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ABSTRACT

The last decade has witnessed great progress in the development of reinforcement

learning (RL) across many applications, such as games and autonomous driving. RL

is effective in solving control problems for complex systems whose dynamics are in-

tractable to be accurately modeled. In an RL algorithm, the agent learns the optimal

policy in terms of the maximum reward based on measurement samples from the in-

teractions with the environment. To obtain the optimal policy, RL requires collecting

sufficiently large number of samples, which is challenging in real-world applications,

e.g., robotics, manufacturing, and so on. To tackle this problem, model predictive

control-based RL (MPC-based RL) is proposed to improve the sample efficiency. In

the MPC-based RL algorithm, a model is learned from collected samples, the learned

model and MPC are utilized to predict trajectories over a specified prediction horizon,

and an action is obtained through the RL algorithm by maximizing the cumulative

reward. This thesis is devoted to the investigation of the MPC-based RL design and

its application to robot manipulators.

In Chapter 2, an MPC-based deep RL framework for constrained linear systems

with bounded disturbances is proposed. In the proposed framework, a rigid tube-

based MPC (RTMPC) method is employed to predict a trajectory by solving the

corresponding optimization problem. Then, the predicted trajectory is stored in a

replay buffer as the form of data pairs. Further, the soft actor-critic (SAC) algorithm

is applied to modify the loss function and update the policy online, based on the

predicted data pairs. Numerical simulations validate the effectiveness of the proposed

method. In addition, comparison results demonstrate the advantages of the proposed

method including requirement of fewer real samples and providing better control

performance with comparable computational complexity to RTMPC.

In Chapter 3, we investigate the application of three methods for manipulators.
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Firstly, we apply an MPC-based RL algorithm, a nonlinear MPC (NMPC) method,

and two model-free RL algorithms to tackle the regulation problem for a 2-degree-of-

freedom manipulator system, and compare their training control performance. Sec-

ondly, the training and control performance evaluation for the model-free RL algo-

rithm and the MPC-based RL algorithm are provided. The MPC-based RL algorithm

shows better training performance in terms of sample efficiency and total return

but poorer control performance. Thirdly, simulation studies are provided to com-

pare the training performance of the MPC-based RL algorithm and two model-free

RL algorithms. From the simulation results, the MPC-based RL algorithm presents

poorer training performance compared with model-free RL algorithms for the twelve-

dimensional system.

In Chapter 4, conclusions and future work are summarized.
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Chapter 1

Introduction

1.1 Reinforcement Learning (RL)

Over the last decade, considerable attention has been directed toward reinforcement

learning (RL) due to its capacity for exploring optimal behaviors in many areas [30].

RL differs from supervised learning, which directly learns from a labeled training

set [49], and unsupervised learning, which learns from an unlabeled training set [25].

The essential idea of RL is to iteratively solve the Markov decision process (MDP)

and to learn a policy, from states to actions, that maximizes the cumulative reward

over a period of time [77]. There are seven key components of RL algorithms, i.e., an

agent, an environment, a state space, an action space, a policy, a value function, and

a reward. Specifically, the policy, the reward, and the value function are described as

follows:

• A policy is a strategy from various states of the environment to actions that an

agent takes.

• A reward is the immediate feedback that an agent receives for taking an action.

• A value function estimates the total reward from a given state to the desired
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state.

Figure 1.1: The system diagram of RL 1

From Figure 1.1, we can see that an agent receives a state and a reward from the

environment. The reward is utilized to improve the policy by using RL algorithms.

Then, the agent applies an action which is obtained based on the improved policy.

Lastly, the environment will update the state, and the agent will receive a new state

at the next time instant.

1.1.1 Traditional RL

Traditional RL algorithms, such as ϵ-greedy [86], count-based exploration approach

[78], Q-learning [81], and SARSA [64], utilize a lookup table or linear function approx-

imation to solve systems with discrete state and action spaces. To explicitly illustrate

discrete state and action spaces, a cliff walking environment is given in Figure 1.2, as

a classical example for traditional RL algorithms. Consider a grid world with a lim-

ited number of states, an agent needs to find the shortest path from a start position

to a goal position. At each step, the agent can choose an action from an action space

(i.e., move up, down, left, right). In this study, we assume that the agent is awarded

a reward of 0 upon successfully reaching the designated goal position and a penalty

of −100 for any instance of falling off a cliff. In all other circumstances, the agent

is subjected to a constant reward of −1 for each step taken. Following the develop-

1https://www.universal-robots.com/products/ur5-robot/
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Figure 1.2: Environment of cliff walking

ment of the environment for a cliff walking task, we can obtain a state-action-reward

trajectory, starting from the initial time instant k = 0,

xk
uk−−−−−→

r(xk,uk)
xk+1

xk+1−−−−−−−−→
r(xk+1,xk+1)

xk+2
xk+2−−−−−−−−→

r(xk+2,xk+2)
xk+3 · · · ,

where xk ∈ X, uk ∈ U, r(xk,uk) are the system state, the action, and the immediate

reward at time instant k, respectively. Therefore, the discounted total return of the

trajectory is

G(xk) = r(xk,uk) + γr(xk+1,xk+1) + γ2r(xk+2,xk+2) · · ·

= r(xk,uk) + γG(xk+1),

where γ ∈ [0, 1] is the discount rate. As aforementioned, the value function is one

of the most important components of an RL algorithm. The state-value function is
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obtained by calculating the expectation of total returns

V (xk) = E[G(xk)]

= E[r(xk)] + γE[G(xk+1)].

(1.2)

It is worth noting that E[r(xk)] in (1.2) is the expectation of the immediate reward

that can be received from state xk. The second term E[G(xk+1)] is the expectation

of the future total returns. By utilizing the law of total expectation, one of the most

fundamental equations, the Bellman equation [7,8] is obtained from (1.2) and can be

written as

V (xk) =
∑
uk

π(uk|xk)
∑

xk+1∈X

p(xk+1|xk)
[
r(xk,uk) + γV (xk+1)

]
, (1.3)

where π(uk|xk) denotes the policy; γ ∈ [0, 1] is the discount rate; p(xk+1|xk) repre-

sents the probability for an agent moving from the state xk to the next state xk+1

by taking the action uk. We next introduce the Bellman equation in the form of

action-value function. Similar to the state-value function, the action-value function

calculates the expectation of total returns, starting from xk and taking uk:

Q(xk,uk) = r(xk,uk) + γE[G(xk+1)]

= r(xk,uk) + γ
∑

xk+1∈X

p(xk+1|xk,uk)V (xk+1).
(1.4)

In RL algorithms, the optimal policy can be obtained if the maximum value V ∗(xk)

or Q∗(xk,uk) can be found [8,13,58]. Thus, the Bellman optimality equation (BOE)

should be introduced as a significant mathematical component in RL algorithms. In

order to obtain the maximum value, the agent, at each time instant, must choose an

action that can reach the next state with the best reward. We can derive V ∗(xk) and
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Q∗(xk,uk) in the form

V ∗(xk) = max
uk∈U

Q∗(xk,uk), (1.5a)

Q∗(xk,uk) = r(xk,uk) + γ max
uk+1∈U

Q∗(xk+1,uk+1). (1.5b)

Another key concept of traditional RL algorithms is the temporal difference (TD)

method [77] where the predicted state or action-value at the current time instant is

updated based on the actual value at the next time instant. The primary intuition

behind TD method is to minimize the TD error, which represents the difference

between the predicted value and the actual value. Therefore, the update of the

action-value function under the TD method can be written as

Q(xk,uk)new ←Q(xk,uk)current + λ
(
r(xk,uk)

+ γ
∑

xk+1∈X

p(xk+1|xk,uk)V (xk+1)−Q(xk,uk)current

)
,

(1.6)

where λ ∈ [0, 1] is the learning rate; r(xk,uk) + γ
∑

xk+1∈X p(xk+1|xk,uk)V (xk+1)

is called the TD target, which is obtained from a Q-value estimator or Q-table.

Therefore, the TD error can be expressed

δ = r(xk,uk) + γ
∑

xk+1∈X

p(xk+1|xk,uk)V (xk+1)−Q(xk,uk)current. (1.7)

Traditional RL algorithms repeatedly improve the policy based on the TD method and

value functions determined from different actions until achieving an optimal policy.

One of the most famous traditional RL algorithms is Q-learning [81], which can obtain

the optimal policy by solving the BOE and utilizing the TD method. The update
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process under Q-learning can be described as

Q(xk,uk)new ←Q(xk,uk)current + λ
(
r(xk,uk) + γ

∑
xk+1∈X

p(xk+1|xk,uk)

max
xk+1∈U

Q(xk+1,xk+1)−Q(xk,uk)current

)
.

(1.8)

Traditional RL algorithms have been extensively employed across a myriad of do-

mains, such as robotics [6, 34, 35] and unmanned aerial vehicles (UAVs) [11, 28, 80].

However, as aforementioned, traditional RL algorithms are inherently designed for

systems characterized by discrete state and action spaces, which implies that tra-

ditional RL algorithms are unsuitable for systems with continuous state and action

spaces. This limitation primarily stems from the fact that traditional RL algorithms

rely on tabular methods to store actions associated with each state. When confronted

with a vast or infinite number of states or actions, it becomes impracticable to con-

struct such a table due to the computational complexity [3].

1.1.2 Deep RL

Considering that it is difficult to obtain the optimal policy for systems with a large

number of states and actions by using traditional tabular methods, deep reinforcement

learning (DRL) has been proposed as an efficient methodology [3]. The principal idea

of DRL is to integrate deep neural networks as value function estimators. Therefore,

the DRL algorithms improve traditional RL algorithms with two more key enhance-

ments.

• DRL incorporates an experience replay buffer β during its training process. The

buffer β stores the tuples {xk,uk, r(xk,uk),xk+1} which are online obtained

through agent-environment interactions at each discrete-time step k. During the

training process, a minibatch of transition samples is randomly selected from
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β, and is used to update the network parameter θ by employing the stochastic

gradient descent (SGD) algorithm [10].

• DRL algorithms employ deep neural networks to approximate the current Q-

value, and use a separate network to generate the target Q-value. Specifically,

the output of the current Q-value network Qθ(xk,uk) is utilized to assess the

value function associated with the present state-action pairs, while the output

of the target Q-value network Qθ−(xk,uk) serves as an optimization target.

The parameters of the current Q-value network θ are updated in real-time, by

minimizing the error between the current Q-value and the target Q-value. The

error is normally described as a TD error function, which is also known as

the loss function. The loss function for updating the current Q-value can be

described as

L =
1

N

E∑
k

(r(xk,uk) +Qθ−(xk+1,uk+1)−Qθ(xk,uk))
2,

where E is the size of the minibatch sampled from β. The parameters of the

target Q-value network θ− are updated based on the current Q-value network,

using different updating approaches, such as the soft update method [23, 41]

and the direct copy method [48].

Based on the aforementioned improvement, deep Q network (DQN) [48] was pro-

posed and has become one of the most classical DRL algorithms. However, DQN

can only handle systems with continuous state spaces coupled by discrete and low-

dimensional action spaces. The reason behind this limitation is illustrated as follows.

To solve the BOE (1.5b) and update the action-value function (1.8), the agent has to

choose an action that maximizes the action-value function for the next time instant.

However, it is difficult to determine an optimal action from a continuous and high-
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dimensional action space. Thus, DQN faces challenges in learning optimal policies

for the environments requiring actions from an infinite set, such as manipulating the

angle of robotic arms. To remove the above limitations, a deep deterministic policy

gradient (DDPG) algorithm was proposed to handle the system with a continuous

and high-dimensional action space in [41]. Compared with DQN, the DDPG algo-

rithm has the following three improvements: (1) Based on the deterministic policy

gradient (DPG) [73], the DDPG algorithm utilizes an actor-critic architecture [36],

which can deal with a continuous action space; (2) Unlike the direct copy method

for updating target Q-value network, the DDPG algorithm uses soft target update

method to calculate target values for both critic and actor networks. This soft up-

date technique results in a stable target; (3) To achieve the exploration performance

in continuous action spaces, the DDPG algorithm adds noises to the outputs of the

policy. In Section 3.3.1, we will introduce the DDPG algorithm with its loss functions.

DRL has been proven to be efficient in achieving superhuman performance in many

practical applications, such as the game of Go [72,74], video games [19,47,53,85], and

robotics [21,27,31,65]. However, DRL directly learns optimal strategies from raw data

without requiring explicit system dynamics, which naturally brings several challenges

related to training safety and converging rate, especially for controlled systems.

1.2 Model Predictive Control (MPC)

The versatility of MPC has been demonstrated across a diverse range of applications,

such as automobiles [32], unmanned aerial vehicles [71], and marine robots [69, 70].

This section provides an overview of MPC, including its formulation, strengths, and

limitations. MPC has recently emerged as a preeminent method to address complex

systems with constraints [39]. At each control time instant, MPC exploits an explicit
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Figure 1.3: The schematic diagram of MPC

system model to predict system states over a predefined prediction horizon. Subse-

quently, MPC constructs and solves an optimization problem to determine a sequence

of optimal control inputs that minimize a specific cost function while satisfying sys-

tem constraints. Only the first control input is implemented upon determining the

optimal control sequence. This process is repeated at the next time instant based on

new measurements [37].

1.2.1 MPC Formulation

Consider a discrete-time, deterministic system

xk+1 = f(xk,uk), (1.9)

where xk ∈ Rn and uk ∈ Rm are the system states and the control inputs, respectively.

The system is subject to hard constraints xk ∈ X and uk ∈ U, where the sets X and

U are compact and convex. Each set of X and U contains the origin in its interior.

The function f(·) is the actual system dynamics, which can be linear or nonlinear.

For the case that the equilibrium point of system in (1.9) is the origin, the control

objective is to regulate the state (1.9) to the origin.
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Ideally, the main insight of MPC strategy is to obtain a sequence of control inputs

that minimize a cost function for the current system state. The cost function can be

described as

J(xk,uk) =
∞∑
l=k

ℓ(xl|k,ul|k), (1.10)

where xl|k and ul|k represent the predicted system state and control input, respec-

tively, l steps ahead from time k; ℓ(xl|k,ul|k) denotes the stage cost function. uk and

xk are the predicted control sequence and state sequence.

However, it becomes computationally intractable to optimize the cost function

(1.10) in practical applications, primarily due to the infinite prediction horizon and a

large number of optimization variables. To make the optimization problem feasible, a

method was proposed to divide the infinite prediction horizon into two parts [15]. The

first part predicts system states and control inputs over a finite prediction horizon,

whereas the second part represents the trajectory of the subsequent infinite prediction

horizon under a pre-designed feedback control law. Furthermore, a terminal state

inequality constraint must be taken into account with the guarantee of feasibility and

stability. Thus, the conventional MPC problem can be expressed as

min
uk|k,...

J(xk,uk) =
k+N−1∑
l=k

ℓ(xl|k,ul|k) + ℓf (xk+N |k), (1.11a)

s.t. xk|k = xk, (1.11b)

xl+1|k = f(xl|k,ul|k), (1.11c)

xl|k ∈ X̄,ul|k ∈ Ū, l = k, . . . , k +N − 1 (1.11d)

xk+N |k ∈ Xf , (1.11e)

where N is the predefined prediction horizon; Xf is the terminal constraint set;

ℓf (xk+N |k) denotes the terminal cost function. At the sampling time instant k, the
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optimal control input can be obtained by solving the MPC problem (1.11).

1.2.2 Robust MPC

As shown in the last section, MPC is a promising method to predict system states

and obtain control inputs for the deterministic system dynamics. However, the con-

ventional MPC has the limited robustness [71], making it difficult to tackle the un-

certainties. Therefore, robust MPC (RMPC) has been developed as an extension

of the conventional MPC to handle uncertainties. RMPC is a particularly powerful

method in applications where the system dynamics may not be perfectly accurate.

Notably, a sequence of control inputs is obtained from the RMPC framework, while

satisfying system constraints and guaranteeing robust stability. The existing results

in RMPC can be categorised into two main methods: tube-based methods and min-

max optimization-based methods. The min-max optimization-based methods require

a high computational burden compared with tube-based methods. Thus, in this sec-

tion, we briefly introduce the tube-based MPC.

The essential idea of tube-based MPC is to keep all possible trajectories within

a tube around the nominal trajectory [71]. To accomplish this, a robust positively

invariant (RPI) set needs to be determined based on the local feedback control law.

Moreover, the RPI set and the feedback control law can be calculated either online

or offline, resulting in different tube-based MPC methods. A rigid tube-based MPC

(RTMPC) method was proposed in [46], which tightens system constraints by offline

calculating the RPI set and feedback control law. At each time instant, this work

considers an initial system state and a control input sequence as decision variables.

Therefore, by offline determining the RPI set and the feedback control law, the struc-

ture of tube cross-sections is fixed during the online optimization problem. Compared

with the conventional MPC method, this method has a comparable computational
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complexity. Later, the work in [59] proposed homothetic tube-based MPC (HTMPC)

with reduced conservatism. In HTMPC, while the shape of cross-section is deter-

mined offline, the sizes of tube cross-sections are constantly updated by considering

the tube parameter as an additional decision variable in the optimization problem.

Moreover, the elastic tube-based MPC (ETMPC) was proposed in [60] as an exten-

sion of HTMPC. ETMPC online updates the shape and size of tube cross-section.

By introducing different types of RMPC with tube-based methods, we conclude that

RMPC is a powerful control technique to deal with uncertainties. However, with

less conservatism, this control method has higher computational complexity. Thus,

this limitation poses a challenge when applying RMPC to tackle practical control

problems with highly nonlinear dynamics and uncertainties.

1.3 Combination of MPC and RL

As aforementioned, MPC determines the predicted sequences by minimizing a de-

signed cost function, while satisfying system constraints. RL aims to explore an

optimal policy that maximizes cumulative rewards. The primary objective of these

two different methods is to obtain an optimal control input (action) with a given state.

MPC utilizes explicit system dynamics to solve optimization problems, while RL is

a model-free method that an agent uses collected sample to learn an optimal policy.

When accurate system dynamics are complicated to establish, RL has emerged as

a powerful learning method to improve the performance of MPC. Therefore, many

research results have been made for combining RL and MPC. The existing results in

this research direction can be classified into two categories.

• One category is RL-based MPC, such as work [20, 44, 88]. In these results, RL

algorithms are utilized to update system dynamics and tune MPC parameters
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while guaranteeing the stability. The updated system dynamics and parameters

are implemented in the MPC optimization problem, resulting in better control

performance. However, these results require a high computational complexity

due to jointly updating the policy and solving the optimization problem at each

time instant. Moreover, these results consider low-dimensional system dynamics

in their simulation, such as two-dimensional nonlinear system dynamics in [20,

88] and four-dimensional linear system dynamics in [44]. This limitation makes

RL-based MPC challenging to implement in practical applications.

• Another category is MPC-based RL which combines MPC with RL. MPC-based

RL has received considerable attention due to its ability to tackle challenging

control problems for complex systems. Further, a literature review of MPC-

based RL will be given.

In RL algorithms, model-free algorithms [23,41,48,81] offer a reliable approach for

directly learning a policy that maps states to actions. However, a significant drawback

of model-free techniques is the requirement of extensive samples to obtain an optimal

policy. Thus, improving sample efficiency during the training process has emerged

as a considerable research topic. A well-known solution involves adopting model-

based techniques [18,38,76], which utilize either function approximators or Bayesian

models to simulate the real environment. During the process of training the policy,

the utilization of data from both the learned model and the real environment can

significantly enhance sample efficiency [57]. Another solution, MPC-based RL, offers

an improved sample efficiency over both model-free and model-based RL techniques.

The essential idea of MPC-based RL is to predict future state and action se-

quences by using MPC, and then utilize RL algorithms to optimize the policy with

the assistance of predicted sequences. Different from the optimization problem (1.11)
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in conventional MPC, MPC-based RL considers the following optimization problem

min
uk|k,...

k+N−1∑
l=k

r(xl|k,ul|k), (1.12a)

s.t. xl+1|k = fθ(xl|k,ul|k), (1.12b)

xk|k = xk, (1.12c)

where fθ is the learned model. Due to the high nonlinearity of fθ, it is intractable to

directly calculate the optimum of (1.12). Thus, many research efforts have been made

to obtain approximate optimal solutions of (1.12) by using sampling-based methods.

The authors in [82] proposed a model predictive path integral (MPPI) method and

applied it to stochastic systems. In the MPPI method, the learned model is char-

acterized by full-connected, multi-layer, neural networks. At each time instant, the

MPPI method utilizes the importance sampling method to obtain H predicted ac-

tion sequences over a finite N prediction horizon. These predicted action sequences

are then implemented in the learned model to obtain the predicted state sequences.

Afterward, the predicted action and state sequences are utilized to update the im-

portance sampling weight and minimize the Kullback–Leibler divergence between the

optimal and current action sequence distributions. Later in [84], an extension of the

MPPI method, information-theoretic MPC (IT-MPC), was proposed by incorporat-

ing the information-theoretic approach to the MPPI method. The IT-MPC method

was successfully applied to an autonomous vehicles (AVs) application in [83]. Re-

cently, the constrained tube-MPPI method [5] and the covariance-controlled MPPI

(CC-MPPI) method [87] were proposed based on the IT-MPC method. However,

due to the computational complexity, these results considered seven-dimensional sys-

tems with partially unknown dynamics. To address this limitation, a model-based

DRL with model-free fine-tuning (MBMF) algorithm was proposed in [52]. Figure
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Figure 1.4: The system diagram of MPC-based RL

1.4 illustrates a typical diagram that combines MPC and a model-free RL algorithm.

The MBMF algorithm employs the random shooting (RS) method to generate H

predicted action sequences and identify the corresponding predicted state sequences

using the learned model, which is constructed with multi-layer neural networks. Then,

a DRL algorithm is applied to update the parameters of the learned model by using

the predicted samples and real samples. By combining MPC with the trust region

policy optimization (TRPO) [67] algorithm, the MBMF algorithm shows better per-

formance in term of sample efficiency on high-dimensional tasks from the MuJoCo

physics engine, e.g., twenty-three-dimensional half-cheetah and forty-one-dimensional

ant. Previous results establish a learned model with multi-layer neural networks, and

the learned model outputs a deterministic state xl+1|k by taking the action ul|k at the

state xl|k. However, there are two types of uncertainty: aleatoric uncertainty and epis-

temic uncertainty [26], which cannot be modeled by deterministic neural networks.

To handle the aleatoric uncertainty and epistemic uncertainty, probabilistic neural

networks capture aleatoric uncertainty, such as observation noise and process noise,

by outputting the mean and the covariance of a distribution. Moreover, epistemic un-

certainties are estimated by an ensemble of bootstrapped models. Based on the above

two techniques, K. Chua and R. Calandra enhanced the MBMF with an ensemble
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of bootstrapped probabilistic neural networks, resulting in the algorithm known as

PETS in [16]. Instead of using the RS method to solve the MPC optimization problem

(1.12) in [52], the PETS algorithm utilizes the cross-entropy method (CEM) to obtain

predicted rollouts over a specified prediction horizon. Compared with prior RL algo-

rithms, such as SAC [23], proximal policy optimization (PPO) [68], and MBMF, the

PETS algorithm requires 8 times, 125 times, and 2 times fewer samples, respectively,

to achieve the optimal policy on the twenty-three-dimensional half-cheetah task. Al-

though many research efforts have been made to enhance the accuracy of the learned

model, a model exploitation problem has recently occurred in MPC-based learning as

a primary challenge. The model exploitation problem refers that an agent overly ex-

ploits the learned model to maximize short-term rewards, and neglects exploration of

true dynamics. This exploitation can lead the algorithm’s policy to a local optimum.

To address this problem, the work in [29] proposed a model-based policy optimization

(MBPO) algorithm that leverages an ensemble of bootstrapped probabilistic neural

networks (EBPNNs) and a large number of rollouts, over a short prediction horizon,

to solve the MPC optimization (1.12). The theoretical analysis and simulation results

demonstrate that the MBPO algorithm can handle the model exploitation problem

with a sufficiently short prediction horizon. Further, the MBPO algorithm leads to

enhanced performance regarding total return and sample efficiency compared with

PETS and model-free RL algorithms.

In the literature, there are two main categories of combining MPC and RL, i.e.,

RL-based MPC and MPC-based RL. A brief summary is presented in Table 1.1.
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Table 1.1: Classification of the combination of RL and MPC

MPC-based RL

Related work Constraint types System dynamics Methods

[82] Unconstrained Nonlinear systems MPPI

[83] Unconstrained Nonlinear systems IT-MPC

[84] Unconstrained AVs IT-MPC

[87] Unconstrained Nonlinear systems CC-MPPI

[5] Constrained Nonlinear systems Tube-MPPI

[52] Unconstrained Nonlinear systems RS + TRPO

[16] Unconstrained Nonlinear systems CEM

[29] Unconstrained Nonlinear systems EBPNNs+SAC

RL-based MPC

Related work Constraint types System dynamics Methods

[88] Constrained Linear systems Q-learning + RMPC

[20] Constrained Linear systems Q-learning + NMPC

[44] Constrained Linear systems SARSA + RTMPC

1.4 Motivation and Proposed Methodologies

As seen from the aforementioned introduction, although existing results on MPC-

based RL outperform model-free RL in term of sample efficiency, the MPC-based

RL algorithms still need a large number of real samples to obtain the optimal pol-

icy. Specifically, the MBPO algorithm requires around 4000, 100000, 300000, and

500000 on inverted pendulum, hopper, ant, and half-cheetah tasks. This limitation

makes MPC-based RL intractable to practical applications. To tackle this challeng-

ing problem, we introduce an MPC-based RL algorithm for uncertain linear systems.

The essential idea of this work lies in a novel integration of MPC and DRL. In the

proposed method, RTMPC is utilized to obtain the predicted state and action se-
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quences. Then the predicted sequences are employed in the SAC algorithm to form

TD targets and to update the policy online. By utilizing the generated TD targets in

the DRL-MPC framework, the optimal policy is obtained without requiring a large

number of real datasets. Moreover, the proposed method has a comparable computa-

tional complexity to RTMPC. Numerical simulations and comparisons are performed

to demonstrate that our framework leads to better performance at the convergence

rate towards the equilibrium point..

Many research efforts have been made to develop control methods, such as MPC,

RL, and MPC-based RL, for robot manipulator systems. Since that these control

methods are designed for various applications with different motivations, we aim to

explore the performance of existing MPC-based RL algorithms, MPC methods, and

model-free RL algorithms for regulation and tracking problems of robot manipulator

systems. Three comparison cases are conducted from the following perspectives.

• Simulation and comparison studies are conducted on a 2-degree-of-freedom

(DOF) and a 6-DOF manipulator systems by using nonlinear MPC [15], DDPG

[41], SAC [23], and MBPO [29] algorithms.

• The comparison studies focus on the regulation and tracking problems. Fur-

ther, the control and training performance of the representative methods and

algorithms are investigated.

1.5 Thesis Organization

The remainder of this thesis is organized as follows.

Chapter 2 proposes an SAC-RTMPC framework for a class of constrained linear

systems with bounded additive disturbances. Numerical simulations and comparisons

are provided to demonstrate that the proposed framework can achieve better control
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performance than conventional MPC.

Chapter 3 investigates the application of three representative methods for robot

manipulators by a series of simulation studies. Firstly, an MPC-based RL algorithm,

two model-free RL algorithms, and a nonlinear MPC method are employed to conduct

simulation and comparison studies for a 2-DOF manipulator based on its dynamics

model. Secondly, model-free RL and MPC-based RL algorithms are applied to a 2-

DOF manipulator using the kinematics model. Thirdly, an MPC-based RL and two

model-free RL algorithms are implemented to UR10e which is a 6-DOF manipulator

system in practical.

Chapter 4 concludes this thesis and lists the future research directions.
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Chapter 2

A Framework of MPC-based RL

for Uncertain Linear Systems

2.1 Introduction

Due to the ability to handle constraints, MPC provides a potential solution to meet

safety requirement in the RL training process. Therefore, many research efforts have

been devoted to combining MPC and RL to inherit the benefits of both RL and

MPC [4,44,50,52,82,84,88]. Existing results on this research direction can be classified

into two main categories. (1) On the one hand, a real dataset is required to construct

a learned model. Further, the prediction results of MPC are utilized to guide RL’s

exploration in the action space [52, 82, 84]. In [52], the action for the next time

instant is obtained from the RL’s policy with MPC’s assistance, thus improving the

convergence performance, compared with RL algorithms. (2) On the other hand,

when the system dynamics are partially known, the accuracy of system dynamics

can be improved by using outputs obtained from RL algorithms, and the action

for the next time instant is calculated by solving the MPC optimization problem
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[20,44,50,88]. These methods can ensure the safety during the training process.

In many practical control problems, it is hard to obtain sufficient data for training,

making it difficult for the first category in applications [82, 84]. To tackle this chal-

lenging problem, we follow [20] to develop the incorporation of RL and MPC. This

work proposed a framework to combine RL and MPC for a class of linear systems with

bounded disturbances. The framework utilizes the Q-learning algorithm to approxi-

mate system matrices of the dynamic model. Then, the MPC optimization problem is

solved with the updated system matrices. Later in [44], the RTMPC framework [46]

and the feedback control law were jointly considered to improve the convergence per-

formance of system states. However, the main limitation of work [20, 44, 88] lies in

the computational complexity since system matrices and the feedback control law are

obtained from the RL algorithm at each time instant. Moreover, the related RPI

set and the terminal region, which are necessary for ensuring the closed-loop per-

formance, need to be determined online. Another limitation is that the utilized RL

algorithm is not able to solve problems with a large action space, thus requiring the

initial guess of system matrices to be close to true values. Otherwise, the control

performance may not be able to achieve the desired performance.

In this chapter, we introduce a DRL scheme based on RTMPC principles for a

class of constrained linear systems with bounded additive disturbances. Compared

with the method presented in [44], we employ RTMPC to approximate the action-

value function. Moreover, in [20, 44, 88], the utilized RL algorithms are traditional

RL, i.e., Q-learning and SARSA, which may not be able to achieve learning objec-

tives with continuous state and action spaces [48], and this limitation may obtain

a policy with limited control performance. To tackle this problem, we use the SAC

algorithm because of its strength in exploring the optimal policy for discrete-time

systems with continuous states and action spaces. Compared with existing work, the
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main contributions of our work are as follows.

1. By employing RTMPC to modify the target Q-value, under the proposed method,

the learning policy can converge to the optimum with a reduction of conser-

vatism. We also integrate four neural networks to handle the extensive data

and exploration in the DRL.

2. A computationally tractable SAC-RTMPC framework is designed. In the pro-

posed framework, the feedback control law, RPI set and terminal region are

not required to update at each time instant. The control inputs (actions) are

directly obtained from the learning policy, and safety can be ensured during the

control process.

3. By storing predicted nominal trajectories obtained from RTMPC in a replay

buffer, our proposed framework makes use of predicted trajectories, thus easing

the requirement of a large number of samples.

The remainder of this chapter is structured as follows: Section 2.2 introduces the

problem formulation and briefly presents the preliminary results of RTMPC and SAC

algorithms. Section 2.3 discusses the relation between RL and MPC, and presents the

proposed SAC-RTMPC algorithm. Section 2.4 shows the simulation and comparison

studies. Lastly, Section 2.5 concludes this work.

Notations

The sets of real numbers, real column vectors with n components and real matrices

with m rows and n columns are denoted by R,Rn and Rm×n, respectively. Let ∥x∥

and ∥x∥∞ denote the vector Euclidean norm and infinity norm, respectively, and

we define ∥x∥Q = x⊤Qx. The Minkowski sum of sets X ∈ Rn and Y ∈ Rn is
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denoted by X⊕Y = {x+ y|x ∈ X, y ∈ Y}, and the Pontryagin difference is X⊖Y =

{z ∈ Rn : z + y ∈ X;∀y ∈ Y}.

2.2 Preliminaries and Problem Formulation

Consider a discrete-time linear time-invariant (LTI) system with a bounded distur-

bance ωk ∈ Rn

xk+1 = Axk +Buk + ωk, (2.1)

where xk ∈ Rn and uk ∈ Rm are the system state and the control input, respectively.

The system is subject to constraints xk ∈ X, uk ∈ U and ωk ∈ W, where sets

X, U, W are compact and convex with the origin in its interior. We assume that

system matrices A ∈ Rn×n and B ∈ Rn×m are known. K is a feedback control

gain and satisfies that Ak ≡ A + BK is stable. Z is the RPI set, which satisfies

AkZ⊕W ⊆ Z [9].

2.2.1 Rigid Tube-based MPC

We firstly review the RTMPC proposed in [46] with the associated optimization prob-

lem formulated as:
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min
xk|k,uk

JN(xk,uk) =
k+N−1∑
l=k

ℓ(xl|k,ul|k) + ℓf (xk+N |k), (2.2a)

s.t. xl+1|k = Axl|k +Bul|k, (2.2b)

xk ∈ xk|k ⊕ Z, (2.2c)

xl|k ∈ X̄ ≡ X⊖ Z, (2.2d)

ul|k ∈ Ū ≡ U⊖KZ, (2.2e)

xk+N |k ∈ Xf , (2.2f)

where xl|k and ul|k denote the predicted nominal system state and control input l

steps ahead from time k. uk and xk are the control sequence and state sequence,

i.e., uk = [u⊤
k|k,u

⊤
k+1|k, . . . ,u

⊤
k+N−1|k]

⊤, respectively. N is the prediction horizon,

and ℓ(xl|k,ul|k) and ℓf (xk+N |k) denote the stage cost and terminal cost functions,

respectively. Xf is the terminal constraint set. The optimal control sequence u∗
k

is obtained by solving the optimization problem (2.2), then the first input in the

sequence, u∗
k = u∗

k|k, is implemented to the system, i.e.,

uk = u∗
k +K(xk − x∗

k|k), (2.3)

where x∗
k|k is the optimal decision variable of the problem (2.2). The system state

xk+1 at next time instant is obtained from the dynamic system (2.1) under the control

input (2.3).

To ensure robust constraint satisfaction, the RPI set should satisfy Z ⊂ interior

(X) and KZ ⊂ interior (U) [46]. The terminal cost function ℓf (xk+N |k) and the
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terminal constraint set Xf in (2.2) need to satisfy the following conditions [45]

AkXf ⊂ Xf ,Xf ⊂ X⊖ Z, KXf ⊂ U⊖KZ.

ℓf (Akxk+N |k) + ℓ(xk+N |k, uk+N |k) ⩽ ℓf (Akxk+N |k),∀x ∈ Xf .

2.2.2 Soft Actor-Critic (SAC)

Consider a discrete-time Markov Decision Process (MDP) characterized by a tuple

(X,U,R, λ, πθ), where X ∈ Rn, U ∈ Rm and R denote the state space, the action

space and the reward function, respectively. λ ∈ [0, 1] is the learning rate, and πθ

is the learning policy π with respect to the parameter θ. One of the fundamental

principles to design RL algorithms is the Bellman equation expressed in the form of

a state-action value function

Q(xk,uk) = r(xk,uk) + γ
∑

xk+1∈X

p(xk+1|xk,uk)V (xk+1), (2.5)

where γ ∈ [0, 1] is the discount rate; p(xk+1|xk,uk) represents the probability for an

agent moving from the state xk to the next state xk+1 by taking the action uk, and

the value function V (xk) can be described as

V (xk) = r(xk) + γ
∑

xk+1∈X

p(xk+1|uk)V (xk+1). (2.6)

The SAC [23] algorithm is the extension of the initial Actor-Critic (AC) [36]

algorithm. SAC is built upon two key concepts: AC learning and maximum entropy

reinforcement learning [90]. Combining these two concepts enables SAC to achieve

stability and exploration in a high-dimensional continuous action space. In maximum

entropy RL, the objective is to maximize the expected return with an additional
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entropy term

H(π(·|xk)) = Euk∼π(·|xk)[− log π(uk|xk)].

The practical of entropy term is to regulate the balance between exploration and ex-

ploitation during training. A higher target entropy value encourages the algorithm to

explore more optimal policy. Therefore, the objective function for maximum entropy

RL can be written as

π∗
MaxEnt = argmax

π
Eπ

[∑
k

r(xk,uk) + ξH(π(·|uk))

]
,

where ξ is the temperature parameter. The parameter ξ can be adaptively learned

by optimizing its own loss function given by

L(ξ) = Exk∼β,uk∼π(·|xk)[−ξ(log π(uk|xk) +H0)], (2.7)

where β denotes the replay buffer for past experience, and H0 is the target entropy.

The value function (2.6) in maximum entropy RL is rewritten as

V (xk) =
∑
uk

π(uk|xk)Q(xk,uk) +H(π(·|xk)).

It is noteworthy that SAC employs two critic neural networks with parameters η1

and η2, two target critic neural networks with parameters η−1 and η−2 , and one actor

neural network with the parameter θ. When utilizing critic networks, the algorithm

selects the one with a lower Q-value to alleviate the issue of overestimating Q-values.

The TD error functions for critic neural networks and the actor neural network are
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given by

δ(η) =Exk,uk,rk,xk+1∼β,uk+1∼πθ(·|xk+1)[Qη(xk,uk)

− (rk + γ(min
j=1,2

Qη−j
(xk+1,uk+1)− ξ log π(uk+1|xk+1)))], (2.8a)

δ(θ) =Exk∼β,uk∼πθ [ξ log(πθ(uk|xk))−Qη(xk,uk)], (2.8b)

The target parameter η− can be updated by

η−1,2 ← τη1,2 + (1− τ)η−1,2, (2.9)

where τ ∈ [0, 1] is an updating rate.

2.2.3 Control Objectives

Our primary control objective is to regulate the system state of the LTI system in

(2.1) to the origin as close as possible when k →∞. Meanwhile, the state and control

input constraints must be satisfied for all admissible disturbances ωk. Furthermore,

the secondary objective is to minimize the value of the reward function to achieve

the optimal learning policy. However, it is not necessary to satisfy the secondary

objective as long as the system states are getting close to the origin when k → ∞.

Thus, in this section, our priority is to ensure that system states are approaching the

origin while respecting system constraints.

2.3 Deep RL Rigid Tube-based MPC Algorithm

In this section, we present a DRL-RTMPC framework for the system in (2.2), based

on SAC and RTMPC.
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2.3.1 State-Action Value Function in MPC

Fundamentally, MPC optimizes system behaviours over a finite prediction horizon,

while RL aims to maximize the cumulative rewards over an infinite prediction hori-

zon. For (2.2a), we consider the stage cost function and terminal cost function in a

quadratic form

ℓ(xl|k,ul|k) =
k+N−1∑
l=k

(∥xl|k∥Q + ∥ul|k∥R), (2.10a)

ℓf (xk+N |k) = ∥xk+N |k∥P , (2.10b)

where Q,R and P are positive definite. The stage cost function (2.10a) can be

decomposed into the predicted current and future stage costs

ℓ(xl|k,ul|k) = (∥xk|k∥Q + ∥uk|k∥R) +
k+N∑
l=k+1

(∥xl|k∥Q + ∥ul|k∥R). (2.11)

Then, the cost function of MPC optimization problem (2.2a) can be written as

JN(xk,uk) =(∥xk|k∥Q + ∥uk|k∥R) +
k+N−1∑
l=k+1

γl−k(∥xl|k∥Q

+ ∥ul|k∥R
)
+ γN∥xk+N |k∥P .

(2.12)

By comparing (2.5) and (2.12), if we assume the discount rate γ = 1, and the

control input (action) uk is obtained from the MPC policy, it is evident to show

that (2.12) becomes a special case of (2.5). The current reward function r(xk,uk),

probability for taking control input u∗
k at state xk, and the learning policy π(xk) can
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be defined as follows

r(xk,uk) = (∥xk|k∥Q + ∥uk|k∥R), (2.13a)

p(xk+1|xk,uk) = 1, (2.13b)

π(xk) = u∗
k. (2.13c)

Next, we can define the Bellman optimality equation by using the policy of MPC

Q(xl|k,ul|k) = min
xk,uk

(∥xk|k∥Q + ∥uk|k∥R) +
k+N−1∑
l=k+1

γl−k(∥xl|k∥Q + ∥ul|k∥R)

+ γN∥xk+N |k∥P ,

s.t.(2.2b)− (2.2f).

2.3.2 Temporal Difference from MPC to RL

In Section 2.3.1, we have identified the connection between MPC and the Bellman

optimality equation. Furthermore, for the model-free RL-based MPC, the TD error is

essential to be determined. This subsection presents how to obtain the TD error using

MPC. As mentioned in Section 2.2.2, the TD algorithm initially requires the specifi-

cation of the TD target. Typically, the TD target is obtained by adding the current

reward r(xk,uk) to the state-action value of the next time instant Q(xk+1,uk+1).

Consequently, the TD error can be derived via subtracting the Q(xl|k,ul|k) value of

the current policy from the TD target. In our approach, we substitute the sequence

of predictive states, from the MPC optimization problem, into the TD error; thus,
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(1.7) can be rewritten as

δ = Q(xl|k,ul|k)− r(xk,uk) + γ
∑

xk+1∈X

p(xk+1|xk,uk)V (xk+1). (2.15)

In (2.15), Q(xl|k,ul|k) is obtained by solving the MPC optimization problem, and

the rest part r(xk,uk) + γ
∑

xk+1∈X p(xk+1|xk,uk)V (xk+1) can be predicted by the

current policy of the Q-value estimator/DNN (with policy parameter η) by (2.5).

Therefore, the TD error function (2.15) can be rewritten as

δ =Q(xl|k,ul|k)−Qη(xk,uk)

=(∥xk∥Q + ∥uk∥R) +
k+N−1∑
l=k+1

λl−k(∥xl|k∥Q

+ ∥ul|k∥R) + λN∥xk+N |k∥P −Qη(xk,uk).

(2.16)

2.3.3 SAC Rigid Tube-based MPC

As mentioned in Section 2.2.2, the SAC algorithm involves five neural networks:

two critic neural networks, two target critic neural networks, and one actor neural

network. In the proposed methodology, we use two critics neural networks with the

parameters η1 and η2, one target critic neural network with the policy parameter

η−, and one action neural network with the policy parameter θ from the original

SAC framework, and the optimal value of the MPC objective function serves as

another target critic factor. Thus, we utilize both the target critic neural network

and the optimal value of the MPC objective function as estimators of target critic

neural networks to have a trade-off between the stability and exploration. Then,

by comparing state-action values Q(x, u) from the aforementioned estimators, the

relatively small value of Q(x, u) is employed to guide the critic neural network to

learn a policy πθ(xk). Specifically, if the Q(xl|k,ul|k), from the MPC, is relatively
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Algorithm 1 SAC-RTMPC

Input: Learning rate λ, discount rate γ, target entropy H0, and updating rate
τ ; MPC parameters Q, RR,A,B and N . Initialize the policy parameters
ξ, η1, η2, η

−, θ
1: for time instant k = 0, 1, 2, . . . , n do
2: Measure the system state xk; then, solve the MPC problem (2.2) and use (2.3)

to obtain predicted sequences xk,uk
3: Store xk,uk to the replay buffer β
4: Compute the TD target from modified MPC cost function (2.12)
5: for numbers of training do
6: Sample T data pairs from β, and obtain the TD target from target critic

network by using (2.5).
7: Determine the TD error of critic networks δ(η) by using (2.17); then, update

the policy parameter η1,2
8: Based on the current policy parameters η1,2 and θ, calculate the TD error

δ(θ) by using (2.8b), and update the policy parameter θ,
9: Update the target policy parameter η−1,2 from (2.9) and the temperature pa-

rameter ξ by optimizing (2.7)
10: end for
11: Obtain the control input from the actor neural network, i.e., uk = πθ(xk)
12: Implement uk to the system in (2.1) to generate a new system state xk+1

13: end for

smaller, our algorithm treats Q(xl|k,ul|k) as the TD target and updates the policy

parameter η1,2 of the critic neural networks. Qη1,2(xk,uk) is then used to amend the

policy parameter θ of the action neural network. Stability can be ensured during the

training process. If the Qη−(xk,uk) derived from the target critic neural network is

found to be relatively smaller, Qη−(xk,uk) will serve as the TD target and repeat

the steps as mentioned above. Therefore, we need to redefine the TD error function

(2.8a) and (2.16)

δ(η) =Exk,uk,rk,xk+1∼β,uk+1∼πθ(·|xk+1)[Qη(xk,uk)−min(Q(xl|k,ul|k),

(rk + γ(Qη−(xk+1,uk+1))− γξ log π(uk+1|xk+1)))].

(2.17)

The essential idea of the proposed method is to exploit the predicted results of

optimization problems (2.2)-(2.3) and to modify the TD error function of critic neu-
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Figure 2.1: Scheme of the proposed SAC-RTMPC framework

ral networks by using (2.17). To be more specific, we firstly solve MPC problems

(2.2) and (2.3). Then, the results xk and uk are reconstructed in the form of

{xl|k,ul|k, rl|k,xl+1|k}, l = 0, 1, 2, . . . , 9, and stored in the replay buffer β. Then,

by repeatedly sampling T data pairs, the policy parameters are updated. Lastly, the

control input is obtained from the updated DRL policy, i.e., uk = πθ(xk). In the next

time instant, we repeat the aforementioned procedures to calculate the new control

input. Overall, the proposed method is summarized in Algorithm 1, and the scheme

of the proposed SAC-RTMPC framework is shown in Figure 2.1.

2.4 Simulation Results

In this section, a numerical sample is given to show the effectiveness of the proposed

framework as detailed in Algorithm 1. The numerical simulation is conducted in

Python. We consider the following LTI system in the test [46]

xk+1 =

1 1

0 1

xk +

0.5
1

uk + ωk. (2.18)



33

0 5 10 15 20 25 30 35 40
Time instant

−0.8

−0.6

−0.4

−0.2

0.0

0.2

0.4

0.6

0.8

Co
nt

ro
l i

np
ut

Control input from SAC-RTMPC
Control input from RTMPC

Figure 2.2: Comparison of the trajectories of control input uk for time instants k =
0, . . . , 39 under SAC-RTMPC and RTMPC methods

The state constraint, the control input constraint and the bounded disturbance

are listed as follows:

x ∈ X ≜

x |

−10
−2

 ⩽ x ⩽

2
2


 ,

u ∈ U ≜ {u | |u| ⩽ 1}, ω ∈W ≜ {∥ω∥∞ ⩽ 0.15}.

The weighting matrices are Q = I2 and R = 0.1. The prediction horizon is

N = 10. For the SAC, the actor neural network is built up by a single hidden layer

with the Softplus activation function, while the critic neural network contains two

hidden layers with ReLU activation functions. Each hidden layer consists of 120

neurons. The learning rate γ, the temperature parameter ξ, the target entropy H0,

and the updating rate τ are selected as 0.98, log (0.01), -1 and 0.001, respectively.

The initial state is set as x0 =

[
−7 0.5

]⊤
.

We compare the proposed framework summarized in Algorithm 1 with the RTMPC
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Figure 2.3: Comparison of the trajectories of state xk for time instants k = 0, . . . , 40
under SAC-RTMPC and RTMPC methods

method in [46]. Figures 2.2-2.3 show the trajectories of control inputs and system

Table 2.1: The comparison of system performance

Time instants Algorithm 1 RTMPC

J
10 121.86 130.50
40 123.47 133.33

states, which are obtained by Algorithm 1 and RTMPC [46]. Figure 2.2 shows that the

trajectories of control inputs from our method satisfy input constraints. Meanwhile,

by implementing control inputs to the system in (2.1), our algorithm exhibits better

control performance of convergence. The reason for this improvement is that the value

of the reward function (2.13a) is more sensitive to changes in system states. If the

current reward is too large, Algorithm 1 explores a more appropriate control input,

which can heavily reduce state cost for the next time instant. Furthermore, Figure 2.3

illustrates that state constraints are respected during the control process. In addition,

we introduce an index J =
∑T

k=0(∥xk∥Q + ∥uk∥R)), where T denotes the simulation
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time. The comparison is shown in Table 2.1. We observe that the total cost J , from

our proposed algorithm, is lower than that of the tube MPC. To summarize, while

satisfying safety concerns, the proposed framework can improve the performance of

the convergence and total cost compared with the RTMPC method [46].

2.5 Conclusion

In this chapter, we proposed a DRL-MPC framework that incorporates SAC and

RTMPC. Unlike most DRL algorithms requiring a large number of real samples, in

our approach, RTMPC is employed as an estimator to predict future system states and

control inputs. The predicted sequence is stored in the replay buffer, which facilitates

the SAC algorithm to determine an optimal policy online. Thus, the performance of

convergence is improved in the proposed framework. Moreover, by deploying MPC,

the proposed framework can ensure the safety during the training, which is hard to

achieve in DRL algorithms. Numerical simulations have demonstrated the effective-

ness of the proposed approach compared with the RTMPC scheme.
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Chapter 3

Incorporation of MPC and DRL

for Manipulator Systems

3.1 Introduction

In recent decades, robot manipulators have received considerable attention due to

their wide applications in different areas, such as surgery assistance [12, 55] and in-

dustrial manufacturing [1, 2]. Robot manipulators are often applied to solve control

problems with complex, high-dimensional, and dynamic environments, requiring real-

time decision-making, precise control, and robustness to uncertainties. The essential

control objectives are to achieve a reference point and track a trajectory by the end-

effector. Many results have been proposed to control robot manipulators, such as

PID control, MPC, and RL. Traditional control methods, such as PID control [14,62],

struggle to achieve optimal performance for a highly nonlinear manipulator system

with disturbances. Therefore, many robust control methods have been proposed

for manipulator systems with high nonlinearities subject to external disturbances.

In [43], a self-tuning fuzzy PID controller was designed for a 4-degree-of-freedom (4-
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DOF) manipulator system with a bounded disturbance. By implementing an adaptive

neural network, the work in [24, 79] showed a good performance, compared with PD

control, while dealing with a disturbed 2-DOF manipulator system. However, these

approaches can not adequately satisfy the system constraints.

Due to the above limitations, MPC is proposed to handle system constraints and

disturbances simultaneously [71]. By giving explicit manipulator dynamics, MPC

constructs and solves an optimization problem to determine a sequence of optimal

control inputs with the satisfaction of system constraints. Many efforts have been

made to control robot manipulators by using MPC [17, 33, 56, 61]. The first result

on this research direction can be found in [61], which solved the MPC optimization

problem with an approximated linear model of a KUKA robot. Later, the work in [56]

proposed a nonlinear MPC controller for a 2-DOF manipulator system. Recently, a

robust MPC method was proposed in [17], which not only addressed the trajectory

tracking problem for a Baxter robot in the presence of disturbances, but also guaran-

teed the satisfaction of system constraints. However, these results only considered a

2-DOF manipulator system for simulations and experiments. Although MPC shows

better control performance compared to the traditional control methods, the limita-

tions of MPC are requirement of the high computational burden and explicit system

dynamics, notably for high-dimensional systems.

Fortunately, model-free DRL offers a framework that enables the robot manip-

ulator to perform complex and high-dimensional tasks without the requirement of

precise system dynamics. Many model-free DRL methods have been proposed for

manipulators, involving the work in [21, 27, 31, 40, 54, 65, 89]. In [89], a model-free

RL algorithm was utilized to optimize the policy of the proposed algorithm for a 6-

DOF collaborative manipulator. Based on the normalized advanced functions (NAF)

in [22], the authors in [21] proposed a DRL method for a 6-DOF Kinova JACO arm
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with additional 3-DOF fingers. It is noted that the aforementioned model-free RL

algorithms require a large number of samples to obtain the optimal policy. How-

ever, this requirement is usually difficult to achieve in real environment. Thus, it is

significant to improve the sample efficiency during training the DRL policy.

Recently, MPC-based DRL has emerged as a promising approach for improving

the sample efficiency due to its ability to predict future actions. Unlike the model-

free DRL algorithm, MPC-based DRL algorithms learn system dynamics from real

samples. By optimizing the policy with real samples and predictive rollouts, the

sample efficiency can be significantly improved. Compared with the conventional

MPC, MPC-based DRL incorporates model-free DRL and sampling-based MPC. The

MPC-based DRL algorithms were developed and utilized to control robot manipu-

lators in [42, 51, 63, 66]. In these results, the evaluation of control performance and

computational burden is often neglected, and only the performance of total return

with different algorithms is compared. Moreover, in practical applications, it is chal-

lenging to obtain sufficient samples for training, due to mechanical limits, system

constraints, and safety specifications. In this chapter, we focus on the simulation

studies of applying different model-free RL algorithms, MPC-based RL algorithms,

and a nonlinear MPC (NMPC) method to robot manipulators. Comprehensive com-

parisons will show different features of these representative algorithms. Specifically,

we will compare the computational burden, control performance, and training per-

formance of manipulators by using different algorithms, including NMPC [15], two

model-free DRL algorithms SAC [23] and DDPG [41], and an MPC-based DRL al-

gorithm MBPO [29]. Three case studies will be test and evaluated. Each case study

considers different control objectives and manipulator system dynamics.

The remainder of this chapter is structured as follows: Section 3.2 presents the

problem formulation. Section 3.3 firstly introduces the preliminary results of NMPC,
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Figure 3.1: Universal Robots UR10e manipulator 1

DDPG, and MBPO algorithms; then discusses the simulation and comparison stud-

ies for a regulation problem of a 2-DOF manipulator based on its dynamics model.

Section 3.4 shows simulation results for a tracking problem of 2-DOF manipulator

using its kinematics model. Section 3.5 focuses on the comparison results of training

performance for a regulation problem of UR10e for its kinematics model.

3.2 Modeling of Robot Manipulators

In this section, we first introduce the kinematics and dynamics model of a 2-DOF

planar elbow manipulator. Then, the kinematics of the Universal Robots UR10e

industrial collaborative robot (shown in Figure 3.1) is presented. The kinematics

equations of manipulators represent the relationship between the angles of each joint

1https://www.universal-robots.com/products/ur10-robot/
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Link θi[rad] αi[rad] di[m] ai[m]
1 θ1 π/2 0 0.55
2 θ2 0 0 0.3

Table 3.1: The D-H parameters of 2-DOF planar elbow manipulator

and the end-effector’s position and orientation. Given the joint angles, the position

and orientation of the end-effector can be obtained by solving the forward kinematics.

In contrast, joint angles can be determined by solving the inverse kinematics utilizing

the reference position and orientation of the end-effector. The dynamic equations

describe the relationship between the motion and force.

3.2.1 Kinematics and Dynamics of Planar Elbow Manipula-

tor

Figure 3.2: 2-DOF planar manipulator

Kinematics

In order to derive kinematics of the manipulator, the 4× 4 homogeneous transforma-

tion matrix of each joint angle needs to be determined in advance. The homogeneous
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matrix Ti can be described as follows [75]:

Ti =



cθi −sθicαi sθisαi aicθi

sθi cθicαi −cθisαi aisθi

0 sαi cαi di

0 0 0 1


, (3.1)

where θi, αi, di, ai denote the link angle, the link twist, the link offset, and the link

length associated with link i, respectively. cθi and sθi denote cos θi and sin θi. The

transformation matrix 0
iH is obtained as follows:

0
iH = T1 . . . Ti. (3.2)

By giving the Denavit–Hartenberg (D-H) coordinates frame of the 2-DOF planar

elbow manipulator in Figure 3.2, the D-H parameters can be established in Table 3.1.

Therefore, the total transformation matrix 0
2H can be calculated by using (3.1) and

(3.2)

0
2H =



cθ12 −sθ12 0 dx

sθ12 cθ12 0 dy

0 0 1 0

0 0 0 1


, (3.3)

where θ12 = θ1 + θ2. dx and dy denote the end-effector’s position, which are given by

dx
dy

 =

a1cθ1 + a2cθ12

a1sθ1 + a2sθ12

 .

The transformation of the inverse kinematics problem for the 2-DOF planar elbow

manipulator system is straightforward to be shown as follows:



42

θ2 = atan2

d2x + d2y − a21 − a22
2a1a2

,±

√
1−

(
d2x + d2y − a21 − a22

2a1a2

)2
 ,

θ1 = atan2 (dy, dx)− atan2 (a1 + a2cθ2, a2sθ2) ,

(3.4)

where atan2 is the four-quadrant inverse tangent function.

Dynamics

Figure 3.3: Dynamics model of 2-DOF planar elbow manipulator

Link 1 2
θi[rad] θ1 θ2
mi[kg] 3.8749 1.0651
aci[m] 0.2110 0.1410
ai[m] 0.55 0.3

Ii[kg ·m2] 0.1395 0.0401

Table 3.2: Parameters of dynamics modeling of 2-DOF planar elbow manipulator

By considering the 2-DOF planar elbow manipulation shown in Figure 3.3, we

obtain the Euler-Lagrange equation [75] as

M(θ)θ̈ +C(θ, θ̇)θ̇ + v(θ) = τ , (3.5)
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where θ = [θ1, θ2]
⊤, θ̇ = [θ̇1, θ̇2]

⊤ and θ̈ = [θ̈1, θ̈2]
⊤ are the joint angles, the angular ve-

locities, and the angular accelerations, respectively. τ = [τ1, τ2]
⊤ denotes the applied

force. M(θ) ∈ R2×2 is the mass matrix. C(θ, θ̇) ∈ R2×2 is the matrix of Coriolis and

centripetal terms. v(θ) ∈ R2 denotes the gravitational vector. From [75], we obtain

the M(θ),C(θ, θ̇), and v(θ) as follows:

M(θ) =

m11 m12

m21 m22

 ,C(θ, θ̇) =

c11 c12

c21 c22

 ,v(θ) =

v1
v2

 , (3.6)

where

m11 = m1a
2
c1 +m2(a

2
1 + a2c2 + 2a1a

2
c2 + 2a1ac2cθ2) + I1 + I2,

m12 = m21 = m2(a
2
c2 + a1ac2cθ2) + I2,

m22 = m2a
2
c2 + I2,

c11 = −m2a1ac2sθ2θ̇2,

c12 = −m2a1ac2sθ2(θ̇1 + θ̇2),

c21 = m2a1ac2sθ2θ̇1,

c22 = 0,

v1 = (m1ac1 +m2a1)gcθ1 +m2ac2gc(θ1 + θ2),

v2 = m2ac2c(θ1 + θ2).

As aforementioned, the dynamics equations of the manipulator explicitly represent

the relation between the motion and force. However, it is difficult to obtain the Euler-

Lagrange equation for UR10e. Thus, we only describe kinematics of UR10e in the

next section.
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Figure 3.4: D-H coordinate frame for UR10e

3.2.2 Kinematics of UR10e

Forward Kinematics

For the UR10e manipulator, the joint variable is θi. The other three parameters

αi, di, ai are the D-H parameters that are based on the coordinate frame in Figure 3.4

and described in Table 3.3.

Link θi[rad] αi[rad] di[m] ai[m]
1 θ1 π/2 0.1807 0
2 θ2 0 0 -0.6127
3 θ3 0 0 -0.5716
4 θ4 π/2 0.1742 0
5 θ5 −π/2 0.1199 0
6 θ6 0 0.1166 0

Table 3.3: D-H parameters of UR10e
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Thus, the transformation matrix Ti can be computed as

T1 =



cθ1 0 sθ1 0

sθ1 0 −cθ1 0

0 1 0 d1

0 0 0 1


, T2 =



cθ2 −sθ2 0 a2cθ2

sθ2 cθ2 0 a2sθ2

0 0 1 0

0 0 0 1


, T3 =



cθ3 −sθ3 0 a3cθ3

sθ3 cθ3 0 a3sθ3

0 0 1 0

0 0 0 1


,

T4 =



cθ4 0 sθ4 0

sθ4 0 −cθ4 0

0 1 0 d4

0 0 0 1


, T5 =



cθ5 0 −sθ5 0

sθ5 0 cθ5 0

0 −1 0 d5

0 0 0 1


, T6 =



cθ6 −sθ6 0 0

sθ6 cθ6 0 0

0 0 1 d6

0 0 0 1


.

The following total transformation matrix 0
6H is composed of the rotation matrix R

and the end-effector position d = [dx, dy, dz]
⊤.

0
6H = T1T2T3T4T5T6 =

R0
6 d

0 1

 =



r11 r12 r13 dx

r21 r22 r23 dx

r31 r32 r33 dx

0 0 0 1


, (3.7)
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where

r11 = −sθ1sθ5cθ6 + cθ1(−sθ234sθ6),

r12 = sθ1sθ5sθ6 − cθ1(sθ234cθ6 = cθ234cθ5sθ6),

r13 = sθ1cθ5 + cθ1cθ234sθ5,

r21 = cθ1sθ5sθ6 + sθ1(−sθ234sθ6 + cθ234cθ5cθ6),

r22 = −cθ1sθ5sθ6 − sθ1(sθ234cθ6 + cθ234cθ5sθ6),

r23 = −cθ1cθ5 + sθ1cθ234sθ5,

r31 = cθ234sθ6 + sθ234cθ5cθ6,

r32 = cθ234cθ6 − sθ234cθ5sθ6,

r33 = sθ234sθ5,

dx = d6(sθ1cθ5 + cθ1cθ234sθ5) + d4sθ1 − cθ1(a2θ2 + a3sθ23 + d5sθ234),

dy = d6(−cθ1cθ5 + sθ1cθ234sθ5)− d4cθ1 − sθ1(a2θ2 + a3sθ23 + d5sθ234),

dz = d1 + d6(sθ234sθ5) + a2cθ2 + a3cθ23 + d5θ234.

The position of end-effector dx, dy, dz can be obtained by solving the forward kine-

matics problem (3.7).

Inverse Kinematics

Unlike the forward kinematics problem, the inverse kinematics problem derives the

angle of each joint with the target position [dx, dy, dz] and the orientation [Oϕ, Oθ,

Oψ]. For a 6-DOF manipulator, the joint variables θ1 . . . θ6 are difficult to be directly

obtained by using the relationships outlined in (3.7). In this subsection, we will use

the geometric approach and the inverse orientation to address the positioning and the

orientation problem, respectively.

From Figure 3.4, we can see that the UR10e has a spherical wrist, which implies
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that the axes z3, z4, z5 intersect at a point. Thus, the coordinates of the wrist center

xc, yc, zc are calculated by 
xc

yc

zc

 =


dx − d6r13

dy − d6r23

dz − d6r33

 . (3.8)

Now, the geometric approach can be utilized to determine the first joint angles

θ1, θ2, θ3

θ1 = atan2(xc, yc),

θ3 = atan2

(
x2
c + y2c − d24 + z2c − a22 − a23

2a2a3
,

±

√
1−

(
x2
c + y2c − d24 + z2c − a22 − a23

2a2a3

)2
 ,

θ2 = atan2

(√
x2
c + y2c − d24, zc

)
− atan2 (a2 + a3cθ3, a3sθ3) .

(3.9)

To find θ4, θ5, θ6, the inverse orientation problem needs to be tackled. From (3.7),

we can obtain the rotation matrix R0
3, R

3
6 from H0

3 = T1T2T3 and H3
6 = T4T5T6,

respectively. Consequently, we can derive the equations for θ4, θ5, θ6 as follows:

R3
6 = (R0

3)
⊤R0

6, (3.10)

where

R3
6 =


cθ4cθ5cθ6 − sθ4sθ6 −sθ4cθ6 − cθ4cθ5sθ6 −cθ4sθ5

cθ4sθ6 + cθ5cθ6sθ4 cθ4cθ6 − sθ4cθ5sθ6 −sθ4sθ5

cθ6sθ5 −sθ5sθ6 cθ5

 ,

R0
3 =


cθ1cθ23 −cθ1cθ2cθ3 − cθ1sθ2cθ3 sθ1

sθ1cθ23 −sθ1sθ23 −cθ1

sθ23 cθ23 0

 .
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Therefore, θ4, θ5, θ6 can be calculated by

θ4 = atan2(r33sθ23 + r13cθ1cθ23 + r23sθ1cθ23, r33cθ23 − r13cθ1sθ23 − r23sθ1θ23),

θ5 = atan2
(
sθ1r13 − cθ1r23,±

√
1− (sθ1r13 − cθ1r23)2

)
,

θ6 = atan2(r11sθ1 − r21cθ1, r12sθ1 − r22cθ1).

(3.11)

In summary, we have introduced three models: (1) Kinematics of a 2-DOF ma-

nipulator, (2) Dynamics of a 2-DOF manipulator, and (3) Kinematics of a 6-DOF

manipulator. In the following sections, we will apply different algorithms for each

model and compare their performance.

3.3 Case Study: Regulation Problem of 2-DOF

Planar Elbow Manipulator Systems

In this case study, we address the regulation problem associated with 2-DOF manip-

ulator dynamics by using the following methods and algorithms:

• MPC: we apply an NMPC method proposed in [15].

• DRL: we apply and test two well-known DRL algorithms, DDPG [41] and SAC

[23] for the manipulator system with continuous state and action spaces.

• MPC-based DRL: we adopt the MBPO algorithm detailed in [29].

The primary control objective is to regulate the system states x = [θ, θ̇]⊤ from

the origin to the reference states xref = [π
4
, π
4
, 0, 0]⊤, while satisfying the system

constraints.
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3.3.1 Methodologies

Nonlinear MPC

As aforementioned, MPC exploits the system model to determine a sequence of opti-

mal control inputs by solving the formulated optimization problem. Before presenting

the MPC optimization problem, we need to transform the nonlinear system dynamic

(3.5) to a linear form by feedback linearization. Firstly, Equation (3.5) needs to be

rewritten as

θ̈ = −M(θ)−1C(θ, θ̇)θ̇ +M(θ)−1(τ − v(θ)). (3.12)

By denoting θ̈ = w = −M(θ)−1C(θ, θ̇)θ̇+M(θ)−1(τ−v(θ)), we obtain the following

LTI system in a state-space form:

ẋ = Ax+Bw

=



0 0 1 0

0 0 0 1

0 0 0 0

0 0 0 0


x+



0 0

0 0

1 0

0 1


w,

(3.13)

where x = [θ, θ̇]⊤ is a vector of joint angles and angular velocities. By using the

zero-order hold method, the model (3.13) can be discretized with a sampling period

∆T . Thus, the discrete-time system matrices Ad and Bd shown as follows:

Ad = eA∆T ,Bd =

∫ ∆T

0

eAδBdδ. (3.14)
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The discrete-time LIT system is described as

xk+1 =



1 0 ∆T 0

0 1 0 ∆T

0 0 1 0

0 0 0 1


xk +



∆T 2

2
0

0 ∆T 2

2

∆T 0

0 ∆T


wk. (3.15)

By substituting θ̈ = wk into (3.5), the control inputs τ can be expressed as

uk = τ k = M(θk)wk +C(θk, θ̇k)θ̇k + v(θk). (3.16)

Therefore, the NMPC optimization problem can be constructed as

min
wk|k,...

k+NM−1∑
l=k

(∥xref − xl|k∥Q + ∥wl|k∥R) + ∥xref − xk+NM|k∥P , (3.17a)

s.t. xl+1|k = Adxl|k +Bdwl|k, (3.17b)

ul|k = M(θl|k)wl|k +C(θl|k, θ̇l|k)θ̇l|k + v(θl|k), (3.17c)

xk|k = xk, (3.17d)

xl|k ∈ X,ul|k ∈ U, (3.17e)

xk+N |k ∈ Xf , (3.17f)

where xl|k and ul|k denote the predicted system states and control inputs, respectively.

NM is the prediction horizon. Q,R and P denote positive definite weighting matrices.

Xf is the terminal constraint set.

DDPG

In this case study, two model-free DRL algorithms will be tested and applied. The

fisrt one is the SAC algorithm shown in Section 2.2.2, and the other one is the DDPG
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algorithm [41]. The DDPG algorithm implements a deterministic policy, where the

algorithm directly outputs a specific action rather than the distribution of actions.

In contrast, SAC operates with a stochastic policy that maps states to a probability

distribution.

We consider a standard setup of a discrete-time MDP with a tuple (X,U,R, λ, πθ),

where X ∈ Rn, U ∈ Rm, and R are the state space, the action space, and the

reward function, respectively. λ ∈ [0, 1] is the learning rate. πθ normally represents

the stochastic learning policy π with respect to the parameter θ. We denote the

policy as uk ∼ πθ(·|xk). In this subsection, to distinguish the difference between the

stochastic policy and the deterministic policy, we describe the deterministic policy as

uk = µθ(xk).

As aforementioned, DDPG combines the ideas from DPG [73] and DQN [48].

Compared with DQN, DDPG can handle problems with a continuous action space.

Moreover, DDPG utilizes a target critic neural network with parameter η−, a critic

neural network with parameter η, a target actor neural network with parameter θ−,

and an actor neural network with parameter θ. The critic neural network estimates

the action-value function Qη(xk,uk), which evaluates the quality of the action ob-

tained by the actor neural network. The loss functions for updating the critic neural

network and the actor neural network are as follows:

δ(η) =Exk,uk,rk,xk+1∼β[(rk + γ(Qη−(xk+1, µ
−
θ (xk+1))))−Qη(xk,uk)],

δ(θ) =Exk∼β[Qη(xk, µθ(xk))],

(3.18)

where β denotes the replay buffer for storing measurement samples. Similar to SAC,

DDPG also employs the soft updating method to update the target critic and actor
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neural networks with a rate ξ ∈ [0, 1]:

η− ← ξη + (1− ξ)η−,

θ− ← ξθ + (1− ξ)θ−.

(3.19)

DDPG encourages the exploration in a continuous action space by adding noises N

to the action obtained from the actor neural network. Thus, the action is denoted as

uk = µθ(xk) +N . (3.20)

MBPO

In subsections 2.2.2 and 3.3.1, we have discussed two model-free DRL algorithms. In

this subsection, we will turn our attention to an MPC-based DRL algorithm, known

as MBPO [29]. The MBPO algorithm combines the ideas of prediction from MPC

and the strengths of model-free techniques from DRL.

In MPC, explicit system dynamics are constructed based on the existing knowledge

and utilized to solve the optimization problem. This method predicts an action

(control input) sequence over a prediction horizon of NM, based on the current system

state xk. However, if the system dynamics cannot be accurately modeled, the MPC

method may result in undesired performance. In the MBPO algorithm, the model

is trained by the collected samples to approximate the system dynamics as close

as possible. The work in [29] constructed the model by a bootstrap ensemble of

probabilistic neural networks, which output a Gaussian distribution. This model is

employed to predict H rollouts, starting from the system state xk, over a prediction

horizon of NR. These rollouts are then implemented to solve the following MPC
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optimization

min
uk|k,...

k+NR−1∑
l=k

r(xl|k,ul|k), (3.21a)

s.t. xl+1|k = fθ(xl|k,ul|k), (3.21b)

xk|k = xk, (3.21c)

where fθ is an ensemble of bootstrapped probabilistic neural networks. While the

data obtained from the interaction between the environment and the agent is stored

in the replay buffer βenv, there is another replay buffer βmodel for archiving rollouts

that are predicted by the model. By collecting samples from both replay buffers and

utilizing samples in a policy optimization algorithm, the MBPO algorithm would have

better performance in term of the sample efficiency. In this case study, we utilize the

DDPG algorithm for policy updating.

3.3.2 Simulation Results

In this subsection, a simulation is given to compare the performance of the NMPC [15],

SAC [23], DDPG [41], and MBPO [29] algorithms for a 2-DOF manipulator system.

Consider the systems in (3.15) and (3.16) with system constraints as follows:

x ∈ X ≜


x |



−π

−π

−π
2

−π
2


⩽ x ⩽



π

π

π
2

π
2




,u ∈ U ≜ {u | ∥u∥∞ ⩽ 20}.

The sampling time is chosen as ∆T = 0.1s. For NMPC, the weighting matrices are

determined as Q = 100I4,R = I2, and the prediction horizon is chosen as NM = 3.
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For DRL and MBPO algorithms, the prediction horizon isNR = 1, and the parameters

are given in Table 3.4. During training process, we observe that a minor change in

parameters may lead to significantly different results. Thus, we first choose hidden

dimension as 64 in this study. Then, we manually tune the learning rates in a range

from 1e−3 to 5e−5. In order to fairly compare the algorithm performance, we aim to

use the most appropriate learning rate for each algorithm. Furthermore we choose

different learning rates in this study. These algorithms contain 3 hidden layers for each

actor and critic neural networks. The ReLU activation functions are used in DRL and

MBPO algorithms. The SAC algorithm uses the softplus activation function between

the last hidden layer and the output layer in the actor neural network. The reward

function is selected as

r(xk) = −(∥xref − xk∥+ ∥uk∥). (3.23)

The initial and the reference states are set as x0 = [0, 0, 0, 0]⊤ and xref = [π
4
, π
4
, 0, 0]⊤,

respectively.

Table 3.4: Key parameters adopted in the DDPG, the SAC, and the MBPO algo-
rithms

MBPO DDPG SAC
The actor learning rate 5e−4 5e−4 5e−3

The critic learning rate 5e−3 5e−3 5e−3

The Learning rate γ 0.9 0.9 0.9
The temperature parameter ξ N/A N/A 5e−3

The target entropy H0 N/A N/A −1
The updating rate τ 0.005 0.005 0.005
Hidden dimension 64 64 64
Number of episodes 20 20 20
Size of buffer βenv 10000 10000 10000
Size of buffer βmodel 1000 N/A N/A

Figures 3.5, 3.6, and 3.7 show the trajectories of states θ, θ̇, and actions(control
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Figure 3.5: Comparison results of the trajectories of state xi, i = 1, 2 for time instants
k = 0, . . . , 100 under NMPC, DDPG, SAC,and MBPO algorithms

inputs) uk, respectively, based on NMPC [15], DDPG [41], SAC [23], and MBPO

algorithms [29]. From Figures 3.5 and 3.6, we can see that system states are regu-

lated to the reference states as close as possible when time instant goes to infinity.

Meanwhile, system constraints are satisfied during the control process. The only one

that fails the primary control objective is the SAC algorithm. The reason is that

the SAC algorithm uses a stochastic policy, and the implementation of the stochastic

policy to a deterministic dynamical system may result in this fluctuation.

In addition to comparing control performance, we introduce two indexes J1 =∑T
k=0(∥xref −xk∥+ ∥uk∥)) and J2 =

∑T
k=0 ∥xref − xk∥. Table 3.5 presents the com-

parison results under different methods. When considering changes of both system

states and control inputs, we observe that NMPC has an obviously better perfor-

mance of J1. When only considering the changes of system states, the index J2 under

DRL and MBPO algorithms are better than that under MPC. The reason why the
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Figure 3.6: Comparison results of the trajectories of state xi, i = 3, 4 for time instants
k = 0, . . . , 100 under DDPG, SAC, and MBPO algorithms
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Figure 3.7: Comparison results of the trajectories of control input uk under NMPC,
DDPG, SAC, and MBPO algorithms



57

same methods have totally distinct performance between J1 and J2 is that the reward

function (3.23) is purely relevant to the system states xk. Specifically, the optimal

policies of DRL and MBPO algorithms aim to find an action (control input) sequence

to minimize the total cost of system states.

Besides, we compare the computational burden from the time instant k = 0 to

k = 100, which is shown in Table 3.6. The optimal policies of DRL and MBPO

algorithms take less than 0.5 second to obtain the whole action sequence, while the

NMPC method takes 71.34 seconds. The reason for this huge difference is that NMPC

solves an optimization problem to obtain a control input at each time instant.

Table 3.5: The comparison results of control performance for time instants k=0, . . . ,
100

NMPC DDPG SAC MBPO
J1 10743.50 12643.59 22164.52 12606.19
J2 23.2750 16.6288 20.2320 16.5028

Further, we compare the performance of total return and sample efficiency during

the policy training process. Figures 3.8 and 3.9 show the trajectories of total return

and sample sizes, respectively, during training the policy by implementing DDPG,

SAC, and MBPO algorithms. Figure 3.8 demonstrates that the policy trained by

the MBPO algorithm reaches the optimum 4 episodes and 6 episodes faster than the

policies trained by both DDPG and SAC algorithms. From Figure 3.9, we see that

the MBPO algorithm obtains the optimal policy with the fewest samples, which are

approximately half as many as required by DDPG and SAC algorithms. The number

of samples required to improve the policy is shown in Table 3.7.

Table 3.7 also presents the computational burden of training while utilizing dif-

ferent algorithms to optimize the policy. The MBPO algorithm requires the longest

duration to complete the entire training process, taking approximately twice and
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Table 3.6: The comparison results of computational burden for time instants k=0,
. . . , 100

NMPC DDPG SAC MBPO
Time (s) 71.34 0.2283 0.4556 0.2232
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Figure 3.8: Comparison of the total return under NMPC, DDPG, SAC, and MBPO
algorithms

thrice as much as SAC algorithm and DDPG algorithm demands. The reason is that

the MBPO algorithm not only optimizes the policy, but also trains the learned model

and implements the model to plan future states and action sequences. Compared with

directly optimizing the policy, training the model may results in more computational

complexity, especially for a highly complex environment.

Overall, although the MBPO algorithm has the best performance in terms of the

cost, computational burden, and sample efficiency, the main limitation is the training

burden.
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Figure 3.9: Comparison of the sample efficiency under DDPG, SAC, and MBPO
algorithms

Table 3.7: The comparison results of sample efficiency and computational burden for
episode number i = 1, . . . , 20

DDPG SAC MBPO
Total samples 3072 3913 1809

Training time (s) 1119.8 1719.5 3511.2

3.4 Case Study: Tracking

In the case study 3.3, we have solved a regulation problem for a 2-DOF manipulator

dynamics model by using NMPC, DDPG, SAC, and MBPO algorithms. By com-

paring simulation results, we conclude that, for a deterministic dynamical system,

NMPC, DDPG, and MBPO algorithms successfully achieve the control objective.

These three algorithms exhibit distinct strengths and limitations across various per-

formance comparisons. In this case study, we focus on a tracking problem for a 2-DOF

manipulator using kinematics model. Since we have introduced DDPG and MBPO
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in Section 3.3, we will mainly illustrate the choice of system state and action, and

the construction of reward function in this case study.

3.4.1 Problem Formulation

In this case study, the control objective is to control a 2-DOF manipulator system

following arbitrary trajectories within the workspace. The secondary objective is to

compare the training and control performance, under DDPG and MBPO algorithms.

We consider the kinematics of a 2-DOF robot arm shown in Figure 3.2 with

parameters in Table 3.1. At the current time t, the reference joint angles θ̂1(t), θ̂2(t) is

obtained by using (3.4), based on the reference end-effector’s positions d̂x(t) and d̂y(t).

Consequently, we consider that the system state x(t) consists of two components: the

positional error ed(t) between the reference and current positions, and the angular

error eθ(t) between the reference and current angles. Then, the system state x(t) can

be expressed as

x(t) =

ed(t)

eθ(t)

 =



d̂x(t)− dx(t)

d̂y(t)− dy(t)

θ̂1(t)− θ1(t)

θ̂2(t)− θ2(t)


. (3.24)

The action is chosen to be angular changes applied on each joint, and shown as

u(t) =

∆θ1(t)

∆θ2(t)

 . (3.25)
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The reward function is described as follows:

r(t) =

 −∥ed(t)∥, ed(t) ̸= 0,

1, ed(t) = 0.
(3.26)

However, during the policy training process, we discover that the condition ed(t) = 0

was difficult to be satisfied, which make the policy hardly converge to the optimum.

To solve this problem, we adjust the terminal condition by adding a tolerance ζ to

ed(t). As a result, the new reward function is defined as follows:

r(t) = −

 ∥ed(t)∥, ed(t) > ζ,

1, ed(t) ≤ ζ.
(3.27)

3.4.2 Simulation Results

In this subsection, simulation and comparison results are provided to show the control

and training performance of DDPG [41] and MBPO [29] algorithms for a tracking

problem with the 2-DOF manipulator system using kinematics model. The system

constraints are chosen as follows:

x(t) ∈ X ≜


x |



−0.8

−0.8

−π

−π


⩽ x ⩽



0.8

0.8

π

π




,u(t) ∈ U ≜ {u | ∥u∥∞ ⩽

π

90
}.

The sampling period is set as ∆T = 0.1s. The parameters for DDPG and MBPO

algorithms are shown in Table 3.8. Both algorithms contain 3 hidden layers with

ReLU activation functions for each actor and critic neural networks. The initial
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Table 3.8: Key parameters adopted in the DDPG and MBPO algorithms

MBPO DDPG
The actor learning rate 3e−3 1e−4

The critic learning rate 3e−3 1e−4

The Learning rate γ 0.9 0.8
The updating rate τ 0.005 0.002
Hidden dimension 64 100
Number of episodes 300 300
Size of buffer βenv 10000 10000
Size of buffer βmodel 1000 N/A

Prediction Horizon NR 1 N/A

point is chosen as x(t) = [0.16, 0]⊤, and the reference trajectory is designed as


xr(t) = 0.16 cos

πt

40
,

yr(t) = 0.16 sin
πt

40
.

To achieve the control objectives, during the training process, we randomly select

initial points and reference points within the workspace for each episode, with a

maximum limit of 150 steps per episode. The terminal condition of each episode is

to constantly satisfy the reward condition ed ≤ ζ with 50 steps. If this terminal

condition is achieved within 150 steps, this episode is ended as well. Therefore, the

optimal return is the cumulative rewards for achieving this terminal condition with

exact 50 steps, which implies that the total return is 50. By using aforementioned

setup, the optimal policy is expected to enable the manipulator’s end-effector to reach

an arbitrary point within the workspace.

Figures 3.10 and 3.11 show the trajectories of total return and sample efficiency

during the policy training process, using DDPG and MBPO algorithms. From Figure

3.10, we can see that the total return approaches the optimum around the 250th and

170th episodes, respectively. Thus, the MBPO has better performance of total return.
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Figure 3.10: Comparison of the total return under DDPG and MBPO algorithms

Figure 3.11 presents the trajectories of the number of samples required by DDPG

and MBPO algorithms. In the initial 200 episodes, it is difficult to compare the sample

efficiency performance. Between episodes 200 and 300, the MBPO algorithm requires

fewer samples to complete one episode. To further compare the sample efficiency,

Table 3.9 lists the total samples required to train 300 episodes, and the table also

shows that the MBPO algorithm has better a performance of sample efficiency for

the tracking problem.

We next compare the computational burden for training, and the comparison

results are shown in Table 3.9. Compared with the DDPG algorithm, the MBPO

algorithm takes extra time to train the model and predict future states and actions.

Figure 3.12 presents the reference trajectory and trajectories obtained from two

policies. We see that both policies trained by MBPO and DDPG algorithms can

successfully track the reference trajectory. Therefore, we introduce an index J =∑40
t=0 ∥ed(t)∥, which describes the total positional error over 40 seconds. The com-
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Figure 3.11: Comparison of the sample efficiency under DDPG and MBPO algorithms

Table 3.9: The comparison results of sample efficiency and computational burden for
episode number i = 1, . . . , 300

DDPG MBPO
Index J 1740 1786

Total samples 32405 30506
Training time (s) 3604.3 6049.6

parison result is shown in Table 3.9. We observe that the index J , from DDPG

algorithm, is lower than that of the MBPO algorithm, which implies that the DDPG

algorithm exhibits better tracking performance compared with the MBPO algorithm.

3.5 Case Study: Regulation Problem of UR10e

In Section 3.3, we have analyzed a regulation problem for a deterministic dynamical

system using various algorithms. We find that the MBPO algorithm demonstrates
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Figure 3.12: Comparison of the tracking performance under DDPG and MBPO al-
gorithms

the best performance during both training and control processes compared with DRL

algorithms. The limitation of the MBPO algorithm is the computational burden. In

Section 3.4, we increase the complexity of the problem, and the model becomes more

difficult to be trained. Thus, the MBPO algorithm exhibits poorer performance in

terms of the computational burden and control outcomes, and its sample efficiency

was only marginally better than that of DDPG. In this case study, we will further

compare DRL and MPC-based RL algorithms by increasing the dimensions of system

states and actions. In addition, we will compare the training performance by applying

DRL and MBPO algorithms for the kinematics of UR10e.
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3.5.1 Problem Formulation

Previous two case studies present that the MBPO algorithm shows poorer perfor-

mance with the increasing complexity of the problem. Therefore, in this case study,

the primary objective is to compare the performance of DDPG, SAC, and MBPO

algorithms during training process for the UR10e manipulator system, which has

twelve-dimensional states and six-dimensional actions.

In this case study, we consider the kinematics model of UR10e whose state and

action are chosen as

x(t) =


d(t)

O(t)

θ(t)

 =



dx(t)

dy(t)

dz(t)

Oϕ(t)

Oθ(t)

Oψ(t)

θ1(t)

θ2(t)

θ3(t)

θ4(t)

θ5(t)

θ6(t)



, u(t) = ∆θ(t) =



∆θ1(t)

∆θ2(t)

∆θ3(t)

∆θ4(t)

∆θ5(t)

∆θ6(t)


, (3.29)

where d(t),O(t), and θ(t) denote the position, orientation and corresponding angles

of each joint, respectively. ∆θ(t) is the angular change of each joint. Based on the

initial position d(0) and orientation O(0), the corresponding initial angle of each

joint θ(0) is calculated by solving the inverse kinematics problems (3.9) and (3.11).

After taking the action u(0), the next position d(∆T ) and orientation O(∆T ) are
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obtained by solving the forward kinematics problem (3.7), where ∆T is the sampling

period. The above steps are repeated until the reference position dref and orientation

Oref are achieved. Moreover, the reward function is designed to be the error between

current and reference position and orientation.

r(xk) = −(∥dref − d(t)∥+ ∥Oref −O(t)∥). (3.30)

3.5.2 Simulation Results

In this subsection, a simulation is given to show the performance of SAC, DDPG, and

MBPO algorithms for the kinematics of a UR10e system. The system constraints are

considered as

x ∈ X ≜

x |


−1.3

−2π

−2π

 ⩽


d(t)

O(t)

θ(t)

 ⩽


1.3

2π

2π


 ,u ∈ U ≜ {u | ∥u∥∞ ⩽

π

180
}.

The sampling period is chosen as ∆ = 0.1s. Table 3.10 shows the parameters used

for training the policies. The initial position and orientation are [d(0),O(0)]⊤ =

[0,−0.2907, 1.2451, 0, 0, π]⊤. The reference position and orientation are [dref ,Oref ]
⊤ =

[0.5, 0.5, 1,−π
2
, π
2
, 0]⊤.

Figures 3.13 and 3.14 show the trajectories of total return and samples during

training the policy. From Figure 3.13, the SAC algorithm exhibits the best perfor-

mance in terms of the total return. The policy updated by SAC converges to the

optimum at the sixth episode, while DDPG and MBPO algorithms obtain optimal

policies at the fifteenth and sixteenth episodes, respectively. From Figure 3.14, we

observe that the MBPO algorithm demonstrates the poorest sample efficiency in this
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Table 3.10: Key parameters adopted in the MBPO, DDPG, and SAC algorithms

MBPO DDPG SAC
The actor learning rate 3e−3 3e−3 3e−3

The critic learning rate 3e−3 3e−3 3e−3

The Learning rate γ 0.9 0.9 0.9
The temperature parameter ξ N/A N/A 3e−3

The target entropy H0 N/A N/A −1
The updating rate τ 0.005 0.005 0.005
Hidden dimension 64 64 128
Number of episodes 20 20 20
Size of buffer βenv 10000 10000 10000
Size of buffer βmodel 1000 N/A N/A

Prediction horizon NR 1 N/A N/A

Table 3.11: The comparison results of sample efficiency and computational for episode
number i = 1, . . . , 20

DDPG SAC MBPO
Total samples 1959 1891 6091

Training time (s) 589.5 493.2 1996.5

case study, requiring approximately three times as many samples as SAC and DDPG

to complete training for 20 episodes. Table 3.11 presents the detailed number of to-

tal samples used for training the policy and the total training time in seconds. As

aforementioned, existing MPC-based RL algorithms utilize a learned model to pre-

dict future states and actions that are implemented to improve the policy. Therefore,

the computational complexity of training a model for a high-dimensional system is

the primary reason that the MBPO algorithm has the poorest performance during

training.
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Figure 3.13: Comparison of the total return under DDPG, SAC, and MBPO algo-
rithms

3.6 Conclusion

In this chapter, three cases are studied for different control problems and manipulator

systems. Firstly, in Section 3.3, we implement NMPC, DDPG, SAC, and MBPO

algorithms to solve a regulation problem involving a 2-DOF manipulator system.

Secondly, in Section 3.4, we compare DDPG and MBPO algorithms for a tracking

problem of the same 2-DOF manipulator system in Section 3.3. Thirdly, Section 3.5

focuses on the training performance of DDPG, SAC, and MBPO algorithms for a

regulation problem with a UR10e system. According to the simulation results, the

NMPC has the best control performance. However, there are two primary limitations

of NMPC. The first limitation is the requirement of explicit system dynamics for

solving the pre-designed optimization problem. The second limitation of NMPC is

the computational complexity. We then consider the comparison between model-free

DRL algorithms and the MPC-based RL algorithm, both of which require samples
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Figure 3.14: Comparison of the sample efficiency under DDPG, SAC, and MBPO
algorithms

to optimize the policy. In Section 3.3, compared with model-free algorithms, the

MBPO algorithm exhibits the best training and control performance in terms of

the total return, sample efficiency, and cost. With the increasing complexity of the

problem, the MBPO algorithm shows the enhanced performance of the total return

and sample efficiency. While solving a regulation problem with the high-dimensional

system in Section 3.5, the MBPO algorithm demonstrates the poorest performance

during training. This underperformance is attributed to the challenges of training

the learned model with a high-dimensional system.
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Chapter 4

Conclusions and Future work

4.1 Conclusions

In this thesis, a literature review is given, regrading the incorporation of MPC and

DRL. Then, to tackle the sample efficiency problem, we propose an SAC-RTMPC

framework for constrained linear systems with bounded additive disturbances. Fur-

ther, we investigate the application of three representative methods, i.e., MPC, RL,

and MPC-based RL, for robot manipulators.

In Chapter 2, an SAC-RTMPC framework is proposed for constrained linear sys-

tems with bounded additive disturbances. In the proposed framework, the RTMPC

method is employed to predict future state and action sequences, while respecting

system constraints. The predicted sequences are stored in the replay buffer as the

form of data pairs. Further, these data pairs and real samples are jointly applied to

modify the TD error function and improve the policy by using the SAC algorithm.

Finally, numerical simulation and comparison studies are given to demonstrate that

our proposed framework enhances control performance, compared with RTMPC.

In Chapter 3, we focus on simulation studies of applying the NMPC method,
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the MBPO algorithm, the DDPG algorithm, and the SAC algorithm to robot ma-

nipulators. The NMPC method has the best control performance in the first case

study. However, the primary limitation of the NMPC method is the computational

complexity, making it difficult to satisfy a high-frequency sample period. Moreover,

compared with the model-free DRL algorithms, the MBPO algorithm presents the

best training and control performance. In the second case study, compared with

DDPG, the MBPO exhibits an improved training performance but a poorer tracking

performance. In the last case study, we compare the training performance among

SAC, DDPG, and MBPO algorithms for the regulation problem with the 6-DOF

UR10e manipulator system. Unfortunately, the MBPO algorithm shows the worst

training performance. Further, in three simulation studies, the MBPO algorithm

shows a high computational burden to optimize the policy and predict future actions.

4.2 Future work

In Chapter 2, we have proposed an MPC-based DRL framework for a constrained

linear system with bounded disturbances. The predicted trajectories obtained from

RMPC are utilized to improve DRL’s policy. However, the proposed framework

cannot successfully solve control problems for highly nonlinear systems with unknown

disturbances. Thus, how to successfully employ the framework in nonlinear systems

with unknown disturbance bounds remains as an open problem.

In Chapter 3, we investigate the application of the NMPC method, the MBPO,

DDPG, and SAC algorithms to robot manipulators. For the high-dimensional ma-

nipulator system, the MBPO algorithm presents a poorer training performance in

terms of sample efficiency and computational burden. It should be mentioned that

the current results neglect the safety issues during training the policy, which is a
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critical issues in practical robot manipulators. Thus, how to design an MPC-based

DRL with an improvement in sample efficiency and safety satisfaction for practical

manipulators will be further investigated.
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