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Abstract

Recently, S. Owa et al. [13] introduced and studied a certain generalized
fractional integral operator Jgj ’zﬂ’" involving the Gaussian hypergeometric
function. The object of this paper is to investigate various properties
and relationships involving Jg 1 the Carlson-Shaffer operator L(a,c),
and the Ruscheweyh derivative D*. A number of interesting subclasses of

analytic and univalent functions are also considered in our investigation.
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1. Introduction and Definitions

Let A denote the class of functions of the form:

oo

f(2)=) anp1 2™ (a1:=1), (1.1)

n=0

which are analytic in the open unit disk
U={z:2€C and |z| <1}.

Also let S denote the class of all functions in A which are univalent in the disk Z/. Then
a function f(z) belonging to the class S is said to be starlike of order & (0 <a<1)in U
if and only if

2O\ s . e 0<a
9%( 3 )> (zel; 0<a<l) (1.2)

We denote by §*(a) the class of all functions in & which are starlike of order a in U.
A function f(z) belonging to the class § is said to be convez of order a if and only if

_Zf”(Z) 84 z 3 o
§R<1+ 0 ) > (zel; 0L axl). (1.3)

We denote by K(«) the class of all functions in § which are convex of order « in U.
The classes $*(a) and K(a) were first introduced by Roberston [15], and were studied
subsequently by Schild [17], MacGregor [11], Pinchuk [14], Jack [6], and others (cf., e.g.,

[20)).

Let aj (j=1,--+,p) and f; ( =1, -,q) be complex numbers with

.Bj:;éov_'la—zv"' (]=177q)
Then the generalized hypergeometric function ,F,(z) is defined by

pFa(2) = pFy (o1, +,ap; Pry o, Be; 2)
(1.4)

X (@)n e (@p)n 2"
.—Z (:Bl)n"'(ﬁq)n n! (PS‘]+1),

where (A),, is the Pochhammer symbol defined, in terms of the Gamma function, by

J =

S I i
n = MA+1)--(A+n-1)  (neN:={1,23,})

n=0

0 (1.5)
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The ,Fy series in (1.4) converges absolutely for 2| < co if p < ¢ + 1, and for z € U if
p = ¢ + 1. Furthermore, if we set

4

g
w=Zﬂj—Za]~, (1.6)
Jj=1 J

—1

it is known that the ,F, series, with p = ¢ + 1, is absolutely convergent for
lzl=1 if R(w)>0,
and conditionally convergent for
lzl=1 (z#1) if —-1<Rw)<0.

For the functions f;(z) (j = 1,2) defined by

fi(2) =) ajnr1 2™ (aj1:=1; j=1,2), (1.7)

n=0

let (f1* f2)(z) denote the Hadamard product or convolution of fi(z) and f5(2), defined by

(fi* fa)(z) == Z a1,n+1 a2, np1 2" (aj1:=1; j=1,2). (1.8)

n=0
Now define the function ¢(a,c; z) by

o

QS(G, G z) = Z (_q’)_ﬂzn—l-l (Cr,éO, _1"—2a"'; z Eu)a (19)

n=0 (C)n
so that ¢(a,c; z) is an incomplete Beta function with
#(a,c;z) = z 2 F1(1, a; ¢; 2). (1.10)

Corresponding to the function ¢(a, c; z), Carlson and Shaffer [5] defined a linear operator
L(a,c) on A by the convolution [5, p. 738, Equation (2.2)]:

L(a,c) f(z) = 8(a,62)* f(2)  (f €A, (1.11)
Clearly, £(a,c) maps A onto itself, and L(c, a) is the inverse of £(a,c), provided that

a#0,-1,-2---.
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Furthermore, £(a, a) is the identity operator, and
K(a) = L(1,2)5*(a) 0<ax<l)

or, inversely,

S*a)=L(2,1)K(a) (0<a<1)

(1.12)

(1.13)

Ruscheweyh [16] introduced an operator D* : A — A defined by the convolution:

D* f(z) = Z-f—_%l-*f(z) (A2 -1 zel),

which implies that

n!

2(z"1 f(2 (n)
D" f(z) = ( 1(2)) (n € Ng:=NuU{0}).

Ruscheweyh [16] also introduced the subclass

ch:={feA:m<P];rlTé‘;)-)>% (zEU)} (> —1)

of the class S*(%) .

With these notations, we have

., 310\ W
f(z)ES(a)@éR(Dof(z)>> (zel; 0<a<l)
D? f(2) a+1 _ o
f(z)eK(a) &R (le(z)) >— (zelU; 0<ac<l).
Since
aﬁ =z 2F1(1,}\+1;1;Z),

we also have

D* f(2) = L(A +1,1) f(2)-

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

Ahuja ([1], [2]) defined the class R(a), which may be called the Ruscheweyh class of

order «, satisfying the condition:

o 2 (D* f(2))’
* \"BW") >

(FEA A>=1; a<]l; z€el)

4
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and proved that

m(l'z"\) =Ky (A>-1).

For A =n € Np and 0 < a < 1, the classes R,(a) and R,(0) were, respectively, introduced
in [3] and [4]. In particular, Ahuja and Silverman [4] showed that

Rnt1(a) C Ru(a) foreach n €Ny andforall a.
These inclusion relations establish that
Rn(a) C 8*(a) (neNy; 0<ax<l)

and

Rn(a) C K(a) neN; 0<ax<]).

Furthermore, for a fixed and n = n(a) sufficiently large, we have (cf. [4])
Ra:=Rn(0)CK(a) (0Lax<]l).

The function
2 |
SQ(Z) = .(-I——;;)Z.(T-—_T) (0 S a < 1) (1.20)
is the well-known extremal function for the class $*(a). A function f(z) € A is said to be
in the class R(a, §) if

(f*sa)(2) €S*(B) (0<a<1; 0<8<1). (1.21)

Note that R(a, a) = R(a) is the subclass of A consisting of all functions which are prestar-

like of order a. The family R(a) was introduced in [17], where it was shown that
R(a) CR(B) for a<p<1,

and
(f*9)(2) € R(e) for f,g € R(e).
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Srivastava et al. [21] introduced a fractional integral operator Iy ’Zﬁ T defined by (cf.

[19])

8750 = (=0 am (a ks, —mest = §) s dc

(a>0,8,n€R; f(2) €A

and Owa et al. [13] studied the fractional integral operator J;' ;" defined by (see also Kim
et al. [10])
5o )= OO o sy (rew. (9
We observe that
FPMF(2) = L(2,2 - B)L(2— B +n, 2+ a+1) f(2). (1.24)

Various families of integral and other operators (including, for example, some of those
mentioned above) were studied recently in connection with numerous subclasses of analytic
functions (cf., e.g., [7] to [10]; see also [19] and [20]). In this paper, we first derive some
interesting properties of the fractional integral operator J& ’f " and the linear operator
L(a,c). In Section 3, we shall investigate the value of é,, where

at1
%(Gert) > oo

Also we shall consider an application for the Ruscheweyh class Ry(«) defined above.

2. Results Involving Carlson-Shaffer and Fractional Integral Operators

Theorem 1. If0<a <1 and0< <1, then

L(3-2a,2)R(a,f) C ;

K(8) + (8)-

Proof. Since

z

sa(2) = A —zpa= =~ 2F1(1,2 — 20515 2) o)

= ¢(2 — 2a,1; 2),
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it follows from (1.11) that
sa z
£(2)« 322 = (3~ 20,1) £().
From the identity:

flay 22D 222 (e

1

5=z {(sa * ()}

1 - 2a
= z_za(sa*f)(z)

1 :
55 {sa(2)+21(2)},

we have

L@~ 201) f(2) = 5o £(2 ~ 20, 1) £(2)

2-2
It follows from (2.4) that

L(3 —2a,1)R(a, f) C £(2 2a,1) R(e, B)

+

5= 2a £(2 - 2a,1) £(2,1) R(a, B).

Noting that [¢f. Equation (1.21)]
Rle, B) = {f(z) € A: f(z) * sa(z) € §7(8)}

=L(1,2 - 2a) §*(F),
we can easily rewrite the inclusion relation (2.5) in the form:
L£(3—2a,1)R(a, B)

1 -2«

C 5o £(2 — 20,1) £(1,2 — 24) §*(5)

1-2a _, 1 *
L2251 (6) + g L1 S (B).

7

2 —2a,1)£(2,1) L(1,2 — 2a) §*(B)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)



Therefore
L£(3 -2a,1)L(1,2) R(a, B)

1-
2 —
_1-

=575, KB + 3

C

£(1 2)8*(8) + ——-——-£(2 1) £(1,2)5%(B) (2.8)

= S7(B).
Since

L(3 - 2a,2)R(a, ) = L(3 - 2a,1) £(1,2) R(e, B,)
the proof of Theorem 1 is completed.

Theorem 2. Ifa>0,0< <1, and n € R, then
LC+a+mn 2-F+7n) J(;f;ﬂ’"lC(a) =R (g,a). (2.9)

Proof. From the equations (1.12) and (1.24), we readily have
L2+a+n, 2=B+n)J5f"K(a)
=L(2,2 - ) K(e)
=L(2,2- ) £(1,2) S*(a)
- £(1, 2~ §)5*(a)

(3

Letting 8 = 1 in Theorem 2, we have

Corollary 1. If0 < a <1 and n € R, then

L2+a+n, 1+n) I3 "K(a) = §*(a).



3. Applications of the Ruscheweyh Derivatives

The following known result will be required in our proof of Theorem 3 below:

Lemma 1 (Cf., e.g., Miller and Mocanu [12, p. 298, Theorem 5}). Let w(u,v) be a

complez-valued function, that is,
w:D—-C (DcCxC)
and let
u=1u;+1ius and v = vy +iv,.

Suppose that the function w(u,v) satisfies the following conditions:
(1) w(u,v) is continuous in D

(i) (1,0) €D and R {w(1,0)} > 0;

(iii) R {w(iuz,v1)} <0 for all (iug,v;) €D and such that

_ (1 +u§)

"M s )

Let
p(z)=1+piz+p2® +---

be regular in Y such that
(p(2), zp'(2)) €D forall z€Ud.

If
R{w(p(z), 2'(2))} >0 (z€l),

then
®{p(z)} >0.

Theorem 3. If f(z) € A satisfies

Da+2 f(z) , . 3
%(__D""’lf(z)) >B  (zelU; a>-1) (3.1)
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for some B (% <pB<1), then

%(M>>7 (zel; a>-1),

D= f(z)
where
_ {28(a+2) -3} + /{28(a +2) -3} + 8(a + 1)
4(a+1)
Proof. It is known that {3, p. 250, Equation (1.15)]

2(D* f(2)) = (@ +1) D**' f(z) —a D" f(z)  (a>-1),

which immediately yields

2(D% f(2)" Dot f(z)
oy R C¥ (P
If we define the function p(z) by
Dt f(2)

D) v+ (1 =) p(2)
with v defined, as before, by (3.3), then
P(z)=1+4piz+p2® +---

is analytic in . Differentiating both sides of (3.6) logarithmically, we have

2(DeY f(2))  2(DYf(2))  (1—7)zp'(2)

Dt f(z)  D*f(z) v+ (1-7)p(z)
Combining the equations (3.5) and (3.7), we obtain
D f(z) _a+1 D' f(z) 1 (L —7)zp'(2)

+

Do f(z) " at+2 Dof(z) at2 (@t Q7@

which readily yields

*(5wriy -2)

1 7n(

=%H%{(a-}-l)'ﬁ-l—ﬂ(a+2)+(a+1)(1“7)1’(z)+ T

> 0.
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+(1-7)p

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

~~
L
«©
~—



Therefore, if we define the function w(u,v) by

w(u,v) = (@+1)7+1 = fla+2) + (a + 1)(1 - 7) u(z) + — =%

T+ =7 u(z)’

then we see that

(i) w(u,v) is continuous in D = (C - {7—}1—}) x C;
(ii) (1,0) € D and R{w(1,0)} = (a + 2)(1 — 8) > 0;
(iii) for all (¢uq,v1) € D and such that

2
v S - (1 ‘;'“2) ’

. _ Y1 -7)v
§R{l’)(zu%vl)} = (Ol+ 1)7+ 1- ﬂ(a'*‘ 2) + 72 + (1 __7)2 u%

7(1 =) (1 +u)
2{7* + (1~ 7)*u3}
_A2Ae+1)7? - {28(a+2) -3}y - 1]

2{+(1-7)u}

_A-7Nr+ @ -{28(e+2) — 29(a+1) - 2}] .2
2{72 + (1 = 7)? u} e

<(a+1)y+1-Bla+t2)—

From Equation (3.3), we have
2a+1)72 - {28(a+2) -3} y~1=0.
For f > v and B > 1, we find from (3.11) and (3.12) that

§R {w(iuz, ’1)1)} S 0.

(3.10)

(3.11)

(3.12)

This implies that the function w(u,v) satisfies the hypotheses of Lemma 1. Thus we

conclude that

(D““ fG)) (26 +2)=3) 4 /OBl +2) ~3P T8(a+1)

D=f(z) ) 77" H(at1)

which evidently completes the proof of Theorem 3.
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Corollary 2. Ifa >0 and 0 < f < 1, then

Rat1(8) C Ra(7(a+1) - a)

where Y
_ {2(a+p8) -1} + {2+ B) —1}* +8(a +1)
v = : ot D) . (3.13)
Moreover
Y(a+1)—a>p.
Proof. Let f € Ra4+1(8). Then, from the definition (1.19), we have
z(D**1 f(z))'
R ( (D‘1+1 f(z)) ) > f (z el). (3.14)
By a simple computation, using (3.5) and (3.14), we obtain
Do+2 f(z) a+B+1
R (m) > —a:—é-— (Z € U) (315)

Applying Theorem 3, we have

R(—q-;%——é;))>7 (z e ),

where « is defined by (3.13). Using (3.5), we have

® (z(D“ 1)’

D> f(z) >>’y(a+1)-——a (z €U).

Hence

feRa(y(a+1)—a),

which obviously proves the main assertion of Corollary 2.
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