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ABSTRACT

With the advancement of communication technology, more and more control pro-
cesses happen in networked environment. This makes it possible for us to deploy
multiple systems in a spatially distributed way such that they could finish certain
tasks collaboratively. While it brings about numerous advantages over conventional
control, challenges arise in the mean time due to the imperfection of communication.
This thesis is aimed to solve some problems in cooperative control involving multiple
agents in the presence of communication constraints.

Overall, it is comprised of two main parts: Distributed consensus in multi-agent
systems and bilateral teleoperation. Chapter 2 to Chapter 4 deal with the con-
sensus problem in multi-agent systems. Our goal is to design appropriate control
protocols such that the states of a group of agents will converge to a common value
eventually. The robustness of multi-agent systems against various adverse factors in
communication is our central concern. Chapter 5 copes with bilateral teleoperation
with time delays. The task is to design control laws such that synchronization is
reached between the master plant and slave plant. Meanwhile, transparency should
be maintained within an acceptable level.

Chapter 2 investigates the consensus problem in a multi-agent system with di-

rected communication topology. The time delays are modeled as a Markov chain,



v

thus more characteristics of delays are taken into account. A delay-dependent ap-
proach has been proposed to design the Laplacian matrix such that the system is
robust against stochastic delays. The consensus problem is converted into stabiliza-
tion of its equivalent error dynamics, and the mean square stability is employed to
characterize its convergence property. One feature of Chapter 2 is redesign of the
adjacency matrix, which makes it possible to adjust communication weights dynam-
ically. In Chapter 3, average consensus in single-integrator agents with time-varying
delays and random data losses is studied. The interaction topology is assumed to
be undirected. The communication constraints lie in two aspects: 1) time-varying
delays that are non-uniform and bounded; 2) data losses governed by Bernoulli pro-
cesses with non-uniform probabilities. By considering the upper bounds of delays
and probabilities of packet dropouts, sufficient conditions are developed to guarantee
that the multi-agent system will achieve consensus. Chapter 4 is concerned with the
consensus problem with double-integrator dynamics and non-uniform sampling. The
communication topology is assumed to be fixed and directed. With the adoption of
time-varying control gains and the theory on stochastic matrices, we prove that when
the graph has a directed spanning tree and the control gains are properly selected,
consensus will be reached.

Chapter 5 deals with bilateral teleoperation with probabilistic time delays. The
delays are from a finite set and each element in the set has a probability of occur-
rence. After defining the tracking error between the master and slave, the input-to-
state stability is used to characterize the system performance. By taking into account
the probabilistic information in time delays and using the pole placement technique,
the teleoperation system has achieved better position tracking and enhanced trans-

parency.
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Chapter 1
Introduction

In this chapter, an introduction to cooperative control and a review of its history and
development will be presented. And then some major challenges and motivation for

this research are stated.

1.1 An Overview on Cooperative Control

Traditionally, a control task is often confined within a local environment and one
plant is only in charge of its own mission. When it comes to coordinating a number
of systems, a simple way is to have a central computer or microcontroller to control
each plant. While this centralized approach is easy in implementation, a big challenge
arises with no surprise, especially when the scale of a system is becoming larger. The
central control computer has to assume a huge load from both communication and
computation, and must be highly reliable. From this perspective, a centralized system
is fragile to failure of the central coordinator. When the scale of a system increases
significantly, this strategy may not be implementable. These drawbacks call for the
emergence of a new direction in control-distributed cooperative control. Compared
with the conventional centralized control, this new strategy has many merits, which
will be illustrated in the following sections.

Recently, with the development of communication technology, especially the mo-
bile sensor and actuator networks, cooperative control that coordinates the motion
of a group of dynamic systems has received a growing amount of attention. For ex-
ample, in the workshop [62], cooperative control was discussed by many researchers,

and the main concern was the decentralized implementation of cooperative control



featuring collective behaviour and goal. In addition, leading international journals
have held special issues on this topic; see SIAM Journal on Control and Optimization
special issue on control and optimization in cooperative networks (Volume 48, Issue 1,
2009), ASME Journal of Dynamic Systems, Measurement, and Control special issue
on analysis and control of multi-agent dynamic systems (Volume 129, Issue 5, 2007),
International Journal of Robust and Nonlinear Control special issue on cooperative
control of unmanned aerial vehicles (Volume 18, Issue 2, 2008), etc.

A fundamental topic in cooperative control is the so-called consensus problem
[53] [107] [104] [134] [65]. Given a multi-agent system (MAS) consisting of multiple
individual physical systems, it is required that the state of each agent converge to a
common reference (a function or a value). Then we say that the MAS has reached
consensus. Consensus has applications in many aspects: Rendezvous [146], flocking
[95], formation control [63] [75], etc. At present, the consensus problem is being re-
searched in the framework of distributed control. Coordination among different agents
is achieved through communication networks and the network connection topology is
defined by a graph. Each agent exchanges information with its neighbours. In fact,
it is not necessary to require each agent to be able to directly communicate with all
other agents. The mathematical theory on graph and stochastic matrices has played
a crucial role in the analysis of convergence to consensus. A variety of control ap-
proaches can be applied to solve the consensus problem, such as the Lyapunov theory
[96] [124], output regulation [136], among agents.

Bilateral teleoperation is a special type of application of cooperative control. Gen-
erally, for a bilateral teleoperation setup, there are a master group and a slave group.
Often the master group consists of one manipulator, while the slave group may be
composed of one or multiple robots. The goal is to design a control law such that (1)
synchronization between these two groups is achieved, and (2) transparency is guar-
anteed. The master and slave do not have to be identical, but usually they possess
the same model structure. The master sends its state information to the slave, and
on the other hand, it receives feedback from the slave. In this way, the slave could
follow the motion of the master. A comprehensive review on bilateral teleoperation
can be found in [45]. A successful design of bilateral teleoperation control system is
very beneficial for the work in hazardous workplace, such as in the mining tunnel [42],
inside the nuclear power station [26] [64]. It is also applicable in tele-surgery [102]
[111].

With a network as the communication medium, a variety of constraints pose great



challenges to control engineers. These include time delays, data packet dropouts,
quantization errors, etc. Not only do these factors degrade the system performance,
but also they may even cause instability if the influence reaches a threshold. A rich
literature can be found on communication constraints in control systems; see [2] [82]
[89] [139] and the references therein. Therefore, how to appropriately model these
constraints and find conditions to guarantee the prescribed performance requirements
is the central issue of the thesis research. Figure 1.1 shows the framework of research
in this thesis. It should be noted that we are only concerned with time delays and
data losses in this research work. Consensus with other communication constraints

(e.g., quantization) could be in the future work.

Cooperative
Control

A y

Multi-agent Bilateral
Consensus Teleoperation

Communication
Constraints

Quantization

Delay Packet loss

Work in thesis

Figure 1.1: Framework of the PhD thesis research.

1.1.1 Details on Communication Constraints

In a network environment, many factors (communication constraints) will affect the

system performance. In this subsection, let us look at some of them in more depth.

e Time delays: A delay is the time lag between when to send the information
and when to use the received information. It is either because data packets

cannot be sent and used at the same time, or because the controller needs time



to process them. Time delays are ubiquitous in the natural world. How they
influence the system performance depends on both the quantity of delays and

the properties of system dynamics.

¢ Quantization errors: Real values cannot be directly transmitted with infinite
bit rate through digital communication channels. Rather, they must be rounded
off (a process of quantization) to be within certain range. This causes the
difference between real data and transmitted data. If a control strategy is not

designed properly, divergence of the system response may ensue.

e Missing measurements: Because of the unreliability of communication links,
data transmission could fail at some time instants. In such a situation, the
receiver node does not get any data. Therefore, how to deal with the incom-

pleteness of data in the cooperative control design is a challenge.

e Noise: This is an unavoidable phenomenon in any practical applications. Sim-
ilar to the effect of quantization, noise also causes inaccuracy in measurements,
which degrades the system performance or even leads to instability. The most
commonly seen type of noise is the additive noise, which is exerted as an exoge-

nous input of a system.

e Discontinuities in signal sampling: This is mainly due to the implemen-
tation of controllers. In digital control, the concept “sampled-data” is widely
used, meaning that the control signal is generated from the measurements that
are periodically sampled. With a zero-order hold, there will be a jump in con-
trol input between two consecutive time intervals. Besides periodic sampling,
there exists another type of sampling scheme: Non-uniform sampling. Or we

can call it aperiodic sampling or irregular sampling as well.

In the next two sections, some recent research progress on cooperative control,

including the consensus problem in MASs and bilateral teleoperation, is reviewed.

1.2 Consensus in Multi-Agent Systems

1.2.1 Background Knowledge

With the development of sensor networks, cooperative control in MASs has attracted

more and more attention in recent years; see [53] [96] [107] [134] and the references



therein. It has wide applications in both military and civilian fields [87], such as coop-
erative surveillance, rendezvous, and intelligent transportation systems. A significant
amount of work has been devoted to this topic due to its potential in improving a
nation’s competence in this information rich world.

Cooperative control involves a number of agents connected by the communication
network. An agent could be an unmanned aerial vehicle (UAV), autonomous under-
water vehicle (AUV), or any type of dynamic systems. Each of them is autonomous,
meaning that they have an onboard microcontroller to schedule their own tasks. In
the mean time, they communicate with other agents (neighbours) around them, such
that a mission will be completed collectively. Usually, this is assessed by the degree
of consensus: The physical states of interest converge to a common decision value.
Rendezvous is apparently a perfect example for consensus. Sometimes, for example,
in formation control, it is desired that the relative distance between agents be kept
constant. Under this circumstance, the difference between the states of agents con-
verges to a constant value, and this kind of problem can still be dealt with under the
consensus framework.

At present, most of the effort is put into the distributed consensus, which is in
contrast with the centralized form. In the traditional centralized control, there is
a high-level leader that coordinates the behaviour of different parts (agents) of the
overall system. The leader directly sends commands to and collects information from
all other agents. If we design a control law to meet the performance requirement of
each individual, consensus can be achieved. However, the prerequisite is that both the
leader and communication must be reliable, which could be a challenge in some situ-
ation. Distributed consensus aims at improving the robustness and reliability against
node failures. For instance, even if a channel malfunctions or fails, the agents should
continue to work collectively to achieve the preset goal. This manner of working
distributes the work load to multiple agents more evenly, thus enhances the overall
reliability. Meanwhile, a distributed algorithm is more scalable, which facilitates its
use in large-scale networked systems.

Figure 1.2 shows the illustration of an MAS. There are five vehicles labeled from 1
to 5. Their information is transmitted over the communication channels, which may
be subject to constraints. The arrows indicate the direction of information flow. For
example, the directed arrow from agent 3 to agent 1 implies that agent 1 receives
information from agent 3, but no information of agent 1 flows to agent 3. The up-

down arrow between agent 1 and agent 2 represents the bidirectional information



flow.

a
Communication

channel x Agent 3

v Agent 5
Agent 2

Figure 1.2: The schematic of a multi-agent system.

Mathematically, we can describe the information flow among the MAS in Figure
1.2 by a graph of five nodes, say G = (V, &, A), where V = {vy, vg,v3,v4,v5} is the
node set, & = {(v1,v2), (v, v1), (v3,v1), (V3,05),...} € V x V is the edge set, and
A = [a;j] € R°*® is the adjacency matrix. Each node in V is associated with an
agent, and each element (v;,v;) in € corresponds to a communication link from agent
1 to agent j. For instance, there is information flowing from agent 3 to agent 1, and
thus (vs,v1) € €. The adjacency matrix A describes this relationship among agents
numerically by assigning each edge a weight. That is, when (v;,v;) € £, we have
aj; # 0; otherwise a;; = 0. For Figure 1.2, ai3 # 0 because (vs,v1) € £, and a3 = 0
because (v3,v9) ¢ €. For more details on graph theory, refer to [37].

The dynamics of an MAS of N agents is described by differential equations. Sup-

pose that each agent i has dynamics of the form

j;i = f(mi’ui)a

yz:¢<xl)7 i:172a"')N7

where x; € R” is the state of agent 7, u; € R™ is the control input, and y; € RP? is the
output. Then the goal is to find the control law u; = g;(y1,y2, ..., yn) such that the
following equation holds,

lim ||z5(t) — 2;(8)]| =0, i, € {1,2,...,N},i#J,

t—o00

which characterizes the level of consensus. The information available to agent ¢ is

defined by its neighbour set.



1.2.2 Literature Review on Consensus and Consensus with

Communication Constraints

In this subsection, the earlier work on consensus in MASs is reviewed. Then some
interesting and challenging issues are summarized.

The research on consensus has received attention from academia as the agreement
problem. In [7], the authors studied the agreement algorithm in the context of parallel
computation, distributed optimization and signal processing. The study of consensus
has not been surging until the appearance of [53], in which Jadbabaie et al. gave a
theoretical explanation to the physical phenomenon of reaching a common heading
angle among a group of particles [128]. The information exchange among agents was
delineated by undirected graphs. The research work [53] features using a graph to
characterize the interaction among agents and sufficient conditions on graph connec-
tivity are developed such that consensus will be reached under these assumptions.
Specifically, it is required that the union of graphs at all discrete time instants across
any time interval of a given length should be jointly connected. Since there is no
leader who is able to directly interact with all other agents, this strategy is essentially
distributed (or decentralized).

Later, in [96] and [107], the relation between the graph structure and eigenvalues of
the associated Laplacian matrix was further investigated. In particular, Olfati-Saber
and Murray [96] dealt with the average consensus problem in directed networks,
considering switching topology and constant time delay as well. The relationship
between the connectivity of a directed graph that was strongly connected and the rank
of its associated Laplacian matrix was uncovered. Different from the method in [53] to
cope with switching topology, the work [96] uses the technique of common Lyapunov
function with assumptions on graph connectivity. Both [53] and [96] made important
contribution to the consensus problem in terms of graph connectivity. However, there
are still some limitations: The graph in [53] is undirected, and the graph in [96] is
directed and strongly connected. Ren and Beard [107] took a step further by studying
the properties of general directed graphs. A necessary and sufficient condition was
discovered between the connectivity of a directed graph and the eigenvalues of its
corresponding graph Laplacian. The existence of a directed spanning tree is necessary
and sufficient for reaching consensus in linear time-invariant (LTI) single-integrator
agents. A spanning tree is in fact the minimum requirement on graph topology [107].

Similar results were developed in [78] [86]. These seminal work paved the way for



subsequent research which was largely based on the conclusions about interaction
topology.

More progress has been achieved to extend the previous results or consider more
general settings. For example, earlier research on consensus mainly focused on the
relatively simple single-integrator dynamics. After that, people are paying growing
attention to more general dynamics, such as the double-integrator dynamics [104]
[148], state-space models [109] [83], and Euler-Lagrange dynamics [105]. A variety
of methods that have prevailed in control field have been used to solve the consensus
problem, e.g., the Lyapunov theory, sliding mode control, model predictive control,
output regulation, neural network. Nonlinearity is even taken into account and it may
reside in system dynamics or the control law. By introducing the nonlinear function
sig(+)® in control protocol, the authors in [140] solved the finite-time consensus prob-
lem in first-order dynamics. Details on various extension work will be expanded in
Subsection 1.2.3.

If we only deal with LTT systems without considering any restriction, the problem
becomes deterministic and the analysis is relatively more straightforward. However,
this does not comply with the real environment where there exist many factors that
may destroy those ideal assumptions. There are many types of communication con-
straints in the consensus problem: time delays, data losses, quantization, switching
topology, asynchrony in sampling and update, etc. Among them, let us look into
three of them (time delays, data losses and switching topology) with more details.

In previous literature, the consensus problem with time delays has been widely
investigated. Olfati-Saber and Murray [96] studied the average consensus in single-
integrator agents in the presence of a single constant delay. The frequency domain
approach was used to derive the stability condition dependent on the upper bound
of delay. Afterwards, researchers studied the consensus problem with time-varying
delays, e.g., [139] [124] dealing with time-varying delays and switching topology in
first-order dynamics, [123] coping with the consensus problem in double-integrator
dynamics with time-varying delays. When tackling time-varying delays, people shift
from the classic frequency domain to time domain, and the Lyapunov technique is
widely used. In the analysis, various information may be taken into consideration,
such as the lower and upper bounds of delays. It has been shown in the research of
networked control systems (NCSs) that when considering more information on delays,
the obtained results are usually less conservative. For more work on consensus with
time delays, refer to [74] [127] [138] and the references therein.



Besides delays, data loss (or packet dropout [29]) is another factor that affects
system performance. It is due to the unreliability of communication channels, such
as the temporary malfunction of transceivers. When the quantity of delay exceeds a
threshold, we may also treat the long delay as data loss. Data loss is a major rea-
son for switching topology, which has been widely investigated in literature [96] [107]
[14]. Previously, switching topology is mainly treated as arbitrary switching without
further considering more detailed stochastic features in switching patterns. However,
in practice, communication channels often exhibit a corresponding probability of fail-
ure. Thus, it would be meaningful to incorporate that information into analysis. In
[43] [133] [101], probabilities of the availability of communication links were taken
into account and convergence results in the stochastic sense were established. The
authors in [156] considered time delays and packet losses simultaneously. However,
the delay was less than a sampling period. Recently, Zhang and Tian [157] considered
the consensus problem in general identical linear agents with data losses. Sufficient
conditions to guarantee consensus were found based on the analysis of maximum
allowable loss rate.

Switching topology is mainly due to communication failures. As a result, agents
are not able to receive data at some time instants. It is a common issue in the research
on consensus in MASs. Jadbabaie et al. [53] investigated the coordination with switch-
ing topology, implying that the interaction between two neighboring agents was time
dependent. It was proved that as long as the union of graphs was jointly connected,
consensus could be achieved [53]. This condition was extended and generalized by
Ren and Beard in [107], stating that a directed spanning tree for the joint graph
is sufficient to reach consensus in single-integrator agents with directed interaction.
In [96], consensus with switching topology was tackled using the technique of com-
mon Lyapunov function. Throughout the development of consensus theory, switching
topology remains a hot topic and attracts much attention because of its practicality
in describing imperfection in communication [40] [131].

In addition to the above mentioned communication constraints, there is also lots
of work addressing the effects of other factors, such as quantization errors [4] [56]
[58] [88] and noisy measurements [50]. Because they are not directly related to the

current work in this thesis, details are omitted here.
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1.2.3 Consensus Problem from Different Perspectives

With more and more researchers dedicated to the consensus problem, scenarios that
are more general have been considered. In the following, consensus problem will be
reviewed from different perspectives.

For example, depending on system properties, the consensus problem can be in-
vestigated in linear or nonlinear systems. Linear systems, due to their relative sim-
plicity, have attracted much attention throughout, especially at the early stage [63]
[96] [107]. In these systems, both the system dynamics and control protocols are in
a linear form. But sometimes, the linearity may be destroyed due to various factors,
e.g., the dynamics of an inverted pendulum [13]. Other sources of nonlinearity include
the saturation in actuators or quantization in data transmission. Refer to [51] [79]
[86] for more work on nonlinear consensus.

Looking back into the literature, we also notice a generalization of the system
dynamics of agents. At the very beginning, first-order dynamics has been the central
topic among researchers [5] [101] [141]. Because of its form (&; = u;, where x; is the
state of agent 4, and wu; is the control input), it is termed single-integrator dynamics
as well. First-order dynamics finds applications in areas such as distributed linear
averaging [141]. However, when it comes to more complex systems, e.g., the dynamic
representation of a mobile robot, it is not enough to employ the single-integrator
dynamics. As a result, people shifted more attention to the research on second-order
dynamics, also known as double-integrator dynamics (&; = v;, ¥; = w;, where z; is the
position, v; is the velocity, and w; is the control input) [74] [80] [104]. As an application
example, Ren and Atkins in [106] employed the second-order consensus theory to
coordinate the motion of a group of nonholonomic mobile robots. In modern control
systems, with the increasing complexity and the application of large-scale systems
(e.g., in the aerospace industry), it is necessary to use a more sophisticated description
for systems. With this background, the state-space model plays a crucial role. The
state-space model encompasses both the first-order and second-order dynamics, and
therefore is a more general representation of dynamic systems. Fax and Murray [31]
investigated the vehicle formation control based on the algebraic graph theory and
control theory. For more work on state-space consensus, refer to [83] [90] and the
references therein.

From the viewpoint of the evolution of system states in time domain, we may deal

with the consensus problem in three types of MASs: continuous-time, discrete-time
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and sampled-data systems. In continuous-time MASs, all variables involved are in
continuous time [96] [107]. In nature, many dynamic processes occur in continuous
time, e.g., the change in temperature. Likewise, when denoting control systems, such
as mobile robots, it is natural to use a continuous-time model to represent its dynam-
ics. In modern era, with the introduction of digital communication technology and
digital signal processing, discrete-time systems become prevalent. In these systems,
there is a working frequency and the system only works at discrete time instants.
For instance, in the fast distributed linear averaging [141], the authors adopted a
discrete-time scheme. For other related work, see [30] [34] [138], etc. In the third
type—sampled-data systems [36] [156], the plant runs in continuous time, while the
controller is in discrete time and works in a periodic fashion. This kind of dynamics is
distinct from both the continuous-time and discrete-time dynamics. To cope with this
situation, we can either transform the system dynamics into discrete-time dynamics
and then study the asymptotic properties of the corresponding discrete-time system
[139], or we can simply keep the sampled-data feature and look into the system’s
solution in time domain [149].

Depending on whether there exist any stochastic factors in an MAS, we have
two categories: consensus in deterministic and stochastic systems. In deterministic
MASSs, there is no random factor involved in system dynamics [31] [96]. However, in
stochastic systems, some stochastic processes exist in system parameters [49] [50] [71].
Take the switching of communication topology as an example. Huang et al. in [49]
studied stochastic consensus with transmission noise and Markov data losses across
communication channels. With state space decomposition, the consensus problem
was converted into stabilization of the reduced-order error dynamics in the mean
square sense and with probability one.

Regarding the communication topology, we have fixred and switching topology.
If the communication relationship between agents is time-invariant [96] [125] [141],
then the topology is fixed. For consensus with fixed topology and time-invariant
system dynamics, we can derive some insightful results. For example, the authors in
[96] and [107] related properties of the graph Laplacian to connectivity of the graph
representing the interaction among agents. In case of switching topology [53] [86] [124]
[130], it becomes more difficult since the information interaction among agents varies
over time. The concept of joint connectivity has been widely used, which requires
that the interaction among agents be frequent enough across each time interval of

certain length. For switching topology, as aforementioned, we may also consider the
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stochastic nature in switching pattern. In this way, it is possible to incorporate more
stochastic information into the convergence analysis.

Sometimes, we desire that there are one or more agents that act as the role of
leaders, and the remaining agents should follow the behaviour of these leaders. This
is called the leader-follower consensus [46] [90] [112]; otherwise, we call it leaderless
consensus [107]. In the leader-follower scenario, if we analyze the communication
graph of all agents including the leaders, we will find that the leaders are the root
nodes of directed spanning trees of that graph. Therefore, the information of these
leaders flows to the followers, while there is no influence from the followers that acts
on the leaders. Here, it is necessary to point out the difference between the leader-
follower control and centralized control. In centralized control, there is a leader
that is able to directly communicate with all other agents. While in leader-follower
control, the interaction from a leader to a follower can be conducted in an indirect
way, e.g., through a chain of other agents. The leader-follower control is especially
useful in formation control, in which the motion of leaders determines the trajectory
of formation. In leaderless consensus, all the agents’ initial states contribute to the
final common decision value.

At the early stage of the research on consensus, people concentrate on MASs
in which all agents have the same dynamics [107]: The same model structure and
parameters. This type of systems is termed homogeneous MASs. Recently, researchers
are paying more attention to another category: Consensus in heterogeneous systems
[60] [61]. In a heterogeneous MAS, the agents have different dynamics (either with
different model structure or parameters). For instance, the authors in [60] investigated
the output consensus in a group of agents described by heterogeneous state-space
models. With the aid of output regulation, observer-based consensus algorithms were
designed.

To make the above statement clearer, Table 1.1 lists a brief summary on different

categories of the consensus problem.

1.2.4 Theories and Approaches

Generally, the most commonly used theories involved in the research on consensus

include the following three branches.

e Control systems theory. Like in any control systems, various control the-

ories can be used in the consensus problem. For LTI systems, the frequency
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Table 1.1: Classified representative research papers on consensus.

Types Description Related
work

Linear: Every part of the system is linear. [63] [96] [107]

Nonlinear: There are nonlinearities in system dynam- | [51] [79] [86]
ics. They are inherent or caused by factors
such as quantization.

First-order: It is also known as single-integrator dy- | [5] [101] [141]
naics.

Second-order: It is also known as double-integrator dy- | [74] [80] [104]
namics. More general dynamics is in-
cluded.

State-space: The system dynamics is described in state- | [83] [90]
space equations.

Continuous-time: All variables involved are in continuous | [79] [96]
time.

Discrete-time: All variables involved are in discrete time. | [30] [34] [138]

Sampled-data: Some variables are periodically sampled, | [36] [156]
while others are still in continuous time.

Deterministic: There are no random factors in system dy- | [31] [96]
namics.

Stochastic: Some stochastic processes exist in system | [49] [50] [71]
parameters.

Fixed topology: Communication relationship among agents | [96] [125] [141]
is time-invariant.

Switching topology: | Information interaction among agents | [86] [124] [130]
varies with time.

Leader-follower: There is a leader that influences all other | [46] [90] [112]
agents directly or indirectly.

Leaderless: There does not exist a leader. [107]

Homogeneous: All agents have the same model structure | [107]
and parameters.

Heterogeneous: Agents have different dynamics. [60] [61]

domain based approaches are suitable tools. In [96], a necessary and sufficient

condition on upper bound of delay was derived by using the Nyquist criterion.

Also see [126] for analysis of the discrete-time scenario in frequency domain.

For time-varying systems, the Lyapunov method is a popular way for stability

analysis after establishing the associated error dynamics [96]. In addition, the

sliding mode control [103], model predictive control [33], neural network [18],
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and passivity based control [21] [3], etc., can be applied in consensus problem

as well.

e Matrix theory. To establish the convergence results in consensus, Jadbabaie
et al. [53] employed the theory on stochastic matrices. Its analysis was based
on the asymptotic properties of the product of an infinite sequence of stochastic
matrices [132]. This is particularly useful for purely discrete-time dynamics. For
continuous-time systems with sampled measurements, we may first convert the
dynamics into its equivalent discrete-time counterpart, then utilize the theory
on stochastic matrices [139]. Besides the stochastic matrices, we can also use the
spectral properties of matrices to establish the convergence to consensus. For
example, in [96] [106], by analyzing the eigenvalues of the closed-loop system

matrix, necessary and sufficient conditions were obtained.

e Graph theory. A graph is used to stand for the interaction or information
flow among different agents. For example, consider a graph G = (V, &, A) of N
nodes, where V = {vy,vy,...,vx} is the node set, € C V x V is the edge set,
and A € RV*¥ is the corresponding adjacency matrix representing weights of
the edges. Then each agent is denoted by a node of G. Each edge (v;,v;) € €
implies that there is information transmission from agent ¢ to agent j. The
weight in communication for edge (v;,v;) is a;; in A. By exploring the algebraic
properties of a graph, we can infer the knowledge on how the graph connectivity
affects the convergence to consensus. For more details on graph theory, refer to
137] [27].

It is interesting to note that different theories are often coupled when solving the
consensus problem. For instance, the eigenvalues of the graph Laplacian matrix L
are closely related to convergence, and L is determined by the graph topology.

In the literature on consensus, there are many approaches to solve the problem.
But in general, there are mainly two methodologies: direct method and indirect

method. Both of them are briefly reviewed in the following.

e Direct method. We study the solution to the differential (difference) equations
governing an MAS in time domain and investigate its asymptotic properties.
The application of stochastic matrices in discrete-time MASs is a good example

of this type. For a continuous-time system, if it is time-invariant, we can analyze
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the eigenvalues of the closed-loop system matrix. If it is time-varying, an effec-
tive way is to first transform the continuous-time system into its discrete-time

counterpart, and then apply the theory on stochastic matrices [107].

e Indirect method. In this category, we need to perform a system transforma-
tion to convert the consensus problem into another equivalent one. The most
common approach is to establish the error dynamics which characterizes the
difference between the states of different agents. For example, suppose we have
N agents and z; is the state of agent 7. Apparently, z;(t) — z,(t) as t — oo,
Vi # j,i,5 =1,2,..., N, is equivalent to lim, ,.[z;(¢t) — z;(¢)] = 0. The error
vector is constructed at first, then the consensus problem is transformed into

the stabilization of the resulting error dynamic system.

In order to form the error dynamics, the first approach is to set one agent as
reference and then take the difference between other agents’ states and that
of the reference agent. For example, if we treat agent 1 as a reference, then
define €;(t) = z;(t) — x1(t),i = 2,...,N. The error vector is constructed as
e(t) = [ea(t),...,en(t)]T. The consensus problem is now converted into the
stabilization of the error dynamics with respect to e(t). Refer to [156] [155] and
the references therein. When dealing with average consensus, the average of
agents’ initial states can be set as a reference state [96]. The second approach
to get error dynamics is to use the matrix related to the graph Laplacian as the
state transformation matrix [36]. In this way, the reduced-order error dynamics
is separated from system dynamics and the remaining task is to find conditions

under which the error dynamics can be stabilized.

1.2.5 Applications of Consensus Theory

The research on consensus finds applications in many fields. The most obvious one
is rendezvous, in which the states of all agents converge to a common value. This is
desirable if all vehicles are expected to meet at one location. The second application
is in formation control, where the relative position or heading between different agents
must be maintained constant during the vehicles’ maneuver [63]. This is realized by
redefining agents’ states according to the formation pattern.

In mobile sensor networks, to better coordinate different parts deployed at different
locations, a common time-scale is necessary, and this requires clock synchronization.

In a decentralized environment, it is often not possible to have a global node that



16

directly communicates with all other nodes. Thus, how to achieve clock synchroniza-
tion in a distributed way is the concern. With the help of consensus theory, we have
more ways to implement synchronization in clocks and render the system more robust
against node failures [110].

In addition to the control field, consensus theory can be employed for filtering as
well. This type of filtering is in a distributed way and is called consensus filtering [97]
[94] [73]. There are a group of filter sensor nodes and each of them gives an estimate
of the target signal. The goal is to design control protocols such that they not only
reach consensus on their own estimates, but also give a good estimate of the target
signal.

Due to its inherently distributed feature, consensus approach has been used for
decentralized parameter estimation [120] [57] [154]. This scheme of parameter es-
timation reduces the computational and communication load for each single node,
therefore improves the system’s efficiency. In the mean time, it enhances robustness
of the overall system against node failure.

The area of smart grids also finds the research of consensus to boost its devel-
opment. In [144], a distributed load restoration algorithm for microgrids was pro-
posed, utilizing the average consensus. The more scalable decentralized scheme could
potentially be deployed in large-scale applications. A distributed incremental cost
consensus algorithm was proposed in [158] and the authors analyzed convergence
of the algorithm. In particular, the relation between the rate of convergence and
communication topology was explored.

From the above examples, we see that the wide applications of consensus the-
ory come from its distributed nature with numerous merits. By distributing the
communication and computation load to each node of a network, the system works
more efficiently. Compared with the conventional centralized fashion, this approach
is more robust against node failure and communication malfunction. Decentralized

algorithms are more scalable, capable of dealing with networks of very large size.

1.3 Bilateral Teleoperation

1.3.1 A Brief Description

Bilateral teleoperation is a combination of robotics and control theory. It has been

a hot topic for several decades. For a complete literature review, refer to [45]. In
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teleoperation, the human manipulates an operator (master) to simulate the motion
desired to fulfil certain tasks. The position and velocity signals are then sent to the
other operator (slave) so that the slave can track the motion of the master. It is
not a simple task of trajectory tracking because the effect of environment force is
also transmitted back to the master side so that we feel the presence of the remote
environment. There are two major issues in bilateral teleoperation: Stability and
transparency [66]. Stability requires that as a whole control system, the behavior
of the master and slave should always satisfy the bounded-input-bounded-output
(BIBO) stability. Transparency is a concept reflecting how well we feel the distant
workplace. There is usually a trade-off between stability and transparency.

The first modern teleoperation system was reportedly built in 1945 in the Ar-
gonne National Laboratory [114]. In recent years, with the advancement of network
technology, people are concentrating more and more on teleoperation through the
Internet. As a result, many issues arise, e.g., communication delay, sampling and
quantization over digital channels, distinct working rates of different sensors. Even
worse, data may get lost. With the presence of these adverse factors, researchers have
come up with various approaches to stabilize teleoperation systems and improve their

robustness, without sacrificing too much transparency.

1.3.2 Review of Teleoperation with Delays

As in any NCSs, time delay is not new in teleoperation. It affects the performance
of a teleoperation system. The system performance is degraded, or it even becomes
unstable when time delay exceeds certain tolerance. Whenever there is information
exchange through a network, time delay is unavoidable. As a result, a lot of attention
has been paid to the stability and performance analysis in teleoperation systems in
the presence of time delays. Anderson and Spong [2] solved the stability problem in a
force-reflecting teleoperation system with constant delay, using the frequency domain
approach. The introduction of scattering transformation increases robustness of the
system. A similar method, wave variables, was studied in [91] to deal with constant
delay. In a more recent work [67], the Parseval’s identity and Lyapunov technique were
employed to guarantee passivity of the teleoperation system subject to asymmetric
delays with upper bounds. The teleoperators had the very general nonlinear Euler—
Lagrange dynamics [67].

Besides constant delays, time-varying delays attract much attention as well. In
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[22], the passivity of communication channels was preserved with the use of a time-
varying gain in information transmission. Walker et al. [129] studied the teleoperation
with time-varying and bounded delays. The lower and upper bounds of time delays
were taken into account, and the mean exponential stability was used to characterize
the system performance. Compared with the scenario of constant delays, the analysis
in frequency domain is no longer directly applicable to the case with time-varying
delays. The Lyapunov method has been widely utilized due to its versatility in the
stability analysis of control systems.

Regarding the methodologies to cope with teleoperation, the passivity-based ap-
proach has been largely used; see [2] [20] [41] [67] [91] [98] and the references therein.
Others include the H,, optimal control [68], input-to-output stability, small gain ap-
proach [100], stability in NCSs [129], etc. In our research, we will directly look into
the stability of the error dynamic system which characterizes the difference between
the states of the master and slave.

To compensate for the adverse effects and achieve better performance, much atten-
tion has been paid to preserving stability and enhancing transparency by proposing

appropriate control strategies.

1.4 Motivation and Contribution

1.4.1 Consensus in Multi-Agent Systems

Due to the aforementioned communication constraints in MASs, how to design ap-
propriate control schemes and find conditions to guarantee consensus is our main
concern. In the first part of this thesis (Chapter 2 to Chapter 4), we deal with the
consensus problem using proposed strategies. The motivation and objectives of each
chapter are summarized below.

In previous work, the upper bound in delay provides important information to us
and has been included in the convergence analysis [96] [14] [76]. Apart from that,
delays sometimes exhibit stochastic characteristics as well. For example, the delay
at current time instant may have some relation to that at previous instant [117].
Motivated by this observation, Chapter 2 investigates the consensus problem in
an MAS of single-integrator agents subject to random delays governed by a Markov
chain. The communication topology is assumed to be directed and fixed. Under the

sampled-data setting, we first convert the original system into its reduced-order error
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dynamics. Thus, the consensus problem is transformed into stabilization of the error
dynamic system. Based on the theory in stochastic stability for time-delay systems,
a sufficient condition is established in terms of a set of linear matrix inequalities
(LMIs). Mean square stability of the error dynamics is shown to guarantee consensus
of the MAS. By explicitly incorporating the transition probabilities of random delays
into analysis, more information on delays is considered. A delay-dependent switching
control scheme is developed by redesigning the adjacency matrix.

When dealing with data losses, earlier work has some limitation. For example, the
authors in [43] [133] [101] considered probabilities of available communication channels
without time delay. The work [156] took into account data loss and delay simultane-
ously, but the quantity of delay was less than a sampling period. Inspired by these
works, in Chapter 3, average consensus with delays and data losses is investigated
for MASs with undirected topology. The communication constraints are considered
in two aspects: (1) time-varying delays are non-uniform and bounded; (2) data losses
are governed by Bernoulli processes with non-uniform probabilities. We discretize the
single-integrator dynamics and convert the consensus problem into stabilization of its
corresponding error dynamics. By assuming symmetry in communication topology,
conditions of ensuring the mean square stability of error dynamics are developed, by
explicitly incorporating the probabilities of data losses. The developed scheme can
be easily verified numerically.

Nowadays, more and more controllers are implemented in a digital manner. To get
the measurements, a key issue is to sample the output of a plant from time to time.
In previous sampled-data scheme to deal with consensus [36] [12], people adopted pe-
riodic sampling. This means, that all agents sample their outputs after a fixed period
of time. Nevertheless, in real world, there are various factors that may result in ape-
riodic sampling [1]. For example, the information available to us may have different
rates, or we can improve the overall system performance by adopting non-uniform
sampling. In a recent work [137], the consensus problem with arbitrary sampling in
double-integrator dynamics was investigated. Chapter 4 is concerned with the con-
sensus problem in MASs with double-integrator dynamics and non-uniform sampling.
The communication topology is assumed to be fixed and directed. A control proto-
col with time-varying gains is proposed. The results on stochastic matrices play an
important role in convergence analysis. We prove that when the directed graph has a
spanning tree and the control gains are properly chosen, consensus can be achieved.

Compared with [137], this chapter looks at the consensus problem with non-uniform
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sampling from a different point of view and with different settings.

1.4.2 Bilateral Teleoperation

There has been a lot of work concerned with time delays in bilateral teleoperation,
as reviewed in Subsection 1.3.2. These works considered the lower and upper bounds
of delays, but more information is still worth being included in analysis, such as the
probabilistic distribution observed in experiments [129]. Chapter 5 studies bilat-
eral teleoperation over communication networks. Specifically, the network-induced
random delays are from a finite set, and each delay in the set has a probability of
occurrence. To fully utilize the stochastic information inherent with delays, a novel
design scheme combining the probability information in delays and pole placement is
proposed to achieve better tracking performance. The teleoperation problem is first
formulated as stabilization of an error dynamic system where the error is the differ-
ence between the states of the master and slave. Then, by constructing a Lyapunov
function, a sufficient condition to guarantee the input-to-state stability is established
in terms of LMIs.
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Chapter 2

Consensus in Multi-Agent Systems
with Random Delays Governed by
a Markov Chain

2.1 Introduction

Recently, multi-agent cooperative control has received a lot of attention. As a branch
of mobile sensor and actuator networks, it has wide applications in the forms of for-
mation control, flocking, swarming etc., where distributed coordination is the main
concern [24] [121] [147]. For the consensus phenomenon among a group of particles
using nearest neighbor rules (see [128]), Jadbabaie et al. provided a theoretical expla-
nation [53]. The consensus problem with switching topology and constant time delay
was discussed in [96], and a sufficient condition on graph topology was given to guar-
antee the convergence to a common value. Ren and Beard [107] extended the work
in [53] to the scenario with a directed graph, proving that the existence of a directed
spanning tree is a sufficient and necessary condition such that the Laplacian matrix
has only one zero eigenvalue. This is also sufficient and necessary for consensus in
the LTT first-order dynamics.

Time delay exists ubiquitously in practical systems. In traditional peer-to-peer
control systems, the delay involved is usually very small compared with the system
dynamics, and is thus often negligible. However, in a network environment, the effect
of delay becomes significant. It makes the system be of nonminimum phase, and it

degrades the performance of control systems. A system could even become unstable if
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the delay is too large. As a result, many researchers have been studying this subject
to improve stability and robustness against time delay [39] [143]. When dealing
with such problems, information on stochastic characteristics of delay would greatly
facilitate the controller design and help to reduce the conservativeness. For instance,
the authors in [35] considered the probabilistic distribution of delays in NCSs and
presented an improved sufficient condition for stability.

In the area of distributed coordination of MASs, network-induced delay is also an
important and practical issue to consider. The delay could be either constant or time-
varying, uniform or diverse. The work in [96] allowed for consensus in continuous-time
systems with a single constant delay. A necessary and sufficient condition on the upper
bound of time delay was derived for achieving consensus, by analyzing the poles of
the transfer function matrix. Other work includes [126], in which a constraint was
imposed on the sum of absolute values of the elements in each row of the adjacency
matrix, and the delays were assumed to be diverse and constant. Both conditions in
[96] and [126] were delay-dependent. In [138], under the discrete-time framework, it
was proved that consensus could be achieved as long as the time-varying delays had
upper bounds and the union of communication topologies had a spanning tree. Such
a condition is delay-independent.

However, it is worth pointing out that, in the aforementioned work on consensus,
the statistical characteristics of delay have not been incorporated into the design,
which motivates this work. It is conjectured that by considering the probabilistic
distribution of the network-induced delays, less conservative results could be achieved.

As to the research on stabilization of a large class of stochastic systems, the Markov
jump linear system (MJLS) has been well investigated; see, e.g., [25] [117] [118] and
related references. This characterizes the model uncertainties and switching nature of
the plant more explicitly. In [117] [118], the output feedback stabilization and Hy/Ho,
control of an NCS with time delays governed by a Markov process were studied. A
dynamic control law depending on bilateral delays was designed with output feedback.
Simulation showed the improvement in tracking performance compared with that
using a classical approach considering only the sum of delays over two communication
links.

In this work, we are concerned with consensus subject to delays from a Markov
process. To the authors’ best knowledge, no work has been done on this subject to
date. It can be regarded as an extension of the result in [96]. The merits of using

Markov chains to characterize delays are as follows. (1) The random delays in a
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network exhibit the feature that the occurrence of the current delay depends on the
previous delay [93]. The Markov chain model can better characterize the random
delay. (2) By considering the statistical characteristics of the delay in the design,
conservativeness can be reduced, which results in improved system performance [117].

We assume that the delays over all the communication links are the same (uni-
form) but jumping. By transforming the original system into its reduced-order error
counterpart, the consensus problem is converted into stabilization in the mean square
sense. A sufficient condition is given through the feasibility of a set of LMIs. With this
consideration, we expect that the maximum delay that the system can tolerate will
be increased, depending on the probabilistic distribution of time delays. Moreover,
from the theory of an MJLS [25], it is possible to combine several unstable modes to
form a new stable system by switching among different modes. This leads to the idea
of redesigning the adjacency matrices subsequently, which is another feature of this
work.

The remainder of this work is organized as follows. In Section 2.2, some definitions
and notation are given. Section 2.3 contains the details in problem formulation,
the consensus problem being transformed into the stabilization of an error dynamic
system. Section 2.4 presents the main results. The stochastic stability of the error
dynamic system is guaranteed if the LMIs are feasible. In Section 2.5, simulation
results are provided to verify the effectiveness of the proposed condition. Finally, we
offer some conclusions in Section 2.6.

Notation: The superscript ‘T’ represents the matrix transpose. E denotes the
mathematical expectation. We say that a matrix P > 0 if and only if P is symmetric

¢

and positive definite. ‘*’ in a matrix stands for a term that is induced by symmetry.
Matrices, if dimensions are not indicated explicitly, are assumed to be compatible

with algebraic operations.

2.2 Preliminaries

For a graph of n nodes denoted by G = (V,&,A), V = {v1,vq,...,v,} is the node
set; £ C V x V is the edge set. An edge (v;,v;) € & represents the information
flow from v; to v;. The adjacency matriz A = [a;;] € R™", which is nonnegative
(a;; > 0,Vi,j = 1,2,...,n) in many papers, models the communication topology
among the agents. If there is a directed link from agent j to agent ¢, which means

that ¢ receives information from j, then a;; # 0; otherwise, a;; = 0. An undirected
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graph implies that the communication is bidirectional, i.e., a link from ¢ to 7 means a
link from 7 to 7 as well, or else the graph is directed. A path from i to j in a graph is
a sequence of distinct nodes starting with ¢ and ending with j such that consecutive
nodes are adjacent [37]. The graph G; is regarded as a spanning subgraph of G if
V(Gs) = V(G) and £(Gs) C E(G). A spanning tree is a spanning subgraph without
cycle. Obviously, in a graph with a spanning tree, there exists at least one node whose
information flows to every other node. More details on graph theory can be found in
137].

The neighbor set of agent 7 is denoted by N, from which ¢ receives information.
Thus, N; = {v; € V : (v;,v;) € E}. Assume that there is no edge from an agent to
itself. In most of the existing work, the adjacency matrix A associated with a graph
has the property that a;; = 0 and a;; > 0 for ¢« # j. The graph Laplacian L € R"*"

is defined as
lij = —ai, Vi # Jili = Y ai,i,5=1,2,...,n.
JEN;
Obviously, A and L determine each other uniquely. In this work, we will comply with
a similar definition except that the elements in A could be negative. Later, it will
be observed that the existence of negative elements in the adjacency matrix provides
more flexibility for design.

Next, some definitions on Markov process are presented.

Definition 2.1 ([38]). The Markov chain X with state space S is called homogeneous
if

P(Xmi1 = j|Xm = 1) = P(Xy = j|Xo = 1)
for all m,i,j. The transition matriz II = (m;;) is the |S| x |S| matrix of transition

probabilities
7Tz'j = P(Xm—i-l = j|Xm = Z)

where P is the probability operator and |S| is the cardinality of state space S.
The transition probability matrix II satisfies

E
Y om=li=12.]9|
j=1

The following assumption imposes an upper bound on the network-induced delays,

which is reasonable and practical.
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Assumption 2.1. The time delays {dj} are from a finite set of integers I' = {7y, 72,

oy Tpand 0< 7 <y < - < Ty

Remark 2.1. This assumption is very general and does not impose very strong con-
straints on problem formulation. The fact that the set I' is composed of integers rather
than continuous real numbers results from the sampling and hold feature. Even if
the actual delays can be real numbers, we only send and use data at discrete time
instants. As a result, time delays will be integer multiple of the sampling period. In
this work, not only the lower and upper bounds, but also the delay transition prob-
abilities will be considered. The dimension of the transition probability matrix is ¢
and {1,2,...,q} constitute the state space of the Markov chain.

In practice, in order to determine the set of delays, we can first measure the delays
across a time interval [t; 5] that is large enough. From these measurements, we can
extract the values of delays to form the set of delays. Then the next task is to compute
the transition probabilities. To this end, we can start from one element (say 7;) in
the delay set I". Then check all the discrete time instants in [¢t; t5] and decide the
number of transition from current delay 7; to all the delays in I'. Suppose that the
number of transition starting from 7; to all elements in T" across [t; 5] is IV;, and the
number of transition from 7; to 7; is N;;. Then the transition probability from 7; to
7; is m;; = N;;/N;. Similarly, all other transition probabilities can be calculated.

Sometimes, even if we make our best effort to determine the transition probabilities
of the Markov chain, it is possible that we may not get the exact values of probabilities.
This is due to either measurement errors or variation in system parameters. It causes
uncertainty in the transition probability matrix. Under this circumstance, how to
improve the robustness of the developed method is our concern. Typical work includes
[153], in which the authors studied the analysis and synthesis of MJLSs with partially

known transition probabilities.

2.3 Problem Formulation

Consider a group of n agents with first-order dynamics,

Bi(t) = wi(t),i=1,2,...,n, (2.1)
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where u;(t) is the control input that can be generated by the following control law,
as proposed in [96]:
wilt) ==Y ayla(t) —a;(0)]. (2.2)
JEN;
In a sampled-data set-up, with a zero-order hold, the dynamics in (2.1) has the

following equivalent form in discrete time:

where h is the sampling period.

The consensus problem is dealt with in the presence of uniform and random de-
lays. Therefore, all the communication channels among the agents are subject to
the same delay at one instant. Consensus is achieved if and only if there exists
a common decision value a(z(0)) which is the function of the initial state x(0) =
[1(0) x9(0) -+ ,(0)]T, such that all the states in (2.1) converge to a(z(0)). Tt
is noteworthy that we do not need all the agents to have knowledge of their initial
states such that a(x(0)) is known to all agents. The final state of consensus even does
not have to depend on the initial states of the agents. Sometimes, we may require the
agent states to track an external reference signal. In this case, the consensus problem
becomes the consensus tracking.

Assuming that the delay at time instant k is dj, we have

where
wilk) = = ay(di)[ws(k — di) — z;(k — d)].
JEN;
Compared with (2.2), in the above equation a;; is changed to a;;(dy), which depends
on the current delay dj. In this way, the adapted system could be more robust against
delay.
Define the error as d;(k) = z;(k) — z1(k),i = 2,3,...,n, from which the error

vector is obtained as follows

O(k) = [02(k) 05(k) -+ dulk)]".



27

After some algebraic manipulations, the error dynamic system is
0(k +1) = 6(k) + hL(dy)d(k — dy), (2.3)
with

~

L(dy) = —(Lam2m(di) — 1n—1L1 2.0 (di))

l22_112 l23_l13 l2n_l1n
30 — 1 l33 —1 R T

_ 32.12 33‘13 ‘ 3 .1 7 (24)
ln2_l12 ln3_l13 lnn_lln

where 1,y = [1,1,..., 1% € RO=DX1 Lo on(di) = [lij(dy)] € RODx(=) g 5 —
2,3,...,n, Lign(dy) = [l2(di), lis(dk), - -, lin(di)]. In (2.4), ;i = 1,2,...,n,j =
2,3,...,n are actually determined by the current delay and should be written as
lij(dy). Here, dj, is omitted for the sake of succinctness.

Defining Ly, (dy,) = hL(dy), Eqn. (2.3) can be rewritten in the following form

O(k+ 1) = 6(k) + Lp(dp)d(k — dy). (2.5)

It is readily shown that reaching consensus in (2.1) with an initial condition is
equivalent to the stability of the error system in (2.5). What we need to do is to
determine whether the stochastic stability can be guaranteed under the given h and
L. Tt is worth noting that for a fixed topology, one cannot alter the type of matrix
L, but rather its elements can be adjusted to improve the system performance. The
concept type delivers the information on the positions with nonzero entries in the
adjacency matrix; it has been used in [132] to describe stochastic matrices. We adopt
a switching control by choosing a different Laplacian matrix based on the current
delay. In this way, a system that is not able to reach consensus with a single adjacency
matrix could achieve agreement under the proposed delay-dependent strategy.

Before proceeding, we need the following definition of stability.

Definition 2.2 ([8]). The system in (2.5) is mean square stable if
lim E{||§(k)||*} = 0.
k—o0

The above definition is widely used in the stability of an MJLS [32], and it can
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also be found in the research on consensus [72]. Based on Definition 2.2, the following

lemma is readily obtained.

Lemma 2.1. The consensus problem in (2.1) is solved if and only if the stochastic
system in (2.5) is stabilized. Moreover, if (2.5) is stable in the mean square sense,

we say that mean square consensus s achieved.

Proof. The proof is straightforward, and thus we only provide a brief explanation. For
the necessity part, when the MAS in (2.1) reaches consensus, x; — z;,Vi # j,4,j =
1,2,...,n. Therefore, 6; = x; —x; — 0,7 = 2,3,...,n, and the error dynamics
in (2.5) will be stable. For the sufficiency part, when the error dynamics in (2.5)
is stable, we have § — 0, which implies x; — ;1 = ¢; — 0,7 = 2,3,...,n. Thus

r; — x1,1=2,3,...,n, and consensus is reached. O

Remark 2.2. In this work, we only study the single-integrator dynamics. For double-
integrator dynamics, it is possible to apply the method in this chapter. That is, we
first construct the error dynamics between one reference agent and other agents. Then
the stability of the error dynamics will be investigated. However, the controller design
process will become more involved as the double-integrator dynamics will introduce

the Kronecker product.

To proceed, the following assumption is necessary.
Assumption 2.2. The directed graph has a spanning tree.

Remark 2.3. Assumption 2.2 is a necessary condition to guarantee consensus. It
states the communication relation among the agents: At least one agent is able to
affect all other agents through the links. If not, there always exist two subgroups of
agents that cannot receive any information from each other, and thus consensus is
not guaranteed. This assumption is a basic requirement for the fixed topology.
Then one may ask: What if the agents have the same initial states and they do
not receive any external information from other agents? In this scenario, there is no
communication among agents and the edge set of the graph is empty. It seems that
the agents’ states will always be the same and consensus is reached, so a spanning
tree is not indispensable. However, if we consider different initial conditions, then
the existence of a directed spanning tree becomes necessary. Otherwise, there is not
enough information exchange. If the graph has a circle, which still contains a spanning

tree, then every agent affects the states of all other agents directly or indirectly. In this
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situation, every agent can be the root of a spanning tree, and they will all contribute

to the final state of consensus.

2.4 Main Results

Two important issues will be addressed in this section: (1) a sufficient condition to
guarantee the stochastic consensus; (2) design of the adjacency matrices. We have

the following theorem for consensus.

2.4.1 The Sufficient Condition for Consensus

Theorem 2.1. For the system in (2.1) with random delays governed by a Markov
chain, under Assumptions 2.1 and 2.2, mean square consensus is achieved if there
exist matrices P > 0,Q; > 0,Z; > 0,M;, and ﬁh(Tj),j =1,2,...,q, such that the

following matrix inequality,

Y, Y,
u(r) Yo | (2.6)
* Yoo
holds Nr =1,2,...,q, where
Do Wi(r) Wy(r)
x  Dy(r) 0
Yi(r) = .
* * :
* * x  Dy(r)
[ Z?:1(M0j + MOTJ) — Mo + 23:1 Mng T _MOq + 23:1 Mqu
* —M11 _Ml’Ii _Mlq_MqTi
+ . . . ;
i * * e — My, — M;E
Yio= [ VAMy aMy - JEM, |

VTiMor /TaMoz -+ /Ty Moy,
VM My - JTMy
\/T_qul \/T_2Mq2 U \/7T<IM‘1‘1
Yoo = —diag{Z; Z, --- Zq},
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q
(I)O = Z ij
j=1

®;(r) = 7Ly (1) PLy(7:) — Qi + T LE (1) (i szj> Li(m),
=1
U, (r) = ﬂripf/h(ﬂ), i=1,2,...,q. ]
Proof. Consider the following Lyapunov—Krasovskii functional candidate:
V(k) = Vi(k) + Va(k) + V5(k)
where

Vi(k) = 8" (k) P (k),

q k—1

Valk) =Y Y 0"()Q,0(i),

j=1 i=k—;

q _

k—1
Valk) =22 > > nt(m)Zm(m),

j=1i=—7; m=k+i

n(m) =o6(m+1) —d(m).
For V3(k), considering (2.5), we have
q — k—1
Vak) =" > > 8 (m — dun) Ly (d) Z; La(din)5(m — do).

j=11i=—7; m=k+i

Define dy_1 = 7, dx, = 75,7, 5 € {1,2,...,q}. Then the transition probability from
dk—l to dk is
P(dk = 7—s|dk:—1 = Tr) = Tprs-

In what follows, when calculating the difference (conditional expectation) for each

term of the Lyapunov function, we have the following vector,

T

Ck) = | 0% (k) 0T (k—m) 0N(k—m) -+ 0F(k—T)
as the prior knowledge. Meanwhile, 7, is taken into account.

E{AVi(k)}
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= E{Vi(k + 1) = i(k)}
{[5%) + 07k — d) LT ()] PIS(K) + L (d)a(k — di)]} — 67 (k) Po (k)

=2 Z 0L PLh (15)0(k — 75) + Z s (k — Ty Lh (TS)PL;L<TS)(5<I{I —Ts),

E{AV;(k)}
— E{Va(k +1) — Va(k)}

- Z[(ST(k)Qjé(k:) — 0" (k —7;)Q;0(k — )],

E{AVs(k)}
= E{Vs(k +1) = Vs(k)}

-1

=E {Z > [5T(k5 — di) Ly (di) Z;Ln(dr) 5 (k — dy)

j=1i=—1;

— 6Tk 1 — dy) L () Zi L ()3 (K + i — )| |

=E {Z i: 0" (k — di) L (di) Z; Lo (dy)3 (K — d)

j=11i=—1;

a k-1
Bl 5T<zdlmg(dl)zjﬁh(dl)aado}

Jj=1 l=k—;
q q
= w8 (k= ) Ly ()7 Z5 L (70)S (k — 7)
s=1 j=1
q k—1
=D > 6N = d) Ly (d) ZiLi(d)6(1 — dy).
j=1l=k—7;

For any matrices
M;=[Mg, ML My, - M, j=12...4

with appropriate dimensions, we have the following identity:
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Then,

E{AV(k)}
= E{AVl( )b+ E{AV2(k)} + E{AVs(k)}
<2 Z Trs0 L (KYP Ly (75)0(k — 74) + Xq:wmaT(/{: — 1) LY (1) PLy(75)0(k — 74)

s=1

+ ZWT(/f)Qj(S(k) — 01 (k = 75)Q;0(k — 7)]

—|—Z7TT55T — Ty Lh Ts) <ZTJ >Lh 7s)0(k — 74)

s=1
q k—1

_ Z Z ST(1 — dy) Ly (dy) Z; Ly (dy)5(1 — dy)

Jj=1 l=k—1;
23w [wc) Sok—m) = Y n(l)}

> Z (" (B)M; + 0" (1) 2;)2; (M ¢ (k) + Zyn(1)].

Jj=1 l=k—7;

In the above equation, we have added a nonnegative term (the last one) to form the
inequality.

Let the right-hand side of the above equation be less than zero to ensure that
E{AV(k)} < 0. We have

E{V(k+1) = V(k)} < C"(k)[Yia(r) — Y12Y, ' Yp)C (k) <0

By the Schur complement [9], Eqn. (2.6) is derived for r in step k. The subsequent
task is to show that the error dynamic system subject to random delays is stable in

the mean square sense.

Define W(r) = Yi1(r) — Y12Y5, ' Y15 < 0. Assume that
_/\max(r)] S )\(W(’I")) S _)\min(/r)-[

where A\(W(r)) denotes the eigenvalue of W (7). Apax(r) > 0 and A\yin(r) > 0 are the
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largest and smallest eigenvalues of —W (r). Then
E{V(k+1) = V(k)} < C(R)W(r)Ck) < —Xam(n)[ICR)I* < =BlICE)*  (2.7)

with 0 < = min { A\ (r), 7 =1,2,...,¢}.
Summing (2.7) from k£ = 0, it can be obtained that

E{V(k+1)—V(0)} <=8 E{|¢(m)]*},

SOE{[¢m)|?} < %E{wm ~V(k+ 1)),

Let kK — o0; then
= 5 1 1
> E{ll<m)|Py < BE{V(O) — V(o0)} < BE{V(O)}-
m=0
Meanwhile, note that ||(m)||* > ||6(m)||?>,m = 0,1,2,.... Furthermore,

Y CEICm)Iy = Y E{llo(m)|}.

Therefore,

S E{[a(m)|?} < %E{V(O)} < o0,

from which we conclude that lim,, .., E{||6(m)[|*} = 0, and thus the error dynamic
system in (2.5) is mean square stable. From Lemma 2.1, consensus is guaranteed in

the mean square sense. O

Remark 2.4. The Lyapunov function in the above proof is constructed in light of
the work in [35]. Here, the novel idea for the consensus problem is to design the
delay-dependent Laplacian matrices, or equivalently the adjacency matrices. At time
instant k, the corresponding adjacency matrix A(dy) will be used based on the mea-
sured delay di. As long as there is a feasible solution for the matrix inequalities in
Theorem 2.1, consensus will be reached with the designed switching control law. Note
that the sufficient condition given in Theorem 2.1 is not in the form of LMIs. Thus, it

is still necessary to derive an equivalent or stronger condition to guarantee consensus,
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such that it can be conveniently solved using existing tools, e.g., the MATLAB LMI

Toolbox. We have the following theorem.

Theorem 2.2. Consensus is achieved if there exist diagonal matriz P > 0 and Q; >
O,Zj > O,]\Z/j, Eh(Tj),j = 1,2,...,q, such that the following LMI holds for r =

1,2,...,q:
To+Ti+TT Ty Tyu(r) Ye(r)
* Tg O 0
<0
* * Ts 0
* *x * T7
where

TO = dlag {—P + ZQj, —Ql, —Qg, ce _Qq} 5
j=1

T = [ Zgzl Mj —Ml _MQ _Mq ] ’
= [yl yall - ym, ],
Tg = —dlag{Zl ZQ e Zq}a
[ 1/7T'T1p \/WTQP \/ﬂ-rqp ]
\/WTIEE(TI) Q 0
T,(r) = 0 V2L (1) 0 :
i 0 0 vV quf/h (74) ]
Ts = —diag{P P P},
0 0 o ]
VT Ly (1) 0 0
To(r) = 0 VL (72) 0 :
I 0 0 vV qui;zf(Tq> ]
q o a -
T7—dlag{ZTij,ZT]Z]7 ,ZTij —2<IQ®P>
j=1 j=1 J=1

A

The switching control law can be solved as Ly(1;) = Ly(7;)P~".

(2.8)
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Proof. Y11(r) in (2.6) can be rewritten as
)/11(7’) = Al + Ql + QlT + QQ(T)AQQ;(T) + Qg(T)AgQg(T)

where

q
A= diag{—P+ZQj,—Q1,—Q2,...,—Qq},

j=1
Q= | S M; My My e =M,
vV 7T7“1]n—1 vV 7TT2]n—1 e \/ﬂ-rq]n—l

w/ﬂ-rlj/z('rl) 0
Qo(r) = 0 V2L (12) -+ 0 ,

A

0 0 gLy (7o)

Ay = diag{P,P,..., P},

~

Vi Ly (1) 9
Q(r) = 0 VL (1) - 0 :

0 0 s ST L (Ty)
q q q
A3 = dlag {ZT]'Z]', ZT]'Z]', ceey ZT]ZJ} .
j=1 j=1 j=1

Now, Eqn. (2.6) becomes

A1 + Ql + err + QQ(T’)AQQ’QT(T) + Qg(T’)AgQE(T) }/12

< 0,
* Yo

A1 + Ql + err }/12 QQ(?") Qg(?“) A2 O Qg(r) 0 < O
* Yoo 0 0 As Q¥ (r) 0
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Using the Schur complement, we have

A1 + Ql + erI‘ }/12 QQ(T) 93(7’)

* }/22 O 0

. < 0.
* x  —A 0
* * * —Agl

The term —Aj 1'in the above equation makes it difficult to deal with. To proceed,
perform congruence transformation by diag{l,,,@ P~ [,@ P~" I,® 1, 1,1,®1I, 1},
where 1,41, 1,, and I, represent the identity matrices with dimensions ¢ + 1, ¢, and
n — 1, respectively.

Defining

the following inequality is obtained:

T0+T1+TV1T Tg T4(7’) T6<T’)

* Tg O 0
<0
* * Ts 0
* * * T
where Y;,2 =1,2,...,6, are as in the statement of Theorem 2.2, and

-1
q q q
T7t:—diag{ZTJ'ZJ‘,ZT]‘Z]',...,ZT]‘Z]‘} .
7=1 j=1 7=1

In the above equation, T7; contains the inverse of matrix variables to be determined.
It cannot be directly solved using existing numerical software. Thus, further manip-
ulation is needed.

For any matrix Z > 0, we have
—PZ7'P<Z 2P (2.9)
Considering (2.9) gives rise to

T = ([q®p)(]q®P)T7t(Iq®P)(Iq®p)



37

< (I, ® P)(As — 21, ® P)(I, ® P)
= (I, ® P)As(I, ® P) — 2(I,® P) = Y.

Therefore, if the LMI in (2.8) holds, the error dynamic system is stable and consensus

is reached. This completes the proof. ]

Remark 2.5. Now we see that the feasibility of the LMI in (2.8) for r = 1,2,...,¢
implies consensus. The solution of the LMI results in f/h(Tj), from which the adjacency
matrix can be further obtained. The details will be illustrated and exemplified in
what follows. To let readers gain an intuitive understanding of the performance of
this delay system, factors such as the magnitude of the delays and sampling period
will be analyzed. Delays are adverse for consensus, as shown in [96] [126], and the
bounds of delays impose constraints on the adjacency or Laplacian matrix. For a
given interaction topology and adjacency matrix, when delays increase to a threshold,
consensus cannot be guaranteed. On the other hand, a large sampling period also
means significant retardation in the information exchange, which is unfavorable for
consensus.

As can be observed in (2.8), when the number of agents increases, the compu-
tational complexity of the LMI also increases. This is mainly due to design of the
Laplacian matrix. From this point of view, the method here is more suitable for
small or medium scale systems. For systems of very large scale, we need to come
up with new methods to distribute the computational load to individual systems.
On the other hand, because the adjacency matrices are designed offline, the online

computation in each agent has been greatly reduced.

2.4.2 Design of the Adjacency Matrices

After solving for the matrices ﬁh(Tj), Jj =1,2,... g, the remaining problem is how
we can derive the corresponding Laplacian matrices L(7;). This can be done in the
following steps: (1) get L(r;) = Ln(7;)/h; (2) solve (2.4) for the graph Laplacian
L(T;).

Here, all the adjacency matrices corresponding to different delays must be of the
same type to maintain the communication interaction. A question arises naturally:
How can we ensure this after solving the LMIs? Apparently, in the transformation
ih(Tj) = Ly(7;) P, for arbitrary P > 0, the matrices f/h('fj) and Ly (7;) may not be of
the same type. To tackle this difficulty, we define P to be diagonal in the program.
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This technique guarantees that ih(rj) and f/h(Tj) will always be of the same type.
Subsequently, the entries in the adjacency matrix A(7;) will be properly defined to
reflect its type. It is worth noting that if we have information in advance about
the structure of the adjacency matrix, it is possible to select a more general and
thus better structure other than diagonal form for matrix P. In this way, we can
reduce the conservativeness when designing the controllers, thus improve the system
performance.

For a known type of A(7;), there is an associated matrix L(7;) in (2.4), which is
a function of the elements ay,(7;),k,m = 1,2,...,n. Then we can determine which
elements are independent variables in f/h(Tj) and each of them can be defined as a
Type 1 scalar variable as in the MATLAB LMI Toolbox. Based on those variables,
we define ih(Tj) as Type 3. After describing the LMIs in (2.8) term by term, the
matrix Ly (7;) = hL(7;) is obtained. Using back substitution, A(7;) can be solved.
As a result, the type of the adjacency matrix A(7;) will not be affected.

Then we are in the position that there are (n—1)? equations with n*—n = n(n—1)
unknowns. The equations are often underdetermined, and the difficulty comes from
determining the values of ly5,l3,...,l1,. In practice, with the adjacency matrix of
a specific type, we may be able to determine those parameters uniquely. This case
will be illustrated soon in the example. From the design process, we observe that not
all the elements in the adjacency matrix need to be positive. On the contrary, the
existence of some negative entries even provides certain benefits in some cases. This

will be demonstrated through a comparison in Section 2.5.1.

2.5 Illustrative Examples

In this section, we provide illustrative examples to verify the design procedure and the
effectiveness of the proposed method. Figure 2.1 shows the communication topology

of five agents.

Figure 2.1: Communication topology with a directed spanning tree.
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The sampling time is h = 0.01 s and the delay set is I' = {65, 120, 180, 200} steps
= {0.65,1.2,1.8,2.0} s. Their transition probability matrix is

05 05 0 O
03 04 03 0
0.3 0.2 0.3 0.2
02 04 03 0.1

The initial state of the five agents is z(0) = [0 1 2 3 4]*. Two groups of

simulations are conducted.

2.5.1 Group Coordination with Fixed Adjacency Matrix

In this example, the adjacency matrix below is used:

[0 08 0 0 0

06 0 0 0 0
Aa=105 04 0 06 0 (2.10)

0 0 07 0 0

0 1 0 0 0

The evolution of states is shown in Figure 2.2, from which it can be seen that the
states of the agents diverge, indicating that consensus is not achieved. The multi-
agent system with a fixed communication topology cannot tolerate the random delays
from the prescribed set. The delay-independent control strategy does not meet our
goal. Figure 2.3 demonstrates the jumping delay within the first two seconds.

To make a comparison and show the merits when we allow the adjacency matrix

to have negative elements, the following matrix is used in the simulation:

0 08 0 0
06 O 0 O
A= 105 —04 0 06
0 0 07 O
0 1 0 O

o O O O O

The sequence of delays is still the same and the simulation result is shown in Figure

2.4. As can be seen, with the negative element —0.4, consensus is reached. This
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Figure 2.4: State evolution (z) of the agents with A.o.

example shows the flexibility and effectiveness of allowing negative elements in the

adjacency matrix. However, it does not provide a systematic way for controller design.

In our method, we aim to propose a delay-dependent control design for consensus in

a systematic way.

2.5.2 Group Coordination with Switching Adjacency Matri-

ces

Here, we will show that, with the proposed switching control design, the original

system in the previous example (in Section 2.5.1) which diverges could be stabilized

by a delay-dependent controller. Based on the delay at each time instant, a different
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control law is utilized. In this way, consensus can be guaranteed. By solving the
LMIs in Theorem 2.2, delay-dependent controllers corresponding to the delays are
designed. This will be elaborated in detail subsequently.

An adjacency matrix A with the same type as the one in (2.10) has the following

general form:

[0 an O 0 0]
a921 0 O 0 0
A= | as azx 0 azg O
0 0 ap 0 O
L 0 as59 0 0 0 1
Its corresponding Laplacian matrix is
[ a19 —a12 0 0 O i
—ag 21 0 O O
L= —azn —azx an+azp+ay —ayu 0
0 0 —ay3 43 0
i O —Aas2 0 O a59
with L in (2.4) being
az1 + a2 0 0 0
o —asy + a2 as; +aszp+azg —az 0
a2 —Q43 Q43 0
—as2 + 12 0 0 as

From the above equation, there are seven parameters to be determined: aq9, as1, asy,

32, A34, 43, az. Solving the LMIs in (2.8), the following adjacency matrices are ob-

tained:

0
0.04491
0.04667

0

0

0.01815 0

0 0
0.02101 0

0 0.0318
0.03711 0

0.01473

0
0

0
0

o O O O O
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0 0.004697 0 0 0
0.0002828 0 0 0 0
Ay = | 0.0008104 0.004506 0 0.003306 0 |,
0 0 0.005164 0 0
I 0 0.005586 0 0 0
[ 0 0.005732 0 0 0 ]
—0.002495 0 0 0 0
Az = | —0.002725 0.008094 0 0.006064 0 |,
0 0 0.005945 0 0
I 0 0.00438 0 0 0 |
[ 0 0.01233 0 0 0]
—0.006954 0 0 0 0
Ay=| —0.00771 0.01693 0 0.01469 0
0 0 0.01175 0 0
I 0 0.008514 0 0 0

The four matrices A;, Ay, A3, and A, are associated with the delays 0.65 s, 1.2
s, 1.8 s, and 2.0 s, respectively. Note that there are some negative elements in the
last two matrices. In fact, the condition that all the elements in matrix A should
be nonnegative is not indispensable to guarantee consensus. As long as the error

dynamic system is stable, consensus will be achieved asymptotically.
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Figure 2.5: Consensus with switching adjacency matrices.

In Figure 2.5, we see that, with the same time delays, all the agents in the group

reach consensus due to the use of delay-dependent adjacency matrices. It deserves



43

further research to accelerate the convergence rate.

2.6 Conclusion

This work investigates the consensus problem for MASs with random delays gov-
erned by a Markov chain under the sampled-data scenario. By constructing a proper
Lyapunov—Krasovskii functional, a sufficient condition is given in terms of the feasi-
bility of some LMIs. Finally, the efficacy is verified by simulation results. The main
contribution of the present work is the consideration of statistic features existing in
delays. There could be some further improvements for this work. (1) In this work,
we only consider uniform delay and this scenario can be extended to the case with
nonuniform delays, and the delay across each communication link being subject to an
independent Markov chain. (2) As noted in the literature [104], many researchers are
studying higher-order dynamics, such as second-order dynamics or systems described
by state-space equations. Moreover, consensus in nonlinear dynamic agents would be
of great interest [47] [18].
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Chapter 3

Average Consensus in Multi-Agent
Systems with Non-uniform
Time-Varying Delays and Random

Packet Losses

3.1 Introduction

The MASs have been attracting increasing attention in recent years [53] [107] [104]
[19]. Compared with traditional control systems, MASs adopt the distributed control
framework to improve reliability and to allocate computational load more evenly. A
central issue in MASs is the coordination of collective behavior, and it is often referred
to as consensus, meaning that all the states of interest finally converge to a common
decision value. Among different types of consensus, average consensus is especially
interesting and there has been a lot of work on this topic [96] [124]. This requires
that the states of all agents approach the average of their initial states. It can find
applications in distributed estimation, resource and load allocation, and so on.
With the aid of communication networks (e.g., wireless communication), it is
convenient to deploy an MAS and establish a cooperative interaction among them.
Meanwhile, challenges also arise, mainly due to the intermittence of information trans-
mission. For example, data need to be processed first and then sent out through a
network, thus they will arrive at a delayed time. If the situation becomes worse, data

packets may even get lost. To ameliorate the system performance, consensus with
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communication constraints has been investigated [96] [107] [156].

The authors in [96] [126] discussed consensus in single-integrator agents with con-
stant delays using the Nyquist diagram in frequency domain. Consensus with time-
varying delays was studied in [124] [122] [76] using the LMI based Lyapunov method.
The work in [156] dealt with consensus with random delay and data loss governed by
Bernoulli process. However, the delay was assumed to be no larger than one sam-
pling period. In [29], average consensus was discussed and the convergence speed was
analyzed with respect to the probability of data loss. Packet dropouts can also be
modeled by a random graph process which assigns each edge a probability of existence.
For instance, [43] [133] [101] studied stochastic consensus when the communication
topology was subject to a random process, but they did not consider the effect of
time delay that is often unavoidable.

In this work, we investigate average consensus in the presence of time delays
and packet losses simultaneously. The delays are non-uniform, time-varying, and
bounded. Every communication link has a different probability of failure. Each agent
is equipped with a sampler and a zero-order hold, and the agents are synchronized
in time. Then, by establishing the equivalent error dynamics, a Lyapunov function
is constructed to analyze its stochastic stability, and thus to establish the conditions
guaranteeing average consensus.

The contribution of this work mainly lies in the consideration of time delays and
packet losses in a unified framework. The probabilities of data losses are explicitly
taken into account. Some differences from previous work are: (1) In [156], data loss
was treated as a switching topology with probability and the delay was less than one
sampling period. We concentrate more on the link failure with a probability and the
delay can be larger than one sampling period. (2) In [29] [43] [133] [101], the effect
of delay was not considered. Here, we do not stress much on every single pattern
of the communication topology due to data loss. The influence of data loss will be
evaluated in the stochastic sense.

The remainder of this work is organized as follows. Section 3.2 contains some
preliminaries on graph theory and the establishment of system dynamics. A sufficient
condition to guarantee consensus is presented in Section 3.3. In Section 3.4, we provide
a numerical example to verify the proposed approach. Finally, some conclusions and
remarks are offered in Section 3.5.

Notation: R denotes the set of real numbers. For a matrix P € R™", sym(P) =

P+ PY' P >0 (P < 0) implies P is symmetric and positive definite (negative
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definite). “*’ in a matrix stands for a term that is induced by symmetry. The set
Z, = {1,2,...,n} includes integers from 1 to n. 1, = [1,1,...,1]T € R™ is a vector
with all elements equal to 1. We use E{-} for the mathematical expectation and P{-}
is the probability operator. [a;;] is the abbreviation for a matrix which has element
a;; at position (7, j). Here, [a;;] is used instead of [a;;] as in Chapter 2, because |-
in this work might cause confusion between the notation of a matrix and that of a

mathematical operator.

3.2 Problem Formulation

3.2.1 Preliminaries on Graph Theory

For a graph G = (V, €&, A) with n nodes, V = {vy,v9,...,v,} is the node set and
E CV xV is the edge set. An edge (v;,v;) € £ from v; to v; implies that node v;
receives information from v;. If (v;,v;) € € implies (v;,v;) € £, then the graph is
undirected; otherwise, it is directed. A path from v; to v; in G is a sequence of edges
from v; to vj. An undirected graph is connected if for any v;,v; € £,v; # vj, there
exists a path from v; to v;. In an MAS, each agent 7 is represented by a node v; in
graph G, and each edge (v;,v;) corresponds to a communication channel from agent
7 to agent 1.

The neighbor set of agent 7 includes agents from which agent i receives information
and it is denoted by N;. The adjacency matrix A = [a;;] € R™"™ 4, j € Z, is a matrix
with nonnegative entries satisfying a;; > 0 if (vj,v;) € &, and a;; = 0 otherwise.
Assume that there is no self loop from one node to itself, i.e., a;; = 0. The Laplacian
matrix L = [l;;] € R™" is defined as l;; = —ay;,i # j;lii = Y_,cp; aij- Apparently,
L has at least one zero eigenvalue with the associated eigenvector 1,,, i.e., L-1, = 0.
For an undirected graph, we further have L = L™, 1T L = 0. More details on algebraic

graph theory can be found in [37].

3.2.2 System Dynamics

Consider the single-integrator dynamics
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By adopting the scheme of periodic sampling, (3.1) can be discretized as

where T' is the sampling period. With time delays and data losses between agents

considered, the following consensus protocol is employed,

wi(k) = —ye Y vij(k)aglai(k — dij(k)) — a;(k — di; (k))), (3.2)
JEN;

where 7;;(k) = 1 if there is no packet loss from agent j to agent i, and v;;(k) = 0
otherwise. d;;(k) is the delay from agent j to agent ¢ at time instant k. . is the control
gain. Assume that packet loss occurs with the non-uniform probability 1 — p;; > 0,
ie.,

P{vij(k) = 1} = pij, P{ij(k) = 0} = 1 — py;, Vi # j.
Apparently, E{v;;(k)} = p;; is the probability of successfully receiving data.

Remark 3.1. It can be observed from (3.2) that this control law does not guarantee
the use of most recent information since the time delay d;;(k) can vary arbitrarily. In
addition, we may also consider another case in which the most recent information is
used. Under that circumstance, we do not deal with data loss directly, but perceive
it as a delay process. That is, if an agent does not receive any information from its
neighbors, then it uses information received at the previous step. As a result, the
delay increases by one step. The delay in (3.2) can change arbitrarily, while the delay
with the most recent information can only rise by one at most.

Another scenario in which the information from an agent to itself is not delayed
may also be considered. From the previous literature [85], this control strategy ex-
hibits robustness against time delays. This will be studied in the future.

In (3.2), one may be wondering why we do not merge 7. into a;;. This is because
the elements a;; in the adjacency matrix are fixed so that we do not have to design
the adjacency matrix A, which is often difficult. The introduction of 4. provides
flexibility in controller design. It is worth pointing out that if we let v. depend on
7, that will lead to more freedom in choosing the controller gain. In Chapter 2, we
let the adjacency matrix depend on current delay and design the delay-dependent
adjacency matrices. In this chapter, A is fixed to avoid the difficulty to design A.

In order to determine the probabilities of data losses, an experiment can be per-
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formed. By sending out a number (N) of data packets, we calculate the number (V;)
of packets that arrive successfully on the receiver side. Then we calculate the ratio
Ng/N, and the probability of data loss is obtained.

Assumption 3.1. The undirected topology is fully symmetric, i.e., for any pair of
agents ¢ and 7, the link from 7 to 7 and that from j to 7 exist or vanish simultaneously,

and they are subject to the same delay d;;(k) = d;i(k) at each time instant.

Remark 3.2. The above assumption ensures that the symmetry of communication
among the MAS is always maintained during the dynamic evolution. Thus, the
average of agents’ states is reserved in the system dynamics. The symmetric commu-
nication can happen in practice when the agents are equipped with transceivers of
the same performance specifications. As a more general scenario, it is meaningful to

investigate the asymmetric communication in the future.

Define L(k) = [[lzj(k)]] S Rnxn’lij(k> = —’yij(k)aij,i 7é j, l“(k> = Z?:l %j(k)aij,
and

Then the system dynamics can be written as
ok +1) = 2(k) =T Y L (k)a(k — dn(k)), (3-3)
m=1

where d,, € {d;; :i,j € T,,} and L(k) = > _, L™ (k). Here, r denotes the number
of different delay sequences, i.e., some delays may have the same quantity throughout.

From Assumption 3.1, it is easy to get that 17 L™ (k) = 0 and 1T L(k) = 0.

Remark 3.3. Above we consider d,,, instead of d;;. This is more general, since it is
possible that some delay sequences may be the same throughout the dynamic process,
e.g., dia(k) = di3(k) for all £ > 0. In order to get L™ we can first figure out the
number of delay sequences d,,, i.e., r in this work. Then, for the communication
channels with one specific delay sequence, say d,,(k), collect the elements at the
corresponding positions of the adjacency matrix A = [a;;],xn. This process splits the
matrix A into the sum of r matrices. As a result, L(k) has also been written into the
sum of LW (k),..., L0 (k).
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Assumption 3.2. The time-varying delays are bounded: 0 < d,,(k) < hyy,.

Remark 3.4. In practice, in order to determine the bounds of time delays, a very
straightforward way is to measure time delays over a large time interval, and then
pick the maximum one among these quantities. That maximum quantity is exactly
the upper bound of time delays. Now the question is: How do we measure time
delays accurately? The key technique for this purpose is to use the time stamp.
Before everything is operated, the first step is to synchronize the clocks mounted in
different sensors and actuators. After that, for each data packet that is going to be
sent, we append the time information to it. In this way, after receiving the data, the
precise time delay can be calculated.

Note that in this chapter, we only consider the lower and upper bounds in delays.
Unlike Chapter 2, where the transition probabilities between delays are taken into

account, this chapter does not incorporate stochastic information in delays.

Let G™ be the graph associated with the set {L™(k),k =0,1,2,...}. Then its
edge set £(G™)) includes all possible edges with delay d,,(k). At each time instant
k, the graph of L™ (k) will take some edges from £(G™)) with certain probability.
By taking the mathematical expectation of L™ (k), we have

Lm0 — (L ()} = 1] -

7(m,0 m,0) . . 7(m,0 7(m,0
0 = pl i # G 0 == 3 I,
j=Li#i

Lm0) — [[Zg”’o)ﬂ can be interpreted as the Laplacian matrix of full weights associated

with GU™. Tt is defined as: l@(;n,o) = —ay; if i # j and the edge (vj,v;) € E(G™);
l(m70)

i = Z]. entm a;j, where M(m) denotes the neighbors of agent i in G™ _ The
adjacency matrix corresponding to L9 is denoted as A% . Since each edge is
subject to a unique random process, there is at most one nonzero entry at each

off-diagonal position of the matrices from the set {L™% m € T.}.

Remark 3.5. When taking the mathematical expectation of L™ (k), one may think
that E{L(™ (k)} depends on the probabilistic distribution of the time delay d,, (k).
This is in fact not the case. The time index k denotes the status of data loss. It
corresponds to the random variables v;;(k). Once the delays are grouped into r
random variables d,(k),...,d,(k), the matrices LM (k),..., L(") (k) are independent

of the delays. Therefore, L(™ (k) is a matrix for data loss only. For any time instant
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k, when calculating E{L(™ (k)}, since the data loss across each communication link
is subject to a Bernoulli process, we will always have the same expectation L for

a specific m.

Before proceeding to the main results, the following assumption is necessary for

consensus.

Assumption 3.3. The expected communication topology G associated with L(®) =
S L0 is connected.

This assumption guarantees the connectivity on communication graph: There
should be at least one agent that is able to affect all other agents directly or indirectly.
If the undirected graph G(© is not connected, then there exist at least two nonempty,
disjoint groups of agents that have no communication with each other at any time.

Thus, consensus cannot be reached.

Remark 3.6. The loss and recovery of communication links can also be character-
ized by switching topology; following this line, some studies have been conducted in
the literature [53] [107] [76]. In these works, the authors consider the very general
switching pattern with some graph connectivity constraints. To better characterize
the variation of topology, we explicitly incorporate the probability information into

the theoretical analysis.

In what follows, the main results will be presented, and a sufficient condition to

guarantee the average consensus is given in terms of LMIs.

3.3 Main Results

From (3.3), we can see that the average of agents’ states « = £ 3" | x;(k) = 2172 (k)

is an invariant quantity. Then perform decomposition of the following form:
z(k) = al, + 0(k),

where 6(k) = [61(k), 62(k), ..., 0,(k)]" satisfying 176(k) = 0. Following some manip-

ulation, the error dynamics is obtained:

S(k+1)=06(k) —~.T Z LM (E)S(k — dp (k). (3.4)
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Obviously, the stability of (3.4) is equivalent to the consensus in (3.1) or (3.3). In the
following, we will study the stochastic stability of the system in (3.4). The definition

of mean square stability is introduced first [35].

Definition 3.1. The error dynamic system in (3.4) is mean square stable if
lim E{||0(k)|*} = 0.
k—o0

The following lemma plays an important role in the stability analysis of (3.4).

Lemma 3.1. Suppose that L' (k) and LY (k),i,j € Z, are Laplacian matrices corre-
sponding to two undirected graphs. Then, for a matriz P = PT, E{L®(k)PLY(k)}
can be evaluated as follows:
(1) i #j. We have

]E{L(i)(k)PL(j)(k)} = [0 pLEO).

(2)i=j. We have
E{LY (k)PLY(k)} = LUOPLED + (4, P), (3.5)

where Z(i, P) = Z4(i, P) + Z3(i, P), being a function of i and P, is defined as

=14, P) = Z Z(pmq —pfnq) [E(Tm,q)PE(m,q)

m=1 g=1
+ E(Tm,m)PE(m,m)
—sym (BT, o PEmm)] (A%2)°,

(m,q)

Z(6, P) =Y > (P — Di)sym (2B, ) PE (e

m=1t=m+1

. 2
T T (,0)
Bl PE ) = By PE) (A%0)

Em,g € R™™ has only one nonzero entry equal to 1 at the position (q,m) and entries
at other positions are zero. The product Ea17q1)PE(m27QQ) s a ma?m’x with the sole
nonzero entry at position (my,ma) and that entry equals Py, 4, . A%’g) represents the

element at (m,q) in AGO).
Proof. The proof is included in Subsection 3.3.1. O

The following theorem provides a sufficient condition for consensus.
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Theorem 3.1. Given the control gain 7., consensus is achieved in (3.3) if there exist
matrices P > 0, R; > 0, M;,i =1,2,...,r, such that the following LMI holds:

WIT, + Yo+ T3+ Ty +THW WTd
<0, (3.6)
* A
where
In—l

W=1L.®F F= it |
0 PL1O PLO)
* 0 0

Tl - _IYCT . )
* 0 0
0 0 e 0
0 LAEOQOLMLo) ... [(1L0)Q],r0)

T, = c2T2 . . . . s
0 L0010 ... [LE0QL00)

Q:P+ihmRm,

m=1

m=1
Ty = [ Dot My =My - =M, ];
@:[thl h,,MT],
A = diag{—mRi, ..., —h.R,}.

In the matrix W, ‘®7 denotes the Kronecker product.

Proof. Construct the Lyapunov function candidate V (k) = Vi (k) + Va(k),

Vi(k) = 8" (k)Pa(k),
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T — k-1

Va(k) =" > > v (i) Rav(i),

m=1 j=—hpy, i=k+j

v(i) =0(i + 1) — (),
where P > 0 and R,, > 0 are to be determined. Then from (3.4) we have

E{AVi(k)} = E{Vi(k + 1) — Vi(k)}
=E{6"(k+1)P5(k + 1) — 6" (k)PS(k)}

= {—Q%T(ST(k)P Z L (k)6 (k — dp(k))

+ 272 Z Z 6T (k — d;(k)) LY (k)P

i=1 j=1

x L9 (k)3(k — d,(K))}

Now the difficulty lies in calculating E{L® (k)PLY)(k)} due to the existence of corre-
lation in the elements of L (k) and those of LU) (k). Using Lemma 3.1, E{AV;(k)}

becomes

E{AV:(k)}
= 27T - 6% (k)P Z LU 0§(k — din (k)

=1

+ 2T 0N 6" (k= di(k) LY PLOYGS(k — dy(k))

i=1 j=1

+ 272 Z 5T (k — dy(k))E(i, P)o(k — di(k)).

For V4 (k),

E{AVy(k)} = E{Va(k + 1) — Va(k)}
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Define
(k) = [01(k), 6" (k = du(k)), ..., 0" (k = dn (k)]

For any matrices M,,, m € Z, with appropriate dimensions, consider the nonnegative

term
0< (Y (k) My + 0" () R

x Ry [Mp&(k) + Riv(j)]

<

=" [dun(k)ET (k) My Ry MEE ()

m=1
k1 k-1

+2¢6T (k) M,, Z v(j) + Z v (§)Rv ()
J=k—dm (k) j=k—dm (k)

<€ (k) <Z hmMmR;M,E> (k)

m=1

+267(k) Y My [6(k) = 6(k — dyn (k)]

r k—1

+3° > W) Rav(5) = V(). (3.7)

m=1 j=k—hp,

Eq. (3.7) has exploited the free-weighting technique [142], [151], which facilitates the
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derivation of an upper bound of E{AV(k)} in the quadratic form of {(k). Summing
up E{AV;i(k)}, E{AV4(k)} and (3.7), we have

E{AV (k)} = E{AVi(k)} + E{AV4(k)}
<E{AVI(E)} + E{AVy(k)} + Y (k)
=T R) (T 4+ Yo+ T3+ Ty + Y5 — PATTDT)E(R). (3.8)

If Eq. (3.8) is negative, i.e., E{AV(k)} < 0, then we can prove that (3.4) is mean
square stable by following the similar line to that in [35]. Therefore, the states of all
the agents will converge to their average state, that is, average consensus is reached.

However, from the previous literature, e.g., Theorem 9 in [96] and Theorem 1 in

[124], we know that (3.8) being negative does not necessarily require
T1+T2+T3+T4+T4T—(I)A71(I)T < 0.

This is because in §(k), there are only n — 1 independent variables due to the fact
that » ., 6;(k) = 0. Thus, we define

0(k) = [01(K), 02(k), ..., du-r(R)]",
E(k) =07 (k), 0" (k — du(k)), ..., 0" (k — dn(k))]",

and have §(k) = Fé(k),&(k) = WE(K), where F and W are defined in Theorem 3.1.
It follows that

E{AV(k)} < X)WL+ Yo+ T3+ Ty + Ty
— dATTOTYWE(R).

A sufficient condition for E{AV(k)} <0 is
WY+ To+ T3+ Ty + Ty — AW < 0.

Using the Schur complement, Theorem 3.1 is readily obtained. O]

Remark 3.7. Theorem 3.1 provides a sufficient condition for average consensus that
can be solved efficiently with the MATLAB LMI toolbox. The selection of the control

gain 7. is achieved by certain search methods, e.g., the bisection method. Since it is
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only sufficient, conservativeness exists to some extent and may be reduced by choosing
a better Lyapunov function. It is also observed that 7, and 7" in (3.6) always appear in
the form of paired multiplication with the same order (7.7 and (v.7)?). This reveals
that if there is a pair of 4. and 7" such that the LMI in Theorem 3.1 is feasible, then
for any other sampling period 7', there always exists a corresponding 7. that renders

(3.6) feasible.

3.3.1 Proof of Lemma 3.1

Proof. We prove this lemma in two parts.
(Part 1) i # j. LO(k) and LY (k) are subject to independent stochastic pro-

cesses, SO

E{LY(k)PLY (k)} = E{LY (k) } PE{L ()}
_ @0 pfio.

(Part 2) i = j. This becomes more complicated. Write L% (k) as

om=[ )" (@) - @)

where <l£f@)> ,m € T, is the mth row of L((k). Then

. . , T
LomPLO®m = | 1) P (i)' ereen
The time step k is dropped for simplicity. We consider probabilistic dependence in
two types of entries: diagonal and off-diagonal entries.

Case 1) In the diagonal entry

Hy = (I9) P (5L)" = 3737 (15,) Pus (1,)

g=1 s=1

probabilistic dependence in five subcases is taken into account:
(i) g=s#m:

) . ) 2 s 2 ) 2
£{(12) Pu (120} = P (05 = Po [ (190) + (o — ) (152)



(ii) ¢ = s =m. From (l#}m) = =D en (lﬁszs), it is obtained that

E{(1),) Pos (1))} = EL(15),) P (15),) }
Pmm-E{z WYY <z::;>52>}

seN) 51N s2eN sas1
= Py - [(52’,%)2 + ) (Pms — Phas) (495,?)2] :
seN)
Following a similar way, we have the remaining three results.
(i) ¢ # s,q #m,s #m: E { (l'g‘riz),q) P, <l7(fz)s>} =P - <Z7(7§%)> (Z%g)) )

(iv) ¢ # s,q =m,s # m:

E{ (15,) Pas (1900} = Pros [ (159) (152) = (s — p2) (152)°]

(v) ¢ #s,q#m,s =m

E{(19),) Pas (£2.)} = Pann [ (159 (159)) = (ong — 1) (159)°]

Combining (i)—(v) above yields
~ . . T
E{,} = (1) P (159)
+

Z (Pmq — p?nq)qu (la(vi[,(;))z

q=1,g#m
+ Z (pms - p?ns)Pmm (l%’g))z
SENT(,;L)
S s — D2 Pons (1559)°
s=1,s#m
- Z (pmq pmq) (l o ) :
q=1,qg#m

We have

E{dlag{Hla H27 s 7Hn}}

S7
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a ao o\ T
—aing { (142) P (162) " e 7.}

+ Dy + Dy — D3 — Dy, (3.9)

where the term diag{-} should be interpreted as such that we compute every element
for m from 1 to n, then use these numbers to form a diagonal matrix. Dy, Dy, D3 and
D, will be shown in (3.10), (3.12), (3.13) and (3.14), respectively.

n

D, = diag { Z (Pmg — Ping) Paq (g%))? .m € In}

q=1,q#m

- Z Z (Pmg — pgnq)E(Tmﬂ)PE(m,q) (Agrif,%))Q? (3.10)

m=1 g=1,q#m
and E(,, q) is defined in Lemma 3.1. A0 is the adjacency matrix associated with the
Laplacian matrix L% . Since A%’% = 0, we also have
~ 2 T 3,0)) 2
Dy = Z Z(pmq = Ping) By P Em,a) (Agn,q)) : (3.11)
m=1 g=1

Similarly,

D2 = dlag Z (pmq - p?nq)Pmm (l%:?]))Q

qeN )
=D > (g = D) By PEnom) (AG9)", (3.12)
m=1 g=1
D3 = diag { Z (pms - pfns>PmS (lg’g))z}
s=1,s#m
= Pms — P2 Efrp iy PE(mos) (Aﬁ,’;’,?)z : (3.13)
m=1 s=1
D, = diag { > (Pmg = Pog) Pam (zgif;)f}
q=1,qg#m
- Z Z(pm‘l o piq)EE{n,q)PE(m,m) (A%g))2' (3'14)
m=1 g=1

Note that the transpose of (3.13) is (3.14). Substituting (3.11)—(3.14) into (3.9), we
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E{dlag{Hl, HQ, ey Hn}}
n. n. T
_ diag { (zg@) P (z,gg»?) m € In} L2, P).

Case 2) The off-diagonal entry

() P (1)) = S50 80,) P (12) o #1.

29

(3.15)

Since L™ (k) is symmetric for an undirected graph, (l,g?t> and <l 7)n> are subject

to the same random process from Assumption 3.1. Therefore, dependence in four
terms are to be considered: (lﬁ,i)m> P <lt(12), (l%)m> Pom (lﬁ)ﬂ), (l,(:l)t> P, (lﬁzz,l),

(lﬁ,?,t> Py (zﬁ? > After some calculations similar to those in Case 1), we get the four

terms of expectation:

If we denote M = {(m,t), (m,m), (t,m), (t,t)}, then

WP =20 0 () P (1)

q=1 s=1,(q,s)¢M

£ () P (1)

(g,8)eEM
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Considering the expectation of the four terms, it is obtained that

{1y ())
= (i) P (i5)"

2 1.0\
+ (pmt - pmt) <2Pmt — Pom — Ptt) (lm,t > .

In the above equation, we have used the symmetry in P and L® (k). For m # t,
N2 SN2
we have <l£f£)> = (A,%’?) . Then the expectation of the matrix comprised of off-

diagonal entries is

; { o) (lif?) ﬂ}
= [y r ()]

> @0\
A+ |\ (Pme — Ppe) 2Pt — Prum — Pat) (Am,t )

= [y e oy

m#t
+ DD (Ot = Pot) [2E Gy PE Gy
m=1 t=1
T T (%,0) 2
—E(m,m)PE(t,m) - E(mi)PE(t,t)] (Amﬂf )
. - T
_ |[(z§;:?>> P (zt(f;‘”) ﬂ +,(i, P). (3.16)
m#t

Combining (3.15) in Case 1) and (3.16) in Case 2), (3.5) is obtained readily. This
completes the proof. O

3.4 Simulation Results

A numerical example is provided to verify the design method. Consider an MAS of
four agents with the expected topology G©) and £(G©) = {(v1, vy), (v1,v3), (v3,v4)}
(all possible edges). Suppose that delays across the three channels are independent

of each other, so r = 3. Then, we have the following adjacency matrices with full
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weights:

(0010 0] 0010

oo _ |1 000 40 _ 00007
0000 1000
0000 0000
(000 0]

Le0_ | 0000
000 1
(001 0]

The weights are set to unity for simplicity and other weights are applicable. The
sampling period is T" = 0.05 s. Delays have the upper bounds hy = hy = hy = 0.6
s. Figure 3.1 shows the sequence of the delay d;» within the first five seconds. The
initial condition is x(0) = [1, 2, 3, 4]*. The probabilities of successfully receiving
data are p1o = 0.4, p13 = 0.9, p34 = 0.6, respectively. Set v. = 0.6 and solve the LMI
in Theorem 3.1. The result shows that it is feasible, therefore average consensus can

be reached. Figure 3.2 shows state evolution of the four agents.

0.7

0.6

o
o

o
w

Delay d12(k) (sec)
o
N
l—\

o
)

o
=

0 1 2 3 4 5
Time (sec)

Figure 3.1: The time delay di2(k) in seconds.

As we perform more tests with different simulation conditions, a decrease in con-
vergence rate is observed when the probability of data loss rises. With lower avail-
ability of data, the system evolves more slowly. The graphical results are not shown

here for brevity.
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Figure 3.2: The agents’ states versus time.

3.5 Conclusion

In this work, we investigate the average consensus in first-order dynamics with non-
uniform time-varying delays and packet dropouts. Both the bounds of delays and
probabilities of data losses are taken into consideration. An LMI-based Lyapunov
method is used to derive a sufficient condition for consensus. In the future, it will
be interesting to extend the agent dynamics to more general form and study its

performance.
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Chapter 4

Consensus in Multi-Agent Systems

with Non-uniform Sampling

4.1 Introduction

The last decade has witnessed a surge of research interest in MASs [17] [53] [86] [107]
[134]. An important concern in MASs is the consensus problem, which means that we
design proper control laws to drive the states of interest to a common decision value.
Traditionally, due to the limits in communication, this may only be implemented in
a centralized way, i.e., we have a central system to regulate the dynamic performance
of all plants. Nowadays, as the technology advances, researchers are concentrating on
the distributed implementation based on local information exchange. Under this new
scheme, no agent is able to interact with all other agents. Each of them communicates
with its neighbours to coordinate the collective behavior. Consensus theory has many
applications, such as rendezvous [107], formation control [63] [77], flocking [95] [152].

Researchers started the research on consensus with relatively simple dynamics:
the single-integrator (first-order) dynamics [53] [96] [107] [138]. In particular, Ren
and Beard in [107] find the necessary and sufficient conditions for first-order LTI
dynamics. Their conclusions only require the existence of a spanning tree, which is
the weakest condition on graph connectivity. Later on, researchers have extended
the results to double-integrators, which are more practical since they involve both
the position and velocity in the consensus problem. For related work, refer to [19]
[104] [106] and the references therein. In recent years, the research on higher-order

dynamics such as the state-space models has been attracting growing attention [17]
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[83] [109]. In addition, consensus with nonlinearities (e.g., Euler-Lagrange dynamics
[105]) has also been studied in literature.

Depending on how MASs operate in time domain, the consensus problem can
be coped with in continuous time [55] [96] [107], discrete time [53] [138], or with
sampled data [36] [149]. In practice, most of the plants work in continuous time and
have continuous states. However, many controllers that are used today are digital
and adopt the sampling/hold scheme. They receive data in an intermittent way
and apply the control signal through a zero-order hold. Therefore, it is necessary
to explore the conditions for consensus when sampled data are used. For instance,
the authors in [12] [36] investigate the sampled-data consensus with double-integrator
dynamics and fixed/switching topology. Sufficient conditions are derived with some
restrictions on the sampling period, graph connectivity, and control gains. In these
works, the sampled-data system has been transformed into its equivalent discrete-
time counterpart. Then, we can use some existing results (e.g., [53]) to solve the
consensus problem.

In the aforementioned work on sample-data consensus, the sampling is assumed to
be periodic. However, due to various reasons, such as delay, limited communication
bandwidth, it is not always possible to guarantee periodic communication [1]. In
this situation, the introduction of irregular sampling makes the system time-varying
and poses challenges for us. The research results on LTI systems cannot be directly
applied to this scenario. How to adapt the current control scheme to the case with
non-uniform sampling remains a question. Motivated by this, we are going to study
the consensus problem with non-uniform sampling.

In this work, the agent dynamics is assumed to be double-integrators, which
have been researched widely in literature [74] [104] [149]. Compared with the single-
integrator dynamics, it is more practical and represents the physical characteristics
of a larger class of systems. The communication topology is directed and fixed. The
sampling periods are assumed to be from a finite set. At each sampling instant, the
sampling period is selected randomly from that set. A control protocol with time-
dependent gains is developed, meaning that the control gains depend on the sampling
period explicitly. We prove that consensus can be reached if the directed graph has
a spanning tree and the control gains are properly designed.

The main contribution of this work is twofold: (1) The non-uniform sampling
scheme is considered, which characterizes communication more practically. The

sampled-data MAS is converted into its equivalent discrete-time system between ev-
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ery two consecutive sampling instants. Then consensus is studied in discrete time
with the aid of stochastic matrices. (2) The use of time-varying control gains pro-
vides flexibility for reaching consensus. Rather than employing fixed control gains,
the strategy here lets us have more choices at each sampling instant to regulate the
system performance.

The remainder of this work is organized as follows. In Section 4.2, some prelim-
inaries are reviewed and the problem is formulated. Section 4.3 contains the main
theoretical results on the conditions for consensus. A numerical example is given
in Section 4.4 to verify the effectiveness of the proposed controller. Finally, some
conclusions and remarks are offered in Section 4.5.

Notation: The superscript ‘T’ denotes the matrix transpose. The space of real
numbers is represented by R. The N-dimensional vector 1y = [1 1 --- 1]T has all of

its entries equal to one.

4.2 Statement of the Problem

4.2.1 Preliminaries

In this subsection, some basic concepts in algebraic graph theory and nonnegative
matrices will be reviewed.

A graph G = (V, &, A) of N nodes consists of the node set V = {vy,vq,...,05},
edge set £ CV x V, and the adjacency matrix A = [a;;] € R¥*V. In an MAS, each
node in V corresponds to an agent. An edge e;; = (v;,v;) € € implies that agent i
is able to get information from agent j. For the adjacency matrix, we have a;; > 0
if (v;,v;) € &, and a;; = 0 otherwise. Assume that there is no edge from an agent
to itself, i.e., a; = 0. If (v;,v;) € & also implies (v;,v;) € &, then the graph G is
undirected; otherwise, G is a directed graph. A path from node v; to v; is a sequence
of edges (vi,Vm,), (Vmys Umy)s - - -5 (Um,, v;) such that each of these edges is in £. A
graph G’ = (V', &) is a subgraph of G if V' CV and & C E. If V' =V, then G’ is
termed a spanning subgraph of G. A directed spanning tree of a graph is a spanning
subgraph such that there is a root in the tree that has a directed path to any other
node in the tree. For more details on graph theory, refer to [37] and other related

references.
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The Laplacian matrix L = [I;;] € RV*N is defined as
lij = —ai, i #J;  li=— Z Lij-

Obviously, it follows from the definition of L that L1y = 0.

Now let us recall some knowledge on nonnegative matrices. A matrix M € R™*"
is nonnegative if all of its elements are nonnegative, and it is denoted as M > 0. A
stochastic matrix is a nonnegative matrix with row sum equal to one for each row.
For two matrices A and B, we say A > B if and only if A — B > 0. A stochastic
matrix M is indecomposable and aperiodic (STA) if limy_,oo M k=1,cT, where cis a

column vector [132].

4.2.2 Problem Formulation

Consider an MAS of N agents with the following double-integrator dynamics,
J'TZ':U“?.}Z':UZ‘, i:1,2,...,N, (41)

where z; € R" and v; € R™ are the position and velocity of agent 7, respectively.
u; € R™ is the control input. For simplicity, we only consider the case with n = 1
in this work. The scenario of n > 1 can be dealt with by introducing the Kronecker
product. The graph associated with the MAS is directed.

With sampling period h, we can discretize (4.1) as

2

Define
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Then
z(k+1)
v(k+1)

| Iv by
0 Iy

(k) B In
[ o ] . [ ] (i)

In this work, the update scheme is assumed to be synchronous, i.e., all agents
update their states at the same time. The asynchronous consensus has also been
investigated in the past [139]. Suppose that the sequence {tx,k = 0,1,...} consists
of the time instants at which the agents update their states. Figure 4.1 demonstrates

the non-uniform sampling.

14

._‘N

t4
I I I Time

>
4h  6h 10A

=1

O —
S fp—

Figure 4.1: Schematic of non-uniform sampling.

To characterize the phenomenon of non-uniform sampling, we make the following

assumption:

Assumption 4.1. The length of the time interval between any two consecutive up-
date instants is from a finite set. That is, there exists a positive integer 7 such that

tiy1 — te = mih,my € I' = {ny,ng, ..., n.},vk > 0, where I' is a set of integers.

Remark 4.1. If we synchronize the clocks of all agents using some external sources
such as GPS, then it is possible to implement the synchronous update scheme. The
sampling period h acts as the base sampling period as in multirate control. The
assumption that the number of non-uniform sampling periods is finite is reasonable,

otherwise, there will be some time after which the MAS stops receiving new data.

The following control algorithm is used,

ui(t) = —agvi(ty) — Br Z aijli(tr) — x5 (te)], (4.2)
by <1t <{tpt1,

where oy and [, are time-varying gains depending on t;,; — ;. Here, we assume that
tgr1 — tg is known to us at time ¢;. This may cause an issue of implementation in
practice due to the constraint of causality. In the future, causality will be addressed
from the perspective of practicality. From Assumption 4.1, we know that the number

of values of o and [ is also finite. Compared with the control law in [12], we have
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different gains for the damping term and relative measurement, respectively. In what
follows, it will be seen that these time-varying gains provide much flexibility in driving
the MAS to consensus.

From (4.2), we have
u(t) = —agv(ty) — Bela(ts), th <t <tpp.

If considering the discretization between ¢, and t;,1, it is obtained that

#(t) ] , (4.3)

= 11,
’U(tk)

[ (ths)

U(tp41

where

I, = (4.4)

Iy — %6k(mkh)2L (mkh — %ak(mkh)z)IN ]
—Bre(mih)L (1 — ar(mph)) Iy '

We are going to study the consensus property of (4.3) in the next section.

4.3 Main Results

In this section, conditions to guarantee the convergence of consensus will be explored.
From (4.4), we have

= I —y - - - 11110,

z(to) ] '
v(to)

Similar to Lemma 3.1 in [12], we have the following lemma.

B, Cg
Dy Ej

Lemma 4.1. Assume that aymih # 2 for any nonnegative integer k. Then x;(t;) —
xj(ty), vi(ty) — 0 if limy_,o By, exists and all rows of limy_, By, are the same for any

mitial matrices By and Dy.

Proof. The proof can be completed by following the similar line as in [12]. O
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The next step is to derive an iterative equation for the evolution of Bj. Denote

where IIg 11, I 12, Ig 21 and IIj 9o are equal to the four blocks of Il in (4.4), respec-

tively. Apparently, IIj 1o and IIj oo are scalar matrices. Then

By, = 11 Big—1 + g 120Dj—1,
By_1 =1 11Br—2 + _112Dp—2,
Dy =191 Br—2 + j_120Dj .

From the above three equations, we have
By = ®p1B_1 + ProBi_a, (4.5)
where

-1
Pry = (2 1o Tk 12) g1 22 + Mg 11,
1
Do = My 1ollk—101 — (T2 o T 12) k1 201051 11

Eq. (4.5) can be written in another form as

By,
By

By
By

By

— o,
By

(4.6)

_ D1 Dpo
I 0

Lemma 4.2. There exist oy, and By such that @y and Pro are nonnegative matrices
with positive diagonal elements, and the coefficient matriz Hy in (4.6) is a stochastic

matriz.

Proof. Let ayuymph = v # 2,Vk. Then Il 1o = (1 — %fy) mihly, 00 = (1 — )1y,

H;;lmgﬂk,u = m:l:IN
m
Dpy = —~ Iy 90 + g 11
mE—1
m 1
= —" (1 =)y + Iy — =Br(mih)L
mMp_—1 2

my

= (1 +(1=7) > Iy — %Bk(mkh)% (4.7)

Mmrg—1
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g

Dpo = Ig 121151 01 — 1221111

mE—1
= (1 — %7) myhdn(—Br—1(my—1h)L)

my

p— (1 =)y (IN - %Bk—l(mk—lh)2L)

S [— (1 - %7) Br—1(my—_1h)*L

mrg—1

~1=) (1= ghatmaiL )|

= (1= )l - fs(m L s

mMrg—1

When £, > 0, to guarantee that ®;; and ®, are nonnegative matrices with positive

diagonal elements, we first require that

m
1+ (1=y)—=>0, —(1-7)>0,
mME—1
which results in
l<y<1+ mk_l,
my
ie.,
I <agmph =7~ <1+ Tkt (4.9)
mg

In addition, if we choose ) such that

Mig—1

%Bk(mkh)zlii < min {—(1 —7),14+(1—7) Mtk } ,

Vi=1,2,...,N, (4.10)

then &, and ®,5 are nonnegative matrices with positive diagonal elements. Thus Hy,
is a nonnegative matrix. From (4.9) and (4.10), it can be seen that we can always
choose o, and (5 to meet these two conditions.

Considering L]-N = O, we have Hk,ll]-N = ]_N, Hk,21]-N =0. Then,

Ppyly = (I o Tk p2) ko1 22 + T ] 1y
- (H£E1712Hk,12)ﬂk—1,221N + 1y,
Qpoly = [y 121lk1 21
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- (H];_l1712Hk,12)Hk—l,QQHk—Lll]1N
= _(HEE1,12H1<:,12)H1<;—1,221N-

Therefore, (g1 + Pr2)1ly = 1y, and Hy is a matrix with row sum equal to one. It
follows from the above analysis that with (4.9) and (4.10) satisfied, Hj, is a stochastic

matrix. [
The subsequent lemmas are important for the convergence analysis of consensus.

Lemma 4.3 (Lemma 2 in [53]). Let m > 2 be a positive integer, and My, My, ..., M,, €
R™™ are nonnegative matrices with positive diagonal elements. Then there exists a

positive number € such that
MMy -+~ My, > e(My + My + - - + M,y,).

Lemma 4.4 (Corollary 3.4 in [12]). Suppose that the nonnegative matric M € R"*"

has the same row sum for each row and the directed graph associated with M has a
spanning tree. Then the directed graph associated with M also has a spanning

tree.

Lemma 4.5 (Corollary 3.5 & Lemma 3.7 in [107]). Let M € R™ ™ be a stochastic
matrix with positive diagonal elements. If the directed graph associated with M has a

spanning tree, then M is SIA.

Lemma 4.6 ([132]). Let {My, My, ..., My} be a finite set of stochastic matrices of the
same dimension such that any sequence of matrixz product M, --- M;,M;, of positive
length is SIA. Then for any product M; M;

corresponding vector y such that

- of infinite length, there exists a

m—1

m—00

. Mil = 1yT

m—1 ’
The following theorem summarizes the main results of this work.

Theorem 4.1. Assume that oy and By satisfy the conditions in Lemma 4.2. The
MAS in (4.1) with non-uniform sampling reaches consensus if the directed graph G

has a spanning tree.



72

Proof. From (4.6), we have

HoH, | = Pr1Pi—1)1 + Pr2 Pr1Pr—1)2
D11 @ 1—1)2

v

Q11 Pr-1)2

Opy PPy ]

From Lemma 4.2 and Lemma 4.3, there exists €; > 0 such that
Q1 Pr—1)2 > €1(Pr1 + Pri—1)2)-

Hence

K Dy + B
HoH > ke €1(Pr + Pr—1)2)
| Pie-1)1 Q1—1)2
> Pry 1P

| P11 P12

It can be seen from (4.7) and (4.8) that both ®;; and ®;s have structure of the form
rigd N — T L, where rq; and 79, are positive scalars. As a result, the two nonnegative
matrices ®;; and Pyo have positive and zero elements at the same positions. Since L
is fixed, ®py, Pro, P(r—1)1 and ®(;_1)2 all have the same structure (with positive and

zero elements at the same positions). Then there exists € > 0 such that

() o
HoH, > | T ®el
Dy Dy

When the graph G has a directed spanning tree, so does the graph associated with ®;.
From Lemma 4.4, we know that the graph associated with HyHj_; has a spanning
tree as well. It is obtained from Lemma 4.5 that HyH;_; is SIA. Then, if we consider
the sequence HyHy_1--- HoHy = (HyHg_1) - - - (H2H;) and Lemma 4.6, we know that

there exists a vector ¢ such that

lim HyHy - HyHy = 1ct.

k—00

Thus, all rows of By in (4.6) will be the same as k — oco. In view of Lemma 4.1,

consensus can be reached. O
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Remark 4.2. From the above process of proof, it can be seen that the values of oy, and
Br play an important role in the convergence of consensus. They can be calculated
online, dependent on the measured length of sampling interval. In practice, if the
computational capacity does not allow, we can choose the smallest values of oy and
B, and use these fixed values throughout. The property of finiteness in Assumption
4.1 guarantees that their smallest values exist.

With the two adjustable gains a4 and S, we do not have to make a compromise
on the sampling period myh. This is a distinct feature from that in [12], where the
sampling period is also a design parameter. In practice, because of some physical

restrictions, the sampling period may not be arbitrarily selected.

4.4 Simulation

In this example, we will verify the effectiveness of the developed method through an

example. Figure 4.2 shows an MAS of four agents with fixed topology. For each edge

Figure 4.2: A multi-agent system with four agents.

eij € €, let a;; =1 (e.g., agy = 1); otherwise, a;; = 0. Hence,

0100 1 -1 0 O

1 001 -1 2 0 -1
A — ’L =

1 001 —1 2 -1

1 010 —1 -1 2

The base sampling period is h = 0.1 sec, and the set for non-uniform sampling is
I'=1{1,2,3,4,5}. At each sampling instant, the sampling period is randomly selected

from I' with equal probability. The values of ay, and S are chosen according to (4.9)
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and (4.10). In particular,

11 Mp_1 1 Mp—_1
- (141 = 1 :
A myh 2 ( T my ) myh ( * 2mk>

The initial position and velocity for the four agents are z(to) = [1 2 3 4]T and

v(to) = [0 0 0 0]T, respectively. Figure 4.3 shows the evolution of the four agents’
states. We can see that after some time, consensus has been reached under the

proposed control scheme. Figure 4.4 demonstrates the sequence of sampling instants

Position x

Velocity v
I
(5] o

|
=
o

i i i i
1 2 3 4 5
Time (sec)

Figure 4.3: The evolution of agents’ states.

in the MAS. The time instants associated with a value equal to one correspond to the
sampling instants. The interval between two neighboring sampling instants represents

the length of sampling period.

=
o
T

Lk ¥k FkK * Fk -k * -k ok * *F

Sampling instants

o
o
T

i i i i
0 1 2 3 4 5
Time (sec)

Figure 4.4: Sequence of sampling instants. FEach asterisk indicates an instant at which
the agents sample their states.
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4.5 Conclusion

In this work, we studied the consensus problem with non-uniform sampling and fixed
directed communication topology. By discretizing the sampled-data MAS, sufficient
conditions were developed with some mild assumptions. Both the graph connectivity
and control gains have proven to be crucial to reaching consensus. In the future, it
would be interesting to look into the consensus problem with non-uniform sampling

under switching topology.
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Chapter 5

Stochastic Stabilization for

Bilateral Teleoperation over
Networks with Probabilistic Delays

5.1 Introduction

Bilateral teleoperation, which involves a master and a slave, has been attracting in-
creasing attention from both the academia and industry over the past few decades
[45] [2] [150]. On the master side, the human operates a manipulator to obtain the
desired trajectory to accomplish the task. Meanwhile, the slave robot located in the
working environment follows the motion of the master. The teleoperation has wide
applications in practice, e.g., remote operation in mining vehicles and systems [42],
remotely controlled robots in nuclear station [52], minimal invasive surgery [102], etc.
Two important measures characterizing the teleoperation performance are stability
and transparency [66]. That is, the closed-loop system should be stable when inter-
acting with human and environment, and we expect to have a feeling of tele-presence.
There is usually a trade-off between these two indices.

The communication network acts as the bridge to connect the master and slave. As
a result, constraints such as delay, data package dropouts, and quantization error, are
inevitable. Time delay degrades the system performance, or even leads to instability.
Depending on if we utilize the information on delay for controller design, two schemes
emerge: delay-independent and delay-dependent control. The latter employs the delay

information and involves more complicated design process. In practice, time delays
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are bounded and occur with non-uniform probabilities at different values. This feature
is valuable for controller design, e.g., a less conservative result was obtained in [35]
after considering the probability distribution of delay. Also see [135] for probabilistic
delays in state estimation.

Time delay is not new for bilateral teleoperation. Anderson and Spong [2] for the
first time tackled the stability issue in a force-reflecting teleoperator with a constant
delay. Passivity was achieved by introducing the scattering transformation. Another
similar approach, called wave variables, appeared in [91] to passify the communication
channel; see also [92] [145]. These works all dealt with constant and uniform delay.
The Lyapunov—Krasovskii technique was applied in [67] to guarantee passivity for
Euler-Lagrange dynamics when delays were constant and non-uniform. The work
in [82] [22] considered the time-varying delay by applying a varying gain on the
communication link. Stochastic delays are coped with in [129] under the scheme of
Markov jump linear systems. Apart from the passivity-based methods, an alternative
approach is to study the stability and stabilization problem based on the research on
NCSs [48]. For more work dealing with time delay in teleoperation, one can refer to
[81] [108].

The main contribution of this work comes from the integration of delay distribu-
tion and pole placement into the controller design for bilateral teleoperation. The
authors in [129] studied the teleoperation over network with stochastic delays. How-
ever, the stochastic characteristics of delays were not used, with only lower and upper
bounds considered. A natural question arises: How to incorporate more information
on delays and adopt new techniques such that the performance can be improved?

Motivated by this, the main objectives of this work are threefold:

e To practically characterize the non-uniform probability distribution of network-
induced delays. The delays are assumed to be from a finite set, and each delay

within the set has its own probability of occurrence.

e To derive the error dynamic system with error being defined as the difference

between the states of the master and slave.

e To employ a novel technique (pole placement) and establish the sufficient con-

dition of guaranteeing the input-to-state stability of the error dynamic system.

The rest of this work is organized as follows. In Section 5.2, the problem of

teleoperation is formulated and converted into the stabilization of an error dynamic
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system. Section 5.3 details the controller design dependent on delay probabilities. A
sufficient condition expressed as LMIs is provided to guarantee bounded error under
bounded external input. The simulation in Section 5.4 demonstrates effectiveness of
the proposed approach and enhanced performance. Finally, we offer some concluding
remarks in Section 5.5.

Notation: E{-} denotes the mathematical expectation, and P{-} is the probability

“* in a matrix stands for a term induced by symmetry. A matrix @ > 0

operator.
(Q < 0) means @ is symmetric and positive definite (negative definite). ‘®’ denotes
the Kronecker product. ‘|| - ||’ represents the Euclidean norm for a vector or the
corresponding induced norm for a matrix. Matrices, even if their dimensions are not

specified, are assumed to be compatible with algebraic operations.

5.2 Problem Formulation

In this section, we establish the mathematical model of the networked bilateral tele-
operation system, illustrated in Figure 5.1. The master robot is operated by human,
while the slave interacts with the environment on a remote side. The task is to let
the slave follow the trajectory of the master with desired accuracy. Usually, the two
robots have dynamics of the same structure, with identical or discrepant parameters.
For example, they can be two DC motors or robotic manipulators. To achieve better
control performance, both the master and slave send their force and velocity informa-
tion to each other. As shown in Figure 5.1, the information transmission is subjected
to delay di. Here it is assumed that the two channels (from master to slave and from

slave to master) have the same delay at any time instant.

I I
Lo | fik=d)
Vast q,,(k) : Network i q,(k—d,) 5
aster ; ave
‘qv(k—du: ) : g, (k)
— e e o — — — — Jd
Communication
Link

Figure 5.1: Schematic of bilateral teleoperation with delayed communication.
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The dynamics of the master and slave is described by

MG + bG = U + [ (5.1a)
M(Ijs—l'b(js:us_fe (51b)

where M is the moment of inertia, b is the damping coefficient, g,, and ¢, are angular
displacements of the master and slave, respectively. f, is the torque from human,
while f. is the torque resulting from the contact with the environment. wu,, and wu,
are the respective control signals for master and slave. Equation (5.1) represents a
large class of practical systems. For instance, in a mass-spring-damper system, M is
the mass, ¢, and ¢, are translational displacements. This type of dynamics has also
been studied in [22] [84] with heterogeneous master and slave dynamics, and in [129]
with identical dynamics.

Define the states for master and slave,

dm qs
Tm = . y g = . .
[‘Jm] [%]

Then we can write (5.1a) and (5.1b) in the state-space form,

i'm = Axm+B(um+fh)
i‘s = Axs‘{'B(us - fe)

0 1 0
s [B= |
0 —a i

To facilitate the digital controller design, it is necessary to derive the discrete-time

where

A:

model of this system. With sampling period h and zero-order hold for the control wu,,,
the master dynamics in continuous time is converted into its equivalent counterpart

in discrete time,

(k+1)h
Tk 4+ 1) = Agep (k) + / eKkH)h_T]AB[um(T) + fu(7)]dr
kh
(k+1)h
— Agw(k) + / DA B, (kh) + fu(7)]dr
kh
(k-+1)h
= AgZm (k) + Baum (k) + / el VR=TIAB £, (7)dr (5.2)
kh
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where
(k+1)h

h
Ag=e" By = / el Dh=TIAB g7 — / e\ Bdr.
kh 0

Similarly, for the slave, we have

(k+1)h
(k4 1) = Agzo(k) + Baua(k) — / lbDh=TlAR s (o (5.3)

kh

Note that in (5.2) and (5.3), f, and f. are still in continuous time, which is different
from the previous literature [129] [119]. Since the human and environmental torques
do not work in a discrete-time way and they are exerted on the master and slave
continuously, it is more reasonable to treat f, and f. as continuous-time signals.
These terms involving fj, and f. are perceived as exogenous disturbances, and we will
prove their norm boundedness for further stability analysis.

With the communication scheme in Figure 5.1, the following PD (proportional-

derivative) control laws are utilized for the master and slave,

us(k)

K[l‘m(k’) - $S<k - dk)] - fe(k - dk)v (54&)
[y (k) — 2ok — di)] + falk — dy). (5.4b)

I
=

The above two equations have the same form as those in [129] when there is no data
loss. This PD based control is also widely used in the previous literature [67] [100].
Since they assume the same dynamics, it is natural to use the same K for the master
and slave. It should also be noted that with force/torque sensors, it is possible to get

the delayed values of fj, and f, periodically.

Remark 5.1. This controller inherits a typical four-channel structure which has been
widely studied in the literature [66] [84]. Both the displacements and forces are
transmitted to controllers. In [66] [84], the delay is constant and passivity is analyzed
in frequency domain. However, the time delay here is randomly varying and this
makes it difficult to analyze the performance in frequency domain. We adopt the

same control scheme but will use different analysis methodology to address the issue

of delay.
Assumption 5.1. Delays are from the finite set of integers: I' = {7, 7,..., 7},
0< 7 <7 <--- <7, At each time instant &, the delay d, = 7,7 = 1,2,...,q,

occurs with the probability
]P{dk = Ti} = T Z 0
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where >0 m =1

Remark 5.2. For discrete-time or sampled-data systems, it is reasonable to assume
that the delay is integer multiple of the sampling period h. Data package may arrive
at arbitrary time instants. However, by introducing periodic sampling and zero-order
hold, we can ensure that both the measurement and control action will only occur at
instants that are integer multiple of h. It is reported in [129] that delays do not occur
with uniform probability. Rather, they are more likely to happen within a relatively
smaller interval. Controller design following such a formulation apparently involves
more information compared with the case of only considering the lower and upper
bounds.

In practice, to determine the probabilities of occurrence of different delays, we can
measure the delays across a time interval that is long enough. Then we count the
number of occurrences for each element in the delay set. For example, suppose that
the total number of time instants considered is N and the number for the occurrence
of time delay 7; is V;. The ratio N;/N is the probability for delay 7;. Due to the
inevitable imperfection of experiment and the effect of various random factors, it is
possible that there might exist some uncertainties in the probabilities. In that case,

we need to deal with robustness of the designed controllers against uncertainties.
Define the error vector

e(k) = xp(k) — x5(k).

Then the closed-loop error dynamics is obtained from (5.2) and (5.3) as

e(k+1) = Age(k) + Bafum (k) — us(k)]

(k+1)h
i / el DRTABI £, (7) + fu(7)]d7
kh

= Age(k) + BaKle(k) + e(k — di)] + Ba[—fn(k — di) — fe(k — d)]

(k+1)h
[ B 1) + f(rlar
kh

= (Ag + ByK)e(k) + ByKe(k — dy) + w(k) (5.5)

(k+1)h
w(k) = / B () — il i) + ) = £k — do )
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For forces from the human operator and environment, we adopt the similar bound-

edness assumption to that in [129].

Assumption 5.2. The rate of change of f, and f, is bounded: |f,| < f*,|f.| <

frnax
e .

The boundedness of fh and fe can be achieved by using a low-pass filter as stated
in [129]. The constraint of bounded rate is quite general and does not fully capture
the characteristics of the human and environment. Intuitively, if we consider the
dynamics with more details, better results should be obtained. Thus, it is of interest
to take into consideration more dynamic features of f, and f. in the future. This
assumption is vital for the boundedness of w(k), which plays an important role in the

stability analysis. The following lemma proves the boundedness of w(k).
Lemma 5.1. The term w(k) € R? in (5.5) is norm bounded, i.e., |[w(k)|| < oo.

Proof. From the properties of norm in matrix theory,

[w (k)]

(k+1)h
/ elFVRTIAR £ (1) — fulk — di) + fo(7) = fo(k — dy))dT
kh

(k+1)h
< /k ) [elEFOR=AA B - | [fa(7) = fulk — di) + fo(7) = folk — di)]|dr

(k+1)h
< / lEFDR=TIIAL | B [ fa(7) = fulk — di) + fol(T) — fo(k — dy)]|dr.
kh

Because 7 € [kh, (k+ 1)h], we have 0 < (k + 1)h — 7 < h, which yields

el D=7 AIl < hllAll (5.6)

Using the integral equality

T

Iu(T) = fu(k —di) = / fn(s)ds

(k—d)h

and Assumption 5.2, it is obtained that

T T

Fa(s)lds < / fmads

(k—dk)h
(7 — k4 dph) 7 < (14 7 B (5.7)

|fu(T) = fu(k —di)| < /

k—dy,
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Similarly, for the environmental force,

[fe(r) = fe(k = dir)| < (1 + 1) hf (5.8)

Hence, considering (5.7) and (5.8) gives

\[fn(T) = fr(k = di) + fe(T) = fe(k — d)]]
< | fu(7) = fulk — di)| + | fe(T) — fe(k — di)]
< (L4 1) hfy™ 4 (14 1) f™
= (L + 7 h(fi" + f27). (5.9)

Combining (5.6) and (5.9), we get

(k+1)h
||w(/€)|| < /kh ehHAH . HBH . (]_ +Tq)h( }rlnax + f:lax)dT

= (L 7 BB o+ )41 B

Since all the variables involved in the above equation are constant, we conclude that

w(k) is norm bounded. O

Remark 5.3. For the discretization in much of the previous literature [129] [119], re-
searchers treat f, and f. as constant during the time interval [kh, (k + 1)h|. In
contrast, f, and f. are still continuous-time signals here. Obviously, this is more
practical since the forces from human operator and environment will act on the mas-
ter and slave continuously in time domain. To facilitate the stability analysis, the

property of norm boundedness of the exogenous signal is proved first.

Introduce the indicator function

1, dk:Tj

Na=r;y =
Oa dk 7& Tj

for which we have E{14,—r} = 7,7 = 1,2,...,¢. Then, (5.5) could be written as
q
e(k+1) = (Ag+ ByK)e(k) + Z 1{g,—ry BaKe(k — 7;) + w(k). (5.10)

J=1

Instead of coping with the position tracking directly, we study the stability of the
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error dynamics in (5.10). Since this is a teleoperation problem, the exogenous term
w(k) has to be taken into consideration. Therefore, the input-to-state stability will

be investigated. Specifically, we must achieve that
e The unforced system of (5.10) with w(k) = 0 is asymptotically stable;
e The state (tracking error e(k)) is bounded for any bounded w(k).

Remark 5.4. In this work, we are only concerned with the boundedness of the track-
ing error. How the external torques affect the tracking error quantitatively is not
discussed. Sometimes, it may be necessary to characterize the relation between the
external torques and tracking error in more detail. In this situation, we can consider
using other methods such as H,, optimal control to characterize the relationship.
As will be mentioned below, the exponential stability of the unforced system with

w(k) = 0 guarantees the system’s performance.

The following definition on input-to-state stability is adapted from the theory on

nonlinear systems [59]. It is also used in [129].

Definition 5.1. The system in (5.10) with an exogenous term w(k) is input-to-state
stable (ISS) if there exists a Lyapunov function V (k) such that the following equation
holds:

E{AV(k)} = E{V(k+1) = V(k)} < =€ (k) P&(k) + w' (k) Pyw(k),  (5.11)

where £(k) is a vector stacked by the error state e(k) and its delayed states e(k —

7;),7 =1,2,...,q, P, and P, are symmetric and positive definite matrices.

The reason why we can adopt this definition is that when (5.11) holds, if we let
w(k) = 0, then E{AV (k)} < =&Y (k)Pi&(k) < 0,VE(k) # 0. Therefore, the unforced
system of (5.10) will be exponentially stable. From Lemma 4.6 in [59], we know that
(5.10) is ISS. If the system is ISS, then for any bounded input, we will get bounded
state (e(k) in (5.10)).

The goal of this work is to find a control gain K such that (5.10) satisfies the ISS
property in Definition 5.1. If K exists, we can always guarantee that the tracking

error e(k) is bounded for any bounded w(k).

Remark 5.5. Tt is worth noting that in a teleoperation system, the dynamics of the

human and environment and the dynamics of the master and slave are closely coupled.
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A more comprehensive analysis of stability should consider the specific model struc-
ture of the human and environment. Here, because our emphasis is on the stochastic
stability when the system is subject to communication constraints with probabilistic
features, a more general assumption on w(k) is adopted. When the forces from human
and environment satisfy the condition in Assumption 5.2, the term w(k) will be norm
bounded. Therefore, it is a very general way to treat w(k) as an exogenous signal in
this work. In the future, we can try to further improve the system performance by

including more details of the human and environment dynamics.

5.3 Main Results

In this section, we focus on design of the controller K to guarantee the ISS stability.

5.3.1 Initial Design

The following theorem provides a sufficient condition for ISS of the teleoperation

system.

Theorem 5.1. The system in (5.10) is 1SS if there exist matrices P > 0,0); >
0,Z; > 0,M;,j = 1,2,...,q, and a scalar X > 0, such that the following matriz
inequality holds,

A+ D 0T Dy, Dy By Dy Dy
* —1\2_1
* —A;?

<0 (512
. iy (5.12)

* —AD et T |

where
q
A1 = dlag{—P + Z Qj7 _Qh _Q27 ) _Qq}a
j=1

q
A=1,0P, As=1I,® (Z TmZm> Ay =diag{Zy, Zo, ..., Z,},

m=1
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q

(I)l = Zij _Mh _M27 ceey _Mq )
Lj=1
VA VmAg A
\/ﬂ'_lKTB;lF 0 0
b, = 0 \/W_QKTBdT - 0 ,
0 0 -+ JTgKTBy
\/W_l(Acl_I)T \/7T_2<ACZ_I)T \/ﬂ-_q(Acl_])T
\/7r_1KTB(;F 0 0
G5 = 0 \/W_QKTBdT 0 ,
0 0 o JTGKTBy
®4 - [\/;lMla \/T_2M27 SR \/7Tqu:| 9
[ ALP (Aa — 1) ( ;In L TmZm)
m KTBI P mK By (3 TnZ)
O5 = , , P = , JAg = Ag+ BiK.
| 7, K'BjP T K By (3 T )

Proof. For the error dynamic system in (5.10), consider the following Lyapunov func-
tion candidate [35],

V(k) = Vi(k) + Va(k) + Va(k),

||
(-

('b
A

~.
~

.
i
I
=
i
T

S

q —1 k—

Z " (m),

._\

._.
.
Il
I

.

where P, Q);, Z; are positive definite matrices to be determined, and
n(m) = e(m+1) — e(m)

q
= (Aq+ BaK — I)e(m) + Z 1{g,—ry BaKe(m — 7;) +w(m).

Jj=1
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Then, take the mathematical expectation of the difference of each term in V (k).

E{AVi(k)} = E{Vi(k + 1) — Vi(k)}

:E{

X

q
e"(k)(Aq+ BaK)" + > 1qgu=rpe’ (k= 7) K" B + w" (k)| P

7=1

(Ad—f—BdK +Zl{dk T}BdKe(k‘—T]) —|—w(k)

- eT(k)Pe(k;)}

= GT(kZ>[(Ad + BdK)TP(Ad + BdK) - P]e(k)

q
+2¢T (k) Z 7;(Ag + BiK)"PByKe(k — ;)

+ Z met(k — ;)K" BY PBKe(k — 7))

+2¢" (k) (Aq + BaK)" Pw(k)

+ 2279 )K" B} Pw(k) + w" (k) Pw(k), (5.13)
E{AVZ( )} = E{Va(k + 1) = Va(k)}
= Zq;[eT(k)Qje(k:) — et (k—1)Qze(k — 7)), (5.14)

E{AVs(k)} = E{Vs(k + 1) — Vs(k)}

=F {nT(k) (Z TmZm) n(k) — Z _ nT(m)Zm(m)}

+2eT(k)(Ag + BsK — )" (Z T m) > 7miBiKe(k — 1)

J=1

—|— miet(k—1,)K'B} TmZm | BaKe(k — 7;
j i) d j

m=1

+ 2T (k) (Ag + BaK — I)" (ZTm m)
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Jj=1 m=k—7;

For any matrices
T
Mj:[M[}; MlTj Msz MT.] J=1,2,...,q,

with appropriate dimensions, we have

where
E(k) = [e"(k), e (k—m),e" (k—1),....e" (k—7y)]

Then, E{AV (k)} can be obtained as

E{AV (k)} = E{AVi(k)} + E{AVa(k)} + E{AVs(k)}
< E{AVi(K)} + E{AVa(k)} + E{AV3(k)}

+QZ§T(]§)M] e(k) —e(k — 1)) Z n(m ]
+E {Z i [T (k)M + 0" (m) 2,2 M€ (k) + Zjn(m)]} : (5.16)

The last term in (5.16) is nonnegative. Using the inequality 2a’c < a*Qa + cTQ ¢,

where a, ¢ are vectors and ) > 0, we get
eV (k)(Ag + B.K) " Pw(k) + 2 Z m;eY(k — ;) K BY Pw(k)

= 26" (k) @sw(k) < & (k)5(AP)" 1<I>},F€( )+ w (k) (AP)w(k), (5.17)

et (k)(Aq+ BaK — )T <Zq: Tmzm> w(k)

m=1
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= 26" (k) Dw(k)
< ET(k)dg (A zq: TmZm> die(k) +w (k) (A zq: TmZm> w(k), (5.18)

where &5 and ®g are defined in this theorem. A > 0 is a weighting factor that can
be tuned and plays a role to adjust the quadratic terms of (k) in (5.17) and (5.18).
Considering (5.13), (5.14), (5.15), (5.17) and (5.18), it follows that

E{AV (k)} < ET(K)[AL + @1 + @] + PpAy®y + P3A3P; + PN D)

-1
q
+ O5(AP) DT + B </\ > TmZm> oF

m=1

&(k)

+ (1 + Nw' (k) (P - i TmZm> w(k). (5.19)

Now (5.19) possesses the same form as that in Definition 5.1. A sufficient condition

to guarantee ISS is
Apt @1+ @f + 2o0o®y + 3As 05 + AT O]

-1
q
+05(AP) 0L 4 @ ()\ > TmZm> ®f <0, (5.20)
m=1
By applying the Schur complement [9] on (5.20), Eq. (5.12) is obtained. From Def-
inition 5.1 and the boundedness of w(k) in Lemma 5.1, we know that (5.10) is ISS.
Thus, the tracking error e(k) will always be bounded for any bounded w(k). The
proof of Theorem 5.1 is completed. O]

Remark 5.6. If the error dynamic system is stabilized, it implies that the slave can
track the motion of the master with bounded error for any bounded exogenous input.
Thus, the stability and performance of bilateral teleoperation is achieved. It is intu-
itive that when the magnitude of w(k) becomes larger, the tracking error e(k) will
also increase. We do not investigate the quantitative relationship between them in
this work, and this could be looked into in the future. The effectiveness of ensuring

the performance of teleoperation will be validated in the simulation part. The con-
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dition in (5.12) is not an LMI, and this necessitates further manipulation to derive a

sufficient condition that is convenient to solve with existing tools. Theorem 5.2 below

gives a sufficient condition for ISS.

Theorem 5.2. The error dynamic system in (5.10) for bilateral teleoperation is 1SS
if there exist P > 0,Q; > 0,7Z; > 0,M;,i = 1,2, ...

the following LMI holds,

,q, and a scalar X > 0, such that

A+ YT T, Ty Ty Y5 Yo
* /_\2
A
i B <0 (5.21)
* A4
k /_\5
L * ]\6 ]
where
—_ - q - - — -
Al = dlag{_P + ZQj: _Qb _Q27 ceey _Qq}a
j=1
—_ - - q j— —
Ny=—-1I,0P, Ay=1,® (ZTmZm—2P> :
m=1
— — — — - p— —_ q —_ —
Ay =diag{—2y,~Zs,...,—Z,}, As=—-AP, Ag=\ (Z Ton o — 2P> ,
m=1
o ) ) )
Y= |) M;, =M, =My, ..., —Mq] :
Lj=1
VA VT2 Ag VTAa
VT KB} 0 0
T, = 0 VT KB} 0 :
0 0 VK" By
Vai(Ag = P)" /my(Ag — P)" VT(Aq — P)T
VT KT B} 0
T, = 0 VKT B} ,
0 0 VT KB
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T4 - [\/T_IMI7 \/7T2M27 ER) \/Fqu]u

AL (Ag — P)T
7T1KTBZII‘ 7T1KTBdT _ — _
T; = , , Y¢= ) , Ay =AP+ BiK.
T, KT B} T, KT BY

Furthermore, the stabilizing controller is solved as K = K P,

Proof. Perform congruence transformation on (5.12) by

-1
q
W =diag{ [14,q@ P I[,0 I, I, ® I,,I,® P~*, P, (Z TmZm>
m=1

where I144, I, and I denote the identity matrices with dimensions ¢ 4+ 1, ¢ and 2,
respectively. It is obtained that

_/_\1+T1+T1T Ty, T3 Ty Tj TG-
* AQ
A
i o <0 (5.22)
* A4

where P = P~! and

Q; = P'Q;P™" = PQ;P,

M = (Iiyq® PTYM;P™! = (1144 ® P)M;P,
Z,=P'z,P' = PZ,P,
K=KP'!=KP.

The matrices T;,7 = 1,2,...,6, are defined in this theorem. In (5.22),
-1

q -1 q
Aye=—1,® (Z TmZm) , Ae=—A (Z TmZm> . (5.23)
m=1 m=1

The above equations contain the inverse of the sum of matrix variables, thus are

not solvable using the existing numerical tools (e.g., MATLAB LMI Toolbox). This
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necessitates a further step to make the problem more tractable.

In light of the following relationship
(Z-P)Z Y Z—-P)>0 & —PZ'P<Z-2P, (5.24)

we have

—1 —1
- (i Tmzm> —_p'p (i Tmzm> pp-!
m=1 m=1
< p! (i Ton Lo, — 2P> pl= i Ton L — 2P.
m=1 m=1

Therefore, As; < Az, Ag; < Ag, and we conclude that (5.21) is a sufficient condition
to (5.22). Note that (5.22) is equivalent to (5.12) in Theorem 5.1, thus Theorem 5.2

is sufficient to Theorem 5.1. Now, the stability condition has been expressed in terms
of LMIs, which can be easily solved in MATLAB. O

Remark 5.7. Thus far, the bilateral teleoperation has been guaranteed by the con-
troller in (5.4) whose parameters are obtained by solving a set of LMIs. Notice that
when solving the matrix inequality in (5.21), in order for it to be an LMI, A should be
given first. Apparently, from Theorem 5.1 to Theorem 5.2, the result becomes more
conservative due to the manipulation of matrix inequalities. It is worth noting that
by constructing a better Lyapunov function or using the augmentation technique,
less conservative results may be obtained [44] [23]. The input-to-state stability of the

error dynamics ensures the performance of teleoperation.

5.3.2 Improvement with Pole Placement

Pole placement is very effective in the control of LTI systems. If a system is con-
trollable, then we can find a state-feedback controller such that the poles of the
closed-loop system can be put at arbitrary locations in the complex plane. For the
stochastic system investigated in this work, the approach cannot be directly applied.
However, we can benefit from this classical idea through some adaptation.

Figure 5.2 illustrates the basic idea: to design an appropriate K such that the
poles of A;+ B;K are within the circular region centered at (o, 0) with radius . This

circular region must be located within the unit circle. In the simulation part, we will
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Unit Circle

=N
o

Figure 5.2: Illustration of pole placement.

demonstrate its effectiveness through an example. The following theorem is obtained

readily.

Theorem 5.3. The error dynamic system in (5.10) for bilateral teleoperation is 1SS
if there exist P > 0,Q; > 0,7; > 0,M;,i = 1,2,...,q, and scalars A > 0,0 < 0 <
1,7 > 0, such that the following LMI holds,

[ A+ YT T, Ty Ty Y5 Y |
* /_\2
A
i 3 <0 (5.25)
* A4
k ]\5
L * ]\6 ]
where
—_ - q - — p— -
Al = dlag{_P + ZQj: _Qb _Q27 ceey _Qq}a
j=1
— - - q —_ —
Ny=-I,®P, Ay=1,® (ZTmZm—2P> :
m=1
—_ — — — - — —_ q —_ —
Ay =diag{—2y,~Zs,...,—Z,}, As=—-AP, Ag=\ (Z TonZm — 2P> ,
m=1

q
le ZMja _Mla _MQa ceey _Mq]7
=1
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- \/ﬂ_—lQT \/W_QQT e \/W_qQT I

\/7T—1KTBdT 0 0
Ty = 0 \/FQI_(TBdT 0 ,

0 0 o /TgKTBY
M@= P)T m(Q = P)T (- P)T |
\/EKTB;{ 0 0
Ty = 0 \/ﬂ'_QKTBdT 0 ,
0 0 o JTK'B]
T4 - [\/HMM \/772]\_427 ceey \/T_qu] )
QT (Q— P)T

Wlf_(TBg Wlf_(TBdT _ _ _

Tg,: . y T(;: . > Q:(AdP+BdK—JP)/T

qu_(TB;f qu_(TB;F
Furthermore, the stabilizing controller is solved as K = KP*.

Proof. The proof can be completed by replacing Ay + ByK with (Ay+ BgK —ol)/r

in Theorem 5.1, then following the similar line in Theorem 5.2. ]

Remark 5.8. In Theorem 5.3, if we set ¢ = 0,r = 1, then it reduces to Theorem
5.2. Thus, Theorem 5.3 is in a more general form than Theorem 5.2 and provides
much more flexibility in controller design. By shifting the poles of A;+ ByK closer to
the origin to some degree, the system response becomes faster and we can get better
tracking performance between the master and slave.

Since this theorem is still a sufficient condition, conservativeness is inevitable.
From Theorem 5.1 to Theorem 5.2, in order to derive a condition that is easy to
solve using existing numerical tools, the condition becomes more conservative through
(5.24). However, we have also made some effort to reduce the conservativeness. For
instance, the introduction of A in (5.17) (5.18) of Theorem 1 and the pole placement
in Theorem 5.3 reduce the conservativeness to some extent.

Now the question is: How should we select these parameters \,o and r? For
A, it can be observed from (5.20) that choosing a larger value of A will lead to less

conservative results as that reduces the weight for the matrix terms that are positive
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definite. For ¢ and r, we only consider the case where the center of the smaller circular
region for poles is located on the real axis, as shown in Figure 5.2. For discrete-time
systems, the first requirement is that the circular region centered at (o, 0) with radius
r should be within the unit disk. To get faster convergence speed, the circular region
needs to be close to the origin. But if the region is too close to the origin, the LMIs
may not be feasible and the control input will be large. Thus, we must make a trade-
off between the convergence speed and the feasibility of LMIs. In MATLAB, this can

be done by trial and error.

5.4 Simulation Results

For the purpose of comparison, the system parameters are chosen to be the same
as those in [129], i.e., M = 8.4796 x 107 kg-m?, b = 114.6 x 107% N-m-s/rad. The

sampling period is h = 0.001 s. After discretization, the two matrices are

Ag=

19999932 x 1074 | 5.896478 x 107°
0 0.999986 o 0.117929 '

The set for delays is T' = {44, 50,55, 60,64} x h = {0.044, 0.05,0.055, 0.06, 0.064} s,
with the corresponding probability set II = {0.05,0.3,0.4,0.2,0.05}. The lower and
upper bounds here are 0.044 s and 0.064 s, respectively, the same as those in [129].

To be clearer, they are shown in Table 5.1.

Table 5.1: The set of delays and their associated probabilities.
Delay (h) 44 50 55 60 64

Delay (s) | 0.044 | 0.05 | 0.055 | 0.06 | 0.064
Probability | 0.05 | 0.3 04 | 0.2 | 0.05

The initial position of the master and slave is ¢, = ¢, = 0 rad, with zero initial
velocities. The weighting factor is A = 103. By setting o = 0.88,r = 0.04, and solving
the LMIs in Theorem 5.3, the controller K = [—83.5104, —1.6467] is obtained. For
the environment, it has stiffness k. = 40 N-m/rad and damping coefficient b, = 5
N-m-s/rad.

To assess the system performance, the relative error is defined:

max(¢,,) — max(qs)

B, =
max(gpm)

x 100%. (5.26)
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Figure 5.3 and Figure 5.4 show the trajectories and control torques for the master and

slave, respectively. The relative error is F, = 3.43%, and the magnitude of torques

is at a reasonable level. For a teleoperation system, in addition to the stability, we

must also consider transparency when evaluating its performance. To this end, a

comparison of f, and f. is shown in Figure 5.5. The ideal case for transparency

would be ¢, = ¢s and f, = f.. As can be observed from Figure 5.3 and Figure 5.5,

we still get acceptable transparency in spite of the time-varying delays. Figure 5.6

shows the evolution of delay during the first 200 steps.
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torques fj, and f. with controller K.

Next, we make a comparison with two controllers: K; = [—1.4812, —9.1312] from

[129] for the case without delay, and Ky = [—0.7206, —12.2508] that is obtained by
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selecting the same Lyapunov function and following the same derivation in [129].
These two controllers still use the same delay sequence. Figure 5.7 to Figure 5.12
demonstrate the simulation results using controllers K7 and K5. As can be seen from
those figures, with controller K, the slave tracks the master better. By comparing
Figure 5.5, Figure 5.11 and Figure 5.12, it is seen that the controller K exhibits
satisfactory performance of force tracking. This, together with the comparison in
position tracking, indicates that a higher level of transparency has been achieved.

In control problems, the energy consumption is also our concern. To address this
issue, a comparison is listed in Table 5.2, where || - ||z and || - || denote the vector

2-norm and oco-norm, respectively.

Table 5.2: Comparison of different controllers.

Controller | Relative error | ||um,]|2 llus|lz2 | Nwmlloo | I1ts|loo
K 3.43% 50.0746 | 44.5112 | 1.0393 | 0.9181
Ky 17.19% 50.1327 | 56.4138 | 1.0467 | 1.1954
Ky 13.50% 50.1437 | 58.7578 | 1.0689 | 1.2826

From Table 5.2, it is observed that the controller K achieves better tracking while

requiring less control energy.
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Remark 5.9. From the above simulation results and comparison, it is seen that with
the consideration of stochastic features in time delay and the technique of pole place-

ment, better tracking performance has been achieved. This validates the effectiveness
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of the developed method. The designed controller is less conservative and leads to
smaller tracking error.

For teleoperation, in addition to stability, transparency is also crucial. In much
of the previous literature, this can be characterized by how close the transmit-
ted impedance matches the environmental impedance [66]. The closer those two
impedances match, the better transparency that we get. Another index is to see
how well the slave tracks the master. In this work, we adopt the criterion of relative
tracking error. With the proposed controller, the relative error has been decreased

while with acceptable force tracking, thus better transparency has been achieved.



99

5.5 Conclusion

We have investigated the bilateral teleoperation in a network environment subject to
stochastic time delays. By defining the tracking error between the master and slave,
the teleoperation problem was formulated as the stabilization of the corresponding
error dynamics. A PD controller with pole placement that incorporated statistic
characteristics in delay was designed for both the master and slave. The input-to-
state stability was used to assess the system performance, and the simulation results
showed a decrease in tracking error.

It is worthwhile to further consider the following interesting topics of the teleop-

eration with random delays.

e In real applications, the model is always subject to uncertainties. The proposed
methods in this work can be further extended to teleoperation systems subject
to model uncertainties [118] [70].

e In practice, the delay from master to slave and that from slave to master are
independent of each other. Therefore, it is more practical to investigate the

robust teleoperation subject to asymmetrical delays [117].

e To further tackle the model uncertainties and the parameter variations in real-
time, it would be useful to develop the online identification and adaptive control

scheme over network for the teleoperation system [116] [115].
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Chapter 6

Conclusions

6.1 Summary of the Thesis

This thesis investigates the consensus problem in MASs and bilateral teleoperation
with various communication constraints. By designing control protocols appropri-
ately, expected system performance has been guaranteed, resulting in an improvement
in system’s robustness.

For an MAS of single-integrator dynamics with time delays governed by a homo-
geneous Markov chain, Chapter 2 incorporates the statistical information into control
design. In a directed graph, although its communication topology is fixed, we have
introduced the scheme of delay-dependent adjacency matrices. With state transfor-
mation, the consensus problem is converted into the stabilization of its equivalent
error dynamics. Then sufficient conditions in terms of LMIs and graph connectivity
(existence of a spanning tree) are derived. Simulation results prove effectiveness of
the proposed strategy. One important feature of the work in Chapter 2 lies in that
the time-dependent adjacency matrices can be numerically designed by solving the
established LMIs. Thus, it provides flexility in choosing controller parameters to drive
the system states into consensus.

In Chapter 3, average consensus with time-varying delays and random data losses
is studied. The agent dynamics is first-order and subject to delays with upper bounds.
The communication topology is assumed to be fully symmetric, meaning that it is
undirected and the communication link between any two agents exists and vanishes
concurrently. This leads to the fact that the average of the initial states of agents is

an invariant quantity, based on which the error dynamics is formed. Then sufficient
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conditions for consensus have been derived. It is observed in simulation that the
probability of data loss affects the convergence speed to consensus. The higher the
availability of data is, the faster the convergence speed becomes.

To address the phenomenon of non-uniform sampling, we study the consensus
problem with double-integrator dynamics in Chapter 4. The communication graph
is assumed to be directed and fixed. With the introduction of time-varying gains,
conditions of ensuring consensus have been developed. The existence of a directed
spanning tree is sufficient for connectivity of the interaction topology. Convergence
analysis is conducted based on the theory on stochastic matrices.

It should be noted that in Chapter 2 and Chapter 3, single-integrator dynamics
is considered, while in Chapter 4, double-integrator dynamics is studied. Compared
with single-integrator dynamics, double-integrator dynamics exhibits a more general
form and represents a larger class of systems. However, single-integrator dynamics
also has applications in practice, such as the averaging algorithm. By studying single-
integrator dynamics first, we can get some insight to the problem and then think about
extending the current results. The study of single-integrator dynamics contributed a
lot to the development of consensus theory in the early stage. Later, people moved
to more complex dynamics to generalize the established theory in new scenarios.

In Chapter 5, bilateral teleoperation with stochastic time-varying delays is inves-
tigated. One of the features of this work is to make full use of the available delay
information: Incorporation of probabilities of occurrence in delays into the analy-
sis. The analysis is conducted by constructing an error vector between states of the
master and salve. Then we derive conditions to guarantee the ISS stability of an
error dynamic system with exogenous input. By virtue of the Lyapunov theory and
pole placement technique, the system has achieved improved position tracking and

enhanced transparency.

6.2 Future Work

In previous chapters, there are some assumptions in problem formulation. They may
limit the spectrum of applications of the developed algorithms in practice. Therefore,
it is necessary to consider further extension of the current work to adapt them to

more general scenarios.
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6.2.1 Convergence Rate Characterization in Average Con-

sensus with Directed Graph

The work in Chapter 3 provides sufficient conditions for consensus, but does not
uncover the quantitative relationship between the rate of convergence and availability
of data. According to more simulation in Chapter 3, when the probability of data
loss is lower, we can achieve faster convergence rate. This observation complies with
our intuition. It motivates us for further in-depth research to see how the probability
of data loss affects the system performance. Xiao and Boyd [141] used the spectral
radius and 2-norm of the update matrix W — 117 /n to quantify convergence speed
of the deviation error from the average value. In [43], for the agreement problem
subject to communication failure with uniform probability, the authors characterized
the convergence rate in terms of the number of agents and the probability of data
loss. For distributed average consensus with connected and undirected graph in [99],
the convergence rate was characterized as the decay rate of worst-case variance of
deviation from average. Each link failed independently with different probability
from others.

To reach average consensus, the most common assumption in literature is that
the communication topology is undirected. In this case, the average of states of the
agents will be an invariant quantity, and we can research the properties of deviation of
the system states from this invariant average value. Another assumption on topology
is that the graph is strongly connected and balanced [96]. Under this condition, it
can be shown that the average of agents’ states is still invariant. In fact, a strongly
connected graph should be enough for sufficient information exchange, because with
that type of topology, any agent is able to influence any other agent directly or
indirectly. A question arises naturally: Can we further extend the existing results
on average consensus?! The answer is affirmative and there has already been some
work on this extension. It is noted in [10] [11] that in order to reach deterministic or
quantized average consensus, the graph does not have to be undirected. The authors
in [10] [11] introduced an additional quantity called “surplus” to track the record of
state updates of all agents, and this information is transmitted to other neighboring
agents. The authors in [28] proposed an adaptive algorithm to dynamically adjust the
communication weights to reach average consensus. In that way, the weight matrix
would finally be doubly stochastic.

Motivated by the above analysis, we have two potential directions to work towards
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as future work: 1) to characterize and quantify the convergence speed of consensus
when the communication network is subject to random failure; 2) to relax the require-
ment on connectivity of the graph by extending from undirected graph to strongly

connected graph.

6.2.2 Consensus with Multiple Sampling Rates

Due to the limited capacity of digital communication channels, all signals have to
sampled in order for them to be transmitted. Then we face a practical problem:
How fast should we sample the measurements so as to achieve the expected system
performance? Obviously, sampling too fast is not always necessary and could be a
waste of computational resource, while sampling too slowly is inadequate to satisfy
the prescribed performance. When deploying a large-scale and distributed system,
it is often not possible to let all sensors and actuators work at the same sampling
period. Even in a local environment such as the hard disk drive servo system [54],
the sampling frequency is limited in order to maximize the data capacity, and this
results in the multi-rate phenomenon.

The multi-rate problem has been encountered in many fields, such as system
control [16], filtering [113], and system identification [69]. Since a multi-rate system is
a more general form compared with the single-rate one, if we utilize this property well,
we can make better use of the available resource, while maintaining the performance.
With the potential benefits, however, challenges also come along. An obvious issue is
the increasing system complexity. Consequently, the design process for a multi-rate
system is more involved. In previous literature, the most commonly used approach is
the so-called lifting method [16] [15]. Its basic idea is to augment the system within
a larger sampling period that is determined by different sampling rates. Then the
augmented system becomes single-rate. During this process, one important concern
is causality. If causality is not properly addressed, we may finally end up with a
controller that is not physically implementable due to the use of future signals.

In a spatially distributed MAS equipped with different types of sensors and ac-
tuators, it is practical to consider multiple sampling rates. If we explicitly take into
account the multirate feature, it is hopeful that the system performance will be im-
proved. It is a choice to treat multirate control similarly as in the case of asynchronous
consensus, in which agents update their states at different time instants. But that

manner does not catch the essence of multiple rates. How to adapt that idea to MASs
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remains a concern and will be a direction for future work.

6.2.3 Bilateral Teleoperation with Asymmetric Delays

For the bilateral teleoperation considered in Chapter 5, it is assumed that the com-
munication link from master to slave and that from slave to master are subject to
the same delay at each time instant. In practice, there might be some difference
between the two delays in two directions. To generalize this scheme, we can con-
sider asymmetric delays across bidirectional communication channels. There exists
some work dealing with time-varying and asymmetric delays. The authors in [22] [82]
[20] studied the bilateral teleoperation with time-varying delays. By incorporating
a time-varying gain across each communication channel and applying the scattering
transformation, the teleoperation system is passified. In [48], teleoperation in Euler—
Lagrange dynamics with time-varying and asymmetric delays was investigated. Sta-
bility with respect to the equilibria was established by constructing an appropriate
Lyapunov—Krasovskii functional. Numerical conditions in terms of LMIs were pro-
vided to guarantee stability of the teleoperation system and calculate the maximum
allowable delay. In particular, the work in [6] discussed the passivity preservation in
teleoperation with discrete-time dynamics. A proper control strategy was proposed
to handle the increasing delay and packet loss.

From the above review, we know that there are various ways to cope with tele-
operation with asymmetric and time-varying delays, using either the passivity-based
approach or others. The remaining question is whether we can utilize more delay in-
formation, such as the probabilistic distribution, to improve the system performance.
This could be a research direction in the next step.

It is also meaningful to look into the teleoperation with more general dynamics,
such as heterogeneous dynamics for the master and slave. In Chapter 5, the master
and slave are assumed to have the same dynamics. In real world, due to various
factors, they may possess different dynamics. For example, the components from
which they are manufactured could have different properties, or we cannot identify the
same model because of the existing model uncertainties. In addition, the nonlinear
Buler-Lagrange dynamics that especially represents robotic manipulators deserves
further investigation in the presence of probabilistic delays. Then potentially the

previously developed scheme can be adapted to a larger family of dynamic systems.
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