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Supervisory Committee
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Abstract
Superconducting qubits are at the forefront of efforts to develop scalable quantum comput-

ers due to their potential to perform complex computations beyond the capabilities of classical

systems. However, maintaining the quantum coherence of these qubits remains a significant

challenge, primarily due to various noise sources such as flux noise, dielectric loss, and quasi-

particle poisoning. This dissertation presents a detailed theoretical investigation into two noise

mechanisms affecting superconducting qubits: flux noise from spin impurities and charge/flux

noise from non-equilibrium superconducting quasiparticle distributions.

The first part of the research focuses on developing a general theoretical framework to cal-

culate flux noise arising from spin impurities. This framework accounts for spin diffusion and

spin-lattice relaxation, incorporating a discrete diffusion model to handle confinement effects

and inhomogeneities. Analytical and numerical results show that the spin relaxation model

aligns with experimental observations in aluminum devices, while the spin diffusion model bet-

ter matches experiments in niobium devices.

The second part of the thesis proposes a theory addressing charge and flux noise due to

non-equilibrium superconducting quasiparticle distributions within superconducting wires. This

theory highlights the significant impact of ohmic loss generated by these quasiparticles, revealing

their contribution to charge noise at intermediate frequencies and a nearly white flux noise

background.

Comparative analysis with experimental data provides some validation for the theoretical

models and gives insights into the temperature-dependent behavior of flux noise and the distinc-

tive noise characteristics in aluminum and niobium devices. The findings highlight the necessity

of addressing wire-resident quasiparticles and magnetic impurities to enhance the performance

and scalability of superconducting qubits.
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• José Alberto Nava Aquino and Rogério de Sousa. Charge and flux noise from nonequi-

librium quasiparticle energy distributions in superconducting wires, 2024. URL https:

//doi.org/10.48550/arXiv.2407.21177.

Chapter 7 is based on this work.

x

https://doi.org/10.1103/PhysRevB.106.144506
https://doi.org/10.1103/PhysRevB.106.144506
https://doi.org/10.1063/5.0147500
https://doi.org/10.48550/arXiv.2407.21177
https://doi.org/10.48550/arXiv.2407.21177


List of Acronyms

SC Superconducting

QP Quasiparticle

BCS Bardeen–Cooper–Schrieffer

Al Aluminum

Nb Niobium

SQUID Superconducting Quantum Interference Device

QHO Quantum Harmonic Oscillator

AHO Anharmonic Oscillator

PSD Power Spectral Density

TLS Two-Level System

BWR Bloch-Wangsness-Redfield

FM Ferromagnetic

AFM Antiferromagnetic

NN Nearest Neighbour

b.c. Boundary Conditions

HA Homogeneous Approximation

CPW Coplanar Waveguide

xi



xii



Acknowledgements
I would like to thank:

My family and Jen, for support and encouragement throughout this process.
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CHAPTER 1

Introduction

Superconducting (SC) qubits, pivotal in the pursuit of scalable quantum computing [4], are

highly susceptible to various types of noise that can significantly degrade their performance.

These qubits, leveraging the principles of superconductivity and quantum mechanics, hold great

promise for performing complex computations far beyond the capabilities of classical computers.

However, their practical realization is limited by persistent noise issues that undermine their

coherence and fidelity.

The primary sources of noise in SC devices include flux noise [5–8], dielectric loss [9, 10],

and quasiparticle (QP) poisoning [11–13]. Flux noise, caused by fluctuating magnetic dipoles

intrinsic to the materials forming the SC circuits, leads to decoherence and energy dissipation.

Dielectric loss, which arises from electric dipoles intrinsic to these materials, further contributes

to decoherence. QP poisoning, involving the presence of excitations of the SC material (QPs),

introduces additional complications, making the SC resistive, leading to unwanted energy dissi-

pation.

Addressing and mitigating these noise sources is crucial for advancing SC qubit technology

and realizing its full potential. Without effective noise reduction strategies, quantum computers’

scalability and practical application remain limited. Therefore, understanding the mechanisms

behind these noise sources and developing robust theoretical models to predict and counteract

their effects is important for the field of quantum computing.

This dissertation presents a comprehensive theoretical framework for calculating flux noise

from spin impurities. This framework accounts for the impact of both spin diffusion and spin-

lattice relaxation in flux noise. A key feature of this theory is the introduction of a discrete

version of diffusion, which can model confinement effects and accommodate systems with finite

1



2 INTRODUCTION

boundaries. Additionally, it considers vacancies, clusters, and external magnetic fields, making

it general and adaptable. This framework also incorporates spin-lattice relaxation, allowing

for energy exchange between spins and the lattice. Furthermore, we propose a second theory

focused on charge and flux noise arising from non-equilibrium SC QP distributions within the SC

wire. This theory highlights the often-overlooked contribution of ohmic loss generated by these

QPs, revealing that their impact can be substantial.

The results of my research are divided into two main parts, corresponding to the two proposed

theories.

Firstly, within the spin dissipation (diffusion and relaxation) framework, analytical calcula-

tions of flux noise can be obtained in two specific scenarios: considering only spin-lattice relax-

ation and accounting for spin diffusion in a homogeneous, infinite spin system. Additionally, we

obtain numerical results for the general case, which includes both mechanisms and considers

disorder and confinement effects. These results suggest that a spin relaxation model aligns qual-

itatively with experimental observations in aluminum (Al) devices, while a spin diffusion model

better matches experiments in niobium (Nb) devices.

Secondly, the theory of charge and flux noise due to non-equilibrium QP distributions re-

veals that QPs can contribute significantly to charge noise at intermediate frequencies (in the

MHz range) and produce current fluctuations that, via inductance, generate a nearly white flux

noise background. This background noise aligns well with experimental data, highlighting the

importance of wire-resident QPs in understanding noise in SC qubits.

The research presented here provides a deeper understanding of noise mechanisms and pro-

poses models to calculate their contributions.

This document is structured as follows:

Chapter 1 contains the introduction and summarizes the contents in the dissertation.

Chapter 2 provides an introduction to superconductivity and SC qubits, offering the necessary

background for understanding the fundamental concepts that are the focus of this research.

Chapter 3 discusses noise and decoherence in SC qubits, identifying the key challenges and

their implications for qubit performance.
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Chapter 4 presents a general theoretical framework for the calculation of flux noise from impu-

rity spins, accounting for both spin-spin interactions and spin-lattice relaxation.

Chapter 5 presents results considering spin-lattice relaxation only and the impact of external

magnetic fields in flux noise, including analytical calculations.

Chapter 6 presents results that account for both spin relaxation and spin diffusion mechanisms,

with a focus on numerical analysis and its agreement with experimental observations.

Chapter 7 presents the theory of charge and flux noise due to non-equilibrium SC QP distribu-

tions residing within SC wires, detailing the theoretical predictions.

Chapter 8 contains conclusions, summarizing the key findings of the research, discussing their

implications, and suggesting potential directions for future work.



CHAPTER 2

Superconductivity and Superconducting
Qubits

Before delving into the main topic of this dissertation, noise from wires in SC qubits, it is neces-

sary to introduce a foundational understanding of superconductivity and SC qubits. Section 2.1

provides a summary of the phenomenology of superconductivity based on References [14–16].

Section 2.2 provides a summary and introduction to SC qubits based on References [17–20].

2.1 Superconductivity

Superconductivity, discovered in 1911 by H. Kamerlingh Onnes [21], was first observed when

metals like mercury, lead, and tin exhibited zero electrical resistance when cooled below a char-

acteristic critical temperature Tc, unique to each material. In contrast, typical metals show a

gradual reduction in electrical resistance as temperature decreases; see Fig 2.1. Superconduc-

tors also exhibit perfect diamagnetism, meaning they expel magnetic fields from their interior

(Meissner effect). This behavior is distinct from perfect conductors, which would allow mag-

netic fields to be frozen in their interior, see Fig. 2.2.

Microscopically, superconductivity is explained by the formation of Cooper pairs, where two

electrons with opposite spins and momenta form a bound state due to attractive interactions

mediated by lattice vibrations (phonons), as explained by The Bardeen-Cooper-Schrieffer (BCS)

theory [22]. The formation of these pairs opens up an energy gap ∆ in the electronic density

of states. This gap means that a minimum amount of energy 2∆ is required to break a Cooper

pair and create excitations. In the normal state, the density of states at the Fermi level is ρ0.

4



SUPERCONDUCTIVITY AND SUPERCONDUCTING QUBITS 5

However, in the superconducting state, the density of states is modified and given by:

ρ(E) = ρ0
E√

E2 −∆2
, (2.1)

where E ≡ E =
√
ξ2 +∆2 is the BCS QP energy (excitations of the SC condensate), with ξ

the free electron energy measured from the Fermi level. This equation shows that there are no

states available within the energy gap |E| < ∆, and the density of states diverges at the gap edge

E = ±∆.

Superconductors are classified into two types:

• Type I Superconductors: These have a single critical magnetic field, Hc, and exhibit a

complete Meissner effect up to this field. For fields greater than Hc, the superconducting

state is destroyed. Empirical findings show that Hc(T ) is well approximated by a parabolic

relationship:

Hc(T ) ≈ Hc(0)[1− (T/Tc)
2] (2.2)

as illustrated in Fig. 2.3.

• Type II Superconductors: These have two critical fields, Hc1 and Hc2. Between these

fields, they exhibit a mixed state where magnetic vortices penetrate the material. The mag-

netic field penetrates the superconductor in the form of quantized flux tubes or vortices.

The lower critical field Hc1 marks the onset of vortex penetration, while the upper critical

field Hc2 marks the field strength at which superconductivity is completely destroyed.

2.1.1 The London Equations

The two main electrodynamic properties of superconductivity (zero resistance and perfect dia-

magnetism) were effectively described in 1935 by the London brothers [24] who proposed two

phenomenological equations:

E =
∂

∂t
(ΛJs), (2.3)
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Figure 2.1: Temperature dependence of the resistance of a superconductor and a normal
metal.

B = −∇× (ΛJs), (2.4)

where

Λ = µ0λ
2 (2.5)

is a phenomenological parameter, with E and B representing the electric and magnetic fields

respectively, λ is the penetration depth and Js being the supercurrent density.

Although the London equations were based on experimental observations and not derived

from first principles, we can still offer a simple derivation from a classical approach. In the

standard Drude model of electrical conductivity, applying classical mechanics to electron motion

gives us:

m
dv

dt
= eE −m

v

τ
, (2.6)

where v is the average or “drift” velocity of the electrons, and τ is a phenomenological relaxation

time representing the time it takes for scattering from defects to nullify the drift velocity of the

electrons. In normal metals, the steady-state drift velocity is v = eEτ/m. For conduction
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Figure 2.2: The Meissner effect in a sphere of superconducting material.
As the temperature is lowered below the critical temperature Tc, the external magnetic field is
expelled. Figure taken from Ref. [23].

electrons per unit volume n, this generates an electric current density J = nev = (ne2τ/m)E =

σE, which is Ohm’s law.

To describe the perfect conductivity of a superconductor, we can postulate that a certain

density ns of electrons behaves as if there were no scattering term (by letting τ → ∞). Thus, we

have dvs/dt = eE/m, leading to an equation of motion for the total supercurrent Js

dJs

dt
= (nse

2/m)E = E/Λ = (1/µ0λ
2)E, (2.7)

which corresponds to the first London equation along with the definition (2.5) of Λ and λ. From

this, we can estimate the penetration depth,

λ2 =
m

µ0nse2
. (2.8)

Equation (2.3) describes perfect conductivity since any electric field accelerates the supercon-
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Figure 2.3: Temperature dependence of the critical field in a type I superconductor.
The critical field Hc(T ) destroys superconductivity by breaking cooper pairs in the metal.

ducting electrons in contrast to normal conductors, where an electric field results in a steady

velocity (Ohm’s law).

The second London equation can be derived from the first by applying the curl operator to

both sides of the first equation and utilizing Maxwell’s equation ∇×E = −∂B
∂t

. When combined

with Maxwell’s equation ∇×B = µ0J , the second London equation (2.4) leads to:

∇2B =
B

λ2
. (2.9)

This indicates that a magnetic field is exponentially screened from the interior of a superconduc-

tor with a penetration depth λ, illustrating the Meissner effect. The temperature dependence of

λ can be approximately described by [14]:

λ(T ) ≈ λ(0)[1− (T/Tc)
4]−1/2. (2.10)
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2.1.2 Ginzburg-Landau Theory

The Ginzburg-Landau theory, developed in 1950 [25], is a phenomenological approach to un-

derstanding superconductivity. The theory describes superconductors using a complex pseudo-

wavefunction ψ as an order parameter within Landau’s general theory of second-order phase

transitions. This order parameter can be written as

ψ(r, t) = |ψ|eiϕ. (2.11)

In the Ginzburg-Landau theory, |ψ|2 = ns denotes the Cooper pair density and ϕ represents the

phase. This order parameter takes the value of zero in the normal metal state and a non-zero

value in the SC state. The free-energy density f can be expanded in a Taylor series in powers of

|ψ|2 if ψ is small and varies slowly in space (valid near Tc):

f = fn + α|ψ|2 + β

2
|ψ|4 + 1

2m∗

∣∣∣∣(ℏ
i
∇− e∗A

)
ψ

∣∣∣∣2 + 1

2µ0

|∇ ×A|2 , (2.12)

where m∗ and e∗ are the effective mass and electric charge of the SC charge carriers (Cooper

pairs), ℏ the reduced Planck’s constant, A is the vector potential, and fn is the free energy

density in the normal state. α and β are expansion parameters.

Equating the functional derivative δf/δψ∗ to zero we get the first Ginzburg-Landau equation,

1

2m∗

(
ℏ
i
∇− e∗A

)
ψ + β|ψ|2ψ = −α(T )ψ. (2.13)

Similarly, minimizing the free energy with respect to the distribution of magnetic fields implies

δf/δA(r) = 0, leading to the second Ginzburg-Landau equation,

Js =
e∗ℏ
i2m∗ (ψ

∗∇ψ − ψ∇ψ∗)− e∗2

m∗ψψ
∗A. (2.14)

In terms of the ψ magnitude and phase, assuming |ψ| is uniform:

Js =
e∗

m
|ψ|2 (ℏ∇ϕ− e∗A) . (2.15)
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2.1.3 Josephson Relations

The Josephson relations describe the behavior of supercurrents through a Josephson junction

(tunneling of Cooper pairs), which consists of two superconductors separated by a thin insulating

barrier, see Fig. 2.4. These relations, predicted by Josephson in 1962 [26], form the foundation

of many superconducting quantum devices. The first and second Josephson relation are:

Is = Ic sin(ϕ), (2.16)

and
∂ϕ

∂t
= −2e

ℏ
V. (2.17)

Ic is the critical current, the maximum supercurrent that can pass through the junction without

applying a voltage, ϕ is the phase difference across the junction and V is a constant voltage

applied across the junction. When no voltage is applied across the junction, a constant supercur-

rent flows through the insulating barrier (first relation). In contrast, when a constant voltage is

applied across the junction, the phase difference ϕ varies linearly with time (second relation).

A B

C

Figure 2.4: A Josephson Junction.
A and B represent superconductors, and C is an insulating barrier (weak link) between them. Figure
taken from Ref. [27].
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2.1.4 Quantization of Magnetic Flux

Flux quantization in SC rings arises from the quantum mechanical nature of the superconducting

state, this property of SC circuits is exploited by SC qubits as will be seen in section 2.2. To prove

this, consider a SC ring enclosing a total magnetic flux Φ as in Fig. 2.5 and let the wavefunction

of the SC condensate be ψ = |ψ|eiϕ. If the SC ring is thicker than the penetration depth λ, the

supercurrent density Js must be zero inside the ring from the Meissner effect. From Eq. (2.15),

inside the ring:

ℏ∇ϕ = e∗A. (2.18)

Taking the integral around the closed loop C gives

e∗
∮
C
A · dl = ℏ

∮
C
∇ϕ · dl = ℏ(ϕ2 − ϕ1), (2.19)

ϕ2 − ϕ1 is the phase difference across the loop C. Since ψ must be a single-valued function:

ϕ2 − ϕ1 = 2πk, (2.20)

where k is an integer. Applying Stokes’ theorem to Eq. (2.19) gives∮
C
A · dl =

∫
S
(∇×A) · da =

∫
S
B · da = Φ. (2.21)

where da is the area element on a surface S bounded by C, Φ is the magnetic flux through S.

Using the condition of Eq. (2.20) and e∗ = 2e, we get

Φ =
h

2e
k = kΦ0, (2.22)

where Φ0 = h
2e

is the flux quantum. Therefore, the flux through the SC ring is quantized in

integer multiples of Φ0 [16].
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Figure 2.5: Superconducting ring.
Path of integration C through the center of the material in a SC ring. Figure taken with permission
from Ref. [16].

2.2 Superconducting Qubits

As explained in the previous section, SC circuits can exhibit quantum mechanical properties on

a macroscopic scale, as opposed to other qubit technologies [28–31]. The quantum state in SC

circuits is associated with discrete energy levels, which are determined by the circuit’s design.

The addition of Josephson junctions introduces a non-linearity, allowing these energy levels to

be tunable and non-harmonic. Furthermore, the circuit can transition between these energy

levels by applying microwave pulses at specific frequencies, effectively changing its quantum

state. These properties make superconducting circuits promising candidates for implementation

as qubits in quantum computers. In this section, we start by introducing the LC resonator as

an example of a simple quantum circuit, which is also the base for some of the most common

types of SC qubits. We then extend the discussion to some of these qubits, like transmons and

radio-frequency superconducting quantum interference devices (rf-SQUIDs).
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2.2.1 LC Resonator

The quantum LC resonator is one of the simplest lumped-element SC circuits that is also the base

for the main SC qubits considered here. Consider a classical LC resonator characterized by its

inductance L and capacitance C, see Fig. 2.6b. The total energy of this circuit is given by the

sum of its charging and inductive energies:

H =
Q2

2C
+

1

2L
Φ2 =

Q2

2C
+
Cω2

r

2
Φ2, (2.23)

where Q is the charge on the capacitor, Φ is the magnetic flux threading the inductor and

ωr = 1/
√
LC. This expression makes clear the analogy between an LC resonator and a mechan-

ical harmonic oscillator with a coordinate Φ, conjugate momentum Q and a mass C. In order

to describe this system quantum-mechanically, we promote the charge and flux coordinates to

quantum operators that satisfy a commutation relation:

[Φ̂, Q̂] = Φ̂Q̂− Q̂Φ̂ = iℏ, (2.24)

where the operators are indicated by hats. From this point forward, however, we omit the hats

writing Φ̂ = Φ, Q̂ = Q. Defining the reduced flux ϕ ≡ 2πΦ/Φ0 and the reduced charge n = Q/2e,

we can write down the circuit Hamiltonian as

H = 4ECn
2 +

1

2
ELϕ

2, (2.25)

where EC = e2/(2C) and EL = (Φ0/2π)
2/L. From Eq. (2.24)

[ϕ, n] = i, (2.26)

therefore, these two operators form a canonical conjugate pair.

Following the harmonic oscillator analogy, we define the operators ϕ, n in terms of creation



14 SUPERCONDUCTIVITY AND SUPERCONDUCTING QUBITS

and annihilation operators a†, a:

ϕ = ϕzpf (a
† + a), (2.27a)

n = inzpf (a
† − a). (2.27b)

nzpf = [EL/(32EC)]
1/4 and ϕzpf = [2EC/EL]

1/4 are the zero point fluctuations of the charge and

phase variables. Under this transformation, the LC resonator Hamiltonian takes the form

H = ℏωr

(
â†â+

1

2

)
, (2.28)

identical to the Hamiltonian of a quantum harmonic oscillator (QHO), see Fig. 2.6a. The ladder

operators follow the relations: [â, â†] = 1, â|k⟩ =
√
k|k − 1⟩, and â†|k⟩ =

√
k + 1|k + 1⟩ for the

eigenstates |k⟩ of the QHO. Note that in order to operate an LC resonator in a regime where

quantum effects are important, the system must be cooled to very low temperatures where

the thermal energy kBT , with kB the Boltzmann constant, is much smaller than the energy

difference between quantum levels, allowing the system to occupy its ground state or low energy

excited states. Aditionally, the LC resonator should have a high quality factor (Q-factor), which

means low dissipation or loss. The resonator can thus remains coherent for a long time, making

quantum effects relevant in this regime.

2.2.2 Transmon

The uniform energy spacing in a QHO makes it challenging to access and manipulate individual

eigenstates, which is crucial for quantum computation. To address this, we introduce a non-

linearity into the circuit in the form of a Josephson junction. This non-linearity disrupts the

harmonic spacing of the energy levels, allowing the transition frequencies between energy states

to be sufficiently different. The potential energy of the Josephson junction can be calculated

using both Josephson equations, Eqs. (2.16), (2.17):

UL =

∫ t

−∞
V (t′)I(t′)dt′ =

ℏIc
2e

∫ t

−∞

dϕ

dt′
sin(ϕ)dt′ = −EJcos(ϕ), (2.29)
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(a) LC potential. (b) LC circuit.

Figure 2.6: LC resonator.
(a) Harmonic potential of LC resonator vs flux, the energy levels are equivalent to a QHO. (b)
Lumped-element LC resonator [32].
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where EJ = Icℏ/(2e) is the Josephson energy. Replacing the lumped-element inductor in the LC

resonator by a Josephson junction acting as a non-linear inductor (see Fig. 2.7b), the Hamilto-

nian is modified to

H = 4ECn
2 − EJ cos(ϕ), (2.30)

where EC = e2/(2CΣ), CΣ = Cs + CJ is the total capacitance, including both shunt capacitance

Cs and the self-capacitance of the junction CJ . The spectrum of Eq. (2.30) will be determined

by the ratio EJ/EC . When EJ ≪ EC (charge qubits), the system is highly sensitive to charge

noise, and the energy eigenstates are approximately the charge operator n eigenstates with slight

perturbations due to the Josephson junction. When EJ ≫ EC , the potential energy landscape is

dominated by the Josephson junction, leading to well-defined phase states (ϕ is a good quantum

number). The transmon corresponds to this regime [33]. When EJ ≈ EC , the system exhibits

characteristics of both charge and phase regimes, leading to complex energy level structures.

This regime can be hard to handle as it does not fully leverage the advantages of either extreme.

For the rest of this section, we focus on the transmon (EJ ≫ EC) regime. Since ∆ϕ ≪ 1 in this

regime, we can expand Eq. (2.30) into a power series in ϕ,

H = 4ECn
2 +

1

2
EJϕ

2 − 1

4!
EJϕ

4 +O(ϕ6). (2.31)

Using Eqs. (2.27) in Eq. (2.31) leads to the Hamiltonian [17]

H =
√
8ECEJa

†a− EC

12
(a† + a)4 ≈ ℏωqa

†a− EC

2
a†a†aa, (2.32)

with ωq =
√
8ECEJ − EC . Note that in the second equality of Eq. (2.32), we dropped non-

resonant terms (terms with unequal numbers of a, a†). From this expression we can conclude

that the transmon resembles a weakly anharmonic oscillator (AHO), see Fig. 2.7a, and thus

allows for the identification of an addressable quantum two-level system (TLS).

2.2.3 Flux-Tunable Transmon

Qubit frequency tunability is essential to circumvent the frequency crowding problem faced by

SC circuits with more than 100 qubits [34, 35]. A widely used technique to achieve frequency
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(a) Transmon potential. (b) Transmon circuit.

Figure 2.7: Transmon.
(a) Potential well of the transmon qubit vs reduced flux compared to the LC potential in dashed
lines. The transmon potential is anharmonic with ω01 ̸= ω12. (b) Lumped-element transmon qubit,
the linear inductance in the LC resonator is replaced by a Josephson junction [32].
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tunability consists in replacing the single Josephson junction in a transmon with a loop inter-

rupted by two identical junctions, forming a DC superconducting quantum interference device

(dc-SQUID), see Fig. 2.8. This also introduces sensitivity to random flux fluctuations, known as

flux noise as will be discussed in chapter 3. Defining ϕ1(2) as the phase across junction 1 (2), Φext

an external flux, ϕext = 2πΦext/Φ0 the reduced external flux and noting that flux quantization

requires ϕ1 − ϕ2 + ϕext = 2kπ, the effective Hamiltonian of the flux-tunable transmon is

H = 4ECn
2 − EJ cos(ϕ1)− EJ cos(ϕ2)

= 4ECn
2 − EJ cos(ϕ+ ϕext/2)− EJ cos(ϕ− ϕext/2)

= 4ECn
2 − 2EJ cos(ϕext/2) cos(ϕ)

≡ 4ECn
2 − E ′

J(ϕext) cos(ϕ), (2.33)

where E ′
J(ϕext) = 2EJ cos(ϕext/2), ϕ = (ϕ1 + ϕ2)/2. Eq. (2.33) is analogous to Eq. (2.30), with

EJ replaced by 2EJ cos(ϕext/2). This is effectively a transmon qubit with an EJ that can be tuned

with Φext.

Figure 2.8: Flux-tunable transmon.
The single Josephson junction in the transmon is replaced by a symmetric loop with two junctions.
In this circuit, the Josephson energy EJ is flux-tunable by the external flux Φx [32].

2.2.4 rf-SQUID as Flux Qubit

The rf-SQUID is a SC loop interrupted by a single Josephson junction (Figure 2.9). The energy of

the SQUID can be split into the Josephson energy, magnetostatic energy and electrostatic energy
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(an LC resonator with a junction). If there is an external flux Φext threading the loop, the total

flux is Φ = Φext + LI. The Hamiltonian is thus

H = −EJ cos(ϕ) +
1

2
EL(ϕ− ϕext)

2 + 4ECn
2. (2.34)

Using Q = iℏ ∂
∂Φ

or n = i ∂
∂ϕ

since Q and Φ are a conjugate pair, we can write the Hamiltonian as

H = −EJ cos (ϕ) +
1

2
EL(ϕ− ϕext)

2 − 4EC
∂2

∂ϕ2
= V (ϕ)− ℏ2

2m

d2

dϕ2
. (2.35)

This is the Hamiltonian of a particle of mass m = ℏ2
8EC

under a potential V (ϕ). When Φext =
Φ0

2
,

V (ϕ) = EJ cos(ϕ− π) +
EL

2
(ϕ− π)2. (2.36)

For x ≡ (ϕ− π) << 1, we can expand this as,

V (x) = EJ

[
1− x2

2
+
x4

4!
+O(x6)

]
+
EL

2
x2, (2.37)

= EJ − 1

2
(EJ − EL)x

2 +
EJ

4!
x4 +O(x6). (2.38)

Thus, as EJ increases, the coefficient of x2 changes sign, and the rf-SQUID potential goes from

a single well to a double well potential near ϕ ≈ π (Φ = Φ0

2
), see Fig. 2.10. EJ can be tuned

by replacing the Josephson junction with a tunable DC SQUID as described in subsection 2.2.3.

The state in each well can be thought of as the current in the SQUID circulating clockwise (⟳)

or counter-clockwise (⟲). The energy eigenstates of this system are:

|0⟩ = 1√
2
(|⟲⟩+ |⟳⟩), (2.39)

|1⟩ = 1√
2
(|⟲⟩ − |⟳⟩). (2.40)

Therefore, through the application of an external flux, the SQUID behaves effectively as a qubit

at low temperatures [36, 37].
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Figure 2.9: rf-SQUID in an external flux.
The rf-SQUID consist of a SC loop interrupted by one Josephson junction, Φx is an external flux.

2.2.5 Fluxonium

The fluxonium is an extension of rf-SQUIDs achieved by the inclusion of a superinductor, an

array of Josephson junctions. This superinductor provides high inductance (much larger than

the geometric inductance of SC wires) without introducing significant losses, enhancing the

qubit’s coherence time [39, 40]. In this case, the Josephson energy term becomes −EJ cos(ϕ +

ϕext) − NE ′
J cos(ϕ/N), the first term is due to a single Josephson junction with energy EJ and

the second term is due to an array of N junctions with energy E ′
J > EJ forming a superinductor,

see Fig. 2.11. Note that here ϕ/N is the phase across each Josephson junction composing the

superinductor. For large N , the argument in the cosine term ϕ/N becomes small and a second

order expansion provides a good approximation. The fluxonium Hamiltonian is thus

H = 4ECn
2 − E ′

J

N
ϕ2 − EJ cos(ϕ+ ϕext), (2.41)

where E ′
J/N is the inductive energy of the effective inductance contributed by the junction array.

We can thus treat the potential energy as a quadratic term modulated by a sinusoidal term as we

did in the rf-SQUID case.
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Figure 2.10: The rf-SQUID double-well potential.
The double-well potential (black) versus total flux Φ contained in a flux qubit. The two wells
are symmetrical when the externally applied magnetic flux is Φ0/2. The coloured curves are the
eigenfunctions (probability amplitudes) for the ground state (symmetrical, red) and first excited
state (antisymmetrical, blue) [38].

Figure 2.11: Fluxonium qubit.
A small junction is inductively shunted with a large array of N junctions forming a superinductor
[41].



CHAPTER 3

Noise in Superconducting Qubits

The performance of SC qubits is significantly limited by decoherence mechanisms, random fluc-

tuations that couple to the qubits limiting their relaxation and coherence times. Understanding

these processes is crucial for the advancement of quantum computing. Section 3.1 provides an

introduction to noise and decoherence in SC qubits based on References [4, 18, 42]. Section 3.2

discusses the main sources of decoherence in SC qubits and provides a survey on some of the

state-of-the-art experimental measurements of flux noise, as that is the main issue addressed in

most of this dissertation.

3.1 Noise and Decoherence

3.1.1 Bloch-Sphere Representation

Before starting our discussion on relaxation and dephasing, it is useful to introduce the Bloch-

sphere representation as a visualization tool for a quantum state. The Bloch sphere is a unit

sphere used to represent the quantum state of a TLS or qubit. The state |ψ⟩ = α |0⟩ + β |1⟩ is

depicted as a Bloch vector on the sphere with |α|2 + |β|2 = 1 for pure quantum states. The Bloch

vector is defined by v = ⟨ψ|σ|ψ⟩, where σ = (σx, σy, σz) is the vector of Pauli matrices. The

north pole of the Bloch sphere corresponds to the state |0⟩, and the south pole corresponds to

|1⟩, see Fig. 3.1. The longitudinal axis (z-axis), represents the qubit quantization axis for the

states |0⟩ and |1⟩. We can represent a general quantum state in the Bloch sphere in terms of a

polar angle 0 ≤ θ ≤ π and an azimuthal angle 0 ≤ ϕ < 2π:

22
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|ψ⟩ = α |0⟩+ β |1⟩ = cos
θ

2
|0⟩+ eiϕ sin

θ

2
|1⟩ . (3.1)

This state corresponds to Bloch vector v = (sin θ cosϕ, sin θ sinϕ, cos θ). In a rotating frame where

the x and y axes rotate around the z-axis at the qubit frequency ωq = E1−E0

ℏ , the Bloch vector

representing the state ψ will remain stationary in time. In the following, the references to the

Bloch-sphere representation assume a rotating frame such as this.

|0〉

|1〉

x

y

z

|Ψ〉���α|0〉���β|1〉 

(Longitudinal)

(Transverse)

(Transverse)

θ

φ

Figure 3.1: Bloch Sphere.
Bloch-sphere representation of a general quantum state |ψ⟩ = α |0⟩+ β |1⟩ [41].

3.1.2 Relaxation

Relaxation, also known as energy relaxation or longitudinal relaxation, refers to the process by

which a qubit in an excited state |1⟩ loses energy to its environment and transitions to the ground

state |0⟩. This process is characterized by the time T1, which represents the 1/e decay for the

qubit polarization (along z in the Bloch-sphere representation).

The standard method for measuring T1 consists in the following steps:

1. Initialize the qubit in the ground state |0⟩.

2. Apply a π-pulse (this effectively rotates the qubit state by an angle π around the x axis in

the Bloch-sphere representation) to the qubit to excite it to the state |1⟩.
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3. Allow the qubit to evolve freely for a variable delay time τ .

4. Measure the probability P1(τ) of finding the qubit in the excited state |1⟩ as a function of τ

(to estimate P1(τ), many repetitions of this measurement are needed).

The excited state population decays exponentially:

P1(τ) = P1(0)e
−τ/T1 . (3.2)

By fitting the decay curve to this exponential function, T1 can be extracted. Fig. 3.2a shows a T1
measurement example.

3.1.3 Dephasing

Dephasing, or phase relaxation, refers to the loss of phase coherence between the components

of a quantum superposition state in a qubit. There are 2 contributions to dephasing:

• Pure Dephasing (Tϕ): Phase fluctuations caused by environmental noise, with no energy

exchange. Intuitively, the impact of pure dephasing can be seen as fluctuations in the

qubit frequency that will provoke a rotation around z for a state ψ in the Bloch-sphere

representation.

• Relaxation-Induced Dephasing: Contribution to dephasing due to energy relaxation.

We define two different timescales that characterize dephasing: T ∗
2 and T2. T ∗

2 characterizes the

timescale at which a qubit’s superposition state loses coherence due to both intrinsic dephasing

and external inhomogeneities (time-dependent fluctuations) that can be different in each mea-

surement repetition. It is related to relaxation and pure dephasing time by 1/T ∗
2 = 1/(2T1)+1/Tϕ

and is typically measured using Ramsey interferometry by performing the following steps:

1. The qubit is initialized in the ground state |0⟩.

2. A π/2 pulse is applied changing the state to a superposition state 1√
2
(|0⟩ + |1⟩), effectively

rotating the state vector to the equator.
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3. The qubit evolves freely for a time τ . During this period, the state vector in the Bloch-

sphere precesses around the z axis at a frequency ω = ⟨ωq⟩ + ∆ω(t) where ⟨ωq⟩ is the

average qubit frequency over all repetitions, and ∆ω(t) is the frequency shift at the specific

repetition instant.

4. Another π/2 pulse is applied. This pulse converts the phase information into a population

difference.

5. The probability P1(τ) of finding the qubit in the |1⟩ state is measured. The probability

oscillates with τ due to the interference pattern, and the envelope of these oscillations

decays due to dephasing.

The envelope of these oscillations decays exponentially with T ∗
2 :

P1(τ) ∝ e−τ/T ∗
2 . (3.3)

By fitting the decay of the oscillation envelope, T ∗
2 can be extracted. Fig. 3.2b shows a T ∗

2

measurement example.

On the other hand, T2 is defined as the decay time measured in a Hahn echo experiment. This

measurement is much less susceptible to low frequency fluctuations over the time length of the

experiment (the time it takes for all repetitions), and is performed by the steps:

1. The qubit is initialized in the ground state |0⟩.

2. A π/2 pulse is applied to change the state to a superposition state 1√
2
(|0⟩+ |1⟩), effectively

rotating the state vector to the equator.

3. The qubit evolves freely for a time τ/2. The state vector in the Bloch-sphere precesses

around the z axis, accumulating a phase.

4. A π pulse is applied, this pulse inverts the state vector through the xz plane, reversing the

phase accumulation.

5. The qubit evolves for another time τ/2. The state vector precesses again around the z

axis, accumulating phase in the opposite direction. The state vector returns to the same
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position it had before the first free evolution, refocusing some of the dephasing due to

time-dependent fluctuations of ωq on frequency scales less than ≈ 1/τ .

6. Another π/2 pulse is applied, the state vector is projected back toward the poles.

7. The probability P1(τ) of finding the qubit in the |1⟩ state is measured.

The decay of the echo amplitude as a function of τ is:

P1(τ) ∝ e−τ/T2 . (3.4)

By fitting the decay curve, T2 can be extracted. Fig. 3.2c shows a T2 measurement example. The

timescale that characterizes dephasing is thus highly dependent on the pulse sequence used to

measure it.

Relaxation:

ReadoutXπ

τ

(a) T1 measurement.

Ramsey:
Xπ/2 τ

t

Xπ/2

(b) Ramsey interferometry.

Echo:
Xπ/2 τ/2

t

Xπ/2
Xπ
τ/2

(c) Hahn echo experiment.

Figure 3.2: Longitudinal (T1) and transverse (T2) relaxation times measurements of a
transmon qubit.
(a) Longitudinal relaxation T1 measurement [41]. (b) T ∗

2 measurement via Ramsey interferometry
[41]. (c) T2 measurement via a Hahn echo experiment [41].

3.1.4 Noise Power Spectral Density

The Power Spectral Density (PSD) S̃η(ω) of a noise source η is defined as

S̃η(ω) =

∫ ∞

−∞
dτ⟨η(τ)η(0)⟩eiωτ , (3.5)
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where η is an operator defined in some space. The PSD is thus the Fourier transform of the

autocorrelation function Sη(τ) = ⟨η(τ)η(0)⟩ of the noise source η. Similarly, S can be calculated

from S̃ taking the inverse Fourier transform:

Sη(τ) =
1

2π

∫ ∞

−∞
dωS̃η(ω)e

−iωτ . (3.6)

Note that the PSD can also be written in terms of the system’s eigenstates:

S̃η(ω) =

∫ ∞

−∞
dτeiωτ

∑
α,γ

ραα⟨α|η(τ)|γ⟩⟨γ|η(0)|α⟩, (3.7)

where we have assumed that the density matrix ρ is diagonal in the energy eigenbasis and time-

independent. This yields the spectral-decomposition expression for the PSD,

S̃η(ω) =

∫ ∞

−∞
dτeiωτ

∑
α,γ

ρααe
i(ϵα−ϵγ)τ/ℏ |⟨α|η|γ⟩|2

= 2πℏ
∑
α,γ

ραα |⟨α|η|γ⟩|2 δ(ϵγ − ϵα − ℏω). (3.8)

3.1.5 Bloch–Wangsness–Redfield Master Equation

The Bloch–Wangsness–Redfield (BWR) master equation is a generalization of the Bloch equa-

tions that includes interactions with an environment, capturing the effects of noise in a more

rigorous framework compared to the phenomenological approach of Bloch equations. Consider

an effective Hamiltonian

H =
ℏωq

2
σz +

1

2

∑
k=x,y,z

ηk(t)σk. (3.9)

The first term corresponds to the qubit Hamiltonian, and the second term models the coupling

between the qubit and environmental noise sources ηk where the σk are the Pauli operators for

k = x, y, z. In the Markovian and weak-coupling limit, the average values of the σk satisfy the

BWR master equation [42, 43]:
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d

dt
⟨σ⟩ = iωq

2
⟨[σz,σ]⟩ −

1

T1
⟨σz⟩ẑ − 1

T2x
⟨σx⟩x̂− 1

T2y
⟨σy⟩ŷ, (3.10)

with

1

T1
=

1

4ℏ2
∑
k=x,y

[
S̃ηk(ωq) + S̃ηk(−ωq)

]
, (3.11a)

1

T2x
=

1

4ℏ2
[
S̃ηy(ωq) + S̃ηy(−ωq)

]
+

1

2ℏ2
S̃ηz(0), (3.11b)

1

T2y
=

1

4ℏ2
[
S̃ηx(ωq) + S̃ηx(−ωq)

]
+

1

2ℏ2
S̃ηz(0). (3.11c)

Eqs. (3.11) assume ⟨ηk(t)ηk′(0)⟩ = 0 for k ̸= k′. From Eq. (3.10), it can be shown that the

amplitude |⟨σx + iσy⟩| decays with a rate

1

T ∗
2

=
1

2

(
1

T2x
+

1

T2y

)
=

1

2T1
+

1

Tϕ
(3.12)

with 1/Tϕ = 1
2ℏ2 S̃ηz(0).

These equations are a generalization of Fermi’s golden rule and provide a clear connection be-

tween the PSD of a noise source S̃η and relaxation/dephasing times. Note that this relationship,

however, assumes Eq. (3.10) is valid, and thus, all σk can be described by an exponential decay

time dependence. This is not the case in general. In the presence of 1/f noise, for example, the

expressions are more complicated [42, 44]. For these reasons, it is convenient to focus on the

quantity S̃η, as it provides a way to characterize noise that depends only on the noise source η

and is independent of the coupling between the qubit and the environment or the pulse sequence

used in dephasing time measurements.

3.2 Sources of Decoherence in Superconducting Qubits

3.2.1 Flux Noise

Although extensive research has been conducted, the fundamental cause of flux noise remains

elusive, making it challenging to reduce its effects. It is widely believed, however, that flux noise
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originates from the dynamics of magnetic impurities near the SC wires [5–7, 45–48]. This con-

clusion is supported by experiments showing noise amplitude following the Curie susceptibility

law (χ̃(ω = 0) ∝ 1/T , where T is temperature) [7]. There is no clear consensus on the mag-

netic order of the spins causing noise. While some authors claimed proximity to a spin glass

phase [7, 8], recent experiments observed a Curie-Weiss susceptibility χ̃(ω = 0) ∝ 1/(T − TCW)

which rules out the spin glass scenario. Quintana et al. [48] measured TCW ≈ −10 mK < 0

indicating proximity to an antiferromagnetic (AFM) phase, while Lanting et al. [49] measured

TCW ≈ +5 mK > 0 indicating proximity to a ferromagnetic (FM) phase.

The general consensus regarding the identity of these spin impurities suggests two main types:

electron spins (such as dangling bonds and interface states) and nuclear spins. A dangling bond

is a paramagnetic defect typically linked to an oxygen vacancy at the metal/metal-oxide interface

in superconducting devices. When there is a vacancy, not all of an atom’s valence electrons will

be paired to form covalent bonds with other atoms; these unpaired electrons possess a magnetic

moment [6].

Localized electron spins at the metal-insulator boundary can also contribute to noise. Under

ideal conditions with smooth interfaces, electrons travel through the metal as Bloch waves and

decay in the insulator. However, an uneven surface causes fluctuations in the electronic potential

at the boundary. As a result, a significant fraction of metal-induced gap states with single occu-

pancy become strongly localized near the interface, producing the observed paramagnetic spin

[50]. Finally, nuclear spins are always present, even in perfect lattices. Although their density

is much larger than the unpaired electron spin density, their magnetic moment is about three

orders of magnitude smaller. Explicit calculations of flux noise due to nuclear spins suggest they

may account for a small fraction (less than 5%) of the observed flux noise [51].

Experimental measurement of the flux noise spectrum in different materials and qubit archi-

tectures suggest the following empirical law,

S̃Φ(f) =
A2

Φ

fα
. (3.13)

Most measurements of flux noise have been done in devices made of two SC materials: Al and

Nb.
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3.2.2 Flux Noise in Aluminum Devices

For Al, Quintana et al. reported an approximately 1/f frequency dependence for the symmetric

component of flux noise S̃+
Φ (f) ≡ S̃Φ(f) + S̃Φ(−f) over several decades of frequency and an

Ohmic or super-Ohmic dependence above the classical-quantum crossover point f = kBT/h

[48], these results are shown in Fig. 3.3a. The source of the observed 1/f low-frequency

noise and the shift to high-frequency Ohmic noise, remains unidentified. They also observed a

1/(T+T0) temperature dependence below 100 mK for the antisymmetric component of flux noise

S̃−
Φ (f) ≡ S̃Φ(f) − S̃Φ(−f) with T0 = 10mK, see Fig. 3.3b. Considering that the antisymmetric

component of flux noise is proportional to the imaginary part of the susceptibility, this result

might be taken as evidence for paramagnetic spins that would behave antiferromagnetically at

lower temperatures, although more data is required to confirm this. There is no data on the

temperature dependence of the exponent α for Al devices.

(a) Freq. dependence. (b) Temp. dependence.

Figure 3.3: Frequency and temperature dependence of flux noise in Al.
(a) Symmetric spectrum of flux noise S̃+

Φ (f) results from [48]. Flux noise shows an approximately
1/f frequency dependence up to frequencies of 1 Ghz and an Ohmic or super-Ohmic dependence
after this point [52]. (b) Antisymmetric spectrum of flux noise S̃−

Φ (f) (f = 500 MHz) from [48],
showing a 1/(T + T0) dependence, as plotted in the inset, T0=10 mK [52].

Additionally, a recent experiment measured for the first time the impact of weak magnetic

fields in an Al SC flux qubit with a field oriented in the plane of the device [53]. For low
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frequencies, 0.1 - 10 Hz, they observed an increase in the noise and a 1/f (B = 0 G) to approxi-

mately Lorentzian (B ≳ 20 G) transition. The noise appears to show a non-monotonic behaviour,

with a general increase with magnetic field from B = 0 G to B = 80 G and decreasing from B =

80 G to B = 100 G, the results can be seen in Fig. 3.4a. At higher frequencies, in the order of

MHz they observed a suppression of the flux noise in fields up to B = 30 G with approximately

1/f noise, these results are shown in Fig. 3.4b. The origin of this magnetic field dependence in

noise remains unknown.

(a) Low freq. (b) High freq.

Figure 3.4: Magnetic field dependence of flux noise in Al.
(a) Low frequency results from [53]. The B = 0 G data is fit to a 1/f + white noise model and
data at each non zero field is fit to a Lorentzian + white noise model. Noise shows a transition
from 1/f to approximately Lorentzian noise with increasing field and a non-monotonic behaviour
in amplitude, increasing with increasing field up to B = 80 G and decreasing for B = 80-100 G
[54]. (b) High frequency (in the MHz range) results from [53]. Data shows a decrease in noise
with increasing field for approximately 1/f noise [54].

3.2.3 Flux Noise in Niobium Devices

Anton et al. reported measurements of the temperature dependence of the exponent α in ten

different Nb devices. They found that α decreases with temperature from 0.8 to 0.4 for T=0.1 -
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4 K. The squared flux amplitude A2
Φ also decreases with temperature with some devices showing

weaker dependence than others. These results are are incompatible with a model based on

random single flips of independent spins [55]. Results shown in Fig. 3.5.

Figure 3.5: Temperature dependence of exponent α and amplitude A2 in Nb.
Results from [55]. The exponent α and squared flux amplitude A2 decrease with temperature for
T=0.1 - 4 K [56].

3.2.4 Charge Noise

Charge noise in qubits is often found to provide the dominant source of qubit energy relaxation,

the 1/T1 rate. It refers to the unwanted fluctuations in the electric charge environment surround-

ing a qubit, and it originates from various sources, such as fluctuating single charges (trapping

centers [57]) and fluctuating electric dipoles. The latter is often denoted “dielectric loss” as

it causes single photon absorption. Candidate electric dipoles are TLSs [10, 58] and acoustic
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phonons that acquire electric dipole moment due to the piezoelectric effect [59]. Another mech-

anism of charge noise is due to the presence of superconducting excitations called quasiparticles

(See Chapter 7). Mitigating charge noise involves material purification and improved fabrica-

tion techniques. The charge noise in modern devices is often found to be dominated by either

fluctuating electric dipoles from unknown TLSs [60] or by non-equilibrium QP densities.

Charge noise can be modeled in terms of the dielectric loss tangent tan(δ), a measure of the

energy dissipation within the dielectric materials used in the qubit. In a capacitor (see chapter 7

for a derivation):

S̃Q(f) = 2ℏC tan(δ) [nB(f) + 1] , (3.14)

where C is the capacitance and nB(f) = 1/(ehf/(kBT ) − 1) is the Bose-Einstein distribution. The

loss tangent is dominated by the group of TLSs whose energy splitting is resonant with the

qubit. However, off-resonant TLSs may give rise to 1/f charge noise; this contribution may not

be relevant in qubits that are insensitive to charge fluctuations, such as transmons.

3.2.5 Non-equilibrium Superconducting Quasiparticle Distributions

Several experiments find an unusually large population of QP excitations in superconducting de-

vices, several orders of magnitude above their expected thermal population These non-equilibrium

distributions are believed to arise due to ionizing radiation from cosmic rays and other sources.

QP can absorb or emit energy, causing transitions between the qubit states and thus disrupting

the delicate quantum superpositions necessary for quantum computation. QP-tunneling across

junctions is particularly problematic because it can lead to both energy relaxation and dephasing

of the qubit states [11–13, 61]. Chapter 7 delves more deeply into this loss mechanism and sug-

gests that QPs can also be a source of charge and flux noise, even when they are not tunneling

across Josephson junctions.



CHAPTER 4

General Spin Dissipation Theory of Flux Noise

This chapter is an expanded version of section II-IV in publication [1].

4.1 Introduction

As mentioned above, spin impurities are believed to be the main source of flux noise in flux-

tunable devices. Two main models have been proposed to explain the noise currently observed

in experiments: the single-spin-flip model and the spin-diffusion model due to spin-spin interac-

tions.

The main mechanism for single spin-flips in FM metals, the so called Gilbert damping, relies

on magnetic excitations (magnons) decaying into electron-hole pair excitations in the metal. In

a superconductor these are exponentially suppressed at temperatures much lower than the SC

energy gap, making the Gilbert damping constant exponentially small [62]. The only remaining

mechanism for spin energy decay in superconductors is due to the interaction between each

impurity spin with nearby amorphous TLS [6]. Such an interaction leads to wide distributions

of single-spin-flip (relaxation) rates for different impurity spins [63].

When there are no single-spin flips in the system, the total spin magnetization is conserved,

and the spin fluctuations due to spin-spin exchange interaction necessarily obey a spin diffusion

equation at long wavelengths [64, 65]. Spin diffusion is a fundamental concept in condensed

matter physics. The phenomenon of spin diffusion arises when there is a non-uniform distribu-

tion of spin polarization in a material, leading to a net flow of spin angular momentum. A recent

“pump and probe” experiment [49] measured the flux time correlation function ⟨Φ̂(t)Φ̂(0)⟩ in

SQUIDs, and showed that it behaved similar to Brownian motion in the 1− 1000 µs time range,

34
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this provides evidence that the dynamics of flux Φ in a SC device is described by the phenomena

of diffusion in this time range.

Describing spin diffusion from “first principles”, i.e. by integrating the Heisenberg equations

of motion for a model of interacting spins, is a well known challenge of theoretical physics [65].

The standard method is what we call “third-principles approach”: It assumes the spins can be

described by a continuous magnetization density M (r, t) that satisfies the phenomenological

equation ∂M
∂t

= D∇2M , with D the spin diffusion constant. With all physical properties lumped

into a phenomenological constant D, the third-principles theory can not establish a connection

to microscopic model spin Hamiltonians, spin spatial distributions, and the impact of inhomo-

geneity and clusters.

A serious shortcoming of the third principles approach is that it requires the assumption of

a hard boundary condition such as M(r, t) = 0 at wire edges and the surface of spin clusters

in order to ensure total spin conservation across the boundaries [45, 49]. A hard boundary

condition like this is unjustifiable and, in fact, is known to be violated in magnetic systems

due to the appearance of confined surface or edge magnons [66]. Developing a theory of spin

dynamics that properly accounts for the boundary effects is of crucial importance because flux

noise is known to be dominated by spins at the edge of the wire where the supercurrent is

maximum [5, 51].

The purpose of this chapter is to propose a “second principles” theoretical framework for

spin dissipation (diffusion plus relaxation) that includes quantum noise and is more “micro-

scopic” than the usual third-principles approach. The goal is to establish a connection between

flux noise measured in experiments and microscopic spin Hamiltonians without the prohibitive

computational cost associated with the first-principles approach. To do this, we assume spin dis-

sipation according to a random walk model governed by the parameters of the spin Hamiltonian

such as the microscopic exchange interaction between each pair of spins.

This chapter is organized as follows: Section 4.2 describes the flux noise model due to spins

used in the following sections. Section 4.3 describes the spin dissipation model including diffu-

sion from spin-spin interactions and spin-lattice relaxation, we present a proposed equation of

motion and a discrete version of the diffusion operator. We finalize with the conclusions of this

chapter in section 4.4.
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4.2 Spin Flux Noise Model

In this section, we describe the impact of wire currents on impurity spins and how it leads to a

general expression for flux noise. Consider a system of spins placed on the surface of a SC wire.

The magnetic moment of an impurity spin is given by −gµBŝi, where g ≈ 2 is the g-factor, µB is

the Bohr magneton, and ŝi is a dimensionless spin operator for an impurity located at position

Ri. It couples to the SC wire current density by producing a flux [51],

Φ̂ = −
∑
i

xiF (Ri) · ŝi, (4.1)

where the sum goes over all sites Ri of a virtual square lattice containing N sites. The variable

xi = 1 when there is a spin at the virtual site, and xi = 0 otherwise, and the spin density is σ =∑
i xi/N = Ns/N , where Ns is the number of spins. The flux vector F (r) is directly proportional

to BI(r), the magnetic field produced by the wire’s current density: F (r) = gµBBI(r)/I, where

I is the total current flowing through the wire.

The wire’s current in turn affect spins by imprinting an external local field

hi = −gµBBI(Ri) = −IF (Ri), (4.2)

that couples to the spin according to Hc = −
∑

i xihi · ŝi, so hi has dimensions of energy. When

the local field hi is time-dependent, the spins respond according to

⟨ŝai (t)⟩h̸=0 = ⟨ŝai (t)⟩h=0 +
∑
j,b

∫ ∞

−∞
dt′χab

ij (t− t′)hbj(t
′), (4.3)

where a, b = x, y, z and χab
ij (t) is the dynamical susceptibility. Defining spin noise as

S̃ab
ij (ω) = xixj

∫ ∞

−∞
dteiωt⟨[ŝai (t)− ⟨ŝai ⟩][ŝbj(0)− ⟨ŝbj⟩]⟩, (4.4)

we can relate this expression to the imaginary part of the dynamical susceptibility using the

fluctuation-dissipation theorem (see Appendix A). The fluctuation-dissipation theorem for spins
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is

S̃ab
ij (ω) = 2ℏ (nB(ω) + 1) Im{χ̃ab

ij (ω)}, (4.5)

with nB(ω) = 1/(eℏω/(kBT ) − 1) is the Bose-Einstein distribution. χ̃ab
ij (ω) is the Fourier transform

of χab
ij (t):

χ̃ab
ij (ω) =

∫ ∞

−∞
dteiωtχab

ij (t), (4.6)

and

χab
ij (t) =

1

2π

∫ ∞

−∞
dωe−iωtχ̃ab

ij (ω). (4.7)

The flux noise, the PSD of flux fluctuations as defined in Eq. (3.5), is then given by

S̃Φ(ω) =

∫ ∞

−∞
dteiωt

〈
δΦ̂(t)δΦ̂(0)

〉
=

∑
i,j,a,b

F a(Ri)S̃
ab
ij (ω)F

b(Rj), (4.8)

where δΦ̂(t) = Φ̂(t)− ⟨Φ̂⟩ denotes flux fluctuation.

4.3 General Spin Dissipation Model

In this section we present an extension to the usual third principles approach for spin diffusion

by proposing a discrete version of diffusion and considering reactive dynamics ignored in simpler

models, this approach is able to account for disorder and thermal effects, as well as the effects

of external magnetic fields. We also incorporate spin-lattice relaxation in the spins’ equation of

motion, accounting for disorder due to a wide distribution of individual spin-flip rates Γi

4.3.1 Free Energy in the Mean Field Approximation

Consider a system of spins si interacting with each other, each spin is also coupled to an external

local field hi. The system is thus described by the Heisenberg Hamiltonian

H = −1

2

∑
i,j

xixjJij ŝi · ŝj −
∑
i

xihi · ŝi. (4.9)
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Here, Jij is the exchange interaction between spins i and j. This interaction can be FM, Jij > 0;

or AFM, Jij < 0.

In mean-field theory we neglect higher order fluctuations by approximating ⟨ŝai ŝbj⟩ ≈ ⟨ŝai ⟩⟨ŝbj⟩.
We simplify the notation by writing ⟨ŝi⟩ = si, i.e. the spin vector without a hat denotes the

average of the spin operator (a real vector). The mean-field approximation is exactly the same

as the “classical spin model” used by many authors, e.g. [67]. An additional approximation

in mean-field theory is to assume the system’s entropy can be written as a sum of single-spin

entropies. To calculate the average entropy of a single spin, we assume the spin is coupled to

an average magnetic field B by a Hamiltonian H1 = gµBBŝ
z. The partition function in the

canonical ensemble is given by

Z = 2cosh

(
gµBB

2kBT

)
, (4.10)

and the free energy of the single-spin system is

F1 = −kBT log(Z) = ⟨H1⟩ − T ⟨S1⟩, (4.11)

where S1 is the entropy of the spin and T is the temperature of the thermal bath. We can

calculate the entropy:

⟨S1⟩/kB =
gµBB

kBT
s+ log

(
2cosh

(
gµBB

2kBT

))
. (4.12)

s is the thermal average of the spin:

s = ⟨ŝz⟩ = 1

Z
∑
α

⟨α|ŝz|α⟩ = −1

2
tanh

(
gµBB

2kBT

)
. (4.13)

From this relation, the magnetic field B can be written as

B =
kBT

gµB

log

(
1− 2s

1 + 2s

)
, (4.14)



GENERAL SPIN DISSIPATION THEORY OF FLUX NOISE 39

for −1
2
< s < 1

2
. The entropy is then

⟨S1⟩/kB = log 2− slog

(
1 + 2s

1− 2s

)
− 1

2
log
(
1− 4s2

)
≈ log 2− 2s2 − 4

3
s4, (4.15)

where in the last line we assumed that s is sufficiently small (B is small) and dropped higher

order terms. The free energy of the entire system is thus given by

F = ⟨H⟩ − T ⟨S⟩ = −1

2

∑
i,j

xixjJijsi · sj −
∑
i

xihi · si

−kBT
∑
i

xi

[
log 2− 2|si|2 −

4

3
|si|4

]
, (4.16)

note that this is a good approximation when hzi = gµBB ≪ kBT and T ≫ Tmag
c , where Tmag

c is a

critical temperature for a phase where si > 0.

In the opposite limit s →= −1
2

(s →= 1
2
), we can interpret this as the result of a large local

field B > 0 (B < 0) on spin s (either from a large external magnetic field or due to strong

interactions with neighbouring spins). In this case the entropy is

⟨S1⟩/kB =
gµBB

kBT
s+ log

(
2cosh

(
gµBB

2kBT

))
≈ −gµBB

2kBT
+ log

(
exp

(
gµBB

2kBT

))
= 0. (4.17)

The free energy in this regime can then be approximated by:

F = ⟨H⟩ = −1

2

∑
i,j

xixjJijsi · sj −
∑
i

xihi · si. (4.18)

We will assume that |s| ≪ 1
2

and use Eq. (4.16) to calculate the free energy hereinafter, the

opposite limit can be obtained by taking T → 0 in the free energy expression.
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Thermal equilibrium is realized by the set of si that leads to the global minimum of the free

energy. For example, take xi = 1, hi = 0 for all i, Jij = J > 0 for nearest neighbors (NN) and

zero otherwise, and a lattice with periodic boundary conditions (b.c.). In this case the global

minimum of F is realized by si = seq for all i (the FM homogeneous state), with free energy

given by
F
N

=

(
2kBT − γJ

2

)
(seq)2 +

4

3
kBT (s

eq)4 − kBT ln 2, (4.19)

where γ is the number of NN for each site of the lattice. From this expression we see that a

global minimum with seq > 0 appears only when the first term changes sign, leading to critical

temperature kBTmag
c = kBTCW = γJ/4. The same calculation can be done for J < 0 when the

lattice can be partitioned into two sublattices with one being n.n. to the other. For this case the

global minimum of F is realized by si = +seq for one sublattice and si = −seq for the other (AFM

homogeneous state). This leads to kBT
mag
c = γ|J |/4. However, kBTCW = −γ|J |/4 because the

magnetic susceptibility does not have a singularity at Tmag
c . These are the well-known mean-field

results for phase transitions in the spin-1/2 Heisenberg model [68].

4.3.2 Spin Dynamics

We propose that spin dynamics follow the generalized equation of motion

dsi
dt

=
1

ℏ
si ×Hi −

∑
j

DijHj − Γi(si − sinst eq
i ), (4.20)

where Hi is an internal spin field, defined below. This equation is expected to be valid for

frequencies smaller than a cut-off Ωc to be discussed later. In addition to the usual spin pre-

cession, this includes a discrete version of the intra-spin dissipation operator Dij, together with

spin energy relaxation Γi assumed to be isotropic. The Γi drives si towards its “instantaneous

equilibrium” value

sinst eq
i = seqi +

∑
j

χ̃ij(0)δhj(t), (4.21)

which is time-dependent due to local field dynamics, hi(t) = heq
i + δhi(t), where heq

i is the static

part. The quantities seqi do not depend on time, they are thermal equilibrium averages calculated
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assuming δhi(t) = 0, i.e. they only depend on heq
i and other static free energy parameters;

χ̃ab
ij (0) = ∂(seqi )a/∂hbj is the ω = 0 susceptibility, assumed isotropic (∝ δab) to be consistent with

our Hamiltonian, Eq. (4.9). We call Eq. (4.21) the “instantaneous approximation”, because it

assumes the other degrees of freedom causing spin energy relaxation relax much faster than the

spins themselves, so that the spin system remains in thermal equilibrium with the other non-

spin degrees of freedom at all times. Note how Eq. (4.21) introduces the ω = 0 susceptibility

self-consistently into the equation of motion (4.20).

The internal spin field is defined as

Hi = −∂F
∂si

= xi

{∑
j

xjJijsj + hi − 4kBT

[
1 +

4

3
s2i

]
si

}
, (4.22)

and the thermal equilibrium spin averages seqi are determined by imposing time independence,

hi(t) − heq
i = δhi(t) = 0 and dsi

dt
= 0 for all i. This implies seqi must be found by solving the

system of equations
1

ℏ
seqi ×Heq

i −
∑
j

DijH
eq
j = 0, (4.23)

where Heq
i is Eq. (4.22) with si = seqi and hi = heq

i . Note how Eq. (4.23) is always satisfied for

Heq
i = 0, a smooth local minimum of the free energy. However, other solutions with Heq

i ̸= 0

may arise in the presence of site-dependent local fields heq
i .

The three terms in the right hand side of Eq. (4.20) correspond to reactive dynamics, intra-

spin-system dissipation (e.g. diffusion), and spin energy relaxation due to other degrees of

freedom, respectively. The reactive term is non-dissipative, it does not change sign under time

reversal t → −t so it has the same symmetry as the left hand side. The second and third terms

on the right hand side do change sign under time reversal, leading to an irreversible approach

to thermal equilibrium (the arrow of time). These terms must be added ad hoc to the linearized

equations of motion so that the zeroth (attainment of thermal equilibrium) and second (entropy

always increases) laws of thermodynamics are obeyed. That is, the system is able to reach

thermal equilibrium, and the free energy always decreases as a function of time when the system

is in contact with a thermal reservoir.

The normal modes of Eq. (4.20) are called magnons and paramagnons, to be defined below.



42 GENERAL SPIN DISSIPATION THEORY OF FLUX NOISE

The reactive terms of Eq. (4.20) describe the dynamics of noninteracting (para)magnons ob-

tained by the mean-field approximation. Exactly the same results are obtained from different

methods, e.g. using a Holstein-Primakoff transformation to convert spin operators into Bosonic

creation/destruction operators; transforming Hamiltonian (4.9) and keeping contributions that

are quadratic in these Bosonic operators leads to the same magnon modes as Eq. (4.20) with

Dij = Γi = 0 [66]. However, the higher order terms that are neglected in this quadratic ap-

proximation can be interpreted as describing (para)magnon-(para)magnon interactions. The

introduction of Dij ̸= 0 serves to account for these interactions phenomenologically.

4.3.3 Dissipation Matrix

To go beyond the third-principles assumption of long wavelength spin diffusion we need to

come up with a specification for Dij that respects several physical constraints. To do this, we

take inspiration from random walk models in a lattice. The key idea is that exchange interaction

Jij is the main driver for each random walk step, a spin “flip-flop”. A sequence of many flip-flops

will lead to diffusion. The constraint of total spin conservation motivates our postulation of the

following spin dissipation matrix:

Dij =
d0(T )

ℏJ̄ c
i

(
xixj|Jij| − δij

∑
k

xixk|Jik|

)
. (4.24)

Here d0(T ) is a function of temperature to be determined by fitting the theory to experiments

(note d0(T ) is dimensionless). This additional temperature dependence is introduced to account

for critical behaviour of the spin diffusion constant near Tmag
c [69]. However, when all Jij = 0,

we necessarily haveDij = 0, i.e. no diffusion can occur. Because of this we also expect d0(T ) → 0

when all Jij → 0. The quantity

J̄ c
i =

1

Nc

∑
j,k∈cluster c

xjxk|Jjk| (4.25)

is the average exchange times coordination number for cth cluster, the cluster that contains spin

i. Such a cluster is defined as the set of all spins j such that either Jij ̸= 0 or there exists a set of
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sites k1, k2, . . . , kn such that Jik1Jk1k2Jk2k3 · · · Jknj ̸= 0. Nc is the number of spins in the isolated

cluster c. The following motivates this choice:

1. When the local external field hi and spin relaxation rate Γi are both zero, Eq. (4.24)

preserves total spin. From Eq. (4.20), for each isolated spin cluster:

d

dt

( ∑
i∈cluster

si

)
= −

∑
i,j∈cluster

DijHj

= −d0(T )
ℏ

∑
i,j∈cluster

1

J̄ c
i

(
xixj|Jij| − δij

∑
k

xixk|Jik|

)

×

(∑
q

xqJjqsq − 4kBT

[
1 +

4

3
s2j

]
sj

)
= 0, (4.26)

so the total spin in each cluster is a constant of the motion. Therefore, we do not need

to assume hard boundary conditions [45, 49] to describe confined systems such as spin

clusters and wire edges.

2. This choice for Dij gives rise to diffusion in the long wavelength regime when Γi = 0

for all i. For the homogeneous NN model in the square lattice with Jij = Ji,i+v = J

for v = ±a0x̂,±a0ẑ with a0 the inter-atomic distance and xi = 1 for all i, defining the

magnetization density M(r) = −
∑

i siδ(r−Ri) and assuming high temperature (kBT ≫ J

and (si)
2 ≪ 1), we calculate:

d

dt
M (r) =

∑
i,j

δ(r −Ri)DijHj

≈ −4d0(T )kBT

ℏ
∑
i,j

δ(r −Ri)
1

J̄ c
i

(
|Jij| − δij

∑
k

|Jij|

)
sj

=
d0(T )kBT

ℏ
∑
i

δ(r −Ri)

(
4si −

∑
v

si+v

)

=
d0(T )a

2
0kBT

ℏ
∇2M (r), (4.27)
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where si+v is the spin s at the location Ri + v and the discrete derivative in the lattice

is dfi
dx

=
fi+a0x̂

−fi−a0x̂

2a0
. Equation (4.27) may be compared to experiments that show a spin

diffusion constant increasing with temperature [8].

3. Consider the time derivative of the free energy in each isolated spin cluster when hi is

independent of time:

dF
dt

=
∑
i

∂F
∂si

· dsi
dt

=
d0(T )

ℏ
∑
i

1

J̄ c
i

Hi ·
∑
j

xixj|Jij|(Hj −Hi) +
∑
i

ΓiHi · (si − seqi )

= −d0(T )
ℏ

∑
i<j

1

J̄ c
i

xixj|Jij|(Hi −Hj)
2 −

∑
i

Γi

(
F(si)−F(seqi ) +O

[
(δsi)

2
])
.(4.28)

The first term on the RHS is always negative, showing that our choice for Dij always tends

to decrease the free energy as time increases (i.e. it obeys the 2nd law of thermodynamics).

This justifies our use of modulus of Jij in Eq. (4.24).

The second term on the RHS of Eq. (4.28) is negative provided that the deviation out of

equilibrium is small and F(seqi ) is a local minimum of the free energy. Therefore, the cou-

pling to other non-spin degrees of freedom Γi pushes the system towards a local minimum

of the free energy, without subjecting to spin conservation.

We remark that our choice of using the local field Hj in the dissipation term of Eq. (4.20)

guarantees both the first and seconnd law of thermodynamics are satisfied:

1. dsi
dt

= 0 for a smooth local minimum of the free energy, Heq
i = 0, even when local fields are

inhomogeneous.

2. This choice allows us to group the product Hi · (Hj − Hi) as (Hi − Hj)
2 in Eq. (4.28).

This guarantees that the entropy always increases with time.

This justifies our choice of the term DijHj in Eq. (4.20). Note, however, that other choices could

satisfy these conditions.
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4.4 Conclusions

We developed a “second principles” theory of flux noise due to spin dissipation due to spin-spin

interactions and spin-lattice relaxation. The theory is able to account for the confinement and

disorder present in realistic impurity spins systems on SC devices. The theory proposes a discrete

version of dissipation given by the matrix Dij, Eq. (4.24). Dij depends on spin Hamiltonian

parameters such as exchange interaction, establishing a direct connection between flux noise and

model spin Hamiltonians. This framework also allows for energy exchange between the spins

and other degrees of freedom like phonons and amorphous TLSs modeled as relaxation terms

Γis. The theoretical framework allows explicit prediction of the amplitude and exponent of flux

noise due to different wire geometries and spin disorder scenarios, such as random vacancies

and relaxation rates. We use this theory to calculate flux noise explicitely in chapters 5 and 6.



CHAPTER 5

Flux Noise due to Spin-Lattice Relaxation and
Dependence on External Magnetic Fields

This chapter is an expanded version of publication [2].

5.1 Introduction

In this chapter we propose a theoretical model based on the assumption of an ensemble of inde-

pendent impurity spins placed on the surface of the SC wire with dynamics governed by single

spin flips (spin relaxation), this model is equivalent to the general model presented in chapter

4 with no spin-spin interactions, Dij = Jij = 0, in this case, each spin can be treated indepen-

dently and flux noise can be calculated analytically. The model provides a possible explanation

for many of the less understood aspects of flux noise in Al devices, such as 1/f noise and its

dependence on the magnetic field. In section 5.2 we start by defining the general properties of

our model for a single spin under spin relaxation, this results in lorentzian flux noise. In sec-

tion 5.3 we consider an ensemble of spins with a wide distribution of cross-relaxation rates, this

model results in 1/f noise in a large interval of frequencies. In section 5.4 we consider the ef-

fect of direct spin relaxation, in this model, the transition from 1/f to lorentzian noise observed

in experiments is a natural consequence on the magnetic field dependence of direct relaxation.

Finally, section 5.5 presents the conclusions.

46
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5.2 Single Spin Model

Consider a single spin on the surface of a SC wire as in Figure 5.1. The spin is coupled to the

wire’s current according to the Hamiltonian,

H = gµBB · ŝ, (5.1)

where B = BI(R) +Bext is the spin’s local field, including BI(r), the magnetic field produced

by the wire’s current density, and an externally applied field Bext. For typical SQUIDs, I ≲ 1 µA,

leading to peak BI < µ0I/b ∼ 0.1 G where b ∼ 0.1 µm is the thickness of the SC wire. As a result

it is safe to approximate B ≈ Bext when Bext > 1 G. From this point on we write h = −gµBB as

in Eq. (4.2).

Figure 5.1: Single spin on the surface of the superconducting wire.
The spin ŝ is coupled to the magnetic field generated by the wire’s current and to an external
magnetic field, the total field is B. F is the flux vector at the spin’s location.

Note that S̃ab(ω) = −S̃ba(ω) when a ̸= b, this follows from the fluctuation-dissipation theorem

for spins, Eq.(4.5), and the observation that the susceptibility χ̃ab(ω) is real when a ̸= b. The flux

noise produced by the spin, Eq. (4.8), simplifies to

S̃Φ(ω) =
∣∣∣F · ĥ

∣∣∣2 S̃∥(ω) +
∣∣∣F × ĥ

∣∣∣2 S̃⊥(ω)

= |F z|2 S̃zz(ω) + |F x|2 S̃xx(ω). (5.2)
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Here ĥ is the unit vector pointing along the local magnetic field acting on the spin, S̃∥(ω) ≡
S̃ĥĥ(ω), and S̃⊥(ω) ≡ S̃P̂ P̂ (ω) were P̂ is any direction perpendicular to h. Without loss of

generality we chose ∥= zz,⊥= xx = yy in Eq. (5.2).

When relaxation processes are considered, the evolution of the ensemble average of the spin

operator s = ⟨ŝ⟩ is described by the Bloch equations [70]:

d

dt
sx =

gµB

ℏ
[B × s]x − Γ2[s

x − sinst eq, x], (5.3a)

d

dt
sy =

gµB

ℏ
[B × s]y − Γ2[s

y − sinst eq, y], (5.3b)

d

dt
sz =

gµB

ℏ
[B × s]z − Γ1[s

z − sinst eq, z]. (5.3c)

In addition to spin precession, this equation includes spin energy relaxation rate Γ1 =
1
T1

and spin
decoherence rate Γ2 =

1
T2

≥ Γ1/2. These drive s towards its “instantaneous equilibrium” value

sinst eq = seq +
∑

a=x,y,z

χ̃aa(0)δha(t), (5.4)

where χ̃zz(0) and χ̃xx(0) = χ̃yy(0) are the ω = 0 longitudinal and transverse susceptibilities,

respectively. Eq. (5.3a) is equivalent to Eq. (4.20) for a single spin with no spin-spin interactions,

Dij = Jij = 0, note that in this case we assume the relaxation rates along the directions parallel

and perpendicular to the external magnetic field are not necessarily equal, this also implies the

zero-frequency susceptibilities along x and z can differ from each other. For small deviations

from equilibrium we write h → heq + δh(t), and s → seq + δs(t), where both δh(t) and δs(t)

are small time-dependent perturbations. Plugging these into Eq. (5.3a) and dropping non-linear

terms enables the calculation of the dynamical susceptibility. In the ẑ direction, the equation of

motion in Fourier space is

(ω + iΓ1)δs̃
z = iΓ1χ̃

zz(0)δh̃z. (5.5)

Using Eq. (4.3), we can calculate the dynamical susceptibility:

χ̃zz(ω) =
δs̃z

δh̃z
=
iΓ1χ̃

zz(0)

ω + iΓ1

. (5.6)
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We can calculate the zero-frequency susceptibility χ̃zz(0) by calculating the equilibrium spin state

seq using Maxwell-Boltzmann statistics:

seq =

∑
i sie

−Ei/kBT∑
j e

−Ej/kBT
=

1

2

(
eh

eq/2kBT − e−heq/2kBT

eheq/2kBT + e−heq/2kBT

)
=

1

2
tanh(heq/2kBT ), (5.7)

and from Eq. (5.4), the zero-frequency susceptibility is

χ̃zz(0) =
∂seq

∂heq
=

1

4kBT cosh2(heq/2kBT )
. (5.8)

Similarly, in the x̂ and ŷ directions:

(ω + iΓ2)δs̃
x − i

ℏ
heqδs̃y = − i

ℏ
seqδh̃y + iΓ2χ̃

xx(0)δh̃x, (5.9a)

(ω + iΓ2)δs̃
y +

i

ℏ
heqδs̃x =

i

ℏ
seqδh̃x + iΓ2χ̃

yy(0)δh̃y. (5.9b)

Defining δs+ = δsx + iδsy, we can combine both equations summing Eq. (5.9a) to Eq. (5.9b)

multiplied by i: (
ω + iΓ2 −

1

ℏ
heq
)
δs̃+ =

(
iΓ2χ̃

xx(0)− 1

ℏ
seq
)
δh̃+, (5.10)

where δh+ = δhx + iδhy and by symmetry χ̃xx(0) = χ̃yy(0). Therefore,

χ̃++(ω) =
iΓ2χ̃

xx(0)− 1
ℏs

eq

ω + iΓ2 − 1
ℏh

eq
. (5.11)

We can calculate the susceptibilities in all other directions using this result. Note that:

δs̃x = χ̃xxδh̃x + χ̃xyδh̃y, (5.12a)

δs̃y = χ̃yxδh̃x + χ̃yyδh̃y. (5.12b)

Therefore:



50 FLUX NOISE DUE TO SPIN-LATTICE RELAXATION AND DEPENDENCE ON EXTERNAL
MAGNETIC FIELDS

δs̃± = (χ̃xx ± iχ̃yx) δh̃x + (χ̃xy ± iχ̃yy) δh̃yj

= (χ̃xx ± iχ̃yx − iχ̃xy ± χ̃yy)
δh̃+

2

+ (χ̃xx ± iχ̃yx + iχ̃xy ∓ χ̃yy)
δh̃−

2
. (5.13)

From Eq. (5.10) we know that χ̃+−(ω) = χ̃−+(ω) = 0, therefore χ̃xx(ω) = χ̃yy(ω) and χ̃xy(ω) =

−χ̃yx(ω). And since χ̃ab(−ω) = [χ̃ab(ω)]∗ for a, b = x, y, z, we get the missing susceptibility

components:

χ̃yy(ω) = χ̃xx(ω) =
1

2

(
χ̃++(ω) + [χ̃++(−ω)]∗

)
, (5.14a)

χ̃yx(ω) = −χ̃xy(ω) =
1

2i

(
χ̃++(ω)− [χ̃++(−ω)]∗

)
. (5.14b)

Note that the flux noise contributions of S̃xy(ω), S̃yx(ω) will cancel each other out, this follows

from the definition of flux noise, Eq. (4.8) and the fact that χ̃xy(ω) = −χ̃yx(ω), therefore the only

relevant susceptibilities are χ̃zz(ω) and χ̃xx(ω) (χ̃yy(ω)). Note that for zero external magnetic

field, χ̃zz
ij (ω) = χ̃xx

ij (ω). The xx component of the dynamical susceptibility is thus

χ̃xx(ω) =
1

2

(
iΓ2χ̃

xx(0)− 1
ℏs

eq

ω + iΓ2 − 1
ℏh

eq
+
iΓ2χ̃

xx(0) + 1
ℏs

eq

ω + iΓ2 +
1
ℏh

eq

)
. (5.15)

the zero-frequency susceptibility χ̃xx(0) is found by taking the limit of Eq. (5.15) when ω → 0,

χ̃xx(0) =
seq

heq
=

1

2heq
tanh(heq/2kBT ). (5.16)

The spin noise can be found using the fluctuation-dissipation theorem, Eq. (4.5) and the found

values of the dynamical susceptibilities, Eqs. (5.6), (5.15). In the current single spin model the
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spin noise can be calculated analytically:

S̃zz(ω) =
2ℏω

1− e−ℏω/kBT

Γ1χ̃
zz(0)

ω2 + Γ2
1

, (5.17a)

S̃xx(ω) =
ℏωΓ2χ̃

xx(0)

1− e−ℏω/kBT

[
1

(ω − heq/ℏ)2 + Γ2
2

+
1

(ω + heq/ℏ)2 + Γ2
2

]
. (5.17b)

heq/kBT 0 heq/kBT
/kBT 

0.0

0.5

1.0

Szz( )/Szz(0)
Sxx( )/Szz(0)

Figure 5.2: Spin noise produced by a single spin in a magnetic field heq.
Spin fluctuations along heq (S̃zz(ω)) remain peaked at ω = 0. In contrast, spin fluctuations
perpendicular to heq (S̃xx(ω)) give rise to “spin precession peaks” centered at ω = ±heq/ℏ. As
a result the flux noise contribution due to the component of the flux vector perpendicular to heq

is expelled from the low frequency range (See Eq. (5.2)). Both contributions are Lorentzian with
linewidth set by the corresponding spin decay rate Γ1,Γ2. The figure assumes Γ1 = 2Γ2 = 0.1 heq/ℏ.

In the presence of an external magnetic field, S̃zz(ω) is drastically different from S̃xx(ω), as

illustrated in Fig. 5.2. From Eq. (5.2) it follows that at each spin location, the flux vector’s

component parallel to the external field will produce Lorentzian flux noise peaked at ω = 0.

In contrast, the component of the flux vector perpendicular to heq will produce instead two
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Lorentzians peaked at ω = ±heq/ℏ = ±2π(B/1 G) × 2.8 MHz. This shows that even fields of a

few Gauss have huge impact on flux noise: They shift the perpendicular flux vector contribution

to a much higher frequency range. This effect is the spin analogue of high-frequency charge

noise produced by quantum coherent TLSs in amorphous materials [71]. The magnetic external

field will also have an effect on the amplitude of the zero-frequency susceptibility and therefore

on the amplitude of noise. This dependence is very weak for small fields heq since χ̃xx(0) =

χ̃zz(0) ≈ 1/4kBT in this limit. For large fields heq ≫ kBT , χ̃xx(0) ∝ 1/heq and χ̃zz(0) ∝ e−heq, the

zero-frequency susceptibility thus shows a strong dependence on large external fields.

5.3 Impact of Cross Relaxation

5.3.1 Cross Relaxation

Cross relaxation, in the context of this dissertation, refers to the phenomenon where impurity

spins relax due to phonon-induced transitions of amorphous TLSs. These systems are typically

defects or non-crystalline structures within the material that can absorb and emit energy at

quantum scales and can be modeled by a double well potential. The impurity spin couples to the

TLS either through spin-orbit or hyperfine interaction, both of which are modulated by the TLS

transition. In environments where such amorphous TLSs are present, spins can exchange energy

with these defects, leading to relaxation processes that differ significantly from those observed

in more orderly crystalline structures.

The cross-relaxation rate, whereby an impurity spin sj flips simultaneously with an amor-

phous TLS switch (red arrow in Fig. 5.4), is given by [6, 63]

Γ1,j = Γce
−λj , (5.18)

where Γc is a cut-off for Γ1,j, and λj is a random variable uniformly distributed in the interval

[0, λmax]; it models the barrier for TLS switch. Since the majority of these processes occur for

TLSs with energy splitting of the order of kBT , cross relaxation is independent of magnetic field
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when gµBB < kBT [6]. Such a model is described by the probability density

p(Γ) =
1

λmax

1∣∣dΓ
dλ

∣∣ = 1

λmax

1

Γ
, (5.19)

for Γmin < Γ < Γmax, and zero otherwise, where Γmin = Γce
−λmax and Γmax = Γc.

5.3.2 Disorder in a Spin Ensemble: 1/f Noise

Let’s now consider an ensemble of multiple spins, we assume that independent spin flips domi-

nate ω > 0 noise, so that S̃jk(ω) ≪ S̃jj(ω) when j ̸= k, i.e., interactions between spins are not

relevant, under this consideration, the total flux noise produced by this system is simply the sum

of the flux noise generated by each spin, Eq (5.2). We introduce disorder in the system assuming

each spin decays with a relaxation rate Γ1,j given by cross-relaxation as described earlier, Eq.

(5.18). The disorder-averaged parallel spin noise is

S̃zz
avg(ω) =

∫ Γmax

Γmin

S̃zz(ω)p(Γ)dΓ =
2ℏω

1− e−ℏω/kBT

χ̃zz(0)

λmax

∫ Γmax

Γmin

dΓ

ω2 + Γ2

=
2ℏω

1− e−ℏω/kBT

χ̃zz(0)

ωλmax

[
arctan

(
Γmax

ω

)
− arctan

(
Γmin

ω

)]
≈ kBTπχ̃

zz(0)

λmax

1

ω
, (5.20)

where in the last line we assumed Γmin ≪ ω ≪ Γmax and ℏω ≪ kBT . While a single spin produces

Lorentzian noise, a system of disordered spins with a wide distribution of relaxation rates Γ1 can

give rise to 1/f noise in a large interval of frequencies [1, 6, 63], this can be seen in Fig. 5.3.

This provides a possible explanation for the mechanism producing flux noise measured in Al

devices as in Fig. 3.3a. Note that when ω ≫ Γmax, S̃zz
avg(ω) ∝ 1

ω2 and for very low frequencies

ω ≪ Γmin, S̃zz
avg(ω) has a lorentzian behaviour. Similarly, if we assume that spin decoherence is

dominated by spin relaxation, Γ2 ≈ Γ1/2, the disorder-averaged of the spin noise perpendicular

component is
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Figure 5.3: 1/f flux noise from a wide distribution of spins.
Spin noise S̃zz(ω) calculations for a random ensemble of spins. The dotted lines show each individ-
ual instance of S̃zz(ω) for a particular random relaxation rate Γi,j from Γmin to Γmax according to
Eq. (5.18), the solid line represents the sum of all instances. The red dotted line is the 1/f fit for
Γmin ≪ ω ≪ Γmax, Eq. (5.20). 5000 instances were considered in the sum, only 50 are shown.
ℏω0/kBT = 10−12, ℏΓmax/kBT = 10−7, λmax = 8.

S̃xx
avg(ω) =

∫ Γmax/2

Γmin/2

S̃xx(ω)p(Γ)dΓ

=
ℏω

1− e−ℏω/kBT

χ̃xx(0)

λmax

∫ Γmax/2

Γmin/2

dΓ

[
1

(ω − heq/ℏ)2 + Γ2
+

1

(ω + heq/ℏ)2 + Γ2

]
=

ℏω
1− e−ℏω/kBT

χ̃xx(0)

λmax

{
1

ω − heq/ℏ

[
arctan

(
Γmax/2

ω − heq/ℏ

)
− arctan

(
Γmin/2

ω − heq/ℏ

)]
+

1

ω + heq/ℏ

[
arctan

(
Γmax/2

ω + heq/ℏ

)
− arctan

(
Γmin/2

ω + heq/ℏ

)]}
. (5.21)

From this result we see that S̃xx
avg(ω) ∝ 1/|ω± heq/ℏ| for Γmin ≪ |ω± heq/ℏ| ≪ Γmax, therefore, in

a spin system dominated by spin relaxation, we can expect spin noise S̃xx
avg(ω) to behave similarly

to S̃zz
avg(ω ≃ 0) at frequencies ω = ±heq/ℏ. In systems where Γ2 ≫ Γ1/2 we can expect this
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contribution to be less relevant.

5.4 Impact of Direct Spin Relaxation

5.4.1 Direct Relaxation

Direct relaxation involves the process by which spins return to thermal equilibrium with their

surrounding lattice environment. This relaxation is characterized by the energy transfer from

the excited spins to the lattice, typically mediated by phononic interactions in the material. The

direct relaxation rate, corresponding to a spin-flip with the amorphous TLS state unchanged

(blue arrow in Fig. 5.4) is given by

Γ1,j = Γd(kBT )(h
eq)n, (5.22)

independent of the spin sj. The rate scales linearly in T because they are proportional to the

phonon occupation at the Zeeman frequency in the high temperature limit; it also scales as (heq)n

because the direct mechanism requires the breaking of time-reversal symmetry and therefore

vanishes at zero magnetic field. The exponent n depends on the interaction mediating the

relaxation mechanism, n = 2 for hyperfine interaction and n = 4 for spin-orbit coupling [72, 73].

5.4.2 Reduced Disorder: 1/f to Lorentzian Noise

We propose the following relaxation rates for a spin sj placed on the surface or interface of a SC

wire,

Γ1,j = Γce
−λj + Γh. (5.23)

We define Γh ≡ Γd(kBT )(h
eq)n as the direct relaxation contribution to the spin relaxation. The

Γ1,j are distributed according to probability density p(Γ) = 1/(λmax|dΓdλ |), this expression accounts

for both cross and direct spin relaxation. This leads to the disorder-averaged single spin noise,
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Figure 5.4: Energy level structure for a spin coupled to an amorphous TLS.
4 level system of amorphous TLS coupled to a spin. E is the energy difference between the amorphous
TLS’s eigenstates (±) modeled by a double well potential coupled to the spin (↑ / ↓). The red (blue)
arrow illustrates cross (direct) relaxation, Γ±,↑/↓ → Γ∓,↓/↑

(
Γ±,↑/↓ → Γ±,↓/↑

)
.

S̃zz
avg(ω) =

∫ Γmax

Γmin

S̃zz(ω)p(Γ)dΓ =
2ℏωχ̃zz(0)

1− e−ℏω/kBT

1

λmax

∫ Γmax

Γmin

1 + Γh

Γ−Γh

ω2 + Γ2
dΓ

=
2ℏωχ̃zz(0)

1− e−ℏω/kBT

{
1

λmax

(
ω2

ω2 + Γ2
h

)
arctan(Γmax/ω)− arctan(Γmin/ω)

ω

+

[
1− 1

2λmax

log

(
Γ2
max + ω2

Γ2
min + ω2

)]
Γh

ω2 + Γ2
h

}
, (5.24)

where the minimum and maximum rates are Γmin = Γ0e
−λmax + Γh and Γmax = Γ0 + Γh.

When heq = 0, Γh = 0 and the first term in the curly bracket of Eq. (5.24) gives rise to 1/|ω|
noise for a wide range of frequencies Γmin ≪ |ω| ≪ Γmax. As heq is increased from zero, there will

be a range of frequencies satisfying |ω| < Γh ≈ Γmin. In this range the 1/|ω| contribution to flux

noise is suppressed, and the second term in the curly bracket of Eq. (5.24) becomes important,

with the square bracket approximately independent of ω. As heq increases further Γmin gets close

to Γmax and the low frequency noise is converted into a simple “reduced disorder” Lorentzian,

centered at ω = 0 with width Γh.

Figure 5.5 shows the predicted transition from 1/ω to Lorentzian flux noise with increasing

magnetic field. The behavior is in qualitative agreement to recent experiments in Al devices (Fig.
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Figure 5.5: 1/f to lorentzian flux noise due to a magnetic field.
Effect of external magnetic field heq on flux noise with Fj = F ∥ heq. The spin relaxation rates
are assumed to be distributed according to Eq. (5.23), with exponent n = 4 representing direct
phonon emission due to spin-orbit admixture. Flux noise transitions from 1/ω “disorder” noise to
an “undisordered” Lorentzian with increasing heq. The noise is normalized by S̃0

Φ(ω0), its value
at heq = 0 and ℏω0/kBT = 10−10. Parameters used in the calculation: ℏΓc/kBT = 1, ℏΓd =
5× 10−6(kBT )

−4, λmax = 30 and heq/kBT = 0− 0.11.

3.4a). Our Eqs. (5.2) and (5.24) can explain the experimental data if we assume λmax = 10− 30

and spin areal density 3− 8× 1016/m2.

The spin precession peaks at ω = ±heq/ℏ, the ones that occur due to the nonzero components

of Fj ⊥ heq, may also broaden due to disorder. If these are dominated by spin energy relaxation,

we get Γ2,j ≈ 1
2
Γ1,j and the peaks transition from ∝ 1/|ω ± heq/ℏ| at low heq to Lorentzians

centered at ±heq/ℏ with width Γh at higher heq. Measuring the shape of these spin precession

peaks will yield information about the distribution of spin decoherence rates Γ2,j.
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5.5 Conclusions

This chapter proposes a spin noise model to account for flux noise observations in SC Al devices.

This model suggests that finite frequency fluctuations are primarily influenced by the interaction

between each impurity spin and the vibrational modes of the lattice, which consists of amor-

phous TLSs and phonons, this corresponds to the general spin dissipation model proposed in

chapter 4 with no spin-spin interactions. In this regime, spins can be treated independently and

analytic results for flux noise can be calculated.

By accounting for cross relaxation between spins and amorphous TLSs, an analytic expression

for flux noise is derived, the results show that 1/f flux noise measured in Al devices can be

explained using this model. To explore the impact of external magnetic fields, we extend this

theory to include direct relaxation, the result shows a shift from 1/f flux noise at B = 0 to

Lorentzian noise in the frequency range where direct spin relaxation by phonon emission is

more significant than cross relaxation due to amorphous TLSs. This transition mirrors recent

experimental observations.



CHAPTER 6

Flux Noise Results in the General Spin
Dissipation Theory

This chapter is an expanded version of sections V-X in publication [1].

6.1 Introduction

In this chapter we present results using the general theory described in chapter 4. In section 6.2

we present general results for the dynamical susceptibilities and flux noise in the paramagnetic

case, these expressions are later used to get numerical results. Section 6.3 contains analytic

results of the general theory in a homogeneous and infinite magnet, we also propose a phe-

nomenological expression for flux noise based on these results. Section 6.4 presents results for

a confined magnet, showing how confinement and disorder impact flux noise compared to the

homogeneous case. Section 6.5 presents the conclusions.

6.2 General Results

6.2.1 Linear Equation of Motion

To calculate general expressions of dynamical susceptibility and flux noise we start by linearizing

the equation of motion from our spin dissipation model. For small deviations from equilibrium,

hi = heq
i + δhi(t), and si = seqi + δsi(t), where both δhi(t) and δsi(t) are small time-dependent

perturbations. We plug these into the general equation of motion (4.20), drop non-linear terms

59
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such as (δsi)2, (δhi(t))
2, and use Eq. (4.23) to simplify:

d

dt
(δsi) =

1

ℏ
seqi ×

{
(δhi) +

∑
j

xjJij(δsj)− 4kBT

[
1 +

4

3
(seqi )2

]
(δsi)−

32

3
kBT [s

eq
i · (δsi)]seqi

}

−
∑
j

Dijxj

{
(δhj) +

∑
k

xkJjk(δsk)− 4kBT

[
1 +

4

3
(seqj )2

]
(δsj)−

32

3
kBT [s

eq
j · (δsj)]seqj

}

+
1

ℏ
(δsi)×Heq

i − Γi(δsi) + Γi

∑
j

χ̃ij(0)(δhj). (6.1)

Assume heq
i = heqi ẑ (in-plane magnetic field), seqi = seqi ẑ and thus Heq

i = Heq
i ẑ and break this

down into two equations, one for δszi obtained by dot product with ẑ on both sides of Eq. (6.1),

and the other for δs+i = δsxi + iδs
y
i obtained by dot product with (x̂+ iŷ). Taking the time Fourier

transform we get two decoupled equations:

(ωI− P) · δs̃z = i (Γ · χ̃0 −D) · δh̃z, (6.2a)

(ωI−M) · δs̃+ =

[
i (Γ · χ̃0 −D)− 1

ℏ
seq
]
· δh̃+, (6.2b)

where δs̃z, δs̃+ and δh̃z, δh̃+ are N -component column vectors, and I,Γ, χ̃0,D, s
eq are N × N

matrices. They are defined by [I]ij = xiδij, [Γ]ij = xiΓiδij, [χ̃0]ij = χ̃ij(0), [D]ij = xixjDij, and

[seq]ij = xis
eq
i δij.

The matrices P and M are the paramagnon and magnon matrices, respectively. They are given

by

P = −i
{
Γ+D · J− 4kBTD ·

[
I+ 4 (seq)2

]}
, (6.3a)

M = −i
{
Γ+D · J− 4kBTD ·

[
I+

4

3
(seq)2

]}
+ 1

ℏ

{
Heq − seq ·

[
J− 4kBT

(
I+

4

3
(seq)2

)]}
, (6.3b)

where [J]ij = xixjJij, and [Heq]ij = Heq
i δij.

The eigenvalues of P and M are paramagnon and magnon frequencies, respectively. While
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paramagnons cause spin fluctuations along seqi , the magnons cause fluctuations perpendicular

to seqi . In the paramagnetic phase (T > Tmag
c ) with zero external fields, seq = Heq = 0 and

the matrices P and M become identical, signaling the presence of isotropic spin fluctuations

(paramagnons are three-fold degenerate). Our discussion will focus on the paramagnetic phase

where T > Tmag
c and zero external magnetic field, where P = M. We thus look into the solution

to Eq. (6.2a) and the spectrum of P.

6.2.2 Dynamical Susceptibilities

Diagonalize P with a transformation U such that

U−1 · P ·U = Pd = −i
∑
m

γmêm ⊗ êT
m, (6.4)

where m labels the paramagnon mode with frequency −iγm, with êm unit column vectors, êT
m =

(0, . . . , 0, 1, 0, . . . , 0), etc. All elements of P are pure complex, therefore the U and U−1 can be

chosen to have real elements. Take the complex conjugate of Eq. (6.4) and use P∗ = −P to see

that γ∗m = γm.

Apply U−1 on both sides of Eq. (6.2a),

(ω − Pd) ·U−1 · δs̃z = iU−1 · (Γ · χ̃0 −D) · δh̃z, (6.5)

and invert the diagonal matrix to get an exact expression for the susceptibility:

(δs̃z) = i
∑
m

U · êm ⊗ êT
m

ω + iγm
·U−1 · (Γ · χ̃0 −D) · δh̃z. (6.6)

Transformation (6.4) implies that column vector vm = U · êm is the right eigenvector of P

associated to the eigenvalue −iγm. Similarly, the line vector v−1
m = êT

m ·U−1 is the left eigenvector

of P associated to the same eigenvalue. We have v−1
m ·vm′ = δmm′, but the set {vm} is not mutually

orthogonal because [P,P†] ̸= 0 (P is not normal).

Using these results, Eqs. (6.2a) and (6.6) imply the following exact expression for the dynam-
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ical susceptibility in the z direction:

χ̃zz(ω) = i (ωI− P)−1 · (Γ · χ̃0 −D) (6.7a)

= i
∑
m

vm ⊗ [v−1
m · (Γ · χ̃0 −D)]

ω + iγm
, (6.7b)

The dynamical susceptibility has poles at the paramagnon frequencies ω = −iγm, and these

contribute to dissipation and noise. The paramagnons are said to be purely dissipative because

γm is real, leading to e−iωt = e−γmt for the decay of the spin excitations. For T > Tmag
c we have

γm ≥ 0 because the paramagnetic phase is stable.

Conservation of total spin follows from 1T · D = 0T , where 1(0) is the column vector with

all N components equal to 1(0). All contributions to the paramagnon matrix (6.3a) have D on

the left, so it follows that the m = 0 mode defined by v̂−1
0 = 1T/

√
N is a left eigenvector of P

associated to γ0 = 0. This is true for general Jij. Because v−1
0 ·D = 0T , m = 0 does not contribute

to the sum in the dynamical susceptibility Eq. (6.7b). This occurs as a direct consequence of the

conservation law d
dt
(1T · δsz) = 0, so we say m = 0 is the nondissipative Goldstone paramagnon.

At high frequency ω ≫ Maxm{γm}, Eq. (6.7b) leads to

χ̃zz(ω) ≈ i (Γ · χ̃0 −D)

ω
, (6.8)

because
∑

m vm ⊗ v−1
m = I. As Eq. (4.20) has an upper frequency cut-off Ωc, Eq. (6.8) should be

taken as an upper bound on the modulus of the susceptibility.

Now consider the opposite limit, ω → 0. Setting ω = 0 in Eq. (6.7a) leads to (P+ iΓ)·χ̃0 = iD,

and using Eq. (6.3a) we get

χ̃zz(ω = 0) = (4kBT I− J)−1 . (6.9)

This is the generalized Curie-Weiss susceptibility for a nonhomogeneous spin system.

6.2.3 Flux Noise and Paramagnon Density

The explicit expression for flux noise can be calculated using the susceptibility, Eq. (6.7b); the

fluctuation-dissipation theorem, Eq. (4.5); and the definition of flux noise, Eq. (4.8). When

T > Tmag
c and external magnetic field heq = 0, the flux noise due to interacting spins is given by
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the simple expression

S̃Φ(ω) =
2ℏω

1− e
− ℏω

kBT

∑
m,a

F aT · vm [v−1
m · (Γ · χ̃0 −D) · F a]

ω2 + γ2m
, (6.10)

where F aT = (F a(R0), . . . , F
a(RN−1)) represents the a-component of the flux vector for all spins.

A convenient way to interpret this expression is to write it in terms of a density of Lorentzian

contributions

S̃Φ(ω) =
2πℏω

1− e
− ℏω

kBT

∫ ∞

−∞
dγ

γ/π

ω2 + γ2
ρΦ(γ), (6.11)

where ρΦ(γ) is the paramagnon flux density, defined as

ρΦ(γ) =
1

γ

∑
m,a

(F aT · vm)
[
v−1
m · (Γ · χ̃0 −D) · F a

]
δ(γ − γm), (6.12)

where δ(x) is the Dirac delta function.

In the high frequency limit ω ≫ Maxm{γm} Eq. (6.10) implies

S̃Φ(ω) =
2ℏ

1− e
− ℏω

kBT

1

ω

∑
a

F aT · (Γ · χ̃0 −D) · F a. (6.13)

Since Eq. (4.20) has an upper frequency cut-off Ωc, the actual S̃Φ(ω) is expected to be less than

Eq. (6.13) at ω > Ωc. In this regime Eq. (6.13) provides an upper bound on flux noise.

6.3 Homogeneous Magnet in the Paramagnetic Phase

Before presenting numerical results in the general case, it is illustrative to spend some time dis-

cussing a relevant simple case. When the spin system is translation-invariant, our method yields

exact analytic expressions for the spin noise for general Dij using spatial Fourier transforms.

This is the case when the system has periodic b.c., and the vacancies are organized in a regular

sublattice of the full virtual lattice, we also assume the system is in the paramagnetic phase and

is under no external magnetic field so seqi = 0 everywhere. We may take spatial averages over

parameters xi, Dij, Jij and γ1 in order to force its equation of motion to become exactly solvable.
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Figure 6.1: Infinite plane of spins.
Homogeneous magnet with flux vector F described by the single edge model. The upper infinite
semi-plane represents the wire, while the lower semi-plane represents the surrounding materials.

In this case the resulting analytic solution is called homogeneous approximation (HA).

6.3.1 Susceptibility and Spin Noise

In the paramagnetic phase (T > Tmag
c ), the equation of motion, Eq. (6.1), becomes

d

dt
(δsai ) = −

∑
j

Dijxj

[
(δhaj ) +

∑
k

xkJjk(δs
a
k)− 4kBT (δs

a
j )

]
− Γi(δs

a
i ) + Γi

∑
j

χ̃ij(0)(δh
a
j ), (6.14)
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for a = x, y, z. Replace xi, Dij,Γi by their average values:

x̄ = σ =
1

N

∑
i

xi, (6.15a)

D̄v =
1

Nσ2

∑
i

xixi+vDi,i+v, (6.15b)

J̄v =
1

Nσ2

∑
i

xixi+vJi,i+v, (6.15c)

Γ̄ =
1

Nσ

∑
i

xiΓi, (6.15d)

χ̄v(0) =
1

Nσ2

∑
i

χ̃i,i+v(0). (6.15e)

Equation (6.14) becomes

d

dt
(δsai ) = −

∑
v

σD̄v

[
(δhai+v) +

∑
v′

σJ̄v′(δsai+v+v′)− 4kBT (δs
a
i+v)

]
− Γ̄(δsai ) + Γ̄

∑
v

χ̄v(0)(δh
a
i+v). (6.16)

Take the Fourier transform of both sides to obtain the dynamical susceptibility,

χ̃ab(q, ω) =

[
Γ̄χ̃(q, 0)− D̃(q)

]
δab

−iω +
{
−D̃(q)

[
4kBT − J̃(q)

]
+ Γ̄

} , (6.17)

where δs̃aq(ω), δh̃
a
q(ω) are the Fourier transforms of δsaj (t), δh

a
j (t) in frequency and reciprocal

space with

s̃aq(ω) =

∫ ∞

−∞
dt
∑
j

e−i(q·Rj−ωt)saj (t), (6.18a)

saj (t) =

∫ ∞

−∞
dω
∑
q

ei(q·Rj−ωt)s̃aq(ω), (6.18b)
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and

D̃(q) = σ
∑
v

D̄ve
−iq·v, (6.19a)

J̃(q) = σ
∑
v

J̄ve
−iq·v. (6.19b)

This result implies the zero-frequency susceptibility,

χ̃ab(q, ω = 0) =
1

4kB

δab
T − TCW(q)

, (6.20)

with Curie-Weiss temperature TCW(q) = 1
4kB

J̃(q).

Using the fluctuation-dissipation theorem, Eq. (4.5), the spin noise in Fourier space becomes

exactly equal to

S̃ab(q, ω) =
2ℏω

1− e−ℏω/kBT

[
Γ̄χ̃(q, 0)− D̃(q)

]
δab

ω2 +
{
−D̃(q)

[
4kBT − J̃(q)

]
+ Γ̄

}2 . (6.21)

In the notation of Eq. (6.11), the paramagnon modes are labelled by m = q ∈ 1st Brillouin zone,

each with frequency eigenvalue

γm = γq = −D̃(q)
[
4kBT − J̃(q)

]
+ Γ̄, (6.22)

and right and left eigenvectors vm = eq, v−1
m = e†

q/Ns, respectively, where e†
q =

(
e−iq·R0 , . . . , e−iq·RN−1

)
.

Note that we assumed the presence of Ns Ri’s forming a translation-invariant lattice, so there

are Ns q’s in the 1st Brillouin zone. As a consequence Eq. (6.21) does not have σ appearing

explicitly in the numerator. For the NN Heisenberg model in the 2d square lattice we get

D̃(q) = −d0(T )
ℏ

[
sin2

(qza0
2

)
+ sin2

(qxa0
2

)]
, (6.23a)

J̃(q) = 2σJ [cos (qza0) + cos (qxa0)] . (6.23b)

We remark that D̃(q) does not depend on σ because from Eq. (4.25) J̄ c
i = 4σ|J |, so that σ cancels
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out in the definition of D̃(q). Our results lead to the effective diffusion constant in the HA,

Dhom(q) ≡ −
D̃(q)

[
4kBT − J̃(q)

]
q2

(6.24)

=
d0(T )a

2
0

ℏ

[
kBT − σJ

(
1− q2a20

4

)]
+O(q4).
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Figure 6.2: Frequency dependence of flux noise in an infinite ferromagnet in the paramag-
netic phase.
Calculations of flux noise in the HA approximation for NN interactions and J > 0 for kBT/|J | =
1.2 − 10, Γ̄ = 0 and σ = 1, flux noise is normalized by its value at ℏω0 = 10−2 × |J | and
kBT0 = 1.2 × |J |. The inset shows the exponent α dependence on temperature, α = 0.8 − 0.5
decreasing with temperature.
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Figure 6.3: Frequency dependence of flux noise in an infinite antiferromagnet in the para-
magnetic phase.
Calculations of flux noise in the HA approximation for NN interactions and J < 0 for kBT/|J | =
1.2 − 10, Γ̄ = 0 and σ = 1, flux noise is normalized by its value at ℏω0 = 10−2 × |J | and
kBT0 = 1.2 × |J |. The inset shows the exponent α dependence on temperature, α = 0.35 − 0.5
increasing with temperature.

6.3.2 Flux Noise and Paramagnon Flux Density

From Eq. (4.8), the flux noise in the HA approximation can be written as

S̃Φ(ω) =
∑
i,j,a,b

F a(Ri)S̃
ab
ij (ω)F

b(Rj)

=
∑
i,j,a,b

[
1

Ns

∑
k

eik·RiF a(k)

][
1

Ns

∑
q

eiq·(Rj−Ri)S̃ab(q, ω)

][
1

Ns

∑
k′

eik
′·RjjF a(k′)

]

=
1

Ns

∑
a,b,q

F̃ a(q)S̃ab(q, ω)F̃ b(−q), (6.25)
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where F̃ (q) is the flux vector in Fourier space. Plugging in Eq. (6.21) into Eq. (6.25) and using

Eq. (6.11) we find the paramagnon flux density:

ρΦ(γ) =
1

Nsγ

∑
q

∣∣∣F̃ (q)
∣∣∣2 [Γ̄χ̃(q, 0)− D̃(q)

]
δ(γ − γq). (6.26)

6.3.3 Long Wavelength Regime

We assume that the flux vector is given by a simple “single edge model” F (r) = F0δz,0ŷ as in Fig.

6.1, this is based on the fact that the flux vector has its maximum value at the edge and it points

perpendicular to the wire plane [51]. The flux vector in Fourier space is

F̃ (q) = F0

∑
r

eiq·rδz,0ŷ = NsxF0δqx,0ŷ, (6.27)

where Nsx(z) is the number of sites in the z(x) direction. From Eq. (6.26), the paramagnon flux

density in the HA approximation with single edge flux vector is

ρΦ(γ) =
F 2
0Nsx

Nszγ

∑
q

[
Γ̄χ̃(q, 0)− D̃(q)

]
δ(γ − γq)

=
F 2
0 a0Nsx

πγ

∫ π/a

0

dq
[
Γ̄χ̃(q, 0)− D̃(q)

]
δ(γ − γq), (6.28)

with q = qẑ and q = 2π
Nsza0

(
n− Nsz

2

)
in the first line, with n = 0, 1, . . . , Nsz − 1, and Ns = NszNsx

is the number of occupied sites. The simplest case we can consider is to choose D̃(q) in the long

wavelength regime (small q), and assuming NN interactions. In this case

D̃(q) = −d0(T )q
2a20

4ℏ
, (6.29a)

J̃(q) = 4σJ, (6.29b)

γq =
d0(T )q

2a20
ℏ

[kBT − σJ ] + Γ̄. (6.29c)

Plugging these expressions and Eq. (6.20) into Eq. (6.28):
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ρlwΦ (γ) =
F 2
0 a0Nsx

4πγ

1

kBT − σJ

∫ π/a0

0

γq δ(γ − γq) dq

=
F 2
0 a0Nsx

4πγ

1

kBT − σJ

∫ γmax

γmin

(
γq/

∣∣∣∣dγqdq
∣∣∣∣) δ(γ − γq)dγq

=
F 2
0 a0Nsx

8πγ
√
d0(T )/ℏ

1

(kBT − σJ)3/2

∫ γmax

γmin

γq√
γq − Γ̄

δ(γ − γq)dγq

=
F 2
0Nsx/π

8
√
d0(T )/ℏ

1

(kBT − σJ)3/2
θ(γmax − γ)θ(γ − γmin)√

γ − Γ̄
, (6.30)

with θ(ω) the Heaviside step function, γmin = Γ̄ and γmax = γq=π/a0. The flux noise in the long

wavelength regime can be calculated from Eq. (6.11), taking Γ̄ = 0:

S̃lw
Φ (ω) =

F 2
0Nsx

π
√
d0(T )/ℏ

1

(kBT − σJ)3/2
ℏω

1− e−ℏω/kBT

∫ γmax

0

√
γ

ω2 + γ2
dγ

=
F 2
0Nsx

π
√
d0(T )/ℏ

kBT

(kBT − σJ)3/2
1√
ω

∫ γmax/ω

0

√
x

1 + x2
dx

=
F 2
0Nsx

2
√
d0(T )/ℏ

kBT

(kBT − σJ)3/2
1√
ω
, (6.31)

where in the second line we assumed ℏω ≪ kBT and in the third line we assumed ω ≪ γmax.

6.3.4 Phenomenological Flux Noise Model in a Homogeneous Magnet in the

Paramagnetic Phase

Figs. 6.2 and 6.3 show numerical calculations of Eq. (6.25) in a wide frequency interval for the

FM and AFM case, respectively. The calculations assume the NN Heisenberg model in a square

lattice with Jij = J
∑

v δi,j+v for v = ±a0x̂,±a0ẑ; so D̃(q), J̃(q) are given by Eq. (6.23), the

flux vector is given by the “single edge model”, Γ̄ = 0 and σ = 1. We fit S̃Φ(ω) to A2
Φ/ω

α in

different frequency intervals. In the FM case, the exponent α at low frequencies decreases with

temperature from 0.8 to 0.5. The AFM case shows a qualitatively different behaviour, α increases
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Figure 6.4: Frequency dependence of the paramagnon flux density in an infinite magnet.
Calculations of ρΦ(γ) (solid lines) in the HA approximation for NN interactions and J > 0 for
kBT/|J | = 2 - 8, Γ̄ = 0 and σ = 1, ρΦ(γ) is normalized by its value at ℏω0 = 10−3 × |J | and
kBT0 = 2 × |J |, the x axis is normalized by the value γmax(T ), here γmin = 0. Fits of the form
C/γα are shown in dashed lines, α decreases with temperature.

with temperature from 0.3 to 0.5 at low frequencies. Both cases show a 1/ω dependence at high

frequencies as expected from Eq. (6.25) for ω ≫ Maxq{γq}. Note that the long wavelength ap-

proximation (Eq. (6.31)) predicts α = 0.5, this is a good approximation at higher temperatures,

however, when T is closer to Tmag
c , α shows a significant temperature dependence.

We can understand this difference in qualitative behaviour to the long wavelength approxima-

tion by noting that in this case, the flux noise depends on short wavelength contributions (q at

the edges of the first Brillouin zone) as seen in Eq. (6.25). By accounting for larger wavevectors,

the derivative dγq
dq

in the denominator of Eq. (6.30) has a complex dependence on T and J and

is not directly proportional to √
γq as in the simple long wavelength case. In this regime, it is

better described by a γαq -dependence with an exponent α that depends on the interplay between

T and J . This interplay is washed off at high temperatures as implied by Eq. (6.22).

Based on these flux noise calculations and the previous discussion, we propose the following
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Figure 6.5: Temperature dependence of flux noise in an infinite magnet.
Calculations of flux noise in the HA approximation for NN interactions and J > 0, J < 0 normalized
by its value at kBT ′ = 100× |J | ≫ |J |. ℏω0 = 10−3 × |J |, d0 = 1, Γ̄ = 0 and σ = 1.

phenomenological expression for the paramagnon flux density:

ρΦ(γ) = C(T )
θ(γmax − γ)θ(γ − γmin)

γα
, (6.32)

to confirm this assumption, we calculate Eq. (6.26) for different temperatures and we fit the

result to a function of the form (6.32) to find the exponent α. The calculations assume FM

(J > 0) NN interactions, single edge model flux vector, Γ̄ = 0 and σ = 1. The results are shown

in Fig. (6.4), this confirms the proposed expression is a good approximation for γmin < γ < γmax.

Using Eq. (6.32) in Eq. (6.11):

S̃Φ(ω) =
2ℏω

1− e−ℏω/kBT
C(T )

∫ γmax

γmin

γ1−α

ω2 + γ2
dγ

=
2ℏω

1− e−ℏω/kBT

C(T )

ωα
bα(ω), (6.33)
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with

bα(ω) =

∫ γmax/ω

γmin/ω

x1−α

1 + x2
dx, (6.34)

bα(ω) ≈ π/[2 sin(πα/2)] when γmin ≪ ω ≪ γmax. We can find the prefactor C(T ) from∫
dγρΦ(γ) = C(T )

γ1−α
max

1− α
= C(T )

(4d0kBT/ℏ)1−α

1− α
, (6.35)

for α < 1, and from Eq. (6.26)∫
dγρΦ(γ) = − 1

Ns

∑
q

∣∣∣F̃ (q)
∣∣∣2 1

γq

[
D̃(q)

]

=
1

Ns

∑
q

∣∣∣F̃ (q)
∣∣∣2

4kBT − J̃(q)
,

=
σ
∑

i |Fi|2

4 (kBT − σJ)
, (6.36)

where in the second line we used Eq. (6.22), and in the third line, we assumed the typical scale

for variations in F (r) is much larger than the lattice spacing a0, so that J̃(q) can be approximated

by J̃(0) = 4σJ , in this analysis we assume Γ̄ = γmin = 0. Calculating C(T ) from this equation and

plugging it into Eq. (6.33) we get a phenomenological model of flux noise based on an analytic

model and numerical corrections that describe its frequency and temperature dependence:

S̃Φ(ω) =
ℏω

1− e−ℏω/kBT

σ(1− α)
∑

i |Fi|2

2(4d0/ℏ)1−α (kBT − σJ)2−α

1

ωα
bα(ω)

≡ C ′ ℏω
1− e−ℏω/kBT

1

(d0(T ))1−α (kBT − σJ)2−α

bα(ω)

ωα
. (6.37)

Note that for ℏω ≪ kBT ,

S̃Φ(ω, T )

S̃Φ(ω, T ≫ σJ̄/kB)
∝ 1

d0(T )1−α

kBT

(kBT − σJ)2−α
. (6.38)
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Fig. 6.5 shows numerical calculations of Eq. (6.25) for different temperatures for both FM and

AFM for ℏω ≪ kBT , d0 = 1 and same assumptions as before. Both cases show a kBT/(kBT − J)δ

dependence with a δ ≈ 1.4, this shows that Eq. (6.38) accurately describes S̃Φ(T ).

6.4 Confined Magnet in the Paramagnetic Phase

Figure 6.6: Section of a superconducting wire with spin impurities randomly distributed
on its surface.
The flux produced by each spin is given by Φ̂i = −F (Ri) · ŝi, where ŝi is the spin operator of an
impurity located at r = Ri. The “flux vector” F (r) points along the magnetic field produced by the
current density JSC shown in the figure, it is described here by a “double edge model”.

6.4.1 Impact of Confinement

We now present numerical results for the general problem of a virtual lattice of spins with

confinement and disorder where analytic results can not be derived. Figs. 6.7 and 6.8 show

numerical calculations of Eq. (6.10) in a wide frequency interval for the FM (J > 0) and AFM

(J < 0) case, respectively. For these calculations, we consider a 3×50 (N = 150) “virtual” lattice

with all sites occupied (σ = 1) and no spin-lattice relaxation, Γi = 0. All calculations are done

with open b.c. along ẑ, and periodic b.c. along x̂, describing spins confined (along ẑ) within
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Figure 6.7: Frequency dependence of flux noise in a confined ferromagnet in the paramag-
netic phase.
Calculations of flux noise in a confined wire and J > 0 for kBT/|J | = 1.2− 10, Γi = 0 and σ = 1,
flux noise is normalized by its value at ℏω0 = 10−2× |J | and kBT0 = 1.2× |J |. The inset shows the
exponent α dependence on temperature, α = 0.8− 0.6 decreasing with temperature.

the region of an infinite (along x̂) SC wire, this is why it is enough to take 3 sites along the x̂

direction. The flux vector is described by the “double edge model” shown in Fig. 6.6:

F (r) = F0(δz,−W/2 − δz,W/2)ŷ, (6.39)

where W is the wire width and δz,±W/2 are Kronecker delta functions. Equation (6.39) gives

a good description of thin-film wires where it is shown that Fi is sharply peaked at the wire

edges [51]. Note that in this case, the “single edge model” used in the HA is not adequate

since we assume there are no spins outside the wire, this makes evident the impact of edges

(confinement). All calculations assume the NN Heisenberg model in a 2-d lattice.

We fit S̃Φ(ω) to A2
Φ/ω

α in different frequency intervals as seen in the figures. In the FM

case, the exponent α at low frequencies decreases with temperature from 0.8 to 0.6. The AFM
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Figure 6.8: Frequency dependence of flux noise in a confined antiferromagnet in the para-
magnetic phase.
Calculations of flux noise in a confined wire and J < 0 for kBT/|J | = 1.2− 10, Γi = 0 and σ = 1,
flux noise is normalized by its value at ℏω0 = 10−2× |J | and kBT0 = 1.2× |J |. The inset shows the
exponent α dependence on temperature, α = 0.45− 0.6 increasing with temperature.

case shows a qualitatively different behaviour, α increases with temperature from 0.45 to 0.6 at

low frequencies. Both cases show a 1/ω dependence at high frequencies. Interestingly, several

experiments with niobium devices measure α within this range [74, 75].

Note that the apparent transition to lorentzian noise at low frequencies is an artifact of the

numeric calculations: when ω < Min{γm}, the noise is described by the contribution with the

lowest γm, in the limit where the lattice sites in the ẑ direction go to infinity, Minm{γm} → 0. The

coefficient α is thus modified by edge effects compared to the HA where these effects don’t exist,

the qualitative behaviour remains the same but α → 0.6 as temperature increases as opposed to

the HA where α → 0.5, this demonstrates the importance of confinement.

Additionally, Fig. 6.9 shows numerical calculations of the temperature dependence of Eq.

(6.10) for different temperatures for both FM and AFM for ℏω ≪ kBT , d0 = 1 and same assump-

tions as before. Both cases show a kBT/(kBT − J)δ dependence with a δ ≈ 1.4 similar to Fig.
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Figure 6.9: Temperature dependence of flux noise in a confined magnet.
Calculations of flux noise in a confined wire for NN interactions and J > 0, J < 0 normalized by
its value at kBT ′ = 100× |J | ≫ |J |. ℏω0 = 10−3 × |J |, d0 = 1, Γi = 0 and σ = 1.

6.5. This shows that phenomenological expression in Eq. (6.38) describes S̃Φ(T ) correctly even

in confined systems for a suitable α.

6.4.2 Impact of Disorder due to Vacancies

Figure 6.10 shows explicit calculations of the frequency exponent α from the fits S̃Φ(ω) ∝ A2
Φ/ω

α

as a function of T and spin density σ = 0.5, 0.75, 1. In this case we consider a 20×20 (N = 400)

“virtual” square lattice. We randomly populate Ns ≤ N sites with spins, yielding spin density

σ = Ns/N , the empty sites are called vacancies. All calculations below are done with open b.c.

along ẑ, and periodic b.c. along x̂ and NN interactions, as before. The results were averaged

over 512 instances for the cases with σ < 1. α decreases with T for the FM model, and has

the opposite behavior for the AFM model. As σ decreases from 1, α further deviates from its

infinite/homogeneous value of 1/2. This demonstrates the impact of disorder. Note how the

dependence of α on σ is nonmonotonic.
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Figure 6.10: Spin density dependence of exponent α
Explicit calculations of flux noise frequency exponent α as a function of temperature in the NN
Heisenberg model with confinement and disorder due to vacancies in a 20x20 square lattice and
Γi = 0. Note how α decreases (increases) with T for the FM (AFM) cases. In all cases α > 1/2
demonstrating the relevance of confinement and disorder. The dependence of α on σ is nonmono-
tonic.

6.4.3 Impact of Disorder due to a Wide Distribution of Relaxation Rates

Now consider the impact of nonzero spin-lattice relaxation Γi in co-existance with spin-spin

interaction. Figure 6.11 shows numerical calculations using the second-principles theory, for

σ = 1 and other parameters as in Fig. 6.10 with the addition of a wide distribution of relaxation

rates Γi given by the cross-relaxation model from Eq. (5.18). The results are presented in terms

of different choices of Γ′
c = ℏΓc/(d0(T )|J |). λmax = 20 in all calculations.

The results show that the addition of a wide distribution of Γi to the interacting spin system

increases α in the low to intermediate T range. At high T , the impact of Γi is washed out, this

is expected from Eq. (6.3a), at high temperatures the impact of spin-spin interactions dominate

over the temperature independent relaxation rates.
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Figure 6.11: Impact of spin-lattice relaxation in exponent α
Explicit calculations of flux noise frequency exponent α as a function of temperature in the NN
Heisenberg model with confinement and disorder due to a wide distribution of relaxation rates in
co-existance with spin-spin interactions in a 20x20 square lattice. α decreases (increases) with T
for the FM (AFM) cases and increases as Γ′

c increase compared to its value at Γc = 0.

6.5 Conclusions

This chapter presented results of flux noise from different spin scenarios using the theoreti-

cal framework described in chapter 4. We showed that choosing Dij consistent with D∇2

(third-principles theory) and assuming an infinite, translation-invariant spin system leads to

temperature-independent noise exponent α = 1/2, in contradiction to experiments. In con-

trast, numerical calculations with the “second principles” prescription for Dij even in an infinite

magnet predict a temperature-dependent exponent α. Based on these results we propose a phe-

nomenological expression, Eq. 6.37, that describes accurately the frequency and temperature

dependence of flux noise and agrees with experimental observations. Furthermore, we show

how confinement and disorder due to vacancies and a wide distribution of relaxation rates have

an impact in the numerical value of α. The calculated values of this exponent are within the

range observed in experiments performed in Nb devices as seen in Fig. 3.5.



CHAPTER 7

Charge and Flux Noise from Wire-Resident
Superconducting Quasiparticles

This chapter is an expanded version of publication [3].

7.1 Introduction

The presence of QPs in superconductors is known to give rise to surface resistance and Ohmic

loss [76]. Their impact on SC qubits is believed to be the greatest when they tunnel across a

Josephson junction, leading to energy relaxation and dephasing, thereby limiting qubit perfor-

mance [11–13, 61].

Several experiments show that a large population of QPs remains even at low temperatures

(kBT ≪ ∆), in spite of the thermal QP density being exponentially small (∝ e−∆/kBT , where ∆

is the SC energy gap) [77, 78]. These non-equilibrium QP densities arise from external pertur-

bations, such as stray infrared photons or ionizing radiation [79–81], posing a great challenge

to qubit coherence (see Fig. 7.1).

An additional puzzle is the energy distribution of this excess of QPs. Recent experiments pro-

vided evidence of quasiequilibrium, where Fermi gas of QPs is in thermal equilibrium with the

surrounding phonon bath despite the out-of-equilibrium QP density [82]. Current designs of

SC circuits engineer junction asymmetries in order to prevent QP tunneling across the circuit’s

Josephson junctions, greatly reducing the impact of the QP tunneling mechanism [82, 83]. Fur-

thermore, QPs are also known to hinder the performance of SC resonators, having an impact on

their quality factor [84, 85].

80
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Here we show that the Ohmic loss induced by QPs within the SC wires themselves gives rise

to charge and flux noise even when the QPs are far from the junctions. Our explicit numerical

calculations show that the associated charge noise can be larger than the contribution arising

from TLSs. The resulting charge noise can also be interpreted as current/flux fluctuations, show-

ing that Ohmic loss gives rise to a flux noise background that is logarithmic in frequency. The

magnitude of the predicted “nearly white flux noise background” is found to be comparable to

values observed in flux-tunable qubits [48, 86].

The rest of this chapter is organized as follows. Section 7.2 contains a discussion on the

complex SC conductivity and Mattis-Bardeen theory. Section 7.3 presents the results of charge

and flux noise due to a quasithermal QP distribution in the SC wire. Finally, section 7.4 presents

the conclusions.

7.2 Conductivity of a Superconductor in Mattis-Bardeen Theory

In normal metals, the conductivity is dominated by the scattering of electrons. In supercon-

ductors, the conductivity is inherently complex, including both dissipative and reactive compo-

nents that describe the material’s response to electromagnetic fields. This complex conductivity,

σ(ω) = σ1(ω) + iσ2(ω), provides a profound insight into the unique electromagnetic behaviors of

superconductors. The frequency-dependent conductivities of a Bardeen-Cooper-Schrieffer (BCS)

superconductor are straightforward to calculate when the QP distributions n(E) differ from the

equilibrium Fermi-Dirac functions f(E). Here E ≡ Ek =
√
ξ2k +∆2 is the BCS QP energy, with

ξk = ϵk − ϵF the free electron energy measured from the Fermi level ϵF . A slight generalization

of Mattis-Bardeen theory [76] leads to

σ1
σN

=
2

ℏω

∫ ∞

∆

dE
E(E + ℏω) + ∆2

√
E2 −∆2

√
(E + ℏω)2 −∆2

× [n(E)− n(E + ℏω)] , (7.1)
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Figure 7.1: Origin of non-equilibrium quasiparticle densities at low temperatures.
Presence of a non-equilibrium density of QPs at low temperatures, this population is due to external
perturbations like stray photons and ionizing radiation. (a) 1/Γeo

10 normalized by its base temper-
ature value 1/Γeo0

10 , as a function of temperature measured in [78]. Γeo
10 is the transmon relaxation

rate due to charge-parity switching only (QP tunneling across a Josephson junction). The solid black
line is a fit to the thermal dependence of xresQP /xQP where xresQP is the number of resident QPs (due to
a non-equilibrium QP density) normalized by the number of electrons bound as Cooper pairs. This
shows the dominant presence of resident QPs at low temperatures. Here, xresQP = 1 × 10−7 [87].
(b) Ionizing radiation impacting with the Al qubit and Si substrate. As a result, Cooper pairs are
broken [81, 88].
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σ2
σN

=
1

ℏω

∫ ∆

∆−ℏω
dE

E(E + ℏω) + ∆2

√
∆2 − E2

√
(E + ℏω)2 −∆2

× [1− 2n(E + ℏω)] . (7.2)

which is exact at subgap frequencies, ℏω < 2∆. Here σN is the non-SC (normal state) conduc-

tivity.

In order to connect to experiments, it is fruitful to express σ1 in terms of the number of QPs

divided by the number of electrons bound as Cooper pairs [12, 13, 82],

xQP =
NQP

2ρ∆
=

1

∆

∫ ∞

−∞
dξ n(

√
ξ2 +∆2), (7.3)

where ρ is the electron energy density near ϵF . We assume that the QP distribution follows

a “quasithermal” law n(E) ≈ n0e
−E/kBT ; this is justified by recent experimental observations

where it was concluded that despite their non-equilibrium density, the Fermi gas of QPs is still in

equilibrium with the phonon bath [82]. Here n0 does not depend on QP energy E or frequency

ω, but it may depend on other parameters such as temperature T and gap ∆. For thermal

equilibrium we get n0 = 1, as can be seen from n(E) = f(E) = 1/(eE/kBT + 1) ≈ e−E/kBT for

E ≫ kBT . When the quasithermal law is followed and kBT ≪ ∆, the QP density of states

can be expanded around its singularity at E = ∆: E/
√
E2 −∆2 ≈

√
∆/[2(E −∆)]. Under this
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approximation we get

xQP =
2

∆

∫ ∞

0

dE
dξ

dE
n(E)

=
2

∆

∫ ∞

∆

dE
E√

E2 −∆2
n(E)

= 2

∫ ∞

0

dx
x+ 1√
x+ 2

√
x
n ((1 + x)∆)

≈
√
2

∫ ∞

0

dx
1√
x
n ((1 + x)∆)

=
√
2n0e

−∆/kBT

∫ ∞

0

dx
e−x∆/kBT

√
x

= n0

√
2πkBT

∆
e−∆/kBT , (7.4)

where in the third line we defined x = (E−∆)/∆ and in the fifth line the assumed n(E) follows

the quasithermal law.

When both ℏω and kBT are much smaller than ∆, the conductivity is also dominated by the

singularity in the QP density of states; as a result, the same approximation as in Eq. (7.4) leads
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to the following analytic approximation for the real conductivity:

σ1
σN

≈ 2∆

ℏω

∫ ∞

∆

dE
1√

(E −∆)(E + ℏω −∆)
[n(E)− n(E + ℏω)]

=
2∆

ℏω

∫ ∞

0

dx
1√

x(x+ ℏω/∆)
[n ((1 + x)∆)− n ((1 + x+ ℏω/∆)∆)]

=
2∆

ℏω
(
1− e−ℏω/kBT

) ∫ ∞

0

dx
n ((1 + x)∆)√
x(x+ ℏω/∆)

=
2∆

ℏω
(
1− e−ℏω/kBT

) ∫ ∞

0

dx
n ((1 + x)∆)√
x(x+ ℏω/∆)

=
2∆

ℏω
(
1− e−ℏω/kBT

)
n0e

−∆/kBT

∫ ∞

0

dx
e−x∆/kBT√
x(x+ ℏω/∆)

=
4∆

ℏω
n0e

−∆/kBT sinh

(
ℏω

2kBT

)
K0

(
ℏω

2kBT

)
= xQP

(
2∆

kBT

)3/2
1√
π

(
kBT

ℏω

)
sinh

(
ℏω

2kBT

)
K0

(
ℏω

2kBT

)
, (7.5)

where K0(y) is the modified Bessel function of the second kind. Figure 7.2 compares Eq. (7.5) to

exact numerical integration of both Eqs. (7.1) and (7.3) in thermal equilibrium with kBT/∆ =

0.1. We find that Eq. (7.5) approximates the exact result quite well provided that ℏω, kBT ≲

0.1∆.

Note that

K0(y) =

 ln (2/y)− γE when y ≪ 1

e−y
√
π/(2y) when y ≫ 1.

(7.6)

where γE = 0.5772 . . . is the Euler-Mascheroni constant. Thus, the behaviour of σ1 depends

critically on the value of frequency relative to the thermal frequency kBT/ℏ. In the low frequency

regime of ℏω ≪ kBT , σ1 is logarithmic in frequency as

σ1
σN

≈ 1

2
√
π
xQP

(
2∆

kBT

)3/2 [
ln

(
4kBT

ℏω

)
− γE

]
, (7.7)
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Figure 7.2: Numerical calculation of σ1(ω).
The calculation assumes the QP distribution is given by the quasithermal, n(E) ∝ e−E/kBT (here
n0 = 1). The plot is normalized by σ0 = σNxQP (2∆/kBT )

3/2. In the low frequency range
ℏω ≲ kBT , σ1 decreases logarithmically with increasing ω; in the high frequency range it decreases
as a power law. When kBT ≲ 0.1∆, the exact numerical result (red points) is well approximated
by the analytical expression Eq. (7.5) (shown as a dashed line for comparison).

In the opposite high-frequency regime of ℏω ≫ kBT , σ1 is instead a power law,

σ1
σN

≈ 1

2
xQP

(
2∆

ℏω

)3/2

. (7.8)

7.3 Effective Impedance Model of Quasiparticles

7.3.1 Dynamical Susceptibility

The linear response in a general circuit due to a small perturbation in voltage V is V = Z⟨δI⟩ =
−iωZ⟨δQ⟩, where Z = Z ′ + iZ ′′ is a complex impedance with Z ′, Z ′′ its real and imaginary
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parts, respectively. The charge susceptibility in a wire is thus given by χ̃Q(ω) = ⟨δQ⟩
V

= − 1
iωZ

.

The impact of SC QPs in a wire can be modeled as an effective frequency-dependent impedance

ZQP(ω) =
ℓ

Aσ(ω)
, where σ(ω) is the superconductor’s complex conductivity, and ℓ, A are the wire’s

length and cross-sectional area, respectively. The charge susceptibility due to the presence of QPs

in a wire is then χ̃Q(ω) =
iAσ(ω)

ωℓ
and its imaginary part is

Im {χ̃Q(ω)} =
Aσ1(ω)

ℓω
, (7.9)

σ1(ω) given by Eq. (7.1).

7.3.2 Quasithermal Energy Distribution

As mentioned above, we assume the QP distribution is well described by a quasithermal law

n(E) = n0e
−E/kBT . We can write n0 as a function of xQP from Eq. (7.4), the distribution is thus

n(E) = xQP

√
∆

2πkBT
e
−E−∆

kBT , (7.10)

where xQP is modeled as

xQP = xresQP +
√

2πkBT/∆e
−∆/kBT . (7.11)

The first and second terms are due to non-equilibrium QP distributions (resident QPs) and ther-

mal QP distributions (thermal QPs), respectively. At high temperatures kBT ≥ 100 mK, ther-

mal QPs will dominate xQP: for xQP ≈
√
2πkBT/∆e

−∆/kBT , n(E) ≈ e
− E

kBT , recovering the

thermal distribution. On the contrary, at lower temperatures, resident QPs with temperature-

independent density dominate. Since proper functionality of SC qubits requires low tempera-

tures, we will focus on the latter.

7.3.3 Charge Noise

Using the fluctuation-dissipation theorem (it can be shown it remains valid for quasithermal

distributions, see Apprendix A), the quasithermal distribution, Eq. (7.10), and Eq. (7.9), we can

calculate the power spectral density of charge fluctuations (charge noise) contribution due to
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Figure 7.3: Charge noise from wire-resident QPs compared to capacitive dielectric loss, ℓ =
1.5 mm.
Charge noise due to a quasithermal QP distribution (solid lines) in Al devices for 3 values of xresqp

from = 1 × 10−9 (black) to 1 × 10−5 (orange) in increments of ×10 compared to dielectric loss
(dashed lines) for tan δ = 1 × 10−6 (black), 1 × 10−3 (orange). The QP high frequency approxi-
mation for xresqp = 1 × 10−5 (dotted line) is shown for comparison. Values used in the calculation:
T=40 mK, C = 168 pF/m, ℓ=1.5 mm, A=Wb (flat wire) with W= 6 µm and b= 100 nm the
wire’s width and thickness.

QPs residing in a SC wire:

S̃Q(ω) =
2ℏAσ1(ω)

ℓω
[nB(ω) + 1] , (7.12)

with nB(ω) = 1/(eℏω/(kBT )−1) is the Bose-Einstein distribution. At thermal equilibrium (xresqp = 0),

this contribution is exponentially small at low temperatures, less than 10−20 e2/Hz above 1 MHz

for T= 40 mK for a coplanar waveguide (CPW) with typical dimensions. However, considering

resident QP densities on the order of measured values (xresqp = 1× 10−9 − 1× 10−5) [78, 82], the

QP charge noise is several orders of magnitude higher: over 15 orders of magnitude larger for

xresqp = 1 × 10−8 compared to thermal QPs at 40 mK. S̃Q(ω) ∝ 1/f 2 for ℏω ≲ kBT and ∝ 1/f 2.5

at higher frequencies and is always inversely proportional to the wire length ℓ, this geometric
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Figure 7.4: Charge noise from wire-resident QPs compared to capacitive dielectric loss, ℓ =
15 mm.
Charge noise due to a quasithermal QP distribution (solid lines) in Al devices for 3 values of xresqp

from = 1 × 10−9 (black) to 1 × 10−5 (orange) in increments of ×10 compared to dielectric loss
(dashed lines) for tan δ = 1 × 10−6 (black), 1 × 10−3 (orange). The QP high frequency approxi-
mation for xresqp = 1 × 10−5 (dotted line) is shown for comparison. Values used in the calculation:
T=40 mK, C = 168 pF/m, ℓ=15 mm, A=Wb (flat wire) with W= 6 µm and b= 100 nm the wire’s
width and thickness.

dependence originates from the charge susceptibility being inversely proportional to the wire’s

impedance.

In order to quantify the impact of this mechanism, it is illustrative to compare it to capacitive

dielectric loss, one of the main sources of charge noise in SC circuits. In a capacitor, the charge

susceptibility is simply χ̃cap
Q (ω) = ⟨δQ⟩

V
= C̃, with complex capacitance C̃ = C + iC tan δ where C

is the real capacitance and the loss tangent tan δ is assumed to be due to bulk or surface TLSs in

the dielectric material. Following this result and the fluctuation-dissipation theorem, Eq. (A.3),

the charge noise is

S̃cap
Q (ω) = 2ℏC tan δ [nB(ω) + 1] . (7.13)

A possible interpretation of wire-resident QP charge noise is thus dielectric loss with loss tangent
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tan δ = Aσ1

Cℓω
, this interpretation is useful for comparison. Note, however, that the microscopic

origin of both mechanisms is fundamentally different: dielectric loss is due to energy absorption

by TLSs in the dielectric material; charge noise from wire-resident QPs is due to ohmic loss

where electrical energy is turned into heat from the scattering of charge carriers in the SC wire.

We compare both contributions in a typical Al SC CPW. For dielectric loss, we assume a

frequency-independent loss tangent and consider two typical values tan δ = 1×10−6, 1×10−3 due

to bulk and surface TLSs. We assume the capacitance can be approximated by a zero thickness

model [89]. We fix the ratio between the CPW center-strip width to the width of the gap to

1.7 and consider a silicon substrate. The resulting capacitance per unit length is C ≡ C/ℓ =

168 pF/m. For wire-resident QP charge noise, we take xresqp = 1× 10−9 − 1× 10−5. These results

are shown in Fig. 7.3 for a SC CPW of length ℓ = 1.5 mm, in the calculations, we used Eq. (7.1)

to numerically calculate charge noise from resident QPs assuming a quasithermal distribution.

QP charge noise dominates at low frequencies (f ≲ 1 GHz for xresqp = 1× 10−7). For comparison,

we also show the high-frequency approximation where we took Eq. (7.8) for calculating σ1(ω).

Fig. 7.4 shows the same results for a wire 10 times longer, showing the wire length dependence

on charge noise. QP noise (dielectric loss) decreases (increases) linearly with wire length for a

constant capacitance per unit length C.

7.3.4 Flux Noise

We can also estimate the flux noise contribution due to this mechanism noting that it is related

to charge noise by S̃Φ(ω) = (Lω)2S̃Q(ω) where L is the wire’s inductance, this flux noise can be

understood as flux fluctuations generated by the current fluctuations from the presence of QPs

in the wire. The flux noise due to wire-resident QPs is thus

S̃Φ(ω) = 2ℏωL2Aℓσ1 [nB(ω) + 1] , (7.14)

with L ≡ L/ℓ the wire’s inductance per unit length, note that S̃Φ(ω) ∝ ℓ, showing an inverse

geometric dependence with respect to charge noise.

Considering a quasithermal QP distribution, S̃Φ(ω) is logarithmic at low frequencies and ∝
1/
√
f at higher frequencies, this follows from Eqs. (7.7), (7.8). This logarithmic flux noise at

low frequencies can be interpreted as “nearly white noise” in narrow frequency intervals. Luthi
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Figure 7.5: Flux noise from wire-resident QPs, ℓ = 1.5 mm.
Flux noise due to quasithermal QPs (solid lines) in Al devices for 3 values of xresqp from = 1 × 10−9

(black) to 1 × 10−5 (orange) in increments of ×10. The QP high frequency approximation for
xresqp = 1 × 10−5 (dotted line) is shown for comparison. Values used in the calculation: T=40 mK,
L = 420 nH/m, ℓ=1.5 mm, A=Wb (flat wire) with W= 6 µm and b= 100 nm the wire’s width
and thickness.

et al. (Ref. [86]) observed a white flux noise background of 3.6×10−15 Φ2
0/Hz of unknown origin

in a NbTiN SQUID loop of about ℓ ≈ 100 µm, a background of this amplitude can be explained

by flux noise produced by a normalized quasithermal QP density of xresqp ≈ 1 × 10−6. Therefore,

this mechanism suggests a possible explanation of white flux noise observed in experiments.

Numerical calculations show a flux noise contribution of 1 × 10−21 − 1 × 10−16 Φ2
0/Hz for xresqp =

1 × 10−9 − 1 × 10−5 in an Al CPW of ℓ = 1.5 mm with an inductance per unit length L =

420 nH/m (same device as in Fig. 7.3), results shown in Fig. 7.5. Quintana et al. (Ref. [48])

measured a 1/f to ohmic flux noise dependence of comparable amplitudes in frequencies 10

MHz - 1GHz in a device of similar dimensions, although the qualitative behavior isn’t explained

by this mechanism, it demonstrates that a flux noise background produced by a quasithermal QP

distribution can be a relevant limiting factor in these devices.
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7.4 Conclusions

This chapter presents a theory of noise produced by non-equilibrium densities of wire-resident

QPs in SC devices. The mechanism of wire-resident QPs differs fundamentally from the tradi-

tional QP tunneling mechanism typically considered in SC qubits. QP tunneling involves QPs

crossing Josephson junctions, which leads to decoherence and energy dissipation in the qubit.

This process is well-studied and often linked to the quality and design of the Josephson junctions

themselves.

In contrast, wire-resident QPs are confined within the SC wires and do not involve tunneling

through junctions. Instead, these QPs can contribute to noise through their interactions with the

SC condensate and other QPs within the wire. This distinction is significant because it highlights

a different source of noise that can affect the qubit performance, independent of the Josephson

junctions.

By assuming a quasithermal QP distribution, our theoretical model indicates that wire-resident

QPs can significantly impact charge noise levels, particularly at intermediate frequencies, and

provide a nearly white flux noise background. These findings are consistent with experimental

observations and suggest that this mechanism is relevant in understanding noise in SC devices.



CHAPTER 8

Conclusions

Superconducting (SC) qubits represent a promising pathway toward scalable quantum com-

puting, leveraging the coherence of macroscopic quantum states [4]. A pivotal factor in their

operational efficacy is maintaining quantum coherence, a challenge compounded by various

decoherence mechanisms such as flux noise, dielectric loss, and SC quasiparticles (QPs). The

theoretical work presented in this dissertation aims to elucidate the properties of known mech-

anisms responsible for flux and charge noise in SC devices. The research includes an extensive

theory of flux noise due to a general model of spin dissipation (diffusion plus relaxation) and a

theory of charge and flux noise due to the presence of non-equilibrium densities of wire-resident

SC QPs.

Several experiments in SQUID-based devices [8, 48, 55, 74, 75, 90] have concluded that flux

noise follows the empirical law

S̃Φ(ω) =
A2

Φ

ωα
, (8.1)

where amplitude AΦ and exponent α ≤ 1 are both temperature-dependent.

Chapter 4 presents a general theory of flux noise due to spin dissipation that is able to cal-

culate AΦ and α for a realistic model of impurity spins with disorder due to vacancies and wide

distributions of spin relaxation rates, and for spins confined in bounded regions such as SC

wires. To achieve this we developed a method that does not rely on the “third-principles” diffu-

sion operator D∇2. Our “second-principles” method instead assumes lattice sites are coupled by

a dissipation matrix Dij. We showed that this choice obeys fundamental principles such as total

spin conservation and the second law of thermodynamics. Our prescription for Dij depends on

spin Hamiltonian parameters such as exchange interaction, establishing a direct connection be-

93
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tween flux noise and model spin Hamiltonians. This framework also allows for energy exchange

between the spins and other degrees of freedom like phonons and amorphous TLSs modeled as

relaxation terms Γis.

Chapter 5 presents results focused on a spin-lattice relaxation model. The model is based

on the assumption that the interaction between each impurity spin and the vibrational modes

of the lattice, formed by amorphous TLSs and phonons, dominate finite frequency fluctuations.

An analytical expression for the flux noise in the presence of an external magnetic field B is

obtained, revealing a transition from 1/ω flux noise at B=0 to Lorentzian flux noise at B > 0

in the frequency range where direct spin relaxation by phonon emission is stronger than cross

relaxation due to amorphous TLSs. Fitting the current theory to experimental data will yield

the characteristic exponent n for direct phonon emission (spin-lattice relaxation Γi ∝ Bn), eluci-

dating whether the mechanism is mediated by spin-orbit coupling or hyperfine interaction. This

will in turn yield valuable information on the identity of the spins causing flux noise.

The model predicts that application of a B field reduces low frequency noise arising from Fj ∥
B (Fj ⊥ B) by a factor of 1/ cosh2 (gµBB/2kBT ) (tanh(gµBB/2kBT )/(2gµBB)). It also shifts

the contribution of Fj ⊥ B out of the low frequency range, transferring noise to spin precession

peaks centered at ω = ±gµBB/ℏ. For T = 10 mK and B = 100 G, 1/ cosh2 (gµBB/2kBT ) ≈ 2/3,

and approximately one half of the total noise power will be transferred to a higher frequency

band. Therefore, a total reduction of ≈ 1/3 is made to the noise power in the low frequency

band. Further reduction can be achieved for B > 100 G. These results show that an external

magnetic field can be used to reduce the impact of flux noise in qubits.

Chapter 6 shows numerical results for the developed theory, including spin-lattice relaxation

and spin-spin interactions. We showed that choosing Dij consistent with D∇2 (third-principles

theory) and assuming an infinite, translation-invariant spin system leads to temperature-independent

noise exponent α = 1/2, in contradiction to experiments. In contrast, numerical calcula-

tions with the “second principles” prescription for Dij even in an infinite magnet predict a

temperature-dependent exponent α. Based on these results we propose a phenomenological

expression, Eq. 6.37, that describes accurately the frequency and temperature dependence of

numerical calculations of flux noise and agrees with experimental observations. Furthermore,

we show how confinement and disorder due to vacancies and a wide distribution of relaxation

rates have an impact in the numerical value of α. More experimental data will confirm if this
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model correctly describes the temperature dependence of flux noise in SC devices.

A central concept of the theory is the interpretation of flux noise in terms of (para)magnon

excitations. Flux noise is directly related to the density of edge (para)magnons, which leads to

fluctuations at the SC wire edges, where spin flips cause the largest flux changes to the device.

While Dij accounts for the interactions between (para)magnons, the rates Γi describe interac-

tions between spins and other degrees of freedom, such as phonons, electron gas excitations,

and TLS defects.

In addition to low-frequency flux noise, experiments also measure Ohmic (∝ ω) [91] or super-

Ohmic (∝ ω3) [48, 90] flux noise in the GHz range. We argue that this behaviour can not

arise from spin dissipation alone. Our theory is fundamentally based on the assumption of

“hydrodynamics”, i.e. that spin degrees of freedom can be described by the classical equation

of motion (4.20) [92]. As a result, it overestimates the noise for ω > Ωc, where Ωc is a high-

frequency cut-off. The cut-off Ωc can be estimated from exact calculations of the moments of the

noise spectrum at T → ∞. Calculations for the 3d Heisenberg model [64] suggests ℏΩc ∼ 10J/ℏ
for our 2d case. When ω > Ωc, S̃ij(ω) drops off faster than 1/ω2, so that our Eq. (6.10) becomes

an upper bound for flux noise. In Eq. (6.13), this upper bound was shown to be ∝ 1/ω when

quantum noise is included. As the 1/ω upper bound holds for all interacting spin models, this

allows us to conclude that the high-frequency Ohmic [91], or super-Ohmic [48, 90] flux noise

observed in SQUIDs can not originate from a model of impurity spin dissipation.

We can separate experiments into two groups: experiments performed in niobium (Nb) and

aluminum (Al) devices. Measurements in Nb devices show both amplitude AΦ(T ) and exponent

α decreasing with increasing T as shown in Fig. 3.5. According to our theory, this AΦ(T )

requires a FM model (J > 0). The calculated α(T ) for Γi = 0 ranges from 0.8 at low T to 0.6 at

high T for a confined system (spins only on top of the wire) with a small number of vacancies

(σ ≲ 1), but the exponent can approach 0.5 when the spin system extends beyond the wire as in

the homogeneous approximation (HA). In comparison, experimental measurement shows α(T )

going from 0.8 to 0.4 with increasing T [55]. Therefore, a nearest-neighbour (NN) Heisenberg

model with J > 0 and σ ≲ 1 and low Γi ≪ J/ℏ provides a reasonable model.

Experiments in Al devices show that AΦ(T ) and α(T ) are qualitatively different from nio-

bium. In Fig. 3.3, A(T ) is shown to increase with T , based on our theory, an AFM model

(J < 0) is required. The authors reached the same conclusion by measuring asymmetric noise
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S̃−
Φ (ω) and extrapolating to T < 0 to get TCW = −10 mK. According to our interpretation this

implies σJ/kB = −10 mK. The measured exponent α = 0.96− 1.05 can not be explained by our

theory with Γi = 0. However, by introducing a wide distribution of Γi’s makes α ≈ 1 at low

temperatures. A recent experiment also observed a 1/f to lorentzian flux noise with increasing

magnetic field [53], this behaviour is consistent qualitatively with our spin-lattice model with

the inclusion of field-dependent direct relaxation. Although the transition from 1/f to lorentzian

flux noise is predicted by our model, the apparent increase in amplitude with magnetic field at

low frequencies is not (Fig. 3.4a), this behaviour remains an open question and could be due to

other mechanisms like a B field-dependent dielectric loss [93]. On the other hand, the decrease

in amplitude with magnetic field at higher frequencies is consistent with our model (Fig. 3.4b).

This indicates that a model based on independent spins with spin relaxation Γi is more suitable

for describing flux noise in Al devices. This is true even though the impact of spin-spin inter-

actions such as dipolar and exchange can still be observed as a Curie-Weiss temperature TCW

in the zero-frequency susceptibility because decay rates Γ1,Γ2 do not impact χ̃zz(0). Thus one

can use χ̃zz(0) = 1/[4kB(T − TCW) cosh2(gµBB/2kBT )] in Eq. (5.24) to model spin-spin interac-

tions. Measurements of α(T ) over a wide temperature range in Al devices are not yet available

to confirm the extension and validity of this model.

Chapter 7 presents a theory of charge and flux noise due to non-equilibrium densities of wire-

resident QPs. The mechanism of wire-resident QPs differs fundamentally from the traditional

QP tunneling mechanism typically considered in SC qubits. QP tunneling involves QPs crossing

Josephson junctions, which leads to decoherence and energy dissipation in the qubit. In con-

trast, wire-resident QPs are confined within the SC wires and do not involve tunneling through

junctions. Instead, these QPs can contribute to noise through their interactions with the SC

condensate and other QPs within the wire.

It’s shown that resident QPs in a SC wire can notably contribute to charge noise at intermedi-

ate frequencies when compared to dielectric loss stemming from TLSs. This contribution could

become more relevant as losses from surface TLSs continue to be reduced by better materials

and circuit designs [94, 95]. This mechanism is predicted to be particularly important in shorter

wires due to its geometric dependence. Our model shows that wire-resident QPs can explain

the origin of the white flux noise background observed in experiments [86]. The magnitudes of

flux noise predicted by our model are found to be comparable to those empirically measured in
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certain devices [48].

In conclusion, we developed a “second principles” theory of flux noise due to spin dissipa-

tion that is able to account for the confinement and disorder present in realistic impurity spin

systems on SC devices. The theoretical framework allows explicit prediction of the amplitude

and exponent of flux noise due to different wire geometries and spin disorder scenarios, such as

random vacancies and wide distributions of spin-flip rates due to interactions with amorphous

TLSs and phonons. Comparing numerical results to experiments allowed us to specify different

spin Hamiltonians for Nb and Al devices. While the underlying reasons for this difference are

not understood, the empirical success of each model in describing its respective material sug-

gests that the impurity species contributing to flux noise are qualitatively different in these two

materials, warranting further investigation into their identity.

We have also extended the theory for the impact of QPs in SC devices beyond the widely

examined case of QP tunneling through Josephson junctions to address the often-overlooked

dynamics of QPs within SC wires. This proposed mechanism predicts a significant contribution

to both charge and flux noise in SC devices, which can be particularly relevant for SC devices

without junctions, such as resonators and transmission lines.

Future research should focus on further experimental validation of the proposed models.

Measuring the temperature dependence and spin-density dependence of flux noise exponent α

in Al devices could shed light on the underlying reasons for the observed discrepancies between

Al and Nb devices. Similarly, more experiments investigating the impact of magnetic fields on

the coherence of SC qubits could provide insights into the nature and identity of the magnetic

impurities affecting these devices, more theoretical work is also needed in this area, as current

models are insufficient to describe the impact of magnetic fields on noise in these systems. Fur-

thermore, quantifying the frequency dependence of loss in QP-poisoned SC wires could confirm

the impact of wire-resident QPs in these devices.
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APPENDIX A

Generalized Fluctuation-Dissipation Theorem

This appendix introduces fundamental concepts of linear response theory and derives the fluctuation-

dissipation theorem, a key result utilized throughout this work. Additionally, we present a gen-

eralization of this theorem and justify its application to quasithermal distributions as in chapter

7.

Assume a system described by a hamiltonian H0 is perturbed by an external Hamiltonian

Hext = −F (t)ξ̂ with ξ̂ an observable of interest coupled to its conjugate field F (t). The suscepti-
bility operator χ̂ξ is defined according to linear-response theory: ξ̂F ̸=0(t)− ξ̂F=0(t) =

∫∞
−∞ dt′χ̂ξ(t−

t′)F (t′). From time-dependent perturbation theory: χ̂ξ(t − t′) = i
ℏθ(t − t′)[ξ̂(t), ξ̂(t′)], ξ̂ here de-

fined in the interaction picture. Using this result we can write

ˆ̃χξ(ω) =
1

2πℏ

∫ ∞

−∞
dω′ [

ˆ̃Sξ(−ω′)]† − ˆ̃Sξ(ω
′)

ω − ω′ + iη
, (A.1)

where Ŝξ(t) = [ξ̂(t)−⟨ξ̂(t)⟩ρ̂][ξ̂(0)−⟨ξ̂(0)⟩ρ̂] is the correlation operator, ˆ̃Sξ(ω) =
∫∞
−∞ dteiωtŜξ(t) its

Fourier transform and ⟨Ô⟩ρ̂ = Tr{ρ̂Ô} is the thermal average of Ô assuming the density matrix ρ̂

is time-independent. Taking the imaginary part of the thermal average of equation (A.1) we get

a generalized version of the fluctuation dissipation theorem:

2ℏIm
(
⟨ ˆ̃χξ(ω)⟩ρ(E)

)
= ⟨ ˆ̃Sξ(ω)⟩ρ(E) − ⟨ ˆ̃Sξ(ω)⟩ρ(E+ℏω), (A.2)

where we used the result ⟨[ ˆ̃S(−ω′)]†⟩ρ(E) = ⟨ ˆ̃S(ω)⟩ρ(E+ℏω), valid if the density matrix is diagonal

in the basis formed by the energy eigenstates {|E⟩} of H0: ⟨E|ρ̂|E ′⟩ = ρ(E)δE,E′ with ρ(E) a real
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function. Note that in equation (A.2), ⟨ ˆ̃χξ(ω)⟩ρ(E), ⟨ ˆ̃Sξ(ω)⟩ρ(E) are the usual susceptibility and

power spectral density (PSD) of ξ̂, respectively, the notation makes their dependence on ρ(E)

explicit. Having information about the density matrix allows us to link the fluctuations in the

system to its reaction to external forces.

When ρ(E) is of the form ρ(E) ∝ e−E/(kBT ) as is the case in thermal or quasithermal systems,

Eq. (A.2) is reduced to the known fluctuation-dissipation theorem:

⟨ ˆ̃Sξ(ω)⟩ = 2ℏ [nB(ω) + 1] Im
(
⟨ ˆ̃χξ(ω)⟩

)
, (A.3)

where nB(ω) is the Bose-Einstein distribution. Note that in the main text we simply write

⟨ ˆ̃χξ(ω)⟩ρ(E) ≡ χ̃ξ(ω), ⟨ ˆ̃Sξ(ω)⟩ρ(E) ≡ S̃ξ(ω).
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