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Abstract

A finite difference algorithm for solving the forward modelling problem of geo- 

electromagnetic induction in three-dimensional structures has been developed 

in this thesis. No\ ?1 features of the method include the incorporation of a thin 

sheet of anomalous conductance at the surface of an otherwise quite general 

three-dimensional structure in which the anomalous region is allowed to ap­

proach two-dimensional configurations at infinity; the use of magnetic rather 

than  the electric field components for obtaining the solution; the use of integral 

boundary conditions at the top and bottom of the model; and the application 

of new cell-integral finite difference equations to the main body of the model.

The algorithm has been tested for synthetic models against results delivered 

by existing two and three dimensional modelling programs which are already 

well established. The results are found to be very satisfactory. Applications 

of the algorithm have been shown for two cases. First, the dependence of the 

induction vectors on the period ranging from 10 to 10000 s has been studied for 

a  model w ith two perpendicular lateral conductivity contrasts; the directions of 

induction vectors vary from site to site reflecting the combined effect of the two 

perpendicular contrasts. In the second case, the distortion effect due to small 

surface inhomogeneities over a  buried 2D anomaly was studied using induction 

vectors and difference vectors There is evidence of m utual coupling in a certain 

region which invalidates a simple subtraction of the vectors to reveal the form 

of the buried anomaly, but elsewhere the procedure appears to be quite valid.

Since surface anomalies can be simulated by an anomalous thin sheet over 

the general 3D structure, it is suggested that this algorithm could be very useful



fo; testing the validity of existing schemes for impedance tensor decompositions 

used in MT studies when surface anomalies are thought to be distorting the real 

data*
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1

Chapter 1 

INTRODUCTION AND BASIC EM INDUCTION 
PROBLEMS

1.1 H is to ry  o f G eo e le c tro m a g n e tic  In d u c tio n

According to Faraday’s Law, any time-varying external electromagnetic (FM) 

field will induce electric current within a conducting body. The FM field as 

sociated with the induced current varies with the conductivity structure id’ the 

conducting body. By measuring these fields (usually on the surface), the inte­

rior structure of the body can be revealed. The earth can be considered as a 

conducting body, and is exposed to the external geomagnetic field, which can be 

generated by the current systems located in the ionosphere and magnetosphere. 

It should, therefore, be possible that the earth ’s interior can be inferred from 

the EM field observed on its surface. The question is how? A natural way is to 

match the field data  (the EM response actually collected on the earth’s surface!) 

with the theoretical data ( the EM response of given conducting models obtained 

by analytical solution, analogue modelling or numerical modelling). Once the 

data  match, the given model might represent the real conductivity distribution 

in the earth to a certain degree.

This study is called geo-electromagetic induction and it can be divided into 

two types: global studies and local studies (Price, 1964). In the global stud­

ies, the earth is treated as a whole and the induced current system has a world 

wide dimension. Rikitake (1973) reviewed the global conductivity measurements 

for the spherical earth. He indicated how the frequency range (0.0001-0.2 cy-



1.1 History o f Geoelectromagnetic Induction 2

des/day) can be used to obtain estimates of the conductivity as a function of 

depth from about (400 - 1500) ltrn. The generally accepted picture for the earth 

is tha t there is a near-surface layer about 400 km thick with conductivity no 

greater than 0.1 S/m , below which the conductivity rises rapidly to 1 S /m  and 

subsequently increases to about 100 S/m  at about 2000 km.

In local studies, the earth is treated as a flat half space, and the anomalous 

features for transient geomagnetic variations over a limited region (usually a few 

hundred kilometers) are investigated. According to the distribution of the con­

ductivity, geomagnetic induction studies can be categorized as one-dimensional 

(ID ), two-dimensional (2D) and three-dimensional (3D) problems.

The induction in a uniform conducting half-space by external magnetic sources 

was thoroughly studied by Price (1950). A parallel treatm ent by Gordon (1951) 

investigated the induction by both external electric and magnetic sources and 

retained the time dependence of the fields. Weaver (19T1) simplified Price’s 

study by employing electric and magnetic Hertz potential vectors normal to  the 

surface and expressed the solutions in terms of the known source a t the surface 

through a  systematic application of integrals. This method was later extended 

to a half-space consisting of N horizontal layers by Summers and Weaver (1973). 

The layered conductor problem has been reviewed by Weaver (1973).

When the conductivity of the earth varies only along the vertical direction, 

it is called a one-dimensional (ID ) problem. For such a ID problem, e.g. a 

stratified earth, the magneto-telluric method (MT) is particularly interesting. 

Cagniard (1953) initiated this study with a discussion of a plane wave falling on 

a layered conductor. Wait (1954) discussed the extension to complex angles of 

incidence, thus allowing more general sources to be considered, and indicated to 

what exten Cagniard’s method was valid for a uniform half-space. Price (1962) 

discussed the MT method accounting for the source distribution and pointed 

out how source inhomogeneities are of greater consequence for a true layered
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structure than a uniform one. After many years of work, for the U) model, not 

only the forward modelling problem is fully solved, even the inversion problem 

is probably regarded as a closed book by many practioners in the field <*f KM 

induction. The inversion of MT data can now be performed automatically by 

computer (Weaver and Agarwal, 1993).

When the conductivity of the earth vanes in one horizontal direction only, 

it is a two-dimensional (2D) problem. For 2D structures, only a few special 

models have been solved analytically, such as a vertical outiropping fault over 

either a perfect insulator or a perfect conductor (d’Etceville and Kunetz 1902), 

an outcropping dike (Rankin, 1962), and infinite vertical fault ( Weaver, 1963) 

and segmented overburden model (Weaver LeQuang and Fischer, 1985, 1986). 

Although analytic solutions can be obtained only for a handful of simple cases, 

the solutions do serve as a check on more general numerical methods and may 

indicate properties not so evident in numerical solutions. Ou the other hand, 

numerical methods, based on finite difference (FD), finite element (FK), integral 

equation (IE) or other techniques are quite powerful and general. 21) forward 

modelling problems can now be routinely undertaken by most research groups 

with the aid of a number of computer programs that have been developed over 

the past two decades or so (e.g. Madden k  Swift, 1969; G'oggon, 1971; Hohmanu, 

1971; Jones, 1973; Kisak k  Silvester, 1975; Brewitt-Taylor k  Weaver, 1976; 

Kaikkonen, 1977; W annanaker et a/., 1987; Travis k  Chave, 1989). The 21) 

inversion problem is afcill a challenging one. Contributions have been made by 

many authors (e.g. Weidelt, 1975a; Jupp and Vozoff, 1977; deCroot-lledlin k  

Constable, 1990; Zhao k  Liu, 1990; Smith k  Booker, 1991; Oldenburg k  Ellis, 

1991; Schmucker, 1993; Agarwal k  Weaver, 1991; Uchida, 1993; Schnegg, 1993; 

Everett k  Schult, 1993; and Agarwal, Poll k  Weaver, 1994).

When the conductivity varies along both of the two perpendicular horizontal 

directions, it is a three-dimensional (3D) problem. No analytical solution has
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been reported for any 3D problem yet. Laboratory analogue modelling methods 

can be used to  study complicated full 3D induction problems. The work in this 

field wrs reviewed by Dosso (1973) and also in Dosso and Weaver (1983). In 

this method, a linear isotropic geophysical system is represented and studied by 

a laboratory analogue model which satisfies ths scaling condition (e.g. Dosso, 

1966)

( f f , / * » ) ( / . / / « ) ( £ , / i « ) 2 =  l,

where <t,v, f u, Lj aro respectively the conductivity, frequency of the time har- 

i. ionic field, the length of the geophysical system while <rm, f m and Lm are the 

corresponding values of the analogue model. In practice, the conductivity scal­

ing factor (Jgl(Tm and the length scaling factor Lg/ L m are constrained by the 

model materials, the area of geophysical interest and the size of the analogue 

facility, thus leaving the frequency scaling factor f g/ f m to be adjusted according 

to the  frequency range of the instrum ental capability. One advantage of this 

method is the ability to model real geophysical structures in much greater detail 

than is possible with numerical methods. The usefulness and effectiveness of 

analogue modelling in MT interpretation, particularly for 3D cases is c’ stinct 

and recognized; man.” results have been obtained using this method, e.g. Dosso, 

Jones and Thomson (1974); Dosso, Nienaber and Hutton (1980); Dosso, Nien- 

aber and Parkinson (1985); Dosso, Nienaber and Chen (1989); Dosso, Agarwal 

and Chen (1992); Nienaber et ai. (1977, 1979); Chan, Dosso and Law (1981); 

Hu, Dosso and Nienaber (1983); Chen, Dosso and Nienaber (1989); Chen, Dosso 

and Ingham (1990); Meng, Dosso and Nienaber (1990); Meng and Dosso (1990) 

and Meng (1991). But certain limitations, such as material problems, make it 

difficult to model intermediate conductivity con trasts
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1.2 T h ree -d im e n s io n a l N u m erica l M odelling

W ith the rapid growth of comnuting power, the 31) numerical modelling becomes 

more and more practical, useful and important in the interpretat ion of KM field 

data. Several review papers have summarized the achievement mad'* towards 

3D modelling. From the point of view of methodology, there are llohmaim 

(1983), Varentsov (1983), and Kaikkonen (1986) and from the point, of view of 

3D effects, there are Jones (1983) and Menvielle (1988). A recent review paper 

by Cerv and Pelt (1990) summarized the main progress in 31) modelling that 

had been achieved in the previous few years. They described anti compared the 

possibilities and efficiency of various 3D numerical modelling techniques. There 

are two m ajor different approaches to 3D problems; one is for modelling the 

near surface conductivity anomalies, known as the “thin Sheet” approximation; 

the  other one is for modelling the deep buried conductivity anomalies, in which 

either Differential Equations (DE) or Integral Equations (IE) are used.

F ;rst introduced by Price (1949), the “Thin Sheet” approximation has signif­

icantly simplified the study of near-surface inhomogeneities. In this approxima­

tion a physically thin region of arbitrarily varying conductivity is mathematically 

replaced by an interface that has zero thickness and a conductance equivalent to 

the integrated conductivity over the z coordinates of the thin region. Beneath 

the interface, the conductivity varies in depth only. The analytical solution can 

be obtained in this region, and is subsequently coupled across the interface by 

boundary conditions. Therefore the resulting equations have one less variable 

and the numerical computation required to solve the equations is much reduced. 

T he limitation of this technique is discussed by Schrnucker (1970). Many au­

thors have contributed in the 2D aspect of thin sheet approximation, e.g. Green 

and Weaver (1978). The full 3D thin sheet problems present greater mathemat­

ical difficulty. Ashour and Chapman (1965) considered the simple geometries



1.2 Three-dimensional Numerical Modelling 6

of an infinite plane sheet whose conductance is uniform except for a circular or 

elliptical region. Vasseur and Weidelt (1977) formulated a fairly general thin 

sheet problem in 3D. Their models (Fig. 1.1a) consist of a bounded region with 

arbitrary variations of conductance which is surrounded by an unbounded sheet 

of uniform conductance. A two-component vector integral equation for the two 

horizontal electrical field components in the sheet was derived which could be 

solved numerically. But in their model, the conductivity anomaly was confined 

to a limited region and surrounded by a uniform region, which sometimes is not 

realistic. The technique was further developed by McKirdy and Weaver (1984) 

and McKirdy, Weaver and Dawson (1985) (Fig. 1.1b) so that 2D structures could 

be allowed a t the boundaries, e.g. when there is a long coastline intersecting 

the model. For deep seated anomalies, the problems can be solved either by 

differential equations (DE) or integral equations (IE). Both procedures lead to 

a set of linear algebraic equations for solution. In the DE techniques, since the 

unknown field quantities used in the equations have to  be solved at every node 

of a mesh which generally covers a large space, there result large but sparse and 

banded matrices. In the IE approach, since the unknown fields only have to 

be solved for in the anomalous regions, only they are covered by the mesh, and 

it follows tha t the dimensions of the matrices, and hence the computer storage 

requirements, are smaller than in the DE methods, even though the matrices in 

the IE method are full.

Much work has been done on the IE method. Due to the properties men­

tioned above, this method is most likely the best numerical method in solving 

3D EM problems, provided th a t the inhomogeneity is not too large and tha t 

there are only a few of them (Raiche, 1974; Weidelt, 1975b; Hohmann, 1975; 

Ting and Hohmann, 1981; Das and Verma, 1981, 1982).

When the geological structures are really complex or inhomogeneities extend 

to infinity, some DE approaches are more appropriate. One of the commonly
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used DE approaches is the Finite Element (FE) method. After the pioneering 

woik by Uoggon (1971), numerous papers that use this method in the EM study 

have been presented (e.g., Silvester and Haslam, 1972; Reddy ami Rankin, 1973; 

Podi, 1976; Kaikkonen, 1977, 1980; Reddy et a/., 1977; Pridn.ore et a I., 1981).

The other DE approach is the Finite Difference (FD) method in which 

the derivatives are substituted by their corresponding finite difference formu­

las. Simplicity and straightforwardness are the merits of this method. In fact 

FD was the first DE approach used in numerical M l' solutions (Neves, 1957) 

and since then it has been probably the most popular and widely used method 

among the induction community. Although this popularity is most likely due to 

the FD program listing published by Jones and Pascoe (1971) at the beginning, 

the rapid advance of computer techniques also plays an important role. The fast 

expansion of computer storage offsets the drawback of the FD method that a 

larger storage space is needed and makes it more meritorious than before. Other 

FD works either directly attack the 3D problem itself or lead to this aspect in­

clude Jones and Price (1970), Lines and Jones (1973a, b), Jones and Pascoe 

(1972), Jones (1974a, b, c), Brewitt-Taylor and Weaver (1976), Praus (1976), 

Jones and Vozoff (1978), Zhdanov et a/. (1982).

The above algorithms have certainly contributed to the progress of the EM 

3D modelling, but none of them are entirely satisfactory; they all suffer from 

one or another limitation. The “Thin Sheet” program by McKirdy, Weaver and 

Dawson (1985) can solve a variety of near surface problems (Fig. 1.1b), but its 

application is limited to the near surface in homogeneity only. The programs 

based on the integral equation method such as that of Raiche (1974) and Wei­

delt (1975) (Fig. 1.1c) can solve deep seated anomalies, but the anomalies must, 

be confined and surrounded by a ID region which is not always realistic. Pro­

grams by Lines and Jones (1973b), Jones (1974c) and Jones h  Vozoff (1978) 

(Fig. l . ld )  allow the inhomogeneity to extend to the boundary but only in one
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(b)(a)

71

o(x,y,z)
o(x, y,z)

(c) (d)

Figure 1.1: 3D models th a t have been solved by different authors, (a) Vasseur k  
Weidelt (1977); (b) McKirdy, Weaver k  Dawson (1985); (c) Raiche (1974) and 
Weidelt (1975b); (d) Lines k  Jones (1973b), Jones (1974c) and Jones k  Vozoff 
(1978).
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P=Po

Figure 1.2: The 3D model solved by the new algorithm developed in this thesis. 
An anomalous thin sheet layer is incorporated at the surface of a general 3D 
structure. Both thin sheet layer and 3D structure may approach 21) configura­
tion at infinity. Integral boundary conditions are used on both the surface and 
bottom  boundaries.
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direction. Furthermore, all the above programs are either for the near surface 

anomalies only or deep seated ones only. But in certain problems, such as when 

a surface geomagnetic coast-effect contaminates the EM response of a deeper 

lying structure, these- two distinct phenomena (with different grid requirements) 

must be incorporated within the same model. This causes considerable uifficulty 

with grid design in the conventional programs mentioned above.

Considering the limitations of the other programs and the enormous com­

puter power offered by modern workstations and mainframes, we have developed 

a new FD algorithm for solving 3D forward modelling problems as shown in Fig. 

1.2, which has the following properties:

1) It overcomes the difficulty of grid design by permitting the inclusion of a 

surface thin sheet of variable conductance above the conventional 3D structure 

all within th< same finite difference program.

2) The 3D geoelectric, structure may approach 2D configurations on all sides 

of the grid, which allows a wide range of models to be handled.

3) It uses integral boundary conditions both on the surface (Weaver, 1964) 

and at the bottom. This reduces the size of the mesh, removes the air layer 

above the surface (the height of that layer is normally difficult to determine) 

and makes it easier to design the model.

4) By using the surface boundary condition, it also makes the handling of 

the non-uniform source much easier. Since no grid points are needed in the 

air layer, any source above the earth is considered ‘external’. The non-uniform 

source in consideration can be adapted by replacing the constant primary field 

B0 with the corresponding horizontal component of the primary field Bo(x, •»).

5) It obtains solutions in terms of the magnetic field rather than the electric 

field. The magnetic field is of primary interest in many of the EM methods used 

to investigate the structure of the earth. In previous programs the solutions 

were obtained from E field, so th a t an extra step of numerical differentiation is
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required to  obtain the magnetic fields.

1 .3  T h e  B asic E q u a tio n s

The laws tha.t govern most general electromagnetic phenomena in a source free 

medium are expressed in the form of Maxwell equations. In SI units, these 

equations are

art
V x E  =  - . g .  (1.1)

V x H  = J + ®  (1.2)

V D  =  p (1.3)

V B  =  0 (1.4)

where J  and p are respectively the volume current and volume free charge den­

sities, D and B the electric and magnetic flux densities, E  and H the electric 

and magnetic field intensities. Strictly speaking, E and B are the fundamen­

ta l physical measurements of an EM field, while D and H are only auxiliary 

variables. But, historically, people have mistaken H  as the basic property of a

magnetic field and made it a peer of E. Although this point has been realized

now, people are still sticking on the original names given to B  and H  for the 

sake of history. From now on in this thesis, all equations will be deliberately 

written in terms of B  and E  alone, and B  and E will be called the magnetic 

and electric fields respectively.

Since our object to be studied is the earth, some geophysical properties 

can be used to simplify the Maxwell equations. Firstly, we are investigating 

the  induction between the earth and natural electromagnetic sources which are 

located in the ionosphere or even higher. It can then be assumed that the earth 

and lower atmosphere are free of the primary source. So Maxwell equations (1.1) 

to  (1.4) can be applied to these regions. Secondly, these regions can be assumed
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to be linear and isotropic. Therefore the relations tha t apply to the region are

D  = eE, H  =  B /p  (1.5)

J  =  <rE (1.6)

where t  is the permittivity, p the permeability and a  the conductivity of the 

medium under consideration. Thirdly, for most materials, the permeability p 

does not differ appreciably from its free space value po =  4ir x  10" 7 N /A 2 (Jack­

son, 1975, pl89). Exceptions are some ferromagnetic minerals with p ;<o; 

however materials with permeability more than an order of magnitude greater 

than \it) are expected in only insignificant quantities in the earth. We can there­

fore assume the area to be studied to have p =  po. Fourthly, it is assumed 

that the earth  is piecewise homogeneous; it may be broken up into a number 

of homogeneous regions where c and a  are spatially constant. The perm ittiv­

ity e is taken as constant in time. For most materials, e is about the same as 

its free space vaiue e0 =  8.85 x 10-12 C2/N .m 2. An exception is water whose 

permittivity is about 80 times tha t of e<).

Finally, it is assumed that the sources have a common harmonic time de­

pendence with angular frequency u> and th a t all subsequent electromagnetic 

quantities have this same time dependence. Thus

E =  E(;r, y , z) exp(iu/<), B  =  B(®, y , z) exp(iu;t)

where from here on E  — ( U , V, W)  and B  =  (X, K, Z)  are taken to represent 

the (complex) spatial parts (in cartesian components) of an EM field. After all 

these operations, the Maxwell equations become

V  X E  =  - iw B  (1.7)

V  X B = fioffEl + iufiotE (1*®)
V * E  =  p/e (1.9)

V  • B  =  0. (1.10)
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Next we will shov/ that the displacement current in the Maxwell equations 

(i.e. i.;y,0eE in (1.8) or d D / d t  in (1.2)) is negligible in the EM induction study 

of the earth. The displacement current has to be inspected separately for the 

case of a — 0  and a  ^  0 .

Fvrst, we consider the situation when a  =  0 by following the approach used 

in Weaver (1994). In this case, (1.8 ) gives

V  X B  — iuy.0eE =  0. ( l . l l )

We are to see that |*u;//oeE| <C |V  X B |. Take the curl of (1.11) we have

V  X V  X B  -  w'VocB =  0. (1.12)

In order to examine the  relative importance of "he terms in the equation, it is

convenient to  cast it into dimensionless form. Let / represent any variable with

the dimension of length and let L be a characteristic length of the geomagnetic 

phenomenon under investigation. A suitably scaled dimensionless variable is / ' — 

l /L .  For problems involving global electromagnetic induction, L might be taken 

as the  radius of the earth . While in regional induction studies which are confined 

to  a  limited area of the earth ’s surface, L  would be a much smaller length 

representing a typical dimension of the region. A properly scaled variable ensures 

th a t in regions where gradients of the magnetic fields exist, the derivatives of 

the fields have reasonable numerical magnitudes.

Let r ' =  (x' ,y ' , z ' )  =  r /L  =  ( x /L , y /L , z /L ) - ,  then

d  _  0 A d  „ d A _ d d x  _  r ® « , _  / ^
dr'  d x ' * ^  dy'  d z 'Z dx dx 'X d x *  dr

W ith V* denoting the  gradient operator with respect to the dimensionless space 

variables, we have V  =  V '/L ; the differential equation ( 1.12) can now be written 

in the  form

V  x V ' x B  -  uj2fi0t L 2B  ~  0. (1.13)
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Since not() =  1/c2 where c =  3 x 108 m /s is the speed of light. The condition to 

neglect the second term  is

( t ) , < 1iW ( l r ) 2<1' (U4>
where T  is the period of the EM field. In most geophysical applications (2ttL / T c)2 

is indeed very small. For example, in a global investigation for which L «  

6.4 x 104 km, condition (1.14) holds for magnetic variations with period T  > 3 

s. Now the periods of most worldwide geomagnectic variations of interest are of 

the order of several minutes or hours; they are well above the limit. In problems 

involving induction over a very localized area, such as might be encountered in 

exploration geophysics for which L = 30 km, the condition holds for frequen­

cies less than 1 kHz. Since the values of the relevant parameters always fall 

somewhere between the extremes of the two examples mentioned above (e.g., 

a typical application of the magnetolelluric method might cover an area of 500 

km2 for periods ranging from a few seconds to  an hour or two), (1.14) can be 

regarded as a valid condition quite generally. Physically, condition (1.14) states 

tha t the characteristic length L must be much smaller compared to Tc, the wave 

length of the EM field, so that there is very little spatial change in the EM field 

due to the propagation of the EM wave within the characteristic length L.

Now we turn  to the situation when a ^  0, i.e. consider the region in the 

earth. Inspection of equation (1.8) shows that the additional condition required 

for neglect of the displacement current is <  |^o0 'B |, i.e.

—  < 1 .  (1.15)<7

Materials within the earth  have very different conductivities ranging from 10 “ 4 

S/m  for some rocks to 4 S /m  for seawater. Taking the lowest value in the range 

we find that (1.15) holds for T  > 10“ 5 s. It follows th a t condition (1.15) holds 

quite generally within the earth for all frequencies in the induction range.
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Returning to equation ( 1.8 ), we now see tha t inside the earth, the second 

term  in the R.H.S. of the equation is always negligible compared with the first 

and the L.H.S. term. Above the earth ’s surface where it is assumed that tin* 

atmosphere is non-conducting (i.e., a — 0), the first R.H.S. term vanishes but 

the second one still remains negligible compared with the L.H.S. term by virtue 

of condition (1.14). We conclude that the displacement current, i.e. the second 

term  iupoeE in (1.8 ), can always be neglected when discussing electromagnetic 

induction in the earth. Thus (1.8) becomes

V  X B =  /i0(tE. (I lfi)

The resulting solutions are called quasi-static fields.

One of the results that follows from neglecting the displacement is worth 

mentioning. Taking the divergence of (1.16), and noting that V  • ( 7  X ) =  II, 

we obtain

V  • (rrE) =  0 (1.17)

or

<rV • E  +  (V<7) • E  =  0 . (1.18)

Combined with (1.9), it gives the expression

p = - e ( V < r ) - E / a  (1-19)

for the volume charge density in a conductive medium. It can be seen clearly 

from this equation th a t electric charges can only accumulate in regions where 

the conductivity has a  non-vanishing gradient. Since we are assuming that the 

medium under consideration is piecewise homogeneous, it follows that within 

each uniform conductive block, V<r =  0, and therefore that p =  0 by (1.19). 

Even if a volume charge density p0 did initially exist, it would be rapidly dis­

persed to the boundaries of blocks. This can be seen by taking the divergence
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of (1..2) rather than (1.17), combining (1.5) and (1.6) with a  held constant, so 

th a t

Op/Qt =  - o p / t  ( 1.20)

which has the solution

p = p0ex p ( - f f tU) .  (1-21 )

This shows that the free volume charge p decays with a time constant which 

is independent of the time variations of the electromagnetic field. Take the 

previous value of a  and e, i.e. a — 10 x 10-4  S /m  and e =  Co =  8-85 x 10-12 

C2/N .m 2, the half decay time is in the order of 10-8  s. In conclusion, there is 

no free volume charge in the uniform region of the earth; and the accumulation 

of charges on the boundaries betw ,en regions of uniform conductivity gives rise 

to a surface charge density.

With all the points discussed above taken into account, the final simplified 

Maxwell equations for geo-electromagnetic induction become

V  X E = - i u B (1.22)

V x B  = p0v E  (1.23)

V - E  =  0 (1.24)

V - B  =  0 (1.25)

where the earth and lower atmosphere are assumed to  be source free, linear, 

isotropic and piecewise homogeneous.

Taking the curl of equations (1.22) and (1.23), we obtain the basic equations 

governing the EM fields expressed in E or B alone,

V x V x E  = - m 2E (1.26)

V  X V  X B +  —  X (V  X B) = - m 2B (1.27)
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where a 2 =  ujpo<r =  upo/p.  Since V  • B =  0, we have

V  x V  x B = V ( V  • B) -  V 2B = -  V2B. 

Equation (1.27) becomes

V2B -  —  X (V  X B) = m 2B, ( 1.28)
P

or in component form

+ xvv + + (Xy -  Yx)j>y + ( X z -  Z t )pt = m 2.V (1.29)

K r  +  Yyv +  +  (YM -  Zy)p, +  (V, -  X v)px = i a 2Y  (1.30)

Zxx  +  Zyy +  Zzz  +  ( Z x — Kz)px  +  {Zy ~  Yg)py =  ’it*2 Z . ( I .3  I )

where X xx = d 2X / d x 2, X x =  d X / d x ,  px =  ( d p / d x ) / p ,  etc. Sometimes, we also 

denote X e as X '  and X gz as X "  and we will use these two notations interchange­

ably from now on.

In the air layer, we have assumed that a = 0 ; the consequence of which is 

tha t

V  X B = 0, V • B = 0. (1.32)

Therefore the magnetic field B can be obtained from one scalar potential as 

follows:

B =  -V n , where V 2H =  0 . (1,33)

1.4 Interface Boundary Conditions

We have assumed th a t the earth and lower atmosphere are source free, linear, 

isotropic and piecewise homogeneous, and have discussed the governing equa­

tions in these regions. In order to obtain the full solution for the induced EM 

field in such a model, it is necessary to match the solutions in adjoining regions 

across their common boundaries.
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S

Region 2Region 1

Figure 1.3: Interface boundary

Consider two linear isotropic homogeneous regions separated by an interface 

boundary S  as shown by Fig. 1.3. Let P  be a given point on S  and n  be 

a unit normal vector at P  pointing into region 2. Also, let the limits of the 

electromagnetic properties when approaching point P  within region 1 and 2 be 

denoted by cj, p i, <tj, E i, B j and p 2, E 2, B 2 respectively. The standard

boundary conditions relating the field components across the interface S  may 

then be written as (Jackson, 1975, pp 19,20)

n X i E 2 - E i )  =  0 (1.34)

n x ( 5 ^ - ? i )  =  j s ( 1>35)
H2 Pi

n  • (C2E 2 — e iE i) =  pa (1.36)

n  • (B 2 -  B i)  =  0 (1.37)

where p„ and J a are respectively the surface charge and current densities.

The third of these conditions serves only to  provide the values of pfl, while the 

first and fourth indicate that the tangential electric fields and normal magnetic 

field are always continuous. We have discussed before why p =  po in most cases. 

Condition (1.35) can also be written as

n  X (B 2 — ®i) ~  PoJs* (1.38)

indicating th a t the tangential magnetic field will be different if a surface current 

is present. However, surface currents only occur when one of the regions is
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a perfect conductor or when a mathematically thin sheet of finite integrated 

conductivity occupies the boundary surface. At an ordinary interface boundary, 

where no surface currents can be supported, it holds that

n X ( B 2 - B , )  = 0 . (l.IW)

This means that the tangential components of B are also continuous. Thus B 

itself is continuous across the  boundary, i.e., B 2 = B (, so are its tangential 

derivatives. Hence n  • V X B, which involves only tangential derivatives, is also 

continuous. It follows therefore from (1.8 ) that

n  • (er2E 2 -  <r,Ei) =  0 .

This condition states that the normal component of the conductive current, is 

continuous across the boundary. This is peculiar to quasi-static fields. It, does 

not apply when displacement, currents are included.

If the boundary is the surface of the earth, and region 2 is the air layer above? 

the  earth which is regarded non-conductive, then the above equation reduces to

n • E, = 0 ( i .40)

i.e., the normal component of a quasi-static electric field vanishes at, the surface 

of the earth.

1.5 The Thin Sheet Approximation

The geological structure of the first few kilometres of the earth is usually much 

more complicated than  its deeper ones, so are electrical struct ures. Consider a 

thin surface covering layer of thickness d , as shown in Fig. 1.4a, it rnay contain 

terrestrial conductive variations such as that of ocean, continental slope, coast, 

line, sediment and land, etc. These complicated structures can make the solution
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z=d
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Figure 1.4: Thin sheet approximation reduces a layer of finite thickness into a 
double sided mathematically thin interface boundary.

of EM induction quite difficult. However, the problem can be greatly simplified 

by using the thin sheet method first developed by Price (1949).

Applying Ohm’s law, i.e. equation (1.6), in the covering layer, we can write

J ( r ,* )  =  <r(r,*)E(r,«) (1.41)

where r  =  {x,y).  An integration of (1.41) over the thickness d of the covering 

layer leads to

/  3 ( r , z ) d z  = f  <r(r,z)E(r,z)dz  (1*42)
Jo Jo

where the integral on the right hand side may be approximated by

f  o{v , z )E(v , z )dz  «  E (r,0 ) /  <r(r,z)dz (1-43)
Jo Jo

to the first order of small quantities, when d is small. The integrals

/  3 ( r , z ) d z  and /  cr(r,z)dz 
Jo Jo

represent, respectively, the to tal sheet current intensity per unit length of sur­

face at the point (surface current intensity) and the total conductivity per unit 

length (also called conductance); denoting the surface current intensity and con­

ductance by J s and r ( r )  respectively, equation (1.42) can be written as

J ,(r)  =  r(r)E (r,0), (1.44)
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which is independent of the 2 variable. A layer of finite thickness is called ‘thin 

sheet’ if it satisfies this equation. Such a thin sheet layer of finite thickness thus 

may be approximated by a double sided mathematically thin interface, as shown 

in Fig. 1.4b, and consequently, the complexity of the problem is greatly reduced.

Schmucker (1970) studied the limits for this approximation. He used a plane 

3 layer model which consists of a top layer of thickness d (terrestrial surface 

layers), a poorly conducting intermediate layer of thickness h (high resistivity 

zone of the crust and uppermost mantle), and a highly conducting substratum  

from z =  h + d downward to infinity. It was found tha t when the wavelength of 

the EM source is large enough, the ratio of electric field at top and bottom of 

the sheet was

E(0) h +  d  '  1
as long as 61 >  3d where 6\ is the skin depth of the top layer. The conditions

for (1.45) to hold were therefore set to be

d <  6i/3, h + d > d .  (1.46)

The physical significance of these conditions is quite clear. The first one requires 

th a t the top layer must be thin compared to  its skin depth; otherwise, if the 

layer is too ‘thick’, skin effect attenuation of the electric field through the layer 

would be expected, whence E(z) «  E(0) for 0  <  2 < d would no longer be true 

and equation (1.43), and therefore (1.44), would no longer hold. The second 

condition requires that the underlying poor conductive layer be ‘thick’ compared 

with the top one. An opposite extreme case is when the top layer is underlain 

by a perfect conductor in the regfion 2 > d. It is well known that at the surface 

of the perfect conductor z = d, the condition E(d) =  0 holds, i.e. there is total 

attenuation of the electric field within the top layer. Thus equation (1.43) breaks 

down and consequently condition (1.44) is invalidated. Thus, a good conductor 

must be kept a  distance away from the thin sheet layer.
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Weaver (1994, p86 ) considered a more general problem and concluded that 

in a multi-la;er model, the thin sheet boundary condition

z X [(B)*=*n+o -  ( B ) 2= *„_o] = PQTn(E) t=!„ (1.47)

can be applied to any layer which is sufficiently thin tha t th.’ce conditions

v <  o n, otndn <  1, \ /dn <  Ic(u, zn -f Q,u)\l/2 (1-48)

are all satisfied, where l /o „ ,  dn and \ / v  are the skin-depth of the layer, the 

thickness of the layer and the horizontal wavelength of the elementray harmonic 

source field respectively and c is the response function which, in the MT method, 

is in the form

In other words, any layer may be regarded as a ‘thin sheet’ if its thickness is much 

less than the skin depth in the layer (2nd condition); the layer in turn should 

be much smaller than the horizontal wavelength of the field (1st condition); the 

layer’s thickness also must be very much less than the modulus of the ‘response’ 

c of underlying structures.

When the original sheet of finite thickness is compressed into a m athem at­

ically thin interface, the two separated surfaces, z =  0 and z =  d, of the finite 

sheet become the two sides of a single interface, 2 =  0 — and 2 =  0 +  respec­

tively. According to (1.34) and (1.37) , the normal magnetic field and tangential 

electric fields are always continuous across the sheet, i.e.,

n • (B+ -  B~) = 0, n X (E+ -  E~) = 0, (1.49)

where B + = B(r,0+), B~ = B(r,0—), etc. The tangential magnetic field might 

be discontinuous, since the thin sheet interface can support surface currents. 

Combine (1.38) and (1.44), we have

n X (B+ - B - )  = h q tE t  (1.50)
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where the superscript T  in E T has been used to mark the tangential component 

of E. At z =  0+, Maxwell equation (1.23) gives

(V  X B)+ = /i0<T+E +, (E +)r  =  E T =  — [(V x B^+]r . (1.51)
Po

Substitution of E r  in (1.50) by (1.51) yields the thin sheet boundary condition 

in terms of magnetic field,

n x (B + -  B " ) : r/>+[(V x B )+]r , ( 1.52)

or, in component form,

X + - X -  = T f C ( X t  - £ , ) ,  (1.53)

Y + - Y -  = rp+(YC — Zu), (1.51)

where p+ =  p(r,  0+) =  1 /<r+. Since the normal component of the magnetic field

Z  and its tangential derivatives Zx and Zu are continuous, the superscripts of 

these terms in the above expressions have been dropped.

1.6 The Magnetic Source Field and Conductivity Model

The model under consideration is shown in Fig. 1.2. Since the aim of this thesis 

is to solve regional three-dimensional forward modelling problems, only local 

e jec ts  are under consideration. The earth ’s surface may be represented by a 

horizontal plane, taken to be the xy-plane of a right-handed Cartesian system 

with coordinates (x, y, z) and unit vectors (x,y, z), where x points into the paper 

representing the direction of North, and z  points downward into the earth.

The induction process is driven by a uniform magnetic source B'' located in 

the region z < —h. The primary field B p then causes an induced current inside 

the earth (z > 0) which in turn gives a secondary induced magnetic field B*. 

It is understood that B* =  B n -f B “ where B" is the normal induced field that
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would exist in the region 2 < 0 if the earth were ID and B a is the anomalous 

induced field due to the anomalous conductivity structures, either 2D or 3D, 

inside the earth. It is well known that if the earth is taken as one-dimensional, 

then B" =  B p for z < 0, i.e. the induced normal field is a constant field and is 

identical to the primary field, no m atter how the conductivity varies with depth. 

Even in 2-dimersional cases, B n =  B p still holds if it is a B-polarization mode. 

We therefore define the constant field

B p +  B n =  2B P =  Bo

as the total normal magnetic field. Thus at the earth’s surface, we have

B  =  B p +  B '1 =  B p +  B ” +  B “ =  B 0 +  B “. (1.55)

In this thesis, we assume that B p =  x B p, that leads to  Bo =  2B pk  --= B q X  and

B  =  B „ x + B a (1.56)

where B  is the total magnetic field on the surface of the earth, B q X  is the  total 

normal magnetic field and B° is the anomalous magnetic field originating inside 

the uarth. It is B “ that e are seeking.

The region - h < z < 0 representing the lower atmosphere b  considered 

non-conductive, i.e. a  =  0. From z > 0 downward is the conductive earth, 

where 0 <  z < d can be occupied by three-dimensional inhomogeneities with 

arbitrary resistivity distribution p(x . y , z ) ,  while from z = d  all the way to 

s =  +  oo is assumed to be a uniform half space with resistivity denoted by p0. 

The resistivity structure is allowed to approach two-dimensional configurations 

a t horizontal infinity x  ±oo and y = ±oo. We define

lim p(x , y , z )  = px±(y,z) ,  lim p{x, y, z)  =  py±(x, z) (1.57)x—*±<x> y—*±oo

At infinity x  =  ±oo, the to tal magnetic field tends to x B q which is parallel to the 

direction of the strike; therefore B-polarization problems in which the magnetic
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fields are polarized along the strikes are present there. Correspondingly, E- 

polarization problems in which the electric fields are polarized along the strikes 

are reached at y =  ± 00 .

In this thesis, we are solving 3D EM equations in terms of the magnetic field 

B, it requires us to use the resistivity p as the model parameter for describing 

the model’s conductivity structure due to the reason given in Brewitt-Taylor 

and Weaver (1976); more discussion on this point will be given later in the 

introduction of Chapter 2 . From now on, although we might still use the terms 

such as ‘conductivity’, ‘conductivity structure’ and the symbol a in the texts 

and equations, we shall use only the resistivity p in the final equations that are 

ready for programming.

If the th in  sheet conditions are satisfied, the near-surface conductivity struc­

tures can also be modeled by a thin sheet layer with conductance r(x,;i/). The 

combination of a thin sheet layer at the surface, full three-dimensional struc­

tures (buried or outcropping) and two-dimensional limit configurations at hori­

zontal infinity, all incorporated in this new algorithm, provides great flexibility 

and strong modelling power for solving the three-dimensional forward modelling 

problem.

'..7 2D and 3D grid meshs

The finite difference approach is used to solve the above modelling problem 

numerically. In order to apply this method, a conductivity model has to be 

divided into small grids. We consider a two-dimensional situation first. Let 

the y 2-plane be covered by a mesh as shown by Fig. 1.5 whose nodes (m ,n), 

1 <  m  <  M, 1 <  n <  N ,  correspond to the points (y = ym,z  = zn). In 

this notation, the left and right side boundaries as well as the top and bottom 

boundaries are at y — yi, y =  yM, z =  z\ =  0, z =  z/y > 0 respectively. Variable
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Figure 1.5: A 2D model covered by a numerical grid mesh, 

nodal spacings (or grid steps) are introduced by the definitions

hm =  2/m+i -  J/rn, K  =  zn+j -  zn (1 < m <  M  -  1,1  <  n < N  -  1). (1.58)

The resistivity values are not specified a t the nodes themselves, but at the

centres of the rectangular cells of the mesh. We define p \ 1 (1 <  m <
m + 2 n+ 2

M  — 1,1 < n < N  — 1) to be the given resistivity at (m +  ~,n +  | ) ,  i.e., the 

point y = ym +  \ h m, z = zn + \ k n.

Quite often, our concerns are only focused on a local problem which contains 

a central node and its immediate neighbouring ones. In this case, a less cumber­

some subscript notation is applicable as shown in F:g. 1.6. We will name this 

notation as a local system to  distinguish from the one defined previously which 

should be named as global system correspondingly.

In Fig. 1 6 , assume that in the global system the central node is (j, k),  the 

neighbouring ones are (m ,n ), m -  j  -  I J J  + 1; n =  k -  1, fc, k  +  1. Let 

(p, q) denote the corresponding subscripts in the local system. If F  is any field



1.7 2D and 3D grid meshs 27
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Figure 1.6: Global and local coordinate systems, 

component, its values at any local node are defined at;

Fp q , m  — j  1, j } j  -f- 1; n =  k  1, k, k  -f- 1. ( 1.59)

For example, we have Fpq =  F0q for the nodes on the line y =  ?/j_i, l'\,, on y =  »/, , 

and F2q on y — yj+i. Similarly, Fpq = Fp0 for line 2 =  2/t-i, Fp 1 for 2 =  2* and 

Fp 2 for 2 =  2fc+j. The central node is Fpq = F\\.  The grid steps and resistivities 

are not quantities defined at nodes; they are related to  the cells and are therefore 

assigned numerical subscripts of 0 or 2 depending on whether they belong to a 

cell on the positive or negative side of the central node in the dimension to which 

the subscript refers. For example, on the left side of y — y,  (the negative side of 

the central point in y dimension), we have h p = h0 =  ym — ym-\  and ppq — poq 

while below the line 2 =  2* (the positive side in 2 dimension) k q =  k2 = 2n+j - z n
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and ()pi, -  p p2 , etc.

This notation was originally devised by C.R. Brewitt-Taylor, a former re­

search associate with J.T . Weaver, and was recoded in a note. It has the advan­

tage of leaving the subscript 1 available to denote the weighted average resistivity 

on the boundary between two cells. For example, the weighted average of resis­

tivity on the boundary between the two cells with resistivities p02 and p22 can 

be written as

Pn — {hoPo2 +  h2pt2)/{ho 4- h2) — ^  hppp2/ h B, (1.60)
p—0,2

where in this expression, as well as in the following parts of this thesis and in 

the computer program, k a = h0 -f- h2, h2o — h2 - h0, Ho2 =  hoh2, H0a =  h0ha 

and H2a ~  h2ha. Similar definitions apply to ka, k20, K 02, K 0a and K 2a. By 

the same token, the weighted average of resistivity at the central node which is 

surrounded by the four cells p 0□, P02, P20 and p 22 would be

Pn =  ( W 10 +  h p n ) I K  =  £  kgpXq/ k a =  -r^r- £  K K P pv (1-61)
9=0,2 n aKa p-0,29=0,2

The notation for 3D problem can be generalized directly from the 2D notation 

by adding another set of symbols to describe the other horizontal axis, i.e. the 

rc-axis. Let the grid nodes on the  x-axis be x \ ,...,£ l, we will index these nodes 

by i or /, where i teams up with j  for the y-axis and k for the  2-axis, while I 

teams up with m  and n. The grid steps on the x-axis are denoted by g , and are 

defined similarly to (1.58), so th a t

gi =  x/+i -  x/, l = l . . . L - l .

By including the x-axis in such a way, we have extended our 2D grid mesh 

into 3D. Its nodes are ( /,m ,n ), i.e. (x /,|/m, 2„) where I = 1 , . . . ,1 ,  m =  l,...,A f, 

and n =  1,..., N.  Similarly, we may use (i , j , k) instead of (/, m, n) as well. Quite 

often, we would like to distinguish the node in question, i.e. the central node,
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from the surrounding ones. Although (l, m,  n ) or (i , j , k ) might he used to index 

the central node sometimes, more frequently, a special set of indices will be used 

and only be used to mark the central node; we use (A, / j ,»/) for the central node 

(x \ , yn,  zv). For convenience, sometimes we also use notation ( r , :) to denote 

a point (x , y , z ) .  In fact, this notation has been used in equation ( 1.*11) etc. 

Thus a central nodal point may be denoted by either (,r,\, i/(1, c„) or ( r \ ;i, ;,/) or 

(A, p, i>) and the values of functions evaluated at this point would be f ( x \ , y in z„) 

or f (rx„,z»)  or /*„„ etc.

We also need to define the notation for the local system. The following 

symbols are adopted for the x-axis: xo := x/_i, X| := x/, xa := x/+i, </<, ;=

92 • =  Oh 9a ■— 9o +  92, 920 ■— 92 — 9o, (->02 9 o 9 i, (>o,i 9o9a, (>2a : =  929*',

and a nodal point will be denoted by (p, q, r) — (I — A + 1 , rn -  p. + 1, n\ — u + I ) 

where / =  A - l , A , A  +  l , m  =  ^ -  1 , p , p  +  1, n -  v  -  1, and p -  0 , 1, 2 ,

q =  0 ,1 ,2  and r =  0 ,1 ,2 . Naturally, the central node is (1,1,1). The function 

value at node (p ,q , r ) will be denoted by Fpqr The weighted average of resistivity 

are defined similarly to (1.60) and (1.61), i.e.

1
Ppql — {koPpqO T  &2Pp?2)/fo> =  T~ krPpqr ,  P  = 0,2, q — 0,2,

r= 0 ,2

PP\\ =  (hoPpoi +  h2pP2 \ ) / h a -  r~ ^ 2  hqppq, =  y — Pvir> P -
n 8  f= 0 ,2  7= 0,2 r = 0,2

P t u  = {gopon +92p2l l ) l9a  =  ~  £  9pPp\\ =  - 7 7  E  H  5 Z  Pp'lr '
9a p=0,2  9ah t Kt p = o,2 7= 0,2 r= 0 ,2

1.8 Some Useful Mathematical Expressions

Some mathematical expressions will be used in more than one place later in this 

thesis, we will derive them once and for all in this section.

When deriving the boundary conditions at z =  0 and z =  d, we encounter 

some terms which can not be evaluated directly due to the absence of grid points 

in regions z < 0 and z >  d; these terms have to be related and expressed in the
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terms defined in the region 0 < z < d. We will look at the boundary z =  0 first. 

Within the region 0 < 2 < \ k u  by definition we have

i.e. />(r, z) is uniform along the 2-direction. It follows th a t p*(r, z) =  0. At any 

given point with z =  0 -f, the basic equation (1.28) thus gives

X „  + X n  + X "  + {Xv - Y t )pv = i a 2X  (1.62)

Yxx + Yyy + Y "  + (Yx - X y)px =  i a2Y  (1.63)

Z „  + Z „  + Z"  + ( Z , - Y ' ) p ,  + ( Z , - X ' ) f ,  = i a 2Z  (1.64)

with the understanding tha t all the values are estimated at 2 =  0+. The forward 

Taylor expression a t 2 =  0-f gives

X 2 =  X , +  kxX[  +  (1.65)

y2 =  Yi + ktY{ + 1*1*1 (1-66 )

Z2 =  Z , +  *,£{ + 5 * ? ^  (1.67)

where F2 and F\ etc. represent Fz=it] and Fz- 0+ respectively and F  stands 

for any field X ,  Y  or Z  and its derivatives with respect to 2 . Applying Z ' =  

—(X r + Yy) (i.e.V  • B  =  0 ) to (1.67), we obtain

Z" =  2(Z2 -  Z x)!k\  +  2(Xx +  Yy) / kx. (1.68)

Combining (1.62) and (1.65) to eliminate the X "  term, we obtain the expression

for X '  at 2 =  0+ as

v; = ^  [ - to 3* ,  + X„ + X„ + (X, -  Y,)p„]. (1.69)

Similarly, (1.63) and (1.66) yield
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Inserting (1.68), (1.69) and (1.70) into (1.64), we have

i a2Z\ — Zxx 4" Zyy -f Zxpx "f ZyPy
, 2 (Z2 -  Zi)  , 2(Xx +  Yy) .  (.V, -  .V,) (Va -  >,)

+ — — + it; p* kx Pu~ k T ~

~ y k \ p x  (  — i ct  A l  ■+■ X XX ‘ l" X y y  - f  ( A y  —  V j ; ) / > y ^

— 2 k \ P y  (  — i c t  Vi  - f  \ Xx  4" } y y  4" 0 ®  — A  y ) P x )  • ( 1 . ( 1 )

Taking a close look at the above equation, we find tha t if we multiply the

equations with k\  so tha t the coefficients of the Z  terms are 0 (1), then the

last two terms having \ k \ p x and \ k \ p tJ, respectively, become of the order <>(A-,*). 

Since we have neglected all the terms higher then 0{k* ) in the Taylor expansion 

(1.65) to (1.67), we may therefore drop them here as well. We then obtain the 

expression for the 2-component at z — 0 + as

i<X Z J — ZXX "I" Zyy "I" ZxpX *h ZyPy
, 2(Z2 -  Z x) , 2{Xx +  Yy) ,  ( X 2 -  A"i) (V2 -  Yi)

+ — *?— + — *;--------- * — k, h  k, ( m )

Next, we consider the bottom boundary at z — d. The vertical derivatives

X '  and Y '  can also be derived similarly to (1.69) and (1.70), except backward

Taylor expansions rather than forward ones have to be used here, e.g.

X N- X =  X N - k N. i X \ r , d - )  + ^ _ , A " ( r , < H -  0-73)

Comparing (1.73) with (1.65), we can write out the expression for A '(r, d—) by 

substituting Xi ,  A 2 and An with Xyv, Xyv-i and —Ar/v-i h» (1-69), e.g.

X ' ( r ,d —) = ^  + X „  + X „  + ( X ,  -  Y,),>,],

(1.74)

with the understanding tha t all the terms except A/v-i are now evaluated at 

z = d—. Similarly, we have

Y ' ( r , d~ )  =  Y N ~  Y? - y  -  \ - i a 2YN +  Yxx +  Yvy +  (Yx -  X v)pT\  . (1.75)
K N - I  2  1
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For Z ' ( i we combine the basic equation (1.64), which is no'- estimated at 

z = d—, and the Taylor expansion

Z N = Z N -  kN. xZ ' { r , d - )  +  \ k%_xZ"{v,d~)  (1.76)

to eliminate Z"  term , giving

Zn~  I — %N ~  ^N- iZf t  +  2^ % -\{}0?ZN ~  %xx ~  %yy ~  Zxpx ~  ZyPy 4" X  Px "F Y  py)>

(1.77)

We can then use the expressions for X '  and Y '  at z =  d— given by (1.74) and

(1.75) to eliminate the X '  and Y'  terms in the above equation. When doing so, 

we can also neglect the terms involved v/ith k s - 1 /2  in expressions (1.74) and

(1.75) for the same reasons tha t led to  (1.72) from (1.71); thus, we see that

Z'(r,d-) = Z s f Z "~ '  +  ~  ~ *” -■>

(>a2Zlv -  z „  -  Z „  -  z , h  -  Z y h )  . (1.78)

We have now obtained the expressions for X' ,  Y '  and Z'  at s =  d —. Next, we 

will relate them  with the corresponding terms at z =  d+.  As we have discussed 

before, when no surface current is present, the interface boundary conditions

(1.34), (1.37) and (1.39) indicate th a t the tangential electrical components and

all the magnetic components are continuous. Therefore at z =  d, if a normal 

bottom  boundary condition is used, we can write

B(r,<M-) =  B ( r ,d - )  =  B (r,d ) (1.79)

£/(r,rf+) =  U( r , d - ) ,  V (r ,d + ) =  V( r  (1.80)

It is a consequence of V  • B  =  0 and condition (1.79) th a t Z'(r,d)  is also contin­

uous, because it equals the sum of continuous horizontal derivatives — ( X x + Yy). 

We can thus write

Z' (r ,d+)  =  Z ' { r , d - )  =  Z'(r,d).  (1.81)
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X '  and Y ‘ may be discontinuous. Expressions for linking .Y '(r,t/+) and V''(»v/-f) 

with X ' ( r , d —) and Y' { r , d—) have to be found. The Maxwell equation (1.23) 

gives

Zy -  Y* =  poffU, X '  -  Zr =  pq<tV. ( 1.82)

Combining the second expressions of both (1.80) and (1.82), we have

p0 [X’{r,d+) -  Z ,(r ,d+ )]  =  p ( v , d - ) [ X ' ( r , d ~ )  -  Z , ( r , d - ) \  (1.83)

which leads to

X' ( r , d+)  =  R p X ' i r . d - )  + (1 -  Rp)Zx{r,d) (1.84)

where R p =  p ( r , d - ) / p 0. Similarly, we can obtain

K '(r ,d+ )  =  R  Y ’( r , d - )  +  (1 -  R P)Zy(v,d).  (1.85)
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Chapter 2

TWO-DIMENSIONAL EM INDUCTION PROBLEMS

2.1 Introduction

Since our 3D model can approach 2D structures in the limit at infinity forward 

problems for 2 D models have to be solved in order to provide boundary condi­

tions for the 3D computation. In this chapter, we will discuss the scheme for solv­

ing the 2D forward modelling problems, both B-polarization and E-polarization, 

in terms of the magnetic field only. Most of the content of the discussion on the 

E-polarization mode was also given in Pu, Agarwal and Weaver (1993b).

Numerical modell; ig of 2D problems can now be routinely undertaken by 

most research groups with the aid of any one of a number of two-dimensional 

(2D) computer programs based on finite difference, finite element, integral equa­

tion or other methods, tha t have been developed over the past two decades or so 

(e.g. Madden & Swift, 1969; Coggon, 1971; Hohmann, 1971; Jones, 1973; Kisak 

k  Silvester, 1975; Brewitt-Taylor k  Weaver, 1976; Kaikkonen, 1977; Wanna- 

niaker tt  «/., 1987; Travis k  Chave, 1989). As is well-known, 2D problems sepa­

rate into two distinct modes, generally called E-polarization and B-polarization, 

in which the electric (E)  and magnetic (B ) fields are respectively polarized along 

the ‘direction of strike’, i.e. parallel to the horizontal direction in which there is 

no variation in the earth’s conductivity. The two modes are uncoupled and can 

be solved separately in terms of the single scalar component of the horizontally 

polarized field. Thus no advantage is gained by introducing potential functions 

— the two polarized components of the field, one in each mode, act as scalar



2.1 Introduction 3 5

potentials from which the entire electromagnetic field can be derived.

In the finite difference method, the relevant equations can be obtained in a 

variety of ways — by the method of fictitious values, by straightforward Taylor 

expansions, or by integrating over rectangular domains surrounding each node, 

for example. All approaches lead to identical finite difference equations at each 

node, one for the electric field in E-polarization and the other for the magnet ic 

field in B-polarization. They both have a simple interpretation as the discretiza­

tion of the differential equation governing the relevant field component. In the 

equation satisfied by the electric field the conductivity at the node is assigned 

a value equal to the weighted (by cell area) average of the conductivities in the 

four cells surrounding it, while in the equation satisfied by the magnetic field 

it is the resistivity a t the node that is given the weighted average value of the 

resistivities in the adjacent cells. In addition the resistivity gradients appearing 

in the differential equation for the magnetic field are defined by central differ­

ence formulae involving average resistivities on the grid lines passing through 

the node (Brewitt-Taylor and Weaver, 1976).

The generalization to three dimensions seems obvious enough. When solv­

ing for the electric field, the governing differential equation is discretized with 

the conductivity at the node equal to  the average value of the conductivities, 

weighted by cell volume, in the eight cells surrounding the node :n question; and 

when the differential equation for the magnetic field is discretized, a similarly 

weighted average value is used for the resistivity at the node while the resistiv­

ity gradients in the three coordinate directions are defined by central difference 

formulae analogous to  those used in tv,o dimensions. Certainly such a general­

ization of the equations would reduce to the correct 21) formulation when the 

given 3D model degenerates into a 2D structure, or on a boundary at infinity 

where the model tends to an E- or B-polarization configuration according as 

the problem is being solved in terms of the electric or magnetic fields (Figures
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2 . 1a and 2 . 1b respectively). Consider, however, a general 3D structure of the 

type depicted schematically in Fig. 2 .1c. Whichever field is used, there will al­

ways exist 2D configurations at infinity which are ‘wrongly polarized’ for the 

conventional 2D method of solution to apply. Suppose, for example, that we 

are solving for the magnetic field; then as y —* ±oc the model tends to a B- 

polarization configuration expressed in terms of the only non-vanishing magnetic 

component at infinity (the K-component) in the usual way, but as x —♦ ±oc an 

E-polarization problem is approached which must be solved in terms of the Y-  

and 2 -components of the magnetic field rather than the ^-component of the 

electric field -  U which conventional practice in two-dimensions would require. 

While it is not difficult to write down separate discretizations of the differential 

equations satisfied by the two magnetic components, the question arises as to 

how the nodal values of the resistivity and its gradient should be defined. Nor­

mally the weighted average conductivities are used in E-polarization problems, 

but when solving for the magnetic field in the full 3D problem, we must use the 

weighted average resistivities if the equations on the boundaries at y — ±oo  are 

to  reduce to  the correct 2D form for B-polarization problems.

In fact there is really no choice at all. For the compelling reason stated 

above, weighted resistivities should be used when one is working with the mag­

netic rather than the electric field in an E-polarization problem, even though this 

means that a slightly modified model of the geo-electric structure a t x =  ±oc 

will be treated (because the average resistivity values are not identical to the 

reciprocals of the average conductivities). It can be argued, however, that the 

end results will not be affected because one is merely adopting the different, 

but nevertheless appropriate, discrete representations of the same model th a t 

arise quite naturally when solving for the electric and magnetic fields in separate 

E- and B-polarization problems. Solving for the magnetic field with weighted 

resistivities does indeed give accurate solutions for most structures (e.g. the E-
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(a) (b) ( 0

Figure 2.1: Plan view of a three-dimensional model which approaches (a) an 
E-polarization configuration, (b) a B-polarization configuration, and (<•) both K- 
and B-polarization configurations on its boundaries at infinity. The downwards 
vertical 2-axis is directed into the plane of the diagram.

polarization ‘control model’ of Weaver, LcQuang and Fischer, l!)8(i), hut for 

some others of a more extreme kind involving large conductivity gradients (as 

illustrated in Fig. 2.2 to be discussed later), it has been found that liner grids 

than would normally be used in a conventional E-polarization solution are re­

quired to maintain the desired accuracy. W ith a normal grid the discrepancy 

between the  magnetic field solution and th a t obtained by the standard method 

is occasionally found to be quite significant — much greater, in fact, than the 

margin of error associated with the finite difference approximation.

In an attem pt to  overcome the problem of grid design with some of these 

extreme models we have chosen to solve the E-polarization equations for the 

magnetic field components by one of the other methods alluded to above, that 

which entails an integration over a rectangular domain covering the node. In the 

original formulation of E-polarization solutions in terms of the electric field, this 

method led directly to the standard finite difference equations which could then 

be interpreted in terms of averaged conductivity values assigne 1 . > the nodes. 

Therefore when the magnetic field is treated, the method will also by-pass the
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question of how to average the resistivities and define their gradients at each 

node, and in fact yields completely different finite difference equations for the 

two components which have no simple interpretation in terms of either averaged 

resistivities or conductivities. The new equations also turn out to be numerically 

unstable 9-point equations rather than tb*' usual 5-point ones.

According to the configuration shown by Fig. 2.1, the E-polarization mode 

occurs in the y z -plane and involves magnetic fields B = (0, Y , Z )  as well as 

electric fields E  =  (U, 0,0), while the B-polarization mode occurs in the x z -plane 

and involves B = (0, V',0) and E  =  (f/,0, W).  Since we are solving tne i oth 

modes by the magnetic fields only, at each nodal point we need one equation, 

K-equation, for the B-polarization mode and two equations, Y-  and Z-equation, 

for the L-polarization mode.

In this chapter, we shall first discuss th'* boundary conditions needed to com­

plete the problem. Then we shall derive the 9-point finite difference equations 

for E-polarization and snow how their solutions can be stabilized. After that, 

the complete sets of equations for both E-  and B-polarization are laid out in 

the coordinate frame shown by Fig 1.2, which is used in the other parts of this 

thesis and in the computer program as well. Finally the results of magnetic field 

calculations for some E-polarization test models will be presented and compared 

with thp corresponding solutions obtained by conventional methodo using the 

simpler equations satisfied by the electric field.

2.2 Boundary Conditions

The 9-point finite difference equations mentioned above apply to the region of 

J/i < V < y\ f i  Si < s < zn and shall be called Governing Differential Equations, 

or GDE for short. Besides these GDE, we also need boundary conditions to 

complete the problem. We shall call those boundary conditions for y = y\
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and y = yxi Side-Boundary-Conditions (SBC), those for z =  0 Top-boundary- 

Conditions (TBC), and those for z = z^  = d Bottom-Boundary-Conditions 

(BBC).

For the SBC at y =  y\ and y =  i/ m , we use the values of the ID solutions of 

the limiting ID structures a t infinity y =  — oo and y =  +oo respectively. In order 

for these ID  solutions to be reasonable approximations to the correct SBC values, 

the side boundary must be sufficiently far away (at least five skin-depths) from 

the nearest 2D conductive inhomogeneity, so that the corresponding distortion 

fields would be negligible at the sites of the side boundaries. TBC and BBC will 

be discussed separately in the following subsections.

2.2.1 Top Boundary Condition -  TBC

When discussing TBC, we will assume that there is always a thin sheet layer, 

with the conductance r  =  r(y)  lying on the surface of the model. If such a 

th in  sheet layer is not needed in the model under consideration, its effect, can be 

easily removed by defining r  =  0. The existence of the thin sheet layer makes 

the surface z — 0 double sided, i.e. the side of z =  0 +  and the side of z =  0 — 

as shown in Fig. 1.4 and Fig. 1.5. The identities on the side of 2 =  0 — will 

be addressed as f ( y ,  0 —) or /ao when estimated at y = j/a, and on the side of 

z = 0+  as f { y , 0+)  or fxi ,  where /  stands for either electromagnetic fields or 

their derivatives.

At each node, there must be two separated equations for the two unknown 

variables, Y  and Z.  These equations will be called the V-equation and Z- 

equation respectively. On the side z =  0—, the Y -equation is given in the form 

of a Hilbert transform (Appendix B)

Y ( y , 0 - )  = Bo + ~ r  Z ( u ^ - } du, (2.1)
7T 7 -o o  J/A ~  U

while the fact that the Z  component is continuous across the thin sheet layer
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serves as the Z-equation

Z ( y , 0 - )  = Z(y,0+).  (2.2)

The V'-equation on :  =  0 +  comes from the connection across the thin sheet 

layer given by (1.54), i.e.

K (j/,0 +) -  K (y ,0 -)  =  T(y)p(y,0+)[Y' (y,0+) -  Z y(y, 0+)], (2.3)

where the derivative Y'(y,Q+)  cannot be calculated directly by the central dif­

ference formula since there is no grid in the region of z <  0 .  It therefore has to 

be expressed by terms defined in the region of z > 0 only.

W ithin the region 0  <  z  <  |fci, we have p(y\ , z)  =  />a,i/2  which is uniform 

alot he z direction, i.e. p ;( j / A , 0 + )  =  0 .  The basic equation (1.28),

V 2B  -  —  x (V  X B ) =  i a 2B,
P

thus has its two components as

Y „  +  Y "  =  ic?Y,  (2.4)

Z „  +  Z" +  (Z , -  V)p,  =  (2.5)

The Taylor expansion gives

U2
Ya  a  ! ' « + i i n j » .» + )  +  y l " t a , 0 + )  (2.6)

Z «  »  Za i+ * ,Z '(» j ,0 + ) +  S z "(w ,0 + ) . (2.7)

W ith the help of (2.4), equation (2.6) gives the derivative Y '  as

Hl»».0+) = n', = -(£ + jia*)Yu + ji-n. + j{Y„)». (2.8)
Putting (2.8) into (2.3), we obtain for the V'-equation on the side z =  0 4 -  as
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Note th a t when r  =  0 , (2.9) becomes V'\j =  Y’\o» just what it should be 

when there is no thin sheet layer. Therefore, we can eliminate the effect of the 

th in  sheet layer this way when it is not required. In the actual computation, we 

insert (2.1) into (2.9), i.e.

1 Z ( u ,0 - )n , = B o + i / “ ^
7T J -o o  ?/,\ —

du
U

+TA/)Ai l - ( i -  +  y m ! ) n ,  +  i - K w  +  j ( Y , „ ) x i -  (« ,)> ,1  (2.10)

so tha t the unknown variable Yao can be removed which reduces the rank of the

coefficient matrix.

For the Z-equation, we combine (2.5) and (2.7) to eliminate the Z" terms 

and obtain

Z \  2 — Z \ i  — kiZ'xi

+ f  {><»%, -  (Z „)» . -  I(Z„)a. -  n ' . l f t )  (2 . 11)

Multiplying (2.11) through by 2/Arf, defining A y =  - k i p y/2,  and replacing both

YXI and ZX1 in (2.11) by (2.8) and Z' — - Y v (2 D form of V  • B = 0 ) respectively,

we obtain for the Z-equation at z = 0+

' M ^ a i  +  {ZyvU  +  +  Pv(%v)m

= ia2A vYxl + ^ ( Y X2- Y xl) + i a 2ZXi- ~ ( Z X i - Z Xi) (2.12)

2.2.2 Bottom  Boundary Condition -  BBC

Several different forms of BBC have been studied. The simplest one is

Y(y ,  oo) =  0 , Z(y,oo) =  0. (2.13)

In practice, however, we have used

Y ( y ,D )  = 0 , Z (y ,0 )  =  0 , (2.14)
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(2.15)

where D, the depth of the bottom of the mesh, is large enough tha t Y ( y ,D )  

and Z{y, D)  can be considered as being attenuated almost to zero.

Being more accurate, integral boundary conditions (Weaver, 1994) can be 

applied at z =  d, where d is chosen such that when z >  d, p(y, z ) =  po- In order 

to  derive these integral equations, we adopt the following definitions of Fourier 

transform and convolution,

/ ( , )  =  - ^ =  / “  /(»)«<» dy, !( y)  =  / ( , ) e - ™  dy

f*g(y)  =  ^  f W l l v  - t t ) d v m  j  ^  j ( y ) d y

In z > d, since p(y, z) =  po, the basic equation becomes

V 2B  =  m 2B

or

=  ‘2 '1 6 >

where F  can be either Y ( y , z )  or Z ( y , z )  and ag =  iupo/po is a constant. The

Fourier transform of (2.16) is

F"(y ,z)  = (y2 + i<4)F(v,z)- (2.17)

T he solution of (2.17) in z > 0 that satisfies the condition F(y,  oo) =  0 is

F{v,z)  =  F(r i ,d+)exp[-(z  -  dbo(»/)] (2.18)

where 7o(»7) =  { i f  +  m g)1/2.

A tabulated Fourier transform (Erdelyi, 1954, §1.4(26)) gives

- 4 = /  P{y,z)exp{ii)y)dy  =  7 | CXP̂  *7° ^  (2.19)
v 2 t t  j -o o  V L  Z O tQ \ / l

where P ( y , z )  is defined as

P ( lM ) -  (2 .2 0 )
(j/2 +  22) t
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and K\  is the modified Bessel function of order 1. Applying the convolution 

theorem to  (2.18), we have

F ( y , z ) =  r  F (Vfd+)P(y _  _  d)dV' (2 .21 )
7T J - o o

Although it is a solution to the differential equation (2.16), it is not conve­

nient to use, since the integral does not converge by itself at z =  </+. A better 

form can be found as follows: with rj =  0 and with y and z being replaced by 

y — v and z — d respectively, (2.19) becomes

exp[—(z — d)ao\f i] =  —— — f  F(v ,d+ )P(y  — v ,z  — d)dv. (2.22)
7T J - o o

Multiplying (2.22) by F(y,d+)  and subtracting it from (2 .21 ), we have 

F ( y , z )  -  F ( y ,d + )e x p [ - ( z  -  d)aQ\f i  ] =

/ “ [FI®, d + ) - F ( y ,  d+)\P(v -  -  •l)dv.  (2 .211)
7T J - o o

Differentiate (2.23) and evaluate it at z = d. Then the new form of the solution 

to  (2.16) is

F'(y ,d+)  +  a 0\ / iF (y ,d + )  =

s a g  f  [F („ ,d+)  _  F{y , rf+)|jfr ifep j g g f f ) (2JM)
7T J - o o  ' y  — w|

where F  can be either Y  or Z. When F  is replaced by Y , (2.24) serves as the 

integral BBC K-equation, and when it is replaced by Z, it serves as the integral 

BBC Z-equation.

There is a second integral Z-equation. Replacing F  by Z in (2.18) and 

differentiating it with respect to z, it gives

Z{r}, z ) = -Z '( f / , z ) /7 o(ti) (2.25)

The inverse Fourier transform of l / 7o(//) is (2 /tt)1/2Ko(y) where K() is the mod­

ified Bessel function of 2nd kind and of order zero (Erdelyi, 1954, 51.2(17)).
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With the help of the convolution theorem, the inversion of the above equation 

is

%(l/**) — — /  Z ,(y , z )K 0(\y -  v\a0\A ) d v .  (2.26)
7r  J - o o

Replace Z ' by Z'  =  —d Y /d y  in (2.26) and evaluate it at z — d+.  Then

Z ( y ,d + )=  -  ? f ( y , d + ) K o ( \ y - v \ a o V i ) d v .  (2.27)
t  J - o o  ay

By partial integration, it follows th a t

Z{y,d)  =  - j t  f  s g n ( v - y ) Y ( v , d ) K x ( a 0\ / i \ v - y \ ) d v .  (2.28)
y  l  J - o o

Since it calculates the Z  component from the Y  component, (2.28) provides a 

strong connection between the two components, and is therefore a better integral 

BBC Z-equation.

Besides the integral equations mentioned above, a differential form of the 

Z-equation is also useful sometimes. In the region — jfc/v-i < z < d, for the 

same reason as in the TBC, we have p'(y,d—) =  0 and the basic equations (2.4), 

(2.5)

+  Y "  -  ia2Y, (2.29)

Zyy +  Z"  +  (Zy ~  Y')py =  iOt  ̂Z , (2.30)

still apply, only now

a 2 =  u p o /p - ,  p~ = p { y , d -  §&;v-i), and py =  (d p ~ /d y ) /p~.

The backward Taylor expansions give

k2
yw- , = Y„ -  k s - i Y ^  +  - ^ - Y g  (2.31)

Z,v-i =  Z„ -  k n . a ' N  +  (2-32)
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All the terms except V n-i and Z s - i  are evaluated on Z — <{-. Combining (2.29) 

to (2.32), and with the help of Z'  =  - d Y / d y , eliminating V'v, Z^, Y',v, Zft, we 

arrive at the differential BBC Z-equation:

2„ + M2, -  n -  -j^-K = t j £ -  + ■«-') x„ - j £ - 2M-, (2.M)

2.3 Governing Differential Equations-GDE

The natural differential equation app/~d to the region of 0 < z < d is the basic 

equation

V 2B  -  —  x (V X B ) =  ^ B  (2.34)
P P

or, in component form

n ,  +  n .  +  (Y. -  Z , ) ^  =  (2 .:IS)

2 „  +  Z „  +  (Z , -  Y ,)—  =  (2 .:IB)
P P

These equations can be discretized straightforwardly by substituting the par­

tial derivatives with the corresponding central difference formulae. But when 

defining the values of p, py and ps at nodal points, a difficulty arises.

It has been shown (Brewitt-Taylor and Weaver, 1976) tha t for solving 21) 

E-polarization problems, one should solve the equation for the single component 

of electric field U (i.e. E x)

V 2(7 =  iup  0<rf/,

and use the conductivity a  as the model parameter. The value of n  at a node

point is defined as the weighted average of conductivities of all the four cells

surrounding the given node point;

- _  ^Ô Qfl’OO +  ^ 2^0^20 +  hok2ffo2 + /t2^2<T22

(ho -f h2 )(ko +  ^2)

In a special case of (Too =  ^20 =  ^o, ^02 =  ^22 =  Q2 , H is simplified to

ko(T0 +  k'i<J2 ,



2.3 Governing Differential Equations-GDE 46

But our situation is different; we not only have to  solve E-polarization prob­

lems by two magnetic fields rather than one single electric field, but also have to 

employ the resistivity p  and its derivatives rather than conductivity a  (without 

derivatives) as the model parameter in order to maintain consistency with the 

3D calculation. When using p as the model param eter, its value at a node point 

is naturally the weighted resistivity. The counterpart of (2.38) is

kopo +  k2p2
ko -f- k2

ft is easy to see that, although p = l/<r,

_ _  kQpo +  k2p2 __ _  ko<T2 + M o  . 1_
ko ■+■ k2 ko +  k2 (ko ■+■ k2)o0o2

(2.39)

and therefore,
tupo , . tuiu0a.

P
This simply means th a t the same model is described differently in our equations 

which use weighted resistivity p from those which use the weighted conductiv­

ity a. Of course, we can compensate for this difference by employing a finer 

grid at the cost of entailing more grid points and theisfore more memory and 

computation, but for the 3D modelling problems where the memory and CPU 

time might be constantly under stress, this price might just be too high to pay. 

On the other hand, if we ignore this difference and use the same grid as would 

normally be used in a conventional E-polarization solution, then for some ex­

treme models, such as the one shown in Fig. 2.2 in which a highly conducting 

surface layer and a resistive crust overlie a deep conducting vertical fault, an 

unacceptable discrepancy (Fig. 2.7) between results generated by the program 

of Brewitt-Taylor and Weaver (1976) based on traditional E-polarization mod­

elling with the electric field and weighted average conductivities (broken line) 

and those obtained by solving directly for the magnetic field components on the
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Figure 2.2: Model 2D-a, two-dimensional model used for test calculations.

same grid using weighted average resistivities at the nodes (solid line), would be 

produced.

In order to overcome this difficulty, it is our desire to avoid deiiuing the 

values of model param eter p a; the nodes. One alternative approach is to con­

vert the differential equations applied to a node point into equations obtained 

by integrating along a path enclosing that point. Starting with the Maxwell 

equations (1.23) and (1.22), i.e.

(2.40)

(2.41)

instead of taking the curl of (2.40) directly to obtain the basic equation (1.28) 

or (2.34), we first write it as 1/p and move it to the other side of the equation, 

so tha t

p V  X B =  p0E. (2.42)

Then we take the curl and integrate the result over the area A  which is enclosed 

by the path C shown in Fig. 2.3, where the four corners P, Q, R, S  of C are the 

centres of the four cells adjacent to node 0 . This procedure gives

J J ^ d S  x  V  X (pV  X B) =  - i u p o  J ■' B. (2.43)
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Figure 2.3: Integration around a node.

Applying the vector relation ((36), p i 15, D.S. Jones, 1964) to the left hand side 

of (2.43), we have

j j  dS x V  X (pV X B ) =  j  dl x (pV  X B)

+  j j  V  • (pV  X B)dS -  j j f  (x • V )(p V  X B) dS, (2.44)

where dS =  xdS =  x d y d z  and dl = y d y  +  zdz  . Since

V  • (pV  X B) =  V p  • ('V  X B ) +  pV  • ('V  X B)

and V  • (V  X B) — 0, and since in the  2D case V p J. (V  X B  || E), so tha t

V p  • (V  X B) =  0, it follows that V  • (pV  X B ) =  0. Also because x  is the

strike direction of our 2D models, the identity

( x  • V R p V  X B) -  X B) =  0

always holds. Thus

j  j ^  dS  x V  x (pV  X B) =  j f  dl x (pV  X B ) =  -  j f  (pV  X B) x dl (2.45)
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and (2.43) becomes

jf (p V  X B )  x dl = iup 0 j  J j&  * B )fIS, (2 .46)

In the component form, this result is expressed by the two integrals

j f  p(Yz ~  Z y) dy =  - im p  o j  JA Y d y d : , 

j£ p(Yz -  Zy) dz =  -  iupQ J  j ^ Z  dydz  (2 .48)

which can be written in the form

/on PQ̂ Yz ~  dy +  L .  P2°(Y* ~ dy J R D  ** DS

+ I  p2 2(Yz ~  Z y)dy  +  I pm{Yz - Z v)dy  =  - i u p o  I / Y dydz,
J p b  J b q  J  J a

/  Pq2 {Yz ~  Zv)dz  +  [  poo{Yz - Z v) d z  (2.50)
JQ C  JCR

+ I  P2o(Yz — Zy) dz +  I p2 2 (Yz ~  Zy) dz  =  —iujpo I I Z d y d z .
J s a  J a p  J  J a

2.4 C ell- in te g ra l E q u a tio n s

We call equation (2.46) a cell-integral equation because its L.H.S. is an integral 

along the curve C tha t encloses the nodal point 0  by running through the sur­

rounding cells along the trace of their centre lines, and its it.H.S. is an integral 

over those parts of the adjacent cells tha t are enclosed by the curve C. Equations 

(2.47) and (2.48) clearly show that the model parameter p only appears in the 

integrals along C, so that no values of p or its derivatives at the nodal points are 

involved; equations (2.49) and (2.50) indicate that all the values of p are well 

defined. The difficulty encountered by the conventional equations (2.35) and 

(2.36) has been successfully avoided.

In the process of discretization, (2.49) will be taken as a working example. 

For the right-hand side, the magnetic field Y  within the area A  will be approx­



2.4 Cell-integral Equations 50

imated by its value at the nodal point 0 , and the integral then will be

I [ a/  i j  (ho + h2) (k0 + ki) ,o e i \tupo J  J  Y  dydz  =  iujho  ----------- ------ >n. (2.51)

The derivatives Yz and Zy are slightly more complicated. For Yz, the derivative 

normal to the line segment RS,  a single value (estimated at point D) will be 

used on both RD  and DS,  i.e.

(Y ,)rd  =  ( K ) d s  =  (Yz)d =  ■ (2.52)
Kq

For Zy, the derivative tangential to the line segmets R D  and D S,  two values

(estimated at points R and S)  will be used respectively in the two segments, i.e.

, r,   ̂ , I f  Z \ \  — Zqi i Z \o  — Z q q \  Z n  — Z q\  +  Z \q  — Z oo
<Z »)BO =  ( / . ) «  =  J  (  ho +  — 1 — )  =  j ho ’

(2.53)
,  r, \ / rj \ 1 f  Z i l  ~  Z\\ t Z20 — Z \ q \  Z 2I ~  Z\\ +  ZiO ~  Z\0
(Zy)DS =  (Zy)S =  -  ( — —  +  — —  J =  ^  •

Similarly, in the segments P B  and B Q  wc have

(Y,)p b  = (Y,)bq =  (K )g  =  Y n  ~  Y"  , (2.54)
K2

1 /  Z21 — Z \ i  Z22 — Z \2  \  £21  — Z \ \  +  Z 22  — Z \2, r, \ t r, X 1 (Z2\ -  Z\\ Z 22 -  Z n \
(Z„)BB =  (Z„)p =  -  { - j — -  + — J — )  =

2/12

(2 .55)
1 / Z\\ — Zqi , ^12 — Zq2\  Zn — Z01 +  ^12 -  ^021 , Z i 2 ~ Z 0 2 \

(Z ,)B« =  (Z ,)«  =  J  ( — ^ —  +  — J 2ho

On inserting expressions from (2 .52) to (2.55) into the equation (2 .49) and 

dividing it through by the weighted average of resistivity p to make the co­

efficients dimensionless, we find tha t the integral jquation is expressed in the

form

(?'c0 +  Cjo +  cia)Vii =  C10V10 +  C12F12 +  (poo ~  P20 — P02 +  ^22)^11 

+ (p02 -  Poo)Zo\ -  (P22 — p2o)Z2\ ~  (p20 ~  Poo)Z\o +  (p22 ~  p02)Z\2

—pooZoo +  P20Z20 +  P02Z02 — P22Z221 (2 .56)
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where

p i , m =  p i , m / p , V  =  0 ,2 ;  m  =  0 ,2 ) ,  

i —  hokoPaa  +  h^k'opiQ  - f  h g k i p o i  +  h i k j p ^  r „,
(-Vo +  h 2 )(h'o - f  k'-i)

and

c0 — - ——( h o  +  h  2) ( A'o - f  k~2) — ot~ h ik 's ,  ( 2 .5N)
P

2  2  h
c io  =  j - ( p o a h o  +  P w h i )  : =  -7— /h o , t 'i2 =  [ - ( p o i h o  - f  p n h i )  :=  - ~ - p \ i -  ( 2 .5!))

KQ Ko K'l k'i

A similar procedure brings (2.50) into the form

( ico  +  C01 +  C 2 \ ) Z \ \  — cq\ Z q\ +  ('21Z21 +  ( poo — P i0 — p m  +  P a )V 11 

~ (po2 — Poq) Y q\ -f {p22 — P m ) ^ ' i \  +  ( Pin  -  />oo)Vio -  ( P n  — P m ) 1 12

— P00V00 +  p20^20  +  fig I V(>2 — P12 ) 22, ( 2 .00)

where co is the same as above, atid

2 2k  2 2 k
Coi =  - [ - ( p o o k a  +  p o i k i )  : =  - r ^ p o i ,  cai =  j - ( p 2o k o  +  p i i k i )  '■= ~ r —p i \  ■ (2.01)

h o  ho  h i  h i

Equations (2.56) and (2.60) are the finite difference forms of the Y  and Z  cell 

integral equations applied to the region of y ( < y < ijm, 0  z < <I, or to tin* 

corresponding grid points 2 < j  <  M  — 1, 2 < k  <  N  — I . Note that they 

involve the field values from all the 9 grid points around the node point, while 

the conventional ones only involve 5 points.

2.5 The Convergency of the Cell-integral Equations

Although the cell-integral equations we have derived offered some advantages 

over the conventional ones mathematically, it was found they had a fatal weak 

point; they are numerically unstable. When the attem pt was made to solve 

these equations by an iterative method, the iteration process was successful for 

a small test model, M777, which has a uniform conductivity structure with only
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7 grid points in both horizontal and vertical directions. The result was excellent 

for this simple model. But when the model was enlarged a little, the process 

started to diverge.

in order to understand why this is happening, let us simplify the equation

(2.60) by assuming h0 =  /t2 =  h, k0 =  k2 — k, and p0o =  P02 = P2G = P22 — Pi 

and dividing it throughout by p. The simplified form of (2.60) is

(  ^ ° 4hk -f 8 —̂  Z\\ =  4 —Zoi +  4 —Z 21 ~  Yoo +  Y20 +  Y02 ~  Y22 (2.62)
\  p h J h n

where the L.H.S. term Z\\  is the diagonal element of the linear equation set to 

be solved. In the coefficient of this diagonal element, the ratio of the amplitudes 

of the first and second terms is

<2-63>

where 6 — yj2p /u p 0 is the skin depth. When we design a mesh, it is a common 

practice to keep the grid steps no larger than 6 / 3  within from a conductivity 

contrast boundary. So, for some points, we have ( j ) 2 < | ,  i.e., the 2nd term 

(8 k / h)  is dominant in magnitude.

The cause of the instability can now be clearly seen. The dominant term 

(8 k / h)  may easily be less then 1, so long as h > 8 k , and which is almost 

inevitable in our grid design. This means th a t at some grid points, where the 

surrounding cells take the shape of a long strip, the modulus of the diagonal 

coefficient, \iup 04 hk / p  +  8 k/h\ ,  may be smaller than 1. But the coefficients of 

f 001 f 207f 02 and V'22, the 4 terms involved with the 4 corners (Q, R, S, P)  of 

the integral path C in Fig. 2.3, are always exactly 1 in this special case, i.e. 

larger than some of the diagonal ones. In other words, the non-diagonal corner 

terms exert more influence than those diagonal ones, thus violating the necessary 

condition for the convergence of the iteration and thereby causing it to diverge.
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A great deal of effort, both mathematical, and numerical, has been spent 

attem pting to circumvent this divergency problem. Among them were deriva­

tion of a set of 5 point cell-integral formulae, an application of the method of 

shifting the spectrum, use of direct solution methods and adding divB  =  0 to 

the 9 points cell-integral formmae, just, to name a few. The 5-point cell-integral 

formulae were also derived from equations (2.40) and (2.41), but with differ­

ent approximations for the derivatives of Y  and Z.  This new set of formulae 

involved onl" 5 grid points and had stronger diagonal coefficients. The conver­

gence problem was solved. But unfortunately it converged >o the wrong solution! 

The method of shifting the spectrum was originally derived by Hutson, Kendal 

and Malin (1972). This technique did make the 9-point, (cell-integral) equations 

converge, but the speed of convergence was so slow that it was hardly tolerable 

even for a 2D problem, not to mention what it would be like with 111) models.

A result of the direct solution given by the 9-point equations (2.56) and

(2.60) for model 2D-a (Fig. 2.2) is presented in Fig. 2X  The result was ob­

tained by using a subroutine which solves a banded complex double precision 

matrix via Gauss-elimination; the subroutine was obtained from a FTP site 

for many mathematical softwares, a t Internet address “netlib@research att.con” 

which refers to a gateway machine, 192.20.225.2, at AT h  T Bell Labs in Mur­

ray Hill, New Jersey. Although the direct solution in Fig. 2.8 still differs from 

the solution given by Brewitt-Taylor and Weaver (1976), it was an important 

step towards our later success; it enabled us to see what the results delivered by 

equations (2.56) and (2.60) were like. By comparing them with those generated 

by the programs of Brewitt-Taylor and Weaver (1976), and Poll (1994), we could 

see that our result was basically following the correct trend. Only if we could 

eliminate the spikes, presumably caused by the poor condition of the coefficient 

matrix, could we hope to get a reasonable agreement.

It was interesting to notice th a t when we used the iteration process with
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the help of shifting the spectrum for convergence and started with the correct 

solution from Brewitt-Taylor and Weaver as the initial value, the iterative results

direct method. This clearly indicated that our result from the direct method was 

the true solution to equations (2.56) and (2.60), even though it was not the right 

answer to the problem. So, we had to modify our equations mathematically to 

improve the condition of their coefficient matrix.

The source of the poor conditioning for that particular model was identified 

to be the Z-equation where the k /h  ratio was too small. We had to strengthen 

the diagonal coefficients. Obviously, if k /h  is too small, then h j k  must be large. 

Thus, it should be possible to solve the problem by including an extra term with 

h / k  into the diagonal coefficient of the Z-equation where k /h  was the dominant 

term. Such a term was found in V  • B = 0.

Applying V  • B =  0 at point (1, §) in Fig. 2.4, we obtain

the coefficient of Z\\  being just what we wanted Multiplying (2.64) by a factor 

/  and adding it to the Z-equation (2.60), we obtained the result showed in Fig. 

2.9. Although there was still some small vibration, it was a milestone for us. 

Very soon, it was found that by applying V  • B = 0 at point (1, | ) ,  so that

marched away from the good solution and finally converged towaids tha t of the

or

When /t0 =  hi  =  h, the above equation shows that

=  j£ ^ 12 ■*' 4 ^ 21 ^ 22 ~  ^ 01 ~  ^°2) (2.65)
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J/j-i l i j  //j+i

(0 ,0) (2 ,0 )

( 2 , 1)( 1 , 1 )

(0 ,2 )

Figure 2.4: the symbols x and * respectively denote the points where equations 
(2.64) and (2.66) are obtained by applying div B =  0.

and by adding this equation instead of (2.64) to the Z-equation (2.60), weeould 

remove the unwanted vibration in Fig. 2.9. The new result is presented in Fig. 

2 . 10 .

2.6 Auxiliary Equations for the Cell-integral Equations

Generally, the weak diagonal coefficient can be caused by either or both of the Y 

and Z- equations (2.56) and (2.60). For example, we tried another model, 2.1 )-b 

as shown in Fig. 2.5; and we found tha t no m atter which equation, (2.64) or 

(2.66), was used to  modify the Z-equation (2.60), it failed to bring good results. 

It was identified tha t the problematic equation is the F-equation for this model. 

Therefore, we need another formula for the F-equation which will modify this 

equation as formula (2.66) modifies the Z-equation (2.60). 'Though (2 .6 6 ) is 

good for the Z-equation (2.60), it is not symmetrical about the 2-direction and 

cannot be readily extended to the F-equation. However, a new set of such 

equations can be found in the following way. First, take the gradient of the 

scalar equation V  • B  =  0 to produce a vector equation

V ( V - B )  =  0. (2.67)
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Then, integrate it in the same way as (2.43). This leads to

J j ^ d S  x V ( V - B )  =  0 .

By formula (35) ( pi 14, D.S. Jones, 1964), we have

J J ^ d S  x V ( V - B )  =  j ( ( V - B ) d l  =  0,

or,

t , 8 Y  d Z Kj n
f M + d I )dy = °
t  , d Y  d Z  x n

i %  + 7 l7 )d: = il

Equation (2.70) leads to

f * d Y  J d Z  , . d Z  . .
L  i y  +  &  +  / p  * 3 ^  +  a 7 d s ,)  =  ° '

where

L ^ = { Y ) s - {Y)"

=  +  ^20 +  +  V21) — ^ (K io  +  Vio +  V01 +  V n )

== j (^20 +  Y2\ — Voo — V01),

and following the approximation to the normal derivatives in (2.52), 1 

write
+  h 2) (Z\\  — Z 10) h6f s d Z  , ( d Z \  (h0 A

L  ■aId v = \ - e l ) D — 2 kQ

Similarly,

I p ^ dV = (Yh - ( y ) p  = \ ( r< n + Y „ -Y l l -Y „ ) ,

f id z  , (Z»-Z»)(  h,\
I  ! h dy = k2 - ( - ? ) •

(2 .68)

(2.69)

(2.70)

(2.71)

(2.72)

(2.73) 

e may

(2.74)

(2.75)

(2.76)
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By substituting expressions from (2.73) to (2.76) into (2.72), we obtain

—-— -Zw =  -r—Z u  + -7 - ^ 1 0  +  (Voo — V20 — V'oa 4- V’aa). (2.77) 
KqKi  A’2 A'o

Similarly, (2.71) gives

, a, 8 V n  =  V21 4- -7— V01 4- ( Z qq — Z - io  — Z ( ) i  +  Z t i ) .  ( 2.78)
« 0 * 2  " 2  " 0

(2.77) and (2.78) are our new pair of equations for augmenting the diagonal

term s of the cell-integral equation (2.56) and (2.60). The final equations we

have used in the computer code are in the form of

Equation (2.56) -f Equation (2.78)

Equation (2.60) +  Equation (2.77)

which can be expressed explicitly as

2 h  k
( ic o  +  C\ 0 +  C12 - f  --- - - - )V ’n  — ( poa  — p m  — P m  +  P m ) Z \ \  —

C to ^ io  +  C l2^12  4* * r ^ ^ 2 1  +
ft 7 ” 0

+  (1  — Poo) Z o o  — (1 — P 2 o )^ 2 0  — (1 — P o i ) Z o 2  +  ( 1 — P ' i i ) ̂ 2 2  

Jr { p 0 2  — P o o )^01  — ( p22  — P ' m ) Z 2\ — ( p 20 ~  P o o )# IO  4" ( P i i  ~  t h n ) Z \ 2 ,

(2.70)

(*C0 +  Coi ■+• C21 4 ■■■■- - — ) Z I I  — (Poo — P20 — P02 +  P i 2 ) Y \ \  =  
kok ' i

y  . y  i y  i yCoi An 4- c21^21 4- — ^12 4- — "io 
k 2 ko

4- ( l  — Poo)V oo — (1 — P20) Vao — (1 — P 02 ) V02 4- (1 — P22) V22 

(P 02  — Poo)V o 1 4- (P22 — P20) V21 4- (p ao  — Puo)V 'io -  ( p 2a — ^oaJV 'ia-

(2.80)

For model 2 D-a, Fig. 2.11 shows tha t the new set of equations (2.70) arid (2.80) 

give almost the same result as do (2.56) together with (2.60) modified by (2.66)
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p = 0.25p = 2.54 km

p = 100030 km

p = 1011 m

Figure 2.5: Model 2D-b, a two-dimensional model used for test calculations.

(Fig. 2.10). As a further check on the accuracy of our solution we have also 

computed the magnetic field inside the earth  across the bottom  surface of the 

vertically faulted slab at a depth of 70.25 km (see Fig. 2.2). The results are 

compared with those given by the program of Brewitt-Taylor and Weaver (1976) 

in Fig. 2.12, ar.d once again excellent agreement is obtained.

For model 2 D-b, although the combination of (2.56) with modified (2.60) 

failed to deliver an acceptable solution, the new pair of the equations (2.79) and

(2.80) do bring good results as shown in Fig. 2.13. The graphs indicate tha t the 

solutions given by (2.79) and (2.80) (solid line) not only are stable but also are 

closer to those of Brewitt-Taylor and Weaver (broken line) compared with those 

calculated by using weighted average resistivities at the nodes (dotted line).

Finally, to confirm th a t the new formulae remain accurate even for those 

models tha t were not problematical when weighted resistivities were used, we 

have computed the magnetic response of the three-segment ‘control model’ 

shown in Fig. 2.6  for which a quasi-analytic solution is available (Weaver, LeQuang 

and Fischer, 1986). The perfectly conducting basement in the model was sim­

ulated in the finite difference program by assigning a sufficiently small numer­

ical value for the resistivity in the region z > d. The variations of the two 

components across the surface z =  0 are seen to agree extremely well, for the
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<7 —  0
y = - a  O y = a

°\ o2 <y.\

.----- 2fl-------

P = 0

Figure 2.6: The three-segment control model of Weaver, LeQuang and Fischer 
(1986). The param eter values used in the numerical calculations were <j\ -  0.1 

S/m , <t2 =  1.0 S/m , <r3 =  0.5 S/m , a =  10 km and <1 = 50 km.

chosen period of 300 s, with the analytic solutions depicted by the broken line 

in Fig. 2.14.

To see why these two auxiliary equations (2.77) and (2.78) have successfully 

modified equations (2.56) and (2.60), let us take a close look at (2.80) which is 

the combination of (2.77) and (2.60). If we assume that the resistivity is uniform 

at node point 0  in Fig. 2.3, i.e. p0o =  p<n =  p2o =  p22 =  p = P in equation (2.80), 

then we obtain

.iUfPiQhgha Qhghg *2hgkg . _
( -----   +  - j - j —  + 7  4- 7  4- 7  a- I - ? - 7  ('> H 11“T—^01 T  / | 2  +  -T—/|(). (2.81 )

no 1I2 k2 M)p hoh2 kole2

The effect of adding (2.77) to (2.60) is obvious, it not only strengthens the 

diagonal coefficient by 2hakB/kok2, but also weakens the influence exerted by 

the terms from the corner nodes, Voo> V20, V02 and Y22; in this special case when 

p is uniform, the corner terms are completely cancelled out, while in general, 

these terms will be greatly reduced in importance.

If we divide (2.81) by hak„ and rearrange its terms, then we have
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This is nothing else but the finite difference form of

V 2£  =  (2.83)
P

In the same way, (2.79) simplifies to the finite difference representation of

v 2 y  =  lUJlOy ^

P

Thus, at a node point in a uniform region, (2.83) and (2.84) merely state  that

V 2B = ^ B ,  or -  V 2 j  B  =  0, (2.85)

in accordance with what is required at a node point of uniform resistivity.

In fact, if we go back to equation (2.43), divide it by the averaged resistivity 

p and rewrite it as

~ /  /  dS x [iupoB +  V  X (pV  x  B)] — 0, (2.86)
p  J JA

a well-known vector relation leads to

/  /  dS x {iup0B  +  (V p) x ( V  X B) +  pV ( V  • B) -  pV 2B] =  0. (2.87) 
J JA

\_

P

When the resistivity is uniform within A,  i.e. p — p and V p =  0 , then the 

(V p) x (V  X B) term  drops out, and the above equation becomes

U a  d S  X t — 2 ® "  V 2 B 1 +  J J A dS  * V ( V - B )  =  0. (2.88)

Note that the integrand of the first integral on the L.H.S. of the above equation 

is the same as (2.85), and the second integral is the same as (2.68), i.e. the extra 

term we included to stabilize the cell-integral equations. Mathematically, the 

second integral is zero; it makes 10 difference if we keep or drop it. But when 

transforming (2.43) into (2.46), we have converted

J j ^ d S  x V x ( p V x B )
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into

j f  rfl x ( p V x B )

by (2.45); and the second integral in (2.88), i.e.

J J d B x  V ( V - B )

has been implicitly included. It seems that the numerical effect ol’ this term 

in the § d\ form of equation (2.46) is to weaken the diagonal coellicieuts and 

increment some of the non-diagonal ones. We need to compensate its effect by 

applying its negative term to the equations. This is the significance of obtaining 

equation (2.80) by adding equation (2.77) into (2.60); it reduces (at grid points 

in a non-uniform region) or removes (at grid points in a uniform region) the 

relative influence of the term

J j d S  x  V (V * B )

in equation (2 .8 8 ).

The instability could also have been anticipated on physical grounds. The 

magnetic field B  +  V 0 , where z) is an arbitrary scalar function, identically 

satisfies (2.46) when u> =  0. Thus for small frequencies, the approximate solution 

for the magnetic field will be indeterminate (i.e. unstable) to the extent of the 

gradient of a scalar function <j> which vanishes together with its derivatives on 

the surface 2 =  0 and at infinity in the region 2 > 0. Only by invoking condition 

V  • B =  0 explicitly can we ensure th a t <f> == 0 , hence B  determinate and stable.

2.7 E-polarization Problems

Since our 3D model can approach limiting 2D structures on the boundaries 

a t infinity, both 2D E-polarization and B-polarization will be encountered. In 

Chapter 1, as shown in Fig. 1.2, we have assumed that the external stimulating
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magnetic source field is in the x-direction only. Therefore, the E-polarization 

problems occur at y =  yi and y = ijm respectively. They are both in the 

xz-plane. However, in order to be consistent with the conventional coordinate 

frame for the E-polarization mode, in this chapter we have assumed the source 

field to be in the ^-direction as shown in Fig. 2.1, so tha t the E-polarization 

would occur in the y z -plane and involve the fields already familiar to us, E x ,  

Y y  and Zz.  The equations obtained so far, therefore, have all been derived 

in the y z -plane with fields components E  =  (f/,0 ,0) and B  =  (0, Y ,Z ) .  Now, 

in order to be consistent with the other parts of this thesis and the computer 

program, these equations have to be converted according to the configuration 

given by Fig. 1.2, i.e. they have to be transformed into the xz-plane with field 

components E =  (0 , ^ , 0 ) and B  =  (X ,0 ,  Z).  This can be done by rotating the 

coordinate frame for 90° clockwise about the z-axis. Consequently, x and X  

in the equations written in the old frame should be replaced by — y and — Y  

respectively in the new frame, while the old y and Y  should be replaced by the 

new x and X  repectively. The two equations needed for each node point are now 

the A'-equation for the x-component and the Z-equation for the z-component. 

Above the thin sheet at z — 0 —, equations (2.1) and (2.2) become

(2.89)

(2.90)Z(x,  0 - )  =  Z (x ,0+ );

Beneath the thin sheet at z =  0+ , (2.10) and (2.12) give

and
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=  i a 2A rX xl +  £ (A ' A2 -  A',\i) + m *ZA1 -  ^ ( Z A2 -  Z m ) (2.92)
K i K |

where A x =  - \ h p x, px =  [(dp/d;r)/pl i , a 2 = upo/p  \-
2 '  2

The equations applied to region 0+ < : <  c/v, i.e. CDF, will be directly 

obtained from of the finite difference form of cell-integral equations given by 

(2.79) and (2.80).

For the bottom  boundary condition at z = zn — <1, the counterpart of (2 .2 1 ) 

in the a:2-plane is

F'(x ,d+)  +  a 0\ / iF (x ,d+ )  =

aosfi r rv j  . \ ru i . \i M l*  ~ f  [F(u,d+)  -  f  (®, «*+)]—i - r  L- ]--------c/i/. (2.9.1)
7T J —oo |X — It |

Both A- and Z-equations are to  be obtained from this equation by substituting

F  with A and Z  respectively. But the equations will be given at z — </+, they 

have to be related to be at z — d—. With Y  =  0 , d /J y  =  0 and r  =  ;rx, 

equations (1.79) and (1.81) yield

X ( x ,d + )  =  X { x , d - )  = X{x ,d ) ,  Z (x ,d+ )  = Z ( x , d - )  = Z { x , tl), (2.91)

Z'{x ,d+)  =  Z ' ( x ,d ~ )  = Z'(x,d)-, (2.95)

equation (1.84) provides the relation between X'(x,d-\-)  and X '{ x ,d —) as fol­

lows:

X '(x ,d + )  = R pX ' ( x , d - )  -f (1 -  R p)Zx(x,d),  Rp =  p(x,d-)/p,)-  (2.9b)

and from (1.74) and (1.78), we have X ' ( x , d - )  and Z '(x ,d) respectively as

V't J \ X n  ~  X n - i ICN-l ( ■ 2 v  i v  \X  {x ,d~ )  =  -----;----------------- -—( —*a A/v -f X xx),
K N - l  2

r?n J \  Z n  -  Z n - I  l * N - l ,  • 2 V , r, , . V \
Z  ( x , d ) =  ------ ;------------------------— ( - * a  Zyv +  Z x x  +  P x ^ x )

Kn-i  2
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Thus, we have the equations of the bottom boundary condition for the 2D 

IT polarization mode at z — d— as

RpX ' ( x , d - )  + (1 -  R p)Zx(x,d)  +  a Q\ f iX (x ,d )  =

^  f  [ X M  _  .V(i,<i)| du (2.99)
7T J —oo — 11 j

and

Z'(x,d)  +  a 0V iZ (x ,d )  =

f  \Z(u, d) -  Z(x ,  J )]K ' (l* -  " 1 ? ^  > in .  (2.100)
7T J  —oo |#  — U j

The other two alternative ^-equations for the bottom boundary conditions at 

z =  d , given by (2.28) and (2.33), are converted as follows:

an r
Z (x ,d )  = —7= I sgn (u — x)X(u ,d )K i(ao \ / i \u  — * |) du (2.101)

v  i J -oo

and

+ U Z X -  X ' )  -  J ^ - X p  =  ( - J -  +  m 2)  Z/v -  T ^ -Z jv -1 (2.102)
«/v-i \fyv-i /  fyv-i

where .V' =  X ' ( x , d —) and is given by (2.97).

2.8 Finite Difference Equations for E-polarization

The equations listed above for the 2D E-polarization problems are now cast into 

finite difference form. At 2 = 0 - ,  where k -  0, equations (2.89) and (2.90) yield

1 L
•V,\o = B o  '%2H\iZ io (2.103)

^  / = i

Z \o = Z),i A =  2 ,...,T  -  1 (2.104)

where / / \ ;  are the coefficients of the Hilbert transform and are derived in Ap­

pendix B.
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At z =  0-h where k =  1, A =  2...L — 1. equations (2 .0 1 ) ami (2.02) he 

come

1/  l l i . A .
 +  — + 7Tm * p.\  + t

\ 9 \ - \ 9 \  2 /  '7

I  k '  V  _l+ + \  / +  i I  r - V \ + i  i +
2 \g\gt

AM =  /A) — V  / / V,Z,
7T/=|

k \  y . 1 y

9 . \ - i 9 s  ' ^ , ,  +  <T V i ,

f E  v , . / ."A  1
9 \ - \ 9 \

4. •* \
9 \ - \ 9 \

A -  2 . . . L  ~  1. (2. ior>)

and

'2  -  , 2 , . 2\  r,
-----------------  +  7 7  +  30! J

,  9 \ - i9 \  t f  
2

2 + Px9,\-i r, , 2 -  p r , 9 \ t /  , 2
,\i — ------- t — A\+i i -I----------- 7~ \■ • 11 + 7 7 / l \ 2

STaSFa 9 \ - \ 9 \

+

f  ( 4' + t t )  ■+ t a r  (■*■■&)*'

+ M )

I T  V,\_l | -  —  A,\ ■„> 
A-1

+ *<>2A.X.
«'i

-Va ,

A =  2 . . . L -  I. (2.166)

w h e r e  a 2 =  u p 0 / p  i , A x =  - U q  ( /» * ) . i , ry v =  ,7a — < /a -i , </a =  9 \  +  9 \  ■ •
2 2

In the region k\ < z < Z n - \ ,  where A =  2,. . . ,L  — I, p, — 2 , ...,/V I,

equations (2.79) and (2.80) are both in the local coordinate system and can he

converted into the £2-plane as follows:

(?'Co +  Cio +  C12 +  - ) X t | — ( pm — pm — p m  +  ( > n ) Z \ \  —
9o9i

ClO-^lO +  C12A12 +  —— X21 +  ----- A'01
92 go

+(1 — poo) Zoo — (1 — p2o)Z'ia — (1 — Pm)Zm +  (I — pm)Z'i2

+(/2q2 ~  Poo)Zoi ~ (P22 — P2 0 )Z’i 1 — (pin — Pud)Z 10 +  (pm — pm ) Z \2,

(2.107)

and

2gs ̂
(?c0 +  C01 + c2, +  - J r 1 )Zn -  (poo -  P2I) -  P m  +  P 2 2 ) X \  I 

K0 K2
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C o i Z o i  +  C - i lZ 'H  -f Z \2  +  - - Z i o
«2 Kq

+  (1 — P m ) X o a  — (1 ~  p 2o ) ^ 2Q —  (1 -  p 0 2 )  % 0 2  +  (1 — p 2i ) ^ 2 2  

( p 0 2  — P o o ) ^ - 0 1  +  ( p 2 2  — p 2 o ) ^ 2 1  +  ( P 20 ~  ^Oo) ^ 1 0  ~  ( p 2 2  ~  p 0 2 ) X l 2 ,

(2.108)

where

and

Pp<i — Pp<i / P i (p  — 2; q — 0,2),

gqkopQQ +  32^0p2Q ~f 90^2pQ2 +  P2^2p22 
(go -f h,2)(ko  +  k i )

(2.109)

Co =  - r - (g o  +  g2 )(ko + h )  -  a 2gsks, (2.110)
P

CIO = J-(p0090 +  P20g2) =  -T~plOi c\2 =  Y~(p029o +  P2292) =  ~f-pl2,  (2.111)
A’o '0 k 2 k-2

go — 9 \ - i ,  92  — 9 \ i  9 s  — go  +  fif2, ko  =  k ^ - i ,  k 2 =  k ^ ,  k s =  k o  +  &2-

At z = zn =  d, the finite difference forms of (2.99) and (2.100) are

RpkN-\ \   r  d" iot* d J +  °oy/t  +  S
\ k N-1 9 \ - \ 9 \ )

X w  =  51  Cm X i n  
i=i

1 1
+ R pkN-1 \ ---- + Aa+uv -f ------- x-A'a_i^ +    jA a n - i

\ 9 \ 9 \  9 * - i 9 >  f c j v - i  /

- ( 1  — /?p) (  9X |  ^A+l/V d---- — ^a/V ^ ^ + ^ A -lA r)
\<7a <7a tfA-ltfA ^ A - i 5 a /

( 2 . 112 )

and

k N - i  i   j  + ^ (* a2  d d- a o \ / i  +  S
\  2 9 \ —i9\ J

A/V-l  / 2  +  P x 9 \ —1 ry , 2  ~  p x 9 \

L

Z\N = 5Z 
1= 1

+ mZ\+\N H —  -IN  d- 7------ 2 % W -1
<- \  y\?  ■'*

1

- f .  “ A T I H  ' 4- —’ A — l i V  I y

0a0a 9*-i9\  «n-

/̂5j;(A a7V ~ A aN -i )

A =  2 . . .1 - 1 .  (2.113)
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where a 2 =  u p 0/p XN_i ,  px = [{dp/d*)/p]SN_l ,  «o =  ^Pa/po, 9\ ~  </.\ -  </\~i

and g* =  g\  +  <7,\-1, wh:le C\i  and S are given by (B.44) and (B.47) respectively 

in Appendix B.

The alternative Z-equations (’2.101) and (2.10‘2) lead to

where Dm  can be derived similarly to C\i.

2.9 B-polarization Problems

According to Fig. 1.2, the B-polarization problems occur at x =  :/;i and ,r =  /, 

respectively. They are both in the j/z-plane. The conductivity structure is 

uniform in the x-direction; therefore the derivatives with respect to x are all 

zero. The only non-vanishing magnetic component in B-polarization is X(y , z ) .

The upper surface, z = 0—, of the thin sheet is the boundary between the 

conductive earth and the non-conductive air layer. It is well known that on 

this boundary, for the B-polarization problem, the magnetic field is constant; 

its intensity is the same as that above a ID structure for the same sourer;, and 

it is called normal field. It is denoted by B q in this thesis. Therefore, we have

(2.114)

and

X q — Bo, (2.11C)
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where we have defined A 0 := X ( y , 0 —). Similarly, we also define X \  :=  A (y ,0 + ), 

X \  := A '(j/,0-f) and X 2 := X ( y ,k i ) .  Keeping in mind th a t Y  = 0, Z  = 0, 

d/()x ~  0 and (P fdx2 =  0 , we see tha t beneath the thin sheet at z — 0 + , equa­

tion ( 1.5 3 ) links the component across the thin sheet according to the relation

X i  -  Xo = t P + X ,v  (2.117)

The expression of the derivative X[  has been derived in Chapter 1 for a gereral 

3D case given by (1.69); the 2D form of X[ can be obtained by simplifing from 

(1.69), so that

X{  =  +  X „  + Xyji,}. (2.118)

We therefore obtain for the equation at z =  0+

T P  1 - 2  4-1I  +  +  - * a 2T p + k  i
K\ i

X, = fl„ + ^-X, + ^ l [ x „  + i>,xv). (2.119)

In the region z\ < z <  z n -\  , i.e. at nodes k =  2,..., jV — i, the ordinary 

equation for a standard B-polarization problem is used. It is the basic equation 

for magnetic field which comes from (1.29) as

Xyy +  X zz +  X zpz +  XyPy =  it*2 X . (2.120)

On the bottom  boundary, at z = d, equation (2.24) provides the A-equation 

with F  substituted by X , i.e.

X'{y ,d+)  +  a 0\ / iX (y ,d + )  =

S K *  £ [ x M + ) -  x ( „ , ^ ) ) M k ^ V i )  * .  (2.121)

Since we have Zx =  0, equation (1.84) yield X '(y ,d + )  =  R pX'(y,a,—). Take 

into consideration tha t X  is continuous across the boundary, we can also write 

the above equation as

R pX ' { y , d - )  + a 0yfiX{y,d) =

a s d  f  i x {v,d)  -  .v (i,.d )]M i y r ,.;l?°Y i ). ^  (2.122)
7T J - o o  |J/ —
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where X ' ( y , d —) can be obtained by simplifing from its 3D form (1.71) as

X ' ( y , d - )  =  A V (rv ’Y  '' -  +  -V„ + XyPy]. (2.123)

2.10 Finite Difference Equations for B-polarization

are as follows: 

a t z = 0 —,

X m0 = Bo rn =  1, M, n =  0 ; (2.123)

a t 2 =  0 -f,

l + r | 4 + 2. *■*.” + ia2 i ) ‘ m l
k \  h m - i h +  rn

n  | 71 / ^  P y h m - 1 y  2 — p y l lm  2 \
# 0  T 1 I ----7—77--- ^m +1 1 +  -7 | +  77''m2 ,\  nm/i+ hm-.ih+ A:, /

m  =  2...A/ — 1 , r». =  1

r  =  Py =  [W ^ y ) / /» ]mi . a a 1 =--“W / i  1,^ 2 2 2 2

hm — hm hni—\ , /im =  hm -f /im _ 1:

in the region ^  < 0 <  2 /v-i,

where

/_• _ 2 . ^ Pyhm , 2 pikn \  2 +  pyhm-\
%nmn  +  T  7 +  “ 7 ------- }-----  n  = -------- J 7 7 ------

\  k n - i k n J  h m h+n

2 p y h m y  ( 2 p z k n - \  v  ( 2 p z k n v
' • m  —In t  * » i ^ m n + l  ' i # x.

m = 2...A/ -  1, n =  2 .../V -  1

where

Q m n  — ^ P o /  Pmn  i
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a t z — d,

where

’R PkN. x (  2

2 \&;v-i
2 +  ia  j •+ , 
2 m N - 5  /j

2 -  
m

+ oto\fi{\ +  S/ir)
-1 hm )

XrrtN —

Rpkiv-i (2  +  Pyhm- j) v  i Rpkiv-i (2 dyhm) v
2 K k T ~ Xm+>f‘ + “ 2 hZ^hiT  m-'"
R  ^

*JV -I j = t

m  — 2...M — 1, n = N  (2.127)

^  =  PmN-'JP0

and 6 'mj , 5  i re given in Appendix B.

2.11 Numerical Results of the 2D EM Modelling

Graphs of 2D E-polarization numerical remits of the models 2D-a (Fig. 2.2), 

2D-b (Fig. 2.5) and the three-segments control model (Fig. 2.6) are presented 

here. Fig. 2.7 to 2.12 are for model 2D-a; Fig. 2.13 is for model 2 D-b; and Fig. 

2.14 is for the control model.
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Figure 2.7: Real and imaginary parts of the magnetic components Y  and /  
on the surface z =  0 of the model shown in Fig. 2.2. The solid line graphs 
represent the variation of the magnetic field calculated directly by the finite 
difference method using weighted average resistivities at the nodes; the broken 
line graphs depict the same variations as obtained by numerical differentiation of 
the  electric field calculated with the finite difference program of Brewitt-Taylor 
and Weaver (1976) in which weighted average conductivities are assigned to the 
nodes. The period of the source field is 1000 s. Both Y  and Z are normalized 
by B 0.
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Figure 2.8: The same variations as in Fig. 2.7 but with the solid line now 
depicting the (numerically unstable) field variations generated by formulae (2 .56) 
and (2 .60) via the method of direct solution. Both Y  and 2  are normalized by
Bo.
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Figure 2.9: The same as Fig. 2.8 but with the solid line now depicting the im­
proved field variations generated by formulae (2.56) and modified (2.60), where 
(2.60) is modified by including (2.64) so tha t the diagonal terms can be strength 
ened. Both Y  and Z  are normalized by #o-
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Figure 2.10: Same as Fig. 2.9 but formula (2.60) is now modified by including 
(2 .66 ) rather than (2.64). Both Y  and Z  are normalized by Bo.
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Figure 2.11: The same as Figures 2.7 to 2.9 except that the solid line now 
represents the magnetic field components generated by the new finite difference 
formulae (2.79) and (2.80). Both Y  and Z  are normalized by /i(J.
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Figure 2.12: As in Fig. 2.11 but for the magnetic field on the bottom  surface of 
the anomalous slab at depth 70.25 km in F'ig. 2.2. Both Y  and Z  are normalized 
by U0.
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Figure 2 .13: All the three lines (solid, broken and dotted) depict the same 
variations of Y  and Z  (normalized by B0) on the surface 2 = 0 of test model, 
2D-b, as shown in Fig. 2 .5 . The solid line graphs are given by (2 .79) and 
(2 .80), the new finite difference equations obtained via cell-integral approach; the
dotted line graphs are calculated directly by the finite difference me'! 1 using
weighted average resistivities at the nodes; the broken line graphs are calculated 
by the program of Brewitt-Taylor and Weaver ( 1976) in which weighted average 
conductivities are assigned to the nodes. The period of the source field is 1000

88
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Figure 2 .14: Variations of the real and imaginary parts of the magnetic compo­
nents V and Z (in units of Bo) across the surface z = 0 of the control model 
shown in Fig. 2.6. The solid line is given by the new finite difference formulae 
(2.79) and (2.80) and the broken line is the quasi-analytic solution of Weaver, 
LeQuang and Fischer (1986) (broken line). The period of the source field is 300
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Chapter 3 

THREE-DIMENSIONAL EM INDUCTION  
PROBLEMS

In this chapter we discuss the boundary condit ions and the governing differential 

equations in the 3D situation. The Governing Differential Equations, or (.IDE 

as we call them in abbreviation, consist of one set of equations that apply in 

the region of x 2 < x  <  i l - i ,  2/2 <  2/ <  7/M-1> z 'i <  -  <  ~/v—i ■ The boundary 

conditions, on the other hand, consist of TBC, BBC and SIM’. TBC stands 

for Top-Boundary-Conditions, but since we have included a thin sheet layer at 

the top of the model, TBC may as well stand for the Thin sheet-Boundary- 

Conditions. TBC in turn have two groups of equations, of which one set applies 

above the thin sheet at z — 0 —, and the other beneath the thin sheet at z Of. 

BBC stands for the Bottom-Boundary-Conditions applying at the bottom of the 

model, z — d. SBC means Side-Boundary-Condition. It falls into two groups, 

as can be seen from Fig. 1.2. One is for the E-polarization and is applied at 

y — 2/1 and y =  j/m - The other is for the B-polarization and is applied at x  ; .Tt 

and x  =  x l .  In the same way that ID solutions are used to serve as the side 

boundary conditions in a 2D problem, 21) solutions are used to serve as the side 

boundary conditions in a 3D problem. In order for these 21) SBC to apply, the 

side boundaries must be far enough away from the nearest conductivity contrast,, 

so that the distortion field due to the 3D in homogeneity can be neglected at th e  

locations the boundaries. Then the pre-calculated solutions of the limit 2!D 

conductivity structures of both B-polarization and E-polarization can be applies 

as the values of the Side-Boundary-Conditions. The 2D problems for SIM ! has**'
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been discussed in Chapter 2 . In this chapter, we will only have to check TBC, 

BBC and GDE. We will start with TBC first.

3.1 Top Boundary Conditions -  TBC

In this section, we discuss two sets of boundary conditions applied at the top of 

the  model; one set is applied above the thin sheet layer at z — 0 —, the other is 

applied beneath the thin sheet layer at z =  0+.

3.1.1 Boundary Conditions Above Thin Sheet at 2 = 0 -

Above the thin sheet, at z =  0—, the component forms of equation (1.56) are

X  = B 0 + X a, Y  = Y% Z  = Z a. (3.1)

T he second and third equations indicate that the Y  and ^-components of the 

to ta l field and the anomalous field are identical due to the absence of the cor­

responding components in the source field. So Y  and Y a, Z  and Z a are inter­

changeable.

X °, Y a and Z a are not independent. In fact, both X a md Y a can be 

determined from Z a alone. The relations have been presented by Weaver (1964) 

and will also be derived after the discussion of the  bottom  boundary conditions 

in a  later section. The equations (22) and (23) of Weaver (1964) give

X a =  - M XZ \  Y a = - M 2Z a (3.2)

where M\  and M 2 are defined as

1 /O O  /O O  T  —  11

M ,Z ° :=  - i-  /  /  Z a(u ,v )T, 7  -r .dudy
2 ;r J - 00J -0 0  y ’ ' [ { x - u ) 2 + (y -  t>)2] y

(3.3)

M 2Z a :=  ~  r r z a{u,v)r.  r ^ d u d y .
2tt L ooJ - oo v ’ ' ((* -  u )2 +  ( y  -  u)2] u
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Combine (3.1) and (3.2) an 1 drop the superscript of the Z  component. Then X  

and F  can be expressed in terms of Z  (i.e. Z a) by

X ( r ,0 - )  = B 0 -  M XZ{ r ,0 —), F ( r ,0 - )  =  - M 2 Z { r ,0 - ) .  (3.4)

These two integral equations can serve as the X -  and F-equations of surface 

boundary conditions for the X -  and F-components at z — 0—. The equation 

for the ^-component comes from the fact tha t the normal magnetic field Z  is 

continuous across the thin sheet, i.e.

Z ( r , ,~ )  =  Z (r,0 + ). (3.5)

This equation provides the link between the field values of surface nodes and 

interior ones.

3.1.2 Boundary Conditions Beneath Thin Sheet at z = 0+

Equati <ns for the X -  and F-components come from the thin sheet conditions 

(1.53) and (1.54). If we denote .Y (r ,0 - ) , X (r ,0 + ) , J f;(r ,0 + ) and p (r ,0 + ) as 

Xo, Xt , X[ and p+ respectively, these two equations can be written as

X x - X o  =  rp + C Y J-Z * ) (3.6)

V > - Y *  =  t  f ( Y { - Z , ) .  (3.7)

The derivatives, X[  and F/, are given by (1.69) and (1.70) respectively; inserting 

them into the above equations, we have

Xx =  JYo +  rp + [(* 2 -  * , ) / * ! - £ * ]

+ I £ r 1 H ” * * 1 + + x « +(•*» -  y* )^ lo+  <3-8)

v, =  y . + T ^ K n - K  ) / * i - « , i

I-* 021 ' - + + n . + ( n  -  * . ) * . ] „  (3 .9 )

as the  boundary conditions for the X-  and F-components beneath the thin sheet 

layer at s — 0+ . The equation for Z-component is given in Chapter 1 by (1.72).
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3.2 Bottom  Boundary Conditions-BBC

Most of the mathematical development shown in this section can also be ft .t:il in 

the work of Weaver (1994). In the region z > d, the conductivity <t (x , y , z )  =  rr0 

is a  constant. The basic equation (1.28) becomes

V*B =  m gB, or V 2$  =  i a 20 <l> (3.10)

where o§ =  upoOo = upo/po and $  stands for any component X , V or Z.  We

adopt the following definitions of double Fourier transform and convolution,

H e )  =  ^  /(r)exp (!fe)rfr  / ( r) = i  J  ^ H e ) ^ p ( - < r - e ) < i g

(3.11)
1 1 /°° . 

f+g(r) s  —  j  "  /(s)p(r - s ) d s = —  J  ^  f  (0 )9 (0 ) eKp(- ir  • 0 ) d0

where

p = (*, y), 0  = (£, 1), s = («»v). r • e = (*£ + yn),

r — 8  = (x — u ,y  — v), d? = dx dy , d0  =  d( dy, ds =  du dv.

According to  this definition, the Fourier transform of (3.10) is

* V * )  =  [7o(0)]24 (0 ,* )  (3.12)

where 70(0) =  [@2 +  m ol1' 2* B2 =  +  V2- The general solution to this equation

is

&(0 i 2 ) =  ci expfrote)*] +  c2 exp[—70(0 )2].

W here the main branch of 70(0 ) is understood, i.e. R e7O(0) >  0. The solution 

th a t satisfies the boundary condition 4>(<p, + 0 0 ) =  0 and <&(#, «)4_rf+ = f ' (0, d+) 

can be written as

$ ( 0 , 2 ) =  F ( 0 ,d+)exp[—(z — d)7 o(0 )] (3.13)

=  F f y g * " ' exP[~(* ~  rf)7o(0)]- (3-14)
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Defining

f i ( g , z )  := -e x p [-(2 -d )7 o (0 )] , == exp[-(r-rf)7o(ff)]/7o(ff), (3.15)

A

we can write the inverse Fourier transform of / 2 as

h i * , * )  =  exp[-*7o(ff)]/7i»(tf)exp[-ip*tfJ<fff
J foo f 2ir

=  ^  J  e x p [-2T7o(ff)]/7o(ff)ffdg J exp[-* r0 cos(0 -  0 O)] d9

(3.16)

where 0o is the polar angle of r. According to  Olver (1964, 9.1.18),

~  I exp[—irgco&(9 — 0o)}d9= — f  cos[r0 cos(0 )]d0 =  Jo(rg). (3.17)
2tt J o tt Jo

T hat leads (3.1o) to

M r , , )  -  , 4  r  » | 2 E i = £ l £ L ± f ) ! l J o (r ? ) ( r p ) i  *  (3 .1 8 )
J° ( r 2 +  )9 2)2

where /?2 =  Making use of the Hankel transform defined as

9 ( v ) =  I  f ( x ) J 0 (yx){yx ) l / 2  dx, y >  0 (3.19)
Jo

and tabulated by Erdelyi (1954, §8.2(24)), we obtain the expression for hi*,*) 
and denote it by S(r, 2 ) from now on, so that

S (r, z) :=  / 2(r, z) =  exp( -  R a 0 \ / t ) /R ,  R 2 =  r 2 +  22. (3.20)

Similarly, with the help of Erdelyi (1951, §8.2(23)), we get

/ , ( r  , 2 ) =  - 2(1 +  / t a 0>/?)S(r,2 ) / / ? 2 =  ^ ( r ,« ) .  (3.21)

Actually, from (3.15) we can see that

hie,*) = hie,*),
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therefore a straight-forward differentiation in z could also have given us

/ i ( r ,  2 ) =  / i ( r . 2) -  S'(r,z) .

Applying the convolution theorem (3.11) to (3.13) and (3.14), we get the solution 

to (3.10) as

1 f 00
= - ; r  I  ®{8 , d + ) S ' ( r - t , z - d ) d s  (3.22)

2ft J—oo

=  -■ % -[  <&'(s,d+)S(r -  s , z - d ) d s  (3.23)
2ft J—oo

If we further define

Q(r ,z )  :=  - S ' ( r , z ) / z  =  (1 +  R a ay / i ) S ( r , z ) / R \  (3.24)

and note that

CVr *1 -  d S _ L d l  , , , ,
( ’ } d R d z  R d R ’ &r R d W  ’

a simple integration by parts in polar coordinates gives

^  ^  r  r  ( sM)rdrM
=  - z j 0  =  - ^ 1 -0  =  2 exp ( - | 2 |a 0\/* ]/|2 |) (3.26)

i.e.

—-  I Q (r , z )d r  = e x p ( - z a 0 \ /i) ,  z > 0  (3.27)
2ft J-00

which can also be written as

z - d  r<*>
-OO

bv multiplying $ ( r ,d+)  onto each side and substituting z - d  for z. Subtracting 

(3.28) from (3.22), we have

$(r, d+) exp [ - ( 2  -  d)a0\/*] = <̂ +)<?(r  -  s, 2 -  rf) tfs (3.28)

<&(r, 2 ) -  $ ( r ,d-f ) exp[ - ( . 2  -  d)a0\/*] =

/  [$(s,d + )  -  <D(r,d+)] Q(r -  s, 2 -  d) da. (3.29)
2ft J-OC
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Then differentiating this equation with respect to  z at z — d+ , we obtain 

<&/(r ,d + )+  o 0V/*$(p,d+) =  ~ - /  [$(s,</+) -  $(r,d+)]Q(|r -  s |)d s  (3.30)
r J-oo

where, for convenience, we have written

£?(r) a  Q(r,0) =  r “3(l +  r a 0V *)exp(-roo \/?) (3.31)

Replacing $  by X , Y  and Z  in turn, (3.30) would give all the three equations 

needed for the bottom boundary conditions. There is one problem, though; all 

the values in the equations are evaluated at z — </+ and some of them, e.g. 

X'(r,d+) and K'(r,d-f), cannot be evaluated directly due to the absence of grid 

points in the region of z  > 0. These terms have to be converted into the ones 

defined in z < 0 with the help of (1.84) and (1.85). Then we ran write the 

bottom  boundary conditions as

M dX ( r ,d ) (3.32)

M dY(r ,d ) (3.33)

M dZ(r,  d) (3.34)

- s |)d s (3.35)

where

M Mr.d)  =  ^  j H  [*(s,<0 -  * (r,<01O (|r

and $  stands for any magnetic component( A', Y  or Z  ').

The other ^-equation, corresponding to ( 2 . 3 3 )  of the 2D problem, can le  

obtained by substituting Z 1 with -(A® +  Yv) in equation (1.77). It gives

Z„ +  Z yy  + P,(Z '  -  X ’) + P,(Z,  -  n  -  T ^ - ( X ,  + Y,) =
fyv-i

Z n  — j ? — % n - i* ( 3 .3 6 )

where X '  and Y '  stand for A '(r,d-) and K'(r, d - )  and are given by (1.74) and 

(1.75 ) respectively.
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z  =  Z \  s s  d

V

= - d

z  =  zn = d

(a) (b) (c)

Figure 3.1: Transformation of coordinate frame, (a) The original set up of the 
coordinate frame and the conductivity structure, (b) Rotating the frame and 
the  structure together about the £-axis through 180°. (c) Rotating the frame 
alone about the £ axis through 180°.

3.3 Proof of the TBC-Equations in (3.2)

T he equations for the surface boundary condition in (3.2) can be derived from 

(3.23). First, let us denote the current coordinate frame as St, y at d z as shown 

in fig (3.1a), where z — zn — d is the bottom  boundary. Equation (3.10) and 

its solution (3.23) apply in the region z > d. We first rotate the conductivity 

structure and the coordinate frame together through 180° about, the x axis 

as shown by fig (3.1b), then rotate the coordinate frame alone through 180° 

about St, and denote the new coordinate system as x , y and z. The coordinate 

transform ation is

x — St, y = - y ,  z = —z. (3.37)

Accordingly, the derivative in (3.23) becomes O ' =  d $ / d z  -  - d $ / d z ,  and the 

integral equation (3.23), which is now evaluated at z = —d, can be written in 

the  new system as

$(*“>z ) ~  f  - ( V -— ^*^(r  - B , z  + d)ds ,  z  < - d .  (3.38)2 TP J  “ OO OZ
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The above equation defines the magnetic fields in the region z <  - d  which

originate from region z > —d and satisfy the condition lim,__oe $ ( r ,  *) =  0 . If

we regard region z <  — d as an air layer, i.e.

<To =  0 ,  Qq =  U)fto<To =  0 , z < - d ,

it follows from the basic equation (1.33) tha t, we can write the magnetic field 

in this region as the gradient of a scalar protential function such as

B (r, z) =  - V H (r, *), « <  - d .  (3.39)

where the scalar potential function fl satisfies

V 2« (r ,* )  =  0, z < - d .  (3.40)

Since (3.23) is the solution of the second equation of (3.10) and integral (3.38) 

is the  same as (3.23) but cast into the new coordinate frame, it follows that the 

integral (3.38) still satisfies the same equation as (3-10) in the new frame, i.e.

7 20  =  m 2$ . (3.41)

Comparing (3.41) and (3.40), we can obtain equation (3.40) from (3.41) with 

c*o =  0, and we therefore assume th a t the solution to  (3.40) can also be obtained 

from that of (3.41) with cvo =  9»

1 z00
0(a;,y , z) — —  I —Z(u,  v, —d)S(x  — u ,y  — v , z  + d)dudv ,  z < —d, (3.42) 

2 t  J —OQ

where we have used relation Z  as —d t l / 9 z , given by (3.39), and the fact th a t 

Z  is continuous, i.e. Z ( r , - d + )  = Z ( r , - d - )  =  Z(r,  - d ) .  Therefore, the X -  

component is given by

dfl  1 /°° &
X ( x , y , z )  =  J  Z (u ,v ,  - d ) - ^ S ( x  — u ,y  — v , z  + d)dudv.
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W ith oq = 0 , (J.20) leads to

=  4  =  r 2 , } ,  , 11/2 andR  [a;2 -f y* -f z 2] x<2

®  , J \  x ~ u•b(x  -  u ,y  — v ,z  + d) —
[ ( *  — u ) 2 - f  (y — v ) 2 - f  ( z  - f  d ) 2]3^®'

so that we have

X { x yy , z )  =  /  Z ( u , v , - d ) - -----------------  — -----------------^ r d u d v .
2 ir J - 00 [(a; — « ) 2 -I- (|/ — t>)2 +  ( ;  -f d)2] 1

(3.43)

This means tha t X  component at any point with z < —d can be determined by 

the values of Z  at the z =  - d  plane. When d ~  0 -  and z -* 0 , (3.43) yields

* ( . , » ,0 )  =  ~  £  Z ( u , v , 0) _  ■ -  Uu + .  (S M )
[(x -  u ) 2 + (y -  v )2}''

It is the same as the first equation of (3.2), except that we have used X  and Z  

for the anomalous field instead of X a and Z a. Similar conclusions can be drawn 

for the second equation in (3.2), i.e., the equation for the K-component. Hence, 

equations in (3.2) are proved.

3.4 Finite Difference Equations at z = 0 - ,  9-f, d

In the previous sections, we have discussed the analytic forms of the boundary 

conditions. Above the thin sheet, at z = 0—, the X-  and K-equatioris are given 

by (3.4) while Z-equations by (3.5); beneath the thin sheet, a t z =  0-f, the 

X-, Y- and Z-equations are respectively given by (3.6), (3.7) and (1.72); at 

the bottom  boundary z = d, the three equations are (3.32), (3.33) and (3.34) 

where equation (3.34) can also be replaced by (3.36). In this section, we are 

going to write these equations in finite difference form so that they are ready 

for programming.
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3.4.1 F in i te  D ifference  E q u a tio n s  a t  z -  0 -

The integral operators M\, M 2 and defined by (3.3) and (3.35) are dis­

cussed in Appendix A; the boundary condition above the thin sheet at z =  0 - ,  

equations (3,4) and (3.5), can be written as

A as 2...L -  1, p  =  2...M -  1, */ =  0

where A ^  and are given by (A.130) and (A .131) respectively in Appendix 

A.

3 .4 .2  F in i te  D ifference  E q u a tio n s  a t  z =  0-r

In equations (3.6), (3.7) and (1.72), let us define R  := rp + , T  :=  Rki/2;  sub­

stitu te  F„, F\,  and F2 by their corresponding full notations in the 3D mesh 

in local system, e.g. F0 -  F{ r , 0 - )  =  F no , F\ *  F ( r ,0 + )  =  Fxu and 

F2 = F( f ,k i )  =  F\i2 etc.. The equations of surface boundary conditions be­

neath the thin sheet a t z  =  0 -f then become respectively

=  X no +  /?[(A'„2 - A m ) / f c i - 2 *]
F T  [—m 2A m  -f X xx +  X yy ■+ (X v — 

y in  =  In o  +  /?[(Vii2 -  Y m ) / k \  — Z v] 

+ T  [—ia2Y m  +  Yxx +  Yyy +  (K* -  X v)p^  

ia 2 Z\l\ — Zxx + Zyy + Zxpx + ZyPy + 2(XX + Yy)/kl
-  (A ji3 — A m ) _ (Km  —Vm)  , 2 (# it2 — Z n i )- P ,  ~  p ,  _ —  +  — _ — .

(3.48)

L M
X x , o  -  Bo +  A ^ Z x p o , (3.45)

1=1 mssl 
L M

(3.46)

(3.47)Z\ft  o — Z \p  i,
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Inserting the corresponding central difference expressions of the derivatives, we 

have the final finite difference form of these equations as

1 i ^  i i i 2rP  i ^  I P y h w )1 +  j -  +  m  i  +  —---- 1------- —--------
K1 Cl 02 *302

?T  „  , 2 T  v  , T {2 +  p„A0) v  , T {2  -  „
•77” -^211 t  77—' 'o n  t -----77----------^ 12i + ------ 77-----------A nn
C»2# C-»0s « 2s " o *

T pi/Q o  , /  if Py920  1/  1 if Py9'i \ .■
- 77— *211 -  “ 77-------1111 +  ” 77— *011

Cr2fl L»02 L»0»

ftfifo „ R 920 „ , R 9 2 y
■77—  ̂ 211 — 77— " i l l  +  7 7 ” "" o i l »

Cf2a U 02 Cjos

A =  2 . . .L  -  1 p  — 2 . .M  -- 1, 11= J;

, + * + f a * + “
fcl 1302 C3Q2

ft.
ill =  Ki

T ( 2 - p x9 2)v,

’110 +  7pY\l2

G<0.1
22 ’ 2T T (2 +  /»*<*>)
77—3121 T 77—3101 +  ----- 77--------3211 +
t l 2a “ o» C32a
Tpxho v T p xh2o v  , Tpxh,2 v
—77— ' -121------ 77— ' ' i n  +  —77— ''10133 2a 3102 /30a
f t / » 0  «  f t ^ 2 0  «  . f t ^ 2  «
7 7 — 35121-----77----^111 +  77— ^101,
33 2a 33 0 2  330a

A =  2...L -  1 p =  2 ...M  -  1, 1/ =  1;

Oil

(i,f  iQ2 , . 1  , 2 -  , 2 ~  Pv̂ 'lO \  z
V °  +  fcf +  G02 +  HQ2 )  ZiU ~  +

2go y  (px 2g20 \  y  292

kt G2a 211 \ k x * k tGm )  kt G0a.......
. 2^o t ,  1 ( Pv | 2fe2o \  v  2 h 2 „  p v %/

+ k j r 2: Y m + U r  w w  "  ‘  *
, 2 -f n  , 2 -  p x 9 i r, , 2 4- p yh o  „ , 2 -  pyh,2

H 77------ ^211 +  — 77-------" o i l  t  — 77----35i2i r-— 77-------35
Cns Croa 33?. « 0a

\ _ 0  3   1 — O 1 / f _ l  .

2 7

2 9 2  y  Px y  
r -— - A o n  -  t - A „ 2

A =  2...Z, -  I ^

where ft =  r p +, T  =  rp+fci/2, q 2 =  wpo/p+ and p+ = p (r ,0 -f) =  p(r, £&i).
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3.4.3 Finite Difference Equations at z - d

The equations of the bottom  boundary condition (BBC) are (3.32), (3.33) and 

(3.34). The integral operator Md tha t is involved with all the three equations is 

discussed in Appendix A. The finite difference forms of (3.32), (3.33) and (3.34) 

are respectively

|o o v 7( l+  k- ^ a o V l ) + R ,  [ j ^ + y y -  + s } *><<

« 0  V- '  XT' /'t/m  v  , R ^ N - l  v  , R p k ^ - l  v  R p  v
n Z  2L,  2~>----------------------- ------ '2:i -I" —7 ; -Aoil +  7 ---- A 110

I s  1 m = l J ‘ a 0s

, f t p l C N - 1(2 +  hoPy) v  , RpkfJ-1(2 — h,2Py) v
+ ---------- J -----------A l21 +  ----------TJZ----------- AlOl

6 *1 2o &fi0a
R p ^ N - \ 9 o P y  \ /  R p k N - \ g 2Q P y „  , R p k w - \ g 2p y  „

 7 7 ;------- '211-  7 7 ;-------- '111 + ------^ ------- r 0u
<61*2* <61*02 *t*Ca

(l -  R P)go r, ( l -  Rp)g%o „  , ( l  -  R P)g2 „
“"211 /-* "111 T ^  "Oil?

Cf2 a UQ2 & 0  a
X — 2...L -  1, p s ' 2...M -  1 , v =  iV, (3.52)

“o r 1 V ' /ilm i/ . , Rp^N-i^r  , Rp ir
"  * * h h  ^  ,mN ~ s r Y m + T o .-  +  h ^  n °

, RpkN- i ( 2  +  g0px) „  , RpkN- X{ 2 - g 2px) „
1 n r t  *211 T  r t p  m )U

•w'-* «vJ0a
Rpkfl—\hopx v  Rpkiv- 1 h2Qpx v  ( R pk s - i h 2px v

 777}--------- A 1 2 1 --------------- — ----------- A m  +  --------— ----------- A 101
&+l2a <6/102 *'*()«

( l - / 2 p)^J)y (i — Rp)k2Q „  , ( l - i ? , ) ^ , ,
 7>------- " 1 2 1 --------------7}---------- "111 +   7}------"101n 2a Ho2 Hoa

A = 2 ...£ -- l , p  = 2...M -  1, v  =  (3.53)

j a^ ( , + ^ „ ov, ) + _ > _ + ^ i  ( i ^ + i ^ ) + 5 j 2lll

n  L  M  7  n  n

= 2* S Is c'‘"z'm" ~ f (Xin ~Xno)+i [ Y n i  ~y,w)
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'N-\ ( *  + gopv ,  , 2 -  gzpr „ , 2  4- l'op„ v , 2 -  r,  \
 l — — -----------------+  — — <5on 4- — “7-----------------4- — j}------- A io i I

2 \  6 2s G0« //?* Has )
X = ‘2...L -  1, p =  2...A/ -  1, // =  A, (3.54)

where S  = (a 0 / 2 i r ) E f l 0  *eo > ôo an(1 are S'ven *>y (A. 148), (A. 140)

and (A .143) in appendix A, R 0 -  p ( r , d - ) / p 0  =  PX)lN_l/P»  a,)d «« =  u p 0 /pa> 

The finite difference form of equation (3.36) is

2 , , /•  2 . 2 - p * 02r , 2 - ^ A 3oM  v■; 4-fcw-i 4- —7 ; f — 77 I Ztu  =
\  '-*02 "02 / J

- \ P x  ~  t y o  v  , N̂-lA* 4" 2(72 v , k ^ - i P *  v . ^ N - \ P «  \r 77 -A211 4- ------- 77---------Aon 4- —j}-----*ai 4- —77--------A101
Cr2fl CJOs « 2? •*()»

-  [fp* 4- 7 ^ 1  +  Px^N-l ( jo 2 4- 77— 4- -77—^1 All! 4- />a-A||0
l \  G02 /  V 1^02 « 02/J, ^Ar-2Ao  ̂ , k%_{py 4- ^ n - \ P v y  . -i/*w

4--------7;--------- *121 4 ---------77---------noi - 77— 1211 4- - 7 -,—  roi
r t 2a "Oa <-»2s ( ,Oa

+  +  0 ° 2 +  +  / / 02) ]  +

4-liN-
2 4- Px&fr r, , 2 -  pt g2 v , 2  4- pvho v  , 2 -  pvh-i rJ

2̂11 4- — 77 Ami 4- — 77 «i2i 4- —77-----I "Ull I f t  1 1/
2a UO j  /7 2 a  « '0 a

4-t----- ^ 110,
fyV-l

X =  2...L -  1, p = 2...M  -  1, tz = /V, (3.55)

where a 3 =  u p 0 / p ( r , d - )  ~  u p 0 / p ^ N_i .

It is worth mentioning that most of the algebra manipulation in the previous 

sections can be done by using the MAPLE system installed on 11 ‘ srsity

of Victoria IBM3090 main frame computer. MAPLE is a symbolic computation 

language system developed a t the University of Waterloo. Several other sym­

bolic computation systems also exist, such as ALTRAN, CAMAL, REDUCE, 

MACSYMA and MATHEMATICA.

4^28
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3.5 Governing Differential Equations-GDE

The 3D counterpart of the 2D equation (2.46) comes from applying volume 

integration to  Maxwell’s equations and using the vector relation

* X ) d v  = j f  dS  x A (3.56)

where V is a volume bounded by a closed surface 5, with dS positive outward 

from the enclosed volume. This relation is given by Jones (1964, p i 13, eq. 29) 

and can also be derived from t i e  well-known Gauss divergence theorem

j v ( V - A ) d v  =  jf  A - d S .  (3.57)

Assume a is an arbitrary but constant vector, so th a t V  • (a x A) =  A • (V  X a)— 

a • (V  X A ) =  - a  • (V  X \ ) .  If we replace A by a x A in the Gauss theorem, 

its L.H.S. then becomes

j  V  • (a x A )dv = Jy ~ a • (V  X A )dv =  —a • j ^ ( V  X A )dv, (3.58)

while its R.H.S. is

j f  (a x A) • dS = j f  a • (A  x dS)  =  - a  • j> dS  x A  (3.59)

Since a  is arbitrary, we can conclude from (3.57), (3.58) and (3.59) tha t equation 

(3.56) is true.

A volume integration of the Maxwell equation (1.22) gives

J  V  X E dv = —i o J  B  dv (3.60)

which can be further transformed by (3.56) and Maxwell equation (1.23) into 

Jv V  x  £ d v  =  <f dS  x E =  —  j  p {V  X B ) x dS.  (3.61) 

Equation (3.60) then becomes

/ S * V X B )  X dS — tujfjQ ^  D dv• (3.62)
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d l

(b)<a)

Figure 3.2: (a) 3D cubic integral cell, (b) The surface of the integral cell when 
the  model is uniform along the x-direction.

This is our vector integral equation for general 3D cases where V  is the cubic 

volume containing the node in question (x*, z„), defined by ( - g o / 2  < x - x \  <

02/ 2 , - k o / 2  < y -  yu < A2/ 2 , -& o/2 < z -  < A^/2), while S  is the outward

surface enclosing V  (Fig. 3.2a) with

S =  Xi4a.+ -  x A x_ -I- y A y+ -  y Av-  +  z A 2+ -  z A g- .

When the given 3D model degenerates into a 2 D conductive structure, the 3D 

equation (3.62) should reduce to the correct 2D formula given by (2.4G). Assume 

th a t the model is uniform in the x-direction, i.e. dp /d x  = 0, d B / d x  = 0. As 

shown by Fig. 3.2b, let A  be the positive surface of any cross section of the 

volume V  with the yz-plane, i.e. A  — \(ho +  h.2 )(ko +  A:2)x, and let C  be the 

pa th  enclosing the surface with dl be the vector segment of C. We can write

dS =  xdy  dz  +  ydx dz  +  zdx dy =  xdy  dz +  dl X dx (3.63)

and

dS X x  =  —x  X (dl X dx)  =  -d ld x . (3.64)
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Take a cross product of equation (3.62) by x; its L.H.S. end R.H.S. become 

respectively

j f  p ( V  X B) X dS X x =  - j f  p ( V x B )  XdlcT-

=  -  j x M 2 dx l  p ( V x B )  Xd l  =  I  p( y  x B)  Xdl ,
Jxi-ho/ 2  JC 2 JC

(3.65)

and

/  B d v  x x =  r * h i / 2  dx /  B  x x d S  =  - * 9 ± j a [  x x B d S .  (3.66)
J V  J x \ ~ h o  /2 2 */v4

Whence equation (3.62) reduces to

£  p (V  X B) X d! =  jf x X B d S ,

which ia the same as (2.46). Therefore, our 3D equation (3.62) does indeed 

degenerate into the correct 2D formula (2.46) when the given model is a 2D 

structure.

3 .6  F in ite  D ifference F orm s o f  3D  G D E

For better performance in numerical computation, we first normalize equation 

(3.62) to make its coefficients dimensionless by dividing it through with a 2p V  =  

(upo/p)p(gBhak  / 8 ). Hence the equation becomes

J k i B d v ^ i p i V x B ) x d S - <3-67)
The finite difference representation of the L.H.S. of this equation is obtained by 

approximating B ( x ,g , z )  =  B in  for ( x , y , z )  €  V  in the local system. Thus we 

have

j j j J , B d v = + + z “ ' 4) - (3 6 8 >



3.6 Finite Difference Forma o f 3D GDE 06

Inserting expression V  X B =  (Z y -  Yt ) \  +  {X„ -  Zx)y  +  (Yx -  .Y„)z into 

the R.H.S. of the dimensionless 3D GDE (3.67), we can express the integral as 

follows:

i « v *  B) X da =  f g P ( ^  X B) X (kd yd z  + y  dxdz  +  zdxdy)

= f  p ( V  X B) X ( - k ) d y d z  + (  p ( V  X B) X x d yd z
J  A x -  JAx+

+ f  p ( V  X B) X ( - y ) d x d z  +  /  p(V  X B) X y  dxdz
J A y -  Ay+

•f /  p(V X B) X (~ z ) d x d y  -f /  p ( V  X B) X zdxdy
J A n -  J A l +

+

+

/  - /

/  - /JAy+ JAy-

I  - /• M a i .  J A

p[(Zx -  X z)z + ( i;  -  X„)y] dydz 

p[{Zy -  Yz)z + (X„ -  rr)x] dxdz 

p [ ( Y z - Z v)y  + { Xz - Z x)x]dxdy
/y4*+ JA

Thus, the three components of equation (3.C7) are

(3.60)

i X t "  = i w  [ L " L ]  pXydxdz+sw lL" /J dx d y

J w  \ L  ■ L  JrVm dxdz+sw [ L  -  L ] p Z - d x d y
+■

(3.70)

tY " ' = -^ p v  [ L  “ L ]  pY" d y d z + [l, - /J ̂  dxdy

■y i p v  [ L  ~  L ] p X y  dydz+sw [ L  -  L ] pZy  d x d y
(3.71)

i Z m  = J p v  [/>„" L -]pZ'dyiz+sw lL- /*..] ̂  <fa<fa 
J w  \ L  ~ L ]pX■dyiz+sw [jL - L  J * •“*

(3.72)

3.6.1 Integrals with Normal Derivatives
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Figure 3.3: Perspective views of the grid nodes and the integration surfaces, (a) 
The view of the  nodes and the  integration surface related to  the a:-axis, (b) 
The view of the  nodes and the integration surface related to th '; y-axis, (c) The 
view of the nodes and the integration surface related to  the 2-axis. F stands 
for any magnetic component, X , Y  or Z.  A v-  is the integral surface located a t 
V =  Vn-i / 2  =  Vn -  defined by g,ka/A and Ay+ is also defined by g9 k9 /4,  but 
located at y =  ^ +, / 2 = Vlt+ \ h 2.
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On each surface, there are both normal and tangential derivatives. The 

normal derivatives are approximated a t the center of the surface. For instance, 

on A y-  (Fig. 3.2a and Fig. 3.3b), it is assumed that

(3.73)

whence

/  pXydxdz  =  -——t t — “ " (̂pooofitoM) +  Poo2?o^2 +  pmfJiko +  p-mflikv)
J A y -

and

where

P\o\ := Pioi/p  •— (Puoo9oko +  Poo20o&2 +  P2oo92^o +  P2fj2 9 'iki)IgakBp (3.75)

Similarly, we have X y\v+ =  (A 121 -  X m ) /^ 2  (Fig. 3.3b) and

(3.76)

where

Pl2\ ”  P l2 l /P  =  (P0209oko +  P022</0̂ 2 + 922092^0 +  922292^7,)! 9 ak B p . (3.77)

The four other integrals involved with normal derivatives, f At_ p X z dxdy , 
f Ae+ pVB dxdy , / 4jt_ pF* and / 4#+ pFx dxdz can also be written out similarly. 

If we define

(C011»Cl01»C|io) =  (2/oi2)(Pon/5oflf«tPlOl/^O^a»Ptto/^O^a)» (3 78)
(C211>c121i c112) ** (^I°^)(p2\\l929b  ̂Pi2l / ^ 2 »̂» Pua/^J&s))

then we can write all the integrals involving normal derivatives as

a 2p V  JAPFxdydz — ( F m  ~  Fon)con, “j T y  j ApFx dydz = (F211 -  Fm)c2n,

A ., f  pFy dxdz  = (Fin -  Fioi)cioi, —5—57 /  pFv dxdz  = (Fj2i -  Fm)ci2i, 
cv2pV .//»«_ a 2pv y/itf+

JAPFn dxdy = (Fm -  Fno)cn0, ^ 5 J^pFgdxdy  = (F112 -  Fm)cit2,

(3.79)
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3.6.2 Integrals with Tangential Derivatives

The tangential derivatives are more complicated than the normal ones. For in­

stance, in integral f At_ pFv dxdy (Fig. 3.2a and Fig. 3.3c), we adopt the notation

Fy |g-  = = g ^ l l l , 7-0) +  ^»l(»tT,l))

■ -§,.) +  F »I(U-§.1)>’ » <  »'•

1+1,0) +  F»l(u+ i,i)* ' y  >  s ,;
_  /  |(^110 ~  ^100 +  ^1U -  V < 2/1» i n  s n \

\  2(^12° -  F n o  +  F n \  -  F \ u ) / h 2 , y  >  y \ \

where the first terra, Fy|2_, is the tangential derivative on the plane /12_, i.e.

z = zn -  \ k n- \  in the global system or z  =  z 1 in the ’ocal system; the second
2

term , F„| 1 , shows tha t this derivative is estimated on the x-axis (x = x \  in(1*7*1— j)
the local system) and half-way between planes z = zq and z — z\ (also in the local

system), while the question mark in the place of the second subscript indicates

th a t the position on the y-axis is yet to  be determined. The third expression

is the average of the corresponding derivatives on the two planes, z — Zq and

z — z\. The fourth expression says that the derivatives are estimated differently

in the y-direction; they are estimated a t y  — y » when y  < y \  and y =  y, 1
2 2

when y  > y \  which are approximated by the central difference formulae in the

last step. The corresponding integral then can be estim ated as

JA pFy dxdy =  2^(F no -  Fi0o + Fn i -  F i0i)  ^ o o o y y  +  P2° o y - ^

/  9oh2 g2 h2\
^ 7 T  +  Pwo7 T j *

(3.81)

+ 2^{E\% o -  F\\o + F\2\ -  Fm )

Therefore,
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, /ei r  , ip e' \(powfjo +  puofh)
+  vi*i2o - /'no  +  rjz i - / 'n U  ------

c i* P 9 < ,h a k a

(Fuo —  Fioo 4  F m  —  F u j i  ) c , 0 o

4 - (F 1 2 0  — F n o  4  F i 2 i  — F i u ) r l2 0 . ( 3 .8 2 )

Similarly, for integral fA,+ pFy dxdy, we have

*»!«+ = ^ 1(1,7,1+|) =

- {
2(Fm — Fioi 4- Fin - F102)* ?/ < l/t;

and

2 \* 1*1 * 101 T * 112 1 102/> It ^ JMi /ti

2 (^ 1 2 1 — Fm 4-F122 - F112), y > ,vi;

{pawf jo  4- p m f h ) 

( F m  -  F m  +  F , „  -  F m ) !

pFv dxdy  =  ( F i i i - F io i  +  F ,,a - F i oa) g ^ .  -----
a 2/7V Ja*  a ^ g ahaka

.(Ponfjo f  Ptnfli)
ot2 pgahak„

•= (F m  — F 101 4 -F 112 — Fio2)cio2

4- (F 1 2 1  -  F m  4 -F 1 2 2  -  F n 2) c i 22. ( 3.84)

Following the procedure tha t takes (3.80) to (3.82), all the integrals on Ax~, 

A v-  and A e-  can be worked out and written as

I pFydydz — (Fm -  F101 4 -F011 -  F001) cuoi 
JAx-at2pV

4- ( F 1 2 1  -  F m  4- F 0 2 1  -  F o u )  C021

a 2 p y  j A PF* dydz — ( F m  -  F n o  4- F o u  -  F 0i o )  c o to

4- ( F 1 1 2  — F m  4 -F ’012 ~  F o u )  C012

pFx dxdz  =  ( F , „  -  F o u  +  F , o ,  -  F o o , )  c„„,
al2pV JAy-

4- (F 2i , -  F m  +  F20i -  F ,0i) c20i

dxdz — (F m  — Fno 4 -F 101 — Fioo) cioo
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+  (F ||2  ”  F m  +  ^102 ~  Fioi) 1̂02

A . .  /  pFx dxdy  =  (F m  — Fou +  Fno -  Fqio) coio
at2pv Ja , -

+ (F „ , -- F m  +  Faio — Fno) C210

f  pFydxdy = (F m  — F m  +  Fno — Fioo) cioo
a epv  JA,«

+  (F 121 — F m  +  F 120 — Fno) C120 (3.85)

where we have defined

«■» =  s f e -  c" '  =  d f e ? " = ° -2- ' ■  ° - 2- (3-86)

Comparing (3.82) and (3.84), the former is the finite difference exj.. ;ssion of

an integral over the surface A e.  which is located at 2 =  2 1 while the latter
•“ 2

is over A„+ located a t 2  =  2  1 . The only difference between the integrals is
2

in the  locations of the integration surfaces on the 2-axis, which results in their 

respective finite difference expressions differing only in the 3rd subscript which 

is the one related to  the 2-coordinate. It is easy to see by comparing the finite 

difference expression for the integral over A e-  with th a t over A s+, that the 3rd 

subscript is incremented by 1 for Fp?? and by 2 for c,,,?. By analogy, we can 

obtain the finite difference expressions for the integrals over A x+ from those 

over A at once, simply by incrementing the 1st subscript by 1 for F?p,  and 

by 2 for c?pg. For the  integrals over A y.  and A y+, the 2nd subscript should be 

similarly incremented.

3.6.3 3D Cell-integral Equations

Inserting all the integrals into equations (3.70), (3.71) and (3.72), we have

W u i =  (A m  -  A n i)c m  -  (X m  -  X ioi)cjoi

+  (-^112 — -KnOcm -  W n i -  -Yno)cuo

+  ( F in  — Von +  V101 — V001 )cooi +  (V211 ~  V111 +  V201 — Vioi)c2oi
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— ( l m  — V021 +  V jii — Von)co2i — (^221 — ^121 4  V211 -- Vm)C22i

4- ( 2 m  — 2 o u  +  Z \  10 — Z cio)coio  4 - (Z 2 \\  ~  2 m  +  Z210 — Z \ \0)0210

— (Z112 ~  Z012 4  2 m  — 2 o n )c o i2 — ( 2 ?, 12 — 2 m  4 - Z2U — 2 < u)c2»2

(3.87)

i Y m  — (^211 -  V 'm )c2ii ~  ( ^ i u  ~  V on)con 

4  ( J 'm  -  V m ) c m  — ( Y n i  *■ ^ iio )c n o

4  ( A m  — A101 +  A o n  ~  A'ooi)cooi 4  ( A m  — A m  4  A021 — A ou)co2i

— (A 2II — A20I 4  A m  — Aioi)c>201 — (A22I “  A21I 4  A m  -- Ajh)C221 

4  ( 2 m  — Z \ q\  4  Z \  10 — 2 ioo)cioo 4  ( 2 m  — Z \u  4  #120 — 2 no)fv ,,j

— ( 2 u 2 — Z \o2  4  2 m  — Z m )c \o 2  — [ Z \  22 — Z \ \ 2 4  2 m  — 2 m ) c t22

(3.88)

* 2 m  =  ( 2 a n  -  2 m ) c 2 u  -  ( 2 m  — ^ o n )c o ii  

4  ( 2 i 2i — Z \ \ \ ) c \2 \  — ( 2 m  — 2 io i)c io i

4  ( A m  — A110 4  A o n  _  Aoio)coio 4  ( A m  — A m  4  A012 — A ou)coi2  

(A211 — A210 4  A m  — Ano)C210 — (A212 — A21I 4  A112 — A m )C 2l2  

4  (^111 ~  i 'n o  4  ^101 ~  Vioojcioo 4  (V112 — V jii 4  V102 — Kioi)cio2 

“  (^121 — V120 4  K m  — Vno)ci2o “  (^122 ~  V121 4  I 'm  — V m )ci22

(3.89)

By re-arranging the terms in these three equations, we have

(* +  C101 4  C121 4  c u o  4  c m J A i n  =s C101A101 +  c m  A m  4  c n o A n o  4  C112A112 

4-(c22i — C201 4  cooi — co2i)V iii 4- C201V201 — C221V221 -  C001V001 4 - C021V021 

4-(C02i — Cooi)Voil — (C221 — C20l)^21.1 “  (C201 ~  Cooi)Vl01 4- (<?221 “  Co2l)^121

4-(c2i2 — C210 4- coio -  coi2)2 m  4  c o n Z o n  -  ^ 2 ^ 2 1 2  -  cm oZoio  4* c2io2 2io

4-(C0i; — Coio)2 oil — (C212 ~  C j i o ^ l l  — (C210 — Coio)2 n o  4- (C212 -  C o u )Z u 2
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(3.90)

(« + con + ®2ii + cno + c\\2)Y \\\ = Coupon + fyn Y su + c- ioViio + cnaVm
+(C221 — C'20l +  Cool -  C 02 l)^ lU  +  ^201^201 — C221^221 — CoOl^OOl +  Co21^021 

+(C20I -  C()0l)^101 “  (C221 — 0021)^121 ~  (^021 “  CoOl)-^011 +  («221 “  C20l)^2U 

+  (C i22 “  C102 +  Cjoo “  c 12o ) ^ l l l  +  C120Z120 ~  C122Z122 ~  c 10oZlOO +  Cl02^ 1 0 2  

+  (C|02 “  Ci00)^101 — (Cl22 “  C\20)Zl2\ ~  (Cl20 “  Ci(jo)Zno +  (<=122 ~  Cio2)Zn2

(3.91)

( i  +  Cflll +  C211 +  C101 +  Ci2l ) ^ i n  =  C oupon  +  c211^211 +  CjOl^lOl +  C121Z121 

+  (C2i2 ~  C210 r  Coio — C o i2 )^ lll +  C()12-X<)12 — C212^212 — COIO^OIO +  C210^210 

+(C210 — Coio)AllO — (Cni2 — Cfll2)Ail2 — (Coi2 _  CflloJ^Oll +  («212 — C2lo)^2U 

+  (Cl22 “  C120 +  C100 — C l02)^lll +  C102V102 “  C122V122 — ClooVlOO +  Cl20^120 

+(Cl20 -  Cioo)VliC -  (C122 “  Ci02)Kti2 -  (C102 “  Cioo)Vioi +  (c« 2  — Ci2o)Y\2l

(3.92)

In fact, if we make a  transformation

X  —* Y  —> Z  -*  X , x -+  y  —* z  —* x , (3.93)

in the analytical form of the X , Y  and Z  equations given by (3.70), (3.71) and 

(3.72), the equations also transfer in the  same order, i.e.

X-equation —* Y -equation —* Z-equation —► X-equation.

It can be confirmed by (3.79), (3.82), (3.85) and (3.86) th a t the corresponding 

transformations of the finite difference expressions for the integrals would be

Xijk —* Ykij —* /Jjki —* Xijk  /o n ,\
C /m n  * C nlm  c mnl  C /m n .

By this means, we cun also obtain the Y -  and Z-equations from the X-equation 

alone. It serves as a simple check on the  correctness of the final expressions.
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3.6.4 3D Auxiliary Equations

In the ?D case, besides the cell-integral form of basic equation (2.46), we also 

needed an auxiliary equation similar to (2.69) to help with the convergence 

problem. The 3D auxiliary equation corresponding to (2.69) can be obtained 

from the vector integral relation given by Jones (1964, p i 13, eq. 23) in tne form

Once again, we see tha t the transformation (3.93) connects these equations as 

follows: Eq. (3.96) -»  Eq. (3.97) -> Eq. (3.98) -> Eq. (3.96). The integrals 

th a t involve normal or tangential derivatives can be obtained from (3.79) or 

(3.85) respectively, by assuming tha t p/p  =  1 which leads to the following new 

definitions:

(3.95)

In scaled component form this is:

4 * 7  I  ~  I  (X x + Yv + Zz)dydz  =  0 (3.96)
aPV Jai+ Jax.

I  - I  ( X .  + Y, + Z .)d*dz  -  0 (3.97)
a 2 V  J A y +  J A y -

[  ~  I  ( X x + Yy + Z ,)d xd y  =  0 (3.98)
at v  J a ,+  J A t - '

(3.99)

as well as the  following expressions for the integrals:

dydz — (X m  -  Xon)don»

1
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—rrr  /  Zg dydz =  (Z \ \ 2 — Zno  +  ^021 — ^ o o i) ^
a ‘ V JAx-

- t t t  /  X x dydz =  (X211 -  X m jrfan,
a 2v 7/1*+

—7 7 7 /  Yv dydz =  (V221 — ^201 +  '̂ 121 — ^ 101)^3 >arK  7/l»+

——  f  Zgdydz — {Z2U -  Z m  + Z \ \ 2  — Zno)d2 . (3.100)
a rv  7/i,+

Substituting all the above integral expressions into (3.96), we obtain

(^211+ ^ 011)^111 =  <̂ 211 -Xai1 +  <̂011 Aon (3.101)

+ ^ 3(^221 — ^201 — V021 +  looi) +  ^2(^212 — ^210 — ^012 +  £ 010)

Applying the transformation of (3.93) and (3.94) to (3.99), we can see that 

di —<■ d2 —> d3  —> di. The same transformations take (3.101) into

(di2i +  dioi)yiii =  di2iVi2i +  dioiVun (3.102)

+ di(Z i22 — Z 120 — Z\o2 +  # 100) +  da(X2 2i — X 021 — ^201 +  A001),

(dji2 +  d u o )# in  =  d\\2 Z \ \ 2  +  duo^uo (3.103)

+  ̂ 2(^212 ~  Aox2 — A210 +  A oio) +  d \iY \2 2  — Y \02 — V120 +  1̂ 100•

Thus we have obtained all three auxiliary equations required to aid convergence 

of the three cell-integral equations.

3.6.5 3D Finite Difference Equations

By adding (3.101), (3.102) and (3.103) to  (3.90), (3.91) and (3.92) respectively, 

we obtain the finite difference equations applied in the region 0 <  z < z n  as:

( i  +  d o n  +  ^211 +  c jo i +  C121 +  c h o  +  C m J A n i  =

douXon  +  <*211^211 +  C101A 101 +  C121X 121 +  cnoAiio +  cn 2X 112  

+(C221 “  C021 +  Cool — C20l)^lll +  (C212 — CQ12 +  CfllO — C2io)2?m
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+  (^3 — Cooi)Yoi; — (^3 ~  Co2l)Vo2l +  (dj — C22l)^221 ~  («fo “  C^oOVjoi 

+  (C021 -  C o O l)V o o i — (C221 ~  C20l ) V 211 ~  (^ 2 0 1  “  t’( )O l)V 'to i "I (<-221 ~  C (» 1 |)V |2 |

+  (^ 2  — C o io )Z o \0  — (d a  ~  C 21o)^210 +  (d 'i ~  c,i n ) ^ 2 \ ' i  — {d'2 — <’012)^012  

+  (coi2 ~  Coio)£<m ~  (C212 — C2lo)^2U ~  (C210 “  C()io)^llO +  "  C o u ^ m

(3.104)

( i  +  c o n  +  C211 +  d to t  +  d ig i  f  c n o  +  ^ 1 2 )^ 1 1 1  =

ConVon +  C211V211 + ^ 101^101 +  ^121^121 +  cuo^no +  c\\aY\\a

+  (C221 — C201 +  Cool — C02l)A’i n  4 (C122 ~  C102 +  Cioo “  Ci2o )# IU

+(<̂ 3 — Cooj)^ooi — (da — co2i)Xo2i +  \da — caai)Xaai — (d-a — c2u\).Y2oi

+  (C201 ~  C o o i ) X i o i  — (C221 — C 0 2 l)-V l2 »  “  (C021 “  Cooi)-<Yoil +  (C221 — <>201 )<Y'211

4 -(rfl — Cjoo)£lOO — (d\ — Ci02)^102 +  (^1 — C i22)^l22  ~  (d\ ~  C|2o)#120

•t (Ci02 — Cioo)£l01 — (Cl22 — Ci2o)^121 "* (Cl2C “  C\m)Z\\o +  (C|22 “  ^102)^112

(3.106)

(* +  Coil +  C211 +  Cioi +  Cl2i +  rflio  H* ^112)^111 =

COll^Oll +  C211^211 +  Cioi^lOl +  Cl21^121 +  ^110^110 +  ^112^112 

+(0212 — C210 +  coio — c o n s u l  +  ( c m  — C120 +  cioo — c ^ J V m  

*K^2 — co io )^o io  — (da — C2io)^2io +  (da — c2i2)A ’2i2 — (da — ^12)^012 

+(C210 ”  Coio)X no — (C212 — Coi2)-Xll2 “ \Co\ 2  ~  Coio)Aoil + (C212 ~ C2io,̂  Y21, 

+ (rfl — Cioojl^ioo — (dl — Ci2o)^120 +  (dl — Ci22)Ki22 “  (<̂ 1 ~  Ci02)Vl02 

+ (ci20  — Cioo)VllO — (C122 — Ci02)Vil2 ~  (ci02 “  Cioo)VlOI +  (Ci22 ~  C|ao)Vl21 

A =  2...L — 1, n =  2...M  -  1, v = 2 ...N — 1 (3.106)

where cpqr are given by (3.78), (3.86) and dpqr by (3.99) respectively.
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It can be easily verified th a t at a node where V/> =  0, we have

( c p i t j C i p i , C u p )  ~  d i p i , d i i p ) ,  p  —  0 , 2  ( 3  i q 7 \

Cpiq,Cpqi) =  (d i,d2,d 3), p  = 0,2, 9 =  0,2

and the above equations degenerate into

[i + don -f 2̂11 +  dioi +  d\2\ +  duo +  d n a)F u i =  

donjon  f- <̂ 211-̂ 211 +  ^101^101 +  d m 1̂21 +  dno-X'iio +

which can be re-written as

ia 2F iu  =  ----- E2 1 1  F m  + ------F011
929b 9o92 9o9b

2 _  2 „  2
+  7  j F 121 — t “ t _ F i i i  +  T ~ r F

h,2h B /i2^2 hoh
• 101

8

4- j —r F i u  — 7 7 7 7 F m  +  r-r-F n o  (3.108)
K2 ka KQK2 kokg

where F  stands for X ,  Y  or Z. Obviously, this represents the correct finite

difference expressi on of the differential equation of magnetic field B  applied to

a uniform region, i.e.

V 2B  =  m 2B , a 2 =  upo/p.

It can also be verified that when the conductivity structure is two-dimensional, 

the 3D equations (3.104), (3.105) end (3.106) reduce to those for the 2D case. 

Thus, if the strike is in the y-direction, then (3.104) and (3.106) degenerate to 

the 2D E-po!arizaticn equations (2.107) and (2.108) respectively, while (3.105) 

vanishes. If the s trk e  is in the x-direction, then (3.104) degenerates to the  2D 

B-polarization equation (2.126), while (3.105) and (3.106) vanish.
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Chapter 4 

THREE-DIMENSIONAL NUMERICAL MODELLING 
RESULTS

Computer programs (in FORTRAN 77) have been developed to solve 3D for­

ward modelling problems by using the finite difference equations obtained in 

the previous chapters. These programs are EM2DBD, EM2DED and EM3D. 

EM2DBD solves 2D B-polarization problems in order to provide boundary con­

ditions at the side boundaries x  =  xi  and x = „ u of the model shown in Fig.

1.2. EM2DED provides the E-polarization solutions for the boundaries at y =  y\ 

and y = yM' EM3D solves the 3D problem by using the boundary conditions 

prepared by EM2DBD and EM2DED. More detailed descriptions on the pro­

grams and the instruction on how to use them are given separately in EM3D 

PROGRAM  GUIDE. Some of the numerical results obtained during the process 

of the development of the programs and the progress report can be found in 

the  fallowing publication and presentations: Pu, Agarwal and Weaver (l'..<88); 

Weaver and Pu (1988); Pu, Agarwal and Weaver (1991, 1992a, 1992b, 1993a, 

1993b).

In this chapter, we will show a few representative numerical results calcu­

lated by the  algorithm developed in this thesis; some of these results are used 

for checking the accuracy of the computer program, others are applications for 

investigating the properties of the EM induction phenomena. Since our algo­

rithm  solves directly for the three magnetic components, it is convenient to use 

induction vectors, which depend only on the magnetic fields, to display the  cal­

culated results in the  applications, thereby avoiding the numerical differentiation
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required to calculate electric fields.

4.1 A Check of Accuracy

In order to  check the computer program, some models have been calculated 

and compared with respect to  the results given by existing programs. First, we 

compare against 2D programs. In the previous chapter, when deriving the 3D 

equations, we have shown tha t our 3D equations can degenerate into correct 

2D forms when the given 3D model has a 2D conductivity distribution, i.e. 

the conductivity structure is uniform along one horizontal direction (the strike 

direction). For such a model, if we have programmed our formulae correctly and 

the 3D numerical computation is stable and converges, then we should obtain 

the solution with 2D configuration as well, i.e. the solution should be uniform 

along the direction of the strike. The values of this 3D solution in a  cross- 

sectional plane that is normal to the strike should be the  correct 2D notation for 

the 2D cross-sectional structure.

These 2D values can be compared against the solutions for the same 2D 

structure given by established 2D forward modeling programs, such as Brewitt- 

Taylor and Weaver (1976), Green and Weaver (1978) etc. Several such models 

have been computed and compared, some of them are for B-polarization, but 

most of them  are for E-polarization and among them  are the two test models 

used in Chapter 2, i.e. the model shown by Fig. 2.2 and Fig. 2.5. They all 

produce very satisfactory results when compared with the solutions given by 

the 2D programs by Poll (1994) and by Brewitt-Taylor and Weaver (1976). 

In order to see if the 3D results are uniform along the strike direction for 2D 

conductivity distribution, two 3D models with 2D structures same as the left- 

half and the front-half of the model shown in Fig. 4.8 for E- and B-polarizations 

respectively have been studied. The results were so uniform th a t when the  2D
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Figure 4.1: A 3D thin  sheet model w ith coastline-like 2D conductivity structure.
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Figure 4.2: Variations of the real and imaginary parts of the E-polarization 
magnetic fields (X  and Z , normalized by Bo) above the thin sheet in the 1 2 -plane 
for the model shown in Fig. 4.1 with the period of the source field T=300 s. The 
solid and broken lines depict the results given by the 3D program of this thesis 
and Green and Weaver (1978) respectively.
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NUMERICAL RESULTS WITH THIN SHEET 
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Figure 4.3: Same as in Fig. 4.2, but only the results for the X-component 
(normalized by Bo) beneath the thin sheet are ploted, those for the ^-component 
are the same as above the thin sheet.

variations ot the  magnetic fields in several different cross-sections normal to 

the strike were plotted together, they are practically indistinguishable from one 

another.

The comparisons between the 3D and 2D results for a  thin sheet model 

are presented here. The model, as shown in Fig. 4.1, has a coastline-like lateral 

conductivity contrast at the top with the strike lying in the ^-direction. Beneath 

this conductivity contrast is the uniform half space with the resistivity p =  1 

Dm. The conductivity contrast at the top is simulated by a  thin sheet layer. 

The conductance of the thin sheet layer increases from 10 S to  10000 S in the x- 

direction within a 20 km wide transition zone. Fig. 4.1 shows the model and the 

thin sheet conductance distribution in the grid cells in the xy-plane, note that 

since variable grid steps are used, the scales in the x  and y directions are not 

linear. Fig. 4.1 also shows the table for the index numbers and the corresponding 

conductance values they represent. The results are compared against those given 

by the  2D thin sheet program developed by Green and Weaver (1978), as shown
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Figure 4.4: Variations of the real and imaginary parts of the B-polarization 
magnetic fields (X, normalized by Bo) beneath the thin sheet in the yz-plane 
for a model which is obtained by rotating the model shown in Fig. 4.1 90° 
clockwise through ' he 2-axis.

in Fig. 4.2, 4 3 and 4.4, where the solid lines depict the results computed by 

our new program and the broken lines are by Green and Weaver. Both Fig.

4.2 and 4.3 are the results for the E-polarization problem. Fig. 4.2 are the 

results above the thin sheet layer and Fig. 4.3 are the results beneath the thin 

sheet layer. We see that in both locations, above and beneath the thin sheet, 

our solution matches that of Green and Weaver. In order to compute the B- 

polarization magnetic variations for the 2D structure shown in Fig. 4.1, we have 

to rotate the model through 90° clockwise about the 2-axis (viewing from above 

the Earth). Since the magnetic field is constant above the thin sheet, only the 

results beneath the thin sheet at 2 »  0+ are plotted (Fig. 4.4). We see that our 

3D results match almost exactly the 2D results obtained by Green and Weaver

A 3D thin sheet model, as shown in Fig. 4.5, was also calculated. The

results were compared with those given by McKirdy, Weaver and Dawson (1985),

which is a well accepted 3D thin-sheet program. Fig. 4.6 shows the results

(1978).
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zaSOkm

Figure 4.5: A 3D thin sheet model. r t and r2 represent the conductances of 
the  ocean and the land respectively. The rectangle in the top part simulates 
penisular.

computed by our new 3D program and Fig. 4.7 shows the results given by 

McKirdy, Weaver and Dawson. The two results show very similar features in 

all the three components X , Y  and Z. This gives us confidence that our new 

program is giving a  sensible 3D result. There are also some differences. For 

example, in the plot of the X-component for the results of McKirdy, Weaver 

and Dawson (1985), variations occur along the edges x  =  Xq and x — x i  where 

2D B-polarization results apply, th a t is where the A-component (which is normal 

to  the  plane) should be constant on the surface boundary. The reason that the 

results given by the program of McKirdy, Weaver and Dawson vary along 2D 

B-polarization boundaries might be tha t the boundary condition in the program 

is based on the assumption th a t the normal derivatives tend to zero at horizontal 

infinity. There is a difficulty with this boundary condition; the program uses 

equal grid steps and only allowed 30 by 3(> grid points at the time when this 

model was calculated. If a smaller grid step were used, then the side boundary 

would not be far enough from the nearest conductivity contrast, or if a larger 

grid step were used, then the grid would not be fine enough near the conductivity 

contrast. In our new algorithm, not only are the correct 2D solutions used for
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THIN SHEET NUMERICAL MODEL T = 1 2 0 0  S
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Figure 4.6: Perspective plots of the real and imaginary parts of the magnetic field 
components (X,Y,Z) for a regional magnetic field in the z-direction, calculated 
by the 3D program developed in this thesis.
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Figure 4.7: Perspective plots of the real and imaginary parts of the magnetic field 
components (X,Y,Z) for a regional magnetic field in the x-direction. calculated 
by McKirdy, Weaver and Daswon (1985).
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the side boundary conditions, but also variable grid steps on a more than  40 by 

40 grid can be handled comfortably by the IBM 3090 main frame computer at 

the University of Victoria. Therefore, our results are believed to be better than 

those ot McKirdy, Weaver and Dawson (1985).

4.2 A Model with Crossed Lateral Conductivity Contrasts

The model, as shown in Fig. 4.8, consists of two different lateral variations in 

conductivity in perpendicular directions: a near surface 2D structure with a S*N 

strike and a deep buried 2D structure with a W-E strike. The former structure

z=0 km 
z=4 km

z=10 km

Figure 4.8: A model with crossed lateral conductivity contrasts.

can be represented either by a thin sheet layer of conductance of r  =  200 S and 

r  =  2000 S respectively or by a layer of 4 km thick with a  =  0.05 S /m  and 

a  =  0.5 S/m  respectively, and the latter structure is 30 km thick with a  =  0.05 

S /m  and <r =  0.5 S /m  respectively. The two conductivity contrasts are separated 

by a 6 km thick of uniform resistive layer with a  =  0.01 S/m . Underlying the 

W-E strike of the deep buried structure is uniform half space with o — 0.1 S/m .
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A similar model with the same structure but different parameters has also been 

studied where the surface lateral conductivity contrast has been simulated by 

a thin sheet layer. The results were presented at the 10th IUGG meeting in 

Vienna in 1S91 (Pu, Agarwal and Weaver, 1990). In the study presented in this 

thesis, however, we have chosen to represent the top structure by a layer witli 

finite thickness of 4 km.

Calculations have been done for a range of periods, although only six of 

them  (10, 100, 500, 1000, 2000, 10000 s) are presented here in Fig. 4.9. The 

same results are also included in Weaver (1994, p284). The results clearly show 

th a t the induction vectors (with the directions reversed in all the six plots) 

ro ta te  90° from E-W to N-S as the period increases from 10 s to 10000 s. At 

short periods induction vectors point towards the good conductor in the surface 

anomaly. At very long periods the effect of the deep anomaly is dominant and 

the directions of induction vectors reveal its perpendicular strike.

At intermediate periods the directions of the induction vectors reflect the 

combined effect of the  surface and deep seated anomalies. Directions can vary 

from site to  site. The standard interpretation that there is a. good conductor in 

the  direction indicated by the induction vector should be used with caution.

4.3 Small Conductive Block Over Buried Dividing Regions

The results of this model were presented at the Canadian Geophysical Union 

Annual Meeting held in Banff, May 9-11, 1993 (Pu, Agarwal and Weaver, 1993). 

In this study, distortion effects in electromagnetic induction due to the presence 

of near surface inhomogeneities have been investigated for a series of simple 

synthetic models. The study was conducted primarily as a  preliminary to an 

intended investigation of various decompositions of the impedance tensor.

The basic model, as shown in Fig. 4.10, consists of a small conductive block of
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Figure 4.9: The real induction vector.' (with the direction reversed) at the top 
of the model shown in Fig. 4.8. Graphs (a), (b), (c), (d), (e), (f) are for the 
periods 10, 100, 500, 1000, 2000, 10000 seconds respectively.
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dimensions 5km by 5km by 1km, with resistivity p = 1 Qtn, which is embedded 

a t the top of a uniform layer of 3 km thickness and resistivity 100 flm , and 

underlain by two half-slabs, 30 km thick and of resistivities 2 flm  and 20 flm. 

The region below 33 km is a uniform half-space of resistivity p =  10 Om. The 

numerical results are calculated for a period of 5 s and three configurations, 

(a) surface anomaly alone, (b) 2D deep structure alone, (c) surface anomaly and 

deep-seated structure together. The corresponding skin depths at this period for 

resistivities 2, 10, 20 a r^  100 Dm are 1.59, 3.56, 5.03 and 11.25 km respectively. 

A comparison of induction vectors calculated for configurations (a), (b) and 

(c) are presented. The difference vectors (c)—(a), (c)—(b) and the coupling 

vectors (c)—(a)—(b) are also shewn to  indicate the mutual coupling between 

the  near-surface and deep-seated anomalies. The difference vectors have been 

used in investigations of the geoelectric structures of the Earth by many authors 

(e.g. Hebert et  a/., 1983; Meng and Dosso, 1990; Chen, Dosso and Ingham, 

1993; Kang, Dosso and Ogunade, 1993; Bapat et  a/., 1993). The validity of the 

difference vector method was studied by Weaver and Agarwal (1990) and Dosso 

and Meng (1992). The directions of both real and imaginary vectors have been 

reversed so th a t the real vectors will point to the more conductive region.

A group of models which varied from the basic model were also investigated. 

The variations are on three parameters; the horizontal displacement of the near 

surface block, the vertical displacement of the deep buried 2D structure and 

the  frequency. As shown in Fig. 4.10, we name the basic model with 5-sec 

period as CASE-0, and name the models in which horizontal displacements of 

the  small block are to the left and right as CASE-1 and CASE-2 respectively. 

The vertical displacements of the deep buried 2D structure are called CASE-3 

and CASE-4, in which the gaps between the bottom  of the near surface block 

and the top of the buried 2D structure are increased from 2 km to 4 km and 10 

km respectively. In CASE-5 and CASE-6, the spatial configuration of the basic
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Figure 4.10: An investigation of the EM induction between a near surface small 
conductive block (5 by 5 by 1 with p =  1) over a buried lateral resistivity contrast 
(20 vs 2). The units of the values of resistivity and distance arc flm  and km 
respectively.
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model is kept fixed, but instead of using the period of 5 sec, we used 1U sec and 

50 sec respectively.

Fig. 4.11 shows induction vectors obtained from CASE-0. Plot (a) is due to 

the  near surface conductive block only. Both real and imaginary vectors point 

toward the conductive block. Plot (b) is due to the 2D deep seated structure 

only. We see that real induction vectors point toward the more conductive region 

while imaginary vectors do just the opposite. Plot (c) is the result of both near 

surface block and deep buried 2D structure together. The distortion due to 

the  surface block is clearly seen. Fig. 4.12 shows the difference and coupling 

induction vectors obtained from CASE-0. In (c)—(b), the transfer functions of 

structure (b) are subtracted from those of (c), in order to remove the contribution 

of structure (b) in structure (c). The induction vectors of the difference transfer 

functions (c )-(b )  are then plotted. If the total induction effect in structure (c) 

is the linear combination of the effects in the substructures (a) and (b), then 

(c)—(b) should reveal the true  picture of (a). We see tha t this is no quite true. 

The induction vectors in (c)—(b) represent a distorted picture of (a), indicating 

th a t the linear addition of induction vectors is not quite valid. In (c)—(a) in 

which the contribution of (a) is removed from (c), again we see a distortion of 

the  true picture of 2D induction vectors depicted in plot (b). In (c)—(a )-(b ) , we 

have subtracted the  contributions of both (a) and (b) from (c), which would yield 

null vectors if induction vectors could be linearly superposed. W hat remains is 

due to the  m utual coupling between the two substructures and is consequently 

called ‘coupling vectors’ (suggested by J.T . Weaver in private discussion). The 

smaller these vectors, the weaker the m utual coupling effect is. When these 

vectors are small enough so tha t they can be neglected, then the linear addition 

of induction vector can be considered valid. Here we see that the imaginary 

coupling vectors are much smaller than  the real ones.

Both Figs. 4.13 and 4.14 are obtained from CASE-1, in which t t a  near sur­
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face block is displaced 5 km to the left, so its center is further away from the 

conductive boundary of the buried 2D structure. Its relative position with re­

spect to the boundary can be seen clearly in plot (c). Compared with CASE-0, 

the imaginary coupling vectors in (c )—(a)—(b) increased a little. But the real 

coupling vectors of ( c ) - (a )—(b) decreased even more. On the whole, this indi­

cates tha t the m utual coupling effect is less in CASE-1 than in CASE-0. The 

next two figures, Fig. 4.15 and 4.16 are from CASE-2. In this configuration, the 

surface block is moved 2.5 km to right and the  center of the block is now sitting 

directly above the conductivity boundary of the  buried 2D structure. Although 

plot (c) changes accordingly to  reflect the new position of the block, the m utual 

coupling effect remains approximately the same as in CASE-0. Perhaps in this 

case, the displacement is not large enough to  make much difference.

Figs. 4.17 and 4.18 show the results from CASE-3. The only difference 

between this model and CASE-0 is that the  gap between the bottom  of the 

surface block and the top of the buried 2D structure is increase 1 to 4 km from 

2 km (the resistive uniform layer is now 5 km  thick). The consequence of this 

variation is that the induction vectors become larger in plot (a) and smaller 

in (b). In fact, the change of relative strengths of the induction vectors of the 

block and the 2D structure can also be seen in plot (c). Here the influence of the 

block has become locally dominant. In some regions the to tal induction vectors 

have been reversed opposite to  the directions of the 2D background ones. The 

mutual coupling effect shown in plot ( c ) - ( a )—(b) did not change much.

Figs. 4.19 and 4.20 are from CASE-4 in which the gap is further increased 

to  10 km (the resistive uniform layer is now 11 km thick). Induction vectors in 

plot (a) are further increased and (b) further decreased. The influence of the 

near surface block is totally dominant in plot (c) now. The m utual coupling is 

much weaker than in previous cases.

Figs. 4.21 and 4.22 are for CASE-5 where the  spatial configurations are kept
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the same as in CASE-0, but the period of the source field is 10 sec rather than

5 sec. The corresponding skin depths associated with resistivities 1, 2, 10, 20

and 100 flm  are 1.59, 2.25, 5.03, 7.11 and 15.9 km. Compared with the results

for 5-sec period in CASE-0, the induction vectors ’or the surface block in plot

(a) are smaller while the ones of 2D structure in plot (b) are larger. In plot

(c)—(a)—(b), however, the real coupling vectors are weaker while the imaginary

ones are stronger. The strength of m utual coupling has not changed significantly.

The next figure, Fig. 4.23, shows th e  results of CASE-6, where the period is

further increased to  50 sec. The corresponding skin depths are now 3.56, 5.03,

11.3, 15.9 and 35.6 km. T he induction vectors due to  the surface block can

hardly be seen now, while th e  2D induction vectors are much stronger. There

is hardly any distortion in plot (c) due to the  existence of the surface block;

therefore, no difference vectors and m utual coupling effects are plotted for this
4

case.

In this application of our versatile three-dimensional modelling program, we 

have investigated the  distortion, caused by a small surface anomaly, of induction 

vectors associated with a two-dimensional buried anomaly. The surface anomaly 

exerts a strong influence on the  induction vectors and there is evidence of mutual 

coupling in a  certain region. It seems that the  strength of the mutual coupling 

effect depends on two factors. One is the relative strengths of the induction 

caused by the surface anomaly and th e  deep seated 2D structure. The other one 

is the displacement of the surface anomaly from the strike of the buried structure. 

If the induction caused by the  surface anomaly and the  buried structure are well 

balanced, m utual coupling is enhanced. Otherwise if one part is much weaker 

than  the other, m utual coupling is reduced. Even when the induction intensities 

are well balanced, however, the m utual coupling may still become weaker when 

the displacement of the surface anomaly from the strike of the buried structure 

increases, as can be seen in CASE-1.
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Figure 4.11: Reversed induction vectors for the basic model, Case 0 in Fig. 4.10,
with the period of the source field T =5 s. (a) the surface anomaly only; (b) the
buried 2D structure only; (c) the surface anomaly and buried structure together.
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Figure 4.12: Difference and coupling vectors for the basic model, Case 0 in Fig. 
4.10., with T = 5  s.
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Figure 4.13: Reversed induction vectors for Case 1 in Fig. 4.10 with T =  5 s.
(a) the surface anomaly only; (b) the buried 2D structure only; (c) the surface
anomaly and buried structure together.
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Figure 4.14: Difference and coupling vectors for Case 1 in Fig. 4.10 with T=5 s.
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Figure 4.15: Reversed induction vectors for Case 2 in Fig. 4.10 with T=5 s.
(a) the surface anomaly only; (b) the buried 2D structure only; (c) the surface
anomaly and buried structure together.
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Figure 4.16: Difference and coupling vectors for Case 2 in Fig. 4.10 with T =5 s.
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Figure 4.17: Reversed induction vectors for Case 3 in Fig. 4.10 with T=5 s.
(a) the surface anomaly only; (b) the buried 2D structure only; (c) the surface
anomaly and buried structure together.
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Figure 4.18: Difference and coupling vectors for Case 3 in Fig. 4.10 with T = 5 s.
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Figure 4.19: Reversed induction vectors for Case 4 in Fig. 4.10 with T =5 s.
(a) the surface anomaly only; (b) the buried 2D structure only; (c) the surface
anomaly and buried structure together.
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Figure 4.21: Reversed induction vectors for Case 5 in Fig. 4.10, the basic model
but for T=10 s. (a) the surface anomaly only; (b) the buried 2D structure only;
(c) the surface anomaly and buried structure together.
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Figure 4.22: Difference and coupling vectors for Case 5 in Fig. 4.10, the basic 
model but for T=10 s.
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Figure 4.23: Reversed induction vectors for Case 6 in Fig. 4.10, the basic model
but for T=50 s. (a) the surface anomaly only; (b) the buried 2D structure only;
(c) the surface anomaly and buried structure together.
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Chapter 5

CONCLUSIONS AND FUTURE WORK

5.1 Conclusions

The 3D forward modelling problem has interested many researchers in the EM 

induction community in the past few years. Much work has been done in de­

veloping 3D programs, but it is still rather a  challenging field. In this thesis, 

we have developed an algorithm for solving the 3D forward modelling problems. 

The algorithm offers the following novel features:

1) It incorporates an anomalous thin sheet at the surface of a conventional 

3D structure. It offers, therefore, the  advantage of other thin sheet programs, 

such as those of Vasseur and Weidelt (1977) and McKirdy, Weaver and Dawson 

(1985), in which the modelling of a near surface conductivity anomaly can be 

much simplified, together w ith the usual capability of modelling buried struc­

tures of finite thickness.

2) Both the thin sheet and the underlying 3D geoelectric structures may 

approach 2D configurations a t infinity. This feature plus the incorporation of 

the thin sheet enable us to model quite general geophysical structures.

3) It uses integral boundary conditions on the surface and at the bottom, and 

hence reduces the size of the  mesh by removing the air layer above the surface 

and a uniform half-space beneath the  anomalous structures. The height of the 

air layer is normally difficult to  determine. By eliminating this layer, the model 

design becomes much easier and the solution becomes more accurate.

4) It employs cell-integral finite difference equations in the region z >  0 which



5.1 Conclusions 139

we have found requires fewer grid points than the conventional finite difference 

equations, for the same accuracy, especially in the models involving extreme 

conductivity contrasts. This is quite appreciable for the 3D problem, since it 

can significantly reduce the number of grid points, and hence the computer 

storage and computation.

5) The solutions are obtained in terms of the magnetic field, which is of 

primary interest in many of the EM methods used to investigate the structure 

of the earth. In most previous programs, solutions were obtained in terms of 

the electric field, so that an extra step of numerical differentiation is required 

to  obtain the magnetic fields. By obtaining the  solution for the  magnetic field 

directly, we have removed this extra source of numerical error in the magnetic 

field, although numerical differentiation is still required, of course, to obtain the 

electric field.

The accuracy of our computer program has been checked against some es­

tablished programs. In Chapter 2, we have compared the solutions of our 2D 

program for a model with rather extreme conductivity contrasts (Fig. 2.2) with 

respect to  the solutions obtained by Brewitt-Taylor and Weaver (1976). Our 

results were found to  be reasonably accurate (Fig. 2.11 and 2.12) with the  usage 

of the cell-integral finite equations. For a model with moderate contrasts, e.g. 

the control model in Fig. 2.6, for which a quasi-analytic solution is available 

(Weaver, LeQuang and Fischer, 1986), the accuracy of our solution was superb 

(Fig. 2.14).

The accuracy of the 3D part of the program was checked first by using the 

3D models with 2D conductivity structures. The solutions for a  model with a 

thin sheet (Fig. 4.1) were checked against those of Green and Weaver (1978). 

The comparison was made for the results both above and beneath the th in  sheet 

layer in Fig. 4.2 and 4.3 for E-polarization, and beneath the th in  sheet in Fig. 

4.4 for B-polarization. The E-polarization solutions match quite well and the B-
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polarization solutions are even better; they match almost exactly with those of 

Green and Weaver. The solutions without the thin sheet compared satisfactorily

with those of Brewitt-Taylor and Weaver (1976).

The results of the 3D part of the program were also checked against those of 

McKirdy, Weaver and Dawson (1985) by a 3D thin sheet model and the solution 

delivered by our program was found to  be more physically meaningful.

Based on all these checks and comparisons, we are confident that our pro­

gram is working well and can provide very accurate solutions for general 3D 

models with m oderate conductivity contrasts. Even for the models with rather 

extreme conductivity contrasts, it yields very reasonable results. A number of 

applications of the  program to various synthetic models has demonstrated its
i

usefulness. In particular, the application to the model of a small near surface 

conductive block over a buried conductivity contrast in Fig. 4.10 shows tha t our 

program is capable of picking up fine details in the magnetic variations of 3D 

models with delicate structures.

5 .2  F u tu re  W o rk

An im portant application of our program can be the test of the validity of various 

tensor decomposition schemes used in magnetotelluric (MT) studies. The (M'r ) 

method is one of the most useful ways of studying the large scale properties 

and deep structure of the  earth. In the MT method, the da ta  are normally 

presented in the frequency domain by an impedance tensor Z (r, u )  which maps 

the  measured horizontal conponents of the magnetic field H (r, u>) at the earth’s 

surface to  the horizontal electric field by E (r,w ) =  Z (r,u  .iH(r,u/) where Z(r,

u )  u  a rank 2, complex tensor,

«-(
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When the coordinate axes correspond to the principal axes (i.e. natural axes), 

the  impedance tensor has the form

M-°» :)■
Otherwise the measured impedance tensor can be derived from Z 2 via the stan­

dard rotation transformation Z =  RZjR7 where R is a  rotation operator

_  _  /  coaO s in 0 \
~  \ — ainO coaO )

and 0  is the  angle between the measurement frame and the  natural frame.

There is no such simple decomposition when Z is produced from an arbitrary 

3D conductivity distribution. Following the lead of Schmucker (1970) and Larsen 

(1977), the distorted field E D and undistorted field E u are related to  a distortion 

tensor D by the expression E D =  DEL , i.e.

E d  =  DE" *  DZH = ZmH

where Z is the impedance tensor for a ID or 2D normal region while Zm is the 

actually measured, distorted impedance tensor.

A ttem pts have been made to decompose the distortion tensor parameters. It 

is desirable to  separate those parts of the data due to the  large-scale structure 

which need to  be fitted to  a model from those due to the  small-scale features 

which are usually not of interest. Various tensor decompositions have been 

proposed (e.g. Eggers, 1982; Spitz, 1985; Yee, 1985; Latorraca, Madden and 

Korringa, 1986; Cevallos, 1986; Yee and Paulson, 1987; Bahr, 1988; Groom and 

Bailey, 1989, 1991). Among them, the one by Groom and Bailey (1989) appears 

to  have considerable merit. They considered a  model of ID or 2D regional 

background with a weak 3D structure. By ‘weak’ they mean the anomalies 

are near-surface and in small scale. They pointed out th a t even for a small 

structure, the  distortion can be large if the conductivity contrast is great. It is
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usual, however, in current practice to regard the distortion arising from small 

anomalies as being insignificant. Groom and Bailey write the distortion tensor 

as C  and factor it as

C  =  </TSA

where T , S and A  have the physical interpretation as the twist, shear and 

anisotropy operators respectively.

Although some of these schemes (e.g. Groom and Bailey, 1989) are in gen­

eral usage, a  thorough test of their validity has not yet been made. Such a test 

requires the  availability of a versatile and efficient three-dimensional program 

which has the capability of modelling small near-surface anomalies embedded 

in a  large two-dimensional structure. The program developed in this thesis is 

ideally suited to this problem, because of the features of incorporating an anoma­

lous thin sheet a t the surface of an otherwise quite general three-dimensional 

structure, plus its ability to  handle the high conductivity contrasts and to detect 

the  fine magnetic variations. In fact, the study of a  small surface conductive 

block over buried dividing regions in this chapter has been conducted primarily 

as a  preliminary to  this intended test. Of course, the calculation of the electric 

field has to  be implemented in order to do this task. The procedure to carry out 

the  test would be:

1. For a  given ID or 2D model with some small scale, near-surface 3D struc­

tures present, calculate the magnetic and electric fields for a given frequency. 

Then calculate the corresponding impedance tensor Zm(r,u;) at different posi­

tions from these fields.

2. For the same model, but with the 3D structures removed, calculate the 

EM fields and the corresponding normal impedance tensor Z(r, u>)

3. O btain the distortion tensor D (r,w ) =  Z m(r,uj)Z~l (r,u>)

4. Decompose the impedance tensor obtained in step 1 according to the
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decomposition proposal to be tested and compare tby corresponding distortion 

tensor with tha t obtained in step 3.

If Groom and Bailey’s method or any other decomposition proposals are 

found to be satisfactory in removing EM distortions, it will be a great help to 

the interpretation of MT data.
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Appendix A 

INTEGRALS FOR BOUNDARY CONDITIONS IN 
THREE-DIMENSIONAL EM MODELLING

T h e  contents in this appendix have also been published in separate as a CEOR 

report for easy reference (Pu, 1993).

Equations of the surface and bottom  boundary conditions in the 3-D prob­

lem, (3.54), (3.55) and (3.56), involve three double integrals operators over the 

x  — y plane, Mj, Ma and Md\ they are defined as

M , Z ( r , 0 ) =  b r j L Z i u ' v ' 0)W - u ) > l " , - v ) > ] du d v ' (A ' 1)

* * ( r ,0 ) =  J L £ j T  * . * .  (A.2)

JI«i* ( p, iO = ^ j T [ * ( s , i ) - * ( r , i ) | 0 ( | r - » | ) * ,  (A.S)

where $  stands for any magnetic component X , Y  or Z,  r = (x ,y),  s  =  (u,»>), 

ds =  du dv and

Q (r) =  Q (r,0 ) =  r _3( l  +  ra 0\/* )e x p (-ra o \/* ) ,  r  =  ( x 2 + y2) ^ 2. (A.4)

For algebraic convenience in the following sections, we will ignore the constant

factor 1 /2 ir in the definitions of A/i, A/a and Mj; it will be re-introduced into 

the formulae in the SUMMARY section.

Since the field values Z  and $  are only defined at the grid nodes, we have 

to  break the whole integral into a sum of sub-integrals over many rectangular 

cells. At the four corners of each cell, the field values are either defined as node 

values or as values given by the boundary conditions. The values a t points be­

tween the grid nodes can be interpolated from these corner values by a specified
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interpolation scheme. Thus the integrals over each cell can be evaluated, most 

of them analytically, but some have to be integrated numerically. The results 

are expressed in terms of the four node values at the corners of cells. When all 

these results are summed over the cells, the integral over the entire x — y plane 

can be reduced to  a linear combination of F/,m, the values of $  at the nodes 

(x t ,ym, 0 ) for Mi  and M2, or (x i ,ym,d) for M j, i.e.

L M

M F ( x x, y li) ^ ' £ , ' £ A 'ZF^  (A.5)
/al m=l

where the coefficients A fy  are composed of integrals over grid cells.

When the integrals are evaluated at a fixed node (xa,j/m), the integrands 

are singular at the point (x ,y)  =  {x \ } due to  the presence of the  factor 

l/[(a?A -  ®)2 +  {Va - y ) 2]3''2 This point will be referred to as the singularity 

or the singular point. Once the singularity has been fixed, the x -  y plane is 

decomposed into ten regions which are denoted by Rq, Rq and R\  to R& as shown 

in Fig (A .l) where we have defined

x 0  =  -o o , x l + i  =  + 00 , y0  =  -o o , j / m + i  =  + o o ,  /  * g \

ffl = &I+1 hm — J/m+l Vm,'

The entire x — y  plane is thus covered by a mesh with nodes (m, n), 0 <  m < 

Z, +  1, 0 <  n <  M  +  1. We call Rq the singular region, which is defined as

= {r | - g \ - 1 < x - x x < g x \  - h ^ x < y - y „ <  h„). (A.7)

It is composed of four individual singular cells surrounding the singular point 

(#.v«!//*)• Ro is the finite normal region, defined as

Ro =  {r | x x < x  < x L; yx < y < yM) -  Ro- (A.8)

R x to /?4 are infinite regions consisting of groups of infinite cells with one edge 

tending to infinity and R$ to R% are infinite regions with two neighbouring edges
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Figure A .l: (a) depicts the ten regions on the xj/-plane; (b) is the singular region 
R q .

approaching infinity. Sometimes, we also address an individual cell as /?/,„ which 

is defined as Rim =  { r | x/ < x  < xj+i; ym < y  < ym+i}-

Now, let us look at integral (A .l) first. For convenience, we define D 

[(xa -  u )2 +  (yM — v ) 2 ) 3 ! 2 and also work with —M\ Z  rather than M\ Z.  We have

u - x  x/OO POO  i

/  Z(u,v)-
•00 J — oo D

■dudv

■ \ k + L + L + - + L \ Z i u , v )
=  Io +  Iq +  1\ +  ••• 4- /s

U - X  A

D
dudv

(A.9)

where

I 0  = /  Z(u ,v )^—= p - d u d v  = f X+9X l V̂ K  Z ( u , v ) ^ - ~ d u d v  (A.10) 
Jf io D  J x x - g x - i J v ^ - h ^ - i  D

is interpreted as its Cauchy principal value. If we think in terms of each indi­

vidual cell, we can also write

L M
-  M , z,„  =  £  £  / ;

1=0 mss0 (A.l 1)

where

/ ?  := p T ' " * 1 Z M ^ - J ^ d u d , .  (A.12)
Jym Lf
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A .l Contribution of Individual Cells

/ 'm is a typical integral over a single cell. The field values at the four corners 

of the cell are Zim, Zi+im, Zim+i and Z/+lro+j. For interpolating the values of 

Z ( u } v) at points between the nodes of the mesh, a bi-linear interpolation scheme 

will be employed here,

Z ( u , v )  =  Zlm  +  ------------ ( Z l +  im  ~  Z i m )  +  — ~ ~ ( Z i m +\ — Z l m )
91

+ "--------^7----- ^^-(Zl+ im-fl +  Zlm — Zi+\m — Zlm+l)> (A.13)

To simplify the integrand in (A .12), we make the transformation

a = u — X \ ,  p - - v - y „ ,  (A.14)

and define

a, =  x i - x x , bm = y m -  (A.15)

T i  =  ( Z i + \ m — Z l m ) / g h  T 2 —  ( Z i m +\  — Z i m ) / h m ,

T3 =  (Zi+\m+i +  Zim — Zi+im — Ztm+i)/gthm. (A .16)

Then, we have

Z ( u , v )  =  Z { a , / 3) =  Z i m  +  7 i ( a - a / )  +  T2( P - b m) +  T 3( a - a / ) ( / 3- 6m ) ,

D  =  +  +  (A.17)

If we further define

a i = a j ,  a 2 = at+x; fa = bm, fa  =  6m+i, (A.18)

then integral I 1™ becomes

;i"  -  f f
=  Z ta/J"  +  r , ( /5 f  -  +  r , ( / j j  -  * . /? • )

+ * » ( /&  -  «,/*} -  W j J  +  o i M i ” ), (A.19)
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or

where

I ‘xm = Zim l l™ +  TiAgi +  T 2 B h m +  T3Cg,hm, (A.20)

A  =  (I j $ - a i l ' am)/gh B  =  ( / $  -  bmI j? ) /h m,

C =  ( / f e  ~  a / O  ~  fcm/ili + gihmI'am) /hmgi, (A.21)

and

r a t  [ P i  a/fl,m = L  L  [a2 + > ] 3/2 dadf*'

® - E C

/ “a fP i  0 * 3

Ia ™0  =  L  L  [a2 +  3 2Y ' 2 d a d ( l  (A ’22)

The integral /£" can also be written as

I',m =r (Z,m -  T,a, -  r 2bm +  T3 a,bm) l t

+(71 -  Ta4b)/S  +  (71 -  7h«,)/*J +  T > /fe - ( A.23)

It means that /*.”*, a typical integral over a a ll, can be broken into four sub-

integrals, /£m, /J§, I f$  and If$p, over the same integration limits.

Insert the expressions for T\, T2 and T3 into (A.20), so that Ixn can bo

expressed in terms of the field value at nodes, i.e.

I ‘tm =  ( I lam - A - B  + C)Zlm + ( A - C ) Z , + im 

+ ( B - C ) Z lm+i- C Z l+i,n+x

~  Qhn^tm "b Qlm^t+lm "h Qhn̂ /m+1 + Qlm^t+lm+1 

= E E Q R Z i + p m +r  (A.24)
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Q Z  is the contribution of cell Rim to the coefficient of field value Zi+pm+q.

Inserting the expressions of A, B  and C into Q Z  in the above formula and

noting that a/+i =  a/ +  gi, 6m+1 =  bm +  hm, we have 

=  (al+ibm+ i l ‘™ -  ai+ilfy -  bm+ifji +
Qlrn =  ~ ( a lbm + ll!an ~  a l l a 0  ~  bm + i l ^ 2  +  9l h m , , .
Q Z  =  - ( a l+ibmI lam ~  a /+1 / $  -  bmI%  +  I % ) l 9 i h m, lA,ZOj
Q Z  = (aibmlim -  a , l%  ~  bml £  +  I % ) / g , h n ,

which can also be expressed by the general formula

9l rlm  r —o 3=0
(A.26)

A.2 Integral Operator Mi

It is desirable to express the integral in the form of equation (A.5), i.e. in terms 

of the field values,
L M  L M  1 1

QZ^l+pm+q/=0 m = 0 /=0 m=0 p=0 q—0
L M

= E E
1=0 m = 0
r 1/ A/ L+ l  M  L Af+1 L+1 A/+1

E E «  + I E« I V +EE<K-> + E E ^
.1=0 m = 0  ;=1 m = 0  /=0 m = l  1=1 m s l

0 0  0 M  0 L L M l

E S + S Z  + I I i l + Z I I
Lf=0 m = 0  1=0 m=1 m=0  (=1 1=1 m = l J

'  L + l  0 L + l  M  0 L L M

+ E E + E  E + E E + E E
_/=L+l  m=0  l =L+1 m = l  m=0  1=1 /= l  m = l

' 0 A/+1 0 M  M + 1 L L M  '

+ £  £  +EE+ £  E+EE
l = 0 m = M + l  /=0 m = l  m = A / + l  1=1 1=1 m = l

' L + l  M + l  L + l  M  A/+1 L L M

+  X ! X  +  ]C  X  +  X  X  +  X X  (A.27)
t= L + \ m = M + l  1=L+1 m = l  m = M + l  /=1 1=1 m=l_

It gives
L M

= £  £  (OS + Q,“ lm + O R ., +  Qll ,m. , ) Z lm
1= 1  m = l
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+  5Z(Q ?o +  Q t x o ) Z i o  +  I t i Q U i  +  Q}-im)Zi . \ /+i  
1=1 1=1
M M

+  5 1  (Qom +  Qnm-l)^Om +  5 Z  ( Q ^ n  +  Q\!„ - l ) Z i + l m
m = l  m = l

+  Q ooZ qo +  Q loZ l +10 +  QaXfZn\: + l +  Q l m Z l +IM+1,

(A.28)

These summations group together the field value at nodes related to regions

( h  -I- h ) ,  h i  h i  h i  h i  h i  h i  h  and I 5 respectively. At the boundary of the grid

mesh, regions R\  to  R 4 and R 5 to R» are groups of cells with respectively one 

and two edges continued out to infinity. If no asymptotic boundary conditions 

are used, then the boundaries of the mesh (x =  x\  and x — x i )  must be 

sufficiently far away from the  nearest conductivity contrast that, with the strike 

in the y-direction, d F / d x  as 0 for all field components, i.e. F'x )  as F(x  1), for 

x < X \  and F(x)  «  F ( x i ) ,  for x >  X*. Thus we can pre-calculate the results for 

the  limiting structures at infinity (either 2D or ID) and use the results as the 

boundary conditions on the corresponding boundaries of the mesh during the 

com putation of the 3D results, i.e.

F(x  ym) ~  F^xo^Um), F^XLiVm) ~ F{x 1, .̂1 , y n)i xn- — 1...M  (A .29)

where xo =  —00  and x l + 1 =  + 0 0  are the same as defined before. The pre­

calculated results are given at the grid nodes only. An interpolation scheme is 

needed for the variation alon& y-direction between the nodes; a linear variation is 

a reasonable assumption in this case. According to (A.17) , this linear variation 

may be w ritten as

F(a,/3) = Fim + T2(J  -  bm), (x < x 1 o r x >  x L), ym <  y < ym+i. (A.30)

Similarly, in R 2 and R 4 |yi| and |yw| must be large enough to satisfy d F /d y  «  0 

in y < yi or y > ym, so th a t

F ( x h y i )  =  F (x , ,y0)i F{x , ,yM) =  F (x /,y M+1), / =  1...L (A.3I)



A.2 Integral Operator Mi 165

can be applied along the y-direction with a linear variation in the a?-direction.

In regions R& to R%, the only natural choice is d F / d x  — d F /d y  =  0. There­

fore, we can write

F(x ,y )  — F(xL ,y \ f )  = (x ,y) e R 5

F (x ,y )  = F ( x u yM) =  F (x 0 ,yM+i), (x ,y)  e R e
F (x ,y )  = F {xu yi)  =  F ( x 0 ,y0), (x ,y )  e R 7

F{x ,y)  = F{xL yi)  = F ( x L+l,y0), (x ,y)  r R s .

Since the only field component being integrated with Mi  is Z,  from now on 

we will use Z  specifically instead of F  for the general case. In region Ri  and 

R 3, Z  is uniform in the a;-direction and varies linearly in the y-direction. Thus 

Z (x ,ym) = Zlm =  Zi+im, X i  <  x <  XL+ i ox x0 <  x <  X i ,  and we can define 

Zum = <'Ztm +  (1 -  c)Zi+im, 0 < c < 1. Following the p ocedure which took 

(A .13) to (A.24), we obtain

Z l u . v )  =  Z .  ~  4- V ~ ..yj ! L ( Z . . „ ^  -  Z . . „ \  =  +  T o ( 3  -  b „ )

values at all four corners of the cell have to be used to express I 1™, but here

prefer to express the integrals in terms of the field . hes  at finite grid nodes, 

we choose c =  0 for Zum = Zi+i,n when 1 = 0, and c =  1 for Zum = Zim when 

/ =  L. By comparison with (A.24), the integral I 1™ in region R\,  R$ can then 

be written as

(A.32)

According to (A.24), when a bi-linear variation in the cell is assumed, the field

only two terms are needed because we have only a linear variation. Since we

+  1* l — L
+ Qjm l̂+lm+h I — 0 (A.33)
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which leads to definitions

« = O f t  =  o, Q Z = ( M .  IS" -  iSs)  /* » .  OM,= -  (* . ' S '  -  O )  /<■».

/ =  0, m =  1...M -  1 (A.34)

01° =  Q ft =  0, g f “ =  -  / $ )  /* » ,  f l f t  =  -  ( M i ”  -  IS})  / * -

/ =  Z/, m =  1...M — 1. (A.35)

Similarly in i?2 and i?4, we have Z(a, 0)  =  Z;m -f Tx(a  -  a/).

Let Z/„ =  cZtm +  (1 -  c;Zlm+i , then
- rim //m rtl Jim__ /im

/?* =  Zivij? +  Ti W  -  «//£") =  —   - Ziv -  —

_  /  Q fm Z lm  +• Q}mZl+lm,  m  — M  (c = 1) (A 361
" \ 9 R Z , m+i + Q f o Z i+ im + u  m  =  0 (c = 0)

and

9 £  -  Q& =  o, O ft =  («!+./** -  ISf )  / a ,  OH =  -  (««/*“ -  t'S) / a
/ = 1 . . . £ - 1 ,  m =  0 (A.37)

e f i  =  Q!A =  o, «  =  («i+i/iT  -  I's) / » ,  OK =  -  -  /*?) a
/ =  m  — M  (A.38)

For i?B to  #8, it follows from Z (r) =  0 that / 6 =  / 6 =  / 7 =  /g =  0. We can 

therefore define

9 B - O t t - « ? i - O J i » 0 .  ( « , m) - ( £ , A# ) , ( 0 , (A. 3 9 ) 

In equation (A.28), the coefficients Q f^, which are related to the field values 

Z,o, ZtM+i, Z qm, Zi+im  on the 2D boundaries at infinity and the field values 

Zoo, Z l +i o , Z o m +i , Z l +i m +\ on the ID corners at infinity, are now vanishing. 

This reduces (A.28) to
L M

~ M , Z »  -  Z £ ( Q &  +  Q l ! , m +  O l i - , T C l l l m - , ) Z * .
te l m= 1

L  M  (  1 1  \  L  M

= E E  =
te l  m=l \ p = 0 i j = 0  /  te l  m=l

(A.40)

^
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If we let Zim =  1) some straightforward algebraic manipulation leads to  the 

following grouping of Q ^ :

L M

£  £  « ? ! ! ! !  +  < ? L V  +  +  <3" t a - i )
/= 1  m = l  
L - l M - l

= £  £ ( < 3ffi +  0 £  + 0 £  +  0 ff.)
/= 1  m = l

( M - i  L - l  v /  M - l  L - l  \

E E + E E + E E  W E E  + E E+EE «
l = L  m = l  m = M  1=  1 l = L m = M /  \ / = 0  m = l  m s s M  1=1 l = O m = M f

+ (£ £ + £  £+£ £ ) * + ( £  £ + £  £+£ £)  flft.
\lz zL m s l  m = 0  ( s i  l= L m = 0 /  \ / = 0  m = l  m = 0  (=1 1=0 m = 0 /

(A.4I)

The definition of each grouping is 

91 n m r = 0  s = 0

p =  0,1, q s= 0,1; / =  1...L -  1, m =  1...M -  1,

’ ( 6 m + , / ' m -  O M m , / = £; m  =  1...M  — 1,
«  = < “  /£?)/$»» 1II£IIs

0 / = II

' (bm+1I ^ - l M k m , / = 0; m  = 1...M — 1,
Qlm = -{ail*r -  /$ )/* .

rH1tHIIII£

o / = 0; m =  M,

f - ( W r - O V A m , /  =  ! m =  1...M — 1,
®  =  < (ai+|/£» -  /£ ? ) /* , m =  0 / =  1,

o / =  I

oII

f - ( 6 m / r  -  / a ) / f c » , / =  0 m =  I . . .M  — 1,
Qlm = m =  0 / =  1 . . .L -  1,

0 / =  0 m =  0,
(A.42)
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A.3 Integral Operator M 2

Following the same procedure as for M i , we have

- » ,  z* = r  r  z m v- ^ * u <i v =£ £,;
J - 0 0 J - 0 0  U  / - 0 m = 0

where

.  /**i+i rvm+i , v  — yu
: •/ri •'I/m

dudv

[ 0 2  [0 2  ,  3
=  L , L  d n d l i

=  +  t ,(/£3 -  «,/}■) +  -  M J “ )

+T3(/£3» -  -  M is  + « A -/f)

=  j j g z , „ + k ;» z ,+1„ + / c z t a + i +
1 1

=  E E « 2 i +, . +,
psO gaO

and

Itfm — {Ql+lbm+lljf1 — ai+iljj2 bm+ll^p +
R}° =  - ( a , W £ m -  a , I f t +
C ,  =  - ( a l+ibmI}r — ai+il fp — bmI ^ +
Rfm =  (aibmljF — Olljj2 ~  bmlfy +

which can also be expressed in the general formula

91 nm r-o  g- 0  

The integrals are defined similarly to (A.22) as

* • “  S?^ C w T W ‘ i a i | , ' 

*  -

*  = jCjTfSf**

(A. 43)

(A.44)

(A.45)

(A.46)

(A.47)
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The expressions for Rvlm are similar to Q Z  except th a t the integrals /^?+r/3a 

appearing in the expressions for Q Z  are replaced by /£j*g,+a in 7?f£. The same 

replacements occur in (A.34), (A.35) and (A.37), (A.38). Therefore, if we define

yl r=o 9=0
p — 0,1, q = 0,1; I = I...L — 1, m  — 1 . ..M — 1,

( W J r — Ip t) /hn i, l = L m =  1...A7 — 1,
(“1+ l / j r - 0 / 9 1 , m  = M I 1II

0 l = L m =  M,

(»m+.JJ" - O / h m , 1 = 0 m =  1...M -  1,
H Z  = - M f ~  0 / 9 1 , m  =  M / =  1 . . . I -  1,

0 1 = 0 m =  M,

' - ( W f '■ I jp ) / hm, l = L ; 1ilS

H Z  =  - (“ i+i (S’ ~ 0 ) / 9h m =  0; / =
k 0 I = L; m =  0,

- ( W j T ~ 0 / hm, 1 = 0;

eH1“̂4IIS

it

2 
£ 

0? -  0 / 9 1 , m =  0; / =  1 . . . I - 1 ,
k 0 1 =  0; m =  0,

(A.48)

then (A.2) becomes

L M /  1 1  \  L M

=  U m =  E  £  B % Z lm (A.49)
/= 1  m = l  \ p = 0 1 / = 0  f  1=1 m = t

A.4 Evaluation of the Integrals

The coefficients Q frqn and R Z  involve seven integrals I 1™ If f1 I I j f i  I f y  I fy 2 

and 7^3 all of which can be integrated analytically using the Maple symbolic 

computing system with program ’’TBCINT file” . Since the results of 1‘p 1 Ij$ 

and I \ $ 2 can be simply obtained from that of /£m 7£? and Ij$fl by switching the 

roles of a  and /?, we sometimes omit Ijp I l$  and O  and focus the discussion 

on I 1™ I  %'I I f y  and only. For f„m, If$  and 7 ^ ,  it does not m atter over
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which variable (a  or /3) the integration is first carried out, since both orders 

of integration yield the same results. But for l f$ ,  we have to integrate it with 

respect to ft first followed by a , as otherwise Maple is unable to complete the 

second step of the integration. The results obtained are

/*» =  In f ( 0 2  +  +
[ \ A  +  y ja \  +  f f i )  \/?2 +  y ja \  +  $ \ ) .

jlm ,  ' -  \ [ a '  +  ̂  h  + +
[ \o i + >/o? + ^ j/ \ q2 + y/al + Pi)

/ft = -  ( V 5 T S  -  V 5 T S )

|  [<*2 -  \ / a 2 +  Pi)  ~  ( \ l a \ + Pl ”  >/«? + $ ) ]

(

J i m

1 ,

+  2 In
o^ +  y ^ l  +  ftA  3 / q i 4- y/tv'i +

+  >*?/ \ a 2 +  \ / a 2 + ^ ? /
(A.50)

and

/ f 1(a 1, o a,/J „ A )

Jjfla ( q 1>q 2> P l * P z )

^ ’»o(a l i a 2)^l>/^2)

1 1™(P\t P i ,a Ua 2 ) 

l ^ i P u P  2, 0 1 , 0 2 )

Pit “ 1)02) (A.51)

Since

/ j---------- \  I /  j----------\  ( - a  +  \A*2 +  /?2)1 n ( o  +  N/ ? T ^ )  =  I „ [ ( a + V r ^ ^ _ _ _ _

(A.52)

we deduce tha t
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Recalling that

ai =  xi -  xx, « 2  =  xi+1 -  xx; f t  =  ym  -  V n ,  f t  =  2 /m + i  -  V n ,  

we can easily see that if / ^  A and / +  1 ^  A, then it is always true that

sgn (a i)  =  sgn (a ft =  sgn (a).

Similarly,

sgn ( f t )  =  sgn ( f t)  =  sgn ( f t ,  

if m  ^  fi and m  + 1 ^  ft. We can therefore write the identity (A.53) as

In / « i  +  \ / a i +  _  b  ( ~ Ql *
\ a 2 +  \Ja\  + P2)  \ - a 2  +  ^ /«2 +  f t /

(
=  sgn (a ) In

lQil +  \l<x ? + f t  

l«a| +  y/< * 2  +  f t )
(A.54)

These three expressions are identical from the mathematical point of view, but 

they differ significantly /rom numerical point of view. When p  —► 0, in case 

of <  0 and o 2 <  0, the first expression approaches an expression which 

involves subtractions of nearly equal numbers, which not only causes the loss of 

significant figures but also introduces a log § uncertainly. In the case of c*i >  0 

and a 2 >  0, the second expression runs into the same problem. This difficulty 

does not arise with the third expression, however. We therefore re-write all the 

integrals in forms suitable for numerical computation as follows:

I ‘™ =  sgn ( f t  In V lA l+  '/■»} + f t  / iftl +  y ^ T f t ' 

. U l  + H  + t t J  VIAI + M  + M /.

Tim

Timl a*P

sgn (a)

JA I +  \ / o ^ T W  VIAI +  y /c j  + n.
a , M  + \l* \ -1- ft |ai| + y/a\ + ft2
f t  In  x- +  f t  In ---------

la i |  +  \ Z a i  +  M  +  \ / a i  +  f t 2 .

«2 -  a i  ( \ /a ?  +  ft2 -  \/a?  +  f t )
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f l mIa0

a2, la 2| +  y / S n U  , a%, \o i | + y / f t  + f t
f t  I n  \  ...........+  f t  In  *7........ ..... .

|« i l  +  \I< A  +  /?! l«a| +  V«a +  f t .

=  ( y J c ^ T f t  -  x / o T + 5 )  “  ( V « i+ 7 ?  -  >/«? +  $ )

r ' M  +  \ / f t +  q | \  / |qi! + y / f t  + <*'i' 1

IIgm = sgn (a ) In

Ip! =  sgn { f t

la il +  y f f i \

,  \ f t \  + \ f f t T ( 4a 2 in ............  ........
IAI + \ / f t  + a 2 1^21 +

£ [ft [ y f f t T f t  -  \//*2 + «l) -  ft (V^?Tai -  +

2l |ft| + >/ft2 + «i , 2, IA| + ̂ f + a?‘In --------- v . .....   4- nrf In ---------2---- ------

| + o t \  

X ' f t  +  a ' i /  

ll;,' 4- yI f t  +  a'f

\<*i.______

|a2| +

7/m
cr/J*

. 1 2 1 IAI +  V f l + ° i  , 2, I f t l + > /#  +  “ ?+  -sgn  (^) a -  In ---------Y. .■■■■■■ +  ai  In  ---------
2 L I f t l ^ y f f t T f t  \ ft \  +  > /«  + «?

(A.55)

Two problematic situations may arise when evaluating the above integrals. 

In some areas the  limits of integration may approach zero, giving rise to a 

singularity, and in others, the  limits may approach infinity, thereby rendering 

the  integral unsuitable for numerical computation. Attention must be paid to 

these special cases. We consider the singularity problem first.

A .4.1 Integrals in Singular Cells

As shown in Fig (A -lb), there are four singular cells surrounding the singular 

point (x\,y,t).  We denote them  by R x ^ , R x - R x » - i  and R x - i M_i, defined by

Rx^ =  {r| 0 <  x  -  x x < gx; 0 < j / -  j/,, </»„},
Rx- in  =  {r| - g x - 1  < x - X i < 0 ;  0 < y - y ^ <  h f t ,
Rxii- i  == {r | 0  < x  — X* < g\; — <  y -  y» <  0},

R x - i» - \  =  {r| -gx- i  < x  -  x x < 0; - h ^ x <  y -  y» <  0}.

(A.56)

When approaching the singular point, we encounter a difficulty in the integral 

/*m as given by expression (A .19) over each individual cell, because of the pres­

ence of the  term  D  =  l / ( o 2 +  f t ) 3 / 2 in the integrand. For instance, in cell R xM,



A.4 Evaluation o f the Integrals 173

we see th a t o j =  c —» 0 and 0\ = e —► 0. If we assume that Z ( a ,0 )  =  1, then 

referring to  (A.19), (A.22) and (A.55), we have

' ! r  =  =  =  0 (lo g () (A'57)

which diverges as c —► 0. Obviously, we cannot compute the integrals in each 

singular cell individually; instead, we compute the integration over the singular 

region Ro as a whole, and anticipate tha t the singularity will be canceled out 

when the integral is interpreted as a Cauchy principal value. By comparison 

with (A .ll)  and (A .12), the integral defined by (A.10) over the singular region 

can also be written as

/„ =  f " ‘ f * ' Z ( u , v ) ^ p . < h , i v  -  f "  t  Z M ) U a i »
J x \ - 1  J y^ - i  I f  J - 3 *-1 J - h p - i  U

i - L +f] [/-!-. + t ]
lim
t — 0

=  lim
t — 0

p  r  + p p  + r  p + t ’- p

I* -1" - 1 +  } ^ ~ X +  f t - 1* +  I ^ (A.58)

where A*-1**-1, /* M_1 and are integrals over the individual cells

Rx—i n - i , Rx-it t,  Rxn-x and Rx» respectively.

According to (A.23), each I 1™ in turn  consists of four sub-integrals /£", /£?, 

/£§ and Ijgp integrated over the same cell. We can see th a t there is no singularity 

for the integral /£$, so th a t only the other three have to  be considered.

Over the  cell , we have

«i =  - g x  -1, 02  =  -c ;  f t  as f t  =  - c ;  sgn (a ) =  - 1 ,  sgn (0 ) =  -1 ;

thus

+  y/giLi + e2 \  (  K - \  +  \ / * 2 +  K - i

+  v S f— U!
- i  +  K - i )  \ £ +  n/£2"+ £2

!)
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h^- i /gx - i  +  y  1 +  h l_ \ /g l_ x
+ lim log (e +  v/e2 -f c2)

P - 1 * - 1 =  - l i m
“  e—0

— lim
t — 0

-c lo g
/  c +  s/e2 -f e2 \

U a- i + y ^ i + c a/ .

( 9\-1 , I , . gS-1 \
V .  \  *S-./

? A - 1 m- 1
l a*0

h^-i log

£  [<?A-1 ( v / ^ A - 1  - P A - l ) ]

^  log f  t + v^ ± g _ )
V^A-i +  J a U  + f2}

(A.60)

^ lim  2 «-*o

lim 
2 £-0 h l - i  log ^

+ >/
g A - i  +  \ / < / L t  +  h i

e +  \jf-2 +  h2M* )

(A.6'1)

Similarly, over we have

<*i =  c, a 2 =  f t  =  &  =  “ c i s8n ( a )  =  +1* sgn ( f t  =  - 1 ,

and

/Am-1

/ Y " 1 =

/A  M—1
i o,2/9

log
V l/tfA  +  ^ /l +

— lim log (e +  \/e2 +  c2) (A.62)

ft*-ilog

- i  r f | l -
\

(A.64)
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over Rx-tf i,  we have

«1 =  - g x - u  02  =  - e ;  fix = t, 0 2  = h„', sgn (a ) =  - 1 ,  sgn(/?) =  +1,

and

/a _1<i =  - lo g
2 hL

/A-lM

h^/gx-i  +  >Jl + h*/gl_ x
+  ]|ng log (e +  s/e2 +  e2) (A.65)

(A.66)

i+̂ H ios(if + i + £ L
hl =)]

(A.67)

and finally over f ij ,, ,  we have

a i  =  c, a 2 =  gx', fix -  e, fi2  = h sgn (a) =  +1, sgn (fi) =  +1,

and

= log
2/i,

/„V = log | ^  +

2 -  lim log (e +  y/e2 +  e2) (A.68)

(A.69)

-  I
“a0 2

(A.70)

Well defined limits for the  integrals and ij$ 0  exist when the singular 

point is approached, but not for I 1™. We have to combine the contribution of 

J im  over jhe four singular cells together to  remove the singularity. Inserting 

expressions (A.24) for /*m into expression (A.58) for 70, we have



A.4 Evaluation o f the Integrals 170

=  Z x - lp - lQ x Z ^ ^ i  +  £a+1p-iQa°-1 +  Za-Im+iQaIi,, +  Z x+ i^xQ W  

+  ^ a -i^ IQ a-m  +  O a -ip - i)  +  %\+\AQ\°n +  Q ili-i)

+  ^Am-i(Qa°-1 +  Qi-Xp-l)  +  Z\p+x{QVp +  Qa-1m)

+  Z U Q Z  +  Q l - U  +  < ? °U  + Q\-xu-x)  (A.71.)

where the  coefficient of the term Z am, Qa° +  Q ,\-ip+  + Qa- i ,*-p 's '•>('

combination of contributions from all four singular cells. According to (A.25), 

the collection of all the terms involved with /£" in this coefficient is

/ 9 lh m  | ( { ,m )= (A ,p )  “  ( a / ^ m + l / 0  )  / 9 lh m  | ( l ,m ) = ( A — l ,p )

— ( a i +l b m i l™ j  / 9 l h m | ( / ,m ) = ( A ,p - l )  +  ( a l b m l a  )  / Am |( / ,m )=(A — 1 ,/i— I )

=  -  log (h^/gx  +  y/l  +  h l / g 2x) +  log ( h j g x - x  +  yj\ +  ^ ,/z /a -,)

-  log ('hp-x/gx+  x j l + h l ^ / g ^ j  +  log (h^-x/gx-x  +  / I  +  ̂ - i / z / a - i )

=  Z  E ( - 1 )P+1 l°S { h - i / d x - p  + v^l +  K - i h x - v )
p = 0  q = 0

=  (a -w )
p = 0 f = 0

so tha t we can define 7 m̂ as

/ A - p „ - ,  _  ( _ 1 ) P + 1  log ( h ^ J g x - p  + \/y  + h l - q/gl_p) , p = 0,1; q ~  0 , 1.

(A.?:!;

We see tha t the singularity related to /£" has been successfully canceled out. 

W ith this new definition, /^ -p '1-? has well defined limits in all four singular cells 

while the  sum remains the same as the Cauchy principal value of the integral 

over the whole singular region Rq.

Since /*-pm-« appears in the coefficients of eight other nodes as well, we 

have to  make sure tha t the new definition causes no confik* thews. I the. 

singular cells, when {x ,y)  —» (iA ,y„), we see th a t «/ =  a,  =  0 (c ),*  0
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and bm — bp = 0 ( e ), e 0. From the original expressions (A.50)

(A.65) and (A.68), we deduce that I 1™ =  0 ( lo g <), when < —► 0. In (A .7.1),

the coefficeints of Z x.  Z X-'r\p-\ ,  Z \~ ifl+l and Zx+lfl+l are

a°d  Q i l  respectively. By (A.25), each of these coefficients has one term 

involved with I 1™, which is of the order axbf, I1”' =  0 (c2 log t) —► C, when < - ->

0. The coefficients of Zx+Ul, and Z Xfl + , are

Q\°p +  Q U -i*  Q Z - i  + Q a- i m- i and Q0̂  +  Q [ l Ul respectively. Fach of these

Q terms is of the order O(eloge) —> 0, when e -> 0. One can see that our new 

definition of J^- p^ - i is of order 0(1); if we substitute 0 (1 ) for O(c), these () 

terms still tend to the same limit — zero. So our new definition of 

which is applied in the singular region only, works well with all the coefficients 

of the nodes in this region.

We car* also write I ^ f p>l~q and in the general formula as

J X - p p - q  _  i
p - q (log I +

hp-q
I + 9 \ - p

K - «
p = 0. !; q =  0 ,1;

J X - p p - i
I a 2/3

( - 1)’
S l - v I1(’ \

l "f 1= l )
1 Ii‘-q  /

p = n,i;9 = o,l. (A.71)
Correspondingly, by exchanging the roles of a  with (I and h with g, we obtain 

the general formulae for lp~pp~q, I p f p,i~q and I p f pp~q as

j X - p p - q  _  log +  y/l +  tfL pA jU /) , P =  0 , I )q = 0 , I,

P = 0 , 1; q = 0 , 1,7 X - p p - q  
*02

j X - p p - q
f32a

9 \ - p log hu,—p - q
+

9 x - p  \
1 +

9 2x - p )  ’

( - i  y
hU  i - lJrW L 1p—’t

9 1  

+ 9 l - P l o g [ |
y^A-p

t +  % 1
9 l - .

p = 0,1; 9 = 0 , 1.
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A.4.2 Integrals in Infinite Ceils

Integrals I 1™, I f t ,  l l™, Ijp and which appeared in ( A . 42)  and ( A . 48)  all have 

integration limits tending to infinity. To estimate the limits of these integrals, 

the following limits are useful:

lim (\/x2 + a2 — \Jx2 + h2) — 0
x—*oo V f

| im =  1 lim =  esgnW(a-6)
i:->oo y  If _j_ y j x 'l .j. t)2 J ’ x — oo y  6 -)- y / x 2 + b2 )

(A.76)

The first one is proved as follows:

Jim ( v S » T J i  -  ■Jx> +  V )  =  Jim |x| 1 +  ^  +

a2 — ft2
=  lim =-■ 0. (A .77)

*-oo 2 \x\ v ’

T'he second one is obvious; for the third one,

sgn (*)|*|

lim ( “- ± - £
\  It -'r  \  x

=  , =  lim I JjL- : 2fr
2 + b2 )  1 ^  +  1 +  lL

lim
¥ ■ /  ^ - M 8gnwt ,  « \ v " (  l>\

I + n ) ( l + wy
(A.78)

Applying these limits to /£m, /£?, 7)*m, /g? and /£§, we obtain the following 

results:

in region 7?.j where / =  L, a 2 = +oo, a i  > 0, sgn (a) — +  1,

/*■" =  lim I 1™ =  sgn (fl) log i f f !1
„ , - + „  lAI +  v ^ f + T f

»Lm __
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i L m
l 0

rLm
* 02

lim Iff1 =  log02—* + 0O
Jotll +  \J Pi +  of

ia ii + \ f $ if + nrf

=  lim I  pi =  sgn (p)
a  2 —+oo

IAjI -  \Pi! oi log 7
\ih\ 4' \ fPj  4- Of

1̂ 1 I +
/ =  i ;  m  =  I... A/ -  I,

in /?3 where / =  0 , Qi =  -o o , o 2 < 0 , sgn (tv) =  - 1,

|/?2| 4- \ f o i  4- Pj
t  CmQ lim Iff1 = -sg n  (,4) log

a* - o° m  + M  + M
tOm
*a0 lim / $  =  'Ja \ + Pi — V ° 2  4- 0$,—4—00  ̂ * T

M  4- y ^ |  4- a j

Or j —4 —oo

/ 2m = lim /im =  log
^ a j  — oo '

/°?‘ =  ailhn^ /J?  =  sgn ( P)

<*'i\ 4- \ f f f i  + (*2

\ lh \  4- \ f r t f  4- olj
| f t | - | f t |  +  a 8 tog ^ .....

|/^i I 4 -  y / ^ i  4- o 2

/ = 0 ; m =  I ...M — I ,

in /Z2 where m =  M, /?2 ~  4-oo, Pi > 0, sgn (/3) =  4-1,

lfll +  yJaj + P'tllM lim If f1 =  log-----------/ ,
/W o o  ■ |0 .| +  >/o? +  t f

/$* -  lim Iff! =  sgn (a) 02-*+00
, , , , ,, , l«a| 4- yjn2 4- P\
M  -  h ; ! “  P\ log *—;-----r = —

l«i| 4- \Jn \ 4- P(,

/ f  =  Hn, / r = s g n ( a ) ,„g W ± V p + H ,

rtM
Ma0 = ^ lim ^  /J§ =  -  ( \/a i+ ~ 5 ?  -  7 " I  4- /<?) ,

/ =  I...// -  1, rn — M\

in i?4 where m  =  0, Pi  =  -o o , P 2 < 0, sgn ( P )  = - 1 .

/ “  =  lim I f0, — oo
m

O r

ifti +  >/°3 + _ g

k i +  , / ? + $ ’

(A.79)

1

(A.80)

(A.81)



A.5 Evaluation of Mu

/ $  =  lim 1% =  sgn (a)ft\ —• — 00
    !«2i +
| a 2 | -  | a t | +  02 l o g  x--------------

/J° =  lim /Jm =  -sg n  (a) log
' f t )  —• — OO '

l«al +  
l « l |  +  > / $  + « ? ’

C ; = lim1 ft)— -OQ V ¥

/ =  1 . . . I -  1, m =  0. (A.82)

A .5 Evaluation of Mj

The integral operator Afj is defined as

/OO [F(.)-F(r)l<?(|r-«|)<fc, (A.83)
■OO

where / ’(r) stands for any component of the magnetic field at the bottom  bound­

ary 2 = d, i.e. X( r , d ) ,  T (r ,d )  or Z(r .d )  and

Q (r) =  ( I ± ^ « * P ( - “ ° V ^ ) ,  (A.84)

Since numerical integration will be involved, it is better to scale the integral

first to make it dimensionless and in proper numerical range. We choose a

characteristic length l / o 0 =  I / sJ uj îqCTq as the scaling factor. If we define the new

variables as r ' =  a 0r, then r  =  r '/a o , r =  r ' /a 0 dr =  dxdy  =  dx'dy'/aft =  dr*/aft

and

. (1 + a „ ^ i r )e x p ( -o 0v/li') (I + < / i r ' ) e x p ( - \ / i r ' ) ___ 3
v ' ' ------------------- p  Tr’7 ^ ) 3 °y  '

We also rewrite (A.83) as

M,iF(r) = ) b (F(s) - F ( r ) ]Q ( |r - s |) r f s

= lim / “" j F l s ' l - F M l ^ Q d r ' - s ' D r f s 'K
R—oc J - a 0H

= a o M u F ^ )  (A.85)



A.5 Evaluation o f Md 181

i.o. Md F ( r) =  atoMd F (r'). If we drop the prime on r' and s' etc, but, remember 

to convert r into r' by r1 =  cv0r etc. when estimating the above double integral, 

then M jF (r ) ,  i.e. Md F ( r'), can be written as

Md F ( r) =  f°° [ F ( B ) ~ F ( r ) ) Q ( \ r - s | ) , / s ,

Q ( | r - s | )  = (1 + v/t | r - s | ) e x p ( - y /? | r - g | )

Following the procedure for M \  and M2, we obtain

L M
M i  F \ n  — Io +• Iq  +  /1 +  ... +  /s =  ^ 2  IC I qIm

0 0

/{,” = /  /  | F ( . ) - F ( r ) ] < ? ( | r - . | ) *
J y m 

f Q2 [0 1

~ Ja J 0  ( « - « / )  +  W  -  6m) +  T A{ a  -  « , ) ( / /  -  b , n ) } Q { 7 )  ( la  d / i

n 02 »
Q{f )  d u d /3

h“1 “ 01

= WgF* + W£FMm + + W^F,+Im+, -

=  E  E  w / 5 *>+»»+. -  ( a . h 7 )
p = 0 9 = 0

where Q ('/) =  Q is /a 2 + ft2),

* nz+i^m+i/co* — «/+ l/o? — 1 /{o + l i m  \
Ml \

1 —a/6m+i / qq1 + O /C + m̂ + l/jo — /!7
» S y\ 0  m ~ a t + l ’- m l o o + °t+ > C + / {o' - t h n

Ml
w&  ̂ O /^ /qq1 — O /C — + ' ( r  /•

or
1 1

H ' ”  =  V * — E E  : - l ) r + - ( o , ( A . 89 )
y i  n m  r _ 0 a=0

The double integrals / rq , C ,  /{o' and /{™ are defined as

n
/?2

cPPQ [r t )dad&  p =  0,1; 9 =  0,1. (A.90)
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As will he seen later, we no longer have the luxury of being able to evaluate all 

the integrals /'"* analytically. Therefore, the singularity cannot be cancelled out 

with the aid of analytical expressions. A bi-linear variation for the interpolation 

is no longer sufficient and we have to try a bi-quadratic variation instead.

A .5.1 Bi-quadratic Variation

F02

F22

F(x,y) Fl2 F21

F20Foo F11

7 F i
X2x o

Figure A.2: Bi-quadratic variation.

A quadratic variation in the ^-direction over two segments defined by three 

points x0, and x 2 is

2

P( x)  =  /o(*)/(*o) +  h{ x ) f ( x i )  +  h{x) f ( x«)  =^>2lp{x)f{xp), x 0 < x < x 2
p = 0

where

| ( ( » - » o ) ( « - « i )  ,  .

( . r y — (xi~ 2 o ) ( X l — ®a) * ®l)’
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which satisfy

Similarly, mo(y),  m j(y) aw! ra2(j/) can be expressed in a corresponding iu mi- 

r.er for interpolation in the {/-direction by substituting y for .r in the above 

expressions. We say a function /(x ,j /)  has a bi-quadratic variation if it varies 

quadratically in both the x- and y- directions. Let Ffll, represent the Held value 

at the  nodal point (xp. y,,) and F(x,  y) represent the bi quadratic interpolation 

of the field value at a general point (x,y).  As shown in figure (A.2), the field 

value at any general point along the three profiles, y -  i/0, y — y\ and y — yi , 

are interpolated respectively by

F ( x , y q), q =  0 ,1 ,2  can, in turn, be interpolated along the //-direction to give 

its value at any point (x, y)  in the form

=  ^2J2lp(x)mi ^ FPr
p=0 7=0

Using the notation of a local system, we let (xj , y \ ) =  (x\,  y,,), so th a t x(, =  ®a-i » 

x2 =  x\+x and y0 =  y^_i, y2 =  y ^ i. Then the integral over the singular region

F ( x , y 0) — l0 ( x )foo -f /1(x) F \o -f li(x ) / '2()

F( x , y i )  =  l0 (x)Foi +  l\(x)F\i  + l i(x)Fn

F (x ,j/2) =  Iq(x)Fo2 +  l\{x)F\'i -f /2(x)Fii

or

' Fqo Fq\ Fqv

(F(x ,  yo), F ( x , yi), F(x,  j/2)) =  (/«(*),/*(*),/2(o:» F u
\ Fio Fit F'ii

m 0 (y)F(x,yo)  + mi ( y ) F ( x , y t) + rn2 {y)F{x , y2)
f  Fqo Fqi Fq2 \  /  rtio(y)

( W , / » ( * ) , M * ) )  F w  F u  F »  m , ( y )
) (
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A), similar to that, of (A. 10), becomes

h  -  /  * f  * [F(x,y)  ~ F n M * ,  - x ) 2 +  (y, -  ,t/)2)  dxdy 
J t.o ‘/j/o v '

r r
Jxt) Jyo

E Z  W * K f . i
p = 0  7= 0

Q i ^ / i x i - t y + i y i - y ) 2') dxdy

(A.95)

Transfering (x,?/) into (a, /?) as in (A .14), and writing go = x\ — xo, .92 =  

*2 -  ®i, fJ2o =  (J2 -- go, ga ~  go +  02 , etc. we have x -  x i =  tv, x -  x 0 = 

a  -f go, x -  x-i — a  -  g2, etc. in (A.91). Thus /p(x), and by analogy m q(y), take 

the form

l0 (x) =  f„(a) =  TOo(y) =  m 0(/») =

(,(*) = /,(o) = l - 2 ^ ,  m,(») = A . ( / » ) = l - ^ f ,  (A.96)
W*) =  ?»(«) =  ">,(») -  * ,(/» ) =

The above expression for 70 becomes

-UaJ-ho | ^ _ 0(J_ 0

fxa Ma .

/<
tag /•* 

() =  /  / Q  +  ; J 2 )  d a  < M

E E fp. f  /  ’ ? ,(« )* ,( \ f * T i P )  dadfl
;>=0 7=0 J - 9oJ-h0 V /

m  Ma „ / ,---------- \
~' F u j , j h d ° d !3

2 2

= I I W ,
p = 0  7=0

The coefficients VTp, are

(A.97)

IT,

sogihoht
f M - h v I i i r S V U f a i ^ h l  -1- ho- 3 2ho 
» l . Soffthohg gag,[ In+hohi-gohi-gihqln 

g o g > h i h .
/o a -A a/m  

hoh,

(p ,q )  =  (0,0)  
(0, 1) 
(0, 2 ) 

( 1, 0 )
+J22.~hM.!u^jJijL±az9]l2aIxi _  ho^szohsL _  /Q2.-^n/oi (1,1) (A.98)

/ a a + M a i - f l a o / i a - f l a o M i i-jiioiio-gioMhi 1 /pat Mai 
, gogihih, T rtaS,

1 /a a -A a /a i+ f lo / ia - f la / ia /n

lu  -  A w %t.?ci fa Tgq fa +  -kiflfljifl.

(1, 2)
(2 , 0 )

(2 , 1)
(2, 2 )
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which consist of eight integrals l0\, I io, hi  /02, l i0, 112, h i  and /22 defined as

lpq = f 2 a p da ,8 *Q dp. (A.!»9 )

Note that there is no Iw  term involved in WP,,\ it has been cancelled by the 

subtraction of the F u h o  term,

A.5.2 Nine Double Integrals

There are nine double integrals involved in the coefficients W f qt from the regular 

cells, and the coefficients Wpq from the singular cells; they are / lM), /0|, 110, Iu, 

/03, /20) /121 h i  and / 22. We can denote these integrals by the general formula

/p ,(o i ,a 2;6i,f»2) =  I  xpdx I  yqQ(r)dy, r := JxP + y*. (A. 100)
J a \  J b i

It follows th a t

Iqp{aua-2' ^\,b^) ~ f  x qdx f  ypQ{r)dy =  I  x pdx I  y qQ(r)dy,
J  d \  J b \  J b \  J t i \

i.e. hp(® 1) » ^2) == 7p</(^h 2̂i 1 tt2). (A .101)

It can also be readily verified that

/pg(oi i o2» b\ , 62) ~  /p^(o2, U\ ; b\ , bf) =  ( l)p/pV( —• n2, ri|;/j|,f>2),
/pg(Ol i n2i 1̂» ^2) =  — 7p<f(®l) t*2i 2̂) fh) =  (~  1) * Ipqi^l 1 02) '̂2> fh)1

(A. 1.0*2)

By using these formulae, the integrals /0i, /o2 and /2j can be obtained imme­

diately from /10, / 2o and / i 2 respectively. We have found that whenever p =  I 

or q =  1, an analytical integration can be carried out directly with respect to 

the  variable to  which the subscript refers, e.g. l \o and / 12 can be integrated 

analytically once with respect to the first variable, while I n can be integrated 

analytically in both variables. The integrals / 0o, ho and /22 can also be inte­

grated once analytically, but we have to convert them into polar coordinates, 

integrate them  with respect to r, and then convert them back to the rectangular 

coordinates again.
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With the help of Maple, / n , /10 and / J2 are evaluated as fo'lows: 

1

V i
e x p (- \/ i i \Ja\  +  -  exp\ - \ f i \ J a \  +  fef)

exp { - V i \ / a \  +  ftjj) +  e x p { - \ A \ ja }  +  b\)

/io(ai,«2;/)|,ft2) = -  /»/6|
// i2(aj,«2;/>i, fc2) = — I

J  61

du

62

e x p  ( — \ / l y j a \  +  u 2 ) e x p ( - y / t Y / a f  +  u 2)

+  u2 ^Ja\ +  u 2

2 e x p  { - V i y j a ]  +  u2) 2 e x p  +  w2)
a 2 / ......... :  a i --------------------- /■■ ---------------

\Ja\  +  u2 ^Ja\- \ -u2
du

(A .103)

Since we have to convert 70o, /20 and / 22 into polar coordinates, it is convenient 

to look at , 0 0 ; 6 ,0 0 ) first. As shown in figure (A .3), the transformation of

a
Figure A.3: Cartesian and polar coordinates.

the coordinates is

— —  x b b
T\{0) =  V 2 +  62,cosd =  sind =  dd =  — -da;, 0 <  0 <  d0;

r r  r 2
Ŷ fl2 +  i/2,cosd -  - ,  sind =  - ,  dd =  -rrdj/, d0 <  d <» ** *• Or 2(d)

d0 =  arct,an(6/a),

yielding
yoo ycc

/ p,(a, 0 0 ; 6 ,0 0 ) =  /  a!pdx /  yqQ(r)dy 
Ja Jb

(A.104)
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n oo f x  fOO 1
4  I cosf’flsin',0 4  ' /ir) t 'xui~\fir) drdO

l (0) J6oJr2(e)\ tV

=  I  cosp 0 sin7 Qfm{r\) dO + / *  cos'’ 0 sin'' Ofpil(r:) dO 
JO J  Oq

ta x pbq —b f 00 apvq (i
~  J o c r ^ ^ ^ T F ^ ^ J b  (A.! 05)

1 I 2  2

which can be written as

p o o  p o o

/ p,(a,oc;6, oo) =  /  <j>qp(b,u)du + /  <J>pq(u,u)du, (A. 100)
Ja Jb

where

/     .
M r ) ,  r =  y/x2 4  y 2

/oo
U P + < I-2 ( 1  +  y / J M )  t , y  p (  _  y / i u  )  , / a  ( A . I  07 )

The integral (A .107) gives

foo(r) =  -e x p ( - \ /? r )
r

f 2o(r) =  /o2(r )  =  t2 +  eXp (-> /ir )V*
/22(r) =  -> /*  [ ( \ /t r )2(4 4  \/* r )  4  8(1 4  t/ib-)] ( A .  108)

Using identity (A. 106), we have

Ipq 0PO O  P O O \ PO O  /  / * o o  P OO POO POO  \

- U  ) < • ■ ■ >

=  Ipit(ai,oo: b,oo) -  / p,(a 2, oo;/>, oo)
/oo

=  J  ^qpi^i n) du +  [(^p ,^ (fli, l i )  — (f)p,i{(l2i l i ) ]  d,U.

Similarly, we obtain

/ “a
Ipqi^l, 0 2 * ^1) 2̂) “ / [*̂ ?p(̂ l) ^) ~' 7̂p(̂ 2) )̂] ■*

J  a%
rb 3rb 2

+  /  [ ^ p , ( a i , i / )  -  ^ P7( « a , m ) 1«/«  (A .I 10 )
•/61
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f r o m  which the integrals / 22, / 20, /02 and /oo ^an be calculated. For example,

fm{r) ~  e x p ( - \A r ) /r ,  ^oo(x,i/) =  (a?/r3)e x p ( - \ / ir ) ,

, f**( L exp(-y/ty/tf + t f)  , exp(-vV 62 + u2)\ j
/ « ( « . , - J ^  ^ 1  { ^ 5 ) 3 7 3  "2---(Sj +  u3)5/5--------

r h f  exp(- \ f i \Ja \  +  u" e x p (-v / i \ /o F + u 2) \
Jbi (a? +  u2)3/2 ° 2 (a^ 4- u2)3/ 2 y U

(A .I 11)

Of the nine integrals, the coefficients W™ for ceils in the regular region R0 

require only four, viz. / n , /-0, / 0i and / o o ,  while the coefficients W pq for cells i;i 

the singular region Ro require eight (all but / 00). In regulai cells, the integrals 

are integrated over each individual cell with integration limits ( a j , ay, b\,b2) =  

(xi -  x \ ,x i+i -  x \ ;ym -  yp,y m+i -  yA). We will denote these four integrals by 

lpn Ipq(a i ' a2 'ibi,b2 ), p =  0 ,1, q =  0 ,1. In the singular region / ? o ,  the integrals 

are taken over the entire region Rq comprising four cells, the integration limits 

being

(*•1, a2| bt, b2) ~ {x\-\  — x\ ,  ."Ta+i x \\ yP ,V*»»Vp+i Vp) ’=  ( 9o, 52i ^0 , h2)• 

None of these four limits are zero; therefore, none of the denominators in the

integrands will vanish. It follows that all the integrals in the singular region are

free of singularities.

A .5.3 Coefficients and Sub-integrals in Different Regions

In region Ro, we have

yi am r=0 a_0 

p =  0,1, q =  0,1; / =  1 ,...L — 1, m =  l,...A f — 1

(/,m) ±  (A,//),(A -  1,/i),(A,// -  1),(A - \ , p  -  1); (A.U2)
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a n d  i n  t h e  s i n g u l a r  r e g i o n  R q , w h e r e  ( l , n i )  =  ( A ( A  -  1 , / / ) ,  ( A -  | )  

o r  (A  -  1 / /  — 1) ,  w e  d e f i n e

» X !« # W 4  HT... = * W 2 » £ - ,  -  w r „ .- ,  =
Wil = Wr.n »’);,„ -  vr. ,/1 n i- . = ii» h j » = ii•„,/•>
W \ l  =  W u j '2  -  W „  =  * • « / '  * t V .  -  H i , / 2

W& -  IV.)!,, = HV2 = li',,/2 H')!„,.., -  li-,,/1.

In regions R\. R3 and R2 R*, as in (A.32) and (A .36), we have

=  £ ' J *  [Zum +  Ta(/3 -  bm)j C> ( V ^ T i F )  do dfi

The final forms of the above two expressions could also have beeri obtained from 

(A .32) and (A .36) respectively by substituting /',m for //,!", 11’’) for ///," and /("' 

for /jy . Apphing the same substitution to (A.34), (A .35), (A .37) and (A .38), 

we obtain

W K = =  0,  IV,'° =  (4„+ , f t  f t ) //,„„ S'," =  -  (/,,„ f t  -  f t ' )  I K ,

I = 0, tu = I...JW -  I (A.I 11)

M?“ = IV,D = 0 , wgz =, («„+ , f t  -  f t )  / / ,„  iv g  =  -  f t '  -  /S ') ,

/ = / , ,  m  =  1 . . . A / - l  ( A. I  15)

tvffl = w?m° = o, = («,+, f t  -  f t )  /»„ a,:,: = -  ( „ , f t  -  ft;) /,„

/ = ! . . . / ,  - I ,  m =  0 (A .I 16)

/ = l . . . / , - l ,  Tn = M  ( A. I  17)

Unlike (A .39) for the surface boundary condition, the integrals in regions Rr, 

to Rg are no longer zero, we obtain the following expressions: in Rs,

a2 -  4 -0 0 , ti! >  0; fe2 =  +oc, bt > 0; F(x,y)  =  P'LM
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! ‘qM -  I "  H i  Elm ~  FXtl)Q(y/a* +  p ) H a d 0  = (FLM -  F ^ ) I ™
Ja\ Jb\

=  ^ - V w Wi (A .118)

in Fi*,

a i =  -oo , a 2 <  0; b2 = +oc, bx > 0; F(x,y)  =  Fxm

I°qm =  (F,m -  F t a l C  =  Fu l Wi°M -  F v C ;  {A .119)

in f i 7,

a x =  —oo, a 2 < 0; bx =  -oo , b2 < 0; F(x,y) — Fxx

/£° = (F n  -  ^ ) / 0°0° =  FlxW "  -  FAmC ;  (A .120)

and in R»,

a 2 =  +oo, a x > 0; bx =  -oo , b2 < 0; F(a:,j/) =  FL\

I ?  =  (F t!  -  F j „ ) C  =  F i.W 'S  -  f t , C ;  (A .121)

The coefficients given by (A .114) to (A .121), are summarized as

f (bm+1̂ 00 -  ifrVHr, , / = L m  =  1...M  — 1,
= -  I\S)lgu m = M / =  1 . . .T - 1 ,

I
jL Mi 00 > / = L m =  M ,

~  Jb?) / hm, / = 0 rn =  1...M  — 1,
W ft  = | ~ ( al 0̂0 ~  J{o)/9ti m = M / =  1 . . .T -  1,

I
JOM i 00 i /  = 0 m = M ,

— (̂ nî oo* -  i t r  )//>„, / =  I m  =  1...M  — 1
V C  = -  Im)/Sh m =  0 1 . . .L -  1,

1
fLO J00 ) / =  L 3 II o

~(bmF(x) ~  Jo?) / / =- - 0 m =  1...M  — 1
v C  -  - ~{alJbo -  / ! ? ) / « , m — 0 / =  1 . . .T -  1,

rooJ00i / =  0 3 II O

(A .122)

and the integrals involved in these expressions are as follows: 

in R x, I = L, a2 -  +oc, ax > 0, m =  — 1,

Ipq -  Ipi(a i i + <x>'bi<b2) -- Iqp(b\,b2;a i ,+ o c )
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‘ J _  y - |  -  J iQ >  Zq io c _  —  i q  t Q —  m  ui

tej/' Id/
;»,/>[(»Mny'd<p — (jj. ‘ iw)*d^J f  np(n ‘ iq)db<p f  =

c c /  C p /

( o o + ‘i9!Z»‘i»)6rf/  =  “ /

‘ I -  7 ’" l  =  / ‘0 <  l<? ‘° ° +  =  l H ‘/Y  “  Ui izU  u !

M /1 \qf
iij>\[ti l^q),Ul(p — (n iUj)(l“(p] I -f np(n'\?i)\)bd<f> J

o o J  I q J
i { \ - )

(<x>+*|  l v\\r<t'iq)dbi d( x - )  =  (Zq'iqV z>‘o o - ) td/  =  “ /

‘i -  i f i  = iu ‘o > Zv ‘°°~  — *» ‘o = / ‘ey u*
't>/- 19/

e9J:h/>((;i‘z«/)dV — (» l,9)dV ] f  + nj ' n ^ v ) bd(p T<XV 2q/

Pj \- fo uoifvnjoag c-y
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I n  t e r m s  o f  t h e  c o e f f i c i e n t s  W ™  d e f i n e d  a b o v e ,  t h e  i n t e g r a l  o p e r a t o r  M d  b e c o m e s  

MdE(r) =  a0MdF(r')
h M (  1 1  \  L M

= - E l  EE w "  - “ofa„ y  Y  C
1=1 m s l  \ p = 0  7= 0  )  1=0 m =0

r' =  a 0r (A .128)
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A .6  Summary

The results for the three integral operators A /j, M? and A/,/ are summarised ,vs 

follows. Note, however, that the constant factor l/2ir has now been included in 

the integral operators, so that A/j, M-t and A/,; are again given by tin* original 

definitions quoted in (A .I) , (A .2) and (A ll).

A .6 .1  Operators M\  and M 2

Equations (A .I)  and (A .2) become respectively

1 L  M  |  I , M

I E  (A. 120)
/ = !  ? n =  I

where

<  = Qffi + (?/“. „ + « - ,  + = E E ( >. IM)
p= 0 7= 0

B'?, = «  + */-.» + * £ -. + (A.i:il)
p= 0  7= 0

Q Z  =  («l+l6m+1/ im ~  +  l % ) f m h m
Qfm ~  (a/̂ m+l Aa™ ~ ~  bm+ilrf -f bm
Qirn =  “ («/+ . 6m/'m -  -  />„,//,7 +  l!$p)/g,hm
Qlm =  (ait>mlLm -  a , l §  -  bmt[$  +  l % ) / g , h m

t = I...L — 1, m =  I.. .M  -  1, (A .132)

(a/+16m+1/Jm
(Q/bm+lljf*

'mll0m(a h

bm + l l]jfj + / i)/!Jt h
- «//jy - + / *)hji h
- 0/+1/J? —  A /,m°mla0 + / b

atljv — h t lm + / ■i)lm b

I = I...L -  1, m =  1...A/ -  1, (A .133)
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( Z l+i I lQm -  iLW/hm, l = L m = 1...M -  1

Q Z  - (« /+ ./'”• - ZV/91, m = M / = 1 . . . £ - 1 ,

0 1 = L m = M,

fi

1 8 =
T 

3 I = 0 m = I.. .M — 1

Q Z  = -  W /s k , m = M / =

0 1 = 0 m = M,

f - i "  n r l = L ; m = I.. .M — 1,

Q Z  = K i - 'i " -  w / f l l , m -• 0; /=  1,

1 0 l = L; m =  0,

--(‘m/i" “  l 'a0 ) / km i I = 0; m = I.. .M -  1,

iiC? - M i ” -  I'al ) /g ,, m = 0; /=  1,

, 0 / = 0; m = 0,

('’«+i/jgr -I$)/hn„ l = L m = I.. .M -  1
11 

© 
£ -  I‘am0)/gi, m = M / =

0 I = L m = M,

— ĝa )Mm> 1 = 0 m = I.. .M -  1

HZ -  < -  /# )/* !, m = M / =

0 I = 0 m = M,

1 -(bmW l = L ; m = 1...M -  1,

W  = ' (ai+iljr -  ZW/gi, m ss 0; / =
0 t = L; m = 0,

1 -(bnjjr  -- 1 = 0; m = 1...M -  1,

HZ = < -(ailjr - /a)/», m = 0; 1= L . . L - 1 ,

0 1 = 0; m = 0,
(A.134)
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l lm
‘ a sgn { 0 )  In

/ '?  =  sgn (a)

2! + yJoi\ +  / [ P i I -f y w j  -I- tf f ' \

11+ \/a i + p v  .

M  + yfi'i i- 0\A l n W ± v ^ I  +  A l n

l«tl + + ^2 l°2l -1- ^  + 0 ?.

%  =  2  [a2 ( \ / a 2 + -  \/«;! + #2 )  -  «i ( \A v'f +  f t  ~  y /n ‘i + /*])]

+ ^sgn (q) ln k i  + v ^ ^  + ft2 |n jo,i + v p T ^ '
| a , j  +  ^ / a f  +  $  | a 2 | +  y f o j  +  / i ;

I j r  =  - r  H  ■- [ f |oal +  1 +  )
L V I0 1 I +  V / ^ f  +  « l  /  \ | « 2 |  + \ j f i l  + « 2  /  .

I t  =  sgn (/?) IA I  +  y / f f i  +  ^ 2Q! i„ ■ v *  ■ 1 +  a i  |„
IAI + \//3i2 + ajf I ft? I + yv*2 + (*i

flm1a0i 02 ( \ [ F l T o ?  -  \ / 02 + « 2)  -  /?, ^y^ 2  +  a 2 _  y//y2 + f,2 j j

1
+ 28gn^ ) «2 ln

|A| + y^f + 0 8 ( ^  |AI + y/0'i + a i

\0t\ +  y / f l  +  oJ " IAI +  V S T ^ t
/ =  l.../v — 1 , m = 1 ...A/ — 1 ,

(/,m) 5* (A,//), (A -  l,/i), (A, f i  -  1 ), (A -  I,/< -  I)

1%  =  ( v 'a !  +  /»? -  \ /« 3  +  « )  -  ( \ A f  +  -  sj<A  +  n )

rn = 1...M -  1 (A. MS)

=  (_ ! ) » + .  log (AM_ , / 9A_p +  0  +  k i_ , /<i l_r)



, zV +  f o A - H V l  
zV +  g*>/A +  |VI

0C + — 1'.0
9°I =  m,I »U| I V , /

(8erv) ‘I -  W " \ = ui iQ = /
>  + zVA + IVI
'el , 3ol ev + IVI -  IVI+ 1VI

oo—•— lo(gf) u8s = uiij

, i ° + zv A  + iz° i oo- — >o
S oj  =  4 /  UU|

w o o -« -< o
£?/ U,!I

z” + eVA + lz°l

‘zy + i»A ~  v + g°A

.tV + IO/A + l'f/L  .  . .  _

=  m!l

etfrwo I

uiai

wo I

W ( ) /

U erv ) ‘i - w i  = m *7 = /

1 ” + zVA + 1 v i

s ° + f# A  + iv i
8oj | VI | VI V) uSs = if, I iui|

>  + zVA + l‘°l .  00+^eo

f + t / a + i'°i = 11 u,,l

‘ (he+ H  -  id + i°A) -  = “>/ “ s ii‘° 

&/ + W W IW L  ...................... »+->»
F ^ aoiM °8 ,^ /  u,!l

« £ , »  
. w  7 I

il I 
t u r f  I

fj",
U i ' / /

U l'J  i

(9Crv) l ‘0  = />‘l ‘0 = rf i(6 - r / ‘r f -v )  = (*«'/)
/  d—v a /  /._W \

d - p

T ^ + t

d ~ W

T5T, + I
zV

N d_Y6'\\ x  8 ,+ | »°I ^

fci v

( ^ V / d + iA + S° I ,+»(!-)
„  l d~iB

+ ^ f e ) So' ~', + ( T̂  + l i '-j*
. ( !-)

/i-rld-yl

r,fJ. 
h — rt d — ̂  I
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&

i ?

rlMl a0

lim =  sgn (o)
0 2  —* +  OO

|o3| -  |c»i| ~ fix log

f/m , ^  l«al +  V ^ t  + ° :ilim J‘Jn =  sgn o log —  -----
«. + ? + «?

|0 ;.| -f /̂oij + 

|oi| +  y/o 7 T ^ '

03 o  = -  (>/<*?+/*? -  ,

/ = I . . . I  -  1, vi = A/;

110

r/0
lim / '”* =  log

0 |-»-OO
i f t i + \ 1 W - i- #  

IAI + v*"! + /*!'

lim Jjtf =- sgn (a)0t — -oo
|nj|_ i„ , i  + Alo g !^ L L ^ L ± £  

K ! -t- v a f + /*i

I f  =  lim I j p  =  -sgn (a) log j--?j +

|o.| + v ^  + «?
C  =  lim /Js =  \ /« i  +  -  \/® i +  ^2 -PJ —* — oo

/ = I...L — 1, m = 0 .

a i - x \ - x x , a 1 =  a/, a 3 =  a/+t, yt = x t+i -  x t
km  ~  2/m 2/*n ft? =  ^ m + l) ~  2/m-fl 2/m

(A .I :ii»)

(A .MO)  

( A . M l )
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A.0.2 Operator Md

Equation (A.3) becomes: r' = o0r, MdF(r) = aoMrfF(r'), and

n  /  !■> M L M \
= s  E l  C f tF lm -  Fa„E E lm  .

\ / = l  m = l /=0 m sO  /

(;'» = w z:  + w p , m + It'S., ■+ = E E
p = 0  7 = 0

(A .142) 

(A .143)

T O )  ̂ a /+l^m+l/off — 0 /+ lC — ^m+l /{o* + //m \ 
11

T O i /off + a / C + — Tim*11
T O ffl A rn ~®/+ l^m/off + a/+ iC + M {ff — Tim*11
T O  J  ̂ a/6m/oo* — a / C — Am/iff + //m *11 /

I = i ,.L — 1, m = l , A / - l ,

(/,m ) ^  (A ./i), (A -  l , / i ) f (A,// — 1), (A -  l ,p  -  1) (A .144)

TO? =

TO?

T O  =

TO.!hn

(bm+\Ioff Iin )/
(a l+ 1 C  — /iff ) / 9h

JLM 
i 00 >

( W & - ® / *
—(a/C 1 ~ Iyo)/9h  

roM 
*00  »

(bm Iqq — Iq? ) / h
(« /+ iC  -  /iff) /» ,

tLO *oo *

—(^mC* ~ I  in ) / hm
—(atloo ~  J\a)/9ii 

too 
*0 0 »

m»

/ = !  
m  — M  

I = L
1 =  0 

m = M  
1 =  0

I = L 
m  =  0 
/ =  L

1 =  0 
rn =  0 

I = 0

m =  I.. .M -  1, 
/ =  1 . . . L -  1, 
m — M,
m = I.. .M -  1, 
/ =  1, 
m =  A/,

m =  I.. .M -  1, 
/ =  1 ...L -  1 , 
m  =  0 ,

m = 1 ...M -  1 , 
1= I...L -  1,
rn = 0,

IVS“ = rt'„ /4  = Woi/2 W % _, =  W w / 2  = life
W l2  = f r „ / 2  W lU „  =  W n l i  W l l . ^ W n  = H'.o/i
W Z  =  W u/2 =  W g - ,  =  l V „ / 4  =  l V o i /2
ln !  = H 'r; = W',2/2 V ^>.l =  W „ /2  W J i, , . ,  -  tV ,,/4

( l,m ) =  (A ,/i), (A -  l , / i ) ,  (A.,i -  1), (A -  l l/( -  1) (A .145)
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9 0 9 » n 0 n $

9o9»9 0  9 » n o  * 2

(/».«)

■l Jaa+Mai-f laf i a-J t tho/ i i  
9o9*n2h»

—  fol-ha +mJ'?-U2ohjln i /ga-Mm
9092 no kg ] ho kg

-l fra -Wai-Wia+aao W ii _  ho-am ho
gog,hoh, no a? no A a

J<u±hsdu.h2hg
i /aa-M ai+go/ia-floA ahi

929»nohg

— b i z h i t h x  + M u  ~a<)hM h i  +  ha+aoho
gafl^ofta am,

4.  !M±Mn  t f lii /u  7a929»n%h,

0 , 0 ) 

0, 1) 

0 , 2 ) 

UO) 

1 , 1 ) 

1, 2 ) 

2 , 0 ) 

!, I )

5,2)

(A .I Hi)

s / i
e x p { - s f i y / a j  + b'a) -  e x p ( - s / i y j a \  +  ti{) 

- e x p ( - s f i \ j a \  +  fcjj) +  e x p ( - v ^ / a ?  +  A?)]

I =  1 . . . / , -  I ,  m  =  I ( A . 147)
ff>2

=  /  [/o o (« l, « ) -  / o o ( f l 2 , « ) ] d u»/6i
/ ° 2

“  I [ fm(b\ ,u)  — foa(bi,  i«)] du
J  a j

/ aa /®2
— I [<i>ao(bi,u) -  <f>m (b2,u)\du + I (0oo(«i, m) -  <Aoo(«2, m)Wm•'a, 76,

/ =  -  1, m = l , . . . A f - l
(I.™) #  (A,p), (A -  l ,p ) ,  (A,// -  1), (A -  l,,i -  I) ' '
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rim
'00

fb, ^oo(|a2 |,u)du + /|^| [<̂ oo(̂ i,u) — t>oo(b2, «)] du, I = 0

fbt (t>m{a\,u)du + /„? !i) -  <M&2, «)]du, I = L

m  = 1...M — 1

Sa\ <f>m{\b2\,u)du -»• ffil [<t>oo(di,u) -  (f>oo(a2,u)}du, m  =  0

/«",* <t'ou(b\,u)du + fb™ l^ao(au u) -  <f>0Q(a2,u)\du, m = M

1 = 1 

+ /|^| ^oo(|aT|,u)</u, ( /,m ) =  (0,0)

J" 0̂0(^2!, w)</u + /£ , ^oo(oi,t/)rfu, (/,m) = (1 , 0 )

/ |^ |  ^oo(^i, w)rfw +  X,̂ 0 <̂ ooCla 2|» u)du, ( / ,m)  =  (0 , M )

/„7 <t>oo(h,u)du +  / t«  <̂0o(ai,w)</u, (/,ro) =  ( I ,  A/)

//m'0!

Win
■'10

(A.149)

St* <t>m(\a2\,u)du + Jj*| [^10(61, u) -  <f>io{b2,u)\du , 1 = 0

fbi 4>o\(«i ,u)du + J~ [(̂ 10(61, u) -  0io(62, «)] du, I = L

m = 1...M — 1 (A.150)

/ “,* <̂ 01 (l^li «)<&< + /|^| [^io(«i, u) -  <f>io(u2, w)] du, m  -= 0

fai <i>m{b\,u)du + / *  [( îo(ai, u) -  <£io(a2, w)]du, m = M

l = \ . . . L - \  (A.1C1)

(a{,a 2,bx,b2) = (xt -  X\, X(+x -  X\, ym -  y ym+1 -  yM) (A.152)
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/ p, in Wpq are given by

r hyoj rb}
Ipq =  /  [<i>qp{l>\, u ) - < t > qv{ b 2 , u ) } d u +  [<j>pq{a\, l l )  ~  4>pil{(t<i, u ) } d u

Ja\ Jbi
p =  0,1,2; q =  0,1,2; (/>,q) ±  (0,0) (A. 153)

(a ,,a 2,6i,&2) =  { -g x -u g x T -h ^ iJ i , , ) .  (A. 151)

The functions <j>pq and /oo are given by

/   —1—

POO

/p?(r ) ~ J  ar+ ," 2( l  +  v/ *w )exp(-v /ju )d« ( A .i551

where

/oo(r) =  -  exp(—\/t r )  
r

f 2o(r) =  /o2(r) =  '2 -— exp( - \fir)
Vt

/ 22(r )  =  - \ f i  [ ( \ / i r )2(4 +  \ /* r )  +  8(1 +  v/rr)] . (A .156)

All the integrals satisfy the relation

IpqiP'X» ®2i 1̂) 2̂) == A/p(^l» 2̂t » ®2) (A .157)
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Appendix B 

INTEGRALS FOR BOUNDARY CONDITIONS IN 
TWO-DIMENSIONAL EM MODELLING

In  this appendix we will discuss the integrals that arose from the Top-Boundary- 

Oonditions (TBC) and the Bottom-Boundary-Conditions (BBC) for the 2D 

problems in Chapter 2.

B .l The Hilbert Transform

The Hilbert transform enters the Top-Boundary-Condition (TBC) at z=0- in the 

2D E-polarization mode via equation (2.1). It is given by Weaver (1964) and 

can also be obtained from the TBC of the 3D problem, when the conductivity 

distribution is 2D, by integrating from -o o  to -f oo in the direction of the strike.

The definitions y0 ~  -o o  and um+i =  + °c  will be used throughout this ap­

pendix. For evaluating the integral numerically, we write the Hilbert transform 

at the point of y =  as

where we have defined

- o o  t; -

*i-2 Af-1

/n + /m + I a +  ]jT ! m + I m (B.2)

in which

(B.3)



B.l The Hilbert Transform

Since we assume that ID  solutions are applied at y = i/t and y =  ym as the 

side boundary conditions where there is no variation in the /if-comp■»nent, i.«*. 

Z  =  0. Therefore, we have Z = 0 for y <  i/( or y > iy,w, whence /„ s  0 and 

/ «  =  0. We shall assume that Z(v) varies linearly between any two cousecut ivv 

nodal points, ym and ym +i, i-e.

Z(v)

By defining

V V:n n  , Vin+l <■’ r/ . s '  '
i ^*m + 1 d" i “ m i  Urn s ' C i s  / /"  H '
f l m  f l  i n

P — v 2/(1? bm — ym yin

we have

Vm = P ~  bm, v —• 2/m+i = P ~~ bm+ 1 , />,„+ i =  />m 4- h, 

Inserting (B.5) and (B.6) into (B.4), we obtain

z (  v) = z ( v t m  =
rlm (lm

It follows that

im = / - ■
Jvm v y n

=  f 1 -  t ) ^  -  r 1"•m \  /? /  >lrn "l>m \

P ~ &m+l v j-------- “ m ■

r'm+l
ft

dft

i -  x - - 0

■'m *J m + 1 T  c m *Jm

where we have defined

1 1 A  0I I i Cm / l m = In 'm+ I

( H I )

( H.r>)

( B . h )

(»-7)

(B.8)

( H . 9 )

Using the transformation defined in (B.5) once more, we can write the integral 

in the neighbourhood of the singular point as

/»(*+> Z(v)  
'!/(!-

h — 4- dv =  lim
Jv»-1 v - 2/t. e-*0

i+i Z(v) j
« -  ?//i

/•Vn-< ri'

J  +JVv.-\ JVti

- i s »
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For the first part of the above integral, in which —/iM_i < 0 < —e, we have

in — // 1, bm — f>n; + l — b'm ~ — li Zm — — W %m + 1 — Z^

arid, following (B.7),

VI \ VI t a w  ^  +  V i 7  ^  +Z(t>) — Z(v(p))  — — r-Zf .    Z M_ i

h-ii—i \  hfi—i

Similarly, for the second part of the Integra', in which e <  (3 < h^, we have

(B .l 2.)

m  [1, bm c, bm+1 — h m — Z m — Z^, Z m+j — Z ^ \

and

? (* )  =  Z W ) )  =

Q̂i+1 Z^ T , ( 7  e 7
K  / J + p  "+1

It, follows ti.nt,

/ s =  limt-«0 hp-i + e \  1
“n-i

P.

+
j :

Zp+i ~ + Zu -  — z ,

)■

d(3

1

(B.12)

M+l
<7i \  "-M /  /̂ J

=  ^/i+i ~  ZM-i +  lim [Z/( In | +  In | / e|

=  Z „+ 1 -  Z„_i +  Z M lim In |(/rM/c )(c //iM„1)|€*—♦0

=  — ZM_i +  Z^ In {hn/hft-i | -f- Zu+i.

Since hft > 0, >  U. we can also write

(B.13)

-ZM_i +  Z„ \t\{h^lh^ - \ ) +  ZM+i. (B.14)

Now we can write /  as

n -2  A / -1

 ̂ =  5Z 4"
m—I m=ji+l
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H - 2

=  5 Z ( Cr n ^ m + 1 +  Cm Z m ) ~  ^ n - l  +  h l ( / l 7, /  / / #J _ i ) Z (t +
m =  1 
M -l

+ £  (cl„zm+, + c“zm)
* i- l m- 2

=  X^ Cm - l ^ m  +  X I Cm % m  ~  ^».-l +  (111 hfi/h„-  1 )Z„ +  Z,i + I
m = 2  m =  l

A/ A / - 1

+ £  i-,z™+ £  c»z„
m = /i+2  m= n  + l

H-2

~  c l ^ l  +  X I  ( Cm - 1 +  c m ) ^ m  +  ( c ' , _ 2 -  1 ) Z „ _ |  +  ( ~  111 / » „ - ,  +  ll) h , t ) Z l
m — 2

M - 1

+  ( 1 + c “ +  l ) ^ + l +  X I  ( Cm - 1  +  c m ) Z m  +  d / - I ^ A /
m =  j»+2

M M
=  E ( Cm-l +C°m)Zm =  £ \ / / , mZm

m = l  m = l
(111 5)

wnere

/ / H m r 1 4- r °m — 1 1 m

with cl, and c° redefined as

cm =

0 m =  0
(f A mbm/ h m) rn = — 2
-1 m =  n — 1
lr. m  = fi
(f Ambm/hm) rn =  fi + 1...M — 1

(1 ^mbm + i/bm') m =  I...// — 2
In m =  fi — 1

1 m — fi
(1 ^mbm + l /  bm) rn = fi + I...M — 1

0 m = M

(111 7)

(11.18)

and still given by (B.9) as A m ln\bm+l/bm\. The Hilbert transform can 

therefore be written as

M

Vu
h z „ = i  f  T T L d v _ i  £

7T 7 - 0 0  -  V  K
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B.2 Integrals in the Bottom Boundary Conditions

The following type of integral was used in equation (2.24) for the 2D bottom 

boundary conditions:

I = f  |F(») -  F{yf ))K̂ V* - ± ’‘'/ l ) iv.
J - o o | — v\ (B.20)

It can be broken up as
M - 2

I = [V1 fVm+1 fV,i+1 [VmJf 1 fVM+l

+ E  + t  + T  /  + /7I/O m =l •'t/m 7!/(i-l Wm 7!/M

[F(v) -  (B.21)

where we have denoted F(yli) by F^.

Since |j/i| and |j/m| must be sufficiently large, F  is assumed to be constant

in the regions y < y\ and y > j/m, and linear variations in the regions ym <

y < ym-,\ for m =  -  2 and m =  y, +  l,. .. ,A f -  1 are assumed. In the

neighbourhood of the singular point, y^-i < y < y^+i, F  is expanded in a Taylor

series to second order. Therefore, we can write

F\ y < y  i
- } ^ ( v  -  ym)Fm+t +  -  v)Fm V €  [*/mi 2/m+l]i

m — 1, — 2
F(v) =  F„ +  (w -  +  l(w -  y»)2F'' v € [yM_i, yM+i]

-  ym)Fm+i +  ^-(j/m + l -  v)Fm v €  [2/m,2/m+l],
m =  y, +  1, . .. ,M  — 1 

Fm y >  yxt-
(B.22)

The transformation /? =  y -  y„ and definition hm := ym -  y„ take F  into the 

form
Fi /? <  6i

^ - + 1  +
m =  l , . . . , / i  -  2

F (/f )  =  +  pF '  + \ p F ” P € [6m-i.6m.i1 (B.23)
^T^Fm+l -t- ^ f ^ Fm p  € [6m,6m+1],

m -  \l +  1 ,..., Af -  1 
Fm /? <  6m-
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The integral (B.21) then becomes

f fcl / fcm +1 /!>(.+1 ,' ^ >l rfcrn+l yfrA f+ 1/*91 ^  / • 6 m + 1  / • ( > ( . + 1  A n + l  / O A I

A, + A.-, + , „ r r _ , + /*.,

[ W )  -

M -l
=  7o +  ]T] 7m +  7fl +  H

m=l m=/i-l

Since for integral 70, 6o =  -o o , bx = y x -  j/„ <  0, it follows that fi < 0. We then 

have,

/ „  =  j f V ,  -  =  ( /■ ’ ,  -  F „ ) r f  ( H . 2 5 )

where

A  =  f». £ > 11̂ 2^ ) ^  =  / - I M  A - .d ^ K v A ) ^  =  _  ,IM  A , ( / f a

•Ao |/?| 7 - |6o I |/?| 7|6„| fi
( B . 2 6 )

In the integral 7m, we have bM = yM - y ) l> 0, j/m+i =  +oo > 0, so that fi > 0 

and

/ «  =  £ " V „  -  F „ )A’i ( W )° 0' /;><W =  ( f „  _  n ) A  (I,,27)

where
A  .  / • « .  .  /•» « .!  (R 28)

\ P \  ‘M&mI p

For the integral 7m, m  =  1,..., // -  2 or m =  /< +  1,..., A/ -  I, we have

/ ... / 6m+‘ ( P - b™r  P ~  bm+ 1 p \ A'|(|/?|«oV )̂ lo
7-  -  L  l ~ Fm+1 -  ~ K T Fm ~ K ) — jisj—

=  B ^ +1 +  £ °  F m -  ( l i .29 )

where

At» =  (Pm — bmP°m)/hm, B ^  =  —(pi, — bm + lPm)/hrn (B.20)

and

* = £*■ ft(y W  A - £"*' . (a„,
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For m =  1 ,...,/i -  2, we note that bm < (3 < bm+i <  0, whence

-  C ‘" ■ X7 ' K . M W .  (!.»)

while for m = p + 1 , M  — 1, we have 0 < bm < (3 < bm+i, and

“  C T '  A  = [ " * ' ' (B.34)

Combining (B.26), (B.28), (B.32), (B.33) and (B.34), we can write generally

Pm =  sgn^ ^ / 6' r ‘ - — -“̂ - d P ,  m =  0 , -  2 ,// +  1,..., Af; 

pl„  =  t  h \ ( j 3a o \ / i ) d (3, m  =  -  2 , p  +  1 ,.. . ,M  -  1;
•'IKnl

7>m =  Pm =  0, m =  P — 1) P- (B.35)

Since 6„_i =  and 6„+i =  i/M+i -  y„ = for the integral 7S,

it follows that

i . =  K |( l^ “ ov/;;)rf/i =  F ’j ’, +  I f ; / ; .  <b.36)

The integral / '  can be written as

J - h p - i  |/J| J)iM_j

=  — ̂ ^7 j[^o (^ 'iQo\/*) ~  Ko(h)i-ioio\/l)]. (B.37)

where in the last step, the relation

Ki(z) = - K q{z) (B.38)

given in Olver (1964, 9.6.27, p376) together with the definition z := /?«o\/* have

bfjen used. Similarly, with definitions

z^—j ;=  A^_iQ(oV^) hfiOos/l, (B.39)
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we have

~  ~  ^ - l A ' o ( ^ - i )  +  H ( z „ )  -  J „ / \ o ( c „ ) ]  ( I M U )u01

where H(zm) =  / / m I\0(z)dz. Replacing the derivatives in I, by their corre 

sponding finite difference expressions, we obtain

/  _  f '  V  4- -  F "  I "*a — -r 2  h »

— I'  ( F  F _______/,< \

+  2 1" ( m + f " * ' -  h ~ j r / » +

-  ( IM I )

where

B -h„r. + /; , „„ K-iK + i'l

k* = +  />„-!, h~ = hu -  /(„_[. (I{ I2|

Taking all these results into account, we see that (B.24) becomes

X-2 M - 1

/  =  / o  +  ^  I m  +  h  +  A n  +  I m

mssl m = /i-1

=  ( f i  -  +  £ ( b J,f « . i +  B " /■;„ -

m=l

+  b ; . ,  f » - i + ( b ;_ , + b “) f „ + b ,
M -1

+ £  (Bift.+1 + b;,F,„ -  FM  + (ft, -  f t j p j ,
m=M+1

=  (p8 +  B ? )ft +  £ ( f l , L ,  +  B“ ) f t ,
m=2

+  ( Bi - 2 + + i s; - .  +  b ?)c ,  +  ( b ;  +
A/-1 M

+  £  (BL,  +  B“JFm +  ( f l j , . ,  +  p j , ) f t ,  -  f t  £  p"
m =f i+2  rn=0
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M M

m = 0m = l

By defining

c , „  = B'„_, +  B° 

and re-definining and as

B °

B l

Pm

P°0

where

0 m —  0
“ (Pm “  f>m+lP°m ) / h m  m =  1 ,...,// -  2
( - M :  +  / : m - i A + )  m =  ^ - i

m = (i
( P m - b m + \ P ° m ) / h m m  =  /* +

m =  M , 

m =  0
(Pm ~ bmP°m ) l h m m  =  1, -  2

( /* ,_ , / '  + O / i h M )  m = fi
( P i  ~  ^mP°m ) / f i m  m  =  f l  +  1 , M

0 m — M.

M
S = E P m >

m = 0

we can finally write the integral (B.24), and hence (B.20), as

I = / “  [F(„) -  F ( » „ ) j ^ l l ! ^ J p 5 l j v  = £ C , . F „  
•/ -°° IP/i -  Ul m^i

(B.43)

(B.44)

(B.4-5)

(B.46)

(B.47)

(B.48)


