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ABSTRACT

Coherent plane-wave compounding (CPWC) ultrasound is an important modality

enabling ultrafast biomedical imaging. To perform CWPC image reconstruction for

a stratified (horizontally layered) medium, one needs to know how the speed of sound

(SOS) varies with the propagation depth. Incorrect sound speed and layer thickness

assumptions can cause focusing errors, degraded spatial resolution and significant

geometrical distortions resulting in poor image reconstruction. We aim to determine

the speed of sound and thickness values for each horizontal layer to accurately locate

the recorded reflection events to their true locations within the medium.

Our CPWC image reconstruction process is based on phase-shift migration (PSM)

that requires the user to specify the speed of sound and thickness of each layer in

advance. Prior to performing phase-shift migration (one layer at a time, starting

from the surface), we first estimate the speed of sound values of a given layer using

a cosine similarity metric, based on the data obtained by a multi-element transducer

array for two different plane-wave emission angles. Then, we use our speed estimate

to identify the layer thickness via end-of-layer boundary detection. A low-cost alter-

native that obtains reconstructed images with fewer phase shifts (i.e., fewer complex

multiplications) using a spectral energy threshold is also proposed in this thesis.

Our evaluation results, based on the CPWC imaging simulation of a three-layer

medium, show that our sound speed and layer thickness estimates are within 4% of

their true values (i.e., those used to generate simulated data). We have also con-

firmed the accuracy of our speed and layer thickness estimation separately, using two

experimental datasets representing two special cases. For speed estimation, we used
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a CPWC imaging dataset for a constant-speed (i.e., single-layer) medium, yielding

estimates within 1% of their true values. For layer thickness estimation, we used a

monostatic (i.e., single-element) synthetic-aperture (SA) imaging dataset of the three-

layer medium, also yielding estimates within 1% of their true values. Our evaluation

results for the low-cost alternative showed a 93% reduction in complex multiplications

for the three-layer CPWC imaging dataset and 76% for the three-layer monostatic SA

imaging dataset, producing images nearly similar to those obtained using the original

PSM methods.
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Chapter 1

Introduction

Ultrasound (US) imaging is a technique for obtaining subsurface images with ultra-

sound, i.e., high-frequency sound waves above human hearing capability (> 20kHz).

It involves interaction of such waves with specific targets inside the insonified medium

to produce images revealing structural and functional information about the target. In

this context, ultrasound is used in a variety of applications including medical imaging,

underwater acoustic imaging, non-destructive testing (NDT) and evaluation, mate-

rial characterization, and sonochemistry [1, 2]. Such an extensive use of ultrasound

is a proof of the unique benefits it offers compared to other imaging technologies.

Some of its main advantages include real-time imaging capability, high sensitivity

and penetrating depth, safety (radiation-free), portability, non-invasiveness, and low

cost.

In this chapter, we provide an overview of the ultrasound imaging system and a

brief insight into some fundamental concepts of ultrasound imaging.

1.1 Ultrasound imaging system

A simple functional block diagram of an ultrasound imaging system is shown in Figure

1.1. The transmit beamformer generates excitation pulses which are timed and scaled

to insonify desired subsurface areas. These pulses are passed through a digital-to-

analog converter (DAC), where digital transmit beamformed signals are converted to

low amplitude analog signals. A high-voltage (HV) amplifier amplifies these pulses to

a higher level before they reach the transducer elements. A transmit/receive switch

is placed between transmit circuitry and receive circuitry to ensure protection of
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Figure 1.1: Functional block diagram of an ultrasound imaging system.

low-voltage receive circuitry from the high-voltage of transmit circuitry [3].

The transducer is an array of piezoelectric elements which converts electrical sig-

nals into acoustic waves that propagate through the medium. Within the medium,

these acoustic waves encounter different targets with different acoustic impedances

that cause reflections from their boundaries. The resultant backscattered echoes are

sensed and converted to electrical signals by the transducer elements [2]. These re-

ceived echoes are frequency and depth dependent. Because of frequency-dependent

attenuation of the echoes, the resultant electrical signals have low voltage.1 A low-

noise amplifier (LNA) improves the signal-to-noise ratio (SNR) of the electrical signals

by performing amplification while maintaining a very low noise level so that masking

of the signal of lower amplitudes is avoided. The LNA output is then amplified by a

time-gain compensation (TGC) amplifier to compensate for the amplitude loss caused

1For instance, in soft tissues, the acoustic wave attenuates at a rate of 0.5 dB/MHz-cm. Typical
ultrasound systems operate in the carrier frequency range of 2− 15 MHz to minimize the effects of
frequency dependent attenuation [4].
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due to the attenuation during sound propagation in the medium [5]. The resulting

analog signals are finally digitized using an analog-to-digital converter (ADC) and

are fed to a receive beamformer.

In the receive beamformer, the received digitized signals are coherently summed

together (typically using a delay-and-sum beamforming method) to increase the SNR

and spatial resolution. This beamformed signal undergoes quadrature demodulation

forming a complex baseband signal. Envelope of the baseband signal is detected

by simply taking its absolute value. The obtained envelope signal is logarithmically

compressed to reduce its dynamic range for an output display. To improve the im-

age quality, several image enhancement and filtering techniques are applied to the

compressed envelope signal. The signals are stored in the memory bank and scan

converted (if needed) into a real-time output image with the Cartesian raster coordi-

nates [2, 5].

Depending on the echo principle, there are several imaging modes as outlined

below.

� A-mode: In A-mode imaging, A stands for ‘Amplitude’. Here, the trans-

ducer sends a single ultrasound pulse into the medium that results in a one-

dimensional series of returning echoes reflected from the boundary of various

tissues [6].

� B-mode: In B-mode imaging, B stands for ‘Brightness’. Here, the area is si-

multaneously scanned by an array of piezoelectric elements resulting in a two-

dimensional ultrasound image with grayscale intensity indicating the echo am-

plitude [6, 7].

� C-mode: In C-mode, C stands for ‘Constant depth’. Here, the image plane

is perpendicular to the sound wave, and echoes are received only from a cer-

tain depth using an A-mode line. A cross-sectional image is created with 2-D

scanning of the entire region by the transducer [8].

� M-mode: In M-mode, M stands for ‘Motion’. Here an A-mode line, placed

over the structure of interest in a B-mode image, is recorded continuously over

time to produce a picture with a motion signal. This enables the movement of

structures to be represented in a dynamic wave-like manner [6, 7].

� Doppler mode: This mode is based on the Doppler principle, capturing a

change in frequency of a sound wave due to relative motion between the sound
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source and the receiver. Doppler mode comprises of continuous-wave Doppler,

where ultrasound signal is transmitted and received continuously, pulsed-wave

Doppler, where short intermittent bursts of ultrasound are transmitted and their

echoes are received afterwards, and color Doppler that produces a color-coded

map of Doppler shifts superimposed onto a B-mode ultrasound image [6, 7].

Our work is concerned with B-mode imaging which will be the focus of this thesis.

1.2 Ultrasound concepts

It is important to understand the various concepts involved in the functioning of an

ultrasound system. Below, we give an overview of some of them.

1.2.1 Speed and Frequency

An ultrasound system sends a pulse of short duration and high frequency inside

the medium and waits for the pulse to be reflected back from the reflectors in the

scanning region. A typical ultrasound pulse consists of several cycles of periodically

fluctuating pressure waves as shown in the Figure 1.2. These waves are mechanical

Figure 1.2: Ultrasound pulse.

disturbances containing compressions (zones of high pressure) and rarefactions (zones

of low pressure) [9, 10].
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In the Figure 1.2, period T is the time of one full cycle of the ultrasound pulse.

The pulse duration τ is equal to T times the number of cycles in the pulse. The time

duration between the start of one pulse and the start of next pulse is called the pulse

repetition period (PRP) and its inverse is the pulse repetition frequency (PRF).

The speed of ultrasound c is the rate at which the ultrasound wave propagates

through the medium and is related to the frequency f and wavelength λ of the

ultrasound wave as follows:

c = fλ . (1.1)

The frequency f of the ultrasound wave is the inverse of period T and refers to the

number of cycles of the pressure wave per unit time. The frequency range commonly

used in medical imaging is about 1-20 MHz, whereas the frequencies normally em-

ployed in ultrasonic nondestructive testing and evaluation are between 100 kHz and

50 MHz [11]. The wavelength λ refers to the distance between two consecutive peak

positions in the pulse. The material properties that determine the sound speed are

density ρ and stiffness κ, as expressed below [12]:

c =

√
κ

ρ
. (1.2)

.

1.2.2 Interaction of ultrasound with matter

When ultrasound waves travel through a material, they are partly transmitted to

a greater depth, partly reflected back to the transducer as echoes, partly scattered

and partly absorbed [11, 13]. The amount of energy transmitted and reflected at each

interface depends on the difference in acoustic impedance of the media on each side of

that interface [14]. The acoustic impedance Z of a material is the opposition offered

to the displacement of its particles by sound [7, 11]. It is given by

Z = ρc , (1.3)

where ρ is the material density. The boundary between materials of different acoustic

impedances is known as the acoustic interface. The percentage of the wave energy



6

reflected at an interface is given by its reflection coefficient:

R =

(
Z1 − Z2

Z1 + Z2

)2

. (1.4)

For example, if Z1 = 7.8 (bone) and Z2 = 1.69 (soft tissue), then R = 0.41. This

implies that 41% of the sound energy is reflected and 59% is transmitted.

When the ultrasound beam passes through the medium, the direction of the beam

changes after hitting the interface of two materials with different sound speeds. This

change in direction of sound transmission is called refraction. Refraction may result

in incorrect localization of objects in an ultrasound image.2

The energy of the ultrasound beam decreases exponentially as it passes through

the medium. This exponential loss of energy is called attenuation. The ultrasound

beam looses a constant fraction of energy per unit length of travel determined by the

following equation:

A(x) = A0e
−αx , (1.5)

where A is the amplitude of the sound wave, A0 is the initial amplitude of the sound

wave, α is the attenuation coefficient, and x is the distance traveled by the sound

wave. The two main contributors to attenuation are absorption and scattering. Ab-

sorption results in the localized heating due to induced oscillatory motion in the

material produced by the ultrasound beam. Scattering occurs if the ultrasound beam

encounters reflectors having dimensions smaller than the wavelength or due to a

rough, irregular interface. This results in echoes getting reflected through a wide

range of angles reducing their intensity [13, 14]. Other factors affecting attenuation

include the medium properties, distance traveled, and the beam frequency [9]. High-

frequency sound waves attenuate faster than low-frequency sound waves. Table 1.1

shows typical values of sound velocity, acoustic impedance and attenuation coefficient

for various materials.

1.3 Ultrasound beamforming

Beamforming is a signal processing technique in ultrasound systems to manage the

ultrasound beam generation, steering and focusing [15]. For focusing, appropriate

2For instance, since the speed of sound is low in soft tissue (approximately 1540 m/s) and higher
in bone (approximately 4080 m/s), refraction artifacts are prominent at bone-tissue interfaces [13].
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Material Speed of sound, Acoustic impedance, Attenuation coeff.,

m/s MRayl dB/cm at 1 MHz

Air 330 0.0004 1.38

Water 1430 1.43 0.0025

Soft tissue 1540 1.69 0.5-1.0

Liver 1570 1.65 1.1

Fat 1450 1.38 0.6

Bone 4080 7.8 10.0

Aluminium 6420 17 0.021

Table 1.1: Ultrasound-related properties of different materials [14].

delays are applied to the individual elements to achieve maximum constructive inter-

ference at the focal point. The delay applied varies according to the depth of the focal

point. While a transmit beam can only be focused at a single depth, dynamic receive

focusing can be used at the receive beamformer to focus the receive beam in a depth-

dependent manner, since the signal from larger depths arrives later than the signal

from closer distances [16, 17]. Beamforming optimization is important to maximize

the signal-to-noise ratio, contrast, and resolution of the final image, while limiting

as much as possible off-axis interferences to reject clutter and noise [18]. Below, we

discuss synthetic-aperture beamforming and plane-wave beamforming.

1.3.1 Synthetic-aperture beamforming

Synthetic-aperture (SA) imaging involves the transmission of the wave into a region of

interest, recording backscattered echoes, and repeating this for several positions. The

recorded data is combined to create a larger synthetic aperture, resulting in a high-

resolution image of reflectivity in the scanned region [19]. In monostatic SA imaging,

one element is used to transmit a pulse, and the same element will receive the echo

signal. These systems usually have low complexity, cost, and spatial requirements. In

the single-transmit SA imaging, one array element transmits a pulse, and all elements

receive the echo signals. In these systems, full dynamic focusing can be applied during

transmission and reception, giving the highest quality image. In the multi-transmit

SA imaging, a small number of array elements are used to transmit a pulse, but all

array elements receive the echo signal. This results in increased lateral resolution and

system frame rate and a higher penetration depth [20].
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(a)

(b)

(c)

Figure 1.3: Synthetic-aperture (SA) imaging. (a) Monostatic SA imaging, (b) Single-
transmit SA imaging, (c) Multi-transmit SA imaging.

1.3.2 Plane-wave beamforming

Instead of transmitting a focused beam, that scans the entire region of interest line-

by-line, plane-wave (PW) imaging uses plane waves to insonify a large field of view in

a single transmission and then forms an image from resultant backscattered echoes.

Such a method effectively increases frame rate more than 100 times relative to the

focused beam method [18]. The basic concept here is to reduce the number of trans-
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(a) (b)

Figure 1.4: Plane-wave (PW) Imaging. (a) PW Emission, (b) Receiving backscattered
echoes.

missions to increase the frame rate [21]. As shown in Figure 1.4(a), all the available

transducer elements are simultaneously excited to transmit a PW pulse. The re-

sultant backscattered echoes are collected by all the active transducer elements, as

shown in Figure 1.4(b). This eliminates the need for scan lines due to an increased

scan area coverage [22].

Due to the lack of focusing step during transmission, single-PW imaging suffers

from reduced contrast, SNR, and resolution. To resolve this, one can use coherent

plane-wave compounding (CPWC) illustrated in Figure 1.5, where several tilted plane

waves are sequentially transmitted, and then beamformed frames obtained from each

insonfication are summed (before envelope detection) to form a final compounded

frame. In this way, the gain in frame rate is reduced by a factor equal to the number

of angles used [21]. Compared to single-PW imaging, CPWC trades off higher frame

rate for higher image resolution. Such an acquisition still enables measurements of

fast-paced dynamics with frame rates in the order of hundreds or even thousands of

frames per second [16, 18, 23]. The resultant image is characterized by significantly

improved contrast, SNR, and resolution since CPWC effectively generates a posteriori

synthetic focusing in the transmission [24].
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Figure 1.5: Coherent plane-wave compounding.

1.4 Ultrasound image quality

Ultrasound image formation refers to the entire process of image reconstruction, start-

ing from the transmission strategy to the reception of signals, beamforming, and im-

age processing [15]. The overall quality of the ultrasound image is the result of many

factors.

Resolution in ultrasound imaging can be defined as the ability of the ultrasound

system to distinguish backscattered echoes in terms of space, time, or strength. A

good resolution is essential to produce high-quality images [9, 25]. Components of

resolution include spatial resolution, temporal resolution, and contrast resolution [10].
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1.4.1 Spatial resolution

Spatial resolution is the ability of the ultrasound system to detect and display struc-

tures that are close together. It affects the imaging system’s capability to capture

structural details. Since an ultrasound imaging system depicts a 2D section (along

its depth and across its width), there are two types of spatial resolution: axial and

lateral.

Axial resolution is the ability of the ultrasound system to detect and display

targets along the path of the ultrasound beam as separate entities [9, 13]. Mathe-

matically, axial resolution is equal to half the spatial pulse length (SPL), defined as

the distance that pulse occupies in space from the start to the end of the said pulse.

It is the product of the number of cycles M and the wavelength λ of the pulse [25].

Therefore, we can write the axial resolution as

∆z =
SPL

2
=
Mλ

2
=
Mc

2f
. (1.6)

From (1.6), it is evident that higher frequency waves lead to better axial resolution;

however, it comes at a cost of decreased depth of penetration due to attenuation.

Lateral resolution is the ability of the ultrasound system to detect and display

targets that are positioned perpendicular to the path of the ultrasound beam as

separate entities. It is affected by the beam width, beam frequency, and scan line

density. Higher beam frequency results in a better lateral resolution, since the beam

can be made narrower at higher frequencies, although one has to be careful of the

beam attenuation at these frequencies. Sampling the target at close intervals results

in a higher scan line density, which improves lateral resolution. Lateral resolution is

equal to the beamwidth in the scan plane [10, 25]. The 3-dB beamwidth, also know

as full-width at half-maximum, is determined by the width D of the aperture, the

imaging depth z of interest, and the wavelength λ of the transmitted pulse [26]. It is

given as

w3dB =
λz

D
= λF# , (1.7)

where F# = z/D represents the F-number, which is used to maintain constant

resolution in the entire image and control directivity in the near field by preventing

elements from the edges contributing to the image. A lower F-number, yields a

narrower beam, i.e., improved lateral resolution and shorter depth of field. A higher

F-number yields a wider beam with a longer depth of field.
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1.4.2 Temporal resolution

Temporal resolution is defined as the ability of the ultrasound system to distinguish

between instantaneous events associated with the rapidly moving structures. A higher

frame rate results in a higher temporal resolution. The frame rate can be improved

by reducing penetration depth, reducing scan line density, and reducing the number

of focal points [25]. Frame rate is given by

Frame Rate =
PRF

NfNs

=
c

2dNfNs

, (1.8)

where PRF = c/2d is the pulse repetition frequency, d is the penetration depth, Nf

is the number of foci, and Ns is the number of scan lines.

1.4.3 Contrast resolution

Contrast resolution is defined as the ability of the ultrasound system to distinguish

between amplitudes of the adjacent structures. The imaging system electronics and

the contrast properties of display and the recording devices largely affect contrast res-

olution. Contrast resolution may be altered at various stages of the image processing

flow by compression of the range of reflected ultrasound amplitudes, the number of

bits per pixel, and the use of contrast agents [10, 16].

1.5 Thesis contribution and organization

The subject of this thesis falls into the area of CPWC ultrasound imaging of a strati-

fied (i.e., horizontally layered) medium. Given the sound speed and thickness of each

horizontal layer, one can obtain compounded B-mode images using the recently pro-

posed PW phase-shift migration (PSM) method, which we shall utilize in this work.

During PSM, assumed speed of sound and thickness values differing from their true

values can cause spatial shifts and distortion in the appearance of various identifiable

structures. Hence, it is desirable to have a technique that can accurately estimate an

SOS profile (i.e., the sound speed and thickness of each layer) in a stratified medium

prior to image reconstruction. Using this as a motivation for our work, we propose

an iterative approach to SOS profiling.

The rest of this thesis is organized as follows. A summary of PSM and its ap-

plication to PW and SA imaging are presented in Chapter 2. Subsequently, we also
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highlight main PSM drawbacks and briefly review the existing solutions to SOS pro-

filing problem in US imaging.

In Chapter 3, we present an iterative PSM-based approach to SOS profiling specif-

ically tailored to CPWC imaging of a stratified medium. A brief discussion on the

associated computational costs is presented, followed by the description of a low-cost

version of our proposed SOS profiling method. We also present the computational

complexity analysis of our proposed PSM-based SOS profiling approach, which high-

lights how our low-cost version reduces the computational burden in terms of both

execution latency (to facilitate real-time imaging) and energy consumption (to facil-

itate portable computing).

In Chapter 4, we provide evaluation results involving three different datasets.

First, we use the simulated CPWC data for the three-layer medium (tissue-bone-

tissue) to assess the accuracy of our estimates of each layer’s sound speed and thick-

ness. Second, we use the experimental monostatic SA data for the three-layer medium

(water-glass-metal) to separately assess the accuracy of our estimates of each layer’s

thickness. Third, we use the experimental CPWC data for a single-layer medium

(tissue) to separately assess the accuracy of our sound speed estimates. For the

two multi-layer datasets we also demonstrate how our low-cost version performs in

comparison to our original PSM-based SOS profiling method.

Finally, in Chapter 5, we draw conclusions of our study and outline possible

directions for future work.



14

Chapter 2

Background

In the previous chapter, we discussed the ultrasound imaging system, the beam-

forming process, and the various parameters that affect the quality of an ultrasound

image. In this chapter, we discuss the PSM method and its application to image

reconstruction in PW and SA imaging. We also briefly discuss the issue of erroneous

mismatch between true and assumed layer boundaries and sound speeds during im-

age reconstruction and provide an overview of existing methods aimed at solving this

problem.

2.1 Phase-shift migration

Migration is a process that removes distortions from reflection records by relocating

point scatterers in either space or time to their true location (as opposed to their

apparent locations) to reconstruct an accurate image of the subsurface [27]. When

the downward wave reaches a single point scatterer, the latter becomes a secondary

source emitting upward spherical waves. In general, each point scatterer within the

insonified medium generates a diffraction hyperbola. In order to produce an image of

the scatterers, these diffraction hyperbolas need to be focused back to their original

sources [26, 28].

2.1.1 Overview of the PSM method by Gazdag

The PSM method introduced by Gazdag [29] is useful for migration of records in

vertically inhomogeneous media. Unlike methods that assume the sound speed to be
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constant in a propagation medium [28, 30], phase-shift migration accounts for vertical

depth-dependent velocity variations in a horizontally layered medium [31].

The zero-offset PSM works under the exploding reflector model (ERM) assump-

tions, where a two-way pulse propagation scenario is reduced to a one-way scenario

as shown in figure 2.1 [19]. Here, the scatterers are considered to be sources of acous-

tic energy. Figure 2.1(a) represents the B-scan measurement of a two-layer medium

where a transducer scans along the x-axis performing pulse-echo measurement for

each x-position. Consider a receiver located at (x1, 0) associated with a transmitter

at the same location. Let a scatterer be located in the second layer at (x2, z) and

produce a reflected wave. Since both the layers have different wave velocities, the

transmitted and reflected waves are refracted at the interface between those layers.

When the transmitter’s point-source emissions reach the reflector, its “explosion”

essentially models the generation of backscattered echoes. Figure 2.1(b) shows the

ERM application. Here, the scatterer is assumed to spontaneously radiate a wave

that travels towards the transducer array. By letting t = 0 mark the “explosion”

time, transmitter-to-reflector (downward) propagation delay is neglected. Instead,

this delay is accounted for by considering only the one-way propagation at half speed

(from the reflector to the array), which is layer-dependent [31].

(a) (b)

Figure 2.1: Application of exploding reflecting model to ultrasound. (a) Pulse-echo
measurements, (b) Exploding reflector model.

Let P (x, z, t) represent a wavefield generated by a set of exploding reflectors that
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satisfies the following wave equation:[
∂2

∂x2
+

∂2

∂z2

]
P (x, z, t)− 1

v̂2
z

∂2

∂t2
P (x, z, t) = 0 . (2.1)

Here, the x-axis represents the surface line of the array of transducer elements, z-axis

represents the imaging depth, t-axis represents the time, and v̂z = cz/2 represents the

effective upward propagation speed at depth z under ERM assumptions.

We want to obtain the wavefield at the time of explosion P (x, z, t = 0) from

the knowledge of the recorded wavefield at the surface P (x, z = 0, t). The wavefield

P (x, z, t) can be also written as

P (x, z, t) =
x

Ψ(kx, z, f)ej2π(kxx+ft)dkxdf , (2.2)

where Ψ(kx, z, f) is the two-dimensional Fourier transform of P (x, z, t), kx and f

represent the corresponding spatial and temporal frequencies. Then, (2.1) can be

written as follows: [
∂2

∂z2
+ 4π2k2

z

]
Ψ(kx, z, f) = 0 , (2.3)

where

k2
z =

(
f

v̂z

)2

− k2
x . (2.4)

Here, kz denotes the spatial frequencies along the z-axis. Assuming that the velocity

v̂z does not change within a propagation medium layer extending from z to z + ∆z,

the solution to (2.3) can be expressed as

Ψ(kx, z + ∆z, f) = Ψ(kx, z, f)ej2πkz∆z , (2.5)

where ∆z is the discretization step along the z-axis and

kz =

(
f

v̂z

)√
1− v̂2

zk
2
x

f 2
, f 2 > v̂2

zk
2
x . (2.6)

The restriction f 2 > v̂2
zk

2
x excludes the evanescent wavefield region and requires f 6= 0.

Note that ∆z > 0 is positive and the sign of kz coincides with the sign of f which

means (2.5) describes a downward wavefield extrapolation process. In other words,

we can compute the desired wavefield spectrum Ψ(kx, z+∆z, f) by extrapolating the

recorded wavefield spectrum Ψ(kx, z = 0, f). This is achieved by applying appropriate
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phase shifts iteratively using the extrapolation operator ej2πkz∆z. Then, the explosion

wavefield at z + ∆z is given by

P (x, z + ∆z, t = 0) =
x

[Ψ(kx, z, f)ej2πkz∆z]ej2πkxxdkxdf . (2.7)

Computing P (x, z + ∆z, t = 0) involves three steps:

1. Determine kz according to (2.6).

2. Multiply Ψ(kx, z, f) by the extrapolation operator ej2πkz∆z.

3. Apply inverse Fourier transform with respect to kx and integrate over all tem-

poral frequencies f . Alternatively, one can integrate Ψ(kx, z, f)ej2πkz∆z over the

f -axis first before applying the inverse Fourier transform along the kx-axis.

For the special case where v̂z = v̂ = c/2 throughout the entire propagation medium,

(2.7) can be simplified as

P (x, z, t = 0)|[v̂z=v̂=c/2] =
x

f2>v̂2
zk

2
x

Ψ(kx, z = 0, f)e
j2π

(
kxx+z( f

v̂z
)
√

1− v̂2
zk

2
x

f2

)
dkxdf . (2.8)

2.1.2 Phase-shift migration for PW imaging

Gazdag’s method for phase shift migration as described in section 2.1.1 cannot be

directly applied to PW imaging. The PW phase-shift migration (PWPSM) method,

as proposed in [31], is described below.

In case of PW emission angle θ = 0, the ERM upward velocity v̂z is replaced by

the original two-way depth-dependent propagation velocity cz in (2.8) and then (to

compensate for resultant overmigration of the reflector locations along the z-axis)

Ψ(kx, z + ∆z, f) in (2.5) is multiplied by e
j2π∆zf
cz . This causes the explosion time of

any reflector located at depth z+∆z to be delayed by ∆z
cz

. We can write the modified

version as

Ψ(kx, z + ∆z, f) = Ψ(kx, z, f)ej2πk̂z∆z , (2.9)

where

k̂z =
f

cz
+ kz =

(
f

cz

)[
1 +

√
1− c2

zk
2
x

f 2

]
. (2.10)
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Consequently, (2.7) becomes

P (x, z + ∆z, t = 0) =
x

f2>v̂2
zk

2
x

Ψ(kx, z = 0, f)ej2π(kxx+k̂zz)dkxdf . (2.11)

In case of PW emission angle θ 6= 0, we need to perform an appropriate trans-

formation z + ∆z → ẑ + ∆ẑ associated with a propagation medium layer extending

from z to ∆z where a refracted plane wave travels with a velocity cz at an angle θz.

This is illustrated in Figure 2.2.

(a) (b)

Figure 2.2: Depth and travel-time corrections for PW emission θ 6= 0. (a) Explod-
ing reflector depth corrections for constant velocity PW migration, (b) Travel-time
considerations for depth-dependent velocity PW migration [26, 31].

Figure 2.2(a) shows the depth corrections applied to constant-velocity PW migra-

tion. Here, if the PW emission angle θ 6= 0, the apparent reflector locations (x1, z1)

and (x2, z2) must be corrected to (x1, ẑ1) and (x2, ẑ2). This is done using the following

time travel relationships:

2ẑ1

c
=
r1

c
+
z1 − |s1|

c
,

2ẑ2

c
=
r2

c
+
z2 + s2

c
, (2.12)

where r1 = z1 cos(θ), r2 = z2 cos(θ), s1 = x1 tan(θ), s2 = x2 tan(θ). The z-axis shifts

|s1| and s2 account for travel distance differences between actual plane-wave emission

(centered at x = 0) and the zero-offset wavefronts associated with the transmitter

locations (x1, 0) and (x2, 0), respectively. For θ > 0, z1 is corrected upwards to ẑ1

(negative x2) while z2 is corrected downwards to ẑ2 (positive x1). For θ < 0, the
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correction directions are reversed [26, 31]. Thus, we have

ẑ1 = z1

[
1 + cos(θ)

2

]
+ |x1|

[
tan(θ)

2

]
, ẑ2 = z2

[
1 + cos(θ)

2

]
+ x2

[
tan(θ)

2

]
. (2.13)

In general, we can write (2.13) as

ẑ = z∗ + x

[
tan(θ)

2

]
, z∗ = z

[
1 + cos(θ)

2

]
. (2.14)

As for the transformation z + ∆z → ẑ + ∆ẑ in the case of depth-dependent velocity

PW migration following is done (see Figure 2.2(b)). The two-way time travel 2∆ẑ/cz

along zero-offset segment BC is equated to the travel time (DC +CB)/z along path

DCB, including an arrival time correction −∆tz for nonzero-offset position D. The

latter is reached from point D∗ through the previous layer extending from z −∆z to

∆z where a refracted plane travels at an angle θz−∆z with velocity cz−∆z. Therefore,

2∆ẑ

cz
=

∆z

cz

[
1 +

1

cos(θz)

]
−∆tz . (2.15)

The zero-offset position B can be reached from the wavefront line L∗, as shown in

Figure 2.2(b). The nonzero-offset position D is accounted for by subtracting travel

time ∆tz from D∗ to L∗. Given that

∆tz = D∗B∗ = p∆z| tan(θz)| , (2.16)

we obtain

∆ẑ =
∆z

2

[
1 +

1

cos(θz)
− pcz| tan(θz)|

]
, (2.17)

where p = | sin(θz−∆z)|/cz−∆z = | sin(θz)|/cz = .... = | sin(θ)|/c is the ray parameter p,

which is same for all the layers (Snell’s law). Here θ and c are the angle and velocity

of PW emitted at the surface. Therefore,

∆ẑ =
∆z

2

[
1 +

√
1− (cz/c)2 sin2(θ)

]
= ∆z

[
1 + cos(θz)

2

]
. (2.18)

Note that (2.18) can be also derived from time travel relationship 2∆ẑ/cz = (LC +

CB)/cz along path LCB, where L denotes the zero-offset wavefront line as shown in

Figure 2.2(b). Using ∆ẑ instead of ∆z effectively results in a transformation z+∆z →
z∗ + ∆ẑ, where z∗ is obtained layer by layer using ∆z∗ = ∆ẑ = ∆z(1 + cos(θz))/2
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from (2.14). Hence for PW emissions with θ 6= 0 we have

Pθ(x, z
∗ + ∆ẑ, t = 0) =

x

f2>c2zk
2
x

Ψθ(kx, z
∗ + ∆ẑ, f)ej2πkxxdkxdf , (2.19)

where

Ψθ(kx, z
∗ + ∆ẑ, f) = Ψθ(kx, z

∗, f)ej2πk̂z∆ẑ , (2.20)

with initial Ψθ(kx, z
∗, f) = Ψθ(kx, 0, f) at z∗ = 0. The remaining difference between

z∗ + ∆ẑ and ẑ+ ∆ẑ is the term x tan(θz)/2 (from 2.14) which accounts for positional

differences between the actual PW emission (centered at x = 0) and the assumed zero-

offset wavefront (crossing a given x 6= 0). Once we have computed Pθ(x, z
∗, t = 0)

for all z∗ values of interest, final Pθ(x, ẑ, t = 0) = Pθ(x, z
∗ + x tan(θz)/2, t = 0)

can be obtained for each layer by interpolating along the z∗-axis, where tan(θz) =

1/
√

1/ sin2(θz)− 1 and sin(θz) = (cz/c) sin(θ). The above method can be applied to

a multilayered media with L layers, as shown in Figure 2.3.

Figure 2.3: Multilayered propagation medium.

Let the layers be indexed by l = 1, 2, ...., L and let d(l) and c(l) denote the thickness

and sound speed of layer l respectively. The top of the uppermost layer is denoted by

Z(1) = 0 and the interface between successive layers is denoted by Z(l). In general, the

top of any layer l is given by Z(l) = Z(1) +
∑l−1

i=1 d(i), l = 2, 3, ...., L. For such a layered

propagation medium, the PWPSM method involves the following steps, applied to
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each layer l.

Step 1: Compute the wavefield at the top of the layer interface.

� If l = 1 (top of the uppermost layer interface), compute Ψθ(kx, 0, f) by applying

the two dimensional Fourier transform to the recorded data Pθ(x, z = 0, t). Set

z∗ ← 0 and Ψθ(kx, z
∗, f)← Ψθ(kx, 0, f).

� If l 6= 1 , compute Ψθ(kx, Z(l), f) by updating the spectrum at the top of the

previous layer Ψθ(kx, Z(l−1), f). This is done by first determining k̂z accord-

ing to (2.10) and then multiplying Ψθ(kx, Z(l−1), f) by extrapolation operator

ej2πk̂zd(l−1) . Update z∗ ← Z(l) and Ψθ(kx, z
∗, f)← Ψθ(kx, Z(l), f).

Once, the spectrum at top of the interface is calculated, set Ψθ(kx, z
∗, f)← 0 when-

ever f 2 > c2
(l)k

2
x. This is to exclude the evanescent wavefield region.

Step 2: Obtain a migrated image of the current layer.

1. Determine ∆ẑ using (2.18) and compute Ψθ(kx, z
∗ + ∆ẑ, f) using (2.20).

2. Sum Ψθ(kx, z
∗ + ∆ẑ, f) obtained for each shift ∆ẑ along the f -axis, and then

apply the inverse Fourier transform to the resultant sum along the kx-axis to

produce an image line Pθ(x, z
∗ + ∆ẑ, t = 0). If the desired depth Z(l+1) is not

reached, set z∗ ← z∗ + ∆ẑ and repeat until z∗ = Z(l+1).

Step 3: Perform angle correction.

For each layer l, obtain final Pθ(x, ẑ, t = 0) from Pθ(x, z
∗, t = 0) via interpolation

along the z∗-axis, according to the formula ẑ = z∗ + x tan(θz)/2.

2.1.3 Phase-shift migration for SA imaging

The PSM method for SA imaging involves the following steps for each layer l. These

steps arise directly from the original method proposed by Gazdag [29].

Step 1: Compute the wavefield at the top of the layer interface.

� If l = 1 (top of the uppermost layer interface), compute Ψ(kx, 0, f) by applying

two dimensional Fourier transform to the recorded data P (x, z = 0, t). Set

z∗ ← 0 and Ψ(kx, z
∗, f)← Ψ(kx, 0, f).
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� If l 6= 1, compute Ψ(kx, Z(l), f) by updating the spectrum at the top of the

previous layer Ψ(kx, Z(l−1), f). This is done by first determining kz according to

(2.6) and then multiplying Ψ(kx, Z(l−1), f) by extrapolation operator ej2πkzd(l−1) .

Update z∗ ← Z(l) and Ψ(kx, z
∗, f)← Ψ(kx, Z(l), f).

Once, the spectrum at top of the interface is calculated, set Ψθ(kx, z
∗, f)← 0 when-

ever f 2 > c2
(l)k

2
x. This is to exclude the evanescent wavefield region.

Step 2: Obtain a migrated image of the current layer.

1. Compute Ψ(kx, z
∗ + ∆z, f) using (2.5).

2. Sum Ψ(kx, z
∗ + ∆z, f) obtained for each shift ∆z along the f -axis, and then

apply the inverse Fourier transform to the resultant sum along the kx-axis to

produce an image line P (x, z∗ + ∆z, t = 0). If the desired depth Z(l+1) is not

reached, set z∗ ← z∗ + ∆z and repeat until z∗ = Z(l+1).

2.2 Outstanding Issues

The PSM methods described in the previous section are sensitive to layer boundary

and sound speed mismatches [26], which can result in a variety of artifacts leading

to poor image reconstruction quality [32]. In an inhomogeneous media, the speed of

sound varies across different layers. Incorrect SOS assumptions may lead to broader

ultrasound beams, inaccuracies in calculations, poor contrast, and degraded resolution

as a result of increased acoustic clutter [33–36]. Chen and Zagzebski [37] reported

from their simulations that an incorrect sound speed assumption can not only cause

misregistration of point targets, but also cause dynamic receive focus to miss the

target.

Albulayli [26] investigated the sensitivity of the PWPSM method to layer bound-

ary and sound speed mismatches. A simulation involving a three-layer medium

(tissue-bone-tissue) was used. The ball-shaped targets were present in the third layer.

The bone and tissue layers had the sound speed of 3198 and 1540 m/s, respectively

with the bone layer spanning the depth range from 5 to 12 mm.

When migration was carried out with using the sound speed in the bone layer

20% greater than its true value, the image was overmigrated, i.e., the targets took

convex shape and were misplaced downwards. When migration was carried out using

the sound speed in the bone layer 20% lower than its true value, the image was

undermigrated, i.e., the targets took concave shape and were misplaced upwards.
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In the case of mismatched layer boundaries, when migration was carried out using

the bone layer thickness 29% greater than its true value, the image was overmigrated

with some artifacts appearing in the layer boundaries. The overmigration was a

result of the extrapolation process extending over the true thickness of the bone

layer and entering into the following low-velocity tissue layer. When migration was

carried out using the bone layer thickness 29% lower than its true value, the image

was undermigrated, and the layer boundaries were misplaced. The targets were less

focused due to the completion of the extrapolation process before the end of the bone

layer was reached.

The above discussion illustrates why accurate SOS profiling is an important aspect

of the migration-based image reconstruction process. In this thesis, the SOS profiling

problem essentially means estimating the sound speed and thickness values of each

layer in a stratified medium, followed by PSM using the estimated values in question.

2.3 Related Work

PSM requires the SOS profile (i.e., depth-dependent values of the sound speed) as an

input, to relate time t of a recorded reflection event to its distance z from the surface.

Since in practice we do not know the exact values of each layer’s thickness and sound

speed, we rely on using their estimated values during migration [27]. Over the years,

several techniques have been proposed and developed to estimate the speed of sound

in ultrasound imaging.

Robinson et al. [38] classified speed estimation methods into transmission-based

and reflection-based. Transmission-based methods measure the time of flight and in-

clude pulse transit time measurements, the ’sing-around’ technique, the penetrating

hydrophone, and velocity difference methods. The transmission methods mentioned

in [39–41] are based on reference pulses generated by reflected surfaces behind the

sample under inspection. These methods rely on a wide-angle acoustic access and are

affected by strong refracting structures, which restrict them from being used for diag-

nostic purposes. On the other hand, reflection-based methods estimate sound speeds

using pulse-echo data obtained from one or several ultrasound transducers. They

include image aberration based methods, intersecting beam transit-time methods,

and axial techniques. However, most of them require multiple ultrasound apertures,

which increases system complexity and limits their applicability.

Several methods calculated the wave speed estimates using the sound speed in
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a fluid containing scatterers, without prior knowledge of the propagation distance

[42–45]. In these methods, speed estimates were calculated after measuring the time

delay between the scattered signals and the receiver transducer positioned at differ-

ent locations. Kondo et al. [42] implemented a crossed-beam method that involved

finding local sound speed estimates using the propagation time differences between

two or more crossed transmit and receive beams achieving the precision of 3%− 4%

in homogenous and in-vivo media. Hachiya et al. [46] determined sound speeds via

frequency-domain calculations of travel time through the tissue and the travel time

difference due to the presence of inhomogeneities inside the medium. Anderson and

Trahey [44] provided a best-fit technique similar to the one used in seismology for the

sound speed estimation with a single scan of pulse-echo ultrasound transducer using

geometric delay patterns of echoes returning to an array of transducer elements from

a target or a region of interest with an estimation accuracy up to 0.1%. However, the

performance of this estimation method depended on several factors, including signal-

to-noise ratio, transducer array geometry, transducer positioning precision, and phase

errors due to medium inhomogeneities. A similar method by Pereira et al. [45] es-

timated sound speeds by measuring cross-correlation of the time-delay profile, along

the beam axis, between the scattered signals recorded at two locations. Here, the min-

imization of the RMS error between theoretical and experimental time-delay profiles

was used to obtain the speed estimates. However, this technique was tested with ho-

mogeneous media where the speed of sound was assumed to be constant. Hatakeyama

et al. [47] presented an in-vivo velocity estimation method using a focused ultrasonic

pulse wave focused at a point on the inner surface of a skull bone by assigning an ap-

propriate time delay to each of the transducers. The reflected pulses detected by the

said transducers were summed, and their time delays were optimized to get the max-

imum envelope amplitude of the signal. More recently, Byram et al. [48] proposed to

calculate the time of flight between two spatially registered points in order to estimate

local sound speed values. Jakovljevic et al. [49] described a similar approach, where

local speed estimates were obtained by first calculating the average speed of sound

using the technique from [44] and then optimizing it using the gradient descent algo-

rithm. This method performs well in noisy homogenous media producing less visible

artifacts; however, it faces several limitations in inhomogeneous media due to wave

propagation complexities. Sanabria et al. [50] estimated local sound speeds using

ultrasound computed tomography (USCT) technique by optimizing transmit-receive

echo data to obtain a robust time of flight measurement of ultrasound wavefronts.



25

Reflection-based image aberration methods mentioned in [38, 51–53] used two

transducers to compare spatial shifts of two ultrasound images to estimate sound

speeds in a homogeneous medium. Similarly, Krucker et al. [54] estimated the average

sound speed based on automatic registration of overlapping nonzero-angle images

over a zero-angle image using ray acoustics. They used one-dimensional optimization

to vary the speed and map the nonzero-angle data onto the zero-angle data until

maximum correlation was achieved. Qu et al. [55] proposed a method using speckle

analysis to estimate average sound speed. The method involved using the same

pre-beamformed data but different assumed speeds. The desired sound speed was

obtained by identifying an image with the best focus quality.

Some of the speed estimation methods used deconvolution for solving the inverse-

scattering problem applied to backscattered ultrasound signals [56, 57]. Shin et al.

[58, 59] estimated velocities in homogeneous and inhomogeneous media using different

point spread functions to perform deconvolution on a known layer boundary position

of the images simulated using different sound speeds. However, the random nature of

the biological tissues and attenuation of the incident pulse may limit the applicability

of these methods in practice [60].

Several region-of-interest(ROI)-based mean sound speed estimation methods have

also been proposed in recent years [35, 61, 62]. Here, optimal mean sound speed is

the one that can produce the best focusing performance in the ROI rather than

the actual sound speed in ROI-specific tissue type. Cho et al. [61] showed high-

quality B-mode images of porcine tissues with fat using a fast sound speed estimation

method by adjusting echo signals on a few scan lines. In this case, an optimal sound

speed was found by identifying the speed that provides the best match between the

theoretical delays and echo signal delays at the transducer. Napolitano et al. [35]

used lateral frequency analysis on a B-mode image to find an optimal sound speed.

Here, the echo signal energies in a known spatial frequency band were maximized

during receive beamforming. This method requires all the channel data over the

entire imaging region. De Sousa et al. [63] used the distance between transducers

elements and delay between echoes from interfaces between different layers to measure

the sound speeds and thicknesses in multi-layered media. They reported estimated

sound speed errors ranging from 1.8 to 6.6%. Park et al. [64] and Lee et al. [65]

presented computationally efficient methods to estimate the mean sound speed as well

as enhance spatial and contrast resolution. Here, the focusing quality was measured

by computing the minimum average sum of the absolute difference (MASAD) of raw
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radio-frequency (RF) data during receive beamforming in the ROI. The mean sound

speed value was then determined by the inexpensive average sum of absolute difference

of each pre-beamformed RF data.

In this thesis, we present a two-stage layer-by-layer SOS profiling approach tar-

geting CPWC imaging of stratified media. For each layer, the first stage produces

a sound speed estimate, and the second stage produces a thickness estimate (using

the estimated speed of sound value). Our method uses only the multi-angle raw RF

data to be migrated, i.e., it does not require additional transducers or measurements.

Essentially, we apply PSM to two (zero-angle and nonzero-angle) data frames with

an iterative sweep of possible sound speed values and pick the one that yields the

closest similarity between the resulting migrated frames. This is done one layer at

a time, starting from the surface. Once we find the sound speed for a given layer,

we estimate the thickness of that layer using the zero-angle data. Finally, we use

the estimated SOS profile to perform final PSM-based image reconstruction. This

approach enables self-calibrated migration of multi-angle raw RF data during CWPC

imaging of a stratified medium. Similar to the image aberration based approaches

[38, 54, 55], our method aims at exploiting the geometrical distortions in the image

to identify most suitable choices for speed and thickness values. The details of our

method are provided in the next chapter.
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Chapter 3

SOS Profiling for CPWC Imaging

In the previous chapter, we discussed PSM and its application to PW and SA imaging.

We also discussed how layer boundary and sound speed mismatches could affect image

reconstruction. This chapter explains our proposed method for SOS profiling, i.e.,

estimating the sound speed and thickness for individual layers prior to the PSM-based

image reconstruction. In the later part of this chapter, we also show how one can

reduce the computational cost of phase shift migration.

3.1 Problem formulation

Recalling Figure 2.3 in Chapter 2, let c(l) represent a set of distinct sound speed values

under consideration (for a given layer l), ranging from cmin
(l) to cmax

(l) with an incremen-

tal step size of ∆c(l), i.e., we have c(l) = {cmin
(l) , c

min
(l) + ∆c(l), c

min
(l) + 2∆c(l), ...., c

max
(l) }.

Similarly, let d(l) represent a set of distinct thickness values under consideration (for a

given layer l), ranging from dmin
(l) to dmax

(l) with an incremental step size of ∆d(l), i.e., we

have d(l) = {dmin
(l) , d

min
(l) + ∆d(l), d

min
(l) + 2∆d(l), ...., d

max
(l) }. Let θ = {θw, w = 1, 2, ....,W}

be a set of W plane wave angles used during CPWC imaging of our horizontally-

layered medium. For SOS profiling, we need two angles, {θa, θb|θa = 0◦, θb ∈ θ, θa 6=
θb}, i.e., we use the zero-angle frame (corresponding to θa) and one of nonzero-angle

frames (corresponding to θb). Our objective is to find estimates c∗(l) and d∗(l) of the

sound speed and thickness of each layer l. We accomplish this in two steps: first, we

find c∗(l), and then we find d∗(l) based on c∗(l).

Our formulation of the layer-by-layer sound speed estimation problem is stated

below.
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Inputs: Ψθa(kx, Z(l), f), Ψθb(kx, Z(l), f), c(l), dmax
(l) .

Output: c∗(l) ∈ c(l) .

Objective: Max ρ
(
sθa(c

∗
(l)), sθb(c

∗
(l))
)

=
sθa(c

∗
(l)) · sθb(c∗(l))

‖sθa(c∗(l))‖2
· ‖sθb(c∗(l))‖2

.

Here, ρ
(
sθa(c

∗
(l)), sθb(c

∗
(l))
)

represents the cosine similarity1 between two vectors sθa(c
∗
(l))

and sθb(c
∗
(l)). These data vectors {sθk , k ∈ {a, b}} are obtained from 2D migrated layer

images Pθk(x, ẑ, t = 0) by performing a certain vectorization operation, denoted by

V{.} in the sequel. Data matrices Pθk(x, ẑ, t = 0) are a result of PSM applied to

Ψθk(kx, Z(l), f) (see section 2.1.2), assuming the speed of sound c∗(l) for the layer l in

question, with ẑ ranging from Z(l) to Z(l) + dmax
(l) .

For thickness estimation, our objective is to apply a certain boundary detection

operation B{.} on a zero-angle migrated layer image P ∗
θa

(x, ẑ, t = 0) (obtained using

sound speed estimate c∗(l)) in the range Z(l) +dmin
(l) to Z(l) +dmax

(l) . The purpose of B{.}
is to detect a horizontal end-of-layer boundary that results in our thickness estimate

d∗(l).

3.2 Our approach

Figure 3.1 shows our approach for the SOS profiling problem. We begin with wave-

fields Pθa(x, z = 0, t) and Pθb(x, z = 0, t) recorded for angles θa and θb at the surface

(i.e., the top interface Z(1) = 0 of the first layer). These recorded wavefields are Fourier

transformed along the x-axis and t-axis to get their initial spectra Ψθa(kx, 0, f) and

Ψθb(kx, 0, f). Then, we proceed downward layer-by-layer into the medium, updating

Ψθa(kx, Z(l), f) and Ψθb(kx, Z(l), f) for each layer l, which are used as an input for

obtaining our sound speed and thickness estimates for that layer.

3.2.1 Sound speed estimation

For sound speed estimation, we perform the following steps for each distinct sound

speed value ci(l) in c(l):

1The cosine similarity value ranges from −1 (two vectors have the opposite orientations) to +1
(two vectors have the same orientation).
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1. Apply PSM to Ψθa(kx, Z(l), f) and Ψθb(kx, Z(l), f) to extrapolate from Z(l) to

Z(l) +dmax
(l) , which yields 2D migrated layer images Pθa(x, ẑ, t) and Pθb(x, ẑ, t) at

explosion time t = 0. This step is depicted in Figure 3.2.

2. Apply a vectorization operation V{.} to convert 2D migrated layer images

Pθa(x, ẑ, t = 0) and Pθb(x, ẑ, t = 0) to vectors sθa(c
i
(l)) and sθb(c

i
(l)). We use

two ways to vectorize the migrated data.

(a) Summing: The 2D migrated layer image in (z, x) domain is summed across

the x-axis to form a z-axis vector.

(b) Stacking: The 2D migrated layer image in (z, x) domain is flattened to a

vector by concatenating its columns.

3. Compute cosine similarity ρ
(
sθa(c

i
(l)), sθb(c

i
(l))
)

to measure the similarity in the

orientation of two vectors sθa(c
i
(l)) and sθb(c

i
(l)).

The above operations are performed for each sound speed value ci(l) in c(l), which

yields a vector of cosine similarities r(l) as shown below.

r(l) =



ρcmin
(l)

...

ρi
...

ρcmax
(l)


, (3.1)

where ρi = ρ
(
sθa(c

i
(l)), sθb(c

i
(l))
)

. The index corresponding to the maximum value of

r(l) can be found as:

i∗ = arg max
i

r(l) . (3.2)

This index i∗ is used to locate our estimate of sound speed c∗(l) for layer l within vector

c(l).
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Figure 3.1: Proposed method for SOS profiling.
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Figure 3.2: Downward extrapolation during SOS profiling.

3.2.2 Layer thickness estimation

To find layer thickness estimate d∗(l) of layer l, we use boundary detection based on our

sound speed estimate c∗(l). We consider two ways for end-of-layer boundary detection:

line detection and peak detection.

In order to estimate layer thickness using line detection, we restrict zero-angle

2D migrated layer image P ∗
θa

(x, ẑ, t = 0), obtained assuming sound speed estimate

c∗(l), to the depth range [Z(l) + dmin
(l) , Z(l) + dmax

(l) ]. The resulting image section is max-

normalized, smoothed using a moving-average filter, and then subjected to Otsu’s

binary thresholding for segmentation. Following binary thresholding, we perform

morphological image processing 2 to remove horizontal discontinuities in the seg-

mented lines and strip away pixel layers to reduce their widths. This is done to

avoid the presence of multiple lines in the same neighborhood. Finally, we employ

the Hough transform [66, 67] to detect a horizontal line stretching across the entire

x-axis, which corresponds to the end-of-layer boundary. A brief explanation of the

Hough transform is provided in Appendix B. The z-axis location corresponding to

2We use morphological erosion to remove islands and small objects and morphological thinning
to remove foreground pixels from the segmented lines in the image.
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the horizontal line detected by the Hough transform gives us the estimate of thickness

d∗(l).

Line detection is computationally expensive but provides a robust approach to

detect layer boundaries. An alternative computationally inexpensive method involves

using peak detection to estimate layer thickness. In order to estimate layer thickness

using peak detection, we first sum zero-angle 2D migrated layer image P ∗
θa

(x, ẑ, t =

0) along the x-axis to get vector sθa(ẑ), where ẑ is restricted to the depth range

[Z(l) + dmin
(l) , Z(l) + dmax

(l) ]. Then our thickness estimate d∗(l) is given by the position of

peak value in this vector, i.e.,

d∗(l) = zpeak = arg max
t

sθa(d
min
(l) : dmax

(l) ) . (3.3)

Instead of P ∗
θa

(x, Z(l) + dmin
(l) ≤ ẑ ≤ Z(l) + dmax

(l) , t = 0), one can also use zero-angle

raw RF data Pθa(x, z = 0, t) in (t, x) domain to estimate the layer thickness. For

line detection, we restrict Pθa(x, z = 0, t) to the t-axis section [T(l) + tmin
(l) , T(l) + tmax

(l) ]

(derived from dmin
(l) and dmax

(l) ), where T(l) denotes the t-axis location corresponding to

depth Z(l). We have

tmin
(l) =

⌊
2dmin

(l)

c∗(l)fs

⌋
, tmax

(l) =

⌈
2dmax

(l)

c∗(l)fs

⌉
, (3.4)

where fs represents the sampling frequency of the raw RF signals. Similar to the 2D

migrated layer image, our raw RF image data undergoes max-normalization, filter-

ing, binary thresholding, and morphological processing, which is then followed by the

Hough transform to detect a horizontal line corresponding to the end-of-layer bound-

ary. The t-axis location t∗(l) of the horizontal line detected by the Hough transform

gives us the estimate of thickness d∗(l) using the following relation:

d∗(l) = dmin
(l) +

c∗(l)(t
∗
(l) − tmin

(l) )

2
. (3.5)

For peak detection, we sum the zero-angle raw RF data Pθa(x, z = 0, t) along the

x-axis to get sθa(t), where t is restricted to the range [T(l) + tmin
(l) , T(l) + tmax

(l) ]. We find

the t-axis value t∗(l) corresponding to the presumed end-of-layer boundary as follows:

t∗(l) = arg max
t

sθa(t
min
(l) : tmax

(l) ) . (3.6)
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The thickness estimate d∗(l) can now be obtained by using (3.5).

3.2.3 Layer post-processing

The estimated sound speed c∗(l) and thickness d∗(l) of layer l can now be used to

determine the top of the interface of the next layer, Z(l+1) = Z(l) + d∗(l) and the

wavefield at Z(l+1), Ψθk(kx, Z(l+1), f). The latter can be obtained by multiplying

the wavefield Ψθk(kx, Z(l), f) by the extrapolation operator ej2πk̂zd
∗
(l) . After updating

z∗ ← Z(l+1) and Ψθk(kx, z
∗, f) ← Ψθk(kx, Z(l+1), f), we proceed to the next layer.

Once we get estimated sound speed and thickness values for all the layers {c∗,d∗},
we apply the PWPSM method to reconstruct the entire CPWC image.

3.3 Computational cost reduction

During PWPSM, for each angle θk and within each layer l, the wavefield spectrum

Ψθk(kx, Z(l), f) is repeatedly multiplied with extrapolation operator ej2πk̂z∆z. If Ψθk

is of size P ×Q, then each depth extrapolation step ∆ẑ within layer l entails P ×Q
complex multiplications. This makes PWPSM computationally expensive. The com-

putational cost becomes worse during SOS profiling, since we perform extrapolation

over all possible sound speed values in c(l). In the rest of this section, we describe a

simple scheme for implementing low-cost plane wave phase-shift migration (LCPW-

PSM) with reduced number of complex multiplications.

For the sake of simplicity, let us use Ψθk to represent the spectrum Ψθk(kx, 0, f). It

turns out that a large number of values in this spectrum have small magnitudes, i.e.,

they do not significantly contribute to the overall energy. Our cost reduction scheme

essentially involves not applying phase shifts to such negligible-energy elements in

the spectrum. The procedure specified below can be applied to phase-shift migration

during SOS profiling as specified in Figure 3.2.

Let [|Ψp,q|2]θk denote a P -by-Q matrix of squared magnitudes of elements of Ψθk .

Let [ψr]S×1 denote a sorted vector of all S = P × Q elements of [|Ψp,q|2]θk , arranged

in decreasing order of their values. The cumulative sum vector [σs]S×1 of the sorted

vector [ψr]S×1 is given as

σs =
s∑
r=1

ψr . (3.7)

Therefore, the total energy E of the spectrum is equal to the last element of the
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cumulative sum vector , i.e.,

E = σS =
∑
p,q

|Ψp,q|2 . (3.8)

We define the energy threshold Te based on the fraction of energy η that we want to

retain in the spectrum,

Te = ηE . (3.9)

Next, we find the first element in the cumulative sum vector [σs]S×1, denoted by σ̄,

such that σ̄ > Te. Essentially, the sorted subvector [σ1, σ2, ...., σ̄] identifies the corre-

sponding subset of the largest-squared-magnitude elements of Ψθk whose cumulative

sum (i.e., their collective energy) meets our energy retention threshold Te.

Effectively, we get a binary threshold matrix T to accompany Ψθk ,

T(p, q) =

0, if |Ψp,q|2 < σ̄

1, otherwise.
. (3.10)

Whenever T(p, q) = 0, the index pair (p, q) will locate the element in Ψθk for which we

skip a complex multiplication by the corresponding element in the phase shift matrix

ej2πk̂z∆z. It is important to note that our decision matrix T needs to be determined

only once for every PW angle θk, using only the Fourier-transformed surface data

Ψθk(kx, 0, t). In other words, T does not change during PSM, since it is derived based

solely on magnitudes (not affected by phase shifts).

3.4 Computational complexity

The computational complexity of an algorithm can be measured by studying the

growth rate of the operations as a function of the input data size. Table 3.1 shows

the computational complexity associated with main steps performed during PWPSM.

Let the raw data be of sizeNt×Nx, corresponding toNt time samples andNx trans-

ducer element positions. After the Fourier transform, the data size is Nf ×Nkx where

Nf is proportional to Nt and Nkx is proportional to Nx. The number of z-lines denoted

by Nz is also proportional to Nt. Since our concern is the asymptotic complexity, we

drop all the proportionality constants and set Nx = Nkx and Nt = Nz = Nf . The ini-

tial Fourier transform from (x, t) to (kx, f) takes O(NxNt log(NxNt)) time. It is subse-

quently followed by the extrapolation operation where the wavefield spectrum is mul-
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tiplied by the phase-shift exponentials. This phase-shift multiplication is performed

Nt times, once for every z-line, hence the complexity is O(NxN
2
t ). The next step,

which is summation over f followed by the 1D inverse Fourier transform along the

kx-axis, is also performed Nt times, which yields the complexity of O(NtNx logNx).

Hence, the overall complexity of our downward extrapolation operation is O(NxN
2
t ).

Next, linear interpolation to correct the migrated data for each layer contributes the

complexity of O(NxNt). The end-of-layer phase shifts, performed before moving to

the next layer, take O(NxNtL) time. For speed estimation, cosine similarity between

two migrated data vectors is calculated for each of Nc velocity choices in a layer, which

takes O(NxNtNc) time. During thickness estimation, our peak-based boundary de-

tection has the complexity of O(NxNt). Overall, the computational complexity (per

PW angle) can be expressed as O(NxN
2
t Nc), dominated by the SOS profiling step

that performs PSM Nc times, with each migration taking extrapolation-dominated

O(NxN
2
t ) time.

Operation Complexity

2D Fourier transform O(NxNt log(NxNt))

Phase shifting O(NxN
2
t )

1D inverse Fourier transform O(NxNt log(Nx))

Linear interpolation O(NxNt)

End-of-layer phase shift O(NxNtL)

Cosine similarity O(NxNtNc)

Peak-based boundary detection O(NxNt)

Table 3.1: Computational complexity of SOS profiling in PWPSM.

The number of operations described above can be significantly reduced if we use

LCPWPSM described in section 3.3. Let N1 denote the number of 1’s in our decision

matrix T. Then, instead of O(NxNt) complex multiplications, we need to perform

only O(N1) of them. Therefore, the complexity of the extrapolation step becomes

O(N1Nt), and the complexity of the end-of-layer phase shifts becomes O(N1L). This

reduction in complexity translates into not only lower execution times (important

for real-time data processing), but also lower energy demand from the system power

supply (important for portable computing scenarios).
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Chapter 4

Evaluation Results

This chapter provides our evaluation results for SOS profiling. The crux of this eval-

uation involves using K-WAVE simulated dataset of CPWC imaging of a three-layer

medium, mimicking tissue-bone-tissue ultrasound propagation. As supplementary

evaluation cases, we also estimate: 1) layer thickness values using an experimental SA

imaging dataset obtained by 2-D synthetic-aperture focusing of a water-glass-metal

medium, and 2) the sound speed value in a single-layer medium using longitudinal

and cross-sectional carotid artery data provided by PICMUS.

4.1 Evaluation results for SOS profiling in CPWC

imaging

4.1.1 Experimental setup

Similar to the setup in [26, 31], we use K-WAVE MATLAB toolbox [68] to simulate

the following data acquisition. A 128-element linear transducer with 0.308-mm pitch

emits a 2-MHz plane-wave Gaussian pulse (λ = 0.770 mm, 4.5 cycles). Plots of the

resulting input signal and its amplitude spectrum are shown in Figure 4.1. This pulse

propagates through a three-layer medium towards ball-shaped “point” targets (0.616-

mm diameter) located at the (x, z) co-ordinates listed in Table 4.1. A schematic of our

simulation layout [69] in Figure 4.2 shows these imaging targets and the transducer

on a three-dimensional grid. The propagation medium properties [70] shown in Table

4.2 mimic an approximate tissue-bone-tissue layer arrangement. The simulation is

carried out using nine PW emissions (θ = 0◦,±4◦,±8◦,±12◦,±16◦) to enable coherent
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(a) (b)

Figure 4.1: Emitted PW pulse. (a) Time domain, (b) Frequency domain.

Upper targets (−13,22) (0,22) (13,22)

Middle targets (−13,35) (0,35) (13,35)

Lower targets (−13,48) (0,48) (13,48)

Table 4.1: Location (x, z) of point targets (in mm) inside the three-layer medium.

compounding.

Medium Speed, Density, Abs.Coeff., Depth Span,

Layer cz,m/s kg/m2 dB/cm-MHz mm

I 1540 1000 0.75 0 ≤ z < 5

II 3198 1990 3.54 5 ≤ z < 12

III 1540 1000 0.75 12 ≤ z < 63

Table 4.2: Propagation medium specifications.

During simulations, we set spatial grid spacing to λ/5 = 0.154 mm and the temporal

sampling frequency to 80 MHz. The simulations result in raw RF data of size 128×
6592 for each angle in (x, t) domain. The flow chart in Figure 4.3 shows the processing

steps during image formation. To account for the loss in signal energy during the

propagation due to acoustic attenuation, the raw data is amplified using a time-

gain compensation coefficient of 0.4 dB/cm-MHz. The data is then filtered using a

Gaussian filter centered about the transmit frequency to reduce the effect of noise

outside the transmit frequency range [71]. During receive beamforming, sound speed
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Figure 4.2: Simulation layout for CPWC imaging setup.

and thickness are estimated first for each layer using our SOS profiling approach

(see section 3.2), followed by layer-by-layer phase-shift migration (see section 2.1.2).

During migration, we set our step size to ∆z = λ/10 and the Fourier domain grid

size to 28 × 213. The individual migrated data frames corresponding to each θ value

under consideration are then summed, followed by linear interpolation to increase

the number of grid points on the x-axis. Further, we perform envelope detection to

remove the high frequency variations and log compression by a compression ratio of

3 to reduce the dynamic range. The final step involves normalizing the data to the

maximum within each layer, so that the envelope’s data range is limited to [0, 1]. The

resultant layer sub-images are stacked to form the entire image.
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Figure 4.3: Processing steps for CPWC imaging setup.
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4.1.2 Results and discussion

To evaluate our SOS profiling technique for CPWC imaging, we examine the per-

formance of both PWPSM and LCPWPSM. We choose θa = 0◦ and θb = 12◦ and

consider eight different cases, depending on the vectorization operation V{.} used for

sound speed estimation and the boundary detection operation B{.} used for thickness

estimation. Table 4.3 shows the cases and type of operations under consideration.

Case Vectorization method Boundary detection method

1 Stacking Line detection in migrated data

2 Summing Line detection in migrated data

3 Stacking Peak detection in migrated data

4 Summing Peak detection in migrated data

5 Stacking Line detection in raw data

6 Summing Line detection in raw data

7 Stacking Peak detection in raw data

8 Summing Peak detection in raw data

Table 4.3: Different cases for SOS profiling in CPWC imaging.

Figure 4.4 shows the migrated images and cross sectional targets obtained for

PWPSM (original) and LCPWPSM (low-cost) using true values of sound speed and

thickness as specified in Table 4.2. For the low-cost version, 99.99% of the energy

was retained in the wavefield spectrum, yielding approximately 93% savings in mul-

tiplications.

Table 4.4 lists the lateral FWHM values for the upper, middle, and lower target

groups of three points each, labeled L (leftmost), C (central) and R (rightmost).

Comparing Figures 4.4(d) and 4.4(c), it can be observed that LCPWPSM has not

caused any significant changes in the target resolution quality. The migrated image

using LCPWPSM shows no visible changes in the position and the size of the targets

or layer boundaries, except for a small vertical line artifact in the middle of the first

layer. Figures 4.5 - 4.12 and Tables 4.5 - 4.12 show the migrated images and the

estimates of sound speed and thickness for the eight cases listed in Table 4.3. For

brevity, we do not show the corresponding target lateral cross-section images and

FWHM data in this section; instead, they are collected in the Appendix A.

Our error in speed and thickness estimates are within 3.8% and 3.6%, respectively.

For cases that used stacking-based vectorization, the average error in speed and thick-

ness estimates were 1.41% and 1.66%, respectively. For cases that used summing-
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based vectorization, the average error in speed and thickness estimates were 0.91%

and 1.28%, respectively. For cases that used line-based boundary detection method,

the average error in speed and thickness estimates were 1.03% and 1.41%, respec-

tively. For cases that used peak-based boundary detection method, the average error

in speed and thickness estimates were 1.29% and and 1.48%, respectively. For cases

that used raw data for boundary detection, the average error in speed and thickness

estimates were 1.52% and 0.87%, respectively. For cases that used migrated data for

boundary detection, the average error in speed and thickness estimates were 1.43%

and 1.06%, respectively.

Target z FWHM,mm

group mm L C R

Upper 21.637 1.367 1.181 1.365

Middle 34.573 1.605 1.329 1.609

Lower 47.663 1.910 1.643 1.923

(a)

Target z FWHM,mm

group mm L C R

Upper 21.637 1.369 1.184 1.372

Middle 34.650 1.602 1.320 1.606

Lower 47.663 1.908 1.642 1.922

(b)

Table 4.4: Target resolution quality for true SOS profile. (a) Original (PWPSM), (b)
Low-cost (LCPWPSM).
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(a) (b)

(c) (d)

Figure 4.4: Migration results using true SOS profile. Migrated images: (a) Original
(PWPSM), (b) Low-cost (LCPWPSM); Lateral cross-section of targets: (c) Original
(PWPSM), (d) Low-cost (LCPWPSM).
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(a) (b)

Figure 4.5: Migration results using estimated SOS profile, case 1. (a) Original (PW-
PSM), (b) Low-cost (LCPWPSM).

Layer Original Low-cost

Speed Thickness Speed Thickness

est.,

m/s

error,

%

est.,

mm

error,

%

est.,

m/s

error,

%

est.,

mm

error,

%

I 1560 1.30 4.85 3.00 1560 1.30 4.85 3.00

II 3130 2.13 6.93 1.00 3120 2.44 6.93 1.00

III 1550 0.65 51.66 0.43 1550 0.65 51.66 0.43

Table 4.5: Estimated speed and thickness, case 1.
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(a) (b)

Figure 4.6: Migration results using estimated SOS profile, case 2. (a) Original (PW-
PSM), (b) Low-cost (LCPWPSM).

Layer Original Low-cost

Speed Thickness Speed Thickness

est.,

m/s

error,

%

est.,

mm

error,

%

est.,

m/s

error,

%

est.,

mm

error,

%

I 1550 0.65 4.85 3.00 1550 0.65 4.85 3.00

II 3190 0.25 7.01 0.14 3190 0.25 7.01 0.14

III 1530 0.65 51.58 0.27 1520 1.30 51.66 0.43

Table 4.6: Estimated speed and thickness, case 2.
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(a) (b)

Figure 4.7: Migration results using estimated SOS profile, case 3. (a) Original (PW-
PSM), (b) Low-cost (LCPWPSM).

Layer Original Low-cost

Speed Thickness Speed Thickness

est.,

m/s

error,

%

est.,

mm

error,

%

est.,

m/s

error,

%

est.,

mm

error,

%

I 1560 1.30 4.85 3.00 1560 1.30 4.85 3.00

II 3130 2.13 6.85 2.14 3120 2.44 6.85 2.14

III 1550 0.65 51.74 0.58 1520 1.30 51.66 0.43

Table 4.7: Estimated speed and thickness, case 3.
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(a) (b)

Figure 4.8: Migration results using estimated SOS profile, case 4. (a) Original (PW-
PSM), (b) Low-cost (LCPWPSM).

Layer Original Low-cost

Speed Thickness Speed Thickness

est.,

m/s

error,

%

est.,

mm

error,

%

est.,

m/s

error,

%

est.,

mm

error,

%

I 1550 0.65 5.00 0.00 1550 0.65 5.00 0.00

II 3320 3.81 6.78 3.14 3260 1.93 6.78 3.14

III 1510 1.94 51.66 0.43 1530 0.65 51.66 0.43

Table 4.8: Estimated speed and thickness, case 4.
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(a) (b)

Figure 4.9: Migration results using estimated SOS profile, case 5. (a) Original (PW-
PSM), (b) Low-cost (LCPWPSM).

Layer Original Low-cost

Speed Thickness Speed Thickness

est.,

m/s

error,

%

est.,

mm

error,

%

est.,

m/s

error,

%

est.,

mm

error,

%

I 1560 1.30 4.87 2.60 1560 1.30 4.87 2.60

II 3130 2.13 6.88 1.71 3130 2.13 6.88 1.71

III 1550 0.65 51.69 0.49 1550 0.65 51.69 0.49

Table 4.9: Estimated speed and thickness, case 5.
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(a) (b)

Figure 4.10: Migration results using estimated SOS profile, case 6. (a) Original (PW-
PSM), (b) Low-cost (LCPWPSM).

Layer Original Low-cost

Speed Thickness Speed Thickness

est.,

m/s

error,

%

est.,

mm

error,

%

est.,

m/s

error,

%

est.,

mm

error,

%

I 1550 0.65 4.83 3.40 1550 0.65 4.83 3.40

II 3190 0.25 7.02 0.28 3190 0.25 7.02 0.28

III 1520 1.30 51.59 0.29 1520 1.30 51.59 0.29

Table 4.10: Estimated speed and thickness, case 6.
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(a) (b)

Figure 4.11: Migration results using estimated SOS profile, case 7. (a) Original (PW-
PSM), (b) Low-cost (LCPWPSM).

Layer Original Low-cost

Speed Thickness Speed Thickness

est.,

m/s

error,

%

est.,

mm

error,

%

est.,

m/s

error,

%

est.,

mm

error,

%

I 1560 1.30 4.85 3.00 1560 1.30 4.85 3.00

II 3130 2.13 6.89 1.57 3130 2.13 6.89 1.57

III 1550 0.65 51.70 0.50 1550 0.65 51.70 0.50

Table 4.11: Estimated speed and thickness, case 7.
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(a) (b)

Figure 4.12: Migration results using estimated SOS profile, case 8. (a) Original (PW-
PSM), (b) Low-cost (LCPWPSM).

Layer Original Low-cost

Speed Thickness Speed Thickness

est.,

m/s

error,

%

est.,

mm

error,

%

est.,

m/s

error,

%

est.,

mm

error,

%

I 1550 0.65 4.82 3.60 1550 0.65 4.82 3.60

II 3200 0.06 7.04 0.57 3200 0.06 7.04 0.57

III 1520 1.30 51.58 0.27 1520 1.30 51.58 0.27

Table 4.12: Estimated speed and thickness, case 8.

Table 4.13(a) and 4.13(b) show the structural similarity index (SSIM) and the Pear-

son correlation coefficient values between the reference image obtained using true SOS

profile and the images obtained using estimated SOS profile, for all eight cases involv-

ing the original (PWPSM) and low-cost (LCPWPSM) versions. The SSIM values are

between 0.935 and 0.964 for PWPSM and between 0.931 and 0.958 for LCPWPSM



51

indicating no significant changes in the reconstructed image structure. The Pearson

correlation coefficient values are between 0.951 and 0.977 for PWPSM and between

0.955 and 0.973 for LCPWPSM indicating good correlation with the reference image.

Structural similarity index (SSIM)

Case 1 2 3 4 5 6 7 8

Original 0.944 0.944 0.947 0.964 0.962 0.945 0.961 0.935

Low-cost 0.941 0.940 0.945 0.958 0.956 0.940 0.956 0.931

(a)

Pearson correlation coefficient

Case 1 2 3 4 5 6 7 8

Original 0.956 0.962 0.951 0.977 0.969 0.959 0.969 0.958

Low-cost 0.960 0.962 0.955 0.973 0.969 0.958 0.969 0.957

(b)

Table 4.13: CPWC image similarity when using estimated vs. true SOS profile. (a)
Structural similarity index, (b) Pearson correlation coefficient.

4.2 Evaluation results for layer thickness estima-

tion in SA imaging

In the previous section, we have evaluated our SOS profiling approach using a simu-

lated dataset of CPWC imaging of a three-layer medium. In this section, we provide

results for a real-data special case, an experimental SA imaging dataset of a three-

layer medium (assuming that the sound speed values are already known), to be used

to evaluate our thickness estimation approach on its own.

4.2.1 Dataset description

We use the experimental SA imaging dataset provided by Skjelvareid et al. [19][72].

The dataset was obtained using the experimental setup shown in Figure 4.13. A

31-mm-thick acrylic glass block was placed on top of a 50-mm-thick aluminum block

and immersed in the water tank. Each block had four side-drilled holes that were
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1.6 mm in diameter and 30 mm deep, with a vertical spacing of 6 mm and 10 mm

between the holes in the acrylic glass block and the aluminum block, respectively. To

prevent a dominating shadow from the upper holes onto the lower holes, the blocks

were shifted horizontally by approximately 10 mm. An array of four steel pins, 0.3

mm in diameter, were placed above these two blocks with a vertical spacing of 5 mm

and a horizontal spacing of 20 mm. This arrangement was subjected to a B-scan

using a 2.25-MHz transducer (6 mm in diameter) that moved in steps of 1 mm with a

sampling frequency of 12.5 MHz. In 111 positions, 1040 time samples were recorded,

resulting in a raw dataset of size 111× 1040 in (x, t) domain. To compensate for the

limited dynamic range of the signal acquisition system, reflections from the interface

between water and acrylic glass were damped by 10 dB, and reflections from within

the aluminum layer were amplified by 20 dB during scanning.

Figure 4.13: Experimental setup for SA imaging [19, 72].

Medium Layer Thickness Speed

layer material mm m/s

I water 73.33 1480

II acrylic glass 31.00 2730

III aluminum 54.00 6320

Table 4.14: True SOS profile for SA imaging dataset.
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4.2.2 Results and discussion

We show our results for four different cases, depending on the boundary detection

operation B{.} used for thickness estimation. They are listed in Table 4.15.

Case Boundary detection method

1 Line detection in migrated data

2 Peak detection in migrated data

3 Line detection in raw data

4 Peak detection in raw data

Table 4.15: Different cases for thickness estimation in SA imaging.

Figure 4.14 shows the migrated images (over 40-dB dynamic range) obtained for

the original SA phase shift migration method (SAPSM) and its low-cost alternative

(LCSAPSM) using true thickness values listed in Table 4.14. For the low-cost version,

99% of the energy was retained in the wavefield spectrum, yielding approximately 76%

savings in multiplications.

The steel pins and holes are seen as four distinct reflectors in each layer. Their

width increases with depth as a result of the divergence of the transducer beam. Some

spurious reflections can be seen in the second and the third layer due to multiple echoes

caused by scattering. The steel pins and holes appear slightly enlarged in Figure

4.14(b) as compared to 4.14(a) but there are no visible changes in their position.

Figures 4.15 - 4.18 and Tables 4.16 - 4.19 show the migrated images that rely on

our estimates of each layer’s thickness for four cases listed in Table 4.15. The error

in thickness estimates are within 0.98%. For cases that used line-based boundary

detection, the average error in thickness estimates was 0.49%. For cases that used

peak-based boundary detection, the average error in thickness estimates was 0.51%.

For cases that used raw data for boundary detection, the average error in thickness

estimates was 0.54%. For cases that used migrated data for boundary detection, the

average error in thickness estimates was 0.46%. We should note that LCSAPSM yields

the same thickness estimates as those by SAPSM, while achieving a 76% reduction in

the number of complex multiplications performed during PSM-based SOS profiling.
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(a) (b)

Figure 4.14: Migration results using true thickness. (a) Original (SAPSM), (b) Low-
cost (LCSAPSM).

(a) (b)

Figure 4.15: Migration results using estimated thickness, case 1. (a) Original
(SAPSM), (b) Low-cost (LCSAPSM).
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Layer Original Low-cost

est.,

mm

error,

%

est.,

mm

error,

%

I 73.63 0.51 73.63 0.51

II 31.08 0.26 31.08 0.26

III 53.59 0.76 53.59 0.76

Table 4.16: Thickness estimates, case 1.

(a) (b)

Figure 4.16: Migration results using estimated thickness, case 2. (a) Original
(SAPSM), (b) Low-cost (LCSAPSM).
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Layer Original Low-cost

est.,

mm

error,

%

est.,

mm

error,

%

I 73.63 0.41 73.63 0.41

II 30.89 0.35 30.89 0.35

III 53.77 0.43 53.77 0.43

Table 4.17: Thickness estimates, case 2.

(a) (b)

Figure 4.17: Migration results using estimated thickness, case 3. (a) Original
(SAPSM), (b) Low-cost (LCSAPSM).
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Layer Original Low-cost

est.,

mm

error,

%

est.,

mm

error,

%

I 73.70 0.50 73.70 0.50

II 30.90 0.32 30.90 0.32

III 53.69 0.57 53.69 0.57

Table 4.18: Thickness estimates, case 3.

(a) (b)

Figure 4.18: Migration results using estimated thickness, case 4. (a) Original
(SAPSM), (b) Low-cost (LCSAPSM).
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Layer Original Low-cost

est.,

mm

error,

%

est.,

mm

error,

%

I 73.70 0.50 73.70 0.50

II 31.12 0.39 31.12 0.39

III 53.47 0.98 53.47 0.98

Table 4.19: Thickness estimates, case 4.

Table 4.20(a) and 4.20(b) show the structural similarity index (SSIM) and the Pear-

son correlation coefficient values between the reference image obtained using true

thickness values and the images obtained using estimated thickness values, for all

four cases involving the original (SAPSM) and low-cost (LCSAPSM) versions. The

SSIM values are between 0.826 and 0.848 for SAPSM and between 0.810 and 0.830

for LCSAPSM indicating relatively minor changes in the structure of the images ob-

tained with estimated thickness values. These changes are likely due to mismatch in

the position of the layer boundaries, differences in resolution, contrast and luminance

of reflectors, and due to presence of clutter. The Pearson correlation coefficient values

are between 0.745 and 0.815 for SAPSM and between 0.743 and 0.811 for LCSAPSM

indicating relatively good correlation with the reference image.
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Structural similarity index (SSIM)

Cases 1 2 3 4

Original 0.826 0.841 0.848 0.827

Low-cost 0.810 0.824 0.830 0.811

(a)

Pearson correlation coefficient

Cases 1 2 3 4

Original 0.745 0.792 0.815 0.753

Low-cost 0.743 0.792 0.811 0.752

(b)

Table 4.20: SA image similarity when using estimated vs. true SOS profile. (a)
Structural similarity index, (b) Pearson correlation coefficient.

4.3 Evaluation results for sound speed estimation

in single-layer CPWC imaging

In the previous section, we have evaluated our thickness estimation approach using

SA experimental data obtained from a three-layer medium (assuming that the sound

speed values are already known). Here, we provide additional results for another real-

data special case, CPWC imaging of a single-layer medium, to be used to evaluate

our sound speed estimation approach on its own. For such constant-velocity medium,

PWPSM can be replaced with PW Stolt’s migration [26, 73] which is a much faster

method.

4.3.1 Dataset description

The dataset in question, provided by PICMUS [74], consists of a 75 plane-wave se-

quence (with θ ranging from −16◦ to 16◦) of the cross-section and longitudinal section

of the carotid artery. This dataset was acquired using a Verasonics Vantage 256 re-

search scanner (Verasonics Inc., Redmond, WA) with a L11 probe (128 transducer

elements, 0.30-mm pitch) that emitted a 5.208-MHz ultrasound plane wave (2.5 cy-
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cles, 67% pulse bandwidth) and sampled 1536 times at 20.832 MHz. The resulting

dataset had a size of 128× 1536 for each angle in (x, t) domain.

4.3.2 Results and discussion

We perform sound speed estimation using θa = 0◦ and θb = 13◦ for this dataset.

Figure 4.19 shows migrated images (over 60-dB dynamic range) using a subset of 11

plane waves, assuming the standard value of 1540 m/s as the true speed of sound.

Figures 4.20 and 4.21 show the migrated images using sound speed estimates obtained

by stacking-based and summing-based vectorization V{.}, respectively. Table 4.21

shows our estimated values and their respective errors. As one can see, the error in

sound speed estimates are within 0.91%.

(a) (b)

Figure 4.19: Migrated carotid artery images using true speed. (a) Cross-section, (b)
Longitudinal section.
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(a) (b)

Figure 4.20: Migrated carotid artery images using estimated speed (stacking-based
vectorization). (a) Cross-section, (b) Longitudinal section.

(a) (b)

Figure 4.21: Migrated carotid artery images using estimated speed (summing-based
vectorization). (a) Cross-section, (b) Longitudinal section.
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Image Stacking Summing

est., error, est., error,

m/s % m/s %

cross-section 1542 0.13 1526 0.91

longitudinal section 1552 0.78 1553 0.84

Table 4.21: Speed estimates for PW Stolt’s migration.

Table 4.22(a) and 4.22(b) show the structural similarity index (SSIM) and the

Pearson correlation coefficient values between the reference images obtained using

true sound speed values and the images obtained using estimated sound speed values.

The SSIM values are between 0.981 and 0.999 for images obtained using both stacking-

based and summing-based vectorization methods, which indicates nearly identical

structure in comparison to the reference images. The Pearson correlation coefficient

values are between 0.975 and 0.999 for images obtained using both stacking-based and

summing-based vectorization methods, which indicates excellent correlation with the

reference images.

Structural similarity index (SSIM)

Image Stacking Summing

cross-section 0.999 0.981

longitudinal section 0.985 0.982

(a)

Pearson correlation coefficient

Image Stacking Summing

cross-section 0.999 0.982

longitudinal section 0.978 0.975

(b)

Table 4.22: Constant-velocity image similarity using estimated vs. 1540 m/s speed.
(a) Structural similarity index, (b) Pearson correlation coefficient.
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4.4 Summary

In this chapter, we have presented the evaluation results for our proposed SOS pro-

filing method. For each layer, SOS profiling involves two steps: 1) finding sound

speed estimates using the cosine similarity criterion, and 2) finding layer thickness

estimates via end-of-layer boundary detection, using the sound speed estimates from

the previous step. We have evaluated two vectorization approaches – stacking and

summing – for sound speed estimation, and two boundary detection approaches –

peak-based and line-based – for layer thickness estimation. For the latter, we have

considered both raw and migrated zero-angle data. Finally, we have also presented

evaluation results for our low-cost version of the PW phase-shift migration method

that reduces the number of complex multiplications during PSM.

Our speed estimation errors are within 4% of their true values for PWPSM and

LCPWPSM and within 1% of their true values for single-layer CPWC imaging using

PW Stolt’s migration. Our thickness estimation errors are within 4% of their true

values for PWPSM and LCPWPSM and within 0.6% of their true values for SAPSM

and LCSAPSM.

The average error in speed estimates using stacking-based vectorization in PW-

PSM and LCPWPSM cases is 1.36% and 1.46% respectively, and in case of PW Stolt’s

migration, it is 0.46%. The average error in speed estimates using summing-based

vectorization in PWPSM and LCPWPSM cases is 1.01% and 1.22% respectively, and

in case of PW Stolt’s migration, it is 0.88%. Note that stacking is more expensive

compared to summing, as the former results in a larger vector sθk(z) due to column

concatenation, which leads to more expensive cosine similarity computations. How-

ever, stacking preserves individual pixels in the image, unlike summing where columns

of the image are summed together. In general, a strong reflector might corrupt the

cosine similarity value when summing is used.

The average error in thickness estimates using line-based boundary detection in

PWPSM and LCPWPSM cases is 1.38% and 1.40% respectively, and in both SAPSM

and LCSAPSM cases, it is 0.48%. The average error in thickness estimates for peak-

based boundary detection in both PWPSM and LCPWPSM cases is 1.59%, and in

both SAPSM and LCSAPSM cases, it is 0.51%. Note that line detection is more

expensive compared to peak detection, as the former involves using the computation-

intensive Hough transform. Cheaper peak-based boundary detection (where we sum

the data along the x-axis and use the resulting z-axis vector for peak detection) may
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Maximum percentage error in estimates

Estimation Processing PWPSM LCPWPSM SAPSM LCSAPSM Single-layer

type option CPWC

Speed, % Stacking 2.13 2.44 − − 0.78

Speed, % Summing 3.81 1.93 − − 0.91

Thickness, % Line detection 3.40 3.40 0.76 0.76 −
Thickness, % Peak detection 3.60 3.60 0.98 0.98 −
Thickness, % Beamformed data 3.14 3.14 0.76 0.76 −
Thickness, % Raw RF data 3.60 3.60 0.98 0.98 −

(a)

Maximum absolute error in estimates

Estimation Processing PWPSM LCPWPSM SAPSM LCSAPSM Single-layer

type option CPWC

Speed, m/s Stacking 68 78 − − 12

Speed, m/s Summing 122 62 − − 14

Thickness, mm Line detection 0.69 0.69 0.41 0.41 −
Thickness, mm Peak detection 0.74 0.70 0.53 0.53 −
Thickness, mm Beamformed data 0.74 0.66 0.41 0.41 −
Thickness, mm Raw RF data 0.70 0.70 0.53 0.53 −

(b)

Table 4.23: Maximum percentage (a) and absolute (b) errors in sound speed and
thickness estimates.

give false positive results if a horizontally stretched reflector stronger than the end-

of-layer boundary is present. If migrated data is used for boundary detection, the

average error in thickness estimates is 1.42% in PWPSM, 1.43% in LCPWPSM, and

0.45% in both SAPSM and LCSAPSM cases. If raw data is used, the average error

in thickness estimates is 1.52% in PWPSM, 1.53% in LCPWPSM, and 0.54% in both

SAPSM and LCSAPSM cases.

Table 4.23 shows the worst-case (maximum) percentage and absolute errors ob-

served in our test cases. Note that choosing a more expensive option (such as stacking

vs. summing, or line vs. peak detection) generally leads to some improvements in

accuracy. Comparing the low cost and original implementations, minimal difference

in performance can be observed between PWPSM and LCPWPSM (saving 93% of

complex multiplications during PSM). Similarly, LCSAPSM also matched the perfor-

mance of SAPSM while offering 76% savings.



65

Chapter 5

Conclusion and Future work

This chapter provides a summary of our main results and outlines different potential

directions for future development and research work.

5.1 Conclusion

This thesis describes a two-step approach to SOS profiling for CPWC ultrasound

imaging of stratified media. For each medium layer, we first estimate its sound

speed based on cosine similarity (obtained for two vectors derived from migrated

data corresponding to two PW emission angles), and then we find the layer thickness

by means of boundary detection (based on our sound speed estimate). For speed

estimation we considered two different ways to vectorize migrated data: 1) summing,

whereby the (z, x)-domain data matrix columns are combined into a z-axis vector via

summation over the x-axis, and 2) stacking, whereby the said data matrix is flattened

by concatenating its columns into one. For layer thickness estimation, we considered

two different ways of detecting an end-of-layer boundary: 1) peak detection, where we

look for a peak location within a vector obtained from an image section, and 2) line

detection, where we look for a horizontal line in an image section using the Hough

transform. We also considered two choices of the said image sections: 1) migrated

data over a known depth range from dmin
(l) to dmax

(l) for a given layer l, and 2) zero-angle

raw data over an estimated travel-time range from tmin
(l) to tmax

(l) (derived from dmin
(l)

and dmax
(l) ). Putting all of the aforementioned options together yields a total of eight

different cases under consideration, which we have examined in Chapter 4. Finally,

we have also described a computationally cheaper extrapolation process (based on a
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spectral energy threshold), which leads to a significant reduction in the number of

complex multiplications performed during PSM.

To evaluate our SOS profiling approach, we performed experiments over different

datasets. First, we used nine-angle CPWC data produced by the K-WAVE toolbox

that simulated ultrasound propagation in the three-layer medium, mimicking tissue-

bone-tissue layer arrangement. The maximum errors of our speed and thickness

estimates were 3.81% and 3.60%, respectively. Approximately, 93% saving in complex

multiplications were achieved when we used our low-cost PSM migration method.

Second, we used real monostatic SA data, obtained for the three-layer medium (water-

glass-metal), to evaluate our thickness estimation step on its own, using the known

values of sound speed for the layer materials. Our thickness estimates were accurate

within a 0.98% error margin, and our low-cost PSM method resulted in 76% fewer

complex multiplications during PSM. Finally, we used in-vivo data of CPWC imaging

of the carotid artery (provided by PICMUS) to evaluate our sound speed estimation

step on its own, as there is only one layer present (soft tissue). The maximum

error of our speed estimates was only 0.91%. We should note that for a single-layer

(i.e., constant-velocity) medium, PWPSM can be replaced by much faster PW Stolt’s

migration proposed in [26, 73].

5.2 Future work

Several promising research directions can be pursued based on the work presented in

this thesis. With respect to the low cost alternative for phase shift migration, future

work can be focused on investigating methods to adaptively determine the energy

threshold settings (based on the data being processed). The thresholds heavily impact

the quality of the reconstructed image and the amount of multiplication savings that

can be achieved.

Our second suggestion would be to investigate efficient polar approximations dur-

ing downward extrapolation. PSM extrapolation affects only the phase of the 2D

wavefield spectrum while preserving the amplitude. Therefore by performing com-

putations using the polar representation of the spectrum, complex multiplications

during extrapolation can be replaced by real additions [75].

Our final suggestion would be to merge sound speed and thickness estimation

into a single optimization problem, as well as use deep learning approaches that

reconstruct migrated data using self-tuned neural networks, trained and validated
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using appropriate reference datasets.
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Appendix A

Imaged target cross-sections after

SOS profiling

In this section we show lateral cross-section images and FWHM values for the imaged

ball-shaped targets described in Chapter 4 (see section 4.1). The reader can compare

the presented images and data with those shown in Figures 4.4(c) and 4.4(d) and

Tables 4.4(a), to confirm the accuracy of our SOS profiling approach.

(a) (b)

Figure A.1: Lateral cross-section for estimated SOS profile, case 1. (a) Original (PW-
PSM), (b) Low-cost (LCPWPSM).



69

Target z FWHM,mm

group mm L C R

Upper 21.637 1.365 1.182 1.349

Middle 34.650 1.555 1.270 1.553

Lower 47.663 1.874 1.599 1.860

(a)

Target z FWHM,mm

group mm L C R

Upper 21.637 1.360 1.179 1.351

Middle 34.727 1.592 1.309 1.589

Lower 47.817 1.909 1.638 1.913

(b)

Table A.1: Target resolution quality for estimated SOS profile, case 1. (a) Original
(PWPSM), (b) Low-cost (LCPWPSM).

(a) (b)

Figure A.2: Lateral cross-section for estimated SOS profile, case 2. (a) Original (PW-
PSM), (b) Low-cost (LCPWPSM).

Target z FWHM,mm

group mm L C R

Upper 21.560 1.421 1.167 1.384

Middle 34.496 1.648 1.319 1.627

Lower 47.432 1.954 1.637 1.938

(a)

Target z FWHM,mm

group mm L C R

Upper 21.483 1.439 1.180 1.401

Middle 34.342 1.670 1.320 1.646

Lower 47.201 1.950 1.639 1.945

(b)

Table A.2: Target resolution quality for estimated SOS profile, case 2. (a) Original
(PWPSM), (b) Low-cost (LCPWPSM).
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(a) (b)

Figure A.3: Lateral cross-section for estimated SOS profile, case 3. (a) Original (PW-
PSM), (b) Low-cost (LCPWPSM).

Target z FWHM,mm

group mm L C R

Upper 21.637 1.358 1.186 1.343

Middle 34.650 1.593 1.314 1.589

Lower 47.817 1.911 1.638 1.912

(a)

Target z FWHM,mm

group mm L C R

Upper 21.560 1.358 1.186 1.347

Middle 34.650 1.592 1.323 1.589

Lower 47.817 1.910 1.637 1.905

(b)

Table A.3: Target resolution quality for estimated SOS profile, case 3. (a) Original
(PWPSM), (b) Low-cost (LCPWPSM).
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(a) (b)

Figure A.4: Lateral cross-section for estimated SOS profile, case 4. (a) Original (PW-
PSM), (b) Low-cost (LCPWPSM)

Target z FWHM,mm

group mm L C R

Upper 21.560 1.496 1.162 1.438

Middle 34.265 1.689 1.323 1.669

Lower 47.047 1.979 1.642 1.983

(a)

Target z FWHM,mm

group mm L C R

Upper 21.637 1.428 1.172 1.378

Middle 34.419 1.658 1.324 1.632

Lower 47.432 1.955 1.640 1.940

(b)

Table A.4: Target resolution quality for estimated SOS profile, case 4. (a) Original
(PWPSM), (b) Low-cost (LCPWPSM).
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(a) (b)

Figure A.5: Lateral cross-section for estimated SOS profile, case 5. (a) Original (PW-
PSM), (b) Low-cost (LCPWPSM).

Target z FWHM,mm

group mm L C R

Upper 21.714 1.412 1.248 1.427

Middle 34.650 1.644 1.366 1.670

Lower 47.817 1.968 1.685 1.987

(a)

Target z FWHM,mm

group mm L C R

Upper 21.637 1.408 1.246 1.731

Middle 34.650 1.639 1.364 1.665

Lower 47.817 1.966 1.684 1.984

(b)

Table A.5: Target resolution quality for estimated SOS profile, case 5. (a) Original
(PWPSM), (b) Low-cost (LCPWPSM).
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(a) (b)

Figure A.6: Lateral cross-section for estimated SOS profile, case 6. (a) Original (PW-
PSM), (b) Low-cost (LCPWPSM).

Target z FWHM,mm

group mm L C R

Upper 21.560 1.428 1.169 1.397

Middle 34.342 1.659 1.321 1.639

Lower 47.201 1.950 1.637 1.939

(a)

Target z FWHM,mm

group mm L C R

Upper 21.560 1.424 1.168 1.396

Middle 34.342 1.657 1.323 1.637

Lower 47.201 1.948 1.637 1.937

(b)

Table A.6: Target resolution quality for estimated SOS profile, case 6. (a) Original
(PWPSM), (b) Low-cost (LCPWPSM).
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(a) (b)

Figure A.7: Lateral cross-section for estimated SOS profile, case 7. (a) Original (PW-
PSM), (b) Low-cost (LCPWPSM).

Target z FWHM,mm

group mm L C R

Upper 21.714 1.413 1.257 1.437

Middle 34.650 1.647 1.370 1.678

Lower 47.817 1.969 1.689 2.000

(a)

Target z FWHM,mm

group mm L C R

Upper 21.714 1.416 1.258 1.441

Middle 34.650 1.642 1.371 1.673

Lower 47.817 1.968 1.688 1.999

(b)

Table A.7: Target resolution quality for estimated SOS profile, case 7. (a) Original
(PWPSM), (b) Low-cost (LCPWPSM).
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(a) (b)

Figure A.8: Lateral cross-section for estimated SOS profile, case 8. (a) Original (PW-
PSM), (b) Low-cost (LCPWPSM)

Target z FWHM,mm

group mm L C R

Upper 21.714 1.413 1.257 1.437

Middle 34.650 1.647 1.370 1.678

Lower 47.817 1.969 1.689 2.000

(a)

Target z FWHM,mm

group mm L C R

Upper 21.714 1.416 1.258 1.441

Middle 34.650 1.642 1.371 1.673

Lower 47.817 1.968 1.688 1.999

(b)

Table A.8: Target resolution quality for estimated SOS profile, case 8. (a) Original
(PWPSM), (b) Low-cost (LCPWPSM).
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Appendix B

Overview of Hough transform

In this section, we explain how the Hough transform can be used to detect straight

lines. Hough transform is a robust technique developed by Paul Hough (1962) that

uses a voting-based procedure to isolate features of a particular shape within an image

[66, 76, 77]. At present, the classical Hough transform is most commonly used for

detection of lines, circles, ellipses, etc. in object recognition applications. In our case,

we use it for detecting lines in line-based end-of-layer boundary detection for layer

thickness estimation.

B.1 Theory

In an image plane, a straight line can be described by the following equation with

two parameters, slope m and y-intercept b.

y = mx+ b (B.1)

The above form has drawbacks, since it is unable to represent vertical lines (m = 0).

An alternative would be using the following form:

r = x cos(θ) + y sin(θ) (B.2)

Here, the parameters θ and r represent the orientation of a line with respect to the

x-axis and the distance from that line to the origin. Figure B.1 shows how points in

the image plane can be mapped to the Hough space. Plotting possible (θ, r) values,

defined by each (x, y) point in the Cartesian image space, produces sinusoidal curves
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in the Hough parameter space. Such a point-to-curve transformation represents the

Hough transform for straight lines. When viewed in the Hough parameter space,

points which are co-linear (A, B, C in Figure B.1(a)) in the Cartesian image space

yield intersecting curves having a common (θ, r) point (Figure B.1(b)).

(a) (b)

Figure B.1: Parametric Hough transform. (a)Image space, (b) Hough space.

B.2 Implementation

The Hough transform takes a binary edge map (obtained using some feature-detecting

operation) as an input and attempts to locate straight lines in that map. In order to

detect the presence of a specific line y = mx + b inside the image (the areas where

most of the Hough space lines intersect), the Hough transform algorithm uses a two-

dimensional array, called accumulator. The resolution of the accumulator determines

the precision with which lines can be detected, which corresponds to the number

of unknown parameters in the Hough transform problem. As the algorithm runs,

each edge point (x, y) is transformed into a discretized (θ, r) curve, and bins in the

accumulator are incremented for all lines that pass through that point. Resulting

local maxima in the accumulator array represent strong evidence of the existence of

straight lines.

The Hough transform is efficient only when most votes fall in a small number of

bins, so that they can be easily detected amid the background noise. Much of the

efficiency of the Hough transform depends on the quality of input data, i.e., noisy

images may cause the Hough transform to perform poorly.
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