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Abstract 

The achromatic number of a graph G 1s the largest number of colours that 

can be assigned to the vertices of G so that (1) ad.1 acent vertices are assigned 

different colours, and (n) any two different colours are assigned to some pair 

of adJ acent vert ices This thesis contributes to the study of the achromatic 

number by out lmmg the research smce 1967 The effects on the achromatic 

number of several different operat10ns are surveyed, mcludmg that of the 

categorical product T hr bounds on the achromatic numb er of paths, cycles, 

k-regular graphs and t rees are then mvestigated, followed by an explorat10n 

of the relat10nship between chque number and achromatic number Van ous 

results on n-mnumal graphs are also rev iewed Fmally, results concernmg 

the computat10nal comple'{ity of the achromatic number problem for arbi­

trary and restricted graphs are presented Included 111 this thesis are proofs 

of some theorems which illustrate an important techmque or idea Several 

on gmal results are giw n. mcludmg n-mm1mal graph and Nordhaus-Gaddum 

type problems 

Exammers 

-
I • • 
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Chapter 1 

INTRODUCTION 

The chromatic number of graphs 1s a well studied parameter which has been 

mvestigated fo r over a hundred years The achromatic number, however , 

was first mtroduced by Harary, Hedetmem1 and Prins m 1967 [32] It 1s the 

purpose of t his tlwsis to cont ribute to the ongomg study of t he achromatic 

number We use t he defimt10ns and termmology of Bondy and Murty [7] 

A graph G is an ordered t riple (V(G ), E(G) , le) consistmg of a nonempty 

set V(G) of vertices, a set E (G), disJomt from V(G) , of edges, and an inci­

dence function le that associat es wit h each edge of G an unordPred pair of 

( not necessarily distmct) vert ices of G. called t he ends of t he edge An edge 

wit h 1dent1cal ends is called a loop An edge wit h d1stmct ends is called a 

link A graph is finit e if both its vertex et and its edge set are fim te A 

multigraph 1s a graph with no loops A simple graph has no loops and no 

two of its hnks Jorn t he same pa1r of ,,ert1ces The underlying graph G of a 

multigraph G' is t he spannmg subgraph of G' fo rmed by deletmg all but one 

1 
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<'dgP hPtwrPn rc1ch pc1ir of c1d1acrnt \f'rt1crc; lnlrss othrrv,isr noted \\<' a<;­

,;;umP that a graph 1s fimte and c;1mplr In tlus ca,;;r a graph can br rPgardr<l 

,1<; an ordrrr<l pair G = (1' E) \\ hrrr 1 · 1s a fimtr non-rm pt, srt of, rrt1cr,;; 

c1nrl E 1<; a ,;;rt of unor<lrrP<l pair,;; of d1st111ct , rrt1crs 

A k-colourinq of a grnph C 1c; a funct10n f 1·(G) --t {l 2 A} ,;;uch 

that 1f uv E E (G) then .f(u) i- f( v) In othrr words 1t 1s an assignment of 

A colours to the , ert1crc; of G so that no t,, o ad 1acent vertices recrn e the 

same colour A complete k-colo·urzng of a graph G 1s a 1. -colounng 111 "luch, 

for every two different colours 1 and J thPrr are t\\O adJacent ,ert1crs such 

that one 1s colourrd 1 and the othrr 1s colourrd J Figure 1 1 shows several 

graphs with complete 3-colounngs 
1 

2 3 3 2 3 3 2 202 2~1 I I I I I I I • • • • 1 2 3 1 

1 1 2 1 1 2 1 1 3 
1 3 

Gl G2 G3 G4 Gs 

Figure 1 1 Complete 3-colounngs of five different graphs 

Let G and H be graphs A homomorphism of G to H 1s a funct10n 

.f 1'(G) --t 1'(H ) 5uch that 1f uv E E(G) then .f(u)f(v) E E(H) That 

1s, f 1s a mappmg of thr vertices of G to the ,ert1ces of H "luch preserves 

ad.1acency If the vertices of Kn are regarded as colours, thrn it 1s easy to 

see by comparing thr defimt10ns, and notmg that any two d1stmct vertices 

of Kn are ad1acrnt, that a homomorplu m of G to Kn 1s an n-colounng of 



3 

G Note tha t 1f .f 1c; a homomorplwan of G to H. thrn for all h E 1 '( H), the 

set .f- 1(h) 1s an mdependent set m G 

I\. homomorphism f of G to H mducP5 a fun ct10n f' E ( G) -+ E (H) 

dPfin Pd by J' (uv) = .f(u)f(i,) If f 1s a homomorphism of G to H then 

the homomorphic 'lmage of Gin H denoted b,, .f(G) 1s the subgraph of H 

~1th vertex set J(1 (G)) and edge set f'(E(G)) . where J' 1s defined as above 

Figure 1 2 illustrates a homomorphism the , ert1ces of G are assigned t he 

labels of the vertices to wluch they are mapped, and the edges of f ( G) are 

emphasized m bold 

Jz:: 
G 

horn 
~ 
~ 2\k25 

1 6 

H 
Figure 1 2 A homomorphism of G to H 

A full homomorphism of G to H 1s a homomorplusm f of G to H such 

that J(G) 1s an mduced (or full) subgraph of H (see Figure 1 3) Note that 

m Figure 1 2, f ( G) 1s not an mduced subgraph of H 

Jz: 
G 

fu ll 
-:-+ 
hom 

PA 'v_;· 
1 6 

H 

Figure 1 3 A full homomorphism of G to H 
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-'\ romplfte homomorphism of G to H 15 a full homomorplusm of G onto 

H , that 1s, a homomorph15m f of G onto H 5uch that f(G) = H Figure 1 4 

shows a homomorplusm of G onto H and Figure 1 5 shows a complete ho­

momorplusm of G ont o H A complete homomorphism of G onto kn can 

thnefore be regarded as a complete n-colounng of G If there 15 a complete 

homomorplu sm of G to H. (1 P, 1f J(G ) = H ) then we call H a homomorphic 

image of G 

horn> 
onto 

H 

Figure 1 4 A homomorphism of G onto H 

complete 
~ 
ham tzr 

1 4 

H 

Figure 1 5 A complete homomorphism of G onto H 

Suppose f. is a complete homomorphism of G onto H, and JV(H)I = 

JV(G)J - 1 Then there exists a w E V(H) such that Jc1(w)I = 2 and 

for all other x E V(H), Jc1 (x)J = 1 That is, H can be obtamed from 

G by ident1fymg a pair of mdependent ert1ces In this case, we call H 

an elementary homomorphic image of G and refer to E as an elementary 
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homomorphism of G to H ( c:;re Figure 1 6) 

262 ~ 
4 3 4 

2 

3 

Figure 1 6 An elementary homomorpluc 1magP of C~ 

The chromatic (respectn elv achromatic) number of a graph G, denoted 

bv x(G) (resp achr (G) ), 1s the muumum (resp maximum) number n for 

which G hac:; a complete n-colounng Eqmvalently, t he chromatic (resp 

achromatic) number of a graph G 1s the m1mmum (resp maximum) number 

n such that Kn 1s a homomorphic image of G A. direct 1mphcat10n of this 

defimt10n is that a graph G with achromatic number n must have at least 

(;) edges 

A graph 1s n-mmimal 1f achr(G - e) < achr(G) = n for every edge e m 

G 

The graphs G and Hare (vertex) disJoznt 1f V(G) n V(H) = 0 

A clique of G is a subset X of V (G) such that G[X] is a complete graph 

The clique number of G, denoted by w(G) , 1s the number of vertices m a 

largest chque of G 

Note that if the context is clear. we abbreviate w(G). achr(G) and \(G) 

to w, achr and \, respectively 

We use Pn (resp Cn) to denote a path (resp cycle) '\\- It h n vert1cec:; 



G 

(Note that Pn has length n - l ,dulr Cn has lrngth n ) 

A k-partit f' graph 1s a graph whose vert e,c set can be part1t10ned mto 

k so that no rdgr ha5 both ends m anv one subset 

A complete k-partzte graph denoted by Kn 1 n1 n k \vhere I I has size n, for 

1 = l, k. 1s one m \\- h1ch each , erte:x. 1s .1omed to r , ery vertrx t hat 1s not 

m the same subset The complete m-part1te graph on n "Vertices 111 \\- h1ch 

each of them parts has f' Ither l;¼J or r~l , ertices 1'3 denoted by Tm,n (see 

[7], page 6) 

The union of two graphs G and His the graph GU H \\,Ith V( G UH)= 

V(G) U V(H). and E (G U H ) = E (G) U E (H) v\e denote t he umon of n 

dis.1omt copies G as nG 

The Jam of two disJomt graphs G = (F. E) and G' = (V', E') is the graph 

G + G' =(VU V', X) , where X =E U E' U { vv'l v E F. and v' EV'} That 

1s, the graph obtamed from GU G' by addmg all possible edges with one end 

m V(G) and the other end m V(G' ) Figure 1 7 shows the JOlil of K 3 and 

K2 

Figure 1 7 The Jorn of K 3 and K 2 is K 5 

The wreath product of d1sJomt graphs G and H 1s the graph G H whose 
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vrrtrx srt 1s , (G) x , (H ) and "hose rdgr srt 1s {(11 :r )(v .1J) (u. = v 

and :ry E E(H)) or (11 #- v and 1iu E E(G )} Informallv 1t 1s the graph 

obtamed from G bv rrplacmg rach vrrtr:x. 11 E V(G) bv a copv Hu of Hand 

for Pach PdgP 111. 1 of G addmg all poss1blr Pdgrs 101mng , rrt1cPS 111 Hu and 

H 11 Figure 1 8 shmvs t hr wreath product of C4 and k 2 the boldface edges 

showmg the four J1. 2 graphs wluch replacP the vertices of C4 

Figure 1 8 The wreath product of C4 and I<2 

The categorical product of graphs G and H 1s the graph G x H whosr 

vertrx set is F(G) x V(H ) and whose edge set is {(g, h)(g'. h') gg' E E(G) 

and hh' E E (H )} \ Ve give two examples of the categorical product Pn x P2, 

and Cn x A (see Figures 1 9, and 110) 

• • • • • • e----e 

Figure 1 9 Pn X A = 2Pn 
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Cn X P2 

F1gurP 1 10 Cn x P2 = 2Cn for P\ Pn n. and C2n for odd n 

In this thesis " e "111 ne:x.t outline thP general thPorv of thP achromatic 

numbn Vv.P will consider the effect on thP achromatic number of 5everal d1f­

fnent operations takmg subgraphs. d1sJomt muons Joms wreath products, 

categorical product5. and the pffect of homomorplusms \VP then 111vPst1-

gate the bounds on the achromatic number of paths cycles, A-regular graphs 

and trPPs The rPlat10nsl11p between clique number and achromatic number 

1s next explored, then we survey the results on n-muumal graphs Subse­

quently wP hst a collrct10n of mequaht1r5 relatmg the achromatic number 

and other graph parameters A hst of Nordhaus-Gaddum type mequaht1es 

1s also given, along with examples of extremal graphs We review results 

concernmg the complexity of the achromatic number problem for arbitrary 

and restricted classes of graphs Fmally. we conclude by offermg some open 

problrms 

This is largely an expository thesis For theorems wluch have previously 

appeared m the literature, proof5 are mcluded onlv when they illustrate an 

important pomt, tecluuque. or idea If no citation is given, the result is 

origmal 



Chapter 2 

GENERAL THEORY 

In this chapter we look at the achromatic number of subgraphs and certam 

product graphs, examnw the effects of homomorphisms on t he achromatic 

number, and finally mvest1gate 1rreduc1ble graphs 

2.1 Subgraphs 

In tlus sect10n, we study the effects of removmg vert ices or edges from a 

graph T he results, published m 1974, are due to Geller and Kronk [25] 

Theorem 2 1 1 [25] For any graph G and vertex v E V(G), 

achr(G) - 1 ~ achr(G - v) ~ achr(G) 

Proof We first establish t he upper bound Suppose achr( G - v) = m If 

there exist s a complete m-colounng of G - v such that v 1s adJ acent to a 

vntex of each colour. t hen ass1gnmg colour m + 1 to v results m a complete 

m + 1-colounng of G Otherwise, ass1gnmg v a colour from {1, 2, , m } 

9 
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not used on a neighbour of v gives a complete m-colourmg of G Therefore 

achr( G - v) :s; ach1 ( G) 

We now establish the lower bound Consider a complete n-colourmg of 

G where, without loss of generality, v 1s assigned colour n ot1ce that for 

any d1stmct colours i and J taken from { 1, 2, , n - l} there are adJacent 

wrtices m G - v 5uch t hat one 1s colourPrl i and the othf'r 1s coloured J 

Hence achr( G - v) 2 achr( G) - 1 D 

The lmc\er bound 1s achieved by K n, n 2 1 Equality m the upper bound 

1s obtamed by the graph G cons1stmg of Kn, n 2 2, wit h an add1t10nal vertex 

v connected to K n by a smgle edge 

Corollary 2 1 2 [25] If H zs an induced subgraph of G, then 

achr(H ) :s; achr(G) 

Theorem 2 1 3 [25] For any graph G and edge e of G, 

achr(G)- 1 :s; achr(G- e) :s; achr(G) + 1 

Proof We prove the upper bound by contrad1ct10n Let e = uv and suppose 

that achr(G) = n and achr(G-e) = n+k > n+ l Note that 111 any complete 

colourmg of G - e with more t han n colours, u and v must be coloured t he 

same colour, say colour 1 (Othen v1se. t he same colourmg of G - e 1s a 

complete colourmg of G ) If one of the other n + k - 1 colours, say i, 1s not 

used on a neighbour of v, then recolour v \¥1th colour i Tlus may not result 

m a complete (n + k)-colounng of G as ome neighbour of v may have been 
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the only vertex coloured J adJacent to a vertex of colour 1 Recolouring all 

vert ices coloured 1 ¥. 1t h colour J results m a complete (n + k - 1)-colourmg 

of G - e with u and v assigned different colours Replacmg t he edge uv, we 

obtam a complete colourmg of G wit h n + k - 1 > n colours, a contrad1ct10n 

On t he other hand, 1f both u and v are adj acent to vertices of each of t he 

n + k - 1 other colours, t hen recolouring v with a new colour n + k + l 

results m a complete (n + A + 1)-colourmg of G - e, except t hat colours 1 

and n + k + 1 are not adj acent Replacmg t he edge uv, we obtam a complete 

n + k + 1-colounng of G, agam a contradiction Hence achr(G - e) ~ n + 1 

We no-w prove the lower bound Consider a complete n-colounng of G 

where, without loss of generality, u 1s assigned colour n - 1 and v 1s assigned 

colour n Now if u and v are t he only adjacent vertices 111 G which are 

coloured n - 1 and n, t hen there exists a complete ( n - 1 )-colourmg of G - e, 

defined by recolourmg a ll vertices of colour n with colour n - 1 If u and v 

are not the only adjacent vertices m G "" h1ch are coloured n - 1 and n, then 

the same colourmg is still a complete n-colourmg of G - e In either case, 

achr ( G - e) 2: n - 1 D 

Equality m t he lower bound occurs with Kn, n 2: 2 The upper bound is 

achieved by a graph G obtamed from Kn . n 2: 3, by subdividmg an edge 

Note t hat if a vertex is clr let ed the achromatic number either remams t he 

same or decreases If an edge is removed. however , the achromatic number 

may mcrea.se 
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2.2 Product Graphs 

Tlus sectwn surveys results on the achromatic number of the muon, Jorn , 

wreath product, and categorical product of graphs 

Theorem 2 2 1 [34] Let G and H be (vertex) dzsJoznt graphs Then 

rna:r{achr(G) , achr(H)} ~ ochr(G U H ) ~ achr(G) achr( H ) 

The lower bound is shown to be best possible by considermg the disJomt 

muon of Km and Kn Hell and D Miller [34] showed that the upper bound is 

best possible regardless of whether G and H are disJomt Their example is the 

muon of the graphs G = Tb ,ab and H = Ta,ab Let V(G) = V( H) = V(Kab) 

be the set { (x , y) 11 :S r :S a, 1 :S y :S b} The edges of G JOlil all pairs of 

vertices with different first coordmate and the edges of H JOm all pairs with 

different second coordmate Hence G U H = Kab and achr(G U H ) = ab= 

achr(G) achr(H) 

Theorem 2 2 2 [34] Let achr(Gi) = a for i = 1, 2, , d Th en, 

achr(dKa) :S achr(G1 U U Gd) :S ad 

Further, for am; fix ed a and all suffi ciently large d, 

achr(dKa) ~ Ja 2 - a ✓-J. , (where ~ denotes 11is approximately equal to ") 

In particular, for large a (that zs, for 1 « a « d) we have 

achr(dR. 0 ) ~ a✓-J. 

We now turn our attentwn to the JOlll operat10n 
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Theorem 2 2 3 [31] achr(G1 + G2) = achr(Gi) + achr(G2) 

achr(Kn 1 ,n2 , ,nr) = r The achromatic number of a complete bipartite graph 

1s therefore two 

Recall that thf' wr<"ath product of two graphs G and H 1s denoted by 

G H 

Theorem 2 2 4 achr(G H) ~ achr(G ) achr(H) 

Proof Let g be a complete homomorphism of G onto Kn, and h be a com­

plPte homomorphism of H onto Km Then the funct10n f V(G) x V(H )--+ 

{ (1 J ), 1 ~ 1. ~ n and 1 ~ J ~ m} defined by f (x, y) = (g(x), h(y)) 1s a com­

plete homomorphism of G H onto Kn Km, wluch 1s 1somorph1c to Kmn □ 

Stnct mequaht:y can occur For example, let G = 5K 2 and H = K 2 

Then achr(G) = 3 and achr(H ) = 2, so t he theorem gives achr(G H) ~ 6 

But G H = 5K4 which has achromatic number 7 This difference can be 

made larger Consider G = ( (;) - 1) K 2 and H = K 2 The theorem gives 

achr(G H) ~ 2n-2, ~hile G H = ( (~)-1) K4 , which by Theorem 2 2 2, 

has achromatic number approxunately equal to 2 4n for large n 

Recall that the categorical product of graphs G and H is the graph de­

noted by G x H 
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Hell and D Miller [34] showed that m almost all cases t he achromatic 

number of t he categorical product of two graphs 1s at least t he sum of the 

achromatic numbers of the two graphs 

Theorem 2 2 5 [34] For graphs G and H , with ochr(H ) s; achr(G), 

ochr(G x H) 2: achr(G) + achr(H ), 

unless 

(z) achr( H ) = 3 and achr(G) s; 5, m which case 

achr(G x H ) 2: achr(G) + achr(H ) - 1, or 

(zz) achr(H ) = 2, m which case achr(G x H) 2: achr(G) + achr( H ) - 2 

Equality 1s achieved m the genera l case by Km and Kn, m (1) by 2K3 , 

and m (n) by 2K 2 

Hell and D Miller [34] gave an example showmg that t he achromatic num­

ber of the categorical product can grow exponent ially 

Let b = (a;l ) - 1, G = bK2, and H = Ta,2a(a+ 2)b-1 

Tlwn ochr(G x H) 2: (a+ 2/
0

t1 )-i ~ aa2
/ 2 

The achromatic number of the categorical product 1s bounded above, 

however 

Theorem 2 2 6 [34] Let achr (G) = achr(H ) = a Then achr(G x H ) zs 

bounded above by a function which only depends on a 

We conclude this sect10n with a generahzat10n of t he previous theorem 
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Corollary 2 2 7 [34] For any posztzve integer k 2 2, there exists a k-varzable 

function f k such that achr(Gi) = a 1, achr(G2) = a2, achr(Gk) = ak 

zrnplzes that achr(G 1 x x Gk)~ fk(a1, ,ak) 

2.3 Homomorphisms 

In this section, we will mvestiga te the effects of homomorphisms on the achro­

matic number of a graph, then develop a homomorphism 111terpolat10n the-

OH'm 

The proof of t he next theorem uses the fact that the composit10n of two 

homomorphisms is itself a homomorplusm 

Theorem 2 3 1 [31] If H zs a homomorphic image of G, then 

achr(H ) ~ achr(G) 

Proof Suppose achr(H) = rn Then there exists a complete homomorplusm 

h of H to Km Smee H is a homomorphic image of G, there exists a complete 

homomorphism q of G to H Then ho g is a complete homomorphism of G 

to Km Therefore achr(G) 2 m D 

Theorem 2 3 2 [31] If H zs an elementary homomorphic image of G, then 

achr(G) - 2 ~ achr (H ) ~ achr(G) 

The lower bound is aclueved by the graphs constructed as follows For mte­

gers m, n 2 3, let uv and xy be a pair of mdependent edges of Km,n, where 11, 



16 

and x belong to the same part of the bipart it10n Let G = Km,n - { uv, xy } , 

and H be the elementary homomorphic image of G obtamed by 1dent1fymg 

u and 1' Then achr(G) = 4 and, smce H ~ Km-t ,n• achr(H ) = 2 

The upper bound 1s acl11eved by a graph consistmg of R n, n ~ 2, Jomed 

to an add1t10nal vertex u by a smgle edge An elementary homomorphism 

wluch maps u to any non-neighbour m K 11 will not effect t he achromatic 

number 

Recall that the chromatic number, t(G), of a graph G is the smallest 

n 5uch that there 1s a complete homomorphism of G onto K n, while the 

achromatic number, achr( G) , 1s the largest n such that there 1s a complete 

homomorphism of G onto Kn We next show that, for any graph G, there 

exists a complete homomorphism of G onto Kk for each k, x(G) ::; k ::; 

achr(G) 

Lemma 2 3 3 [30] If cp is a homomorphism of G to H , then there exist 

elementarv homomorphisms, E1, E2 , . Em , such that 

cp(G) =Emo Em-1 o O E1(G) 

Lemma 2 3 4 [31] If H is an elementary homomorphic image of G, then 

x(G) ::; t(H ) ::; x(G) + 1 

Proof Let Ebe an elementary homomorplusm of G to H If x(H) = n, then 

there exists a homomorphism h of H to Kn Thus h o E 1s a homomorphism 

of G to Kn, whence x(G) ::; n 
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On the other hand. suppose x( G) = m Then there exists a homomor­

phism g of G to Km Let u and v br the vertices of G such that t( u) = t( v) 

If g ( u) = g( v), then colourmg each vertex :r of H with the (unique) colour m 

g(t- 1(:r)) results m an m-colourmg of H If g(u) # g(v), then colourmg the 

vertices of H - t(u,) as above, and assignmg colour (m + 1) to t(u) resul ts m 

an (m + 1)-colounng of H In either case, \.(H ) ~ m + 1 □ 

Theorem 2 3 5 [32] (The Homomorphism Interpolation Theorem) 

For any graph G and any integer k such that x(G) ~ k ~ achr(G), there zs 

a complete homomorphism of G onto Kk 

Proof Let achr( G) = t, and consider any complete homomorphism q> of G 

onto K t From Lemma 2 3 3, we kno\\> that q> can be expressed as a product 

of elementary homomorplusms, say </> ( G) = tm o tm-l o o t 1 ( G) = K 1 

Smee x( G) ~ x( t( G)) ~ x( G) + 1 from Lemma 2 3 4, we know that 

t 7+1 o ti o o t 1 (G) has chromatic number at most one greater than 

t, o o ti{ G) So for every k, x( G) ~ k S t = achr( G) , t here exists at 

least one graph , say t 1 o o t 1 ( G) , \\> hose chromatic number is k By defi­

nition, there is a complete homomorphism ¢i of this graph onto Kk Hence 

<Pio ti, o o t 2 o t 1 1s a complete homomorphism of G onto Kk □ 

We conclude this section by pomtmg out a generalization of Theorem 

2 3 5 by Cockayne, G G Miller , and Prm [18] Let S be a finite set If P 

is a collect10n of subsets of S . then P i called a property of S We say a 



18 

subset X of S has property P if XE P A part1t10n {Si, S2, , Si} of S 1s 

a complete P -partztzon of order t if each S1. has property P but no Si U S1 , 

1 -1- J . has tlus property P 1s hereditary if each subset of a set wit h property 

P has property P 

Theorem 2 3 6 [18] Let S be a set which has complete P- partztzons of orders 

r and t, where P 'tS any hereditary property Th en for any integer s, such 

that r :::: s :::: t , S has a complete P-partztzon of orders 

2.4 Irreducible Graphs 

Graphs with lugh achromatic number were mvest1gated by Hell and D Miller 

m 1975 and 1976 [36 . 37] A graph G of achromatic number n must contam at 

least ( ; ) edges , so a graph with high achromatic number must contam many 

f'dges It 1s not necessarily t rue. however. that a graph with many rdges has 

lugh achromatic number, for example achr(Kn,n) = 2 fo r any n One method 

fo r measurmg the freedom of a vertex to take on a colour 1s t he reducmg 

congruence R, defined as follows Two vertices u, v of a graph G belong to 

the same congruence class of R if t hey have the same neighbourhood, (1 e , 

1f N(u) = N(v)) T he reduced graph G/ R 1'3 t he (quotient) graph whose 

vertices are the congruence classes of R, and where two classes are adjacent 

1f there exists a vertex m one class adjacent to a vertex m the other Smee 

G / R 1s jUSt the graph rrsultmg from 1dent1ficat10n of vert ices with t he same 

neighbourhoods, 1t 1s a homomorphic image of G, so achr( G / R) :::: achr( G) 
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Strict mequahty can hold For example, consider thP graph G obtained by 

Jommg an end of P3 to C4 by a smgle edge Then achr( G) = 4. whereas the 

graph G / R ~ P6 has achromatic number 3 A graph 1s irreducible 1f d1stmct 

vertices have d1stmct neighbourhoods, that 1s, 1f G / R ~ G 

Lemma 2 4 1 [37] If G zs irreducible and achr(G) :S: k , then 

(i) G contains at most (kt) components, and 

(ii) for each component G' of G, diam G' :S: l k1 3 j (k - 1) 

Both of the above bounds are best possible For (1). take G to be 

K1 U ((kt) - 1) K 2 , for (n), take G to be the path of length l k1 3 j (k-1) 

Theorem 2 4 2 [37] Let k be a given integer There exists a constant K 

such that I V(G)I :S: K for all irreducible graphs G with achr(G) = k 

Tlus important result 1mphes that the number of non-1Somorph1c irre­

ducible graphs of given achromatic number 1s fimte That 1s, up to duphca­

t1on of vertices , the number of graphs of achromatic number k 1s fimte We 

can therefore define fun ctions 

v(k) = max {IV(G)I G 1,s irreducible, achr(G) = A}. 

e(k) = max { IE(G)I G zs irreducible, achr(G) = k} 

Certam other results come out of the proof of Theorem 2 4 2 

Corollary 2 4 3 [37] If G/ R has more than e(k) edg es, then achr(G) > A 



Corollary 2 4 4 [37] If G zs zrreduczble and achr(G) = k, then 

~(G) :S (v(k - 1)) 3
, where v(k) zs defined as above 
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Theorem 2 4 5 [36] Let G be any graph, and R be the reducing congruence 

on G If n is the number of vertices of G/ R (that 1s, the number of classes 

of R), then 

Jlog log n < achr(G) :S ~ zf n zs large enough 

This upper bound is reported to be sharp [36] The lower bound implies 

that achr( G / R) ~ oo as n ~ oo Mate [43] improved t ins lower bound 

somewhat m 1981 

Theorem 2 4 6 [43] Let G be an irreducible graph on n vertices For all 

E > 0 , there exists an N such that if n ~ N, then 

achr(G) > (½-l)log n 
- log log n. 

An example of an irreducible graph G with achr ( G) :S ~~~ ~ + 2 was 

attributed to Erdos m [43] A shght vanat10n on the Erdos example was 

given by Hell m [43] He shows how to construct a graph with k + 3 2k 

vertices and achromatic number at most k + 2 



Chapter 3 

PATHS , CYCLES, 
K-REGULAR GRAPHS AND 
TREES 

In this chapter, we examme the research concernmg the bounds of the achro­

matic number of various classes of graphs 

3.1 Paths 

Paths were logically the first type of graph to explore, and were researched 

by Geller and Kronk m 1974, and bv Hell and D Miller m 1976 

A completf' homomorphism of a path to a graph G can be viewed as a 

walk m G m which every edge is trnversed at least once Eqmvalently, it can 

be viewed as an Eulerian trail m a multigraph for wluch G 1s the underlymg 

graph Figure 3 1 shows a complete homomorphism of P8 onto the multigraph 

for which K4 is the underl1mg graph The arrows are added to show the 

Eulerian trail Similar comments apply to a complete homomorphism of a 

21 
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cvclP to G T }11<; 1dPa 15 form ah7Pd m LPmma 3 1 1 bP!o" It " as rxplo1t <'cl 

m [36] t o dPtf'rffilllf' th<' achromatic numbrr of Pn a nd Cn (5f'f' Tlworem<; 

3 1 2 and 3 2 2) 

complete Jigj • • • • • • • • ~ 
1 2 3 4 1 3 2 4 horn 

Ps H 

Figure 3 1 A complete homomorplusm of P8 onto a mult1graph H with 
underlymg graph K4 

Lemma 3.1.1 [36] Let G be a graph 

(z} A complete homomorphism of Pn to G exists zf and only zj G zs the 

underlying graph of some multzgraph G' with n - 1 edges such that G' admits 

an Eulerian trazl 

(iz) A complete homomorphism of Cn to G exists zf and only zf G zs the 

underlvzng graph of a multzgraph G' wzth n edges such that G' admzts an 

Eulerian tour 

Theorem 3.1.2 [36] achr(Pn) = max { k ( aJ + 1 )(k - 2) + 1 :s; n - l } 

Proof. Let f (k) - 1 = ( l½kJ + l)(k - 2) + 1 

W hen k is odd , then f (k) - 1 = ½k(A - 1) = ( ~) and each vertex of 

Kk has even drgree Thus Kk admits an Eulerian trail and Pf(k) admits a 
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complete k-colouring (Lemma 3 1 1) Smcr K k+l has more edges than PJ(k), 

achr(PJ(k) ) = k 

When k is rven. each vertex of Kk has odd degree A multigraph that 

admits an Eulerian trail can be constructed by addmg ½(k - 2) new edges 

JOmmg disJomt paJrs of vertices m Kk Tlus leaves exactly two vertices of 

o<ld degrer, a nPcessary and sufficient cond1t10n for a connected mult1graph 

to have an Eulerian trail [7] Smee all vert ices have odd degree, this is the 

mmimum number of new edges necessary to obtam such a multigraph In 

tlus case, with k e, en, f(k) - 1 = ½k(k - 1) + ½(k - 2) , so the path PJ(k) 

agam admits a complete k-colouring, and achr(PJ(k )) = k This argument 

also shows that, for all k, achr(PJ(k )-t) < k □ 

Corollary 3 1 3 [25] If n > rn, then achr(Pn) 2 achr(Pm) 

The relat10nship between Euler tours and the achromatic number is fur­

ther developed m Chapter 5 

The mmnnum length of a path with given achromatic number can be de­

trrmmed from Theorem 3 1 2 This length is given eAphcitly m the followmg 

theorem 

Theorem 3 1 4 [25] For k 2 2, let n = k r k;_ 
11 Then zf k ZS even, 

achr(Pn-1) < achr(Pn) = k , and zf k zs odd, achr(Pn) < achr(Pn+i) = k 
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Later results (see Theorems 5 1 6 and 5 1 8 ) give mformat10n regardmg 

the achromatic number of a d1sJomt muon of paths (of the same length) 

3.2 Cycles 

The achromatic number of cycles was also mvest1gated m the papers by Geller 

and Kronk [25], and by Hell and D Miller [36] The results are s1m1lar to 

those for paths 

Theorem 3 2 1 [25] If k r k; 11 s n < ( k + 1) r ~ l / then 

k if k ~ 3 and n = k f k;1 l 
achr(Cn) = k - 1 if n = k r k; 11 + 1 and k odd 

k otherwise 

We note that while achr(Pn) 1s a monotone funct10n of n. achr(Cn) 1s 

not For example, achr(C10 ) = 5 while achr(C11 ) = 4 

Theorem 3 2 2 [36] achr(Cn) = max {k k l1J Sn}- s(n), where s(n) is 

the number of positive integer solutions of the equation n = 2x2 + x + 1 

(Note that s(n) = 0 or 1 ) 

The equation n = 2x2 + x + 1 anses from n = k ( k; 1 ) + 1 when k 1s odd 

and x - k-l 
- 2 
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A subsequent result given m Chapter 5 states, m part , that the disJomt 

umon of 2tm + 1 cycles of length m has achromatic number 2trn + 1, for 

t E z+ 

3.3 k-Regular Graphs 

In 1982, Z Miller generalized Hell and D Miller 's work on cycles with a paper 

estabhshmg upper bounds on the achromatic number of k-regular graphs on 

n vertices 

Theorem 3.3 1 [47] Let k ~ 2 be an integer, and let M(n,k) be the maxi­

mum value of achr ( G) over all k-regular graphs on n vertices Then, 

(i)M(n,k)~max{>.E Z+ >.f>.k tl ~n} and, 

(zz) There zs a funct ion Q(k) such that for all n ~ Q(k), we have 

! 
max { >. E z+ >. 1 >-t l ~ n} if n ~ D 

M(n, k) = 

max { >. E z+ >. f >.kl l ~ n} - 1 if n E D 

where D = { i( ik + 1) + 1 i E z+ } 

For k = 2 m the above theorem, t he result is precisely that of Theorem 

3 2 2 Examples of graphs with maximum achromatic number for some other 

values of k and n are shown m F igure 3 2 C 1 1s the 4-regular graph on 6 

vertices with A/ (6. 4) = achr(Gi) = 3, and C2 , the Petersen graph , 1s a 

3-regular graph on 10 vertices with M(lO. 3) = achr(G2) = 5 
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Figure 3 2 T\\o A-rPgular graph5 on n ,ertices which at tam .~J (n k) 

SmcP the proof of the pre,10us thPOH'rn wa5 constructive. it is pos5ible 

to determme the rn1111mum n for "hich thne exist5 a k-regular graph on n 

vertices havmg achromatic number). Thi5 mmimurn n is denoted by n(>., k) 

Corollary 3 3 2 [4 7] For any A 2:: 2 and ). sufficiently large ( depending on 

k} , we haven(>. , A) = mm { n n 2:: >- 1 >-:;:-1 l and n even if k odd} 

3.4 Trees 

Most parameters of trees are easy to compute The achromatic number 1s 

an excPpt10n Even the complexity of detnmmmg the achromatic number of 

a given tree 1s still an open quest10n. although polynomial algorithms have 

been found for several classes of trees (see Chapter 8) 

The achromatic number of trees has been studied by Farber, Hahn, Hell, 

and D Miller who arrived at the follov, mg bounds m 1986 [22] 

Lemma 3 4.1 [22] If Tis a tree with max degree~ and achr(T) ::; k, then 
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Theorem 3 4 2 [22] Let T be a tree with rn edges and 

t = max { 0, m - ( ~~ 1
) - ¾} 

Proof The upper bound holds 5mce any graph with achromatic number k 

has at least ( ; ) edges 

[ ½ + ( 2m + ¼) ½ j 2' l ½ + ( 2(;) + ¼) ½ j = ! 
The lower bound follows from Lemma 3 4 1 by solvmg for I., m the equa-

t10n m = (k - 2)(/\ - 1) + ( .6.; 1) + 1 This bound holds for all Ll smce 

(k - 2)(k - 1) + ( .6.t) ~ (x - 2)Ll + (k;2) for all Ll , k E z +, and hence the 

left hand side of this mequahty 1s always an upper bound for the number of 

edges m a tree T with achr(T) ::=; k - 1 □ 

Snnpler bounds can be obtamed if a relat10nsh1p between the number of 

edges and the maximum degree is known 

I 

Corollary 3 4 3 [22] If T zs a tree with m edges and ~ ::=; ( 4m) 4 , then 

achr(T) ~ /m 

Corollary 3 4 4 [22] If T zs a tree with Ll < n and at least 3(;) edges, 

then achr(T) > n 

The case of generalized stars (1 e . subd1v1s10ns of K 1,d) has been con­

sidered by Lopez-Bracho [42] Some of these results are presented on page 

39 
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Cons1dermg the difficulty of ascertammg the achromatic number of a tree, 

a result of a later chapter (see Theorem 5 1 7) 1s mterestmg m that 1t states, 

m part, that 1f the tree T has m edges, then fort E z+. the forest t(2trn+ 1 )T 

has achromatic number 2tm + 1 



Chapter 4 

CLIQUE NUMBER AND 
ACHROMATIC NUMBER 

We now fo cus on the restncted class of graphs for which the chque number 

equals the achromatic number We beg111 b1 giv111g an on gmal characten za­

t10n of these graphs 

4.1 Graphs With Equal Achromatic And Clique 
Numbers 

We say t hat a graph G has Property 1{ if fo r every homomorphic image H of G 

there exists a homomorphism of H (back) to G Figure 4 1 shows three graphs 

each hav111g t his property Note that 111 each example, the achromatic number 

equals the chque number The fam1hes of graphs descnbed 111 Sect10ns 4 2 

and 4 3 also have Property 1{ , construct10ns fo r these graphs are given 111 the 

relevant sect10n 

29 



30 

._L 

Figure 4 1 Threr graphs \v1th PropPrt) 1{ 

Theorem 4.1 1 A graph G has Property 1{, if and only if achr(G) = w(G) 

Proof Suppose G has Property 1{, that 1s, there exists a homomorplusm 

of H to G whPnevrr thne rx1st5 a complete homomorphism of G onto H If 

achr(G) = n, thPre exists a complete homomorphism of G onto Kn Thus 

there also ex1c,ts a homomorphism J of Kn to G Smee J(k n) 1s a complete 

subgraph of G. w(G) ~ achr(G) Hencr .u(G) = achr(G) 

Now suppose achr(G) = w(G) = n Let H be a homomorphic image of G 

Bv Theorem 2 3 1, achr(H) ::; achr( G) = n, so there exists a homomorphism 

h of H to Kn Smee Kn 1s a subgraph of G. there 1s a homomorplusm 1 of 

Kn to G (1 can be taken to be the mclus10n map) The function i oh is then 

a homomorphism of H to G □ 

It remams an open problem to find a structural characterization of these 

graphs In the remamder of tlus chapter we examme several subclasses of 

thrse graphs for which such a charactenzat10n has been dPtermmed 
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4.2 Perfect Graph Theorems 

In this sect10n we review perfect graph colour111gs, wluch ,,ere inv estigated 

by Chnsten and Selkow [15] 111 1979 

A Grundy n-colouring of a graph is an n-colour111g such that for each 

colour i, each vertex colourf'd i is adJacent to at least one vertex coloured J 

for each J < i These have also been called Canomcal colour111gs by Bondy 

and Murty [7], and Ordered colounngs by Cockayne and Thomason [19], and 

are the colour111gs produced by a greedy algonthm The Grundy number "f 

of a graph is the maximum number n for which the graph has a Grundy 

n-colounng 

It is clear that for any graph, w ~ \': ~ "f ~ achr 

For a and /3 distmct elements of the set { w, x, "f, achr} , a graph G is 

called (a , /3) -perfectiffor each mduced subgraph H of G, a(H) = (3( H ) The 

( \': , w )-perfect graphs are more commonly referred to as perfect graphs and 

have been extensively studied 111 the literature ( e g , see [26]) Chnsten and 

Selkow charactenzed (achr, w )-perfect graphs and (achr , x)-perfect graphs 

Theorem 4 2 1 [15] The following are equivalent 

(i) G is (achr ,w) -perfect 

(ii) G is (achr , \)-perfect 

(m) G does not contain an induced subgraph isomorphic to one of the graphs 

P4 , P3 u A , or P2 u P2 U P2 

(iv) no homomorphic image of G contains an induced subgraph isomorphic 
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to P4 

They next provided an mduct1ve characten zat10n of the class of ( achr, w )­

perfect graphs (and therefore also of the (achr, x) -perfect graphs) 

Theorem 4 2 2 [15] A finite graph zs (achr, x) -perfect (equivalently (achr, w) ­

perfect) 'tj and only zf zt can be generated from K 1 or from K m U Kn, for some 

m , n E z +, by finit ely many applications of the addition of isolated vertices 

and of the JOzn operation 

Proof We use mduct10n on JV(G)I Suppose G is (achr, x)-perfect If 

IV(C)I = 1, then C 1s 1somorph1c to K 1 

Suppose the theorem 1s true for all graphs Gk for which IV (Gk) I = k We 

show that 1t 1s also true for graphs Gk+ 1 with k + 1 vertices If G k+i has a 

component which 1s a smgle vertex, 1t can be generated by addmg an isolated 

w rtex to some Gk- which by the mduct10n hypothesis 1s generable from K 1 

or Km U K 11 m the appropriate way 

If all components of Gk+L are non-tnv1al, then by Theorem 4 2 1, Gk+l 

does not con tam an mduced subgraph 1somorph1c to A U A U P2 , and t hus 

has at most two components If G k+l has two components, then smce 1t does 

not contam an mduced subgraph 1somorph1c to P3 U P2 , both components 

are complete and we are fimshed If Gk+l has only one component , this, 

together with a result of Semsche [51 ], that 1f a graph His (achr , x)-perfect 

then either H or H is disconnected. nnphes that Gk+ 1 1s the JOm of tv.o 

smaller graphs The assert10n follow s from the 111duct10n hypothesis 
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Now suppose G can be generated from K 1 or K m U K n m the appropriate 

way We prove this part by mduct10n on the number of operat10ns necessary 

to generate the graph G If this number is 0, then G is isomorphic to K 1 

or Km U k n, which do not contam an mduced graph isomorphic to one of 

the forbidden graphs hsted m Theorem 4 2 1, and G is therefore (achr, x)­

perfect 

Suppose the theorem is true for all graphs G1 for which the number of 

operat10ns equals t We show that it is also true for Gt+l If Gt+l is generated 

by addmg ISolated vertices to Gt, then it clearly contams no mduced subgraph 

ISomorphic to a forbidden graph, and thus is (achr, t) -perfect 

If Gt+ 1 is the J om of t¼o graphs Ci and G 1 , both ohv l11ch can be generated 

m less than t + l operat10m, then by the mduct10n hypothesis both G1. and 

G
3 

contam no mduced subgraph ISomorphic to a forbidden graph However, 

if p and q are non-adJ acent vertices 111 Gt+l they must both be m Gi or both 

m G3 By the defimt10n of Jorn , any mduced subgraph of G1+1 isomorphic to 

one of the three forbidden graphs must be con tamed entirely 111 Gi or entirely 

111 0 3 , contrary to the mduct10n hypothesis Thus, Ct+i is (achr , x )-perfect , 

and the result follows D 

In the same paper, Christen and Selkow gave a family of forbidden m­

duced subgraphs of a (achr, ,-)-perfect graph The characterizat10n of (achr, ,-) ­

perfect graphs remams open, however Further results concernmg the Grundy 

number can be found m [15, 17, 21] 
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4.3 Homomorphically Full Graphs 

In this sect10n we mvestigate another class of graphs, wluch turn out to be a 

subset of the class of perfect graphs A graph G for which every homomorphic 

image of G is a subgraph of G is called a homomorphically full graph 

Theorem 4 3 1 [1 4] If G zs homomorphically full , then w(G) = x(G) 

achr( G) , where w denotes the clique number of G 

Proof. For any graph G, w(G) ~ \'.(G) ~ achr(G) , so it suffices to sho"" 

that w(G) ~ achr (G) By defimt10n, achr (G) is the largest n for which 

Kn is a homomorphic image of G Suppose achr(G) = rn Then Km is a 

homomorphic image of G Smee G 1s homomorphically full , tlus means Km 

is a subgraph of G Therefore w(G) ~ rn □ 

The graph 2K 2 shows that the converse 1s false 

Brewster and MacG1lln ray [14] charactenzed homomorphically full graphs 

Theorem 4 3 2 [1 4] Let G be a graph The following statements are equiv­

alent 

(z) G is homomorphically full 

(ii) For every pair u, v of non-adJacent vertices of G, either N(u) ~ N(v ) 

or N ( v) ~ N ( u) 

(m) Every homomorphic image of G is an induced subgraph of G 

(zv) G contains neither 2K 2 nor P4 as an induced subgraph 
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In analogy with the recursive construction of ( achr, w )-perfect graphs m 

the prev10us sect10n the homomorphically full graphs may be constructed 

usmg the followmg rules [14] 

(1) K 1 1s homomorphically full , 

( n) If G 1s homomorphically full , then so 1s G U K 1 , 

(m) If G and H are homomorphically full , then so 1s G + H 

Other charactenzat10ns and construct10ns of homomorphically full graphs 

can also be found m [14] 



Chapter 5 

N-MINIMAL GRAPHS 

This chapter will e'Cplore those graphs wluch have the mmimum number of 

edges necessary m order to have a given achromatic number A graph G 

is n-mznimal if achr(G - e) < achr(G) = n for every edge e m G Tlus 

defimtion is due to Bhave [5] m 1979, and Kelly [42] m 1978 (where such 

graphs were called maximally achromatic) They have also been called 'l/J ­

critical m [43] An eqmvalent statement is that a graph G is n-mmimal if 

achr(H) < achr(G) for a ll H Cj_ G (up to deletmg isolated vertices) 

Theorem 5.1.1 [5] A graph G with achromatic number n is n-mznimal if 

and only if it has exactly (;) edges 

Proof Suppose G is n-mimmal Then there exists a complete homomor­

phism q> which maps G onto Kn Thus G has at least (;) edges Suppose G 

has more than (;) edges Then there e'C.lsts edges uv and xy of G such that 

</>'(uv) = </>'(:ry) , where </>' is the mduced edge mappmg function of E(G) to 

E(Kn) defined by </>'(ab) = d> (a)cp(b) This implies that G is not n-mmimal. 

36 
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smce the delet10n of uv, say, leaves a graph which still admits a complete 

homomorphism onto Kn Hence G must have exactly (;) edges 

Now suppose achr(G) = n and G has (;) edges Then, for any edge 

e E E(G), achr(G - e) ::; n - 1 by Theorem 2 1 3 Hence G 1s n-mm1mal D 

We note that a path with (;) edges 1s n-mmnnal when n 1s odd 

Gao and Hahn [24] give the followmg construct10n of a family of 

n-mm1mal trees for n even or odd Let V(T) = { u; i = 1, , n - 1, 

J = i, n - 1} U {u~}, and E (T) = {u:,u;+i i = 0, 1, ,n - 2, 

J = 1, + 1, , n - 1} A complete homomorphism h of T onto Kn with 

V(Kn) = { Vo, , Vn-d 1s defined by h(u;) = v1 

We now descnbe a method, proposed by Bhave [5], for constructmg the 

set of all n-mmnnal graphs from the set of all (n - 1)-mmnnal graphs We 

first need a few defi111t10ns and lemmas 

Let G be a graph, and P = {Vi, V2 , , Vn} be a part1t10n of V(G) mto 

non-empty sets The partition graph, P (G), of G 1s the graph with vertex 

srt P where 11i and l~ are adJacent if and only if there exist Vi E ½ and 

v 1 E ½ such that Viv1 1s an edge m G A part1t10n P of V(G) 1s complete if 

P( G) 1s a complete graph A graph H 1s partition realizable from a graph G 

1f P(G) = H for some part1t10n P of V(G) 

Let H be a subgraph of G The subgraph of G obtamed by deletmg all 

rdges of H and the resultmg ISOiated ert1ces m G will be denoted by G ~ H 

For example , Kn~ Kn-1 = K1,n-1 
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Lemma 5 1 2 [5] Let a graph H be partition real'lzable from G, and let H1 

be an induced subgraph of H, then 

(z) H1 is partition realizable from an induced subgraph C 1 of G, and 

(ii} H ~ Hi ZS partition realizable from C ~ cl 

Corollary 5 1 3 [5] If K n is partition realizable from G, then there exists 

an induced subgraph C 1 of G such that 

(z} K n- l is partition realizable from C 1 and 

(ii) K i,n- l is partition realizable from C ~ C1 

Bhave's method [5] of constructmg the set of all n-mmimal graphs from 

the set of all ( n- 1 )-mnumal graphs 1s as follows ( only graphs with no isolated 

vert ices are considered) 

Let { Ci} be the set of all ( n - l )-mmimal graphs and {HJ} be the set 

of all graphs with n - l edges, such that K i ,n-l is part it10n realizable from 

any element of {HJ} Smee K n- l is partit10n realizable from any element 

of {Gi} and K i,n-l is part it10n realizable from any element of {HJ}, Kn is 

partit10n realizable from each of the graphs formed below, each of which 

has ( ; ) edges and hence is n-mmimal Consider a graph Ci E { G,} Let 

P= {Vi, Vi, , Vn-d be a complete partit10n of V ( G1 ) It is easy to see that 

each HJ E {HJ} has at least n - l vert ices of degree one, say u 1, u2, , Un- l 

Let C be a graph obtamed from Ci and HJ by identifymg some, all , or none 

of these vertices with the vert ices of C1 such that no two of u1 , u2 , , Un-l 

are identified with vertices belongmg to the same part 1~ E P The followmg 
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argument sho" c; that an:v n-mm1mal graph 15 1c;omorpluc to a graph obtam<:'d 

a bow Let G bP n-mm1mal and P ( G) = .n.·n ThPn a5 An- I 15 an mducPd 

subgraph of Kn. thPrE' exists an mduced c;ubgraph c; of G 5uch that Kn -I 1c; 

part1t10n realizable from c; and K 1 n-i 15 part1t10n realizabl<:' from G ..!. c; b\ 

Corollary 5 1 3 Therefore c; has (n; 1) edges and hence 15 (n - 1 )-m1111mal 

and G ..!. c; has n - 1 edgpc; TlwrPforP G 1s 1somorph1c to one of the graphs 

obtamed abme 

The n-m11111nal trees with a smgle H rtex of degree at least 3 (that 1s, 

generalized stars), and "flowers" were mvest1gated bv Lopez-Bracho [42] m 

1983 If v 15 a vertex of a tree T and the componentc; of the subgraph T - v 

are Vi, Vi , Fd, then the subgraphs T1 = T[i ; U { v}]. 1 = 1. 2. , d. are 

callrd the branches of T vHth respect to v (The branches of a generahzed 

star with respect to the vertex of degree at least 3 are paths ) A flower 1s 

a connected graph F composed of (mduced) cycles "hich have exactly one 

vertex m common The cycles themselves are called petals Figure 5 1 sho\\ s 

a generalized star S and a flower F 

s F 

Figure 5 1 A generalized star S and a flower F 
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Theorem 5 1 4 [42] Let Tm.(u 1, u2, , '11,d) be a tree wzth Just one vertex 

v with degree d > 2, where m zs the number of edges of T, d zs the number 

of branches of T wzth respect to v and u1 , u2, , ud are the lengths of these 

branches Then 

(z) If n zs even, T -is n-mznzmal zf and only zf m = (; ) and d = n - l 

(ii) If n ~ 3 is odd T -is n-minimal if and only if m = (; ) , d :Sn - 1, 

and at least ~ branches of T have length > l 

Theorem 5 1 5 [42] Let F be a flo wer, then for odd n ~ 5, F zs n-mznzmal 

zf and only zf zt has (;) edges and at most (n;l) petals 

Vanous types of n-mnumal graphs which are d1sJomt unions of 1dent1cal 

graphs were first constructed by Kelly [ 41] m 1981 

Theorem 5 1 6 [ 41] Let F be a fo rest wzth m edges Let t E z+ Then 

t(2trn + l )F zs (2tm + l)-mznzmal 

In other words, K2tm+l 1s the umon of t(2trn + 1) edge d1sJomt copies of 

F 

Theorem 5 1. 7 [ 41] Let Cm be a cycle wzth m edges Let t E z+ Then 

t(2trn + l )Cm. zs (2trn + l)-mznzmal 

In other words, K2tm+l 1s the umon of t(2tm + 1) edge d1sJomt copies of 
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Theorem 5 1 8 [41] For any integer n such that ml(;), ¾(;)Pm+l is n­

minimal 

These results have been recently unproved Let G be a graph Vie note 

that the statement that kG 1s n-mlllnnal 1s eqmvalent to the statement that 

Kn can be factored mto A edge-d1sJomt copies of G The next two theorems 

give conditmns under wluch kPm and kCm, respectively, are n-mnumal In 

each case, the given cond1t10ns are necessary to assure the graph m quest10n 

has exactly (; ) edges 

Theorem 5 1 9 [2] For any odd integers n. rn, n 2: m 2: 3, if ml (;) , then 

~ (;) Cm is n-mmimal 

Theorem 5 1 10 [54] For any integer n such that n - O(rnod rn) and 

n = l(rnod m-1) when rn =f 3, 5 and (rn- 1)1 (;), m~l (; )Pm is n-minimal 

Theorem 5 1.11 [55] If rn zs an even integer, then ¾ (;) K1,m is n-minimal 

if and only if n - O(rnod rn + 1) and n = l(mod 2m) 

Other similar results for classes of trees are found m [55] 

The above three results are samples only, a comprehensive reference to 

decompositions of graphs 1s the text by Bosak [10] lll 1990 

In 1986, Farber, Hahn, Hell and D Miller established a Hall-hke necessary 

condit10n for any graph G to be n-mm1mal We first need some defimt10ns 

An edge-monomorphism of G to H 1s a homomorphism f of G to H such that 
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the mduced edge mappmg .f' is mJective If G has e'{actly (;) Pdges then a 

complete n-coloun ng corresponds to an edge-monomorphism of G to Kn A 

fl- image of G is a homomorpluc image of G under some edge-monomorplusm 

Thus, a graph is Eulerian if and only if it is a µ-image of a cycle 

Theorem 5 1 12 [22] Suppose G = (V, E) is n-minzmal For W ~ V, let 

IE(G[W])I be the number of edges of G with both ends in W Th en 

L deg(v) :S IE(G[vV])I + lvVl(n - 1) - ('~1
) 

vE W 

fo r each set W ~ V of cardinality at most n In particular, zf W zs an 

independent set with at most n vertices, then the average degree in G of the 

vertices in W zs at most n - IWJ+1 

Proof Let l[V(G) - TV, vVJI be the number of edges of G with exactly one 

Pnd 111 W Note that L vE W deg(v) = 21E(G[W])j + j[V(G) - W, WJI 

Consider an edge-monomorphism f of G onto Kn Smee f is an edge­

monomorphism, 

IE(G[W])I + j[V(G) - TV, Hl ]I :S IE(Kn[f (W)])I + l[V(Kn) - J(W) , J(W)JI There-

fore, 

L deg(v) < jE(G[vV])j + jE(Kn[f(W)])I + j[V(Kn) - f(W) , J(W)ll 
vEW 

jE(G[vV]) I + ( L degKJu) ) - jE(Kn[/(W)])j 
uEJ(Ht ) 

- jE(G[W])I + jJ(lV) j(n - 1) - (!!(~)!) 

< IE(G[TV])j + lwl(n - 1) - ('~') , 

smce IJ(W)j :S lwj :Sn D 
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Corollary 5 1 13 [22] If G zs an Eulerian graph with ( ;) edges, where n 

zs even, then achr(G) < n 

Proof Suppose G has ( ; ) edges and achr(G) = n Then K n 1s a µ­

image of G Clearly any /t-nnage of an Eulerian graph 1s Eulerian Smee K n 

1s Eulerian 1f and only 1f n 1s odd , then either n I'3 odd or G 1s not Eulerian 

D 

The followmg theorem can be thought of as a generahzat10n of Theorem 

5 1 5 It uses a more general defim t10n of petal Here a petal of G 1s a 

component of G\B , where B 1s the set of vertices of degree at least 3 (that 

1s, a component of t he '3ubgraph mduced by the vert ices of degree at most 

2) 

Theorem 5.1 14 [22] There ZS a function g z+ x z+ -+ z+ with the 

propertv that achr( G) = n for each Eulerian graph G with at most k vertices 

of degree at least 3, at most l petals, and exactly ( ;) edges, as long as n zs 

odd and n ~ g(k, l) 

Theorem 5 1 15 [22] Suppose T zs a tree with at most k leaves and exactly 

( ; ) edges, where n zs odd and large with respect to k (say n ~ g(k, 2k ), where 

g zs the function zn the previous theorem) Then achr(T ) = n if and only if 

T has an Eulerian ft-image 

We conclude this chapter with an onginal result on n-mm1mal graphs 

We begm with a resul t by Bhave [5] 



44 

Theorem 5 1 16 If m and n are any two integers with l < m :s; n, then 

there exists a graph G with x(G ) = m and achr(G) = n 

One family of n-muumal graphs with chromatic number m is Km U 

( (n~m ) + m(n - rn)) K 2 These graphs , however, contam a chque of size 

m In what follows, we mvestigate the connect10n between the chque num­

ber w, the chromatic number X, and the achromatic number Recall that 

w :s; X :s; achr 

Let / (m, n) denote the minimum number of vertices m a graph G with 

x(G) = n and w(G) = rn Such graphs e'<..ist for all m and n with 1 < m :s; n 

For example, /(3 , 2) = 5, f (4, 2) = 11, and f (5, 3) = 11 [29] 

Proposition 5 1 17 For any integers m and n with l < m :s; n, there exists 

a graph G with w(G) = rn, x(G) = n, and achr(G) 2: f(rn, n) 

Proof To construct the graph G with achr(G) = f(m, n), we colour the 

f (rn, n) vertices of G with different colours, then add sufficient disJomt edges 

to give achr(G) = J(m, n) D 

More generally, 1f we let g(m, n) denote the mmnnum value of achr(G), 

taken over all graphs G with w( G) = m and x( G) = n, then for all mtegers 

m and n, l < rn :s; n , there exists a graph H with w(H ) = m, x(H ) = n, 

and achr(H ) 2: g(m, n) 

It is an open problem to determme the mtegers 1 < w :s; c :s; a for 

which there exists a graph with w = w. \. = c, and achr = a (Note this 
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1s eqmvalent to determmmg g(m, n) ) In what follows, we seek a-mm1mal 

graphs with this property We show that w = n, x = n + 1, achr = t 1s 

realizable by a t-mm1mal graph 1f and only 1f t > n + 2 We use a result from 

Galla1 [23] , 1963 

Theorem 5 1 18 [23] If G zs t -(colour)-crztzcal and IV(G)I :S: 2t- 2 then G 

zs disconnected (z e , G has a spanning complete bipartite graph, or equiva­

lently there are vertex dzs1oznt graphs G1 and G2 such that G = G1 + G2) 

Lemma 5 1 19 For n ~ 2, the minimum number of edges zn a graph G with 

w(G) = n and x(G) = n+ 1 zs (n; 2
) + 5(n- 2) + 5 Furthermore, Kn-2 + C5 

zs the unique graph which achieves equality 

Proof We first show that such a graph G has at least n + 3 vertices 

Smee Kn+l 1s the only (n + 1)-verte'{ graph with chromatic number n + 1, 

IV(G) I ~ n + 2 Suppose IV(G)I = n + 2 Then V(G) = vV U { u, v }, where 

TV 1s a chque of size n Smee G has no complete subgraph of size n + 1, there 

exist vertices x, y E lV such that ux, vy (/_ E ( G) If x =I- y t hen assign mg each 

vertex of it a different colour , and ass1gmng u, v the same colours as x, y , 

respectively, yields an n-colounng of G. a contrad1ct10n Therefore x = y, 

and both u and v are ad.1acent to e, ery vertex m W - { x } Furthermore, 

uv E E(G), otherwise the above still descnbes an n-colounng of G But now 

(W - { x }) U { u, v} 1s a chque of size n + 1 m G, a contrad1ct10n Therefore 

IV(G)I ~ n + 3 
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We now show that there is no graph G with w(G) = n. x(G) = n + 1 

and fewer than (n.;2) + 5(n - 2) + 5 edges The result is clear if n = 2 

Suppose it is true for n = 2, 3, , k-1, and let G be a graph with w(G) = k, 

t(G) = k + 1 and the mmimum number of edges Thus G is (k + 1)­

cntical, and so o(G) 2 k Smee IV(G)I k::; 2IE(G)I, we have ½IV(G)I k::; 

(k; 2) + 5(k - 2) + 5 = k
2
+~k-4 Therefore IV(G)I :'.S k+5-f If k = 3, then 

IV(G)I ::; 6::; 2(k + 1) - 2, and if k 2 4 then IV(G)I::; k + 4::; 2(k + 1) - 2 

In either case, Theorem 5 118 apphes Hence G = G1 + G2 If we now let 

x(Gi) = w(G1) = x, then x(G2) = k-x+l, and w(G2) = k-x Smee G has 

the mmimum number of edges, G 1 = K x It now follows from the defimt10n 

of JOm that we can assume x = 1 

Smee w(G2) = k, - 1 and x(G2) = k, it follows from the mduct10n hy­

pothesis that IE(G2)1 2 (k;3) + 5(k - 3) + 5 Thus 

IE(G)l 2 (IV(G)I - 1) + (k;3) + 5(k - 3) + 5 

2 k + 3 - 1 + (k-J~k-4) + 5(k - 2) 

= 2((k-
2
3)+5) -t (k-3)t-4) + 5(k _ 2) 

= 225 + (k-2)Jk -3) + 5(k - 2) 

= (k;2) + 5(k - 2) + 5. as reqmred 

It follows from the above argument t hat if G has w( G) = n, x( G) = n + 1 

and IE(G)I = (n.;2) + 5(n - 2) + 5, then G has n + 3 vertices and, m fact , 

G = K 1 + H , where IE(H)I = (n.; 3
) + 5(n - 3) + 5, w(H) = n - 1, and 

x(H) = n Smee C5 is the umque extremal graph when n = 2, an easy 
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mduct10n argument shows that Cs + Kn_ 2 is t he umque graph fo r which 

equality is achieved □ 

Theorem 5 1 20 For n 2: 2, there exists a t-mmzmal graph G with 

w(G) = n, x(G) = n + l and achr(G) = t zf and only zf t > n + 2 

Proof Consider a graph G with w(G) = n and x(G) = n + l By Lemma 

5 119, G must have at least ( n~2
) + 5(n - 2) + 5 = n2

+~n- 4 edges 

Smee n
2
+~n-4 > n

2
+~n+2 = ( n~ 2 ) fo r all n 2: 4. G is not 

(n + 2)-mmimal It remams to consider n = 3 and n = 2 The only graph 

with x = 4, w = 3 and 10 edges is C5 + K 1, which has achromatic number 

4 The only graphs with x = 3, w = 2 and 6 edges are Cs U K 2 , and Cs 

connected to K 1 bv a smgle edge Both of t hese graphs have achromatic 

number 3 Thus for n 2: 2 there exists no t-mmunal graph with x = n + l 

and w = n such that t :'.S n + 2 

WP establish t he existence of t-mmimal graphs with w = n and x = n + l 

(n 2: 2) for all t > n + 2 by construct10n Observe that if G is a k-mmimal 

graph with '.J(G) = n and x(G) = n+ l , t hen GU k K 2 is a (k + 1)-mmimal 

graph wit h t he same clique and chromatic numbers as G Thus it suffices to 

find, for all n 2: 2, an (n + 3)-mmimal graph with w = n and x = n + l 

But tlus is easy smce (C5 + K n-2) U 5K2 is such a graph Tlus completes t he 

proof □ 

We note m closmg that if we rela'C the muumality condit10n, then all 

parameter sets of t he fo rm n, n + l , t. "here t 2: n + l. are realizable By the 
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a.bow theorem, we need only consider t = n + 1 and t = n + 2 The reqmred 

graphs are (C5 + Kn-2) and (C, + Kn-2) U 2K2 , respectively 



Chapter 6 

OTHER PARAMETERS 

In t lus chapter we hst relations between the achromatic number and other 

graph parameters, as recorded by Xu [52] 111 1991 We 111troduce each param­

eter with its notat10n and an 111formal defimt10n We denote t he maximum 

degree by Ll, mnumum degree by 6. connectivity (mimmum number of ver­

t ices of G wluch must be deleted to disconnect G) by ,.,,, edge connectivity 

(m11111num number of edges which must be deleted to disconnect G) by ,.,,,, 

dom111at10n number (m111imum size of a subset D of V(G) such that all ver­

tices not 111 D are adJ acent to at least one vertex m D ) by 1, mdependence 

number (size of a maximum mdependent set of vertices) by a, covering num­

bn (mnumum size of a subset C of V(G) so t hat all edges 111 Gare mcident 

to at least one vertex m C) by /3, circumference (length of longest cycle) by 

c, length of longest path by l , girth (length of shortest cycle) by g, diameter 

(maximum of the distances between all pa.irs of vert ices) by d, edge mde­

pPndence number (size of a maximum matchmg) by a', and edge covermg 

49 
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number (mm1mum size of a subset C of E(G) so that all vertices m G are 

mc1dent to at least one edge 111 C) by /3' Each mequahty below 1s followed 

by graphs wluch attam the lower and upper bounds We ha,,e supplied the 

extremal graphs which are not directly cited 

Theorem 6 1 1 [52] Let G be a finit e graph with n vertices We assume 

that G zs connected zn the case of diameter, and u,e further assume that a 

cycle exists zn the case of girth and circumference 

(1) 1 - n S b(G) - achr(G) Sn - 2/n, ( Kn-l U K 1 [52] , C4 ) 

(2) 1 - n S K,(G) - achr(G) Sn - 2/n ( Kn- l U K 1 [52] , C4 ) 

(3) 1 - n S K,'(G) - achr(G) Sn - 2,jn ( Kn-1 U K 1 [52] , C4 ) 

(4) -!} - 1 S ~ (G) - achr(G) Sn - 3 ( inexact [52] , K1 ,n [52] ) 

(5) achr(G)(achr(G) - 1) S n~(G) ( Kn ) 

(6) 0 S achr(G) - x(G) S ~ - 1 ( Kn , K2 ) 

(7) 2 achr(G) - x(G) Sn (Kn) 

(8) l(G) - achr(G) Sn - 3 ( Kn /2,n/ 2 [52] ) 

(9) 2 achr(G) - l(G) Sn+ l ( Kn ) 

(10) c(G) - achr(G) Sn - 2 ( Kn/2,n/2 [52] ) 

(11) 2 achr ( G) - c( G) S n (Kn) 

(12) g(G) S rach;(G) l (achr(G) + 1) + 1 ( Cn, such that 
n = 2a2 +a+ l, a E z+ ) 
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(13) 6 :S g(G) + achr(G) :Sn+ ffn + 1 ( Tn,3n , Cn, such that 
n = 2a2 + a, a E z + ) 

(14) g(G) + 2 achr(G) :S 2n + 3 (Kn) 

(15) d( G) < (achr(~)+ 1)
2 

(16) d(G) + 2 achr(G) :S 2n + 1 (Kn) 

(17) 4 :S d(G) + achr(G) :Sn+ ffn ( Kn n , C4 ) 

(18) 2y'n :S achr(G) + a(G) :Sn+ 1 ( Tv1n,n , Jn E z + , Ki,n ) 

(19) n :S achr(G)a(G) :S (n~l)
2 

( Kn , K n+I U n!l Ki, 
2 

n=l,3, 5, [52] ) 

(20) -1 :S /3(G) - achr(G) :Sn - 2y'n ( K 1,m , C4 ) 

(21) -1 :S 2a'(G) - achr(G) :Sn - 2 ( K2n+1 [52] , Kn/2,n/2 ) 

(22) n + 2 :S achr(G) + 2r3'(G) :S 2n + 1 ( Kn / 2,n/2 [52] , K2n+l ) 

(23) 3 :S achr(G) + -y (G) :Sn+ 1 ( K2 , Kn) 

(24) 2 :S achr(G)-y(G) :S (n~l)
2 

( K2 , K141- U n!l Ki, 
n = 1, 3, 5, [52] ) 



Chapter 7 

NORDHAUS-GADDUM 
TYPE RESULTS 

In this chapter we study results which stem from research by Nordhaus and 

Gaddum [49] Let G, G denote a graph and its complement and TJ be a 

graph parameter The calculat10ns of extremum values of TJ ( G) + TJ( G) and 

TJ(G)TJ(G) taken over all n-vertex graphs Gare known as Nordhaus-Gaddum 

type problems, due to the results where TJ( G) 1s the chromatic number of G 

[49] 

The followmg result 1s due to Gupta [27] m 1969 

Theorem 7 1 1 [27] For any graph G with n vertices, 

achr( G) + achr( G) ::; I ½n l , and this bound zs best possible 

To show that it is best possible, Gupta [27] considered mductive graph 

construct10ns of the form n = 3r + l , r = 1, 2, with (2r + 1)-colourmgs fr 

and Yr of Gr and Gr respectively For r = l. they define G1, J1 , ] 1 as shown 

52 



F ( G 1 ) = { Vo v, , V2 v1 } , 

E(Gi) = {[vo, v2] , [v1, v3], [v2, u3]}, 

f 1(vo ) = fi(vi) = L f1(v2) = 2. f 1(v3) = 3, 

] 1(vo ) = 1 1 1(vi) = 2. ] 1(v2) = ]1(v3) = 3 

53 

Figure 7 1 shows the basis graphs G1 and G\ ,, 1th their complete 3-

colourmgs 

Figure 7 1 Gupta's graphs G1 and G1 on 4 vertices 

Now suppose Gr-1 , fr-1, and 1r- l have been defined for some r ~ 2 

They define Gr , fr, 1r as follows 

V(Gr) = V(Gr-1) U { V3r-2 , VJr-1 , V3r } , 

E(Gr) = E(Gr-1) U {[v3r-2,V3i- iJli = 1, 2, , r -1} U {[v3r-1 , V3i]li = 0, 1, ,r} 

u{[v3r, V3i-1l, [v3r, V3i] Ii= 1, 2, ' r - 1} u {[v3r, V1 ]}, 

fr(V3r-2) = fr(V3r- 1) = 2r, 

fr(V3r) = 2r + 1, and 

fr(vi) = fr-i(vi) for i = 0, 1, , 3r - 3 , 

Jr ( VJr-2) = 2r, 

1r(v3r-d = 1r(V3r) = 2r + 1, and 
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Thi-; 1s dPmonst rat<'d bv f1gurr , 2 

3 

2r+1 2r+1 

F1gurP 7 2 Gupta 'c;; graphs Gr and Gr on 3r + 1 , ert1ces \\Ith achr (Gr ) = 
achr(Gr) = 2r + 1 

It 1'3 easy to check that fr and 1r are complete (21 + 1 )-colourings of Gr 

and Gr rec;;pectnrl~ Thus achr(G)+achr(G) 2: 2(2r+l) = r !(3r + l )l So. 

from thr theorrm, tlw equality must hold and the bound 1s the bec;;t possible 

WP offer thr follmvmg corollarv 

Corollary 7 1 2 For any graph G with n vertLces, 

achr(G) achr(G) ::; 

4
~

2 
zf n = O(mod 3) 

zfn- l (mod3) 

zfn=2 (mod3 ) 

and thPse bounds are best possible 
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Proof From Theorem 7 11 we have the best possible bound 

achr(G) +achr(G) ~ 1 fnl So achr(G) ~ 1½nl - achr(G), and 

achr(G) achr(G) ~ achr(G) r ½nl - achr (G) 2 

To maximize this upper bound, we take the overlymg contmuous function 

f( r ) = X 1½nl - x2 We have d: (x r ½nl - r2
) = r fnl - 2x , and the 

maximum occurs at X = ½ r ½ n l 
If n O(rnod 3). then the maximum is at x = 2; , wluch is an mteger, so 

the maximum achr(G) = 2;, and achr(G) achr(G) ~ 2
3n \n - (2; )2 = 4~

2 

If n = l ( mod 3), then the maximum is at x = 211:1, which is 

also an mteger, therefore the maximum achr(G) 

achr(G) achr(G) ~ 211:1 411;2 - (2nt )2 = (2ni1 )2 

.f!tll and 
3 ' 

If n = 2(rnod 3) , then the maximum is at x = 4nt, which is halfway be-

tween two mtegers on a quadratic function , so the maximum 

achr( G) = 211
3-

1 or 211: 2 Both values yield the same bound 

achr(G) achr(G) ~ ( 2n3-I ) ( 2n:2) 

That this 1s best possible for n = l (mod 3) is shown by Gupta's graphs, 

Gr and Gr , each on 3r + 1 -vertices with achromatic number 2r + 1 

achr(G) achr(G) 2 (2r+ 1)2 = (6ri3)2 = (2(3r~l)+t)
2 

For n _ 2(rnod3) and n = 0(rnod3 ), t he bounds are attamed by Gr+ K 1 

and (Gr + K 1) U K 1, respectively D 

Many people ha, e studied generalized · ordhaus-G addum type problems, 

that 1s, the problem of find mg the e'<:trema of 7Ji ( G) + 7J2 ( G) for two graph 
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parameters TJi and T}2 It frequently turns out that if both T}i and T}2 attam 

their maxima for complete graphs, then we can obtam a bound for TJi ( G) + 

TJ2 (G) , smce complementary graphs cannot both be complete 

S Xu [52] hsted the followmg generalized Nordhaus-Gaddum type re­

sults In the followmg theorem we use the notat10n and restnct10ns found m 

Theorem 6 1 1, agam followmg each relat10n with graphs of the lower and 

upper bounds As before, we have provided the extremal graphs wluch are 

not directly cited 

Theorem 7 1 3 [52] For any finit e graph G with n vertices, 

(1) 2-/n :S t(G) + achr(G) :Sn+ l ( yri, K-1n , Kn) 

(2) 2yri, -1 :S achr(G) + ~(G) :S 2n - 2 ( T ..fn,n , vn E z+ , 
Kn-l U K1 ) 

(3) n :S achr(G)(~(G) + 1) :S n(n - 1) ( Kn , Kn- l U K1 ) 

(4) 2 :S achr(G) + 6(G) ( K2 ) 

(5) 2 :S achr(G) + 1,,(G) ( K2 ) 

(6) 2 :S achr(G) + 1,,'(G) ( K2 ) 

(7) 0 :S achr(G) - 1(G) :Sn - 2 (Kn , 2Kn ) 

(8) 0 :S achr(G) - a(G) (Kn) 

(9) n :S /3( G) + achr( G) ( nK1 ) 

(10) 2 vn :S c( G) + achr (G) ( vn Kfo) 

(11) 2-Jn - 1 :S l(G) + achr(G) ( vn K../n ) 



57 

(12) achr(G) - g(G) :Sn - 5 ( Kn-2 U 2K1 ) 

(13) 6(G) > 0 ⇒ g(G) :S 2 achr(G) ( 2K2 ) 

(14) d(V) :S 2 achr( G) - 2 ( 2K2 ) 

(15) n :S 20:'(G) +achr(V) ( Kn for odd n [5 2] ) 

(16) 2/J'(G ) - ochr(G) :Sn ( Kn J for odd n [52] ) 

In 1983, Akiyama, Harary and Ostrand [1] '3pec1fied the graphs for which 

thr achromatic number of G and G are both 2, and both 3 The graphs 

G such that both G and G have achromatic number 2 are C4 , 2K2 , K 1,2 

and K 2 U K 1 There are exactly 41 graphs G such that both G and G have 

achromatic number 3 six with 7 vertices, twenty with 6 vertices, fourteen 

with 5 vertices and JUSt one with 4 vert ices 



Chapter 8 

COMPLEXITY 

This chapter discusses the computat10nal complexity of the achromatic num­

ber problem as it relates to different classes of graphs 

The achromatic numbn problem is Given a graph G and a positive 

mteger k , is achr(G) 2: A? Yannakakis and Gavnl [53] explored this problem 

m 1980, and Bodlaender revisited it m 1989 [6] 

Theorem 8 1 1 [53] The achromatic number problem is NP- complete even 

for complements of bipartite graphs 

A cograph is a graph "'hich does not have P4 

as an induced subgraph [20] A graph G = (V, E) is an interval graph if 

one can associate to each vertex v E V an mterval [ av, bv ] ~ R , such that 

V'W EE{:} [av,bv] n [aw,bw] -I- 0 [26] 

Theorem 8 1.2 [6] The achromatic number problem is NP-complete, even 

when restricted to connected graphs that are simultaneously a cograph and an 

interval graph 
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The exact bipartite achromatic number problem is If G is a bipartite 

graph with exactly (;) edges, is achr( G) = k? (Eqmvalent ly, gn,en a bi­

partite graph G with exact ly ( ~) edges, is G k-mmimal?) The complexity 

of tlus problem was established by Farber, Hahn, Hell and D Miller [22] m 

1986 

Theorem 8.1 3 [22] The exact bzpartzte.-achromatzc number problem zs NP­

complete 

In contrast to these conclus10ns Farber et al give the followmg results 

Lemma 8.1 4 [22] There is a function f z+ ----+ z+ such that each graph 

with at least f ( k) reducing congruence classes has achromatic number at least 

Theorem 8 1 5 [22] For each fix ed integer k, there zs an algorithm which, 

fo r an arbitrary graph G = ( V, E ) , determines whether achr( G) 2 k in 

time O(IEI ) 

Outlme of Proof Let Gk be the graph obtamed from G by deletmg m - k 

vertices from each reducmg congruence (r c ) class with m vert ices, whenever 

rn > k The authors first show that achr(G) 2 k if and only if achr(Gk) 2 k 

Two hsts are then comtructed one of the r c classes of G, the other of the 

neighbourhoods of each of these r c classes These hsts can be made m 

lmear t ime If dunng the procrss G has at least f(r.) r c classes (where 



60 

.f ( k) 1s the funct1011 of Lemma 8 1 4 ) , then achr ( G) ~ k Otherwise, given 

complete hsts of the r c classes and their neighbourhoods, ·we can construct 

Gk m hnear time Vie can check whether achr(Gk) ~ k m constant t ime If 

achr(Gk) ~ k then achr(G) ~ k, otherwise achr(G) < k □ 

Unfortunately the proof of the above theorem 1s non-constructive, and 

while thP algorithms exist, only those for k :S 4 have been found because the 

hst of all reduced graphs has only been completed for k :S 4 

A related problem 1s the complexity of the achromatic number problem 

when restricted to trees or forests The two followmg results establish the 

existence of algorithms which determme whether certam trees are n-mm1mal 

The first pert.ams to trees v.1th few leaves, the second to trees with few non­

leaves 

Theorem 8 1.6 [22] For each fixed k, there is a polynomial algorithm which, 

given a tree T with (;) edges and at most k leaves, will deterrnme whether 

achr(T) = n 

Theorem 8 1 7 [22] There is a polynomial algorithm which, given any tree 

T with (;) edges and at least ( n; i) + 1 leaves, will determine whether 

achr(T) = n 

Five algorithms which compute approximate solutions to t he achromatic 

number problem ha, e been compared m terms of runnmg time and accuracy 
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These heuristics may be found 111 Brewster [13] We will briefly describe 

three of his algorithms The first method colours t he vert ices 111 a dept h 

first search order by colour111g a new vertex wit h a new colour n only once 

a complete homomorphism onto K n-l has been constructed wit h t he previ­

ously coloured vertices A more accurate approach 1s to beg111 by ass1gn111g 

each verte:>.. a different colour and t hen iteratively merg111g pairs, X, Y , of 

colour classes for wl11ch t here 1s no edge wit h one end m X and t he other 

end 111 Y A variat10n 1s to beg111 111stead wit h a k-colourmg of G, where 

k = ma.r{t U) :S IE(G)I } Brewster reports that t he second method 

generally gives better approximat10ns than the first, while t he t hird is much 

faster than t he second and 1s comparable 111 accuracy He a lso compares t hese 

algorithms when they are augmented by a re-colourmg step 



Chapter 9 

SUMMARY OF OPEN 
PROBLEMS 

We conclude with a hst of six problems for further study This hst 1s not 

meant to be comprehensive, rather it 1s a sample of the topics which have 

been discussed m this thesis 

1 Determme bounds for the achromatic number of the Cartesian Product 

of graphs 

2 Determme the hst of 1rreduc1ble graphs with achr = k , for k :;_:: 5 

3 Exactly determme the achromatic number of the m x n gnd ( the 

Cartesian Product of Pn and Pm) and the n-dnnens10nal cube (the n-fold 

Cartesian Product of K 2 with itself) 

4 Fmd a structural charactenzat1on of the graphs with achr = w 

::> Determme those mtegers 1 :S w '.S c :S a such that there exists a 

(mm1mal) graph with w = w, x = c and achr = a 

6 Complete the solut10n to the exact bipartite achromatic number prob­

lem restricted to trees 
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