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Abstract

The achromatic number of a graph G 1s the largest number of colours that
can be assigned to the vertices of G so that (1) adjacent vertices are assigned
different colours, and (1) any two different colours are assigned to some pair
of adjacent vertices This thesis contributes to the study of the achromatic
number by outlining the research since 1967 The effects on the achromatic
number of several different operations are surveyed, including that of the
categorical product The bounds on the achromatic number of paths, cycles,
k-regular graphs and trees are then investigated, followed by an exploration
of the relationship between clique number and achromatic number Various
results on n-minimal graphs are also reviewed Finally, results concerning
the computational complexity of the achromatic number problem for arbi-
trary and restricted graphs are presented Included in this thesis are proofs
of some theorems which 1illustrate an important technique or i1dea Several
original results are given. including n-minimal graph and Nordhaus-Gaddum

type problems
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Chapter 1
INTRODUCTION

The chromatic number of graphs 1s a well studied parameter which has been
mvestigated for over a hundred years The achromatic number, however,
was first introduced by Harary, Hedetniemi and Prins i 1967 [32] It 1s the
purpose of this thesis to contribute to the ongomng study of the achromatic
number We use the definitions and terminology of Bondy and Murty [7]

A graph G 1s an ordered triple (V(G). E(G), 1) consisting of a nonempty
set. V(Q) of vertices, a set. E(G), disjoint from V(G). of edges, and an wnci-
dence function g that associates with each edge of G an unordered pair of
(not necessarily distinct) vertices of GG, called the ends of the edge An edge
with 1dentical ends 1s called a loop An edge with distinct ends 1s called a
link A graph 1s finite 1if both 1ts vertex set and 1its edge set are finite A
multigraph 1s a graph with no loops A simple graph has no loops and no
two of 1ts links join the same pair of vertices The underlying graph G of a

multigraph G' 1s the spanning subgraph of G' formed by deleting all but one



edge between cach pair of adjacent vertices Unless otherwise noted we as-
sume that a graph 1s fimite and simple In this case a graph can be regarded
as an ordered pair G = (17 E) where 1715 a finite non-empty set of vertices
and E 1s a set of unordered pairs of distinct vertices

A k-colouring of a graph G 1s a function f 1(G) — {1 2 k} such
that if uv € E(G) then f(u) # f(v) In other words 1t 1s an assignment of
k colours to the vertices of G' so that no two adjacent vertices recerve the
same colour A complete k-colouring of a graph G 15 a k-colouring in which.
for every two different colours 7 and ; there are two adjacent vertices such
that one 1s coloured » and the other 1s coloured j TFigure 11 shows several

graphs with complete 3-colourings

1
2 3 3 2 3 3 2 2 1
o—0—o—0 2 2
1 2 3 1
11 2 11 2 1 1 3
i 3
G, G, G, G, Gy

Figure 1 1 Complete 3-colourings of five different graphs

Let G and H be graphs A homomorphism of G to H 1s a function
f V(G) — V(H) such that if vv € E(G) then f(u)f(v) € E(H) That
18, f 18 a mapping of the vertices of G to the vertices of H which preserves
adjacency If the vertices of K, are regarded as colours, then 1t 1s easy to
see by comparing the definitions. and noting that any two distinct vertices

of K, are adjacent, that a homomorphism of G to A, 1s an n-colouring of



G Note that 1if f 15 a homomorphism of GG to H. then for all h € V' (H). the
set f~!(h) 1s an independent set m G

A homomorphism f of GG to H mduces a function f' E(G) — E(H)
defined by f'(uv) = f(u)f(v) If f1s a homomorphism of G to H then
the homomorphic i1mage of G wn H denoted bv f(G) 1s the subgraph of H
with vertex set f(1 (G)) and edge set f'(E(G)). where f'1s defined as above
Figure 1 2 illustrates a homomorphism the vertices of G are assigned the
labels of the vertices to which they are mapped. and the edges of f(G) are

emphasized 1n bold

Figure 1 2 A homomorphism of G to H

A full homomorphism of G to H 1s a homomorphism f of G to H such
that f(G) 1s an induced (or full) subgraph of H (see Figure 1 3) Note that

in Figure 12, f(G) 1s not an induced subgraph of H

3 4
2 4
AN 5
hom
6
L 1 6
G H

Figure 13 A full homomorphism of G' to H



A complete homomorphism of G to H 1s a full homomorphism of G onto
H. that 1s, a homomorphism f of (¢ onto H such that f(G) = H Figure 1 4
shows a homomorphism of G onto H and Figure 15 shows a complete ho-
momorphism of G onto H A complete homomorphism of G onto Kk, can
therefore be regarded as a complete n-colouring of G If there 1s a complete

homomorphism of G to H. (1 e .Af f(G) = H) then we call H a homomorphic

image of G
3
2 3
2 4 hom
onto
1 4
1 2
G H

Figure 15 A complete homomorphism of G onto H

Suppose € 1s a complete homomorphism of G onto H, and |V(H)| =
[V(G)] =1 Then there exists a w € V(H) such that |e7!(w)| = 2 and
for all other x € V(H), |e7'(x)] = 1 That 1s. H can be obtamed from
G by 1dentifying a pair of independent vertices In this case, we call H

an elementary homomorphic image of G and refer to ¢ as an elementary



homomorphism of G to H (see Figure 1 6)

1 1
2 2
€. 2
4 3 4 3
C; €(Cs)

Figure 1 6 An elementary homomorphic image of C’5

The chromatic (respectively achromatic) number of a graph G, denoted
by x(G) (resp achr(G)). 1s the mmimum (resp maximum) number n for
which G has a complete n-colouring Equvalently. the chromatic (resp
achromatic) number of a graph G 1s the mimmum (resp maximum) number
n such that K, 1s a homomorphic image of G A direct implication of this
definition 1s that a graph G with achromatic number n must have at least
( 5 ) edges

A graph 1s n-mummal if achr(G — e) < achr(G) = n for every edge e 1n
G

The graphs G and H are (vertex) dusjomnt if V(G)NV(H) =0

A chque of G 1s a subset X of V(G) such that G[X] 1s a complete graph
The chque number of G, denoted by w(G), 1s the number of vertices 1n a
largest chique of G

Note that 1f the context 1s clear. we abbreviate w(G), achr(G) and ) (G)
to w, achr and ), respectively

We use P, (resp C,) to denote a path (resp cycle) with n vertices



(Note that P, has length n — 1 wlile C), has length n )

A k-partite graph 1s a graph whose vertex set can be partitioned nto
subsets 1V, 72 =1 k so that no edge has both ends in anv one subset
A complete k-partite graph denoted by Ky, », n, where 1, has size n, for
pe= 1 k. 1s one mn which each vertex 15 joined to every vertex that 1s not
in the same subset The complete m-partite graph on n vertices in which

each of the m parts has either [%j or l'%-l vertices 15 denoted by T, (see

(7], page 6)

The union of two graphs G and H 1s the graph GUH with V(GUH) =
V(G)UV(H). and E(GUH) = E(G)U E(H) We denote the union of n
disjoint copies G as nG

The jomn of two disjoint graphs G = (V. E) and G' = (V', E') 1s the graph
G+G =VUV. X) where X = FUE' U {v'|v e V.and v' € V'} That
18, the graph obtained from G UG’ by adding all possible edges with one end
in V(@) and the other end in V(G') Figure 1 7 shows the join of K3 and
K,

Figure 1 7 The join of K3 and K5 15 K

The wreath product of disjoint graphs G and H 1s the graph G H whose



~I

vertex set 1s 1 (G) x 1 (H) and whose edge set 15 {(u r)(v.y) (u = v
and ry € E(H)) or (u # v and wv € E(G)} Informallv 1t 1s the graph
obtained from G bv replacing each vertex u € V(G) by a copv H, of H and
for each edge uv of G adding all possible edges joming vertices in H, and
H, Figure 18 shows the wreath product of Cy and K, the boldface edges

showing the four A, graphs which replace the vertices of C,

Figure 1 8 The wreath product of Cy and K,

The categorical product of graphs G and H 1s the graph G x H whose
vertex set 1s V' (G) x V(H) and whose edge set 1s {(g9.h)(¢'.h') 94’ € E(G)
and hh' € E(H)} We give two examples of the categorical product P, x Py,
and Cp, x P, (see Figures 19, and 1 10)

P,
o—o— e o o *—=0
XX o X
P.x P,

Figure 1.9: P, x P, = 2P,
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P; I x0}—> «1‘{
C, x P,

Figure 1 10 C,, x P, = 2C,, for even n. and Cy, for odd n

In this thesis we will next outhine the general theorv of the achromatic
number We will consider the effect on the achromatic number of several dif-
ferent operations taking subgraphs, disjoint unions jomns wreath products,
categorical products, and the effect of homomorphisms We then investi-
gate the bounds on the achromatic number of paths cycles, k-regular graphs
and trees The relationship between clhique number and achromatic number
15 next explored, then we survey the results on n-minimal graphs Subse-
quently we hist a collection of mequalities relating the achromatic number
and other graph parameters A list of Nordhaus-Gaddum type inequalities
1s also given, along with examples of extremal graphs We review results
concerning the complexity of the achromatic number problem for arbitrary
and restricted classes of graphs Finally. we conclude by offering some open
problems

This 1s largely an expository thesis For theorems which have previously
appeared 1n the literature, proofs are included only when they illustrate an
important point, technique. or idea If no citation 1s given, the result 1s

original



Chapter 2
GENERAL THEORY

In this chapter we look at the achromatic number of subgraphs and certain
product graphs, examine the effects of homomorphisms on the achromatic

number, and finally investigate irreducible graphs

2.1 Subgraphs

In this section, we study the effects of removing vertices or edges from a

graph The results. published 1n 1974, are due to Geller and Kronk [25]

Theorem 2 11 [25] For any graph G and vertex v € V(G),
achr(G) — 1 < achr(G —v) < achr(G)

Proof We first establish the upper bound Suppose achr(G —v) = m If
there exists a complete m-colouring of G' — v such that v 1s adjacent to a
vertex of each colour, then assigning colour m + 1 to v results in a complete

m + l-colouring of G Otherwise, assigning v a colour from {1,2, ,m}
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not used on a neighbour of v gives a complete m-colouring of G Therefore
achr(G —v) < achr (G)

We now establish the lower bound Consider a complete n-colouring of
G where, without loss of generality, v 1s assigned colour n  Notice that for
any distinct colours » and ) taken from {1,2, ,n — 1} there are adjacent
vertices 1n G — v such that one 1s coloured 2 and the other 1s coloured j

Hence achr(G — v) > achr(G) — 1 a

The lower bound 1s achieved by K,, n > 1 Equality in the upper bound
1s obtained by the graph G consisting of K,,, n > 2, with an additional vertex

v connected to K, by a single edge

Corollary 2 1 2 [25] If H s an wnduced subgraph of G, then
achr(H) < achr(Q)

Theorem 2 1 3 [25] For any graph G and edge e of G,
achr(G) — 1 < achr(G —e) < achr(G) + 1

Proof We prove the upper bound by contradiction Let e = uv and suppose
that achr(G) = n and achr(G—e) =n+k > n+1 Note that in any complete
colouring of G — e with more than n colours, u and v must be coloured the
same colour, say colour 1 (Otherwise, the same colouring of G — e 15 a
complete colouring of G') If one of the other n + k — 1 colours, say 7, 1s not
used on a neighbour of v, then recolour v with colour 2 This may not result

mn a complete (n + k)-colouring of G' as some neighbour of v may have been
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the only vertex coloured j adjacent to a vertex of colour 1 Recolouring all
vertices coloured 1 with colour j results in a complete (n + k — 1)-colouring
of G — e with u and v assigned different colours Replacing the edge uv, we
obtain a complete colouring of G with n+k —1 > n colours, a contradiction
On the other hand, if both u and v are adjacent to vertices of each of the
n + k — 1 other colours, then recolouring » with a new colour n + k& + 1
results 1 a complete (n + k + 1)-colouring of G — e, except that colours 1
and n+k + 1 are not adjacent Replacing the edge uv, we obtain a complete
n+ k + 1-colouring of GG, again a contradiction Hence achr(G —e) <n+1
We now prove the lower bound Consider a complete n-colouring of G
where, without loss of generality, u 1s assigned colour n — 1 and v 1s assigned
colour n Now 1if u and v are the only adjacent vertices mm G which are
coloured n — 1 and n. then there exists a complete (n— 1)-colouring of G —e,
defined by recolouring all vertices of colour n with colour n — 1 If v and v
are not the only adjacent vertices in G which are coloured n — 1 and n, then
the same colouring 1s still a complete n-colouring of G — e In either case,
achr(G—e)>n—1 O
Equality in the lower bound occurs with K,,, n > 2 The upper bound 1s
achieved by a graph G obtained from K. n > 3, by subdividing an edge
Note that 1if a vertex 1s deleted the achromatic number either remains the
same or decreases If an edge 1s removed. however, the achromatic number

may increase
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2.2 Product Graphs

This section surveys results on the achromatic number of the union, join,

wreath product, and categorical product of graphs

Theorem 2 2 1 [34] Let G and H be (vertex) disjount graphs Then
max{achr(G), achr(H)} < achr(G U H) < achr(G) achr(H)

The lower bound 1s shown to be best possible by considering the disjoint
union of K, and K,, Hell and D Miller [34] showed that the upper bound 1s
best possible regardless of whether G and H are disjoint Their example 1s the
union of the graphs G =Ty and H =T, Let V(G) =V (H) =V (Ky)
be the set {(z,y)|]l < r < a,1 <y <b} The edges of G jomn all pairs of
vertices with different first coordinate and the edges of H jon all pairs with
different second coordinate Hence G U H = K, and achr(G U H) = ab =

achr(G) achr(H)

Theorem 2 2 2 [34] Let achr(G,) =a for1=1,2, .d Then,
achr(dK,) < achr(GiU UGy < a?
Further, for any fired a and all sufficrently large d,
achr(dK,) = Va2 —a \d, (where ~ denotes “is appromimately equal to”)
In particular, for large a (that s, for 1 € a < d) we have
achr(dK,) ~ aV/d

We now turn our attention to the join operation
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Theorem 2 2 3 [31] achr(G| + G3) = achr(G1) 4+ achr(Gjy)

From this. and the fact that K, n,. », = Knl +F,,.2 + 4+ K,,, we get
achr(Kn, n,. n,) =7 The achromatic number of a complete bipartite graph

1s therefore two

Recall that the wreath product of two graphs G and H 1s denoted by

G H
Theorem 2 2 4 achr(G H) > achr(G) achr(H)

Proof Let g be a complete homomorphism of G onto K, and h be a com-
plete homomorphism of H onto K,, Then the function f V(G) x V(H) —
{(2 ), 1 <2< nand 1 <) < m} defined by f(z,y) = (g(x), h(y)) 1s a com-
plete homomorphism of G H onto K, K,,, which 1s 1isomorphic to K,,, O

Strict mequality can occur For example, let ¢ = 5K; and H = K,
Then achr(G) = 3 and achr(H) = 2. so the theorem gives achr(G H) > 6
But G H = 5K, which has achromatic number 7 This difference can be
made larger Consider GG = ( ( ’;) -~ 1) K; and H = K5 The theorem gives
achr(G H)>2n—-2,while G H = (( g) - 1> K4, which by Theorem 2 2 2,

has achromatic number approximately equal to 2 4n for large n

Recall that the categorical product of graphs G and H 1s the graph de-
noted by G x H
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Hell and D Miller [34] showed that in almost all cases the achromatic
number of the categorical product of two graphs 1s at least the sum of the

achromatic numbers of the two graphs

Theorem 2 2 5 [34] For graphs G and H, with achr(H) < achr(G),
achr(G x H) > achr(G) + achr(H),
unless
(1) achr(H) = 3 and achr(G) < 5, i which case
achr(G x H) > achr(G) + achr(H) — 1, or
(1) achr(H) = 2, i whach case achr(G x H) > achr(G) + achr(H) — 2

Equality 1s achieved 1n the general case by K,, and K,. mn (1) by 2K,
and 1 (n) by 2K,
Hell and D Miller [34] gave an example showing that the achromatic num-

ber of the categorical product can grow exponentially

Let b= (Q;I) — 1, G =bKy, and H = T, 2424 201

a+1

Then achr(G x H) > (a + 2)< : )_1 ~ a®/?
The achromatic number of the categorical product 1s bounded above,

however

Theorem 2 2 6 [34] Let achr(G) = achr(H) = a Then achr(G x H) 1s

bounded above by a function which only depends on a

We conclude this section with a generalization of the previous theorem



Corollary 2 2 7 [34] For any positwe integer k > 2, there exists a k-variable
function fi such that achr(G,) = a,, achr(Gy) = as. achr(Gy) = ag

imphies that achr(G; x X G) < felay, . ag)

2.3 Homomorphisms

In this section, we will investigate the effects of homomorphisms on the achro-
matic number of a graph, then develop a homomorphism interpolation the-
orem

The proof of the next theorem uses the fact that the composition of two

homomorphisms 1s 1tself a homomorphism

Theorem 2 3 1 [31] If H 1s a homomorphic image of G, then
achr(H) < achr(Q)

Proof Suppose achr(H) = m Then there exists a complete homomorphism
hof H to K,, Smce H 1s a homomorphic image of GG, there exists a complete
homomorphism ¢ of G to H Then ho g1s a complete homomorphism of G

to K,, Therefore achr(G) > m a

Theorem 2 3 2 [31] If H 1s an elementary homomorphic image of G, then
achr(G) — 2 < achr(H) < achr(G)

The lower bound 1s achieved by the graphs constructed as follows For inte-

gers m,n > 3, let uwv and ry be a pair of independent edges of K, ,, where u
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and z belong to the same part of the bipartition Let G = K, , — {uv, zy}.
and H be the elementary homomorphic image of G obtained by 1dentifying
w and r Then achr(G) =4 and, since H = K,,_1,. achr(H) = 2

The upper bound 1s achieved by a graph consisting of K,. n > 2, joined
to an additional vertex u by a single edge An elementary homomorphism
which maps u to any non-neighbour in K, will not effect the achromatic

number

Recall that the chromatic number, y(G), of a graph G 1s the smallest
n such that there 1s a complete homomorphism of G onto K,, while the
achromatic number, achr(G), 1s the largest n such that there 1s a complete
homomorphism of G onto K, We next show that, for any graph G, there
exists a complete homomorphism of G onto Kj for each k, x(G) < k <

achr(QG)

Lemma 2 3 3 [30] If ¢ s a homomorphism of G to H, then there exist
elementary homomorphisms, €, €2,  .€, , such that

(G) =emoem_ro o6(G)

Lemma 2 3 4 [31] If H 1s an elementary homomorphic image of G, then

X(G) < x(H) < x(G)+1

Proof Let € be an elementary homomorphism of G to H If y(H) = n, then
there exists a homomorphism h of H to K,, Thus ho ¢ 1s a homomorphism

of G to K, whence x(G) <n
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On the other hand, suppose x(G) = m Then there exists a homomor-
phism g of G to K,, Let u and v be the vertices of G such that e(u) = €(v)
If g(u) = g(v). then colouring each vertex r of H with the (unique) colour n
g(e7!(x)) results in an m-colouring of H If g(u) # g(v), then colouring the
vertices of H — ¢(u) as above, and assigning colour (m + 1) to ¢(u) results in

an (m + 1)-colouring of H In either case, x\(H) < m + 1 O

Theorem 2 3 5 [32] (The Homomorphism Interpolation Theorem)
For any graph G and any wnteger k such that x(G) < k < achr(G), there 18

a complete homomorphism of G onto Ky

Proof Let achr(G) = t. and consider any complete homomorphism ¢ of G
onto K; From Lemma 2 3 3, we know that ¢ can be expressed as a product
of elementary homomorphisms, say ¢(G) = ¢p 0o €10 06 (G) = K

Since x(G) < x(e(G)) < x(G) + 1 from Lemma 234, we know that
€,41 0 € O o €1(G) has chromatic number at most one greater than
6,0 o¢€(G) So for every k, x(G) < k <t = achr(G), there exists at
least one graph , say ¢,0  0¢(G). whose chromatic number 1s & By defi-
nition, there 1s a complete homomorphism ¢, of this graph onto K; Hence

¢, 06,0 0¢€0¢€; 15 acomplete homomorphism of G onto K a

We conclude this section by pomnting out a generahzation of Theorem
235 by Cockayne, G G Miller, and Prins [18] Let S be a finite set If P

15 a collection of subsets of S. then P 1s called a property of S We say a
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subset X of S has property P 1if X € P A partition {S.S,. .S;} of S1s
a complete P-partition of order t if each S, has property P but no S, U S,,
1 # 7. has this property P 1s hereditary if each subset of a set with property

P has property P

Theorem 2 3 6 [18] Let S be a set which has complete P-partitions of orders
r and t, where P s any hereditary property Then for any integer s, such

that r < s <'t, S has a complete P-partition of order s

2.4 Irreducible Graphs

Graphs with high achromatic number were ivestigated by Hell and D Miller
n 1975 and 1976 [36. 37] A graph G of achromatic number n must contain at
least (g) edges, so a graph with high achromatic number must contain many
edges It 1s not necessarily true, however, that a graph with many edges has
high achromatic number, for example achr(K, ,) = 2 for any n One method
for measuring the freedom of a vertex to take on a colour 1s the reducing
congruence R, defined as follows Two vertices u,v of a graph G belong to
the same congruence class of R if they have the same neighbourhood, (1€,
if N(u) = N(v)) The reduced graph G/R 1s the (quotient) graph whose
vertices are the congruence classes of R, and where two classes are adjacent
if there exists a vertex in one class adjacent to a vertex in the other Since
G'/R 18 just the graph resulting from 1dentification of vertices with the same

neighbourhoods. 1t 15 a homomorphic image of G, so achr(G/R) < achr(Q)
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Strict mmequality can hold For example, consider the graph G obtained by
joming an end of Py to Cy by a single edge Then achr(G) = 4, whereas the
graph G/R = Py has achromatic number 3 A graph 1s rreducible if distinet

vertices have distinct neighbourhoods, that 1s, if G/R = G

Lemma 241 [37] If G s wrreducible and achr(G) < k, then

k+1

(1) G contains at most ( .

) components, and
(1) for each component G' of G, diam G' < [#J (k—1)
Both of the above bounds are best possible For (1). take G to be

KU ((kgl) - 1) K. for (), take G to be the path of length |£2| (k—1)

Theorem 2.4 2 [37] Let k be a gwen wnteger There emsts a constant K
such that |V (G)| < K for all wrreducible graphs G with achr(G) = k

This important result implies that the number of non-isomorphic irre-
ducible graphs of given achromatic number 1s fimite That 1s, up to duphca-
tion of vertices, the number of graphs of achromatic number k 1s fimite We

can therefore define functions

v(k) = max {|V(G)| G s rreducible, achr(G) = k},
e(k) = maz {|E(G)| G 1srreducible, achr(G) = k}

Certain other results come out of the proof of Theorem 24 2

Corollary 2 4.3 [37] If G/R has more than e(k) edges, then achr(G) > k
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Corollary 2 4 4 [37] If G 1s wreducible and achr(G) = k, then
A(G) < (v(k - 1)), where v(k) s defined as above

Theorem 2 4 5 [36] Let G be any graph, and R be the reducing congruence

on G If n s the number of vertices of G/R (that 1s, the number of classes

of R), then
VIog log n < achr(G) < /3" of n1s large enough

This upper bound 1s reported to be sharp [36] The lower bound imphes
that achr(G/R) — oo as n — oo Maté [43] improved this lower bound

somewhat mn 1981

Theorem 2.4 6 [43] Let G be an wrreducible graph on n vertices For all

€ >0, there enists an N such that of n > N, then

achr(G) > (3=¢)logn

log log n

An example of an irreducible graph G with achr (G) < ll—‘;% + 2 was
attributed to Erdos mn [43] A shght vanation on the Erdos example was
given by Hell n [43] He shows how to construct a graph with k& + 3 2*

vertices and achromatic number at most A + 2



Chapter 3

PATHS, CYCLES,
K-REGULAR GRAPHS AND
TREES

In this chapter, we examine the research concerning the bounds of the achro-

matic number of various classes of graphs

3.1 Paths

Paths were logically the first type of graph to explore, and were researched
by Geller and Kronk 1n 1974, and by Hell and D Miller in 1976

A complete homomorphism of a path to a graph G can be viewed as a
walk 1n GG 1n which every edge 1s traversed at least once Equivalently, 1t can
be viewed as an Eulerian trail in a multigraph for which G 1s the underlying
graph Figure 3 1 shows a complete homomorphism of Ps onto the multigraph
for which K4 1s the underlying graph The arrows are added to show the

Eulenian trail Similar comments apply to a complete homomorphism of a

21
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cvele to G This 1dea 1s formahized in Lemma 3 1 1 below It was exploited
in [36] to determine the achromatic number of P, and C, (see Theorems

312and 322)

complete

1 2 3 4 1 3 2 4 hom

By H

Figure 31 A complete homomorphism of P onto a multigraph H with
underlying graph K

Lemma 3.1.1 [36] Let G be a graph

(1) A complete homomorphism of P, to G enists 1f and only if G s the
underlying graph of some multigraph G' unth n—1 edges such that G' admats
an Eulerian trail

(1) A complete homomorphism of Cp to G ensts if and only if G s the
underlying graph of a multigraph G' wnth n edges such that G' admits an

Eulerian tour
Theorem 3.1.2 [36] achr(P,) =mar {k (|§|+1)(k-2)+1<n-1}

Proof. Let f(k)—1= (L%H +1)(k—-2)+1
When k& 1s odd, then f(k) —1 = %A(ls -1) = (’2“) and each vertex of

K} has even degree Thus K} admuts an Eulernan trail and Py admits a
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complete k-colouring (Lemma 3 1 1) Since Ky, has more edges than Py,
achr(Pyuy) = k

When £ 1s even, each vertex of K; has odd degree A multigraph that
admits an Eulerian trail can be constructed by adding %(k — 2) new edges
jomng disjoint pairs of vertices in K, Tls leaves exactly two vertices of
odd degree, a necessary and sufficient condition for a connected multigraph
to have an Eulerian trail [7] Since all vertices have odd degree, this 1s the
minimum number of new edges necessary to obtain such a multigraph In
this case, with & even. f(k) — 1 = 3k(k — 1) + 3(k — 2). so the path Py
again admits a complete A-colouring, and achr(Pyyy) = k This argument

also shows that, for all &, achr(Pyu—1) < k O

Corollary 3 13 [25] If n > m, then achr(P,) > achr(Py,,)

The relationship between Euler tours and the achromatic number 1s fur-

ther developed in Chapter 5

The mimimum length of a path with given achromatic number can be de-
termined from Theorem 3 12 This length 1s given exphicitly in the following

theorem

Theorem 314 (25 For k > 2, let n = k [531]  Then of k 1s even,
achr(P,_1) < achr(P,) =k, and +f k 1s odd, achr(P,) < achr(P,,;) = k
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Later results (see Theorems 516 and 518 ) give information regarding

the achromatic number of a disjoint union of paths (of the same length)

3.2 Cycles

The achromatic number of cycles was also investigated in the papers by Geller
and Kronk [25], and by Hell and D Miller [36] The results are similar to

those for paths

Theorem 321 [25] Ifk[55t] <n < (k+1)[£]. then

h kaZ?)(mdn:A[k%fI

achr(Cp) =< kL —1 fn=k [%1 +1 and k odd

k otherw:se

We note that while achr(P,) 1s a monotone function of n. achr(C,) 1s

not For example, achr(C\y) = 5 while achr(C,;) = 4

Theorem 3 2 2 [36] achr(C,) = mazx {A k [%J < n} — s(n), where s(n) 1s
the number of positwe integer solutions of the equation n = 2x% + 1 + 1

(Note that s(n) =0 or 1)

The equation n = 272 4+ z + 1 anises from n = k (%) + 1 when k 1s odd

k-1

and xr = >



A subsequent result given in Chapter 5 states, in part, that the disjoint
union of 2tm + 1 cycles of length m has achromatic number 2tm + 1, for

e gt

3.3 k-Regular Graphs

In 1982, Z Miller generalized Hell and D Miller’s work on cycles with a paper
establishing upper bounds on the achromatic number of k-regular graphs on

n vertices

Theorem 3.3 1 [47] Let k > 2 be an nteger, and let M(n,k) be the max:-
mum value of achr(G) over all k-reqular graphs on n vertices Then,
(1) M(n, k) < 'ma:r{/\ ezt A< n} and,
(1) There 1s a function Q(k) such that for all n > Q(k). we have
mazx {/\ €Zt N < n} ifn ¢ Q
M(n, k) =
mazx {/\ €Zt A< n} -1  fneq
where Q = {1tk +1)+1 1€ Z"}

For k = 2 1n the above theorem, the result 1s precisely that of Theorem
3 2 2 Examples of graphs with maximum achromatic number for some other
values of k and n are shown in Figure 32 G 1s the 4-regular graph on 6
vertices with M (6.4) = achr(G,) = 3. and Gj, the Petersen graph, 1s a

3-regular graph on 10 vertices with M(10.3) = achr(Gy) =5
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G, G,

Figure 32 Two A-regular graphs on n vertices which attain M (n k)

Since the proof of the previous theorem was constructive. 1t 1s possible
to determine the minimum n for which there exists a k-regular graph on n

vertices having achromatic number A This miimum n 1s denoted by n(A. k)

Corollary 3 3 2 [47] For any k > 2 and ) sufficiently large (depending on
k), we have n(A. k) = man { n n>A2L] and neven of k odd}

3.4 Trees

Most parameters of trees are easy to compute The achromatic number 1s
an exception Even the complexity of determining the achromatic number of
a given tree 1s still an open question. although polynomial algorithms have
been found for several classes of trees (see Chapter 8)

The achromatic number of trees has been studied by Farber, Hahn, Hell,

and D Miller who arrived at the following bounds 1n 1986 [22]

Lemma 3 4.1 [22] If T 1s a tree unth maz degree A and achr(T) < k, then

(k=1A+(}7') k<A
|E(T)| <

(k = 1)k + (32—1) of k> A



Theorem 3 4 2 [22] Let T be a tree with m edges and
t = mar {O.m - (“\‘2’1) - %}

Then l%%— t%J < achr(T) < {%Jr (Qm + %) J

o=

Proof The upper bound holds since any graph with achromatic number £
has at least ('2“) edges
£+ (em+3)7] > [§+ (2(4) + 4>J oy
The lower bound follows from Lemma 3 4 1 by solving for £ in the equa-
tionm = (k—2)(k — 1) + (AQ_I) + 1 This bound holds for all A since
(k—2)(k—1)+ (A;‘) > (k —2)A + (’C;Z) for all A,k € Z*, and hence the
left hand side of this inequality 1s always an upper bound for the number of

edges 1n a tree T with achr(7T) <k —1 a

Simpler bounds can be obtained 1if a relationship between the number of

edges and the maximum degree 1s known

Corollary 3 43 [22] If T 1s a tree unth m edges and A < (4m)%, then
achr(T) > /m

Corollary 344 [22] If T us a tree unth A < n and at least 3( ’2’) edges,

then achr(T) > n

The case of generalized stars (1 e, subdivisions of K 4) has been con-
sidered by Lopez-Bracho [42] Some of these results are presented on page

39
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Considering the difficulty of ascertaining the achromatic number of a tree,
a result of a later chapter (see Theorem 5 1 7) 1s interesting in that 1t states,
n part, that if the tree T has m edges, then for t € Z". the forest t(2tm+1)T

has achromatic number 2tm + 1



Chapter 4

CLIQUE NUMBER AND
ACHROMATIC NUMBER

We now focus on the restricted class of graphs for which the chque number
equals the achromatic number We begin by giving an original characteriza-

tion of these graphs

4.1 Graphs With Equal Achromatic And Clique
Numbers

We say that a graph GG has Property H 1if for every homomorphic image H of GG
there exists a homomorphism of H (back) to G Figure 4 1 shows three graphs
each having this property Note that in each example, the achromatic number
equals the chque number The famihes of graphs described in Sections 4 2
and 4 3 also have Property H, constructions for these graphs are given in the

relevant section

29
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1 A X

G, &, &,

Figure 41 Three graphs with Property H

Theorem 4.1 1 A graph G has Property H «+f and only of achr(G) = w(G)

Proof Suppose G has Property H that 1s, there exists a homomorphism
of H to G whenever there exists a complete homomorphism of G onto H If
achr(G) = n. there exists a complete homomorphism of G onto K, Thus
there also exists a homomorphism f of K, to G Since f(K,) 1s a complete
subgraph of G. w(G) > achr(G) Hence »(G) = achr(G)

Now suppose achr(G) = w(G) =n Let H be a homomorphic image of G
Bv Theorem 2 3 1, achr(H) < achr(G) = n. so there exists a homomorphism
h of H to K, Since K, 1s a subgraph of G. there 1s a homomorphism 7 of
K, to G (1 can be taken to be the inclusion map) The function 20 h 1s then
a homomorphism of H to G O

[t remains an open problem to find a structural characterization of these
graphs In the remainder of this chapter we examine several subclasses of

these graphs for which such a characterization has been determined
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4.2 Perfect Graph Theorems

In this section we review perfect graph colourings, which were mvestigated
by Christen and Selkow [15] 1n 1979

A Grundy n-colouring of a graph 1s an n-colouring such that for each
colour 7, each vertex coloured 2 15 adjacent to at least one vertex coloured )
for each y < 2 These have also been called Canonical colourings by Bondy
and Murty [7], and Ordered colourings by Cockayne and Thomason [19], and
are the colourings produced by a greedy algorithm The Grundy number v
of a graph 1s the maximum number n for which the graph has a Grundy
n-colouring

It 1s clear that for any graph, w < y < v < achr

For o and /3 distinct elements of the set {w, x.7y.achr}, a graph G 1s
called (a, B3)-perfectif for each induced subgraph H of G. o(H) = 3(H) The
(y.w)-perfect graphs are more commonly referred to as perfect graphs and
have been extensively studied 1n the hterature (e g, see [26]) Christen and

Selkow characterized (achr,w)-perfect graphs and (achr, x)-perfect graphs

Theorem 4 2 1 [15] The following are equwvalent

(1) G 18 (achr,w)-perfect

(1) G 1s (achr,\)-perfect

(11) G does not contain an induced subgraph isomorphic to one of the graphs
P, PBUP, orRbUPUP

(w) no homomorphic vmage of G contains an imduced subgraph isomorphic
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t0P4

They next provided an inductive characterization of the class of (achr. w)-

perfect graphs (and therefore also of the (achr, x) -perfect graphs)

Theorem 4 2 2 [15] A finite graph 1s (achr, x)-perfect (equwvalently (achr,w)-
perfect) iof and only of 1t can be generated from K, or from K,,UK, . for some
m.n € Z*, by fimtely many applications of the addition of 1solated vertices

and of the join operation

Proof We use iduction on |V(G)|  Suppose G 1s (achr, x)-perfect If
[V(GQ)| = 1, then G 15 1somorphic to K,

Suppose the theorem 1s true for all graphs Gy, for which |V (Gy)| = k& We
show that 1t 1s also true for graphs G, with k& + 1 vertices If G, has a
component which 1s a single vertex, it can be generated by adding an 1solated
vertex to some Gy, which by the induction hypothesis 1s generable from K,
or K, U K, mn the appropriate way

If all components of G, are non-trivial, then by Theorem 421, G,
does not contain an induced subgraph 1somorphic to P, U P, U P, and thus
has at most two components If G, has two components, then since 1t does
not contain an induced subgraph 1somorphic to P; U P, , both components
are complete and we are finished If Gy, has only one component, this,
together with a result of Semnsche [51]. that if a graph H 1s (achr. x)-perfect
then either H or H 1s disconnected, imphes that Gi,; 1s the jomn of two

smaller graphs The assertion follows from the induction hypothesis
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Now suppose G can be generated from K, or K,, UK, 1n the appropriate
way We prove this part by induction on the number of operations necessary
to generate the graph G If this number 1s 0, then G 1s 1somorphic to K
or K, U Ky, which do not contain an induced graph isomorphic to one of
the forbidden graphs histed in Theorem 4 2 1, and G 1s therefore (achr, x)-
perfect

Suppose the theorem 1s true for all graphs G} for which the number of
operations equals ¢ We show that 1t 1s also true for Gy, If G, 15 generated
by adding 1solated vertices to Gy, then 1t clearly contains no induced subgraph
1somorphic to a forbidden graph, and thus 1s (achr, y)-perfect

If G118 the join of two graphs G, and G, both of which can be generated
mn less than t + 1 operations, then by the induction hypothesis both , and
G, contain no induced subgraph 1somorphic to a forbidden graph However,
if p and ¢ are non-adjacent vertices in G441 they must both be in G, or both
in G, By the definition of join, any induced subgraph of G141 1somorphic to
one of the three forbidden graphs must be contained entirely in G, or entirely
m G,, contrary to the induction hypothesis Thus, G4y 1s (achr, x)-perfect,

and the result follows O

In the same paper. Christen and Selkow gave a family of forbidden 1n-
duced subgraphs of a (achr, v)-perfect graph The characterization of (achr, v)-
perfect graphs remains open, however Further results concerning the Grundy

number can be found n [15, 17, 21]
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4.3 Homomorphically Full Graphs

In this section we mvestigate another class of graphs, which turn out to be a
subset of the class of perfect graphs A graph G for which every homomorphic

image of G 1s a subgraph of G 1s called a homomorphucally full graph

Theorem 4 3 1 [14] If G s homomorphically full, then w(G) = x(G) =

achr(G) , where w denotes the clique number of G

Proof. For any graph G, w(G) < x(G) < achr(G), so 1t suffices to show

that w(G) > achr(G) By defimtion, achr(G) 1s the largest n for which

K, 1s a homomorphic image of G Suppose achr(G) = m Then K,, 1s a

homomorphic image of G Since G 1s homomorphically full, this means K,

18 a subgraph of G Therefore w(G) > m O
The graph 2K5 shows that the converse 1s false

Brewster and MacGillivray [14] characterized homomorphically full graphs

Theorem 4 3 2 [14] Let G be a graph The following statements are equiv-

alent

(1) G 18 homomorphically full

(n) For every pawr u,v of non-adjacent vertices of G, esther N(u) C N(v)
or N(v) C N(u)

(u1) Every homomorphic image of G 1s an induced subgraph of G

(w) G contains neither 2Ky nor Py as an induced subgraph
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In analogy with the recursive construction of (achr,w)-perfect graphs in
the previous section the homomorphically full graphs may be constructed
using the following rules [14]

(1) K7 18 homomorphically full,

(n) If G 1s homomorphically full, then so1s GU K,

(m) If G and H are homomorphically full, then so 1s G + H

Other characterizations and constructions of homomorphically full graphs

can also be found 1n [14]



Chapter 5
N-MINIMAL GRAPHS

This chapter will explore those graphs which have the mimimum number of
edges necessary 1n order to have a given achromatic number A graph G
18 n-munamal if achr(G — e) < achr(G) = n for every edge e n G This
defimtion 1s due to Bhave [5] mn 1979, and Kelly [42] in 1978 (where such
graphs were called mazrimally achromatic) They have also been called -
critical 1 [43]  An equivalent statement 1s that a graph G 1s n-minimal 1if

achr(H) < achr(G) for all H & G (up to deleting 1solated vertices)

Theorem 5.1.1 [5] A graph G with achromatic number n s n-minwmal of

and only if 1t has ezactly (’;) edges

Proof Suppose G 1s n-minimal Then there exists a complete homomor-

phism ¢ which maps G onto K,, Thus G has at least (g) edges Suppose G

n

has more than ( .

) edges Then there exists edges uv and zy of G such that
@' (uv) = ¢'(ry), where ¢’ 1s the induced edge mappmg function of E(G) to

E(K,) defined by ¢'(ab) = é(a)¢(b) This implies that G 1s not n-minimal,

36
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since the deletion of uwv, say, leaves a graph which still admits a complete

n

homomorphism onto K,, Hence G must have exactly (2

) edges

n

Now suppose achr(G) = n and G has (2

) edges Then, for any edge

e € E(G), achr(G —e) <n—1 by Theorem 2 1 3 Hence G 1s n-mimimal O

n

We note that a path with (2

) edges 18 n-mimimal when n 1s odd

Gao and Hahn [24] give the following construction of a family of
n-minimal trees for n even or odd Let V(T) = {u}, =1, ,n—1,
7 =1 n—-1}U{u}, and E(T) = {uu!t' =01 ,n-2
g =1+1, .n—1} A complete homomorphism h of T onto K, with
V(Kn) = {vo, ,va_1} 15 defined by h(u}) = v,

We now describe a method, proposed by Bhave [5], for constructing the
set of all n-minimal graphs from the set of all (n — 1)-minimal graphs We
first need a few definitions and lemmas

Let G be a graph, and P = {V},V3, .V, } be a partition of V(G) nto
non-empty sets The partition graph, P(G), of G 1s the graph with vertex
set P where V, and V) are adjacent 1f and only if there exist v, € V, and
v, € V, such that v,v, 15 an edge in G A partition P of V(G) 1s complete 1f
P(G) 18 a complete graph A graph H 1s partition realizable from a graph G
if P(G) = H for some partition P of V(G)

Let H be a subgraph of G The subgraph of G obtained by deleting all
edges of H and the resulting 1solated vertices in G’ will be denoted by G *+ H

For example, K, * K, = K11
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Lemma 51 2 [5] Let a graph H be partition realizable from G, and let H,
be an induced subgraph of H, then
(1) Hy s partition realizable from an induced subgraph G, of G, and

(u) H = Hy 1s partition realizable from G *+ G,

Corollary 5 13 [5] If K, s partition realizable from G, then there exsts
an wnduced subgraph G| of G such that
(1) K,_1 18 partition realizable from G, and

(n) K1 ,_y 18 partition realzable from G * G,

Bhave’s method [5] of constructing the set of all n-mimimal graphs from
the set of all (n—1)-mimimal graphs 1s as follows (only graphs with no 1solated
vertices are considered)

Let {G,} be the set of all (n — 1)-mimmal graphs and {H,} be the set
of all graphs with n — 1 edges, such that K ,_; 1s partition realizable from
any element of {H,} Since K,_; 1s partition realizable from any element
of {G,} and K ,_; 1s partition realizable from any element of {H,}, K, 1s
partition realizable from each of the graphs formed below, each of which
has (’2‘) edges and hence 1s n-mimmal Consider a graph G, € {G,} Let
P={V,Va, . V,_1} be a complete partition of V' (G,) It 1s easy to see that
each H, € {H,} has at least n— 1 vertices of degree one, say uy, uz, ,Up—1
Let G be a graph obtained from G, and H, by 1dentifying some, all, or none
of these vertices with the vertices of G, such that no two of uy, us, ,un_y

are 1dentified with vertices belonging to the same part 1, € P The following
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argument shows that anv n-minimal graph 1s 1Isomorphic to a graph obtained
above Let G be n-mmmal and P(G) = K, Then as A,_; 15 an induced
subgraph of K. there exists an induced subgraph G, of G such that K,_, 15
partition realizable from G’, and K| ,_; 18 partition realhizable from G * GI, by
Corollary 51 3 Therefore G’, has (";1) edges and hence 15 (n — 1)-minimal
and G iG’, has n — 1 edges Therefore G 1s 1somorphic to one of the graphs
obtained above

The n-minimal trees with a single vertex of degree at least 3 (that 1s,
generalized stars), and “flowers” were investigated bv Lopez-Bracho [42] in
1983 If v1s a vertex of a tree T and the components of the subgraph T — v
are V1, Vo [V, then the subgraphs 7, = T[V; U {v}]. 2 = 1.2.  .d. are
called the branches of T with respect to v (The branches of a generalized
star with respect to the vertex of degree at least 3 are paths ) A flower 1s
a connected graph F' composed of (induced) cycles which have exactly one
vertex 1n common The cycles themselves are called petals Figure 51 shows

a generalized star S and a flower F

S F
Figure 51 A generalized star S and a flower F
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Theorem 514 [42] Let Tpy(uy,us, ,ug) be a tree with just one vertexr
v wnth degree d > 2, where m 1s the number of edges of T, d 1s the number
of branches of T unth respect to v and uy,ua,  ,uq are the lengths of these
branches Then

(1) If n 1s even, T 1s n-manimal of and only of m = (’;) andd=n-1

(1) If n > 3 1s odd T 1s n-mumimal +f and only 1of m = ('2’) d<n-1,

and at least % branches of T have length > 1

Theorem 5 1 5 [42] Let F be a flower, then for odd n > 5, F 18 n-mamimal

of and only of ot has (g) edges and at most ("—;Q petals

Various types of n-mimimal graphs which are disjoint unions of 1dentical

graphs were first constructed by Kelly [41] in 1981

Theorem 5 1 6 [41] Let F be a forest wuth m edges Let t € Z* Then

t(2tm + 1)F s (2tm + 1)-manamal

In other words, Ky, 1 18 the union of ¢(2¢tm + 1) edge disjoint copies of

F

Theorem 5 1.7 [41] Let Cy, be a cycle with m edges Let t € Z' Then

t(2tm + 1)Cpp 18 (2tm + 1)-nunamal

In other words, Ky, 41 15 the union of #(2tm + 1) edge disjoint copies of

Cm
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Theorem 5 1 8 [41] For any wnteger n such that m|(;’), #(S)Pmﬁ 18 M-

manimal

These results have been recently improved Let G be a graph We note
that the statement that AG 1s n-mimimal 1s equivalent to the statement that
K, can be factored into k& edge-disjoint copies of G The next two theorems
give conditions under which kP,, and kC,,, respectively, are n-minimal In
each case, the given conditions are necessary to assure the graph in question

has exactly (’2‘) edges

Theorem 519 [2 For any odd integers n.m, n > m > 3, 1f m|(’2‘), then

1 (n Sdl
- (2 )Cm 15 n-manimal

Theorem 51 10 [54] For any wnteger n such that n = 0(mod m) and

n = 1(mod m—1) when m # 3,5 and (m—1)|('2"), m;q(g)-pm 18 n-manimal

Theorem 5 1.11 [55] If m 1s an even integer, then ;L—(’Z’)K“,, 18 n-manamal

if and only +f n = 0(mod m + 1) and n = 1(mod 2m)

Other similar results for classes of trees are found n [55]

The above three results are samples only, a comprehensive reference to
decompositions of graphs 1s the text by Bosak [10] in 1990

In 1986, Farber, Hahn, Hell and D Miller established a Hall-like necessary
condition for any graph G to be n-mimimal We first need some definitions

An edge-monomorphism of G to His a homomorphism f of G to H such that
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the induced edge mapping f’ 1s injective If G' has exactly (’;) edges then a
complete n-colouring corresponds to an edge-monomorphism of G' to K,, A
jt-tmage of G 1s a homomorphic image of G under some edge-monomorphism

Thus, a graph 1s Eulerian 1f and only 1f 1t 1s a g-1mage of a cycle

Theorem 51 12 [22] Suppose G = (V, E) s n-nunwmal For W C V. let
‘E(G[W])| be the number of edges of G with both ends in W Then

S~ deg(v) < [BGIW])|+ [W|(n - 1) - (l‘m

vVEW
for each set W C V' of cardinality at most n In particular, of W 1s an

independent set with at most n vertices, then the average degree in G of the

W
vertices in W 1s at most n — 1—2|+—1

Proof Let ’[V(G’) - W, W]’ be the number of edges of G with exactly one
end n W Note that 3,y deg(v) = 2‘E(G[W])| + “V(G’) -W, W’]'

Consider an edge-monomorphism f of G onto K, Since f1s an edge-

monomorphism,
[E@GW))| +|[V(G) = W.W]| < |B(EL[f (W] +|[V(Kn) = £(W), f(W)]| There-
fore,

Y deg(v) < |E(GIW))|+|BELLf (W) +]|[V(Kn) = FW), F(W))]

vEW

— |E@)| + (Z degy, (u ) B (W)

u€ f(W

= [B@W|+]f0)|(n-1) - ('“.;”)
E(GW)|+|[W|tn-1) - (";") ,

IN

sice |f(W)| < ’W| < a
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Corollary 5 1 13 [22] If G 1s an Eulerian graph with (g) edges, where n

18 even, then achr(G) <n

n

Proof Suppose GG has (2

) edges and achr(G) = n Then K, 1s a pu-
mmage of G Clearly any p-image of an Eulerian graph 1s Eulerian Since K,
1s Eulerian 1f and only 1if n1s odd, then either n 1s odd or G 1s not Eulerian
g

The following theorem can be thought of as a generahization of Theorem
515 It uses a more general defimition of petal Here a petal of G 15 a
component of G\ B, where B 1s the set of vertices of degree at least 3 (that

15, a component of the subgraph induced by the vertices of degree at most

2)

Theorem 5.1 14 [22] There 1s a function g Z' x Z* — Z*1 wnth the
property that achr(G) = n for each Eulerian graph G with at most k vertices
of degree at least 3, at most | petals, and exactly (’;) edges, as long as n 18

odd and n > g(k,l)

Theorem 5 1 15 [22] Suppose T s a tree with at most k leaves and exactly
('2’) edges, where n 1s odd and large unth respect to k (say n > g(k, 2k), where
g 18 the function wn the prevous theorem) Then achr(T) = n of and only of

T has an Eulerian ji-image

We conclude this chapter with an original result on n-mimimal graphs

We begin with a result by Bhave [5]
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Theorem 51 16 If m and n are any two wntegers unth 1 < m < n, then

there exsts a graph G with x(G) = m and achr(G) =n

One family of n-mimimal graphs with chromatic number m 1s K, U
(("—2"’) +m(n — m)) K; These graphs, however, contain a chque of size
m In what follows, we investigate the connection between the clique num-
ber w, the chromatic number y, and the achromatic number Recall that
w < x < achr

Let f(m.n) denote the mmimum number of vertices 1n a graph G with

x(G) =n and w(G) = m Such graphs exist for allm and n with 1 <m < n

For example, f(3,2) =5, f(4,2) =11, and f(5,3) = 11 [29]

Proposition 5 1 17 For any integers m and n with 1 < m < n, there exists

a graph G with w(G) = m, x(G) = n, and achr(G) > f(m,n)

Proof To construct the graph G with achr(G) = f(m,n), we colour the
f(m,n) vertices of G with different colours, then add sufficient disjoint edges

to give achr(G) = f(m.n) O

More generally, if we let g(m,n) denote the mmmimum value of achr(G),
taken over all graphs G with w(G) = m and x(G) = n, then for all integers
m and n, 1 < m < n, there exists a graph H with w(H) = m, x(H) = n,
and achr(H) > g(m.n)

[t 15 an open problem to determine the mtegers 1 < w < ¢ < a for

which there exists a graph with w = w. x = ¢, and achr = a (Note this



15 equivalent to determining g(m,n) ) In what follows, we seek a-minimal
graphs with this property We show that w = n, x = n+ 1, achr =t 1s
realizable by a -minimal graph if and only if t > n+2 We use a result from

Gallai [23], 1963

Theorem 5 1 18 [23] If G 1s t-(colour)-critrcal and |V (G)| < 2t — 2 then G

15 dusconnected (v e, G has a spanning complete bipartite graph, or equiva-

lently there are vertex disjoint graphs G and Gy such that G = G, + G3)

Lemma 51 19 Forn > 2, the mumumum number of edges in a graph G with
w(G)=nand x(G) =n+11s (";2) +5(n—2)+5 Furthermore, K,_o+ Cj

18 the unique graph which achieves equality

Proof We first show that such a graph G has at least n + 3 vertices
Since K, 1s the only (n + 1)-vertex graph with chromatic number n + 1,
[V(G)| > n+2 Suppose |V(G)|=n+2 Then V(G) = WU {u,v}, where
W 1s a chque of size n Since G has no complete subgraph of size n+ 1, there
exist vertices x,y € W such that ux,vy € E(G) If x # y then assigning each
vertex of W a different colour , and assigning u, v the same colours as z, y,
respectively, yields an n-colouring of G, a contradiction Therefore z = y,
and both u and v are adjacent to every vertex in W — {z} Furthermore,
uv € E(G), otherwise the above still describes an n-colouring of G But now
(W —{z})U{u,v}1s a chque of size n + 1 1n G, a contradiction Therefore

V(@) >n+3
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We now show that there 1s no graph G with w(G) = n. x(G) = n+1
and fewer than (";2) + 5(n — 2) + 5 edges The result 1s clear if n = 2
Suppose 1t 1s true forn = 2,3,  ,k—1. and let G be a graph with w(G) = k,
Y(G) = k+ 1 and the mmmimum number of edges Thus G 1s (k + 1)-
critical, and so 6(G) >k Since [V(G)| k < 2|E(G)|, we have 1|V(G)| k <
(*32) + 5(k — 2) +5 = £43k=4 Therefore |V/(G)| < k+5—4 Ifk =3, then
IV(G)| <6<2(k+1)—2,andif k>4 then |[V(G)|<k+4<2(k+1)—2
In either case, Theorem 51 18 apphes Hence G = G| + G5 If we now let
x(G1) = w(Gy) = r, then x(G2) = k—2x+1, and w(G3) = k—x Since G has
the mimimum number of edges, G; = K, It now follows from the definition
of join that we can assume z = 1

Since w(G3) = k — 1 and x(G3) = k. 1t follows from the induction hy-
pothesis that |E(Gy)| > (kf’) +5(k—3)+5 Thus

E@)] 2 (IV(G)] = 1)+ (*3°) +5(k = 3) +5
> k3 -1+ S 45k - 2)
_ 2((k—23)+5) 4 (k—:s);k—4) +5(k—2)

=20 (B9 1 5(k - 2)
= (k;2) + 5(k — 2) + 5. as required
It follows from the above argument that if G has w(G) = n, x(G) =n+1
and |E(G)| = (";2) +5(n —2) + 5, then G has n + 3 vertices and, 1n fact,
G = K, + H, where |[E(H)| = (“’;3) +5n—-3)+5 wH)=n-1, and

x(H) = n Swmce C5 1s the umque extremal graph when n = 2, an easy
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mduction argument shows that Cs5 + K,_, 1s the unique graph for which

equality 1s achieved a

Theorem 51 20 For n > 2, there emsts a t-mamimal graph G unth

w(G)=mn, x(G) =n+1 and achr(G) =t +f and only 1f t > n + 2

Proof Consider a graph ¢ with w(G) = n and x(G) = n+1 By Lemma
5119, G must have at least (";2> +5(n—2) +5 = 24 adges

Since "q*zﬂ > "*g—"” = (";2) for al n > 4. G 15 not
(n + 2)-mimmmal It remains to consider n = 3 and n = 2 The only graph
with x =4, w = 3 and 10 edges 1s C5 + K, which has achromatic number
4 The only graphs with x = 3, w = 2 and 6 edges are C5 U K5, and Cj
connected to K| bv a single edge Both of these graphs have achromatic
number 3 Thus for n > 2 there exists no t-minimal graph with y = n + 1
and w = n such that t <n+2

We establish the existence of t-mimimal graphs with w = nand y=n+1
(n > 2) for all t > n + 2 by construction Observe that if G 1s a k-mimimal
graph with w(G) = n and x(G) =n+ 1, then GUk K, 1sa (k+ 1)-mimimal
graph with the same clique and chromatic numbers as G Thus 1t suffices to
find, for all n > 2, an (n + 3)-mimmal graph with w = n and x = n + 1
But this 1s easy since (C5s + K,_2) U5K5 15 such a graph This completes the
proof a

We note 1n closing that if we relax the mimimality condition. then all

parameter sets of the form n, n+1, ¢t. where t > n+1. are realizable By the
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above theorem, we need only consider t =n+1 and t = n+2 The required

graphs are (C5 + K,—2) and (Cs + K, —2) U 2K, respectively



Chapter 6
OTHER PARAMETERS

In this chapter we list relations between the achromatic number and other
graph parameters, as recorded by Xu [52] in 1991 We introduce each param-
eter with 1ts notation and an informal defimtion We denote the maximum
degree by A, mmmum degree by J. connectivity (mmmmum number of ver-
tices of G which must be deleted to disconnect GG) by k. edge connectivity
(mmmum number of edges which must be deleted to disconnect G) by &',
domination number (mimimum size of a subset D of V' (G) such that all ver-
tices not 1 D are adjacent to at least one vertex in D) by <. independence
number (size of a maximum independent set of vertices) by «. covering num-
ber (mmmum size of a subset C' of V(') so that all edges in GG are incident
to at least one vertex in C') by /3, circumference (length of longest cycle) by
¢, length of longest path by [, girth (length of shortest cycle) by ¢. diameter
(maximum of the distances between all pairs of vertices) by d, edge inde-

pendence number (size of a maximum matching) by o', and edge covering

49
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number (mimmum size of a subset C' of E(G) so that all vertices in G are
incident to at least one edge in C') by ' Each mequality below 1s followed
by graphs which attain the lower and upper bounds We have supplied the

extremal graphs which are not directly cited

Theorem 6 1 1 [52] Let G be a finute graph with n vertices We assume
that G 18 connected wn the case of diameter, and we further assume that a

cycle exists in the case of qrth and circumference

(1) 1-n<4G)—achr(G)<n-2yn (K, UK, [52],Cy)
(2) 1-n<k(G)—achr(G) <n-2yn (K,-1UK, [52],Cy)
(3) 1-n<K(G)—achr(G)<n-2yn (K, UK, [52],Cy)

(4) —2-1<A(G)—achr(G)<n—3 (mezact [52] , K1 [52])
(5)  achr(G)(achr(G) - 1) < nAG)  (K,)

(6)  0<achr(G) - (G)<2-1 (K, K)

(1) 2achr(G) - x(G) < n ()

(8)  UG)—achr(G) <n—3 ( Kooy 152])

(9) 2achr(G) = I(G) <n+1 ( K% )

(10) (@) - achr(G) <n—2 ( Kujanyz [52))

(1) 2achr(G) - c(G) <n (K.)

(12)  ¢(G) < l’arh_;((')_" (achr(G)+1) +1 ( Cy. such that
n=2a%+a+1,a€Z)



6 < g(Q) + achr(G) <n+vV2n+1

9(GQ) + 2achr(G) <2n+3
d(G) < (@I

d(G) +2achr(G) <2n+1

4 < d(G) + achr(G) < n++2n
2y/n < achr(G) + a(G) <n+1

n < achr(G)a(G) < 12

-1 < B(G) —achr(G) <n—-2yn

—1 <20 (G) —achr(G) <n—2

n+2 <achr(G)+23'(G) <2n+1

3<achr(G)+~v(G) <n+1

2 < achr(G)y(G) < 2t
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( Tnan , Cn, such that
n=2a®+a,acZt)

( Ky )
(Knn, Cy)
(Tyan. VN€EZY  Kipn)
(K, , A%_lu"—;—lkl,
n=135 [52])
( Kim, Cq)

( K’2n+1 [52] ’ K'n/Z,n/2 )
( Knjons2 [52] , Kony1 )
(K, K,)

(K, Kup U ";—1K1,

= 1,3,5 ... [52] )



Chapter 7

NORDHAUS-GADDUM
TYPE RESULTS

In this chapter we study results which stem from research by Nordhaus and
Gaddum [49] Let G, G denote a graph and 1ts complement and 7 be a
graph parameter The calculations of extremum values of n(G) + n(G) and
n(G)n(G) taken over all n-vertex graphs G are known as Nordhaus-Gaddum
type problems, due to the results where n(G) 1s the chromatic number of G
[49]

The following result 1s due to Gupta [27] in 1969

Theorem 7 1 1 [27] For any graph G with n vertices,

achr(G) + achr(G) < [%n-l , and this bound 1s best possible

To show that 1t 1s best possible, Gupta [27] considered inductive graph
constructions of the formn=3r+1,r=1,2,  with (2r + 1)-colourings f,

and f, of G, and G, respectively For r = 1, they define G, f,, f, as shown

52



V(Gy) = {vo v1. 02 w3},

E(Gy) = {[vo. va]. [v1. va]. [v2. vs]},

filvo) = filvi) = 1. filve) =2. filvs) =
filw) =1 Fi(v)) =2, Fi(ve) = Fi(vs) =3

Figure 7 1 shows the basis graphs G; and G| with their complete 3-

colourings

Figure 71 Gupta’s graphs G; and G, on 4 vertices

Now suppose Gr-1, fr-1, and 7,_1 have been defined for some r > 2
They define G,, f., f, as follows
V(G,) = V(Gr-1) U {v3y—2, V3p—1, V3 },
E(G,) = E(Gr=1) U{[var=2, V3,1t = 1,2, ,r =1} U {[vsr=1,v3]]z = 0,1,
U{[vsr, v3i=1])s [ar, V3]t = 1.2, 17— 1} U {[var, v1]},
fr(var—2) = fr(var-1) = 2r,
+(v3) =2r+1, and
felts) = feylvy) for4=0,1,...,37r -3

r(v3r—2) = 2r,
Fil

~n

~(v3_1) = f(v3) =2r+1, and



71(1’1):77—1(11) f()I']:O 1 31 -3
This 1s demonstrated by Tigure 72

1 2 2 3

2r+1 2r+1
*2| 21

Dr 2r+1
2 21+ 1

2 21+1 &3 21+1

G, el

Figure 72 Gupta’s graphs G, and G, on 3r + 1 vertices with achi (G,) =

achr(G,) = 2r +1

It 15 easy to check that f, and f, are complete (21 + 1)-colourings of G,
and G, respectively Thus achr(G)+achr(G) > 2(2r+1) = [%(37~ + l)] So.

from the theorem. the equality must hold and the bound 1s the best possible

We offer the following corollary

Corollary 7 1 2 For any graph G unth n vertices,

if n = 0(mod 3)

achr(G) achr(G) < 4—”—5'% if n = 1(mod 3)

2402 ¢ = 2(mod 3)

and these bounds are best possible
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Proof From Theorem 711 we have the best possible bound
achr(G) + achr(GQ) < [%n] So  achr(G) < [%n] — achr(Q), and
achr(G) achr(G) < achr(G) [g—n-‘ — achr(G)?

To maximize this upper bound, we take the overlying continuous function
flr) =z [%n] — 1?2 We have £ (I [%n] -~ '12) = [%n] — 27, and the

maximum occurs at r = % [%n]
2n

If n = O0(mod 3). then the maximum 1s at x = 5, which 1s an nteger, so

_ 2
the maximum achr(G) = 27" and achr(G) achr(G) < & 4 — (gﬂ) = in?

3 9
If n = 1(mod3), then the maximum 1s at z = . which 1s
also an mteger. therefore the maximum achr(G) = 22H  and

achr(G) achr(G) < 2";1 4";2 - (2n3+1)2 = (%)2

If n = 2(mod 3). then the maximum 1s at r = ‘"’T“ which 1s halfway be-

tween two integers on a quadratic function, so the maximum

achr(G) = 22=L or 212 Both values yield the same bound

achr(G) achr(G) < (2"3—‘1) (%)
That this 1s best possible for n = 1(mod 3) 1s shown by Gupta’s graphs,

G, and G,, each on 3r + 1 vertices with achromatic number 2r + 1

achr(G) achr(G) > (2r +1)2 = (%)2 = (%L?M)z
For n = 2(mod 3) and n = 0(mod 3), the bounds are attained by G, + K,

and (G, + K1) U Ky, respectively O

Many people have studied generalized Nordhaus-Gaddum type problems,

that 1s, the problem of finding the extrema of n,(G) + n,(G) for two graph
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parameters 7; and 1, It frequently turns out that if both n; and n, attan
their maxima for complete graphs, then we can obtain a bound for n;(G) +
n2(G), since complementary graphs cannot both be complete

S Xu [52] hsted the following generalized Nordhaus-Gaddum type re-
sults In the following theorem we use the notation and restrictions found 1n
Theorem 6 1 1, again following each relation with graphs of the lower and
upper bounds As before, we have provided the extremal graphs which are

not directly cited

Theorem 7 1 3 [52] For any finute graph G wnth n vertices,
(1) 2y/n < x(G) +achr(G) <n+1 (vn K, Kn)

(2) 2yn -1 <achr(G)+AG) <2n—2 (T, VRneEZ',
K, 1UK,)

(3) n <achr(G)(AG)+1)<n(n-1 (K,, KnoiUK))

(4) 2 < achr(G) + §(G) (K, )

(5) 2 < achr(G) + #(G) (Ky)

(6) 2 < achr(G) + &' (G) (K, )

(1) 0<achr(G) = ¥(G) <n—2 ( Kn ; 2Ks)
(8) 0 < achr(G) — a(G) (Kn)

(9) n < B(G) + achr(Q) (nk,)

(10)  2y/n < ¢(G) + achr(G) (vn Ksg)

(11) 2v/n —1 < I(G) + achr(G) (vn Kg)



(12) achr(G)—g(G) <n->5 ( Kho U2K,)
(13) A(G) > 0= g(G) < 2achr(G) (2K,)

(14) d(G) < 2achr(G) -2 (2K, )
(15) n < 2d/(G) + achr(G) ( K, for odd n [52])
(16) 23'(G) — achr(G) < n ( Kn, for odd n [52] )

In 1983. Akiyama, Harary and Ostrand [1] specified the graphs for which
the achromatic number of G and G are both 2, and both 3 The graphs
G such that both G and G have achromatic number 2 are Cy, 2K,, K,
and K, U K, There are exactly 41 graphs G such that both G and G have
achromatic number 3 six with 7 vertices, twenty with 6 vertices, fourteen

with 5 vertices and just one with 4 vertices



Chapter 8
COMPLEXITY

This chapter discusses the computational complexity of the achromatic num-
ber problem as 1t relates to different classes of graphs

The achromatic number problem 1s Given a graph G and a positive
mteger k, 1s achr(G) > k ? Yannakakis and Gavril [53] explored this problem

n 1980, and Bodlaender revisited 1t in 1989 [6]

Theorem 8 1 1 [53] The achromatic number problem 1s NP-complete even

for complements of bipartite graphs

A cograph s a graph  which does not have P,
as an mduced subgraph [20] A graph G = (V. E) 1s an wnterval graph if
one can associate to each vertex v € V' an mterval | a,, b, ] C R, such that

vw € E & [ay.by] N[ ay.b,] # 0 [26]

Theorem 8 1.2 [6] The achromatic number problem 1s NP-complete, even
when restricted to connected graphs that are ssmultaneously a cograph and an

interval graph
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The exact bipartite achromatic number problem 1s If G 1s a bipartite

graph with exactly (’;) edges, 18 achr(G) = k? (Equvalently, given a bi-

k

partite graph G' with exactly ( 5

) edges, 18 G k-mummal?) The complexity
of this problem was established by Farber, Hahn, Hell and D Miller [22] in

1986

Theorem 8.1 3 [22] The exact hipartite achromatic number problem 1s NP-

complete
In contrast to these conclusions Farber et al give the following results

Lemma 8.1 4 [22] There s a function f Z* — Z" such that each graph
wnth at least f(k) reducing congruence classes has achromatic number at least

k

Theorem 8 1 5 [22| For each fized integer k, there 1s an algorithm whach,
for an arbitrary graph G = (V,E ), determines whether achr(G) > k wn
time O(|E|)

Outline of Proof Let G be the graph obtained from G by deleting m — k
vertices from each reducing congruence (r ¢ ) class with m vertices, whenever
m > k The authors first show that achr(G) > k1f and only 1if achr(Gy) > k
Two lists are then constructed one of the rc classes of G, the other of the
neighbourhoods of each of these rc¢ classes These hists can be made 1n

linear time If during the process G has at least f(k) rc classes (where
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f(k) 1s the function of Lemma 8 1 4 ), then achr(G) > k Otherwise, given
complete lists of the r ¢ classes and their neighbourhoods, we can construct
G 1 linear time We can check whether achr(Gy) > k n constant time If
achr(Gg) > k then achr(G) > k, otherwise achr(G) < k O

Unfortunately the proof of the above theorem 1s non-constructive, and
while the algorithms exist, only those for & < 4 have been found because the

list of all reduced graphs has only been completed for k£ < 4

A related problem 1s the complexity of the achromatic number problem
when restricted to trees or forests The two following results establish the
existence of algorithms which determine whether certain trees are n-minimal
The first pertains to trees with few leaves, the second to trees with few non-

leaves

Theorem 8 1.6 [22] For each fized k, there 1s a polynomaal algorithm whach,
qwen a tree T wnth (’;) edges and at most k leaves, wnll determine whether

achr(T) =n

Theorem 8 1 7 [22] There 1s a polynomual algorithm which, quen any tree
T wunth (g) edges and at least (";1) + 1 leaves, wnll determine whether
achr(T) =n

Five algorithms which compute approximate solutions to the achromatic

number problem have been compared 1n terms of running time and accuracy
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These heuristics may be found in Brewster [13] We will briefly describe
three of his algorithms The first method colours the vertices in a depth
first search order by colouring a new vertex with a new colour n only once
a complete homomorphism onto K, _; has been constructed with the previ-
ously coloured vertices A more accurate approach 1s to begin by assigning
each vertex a different colour and then iteratively merging pairs, X,Y, of
colour classes for which there 1s no edge with one end 1n X and the other
end n Y A vanation 1s to begin mstead with a k-colouring of G, where
k = max{t (;) < |E(G)|} Brewster reports that the second method
generally gives better approximations than the first, while the third 1s much

faster than the second and 1s comparable in accuracy He also compares these

algorithms when they are augmented by a re-colouring step



Chapter 9

SUMMARY OF OPEN
PROBLEMS

We conclude with a hst of six problems for further study This list 1s not
meant to be comprehensive, rather 1t 1s a sample of the topics which have
been discussed 1n this thesis

1 Determine bounds for the achromatic number of the Cartesian Product
of graphs

2 Determine the hst of irreducible graphs with achr = k. for k > 5

3 Exactly determine the achromatic number of the m x n gnd (the
Cartesian Product of P, and P,,) and the n-dimensional cube (the n-fold
Cartesian Product of K3 with itself)

4 Find a structural characterization of the graphs with achr = w

5 Determine those mntegers 1 < w < ¢ < a such that there exists a
(minimal) graph with w = w, x = ¢ and achr = a

6 Complete the solution to the exact bipartite achromatic number prob-

lem restricted to trees
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