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Abstract

The émthors present a systematic investigation of various interesting prop-
erties of a certain subclass of starlike functions with negative coefficients.
In particular, they give numerous sharp results including coefficient esti-
mates, distortion theorem, and radius of convexity for functions belonging
to this subclass. They also show that the class studied in this paper is

closed under arithmetic mean and convex linear combinations.
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1. Introduction and Definitions

Let & denote the class of functions of the form:

fB)=z+) anz", (1.1)

n=2

which are analytic and univalent in the open unit disk
U={z:2z€Cand |z| < 1}.

A function f(z) € S is said to be starlike of order (0 < a < 1) in U if and only if

(7

Also, a function f(z) € § is said to be convez of order & (0 < @ < 1) in U if and only if

)>a (zeld; 0L a<l).

—————-zf”(z) o z ; (84
§R(1+ f’(z))> (zeld; 0<Lacx<l)

We denote by §*(a) and K(a) the classes of all functions in & which are, respectively,
starlike and convex of order « in .
Let 7 be the subclass of S consisting of functions f(z) of the form (1.1) whose nonzero

coeflicients a,, (n > 2) are negative. Thus an analytic and univalent function f(z) in U is

in the class 7 if and only if it can be expressed in the form:

Fz)=2=3 lan| " (1.2)

forall z in U.

We begin by setting

Fa(z)=(1-Nf(z)+Azf'(z)  (A20; feT), (1.3)
so that, obviously,
Fa(z)=z- ) [1+(n—1)A]|as| 2", (1.4)

since f € 7 is given by (1.2).



When A = 1 in (1.3), we get

2F1(2) = (2 f(2))" (1.5)
Sarangi and Uralegaddi ([8], [9]) studied the basic properties of functions Fj(z) defined by
(1.3).

Definition. A function f € 7 is said to be in the class 7,*(4, B, a, 3, 7) if the function
F(z), defined by (1.3), satisfies the inequality:

2{Fy(2)/Fa(2)} — 1
(B = A)y [{F5(2)/Fx(2)} — o] = B[{F}(2)/Fa(2)} — 1]

where (and throughout this paper) the parameters «, 8, v, A, and B are constrained as

<p (z€l),

follows:

0<ax<l; 0<p<]; -1£A<B<X1l; 0<B<1;
B/{(B - A)x a#0
ey PN A (2D
1 (e =0).

b (1.6)

We note that
1. The subclass 75" (—1,1, , $,1) was studied by Gupta and Jain ([4], [5]).
2. The class T*(a) = Ty* (—1,1,a,1,1) was studied by Silverman [10].

The subclass 7*(a) and various other subclasses of 7 have been studied rather ex-
tensively by Bhoosnurmath and Swamy (3], Srivastava and Owa [11], Owa and Aouf [7],
Nunokawa and Aouf [6], and others (see also [1], [2], and [12]).

In the present paper, sharp results involving the coefficients a,, distortion theorem,
and radius of convexity for the class 7)* (A4, B, a, 8,7) are investigated. In the last section
we also show that the class 7,¥ (A, B, «, 3,7) is closed under arithmetic mean and convez

linear combinations.

2. A Coeflicient Theorem

Theorem 1. Let f € T be defined by (1.2). Then f(z) is in the class
Ti (A, B,a,8,7) if and only if

Y laalll+ (n = 1D)A{(n = 1)+ B[(B — A)y(n— @) — B(n - 1)]} 21)

< (B - A)’)/,B(]. - a)’



where the parameters are constrained as in (1.6).
Proof. Suppose that the function f(z) defined by (1.2) is in the class
TX(4,B,a,B,7).

Then, in view of the Definition and the series expansion (1.4) with f € 7, we have

2{F3(2)/Fa(2)} =1
(B — A)y {z{F5(2)/Fx(2)} — o} — B{z{F}(z)/Fa(2)} — 1}

- i (n = D1+ (n — DA] |an| 2! (2.2)
= B=An(-a) —{B-Anm—a)~Brn-D7| <7
S+ (0= D g

for z € U.
Since R(z) < |z| for all z, it follows from (2.2) that

( )

nﬁ_’; (n = D[L + (n = D)A] |an| 2*2

N E-D(-a—{B-anm-w-Be-1) (<7 @
B+ DAl |

Choose the values of z on the real axis so that z{F}(z)/Fa(z)} is real. Upon clearing the

denominator in (2.3) and letting 2 — 1— through real values, we obtain

2(n—— D)1+ (n — 1)\ |an]

< ﬁ{(B—A)’Y(l —a)=[(B-Ap(n—a)= B(n—1)] Y [1+(n—1)) Ianl}

Y L+ (m—1)Nan| {(n—1)+ BB - A)y(n— @) — B(n - 1)]}

< (B - A)7 13(1 - a)7



which proves that the condition (2.1) is necessary for f € T to be in the class
75/(4, B, a, B,7).

In order to prove that the condition (2.1) is also sufficient for f € 7 to be in the class
73 (4, B, ,7),

we first suppose that the condition (2.1) holds true for all admissible values of 4, B, «, 3,

and «. In view of the Definition, we then consider the expression:
M(f) := |2 F5(2) — Fa(2)| = BI(B — A)y {2 Fi(2) — a Fa(2)}

-~ B{zFy(z) - Fa(2)}| (2 €l),

which, upon substituting from (1.4) and putting

o] =r <1,
vields
M) = gw ~ DL+ (1 = DA fan 5
= 5|(B - 4111 - @)~ (B - An(n - )~ B(n - 1)}
-;[1 +(n— 1A |a,| 2™ 1
< 3= D+ (1= D3 o7 o)

—(B—-A)yy(1 - a)+ p{(B - A)y(n — @) — B(n — 1)}

DY [+ (n— 1A an| !

n=2

=30+ (= DA{(n — 1) + BI(B ~ A)y(n — &) — B(n — 1))}

n=2

aa|r" 7t = (B — A)yB(1 — o).
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Finally, letting r — 1— in (2.4), and making use of the condition (2.1), we have

M) < YL+ (= DN{(n = 1)+ BI(B - Ay(n — @) — B(n — 1))}

“lan| = (B — A)yB(1 - a)

<0

bJ

which evidently completes the proof of Theorem 1.
Corollary. If f(z), defined by (1.2), is in the class T,¥(A, B, a, 3,7), then

(B-AyB(1l-a)
1+ (n—=DA{(n—1)+ B[(B - A)y(n—a) — B(n - 1)]} (2.5)

(n=2,3,4,---)

Ianl S [

with equality for each n for functions in the form:

f) s (B — A)yB(1 - a) .
" 1+ -1A{(rn-1)+B[(B-A)y(n—a)-B(n-1)]} (2.6)
(n=2,3,4,--).

3. A Distortion Theorem and Its Consequence

With the help of Theorem 1, we first derive
Theorem 2. If f(z) € T)(4, B,a, 3,7), then

(B—A)yB(1 —a)r?
(1+M{1+8[(B—-A4n(2-a)-B]}

< |f(=)|
(3.1)
e (B AW
- (A+N{1+8[(B-A)(2-a)-B]}
(lz] =r < 1).
The bounds in (3.1) are sharp for the function f(z) given by
f(2) =z — (B — A)yB(1— ) 2* (2= 41). (3.2)

(1+M{1+5(B-A)2-a)-Bl}
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Proof. Since f € 7T;¥(A, B, a, 3,7), Theorem 1 readily yields

= (B=ANpB(1 —a)
2, Vool S TN LB - ARG - o~ BT

(3.3)

Hence (3.1) follows from the following obvious consequence of the definition (1.2):

o0 x
r=r? Y laal SIFEI<r 402 ) Jan
n=2 n==2

(]z] =r < 1).
Next we prove

Theorem 3. If f(z) € T,)(A, B,«a, B,7), then f(z) i3 convez in the disk

|Z| < pA(AaBaaaﬁ97)a
where
pA(A"B7O',’ﬂ77)

— inf {[1 +(n—DA{(n—-1)+F(B—-A)7y(n—a)—B(n-1)]} }1/(n—1) (3.4)
n>2 n2 (B —_— A)’)’,B(l — O{) .

The result is sharp for the functions fr,(2) (n =2,3,4,---) given by (2.6).

Proof. It suffices to show that |zf"'(2)/f'(z)] < 1 for all z constrained as in Theorem
3. Indeed we first find from (1.2) that

> n(n—1)an| 2"}

< n=2

—_ o0

1= 3. nlan| [2z[*

]

[[Zaa¥

zf”(z)
f'(2)

Thus the desired result follows if

Y o nm—1)lan] [z < 1= nlaa| [2*7, (3.5)
n=2 n=2
or, equivalently, if
Z n?lan| |2|** < 1.
n=2



This last inequality (3.5), in conjunction with Theorem 1, shows that f(z) is convex if

n? |21 < [1+(n=DA{(n=1)+B[(B—-A4)y(n—a)—Brn-1)]}
B (B—-A)y8(1 —a) ’

that is, if

2] < ! 14+ (n—-1A{(n— 1) + ﬁ [(B A)'y(n —a) - B(n-1)]} ll/(n 1)

(n=2,3,4,--).

Writing pa(4, B, a, ,7) for |z| in (3.6), we immediately obtain the radius of convexity

asserted in Theorem 3.

4. A Set of Closure Theorems

Theorem 4. Let each of the functions f;() (j = 1,2) defined by
@ =e= S langls (1=1,2) (41)
n=2
be in the class T{(A, B, a, B,7). Then the function h(z) defined by
h(z)—z——Zlan1+an2|z (4.2)

i3 also n the class T (A, B, a, B,7).

Proof. Using Theorem 1, we easily see that

; Z 1+ (n— DA {(n — 1) + BI(B — A)3(n — &) — B(n = 1]} [ans + ansl

<2 31+ (r = DA{(r — 1)+ BI(B — A)y(n — &) — B(n — D]} (fans| + lanz])

<(B-A4)y8(1 - a),

which implies that h(z) € T,(A, B, a, 8,7).



Theorem 5. Let f1(z) =z and

fule) = 2 — (B = 4)y51 ~ ) 2"
" 1+ (=~ DA {(n~ 1) + BB~ A)y(n—a) = B(n - 1)]} (43)
(n — 2,3,4,...)_

Then f(z) is in the class T (A, B, a, 8,7) if and only if it can be expressed in the form:

F5) = Anfal2), (4.4)
n=1
where -
An >0 and Z Ap = 1. (4.5)
n=1
Proof. Let

f(2) =) Anfal?)

n=1

— i )\n(B - A)713(1 _ CV) 2"
= B+ (n=1)A{(n-1)+B[(B—-A)y(n—a) = B(n-1)]} "’

which implies that

i{ L+ (n— DN {(n = 1) + B[(B — A)y(n—a) — B(n - D]}
(B—A)yB(1—a)

| (B - AyyB(1- ) A }
[T+ (- DA {(n—1) + Al(B — A(n—a) — Bln— 1))

n=1

nz=2
By Theorem 1, we thus have f(z) € 7,¥(A, B, a, (3, 7).

Conversely, let us suppose that

f(z) € T(4, B, 0, 8,7).

Then Theorem 1 (or its Corollary) gives us

(B— A)yA(l—a)
1+ (n—DA{(n—1) + BI(B - A)y(n — @) - B(n - 1]} (4.6)

(n=2,3,4,---).

lan| < [
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Setting

B+ (n-DM{(n-1)+B[(B—-A)(n—a)—B(n—-1)
(B—-ANf(1-a)

(n=2a3747"')'

An = Y el

and

Ar=1-)" A,

n=2

we find from (4.3) that [¢f. Equation (4.4)]

f(2) =" Anfal2),

n=1

which completes the proof of Theorem 5.
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