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Abstract

A finite difference algoritk.n for solving the forward modelling problem of geo-
electromagnetic induction in three-dimensional structures has been developed
in this thesis. Nov ¢] features of the method include the incorporation of a thin
sheet of anomalous conductance at the surface of an otherwise quite general
three-dimensional structure in which the anomalous region is allowed to ap-
proach two-dimensional configuratio.s at infinity; the use of magnetic rather
than the «lectric field components for obtaining the solution; the use of integral
boundary conditions at the top and hottom of the model; and the application
of new cell-integral finite difference equations to the main body of the model.
The algorithm has been tested for synthetic models against results delivered
by existing two aud three dimensional modelling programs which are already
well established. The results are found to be very satisfactory. Applications
of the algorithm have been shown for two cases. First, the dependence of the
induction vectors on the period ranging from 10 to 10000 s has been studied for
a model with two perpendicular lateral conductivity contrasts; the directions of
induction vectors vary from siie to site reflecting the combined effect of the two
perpendicular contrasts. In the second case, the distortion effect due to small
surface inhomogeneities over a buried 2D anomaly was studied using induction
vectors and difference vectors. There is evidence of mutual coupling in a certain
region which invalidates a simple subtraction of the vectors to reveal the form
of the buried anomaly, but elsewhere the procedure appears to be quite valid.
Since surface anomalies can be simulated by an anomalous thin sheet over

the general 3D structure, it is suggested that this algorithm could be very useful




fo: testing the validity of existing schemes for impedance tensor decompositions
used in MT studies when surface anomali=s are thought to be distorting the real
data.
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Chapter 1

INTRODUCTION AND BASIC EM INDUCTION
PROBLEMS

1.1 History of Geoelectromagnetic Induction

According to Faraday’s Law, any time-varying external electromagnetic (1°M)
field will induce electric current within a conducting body. The EM field s
sociated with the induced current varies with the conductivity structure of the
conduciing body. By measuring these fields (usually on the surface), the inte-
rior structure of the body can be revealed. The earth can be considered as a
conducting body, and is exposed to the external geomagnetic field, which can be
generated by the current systems located in the ionosphere and magnetosphere,
It should, therefore, be possible that the earth’s interior can be inferred from
the EM field observed on its surface. The question is how? A natural way is to
match the field data (the EM response actually collected on the earth’s surface)
with the theoretical data ( the EM response of given conducting models obtained
by analytical solution, analogue modelling or numerical modelling). Once the
data match, the given model might represent the real conductivity distribution
in the earth to a certain degree.

This study is called geo-electromagetic induction and it can be divided into
two types: global studies and local studies (Price, 1964). In the global stud-
ies, the earth is treated as a whole and the induced current system has a world
wirle dimension. Rikitake (1973) reviewed the global conductivity measurements

for the spherical earth. He indicated how the frequency range (0.0001-0.2 cy-




1.1 History of Geoelectromagnetic Induction 2

cles/day) can be used to obtain estimates of the conductivity as a function of
depth from about (400 - 1500) km. The generally accepted picture for the earth
is that there is a near-surface layer about 400 km thick with conductivity no
greater than 0.1 S/m, below which the conductivity rises rapidly to 1 S/m and
subsequently increases to about 100 S/m at about 2000 km.

In local studies, the earth is treated as a flat half space, and the anomalous
features for transient geomagnetic variations over a limited region (usually a few
hundred kilometers) are investigated. According to the distribution of the con-
ductivity, geomagnetic induction studies can be categorized as one-dimensional
(1D), two-dimensional (2D) and three-dimensional (3D) problems.

The induction in a uniform conducting half-space by external magnetic sources
was thoroughly studied by Price (1950). A parallel treatment by Gordon (1951)
investigated the 1nduction by both external electric and magnetic sources and
retained the time dependence of the fields. Weaver (1971) simplified Price’s
study by employing electric and ma;netic Hertz potential vectors normal to the
surface and expressed the solutions in terms of the known source at the surface
through a systematic application of integrals. This method was later extended
to a half-space consisting of N horizontal layers by Summers and Weaver (1973).
The layered conductor problem has been reviewed by Weaver (1973).

When the conductivity of the earth varies only along the vertical direction,
it is called a one-dimensional (1D) problem. For such a 1D problem, e.g. a
stratified earth, the magneto-telluric method (MT) is particularly interesting.
Cagniard (1253) initiated this study with a discussion of a plane wave falling on
a layered conductor. Wait (1954) discussed the exteiision to complex angles of
incidence, thus allowing more general sources to be considered, and indicated to
what exten’ Cagniard’s method was valid for a uniform half-space. Price (1962)
discussed the MT method accounting for the source distribution aid pointed

out how source inhomogeneities are of greater consequence for a true layered
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structure than a uniform one. After many years of work, tor the 1D model, not
only the forward modelling problem is fully solved, even the inversion problem
is probably regarded as a closed book by many practioners in the field of FM
induction. The inversion of MT data can now be performed automatically by
computer (Weaver and Agarwal, 1993).

When the conductivity of the earth varies in one horizontal direction only,
it is a two-dimensional (2D) problem. For 2D structures, only a few special
models have been solved analytically, such as a vertical outcropping fault over
either a perfect insulator or a perfect conductor (d'Erceville and Kunetz 1962),
an outcropping dike (Rankin, 1962), and infinite vertical fault, ( Weaver, 196.)
and segmented overburden model (Weaver LeQuansg and Fischer, 1985, 1986).
Although analytic solutions can be obtained only for a handful of simple cases,
the solutions do serve as a check on more general numerical methods and may
indicate properties not sc evident in numerical solutions. Oii the other hand,
numerical methods, based on finite difference (FD), finite element (FE), integral
equation (IE) or other techniques are quite powerful and general. 2D forward
modelling problems can now be routinely .ndertaken by most research groups
with the aid of a number of computer programs that have been developed over
the past two decades or so (e.g. Madden & Swift, 1969; Coggon, 1971; Hohmann,
1971; Jones, 1973; Kisak & Silvester, 1975; Brewitt-Taylor & Weaver, 1976;
Kaikkonen, 1977; Wannanaker et al., 1987; Travis & Chave, 1989). The 2D
inversion problem is siili a challenging one. Contributions have been made by
many authors (e.g. Weidelt, 1975a; Jupp and Vozoff, 1977; deGroot-Hediin &
Constabie, 1990; Zhao & Liu, 1990; Smith & Booker, 1991; Oldenburg & %llis,
1991; Schmucker, 1993; Agarwal & Weaver, 1991; Uchida, 1993; Schnegg, 1993;
Everett & Schult, 1993; and Agarwal, Poll & Weaver, 1994).

When the conductivity varies along both of the two perpendicular horizontal

directions, it is a three-dimensional (3D) prchblem. No analytical solution has
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been reported for any 3D problem yet. Laboratory analogue modelling methods
can be used to study complicated full 3D induction problems. The work in this
field wes reviewed by Dosso (1973) and also in Dosso and Weaver (1983). In
tlis method, a linear isotropic geophysical system is represented and studied by
a laboratory analogue model which satisfies the scaling condition (e.g. Dosso,
1966)

(0/0m)(fal fm)(Lg/Lm)? = 1,

where a,, f,, L, arc respectively the conductivity, frequency of the time ha:-
onic field, the icngth of the geophysical system while ¢,,, fin and Ly, are the
corresponding values of the analogue model. In practice, the conductivity scal-
ing factor o,/0, and the length scaling factor L,/L,, are constrained by the
model materials, the area of geophysical interest and the size of the analogue
facility, thus leaving the frequency scaling factor f,/ fm to be adjucted according
to the frequency range of the instrumental capability. One advantage of this
method is the ability to model real geophysical structures in much greater detail
than is possible with numerical methods. The usefulness and effectiveness of
analogue modelling in MT interpretation, particularly for 3D cases is 'stinct
and recognized; man results have been obtained using this method, e.g. Dosso,
Jones and Thomson (1974); Dosso, Nienaber atid Hutton (1980); Losso, Nien-
aber and Parkinson (1985); Dosso, Nienaber and Chen (1989); Dosso, Agarwal
and Chen (1992); Nienaber et al. (1977, 1979); Chan, Dosso and Law (1981);
Hu, Dosso and Nienaber (1983); Chen, Dosso and Nienaber (1989); Chen, Dosso
and Ingham (1990); Meng, Dosso and Nienaber (1990); Meng and Dosso (1990)
and Meng (1991). But certain limitations, such as material problems, make it

difficult to model intermediate conductivity contraste.
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1.2 Three-dimensional Numerical Modelling

With the rapid growth of comnuting power, the 3D numerical modelling becones
more and morc practical, useful and important in the interpretation of EM field
data. Several review papers have summarized the achievement made towards
3D modelling. From the point of view of methodology, there are Hohmann
(1983), Varentsov (1983), and Kaikkonen (1986) and from the point of view of
3D effects, there are Jones (1983) and Menvielle (1988). A recent review paper
by Cerv and Pek (1990) summarized the main progress in 3D modelling that
had been achieved in the previous few years. They descriied and compared the
possibilities and efficiency of various 3D numerical modelliig techniques. 'There
are two major different approaches to 3D problems; one is for modelling the
near surface conductivity anomalies, known as the “thin Sheet” approximation;
the other one is for modelling the deep buried conductivity anomalies, in which
either Differential Equations (DE) or Integral Equations (IE) are used.

First introduced by Price (1949), the “Thin Sheet” approximation has signif-
icantly simplifird the study of near-surface inhomogeneities. In this approxima-
tion a physically thin region of arbitrarily varying conductivity is mathematically
replaced by an interface that has zero thickness and a condnctance equivalent to
the integrated conductivity over the z coordinates of the thin region. Beneath
the interface, the conductivity varies in depth only. 'The analytical solution can
be obtained in this region, and is subsequently coupied across the interface by
boundary conditions. Therefore the resulting equations have one less variable
and the numerical computation required to solve the equations is much reduced.
The limitation of this technique is discussed by Schmucker (1970). Many au-
thors have contributed in the 2D aspect of thin sheet approximation, e.g. Green
and Weaver (1978). The full 3D thin sheet problems present greater mathemat-

ical difficulty. Ashour and Chapman (1965) considered the simple geometries
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of an infinite plane sheet whose conductance is uniform except for a circular or
elliptical region. Vasseur and Weidelt (1977) formulated a fairly general thin
sheet problem in 3D. Their models (Fig. 1.1a) consist of a bounded region with
arbitrary variations of conductance whixii is surrounded by an unbounded sheet
of uniform conductance. A twe-component vector integral equation for the two
horizontal eiectrical field components in the sheet was derived which could be
solved numerically. But in their model, the conductivity anomaly was confined
to a limited region and surrcunded by a uniform region, which sometimes is not
realistic. The technique was further developed by McKirdy and Weaver (1984)
and McKirdy, Weaver and Dawson (1985) (Fig. 1.1b) so that 2D structures could
be allowesi at the boundaries, e.5. when there is a long coastline intersecting
the model. For deep seated anomalies, the problems can be solved either by
differential equations (DE) or integral equations (IE). Both procedures lead to
a set of linear algebraic equations for solution. In the DE techniques, since the
unknown field quantities used in the equations have to be solved at every node
of a mesh which generally covers a large space, there result large but sparse and
banded matrices. In the IE approach, since the unknown fields only have to
be zolved for in the anomalous regions, only they are covered by the mesh, and
it follows that the dimensions of the matrices, and hence the computer storage
requirements, are smaller than in the DE methods, even though the matrices in
the IE method are full.

Much work has been done on the IE method. Due to the properties men-
tioned above, this method is most likely the best numerical method in solving
3D EM preblems, provided that the inhomogeneity is not too large and that
there are culy a few of them (Raiche, 1974; Weidelt, 1975b; Hohmann, 1975;
Ting and Hohmann, 1981; Das and Verma, 1981, 1982).

When the geological structures are really complex or inhomogeneities extend

to infinity, some DE approaches are more appropriate. One of the commonly
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used DE approaches is the Finite Element (1'E) method. After the pioneering
work by Coggnn (1971}, numerous papers that use this method in the EM study
have been presented (e.g., Silvester and Haslam, 1972; Reddy and Rankin, 1973;
Rodi, 1976; Kaikkonen, 1977, 1980; Reddy et al., 1977; Pridn.ore et al., 1981).

The other DE approach is the Finite Difference (FD) method in which
the derivatives are substituted by their corresponding finite difference formu-
las. Simplicity and straightforwardness are the merits of this method. In fact
FD was the first DE approach used in numericai M'T solutions (Meves, 1957)
and since then it has been probably the most popular and widely used method
among the induction community. Although this popularity is most likely due to
the FD program listing published by Jones and Pascoe (1971) at the beginning,
the rapid advance of computer techniques also plays an important role. The fast
expansion of computer storage offsets the drawback of the FD method that a
larger storage space is needed and makes it more meritorious than before. Other
FD works either directly attack the 3D problera itself or lead to this aspect in-
clude Jones and Price (1970), Lines and Jones (1973a, b), Jones and Pascoe
(1972), Jones (1974a, b, c), Brewitt-Taylor and Weaver (1976), Praus (1976),
Jones and Vozoff (1978), Zhdanov et al. (1982).

The above algorithms have certainly contributed to the progress of the KM
3D modelling, but none of them are entirely satisfactory; they all suffer from
one or another limitation. The “Thin Sheet” program by McKirdy, Weaver and
Dawson {1985) can solve a variety of near surface problems (Fig. 1.1b), but its
application is limited to the near surface inhomogeneity only. The programs
based on the integral equation method such as that of Raiche (1974) and Wei-
delt (1975) (Fig. 1.1c) can solve deep seated anomalies, but the anomalies must
be confined and surrounded by a 1D region which is not always realistic. Pro-
grams by Lirnes and Jones (1973b), Junes (1974¢) and Jones & Vozoff (1978)

(Fig. 1.1d) allow the inhomogeneity to extend to the boundary but only in one
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Figure 1.1: 3D models that have been solved by different authors. (a) Vasseur &
Weidelt (1977); (b) McKirdy, Weaver & Dawson (1985); (c) Raiche (1974) and
Weidelt (1975b); (d) Lines & Jones (1973b), Jones (1974c) and Jones & Vozoff

(1978).
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Figure 1.2: The 3D model solved by the new algorithm developed in this thesis.
An anomalous thin sheet layer is incorporated at the surface of a general 31)
structure. Both thin sheet layer and 3D structure may approach 2D configura-
tion at infinity. Integral boundary conditions are used on both the surface and
tottom boundaries.
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direction. Furthermore, all the above programs are either for the near surface
anomalies only or deep seated ones only. But in certain probiems, such as when
a surface geomagnetic coast-effect contaminates the EM response of a deeper
lying structure, thesc two distinct phenomena (with different grid requirements)
must be incorporated within the sanie model. This causes considerable wifficulty
with grid design in the conventional programs mentioned above.

Considering the limitations of the other programs and the enormous com-
puter power offered by modern workstations and mainframes, we have developed
a new FD algorithm for solving 3D forward modelling problens as shown in Fig.
1.2, which has the following properties:

1) It overcomes the difficulty of grid design by permitting the inclusion of a
surface thin sheet of variable conductance above the conventional 3D structure
all within the same finite difference program.

2) The 3D geoelectric structure may approach 2D configurations on all sides
of the grid, which allows a wide range of models to be handled.

3) It uses intcgral boundary conditions both on the surface (Weaver, 1964)
and at the bottom. This reduces the size of the mesh, removes the air layer
above the surface (the height of that layer is normally difficult to determine)
and makes it easier to design the model.

4) By using the surface boundary condition, it also makes the handiing of
the non-uniform source much casier. Since no grid points are needed in the
air layer, any source above the earth is considered ‘external’. The non-uniform
source in cousideration can be wdapted by replacing the constant primary field
By with the corresponding horizontal component of the primary field Bo(z, ).

5) It obtains solutions in terms of the magnetic field rather than the electric
field. The magnetic field is of primary interest in many of the EM methods used
to investigate the structure of the earth. !n previous programs the solutions

were obtained from E field, so that an extra step of numerical differentiation is
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required to obtain the magnetic fields.

1.8 The Basic Equations

The laws that govern most ge eral electromagnetic phenomena in a source free
medium are expressed in the form of Maxwell equations. In SI units, these

equations are

B
VXE = —W (ll)
JdD
VxH = J+'—5‘t— (1.2)
VD = (1.3)
V:B =0 (1.4)

where J and p are respectively the volume current and volume free charge den-
sities, D and B the electric and magnetic flux densities, E and H the electric
and magnetic field intensities. Strictly speaking, E and B are the fundamen-
tal physical measurements of an EM field, while D and H are only auxiliary
variables. But, historically, people have mistaken H as the basic property of a
magnetic field and made it a peer of E. Although this point has been realized
now, people are still sticking on the original names given to B and H for the
sake of history. From now on in this thesis, all equations will be deliberately
written in terms of B and E alone, and B and E will be called the magnetic
and electric fields respectively.

Since our object to be studied is the earth, some geophysical properties
can be used to simplify the Maxwell equations. Firstly, we are investigating
the induction between the earth and natural electromagnetic sources which are
located in the ionosphere or even higher. It can then be assumed thet the earth
and lower atmosphere are free of the primary source. So Maxwell equations (1.1)

to (1.4) can be applied to these regions. Secondly, these regions can be assumed
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to be linear and isotropic. Therefore the relations that apply to the region ave

D =¢E, H=B/u (1.5)
J=0E (1.6)

where ¢ is the permittivity, 4 the permeability and ¢ the conductivity of the
medium under consideration. Thirdly, for most materials, the permeability p
does not differ appreciably from its free space value po = 47 x 10~7 N/A? (Jack-
son, 1975, p189). Exceptions are some ferromagnetic minerals with g > :o;
however materials with permeability more than an order of magnitude greater
than uq are expected in only insignificant quantities in the earth. We can there-
fore assume the area to be studied to have g = po. Fourthly, it is assumed
that the earth is piecewise homogeneous; it may be broken up into a number
of homogeneous regions where ¢ and ¢ are spatially constant. The permittiv-
ity € is taken as constant in time. For most materials, € is about the same as
its free space value ¢o = 8.85 x 10~'?2 C2/N.m?. An exception is water whose
permittivity is about 80 times that of €.

Finally, it is assumed that the sources have a common harmonic time de-
pendence with angular frequency w and that all subsequent electromagnetic

quantities have this same time dependence. Thus
E = E(z,y, 2) exp(iwt), B = B(z,y,z)exp(iwt)

where from here on E = (U,V,W) and B = (X,Y, Z) are taken to represent
the (complex) spatial parts (in cartesian components) of an EM field. After all

these operations, the Maxwell equations become

VXE = —-iwB (1.7)
VXxB = uooE + iwpeeE (1.8)
V:E = p/e (1.9)

vV:B = 0. (1.10)
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Next we will show that the displacement current in the Maxwell equations
(i.e. 2;puo€E in (1.8) or dD/4t in (1.2)) is negligible in the EM induction study
of the earth. The Jdisplacement current has to be inspected separately for the
case of ¢ = 0 and ¢ # 0.

First, we consider the situation when & = 0 by following the approach used

in Weaver (1994). In this case, (1.8) gives
V x B — iwpeeE = 0. (1.11)
We are to see that |iwpoeE| < |V % B|. Take the curl of (1.11) we have
VXVXB-wiueB=0. (1.12)

In order to examine the relative importance of :lie terms in the equation, it is
convenient to cast it into dimensionless form. Let ! represent any variable with
the dimension of length and let L be a characteristic length of the geomagnetic
phenomenon under investigation. A suitably scaled dimensionless variable is I’ =
I/ L. For problems involving global electromagnetic induction, I might be taken
as the radius of the earth. While in regional induction studies which are confined
to a limited area of the earth’s surface, L would be a much smaller length
representing a typical dimension of the region. A properiy scaled variable ensures
that in regions where gradients of the magnetic fields exist, the derivatives of
the fields have reasonable numerical magnitudes.
Let ¢’ = (2',y',2') =r/L = (z/L,y/L,z/L); then

_(?___U_,+_3_,+_3__A__Q_£l£,+ —Li‘+ --[.2.
o oz 9y 0zt Gzdr T Yher T T Vo

With V' denoting the gradient operator with respect to the dimensionless space
variables, we have V = V'/ L; the differential equation (1.12) can now be written

in the form

!

V' x V' x B—wlueel’B = 0. (1.13)
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Since poey = 1/c® where ¢ = 3 x 10° m/s is the speed of light. The condition to

neglect the second term is

wl\? 2 L\?
(T) <1, o0r (W) <1 (1.14)

where T is the period of the EM field. In most geophysical applications (27 L/Tc)?
is indeed very small. For example, in a global investigation for which L =~
6.4 x 10* km, condition (1.14) holds for magnetic variations with period T > 3
s. Now the periods of most worldwide geomagnectic variations of interest are of
the order of several minutes or hours; they are well above the limit. In problems
involving induction over a very localized area, such as might be encountered in
exploration geophysics for which L = 30 km, the condition holds for frequen-
cies less than 1 kHz. Since the values of the relevant parameters always fall
somewhere between the extremes of the two examples mentioned above (e.g.,
a typical application of the magnetolelluric m:ethod might cover an area of 500
km? for periods ranging from a few seconds to an hour or two), (1.14) can be
regarded as a valid condition quite generally. Physically, condition (1.14) states
that the characteristic length L must be much smaller compared to Tc, the wave
length of the EM field, so that there is very little spatial change in the EM field
due to the propagation of the EM wave within the characteristic length L.
Now we turn to the situation when ¢ # 0, i.e. consider the region in the
earth. Inspection of equation (1.8) shows that the additional condition required

for neglect of the displacement current is |iwpoeB| < |pooB, i.e.
ZL«l. (1.15)
o

Materials within the earth have very different conductivities ranging from 10-4
S/m for some rocks to 4 S/m for seawater. Taking the lowest value in the range
we find that (1.15) holds for T' > 10-% s. It follows that condition (1.15) holds

quite generally within the earth for all frequencies in the induction range.
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Returning to equation (1.8), we now see that inside the earth, the second
term in the R.H.S. of the equation is always negligible compared with the first
and the L.H.S. term. Above the earth’s surface where it is assumed that the
atmosphere is non-concucting (i.e., ¢ = 0), the first R.H.S. term vanishes but
the second one still remains negligible compared with the L.ILS. term by virtue
of condition (1.14). We conclude that the displacement current, i.e. the second
term iwpoeE in (1.8), can always be neglected when discussing electromagnetic

induction in the earth. Thus (1.8) becomes
VXB"-:[I()G’E. (ll())

The resulting solutions are called quasi-static fields.

One of the results that follows from neglecting the displacement is worth
mentioning. Taking the divergence of (1.16), and noting that V «(V x ) = 0,
we obtain

V-(sE)=0 (1.17)

or

av.E-{-(Vo)-E:O. (1.18)

Combined with (1.9), it gives the expression
p=-€¢Vo) E/o (1.19)

for the volume charge density in a conductive medium. It can be seen clearly
from this equation that electric charges can only accumulate in regions where
the conductivity has a non-vanishing gradient. Since we are assuming that the
medium under consideration is piecewise homogeneous, it follows that within
each uniform conductive block, Vo = 0, and therefore that p = 0 by (1.19).
Even if a volume charge density pqg did initially exist, it would be rapidly dis-

persed to the boundaries of blocks. This can be seen by taking the divergence
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of (1.2) rather than (1.17), combining (1.3) and (1.6) with ¢ held constant, so
that
dp/ot = —apfe (1.20)

which has the solution

p = poexp(—at/e). (1.21)

This shows that the free volume charge p decays with a time constant which
is independent of the time variations of the electromagnetic field. Take the
previous value of o and ¢, i.e. ¢ = 10 x 10~ S/m and € = ¢ = 8.85 x 10712
C?/N.m?, the half decay time is in the order of 10~® s. In conclusion, there is
no free volume charge in the uniform region of the earth; and the accumulation
of charges on the boundaries betw en regions of uniform conductivity gives rise
to a surface charge density.

With all the points discussed above taken into account, the final simplified

Maxwell equations for geo-electromagnetic induction become

VXxE = —iwB (1.22)
VXxB = pooE (1.23)
V:E =0 (1.24)
V:B =0 (1.25)

where the earth and lower atmosphere are assumed to be source free, linear,
isotrovic and piecewise homogeneous.

Taking the curl of equations (1.22) and (1.23), we obtain the basic equations
governing the EM fields expressed in E or B alone,

VXVXE = —ia’E (1.26)
VxVxB+-¥v;£x(VxB) = —ia’B (1.27)
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where a? = wppe = wug/p. Since V+ B = 0, we have
VxVxB=V(V:B)-V:B=-V’B.

Equation (1.27) becomes

V2B - % X (V X B) = ia*B, (1.28)

or in component form

X:::p + ny + Xzz + (Xll - Yz)ﬁ” + (Xz - ZT)i)z = iﬂz.\’ (1.29)
Yor+ Y+ Yoo + (Ye = 2)p: + (Yo = X))pp = ic®Y (1.30)
Zoo+ 2yy+ Zeo +(Ze - Xo)bo + (2, = Y2)py, = 0?7, (1.31)

where X., = 0°X/0z?, X, = 8X/0z, p, = (0p/0z)/p, etc. Sometimes, we also
denote X, as X’ and X, as X” and we will use these two notations interchange-
ably from now on.
In the air layer, we have assumed that ¢ = 0; the consequence of which is
that
VxB=0, vV:B=0. (1.32)

Therefore the magnetic field B can be obtained from one scalar potential as
follows:

B=-V, where V¥ =0. (1.33)

1.4 Interface Boundary Conditions

We have assumed that the earth and lower atmosphere are source free, linear,
isotropic and piecewise homogeneous, and have discussed the governing equa-
tions in these regions. In order to obtain the full solution for the induced KM
field in such a model, it is necessary to match the solutions in adjoining regions

across their common boundaries.
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S —

Region 1 Region 2

Figure 1.3: Interface boundary

Consider two linear isotropic homogeneous regions separated by an interface
boundary S as shown by Fig. 1.3. Le¢t P be a given point on S and ri be
a unit normal vector at P pointing into region 2. Also, let the limits of the
electromagnetic properties when approaching point P within region 1 and 2 be
denoted by €. py, 01, Ey, By and €;, 3, 02, E3, B; respectively. The standard
boundary conditions relating the field components across the interface S may

then be written as (Jackson, 1975, pp 19,20)

AX(E—E) = 0 (1.34)
M2

ﬁ . (CzEz - C]E]) = Ps (1.36)

n(B-B;) =0 (1.37)

where p. and Jg are respectively the surface charge and current densities.

The third of these conditions serves only to provide the values of p,, while the
first and fourth indicate that the tangential electric fields and normal magnetic
field are always continuous. We have discussed before why u = g in most cases.

Condition (1.35) can also be written as
n X (Bg - B]) = }ton, (1.38)

indicating that the tangential magnetic field will be different if a surface current

is present. However, surface currents only occur when one of the regions is
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a perfect conductor or when a mathematically thin sheet of finite integrated
conductivity occupies the boundary surface. At an ordinary interface boundary,

where no surface currents can be supported, it holds that
nXx(B;—B,)=0. (1.39)

This means that the tangential components of B are also continuous, Thus B
itself is continuous across the boundary, i.e., By = By, so are its tangential
derivatives. Hence fi + V x B, which involves only tangential derivatives, is also

continuous. It follows therefore from (1.8) that
ﬁ 4 (UgEg - UlEl) = (.

This condition states that the normal component of the conductive curresit is
continuous across the boundary. This is peculiar to quasi-static fields, It does
not apply when displacement currents are included.

If the boundary is the surface of the earth, and region 2 is the air layer above

the earth which is regarded non-conductive, then the above equation reduces to
nE =0 (1.40)

i.e., the normal component of a quasi-static electric field vanishes at the surface

of the earth.

1.6 The Thin Sheet Approximation

The jzeological structure of the first few kilometres of the earth is usually much
more complicated than its deeper ones, so are electrical structures., Consider a
thin surface covering layer of thickness d, as shown in Fig. 1.4a, it may contain
terrestrial conductive variations such as that of ocean, continental slope, coast

line, sediment and land, etc. These complicated structures can make the solution
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(b)

Figure 1.4: Thin sheet approximation reduces a layer of finite thickness into a
double sided mathematically thin interface boundary.

of EM induction quite difficult. However, the problem can be greatly simplified
by using the thin sheet method first developed by Price (1949).

Applying Ohm’s law, i.e. equation (1.6), in the covering layer, we can virite
J(r,z) = o(r,2)E(r, 2) (1.41)

where r = (z,y). An integration of (1.41) over the thickness d of the covering

(l9z dz o l9z 72 d‘z ¢

where the integral on the right hand side may be approximated by
d d
]é o(r, 2)E(r, 2) dz = E(r,0) /0 o(r, ) dz (1.43)
to tl.e first order of small quantities, when d is small. The integrals

d d
/O J(r,z)dz and L o(r, z) dz

represent, respectively, the tota! sheet current intensity per unit length of sur-
face at the point (surface current intensity) and the total conductivity per unit
length (also called conductance); denoting the surface current intensity and con-

ductance by J, and 7(r) respectively, equation (1.42) can be written as

J3:(r) = 7(r)E(r,0), (1.44)
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which is independent of the z variable. A layer of finite thickness is called ‘thin
sheet’ if it satisfies this equation. Such a thin sheet layer of finite thickness thus
may be approximated by a double sided mathematically thin interface, as shown
in Fig. 1.4b, and consequently, the complexity of the problem is greatly reduced.

Schmucker (1970) studied the limits for this approximation. He used a plane
3 layer model which consists of a top layer of thickness d (terrestrial surface
layers), a poorly conducting intermediate layer of thickness h (high resistivity
zone of the crust and uppermost mantle), and a highly conductiny substratum
from z = h + d downward to infinity. It was found that when the wavelength of
the EM source is large enough, the ratio of electric field at top and bottom of
the sheet was

E(d) d

= =1

EO0) = h+d
as long as 6; > 3d where §; is the skin depth of the top layer. The conditions

(1.45)

for (1.45) .o hold were therefore set to be
d < 6/3, h+d>d (1.46)

The physical significance of these conditions is quite clear. The first one requires
that the top layer must be thin compared to its skin depth; otherwise, if the
layer is too ‘thick’, skin effect attenuation of the electric field through the layer
would be expected, whence E(z) = E(0) for 0 < z < d would no longer be true
and equation (1.43), and therefore (1.44), would no longer hold. The second
condition requires that the underlying poor conductive layer be ‘thick’ compared
with the top one. An opposite extreme case is when the top layer is underlain
by a perfect conductor in the regfion z > d. It is well known that at the surface
of the perfect conductor z = d, the condition E(d) = 0 holds, i.e. there is total
attenuation of the electric field within the top layer. Thus equation (1.43) breaks
down and consequently condition (1.44) is invalidated. Thus, a good conductor

must be kept a distance away from the thin sheet layer.
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Weaver (1994, p86) considered a more general problem and concluded that

in a multi-layer model, the thin sheet boundary condition
2 X ((B):=z040 = (B)2=20-0] = pon(E):=s, (1.47)
can be applied to any layer which is sufficiently thin that th.:ce conditions
V€ ny  andy €1, Vi, K Jo(v, 20 + 0,w)]? (1.48)

are all satisfied, where 1/a,, d, and 1/v are the skin-depth of the layer, the
thickness of the layer and the horizontal wavelength of the elementray harmonic

source field respectively and c is the response function which, in the MT method,

)= L [(E) -1 Ezf.)
(v,w) = ” (By)z=0_ = (Bz' .

In other words, any layer may be regarded as a ‘thin sheet’ if its thickness is much

is in the form

less than the skin depth in the layer (2nd condition); the layer in turn should
be much smaller than the horizontal wavelength of the field (1st condition); the
layer’s thickness also must be very much less than the modulus of the ‘response’
¢ of underlying structures.

When the original sheet of finite thickness is compressed into a mathemat-
ically thin interface, the two separated surfaces, z = 0 and z = d, of the finite
sheet become the two sides of a single interface, z = 0— and z = 0+ respec-
tively. According to (1.34) and (1.37) , the normal magnetic field and tangential

electric fields are always continuous across the sheet, i.e.,
n-(B*-B7)=0, Aax(E*-E")=0, (1.49)

where B* = B(r,0+), B~ = B(r,0-), etc. The tangential magnetic field might
be discontinuous, since the thin sheet interface cai support surface currents.

Combine (1.38) and (1.44), we have

A X (Bt —B~) = yorE” (1.50)




1.6 The Magnetic Source Field and Conductivity Model 23

where the superscript T' in E7 has been used to mark the tang ntial component

of E. At z = 04, Maxwell equation (1.23) gives
Al £ 2l + pt
(V x B)* = poo*E*, (E*)' =E" = Z’I_[(v x BY*)". (1.51)
0

Substitution of ET in (1.50) by (1.51) yields the thin sheet boundary condition

in terms of magnetic field,
Aax (Bt-B7): »pt[(V xB)*’, (1.52)

or, in component form,

Xt —-X" = rpt (X} -Z,), (1.53)
Yt-Y- = rpt (Yt -127), (1.54)

where pt = p(r,04+) = 1 /ot. Since the normal component of the magnetic field
Z anl its tangential derivatives Z; and Z, are continuous, the superseripts of

these terms in the above expressions have been dropped.

1.6 The Magnetic Source Field and Conductivity Model

The model under consideration is shown in Fig. 1.2. Since the aim of this thesiy
is to solve regional three-dimensional forward modelling problems, only local
efects are under consideration. The earth’s surface may be represented by a
horizontal plane, taken to be the zy-plane of a right-handed Cartesian system
with coordinates (z,y, z) and unit vectors (X, ¥,2), where X points into the paper
representing the direction of North, and % points downward into the earth.
The induction process is driven by a uniform magnetic source B? located in
the region z < —h. The primary field B? then causes an induced current. inside
the earth (z > 0) which in turn gives a secondary induced magnetic field B”,

It is understood that B* = B 4+ B* where B" is the normal induced field that,
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would exist in the region z < 0 if the carth were 1D and B® is the anomalous
induced field due to the anomalous conductivity structures, either 2D or 3D,
inside the earth. It is well known that if the earth is taken as one-dimensional,
then B® = B? for z < 0, i.e. the induced normal field is a constant field and is
identical to the primary field, no matter how the conductivity varies with depth.
Even in 2-dime:sional cases, B® = BP? still hoids if it is a B-polarization mode.

We therefore define the constasni iield
B? -+ B" =2Bf = By
as the total normal magnetic field. Thus ai the earth’s surface, we have
B=B’+B"=DB"+B"+B"=Bo+B" (1.55)
In this thesis, we assume that B? = xB?, that leads to By = 2B"% == ByX and
B = Box + B* (1.56)

where B is the total magnetic field on the surface of the earth, BgX is the total
normal magnetic field and B® is the anomalous magnetic field originating inside
vhe carth. It is B2 that e are seeking.

The region - h < z < 0 representing the lower atmosphere 1 considered
non-conductive, i.e. ¢ = 0. From z > 0 downward is the conductive earth,
where ) < z < d can be occupied by three-dimensional inhomogeneities with
arbitrary resistivity distribution p(z.y,z), while from z = d all the way to
z = 400 is assumed to be a uniform half space with resistivity denoted by pq.
The resistivity structure is allowed to approach two-dimensional configurations

at horizontal infinity x == 200 and y = oo. We define

xﬁ’fmp(‘vvyvz) = p”*(y,z), yﬁg‘w p(z,y,z) = py*(w’z) (1.57)

At infinity = +o00, the total magnetic field tends to By which is parallel to the

direction of the strike; therefore B-polarization problems in which the magnetic
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fields are polarized along the strikes are present there. Correspondingly, E-
polarization problems in which the electric fields are polarized along the strikes
are reached at y = too.

In this thesis, we are solving 3D EM equations in terms of the magnetic field
B, it requires us to use the resistivity p as the model parameter for describing
the model’s conductivity structure due to the reason given in Brewitt-Taylor
and Weaver (1976); more discussion on this point will be given later in the
introduction of Chapter 2. From now on, although we might still use the terms
such as ‘conductivity’, ‘conductivity structure’ and the symbol o in the texts
and equations, we shall use only the resistivity p in the final equations that arve
ready for programming,

If the thin sheet conditions are satisfied, the near-surface conductivity struc-
tures can also be modeled by a thin sheet layer with conductance 7(x,y). The
combination of a thin sheet layer at the surface, full three-dimensional struc-
tures (buried or outcropping) and two-dimensional limit configurations at hori-
zontal infinity, all incorporated in this new algorithm, provides great flexibility
and strong modelling power for solving the three-dimensional forward modelling

problem.

.7 2D and 3D grid meshs

The finite difference approach is used to solve the above modelling problem
numerically. In order to apply this method, a conductivity model has to be
divided into small grids. We consider a two-dimensional situation first. Let
the yz-plane be covered by a mesh as shown by Fig. 1.5 whose nodes (m,n),
1 <m < M, 1< n < N, correspond to the points (y = ym,2 = 2,). In
this notation, the left and right side boundaries as well as the top and bottom

boundaries are at y =y, ¥y = ym, 2 = 21 = 0, z = zy > 0 respectively. Variable




1.7 2D and 3D grid meshs 26

Zp.q : i
[ Jmm |

Zn41 ‘ T e
\ ; p=p(X.y) /

Y1 Ym-1 Ym Yme1 Ym

Figure 1.5: A 2D model covered by a numerical grid mesh.
nodal spacings (or grid steps) are introduced by the definitions
b = Ymtr —Ymy kn =2Zpp1 =2, (1 <M SM-11<n<N-1). (1.58)

The resistivity values are not specified at the nodes themselves, but at the
centres of the rectangular cells of the mesh. We define pm+% ntd 1<m¢<
M — 1,1 < n < N -—1) to be the given resistivity at (m + 3,n + 1), i.e., the
point y = ym + Fhm, 2 = 20 + k.

Quite often, our concerns are only focused on a local problem which contains
a central node and its immediate neighbouring ones. In this case, a less cumber-
some subscript notation is applicable as shown in F'g. 1.6. We will name this
notation as a local system to distinguish from the one defined previously which
should be named as global system correspondingly.

In Fig. 1 6, assume that in the global system the central node is (j, k), the
neighbouring ones are (m,n), m = j - 1,j,j+1;n = k- 1,k,k + 1. Let
(p,q) denote the corresponding subscripts in the local system. If F is any field
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Figure 1.6: Global and local coordinate systems.
component, its values at any local node are defined as
Fppi=Fo_jpin-key m=j—Ljj+Ln=k—-1kk+1. (1.59)

For example, we have Fy, = Fy, for the nodes on the liney = y;_,, I, on y = y;,
and Fp, on y = yj41. Similarly, Fpy = Fyp for line z = z4_y, Fy for z = z and
F,; for z = 2444, The central node is F,; = Fyy. The grid steps and resistivities
are not quantities defined at nodes; they are related to the cells and are therefore
assigned numerical subscripts of 0 or 2 depending on whether they belong to a
cell on the positive or negative side of the central node in the dimension to which
the subscript refers. For example, on the left side of y = y; (the negative side of
the central point in y dimension), we have h, = hg = ym — Ym-1 and py, = py,

while below the line z = z, (the positive side in z dimension) k, = ky = 2,4, —z,




1.7 2D and 3D grid meshs 28

and py, = ppa , etc.

'This notation was originally devised by C.R. Brewitt-Taylor, a former re-
search associate with J.T. Weaver, and was recoded in a note. It has the advan-
tage of leaving the subscript 1 available to denote the weighted average resistivity
on the boundary between two cells. For example, the weighted average of resis-
tivity on the boundary between the two cells with resistivities pgz and py3 can
be written as

p12 = (hopoz + hap.s)/(ho + ha) = Zoz hopsa/ hs, (1.60)
p=0,
where in this expression, as well as in the following parts of this thesis and in
the computer program, h, = hg + hy, hoo = hy - ho, Hoz = hoha, Hos = hoh,
and Hy, = hyh,. Similar definitions apply to k,, koo, Koz, Kos and K3,. By
the same token, the weighted average of resistivity at the central node which is
surrounded by the four cells pgo, poz, p20 and pz; would be

i1 = (kopro + kapr2)/ ks = D kopro/ks = '15_17:_ 2 X hokepp.  (161)

9=0,2 o%s p=0,2 ¢=0,2

The notation for 3D problem can be generalized directly from the 2D notation
by adding another set of symbols to describe the other horizontal axis, i.e. the
x-axis. Let the grid nodes on the z-axis be z,,...,z1, we will index these nodes
by i or /, where ¢ teams up with j for the y-axis and k for the z-axis, while !
teams up with m and n. The grid steps on the z-axis are denoted by g, and are

defined similarly to (1.58), so that
g=x -z, =1.L0-1.

By including the z-axis in such a way, we have extended our 2D grid mesh
into 3D. Its nodes are (!,m,n), i.e. (2;,ym,zn) where I =1,..,L,m=1,..., M,
and n = 1,...,, N. Similarly, we may use (i, j, k) instead of (I,m,n) as well. Quite

often, we would like to distinguish the node in question, i.e. the central node,
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from the surrounding ones. Although (I, m,n) or (4, j, k) might be used to index
the central node sometimes, more frequently, a special set of indices will be used
and only be used to mark the central node; we use (\, i, v) for the central node
(£xyYuy2v). For convenience, sometimes we also use notation (r,z) to denote
a point (z,y,2). In fact, this notation has been used in equation (1.41) etc.
Thus a central nodal point may be denoted by either (xy,y,,z.) or (ry,,2,) or
(A, ¢, v) and the values of functions evaluated at this point would be f(iry,y,, 2,.)
or f(rau,2,) or fy,, etc.

We also need to define the notation for the local system. The following
symbols are adopted for the z-axis: o 1= x/_y, Ty 1= 2y, Xy 1= 241, g0 1= G-,
92 = 91, 95 = o + 92y 920 = g2 — go, Goz := G092, Gos := Gugsy (25 := gagls;
and a nodal point will be denoted by (p,¢,7) = (l-A+l,m—p+l,n —v+1)
where = -1\ A+, m=p-Lpu+l,n=v-Lv,v+1,and p=0,1,2,
g =0,1,2 and r = 0,1,2. Naturally, the central node is (1,1,1). The function
value at node (p, q,r) will be denoted by Fi,, The weighted average of resistivity
are defined similarly to (1.60) and (1.61), i.e.

Poat = (Koppeo + Kappea)/ks = 7:‘ z kr Ppgr p=0,2¢=0,2,

8 r=0,2

1 1 )
poi1 = (hopyor + hapyar )/ hs = i Y- heppn = e Y ¥ pnp=0.2,
8 ¢=0,2 Lsks 420,2 r=0,2
1 1
put = (goponr + 92p211)/9s = ; Z 9pPp11 = m Z Z Z Poyr:

8 p=0,2 p=0,2 4=0,2 r=0,2

1.8 Some Useful Mathematical Expressions

Some mathematical expressions will be used in more than one place later in this
thesis, we will derive them once and for all in this section.

When deriving the boundary conditions at z = 0 and z = d, we encounter
some terms which can not be evaluated directly due to the absence of grid points

in regions z < 0 and 2 > d; these terms have to be related and expressed in the
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terms defined in the region 0 < z < d. We will look at the boundary z = 0 first.

Within the region 0 < z < 1ky, by definition we have

p(r, z) := p(r, 3ky),

i.e. p(r, 2) is uniform along the z-direction. It follows that p,{r,z) = 0. At any
given point with z = 0+, the basic equation (1.28) thus gives

Xz + Xy + X"+ (X, = Y2o)p, = ia®X (1.62)

Yoo+ Yy +Y"+ (Yo = X,)p: = ia®Y (1.63)

Zoz+ Zypy+ 2"+ (2y = Y')py + (Z: — X')p = id*Z (1.64)

with the understanding that all the values are estimated at z = 0+. The forward

Taylor expression at z = 0+ gives

X, = X1+k1X{+%kfX{’ (1.65)
Y, = Y1+k,Y,'+%ka," (1.66)
7, = Z.+k,Z{+%k§Z{’ (1.67)

where F; and Fy etc. represent F,z;, and F.-o4 respectively and F stands
for any field X, Y or Z and its derivatives with respect to z. Applying Z' =
—(X. +Y,) (i..V+B = 0) to (1.67), we obtain

20 = A2y - 2))[K + 2X: + Y,) . (1.68)

Combining (1.62) and (1.65) to eliminate the X" term, we obtain the expression

for X' at z =0+ as

o Xa=Xe kg ,
X! =22 0 Ly _21 [—i0® Xy + Xz + Xy + (X, = Yeo)By) . (1.69)
Similarly, (1.63) and (1.66) yield
D S N
Y/ = -2 0 L ?‘ [~ia?¥y + Yer + Yy + (Yo = X,)5] . (1.70)
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Inserting (1.68), (1.69) and (1.70) into (1.64), we have

c‘azzl = Z:cr + Zyy + Zxﬁ;r + Zypy
2(Z2 —Zl..) 2(X1+Yy) . (4\,2 —<\)|) (“v-— )l)
TR TR TR T TR

1 . . .
~5kipe (—ie® Xy + Xew -+ Xy + (X, - Ya)p, )

1 v L u ,
ki, (—i0?¥i + Yoo + Yy + (Ve — X,)p2) . (1.71)

Taking a close look at the above equation, we find that if we multiply the
equations with k? so that the coefficients of the Z terms are O(1), then the
last two terms having 3k p. and 3k py, respectively, become of the order (k).
Since we have neglected all the terms higher then O(k#) in the Taylor expansion
(1.65) to (1.67), we may therefore drop them here as well. We then obtain the
expression for the z-component at z = 04 as

10?2y = Zoo + Zyy + Zops + Zypy

A=2)  2XetY) (Ka=X) . (i-V)
L e

Next, we consider the bo.tom boundary at z = d. The vertical derivatives

(1.72)

X'’ and Y’ can also be derived similarly to (1.69) and (1.70), except backward

Taylor expansions rather than forward ones have to be used here, e.g.

Xn-1= XN —knya X' (r,d-) + -;-k}‘{,_lx\'”(l',d——). (1.73)

Comparing (1.73) with (1.65), we can write out the expressio:: for X'(r,d—) hy
substituting X;, X7 and k with Xy, Xy-) and —ky_; in (1.69), c.g.

_ Xnv — Xn-

X'(r,d—
(r,d-) v

k- : «
- N2 1 ["w‘sz + Xoz + Xy + (X, - Yz:)/’u] y
(1.74)
with the understanding that all the terms except Xy_; arz now evaluated at

2z = d—. Similarly, we have

Yv =Yno1  knoa
kn -1 2

Y'(r,d-) = ~i0®Yy + Yoz + Yy + (Ye = X, )ia] . (1.75)
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For Z'(r,d~), we combine the basic equation (1.64), which is nov- »stimated at

z = d—, and the Taylor expansion
1 _
In_y =2y — knooZ'(ryd=-) + -z'klzg_!Z”(l‘, d-) (1.76)
to eliminate Z” term, giving

Inoy = In —lcN_,Z;V+-;-k,2V_1(ia2ZN  Zae— By~ Zape— BBy + X'Pa+Y'By).

(1.77)
We can then use the expressions for X’ and Y’ at z = d— given by (1.74) and
(1.75) to eliminate the X’ and Y’ terms in the above equation. When doing so,
we can also neglecy the terms involved vith ky_,/2 in expressions (1.74) and

(1.75) for the same reasons that led to (1.72) from (1.71); thus, we see that

y Z - Z - -z 7]
Z(rd-) = =ty £ (Xn - Xna) + B(¥y = Yo
kn-1 . _ _
+—N2_!‘ (mzzN =~ Loz — Zyy — Zops — yPu) ‘ (1.78)

We have now obtained the expressions for X', Y’ and Z’ at z = d—. Next, we
will relate them with the corresponding terms at z = d+. As we have discussed
before, when no surface current is present, the interface boundary conditions
(1.34), (1.37) and (1.39) indicate that the tangential electrical components and
all the magnetic components are continuous. Therefore at z = d, if a normal

bottom boundary condition is used, we can write
B(r,d+) = B(r,d-) = B(r,d) (1.79)

U(r,d+) = U(r,d=), V(r,d+)=V(r,d-). (1.80)

It is a consequence of V + B = 0 and condition (1.79) that Z'(r, d) is also contin-
uous, because it equals the sum of continuous horizontal derivatives — (X, +Y,).

We can thus write
Z'(v,d+) = Z'(r,d=) = Z'(r,d). (1.81)
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X'’ and Y' may be discontinuous. Expressions for linking X'(r,d+) and Y'(r,d+)
with X'(r,d-) and Y’(r,d—) have to be found. The Maxwell equation (1.23)
gives

Zy =Y = pool, X'~ Z; = pooV. (1.82)

Combining the second expressions of both (1.80) and (1.82), we have
po [X'(r,d+) = Z,(r,d+)] = p(r,d=) [X'(r,d=) — Z,(r,d-)] (1.83)
which leads to
X'(r,d+) = R, X'(r,d-)+ (1 - R,)Z,(r,d) (1.84)
where R, = p(r,d~)/po. Similarly, we can obtain

Y'(r,d+) = R Y'(r,d=) + (1 — R,)Z,(r,d). (1.85)
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Chapter 2
TWO-DIMENSIONAL EM INDUCTION PROBLEMS

2.1 Introduction

Since our 3D model can approach 2D structures in the limit at infinity, forward
problems for 2D models have to be solved in order to provide boundary condi-
tions for the 3D computation. In this chapter, we will discuss the scheme for solv-
ing the 2D forward modelling problems, both B-polarization and E-polarization,
in terms of the magnetic field only. Most of the content of the discussion on the
E-polarization mode was also given in Pu, Agarwal and Weaver (1993b).
Numerical modell: 1g of 2D problems can now be routinely undertaken by
most rescarch groups with the aid of any one of a number of two-dimensional
(2D) computer programs based on finite difference, finite element, integral equa-
tion or other methods, that have been developed over the past two decades or so
(e.g. Madden & Swift, 1969; Coggon, 1971; Hohmann, 1971; Jones, 1973; Kisak
& Silvester, 1975; Brewitt-Taylor & Weaver, 1976; Kaikkonen, 1977; Wanna-
maker et al., 1987; Travis & Chave, 1989). As is well-known, 2D problems sepa-
rate into two distinct modes, generally called E-polarization and B-polarization,
in which the electric (E) and magnetic (B) fiels are respectively polarized along
the ‘direction of strike’, i.e. parallel to the horizontal direction in which there is
no variation in the earth’s conductivity. The two modes are uncoupled and can
be solved separately in terms of the single scalar component of the horizontally
polarized field. Thus no advantage is gained by introducing potential functions

vvvvvv the two polarized components of the field, one in each mode, act as scalar
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potentials from which the entire electromagnetic field can be derived,

In the finite difference method, the relevant equations can be obtained in a
variety of ways — by the method of fictitious values, by straightforward Taylor
expansions, or by integrating over rectangular domains surrounding each node,
for example. All approaches lead to identical finite difference equations at cach
node, one for the electric field in E-polarization and the other for the magnetic
field in B-polarization. They both have a simple interpretation as the discretiza-
tion of the differential equation governing the relevant field component. In the
equation satisfied by the electric field the conductivity at the node is assigned
a value equal to the weighted (by cell area) average of the conductivities in the
four cells surrounding it, while in the equation satisfied by the magnetic field
it is the resistivity at the node that is given the weighted average value of the
resistivities in the adjacent cells. In addition the resistivity gradients appearing
in the differential equation for the magnetic field are defined by central differ-
ence formulae involving average resistivities on the grid lines passing through
the node (Brewitt-Taylor and Weaver, 1976).

The generalization to three dimensions seems obvious enough. When solv-
ing for the electric field, the governing differential equation is discretized with
the conductivity at the node equal to the average value of the conductivities,
weighted by cell volume, in the eight cells surrounding the node ‘n question; and
when the differential equation for the magnetic field is discretized, a similarly
weighted average value is used for the resistivity at the node while the resistiv-
ity gradients in the three coordinate directions are defined by central difference
formulae analogous to those used in tv.o dime.sions. Certainly such a general-
ization of the equations would reduce to the correct 2D formulation when the
given 3D model degenerates into a 2D structure, or on a boundary at infinity
where the model tends to an E- or B-polarization configuration according as

the problem is being solved in terms of the electric or magnetic fields (Figures




2.1 Introduction 36

2.1a and 2.1b respectively). Consider, however, a general 3D structure of the
type depicted schematically in Fig. 2.1c. Whichever field is used, there will al-
ways exist 2D configurations at infinity which are ‘wrongly polarized’ for the
conventional 2D method of solution to apply. Suppose, for example, that we
are solving for the magnetic field; then as y — +oo the model tends to a B-
polarization configuration cxpressed in terms of the only non-vanishing magnetic
component at infinity (the ¥Y-component) in the usual way, but as z — +o00 an
- polarization problem is approached which must be solved in terms of the Y-
and Z-components of the magpetic field rather than the z-component of the
electric field - U which conventional practice in two-dimensions would require.
While it is not difficult to write down separate discretizations of the differential
equations satisfied by the two magnetic components, the question arises as to
how the nodal values of the resistivity and its gradient should be defined. Nor-
mally the weighted average conductivities are used in E-polarization problems,
but when solving for the magnetic field in the full 3D problem, we must use the
weighted average resistivities if the equations on the boundaries at y = o0 are
to reduce to the correct 2D form for B-polarization problems.

In fact there is really no choice at all. For the compelling reason stated
above, weighted resistivities should be used when one is working with the mag-
netic rather than the electric field in an E-polarization problem, even though this
means that a slightly modified model of the geo-electric structure at z = +oo
will be treated (because the average resistivity values are not identical to the
reciprocals of the average conductivities). It can be argued, however, that the
end results will not be affected because one is merely adopting the different,
but nevertheless appropriate, discrete representations of the same model that
arise quite naturally when solving for the electric and magnetic fields in separate
E- and B-polarization problems. Solving for the magnetic field with weighted

resistivities does indeed give accurate solutions for most structures (e.g. the E-
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Figure 2.1: Plan view of a three-dimensional model which approaches (a) an
E-polarization configuration, (b) a B-polarization configuration, and (¢) both k-
and B-polarization configurations on its boundaries at infinity. The downwards
vertical z-axis is directed into the plane of the diagram.

polariza.ion ‘control model’ of Weaver, LeQuang and Fischer, 1986), but for
some others of a more extreme kind involving large conductivity gradients {as
illustrated in Fig. 2.2 to be discussed later), it has been found that finer grids
than would normally be used in a conventional E-polarization solution are re-
quired to maintain the desired accuracy. With a normal grid the discrepancy
between the magnetic field solution and that obtained by the standard method
is occasionally found to be quite significant — much greater, in fact, than the
margin of error associated with the finite difference approximation.

In an attempt to overcome the problem of grid design with some of these
extreme models we have chosen to solve the E-polarization equations for the
magnetic field components by one of the other methods alluded to above. Liiat
which entails an integration over a rectangular domain covering the node. In the
original formulation of E-polarization solutions in terms of the electric field, this
method led directly to the standard finite difference equations which could then
be interpreted in terms of averaged conductivity values assigne ' . . che nodes.

Therefore when the magnetic field is treated, the method will also by-pass the
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question of how to average the resistivities and define their gradients at each
node, and in fact yields completely different finite difference equations for the
two components which Lave no simple interpretation in terms of either averaged
resistivities or conductivities. The new equations also turn ou! to be numerically
unstable 9-point equations rather than th~ usual 5-point ones.

According to the configuration shown by Fig. 2.1, the E-polarization mode
occurs in the yz-plane and involves magnetic fields B = (0,Y,Z) as well as
electric fields E = (U, 0,0), while the B-polarization mode occurs in the z2-plane
and involves B = (0,Y,0) and E = (U,0,W). Since we are sulving tne | oth
modes by the magnetic fields only, at each nodal point we need one equation,
Y -equation, for the B-polarization mode and two equations, Y- and Z-equation,
for the L-polarization mode.

In this chapter, we shall first discuss tk~ boundary conditions needed to com-
plete the problem. Then we sheil derive the 9-point finite difference equations
for E-polarization and show how their solutions can be stabilized. After that,
the complete sets of equations for both E- and B-polarization are laid out in
the coordinate frame shown by Fig. 1.2, which is used in the other parts of tliis
thesis and in the computer program as well. Finally the results of magnetic field
calculations for some E-polarizaticrn test models will be presented and compared
with the corresponding solutions obtained by conventional method> using the

simpler equations satisfied by the electric field.

2.2 Boundary Conditious

The 9-point finite diffecence equations mentioned above apply to the region of
y1 < ¥ < ym, 21 < 2 < zy and shall be called Governing Differential Equations,
or GDE for short. Besides these GDE, we also need boundary conditions to

complete the problem. We shall call those boundary conditions for y = y,;
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and y = yy Side-Boundary-Conditions (SBC), those for : = 0 Top-boundary-
Conditions (TBC), and those for 2 = :x5 = d Bottom-Boundary-Conditions
(BBC).

For the SBC at y = y; and y = yas, we use the values of the 1D soluiions of
the limiting 1D structures at infinity y = —oo and y = +00 respectively. In order
for these 1D solutions to be reasonable approximations to the correct SBC values,
the side boundary must be sufficiently far away (at least five skin-depths) from
the nearest 2D conductive inhomogeneity, so that the corresponding distortion
fields would be negligible at the sites of the side boundaries. TBC and BBC will

be discussed separately in the following subsections.

2.2.1 Top Boundary Condition - TBC

When discussing TBC, we will assume that there is always a thin sheet layer,
with the conductance 7 = 7(y) lying on the surface of the model. If such a
thin sheet layer is not needed in the model under consideration, its effect can be
easily removed by defining 7 = 0. The existence of the thin sheet layer makes
the surface z = 0 double sided, i.e. the side of z = 0+ and the side of z = 0—
as shown in Fig. 1.4 and Fig. 1.5. The identities on the side of z = 0— will
be addressed as f(y,0—) or fyo when estimated at y = y,, and on the side of
z = 0+ as f(y,0+) or fi1, where f stands for either electromagnetic fields or
their derivatives.

At each node, there must be two separated equations for the two unknown
variables, Y and Z. These equations will be called the Y-equation and Z-
equation respectively. On the side z = 0—, the Y-equation is given in the form

of a Hilbert transform (Appendix B)

V(,0-)= B+ - - A0y, @.1)

oo Yrx—Uu

while the fact that the Z component is continuous across the thin sheet layer




2.2 Boundary Conditions 40

serves as the Z-equation

Z(y,0-) = Z(y,0+). (2.2)

The Y-equation on z = 0+ comes from the connection across the thin sheet

layer given by (1.54), i.e.

Y(y,04) = Y(y,0-) = 7(y)p(y,0+)[Y'(y,0+) — Z,(y,04)],  (2.3)

where the derivative Y/(y,0+) cannot be calculated directly by the central dif-
ference formula since there is no grid in the region of z < 0. It therefore has to
be expressed by terms defined in the region of z > 0 only.

Within the region 0 < z < %k,, we have p(y»,2) = pa,1/2 which is umform

alot  he z direction, i.e. p’(y»,04) = 0. The basic equation (1.28),
VB - -Yp—p- x (V x B) = ia’B,

thus has its two components as

Y,, +Y" =ia%Y, (2.4)
Zy+2"+(Z,-Y'")p, =id*Z. (2.5)
The Taylor expansion gives
() k? "
Yio = Yau+hkY'(y,0+)+ E-Y (y2,0+) (2.6)
k2
Za & Za+khZ(y,0+) + 52"y, 04). (27)

With the help of (2.4), equation (2.6) gives the derivative Y’ as

1 k k
Y'(yr,04) =Y, = —(— + "1‘“12)}’,\1 + -—Ym + 21(

0 o Y )n.  (2.8)

Putting (2.8) into (2.3), we obtain for the Y-equation on the side z = 0+ as

. . 1 &k k
Yvi=Yvo+ T,\PA_;.["(E ?lm WY + E"Ym + 21(}';111)'\1 -(Z,)n]  (29)
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Note that when 7 = 0, (2.9) becomes Y\, = Y\, just what it should be
when there is no thin sheet layer. Therefore, we can eliminate the effect of the

thin sheet layer this way when it is not required. In the actual computation, we

insert (2.1) into (2.9), i.e.

1 o Z(u,0-
Y/\l = BO + -7; f_oo y(:t’._. u) du
ol 4 ety + Ly + Sy = (Zow] (200)
/\p)‘jz_ kl 2 M kl A2 g\ TRAY Loy TN =

so that the unknown variable Yy can be removed which reduces the rank of the
coefficient matrix.
For the Z-equation, we combine (2.5) and (2.7) to eliminate the Z” terms

and obtain
Zny — 2Zn = k2,
k2 M
+—21-{za2Z,\1 - (Zuu)r\l - [(Zu)»\l - K\’n]f’y} (2.11)

Multiplying (2.11) through by 2/k?, defining A, = —kyp,/2, and replacing both
Yy, and Z§, in (2.11) by (2.8) and Z' = Y, (2D form of V - B = 0) respectively,

we obtain for the Z-equation at z = 0+

2 74
Ay(Yyn + (Zyy)n + E’(Yu)'\l + Py(Zy)n

: p wy 2
= ia®A,Ya + &'-(Ym —Yy) +iaZy — ¥
i

p (Zna—2n)  (2.12)
1

2.2.2 Rottom Boundary Condition - BBC

Several different forms of BBC have been studied. The simplest one is
Y(y,00) =0, Z(y,o0)=0. (2.13)

In practice, however, we have used

Y(y,D)=0, Z(y,D)=0, (2.14)
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where D, the depth of the bottom of the mesh, is large enough that Y(y, D)
and Z(y, D) can be considered as being attenuated almost to zero.

Being more accurate, integral boundary conditions (Weaver, 1994) can be
applied at z = d, where d is chosen such that when z > d, p(y,z) = po. in order
to derive these integral equations, we adopt the following definitions of Fourier

transform and convolution,

f(n 1 = iny --._1_ % Fme=in
foy = = [ Swemdy, @)= o= [ faeman

(2.15)
Pro) = 7= [ f0)oty =)= = [ fimamemdn
In z > d, since p(y, z) = po, the basic equation becomes
V?B =ia’B
or 2 2
%% = ialF (2:16)

where F' can be either Y(y, 2) or Z(y,2) and a3 = iwpo/po is a constant. The

Fourier transform of (2.16) is
F"(n,2) = (n* +iad)F(n, 2). (2.17)
The solution of (2.17) in z > 0 that satisfies the condition F(y,00) =0 is
F(n,z) = F(n,d+)exp[—(z - d)yo(n)] (2.18)

where 70(7) = (17 + iad)!/2.
A tabulated Fourier transform (Erdélyi, 1954, §1.4(26)) gives

BN ny)dy = /% ERL=270(n)]
\/‘E/—m P(y,2)exp(iny)dy = Ry (2.19)
where P(y, 2) is defined as

Ki(y* + 2%)agV/i]
(B2+22)F

P(?h Z) = (2-20)
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and K, is the modified Bessel function of order 1. Applving the convolution

theorem to (2.18), we have

F(y,z) = (z = d)aoVi r F(v,d+)P(y — v,z — d) dv. (2.21)

T -0
Although it is a solution to the differential equation (2.16), it is not conve-
nient to use, since the integral does not converge by itself at z = d+. A better
form can be found as follows: with = 0 and with y and z being replaced by

y — v and 2z — d respectively, (2.19) becomes

expl—(z — d)aovi] = EZDUVE [ po 4Py = vy = o, (2:22)

Multiplying (2.22) by F(y,d+) and subtracting it from (2.21), we have
F(y,2) = F(y,d+)exp|~(z — d)aoV/i] =
(2= c?ao\/; /"" [F(v,d+) — F(y,d+)|P(y — v,z — d)dv.  (2.23)

Differentiate (2.23) and evaluate it at 2 = d. Then the new form of the solution

to (2.16) is

F'(y,d+) + aoViF(y,d+) =
Oto\/;

T

£ o) Py, Kolle = o)

where F' can be either Y or Z. When F is replaced by Y, (2.24) serves as the

dv  (2.24)

integral BBC Y-equation, and when it is replaced by Z, it serves as the integral
BBC Z-equation.
There is a sacond integral Z-equation. Replacing F* by Z in (2.18) and

differentiating it with respect to z, it gives

Z(n,z) = -2'(n, 2)/70(n) (2.25)

The inverse Fourier transform of 1/49(n) is (2, 7)/2Ko(y) where Ky is the mod-

ified Bessel function of 2nd kind and of order zero (Erdélyi, 1954, §1.2(17)).
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With the help of the convolution theorem, the inversion of the above equation

is

2(5,2)= = [ 24,2 Kolly ~ vlao) do. (2.26)
Replace Z' by Z' = —dY/0y in (2.26) and evaluate it at 2 = d+. Then
L1 =8y .
Z(y,d+) = = / 5y W Kolly - v|aoVi) dv. (2.27)

By partial integration, it follows that
2(y,d) = % [ °; sgn (v — )Y (v, d) K1 (aoVilv —y|) dv.  (2.28)

Since it calculates the Z component from the Y component, (2.28) provides a
strong connection between the two components, and is therefore a better integral
BBC Z-equation.

Besides the integral equations mentioned above, a differential form of the
Z-equation is also useful sometimes. In the region 2y — %k;;_l < z < d, for the
same reason as in the TBC, we have p'(y,d—) = 0 and the basic equations (2.4),

(2.5)
Y,, +Y" =ia?Y, (2.29)
Zy+2"+(Z,-Y')p, = A (2.30)

still apply, only now

o =wpo/p=, p~ =ply,d~ }kn-1), and g, = (8p~/By)/p~.

The backward Taylor expansions give

k3
Yno1 =Yy — kv Vi + —%lyg; (2.31)
k2
IN-y = ZN - kn-1Zy + —%Z;’({ (2.32)
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All the terms except Yy_; and Zy_, are evaluated on Z = d—. Combiniug (2.29)
to (2.32), and with the help of Z’' = —3Y/0y, eliminating Y3, Z\. Y{, 25, we
arrive at the differential BBC Z-equation:

)
2—ZN_| (2.33)

2 2 A
Zyy + py(Z, — Vi) - —Y, = (“"‘ + ’10') VAR T
"N ~1

k-1 k-
2.3 Governing Differential Equations—-GDE

The natural differential equation apj."~d to the region of 0 < = < d is the basic

equation
VB - Zp!’- x (V x B) = i“’/f‘“B (2.34)
or, in component form
Y, + Y+ (Vs — 2,)02 = Mhoy (2.35)
p P
Zyy + Zes + (2, - Y, p—; = ?—“—’I-)’ﬂz. (2.36)

These equations can be discretized straightforwardly by substituting the par-
tial derivatives with the corresponding central difference formulae. But when
defining the values of p, p, and p, at nodal points, a difficulty arises.

It has been shown (Brewitt-Taylor and Weaver, 1976) that for solving 21
E-polarization problems, one should solve the equation for the single component
of electric field U (i.e. E;)

VU = wpgal,
and use the conductivity o as the model parameter. The value of & at a node

point is defined as the weighted average of conductivities of all the four cells

surrounding the given node point;
hokodoo + hakooa + hokaoos + hakaoy,
(ho + h2)(ko + k2) .

In a special case of oo = 020 = 0¢, Ouz = G253 = 63, it is simplified to

o=

(2.37)

. kooo + koo,
PRt AL AL Ay 2.38
7 ko + kq ( )
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But our situation is different; we not only have to solve E-polarization prob-
lems by two magnetic fields rather than one single electric field, but also have to
employ the resistivity p and its derivatives rather than conductivity o (without
derivatives) as the model parameter in order to maintain consistency with the
3D calculation. When using p as the mode] parameter, its value at a node point
is naturaliy the weighted resistivity. The counterpart of (2.38) is

- kopo + k2p2
= (2.39)
It is easy to see that, although p = 1/0,

kopo + kape - koa_lo' + kz;“; _ kooz + koog
ko + ko ko + k2 (ko + k2)o00,

. 1
p= #‘éﬁ

and therefore, '
ZE#P- # iwpol.
p

This simply means that the same model is described differently in our equations
which use weighted resistivity p from those which use the weighted conductiv-
ity &. Of course, we can compensate for this difference by employing a finer
grid at the cost of entailing more grid points and thersfore more memory and
computation, but for the 3D modelling problems where the memory and CPU
time might be constantly under stress, this price might just be too high to pay.
On the other hand, if we ignore this difference and use the same grid as would
normally be used in a conventional E-polarization solution, then for some ex-
treme models, such as the one shown in Fig. 2.2 in which a highly conducting
surface layer and a resistive crust overlie a deep conducting vertical fault, an
unacceptable discrepancy (Fig. 2.7) betweeu results generated by the program
of Brewitt-Taylor and Weaver (1976) based on traditional E-polarization mod-
elling with the electric field and weighted average conductivities (broken line)

and those obtained by solving directly for the magnetic field components on the
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y=0
0.25km{7 7 7 5=0387. 7 =
20 km p = 1000
50 km p =100 p=1
p=10Qm

Figure 2.2: Model 2D-a, two-dimensional model used for test calculations.

same grid using weighted average resistivities at the nodes (solid line), would be
produced.

In order to overcome this difficulty, it is our desire to avoid defining the
values of model parameter p a: the nodes. One alternative approach is to con-
vert the differential equations applied to a node point into 2quations obtained
by integrating along a path enclosing that point. Starting with the Maxwell
equations (1.23) and (1.22), i.e.

V x B = pooE, (2.40)
V XE = -iwB, (2.41)

instead of taking the curl of (2.40) directly to obtain the basic equation (1.28)
or (2.34), we first write o as 1/p and move it to the other side of the equation,
so that

pV x B = poE. (2.42)

Then we take the curl and integrate the result over ihe area A which is enclosed
by the path C shown in Fig. 2.3, where the four corners P,Q, R, S of C are the

centres of the four cells adjacent to node O. This procedure gives

//A dS x V X (pV x B) = -—z'wuo//A ds - B. (2.43)




2.3 Governing Differential Equations-GDE 48
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Figure 2.3: Integration around a node.

Applying the vector relation ((36), p115, D.S. Jones, 1964) to the left hand side
of (2.43), we have

//Ads x Vx(pVxB)=}£dlx (pV x B)
+//AV-(pVxB)dS—//A(>‘c . W)(pV x B)dS, (2.44)

where dS = %dS = xdydz and dl = ydy + 2dz . Since
V:(pVxB)=Vp . (VXxB)+pV.(V xB)

and V- (V x B) = 0, and since in the 2D case Vp L (V x B || E), so that
Vp  (V xB) =0, it follows that V- (p¥V X B) = 0. Also because X is the

strike direction of our 2D models, the identity
(X V)(pV xB) = %(pv XxB)=0
always holds. Thus

//j‘deVx(pVxB)zfédlx (pVXB):-fc(pVxB) x dl (2.45)
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and (2.43) becomes
]g(pv x B) x dl = iw;to//A(f( x B)dS, (2.46)
In the component form, this result is expressed by the two integrals
$.0Y. = Z)dy = —iwpo [ [ ¥ dy d, (247)
fép(Yz —2Zy)dz = —iwpy /A Z dydz (2.48)
which can be written in the form
/}; _ounlYs = Z,)dy + ./o JpulYs = 2,) dy (2.49)
r
+ fLponlYe=Z)dy+ [ pualYs = Z)dy = i f [V dyde,
/é paalYs = Z,)dz + /C poolY. = Z,) dz (2.50)

fl

+ [ Yo =Z)dz+ [ pulY. - 2,)ds

2.4 Cell-integral Equations

—jw Zdydz.
#«)//A Y

We call equation (2.46) a cell-integral equation because its L.IL.S. is an integral

along the curve C that encloses the nodal point O by running through the sur-

rounding cells along the trace of their centre lines, and its R.H.S. is an integral

over those parts of the adjacent cells that are enclosed by the curve C. Equations

(2.47) and (2.48) clearly show that the model parameter p only appears in the

integrals along C, so that no values of p or its derivatives at the nodal poiits are

involved; equations (2.49) and (2.50) indicate that all the values of p are well

defined. The difficulty encountered by the conventional equations (2.35) and

(2.36) has been successfully avoided.

In the process of discretization, (2.49) will be taken as a working example.

For the right-hand side, the magnetic field Y within the area A will be approx-
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imated by its value at the nodal point O, and the integral then will be

ko + k
iwyo//AYdydz = iwuo(h";h”( °J2' 2))’,1. (2.51)

The derivatives Y, and Z, are slightly more complicated. For Y., the derivative
normal to the line segment RS, a single value (estimated at point D) will be
used on both RD and DS, i.e.

Yi; = Yio
ko

For Z,, the derivative tangential to the line segmets RD and DS, two values

(Y.)ro = (Y:)ps = (Y2)p = (2.52)

(estimated at points R and S) will be used respectively in the two segments, i.e.

1 (le - ZOI + ZlO - ZOO) — le - ZOl + ZIO - ZOO

(Zy)rp = (Zy)r = 5

2 ho ho 2h0 ’
(2.53)
, oy VY (Zun—2Zn | Zw—Zw\ _ Zn~Zu+tZpn-2i
(Zy)os = (Z)s = 3 ( b T ) = 2h, '
Similarly, in the segments PB and BQ wc have
Yy - Y,
(Y:)pe = (Ya)pg = (Y2)p = —”—k-%, (2.54)
o VY (Zn—2n | Zyp—-Zu\ _Iun-Zu+tZn-—1Iin
(Z)ew = (4)r =5 ( o ) N 2h; ’
(2.55)
. _ VN (Zyw =2y | Zip— Zoz) _Zy = 2o+ Ly — 2
(A!I)BQ - (Zy)Q - 2 ( ho + hO - 2h0 ¢

On inserting expressions from (2.52) to (2.55) into the equation (2.49) and
dividing it through by the weighted average of resistivity p to make the co-
efficients dimensionless, we find that the integral :quation is expressed in the
form

(tco + 10 + 12)Y11 = c10Yio + c12Yi2 + (oo ~ P20 — Poz + P22)Zn
+(Boz — poo)Zor — (P22 — P20)Z21 — (P20 — Poo) Z10 + (P22 — Poz) 212
—pooZoo + P20Z20 + Po2Zoz — pa2Zzn, (2.56)
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where
pl,m = Pl.m/py (1 =0,2; m =0, 2)»
. _ hokopoo + hakopao + hokapuos + hakypa (2.67)
(ho + ha)(ko + k2) ‘
and
co = ‘igﬂ(ho + ha)(ko + ko) = a*h,k,, (2.08)
2 _ 2h, _ 2 2h,
ci0 = 7—(Pooho + Paoh2) 1= ——pro, c12 = —(fozho + pazhy) 1= ——pra. (2.59)
k() k() krz ,\32

A similar procedure brings (2.50) into the form

(ico + cor + €21)Z11 = corZor + a1 Za + (pov = prao =~ poz -+ p2) Yy
~(Poz — poo)Yor + (P22 — P20)Yar + (P20 — Poo)Yio = (P22 — po) Vi

—PooYoo + p20Ya0 + porYor — paaYia,  (2.60)

where ¢, is the same as above, and

2 _ _ 2k, 2, . 2k, ,
cor = —(Pooko + Pozks) 1= =—po1, ca = —(pavko + praks) 1= =pn. (2.61)
ho ho h«), h.‘

Equations (2.56) and (2.60) are the finite difference forms of the Y and Z cell-
integral equations applied to the region of y, < y < yu, 0 <. z < d, or to the
corresponding grid points 2 < j < M -1, 2 < k < N — 1. Note that they
involve the field values from all the 9 grid points around the node point, while

the conventional ones only involve 5 points.

2.6 The Convergency of the Cell-integral Equations

Although the cell-integral equations we have derived offered some advantages
over the conventional ones mathematically, it was found they had a fatal weak
point; they are numerically unstable. When the attempt was made to solve
these equations by an iterative method, the iteration process was successful for

a small test model, M777, which has a uniform conductivity structure with only
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7 grid points in both horizontal and vertical directions. The result was excellent
for this simple model. But when the model was enlarged a little, the process
started to diverge.

in order to understand why this is happening, let us simplify the equation
(2.60) by assuming hg = hy = h, ko = k2 = k, and poo = poz = pxc = p22 = p,
and dividing it throughout by p. The simplified form of (2.60) is

; k k k
(Wpﬂo“hk + 85) Zy = 45201 + 47;221 ~ Yoo + Yoo + Yo — Y22 (2.62)

where the L.H.S. term Z;, is the diagonal element of the linear equation set to
be solved. In the coefficient of this diagonal element, the ratio of the amplitudes

of the first and second terms is

_wpobhk/p _wpo,, (kY
R=—%r = 2" =\3 (2.63)

where 6 = \/—QW is the skin depth. When we design a mesh, it is a common
practice to keep the grid steps no larger than 6/3 within 36 from a conductivity
contrast boundary. So, for some points, we have (4)? < 1, i.e., the 2nd term
(8k/h) is dominant in magnitude.

The cause of the instability can now be clearly seen. The dominant term
(8%/h) may easily be less then 1, so long as A > &k, and which is almost
inevitable in our grid design. This means that at some grid poirts, where the
surrounding cells take the shape of a long strip, the medulus of the diagonal
coefficient, |iwpodhk/p + 8k/h|, may be smaller than 1. But the coefficients of
Yoo,Ya0,Yo2 and Yy, the 4 terms involved with the 4 corners (@, R, S, P) of
the integral path C in Fig. 2.3, are always exactly 1 in this special case, i.e.
larger than some of the diagonal ones. In other words, the non-diagonal corner

terms exert more influence than those diagonal ones, thus violating the necessary

condition for the convergence of the iteration and thereby causing it to diverge.
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A great deal of effort, both mathematical, and numerical, has been spent
attempting to circumvent this divergency problem. Among them were deriva-
tion of a set of 5-point cell-integral formulae, an application of the method of
shifting the spectruin, use of direct solution methods and adding divB = 0 to
the 9 points cell-integral formu.ae, just to name a teiv. The 5-point cell-integral
formulae were also derived from equations (2.40) and (2.41), but with differ-
ent approximations for the derivatives of Y and Z. This new set of formulae
invo!ved onl” 5 grid points and had stronger diagonal coefficients. The conver-
gence problem was solved. But unfortunately it converged .o the wrong solution!
The method of shifting the spectrum was originally derived by Hutson, Kenda!
and Malin (1972). This technique did make the 9-point (cell-integral) equations
converge, but the speed of convergence was so slow that it was hardly toleral.}o
even for a 2D problem, not to mention what it would be like with 31 models.

A result of the direct solution given by the 9-point equations (2.56) and
(2.60) for model 2D-a (Fig. 2.2) is presented in Fig. 2.8. The result was ob-
tained by using a subroutine which solves a banded complex double precision
matrix via Gauss-elimination; the subroutine was obtained from a FTP site
for many mathematical soft wares, at Internet address “netlib@research. att.con”
which refers to a gateway machine, 192.20.225.2, at AT & T Bell Labs in Mur-
ray Hill, New Jersey. Although the direct solution in Fig. 2.8 still differs from
the solution given by Brewitt-Taylor and Weaver (1976), it was an important,
step towards our later success; it enabled us to see what the results delivered by
equations (2.56) and (2.60) were like. By comparing them with those generated
by the programs of Brevitt-Taylor and Weaver (1976), and Poll (1994), we could
see that our result was basically foliowing the correc: trend. Only if we could
eliminate the spikes, presumably caused by the poor condition of the coeflicient
matrix, could we hope to get a reasonable agreement.

It was intcresting to notice that when we used the iteration process with
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the help of shifting the spectrum for convergence and started with the correct
solution from Brewitt-Taylor and Weaver as the initial value, the iterative results
marched away from the good solution and finally converged towaids that of the
direct method. This clearly indicated that our result from the direct method was
the true solution to eqnations (2.56) and (2.60), even though it was not the right
answer to the problem. So, we had to modify our equations mathematically to
improve the condition of their coefficient matrix.

The source of the poor conditioning for that particular model was identified
to be the Z-equation where the k/h ratio was too small. We had to strengthen
the diagonal coefficients. Obviously, if k/h is too small, then h/k aust he large.
Thus, it should be possible to solve the problem by including an extra term with
h/k into the diagonal coefficient of the Z-equation where k/h was the dominant
term. Such a term was found in V:B = 0.

Applying V + B = 0 at point (1, 2) in Fig. 2.4, we obtain
(), -2 (), {8, ()]
%2/ 1) ks Wiag  2I\W/ ay \%/4y

hao
hoh,

or,

ha

(}/11 +)/l") - ’Oh

k.
Zn ="1Zn+ 2[ . (Yo + Y22) + (Yo1+Y02)]. (2.64)

When hy = hy = h, the above equation shows that

h } 1
ZZ“ = i‘Zm + Z(Ym + Y22 - Yo — Yo2), (2.65)

the coefficient of Zy; being just what we wanted. Multiplying (2.64) by a factor
f and adding it to the Z-equation (2.60), we obtained the result showed in Fig.
2.9. Although there was still some small vibration, it was a milestone for us.

Very soon, it was found that by applying V + B = 0 at point (1,1), so that

hao
hoha

ko

Zn = 2o ha

Tk

— (Yo -+ Yay) + (Yio+ Yn) — Yoo + Ya1) [, (2.66)

hz
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Yi-1 Yi Uit
k-1 +
(0,0) (1,0) (2,0)
(1,3)
2k
(0,1) (L1) (2,1)
(1,3)
Zk+1
(0,2) (1,2)7 (2,2

Figure 2.4: the symbols x and * respectively denote the points where equations
(2.64) and (2.66) are obtained by applying divB = 0.

and by adding this equation instead of (2.64) to the Z-equation (2.60), we could
remove the unwanted vibration in Fig. 2.9. The new result, is presented in Fig,

2.10.

2.6 Auxiliary Equations for the Cell-integral Equations

Generally, the weak diagonal coefficient can be caused by either or both of the ¥
and Z- equavions (2.56) and (2.60). For example, we tried another model, 2D-h
as shown in Fig. 2.5; and we found that no matter which equation, (2.64) or
(2.66), was used to modify the Z-equation (2.60), it failed to bring good results,
It was identified that the problematic equation is the Y-equation for this model.
Therefore, we need another formula for the Y-equation which will modify this
equation as formula (2.66) modifies the Z-equation (2.60). Though (2.66) is
good for the Z-equation (2.60), it is not symmetrical about the z-direction and
cannot be readily extended to the Y-equation. However, a new set of such
equations can be found in the following way. First, take the gradient oi the

scalar equation V « B = 0 to produce a vector equation

V(V-B)=0. (2.67)
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T'hen, integrate it in the same way as (2.43). This leads to
/ /A dS x V(V-B) =0 (2.68)

By formula (35) ( p114, D.S. Jones, 1964), we have

/LdeV(V-B):fé(V-B)dl=O, (2.69)

or,
f(ay+‘—9£)d =0 (2.70)
f(%;/ + -'z)dz = (2.71)

s Y 0z Q 9Y 0z
L (—6-37 dy + — % dy)+/P (g.z-l-alyﬁL E—dy) 0, (2.72)
where
s 9Y
A 'f,‘;dy =(Y)s = (Y)r
1
Z(Y10+ Yo+ Y +Ya) - "(Y00+Y10+Y01 + Y1)
1
Z(Yzo + Ya1 = Yoo - Yau), (2.73)

and following the approximation to the normal derivatives in (2.52), we may

write

597 (Q_Z_) (ho + ha) _ (Zu1 = Z1o) hs (2.74)

—_—dy = =
R 9z V= \ 5 2 % 2

Similarly,

YO = (Vo= (Y)p = LYoy 4 Yop— Yo - Y,

b By y = e—(Y)p = Z( o1 + Yoz — Yo — Ya2), (2.75)
902 . (Zu-1Zn) [ h

e e e ) (276)
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By substituting expressions from (2.73) to (2.76) into (2.72), we obtain

2h,k, 2h, , 2h, , . . . . o
kokz —Zn= kz —Z12 + T Zio+ (Yoo — Yoo — Yor + Ya). (2.77)
Similarly, (2.71) gives
2h,k, 2k, 2»»,
- - py B.Hm
Toha —Y = h2 —Yn ho ~—~—Yor + (Zoo — Zao — 22 + 7). (2.78)

(2.77) and (2.78) are our new pair of equations for augmenting the diagonal
terms of the cell-integral equation (2.56) and (2.60). 'The final equations we

have used in the computer code are in the form of
Equation (2.56) + Equation (2.78)
Equation (2.60) + Equation (2.77)

which can be expressed explicitly as

, 2h,k, i . v
(tco + c10 + €12 + )Yu (Poo — P20 — Poz + pz2)7n =
2k 2k,
c1oYo + c12Yi2 + ‘l—-Ym + -,'{(;'Ybn

+{1 — pao)Zoo — (1 — p20)Z20 — (1 — poz)Zoz + (! — paz) 2z
+(Poz — Poo)Zor — (Paz — Pao)Zn — (P20 — Poo)Zro + (p22 — pu2)Zr2,
(2.79)
. 2h .k B )
(tco + cor + 21 + foka ~)Z1y ~ (Poo — Pzo — poz + faz)Yii =
N 2h, 2h,
corZo + enla + =——Zw + —2Zwo
ky ko
+(1 ~ poo) Yoo — (1 — pao)Yao — (1 = po2) Yoz + (1 — pea) Yze

~(Poz = Poo)Yor + (P22 — Pao)Yar + (Pao — puo)Yio — (P22 — 9i2) Vaz.
(2.80)

For model 2D-a, Fig. 2.11 shows that the new set of equations (2.79) and (2.80)
give almost the same result as do (2.56) together with (2.60) modified by (2.66)
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y=0
z2=0
4 km p=25 p =025
30 km p = 1000
p=100m

Figure 2.5: Model 2D-b, a two-dimensional model used for test calculations.

(Fig. 2.10). As a further check on the accuracy of our solution we have also
computed the magnetic field inside the earth across the bottom surface of the
vertically faulted slab at a depth of 70.25 km (see Fig. 2.2). The results are
compared with those given by the program of Brewitt-Taylor and Weaver (1976)
in Fig. 2.12, ar.d once again excellent agreement is obtained.

For model 2D-b, although the combination of (2.56) with modified (2.60)
failed to deliver an acceptable solution, the new pair of the equations (2.79) and
(2.80) do bring good results as shown in Fig. 2.13. The graphs indicate that the
solutions given by (2.79) and (2.80) (solid line) not only are stable but also are
closer to those of Brewitt-Taylor and Weaver (broken line) compared with those
calculated by using weighted average resistivities at the nodes (dotted line).

Finally, to confirm that the new formulae remain accurate even for those
models that were not problematical when weighted resistivities were used, we
have computed the magnetic response of the three-segment ‘control model’
shown in Fig. 2.6 for which a quasi-analytic solution is available (Weaver, LeQuang
and Fischer, 1986). The perfectly conducting basement in the model was sim-
ulated in the finite difference program by assigning a sufficiently small numer-
ical value for the resistivity in the region z > d. The variations of the two

components across the surface z = 0 are seen to agree extremely well, for the
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s=0

oy T2 oy

-—-—-——&.———-ﬂ

20—

:=d

p=0

Figure 2.6: The three-segment control model of Weaver, LeQuang and Fischer
(1986). The parameter values used in the numerical calculations were oy = 0.1
S/m, 03 =1.0S/m, 63 =0.5 S/m, a = 10 km and d = 50 km.

chosen period of 300 s, with the analytic solutions depicted by the broken line
in Fig. 2.14.

To see why these two auxiliary equations (2.77) and (2.78) have successfully
modified equations (2.56) and (2.60), let us take a close look at (2.80) which is
the combination of (2.77) and (2.60). If we assume that the resistivity is uniformn
at node point O in Fig. 2.3, i.e. poo = poz = p20 = p22 = p = p in equation (2.80),

then we obtain

2/),, ,

] ako 8 ,B ‘k
iwpohok, | 2hok,  2h 2 2k e . (281)

p hoh, kok, )Z“ = _J * 12 Tty

2h,
ho h Ty

k2 L

(

The effect of adding (2.77) to (2.60) is obvious, it not only strengthens the
diagonal coefficient by 2h,k,/kok,, but also weakens the influence exerted by
the terms from the correr nodes, Yoo, Y0, Yoz and Yyz; in this special case when
p is uniform, the corner terms are completely cancelled out, while in gencral,
these terms will be greatly reduced in importance.

It we divide (2.81) by h,k, and rearrange its terms, then we have

2 2 2 2, _IW/I“
(hzh,Z“ - hoth“ hoh, Z‘“) (kgk,"” /w,/c/“ + kok, /"’) =— %
(2 82)
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This is nothing else but the finite difference form of

Vi = ’“’;“’ Z. (2.83)

In the same way, (2.79) simplifies to the finite difference representation of

VY = 1‘1’;’-‘2)'. (2.84)

Thus, at a node point in a uniform region, (2.83) and (2.84) merely state that

V2B = zwpuoB’ or (zwpﬂo _ Vz) B =0, (2.85)

in accordance with what is required at a node point of uniform resistivity.
In fact, if we go back to equation (2.43), divide it by the averaged resistivity
p and rewrite it as
-l-//A dS x [iwpoB + V X (pV x B)] = 0, (2.86)
p
a well-known vector relation leads to
% / /A dS x [iwoB + (Vp) x (V x B) + pV(V-B) - pV2B] = 0. (2.87)
When the resistivity is uniform within A4, i.e. p = p and Vp = 0, then the
(Vp) x (V x B) term drops out, and the above equation becomes

//A dS x [m—:gB—VzBH/A dS x V(V-B) =0. (2.88)

Note that the integrand of the first integral on the L.H.S. of the above equation
is the same as (2.85), and the second integral is the same as (2.68), i.e. the extra
term we included to stabilize the cell-integral equations. Mathematically, the
second integral is zero; it makes .10 difference if we keep or drop it. But when

transforming (2.43) into (2.46), we have converted

//AdeVx(pVxB)
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into
fc dl x (pV x B)

by (2.45); and the second integral in (2.88), i.c.

//Ads x V(V - B)

has been implicitly included. It seems that the numerical effect of this term
in the § dl form of equation (2.46) is to weaken the diagonal coeflicients and
increment some of the non-diagonal ones. We need to compensate its effect by
applying its negative term to the equations. This is the significance of obtaining
equation (2.80) by adding equation (2.77) into (2.60); it reduces (at grid points
in a non-uniform region) or removes (at grid points in a uniform region) the

relative influence of the term

//Ads x V(V +B)

in equation (2.88).

The instability could also have been anticipated on physical grounds. The
magnetic field B + V¢, where ¢(r, z) is an arbitrary scalar function, identically
satisfies (2.46) when w = 0. Thus for small frequencies, the approximate solution
for the magnetic field will be indeterminate (i.e. unstable) to the extent of the
gradient of a scalar function ¢ which vanishes together with its derivatives on
the surface z = 0 and at infinity in the region z > 0. Only by invoking condition

V B = 0 explicitly can we ensure that ¢ = 0, hence B determinate and stable.

2.7 E-polarization Probleins

Since our 3D model can approach limiting 2D structures on the boundaries
at infinity, both 2D E-polarization and B-polarization will be encountered. In

Chapter 1, as shown in Fig. 1.2, we have assumed that the external stimulating
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magnetic source field is in the z-direction only. Therefore, the E-polarization
problems occur at y = y; and y = yp respectively. They are both in the
zz-plane. However, in order to be consistent with the conventional coordinate
frame for the E-polarization mode, in this chapter we have assuined the source
field to be in the y-direction as shown in Fig. 2.1, so that the E-polarization
would occur in the yz-plane and involve the fields already familiar to us, EX,
Yy and Zz. The equations obtained so far, therefore, have all been derived
in the yz-plane with fields components E = (U,0,0) and B = (0,Y,Z). Now,
in order to be consistent with the other parts of this thesis and the computer
program, these equations have to be ccnverted according to the configuration
given by Fig. 1.2, i.e. they have to be transformed into the zz-plane with field
components E = (0,V,0) and B = (X,0, 7). This can be done by rocating the
coordinate frame for 90° clockwise about the z-axis. Consequently, z and X
in the equations written in the old frame sl.ould be replaced by —y and =Y
respectively in the new frame, while the old y and Y should be re,'laced by the
new & and X repectively. The two equations needed for each node point are now
the X-equation for the z-component and the Z-equation for the z-component.

Above the thin sheet at z = 0—, equations (2.1) and (2.2) become

X(2,0-) = Bo+ L7 Zw0),, (2.89)
T Jmoo T)hr—1U
Z(z,0-) = Z(z,0+); (2.90)

Beneath the thin sheet at z = 0+, (2.10) and (2.12) give

0--
Xu=Bo+ = ][ 2(u, )d

0o IT)—1U

k k
+T\p1[ ( -+ —ia )X\1+——sz+ l

2 T 5 Xee) = (Z)n] - (291)

and

‘ 2
Aa‘(lxxr),\l + (Zxx),\l + “‘(4\,3),\1 + px(Zx).\l

k
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= i0® A Xy + EE(Xy — Xu) +i0*Zy, —

L v(/\""/\l) (3'92)
1

ki
where A; = —1kipe, p. = [(8/)/6;1?)//)]’\%, a* = who/p, L

The equations applied to region 0+ < : < zpn, i.e. GDE, will be directly
obtained from of the finite difference form of cell-integral equations given by
(2.79) and (2.80).

For the bottom boundary condition at z = zn = d, the counterpart of (2.2:4)

in the zz-plane is

F'(z,d+) + aoViF(z,d+) =

ao\/- ky(|a - ulm,f

le — u|

][ [F(u,d+) = F(z,d+)]~ (2.93)

Both X- and Z-equations are to be obtained from this equation by substituting
F with X and Z respectively. But the equations will be given at z = d+, they
have to be related to be at 2 = d—. With Y =0, dyuy = 0 and r = ux,
equations (1.79) and (1.81) yield

X(z,d+) = X(z,d=)=X(z,d), Z(z,d+) = Z(z,d—) = Z{z,d), (2.94)
Z'(z,d+) = Z'(z,d-) = Z'(z,d); (2.95)

equation (1.84) provides the relation between X'(z,d+) and X'(x,d—) as fol-

lows:
X'(z,d+) = R, X'(z,d-)+ (1 - R,)Z,(z,d), R, = p(z,d—)/py; (2.96)

and from (1.74) and (1.78), we have X'(z,d—) and Z'(x,d) respectively as
XN —Xnor k-

X'(z,d-) = = - =3 L—ia? XN + Xua), (2.97)
-1
Z'(z,d) = IN=2Zn-1 '“N"‘(~z‘a2zu + Zrg + pal)

P 2
+E(Xn = Xn-). (2.98)
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"Thus, we have the equations of the bottom boundary condition for the 2D

k-polarization mode at z = d— as

R,X'(z,d—) + (1 = R,))Z,(z,d) + apViX(z,d) =

aoVi [ Ki(lz - ulaov/i)
X d) - X @ TS e (299)
and
Z'(z,d) + agViZ(z,d) =
aoVi [ , Kq(Jz — u|aoV/i) |
- f_m[Z(u,d) - Z(z,d)]— P— du. (2.100)

The other two alternative Z-equations for the bottom boundary conditions at

z = d, given by (2.28) and (2.33), are converted as follows:

Z(z,d) = —a—'(l, /00 sgn (u — z) X (u, d) K1 (aoVilu — z}) du (2.101)
. \/; .
and
Zoo + pu(Zy — X') = 2 X; = ( — 4 iaz) N — ——?—-ZN_l (2.102)
Zrr T &r kN_l kfv_l klzv_l

where X’ = X'(z,d-) and is given by (2.97).

2.8 Finite Difference Equations for E-polarization

The equations listed above for the 2D E-polarization problems are now cast into

finite difference form. At z = 0—, where k = 0, equations (2.89) and (2.90) yield

l L
Xwo = Bo~;ZH,\,Z,0 (2.103)
=1

Zv = Zy A=2,.,L-1  (2.104)

where Hy; are the coefficients of the Hilbert transform and are derived in Ap-

pendix B.
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At 2 = 04, where k = |, N = 2...L — 1, equations (2.91) and (2.92) be

come
1 L), NI
g,\-lg,\+ﬁ+§ nT\pl+l 3 \1~—’u—-;ﬁ//\:/u
’1 A |
— X4 \ — X\
+T,\p(\;12_ (94\9,\+ A+11 + P vt 1 7k ‘ )
N \
gr-1 [/ AN
- ——Z\+11 + S Ny 7
\p‘\% (y,\g,(' i gr-9a a Yr- w\ - ”)
=20, (2.105)
and

2—p9y 2 . 24 pega- 2 -
YAUN A-tY

2 A= 2 A\ v Y
— (Ax+ !)_\_1_) Xatrr + ——5 (Aa Z ) Xa-n - %‘-\,w
)

9:9x 1 Yr-19y
2 Dy . .
+ [ ( z 1\_) - & + ’(VzAa;] ‘\,,\l
gr-19x ky ky
A= 1. (2.106)
where o? = wpo/p, b A = “%kl(ﬁz)/\ LIy =0 = Ya-1, 08 = gr + g1
M 2

In the region ky < z < Zn_y, where A = 2, L — 1,0 = 2, /N - I,
equations (2.79) and (2.80) are both in the local coordinate system and can be

converted into the zz-plane as follows:

) X1 — (Pov = p2o — poz + pr) 2y =

. 2¢g, ks
(ico + c1o0 + 12 +
Yog2

2 k 2k,
92 90

+(1 = poo)Zoo — (1 = pao)Z20 — (1 = po2) 2oz + (1 = prz) s

CIOXIO

+(Poz = Poo)Zoy — (Paz — pa0)Zar — (Pao — pov)Zro + (paz = poe) e,
(2.107)

and

2g,k, ,
(ico + cor + a1 + kok )/Jn = (poo = pao — puz + pz) X1y =
2
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'y 2- s 2 8
cordoy +enZy + —qu—zlz + “Igo—Zlo

+(1 = poo)Xoo = (1 — p20) X20 — (1 — Poz)Xoz + (1 — paz) X2z

~(poz — poo) Xor + (P22 — p20) X1 + (P20 — Poo) X10 — (P22 — Poz) X12,

(2.108)
where
Ppg = Pp.q/ﬁ, (P =0,2;,q= 0,2),
_ gokopoo + ga2kopao + gok2poz + g2k2p22 (
= , 2.109
P (go + h2)(ko + k2) ' )
and
w
£y = —,’.f—"(go + g2)(ko + ka) = o?g,ks, (2.110)
2 . 2g, 2 _ 29, _ ,
10 = 7—(Poogo + P2092) = fg‘i)lo, c12 = —(Po2go + p2292) = -—g—qu, (2.111)
kO l»o k2 kg

9o = gr-1, 92 = gx, 9s = go + g2, ko = ku_1, ka = ky,, ks = ko + ka.

At z = zy = d, the finite difference forms of (2.99) and (2.100) are

1 ) 1 L
Ryky_y | — +ia” + +oovi+ S| Xov =) CuX
[ p KN l(kN-12 ta g.\-xgx) ooV ] AN ; MAIN

1 1 1
+ R kN - X 4+ ———Xooav + ——Xon-
pVN -1 (g,\gj A41IN g,\_lg;' A-1N kN_12 AN 1)

/gA—l i1
—(1-R,) ZyyN + ZN - ZyaN
( '\ oaat gr-192 gr-19%

(2.112)

a.nd
-1 kN..]Q 2 [ g,\_lg,\ 0 AN — I§=1:C)\IZIN

kn_1 (2 + Prgr-1 2 — pzgn 2
—Z 4 IN + ——Z\an + ZN-
2 gy * gr-197 ! kyog? N
1
—50:(Xav — Xan-1)

+

A=2..L-1. (2.113)
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where % = wiio/p, _1. pe = [(0p/02)/pl, 1. 0 = witofpo, 47 = g1 = -

1
2
and g} = gx+9gx-1, while Cy; and S are given by (B.44) and (B.47) respectively

in Appendix B.
The alternative Z-equations (2.101) and (2.102) lead to

L

g .

Znw ==Y DuXin (2.114)
\/7-' I=1 l .

and
2 2= g\
[— + kno (za2 + ————’ﬂi)] =
kn -1 gr-19)
2+—A,-— 2—_1?‘,; :‘ r
a1 [—p’ﬁ‘ ~Zyvan + —p—:ﬂ/ﬁ-m] + ZAN-
9r9> gr-19% kn_
ook —~ 2g\— k% + 2¢;
+P$N1 g'\lX,\+,N+UN1+J\
gr-19y

B 29y ) _ ( 1 Y .
- + + ook _ +ia’ )| X 2.115H
[(pz' Dro1dn, PzRN -y PR ) N ( )

where Dy, can be derived similarly to Cy,.

Xacaiv + 2 Xav—y

2.9 B-polarization Problems

According to Fig. 1.2, the B-polarization problems occur at @ = zy and x =«
respectively. They are both in the yz-plane. The conductivity structure iy
uniform in the z-direction; therefore the derivatives with respect to @ are all
zero. The only non-vanishing magnetic component in R}-polarization is X (y, z).

The upper surface, z = 0—, of the thin sheet is the boundary between the
conductive earth and the non-conductive air layer. It is well known that on
this boundary, for the B-polarization problem, the magnetic field is constant;
its intensity is the same as that above a 1D structure for the same source, and

it is called normal field. It is denoted by By in this thesis. Therefore, we have

Xo = Bo, (2.116)




2.9 B-polarization Problems 68

where we have defined Xy := X(y,0-). Similarly, we also define X, := X(y,0+),
X! = X'(y,0+) and X; := X(y, k1). Keeping in mind that Y = 0, Z = 0,
d/0x = 0 and §°/dz* = 0, we see that beneath the thin sheet at z = 0+, equa-

tion (1.53) links the component across the thin sheet according to the relation
X, - Xo=1pTX]. (2.117)

The expression of the derivative X{ has been derived in Chapter 1 for a gereral
3D case given by (1.69); the 2D form of X{ can be obtained by simplifing from

(1.69), so that

X:~ X,  k
X! = _2701__‘ + _21 —ia? Xy + Xy + Xyhy)- (2.118)

We therefore obtain for the equation at z = 0+

Tp k1

1,
1 + r + -2'71‘!27P+k1 Xy = Bo + Xz + ——[Xy + 2 X,).  (2.119)

ky k
In the region z; < z < 2y-; , i.e. at nodes k = 2,..,N — i, the ordinary
equation for a standard B-polarization problem is used. It is the basic equation

for magnetic field which comes from (1.29) as
Xyy + Xoo + Xop: + Xypy = i0*X. (2.120)
On the bottom boundary, at z = d, equation (2.24) provides the X-equation
viith F substituted by X, i.e
X'(y,d+) + aoViX (y,d+) =
00\/-

" X (v, d) - X(g,d4)) 2218 ~ vlaovi)

—oo ly — |
Since we have Z, = 0, equation (1.84) yield X'(y,d+) = R,X'(y,u—). Take

(2.121)

into consideration that X is continuous across the boundary, we can also write

the above equation as
R, X'(y,d~) + aoViX(y,d) =
agV/i k1(ly = v]aov/?)
4 ly — vl

][_O;IX (v,d) - X(y,d)] dv,  (2.122)
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where X'(y,d—) can be obtained by simplifing from its 3D form (1.74) as

Xy = Xn-1 FNotr s ) .
X'(y,d-) = NkN lN Lo et X+ Xy + Xy (2.123)

2.10 Finite Difference Equations for B-polarization

The corresponding finite difference forms of the equations of the previous section

are as follows:

at z =0-,
Xmo = By m=1,..M, n=0; (2.124)
at z = 0+,
2 2- pyh;t 2 —_
[1+T(H+m+zam% Xy =
2 + ﬁyhm—l 2 - ﬁyhm 2 ’
By+T (meux + mxm-l ¢+ Eg‘\mz y
m=2.M-1,n=1 (2.125)
wherc
l = 2
r = ‘2'7'um1’€1» Py = [(6p/(?y)/p]ml,a L = who/p 1,
2 2 ™3 me
hr_n = hm - hm—l, I‘:,; = hm + hm—l;

in the regior z; < z < 2y,

[. 2 —~phs  2—p.k: 2+ pyhon_y
! 2 Y¥'*m n = T FPyim—1
\Z(Vm" + hm_lhm + kn—lkn Xm n hmht, Xm-Hn
2- pyhm 2+ ﬁzkn—-l . 2 - /’zkrs
hm-lh:‘ m-—1n + knk: an+l + k,.-]k: vau-—ly
m=2.M-1,n=2.N~1 (2.126)

where

2 — .
Dy = Wﬂo/ﬂmm
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at z =d,
Rpk;v_l 2 , 2 - ﬁ,,h,';l - _
[ 2 (’CN—IZ * ZQMN_% + hm-lhm + QO\/;(I + S/W) XmN -
Rokn-1(2+ pyhm-1) Rokn-1(2 = oyhm)
9 hmh;t. xm-HN + 2 hm—lh; Xm—lN
R, M
+‘k__me-1 + Z ijXjN
N -1 j=1
m=2.M-1,n=N (2.127)
where

R, = P,,,N_%/Po

and Cy,;, S «re given in Appendix B.

2.11 Numerical Results of the 2D EM Modelling

Graphs of 2D E-polarization numerical resvlts of the models 2D-a (Fig. 2.2),
2D-b (Fig. 2.5) and the three-segments control model (Fig. 2.6) are presented
here. Fig. 2.7 to 2.12 are for model 2D-a; Fig. 2.13 is for model 2D-b; and Fig.

2.14 is for the control model.
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Figure 2.7: Real and imaginary parts of the magnetic components ¥ and 7
on the surface z = 0 of the model shown in Fig. 2.2. The solid line graphs
represent the variation of the magnetic field calculated directly by the finite
difference method using weighted average resistivities at the nodes; the broken
line graphs depict the same variations as obtained by numerical differentiation of
the electric ficld calculated with the finite difference program of Brewitt-Taylor
and Weaver (1976) in which weighted average conductivities are assigned to the
nodes. The period of the source field is 1000 s. Both ¥ and Z are normalized

by Bo.




2.11

Numerical Results of the 2D EM Modelling

72

1.3

Re Y

Re Z

R i ' ' ¥ r L " L] ' v r v ' L 1 v B ' LA
200 100 O 100 200 200 100 O 100 200
y (km) y (km)

Figure 2.8: The same variations as in Fig. 2.7 but with the solid line now
depicting tne (numerically unstable) field variations generated by formulae (2.56)
and (2.60) via the method of direct solution. Both ¥ and Z are normalized by

Bo.
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Figure 2.9: The same as Fig. 2.8 but with the solid line now depicting the im-
proved field variations generated by formulae (2.56) and modified (2.60), where
(2.60) is modified by including (2.64) so that the diagonal terins can be strength.
ened. Both Y and Z are normalized by B,.
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Figure 2.11: The same as Figures 2.7 to 2.9 except that the solid line now
represents the magnetic field components generated by the new finite difference
formulae (2.79) and (2.80). Both Y and Z are normalized by B,.
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Figure 2.12: As in Fig. 2.11 but for the magnetic field on the bottom surface of
the anomalous slab at depth 70.25 km in Fig. 2.2. Both Y and Z are norimalized
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(2.80), the new finite difference equations obtained via cell-integral approach; the
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by the program of Brewitt-Taylor and Weaver (1976) in which weighted average
conductivities are assigned to the nodes. The period of the source field is 1000
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Figure 2.14: Variations of the real and imaginary parts of the magnetic compo-
nents Y and Z (in units of Bp) across the surface : = 0 of the control model
shown in Fig. 2.6. The solid line is given by the new finite difference formulae
(2.79) and (2.80) and the broken line is the quasi-analytic solution of Weaver,
LeQuang and Fischer (1986) (broken line). The period of the source field is 300
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Chapter 3

THREE-DIMENSIONAL EM INDUCTION
PROBLEMS

In this chapter we discuss the boundary conditions and the governing differential
equations in the 3D situation. The Governing Differential Fquations, or GDE
as we call them in abbreviation, consist of one set of equations that apply in
the region of z2 < <z, Y2 S Y < YMm-1y, 22 < 2 < zy-1. The boundary
conditions, on the other hand, consist of TBC, BBC and SBC. TBC stands
for Top-Boundary-Conditions, but since we have includea a thin sheet layer at
the top of the model, TBC may as well stand for the Thin sheet-Boundary-
Conditions. TBC in turn have two groups of equations, of which one set applies
above the thin sheet at z = 0—, and the other beneath the thin sheet at = -~ 04
BBC stands for the Bottom-Boundary-Conditions applying at the bottom of the
model, » = d. SBC means Side-Boundary-Condition. It falls into two groups,
as can be seen from Fig. 1.2. One is for the E-polarization and is applied al,
y = y; and y = yy. The other is for the B-polarization and is applied at x = x|
and r = z;. In the sarre way that 11) solutions are used to serve as the side
boundary conditions in a 2D problem, 21 solutions are used to serve as the side
boundary conditions in a 3D problerm. In order for these 21) SBC to apply, the
side boundaries must be far enough away from the nearest conductivity contrast.
so that the distortion field due to the 3D inhomogeneity can be neglected at the
locations >f the boundaries. Then the pre-calculated solutions of the limit 20
conductivity structures of both B-polarization and E-polarization can be applies

as the values of the Side-Boundary-Conditions. The 2D problems for SBC hasae
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been discussed in Chapter 2. In this chapter, we will only have to check T3C,
BBC and GDE. We will start with TBC first.

3.1 Top Poundary Conditions - TBC

In this section, we discuss two sets of boundary conditions applied at the top of
the model; one set is applied above the thin sheet layer at z = 0—, the other is

applied beneath the thin sheet layer at z = 0+.

3.1.1 Boundary Conditions Asove Thin Sheet at : =0

Above the thin sheet, at 2 = 0—, the component forms of equation (1.56) are
X=B+X* Y=Y Z=2" (3.1}

The second and third equations indicate that the ¥ and Z-components of the
total field and the anomalous field are idesiical due to the absence of the cor-
responding components in the source ficld. So Y and Y*, Z and Z° are inter-
changeable.

X*, Y2 and Z° are not independeut. In fact, both X% wnd Y* can be
determined from Z° alcne. The relations have been presented by Weaver (1964)
and will also be derived after the discussion of the bottom boundary conditions

in a later section. The equations (22) and (23) of Weaver (1964) give
X*=-MZ Y'=-MZ° (3.2)

where M; and M, are defined as

z—u

1 foo oo
-2—70: [mlw Z (U,’U) [(ﬂ: — u)z n (y — 0)2] du dy

M z°

(3.3)

s o L [®[® -v .
Mz = — [ "7 () = o 4
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Combine (3.1) and (3.2) an.! drop the superscript of the Z component. Then X
and Y can be expressed in terms oi Z (i.e. Z°) by

X(r,0~) = Bo — M Z(r,0-), Y(r,0-) = ~M2(r,0~).  (3.4)

These two integral equations can serve as the X- and Y-equations of surface
boundary conditions for the X- and Y-components at 2 = 0—. The equation
for the Z-component comes from the fact that the normal magnetic field Z is

continuous across the thin sheet, i.e.
Z(r,..--) = Z(r,0+). (3.5)

This equation provides the link between the fizld values of surface nodes and

interior ones.

3.1.2 Boundary Conditivns Beneath Thin Sheet at z = 0+

Equati.ns for the X- and Y-components come from the thin sheet conditions
(1.53) and (1.54). If we denote X(v,0-), X(r,0+), X'(r,0+) and p(r,0+) as
Xo, X1, X| and p* respectively, these two equations can be writien as
Xi—=Xo = 7p*(X] - Z,) (3.6)
-Y% = ¥/ -2, (3.7)
The derivatives, X{ and Y/, are given by (1.69) and (1.70) respectively; inserting
them into the ibove equations, we have
X1 = Xo+ ‘rp"' [(Xz -- Xl)/lﬁ - Z,]
otk . ~
+-5 [~io®Xs + Xoo + Xy + (X, - Y@)p,,]w (3.8)
i = Yodrp[(Y2-N)/k - 2,)]

by, ,
+ T8 [—ia; + Yoo + Yo + (Yo = X, 5]

as the boundary ccaditions for the X- and Y-components beneath the thin sheet

o+ (3.9

layer at 2 = 0+. The equation for Z-comgonent is given in Chapter 1 by (1.72).
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8.2 Bottom Boundary Conditions-BBC

Most of the mathematical development shown in this section can also be {i < in
the work of Weaver (1994). In the region z > d, the conductivity o(z,y,2) = o0

is a constant. The basic equation (1.28) becomes
V?B = ialB, or V2@ =iadd (3.10)

where a} = wpooo = wio/po and @ stands for any component X, Y or Z. We

adopt the following definitions of double Fourier transform and convolution,
1 o . ) S L _
o) =5 [ fwexplir-@)dr ()= 5= [ f@)exp(~ir-e)de
(3.11)
frg(e) = 5 [ fE)ote ) ds = 5= | H@@)ex(=ir- o) do

where

r=(z,y), 0= (€,m), 8 = (u,v), r+ @ = (€ +yn),
r—s=(z-uy—v), dr=dzdy, dg =dfdy, ds = dudv.

According to this definition, the Fourier transform of (3.10) is

(@, 2) = [1o(0)]*d{0, 2) (3.12)

where yo(0) = [p? + ia3]'/*, 9 = €% + 9. The general solution to this equation
18

®(@. z) = c1 exp[10(0)2] + ca exp[~70(0)z].
Where the main branch of 49(g; is understood, i.e. Revo(¢) 2 0. The solution
that satisfies the boundary condition (g, +20) = 0 and (i’(g, z),=4s = Fl@d+)

can be written as

d(g,2) = F(@,d+)exp{—(z - d)vo(0)] (3.13)

= 8ot copl(z - dielol). (3.14)
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Defining

fi(@,2) := —exp[—(z —d)vo(0)], fa(@,2) := exp[—(z — d)v0(0)}/70(e), (3.15)

we can write the inverse Fourier transform of f; as

fit,2) = 5= [ expl-2v0(0)l/vo(e) expl-ir- o] do

= '21? /:: exp[—270(0)}/70(e)o do /(,2,r exp[—irg cos(f — 8o)] d
(3.16)

where 0 is the polar angle of r. According to Olver (1964, 9.1.18),

1 r?r . 1 ¢r
oA exp[—irgcos(6 — ;)] df = ;/o cos(rpcos(0) dd = Jo(re). (3.17)

That leads (3.13) to

1
fa(r,2) = r / ” e%e’(p[-z("z + ? D7) Jo(re)(re)% deo (3.18)
’ (r? + 82)2

where 32 = ia3. Making use of the Hankel transform defined as
o) = [ f=)h(u)pa)/da, y>0 (3.19)

and tabulated by Erdélyi (1954, §8.2(24)), we obtain the expression for fi(r, z)

and denote it by S(r, 2) from now on, so that
S(r,2) := fa(r,z) = exp(- RaoV/i)/R, R?®=r®+ 2% (3.20)
Similarly, with the help of Erdélyi (195, §8.2(23)), we get
fi(r,2) = =z(1 + RaogV7)S(r, 2)/ R = &'(x,2). (3.21)
Actually, from (3.15) we can see that

Hlez) = fi@ 2),
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therefore a straight-forward differentiation in z could also bave given us

fir,2) = fi(r.2) = S'(r, 2).

Applying the convolution theorem (3.11) to (3.13) and (3.14), we get the solution
0 (3.10) as

o(r,z) = —21— / O(s,d+)5'(r — 8,2 - d} ds (3.22)
. / ®'(s,d+)S(r — s,z — d) ds (3.23)

If we further define
Q(r, 2) := =S'(r,2)/z = (1 + RagV1)S(r,2)/ R?, (3.24)

and note that
dSOR _zd5 05 _rdS
dR3: ~ RdR' or  RdR’

a simple integration by parts in polar coordinates gives

2 [awanct [ (53)- o

S'(r,2) = (3.25)

~ dS R : o
= =z TEGr dr = —2S|32, = zexp (—|z|ao\/;]/|z|) (3.26)

ie.
52; Q(r,z)dr = exp(—zaoVi), z>0 (3.27)

which can also be written as

O(r,d+) exp [~(z - d)aoV/i| = z 2“7; d O(r,d+)Q(r -8,z — d)ds  (3.28)

bv multiplying ®(r, d+) cnto each side and substituting z — d for z. Subtracting
(3.28) from (3.22), we have

o(r, 2) — ®(r,d+) exp[—(= -- d)ao\/;] =

2 1™ (0(s,d4) ~ 0(r,d4)| Qe —5,2 ~ d)ds.  (329)
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Then differentiating this equation with respeci to z at 2 = d+, we obtain

V'(r,d+) + aovi0(r,d+) = 5= [ [(s,d+) - B(r, d+)]Q(lr —sl)ds (3.30)

-00

where, for convenience, we have written
Q(r) = Q(r,0) = r~3(1 + ragV/i) exp(—ragV7i) (3.31)

Replacing @ by X,Y and Z in turn, (3.30) would give all the three equations
needed for the bottom boundary conditions. There is one problem, thougn; all
the values in the equations are evaluated at z = d+ and some of them, e.g.
X'(r,d+) and Y'(r,d+), cannot be evaluated directly due to the absence of grid
points in the region of z > 0. These terms have to be converted into the ones
defined in z < 0 with the help of (1.84) and (1.85). Then we ~an write the

bottom boundary conditions as

RX'(r,d=) + (1 = R,)Z,(r,d) + coViX(r,d) = MX(r,d) (3.32)
R,Y'(r,d=) + (1 - B))Z,(v,d) + aoV/i"(r,d) = MY(r,d) (3.33)
Z'(v,d) + aoViZ(r,d) = MZ(r,d) (3.34)

where

M(.d) = o [~ (s, d) - O(r,d)] Qe —s)ds  (3.35)

and ® stands for any magnetic component( X', Y or Z ).

The other Z-equation, coiresponding to (2.33) of the 2D problem, can Le
obtained by substituting Z' with —(X, +Y,) in equation (1.77). It gives
2

Zoo + Zyy + pe(Z: = X') + py(2y = V') - . l(xz +Y)=
(-3— + m*) In = oy, (3.36)
k-1 k-1

where X’ and Y’ stand for X'(r,d-) and Y’(r,d-) and are given by (1.74) and
(1.75 ) respectively.
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Figure 3.1: Transformation of coordinate frame. (a) The original set up of the
coordinate frame and the conductivity structure. (b) Rotaiing the frame and
the structure together about the #-axis through 180°. (c) Rotating the frame
alone about the -axis through 180°.

3.3 Proof of the TBC-Equations in (3.2)

The equations for the surface boundary condition in (3.2) can be derived from
(3.23). First, let us denote the current coordinate frame as &, j a1 d % as shown
in fig (3.1a), where # = Zy = d is the bottom boundary. Equation (3.10) and
its solution (3.23) apply in the region # > d. We first rotate the conductivity
structure and the coordinate frame together through 180° about the i axis
as shown by fig (3.1b), then rotate the coordinate frame alone through 18(°
about #, and denote the new coordinate system as z, y and 2. The coordinate
transformation is

zr=3% y=-§, z=-Z (3.37)

Accordingly, the derivative in (3.23) becomes @' = d®/02 = -3®/dz, and the
integral equation (3.23), which is now evaluated at z = —d, can be written in

the new system as

_ 1~ 6%(s,~d-0) o,
or,2) = = /_ T S(r— 5,2+ d)ds, 2 < ~d. (3.38)
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The above equation defines the magnetic fields in the region 2 < —d which
originate from region z > —d and satisfy the condition lim,—_ ®(r,<) = 0. If

we regard region z < —d as an air layer, i.e.
00 =0, af = wpap =90, z < —d,

it follows from the basic equation {1.33) that, we can write the magnetic field

in this region as the gredient of a scalar protential function such as
B(r,z) = -VQ(r,z), 2< —d. (3.39)
where the scalar potential function §) =atisfies
ViQ(r,z) =0, z<-d. (3.40)

Since (3.23) is the solution of the second equation of (3.10) and integral (3.38)
is the same as (3.23) but cast into the new coordinate frame, it follows that the

integral (3.38) still satisfies the same equation as (2.10) in the new frame, i.e.
V2O = iald. (3.41)

Comparing (3.41) and (3.40), we can obtain equation (3.40) from (3.41) with
ap = 0, and we therefore assume that the solution to (3.40) can also be obtained
from that of (3.41) with ¢ = 0, i.e.

Nz,y,2) = %r-/w ~Z(u,v,~d)S(z - v,y — v,z + d)dudv, z < —d, (3.42)

where we have used relation Z = —8Q/0z, given by (3.39), and the fact that
Z is continuous, i.e. Z(r,—-d+) = Z(r,~d~) = Z(r,~d). Therefore, the X-

component is given by

X(z,y,2) = —%g = -2};/;: Z(u,v, -d)g;S(:v -,y —v,2+ d)dudv.
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With ap = 0, (3.20) leads to

1 1
e EFwTEE and

T — U

e —u) - )2+ (2 + AR

S(=y,2) =

d
%S(x_u’y-va‘+d) =

so that we have

| oo r—u
X(z,y,2) = = — Z(u,v,--d — du dv,
(,9,2) 27 Jooo (u, )[(w—u)2+(y»—v)'-'+(z+d)'2]""’”“”

(3.43)
This means that X component at any point with z < —d can be determined by

the values of Z at the z = —d plane. When d = 0~ and z — 0, (3.43) yields

X(z m—_i/mm v,0) rou du d 144
' Y - " oo u,v, )[(a: _ u)z + (y _ v)a](]llz uao. (- . )

It is the same as the first equation of (3.2), except that we have used X and Z
for the anomalous field instead of X® and Z2. Similar conclusions can be drawn
for the second equation in (3.2), i.e., the equation for the Y-component. Hence,

equations in (3.2) are proved.

3.4 Finite Difference Equations at z = 0—, 0+, d

In the previous sections, we have discussed the analytic forms of the boundary
conditions. Above the thin sheet, at z = 0—, the X- and Y-equations are given
by (3.4) while Z-equations by (3.5); beneath the thin sheet, at z = 0+, the
X-, Y- and Z-equations are respectively given by (3.6), (3.7) and (1.72); at
the bottom boundary 2 = d, the three equations are (3.32), (3.33) and (3.34)
where equation (3.34) can also be replaced by (3.36). In this section, we are
going to write these equations in finite difference form so that they are ready

for programming,.
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3.4.1 Finite Difference Equations at z = 0-

The integrel operators My, M, and My defined by (3.3) and (3.35) are dis-
cussed in Appendix A; the boundary condition ibove the thin sheet at z = 0—,

equations (3,4) and (3.5), can be written as

L M
X,\pO = BO""Z: EAf\":‘Zz\uOy (3-45)
I=1 m=1
L M
Yiwo = XY BnZiuo, (3.46)
I=1 m=1
Z,\uO = ZAuly (3.47)

A=2.L-1, p=2.M-1, v=0

where A" and BJ™, are given by (A.130) and (A.131) respectively in Appendix
A.

3.4.2 Finite Difference Equations at z = 0--

In equations (3.6), (3.7) and (1.72), let us define R := rp*, T := Rk;/2; sub-
stitute Fop, Fy, and F; by their corresponding full notations in the 3D mesh
in local system, e.g. Fo = F(r,0~) = Fy0, Fy = F(r,0+) = Fy;; and
F; = Fie,ky) = Fipz etc.. The equations of surface boundary conditions be-

neath the thin sheet at z = 04+ then become respectively

X = Xuo+ R[(Xna ~ Xan)/k — Z]

+T [~ia* X1 + Xox + Xy + (X, ~ Y2}
Yin = Yo+ R{(Yiiz - Yin)/ k1 - Z,)

+T [~i0*Yins + Yoo + Yy + (Y = X,)54]

oo+ Zyy + Zope + Zypy + 2 Xz + Y)y) [ 1y
-5 (X2~ X)) -~ (Yuz = Yin) + 221z = Z1u1)
A TR P R

-
o)
o3
N}
N
=
3
il

(3.48)
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Inserting the corresponding central difference expressious of the derivatives, we

have the final fimite difference form of these equations as

R . ,. 2T T(2- pyhzo) R
14 " + ‘T + o <+ Hoz X =X + 717)('1.
T 2T T(2 + p,ho) T(2 ha)
Fa;xzu + = Gon — Xon + '—g H;:y o) -Xin + ( Hut,“ ) Xioi
_Tpyg90 Tﬂugzo Tpyg:
st y“ G Y + GOn Y o1
Rgoz - Rg?
G 211 G GO
A=2.L-1p=2.M-1 v=1 (3.49)
R 2T T(2 - ngzo) - R »
1+Ic1+z T+H02+ Con Ym—Yuo+7.}uz
2T 2T T(2 + p290) T(2 - pog2)
<y, —Y, —_— Yo + —————Yu
Tt et g, mtT g,
Tp h Tpch Tp.h
- Zzao)m ?I 2 X + :lo,leOl
Rh Rh Rh
--iiizm Hzozm + . =7,
A=2.L-1p=2.M—-1, v=1 (3.50)

2 2-p.g20 , 2= pyhaw
(zaz+kz+ G(): + Houz Zim =+ k27"2

2 2 2
fo — X + (Pz + g0 )Xm =9 e X1y — prxm

k1Gas kv k1Goa kyGo, ky
2ho Py tho ?hz . p
leza —Yin + (k, + i Hos Yin - "o Hon —Yio1 — b LYo
2 z 2 2 2+ h 2~ f
+—iG—:’:-@Zzu + G:, g2 Zon + ”,') =22 5 Ho,, 12 AT
A=2.L-1p=2.M-1, v=1 (3.51)

where R = rp*, T = 1p*k1 /2, a® = wpo/p* and p* = p(r,0+4) = p(r, 3k)).
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3.4.3 Finite Differonce Equations at z = d

'The equations of the bottom boundary condition (BBC) are (3.:2), (3.33) and

(3.34). The integral operator My ti.at is involved with all the three equations is

discussed in Appendix A. The finite difference forms of (3.32), (3.33) and (3.34)

are respectively

., kn-y - Pl kyoi f 20 2=haop N L) W
{ao\/z-(l+ apV't)4 Rp[kN l+ 5 (Goz+ T /l+b X

{ao\/f(l-:

2
L M
= ZZC,'\'ZYlmN H,, Yia + ,}fo Y1m+kNp1Yuo
=1 m=1 9 -

2
Z;nif—‘lCMXMN RC’;N— Xa b RgZ°1X0u + E%Xno
s ) b s,
ndy,, Sty Ry,
_Q —GZ:).%_ Zayy — (1 Gf::)gzo Zus ( Go:)gz - R)ga,
A=2.L-1, p==2.M—1, »=N, (3.52)

1 kN..1< 2 2—920[7:)
agv/i)+R, [kN_l'f' RV Pam +8} Vi
R,kn-y R,y R

27
R kN-1(2+gOPz')y + Rokyn-1(2 - gsz)y

+ 20.0 2GOa
_Rykn-ihop: Rykn_1haop: Rokn_1hap,
o0, —X1n oy X + ——m—-xwl
_U=Ry)hy (1 = Ro)hao (1 = Rp)hs
Hza Z 2 H02 Z + HOa ZlOl
A=2.L-1, p=2.M—=1, v=N, (3.53)

- kno . U kn- ~ g20Pz — hgop
oo ptaome o i (Fgele  2ul) o),

pal f ﬁw: O™ Ziy — 2110, 4 P (X111 ~ Xuso) + By (Yis1 = Yiso)
P L EN-1 9 2 110
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2~ gpr, 2+ hop ~ hgp
% Z Zont + ——%% 7, Py,
m + G Gon + d + e VAT

A=2. L1, u=2.M=1, v=N\, (3.54)

_ N (et gop
2 Gh

where § = (0o/2m) Tk M _ 1o, Iim and C{n are given by (A.148), (A.149)
and (A.143) in appendix A, R, = p(r,d—)/po = p,  1/p and ad = wpo/m.
Nab —'5

The finite difference form of equation (3.36) is

5 A 2 — A
[_.2_. + knoy (z'az + é — Peguc + Pyhzo)] 2oy =

kn -1 Goa Hoy;
k1P — 290 kN—lPr+292 k- 1 Ps AN 1P
G TGy ot T g, e

(. 2920) 2 ( I ] e
L(” G02 + pokf - io? + + doz) Xn|+l)a.--\nu
ki 2h k% ‘h k3

+——————N')‘gz Vi + 2= li';o 2Yun-*' N(;p"Y + ('u Yo
[ 2hgo 2 ( 1 JY }

- L(,0,, + e ) + pykii—y |10 + - e + oo JYm + Ay Y110

|2+ Pegr 2 - b9 2+ pyho ,,
+’w—1[ Gan Zan + Co. Zon + 7., Zhn +

Z110,

2= pyhy,
o -Zot

L
kn -1
A=2.L-1, p=2.M~-1i, v =N, (3.55)

where a? = wpo/p(r,d-) = wug/p“N_%

It is worih mentioning that most of the algebra manipulation in the previous
sections can be done by using the MAPLE system installed on the University
of Victoria IBM3090 main frame cocmputer. MAPLE is a symbolic computation
language system develcned at the University of Waterloo. Several other sym-
bolic computation systems also exist, such as ALTRAN, CAMAL, REDUCE,
MACSYMA and MATHEMATICA.
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3.5 Governing Differentiai Equations-GDE

The 3D counterpart of the 2D equation (2.46) comes from applying volume

integration to Maxwell’s equations and using the vector relation
A(v x A)dv = fsds x A (3.56)

where V is a volume bounded by a closed surface S, with dS positive outward
from the enclosed volume. This relation is given by Jones (1964, pl113, eq. 29)

and can also be derived from tle well-known Gauss divergence theorem
(V- A)dv = }i A.dS. (3.57)

Assume a 18 an arbitrary but constant vector,so that V:(a x A) = A+ (V x a)—
a-(VxA)=-a-(Vx A) If wereplace A by a x A in the Gauss theorem,
its L.H.S. then becomes

/V V.(a x A)dv = /V —a-(V X A)dv = —a- L (VX A)dv,  (3.58)
while its R.H.S. is
fs(axA)-ds=fsa-(Ade):-a-dexA (3.59)

Since a is arbitrary, we can conclude frori (3.57), (3.58) and (3.59) that equation
(3.56) is true.

A volume integration of the Maxwell equation (1.22) gives

/V VxXEdv = —-w[/ Bdv (3.60)

which can be further transformed by (3.56) and Maxwell equation (1.23) into
o __1

LVabdt}-deXE- #ofp(VxB) x dS. (3.61)

Equation (3.60) then becomes

fs p(V x B) X dS = iwpo /V B dv. (3.62)
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2T
9/2 /7 , R S -.
| . al A
ka[/z / . .
————

(a) (b)

Figure 3.2: (a) 3D cubic integral cell. (b) The surface of the integral cell when
the model is uniform along the z-direction.

This is our vector integral equation for general 3D cases where V is the cubic
volume containing the node in question {z», y,, z,), defined by (~go/2 < #—a\ <

g2/2,~ho/2 Sy -y, S ha/2,-k5/2 £ 2 — 2, < ka/2), while S is the outward
surface enclosing V' (Fig. 3.2a) with

s = :“Am+ - *Az- + yA”.’. - yAy.. + éAz.*- b éAz—o

When the given 3D model degenerates into a 2D conductive structure, the 3D
equation (3.62) should reduce to the correct 2D formula given by (2.46). Assume
that the model is uniform in the z-direction, i.e. dp/0z = 0, B/dz = 0. As
shown by Fig. 3.2b, let A be the positive surface of any cross section of the
volume V' with the yz-plane, i.e. A = %(ho + h3)(ko + k2)X, and let C be the

path enclosing the surface with dl be the vector segment of C. We can write
dS = kdy dz + ydz dz + #dx dy = %dydz + dl X dx (3.63)

and

dS X & = —k X (dl X dx) = —dldz. (3.64)
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Take a cross product of equation (3.62) by X; its L.H.S. 2nd R.H.S. become

respectively
ﬂp(VxB)dexic = —Ap(VxB)xdldr
- _/:_::;f’dmfop(v xB)xd = -""‘2* ha f&p(v x B) x dl,
(3.65)
and

L [rathala pis = Moths \
/Vndvxx-/“_ho/z dm/ABXde— rTh / x BdS.  (3.66)

Whence equation {3.62) reduces to
fp(VxB)xdl=iwp,o/ﬁdes,
c A

which is the same as (2.46). Therefore, our 3D equation (3.62) does indeed
degenerate into the correct 2D formula (2.46) when the given model is a 2D

structure,

3.6 Finite Difference Forms of 3D GDE

For better performance in numerical computation, we first normalize equation
(3.62) to make its coefficients dimensionless by dividing it through with a?pV =
(wpo/p)p(gshsk. /8). Hence the equation becomes

g,h ks / -V f (V x B) x dS. (3.67)

The finite difference representation of the L.H.S. of this eq.ation is obtained by
approximating B(z,y,2) = By, for (z,y,2z) € V in the local system. Thus we

have

8¢ _ & gohoks . ) . .
Gshak, /;r Bdy = dohsks B 8 Xk + Yiny + Zin2). (3.68)
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Inserting expression VX B = (Z, - Y.)%x + (X. — Z;)y + (Y: — X,)2 into
the R.H.S. of the dimensionless 3D GDE (3.67), we can express the integral as

follows:
}fsp(v x B) x ds = fsp(v x B) X (xdydz + § dedz + & dedy)
= / o(V X B) x (—%) dydz +A o(V x B) x kdyd:
=+

-

+ / o(V x B) X (~§)dzdz +f o(V X B) X § dadz
Ay-

+f p(VxB)x( z)dmdy+/ o(V X B) X dady

S

- .- - [, | e = X+ v~ )91y

+ _ /Aw - /Au_. pl(Z, - Y2)z + (X, — Yz)X] dzdz

[ 1
-— { — "_ Y — ] :I. 2 (
| o ] A= 20 X = ZoR dedy (369)
Thus, the three components of equation (3.C7) are
. 1 1
X = ;{5‘7 [Au+ -/:49..] pX,, dzdz + asz [/A,... —/'—] pX, d:cdy

N TR e e e

(3.70)

Yin = a,pv [/M /A] pY. dydz + - [/A - j] pY. dady

,,.an_‘./. l/Az- /A“] pX, dydz + “V [.IA,_ A“] pZ, dzdy
(3.71)

: 1 1
iZim = alpV [/A“ - /A@_] pZ. dydz + a5V [L” —-‘/A”"] pZ, dzdz

+azlﬁv [/Az- B /A=+] pX. dyds + azlpv [/Au- - /"H] oY dadz

(3.72)

L 0

3.6.1 Integrals with Normal Derivatives
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F210 tho

Fmof

o Forz

Figure 3.3. Perspective views of the grid nodes and the integration surfaces. (a)
The view of the nodes and the integration surface related to the z-axis. (b)
The view of the nodes and the integration surface related to th’: y-axis. (c) The
view of the nodes and the integration surface related to the z-axis. F stands
for any magnetic component, X, Y or Z. A, is the integral surface located at
Y = Yu-1/2 = Yu — }ho, defined by g,k,/4 and A4 is also defined by g,k,/4, but
located at § = gu41/2 = yu + 3ha.
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On each surface, there are Loth normal and tangential derivatives. The
normal derivatives are approximated at the center of the surface. For instance,

on A, (Fig. 3.2a and Fig. 3.3b), it is assumed that

Xyly- = (X111 = Xin)/ ho, (3.73)

whence

Xin-X
/;1 pX,dzdz = (%Eo——l'ﬂ')'(moogoko + pooagoks + paoogako + pavagaks)
y-

and

2p .
azpv / pXy dod: = (X ~ Xios) 3725 (3.74)

where

Pro1 = P101/P = (Puoogoko + pooagoksz + pasogzko + pacagska)/geksp  {3.75)

Similarly, we have X,|,+ = (X121 — X111)/ k2 (Fig. 3.3b) and

pX, dzdz = (Xizy — Xuny) =221 (3.76)

;Z—p“-/- Ay~ 2h2h

where
Pras = Paa1/ B = (Pozogoko + poazgoka + pazogzko + pazagaka)/geksp.  (3.77)

The four other integrals involved with normal derivatives, [, _pX, dzdy,
Ja., PYs dzdy, [, pF:dzdz and [4,, pF; dzdz can alsc be written out similariy.
If we define

(cornscron,c110) = (2/0?)(Po11/ 90ss Pror/ hohas Pyro/ koks), (3.78)
(canycrzycnna) = (2/a?)(Ba11/929ss Prar/ hakas Pryaf kaksa), '

then we can write all the integrals involving normal derivatives as
1

a.‘,ﬁ—v/AwP_de?ldz = (Finn — Fon)con, 25 V/PF dydz = (Fau — Fiu)ean,
1

arﬂ/-[qﬁpy dzdz = (Fin - Flm)clm, V / pFydzdz = (Fia — Fint) eray

1
3V AﬁFz dzdy = (F111 = Fiio)cito,

pF dzdy = (Fyy2 — Fiit) ena,
(3.79)

zpv
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3.6.2 Integrals with Tangential Derivatives

The tangential derivatives are more complicated than the normal ones. For in-

stance, in integral f, _pF, dzdy (Fig. 3.2a and Fig. 3.3c), we adopt the notation

1
F’/'z" = Ful(l ? l—l) = E(Fvl(lﬂ.ﬂ) + Ful(l.?.l))

_ ( y'“l + Fvl(“ 1) )’ Y < yl;

where the first terra, F,|,-, is the tangential derivative on the plane 4,., i.e.

2
L(F,
%(Fno - Fioo + Fin = Fia)/ho, ¥ <13 (3.80)
3(Fizo = Fio + Fa = Fin)/hz, y > w3

z = zy — 3kn-1 in the global system or z = zl_% in the 'ocal system; the second

term, F,| y shows that this derivative is estimated on the z-axis (z = 2, in

1
the local ;;r':tleni) and half-way between planes z = zp and 2 = 2, (also in the local
system), while the question mark in the place of the second subscript indicates
that the position on the y-axis is yet to be determined. The third expression
is the average of the corresponding derivatives on the two planes, z = zp and
z = z;. The fourth expression says that the derivatives are estimated differently
in the y-direction; they are estimated at y = Y, -4 when y < y; and y = sz
when y > y; which are approximated by the central difference formulae in the

last step. The corresponding integral then can be estiinated as

/A._ pFydudy = "I"(Fllo = Fyo + Finn - Fim) (Pooo%l% + 10200922 h';)
+ h =—(Fi20 = Fio + Faz1 — Finy) (Pozo%-’-;- 4 pay g;hz ) .
(3.81)
Therefore,
go + Pa00g2)

1 _ (oo
alpV /A'_ pFydzdy = (Fuo— Fioo+ Fin - fim) w259 hik,
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+ (Fr2o— Fuo+ Fia - ,;.l“)(Pozo'gc1+ p20g2)
alpg.h,k,
= (Fio— Fioo + Fin — Fuo)ewo
+ (Fio = Fre + Fin = Finewo. (3.82)
Similarly, for integral EF;W Ja., PFy dzdy, we have
1
Fy'g+ = Fu'(l ? l+‘) = -(Fukl.?.l) + Fy'(l'?,g))
_ ! Z\F!/|(11 +Fv|(ll 3))7 y <yl$
( Q(Fyl(l l+ 1 +Fu|(l ‘+-n))’ y >”l9
- 1(Fi — Fion + Fuz — Fioa), y < (3.83)
3(Fia1 = Fin + Fiza = Fua), vy >y '
and
1 (Pavago + pavaga)
WLM pF,dzdy = (Fii = Fin + Fuz = Fiog) m:“:))gah :’2 2
4 (Fin = Fin+ Fi - Fm)(PozaJo +hpz,:zm)-
i= (Fin = Fioo + Fuz — Fioa)cio2
+ (Fin = Fin + Fiag = Fua)az. (3.84)

Foliowing the procedure that takes (3.80) to (3.82), all the integrals on A,._,

Ay- and A,_ can be worked out and written as

1

__——azﬁV - pF, dydz

1

m " ng dydz

asz / pFydzdz

a’pV / pF,dzdz

-+

-+

+

(Fin1 = Fior + Fon = Foo) con
(Fia = Fiu + Fon — Founr) com
(Fur = Fuo + Fon = Foe) cow
(Fiiz = Fin + Foia = Fon) corz
(Fin = Fou + Fio - Fon) con
(Fais = Fin + Faor - Fio) caon
(Fu1 = Fuo + Fior = Fioo) €100
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+ (Fuz = Fin + Fioz = Fio1) 102
a;'lﬁ—v /A._ pF. dzdy = (Fin = Fou + Fuo = Foo) coro
+ (Far = Fin + Fao = Fuuo) caro
;;lﬁ-‘-; /A'_ pFydzdy = (Fu— Fin + Fuo — Fioo) €100
+ (Fin = Fin + Frao — Fiio) a1z (3.85)

where we have defined

_ h _ Pn _ Ppy _ =
Cipg = mﬁ:, Cp1g = a;;:g,;, Coq1 = ;;s’;h—a» =02 0=0,2 (3.86)

Comparing (3.82) and (3.84), the former is the finite difference exy. :ssion of
an integral over the surface A,. which is located at z = z,_ 1 while the latter
14l The only difference between the integrals is
in the locations of the integration surfaces on the z-axis. which results in their

is over A, located at 2z = 2

respective finite difference expressions differing only in the 3rd subscript which
is the one related to the z-coordinate. It is easy to see by comparing the finite
difference expression for the ivtegral over A,.. with that over A, that the 3rd
subscript i3 incremented by 1 for Fpy? and by 2 for ¢,2. By analogy, we can
obtain the finite difference expressions for the integrals over A;, from those
over A,. at once, simply by incrementing the lst subscript by 1 for Fy,, and
by 2 for cppe. For the integrals over A,. and A4, the 2nd subscript should be

similar):’ incremented.

3.6.3 3D Cell-integral Equations
Inserting all the integrals into equations (3.70), (3.71) and (3.72), we have
iXm = (Xia = Xin)an = (Xin — Xin)an

+ (X2 = Xi)enz = X1 = Xuo)eno
+ (Yinn = You + Y1 = Yoo1)coor + (Ya11 = Yan1 + Yaor — Yior)eam
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= (N1 = Yoar + Yan = You)eom — (Yo = Yian + Yanr = Yiusjean
+ (Zy1 = Zon1 + Zv10 — Zowo)coro + (Zay — Z111 + Zavo — Zviojeno
- (Zna- Zowa + Za11 ~ Zowr)cora — (Zaiz = Zan + Zany — Z+ 1y )eana
(3.87)
iYin = (Yan - Yin)ean — (Y21 = Yo )eons
+ (Y2 — Ya)euz — (Y — Yo)eno
+ (X111 = Xio1 + Xonr — Xoor)coor + (Xaz1 = Xinr + Xozr = Xowt)con
= (X211 = X201 + X1 = Xao1)coo1 = (Xa21 = Xann + Xaar = Xin)eza
+ (Zy1 = 101 + Z110 = Zyoo)c100 + (2121 — Zany + Z120 — Ziio)Cian
= (Zuz2 = Zioz + 211 - Zaor )10z = (Z122 = Zuiz + Zaar — Zin)an
(3.88)
iZy1 = (Zan1 ~ Zar)eas = (Zann — Zonr jeon
+ (%2t — Zun)an = (Zin — Zio)am
+ (X111 = X110 + Xonr = Xoro)coro + (Xuz = Xanr + Xorz = Xori)corz
= (Xa1 = Xa10 + Xinn = Xno)earo = (Xa12 — Xair + Xz — Xinn)eans
+ (Y - Yo + Yia — Yieo)cr00 + (Yiiz = Y1 + Yioz = Yior)ero2

(Y121 = Yizo + Va1 — Yio)er2o0 = (Yizz — iz + Yz — Y )erza
(3.89)

By re-arranging the terms in these three equations, we have

(2 + c101 + 121 + €110 + e112) X111 = ci X1o1 + €121 X121 + €110 X110 + €112 X112

+(ca21 = €201 + Coo1 — 2021)Ya11 + €201 Y201 — €a21Yam — coo1 Yoor + coa1 Yo

+(coz1 — coo1)Yo11 — (caz1 — 2201)Ya11 = (€301 = com1)Yin + (€221 = €021) Y1

+(ca12 = Ca10 + Co10 = €012)Z111 + co12Z012 ~ 2124213 = Cor0omo + Czr0Z210

+(co1: = co10)Zo11 — (€212 — €210)Za11 ~ (Ca10 = o10)Zr10 + (€212 = €o12) 112
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(3.90)

(¢ + conn + €21z + €110 + €112)Y11 = conYou + cannYanr + c10Y10 + c112Yine
+(caat = cam + coor — Co21) X111 + €201 X201 — €221 X221 - coor Xoor + coz1 Xoz21
+(ca01 — cgo1) X101 = (Ca1 — €o21) X121 ~ (€021 — coo1) Xen1 + (221 = €201) X
+(€12z — €102 + €100 = €120)Z111 + 1202120 — 1222122 — €100Z100 + 1022102
+(c102 = €100) 2101 =~ (€122 = €120)Z121 — (€120 = €100) Z110 + (€122 — €102)Z112

(3.91)

(¢ + cont + can1 + @101 + &121) 21 = connZon + cannZant + i Zaon + a1 Zin
+(caiz — ca10 + Cor0 — cor2) X1 + cor2 Xorz — ca12 Xa1z — cor0Xoro + cz210X210
+(cz10 — co16) X110 = (cm2 — co12) X112 — (co1z — co10)Xo11 + (c212 = c210) Xana
+(c122 — €120 + €100 — €102) Y111 + €102Y102 — €122Y122 — €100Y100 + C120Y220
+(c120 = €100)Ya1e — (€122 = €102)Yi12 — (€102 — €100)Yior + (€122 = €120) Y1

(3.92)
In fact, if we make a transformation
X-oY->2Z-X, zoy—oz-z, (3.93)

in the analytical form of the X, Y and Z equations given by (3.70), (3.71) and
(3.72), the equations also transfer in the same order, i.e.

X-equation — Y-equation — Z-equation — X-equation.

It can be confirmed by (3.79), (3.82), (3.85) and (3.86) that the corresponding
transformations of the finite difference expressions for the iutegrals would be

Xijw = Yuj — i = Xijn
Cimn = Calm -2 Cmnl — Clmn.

(3.94)

By this means, we cun also obtain the Y- and Z-equations from the X-equation

alone. It serves as a simple check on the correctness of the final expressions.
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8.6.4 38D Auxiliary Equations

In the 2D case, besides the cell-integral form of basic equation (2.46), we also
needed an auxiliary equation similar to (2.69) to help with the convergence
problem. The 3D auxiliary equation corresponding to (2.69) can be obtained

from the vector integral relation given by Jones (1964, p113, eq. 23) in tue form
/V V(V.B)dv = f; (V-B)dS = 0. (3.95)

In scaled component form this is:

1 [ 1

i _/A,f /; (Xo+Y, + Z.)dydz = 0 (3.96)
1 | '

7 [~ /,; (Xe + 1, + 2,)dodz = 0 (3.97)
1 P -

a2V _/A.., "/'_. (Xz:+Yy+ Z,)dedy = 0 (3.98)

Once again, we see that the transforration (3.93) connects these equations as
follows: Eq. (3.96) — Eq. (3.07) — Eq. (3.98) — Eq. (3.96). The integcals
that involve normal or tangential derivatives can be obtained from (3.79) or

(3.85) respectively, by assuming that p/p = 1 which leads to the following new

definitions:
25 2 2p 2
con = :'0" = — =ido1, Cap = zl’m = — =: dgny
a°gogs @°gogs a‘gags °Y2gs
1 1 1
Cw = T dy, cpg = aig k. =i dy, Con = oo =:dy
(3.99)

as well as the following expressions for the integrals:

1
;2—‘//.4 Xedydz = (Xau ~ Xon)don,

1
A Y,dydz = (Yin - Yio1 + You — Yoo1)ds,

a?V Ja,.
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]
W/’:‘ Zz dydz = (Zuz - Zuo + Zuzl — Zoox)dz,

1 A
—= /A | Xedydz = (X = Xun)dm,

1
a?V

1
W/,;M Z.dyd: = (Zan - Zan + Zuz — Zno)ds. (3.100)

L Y,dydz = (Yo — Yam + Yiz1 — Yia1)ds,
24

Substituting all the above integral expressions into (3.96), we obtain

(dany + doi1) X1 = danXan + donn Xon (3.101)
+d3(Yzz1 — Ya01 — You + Yom) + d2(Z212 = Z210 — Zorz + Zoro)

Applying the transformation of (3.93) and (3.94) to (3.99), we can see that

dy — d3 — d3 — dy. The same transformatiors take (3.101) into

(dar + dio)Yin = diaaYia + dinYia (3.102)
+d1(Z122 = Z120 = Z1r02 + Z100) + d3( X221 = Xoz1 — Xa01 + Xoor),
(diz + dio)Zin = duzZua + dioZno (3.103)

+d3(Xa12 = Xo12 = X210 + Xoro) + d1(Y122 = Y102 = Y120 + Yico-

Thus we have obtained all three auxiliary equations required to aid convergence

of the three cell-integral equations.

3.6.5 3D Finite Difference Equations

By adding (3.101), (3.102) and (3.103) to (3.90), (3.91) and (3.92) respectively,

we obtain the finite difference equations applied in the region 0 < z < zx as:

(2 + doyy + dany + 101 + c11 + €110 + 112) X1y =
do11 Xon + da11 Xann + cim X1 + 121 X121 + €110 X110 + 112.X112

+(c221 ~ con + con — c201)Yi1 + (€212 — ez + Cor0 — €210) 2111
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+(d3 — com)Yor: — (da — coz1)Yoar + (da = c221)Yanr — (da ~ ca)Yam

+(coa1 — coo1) Yoo = (€221 = €201)Yan1 = (€ — coot) Yion - (€221 = con) Vi
+(dz — co10)Zo1o — (dz — c210)Za10 + (d2 — €212) 2212 — (dz — cor2) Zonz
+(co12 — €010)Zo1 — (€212 — €210)Z211 — (c210 — €010) Z110 + (€012 -~ cor2) 2z

(3.104)

(2 4 conn + ca11 + dioy + din + €110+ c112)Yin =
coi; You + can1Yann + dioYion + diaaYiar + ciodino + enaYue
+(cpa1 — €201 + Com — co21) X111 + (€122 — €102 + €100 — C120) 211y
+(da - Com )Xom - (da - Com)xom + '(da - szl)xa'zl - (da - sz)x'am
+(ca01 — coo1) X101 — (€221 — co21) X121 — (€021 — coor ) Xon + (caz1 — ¢201) Xany
+(di = c190) 2100 — (di — €102) Zr02 + (dy — €122) 2122 — (dy — c120) Z120
+(c102 — €100)Z101 — (€122 — €120)Z121 -~ (€12¢ — €100)Zr10 + (€122 — C102)Z112

(3.105)

(2 + conr + €211 + i + €1z1 + duyo + duiz)Zin =

coi1Zors + ca1Zan1 + 10121 + ciz1ra1 + dioZiio + diizdng

+(ca12 — €210 + cor0 — co12) X111 + (€122 — €120 + €100 = €102) Y111
-+(dz = co10) Xoto — (d2 — €210) Xa10 + (dz ~ ca12) X1z — (dz — cor2) Xz
+(c210 = €o10) X110 = (€212 = €o12) X112 = {€or2 = €or0) Xon1 + (€212 ~ a0} X,
+(dy = €100) Y100 — (dy = €120)Y120 + (dy = €122) Y122 ~ (di = €102)Yr02
+(€120 = €100) Y110 = (€122 — €102) Y112 — (€102 — €100) Y101 + (€122 ~ €120) Y121

A=2.L-1, p=2.M-1, v=2.N~1 (3.106)

where c,,r are given by (3.78), (3.86) and dyqr by (3.99) respectively.
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It can be easily verified that at a node where Vp = 0, we have

(cpitscipts€1p) = (dpnrydipn,dip), p=0,2 (3.107)
(i) = (dudr " = 0.2,0=0,2

and the above equations degenerate into

(i +don + dant + dior + dia1 + dio + di2)Fin =
do1r Xon1 + da11 Fa1y + dio1 X101 + di21 Fizy + d110 X110 + di12F112

which can be re-written as

2 2 2

i’Fy, = Fay - —Fn + —Foy
929s go.gz 9095
2 2
+ mszl - E'h—zFlu + b Fin
2 2 2
+ —F2 - + ——Fy10 (3.108)

——
ko, kokz 7 Kok,

where F stands for X, Y or Z. Obviously, this represents the correct finite
difference expression of the differential equation of magnetic field B appiied to

a uniform region, i.e,
V?B = ia’B, a® = wpe/p.

It can also be verified that when the conductivity structure is two-dimensional,
the 3D equations (3.104), (3.105) »nd (3.106) reduce to tlLuse for the 2D case.
Thus, if the strike is in the y-direction, then (3.104) and (3.106) degenerate to
the 2D E-polarizaticu equations (2.107) and (2.108) respectively, while (3.105)
vanishes. If the strike is in the z-direction, then (3.104) degenerates to the 2D
B-polarizaiion equation (2.126), while (3.105) and (3.106) vanish.
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Chapter 4

THREE-DIMENSIONAL NUMERICAL MODELLING
RESULTS

Computer programs (in FORTRAN 77) have been developed to solve 3D for-
ward modelling problems by using the finite difference equations obtained in
the previous chapters. These programs are EMzUBD, EM2DED and EM3D.
EM2DBD solves 2D B-polarization problems in order to provide boundary con-
ditions at the side boundaries £ = z; and ¢ = . ; of the model shown in Fig.
1.2. EM2DED provides the E-polarization solutions for the boundaries at y = y,
and y = yy. EM3D solves the 3D problemn by using the boundary conditions
prepared by EM2DBD and EM2DED. More det.iled descriptions on the pro-
grams and the instruction on how to use them are given separately in EM3D
PROGRAM GUIDE. Some of the numerical results obtained during the process
of the development of the programs and the progress report can be found in
the f llowing publication and presentations: Pu, Agarwal and Weaver (1.:88);
Weaver and Pu (1988); Pu, Agarwal and Weaver (1991, 1992a, 1992b, 1993a,
1993b).

In this chapter, we will show a few representative numerical results calcu-
lated by the algorithm developed in this thesis; some of these results are used
for checking the accuracy of the computer program, others are applications for
investigating the properties of the EM induction phenomena. Since our algo-
rithm solves directly for the three magnetic coniponents, it is convenient to use
induction vectors, which depend only on the magnetic fields, to display the cal-

culated results in the applications, thereby avoiding the numerical differentiation
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required to calculate electric fields.

4.1 A Check of Accuracy

In order to check the computer program, some models have been calculated
and compared with respect to the results given by existing programs. Firsi, we
compare against 2D programs. In the previous chapter, when deriving the 3D
equations, we have shown that our 3D equations can degenerate into correct
2D forms when the given 3D model has a 2D conductivity distribution, i.e.
the conduztivity structure is uniform along one horizontal direction (the strike
direction). For such a model, if we have programmed our formulae correctly and
the 3D numerical computation is stable and converges, then we should obtain .
the solution with 2D configuration as well, i.e. the solution should be uniform
along the direction of the strike. The values of this 3D solution in a cross-
sectional plane that is normal to the strike should be the correct 2D solution for
the 2D cross-sectional structure.

These 2D values can be compared against the solutions for the same 2D
structure given by established 2D forward modeling programs, such as Brewitt-
Taylor and Weaver (1976), Green and Weaver (1978) etc. Several such models
have been computed and compared, some of them are for B-polarization, but
most of them are for E-polarization and among them are the two test models
used in Chapter 2, i.e. the model shown by Fig. 2.2 and Fig. 2.5. They all
produce very satisfactory results when compared with the solutions given by
the 2D programs by Poll (1994) and by Brewitt-Taylor and Weaver (1976).
In order to see if the 3D results are uniform along the strike direction for 2D
conductivity distribution, two 3D models with 2D structures same as the left-
half and the front-half of the model showr in Fig. 4.8 for E- and B-polarizations

respectively have been studied. The results were so uniform that when the 2D
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Figure 4.1: A 3D thin sheet model with coastline-like 2D conductivity structure.
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Figure 4.2: Variations of the real and imaginary parts of the E-polarization
magnetic fields (X and Z, normalized by By) above the thin sheet in the xz-plane
for the model shown in Fig. 4.1 with the period of the source field T=300 s. The
solid and broken lines depict the results given by the 3D program of this thesis
and Green and Weaver (1978) respectively.
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NUMERICAL RESULTS WITH THIN SHEET
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Figure 4.3: Same as in Fig. 4.2, but only the results for the X-component
(normalized by By) beneath tiie thin sheet are ploted, those for the Z-component
are the same as above the thin sheet.

variations ot the magnetic fields in several different cross-sections normal to
the strike were plotted together, they are practically indistinguishable from one
another.

The comparisons between the 3D and 2D results for a thin sheet model
are presented here. The model, as shown in Fig. 4.1, has a coastline-like lateral
conductivity contrast at the top with the strike lying in the y-direction. Beneath
this conductivity contrast is the uniform half space with the resistivity p = 1
Om. The conductivity contrast at the top is simulated by a thin sheet layer.
The conductance of the thin sheet layer increases from 10 S to 10000 S in the z-
direction within a 20 km wide transition zone. Fig. 4.1 shows the model and the
thin sheet conductance distribution in the grid cells in the zy-plane, note that
since variable grid steps are used, the scales in the z and y directions are not
linear. Fig. 4.1 also shows the table for the index numbers and the corresponding
conductance values they represent. The results are compared against those given

by the 2D thin sheet program developed by Green and Weaver (1978), as shown
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Figure 4.4: Variations of the real and imaginary parts of the B-polarization
magnetic fields (X, normalized by By) beneath the thin sheet in the yz-plane
for a model which is obtained by rotating the model shown in Fig. 4.1 90°
clockwise through ‘e z-axis.

in Fig. 4.2, 4.3 and 4.4, where the solid lines depict the results computed by
our new program and the broken lines are by Green and Weaver. Both Fig.
4.2 and 4.3 are the results for the E-polarization problem. Fig. 4.2 are the
results above the thin sheet layer and Fig. 4.3 are the results beneath the thin
sheet layer. We see that in both locations, above and beneath the thin sheet,
our solution matches that of Green and Weaver. In order to compute the B-
polarization magnetic variations for the 2D structure shown in Fig. 4.1, we have
to rotate the model through 90° clockwise about the z-axis (viewing from above
the Earth). Since the magnetic field is constant above the thin sheet, only the
results beneath the thin sheet at z = 0+ are plotted (Fig. 4.4). We see that our
3D results match almost exactly the 2D results obtained by Green and Weaver
(1978).

A 3D thin sheet model, as shown in Fig. 4.5, was also calculated. The
results were compared with those given by McKirdy, Weaver and Dawson (1985),

which is a well accepted 3D thin-sheet program. Fig. 4.6 shows the results
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Figure 4.5: A 3D thin sheet model. 7, and 7 represent the conductances of
the ocean and the land respectively. The rectangle in the top part simulates
penisular.

computed by our new 3D program and Fig. 4.7 shows the results given by
McKirdy, Weaver and Dawson. The two results show very similar features in
all the three components X, Y and Z. This gives us confidence that our new
program is giving a sensible 3D result. There are also some differences. For
example, in the plot of the X-component for the results of McKirdy, Weaver
and Dawson (1985), variations occur along the edges z = zy and z = 21, where
2D B-polarization results apply, that is where the X-component (which is normal
to the plane) should be constant on the surface boundary. The reason that the
results given by the program of McKirdy, Weaver and Dawson vary along 2D
B-polarization boundaries might be that the boundary condition in the program
is based on the assumption that the normal derivatives tend to zero at horizontal
infinity. There is a difficulty with this boundary condition; the program uses
equal grid steps and only allowed 30 by 3( grid points at the time when this
model was calculated. If a smaller grid step were used, then the side boundary
would not be far eiiough from the nearest conductivity contrast, or if a larger
grid step were used, then the grid would not be fine enough near the conductivity

contrast. In our new algorithm, not only are the correct 2D solutions used for
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Figure 4.6: Perspective plots of the real and imaginary parts of the magnetic field
components (X,Y,Z) for a regional magnetic field in the z-direction, calculated
by the 3D program developed in this thesis.




4.1 A Check of Accuracy 116

THIN SHEET NUMERICAL MODEL T=1200 S

Figure 4.7: Perspective plots of the real and imaginary parts of the magnetic field
components (X,Y,Z) for a regional magnetic field in the z-direction, calculated
by McKirdy, Weaver and Daswon (1985).
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the side boundary conditions, but also variable grid steps on a more than 40 by
40 grid can be handled comfurtably by the IBM 3090 main frame computer at
the University of Victoria. Therefore, our results are believed to be better than

those ot McKirdy, Weaver and Dawson (1985).

4.2 A Model with Crossed Lateral Conductivity Contrasts

The model, as shown in Fig. 4.8, consists of two different lateral variations in
conductivity in perpendicular directions: a near surface 2D structure with a S-N

strike and a deep buried 2D structure with a W-E strike. The foriner struciure

2=0 km _ 2
2=4 km e
2=10 km

Figure 4.8: A model with crossed lateral conductivity contrasts.

can be represented either by a thin sheet layer of conductance of 7 = 200 S and
7 = 2000 S respectively or by a layer of 4 km thick with ¢ = 0.05 S/m and
o = 0.5 S/m respectively, and the latter structure is 30 km thick with ¢ = 0.05
S/m and ¢ = 0.5 S/m respectively. The two conductivity contrasts are separated
by a 6 km thick of uniform resistive layer with ¢ = 0.01 $/m. Underlying the

W-E strike of the deep buried structure is uniform half space with ¢ = 0.1 S/m.
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A similar model with the same structure but different parameters has also been
studied where the surface lateral conductivity contrast has been simulated by
a thin sheet layer. The results were presented at the 10th IUGG meeting in
Vienna in 1891 (Pu, Agurwal and Weaver, 1990). In the study presented in this
thesis, however, we have chosen to represent the top structure by a layer with
finite thickness of 4 km.

Calculations have been done for a range of periods, although only six of
them (10, 100, 500, 1000, 2000, 10000 s) are presented here in Fig. 4.9. The
same results are also included in Weaver (1994, p284). The results clearly show
that the induct.ion vectors (with the directions reversed in all the six plots)
rotate 90° from E-W to N-S as the period increases from 10 s to 10000 s. At
short periods induction vectors point towards the good conductor in the surface
anomaly. At very long periods the effect of the deep anomaly is dominant and
the directions of induction vectors reveal its perpendicular strike.

At intermediate periods the directions of the induction vectors reflect the
combined effect of the surface and deep seated anomalies. Directions can vary
from site to site. The standard interpretation that there is a. good conductor in

the direction indicated by the induction vector should be used with caution.

4.3 Small Conductive Block Over Buried Dividing Regions

The results of this model were presented at the Canadian Geophysical Union
Annua! Mesting held in Banff, May 9-11, 1993 (Pu, Agarwal and Weaver, 1993).
11 this study, distortion effects in electromagnetic induction due to the presence
of near surface inhomogeneities have been investigated for a series of simple
synthetic models. The study was conducted primarily as a preliminary to an
intended investigation of various decompositions of the impedance tensor.

The basic model, as shown in Fig. 4.10, consists of a small conductive block of
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Small Conductive Block Over Buried Dividing Regions
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Figure 4.9
of the model shown

in Fig. 4.8. Graphs (a), (b), (c), (d), (e), (f) are for the

periods 10, 100, 500, 1000, 2000, 10000 seconds respectively.
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dimensions 5km by 5km by 1km, with resistivity p = 1 Qm, which is embedded
at the top of a uniform layer of 3 km thickness and resistivity 100 Qm, and
underlain by two half-slabs, 30 km thick and of resistivities 2 2m and 20 .
The region below 33 km is a uniform half-space of resistivity p = 10 Qm. The
numerical recults are calculated for a period of 5 s and three configurations,
(a) surface anomaly alone, (b) 2D deep structure alone, (¢) surface anomaly and
deep-seated structure together. The corresponding skin depths at this period for
resistivities 2, 10, 20 ar- 100 Qm are 1.59, 3.56, 5.03 and 11.25 ki respectively.
A comparison of induction vectors calculated for counfigurations (a), (b) and
(c) are presented. The difference vectors (c)—(a), (c)—(b) and the coupling
vectors (c)—(a)—(b) are also shcwn to indicate the mutual coupling between
the near-surface and deep-seated anomalies. The difference vectors have been
used in investigations of the geoelectric structures of the Earth by many authors
(e.g. Hebert et al., 1983; Meng and Dosso, 1990; Chen, Dosso and Ingham,
1993; Kang, Dosso and Ogunade, 1993; Bapat et al., 1993). The validity of the
difference vector method was studied by Weaver and Agarwal (1990) and Dosso
and Meng (1992). The directions of both real and imaginary vectors have been
reversed so that the real vectors will point to the more conductive region.

A group of models which varied from the basic model were also investigated.
The variations are on three parameters; the horizontal displacement of the near
surface block, the vertical displacement of the deep buried 2D structure and
the frequency. As shown in Fig. 4.10, we name the basic model with 5-sec
period as CASE-0, and name the models in which horizontal displacements of
the small block are to the left and right as CASE-1 and CASE-2 respectively.
The vertical displacements of the deep buried 2D structure are called CASE-:
and CASE-4, in which the gaps between the bottom of the near surface block
and the top of the buried 2D structure are increased from 2 km to 4 km and 10

km respectively. In CASE-5 and CASE-6, the spatial configuration of the basic
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Figure 4.10: An investigation of the EM induction between a near surface small
conductive block (5 by 5 by 1 with p = 1) over a buried lateral resistivity contrast
(20 vs 2). The units of the values of resistivity and distance are m and km

respectively.

Basic Mode! (T=50 s)
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model is kept fixed, but instead of using the period of 5 sec, we used 10 sec and
50 sec respectively.

Fig. 4.11 shows induction vectors obtained from CASE-0. Plot (a) is due to
the near surface conductive block only. Both real and imaginary vectors point
toward the conductive block. Plot (b) is due to the 2D deep seated structure
only. We see that real induction vectors point toward the more conductive region
while imaginary vectors do just the opposite. Plot (c) is the result of both near
surface block and deep buried 2D structure together. The distortion due to
the surface block is clearly seen. Fig. 4.12 shows the difference and coupling
induction vectors obtained from CASE-0. In (c)—(b), the transfer functions of
structure (b) are subtracted from those of (c), in order to remove the contribution
of structure (b) in structure (c). The induction vectors of the difference transfer
functions (c)—(b) are then plotted. If the total induction effect in structure (c)
is the linear combination of the effects in the substructures (a) and (b), then
(c)—(b) should reveal the true picture of (a). We see that this is no quite true.
The induction vectors in (c)—(b) represent a distorted picture of (a), indicating
that the linear addition of induction vectors is not quite valid. In (c)—(a) in
which the contribution of (a) is removed from (c), again we see a distortion of
the true picture of 2D induction vectors depicted in plot (b). In (c)—(a)—(b), we
have subtracted the contributions of both (a) and (b) from (c), which would yield
null vectors if induction vectors could be linearly superposed. What remains is
due to the mutual coupling between the two substructures and is consequently
called ‘coupling vectors’ (suggested by J.T. Weaver in private discussion). The
smaller these vectors, the weaker the mutual coupling effect is. When these
vectors are small enough so that they can be neglected, then the linear addition
of induction vector can be considered valid. Here we see that the imaginary
coupling vectors are much smaller than the real ones.

Botbh Figs. 4.13 and 4.14 are obtained from CASE-1, in which the near sur-
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face block is displaced 5 km to the left, so its center is further away from the
conductive boundary of the buried 2D structure. Its relative position with re-
spect to the boundary can be seen clearly in plot (c). Compared with CASE-0,
the imaginary coupling vectors in (c)—(a)—(b) increased a little. But the real
coupling vectors of (c)—(a)—(b) decreased even more. On the whole, this indi-
cates that the mutual coupling effect is less in CASE-1 than in CASE-0. The
next two figures, Fig. 4.15 and 4.16 are from CASE-2. In this configuration, the
surface block is moved 2.5 km to right and the center of the block is now sitting
directly above the conductivity boundary of the buried 2D structure. Although
plot (c) changes accordingly to reflect the new position of the block, the mutual
coupling effect remains approximately the same as in CASE-0. Perhaps in this
case, the displacement is not large enough to make much difference.

Figs. 4.17 and 4.18 show the results from CASE-3. The only difference
between this model and CASE-0 is that the gap between the bottoni of the
surface block and the top of the buried 2D structure is increase: to 4 km from
2 km (the resistive uniform layer is now 5 km thick). The consequence of this
variation is that the induction vectors become larger in plot (a) and smaller
in (b). In fact, the change of relative strengths of the induction vectors of the
block and the 2D structure can also be seen in plot (c). Here the influence of the
block has become locally dominant. In some regions the total induction vectors
have been reversed opposite to the directions of the 2D background ones. The
mutual coupling effect shown in plot (c)—(a)—(b) did not change much.

Figs. 4.19 and 4.20 are from CASE-4 in which the gap is further increased
to 10 km (the resistive uniform layer is now 11 km thick). Induction vectors in
plot (a) are further increased and (b) further decreased. The influence of the
near surface block is totally dominant in plot (c) now. The mutual coupling is
much weaker than in previous cases.

Figs. 4.21 and 4.22 are for CASE-5 where the spatial configurations are kept
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the same as in CASE-0, but the period of the source field is 10 sec rather than
5 sec. The corresponding skin depths associated with resistivities 1, 2, 10, 20
and 100 Qm are 1.59, 2.25, 5.03, 7.11 and 15.9 km. Compared with the results
for 5-sec period in CASE-0, the induction vectors ‘or the surface block in plot
(a) are smaller while the ones of 2D structure in plot (b) are larger. In plot
(c)~(a)—(b), however, the real coupling vectors are weaker while the imaginary
ones are stronger. The strength of mutual coupling has not changed significantly.
The next figure, Fig. 4.23, shows the results of CASE-6, where the period is
further increased to 50 sec. The corresponding skin depths are now 3.56, 5.03,
11.3, 15.9 and 35.6 km. The induction vectors due to the surface block can
hardly be seen now, while the 2D induction vectors are much stronger. There
is hardly any distortion in plot (c) due to the existence of the surface block;
therefore, no difference vectors and mutual coupling effects are plotted for this
case. ‘

In this application of our versatile three-dimensional modelling program, we
have investigated the distortion, caused by a small surface anomaly, of induction
vectors associated with a two-dimensional buried anomaly. The surface anomaly
exerts a strong influence on the induction vectors and there is evidence of mutual
coupling in a certain region. It seems that the strength of the mutual coupling
effect depends on two factors. One is the relative strengths of the induction
caused by the surface anomaly and the deep seated 2D structure. The other one
is the displacement of the surface anomaly from the strike of the buried structure.
If the induction caused by the surface anomaly and the buried structure are well
balanced, mutual coupling is enhanced. Otherwise if one part is much weaker
than the other, mutual coupling is reduced. Even when the induction intensities
are well balanced, however, the mutual coupling may still become weaker when
the displacement of the surface anomaly from the strike of the buried structure

increases, as can be seen in CASE-1.
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Figure 4.22: Difference and coupling vectors for Case 5 in Fig. 4.10, the basic
model but for T=10 s.
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Figure 4.23: Reversed induction vectors for Case 6 in Fig. 4.10, the basic model
but for T=>50 s. (a) the surface anomaly only; (b) the buried 2D structure only;
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Chapter 5
CONCLUSIONS AND FUTURE WORK

5.1 Conclusions

The 3D forward modelling problem has interested many researchers in the EM
induction community in the past few years. Much work has been done in de-
veloping 3D programs, but it is still rather a challenging field. In this thesis,
we have developed an algorithm for solving the 3D forward modelling probler.s.
The algorithm offers the following novel features:

1) It incorporates an anomalous thin sheet at the surface of a conventional
3D structure. It offers, therefore, the advantage of other thin sheet programs,
such as those of Vasseur and Weidelt (1977) and McKirdy, Weaver and Dawson
(1985), in which the modelling of a near surface conductivity anomaly can be
much simplified, together with the usual capability of modelling buried struc-
tures of finite thickness.

2) Both the thin sheet and the underlying 3D geoelectric structures may
approach 2D configurations at infinity. This feature plus the incorporation of
the thin sheet enable us to model quite general geophysical structures.

3) It uses integral boundary conditions on the surface and at the bottom, and
hence reduces the size of the mesh by removing the air layer above the surface
and a uniform half-space beneath the anomalous structures. The height of the
air layer is normally difficult to determine. By eliminating this layer, the model
design becomes much easier and the solution becomes more accurate.

4) It employs cell-integral finite difference equations in the region z > 0 which
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we have found requires fewer grid points than the conventional finite difference
equations, for the same accuracy, especially in the models involving extreme
conductivity contrasts. This is quite appreciable for the 3D problem, since it
can significantly reduce the number of grid points, and hence the computer
storage and computation.

5) The solutions are obtained in terms of the magnetic field, which is of
primary interest in many of the EM methods used to investigate the structure
of the earth. In most previous programs, solutions were obtained in terms of
the electric field, so that an extra step of numerical differentiation is required
to obtain the magnetic fields. By obtaining the solution for the magnetic field
directly, we have removed this extra source of numerical error in the magnetic
field, although numerical differentiation is still required, nf course, to obtain the
electric field.

The accuracy of our computer program has been checked against some es-
tablished programs. In Chapter 2, we have compared the solutions of our 2D
program for a model with rather extreme conductivity contrasts (Fig. 2.2) with
respect to the solutions obtained by Brewitt-Taylor and Weaver (1976). Our
results were found to be reasonably accurate (Fig. 2.11 and 2.12) with the usage
of the cell-integral finite equations. For a model with moderate contrasts, e.g.
the control model in Fig. 2.6, for which a quasi-analytic solution is available
(Weaver, LeQuang and Fischer, 1986), the accuracy of our solution was superb
(Fig. 2.14).

The accuracy of the 3D part of the program was checked first by using the
3D models with 2D conductivity structures. The solutions for a model with a
thin sheet (Fig. 4.1) were checked against those of Green and Weaver (1978).
The comparison was made for the results both above and beneath the thin sheet
layer in Fig. 4.2 and 4.3 for E-polarization, and beneath the thin sheet in Fig.

4.4 for B-polarization. The E-polarization solutions match quite well and the B-
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polarization solutions are even better; they match almost exactly with those of
Green and Weaver. The solutions without the thin sheet compared satisfactorily
with those of Brewitt-Taylor and Weaver (1976).

The results of the 3D part of the program were also checked against those of
McKirdy, Weaver and Dawson (1985) by a 3D thin sheet model and the solution
delivered by our program was found to be more physically meaningful.

Based on all these checks and comparisons, we are confident that our pro-
gram is working well and can provide very accurate solutions for general 3D
models with moderate conductivity contrasts. Even for the models with rather
extreme conductivity contrasts, it yields very reasonable results. A number of
applications of the program to various synthetic models has demonstrated its
usefulness. In particular, the application to the model of a small near surface
conductive block over a buried conductivity contrast in Fig, 4.10 shows that our
program is capable of picking up fine details in the magnetic variations of 3D

models with delicate structures.

5.2 Future Work

An important application of our program can be the test of the validity of various
tensor decomposition schemes used in magnetotelluric (MT) studies. The (M'T")
method is one of the most useful ways of studying the large scale properties
and deep structure of the earth. In the MT method, the data are normally
presented in the frequency domain by an impedance tensor Z(r, w) which maps
the measured horizontal conponents of the magnetic field H(r, w) at the earth’s
surface to the horizontal electric field by E(r,w) = Z(r,« }H(r,w) where Z(r,
w) is a rank 2, complex tensor,

_(Zn an)
z—(zzl Zyn)’
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When the coordinate axes correspond to the principal axes (i.e. natural axes),

the impedance tensor has the form

z.=(0 o)

Otherwise the measured impedance tensor can be derived from Z; via the stan-

dard rotation transformation Z = RZ,RT where R is a rotation operator

R= ( cosf sz'nﬂ)

—sin@ cosl

and 0 is the angle between the measurement frame and the natural frame.
There is no such simple decomposition when Z is produced from an arbitrary

3D conductivity distribution. Following the lead of Schmucker (1970) and Larsen

(1977), the distorted field EP and undistorted field EV are related to a distortion

tensor D by the expression EP = DEY, i.e.
E° =DEY =DZH = 2,.H

where Z is the impedance tensor for a 1D or 2D normal region while Z,, is the
actnally measured, distorted impedance tensor.

Attempts have been made to decompose the distortion tensor parameters. It
is desirable to separate those parts of the data due to the large-scale structure
which need to be fitted to a model frorn those due to the small-scale features
which are usually not of interest. Various tensor decompositions have been
proposed (e¢.g. Eggers, 1982; Spitz, 1985; Yee, 1985; Latorraca, Madden and
Korringa, 1986; Cevallos, 1986; Yee and Paulson, 1987; Bahr, 1988; Groom and
Bailey, 1989, 1991). Among them, the one by Groom and Bailey (1989) appears
to have considerable merit. They considered a model of 1D or 2D regional
background with a weak 3D structure. By ‘weak’ they mean the anomalies
are near-surface and in small scale. They pointed out that even for a small

structure, the distortion can be large if the conductivity contrast is great. It is
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usual, however, in current practice to regard the distortion arising from small
anomalies as being insignificant. Groom and Bailey write the distortion tensor
as C and factor it as

C =¢TSA

where T, S and A have the physical interpretation as the twist, shear and
anisotropy operators respectively.

Although some of these schemes (e.g. Groom and Bailey, 1989) are in gen-
eral usage, a thoroug™ test of their validity has not yet been made. Such a test
requires the availability of a versatile and efficient three-dimensional program
which has the capability of modelling small near-surface anomalies embedded
in a large two-dimensional structure. The program developed in this thesis is
ideally suited to this problem, because of the features of incorporating an anoma-
lous thin sheet at the surface of an otherwise quite general three-dimensional
structure, plus its ability to handle the high conductivity contrasts and to detect
the fine magnetic variations. In fact, the study of a small surface conductive
block over buried dividing regions in this chapter has been conducted primarily
as a preliminary to this intended test. Of course, the calculation of the electric
field has to be implemented in order to do this task. The procedure to carry out
the test would be:

1. For a given 1D or 2D model with some small scale, near-surface 3D struc-
tures present, calculate the magnetic and electric fields for a given frequency.
Then calculate the corresponding impedance tensor Z,,(r,w) at different posi-
tions from these fields.

2. For the same model, but with the 3D structures removed, calculate the
EM fields and the corresponding normal impedance tensor Z(r, w)

3. Obtain the distortion tensor D(r,w) = Zp(r,w)Z*(r,w)

4. Decompose the impedance tensor obtained in step 1 according to the
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decomposition proposal to be tested and compare th- corresponding distortion
tensor with that obtained in step 3.

If Groom and Bailey's method or any other decomposition proposals are
found to be satisfactory in removing EM distortions, it will be a great help to

the interpretation of MT data.
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Appendix A

INTEGRALS FOR BOUNDARY CONDITIONS IN
THREE-DIMENSIONAL EM MODELLING

The contents in this appendix have also been published in separate as a CEOR
report for easy reference (Pu, 1993).

Equations of the surface and bottom boundary conditions in the 3-D prob-
lem, (3.54), (3.55) and (3.56), involve three double integrals operators over the
z — y plane, My, M; and My; they are defined as

M Z(r,0) = ;_”/;:/”Zu,v,o)[w_u)&;‘y S dud, (A1)
M;Z(r,0) = 27r/ [_wZ(uUO)[ )’;+”J_ o dudv, (A2)
Md(r,d) = 51; [ 1865, d) - 0(r,d)) Q(Ir - s]) ds, (A3)

where @ stands for any magnetic component X, Y or Z, r = (z,y), s = (u,v),
ds = dudv and

Q(r) = Q(r,0) = r~*(1 + raoVi) exp(-raovi), r=(z?+4*)'%.  (A4)

For algebraic convenience in the following sections, we will ignore the constant
factor 1/27 in the definitions of My, M,; and My; it will be re-introduced into
the formulae in the SUMMARY section.

Since the field values Z and ® are only defined at the grid nodes, we have
to break the whole integral into a sum cf sub-integrals over many rectangular
cells. At the four corners of each cell, the field values are either defined as node
values or as values given by the boundary conditions. The values at points be-

tween the grid nodes can be interpolated from these corner values by a specified
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interpolation scheme. Thus the integrals over each cell can be evaluated, most
of them analytically, but some have to be integrated numerically. The results
are expressed in terms of the four node values at the corners of cells. When all
these results are summed over the cells, the integral over the entire z — y plane
can be reduced to a linear combination of F,,, the values of ® at the nodes
(21, Ym, 0) for M, and My, or (z1,Ym,d) for My, i.e.
L M
MF(zxy4) = Y Y A Fim (A.5)

i=1 m=1
where the coefficients A{" are composed of integrals over grid cells.

When the integrals are evaluated at a fixed node (z),y,), the integrands
are singular at the point (z,y) = (z),y,), due to the presence of the factor
1/[(zx — 2)® + (y, —y)?]*’*. This point will be referred to as the singularity
or the singular point. Once the singularity has been fixed, the ¢ — y plane is
decomposed into ten regions which are denoted by Ry, Ro and R; to Rs as shown
in Fig (A.1) where we have defined

Lo = —00, Tr41 = +00, Yo = —00, Ym41 = +00, (A.6)
9 = Ty — @, hm = Yms1 = Ym.

The entire z — y plane is thus covered by a mesh with nodes (m,n), 0 < m <

L+1,0<n<M+1. Wecall Ry the singular region, which is defined as
RO ={r| ~gpp1Sz-2ra< g ~hu1 SY-yu < hu}. (A.7)

It is composed of four individual singular cells surrounding the singular point

(2xyyu). Ro is the finite normal region, defined as
Ro={r|zsiSz<a1; p1<y<ym}- Ro (A-8)

R, to R, are infinite regions consisting of groups of infinite cells with one edge

tending to infinity and R; to Rj are infinite regions with two neighbouring edges
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Figure A.1: (a) depicts the ten regions on the zy-plane; (b) is the singular region
Ro.

approaching infinity. Sometimes, we also address an individual cell as Ry, which
is defined as Ry, = {r |21 < 2 < 241} Ym S Y < Ymt1}-

Now, let us look at integral (A.1) first. For convenience, we define D :=

[(zx = u)? + (yu — v)?]*? and also work with —M; Z rather than M, Z. We have

an = [0
[I[ﬂo+/ +/R:+ +/;is]Zuv — 2 dudv

= lo+lh+h+..+1Is (A.9)

where

~ - 2+ u+h
Io= ][ﬂo Z(u,v)y—-D—“du dv = Agm ][u g
Zr=Gr-1

is interpreted as its Cauchy principal value. If we think in terms of each indi-

" 2(u) “l')“dudv (A.10)
[T TTES

vidual cell, we can also write

L M
-M 2 =YY I (A.11)
{=0 m=0
where
Im . Ti41 fUm+1 U—I) ‘ _
Im .= /zl /ym 2(1,0) 52 dud. (A.12)
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A.1 Contribution of Individual Cells

I'™ is a typical integral over a single cell. The field values at the four corners
of the cell are Zin, Zi4im, Zim+1 and Ziy1m+1. For interpolating the values of
Z(u,v) at points between the nodes of the mesh, a bi-linear interpolation scheme
will be employed here,

u

Z(u,v) = Zin + ;wl(zmm = Zim) + ~ ; I (Zimts = Zim)

] m

+(u — mg;,)l(zv — y'")(zmm-l + Zim = Zigim = Zim41)- (A.13)

To simplify the integrand in (A.12), we make the transformation

a=u-—uz,, B=v-y,, (A.14)
and define
a = T|—z), b = Ym = Yu (A.15)
Tl = (Zl+lm - Zlm)/gh T2 = (Zlm+l - Zlm)/hm’
T3 = (Zipyim+r + Zim — Zivam = Zims1)/G1hm. (A.16)

Then, we have

Z(u9v) = Z(d, ,H)=Zlm + Tl(a"al) + Tz(ﬂ—bm) + Ta(a"al)(ﬂ"'bm)7
D = [(&r—u)’ + (g —v)}*? = (? + §2)%2. (A.17)

If we further define
a=a, ar=a1; P =bn, PB2=bmy, (A.18)
then integral I'™ becomes
m az B2 . a
I.l‘ - L1 ) Z(a7ﬂ) [02 + ﬂ2]3/2 da dﬂ
= Z‘mIc‘,"‘ + T;(IL';‘ - alI","‘) + Tz(Ig,'g - mec’,”‘)
+T3(I;';'ﬂ - a:I“,'z - me“,’;‘ + ajby, I'™), (A.19)
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or
I'™ = Zy,, I'™ + Ty Agy + T2 Bh,, + T5Cgihp, (A.20)
where
A = (I —alM)/g, B= 3~ inld")/ hm,
= (I — aldly = b 135 + gihm 1)/ g, (A.21)
and

Im ay o [0}
Ia /;‘ /ﬂl '—'—'—"""[a ﬂ2]3/2 dadﬂ,

o= [ ﬂ,,]a,z dardp,

In = / / 7 ”2]3/2 da B,

2
m ﬂ DYy
I'm, = / / [a”«a}-ﬂ"’]”/" o dp. (A.22)

The integral I'!™ can also be written as

Ii.m = (Z[m - T,a,v - szm + Taaib,,.)lf,"‘
+(Ty = Tabp) '3 + (Tp = Taar) ' + Tol'%,. (A.23)

It means that I'™, a typical integral over a ccll, can be broken into four sub-
integrals, I!™, I, I'? and I'3,, over the same integration limits.
Insert the expressions for Ty, T, and T3 into (A.20), so that I!™ can be

expressed in terms of the field value at nodes, i.e.

L (Ilm—A=B+C)Zim+(A=C)lyim
+(B = C)im41 ~CZ14 ;01
= szZlm + Qo Zip1m + QN Zimsr + Q1L Zigiman

Z Z QinZitpmq: (A.24)

p=0q=0
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P4 is the contribution of cell Ri» to the coefficient of field value Ziy, 4,

Inserting the expressions of A, B and C into @Q}} in the above formula and

noting that a;4y = a1+ g1, bm41 = b + hm, we have

LI G SR (. amlj:g = budld + I35)/ 9 hm,
10 Im m l
0 o= —(abmpd™ - allly - bm+11a2 + 1 36)/9‘ hom,
N = —(ayrbnd!™ — al+11 Y + IL’;‘ﬁ)/g: hom, (A.25)
llr}; — (a;b,,.I,‘,’" - ] - b Ilm azg)/gl he,
which can also be expressed by the general formula
~1)"**(@141-p)" 7 (bm1-4)" " Iclx1+rﬂa- (A.26)

r=0 =0

A.2 Integral Operator M,

It is desirable to express the integral in the form of equation (A.5), i.e. in terms

of the field values,

L M L M 1 1
!
~M\ Z), = Z Z "= Z Z ZZQ?&ZHpmM
=0 m=0 1=0 m=0 p=0g=2
L M
= Y Y QR Zim + QI Z141m + QL Zims1 + QI Ziy1ms)
=0 m=0
L M L+y M 0 L M+1 L+1 M+1
= XY eR+Y Y Q%+ Y Qi +Y Y Qi Zim
L|=0 m=0 =1 m=0 =0 m=1 =1 m=1

[0 O 0 M

I35 DD

Ll1=0m=0 [=0m=1 m=0]|[=1

[ L1 0 Ly1 M 0 L L M
S zmzmz]@:&mz‘m
|I=L+1m=0 I=L4+1m=1 m=

[0 M4 o M M+1 L L

T I SIS 35 3 S 3 375 35 31 IR

| =0 m=M+1  I=0m=1 m=M4+1lI=1
[ L+1  M+41 L+1 M+1

e RS ey ;ﬁ] oiZime (A2

=L+t m=M+1 I=L+1m=1 m=M+li=1 I=

3
n

It gives

L M
_Ml Z/\u = E Z( ?v(r)u I—lm + le-l + Qllllm—l)zlm

l=1 m=1
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L L
+ Y(QF +Q1%0)Z0 + X_(Qh + QlEia) Zirt
I=1 =1
M M
+ Y (@0 + @0n-)Zom + D (R + QL —1) ZL41m

m=1 m=1

+ Q%0 + QLo ZL+10 + QopZerir + QL ZLrima,

(A.28)
These summations group together the field value at nodes related to regions
(Io + o), In, I, 14, Iy, Iz, Is, I and I5 respectively. At the boundary of the grid
mesh, regions R; to R4 and R; to Rg are groups of cells with respectively one
and two edges continued out to infinity. If no asymptotic boundary conditions
are used, then the boundaries of the mesh (x = zy and # = z1) must be
sufficiently far away frotn the nearest conductivity contrast that, with the strike
in the y-direction, 8F/dz = 0 for all field components, i.e. F(z)~ F(z,), for
r <z and F(z) = F(zL), for ¢ > z;. Thus we can pre-calculate the results for
the limiting structures at infinity (either 2D or 1D) and use the results as the
boundary conditio:s on the corresponding boundaries of the mesh during the

computation of the 3D results, i.e.
F(z ym) = F(20,ym), F(zLsYm) = F(zL41,40); m=1L.M (A.29)

where o = —o00 and 2141 = +0o are the same as defined before. The pre-
calculated results are given at the grid nodes only. An interpolation scheme is
needed for the variation along y-direction between the nodes; a linear variation is
a reasonabie assumption in this case. Acccrding to (A.17) , this linear variation

may be written as
F(a,8) = Fin + T2{B — by}, (x < z10rz > 2L), Y Y < Ym41-  (A.30)

Similarly, in R, and Ry |y;| and |yas| must be large enough to satisfy 9F/dy = 0

iny <y or ¥y 2 ym, o that

F(zi,y1) = F(z1,y0), F(zi,ym) = F(zi,yms), 1 =1...L (A.31)
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can be applied along the y-direction with a linear variation in the z-direction.
In regions R to Hs, the only nstural choice is 8F/0z = 0F /0y = 0. There-

fore, we can write

( 73/) = F(IBL,Z/M) = F(3L+hyM+1)’ (a:,y) € R
F(z,y)= F(zi,ym) = F(zo,ym+1),  (2,y) € Re
F(:c,y\ = F( layl) = F(.’l?o,yo), (m,y) € Ry
F(z,y)= F(zr y1) = F(zL41,%0), (z,y) ¢ Rs.

Since the only field component being integrated with M, is Z, from now on
we will use Z specifically instead of F for the general case. In region R; and
Rs, Z is uniform in the z-direction and varies linearly in the y-direction. Thus
Z(2,Ym) = Zim = Zizam, L ST < T4y 0 To < < T4, and we can define
Zum = ¢Zim + (1 — ¢)Zi41m, 0 £ ¢ < 1. Following the p-ucedure which took
(A.13) to (A.24), we obtain

Z(u, v) Zum + h ym(Zum+1 - Zum.) = Zum + T2(f3 - bm)
m _ [ Ba _
Im = / [ 1Zum + TolB = bu) g 2+62]3/2 2 dadp
n Ilm__]lm b Ilm_
= ZumILm+T2(I:$"meLm)="'—'—_—_+l}: af Zum "—T'Lﬁzum&l

(A.32)

According to (A.24), when a bi-linear variation in the cell is assumed, the field
values at all four corners of the cell have to be used to express I'™, but here
only two terms are needed because we have only a linear variation. Since we
prefer to express the integrals in terms of the field .- 1-:es at finite grid nodes,
we choose ¢ = 0 for Z,,, = Zj41m when !l =0, and ¢ = 1 for Z,,, = Z),, when
| = L. By comparison with (A.24), the integral I'™ in region R;, R3 can then
be written as

Zim + Q Z l=1L
Im = Qim Zi m+l .
{ QnZinim + QMZiyimer, 1=0 (A.33)
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which leads to definitions

0 =Qf =0, QIS = (bmpr 1"~ 1'3) /b, QUL == (S I =13 [,
=0, m=1.M-1 (A.34)

QL =QIL =0, QB = (bmsrIim = I'm) [hm, Q¥ = — (bl ~118) /b1
=L, m=1.M-1. (A.35)

Similarly in R; and R4, we have Z(a, 8) = Zin + Ti(a — a)).
Let Zi, = ¢Zim + (1 — ¢}Zim+1 , then

im im Im
G +11 , 2 all - l
e e - el

g q
= mZim  + QnZipim, m=M (c=1)
QmZim+t + QnZisimsr, m=0 (c=0)

Im = Z,I'™ + T(I'7 - alim) =

(A.36)
and
=Qn=0 Of=(awmlr —12) /o, Qh=-(al-12)/u
I=1.L-1, m=0 (A.37)
QP = Qi =0, QF = (amlim — 1) /a1, Qls =~ (alim — 1) g
l=1.L-1, m=M (A.38)
For Ry to Rs, it follows from Z(r) = O that [y = Ig = I; = Iy = 0. We can
therzfore define
Qn = Qi =Qn = Qln =0, (I,m)=(L,M),(0,M),(L,0),(0,0). (A.39)

In equation (A.28), the coefficients Q%% , which are related to the field values
Zioy Zim+1y Zomy Zisim on the 2D boundaries at infinity and the field values

Zoos ZL+10y ZoM+1y ZL+1 M+1 on the 1D corners at infinity, are now vanishing.

This reduces (A.28) to
L M
~My 2, = Z Z l-—lm + le-x r Qlll’lm—l)zlm

1m=
L M 1 1
z: Z (;);)Ql-pm—q) im = y Z A Zlm (AAO)

=1 m=1 |=3 m=1

-~
[
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If we let Z;, = 1, some straightforward algebraic manipulation leads to the

folloving grouping of

Z‘ZQ

I=1m
L-1 M l

2 (

=1 m=1

(55t

l-lm + le-l + Qll-l-lm—l)

m+Qm+ Oln)

(A41)

The definition of each grouping is

pq 1)p+q 3 r+
m = ZZ( 1) (@141-p)' " (bmg1-g)' " Lot 4rgs
hm =840
p 0,1,¢=01 lI=1.L-1,m=1.M-1,
m+11'm - )/hma l= L; m = 1... = 11
?,-?; = al+11lm - )/gh m=M; |=1.L-1,
l=L; m=M,
(b,,.+11"" )/hm, l=0; m=1.M-1,
P = a;l"" - )/g;, m=M; l=1.L-1,
l=0; m=M,
-(b I""—I’ﬁ)/hm, I=L; m=1.M-1,
?,3‘ = (a1+11"" - I )/gla m = 0; l=1..L- ’
l= L; n = 0,
~(bm I""—-I‘a)/hm, l=0; m=1.M-1,
Q},}, = —(alllm“l ) 9, m=0; l=1.L-1,
[=0; m=0,

(A.42)
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A.3 Integral Operator M;

Following the same procedure as for M;, we have

-y M
-M 2= [ [ Z@w)?* “dudv—zgl;m (A43)
{m=0 m=0
where
im ) _ Tig) Um+) y“
" = L‘ Lm Z(u ,v) dudv
“ [* 3(a, ) ——L—— dad
- Ll ~/ﬂl (a9ﬂ){a2+ﬂ2]3/2 o ﬂ
= Z;mI"" + T1(I"" - all‘"‘) + Tg(l},';‘ - b,,.l},"')
+T3(1‘ﬁg—allég b Ilp+a{b [l )
= R Zlm+R 0 Zivim + R Zimgr + R\ Zipima
= ZZR;,:;ZH'PM'HI? (A44)
p=0q=0
and
R = (apbmnll® - aml},, — bpualll + ga)/thm,
R}'?; = _(albm-i-llém - I - bm+1 L’B + ﬁ?)/glhm; (A 45)
R?,}; = "'(al+lbmlbm - al-}-l];;z - bm’!,% + uaz)/glhmo '
R} = (a;me[‘,"‘ - ad},’;‘ - L-mlf$ + If,’;;,)/glla,,.,

which can also be expressed in the general formula

R;’:’l = ZZ 1)"‘+0 aH‘l p) r(bm+l—q)l_61‘l,'?ﬂl+no (A.46)

g‘ hm r=04=0

The integrals are defined similarly to (A.22) as

Ir = / / PR ﬂ’]“/‘ da dB,
Iy = / / Pep m]m da dB,
2
I'm, = / / @ aﬂﬂz]a/z da dp. (A47)
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The expressions for R} are similar to @} except that the integrals Ia,+,p,
appearing in the expressions for QF}, are replaced by I'™,,, in RPY. The same

replacements occur in (A.34), (A.35) and (A.37), (A.38). Therefore, if we define

)p+q 1 . .
Rm’ = EZ 1)"4‘8 GH.]...',) r(bm+l-q) aIargl-&a.

gl h’" r=0 s=0
p=014¢g=01 l=1L.L-1, m=1.M-1,

(bm“I[, - 1)/ b, I=L; m=1 -1,
R® = (@ If™ - aﬂ)/glv m=M; |=1.L-1,
Il=L; m=M,
(b I — Ié, )/ b, l=0; m=1..M-1,
R,l,(,)‘ = alllm—llp)/gl’ 77£=M; l=1...L'—1,
l=0; m=M,
(b df™ = I12) [ hem, l=L; m=1.M-1,
R® = a,+,1 ,,)/g:, m=0; I=1.L-1,
l=L; m=0,
-—I' )}/ b, l=0; m=1..M-1,
R} = - I'a)/yz, m=0; l=1.L-1,
=0, m=0,

(A.48)

then (A.2) becomes

Mz =3 % (vzn,_,m_q) Zm =33 Bmz.  (Ad9)

I=1m=1 \p=0g¢=0 =1 m=1

A.4 Evaluation of the Integrals

The coefficients @, and K7, involve seven integrals I!™ Ijm I Il I'n, I'm,
and I all of which can be integrated analytically using the Maple symbolic
computing system with program "TBCINT file”. Since the results of I}™ Ilp
and I3, can be simply obtained from that of I'™ I'? and I'%, by switching the
roles of a and 8, we sometimes omit I I and I'™ aps and focus the discussion

on Il Il% Il7; and I only. For I'™, I'm and I'%,, it does not matter over
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which variable (a or 3) the integration is first carried out, since both orders

of integration yield the same results. But for 117

&, we have to integrate it with

respect to 3 first followed by a, as otherwise Maple is unable to complete the

second step of the integration. The results obtained arc

m = In '(ﬂzﬂgauﬂg) (ﬂ1+\/a%+ﬂ¥)]
\Bi+1/ad +82) \Br+\/od + B
I = In -(a2 + Ma% + ﬂ%)m (01 + \/u% + ﬁ%)m
) \ar+y/al+8) \ar+foi+5
1y = (Ved+8i - i+ 8) - (Vai+ 0t - Vot +7)
1 = 5l (Va3 + 8 - Vel +82) - au (Val + 92 - Vol + )]
o (az +yalT ﬂ%)ﬁg (m +\/aTT ﬂ%)”" A0
27 Nav+ /o +88) \eatifod+st) | )
and
Ibm(aha%ﬂl’ﬂ?) = Icl.m(ﬂhﬂz,anﬂz)
Ig?(ahahﬂhﬂa) = IL’?(,Bhﬂz,(X[,(lz)
I,‘G?a(aha'bﬂl’ﬂ2) = Ic‘:;‘ﬂ(ﬂl’ﬂ%alaa'l}) (A.5l)
Since
B (~a + Ve T 77)
in (a +y/a? + ﬂz) = In [(a +y/a? + ﬂz) (—~a W= 2)
- p’ .
= |n (m) 3 (A.o?)

we deduce that

o (3_1"+ Vol +ﬂz)
\az +/a} + 32

=In

-m+¢@+m)_ ln(
—a; +y/af + B2

(

—ay + /b + ﬂz)

—az + \/‘—E:/:_j\ )
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Recalling that
ay =T — Ty, Q3 = Tip1 = Tx; Bt = Ym = Yuy B2 = Yme1 = Yus

we can easily see thai if | # A and [ + 1 # ), then it is always true that

sgn (a1) = sgn (a3) = sgn (a).

Similarly,
sgn (B1) = sgn (B2) = sgn (B),

if m # p and m + 1 # u. We can therefore write the identity (A.53) as

01+1Za¥+ﬂ2 —-a; + !!0@-{-[32
In|— = —In
oz +y/a} + 32 —az + /a3 + (2
laa| + /a3 + 32
= sgn(a)ln (—E . (A.54)
|laz| + /a3 + B2

These three e.pressions are identical from the mathematical point of view, but
they differ significantly ;rom numerical point of view. When g — 0, in case
of a; < 0 and a; < 0, the first expression approaches an expression which
involves subtractions of nearly equal numbers, which not only causes the loss of
significant figures but also introduces a log 3 uncertain.y. In the case of ay >0
and az > 0, the second expression runs into the same problem. This difficulty
does not arise with the third expression, however. We therefore re-write all the

integrals in forms suitable for numerical computation as follows:

[ - sgn(ﬂ)ln[(lﬂzl+3zaf+ﬂ§) (wﬂ(aaw%)]
181l + y/of + B/ \|Ba| + /o + B}

I'm = sgn [2 ____iaﬂl"' 02+ﬂ2 1 a1|+!zal +ﬂ2]

: laa| + /o + ﬂz |012|+ aj +ﬂ2

I's, = % [a2 <\/a% + 81— \Jod + ﬂg) - (\/a% + 82 - y/od + ﬂ%)]
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1

2 o) + /ol + 88

1t = (Vo348 - /aj+8) - (Vi + B - ol + )

\

, loal + /82 + a3\ [ leul + /B2 + ot

I = sgn(a)h || —Y=—= —
loa| + /8% + o/ \laz| + /83 + o}

+ 5egn(a) [ﬁgln [zl + \/;%’L_ﬂzz + B¢1n lon| +\/af + B
vz + \/Q% + B¢

l 82| + /B3 + af lb. + /B2 + o
I = sgn(B) |azln +ayln |
81| + /B3 + a3 |82 + /% + o
1 ) y p ‘ «
I = 3[o (VBT el - VA ad) - 4 (VAT ol - T+ o)

1

2

2, Bl +yB3+ed B+ B+ af
+ =sgn(f) |ajln ——— ===+ ailn : ’
181l + /8% + of |Bal + /B2 + o

(A55:

Two problematic situations may arise when evaluating the above integrals.

In some areas the limits of integration may approach zero, giving rise to a

singularity, and in others, the limits may approach infinity, thereby rendering

the integra! unsuitable for numerical computation. Attention must be paid to

these special cases. We consider the singularity problem first.

A.4.1 Integrals in Singular Cells

As shown in Fig (A-1b), there are four singular cells surrounding the singular

point (z,y,). We denote them by I~i,\,‘, fi,\_l,,, fl,\,‘_l and fi,\-;,‘_h defined by

Rau={r] 0Sz-z,<g; 0<y-y.<hl
Igz\-lu={r| —g,\-lﬁw“l‘xSO; Osy—yushu},
Ry -y = {r| 0<z-zx< 90 —hur Sy-—yu <0},

Rociyar=1{rl -gr-1S2-22<50; —h,1 <y—y, <0}

(A.56)

When approaching the singular point, we encounter a difficulty in the integral

I'™ as given by expression (A.19) over esch individual cell, because of the pres-

ence of the term D = 1/(a? + #%)*? in tte integrand. For instance, in cell R, ,,
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we see that a; = € — 0 and 8 = ¢ — 0. If we assume that Z(a,f) = 1, then

referring to (A.19), (A.22) and (A.55), we have

o fhu o
Iim = /¢ [ Wdadﬂ = Itlrml(a:=¢'ﬁl=€) = O(log €) (A.57)

which diverges as ¢ — 0. Obviously, we cannot compute the integrals in earch
singular cell individually; instead, we compute the integration over the singular -
region Ry as a whole, and anticipate that the singularity will be canceled out
when the integral is interpreted as a Cauchy principal value. By comparison
with (A.11) and (A.12), the integral defined by (A.10) over the singular region

can also be written as

i = f“’ " 20, 0) =22 du dv = ]lgm ][ K o, B) 3 de df

A=1 Yuw=1

- i/, + /"] [/'Z-ﬁ/ | 2o anae
= !‘-‘3 [/9A~1 hu—x+/m/hp-1 -ax-xfh“ /m‘/h”]

= Pt et R e (A.58)

where [)-1u=1 [M=1u_ jru-1 gand JA# are integrals over the individual cells
R,\-lu-u R,\—lm Ry u—1 and I?A,, respectively.

According to (A.23), each ['™ in turn consists of four sub-integrals fim, fim,
I'm and | “,'5‘6 mtegrated over the same cell. We can see that there is no singularity

for the integral I o,,, so that only the other three have to be considered.

Over the cell Ry_;,_,, we have
o = —gy.1, g = —¢; Py = —h,_1, B2 = —¢; sgn(a) = —1, sgn(B) = -1;

thus

D=1 = _lim |log ——JZ:—_—C Tyhate _h“" + y"z +hi,
’ =0 hu-1+ 1/93-1 + h2_, e+vVeet+e
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= - log 2h“—‘m + lim k)g (6 + Vv €? + f.?)
hu-1/gr-1 + vyt hi_ /g5y °
(A.59)
[ +Vetea
Pyt = —lim |—elog (-—‘—-—-——)]
=0 -1+ /98-, + €
lm |~ log (g——lC:”“‘ VAt ”:2—1)]
- =Ny —~
o " e+ e+ ki, ]
= hy-1log (9’A = \11 4+ =221 "’* Azl (A.60)

X e 1

I::,@l“ = '2‘ [.‘L\—l (\/93-1 + hu-—l "g/\—l)]

1.. -2 €+ Ve 4 €2
€ log

—=lim
g1+ /g, + €

=0
Ly h2 log [ 2! + /951 + R
_.2-51-13(1) u-1108 2 2
€+ \/e + h?_,

1 hZ_, gr-1 .9k
=—= 1 — l] s h2_,1 1+ D1
2 [gt\ 1 ( + = g/\- ) + -1 log (h“_l + + h‘z‘__l

Similarly, over Rj,-1, we have

Q) =€, Q2 = gy, ,Bl = "'hu-h .32 = —€; sgn (a) = +1, sgn (ﬂ) = _17

and
j:u-l = log __.__2.&‘:_1___ — lim log (e + Vet + 62) (A.62)
hu-1/gr + 1+ B2 /gt O
2
et = hyglog ( hg* +41+ EZ'L (A.63)
u-1 pu-1

. 1 hZ_ g g8

=1 _ 2l aflq #-1 2 - L A :
Iazﬁ - 2 [g,\ (1 1 + g,\ ) + hu,-l log (hu—l + 1 + hlz‘__l ’
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over iZA_“,, we have
ay = —gr-1, ag = —€; By =€, B2 = h,; sgn(a) = ~1, sgn(B) = +1,

and

2h,

g—-———-——————-——-—
hu/gr-1 + 1+ h2/93_,

P = by log (-"“ VI 9*- (A.66)

F 1 h2 -1 93
a1 _ 12 _ 2 -1 11.
Iazﬂ - 2 [gz\—l (1 Ir-1 ) + h lOg ( k“ + d 1+ hz ’

(A.67)

FAa-1p _—  _
I; = -lo

+ !i_r.r&log (e + Vel + 62) (A.65)

and finally over R, ,, we have
oy =€) Qg = g ﬂ]"‘ey,2—hm Sgﬂ(a) +1 sgn(,@)—+l
and

" = log R hmlog( +\/€2+62) (A.68)
hulgr +/1+82/g8 O

P o= h,log (z" + z;’ (A.69)
pe o= 1 1 - 1+—fi +h2log [ 2 4+ 1+£§;
o?g 2 gX g§ M g h“ hﬁ .

(A.70)

Sy,
>
®
|

Well defined limits for the integrals I'} and [T, exist when the singular
point is approached, but not for /'™, We have to combine the contribution of
I'™ over the four singular cells together to remove the singularity. Inserting

expressions (A.24) for ['™ into expression (A.58) for Iy, we have

~

fo = Bt Remty g e
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Z014-1Q%%1 1 + Zri1u1@Q00y + 21w QL1 + Zrpruni QL)

+ Zr-1u(Q821, + QL1smt) + Zr41u(QN5 + QL)

+ Z0u-1(Q001 + Q%1 mt) + Zrunr(QF) + QAL4,)

+ 2@+ QN2 + Rt + Q1) (A.T1)
where the coefficient of the term Zy,, Q3%+ Q‘\°1“+ R+ QAL oy, 18 the

combina‘ion of contributions from all four singular cells. According to (A.25),

the collection of all the terms involved with I'™ in this coefficient, is

(ambmﬂi};") [ Githm | @m)=(r ) = (albm+li¢l,m) [ 9thon |1 my=(A= 1)

- (al+1bmif.m) [gthm ) (tm)y=(r-1) + (a:bmif;") [ @thm | (tam)=(A=1,5=1)

P L W S

= —log (hu/gr+ /1 +h2/g}) +log (hu/gr-1 + /1 + h2/63_,)
—log (hu-l/g,\+\/1+h2_1/9§)+108 (huq/w-nh/l +h.;{_,/yj{_.)

1 1
Z Z(_I)P'H log (h“_q/g,\—p + \/1 + hﬁ—q/gg—p)

p=0q=0

1 1
= 3 3 L, (A.72)

=0 q=0

so that we can define '™ as

[}-Pe=9 = (=1)"*|og (h,‘_q/g,\-p + m;) yp=0,1;¢g=0,1.
(A.T3)
We see that the singularity related to I'™ has been successfully canceled out.
With this new definition, [2-P#=7 has well defined limits in all four singular cells
while the sum remains the same as the Cauchy principal value of the integral
over the whole singular region Ro.
Since [>~P#=¢ appears in the coefficients of eight other nodes as well, we
have to make sure that the new definition causes no conflics there. 1 the

singular cells, when (z,y) — (za,y.), we see that ¢; = a. = Oe), ¢« — (
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and b, = b, = O(e), € -» 0. From the original expressions (A.59), (\.62),
(A.65) and (A.68), we deduce that I™ = O(loge), when ¢ — 0. In (A.71),
the coefficeints of Zy_1 -1, Zxri1u-1, Zaot 1 and Zyyy 40 are (3\ Lt (,)\“ .
Q,\_lu and Q;\u respectively. Fy (A.25), each of these coeflicients has one term
involved with I/™, which is of the order a\b, I = O(c*loge) — €, when ¢ -»
0. The coefficients of Zx_1,, Zrs1ys Zru-r. and Zy, 1y ave QY2 , + AL,
Qlo + Q,\“_l, QAu-l + QL0 01 u-1 and Q\“ + Qillu respectively. Fach of these
() terms is of the order O(eloge) — 0, when € — 0. One can see that cur new
definition of 72-P#=9 is of order O(1); if we substitute O(1) for O(¢), these Q)
terms still tend to the same limit — zero. So our new definition of [-=rr-1,
which is applied in the singular region only, works well with all the cceflicients
of the nodes in this region.

We can also write 1; [A7P#=9 and l" 4477 in the general formula as

2
pyeee = hu—qIOg(gA"’+\l|1+g%'—"), p=0.%¢=0,1

hyu-q

hi_,

_ ~1)9 he /A — I\
JrAovu-i o ( ALY P (1 1+ =1 +h2 ]0 dA-p |+ it
a?p 2 [gA P ‘ 93— ; \’u =4 -

p=0i; q—U,l. (/\.74)

Correspondingly, by exchanging the roles of @ with 8 and h with ¢, we obtain

the general formulae for I el IA"” #=% and 1 ?,a” 71 as

ié\—pu—q = ( )q+1 log (g)-,,/h,, —q + \/1 + q,\ p/'lu q) P= 07 |1 q= U» l,

fA-pu-q _ h#-'l h2 — A
I3 = gi-plog +.1+=-], p=0,1;4g=0,1,
A—p gA-—p

—1)
Ié\z-apu 7 ( 1) hz_q 1—.]1+ q;—p +gA plog Buma |y + “"'I
2 h 9r-p —p

O,I,q-()l 75)
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A.4.2 Integrals in Infinite Cells

Integrais 15, 1'%, 1im, It and I which appeared in (A.42) and (A.48) all have
integration limits tending to infinity. To estimate the limits of these integrals,

the following limits are useful:

,‘HLL (x/.;','? +a? - Vz? + 62) =0

. [a+Vzt+a? . fa+VTP+a?)’ -
lim [ e | = 1, lim | — e | = 380 (#)(a=),
b+ V2 + b2 b+ vz + b2

3=+ 00 I~ OO

(A.76)

The firsy one is proved as follows:

’ 2 2
757 ) - )

= Jim |w|[((l+%%§-+0(-}—)) ((1+19i+0( ))]

2 bZ
= lim a2|a:| =0 (A.77)

T'he second one is obvious; for the third one,

SEN (z)|x}
R a+‘/$2+a2 . H+1+232 g(
lim = hm e
h - \/m2+b2 = ]—[+1+222

. Ela Sgn(z)
o (U ] /

Applying these limits to I/, I3, Iim, Il and I'%, we obtain the following

I~—00

= esgn (z)(a-—b)‘ (A.78)

results:

in region Ry where ! = L, oy = +00, ay > 0, sgn (a) = +1,

Lm Im Iﬂz‘ + 0? + ﬂg
[ = lim_ 1" = sgn (8)log A VAL
e |51l + /o + B¢

[;“'," = hm I‘"' =2 .- (\/Cz'f - ﬂlz - \/a% + ﬂ;") ,

=400
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| + /3% + af
It = lim I},’":Iog"‘ il

e T e /ot af
i i-‘! + \/'1"' + 3
Iéf" = l_an; 1},’5‘ = sgn (5) |18 = 8! — ay log - . o
2 |4+ /B¢ + ot
l=Lym=1.M-1, (A.T9)
in Ry where | = 0, ay = —o00, a; < 0, sgn(a) = —1,
+ n2+ j'.'—
o= lim I'™ = —sgn (;3)log 124 \/E —/——’2;,
' 18] + /o + B
0 = a,li"-}oo I'm = /o + B¢ - V[a% + G2,
+ v/ + af
g o= lim Ir=lo gladlt VAot

o= oo Jas| + /B2 + of
b+ /P2 + of
I = lim I =sgn(8 (8) 118a] = Bu] + ay log 12TV P2 ]

I i + /AR + o
l=06;m=1.M-1, (A.80)

in R; where m = M, #; = +00, 1 > 0, sgn(3) = +1,

™ = lim I'=lo Iﬂll+ That +ﬂl

[34: =400 lﬂll + \/01, + ﬂl

|oa| + o + /*‘]

Ifﬁ” = lim 1 sgn ((! [‘Ogl - I’J!l ~ fi log
Pa=soo lay| + /ot + 3¢

|012| + V ﬂt + 0’2

I = lim Iy =sgn(a)log ,
’ pamtoe ™ lou] + /B2 + o
5 = 15~ (AT,

l=1.L-1,m=M, (A.81)

in Ry where m =0, #; = —00, 8, < 0, sgn () = -1,

2
I° = lim I'™ = log Bal + i +

= 1+ Jat+ B
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+y/af +
19 = hm I'? = sgn (a) ||az| = |a1| + Bz2lo || i+ 58 ,
S |01|+\/a¥+/3§

s + 4/ B3 + o}

1Y = lim I" = —sgn(a)log —— ==,
P e el + /83 + of
1%, lxm I = \/al + 3% - ﬁ + 13,
I=1..L—-1,m=0. (A.82)

i

A.5 Evaluation of M,
The integral operator My is defined as
MiF() = [ [F(s) - FIQ(r - o) ds, (A83)

where F'(r) stands for any component of the magnetic field at the bottom bound-
ary z =d, i.e. X(r,d), Y(r,d) or Z(r,d) and

(1+ agV/ir) exp (—ao\/z’r).

r3

Q(r) = (A.84)

Since nvmerical integration will be involved, it is better to scale the integral
first to make it dimensionless and in proper numerical range. We choose a
characteristic length 1/ao = 1/,/&ig0 as the scaling factor. If we define the new
variables as I’ = agr, then r = r'/ag, 7 = r'/ap dr = dedy = dz'dy’[a} = dr'/a}

and

|+ aovir)erp(—aaVir) _ (1 4 Vir)exp(—vir)  os
Qu) = Lrooieplzanh)  LAVEIREENT) —iaf(r)

We also rewrite (A.83) as

MiF() = Jim [ (PG) - FIQ(r - s ds

ag it N
lim [F(s") = F(r')) ad@(|v' — &'} ds' /i

R—oo JwagR

= ag My F(r) (A.85)

I
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i, My F(r) = agMy F(r'). If we drop the prime on ' and 8 ete, but remember
to convert r into ¥’ by I’ = aor etc. when estimating the above double integral,

then My F(r), i.e. My F(r'), can be written as

MyF(r) = [ ‘: [F(s) — F(r)] Q(|r - s]) ds,

Qo) = WALl

Following the procedu-e for M; and M;, we obtain

L M
MdFr\u""'I0+10+11+...+18=ZZ]8u
0 0

o= [ (Fe) - FE) Qe - s ds

vy Um

B
/ /)[ﬂm+Tl (a—a))+To(B=bm)+Ta(a—a))(A—b,)|Q(7) dov dpp

B .
By [ [ Q) dadp
= I/VlmFln + VV[ E+lm + W(,-,;”m-'—l + W[m I'I-Hm-H I.‘,Z‘ l".\u

= Zzu/ﬁﬂﬂmﬂ"]{)ﬁ'FM (A.87)
p=0g=0
where Q(7) = Q(va® ¥ 7%),
Wﬁr‘.’. al+1brn~|>11(‘;7(;l - “l+11(l)T - bmH’ﬁf + lf',"
Wi = 1 —abmprloy +  alit 4+ banlly - I
Wi Ghm | —aitnlly + anlft + bully - I
wi abn I8 —  alfp — b+ M)
(A.88)
or
1)p+a nhl
Wz'ﬁ— ZZ D™ (ar1-p) " (bmar =)' 0 (A.89)
r=03=0

The double integrals I,';{,", I, If7 and Ii7 are defined as

1""—-/ / o 3°Q(v) dadp, p = 0,15 g = 0,1, (A.90)
aj
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As will be seen later, we no longer have the luxury of being able to evaluate all
the integrals I'™ analytically. Therefore, the singularity cannot be cancelled out
with the aid of analytical expressions. A bi-linear variation for the interpolation

is no longer sufficient and we have to try a bi-quadratic variation instead.

A.5.1 Bi-quadratic Variation

4 Foxy)

0

X0 X X1 X 2

Figure A.2: Bi-quadratic variation.

A quadratic variation in the z-direction over two segments defined by three

points g, x; and z; is
P(x) = lo(2)f(2o) + hi(2)f(21) + la(a) f(22) = 3 lp(2) f(2p), 20 S 2 < 2g

where

)= (z—ay)(x—2,) _(z—z0)(x—13) _(z—g0)(z—11)
lo() Eon T —" | (w)“(wr‘”o)(ml-a:z)’ l(z)= , (A.91)
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which satisfy
o f 1 D=
lp(mg) = Bpg = 1 0 p# ‘;

Similarly, mo(y), mi(y) and my(y) can be expressed in a corresponding man-
rer for interpoiation in the y-direction by substituting y for & in the above
expressions, We say a function f(r,y) has a bi-quadratic variation if it varies
quadratically in both the z- and y- directions. Let F,, represent the field value
at the nodal point (a2, y,) and F(z,y) represent the bi-quadratic interpolation
of the field value at a genera! point (x,y). As shown in figure (A.2), the field
value at any genera! point along the three profiles, y = yo, ¥y = ¥, and y = ya,

are interpolated respectively by

F(x,y0) = lo(z)Foo + li(x)Fi0 + La(x) Fao
F(z,y) = lo(x)For + Li(x)Fyy + L) Py
F(z.y)) = lo(e)For + h(2)Fiz + ba(vj b (A.92)

or

| ‘ Foo l‘fin Foy

(F(a:,yo),F(m,y;),F(w,yg)) = (lo(w),ll(:l‘),lz(’t,‘) ['l'IO lf'll l"'l'l g (/\.93)
Foo Foy Fyp

F(z,y,), ¢ = 0,1,2 can, in turn, be interpolated along the y-direction to give

its value at any point (z,y) in the form

F(z,y) = mo(y)F(z,y0) + mi(y)F{z,y1) + maly) F(z,y2)
Foo For Fin mu( /] )
(lo(=), li(z), la(z}) | Fro Fri Fi my(y)
Fao Fan Fy my(y)

2 2
ZZ z)my(y) Fpq. (A.94)

Using the notation of a local system, we let («ry,y,) = (z1,y,.), 30 that @y = =),

T3 = Tr4 and Yo = yu-1, Y2 = Yu+1. Then the integral over the singular region
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Io, similar to that of (A.10), becomes

! »,{ F 10,0 - Ful@ (Ve =) + (- y)?) dady

/] !IO

o fyo [Z Z l,,(x)m,,(y)l”,,q— Fll] Q(\/(:Bg —r)?+(yn _y)2> dzdy

p=0q=0
(A.95)

Transfering (z,y) into (a,) as in (A.14), and writing ¢o = 2, — @9, g2 =
£y — &1, Y20 = G2 — Yoy 9s = Yo + g2, €tc. we havez —xy = ¢, T~ 20 =
a+go, T — Ty =a-— gy, etc. in (A91). Thus [,(z), and by analogy m,(y), take

the form
3

w) = lo(e) = =2, mo(y) = 1ho(B) = Gpal,
h(a) = i(a) = 1 - —w— my(y) = my(B) = 1 — Ehal (A.96)
lo(x) = D(a) = S2me - my(y) = riny(B) = Gl

The above expression for [, becomes

][,,0][ ho [ZZ’ B)Fpg - fn] Q (\/oz2 + ﬂz) dadp

l()

H

p=0 q=0

= é Frq ][ f p(a)g(8)Q (\/02+32) dadp
n]l ](:h2 ~( m) dadl

= Z Z Woq Fr- (A.97)

lee

The coeflicients W,,,, are

F;‘“—‘-:’-‘-}t,-;‘,’ L (p,q) = (0,0)
~hagoas bozsmbo 0,1
Ligthol ”°”'1° 2 ahol T Ve 1)
+ = = 0,2)

(
E
lazhin “H“““‘“r laghla (1,0
(
(
(
(

WW=< .;!zz:i‘xn_’n;az%_*;tm_m; _ Ipg=hgol,

gogde 02
Lia = hal l?()ﬂi,k ,E + ’eirlla 1’2)
+ faa= 2,0)

l-hi"”'l-nl + fatmhe
82388 0 2 B24s

hol, ;
] (2,2)
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whict orsist of eight integrals Ioy, lo, I loz, l20, {12, Iz and lyy defined as

by=f" ordaf h’ 5q (Vo 3) s, (A.99)
=0 ~no

Note that there is no Iy term involved in W, it has been cancelled by the

subtraction of the Fyy /g term.

A.5.2 Nine Doubie Integrals

There are nine double integrals involved in the coefficients W/! from the regular
cells. and the coefficients W,,q from the singular cells; they are lgy, oy, 1o, hi,

lyz, Iny, Iz, I3y and I3;. We can denote these integrals by the general formula

a b .
Ipg(ay,az; by, b7) = / ’ :v"dm/b ’ vQ(r)dy, ri=\/x?+y (A.100)
a1 1

It follows that

a b . by 'l
Ip(ay,as:b,b) == / ’ z"d:z:/b ’ yPQ(r)dy = /b ’ m”d:n/ ’ 1Q(r)dy,
a3 1 1 @)

i.e, qu(al,ag;bl,bg) = ,,,,(bl,bg;al,az). (/\.“)l)

It can also be readily verified that

Ipg(@1,a25b1,b3) = —Ipg(az,ay;by,ba) = (=1)2 1, (—ag, —ay; by, by),
Ipq(ax,azzbl,bz) = —Ipq(a'l,GZsbz, ) ( ) (ﬂlaflz,*":‘z,""'n)-
(A.102)

By using these formulae, the integrals Iy, lo; and [y can be obtained imme-
diately from I,q, I,y and I3 respectively. We have found that whenever p = |
or ¢ = 1, an analytical integration can be carried out directly with respect to
the variable to which the subscript refers, e.g. [ and I3 can be integrated
analytically once with respect to the first variable, while I}, can be integrated
analytically in Loth variables. The integrals loy, I3 and Iy can also be inte-
grated once analyticaily, but we have to convert them into polar coordinates,
integrate them with respect to r, and then convert them back to the rectangular

voordinates again,
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b §

With the help of Maple, Iy, {10 and [}, are evaluaied as fo'lows:
l : TS
(g aai b bn) = = ['xp(-\/z-\/a% + 88) — exp,~Viy/ad + b2)
—exp(—viy/a? + b-g) + exp(—ﬁ\/af + bf)]
ba [exp(—v/iy/ad + u?) exp(—\/z-'!{a§+u2)
ho(ay,az; by, by) = */ = = = du
b vai + u? vei+ u?

. b | exp(-x/;!{ag +u?) exp(~ \/ilfa? + u?)
ibiby) = - 2 - d
ha(ar,az;b1,bpy = |22 i ay 1t u
1 i a2 u al u”

(A.103)

Since we have to convert Igg, I0 and Iy into polar coordinates, it is convenient

to look at Ip,(a,o00;b,00) first. As shown in figure (A.3), the transformation of

' W

%/ X
0 ! >

Figure A.3: Cartesian and polar coordinates.

the coordinaves is
S— z b b
r(0) = Va? + b2, cos0 = = sinf = o df = —r—zdw, 0<8<6by
ra(0) = +Ja® + g2, cos B = ir‘- sind = % df = %dy, By <0 < -’é'-;
0p = arctan(b/a), (A.104)

yielding

[pq(a,00; b, 00) = /:o abdr A“‘ yQ(r)dy
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6o poo % .
[/ 0/ + /1/ ] cosP0sin?0 P42 (1 4 Vir)exp(— Vir) drdo
0 Jr(8) 6o Jra(8)

6 3
/(; " cos? B3in’ 0 fpq(ry) do + /T cos” O sin? 0 f,, (1)) dO

ro pPh -b ary?
p+aqu("1) ‘2‘1@' +/b

which can be written as

where

T fm('z) du (A.105)

Ipq(a, 00; b, 00) =/ Ggp(byu) du + /b | Bpg(ay tt) du, (A.106)
wp""yq [
Opa(®y) = o feal(r) = a4y

Jo(r) = / uPti=3(1 +\/.u)(V[) ~Viu) du. (A.

r

The integral (A.107) gives

foo(r) = ;exp( ‘/-7')

fzo(f') = fog(?‘) 2+\/—\/-7‘) cxp( \/—7

fa(r) = =Vi[(Vir)'(4 + Vir) + 8(1 + Vir)] (A.

Using identity (A.10€), we have

westo = (=) [0 (L)1

= Ip,(a1,00:h, OO) = Ipp{ay, 00; b, 00)
/i Z¢q,,(b, u) du+/b J[rﬁ,,,,(al,u) ~ py(atz, u)] du.
(A

Simila-ly, we obtain

La(ar, azibube) = [ (B, u) = dy(ln,w)] L

a1

ba
+ /;’ (bpe(@r,u) = dpy(az,u)| du (A.

107)

108)

109)

110)
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from which the integrals I3, I30, Ioz and Iy can be calcuiated. For example,

Juo(r) "“AP \/T)/T» ‘f’oo(-’v,) (f/ra)e“l)( \/-‘7'

ag exp( Viy/b} + u?) . exp(—viy/b} + uz)
l()(j((l],(lg;!)hbg) =/ 1

a ([. + uz 3/2 J2 (b2 + u2 3/2
bz( exp(— \/-\/a, +u" exp(—-\,/z-' a? + uz) o
' /"" G R R O RO “
(A.111)

Of the nine integrals, the coefficients W[ for ceils in the regular region Ry
require only four, viz. Iy, I, Ioy and Iy, while the coefficients qu for cells ia
the sincular vegion Ry require eight (all but Igp). In regula: cells, the integrals
are integrated over each individual cell with integration limits (a,,a;;by,8;) =
(21 — @r 141 = T2 Ym — Yuy Ym+1 — ¥.). We will denote these four integrals by
1™ = I (ay.az;by,52), p = 0,1, ¢ = 0,1. In thesingular region Ro, the integrals
are taken over the entire region Ry comprising four cells, the integration linits
being

(a1,@2; by, by) = (Zr-1 = T, Togt = TN Yo -1 = Yo Yt = Yu) '= (—Go, 92i — ho, ha).
Nene of these four limits are zero; therefore, none of the denominators in the
integrands will vanish. It follows that all the integrals in the singular region are

free of singularities.

A.5.3 Coefficients and Sub-integrals in Different Regions

In region Ry, we have

(_I)P‘M LS r4s l=r 1-a rlm
Wlm = Z Z('—l) (aH-l-P) (bm+1-0) Ira'
p=0,1,q=01l=1,f=1,m=1,..M—1

(hm) # (A w)y, (A =1,0), (A p = 1),(0 = 1, = 1); (A.112)
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and in the singular region Ro, where ({,m) = (A1), (N — L), (Aogi = 1)
ot (A=1pu—1), wve define
Wy, = Wn/‘l W, = @/’0,/2 W = "’m/’ ”'{m‘“ = W
Wi = W2 /2 Wity = Wi/4 Wi, = W WY Nt = Wio/2

W\u = "VIZ/2 W,\ 1w = w02 W’{),‘, 1 = wl./‘ "\ Yt = ”'n/«
Wil =Wy W, = Wa/2 WH_ =Wy /2 WL = /i,

(ALLY)
In regions Ry, Rz and R; Ry, as in {A.32) and (A.36), we have
u J¢; ‘ Ny
= / ’ /ﬁ " (Zum + Ta(B = by)] Q (Vo m) do
ay 1
" " bm-HI m __ lh‘." ) hm llm Jim :
= Zuml(‘]'(;‘+mz(16‘ ""bm l )'— —';',)'(:n_"'g“dum e ();;'T—""L Tumdty
m __ lhl ,’lm e M
Ilm - Zlul(l]g‘ + T](I{ - (”Ilm = (NS l)(‘)n 10 ://l,, @ Ull" IIU /“ Lo
L i

The final forms of the above two expressions could also have heeny ohtained from

00

(A.32) and (A.36) respectively by substituting ™ for Ify, 1'% for I and 1"y
for Il. Applying the same substitution to (A.34), (A.35), (A.37) and (A.38),
we obtain
Win =Wt = 0, WiS= (bmarfi 1) [y Wik = = (b bl = 1) /b
=0, m=1.M-1i (A.114)
WiR=Wik=0, W= (bnsi i~ Ii7) [ Wiy == (budift ~ 1) /i,
=L, m=1.M~1 (A.115)
WE =W =0, W= (apdly - 1ig) /o, Wit=—{atlp—152)/a
l=1.L-1, m=0  (A.1l6)
Wt = Wit =0, W= (apdlf - 1) /g, W=~ {ally 1i3) m
l=1..L-1, m=M (A117)
Unlike (A.39) for the surface boundary condition, the integrals in regions Ity

1o Hg are no longer zerc, vie obtain the following cxpressions: in Ry,

=400, 4; > 0; by = o0, by > 0; F(r,y) = Fim
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5= [ /, (Fun = Fo)Q(Va? + 82y dadB = (Fry — Fau)lg"
uy 3

= FLuW, — Fy 5, (A.118)
in Hg,
ay = —00, a; < 0; by = +oo, by > 0; F(ic,y)= Fim
13 = (Fian = Fa I = FugWl - PR (A119)
in Hs,

ay = —00, a2 < 0; by = —o00, b, 7 0; F(z,y) = Fy
1P = (Fiy = P\ )1 = FuWeg — Pl (A.120)
and in R,
= 400, ay > 0; by = —o00, b, < 0; F(z,y) = Fpy
= (Fra = PO = FaWhh - I3 fre (A.121)

The coefficients W7 given by (A.114) to (A.121), are summarized as

(bm-HIOO - ](l)'ln)/nr 3 I=L; m=1.M- 1,
‘/vl?r? = (al-HIoc - Ilo )/gl, m=M; l=1.L-1,
I, =L, m=M,

(b I3 — 1)/ b, [=0; m=1.M-1,
Wi = { —(alig — 1’"‘)/91, m=M; I=1.L-1,
],“,’0 , [=0; m=M,
— (b Al — Iim)/ b, I=L; m=1.M-1,
Wi = (e Igg = I{gl)/gu m=0; {=1.L-1,
I, I=L; m=0,
Iég‘ I(l)'ln)/hVna [=0; m=1.M- 1,
Wit = a;I(‘,'(;‘ - II™)/ g, m=0; l=1.L~-1,
IS0, [=0; m=0,

(A.122)

and the integrals involved in these expressions are as follows:

in By, l="L,a;=+40c,a;,>0,m=1..M-1,

I'm = Tyq(ar, +00; b1, by) == Ipp(by, by; a1, +00)

P




(L21'V)
124l , '
np(n ‘1n)0og /+np(n‘|z¢zl)°°¢ / =

(00‘|2q] i00 1n)00y = (29 ‘0o~ too ‘Tn)00; = 0y
z tp
np(n‘|2p|)o0g ' Ql/ + np(n‘|2q|)000 | l/ =
(0" 1] o0 [ta])o0y = (2q ‘00 Htm'c0—Jory = &y
K {en|
up(nlenl)oog [+ np(niiqoog [ =
(c0*1g oo |tn|)0of = (0o ‘lqientoo—)ooy = Hof
t lp
np(nkl1))()0¢ 7 + nP(n ‘IQ)OO¢ / =
(oof1gioo‘ty)ooy = WQ?I

aARYy oM ‘8Y 03 Sy wolj suolsal uf

(921'V)
w10y = wemyse) Y 4 oyt ] r-) -
(00+-*{24] 20 10}y (1) = (2q ‘o0~ tZn tn)d] = i)
=71 =1'0>% 00— =1¢‘g=w ‘ty u
(Ge1y)  tap[(n tw)tig — (nip)big] m"/ +np(ntig)®e / -
(o “1g 2p w)bdp = iy
=1 =1'0<1q'00+ =2 ‘py = w ‘TYy w
(1a1v)
Hap (0 oq) g — (n*1q)'g) 'm’/ + np(n{en] )i q”/] d1-) =

(004 (20 24 *1g) 1 (1) = (g 1q 20 00-)¥0p = [}
Tl =wig > iptoo— = 1p ‘0 =] ‘EH ut

1o 1
(£a1v) np [(nttg)to — (n*1q)de) / + np’ntip)bdp ] 7 =
o 9

161 PIV fo uoypnag ¢y
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In termns of the coefficients W[ defined above, the integral operator My becomes
M,[I’w(l‘) = OOM'dF(P’)
LM (1 1 L M
= a0 2 (L L Wil) Fm —aoFy 3 3 I

=1 m=1 \p=0q=0 {=0 m=0

v = agr (A.128)
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A.6 Summary

The results for the three integral operators M,, M, and M, are summarised s
follows. Note, however, that the constant factor 1/27 has now been included in
the integral operators, so that My, M, and M, are again giv% by the original

definitions quoted in (A.1), (A.2) and (A.3).

A.6.1 Operaters M, and M,

Equations (A.1) and (A.2) become respectively

L L M
- My Zy, = — Z }‘_: A 2wy —My 2y, = 2 }_j B 2, (A129)
l-'l m=1 =1 m=1

where

1 !
Af\";lt = + Ql—lm + Q??:l 1 + Ql tm-1 = E Z (b)f-‘ipm—-u ( "30)

=0 p=0
Im 10 .
B/\ le +R -1m +R l+ Rl tm-1 = ZZ RI-pm -q (A'l'“)
p=0 q=0
= (@rbnpi Dy~ @iy = b I8+ 1) g b,
B o= lwbaal —aldly — bl b 1)k,
b = -(alﬂb,,,lf,"' - al+11 - bmlcl::?l -+ Ih;.ﬂ)/'/l"m
}'}' = (albmlclxm - I lm - by lcl::l + I(Irr?/i)/ a han

i=1.L-1,m=1.M-1, (A.132)

R?r?u = (al+1bm+11;l3'" - al+11ﬂ2 - bm“l,f,'ﬁ + l";;;)/_q,h,,,
Ry = —(@bunl® -  allf = bunllm + I'™)/gih,
R = —(apbnl* - az+1léz - ballm 4+ 1) gihy,
R} = (abnl® - adp — by /"" + 1) g1 b

l=1.L-1,m=1.M-1, (A 133)
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(bm+lll lm)/h"H l= L
o = (anlin -1/, m=M; I=1.L-1,
L

‘ 0 =L, m=M,
[ (bny I = 1) /b, 1=0; m=1.M~1,
mo= 1 ~(adlm =17/, m=M; [=1.L-1,
0 =0, m=M,

-—(b nm_ l"l)/hm’ l=1L
o= % (@l - g, om0 =1L,
0 =1L

[ (bl = Vi) b, =0,
ll':| = { (alllm - I )/g“ m = 0; l= 1...L — 1,
0 [=0;

("m+11g" - IA?)/hm, l=L; m=1.M-1,
RS = § (@l -I'm)/g, m=M; I=1.L-1
._ 0 I=L; m=M,
[ (bar I = 1)/ b, 1=0; m=1.M-1,
Ry = { =(al - I'%)/g, m=M: l=1.L-1,
0 l=0; m=M,

(b = 1) By 1=
Ry = (andy - 17)/a, m=

0 l
(bmlﬁ - I )/hma =

~(alf™ = Im)/ g, m =
0 I =

Rl m =

.

(A.134)
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" = sgn(8)n [(Iﬂz!+,/a',~‘+ﬂ3) (|p‘,|+ "»+m)]

18] + \/a? + 82 \|3:| + /a} + 5

2| + \/od + B3 - P RROY
I'?' = sgn(a) [,32 In o] el + Ay In o] + yod 7']

? - t ' =
’ | + /ot + B3 joa] -+ \Jod + 7

I'n, % [az (\/02 + Bi - \/a?’: + [i%) - (\/n'f + Bt ~ \/‘.,z + /,J)]
2 4
+ _sgn( [ﬂgl Joa| + /of + ﬂ; gia 10t Vol + 4 ]

A
|0‘1l+\/01+32 |0z|+\/ﬂz+/’|

I" = sgn(a)ln [(|02'+ V'B‘2+“%) (|"1|+ VA3 + "1)]

las| + /82 + a3 ] \ || + /13 + o

2 1 2 3 ,z ;
In = sgn(f) [02111 |ﬂz'+\/5z+"2+a 1| + /B '1]

l
1By) + /B2 + o |82) + /1§ + o3

I'm,

%[ﬂz (\/ﬂ3+a?—\/ﬂ%+a§) - 8 (\/ﬁ“"f’“\/ﬁ?-ﬂv%)]
+ %sgn(ﬂ) [azl Al + /3 +03+n 2| |ﬂ||+m

B+ B +ad 1Bl +/BE +
l=1.L-1, m=1.M-1,

(I,m) # (A’ﬂ% (A - 1, p), (A pe— 1), (A~1Lp-1)

(\/a% + B} — /o + ﬂ%) - (\/ag T A - Jat ﬂff)

I=1.L-1, m=1.M-| (A.135)

i:"Pl‘-q = ( 1)p+l log TEs q/yz\—P +/1+ h, “'l/q'\“l‘

hy-q log (9*"’ + ,i 1+ :’-*—i)

Ap e
Iaa Pu=-q




20+ + oM + || oy = .2 i .
Wrphrrg wil
(8E1'V) T-wr1=wig=)
ZD+ 3 + k X e o= L)
il /ALl Boyto + |1g| - |egl]| (¢) uds = gfy iy = g

o+ g/ + Tl %
zD + lg A + |20| l _ dl mﬁ}'{l'” ~
ZU+ZQ'A+|ZDI ) .

O = 1O

‘B +fop - g+ oA =00 iy = gy
: + ZD + ‘g O = ¢ LX)
‘zg—z/\ kil o[ (g) uSs— = 1 uull =

b + o/ + 1Y)

(LET'V) T-Wr1=wil =)
o + 1 /\ + |1 O o L0
| & ) ‘gl 8o o — [1g| - |2g/| (g) ugs = ,fﬁ[ m“? = ,uf"fyjl
o+ &/ + %)
1 I
‘M + !.:_x.).l. ﬁ()l = uf{l mﬁ}‘—lao = uu‘jl
o+ g + ol | :
(%j + o - i + “’/‘) =G =0
1 + 0/ 4 1 -in
A/l o1 (¢) uss = .5y "W

W+ o+ [

(981'V) 1'0=b‘1'0=d {b—r'd—y)=(m")

d—\’5 d-xp 4 b—ﬁq Z
-Xp 14 r LEs 0 gff
l’ —'zfq +1 +b ﬂq) ﬁOI [4 +(d"§ﬁ +[v[\ l) /] (l ) = herd-- \’l

“"Yb d-vh
{) fop 4-Yh —itd ’3/

m(ﬂ)l

0
m()l

LY
= wry I

+1|" +3
z'l

e +1/\+”""1//““’)‘) 0 (1=) = 4wall

1{ b-ﬂq 'l-\f _ Z 0
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o+ s + 3
I = llm I = sgn (a) [02 = || =y log : - s ‘ '
Byt levy] + \/nf + f
o+ /8¢ + a3
llliM = lim Ilm = sgn (CY) log I ll A '
fa—too o] + /83 + o
oo Jim I'm = - (\/a'f + 8} = \Jad + :J'f') :
l= 1.l —1,m=M, (A.139)

< 3
1o = lim I'm=log 'ﬂ"”"”“‘

i=meo 1Bl + ok + B3
| + \Jook + ]

1% = lim I'} =sgn (a) []aﬂ = || + 3 log’1 i \/;'2 i ,

Ar—-oco L ln) 4 /o +/V

| + /32 3

I? = lim I" = —sgn(a)log al ,/3 ol X

e ol + 8 + o
I = g,l_i.'P o = \/0’2 + 03 - \/03 + B3,

[=1.L~-1,m=0. (A.140)

Q=T — Ty, G =4, Qap=da4, Y= Ty — 0y

; A4l
bm =Ym — Yu, ﬂl = brm /j') = bm+l, ""*m = Ym4t — Ym ( )
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A.6.2 Operator M,

Equation (A.3) becomes: r' = aor, MyF(r) = agMyF(r'), and

oM F(rh,) = 52 (Z Z Ci™ Fim — Fa, Z Z 153*) (A.142)

{=1 m=1 {=0 m=0

(vlm = WO(' + u/"0 + ‘/Vlm 1 + wlglm—l

im -1

1
Z =g (A.143)

uM-—

'Wf,','f W@t loy = i — b7+ 1{'{'\
Wl ____l_“ —(l[bm+|1(’)gl + d[l(','ln + bm.HI{g‘ - ]{'1" '
Win |~ ahe | ~ambally + anlll + b Ii7 - Iip

Wi abn iy —  alft - b Iy + 1:"7'}

l=1.L-1, m=1,M-1,
(hm)# (Ap)y (A=1p),(Ap=1),(A-1p=-1) (A.144)

(Bl =10/, =L m=1.M =1,
Wlm = (aH'll(“f) - 110 )/g‘? m = M; l=1.L- 1’
oo ’ l = L; m= M,
(b 41135 —1(‘)1 )/ b, I=0; m=1.M-1,
Wi = —(adgg - Im Vg, m=M; l=1.L-1,
oo ’ l= 0; m= .M,
bml(ll’(? ]6',")/:‘1"., Il=L; m=1.M-1,
Wi = (141163 - Iw o, m=0; I=1.L-1,
1%, l=L; m=0,
~(bm 15 = I§7')/ b, =0, m=1 -1,
Wlm = all(‘)'(;‘ - I‘n)/gh m=0 l=1.L- ’
IR, l=0; =0,

W =Wn/4 WP, =Wa/2 WE_, =We/2 WE,,_, =Wy

W = Wa/2 WO, =Wn/4 WO =W W, =W/

Wo = Wi/2 Wi, =Wo W =1/ WO, | =Wy/2

Wil = Wee W _y = Wia/2 wil_, = Wa /2 Wil = Wi /4
(ym) = (A p), (A=), Ap=1), A=1,u=1) (A.145)




A.6 Summary 199
(
+lataluodptiatalu (p.g) = (0,0)
- Inzhalusglatnhaly 4 henle (0. 1)
4 latholay =g = (0.2)
- S+l (1,0)
W’"’ﬂ +lazhalnzmplataobply — homho _ luzhaly (1) (A.146)
-t + e (12)
+ skl (2,0)
—fa=h lsayn’l':*:— al +!29.yig.'{’.q’!m (2,1)
| +iathintgitnbl, (2,2)
Hy = fexp(= VYT ¥ 8) - expl- Vi + B)
- exp(=Viv/al + B) + exp(~Viy/al + )|
l=1.h—1, m=1..M~ | (A.147)
1 = [ uolar,ui = foulan,wi]du
Iy = /: [foo(b1,u) = foo(by, )] du
Iy = /a:n [Goo(b1, u) = doo(bs, u)] du + /b:u [boolar, ) — ¢poo(atz,u)] du

I=1,.L-1, m=1,.M~1

(hm) # (Mup)y (A =1Lp), Ap—1),(A=1,p-

1)

(A.148)
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' It do(laal,u)du  + [, [Buo(br,u) — Soolba,u)]du,  1=0

[ doolar,uddu + [ [foo(br, ) — doo(ba,u)]du, 1= L
m=1.M-1

J2} doo(lba] uydu 4 fi7) [Boo(ar, u) — doo(az, u)]du, m=0

L doo(bryu)du  + [iF [Boo(ar, u) — doo(az, u)] du, m=M

Igy =
[=1.L-1
fﬁ;g ¢(lb(|b2,7u)du' + fl::[ ¢00(la'l|a u)du, (l’ m) = (Oa 0)
a $oo(|ba],u)du  + 37, don(ar, u)du, (l,m) = (L,0)
f|32| ¢00(bl,u)d“ + fbc,o ¢00(|a2|7 u)du, (lv m) = (0, M)
{ f;lo ¢00(b1,u)du + fb(:o ¢oo(dl,’M)du, (I,T'l) = (L, M)
(A.149)

fz?,"’ ¢or(Jazl,u)du  + [32 [Dr0(by, u) = ro(bz,u)]du, | =0

fbb.2 ¢01(ahu)du + .,O,O [¢1o(b1, u) - ¢1o(bz,u)] du, l=1L
m=1.M-1 (A.150)

im
Iy =

 Gor(|be|yu)du + fi52) [Bro(@r, u) = dro(az,u)] du, m =0

I R
ar Gor1(by,u)du  + [ [dro(ar, u) ~ dro(az,u)]du, m= M
l=1.L-1 (A.181)

(@, a2,by,by) = (21— Tx, Tyt = Try Ym = Yy Y1 = Yu) (A.152)
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I,, in Wy, are given by

az b'z
Ly = —/ax (Dap(b1,u) — dgp(b2, u)]du +[; [Gpalar, 1) = dpglasz,u)]du
p=0,1,2; ¢=0,1,2; (p,q)#(0,0) (A.153)
((l], az, bla bl) = (—'gz\—l’gh "h';t*l ’ "'u)- (A l‘r")

The functions ¢,, and fyo are given by

Oa(2,y) = g f(r), v= a4y
w . 0
Sog(r) — / w731 4 Viu) exp(— Vin) du (A.155)

r

where

fanlr) = exp(~Vir)
fzo(") 2+ \/;7)

foa(r) = —=—= exp(--Vir)
fa(r) = =VE[(Vir) (4 + Vir) +8(1 + Vir) . (A.156)

Vi

All the integrals satisfy the relation

Ipg(ar, az; by, by) = Lp(by, bz; s, a2) (A.157)
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Appendix B

INTEGRALS FOR BOUNDARY CONDITIONS IN
TWO-DIMENSIONAL EM MODELLING

In this appendix we will discuss the integrals that arose from the Top-Boundary-
Conditions (TBC) and the Bottom-Boundary-Conditions (BBC) for the 2D

problems in Chapter 2.

B.1 The Hilbert Transform

The Hilbert transform enters the Top-Boundary-Condition (TBC) at z=0- in the
2D E-polarization mode via equation (2.1). It is given by Weaver (1964) and
can also be obtained from the TBC of the 3D problem, when the conductivity
distribution is 2D, by integrating from —oo to +o00 in the direction of the strike.

'I'he definitions yo = —o0o and yp41 = +00 will be used throughout this ap-
pendix. For evaluating the integral numerically, we write the Hilbert transform

at the point of y = y,, as

HZ, = l]l_°° 20) 4, 1 1 (B.1)

T oo Yu—v

where we have defined

0 /(v) [ Yu-1 Yus1 !IM+1 v)
I = ——dv = d
—co V=Y, L -/y )[ywq u+1 ] V-

-2

= Io+ Y In+1,+ 2 In+ In (B.2)
m=? m=usl
in which
ymit Z(v) st Z(v)
I, = —dy, I, = dv. B.
'/um V= Yu fr/u-l V= Yu ’ (8:3)
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Since we assume that 1D solutions are applied at y = yy and y = yy as the
side boundary conditions where there is no veriation in the Z-component, i.e.
Z = 0. Therefore, we have Z = 0 for y < y, or y > yur, whenee Iy = G and
In = 9. We shall assume that Z(v) varies hinearly hetween any two consecutive

nodal points, y,, and yn 41, i.e.

v—- ! - ‘ -~ )
Z('U) = h Yon ?m+| + !..'_Lt_l_._.._.d"” Ym ,< S We ke C\“.*')
m Do
By defining
[3 =V = Yu, bm = Ym — Yy (“.cr))

we have

V—~Ym = ﬂ - by, v - Ymer = ﬁ - bm+h bm+l =b,, + hy,. (”-(")

Inserting (B.5) and (B.6) into (B.4), we obtain
/3 - bm 7

""‘bm #
4(v) = Z(v(B)) = —— it — 2 Pt - L (B.7)
It follows thai
I, = /y...“ Z(v) dv
Um V=Y
. Zm+l bm+l b bmH I)’”_*‘.
- 3= (1 ﬂ)’” e, (' 7 )”’
bm / b"l ’,
= (1 - ;l-;A,,.) Zmp1 — (1 - —Ef-Am) Lo
= hZmsr + 2 (B.8)
where we have defined
b b b
1 _q1_0m Omiy . L)
m = 1 hmAm, &l = (l e Am), A, = In ™ (B.9)

Using the transformation defined in (B.5) once more, we can write the integral

in the neighbourhood of the singular point as

e Z(v) Y=t w1l 7
1, =j: dv = hm / / dv
Yu-t V=Y, Yp-1 Yute | U — 1/“

= lim [[h:_l+["“] (”[(ﬂ))lﬂ (13.10)
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For the first part of the above iiitegral, in which —h,_; < 8 < —¢, we have
m=p—1, by =—hy b1 =—€, hy=hy 1, Znn=2,_+, Zns: = 2,

and, following (B.7),

‘ . b
20) = 208)) = Tty

Z,-Z

u—1 € 4
= ﬂ+<Zu h“‘lzﬂ_,‘). (B.12)

_B+e
Fos

Z,,

Similarly, for the second part of the integra', in which e < 8 < kL, we have
y g 4

m =, by =€ bpyi =hy, hpy =hyy Zpy =2, Zppr = Zpq

and
—€ —h
20)=2(8) = Z=<2,, -2 leg,
M M
Zyr — 2
= 2 (2, - =2, ). (B.12)
h, h,

It follows tiat,

T i -t Zﬂ — Z“_l ‘ € . 1
I, = 11_5%{ /_h“_l { T (Zu - ‘—"‘h“_llu—l) —ﬂ_] dp
hy Zu+l - Z‘, € 1
o [P (5 ) 3] 0
= Zuyp— Zya + !1_{18 [Zulnle/hu—i| + Z,In |k, /e]]
= Zuni = Zucs + Zuling In (k) e/ )
= —Z“-l + Zu In Ihu/}lu._]l -+ Z“+1. (813)
Since h, > 0, h,~; > 0. we can also write
Is = -—.Z“_l + Z}l ln(hu/hu—l) + Z“+1. (B.14)

Now we can write [ as

n=2 M-1

I = Yhtl+ Y I

mz=1 m=u+1




B.1 The Hilbert Transform 205

u=-2
= Z (emZmsr + 0 Zm) = Zuoy + In(hy /by 20 + Zyp
m=t
M-1
+ Z (Cranﬂl-H. + C?nZ"l)
m=u+1
u=1
= 2 Zm + Z (?an - ; -1+ (l" h;l/hu——l)/u + /uH
m=2 mz1
M-1
+ Z i Zm+ Y
m=u+2 m=p+1
B2
= 21+ Y (e + )20 + (Chog = VD Zuer + (=lnhyoy +In k)2,
m=2
M-t
+ (1 +Cu+l)le+l + Z m 1 + Cm)/m + C;M-—IZM
m=u+$2
M M
= Z ey + C)Vom =Y Hyn 2, (B.15)
m=1 m=1
where
Hom=c _,+ (13.16)
with ¢!, and & redefined as
(0 m=20
(1 — Apbn/hm) m=l.p—2
e = J -1 m=p— | (B.17)
It h, m=p
| (1 — Apbm/hm) m=p+1.M-1
[ —(1 = Apbpsi/hy) m=1.p—2
—Inh,, m=p -1
do=41 m=p (B.18)
(1 = Apbpsr/hy) m=p+1..M—|
[ 0 m=M

and A, still given by (B.9) as A,, == In|by,4y/by|. The Hilbert transform cin

therefore be written as

Ly 2y, 1 M , ,
MZ, = ;][_m gl == 3 Hunlin (13.19)




B.2 Integrals in the Bottom Boundary Conditions 206

B.2 Integrals in the Bottom Boundary Conditions

The following type of integral was used in equation (2.24) for the 2D bottom

boundary conditions:

I=f1F0) - Flw)

It can be broken up as

=L

Ki(Jyu — viaoV7i)
|y = vl

Ym4 1 YM41
+
Ym M

(1 (Y = v]aoVi) dv

|yu = vl

dv. (B.20)

Yu=-1 m=py-~l

[F(v) - F, 1 & (B.21)

where we have denoted F(y,) by F,.

Since |y;| and |ypm| must be sufficiently large, F is assumed to be constant
in the regions y < y; and y > ym, and linear variations in the regions y,, <
Y <ymaaform=1.,u-2and m=yp+1,..,M -1 are assumed. In the
neighbourhood of the singular point, y,_1 <y < yu41, ¥ is expanded in a Taylor

series to second order. Therefore, we can write

( F1 y S Y.
(0= Yn) Pt + = (Umst = 0)Fm © € [Ymsymsa],
m=1,.,p-2

Flv)=4{ F,+ (v yu)F’ (v _yu)zF” v € [yu-layuH]
r(v - ym)Fm-H + ;,-—(ym“ - U)F v € [ym,ym+1],
m=pu+1,.,.M~-1

| Fum Y2 ym.
(B.22)
The transformation 3 = v — y, and definition by, := y, — ¥ take F into the

form
( F, B < b
e G [bm,bm+1],

=1.,u=-2

F(ﬂ) = ¢ F + ,BF' I,BZF” ﬂ € [bu-lybu-l-l] (B'23)

Ei;-_QmFm“-{--Wf—ﬁF B € [bm,bm-o-l]a
m=y+1,..M~-1
| Fu B < bum.
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The integral (B.21) then becomes

-

M~

/bx “ ~2 b ][b;.u
bo

m—l m—u—

/bm+| /buw
bag

K1(|8levavi)

Jed
-2 M-1
I+ 21m+1,+ Y L+ In. (B.24)

m=1 ms=u~1

(F(8) - F.) da

Since for integral Io, bp = —00, by = y; —y,, < 0, it follows that # < 0. We then

have,
b K
I = ./bol(Fl _F) ‘(lﬂl}’T°\f)dﬁ = (Fy - F)i® (B.25)
where

2 = b K1(|ﬂ|00\/- df = /"'"" Ky(|BlaoV/i) dﬂ.. /||" 1 Ky (Boov/i) d.

S T wi 18] bl A
(18.26)
In the integral Ips, we have byy = ypy — y, > 0, ym41 = +00 > 0, s0 that 4> 0
and
e = [ - £ 0D g5y g, )
where

o _ [tme Ky( |ﬂ|00\/-d lbaarl Ky (Bagv/3)
e = | ae= [

For the integral I,, m=1,..,py—20rm = p+ 1,.., M — |, we have
bm —_ - A 74 WA
/ +1 (,B bmFm+] _ ﬂ bm+l Fm _ I;,”) l‘l('ﬂk}fu\/;)dﬂ

KilPaovi) ;. (B.28)

I,

b o |8
= B)iap+B2F,-p’F, (13.29)
where
Brln = (P:n - bmp?n)/hm’ Bgu = —(P:n - I’m+17‘?n )/ han (B.30)
and

. __.,/bb"'“ .Igl_(lﬂ._lf’_‘.’_‘/_-dﬂ, 1 _/b"‘“ Wdﬂ, (B.31)

m |ﬁ| ™ bm lﬂl
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Form = 1,...,p ~ 2, we note that b,, < 3 < by, < 0, whence

o _ /"b"'“' W,{ﬁ - ../"’"‘“' Ky ﬂ"°‘/—)dﬁ, (B.32)
|

I)"l

~{bm} 18] bum] I
[ mail BK(|B8laoy/) b1 D
P = /_ A7 dg = K1 (BaoV/7)dB; (B.33)

whileform =p+1,..,M — 1, we have 0 < b, < 8 < b4, and

P = fbrm 1] I\l(ﬂao\/- dﬁ, ol =/|:bT+lIK1(ﬂao\/;)dﬁ- (B.34)

" [brm] B
Combining (B.26), (B.28), (B.32), (B.33) and (B.34), we can write generally
mi1l Ky (
o= () [ ";‘“f dB, = 0,y = 2+ 1,y M
1 |bm+l' , -
Py = ~/|b | l‘l(ﬂQO\/Z_)dﬂa m=1l.,p=2,p+1,.. . M~-1;
P = Pn =0, m=p—1, g (B.35)
Since b,—y = yu-1 — Y = —h,u—y and by = yu41 — Y4 = h, for the integral I,,

it follows that

hust
I, = / ' (ﬂ_li":+lﬂzF”)-—————-——Al(Iﬂ'ao\/—)dﬁ FI, + -F,:'I;'. (B.36)
"‘u—l 2 lﬂ‘

The integral I} can be written as

;= [ Ka(Blaovi)
1,—/“_ =Ee s = [ Ky (Baov/iis

- \/.[Ko (huaoV3) = Ko(h,-100V/7)). (B.37)

where in the last step, the relation

Ki(z) = - Ky(2) (B.38)

given in Olver (1964, 9.6.27, p376) together with the definition z := Bagv/i have

been used. Similarly, with definitions

2y-1 1= hyoyaoVi, z, := h,aoV7, (B.39)
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we have
hus s ﬂ”\'l(lﬂlao\fi) 1 E % )
I = 3 = — [ ] 2 TN
8 ‘/:'hu—l “;' d.[' od i A +A I\l( )({
1 . . ‘
= 2 '[H(zﬂ"'l) - zu-ll\()(:u—l) + I{(:u) - I\()(:u)] (”“))
0’03

where H(zn) = [#™ Ko(z)dz. Replacing the derivatives in 1, by their corre

sponding finite difference expressions, we obtain

1,

1
Ful,+ SFUIY
h -1 h> h
— ’ [ [ AN [ Al
= L (h“hx Fui = Bk, Fu hyih} “"')

1 2 2 2
+ I (_—Fp-H - F,+ l"u—-l)

2°° \huht hy-1h, hyaht
= B)_\Fuor +(P,_ + B)F, + B\ Fup (B.41)
where
—h, I+ 1" hod, -1 by, + 17
0 - ] ] 1 U 2 1) B s pt __ £l 4
By hu-rht ' Bu-1= B, 2h,_1h,’ B, hoht
bt = hy+huy, hy=h,—h,y. (13.42)

Taking all these results into account, we see that (B.24) hecomes

u—‘Z M-1
1 = 10+ L Im+1.9+ Z lm+,M
m=1 m=pu-1
u—2
= (P = F)p+ Y (ByFniy + BoFy — Fup)),)
m=1
+ B)_ Fuu+(B,_, + B)F,+ BF,.;,
M-1
+ X (BuFuyr+ By Fo = Fuph) + (Fu = F)ply
m=u+1
-2
= (py+ BY)FL+ ) _(B)_, + BY)Fn
m=2
+ (B3 + By ))Fui +(B_; + BO)F, + (B) + BY, ) Fuyy

M-1 M
+ Y (Bhoy+ BY)Fu + (BYy_y + 05 Fu — F Y oY,

m=u+42 m=0)
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M M
Z m-1+ Bo) o = Fu 3 ph. (B.43)
n=4\ m=0
By defining
Cum = B._, + B} (B.44)
and re-definining BY, and B}, as
(0 m=20
—(Ph = brm+1P%,)/ b m=1,.,4-2
0 _ (=huly+ 1))/ (R u-1h}) m=p-1 r
B, = %[(h;l' 1)/(hy_th,) = S) m=p (B.45)
~(Ph = bm41P0)/ b m=p+1l.,M-1
\ P?n m = M,
[ »} m =0
(lzf%‘_bmp?n)/hm ] m=1,...,ﬂ—2
y bzl = 1) (hy=sh,)=8S] m=pu-1
N ] 8 8 w=1ly
I =) (B4 I)/(ah) m= g (B.46)
(P = bmP)/ hm m=p+1,.,M-1
L 0 m=M.
where
M
S= Z P?m (B.47)
m=0
we can finally write the integral (B.24), and hence (B.20), as
oo M
1 =][ [F(v) — F(y, )] l?llg _vLTO\/- dv = Z CumFnm. (B.48)




