memory space than /CU,, the maximum numbers of
elements in L during the execution of ICU, are upto 4.5 times as large as those of

elements in L during the execution of ICUJ.

The results in Table 4.14 are similar to those in Table 4.13.
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Problem | Method | W; € Wy W e Nz 1
IA 2-10° 107! | 6.1-1072 | 2.9-1072 | 378 | 8.232
1 IC 2.10° ) 107! 1071 2.0-1072 14 ) 0.299
IA 6 107! | 9.5.1072 107! 2267 | 305.2
2 IC 6 1071 [ 9.7-1072 | 9.6-107% | 358 | 23.645
IA 9 1075 1 8.6-107¢ | 2.5-1079 | 769 | 44.619
3 IC 9 1075 | 7.4-1076 1 9.7-10711 | 95 | 4.767
IA 2-10° 170‘5 7.5 1(;‘6 25-107% | 568 | 12.908
4 IC 2.10% 1 107%{8.8-107% | 2.7-107° 67 1.512
IA 6 107! NA NA NA NA
5 IC 6 1071 1 9.5-1072 | 9.0-10"2 | 114 | 8.262
IA 9 107! NA NA NA NA
6 IC 9 107! | 6.2-107° 10-! 434 | 23.635
IA 2-10% 11075 | 7.3-107¢ [ 3.1-10710 | 232 | 12.623
7 IC 2.108 1075 |7.4-107% | 54-1071 | 86 | 4.731
IA 2.108 1071 | 6.0-107% | 2.7-1072 | 154 | 13.593
8 IC 2.10 107 | 7.1-1072} 5.0-1073 | 23 | 2.178
IA 6 1071 19.5-1072 | 9.4-1072 | 900 | 56.392
9 IC 6 10711 9.1-107%2 ) 1.2-1072 | 41 | 2.571
IA 3.78 1107°|7.2-107% | 4.7-1071° | 354 | 13.853
10 IC 3.78 | 107 |6.3-107% | 1.1-10"1° | 28 1.444

Table 4.3: Running results of /AUy and ICUy
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Problem | Method | W; € W Wi Npaz |t
TIA  |[2-10%[1071 | 6.1-1072 | 2.0-1072 | 378 | 10.742
1 IC [2-10°|107'|1.6-10715 | 10-%t 3 ] 0.087
IA 6 107 ] 9.5-10? 1071 163 | 9.752
2 IC 6 |107'{39-107% |23-10°°| 3 | 0.093
IA 9 |107%| 8.6-107° | 2.5-107° | 769 | 78.645
3 IC 9 |107%| 7.4-107% | 9.7-10"1 | 95 | 9.211
IA [2-10°|107% | 7.5-107% | 2.5-107% | 568 | 16.964
4 IC [2-10°(107° | 83-107% | 1.8-10° | 34 | 1.484
IA 6 {107']9.5-107% | 53-1072 | 31 | 2.421
5 IC 6 |107'|7.7-107%° |4.6-107%¢| 3 0.142
IA 9 |107'|3.4-107° | 5.6-1072 | 135 | 7.822
6 IC 9 |107'}1.9-107%3 | 3.1-1071°| 7 | 0.236
TA  [2-10°]10°% | 7.3-107% [ 3.1-1071°| 232 | 17.434
7 IC |2-108110°% | 7.1-107% |8.3-10"1 | 39 | 3.021
JTA  |2-10°(107' | 6.0-1072 | 2.7-107% | 154 | 22.455
8 IC |2-106|10°'|6.9-1072 | 1.4-1072 | 13 | 1.959
IA 6 [107']95-1072 | 9.4-107% | 770 | 62.673
9 IC 6 |107'| 7.5-1072 | 2.6-107% | 33 | 3.271
IA 3.78 | 1078 | 7.2-107® | 4.7-1071° | 354 | 19.044
10 IC 3.78 |107% | 6.2.107 [ 1.4-107" | 39 | 2.895

Table 4.4: Running results of TAU; and ICU;

91
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Problem | WA /WS | Wi /WE | NA,, /NS, | t4/t€
1 610 1.45 27 27.5
2 0.98 1.04 6.3 12.9
3 1.16 25.8 8.1 9.4
4 0.85 9.3 8.5 8.5
5 NA NA NA NA
6 NA NA NA NA
7 0.99 5.7 2.7 2.7
S 0.85 5.4 6.7 6.2
9 1.04 7.8 22.0 21.9
10 1.43 4.3 12.6 9.6

Table 4.5: Comparisons between I AUy and I1CUy

Problem | WA/WS | WA/WE. | N2, /NS, | t4/t€
1 3.8-101 | 2.0-10% 126 123.5
2 2.4 | 4.3-101 54.3 104.9
3 1.16 25.8 8.1 8.5
4 0.90 13.9 16.7 11.4
5 1.2-10% | 1.2 10 103 17.1
6 1.8-10% | 1.8-10° 19.3 33.1
7 1.03 3.7 5.9 5.8
8 0.87 1.9 11.9 11.5
9 1.27 36.2 23.3 19.2
10 1.16 33.6 9.1 6.6

Table 4.6: Comparisons between [AU; and ICU;
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Problem | Method W; € W Wi Noez t

1 1A 2108 107! | 6.1-107% | 2.9-1072 | 269 | 7.902
2 IA 6 107 | 9.5-1072 107t 1950 | 262.75
3 IA 9 107 18.6-107% | 2.5-107° | 599 | 40.418
4 IA 2-10%(107% | 7.5-107° | 2.5-107% | 378 | 14.273
5 IA 6 107! NA NA NA NA

6 IA 9 107! NA NA NA NA

7 IA 2.10° 1075 | 7.3-107% | 3.1-107%° | 121 | 12.393
8 IA 2-10% | 1071 [ 6.0-1072 | 2.7-1072 | 121 | 13.543
9 IA 6 1071 19.5-107% | 9.4-10"% | 698 | 51.071
10 IA 3.78 |107° | 7.2-107°% | 1.5-1071° | 251 | 12.603

Table 4.7: Running results of /AU
Problem | Method W; € W Wi Nooz t

1 [A 2-10% | 1071 | 6.1-1072 | 2.0-107% | 269 | 10.472
2 TA 6 1071 [ 9.5. 1072 107! 163 | 9.792
3 IA 9 1075 1 8.6-10"¢ | 2.5-107° | 599 | 74.515
4 IA 2.10% | 1075 {7.5-107% | 2.5-107% | 568 | 16.964
> IA 6 1071 1 9.5-107% | 5.3-1072 31 2.50

6 IA 9 107! | 3.4-107% | 5.6-107% | 134 | 7.812
7 IA 2.10% 1107 [ 7.3-107% | 3.1-1071° | 121 | 17.444
8 IA 2-108 1071 16.0-1072 | 2.7-1072 | 121 | 22.485
9 IA 6 1071 |1 9.5-1072 | 9.4-107% | 568 | 58.032
10 IA 3.78 | 107° | 7.2-107° | 4.7-1071°| 251 | 17.914

Table 4.8: Running results of JAU]
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Problem | WA /WAM | WA/WAM | NA | /NAM | ¢4 [tAM
1 1 1 1.41 1.04
2 1 1 1.16 1.16
3 1 1 1.28 1.1
4 1 1 1.5 0.9
5 NA NA NA NA
6 NA NA NA NA
7 1 1 1.92 1.02
8 1 1 1.27 1.0
9 1 1 1.29 1.1
10 1 3.13 1.41 1.1

Table 4.9: Comparisons between I AU and /AU

Problem | WA/WAM | WA/WAM | NA _/NAM | ¢4 [t4M
1 1 1 1.41 1.03
2 1 1 1 1.0
3 1 1 1.28 1.06
4 1 1 1 1
5 1 1 1 0.97
6 1 1 1.01 1.0
7 1 1 1.92 1.0
8 1 1 1.27 1.0
9 1 1 1.36 1.08
10 1 1 1.41 1.06

Table 4.10: Comparisons between I AU; and AU]
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Problem | Method | W; € W Wi Niaz t
1 IC 2-10% | 1071 | 1.8-107% | 1.9- 1072 7 0.230
2 IC 6 1071 | 9.7-1072 | 9.6-107% | 358 | 24.10
3 IC 9 1075 | 7.7-107% | 3.5-107% | 21 2.412
4 IC 2-10% | 107° | 6.8-107% | 1.4-10"° | 36 1.298
5 IC 6 10711951072 | 7.7-1072 | 114 | 8.032
6 IC 9 10~! | 6.1-10°° 10-1 434 | 24.255
7 IC 2-108107°{23-107% {1.3-107%2 | 33 | 4.761
8 IC 2-10% 107! [ 9.6-107% | 9.8-1072 | 20 | 3.026
9 IC 6 107 | 7.1-1072 | 1.6- 1072 24 2.625
10 IC 3.78 | 107° | 2.7-107% [ 3.7-107® | 18 | 1.540
Table 4.11: Running results of ICU]
Problem | Method W; € W Wi Naz t
1 IC 2-10% {107 | 1.6-1071° 10~ 3 10.103
2 IC 6 1071 | 3.9-107% | 2.3-107¢ 3 |0.097
3 IC 9 107% | 7.7-107% | 3.5-107% | 21 3.88
4 IC 2.10% 1075 | 9.8-107% | 2.4-107° | 19 | 1.095
5 IC 6 1071 | 7.7-1072° | 4.1-107%¢ | 3 |0.189
6 IC 9 1071 | 5.1-1071* | 8.7- 10" 7 10.286
7 IC 2.10% (1075 9.7-107% | 3.8-1071* | 20 | 3.491
8 IC |2-10°|107 | 5.6-1072 | 7.5-10~° | § | 2.001
9 IC 6 1071 | 88-1072 | 1.1-107! 20 | 3.051
10 IC 3.78 11075 | 6.7-107¢ | 2.3-10711 | 17 |[2.121

Table 4.12: Running results of IC'Uj
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Problem | WS /WEM | WE JWEM | NS, [NSM | 1€ [z¢M
1 5.6 1.05 2 1.3
2 1 1 1 0.98
3 0.96 2.77 4.5 1.98
4 1.29 1.93 1.86 1.16
5 1 1.17 1 1.03
6 1.02 1 1 0.97
7 3.22 41.5 2.6 0.99
8 0.74 5.1 1.15 0.72
9 1.28 0.75 1.71 0.98
10 2.3-10° | 3.0-10° 1.56 0.94

Table 4.13: Comparisons between 1CUy and IC U}

Problem | W& /WSM | WG /WEM | NS, /NSM | ¢ /oM
1 1 1 1 0.84
2 1 1 1 0.96
3 0.96 2.8-103 4.5 2.37
4 0.85 0.75 1.8 1.36
5 1 1.12 1 0.75
6 3.73 3.56 1 0.83
7 0.73 2.18 1.95 0.87
8 1.23 1.87 1.63 0.98
9 0.85 2.4-1072 1.65 1.07
10 0.93 0.61 2.29 1.36

Table 4.14: Comparisons between /CU, and ICU]

96



Chapter 5

Constrained Global Optimization

The constrained global optimization problem is much harder to solve than the un-
constrained variety. This holds in the interval arithmetic approach as well as in other
approaches. Using interval constraints, we found that the constrained optimization
problem is not as much harder to solve than the unconstrained version as it is in the
other approaches. W. J. Older explored in BNR-Prolog the application of interval
constraints in several areas [73, 69, 65, 72, 70]. In constrained optimization, Older
used the Kuhn-Tucker condition [49, 28] and demonstrated it on one problem from
[29]. Recently, P. Van Hentenryck and L. Michel reported their Numerica system
for global optimization in [37, 38]. They use interval constraints, therefore obtaining
the same advantages over interval arithmetic as reported in [16, 84, 17]. They pre-
sented a Branch-and-Bound algorithm and discussed the performance of their system.
Here, we investigate the transition from solving the unconstrained global optimization
problem to the constrained one, present the characteristics of the interval constraint

method, study the effect of the Fritz-John condition [36, 46] as redundant constraints,
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and compare the interval arithmetic approach with the interval constraint method.

To avoid ambiguity between the “constraints” in the sense of constrained global
optimization and interval constraints, we call the former “conditions”, the latter

“constraints”.

5.1 Unconstrained vs Constrained Global Opti-

mization

From the definition 1.1 of a global optimization problem, we obtain a constrained
global optimization problem if the conditions 1.1 or 1.2 are present; otherwise, we
get an unconstrained one. For the unconstrained optimization problem, z is still
constrained to lie in the initial box. But usually the initial box is chosen to be
so large as to contain all the minimizers and such that no occurrence of the global

minimum is on the boundary of the box.

When we solve the constrained global optimization problem using interval con-
straints, the problem’s defining conditions 1.1 and 1.2 are translated to constraints.
From the point of view of interval constraints, constrained global optimization is the
same type of problem as unconstrained one. But this does not mean that one can use
the algorithm in Figure 4.2 for solving constrained global optimization problems. In

this chapter we investigate the necessary modifications.
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5.1.1 Existence of the Global Minimum

For an unconstrained global optimization problem, if the objective function is bounded
in a given domain, then the global minimizer(s) exists in the domain. This is implied
by Bolzano-Weierstrass theorem {41, 24]. In constrained global optimization, thereis
the additional complication of a feasible region: a minimizer must be a feasible point.
If there exists at least one feasible point and the objective function is bounded, then

it follows that a global minimizer exists; otherwise, the problem has no solution {29].

A constrained global optimization problem is a mathematical model of a physical
problem. Given a physical problem, we usually know that it has solutions and optimal
solution(s). For example, there exist designs and best design(s) for a chemical reactor

design problem.

However, it is difficult to know whether there are feasible points (i.e., solutions)
for a constrained global optimization problem of mathematical form. For a given
point z, even though we can check whether it satisfies the inequality condition 1.1
using interval arithmetic or interval constraints, it is generally impossible to assure
that z satisfies the equality condition 1.2. If we make a single rounding error in

computing ¢;(z) for some 7 =1,...,r, we do not know whether ¢;(z) is zero.

5.1.2 Necessary Conditions

The unconstrained global optimization problem has the properties that at any occur-

rence of the global minimum:

e the gradient of the objective function (see definition 4.1) has to be zero, and
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o the Hessian matrix of the objective function (see definition 4.2) has to be positive

semi-definite.

These two properties are referred to as first order necessary condition and second
order necessary condition respectively [28]. In the previous chapter we explored the
idea of using these conditions as constraints. As shown there, the idea resulted in
a dramatic improvement in solving unconstrained global optimization problems in

interval constraints.

However, we can not use these two conditions for solving constrained global
optimization problems. In a constrained global optimization problem, it is quite
common that the only occurrences of the global minimum are on the boundary of the
feasible region. At such occurrences the gradient of the objective function is typically
not zero, and the Hessian matrix is not positive semi-definite. Fortunately, some

first order necessary conditions for constrained global optimization were introduced

[49, 28, 36, 46.

The most general necessary condition for the constrained optimization problem
described in the definition 1.1 is the Fritz-John condition [36, 46]. The Kuhn-Tucker
condition is also well known. It requires a type of condition called regularity condition.

The regularity condition is rather troublesome to verify in practice.

Fritz-John Condition. Assume that the objective function f, constraint functions
pi(i=1,...,m)and ¢g; (j =1,...,r) in the problem given by the definition 1.1 are
differentiable. If a point = is a local minimizer of the problem, then there exist

u; > 0,u; € R(i=0,1,...,m)and v; € R (j =1,...,7) such that

F(t) = (Fi(t), Fa(2), ..., Frgraa(8))T =0 (5.1)
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where
Fi(t) = uoVf(e Z u; V(2 Z v;Vg;(z (5.2)
Fy(t) = Zm -+ Z v; — 1, (5.3)
1=0 i=1
Fipo(t) = uspi(z) = 1,...,m), (5.4)
Fm+j+3(t) = 'quj'(fl}) (] =1,... ,T‘), (55)
t= (150 ey Ty U0y Uty e ooy U,y V1,0 e ,vr)T and V is the gradient operator.

The equation Fy(t) =0, i.e.,

Zui-i—z:vj—l:O (56)
=0 Jj=1

is called the normalization condition. The components u; (1 = 0,...,m), v; (j =

1,...,r) are called the Lagrangian multipliers. The function whose gradient with

respect to & occurs in the equation 5.2

U(z,u,v)=uof(z)+ Zuzpl )+ Z v;q;(2 (5.7)

is called the generalized Lagrangian function of the problem given by the definition 1.1.

For an unconstrained optimization problem, the Fritz-John condition reduces to

which is the first-order necessary condition for the unconstrained optimization prob-

lem.

Kuhn-Tucker Condition. Before describing the Kuhn-Tucker condition, we present

the definition of the regularity condition.



CHAPTER 5. CONSTRAINED GLOBAL OPTIMIZATION 102

Definition 5.1: [74]

Let 2 be a feasible point of the problem given by the definition 1.1. Let A(z) =
{1 | pi(z) = 0,1 € {1,...,m}} be the so-called active index set. The point z is said
to satisfy the regularity condition if the set of gradients pi(z), ¢i(x) with i € A(z),

7 =1,...,r is linearly independent.

Assume that the objective function f, constraint functions p; (z = 1,...,m) and
g; (7 =1,...,7) in the problem given by the definition 1.1 are differentiable. The
Kuhn-Tucker condition says that if a point « is a local minimizer of the problem and
satisfies the regularity condition, then there exist u; > 0,u; € R (1 = 1,...,m) and

v; € R(j=1,...,7) such that

K(t) = (K1(2), K2(t), ..., Kmprsr (8) =0 (5.8)
where
K (t) = Vf(z -l-z;qu, -I-X:lqu] z), (5.9)
i= i=
Kip () = wipi(z) G =1,...,m), (5.10)
Kmijn () = vigi(x) G =1,...,7), (5.11)

T . .
t = (T1ye s TnyUsy--esUm,V1,-..,0r) and V is the gradient operator.

The function whose gradient with respect to @ occurs in the equation 5.9

L(z,u,v) = f(z) + }:u,pz +ZquJ (5.12)
is called the Lagrangian function of the problem given by the definition 1.1.

To solve the equality system corresponding to the Fritz-John condition or the
Kuhn-Tucker condition is very hard, since the equalities in the system are nonlinear

and quite complex.
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E. R. Hansen explored the Fritz-John condition in his interval arithmetic method
for constrained global optimization through using the interval Newton method to

solve the equality system [36]. But computational results are lacking [36, 46, 47].

In an interval constraint method for the constrained optimization, we do not
solve the Fritz-John or Kuhn-Tucker conditions, we just add them in the form of
their definitions into an interval constraint system. This will be discussed in detail in

the following.

5.2 Overview of Interval Arithmetic Methods

Hansen and Sengupta [36] were the first to use interval arithmetic to solve the con-
strained global optimization problems with inequality conditions. Their algorithm is
the combination of the Branch-and-Bound with several tests such as the midpoint
test. The value of the objective function f at a feasible point in the original domain

is an upper bound of f*. In the midpoint test, Hansen used the lowest upper bound

of f* found so far.

For the constrained global optimization problem with equality conditions, there
are difficulties in determining whether a given point is feasible, thus it is hard to find
an upper bound of f*. Because of rounding errors, it is generally impossible to verify
that a point ¢ satisfies an equality condition. To overcome the difficulties, Hansen
and Walster [74, 32] suggested that Moore’s existence theorem [60] should be applied
to the constrained global optimization with the equality condition to check whether
a given box contains a feasible point. Bao and Rokne [74, 4] generalized Moore’s

existence theorem to include the equality condition.
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The algorithm for constrained global optimization is a modification of the one
in Figure 4.2 for unconstrained global optimization. One important point is that
ub( f(mid(X))) in line 2, ub(f(m,)) and ub( f(m2)) in line 12 can no longer be counted
on to provide an upper bound for f*, as mid(X), m; = mid(B,) or my = mid(B,)
may not be a feasible point in constrained global optimization. Instead we define

fo(B) and use it in the place of ub(f(mid(B))) to find an upper bound for f*.

Another important observation is that the necessary condition for unconstrained
global optimization is different from that for constrained one. This suggests that some
of tests used for unconstrained global optimization can not be used in the constrained

case.

In the following, we define f3(B) to find an upper bound of f*, which is followed by

the explanation of several tests that can be used for constrained global optimization.

Finding an Upper Bound. For the constrained global optimization problem only
with inequality conditions, the value of the objective function f at a point c in the

original domain is an upper bound u of the global minimum f~ if the point ¢ satisfies
ub(]?z(C)) S 0 {01' a.ll 1= 1, R (1 (513)

Formally, for a given box B, we can obtain u by using the following formula:

w= f(B) = ub(f(c)) if ¢ € B and ub(pi(c)) <0 fori=1,...,m (5.14)

400 otherwise.

Hansen calls the point that holds for the condition 5.13 a certainly feasible point.
Hansen set an upper bound f;; of f* equal to the smallest upper bound found in this

way and used it in the midpoint test.
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However, it generally impossible to assure that the point ¢ satisfies
gi{c)=0 forallj=1,...,r (5.15)

le.,
Ib(gj(c)) = ub(gj(c)) =0 forallj=1,...,r (5.16)

because of rounding errors. If we make a single rounding error in computing g;(c) for
some j = 1,...,7, we do not know whether ¢;(c) is zero or not. Thus the value of
f at the point ¢ can not be used as an upper bound of f* for the constrained global

optimization problem with the equality condition.

One way to obtain an upper bound of f* is due to Hansen-Walster[32] and Bao-
Rokne[4]. Suppose that we have proved that a feasible point exists in a box B. We
compute f(B), getting the result [lb(f(B)),ub(f(B))]. Then ub(f(B)) is an upper
bound u of f*. Formally, for a given box B, u is obtained according to the following

formula:

(5.17)

400 otherwise.

ub(f(B)) if B contains a feasible point
u=fi(B) = { (

In order to prove that a given box B contains a feasible point, we proceed as follows:

(1) Without restriction of generality, let

Ib(p;(B)) <0 < ub(pi(B)) fori=1,...,m"(<m)
0€q(B)Ag(B)#0 forj=1,...,7"(<7) (5.18)
si=m'+ .

where m' is the number of inequalities we can not determine whether they hold

over the given box B, r' is the number of equalities we can not determine if
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they hold over B. The remaining conditions should not be violated:

ub(p:(B)) < 0 fori=m'+1,...,m .
(5.19)

[b(g;(B)) = ub(q;(B))=0 forj=r"+1,...,7.

(2) Select s components of B (for simplicity the first s) and build a box
Z=X; X xX,.
Let ¢ = (e1,...,¢n) be the midpoint of B. Let
hi(z) = pi(z,¢s215---y6n) 1=1,...,m

( (52001 (5.20)

hm’-}—j(z):qj(zacs+la-"acn) j:l,_“’rl’

T T . . .
where z = (21,...,25) . Then h = (hy,...,hs)" is an s-dimensional vector-

value function.

(3) Apply one step of the interval Newton method to solve h(z) = 0. Suppose that
Z' is the result of solving h(z) = 0 by using one step of the interval Newton
method. The property of the interval Newton method guarantees that there
is a unique solution to h(z) = 0 within Z if Z’ is contained in the interior
of Z and not empty. So if Z' C Z and Z’' # 0, there exists a feasible point

Jo— (! Y T
v = (a),...,2., Cs415--.,Cn) in B.

Here we integrate formulas 5.14 and 5.17 into one formula for finding an upper
bound u of f* as follows:
( ub(f(c)) if no equalities and ub(p;(c)) <0 foralli=1,...,m
ub(f(B)) if equalities exist and applying one step of the interval
u= fy(B) =1 Newton method to solve h(z) = 0 for z € Z gives the
result 2/ C Z and Z' # ()

+o00 otherwise
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where ¢ = (cy, .. .,cn)T is the midpointof B=X; X+ x X,,, Z =Xy x---x X;, h is
an s-dimensional vector-value function whose components are defined in formula 5.20.

It is possible that for every sub-box B split in a Branch-and-Bound algorithm we
can not conclude that there is a feasible point in B. In this case, we do not obtain

an upper bound of f*. This makes the constrained global optimization problem hard

in interval arithmetic.

Inequality and Equality Test. Given a box B, if the problem’s defining condi-
tions (i.e., the inequality condition and the equality condition) can not be satisfied
anywhere in B, then B is rejected. In interval arithmetic, p;(B) (i = 1,...,m) and

g;(B) (j =1,...,r) are computed and the results are denoted by

pi(B) = [lb(pi(B)), ub(pi(B))]
and
4;(B) = [Ib(g;(B)), ub(g;(B))].
If we can determine that
Ib(pi(B)) <0 foralli=1,...,m (5.22)

does not hold, then p;(z) > 0 for all z € B for some i € {1,...,m} (i.e., there is no
point @ € B such that p;(z) < 0) and B is rejected. We call the inequality 5.22 the

inequality test.
If we can determine that
0 € [6(q(B)), ublq;(B))] forall j=1,...,r, (5.23)

ie.,

Ib(gj(B)) <0 and 0 < ub(g;(B)) foralj=1,...,m (5.24)
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does not hold, then there is no point = € B such that g;(z) = 0 forsome j € {1,...,r}

and B is rejected. We call the inequality 5.24 the equality test.

Note: Hansen treated each equality condition ¢;(z) = 0 (7 = 1,...,7) as two

inequality conditions

gi(z) <0 and g;(z) > 0.

If Ib(g;(B)) < 0 and ub(g;(B)) > 0 does not hold (i.e., b(¢;(B)) > 0 or ub(g;(B)) <
0), then the inequality conditions do not hold and B is rejected. This is equivalent

to treating ¢;(z) = 0 as an equality condition.

Fritz-John Test. Hansen solves the Fritz-John condition F(t) = 0 using the inter-
val Newton method. Suppose that we seek the solution of F/(t) = 0 in a given box B

and the interval Newton method produces the result B’. If
BNB#0 (5.25)

does not hold, then there is no solution in B and B is rejected. The inequality 5.25

is called the Fritz-John test.

5.3 Branch-and-Bound for Constrained Optimiza-
tion

The Branch-and-Bound algorithm for Constrained Global Optimization, which is de-
noted by BBCGO, is described in Figure 5.1. The algorithm is applicable to both in-
terval arithmetic and interval constraints. We obtain this algorithm from the Branch-

and-Bound algorithm shown in Figure 4.2 for Unconstrained Global Optimization
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(denoted by BBUGO in the following) by making a few changes. The underlined

parts in Figure 5.1 are the main changes.

5.3.1 Methods for Finding An Upper Bound
In BBUGO, we use

fap = ub(f(mid(X))), w1 :=ub(f(mid(B1))), wuz :=ud(f(mid(By)))

to obtain an upper bound of f* over boxes X, B; and B; respectively. For an
unconstrained global optimization problem, the value of the objective function f at
an arbitrary point of a box is an upper bound of f* over the box. We choose the

midpoint there.

In BBCGO, we use

fop = f(X), w:= fiy(B1), wua:= fi(Ba)

to obtain an upper bound of f* over boxes X, B; and B, respectively, where one
definition of f; is given in Formula 5.21, another definition will be discussed in the
following section. For a constrained global optimization problem, the value of the

objective function f at an arbitrary point of a box is only usable if that point is

feasible.

5.3.2 Conditions for Rejecting Boxes

In BBUGO, we can always use condition 4.2 (i.e., the midpoint condition) for rejecting
boxes. If the function f is differentiable, conditions 4.4 and 4.9 (i.e., the stationarity

condition and the linear condition) can be used. If f is twice differentiable, we can use
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I: input: fipi(t=1,...,m),q;(J=1,...,7), X, ex, €r, €p, €g;
20 o= (XD

3: L= [<X,I(f(X)), fi >;

4:  A:=0;

5:  while L#( do

6: remove < B,l,u > from L;

7 if |B|<ex A|f(B)| £ er Aub(pi(B)) <epAlgi(B)| <egA0€qi(B) then
8 add < B,[,bu>to A

9 else if conditions(< B,l,u >, f¥) then

10: partition B into B; and B; with midpoints m; and may;
11: L :=1b(f(B1)); la := Ib(f(B2));

12: uy = fi(By); us := fo(Bs);

13: fo 1= min( i, v, U2);

14: add < By, l1,u; > and < By, la,up > to L;

15: end-if

16: end-while
17: fp := min{l; |< By, i, u; >€ A}
18: if f} = +oo then

19: fr = max{ub(f(B;)) |< Bi,li,u; >€ A};

20: output: f*isin [f}}, fi] if there exists a feasible point in X, A;
21: else

22: output: There is a feasible point in X, f* is in [f};, f5], 4;

23: end-if

Figure 5.1: Branch-and-Bound algorithm for constrained optimization
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conditions 4.6, 4.11 and 4.14 (i.e., the convexity condition, the quadratic condition

and the Newton condition).

In BBCGO, the problem’s defining conditions 1.1 and 1.2 can be used for rejecting
boxes. Condition 4.2 (i.e., the midpoint condition) is always applicable. We can also
use conditions 4.9, 4.11 (i.e., the linear condition, the quadratic condition) and the
Newton condition if the function f is twice differentiable. Although we can not
use conditions 4.4 and/or 4.6 (i.e., the stationarity condition and/or the convexity

condition) in BBCGO, we can use condition 5.1 (i.e., the Fritz-John condition).

5.3.3 Conditions for the Answer List

In BBUGO shown in Figure 4.2, a triple < B,[,u > is put into the answer list A if it

satisfies the following condition:
|B| < ex A(u—1)<ep. (5.26)

This condition guarantees that the box B of every triple < B,{,u > in the answer list
A is small enough and the value of the function f at the midpoint of B is close enough
to the real minimum f*. However, this condition is not suitable for constrained global
optimization. It does not consider the problem’s defining conditions. Some conditions
should be added for considering the problem’s defining conditions. Furthermore, it is

hard for the triple < B, [, u > to satisfy the condition
(u—~1) <ep, (5.27)

since u is 400 in general. It is better to change this condition.



CHAPTER 5. CONSTRAINED GLOBAL OPTIMIZATION 112

Adding More Conditions for the Answer List. Suppose that ep > 0 and
€g > 0 are the tolerances for the inequalities and equalities of the problem’s defining
conditions respectively. We usually want to assure that any point z in the box B of

every triple < B,[,u > in the answer list satisfies the conditions

pi(z) <ep fori=1,...,m (5.28)
and
—eg<gqgi(x)Leg forj=1,...,m (5.29)
We can achieve this by adding the conditions
ub(pi(B))<ep fori=1,...,m (5.30)
and
l;(B)| < eqNO€Eg(B) forj=1,...,r (5.31)

into condition 5.26, i.e., by using conditions 5.26, 5.30 and 5.31 instead of just using

condition 5.26.

Condition 5.30 guarantees that any point ¢ in B satisfies condition 5.28. This
indicates that p;(x) < 0 holds within the given tolerance ¢p for 2 = 1,...,m. Condi-
tion 5.31 makes sure that any point ¢ in B satisfies condition 5.29. This means that

gj(x) = 0 holds within the given tolerance ¢g for y =1,...,r.

Replacing the Condition (u —!) < ep. For a triple < B,l,u > in BBUGO, an
upper bound u of the minimum f* over the box B is always defined. The value of
the function f at an arbitrary point of B is defined and is an upper bound of f*.
We choose the midpoint of B. However, this is not the case for constrained global

optimization. An arbitrary point of B is not necessarily a feasible point, neither is
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the midpoint of B. Thus u is not defined in general. Therefore, condition 5.27 may

not be satisfied. One suitable replacement of condition 5.27 is
|f(B)| < eF. (5.32)

After the replacement and the addition of conditions 5.30 and 5.31, we have the

following condition in BBCGO for adding a triple < B,/,u > into the answer list A:

|B] < ex Af(B)] < er Aub(pi(B)) < ep Algi(B)| < eq A0 € ¢;(B) (5.33)

wherez=1,...,mand j=1,...,r.

5.3.4 Input and Output of the Algorithm

The input and output of the algorithm for constrained global optimization contain

more information than those of the algorithm for unconstrained one.

Input. Inadditionto f,p; (:=1,...,m)andg; (j=1,...,r), the input of BBCGO
includes the tolerances ep and eg. ep and ¢g are for the inequalities and equalities of

the problem’s defining conditions respectively.

Output. The output statement in BBUGO is replaced by the following if-then-

else statement:

if fr =+4oo then
Iz = max{ub(f(B;)) |< Bi,li,u; >€ A}
output: f*isin [f};, fi] if there exists a feasible point in X, A;

else
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output: There is a feasible point in X, f~isin [f, f5], 4;
end-if .

It is possible that we can not assure that there exists a feasible point during any
iteration of the algorithm. In this case, f;, is initialized as 400 and keeps being +oo

until the end of the algorithm. We can only make sure that f~ is between
fl*l; = min{li |< Bi,l,',ui >e A}

and
frp = max{ub(f(B:)) |< Bi,li,u; >€ A}

if there exists a feasible point in the original domain X. The problem we solve using
the algorithm is the mathematical model of a physical problem. In general, we know
that the physical problem has solutions. So we can make sure that f~ is between fj
and fr.

In the case that at least one feasible point exists, we can guarantee that f~ is

between fj;, and f,.

5.4 An Interval Constraint Method

In the previous section, we described the Branch-and-Bound algorithm for constrained
global optimization. The performance of the algorithm depends on the effectiveness of
the implementation of “conditions(< B,[,u >, f¥)” and “f,(B)”. If we use the mid-
point test, inequality test, equality test and the Fritz-John test, we obtain Hansen’s

interval arithmetic method for constrained global optimization. Since all the tests use
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interval arithmetic, we call Hansen’s algorithm an interval arithmetic version of the

Branch-and-Bound algorithm for constrained global optimization, denoted by IAC.

In this section, we demonstrate how to translate all the interval arithmetic com-
putations in “conditions(< B,l,u >, f7)” and “f,(B)” into an interval constraint
processing task. Thus we can obtain an interval constraint version of the Branch-
and-Bound algorithm for constrained global optimization, which is denoted by ICC

in the following.

5.4.1 Finding An Upper Bound in Interval Constraints

In Branch-and-Bound, we need an upper bound of f* over a given box. In uncon-
strained global optimization, the upper bound of the interval obtained by evaluating
the objective function over the box is an upper bound for the minimum over that
box. Another upper bound is the value of the objective function at an arbitrary point

in the box. The latter is usually much better.

In constrained global optimization with Branch-and-Bound, an upper bound is
harder to obtain, and this makes constrained optimization harder also in interval
constraints. An upper bound of the interval for the objective function evaluated over
the box in the presence of the constraints is easily computed in interval constraints.
However, it is only valid as an upper bound in Branch-and-Bound if there exists at
least one feasible point in the box. This is not known. Similarly, an upper bound
obtained from evaluating the objective function at an arbitrary point is only usable

if that point is feasible.

In section 5.2, we described the interval arithmetic methods for finding an upper

bound u of f* for constrained global optimization. Through translating interval
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arithmetic computations in formula 5.21 into an interval constraint processing task,

we obtain an interval constraint method for finding w. This method is formulated as:

r ub(f(c)) if no equalities and ub(pi(c)) <0 foralli=1,...,m
ub(f(B)) if equalities exist and applying the consistency
algorithm to the constraint system
“2€ Z,h(d)+ J(2,Z)(z — ') = 0" shrinks Z but

does not produce any failure state.

400 otherwise
\

(5.34)
where ¢, B, Z and h are the same as in formula 5.21, ¢ = (cy, .. .,¢,)" is the midpoint

of Z,and J(z,Z) is the Jacobian matrix of h over Z.

We have three different cases for computing u:

(1) There is a feasible point ¢ in B. In this case, we compute ub( f(c)) as the value

of u.

(2) The box B contains a feasible point. We compute ub(f(B)) as the value of u.

(3) No feasibi> point in B. We set u to +oo.

Since interval constraints is not less effective than interval arithmetic, there is not
less chance to find a real upper bound u of f* using the interval constraint method
formulated in 5.34 than using interval arithmetic method formulated in 5.21. The

computational results in Table 5.2 suggest that interval constraints is more effective.
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5.4.2 Using Conditions as Constraints

In constrained global optimization, interval constraints are especially interesting. All
the problem’s defining conditions, both inequality 1.1 and equality 1.2, can be directly
used as constraints. In addition, the midpoint condition 4.2 can be used as con-
straints. Furthermore, we can also use the Fritz-John condition or the Kuhn-Tucker
condition as constraints if the function f, p; (¢ =1,...,m)and ¢; ( =1,...,r) are

differentiable.

For a given box B, an upper bound f;, of f* and the conditions used as con-
straints, we have the following interval constraint system (note that we use the Fritz-

John condition here):

r€B

y=f(2),y <[5

pi(z) <0 (i=1,...,m)

gi(z) =0 G=1...,7)

u; € [0, 400] (1=0,1,...,m) (5.35)
v; € [—o0,+0] (G=1,...,7)

wV f(@) + Ty wiVpi(e) + Tjey v;Vei(z) = 0

uipi(z) =0 G=1,...,m)

v;qi(z) =0 G=1...,7)

T:oui+}:§=1vj—1=0

where the second line is the midpoint condition, the third and fourth line are the
problem’s defining conditions (i.e., the inequality condition and equality condition),
and the rest is the Fritz-John condition. If applying the consistency algorithm to

the constraint system 5.35 results in a failure state (i.e., produces an empty box),
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then the box B can be rejected. It is also possible that the output of the consistency
algorithm is a shrunk non-empty box B’. In this case, some of the conditions used
can not hold for B — B’, so that we conclude that no point in B — B’ satisfies all the
conditions used as constraints. Note that in this case we can not conclude that every

point @ € B’ satisfies all the conditions.

In interval arithmetic the problem’s defining conditions 1.1 and 1.2 can not be used
directly. The Fritz-John condition or the Kuhn-Tucker condition is essential, because
using either of them is the only way in which the problem’s defining conditions can

be indirectly taken into account.

A novel feature of interval constraint approach, and perhaps first demonstrated
in [16, 84, 17], is that it allows one to select from a hierarchy of redundant conditions.
The conditions on the minimization are completely determined by the problem’s
defining conditions 1.1 and 1.2. In principle it is possible in interval constraints to

only include conditions 1.1 and 1.2.

5.5 An Implementation of the Interval Constraint

Method

We have implemented in BNR-Prolog the interval constraint method for constrained
global optimization. Figure 5.2 shows the main part of the source code. We omit the
definitions of small, fb, partition and min. The user should provide in BNR-Prolog
the definitions of f, p; (¢t =1,...,m) and ¢; (j =1,...,7). The user should also give

the definitions of f, p; (i =1,...,m)and ¢} (j =1,...,7) if f,p; (i=1,...,m) and
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g; (§ = 1,...,r) are differentiable and she/he wants to use the Fritz-John condition

as constraints.

For example, suppose that we want to find the minimum value of the following

function
f(z1,22) = (21 = 2)* + (22 — 1)? subject to
pi(y, ) = 2} — @9 (5.36)
pa(@y, @) = &1 + 22 — 2.

We should define the relations f, p; and p; in BNR-Prolog as follows:

£([X1,X2],Y) :- Y is (X1 = 2)**2 + (X2 - 1)*%*2.
pl([X1,X2],P1) :- P1 is X1*%2 - X2.

p2([X1,X2],P2) :- P2 is X1 + X2 - 2.

Similarly we can define f', p} (¢ = 1,...,m) and ¢; (j = 1,...,r) in BNR-Prolog.

Here we explain the relations defined in the program for the JCC that are different

from those defined for ICU.

The formula “small(B,Y)” holds if | B| < ex, |Y| < eF, ub(pi(B)) < ep (for all 1 =
1,...,m), |gj(B)| < eg and 0 € ¢;(B) (for all y =1,...,r).

The formula “fo(B,U)” holds if the formula 5.34 holds.

The formula “conditions([B, Y], Fub)” holds if applying the consistency algo-

rithm to the constraint system 5.35 does not produce any failure state.
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g_min([],Fub,A,A) :- !. % L = [], terminate, Answers are in A
g_min([[B,Y,U] |LO],Fub,A0,A) :-% remove [B,Y,U] from L=[[B,Y,U]|LO]
small(B,Y), !, % IBl=<Ex, |Y|=<Ey, ub(pi(B))=<Ep,

% 1gj(B) |=<Eq, and 0 in qj(B)
insert([B,Y,U],A0,Al1), % insert [B,Y,U] into AO and get Al

g_min(LO,Fub,A1,4).
g_min([[B,Y,U]lLO],Fub,AO,A) :-

conditions([B,Y],Fub), !, % conditions may be satisfied
partition(B,B1,B2), % partition box B into B1l and B2
£(B1,Y1), fb(B1,U1), % Yi=f(B1) ,Ul=ub(fb(m1)) ,mi=midpoint (B1)
£(B2,Y2), £b(B2,U2), % Y2=£(B2),U2=ub(fb(m2)) ,m2=midpoint (B2)
min([Fub,U1,02],Fubl), % Fubi=min(Fub,U1,U2)

insert([B1,Y1,U1],L0,L1), % insert [B1,Y1,U1] and [B2,Y2,U2]
insert([B2,Y2,U2],L1,L2), % into LO and get L2
g.min(L2,Fubl,A0,A) .

g_min([[B,Y,U]|L0],Fub,A0,A) :-% conditions can not be satisfied

g_min(LO,Fub,A0,4). % reject [B,Y,U] from [[B,Y,U]|LO]
conditions([B,Y],Fub) :- %  constraints for:

Y =< Fub, % condition f(x) <= Fub

p1(B,P1),P1=<0, ..., pm(B,Pm),Pn=<0, % inequalities

q1(B,Q1),Q1==0, ..., qr(B,Qr),Qr==0, % equalities

fritz_john_condition(B). % Fritz-John condition

insert([B,Y,U],0,L[B,Y,U1]) :- !.
insert([B,Y,U],[[B1,Y1,04]11T],[(B,Y,U], [B1,Y1,U1]|T]) :-

range(Y, [L,_]), range(Y1, [L1,_1), L =< L1, !.
insert([B,Y,U],[[B1,Yt,01]|T], [[B1,Y1,U1]IR]) :- insert([B,Y,U],T,R).

Figure 5.2: Code of interval constraint method for constrained optimization
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5.6 Test Results

In addition to conditions 1.1 and 1.2 (i.e., the problem’s defining conditions), there
are several conditions that are redundant, but are extremely effective in reducing the
required amount of computation. Condition 4.2 (i.e., the midpoint condition) and
condition 5.1 (i.e., the Fritz-John condition) are independent of each other. In our
first series of tests (/CC, in Table 5.2) we only use conditions 1.1, 1.2 and 4.2. The
novelty here is that we take the problem’s defining conditions into account without

using the Fritz-John condition.

In ICC; of Table 5.2, we improve on ICC; by adding the Fritz-John condition.
As one can see, this gives a considerable improvement in performance in two of the

three test problems.

Since our results give guaranteed inclusions, it only makes sense to compare
performance with the methods that give the same guarantees. As far as we know,
these can only be found in [74, 36, 37, 38]. Although E. R. Hansen, in [36], gives a
copious variety of test results on unconstrained optimization, he gives the test result
for only one problem on constrained optimization, which we include in Table 5.1.
Even for these few problems, the performance measures given in [74, 36] are spotty;

see the open spaces in Table 5.2.

Although Van Hentenryck and Michel reported the performance of their Numerica
system in [37, 38], they only give timings and numbers of splits. Comparisons are hard
to make from [37, 38]. The number of splits have the advantage of being machine-
independent. However, they do not report the splits performed in narrowing by means

of Newton’s method and an inequality (“internal splits”).
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|A)
o

Problem | Objective Function and Conditions Domain
1 f(2) = 0.1(2% + 23) [-1,1] x [-1,1]
p1(z) = 2sin(272s) — sin(4mray)
2 f(@) = (21— 2)* + (z2 — 1)? Rx R
pi(z) =2l —

3 f(z) = 1222 — 6.3z + 28 + 6zy2s + 623 | [—2,4] x [-2,4]

3

1(z) =1—16z% — 2523
(z

P3 CL) = 2122 -4

3

Table 5.1: Test problems for constrained global optimization

We also successfully ran our algorithm on many of the problems with three or

fewer variables in [29, 42, 75].

Table 5.2 shows the performance figures from {74, 36], as far as given, (in the part
labeled TAC, which is short for Interval Arithmetic method for Constrained global
optimization) and compares with two versions of our algorithm (in the parts labeled

ICC, and ICCy; see above for their differences).

Here is an explanation of the symbols used in the tables.

W;  Width of initial box.

€ Intended tolerance for box size, function width, inequalities and equalities.
W« Width of final box for an occurrence z*.

W Width of bound on the global minimum f*.
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N; Number of iterations of an algorithm till termination.

Ny Total number of function evaluations.

Each of these symbols with superscript A represents that the corresponding re-
sults are from running the interval Arithmetic version of an algorithm, that with
superscript C represents that the corresponding results are from running the interval

Constraint version of the algorithm.

From Table 5.2, one can see that the interval constraint algorithm using condi-
tions 1.1, 1.2, 4.2 and 5.1 as constraints achieves a factor of 4 to 58 in the number
of iterations on the constrained global optimization test problems and a factor of 23
to 76 in the number of function evaluations over the interval arithmetic methods.
Moreover, the final boxes for 2* and f* produced by our interval constraint algorithm

are smaller.

Comparing the running results of ICC; and IC'C,, we find that using the Fritz-
John conditions as redundant constraints gives a considerable improvement in per-
formance in two of the three test problems. For these two problems, ICC5 achieves
a factor of 10 to 18 in the number of iterations and a factor of 9 to 34 in the number

of function evaluations over ICC;.

5.7 Discussion

We have compared our algorithm with the one of Hansen. He uses Interval New-
ton method to solve the Fritz-John condition. Conventionally, some form of Newton
method has to be used to solve this condition. We only use the condition in its defini-

tional form to prune the Branch-and-Bound search. In our approach, the use of Inter-
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Problem 1 | Problem 2 | Problem 3
Input W; 2 +o0 6
€ 1074 10-6 10-2
NA 175 72
IAC NA 686 252
WA 10~ 10-¢ 1072
Wh | 1071 10° 1072
N 3 51 335
Icc, | N 9 101 995
WE 0 107 103
W& 0 10-7 1073
NP2 3 5 19
ICC, Y% 9 11 29
W&, 0 10-16 10-8
wé 0 10716 10-3
g—} 58 4
Comparison —g—fdf; 76 23
. 1 10 18
Z, 1 9 34

Table 5.2: Running results of IAC and ICC

124
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val Newton amounts to the addition of constraints that are redundant with respect to
the definition of the Fritz-John condition, which is itself redundant to conditions 1.1
and 1.2. So far experience shows that adding additional redundant conditions as
constraints generally improves performance. Without this additional possibility we

already achieve better performance than the results published by Hansen.



Chapter 6

Concluding Remarks

6.1 Summary and Contributions

Interval Arithmetic and Interval Constraints. We have specified the essential
components of interval arithmetic and interval constraints, which include interval
functions, interval constraint systems and consistency algorithms. Interval constraints
is based on interval arithmetic, but is a generalization of interval arithmetic. An
interval function F of a real function f over a given domain X can be computed in
interval constraints. F'(X) can be translated into an interval constraint system C,
in which there is a variable y for the value of F. We have proved that applying a
consistency algorithm to C gives the same interval result for y as computing F(X)

in interval arithmetic.

The interval value of F(X) is an approximation of O f(X), the smallest interval

containing the range of function f over X. In general it is much larger than O f(X).

126
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Hypernarrowing. We have presented an algorithm called hypernarrowing algo-
rithm, which is based on a consistency algorithm. Through applying the hypernar-
rowing algorithm to the constraint system C' translated from F(X) and the interval
for y, we usually obtain a much smaller interval for y than applying the consistency
algorithm to C'. Combining the hypernarrowing with the simple version of Hansen’s
algorithm for unconstrained global optimization that uses interval arithmetic and the
midpoint test, we have achieved a factor of 1.8 to 9.7 in speedup over the simple
version. We have also compared the semantics of the hypernarrowing algorithm with

that of a constraint solver.

Unconstrained Global Optimization. After reviewing interval arithmetic meth-
ods and describing a generic Branch-and-Bound algorithm for solving unconstrained
global optimization problems, we have proved the properties of the algorithm. We
have investigated the role of interval constraints in global optimization, explained
why interval constraints is more powerful than interval arithmetic and demonstrated
how to obtain an interval arithmetic version and an interval constraint version of
the Branch-and-Bound algorithm. The implementations of a variety of the interval
arithmetic and interval constraint versions of the Branch-and-Bound algorithm have
been given in BNR~Prolog. Computational results have showed that the interval con-
straint version of the order zero algorithm achieves a factor of 2.7 to 27.5 in speedup
on the unconstrained global optimization test problems over the corresponding in-
terval arithmetic version. The interval constraint version of the order one algorithm
achieves a factor of 5.8 to 123.5 in speedup over the corresponding interval arithmetic
version. In addition to the higher speed, the interval constraint versions are more

declarative and use less memory space. We have also proposed two improvements on
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the memory use of the Branch-and-Bound algorithm. The interesting thing is that

these improvements also speed up the execution of the algorithm on about half of the

unconstrained global optimization test problems.

Constrained Global Optimization. We have discussed the differences between
solving the unconstrained global optimization problem and the constrained one. Af-
ter reviewing the interval arithmetic methods for constrained global optimization,
we have presented the transition from the Branch-and-Bound algorithm for uncon-
strained global optimization to the one for constrained global optimization. We have
demonstrated how to obtain an interval constraint version of the Branch-and-Bound
through using the applicable conditions as constraints. The interval constraint version
has been implemented in BNR-Prolog and run on a few of test problems. The test
results indicate that the interval constraint method using the problem’s defining con-
ditions, the midpoint condition and the Fritz-John condition as interval constraints in
their definitional form achieves a factor of 4 to 58 in the number of iterations on the
constrained optimization test problems over the interval arithmetic method. We have
also investigated the effect of using the redundant Fritz-John condition as constraints.
Computational results show that it gives considerable improvement in performance

in most of cases.

6.2 Suggestions For Future Work

Combining a Point Method with an Interval Constraint One. The merit
of point methods is their high efficiency. A point method can provide a real-valued

approximate minimum f, and the minimizer. The minimum f,, can be used as an
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upper bound of f* in an interval constraint method. In the interval constraint method,
an upper bound u of f* is obtained by computing the function value at a sampled
point or the upper bound of function f over box B. Since f,, is generally much
lower than u, using f,, as the upper bound of f* may greatly speed up the interval
constraint method. In addition, we can use the minimizer to guide the splitting of a
box into sub-boxes. This leads to a considerable improvement of interval arithmetic
methods [14]. Therefore, it is worth studying the combination of a point method and

an interval constraint method.

Among point methods, a local optimization method is much faster than a global
one [92]. So the higher priority should give to the study of the combination of a local

optimization method and an interval constraint method.

Interval Constraint Compiler A high-level interval constraint system is trans-
lated into a low-level one, which consists of a conjunction of primitive constraints
and an initial state. The consistency algorithm transforms the initial state into a
consistent state or a failure state through “interpreting” the primitive constraints
(i.e., applying the corresponding consistency operators). The consistency algorithm
is an interpretor and the primitive constraints are the intermediate instructions to be
interpreted. It is possible to design and implement an interval constraint compiler
that translates a low-level (or high-level) interval constraint system into a sequence
of C/C++ or assembly instructions [15]. This is analogous to designing a Prolog
compiler [1, 91, 90, 54, 19] based on the techniques used in a Prolog interpretor
[86, 13, 79]. In the place of a Prolog interpretor is the consistency algorithm. In
general, the object code generated by a compiler from a source program achieves a

factor of one to two order magnitudes in speed over the interpreted program [27].
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Parallel Interval Constraint Methods. Interval constraint methods for solving
the global optimization problem are based on an exhaustive search in a given box.
The box is split into sub-boxes and the search continues in a selected sub-box. Since
there are a number of sub-boxes during the search, we can use N processors and
execute the interval constraint algorithm on each processor for searching a selected

sub-box in parallel.

Much research work has been done about parallel interval arithmetic algorithms
for global optimizations [48, 9, 14, 25, 26, 50, 63]. It is a good starting point for

studying parallel interval constraint algorithms.

Improving the Consistency Algorithm. There exists potential parallelism in
computing each consistency operator and the consistency algorithm. Exploiting this
parallelism, -we can improve the efficiency of solving interval constraints systems.
There are two levels of parallelism that can be exploited to speed up the consistency
algorithm. The computation of the consistency operator for a primitive constraint can
be parallelized. For example, from the formula for computing Csum, the consistency

operator for the primitive constraint sum,

Coum ([, 8] X [c,d] x [e, f]) = [a,B]N ([e, f] — [e,d])x
e, d] N ([e, f] — [a,0])
e, f1N ([a, 8] + [¢, d])

we can see that three interval operations and intersections can be parallelized. In the
consistency algorithm, we only choose one primitive constraint at each iteration and
apply the consistency operator of the constraint. It is possible to select several prim-

itive constraints at an iteration and apply the consistency operators corresponding to
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these constraints in parallel.
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