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ABSTRACT

Given a graph GG and an initial colouring of its vertices with two colours, say
black and white, an irreversible k-threshold conversion process on G is an iterative
process in which a white vertex becomes permanently coloured black at time t if at
least k of its neighbours are coloured black at time t — 1. A set S of vertices is an
irreversible k-threshold conversion set (k-conversion set) of G if the initial colouring
in which the vertices of S are black and the others are white results in the whole
vertex set becoming black eventually. In the case where G is (k + 1)-regular, it can
be shown that the k-conversion sets coincide with the so-called feedback vertex sets,

or decycling sets.

In this dissertation we study the size, ¢ (G), and structure of minimum k-conversion
sets in several classes of graphs, G. We examine conditions that lead to equality and
inequality in existing bounds on ¢, (G) for k- and (k+1)-regular graphs. Furthermore,
we derive new sharp lower bounds on ¢;(G) for regular graphs of degree ranging from
k+1 to 2k — 1 and for graphs of maximum degree k + 1. We determine exact values

of ¢, (G) for certain classes of trees.

We show that every (k + 1)-regular graph has a minimum k-conversion set that



v

avoids certain structures in its induced subgraph. These results lead to new proofs
of several known results on colourings and forest partitions of (k + 1)-regular graphs

and graphs of maximum degree k + 1.
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Chapter 1

Introduction

Network diffusion processes have been studied by social scientists since the mid-
twentieth century to understand how ideas and information proliferate through com-
munities, and how new technologies and behaviours become widely adopted. These
studies set out to quantify, and often model, the extent to which people’s behaviour
and decisions are influenced by their peers [59, 87]. For example, an early network dif-
fusion study aiming to explain the rapid acceptance of hybrid corn seed by lowa farm-
ers in the 1930s found that the most influential factor leading to farmers’ acceptance
of the new seed was their neighbours’ attitudes towards it [96]. Other early studies an-
alyzed the adoption of new drugs and medical technologies by physicians, examining

the peer-to-peer transmission of attitudes towards the new treatments [31, 112].

The theory of network diffusion has obvious applications in marketing [24, 49,
59, 73], especially with the rise of viral marketing strategies, and in the context of
public health campaigns. A company wishing to market its product efficiently may
do so by identifying influential people in the network and, for example, giving them
the product for free. A natural problem, then, is to find a small set of people whose
adoption of the product will lead to the desired level of market saturation [26] (this

is often called the target set selection problem [5]).

Other applications of network diffusion include epidemiology and disease con-
trol [4, 38], game theory [78, 115], and the design of computer networks and power
grids [13, 38, 117]. Everett Rogers was the first to synthesize a large number of dif-



fusion studies from many disciplines into a common theory on the adoption of new
innovations. His book Diffusion of Innovations [95], originally published in 1962 and

now in its fifth edition, provides a comprehensive reference on the topic.

Unsurprisingly, network diffusion processes are highly dependent on the structure
of the network in question, which is naturally modelled by a graph. To model the
diffusion process, each vertex is in one of two states (say black or white) at time ¢
and its state at time ¢ + 1 is determined, according to some conversion rule, by the
states of its neighbours at time ¢. Therefore the colours of the vertices are updated
in parallel at each (discrete) time step; this is called a graph conversion process. The
conversion rule, which is expressed as a threshold function, is chosen to reflect the
extent to which agents (ie. the people or components represented by the vertices) are

influenced by those around them.

The following example illustrates the use of a graph conversion process, with a

specific conversion rule, to model the spread of faults though a computer network.

Example 1.1. Consider a distributed computing network in which all the processors
store an identical bit of data. To maintain data consistency in the face of spontaneous
faults (like rounding errors), the processors periodically poll their neighbours and
adopt, for the bit in question, the value that is stored by the majority of the adjacent
processors [38, 117]. This process is commonly modelled as described above, using a
magjority conversion rule: vertex v changes colour at time ¢ + 1 if the majority of its
neighbours have the opposite colour at time t. Therefore the threshold function is

f(v) = degT(“). This model may be used to answer questions such as the following.

e What is the minimum number of corrupted processors that can lead all proces-

sors to eventually adopt the wrong value?

e What is the largest number m such that any set of m corrupted processors will

still not lead to the corruption of the majority of the processors?
e Which network structures best impede the propagation of incorrect values?
In Example 1.1, as in general, the conversion rule involves a threshold function

f:V(G) - Z*, which dictates how many neighbours of v must be in the opposite state

in order for v to change state. The conversion process in Example 1.1 is reversible,



in that vertices can change from white to black or from black to white. In other
applications—for example, modelling the spread of information or the adoption of
a new product—an irreversible conversion process provides a better model. In an
irreversible conversion process, the conversion rule stipulates that vertices may change
from white to black (say), but not from black to white. Graph conversion processes,
with their various conversion rules, are related to several domination-type concepts,
including alliances [63], coalitions [21], monopolies [60], local majorities [84] and k-
dominating sets [42]. They can also be viewed as examples of symmetric neural

networks, a special type of cellular automaton [37].

Two of the most commonly studied conversion processes are majority conversion
processes, such as the one in Example 1.1, and k-threshold conversion processes (often
abbreviated as k-conversion processes), in which the conversion threshold, f(v), is k
for all v € V(G). Both majority and k-threshold conversion processes can be reversible
or irreversible; there are several versions of majority conversion processes, depending

on whether open or closed neighbourhoods are considered and how ties are settled.

A central problem in the study of conversion processes is that of determining
which “seed sets” S of initially black vertices result in the whole graph becoming
black eventually for a given graph G and a given conversion rule. Such sets are called
(ir)reversible dynamic monopolies® (or dynamos) in the case of an (ir)reversible major-
ity conversion process? and (ir)reversible k-threshold conversion sets (or k-conversion

sets) in the case of an (ir)reversible k-conversion process.

Of course, we are particularly interested in dynamos and k-conversion sets of min-
imum size. In this dissertation, we concentrate on minimum irreversible k-conversion
sets. The size of such a set, for a graph G, is called the (irreversible) k-conversion
number of G, and denoted by ¢;(G) (some authors use different notation). Our broad

goals are

e to establish bounds, or improve existing bounds, on ¢ (G) for various classes of

LA dynamic monopoly can be viewed as a generalization of a monopoly, which is a set S of vertices
such that for each v € V(G), the majority of the neighbours of v are in S [60, 76, 77, 84]. In other
words, a monopoly is a dynamic monopoly that converts the entire graph to black in one time step.

2As we have noted, there are many versions of majority conversion processes (both reversible
and irreversible), depending on whether open or closed neighbourhoods are used and how ties are
broken. A dynamic monopoly may arise from any of these specific conversion rules; therefore, when
discussing dynamic monopolies, we must specify the details of the conversion rule.



graphs, and determine which graphs achieve equality in these bounds,
e to obtain formulas for the exact value of ¢ (G) where possible, and

e to determine structural properties of minimum k-conversion sets.

In Section 1.1 we provide an outline of the dissertation, with an overview of
the purpose and the main results of each chapter. As noted in the outline, Chap-
ter 2 contains a brief survey of previous results on irreversible k-conversion pro-
cesses. Interested readers can find more information about reversible k-conversion
processes in [26, 37, 36] and about majority conversion processes of all stripes in
[4, 6, 19, 18, 26, 27, 28, 43, 46, 61, 62, 83]. General threshold conversion processes
are studied in [104] and [117].

1.1 Outline

In Chapter 2 we present some preliminary results and give a brief survey of previ-
ous work on irreversible k-conversion processes and related concepts, with special

attention paid to the ideas that we build upon in the dissertation.

Chapters 3 to 6 focus on the size of a minimum k-conversion set (that is, the
k-conversion number) for various classes of graphs. Chapter 7 contains results on the

structure of minimum k-conversion sets in (k + 1)-regular graphs.

In Chapter 3 we study the k-conversion number of regular graphs of degree ranging
from k to 2k — 1. Beginning with a trivial bound on ¢ (G), we characterize the k-
regular graphs that meet this bound and constrain the (k + 1)-regular graphs that
meet it. We then give a sharp lower bound on ¢, (G) for regular graphs of degree

between k + 1 and 2k — 1, improving an earlier bound.

The goal of Chapter 4 is to better understand which graphs meet the sharp lower
bound on ¢ (G) for (k + 1)-regular graphs (presented in Chapter 3) in the special
case of 2-conversion in cubic graphs (that is, when k = 2). We present an infinite
family of fullerenes and fullerene-like graphs that meet the bound. We then discuss

the 2-conversion number of snarks and determine which combinations of the defining



properties of snarks admit graphs that meet the bound, and which combinations

admit graphs that exceed the bound, and by how much.

In Chapter 5 we use the lower bound on ¢;(G) for (k+1)-regular graphs to derive
a lower bound on ¢ (G) for graphs of maximum degree k + 1. For all k£ > 2 we define

infinite families of graphs that meet and exceed the bound, respectively.

In Chapter 6 we determine exact values of ¢, (G) for certain classes of simple trees,

namely caterpillars, spiders and double spiders.

Chapter 7 focuses on structures that can be avoided in minimum k-conversion
sets of (k+1)-regular graphs. In particular, we prove that any minimum k-conversion
set of a (k + 1)-regular graph can be modified (over a series of steps) to produce a
minimum k-conversion set that does not induce a certain subgraph H. Our results of
this type range from a specific k and specific H (for example, for k = 2 we can always
avoid edges in a minimum 2-conversion set) to general k and a much more general
definition of H (any (k - 1)-regular graph). At the end of the chapter we present
consequences of our subgraph-avoidance results, including an upper bound on the k-
conversion number of (k+ 1)-regular graphs, and new proofs of several known results

on forest partitions' of (k+ 1)-regular graphs and graphs of maximum degree k + 1.

Finally, in Chapter 8 we conclude the dissertation with a review of our results and

collection of open problems arising from our work.

LA forest partition of G is a partition of V(G) such that each set of the partition induces a forest.



Chapter 2

Background and preliminaries

In this chapter we provide an overview of previous results on irreversible k-conversion
processes and relevant related concepts that arise in the dissertation. We begin with

a formal definition.

Definition 2.1. An irreversible k-conversion process (sometimes called an irreversible
k-threshold conversion process) on a graph G is a sequence of subsets Sy, S, ... of
V(G) such that fort=1,2,...,

St = St,1 U {U eV - St,1 : |N(’U) N St,1| > k’}

The set Sy is called the seed set for the process, and if Sy = V(G) for some finite t

we call the seed set Sy an irreversible k-conversion set of G.

It is common to think of the vertices in .S; as having the label 1 or being coloured
black, and the vertices in V — S; as having the label 0 or being coloured white.
Throughout this dissertation we refer to vertices in S; as “converted” and vertices in
V -5, as “unconverted”, and if a vertex v is in V' —.5;_1 and in .S;, we say v “converts

at time t”.

Figure 2.1 illustrates an irreversible 2-conversion process on a graph G with a seed
set of size 3. The conversion process stops at t = 2, after all but two vertices have
converted. Clearly, all irreversible conversion processes on finite graphs eventually

terminate; that is, there is a time after which no new vertices convert (this time is



called the transient length of the process). This contrasts sharply with reversible
threshold processes, which may never reach such a fixed point. On a finite graph,
these processes must clearly develop periodic behaviour. Remarkably, the period is
either 1 or 2, even for a generalized threshold function (in which each vertex v has

its own threshold f(v) for changing colour) [50].

(a) t =0 (seed set (b)yt=1 (c)t=2
shown in black)

Figure 2.1: A 2-conversion process at t = 0,1 and 2, with converted vertices at each
time step shown in black.

Irreversible and reversible k-conversion processes' were introduced in 2000 by
Dreyer in his doctoral dissertation [37] (he called them k-threshold networks) as ana-
logues of irreversible and reversible majority conversion processes. Majority conver-
sion processes had previously been studied by several authors [17, 44, 45, 70, 79, 83];
they arose as a generalization of several domination-type concepts, notably monopo-
lies [20].

In the study of majority conversion processes, the concept analogous to a (re-
versible/irreversible) k-conversion set is called a (reversible/irreversible) dynamic
monopoly or dynamo; that is, a set of initially black vertices such that the whole
graph eventually becomes black under a (reversible/irreversible) majority conversion
process. Early research on majority conversion processes focused on determining or
bounding the minimum size of a dynamo for certain classes of graphs; Dreyer an-
swered analogous questions for reversible and irreversible k-conversion sets [37]. He
also introduced the decision problems k-CONVERSION SET and IRR k-CONVERSION
SET, which consist of determining whether a graph G has a reversible/irreversible
(respectively) k-conversion set of a given size, and studied their complexity. The

analogous problem for dynamic monopolies was studied later [75].

'In a reversible k-conversion process, a vertex converts from white to black or from black to white
at time ¢ if at least k of its neighbours have the opposite colour at time ¢ — 1.



Dreyer’s results on irreversible k-conversion processes, initially presented alongside
his results on reversible k-conversion processes, were later published in [38]. Other
authors have since resumed the study of reversible k-conversion processes; readers
interested in this variant of the conversion process are referred to Dreyer’s dissertation
[37] and to works by Centeno et al. [26] and Dourado et al. [36]. In the rest of this
chapter, and in the rest of the dissertation, we limit our discussion to irreversible
k-conversion processes and other concepts that we use in later chapters to obtain
results about irreversible k-conversion. Since we will no longer need to distinguish
between reversible and irreversible k-conversion, we will omit the word “irreversible”

when discussing irreversible k-conversion processes and sets.

The goal for the rest of this chapter is to portray the current research landscape
on k-conversion processes, which provides the setting for our new results. We present
a selection of known results, chosen to convey the main ideas and central problems
in the field, with a focus on results of a similar nature to our own. We include
some proofs from other authors, particularly if they illustrate a common technique or

general flavour of arguments about k-conversion processes.

We begin by formalizing, in Section 2.1, an idea used in many proofs about k-
conversion sets, namely the idea of characterizing structures that cannot appear in
the complement of a k-conversion set of a graph G. We introduce some definitions
that allow us to present several proofs by different authors using common terminology.
We also prove some preliminary results on the “forbidden” structures that we use in
our own proofs throughout the rest of the dissertation. In Section 2.2 we present a
brief survey of previous results on k-conversion sets, particularly work on determining
their minimum size, from the results of Dreyer as presented in [38] to recent results by
several other authors. Since our work in Chapters 3, 4 and 7 focuses on k-conversion
in (k+1)-regular graphs, we discuss in Section 2.3 some well-studied structures that
are equivalent and complementary, respectively, to k-conversion sets for these graphs,
namely decycling sets and induced forests. We conclude our survey of previous work

on k-conversion processes in Section 2.4 with a discussion of complexity results.



2.1 k-immune sets

It is clear that any k-conversion set of G must contain all vertices of degree less
than k. This is our first and simplest example of a structure that cannot appear
in the complement of a k-conversion set. We generalize this idea with the following

definition.

Definition 2.2. A nonempty set U of vertices of G is k-immune if, for all v e U,
IN(v) = U| < k. We say U is barely k-immune if for all ve U, [N(v)-U|=k-1.
Finally, we say that a subgraph G' of G is (barely) k-immune if V(G’) is a (barely)
k-immune subset of V(G).

Example 2.3. Consider the path P,. We have already noted that the leaves u form
2-immune sets U = {u}, since u has only one neighbour, and therefore it has fewer
than 2 neighbours outside {u}. In addition, any sub-path P’ containing at least two
vertices is also a 2-immune set of P,, since each internal vertex of P’ has no neighbours

outside P’ and each endpoint of P’ has at most one neighbour outside P.

The union of any two k-immune sets is k-immune. In particular, any set of
vertices in a graph contains a largest k-immune set. This allows us to characterize
unconverted vertices in terms of k-immune subgraphs (Proposition 2.4), and, in turn,

to characterize k-conversion sets (Corollary 2.5).

Proposition 2.4. Suppose G undergoes irreversible k-conversion with seed set S.
If S is not a k-conversion set of G then the set of vertices which are unconverted at

time t = oo is the largest k-immune subset of V - S.

Proof. Let X be the set of vertices which are unconverted at time t = co and let U
be the largest k-immune subset of V —S. Clearly U € X since no vertex in U ever
converts. On the other hand, at time t = co, every vertex in V — X is converted, so X

is k-immune. O

Corollary 2.5. A set S of vertices of G is a k-conversion set of G if and only if

V =8 does not contain a k-immune subset.

In light of Corollary 2.5, we see that a set S of vertices of G is a k-conversion

set if and only if it has a non-empty intersection with every k-immune set of GG. In
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particular, S must have a non-empty intersection with every minimal k-immune set
of G (where minimality is with respect to containment). Therefore, identifying the
minimal k-immune sets of G' gives us information about the k-conversion sets, and
is especially useful when we wish to argue that a particular k-conversion set has the

smallest possible size.

Example 2.3, continued. The minimal 2-immune sets of P, are the sets {u} where
w is a leaf of P,, and {v,w} where v and w are adjacent internal vertices. Therefore
S is a 2-conversion set of P, if and only if S contains both leaves and V - S is

independent.

The conclusion of Example 2.3 will allow us to determine the minimum number of
vertices in a 2-immune set of P, (see Proposition 2.7). Similarly, we will often argue
about minimal k-immune sets of other graphs to make conclusions about the size and
structure of their k-conversion sets. For the results we present in Section 2.2, where
we summarize previous results on k-conversion sets, we may rephrase other authors’

arguments to use the language of k-immune sets.

The following proposition makes a connection between barely k-immune sets and

minimal k-immune sets.

Proposition 2.6. If U is a barely k-immune set in a graph G and G[U] is connected,

then U is a minimal k-immune set of G.

Proof. If |U| = 1 then the result is trivial, so assume |U]| > 2. Since G[U] is connected,
removing a proper subset X of vertices from U leaves some vertex y € N(X)nU with

k or more neighbours in V(G) - U, so U - X is not k-immune. O

2.2 The k-conversion number

As we have noted, much of the previous research on k-conversion processes has focused
on determining or bounding the smallest possible size of a k-conversion set for a
graph G. We call this number the k-conversion number of G, and denote it by ¢ (G).
A k-conversion set of G of size ¢ (G) is called a minimum k-conversion set of G. In

this section we present previous results on the k-conversion number for various infinite
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families of graphs. In Section 2.2.1 we present the exact values that are known, and

in Section 2.2.2 we present some bounds.

2.2.1 Exact values (and near-exact values)

We begin our survey with the k-conversion numbers of paths and cycles. As we have
noted, any single vertex of degree less than £ is k-immune, so it must be contained
in every k-conversion set of (G. In particular, for graphs G of maximum degree less
than k, the only k-conversion set of G is V(G). As well, the 1-conversion number
of any graph is equal to the number of components (we will assume that all graphs
are connected unless otherwise stated). Therefore the problem of determining c;(G)
is only interesting when 2 < k < A(G). When G is a path or a cycle, this means
only ¢2(G) is interesting. Dreyer and Roberts [38] determine exact values of ¢3(G)

for these graphs.
Proposition 2.7. [38] For the path and cycle on n wvertices, co(P,) = ["T“] and
e(Cn) = [ 5]

Proof. We have shown in Example 2.3 that S is a 2-conversion set of P, if and only

if S contains the leaves of P, and V — S is independent. Therefore

ca(Pp) =n—-a(P,-2) =n—[n;2] = [ngll,

as required. For (), the 2-immune sets consist of paths of length at least 1, so the
minimal 2-immune sets are the sets {u,v} of adjacent vertices. Therefore S is a

2-conversion set of C,, if and only if V' - S is independent. Therefore

n n

c(Cp) =n-a(C,)=n- ng = [5] :

as required. O

Dreyer and Roberts also determine ¢ (G) for complete multipartite graphs. Adams
et al. later give a simpler statement and a shorter proof of the same result; we state

their version of the result below.
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Do+ -+ pm=nand py 2ps -2 py. Let X be the set of all vertices with degree less
than k. Then,
e (G) = { max{|X|,k}, n>k,
n, n<k.
Proof. If n > k then ¢x(G) = n, so assume n > k. For each i = 1,2,...,m, let V; be
the partite set of G with p; vertices. Note that a vertex belongs to X if and only if
its entire partite set belongs to X. Therefore X is the union of some partite sets in
G. If k <|X]|, then X is a k-conversion set since X is a union of entire partite sets
and therefore every vertex of V' — X is adjacent to every vertex in X. That is, with
X as the seed set, V — X converts at time ¢ = 1. Therefore ¢;(G) < |X]|, but also every

k-conversion set of G contains X so in fact ¢, (G) = |X]|.

Now suppose n > k > |X|. To show that ¢x(G) = k under these conditions, it
suffices to exhibit a k-conversion set S of size k, since the inequality cx(G) > k is
obvious. Let S consist of X together with k—|X| additional vertices chosen such that
S — X contains a union of entire partite sets along with a (possibly empty) proper
subset of some partite set V;. Since X is also a union of entire partite sets, S -V} is
the union of entire partite sets. In a k-conversion process with seed set S, the vertices
in V -8 ~-V, convert at time ¢ = 1, since they are adjacent to the k vertices of S.
To see that the remaining vertices in V; (that is, the vertices of V; that are not seed
vertices) convert at ¢ = 2, note that they have degree at least k, since they are not in
X, and all of their neighbours (that is, all of the vertices outside V}) have converted

by t = 1. Therefore S is a k-conversion set of size k, as required. m

Centeno et al. [26] determine the k-conversion number of Gv H, the join of G and
H, defined as the graph obtained from G and H by adding all edges uv where u is a
vertex of G and v is a vertex of H. The analysis of k-conversion processes in G v H
is similar to that in a complete multipartite graph!. The result of Centeno et al. is

given in Proposition 2.9.

Proposition 2.9. [26] Let G and H be graphs, and let Ky, Ks,...,K,, be the com-
ponents of H.

!Perhaps this is not surprising since the complete multipartite graph Ky ps,...pm can be obtained
by a sequence of joins. Specifically, let G1 = K, , the empty graph on p; vertices, and for i =2,...,m
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(a) If |V(G)|,|[V(H)| > k then ¢,,(Gv H) =k, and

(b) if V(G) =n<k and |V(H)| >k then

cx(G) = max{k, cx_n(K1) + chn(K2) + - + crn(Kn) }-

Proof. For (a), it is clear that a set of k vertices from G is a k-conversion set of Gv H.
To prove (b), let S; be a (k —n)-conversion set of K; for each i =1,2,...,m, and let
S =510Su---uS,,. If |S| >k, then S converts all vertices of G and, subsequently, all
vertices of H. Therefore S is a k-conversion set of G v H of order max{k, cx_,(K7) +
Chon(FK2)+++Cn(Kn)}, s0 cp(GVH) <max{k,cpn(K1)+ckn(K)++crn(Kn)}

Conversely, for any k-conversion set S of Gv H, clearly |S| >k and for i =1,2,... ,m,
SnV(K;) is a (k;—n)-conversion set of K;. Therefore ¢, (Gv H) > max{k, c;_,( K1)+
Chn(K2) + -+ ck_n(Kp,)}, and the result follows. O

Several authors have studied conversion processes in m xn grids, cylindrical grids
and toroidal grids. The mxn standard grid, which we denote by G, ,,, is the Cartesian
product! of P, and P,. The m xn toroidal grid, which we denote by T, ,, is the
Cartesian product of C, and C,,, and the m x n cylindrical grid, which we denote by
Cinn, 1s the Cartesian product of P, and C,. Exact values of ¢,(T,,,) are known
for all k. For the standard grid, exact values of ¢2(Gy,.n) and ¢4(Gpp,.pn) are known for
all m,n and exact values of ¢3(G3,,) are known. For m > 4, Dreyer [37] has derived
upper and lower bounds on ¢3(Gyp, ). For any k, ¢, (Cy,,,) is bounded between the
k-conversion numbers of the corresponding standard and toroidal grids. We present
the known results on ¢x(G) for the various types of square grids below, beginning

with toroidal grids.

Since toroidal grids are 4-regular, an irreversible 2-conversion process is equivalent
to a weak irreversible majority process, where a vertex v changes from white to black
at time t if at least half of its neighbours are black at time ¢t — 1, and an irreversible
3-conversion process is equivalent to a strong irreversible majority process, where v
changes from white to black at time ¢ if more than half of its neighbours are black
at time ¢ — 1. An irreversible 3-conversion set in a 4-regular graph (more generally, a

k-conversion set in a (k+1)-regular graph) is also equivalent to a decycling set, which

'We discuss Cartesian products and provide a definition on page 18.
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is defined for any graph G as a set S ¢ V(G) such that G[V - S] is acyclic. We will
discuss decycling sets and demonstrate this equivalence in Section 2.3. Exact values
of eo(Tynn) and c3(7),,n) have been derived from work on the minimum size of simple

and strong dynamic monopolies and decycling sets in these graphs.

Flocchini et al. [46] determined the minimum size of a weak irreversible dynamic
monopoly in 7, , by obtaining equal upper and lower bounds on this number. Their

result translates to a formula for co(7,,,), which we state in Proposition 2.10 (a).

mn+2
3

decycling set in 7, ,,. Pike and Zou [86] later showed that Luccio’s bound is actually

For ¢3(T,,.n), Luccio [71] determined a lower bound of [ ] on the size of a
the exact decycling number (hence the exact 3-conversion number) of 7,,, ,, for m,n #
4, improving a previous upper bound by Flocchini et al. [44, 45]. (Kynél et al. [65]
later gave a simpler construction for a 3-conversion set of size [%ﬂ]) Pike and Zou
also gave exact values of ¢z for Ty, (and, by symmetry, 7,,4). We present all of the

formulas for ¢3(75,,) in Proposition 2.10 (b).

Finally, exact values of ¢4(7},,), which we present in Proposition 2.10 (c), were
obtained for all m,n >3 by Dreyer and Roberts [3§].

Proposition 2.10 (Exact k-conversion numbers for toroidal grids). [38, 46, 86]

(a) co(Tinn) = [”gm] -1.

(¢) ea(Tonn) :{ max{n[§],m[3]} if m orn is odd

ZR - 4f m and n are even.

The proof of Proposition 2.10 (c) uses the characterization of the k-conversion sets
of a k-regular graph G as complements of independent sets of G, which we present
in Proposition 2.11. (In fact we have already used this result for the case k = 2 in
the proof of Proposition 2.7 for cycles.) Dreyer and Roberts use this characterization
to obtain a lower bound of ¢4(7},,) > max{n [%] ,m [%]}, noting that, since V -8

is independent, the seed vertices in each row (column) must form a vertex cover for
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that row (column)!. They then construct a 4-conversion set (ie. a vertex cover) of
that size. We give an example of such a 4-conversion set in a 5 x 7 toroidal grid in

Figure 2.2.

Figure 2.2: A minimum 4-conversion set (shown in black) in a 7 x 5 toroidal grid.

We now prove Dreyer and Robert’s characterization of k-conversion sets in k-
regular graphs (Proposition 2.11), and subsequently generalize it to graphs of maxi-
mum degree k (Proposition 2.12). These characterizations lead to the determination
of ¢x(G) for these graphs in terms of the independence number of a subgraph H of
G (in the case where G is k-regular, H = G).

Proposition 2.11. [38] Let G be a k-reqular graph. Then S is a k-conversion set of
G if and only if V = S is independent. Consequently, cx(G) =n - a(G).

Proof. We claim that the minimal k-immune sets in GG are the pairs of adjacent
vertices. Let 2 and y be adjacent vertices in G and let U = {x,y}. Since x and y
are adjacent to one vertex in U, each of them is adjacent to k — 1 vertices in V' —U.
Therefore U is barely k-immune, so by Proposition 2.6, it is a minimal k-immune set.

Thus if S is a k-conversion set of G, V - S is independent.

To prove the converse, note that if V' — S is independent and v € V' —.S then v has

k neighbours in S, so v converts at ¢ = 1.

Since every k-conversion set is the complement of an independent set of G, a
minimum k-conversion set is the complement of a maximum independent set, which
gives cx(G) =n - a(G). O

'Recall that the complement of any independent set of a graph G is a vertex cover— that is, a
set X of vertices such that each edge is incident with a vertex of X.
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Proposition 2.12. [38] Let G be a graph of order n and maximum degree k, and
let G be the subgraph of G induced by its vertices of degree k. A set S ¢ V(G) is
a k-conversion set of G if and only if V(G) - S is an independent subset of V(H).
Consequently, c,(G) =n—-a(H).

Proof. We claim that the minimal k-immune sets of G are

(a) the sets {x}, where deg(z) < k, and
(b) the pairs {x,y}, where z and y are adjacent vertices of degree k.

For sets of Type (a), this claim is obvious. To prove the claim for Type (b), let
U = {x,y} be a set of this type. Then x and y each has exactly k — 1 neighbours
outside U, so U is a barely k-immune set. Therefore, by Proposition 2.6, it is a
minimal k-immune set. On the other hand, no other set of vertices is a minimal k-

immune set since any such set contains a subset of Type (a) or a subset of Type (b).

It follows that S ¢ V(G) is a k-conversion set of G if and only if V(G) - S is an
independent set of H. Therefore cx(G) =n — a(H). O

We now turn our attention to standard grid graphs G, ,. Dreyer [37] derives
exact values of co(Gpn) by modifying the result for toroidal grids (he finds that
c2(Gmn) = c2(Timn) +1). He also determines exact values of ¢3(Gs,,) and bounds for
c3(Gpn) when m > 4. We summarize these results in Proposition 2.13. Dreyer also
provides exact values of ¢4(G,,,). We present that result in Proposition 2.14; the

proof illustrates an application of Proposition 2.12.

Proposition 2.13. [38, 44, 45, 71] For the standard grid graph G, ,,
(a) c2(Grmn) = [252].
(b) c3(Gsp) = [3”2+2J, and

(c) D (@) < @O Sma2nsd 45 for 4 <<,

For the proof of Proposition 2.14, we label the vertices of G,,, as v;; in the

obvious way.
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Proposition 2.14. [37] For the standard grid graph G, .,

ca(Gmn) :2m+2n—4+[(m_2)(n_2)J.

2

Proof. Let H be the graph induced by the interior vertices of G = G,,,, and let S be
a minimum 4-conversion set of G. By Proposition 2.12, S contains all border vertices
of the grid, and V - S is a maximum independent set of H. It can be shown that the
larger of the two sets {v; ; : i+j is odd }nH and {v; j : i+j is even }nH is a maximum

(m—2)2(n—2) 1 (m—2)2(n—2) J

independent set of H of order [ . Therefore S contains l interior

vertices of G, , together with the 2m + 2n — 4 border vertices. n

The three types of m x n grids we have mentioned—standard, cylindrical and
toroidal—are closely related in that E(Gy,,) ¢ E(Cpy) € E(Th,.n), when m and n
are large enough that all three grids are defined (ie. m,n > 3). This gives the following

relationship between their k-conversion numbers.

Proposition 2.15. For all k and all m,n >3, ¢;(Tnn) < ck(Cinn) < ck(Gmn).

Proof. Any k-conversion set of G, ,, is a k-conversion set of C, ,,, and any k-conversion

set of C,, , is a k-conversion set of T}, ,,. O

Proposition 2.15 allows us to bound ¢3(C}y,.,) to within 1 of the exact value, since
c2(Thn ) and co(G,y, p) differ by one. It is easy to determine exact values of ¢2(Cs )
for any n > 3, since these graphs are cubic and thus their minimal 2-immune sets
are cycles. Finally, Dreyer [37] determines exact values of ¢3(Cj5,,) for all n > 3. We

summarize these results in Proposition 2.16.
Proposition 2.16. [37] For the cylindrical grid C,, ., = P,, 0 Cy,

(a) c2(Cop) = [g] +1 for alln >3,

(b) [2] =1 < co(Crn) < [222] for all m,n >3, and

(c) c5(Csy) = [22] for alln> 3.
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2.2.2 Bounds

Exact values of ¢ (G) are not known for other well-known infinite families of graphs G*
(although several authors have given examples of infinite families that achieve equal-
ity in various bounds on ¢, (G)). We now shift our attention to the known bounds
on ¢x(G). We begin with upper bounds on the k-conversion number of the Carte-
sian and tensor products, respectively, of two graphs (Theorems 2.18 and 2.20). We
then present the known bounds for graphs with certain structural properties. Bounds
on ¢(G) are especially abundant for (k + 1)-regular graphs G, due to the connec-
tion between k-conversion sets and other structures (for example, decycling sets and

maximum induced forests) in these graphs. We present these results in Section 2.3.

Definition 2.17. The Cartesian product of two disjoint graphs G and H is the graph
GO H such that V(Go H) = V(G) x V(H) and two vertices (u,u’) and (v,v") are
adjacent if and only if either u=v and u' is adjacent to v' in H, or v’ =v" and u is

adjacent to v in G.

Figure 2.3 illustrates the Cartesian product of P; and the graph H obtained by

joining a pendant vertex to one vertex of Cj.

P5|:|H

H

Figure 2.3: The Cartesian product of P; and H.

To prove their bound on ¢, (G 0 H), the authors of [5] introduce the following
notation. For a fixed vertex v in H, let G, be the subgraph of G0 H induced by the

"'While no formula exists to determine the k-conversion number of a tree, it can be computed in
linear time. We discuss algorithmic results in Section 2.4.
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vertices {(u,v) :u € V(G)}; note that G, is a copy of G. Similarly, for a fixed vertex
win G, let H, be the subgraph of GO H induced by the vertices {(u,v):veV(H)};
note that H, is a copy of H. We now present, the upper bound on ¢, (G 0 H) due to
Adams et al., along with their proof.

Theorem 2.18. [5] Let G and H be two graphs. Then

Ck(G O H) < Ck(G)Ck(H)

Proof. Let Sg and Sy be minimum k-conversion sets of G and H, respectively. Let S
be the set of ¢, (G)cr(H) vertices (u,v) in GO H such that u € Sg and v € Sy. To
verify the proposed upper bound, it suffices to show that S is a k-conversion set of
GoOH.

Consider a k-conversion process on GO H with seed set S. For a fixed vertex u
in S, H, contains vertices (u,v) for all v in Sy. Since these vertices are in S and
Sy is a k-conversion set of H, all vertices in H, will eventually convert, as H, is
isomorphic to H and the conversion of H, by Sy induces conversion of H, by the set

of vertices (u,v) for v in Sy.

To conclude the proof, it suffices to show that the union of all H, for u in Sg is
a k-conversion set of GO H. Consider a k-conversion process on G 0 H with seed
set Uyes,H,. For each v in H, G, contains vertices (u,v) for all u in Sg. Since
all the vertices in H, for u in S5 are converted, and since Sg is a k-conversion set
of G, all the vertices in GG, will eventually convert, as G, is isomorphic to G and the
conversion of G by Sg induces the conversion of G, by the set of vertices (u,v) for u

in Sg. Therefore S is a k-conversion set of GO H, as claimed. O

Figure 2.4 illustrates a 2-conversion set of the graph Ps0H (defined in Figure 2.3)

as constructed in the proof of Theorem 2.18.

Next we present an analogous bound for the tensor product of two graphs, which

is also due to Adams et al. [5].

Definition 2.19. The tensor product of two disjoint graphs G and H s the graph
G x H such that V(G x H) = V(G) x V(H) and two vertices (u,u’) and (v,v") are

adjacent if and only if u is adjacent to v in G and u' is adjacent to v' in H.
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P5DH

H

Figure 2.4: A 2-conversion set (shown in black) of P; 0 H, constructed from 2-
conversion sets of P; and H as in the proof of Theorem 2.18.

Figure 2.5 illustrates the tensor product of P, and the graph H defined in Fig-
ure 2.3.

Figure 2.5: The tensor product of P, and H.

From the definition of tensor product it is clear that each isolate (that is, isolated
vertex) of G generates |V (H )| isolates in Gx H, and each isolate of H generates |V (G)|
isolates in G'x H. Moreover, there are no other isolates of G x H. Therefore, if G and
H contain i and iy isolates, respectively, G x H contains i¢|V (H)|+ig|V(G)|-igin
isolates, all of which must be contained in any k-conversion set of G x H. To simplify
the analysis of the bound, Adams et al. assume initially that G and H both have
no isolates (or, equivalently, they ignore the isolates of G and H). Once they have

bounded the k-conversion number of the isolate-free tensor product, they simply add
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ig|V(H)|+ig|V(G)|-igin to account for the isolates.

Theorem 2.20. [5] Let G and H be two graphs without isolated vertices. Then

k(G x H) <min{cx(G)|V(H)|, e (H)|V(G)|}.

Proof. We may assume that ¢, (G)|V(H)| < cx(H)|V(G)|, since the tensor product is
commutative. Let Sg be a minimum k-conversion set of G and let S be the set of
cx(G)|V (H)| vertices (u,v) in G x H such that u € Sg. To verify the proposed upper

bound, it suffices to show that S is a k-conversion set of G x H.

We first partition the vertices of G x H. Suppose it takes T' time steps to fully
convert G from Sg; for each t = 0,1,...,T, let H(t) be the set of vertices (u,v)
such that u is a vertex that converts at time t in G (from Sg). The sets H(0),
H(1),...,H(T) partition the vertices of G x H.

Consider a k-conversion process on GG x H with seed set S. We will show that
for each ¢ = 0,1,...,T, the vertices of H(t), and hence all vertices of G' x H, will

eventually convert. We proceed by induction on t.

As the base case, for every vertex in (u,v) € H(0), u € Sg so (u,v) € S. Now
suppose that all of the vertices in H(0), H(1),...,H(t - 1) have converted; we will
show that the vertices of H (t) now convert. Consider an arbitrary unconverted vertex
(u,v) in H(t). Note that degg, (u,v) = degs(u) degy(v). Since u converts at time
t in G, at least k of its deg,(u) neighbours in G had converted by time ¢t — 1. Each
of these converted neighbours in G generates degy (v) > 0 (since H has no isolated
vertices) neighbours of (u,v) in G x H. Specifically, these neighbours of (u,v) in
G x H are in the union H(0) u H(1) u---u H(t - 1), which contains only converted
vertices. Therefore, at least k of the deg,(u) degy (v) neighbours of (u,v) in Gx H are
converted, and therefore (u,v) converts at the next time step. It follows by induction

that S is a k-conversion set of G x H, as claimed. m

Figure 2.6 illustrates a 2-conversion set of the graph P,0H (defined in Figure 2.3)
as constructed in the proof of Theorem 2.20. Since co(H )|V (Py)| = (3)(4) < (3)(5) =
co(Py)|V (H)|, we construct a 2-conversion set of Py x H by taking a 2-conversion set

in every copy of H.
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Figure 2.6: A 2-conversion set (shown in black) of P, x H, constructed from a 2-
conversion set of H as in the proof of Theorem 2.20.

The bound of Theorem 2.20 is sharp for all graphs G x Ky where G is any connected
bipartite graph [5]. For any graph G, the theorem gives

k(G x Ky) <min{2¢(G), |[V(G)|2} = 2¢x(G),

since ¢, (G) is clearly at most |V (G)|. When G is connected and bipartite, Sam-
pathkumar [98] has shown that G x K, is isomorphic to 2G, that is, two disjoint
copies of G. Using this characterization, it is clear that cx(G x K3) = 2¢,(G).

The strong product of G and H is the graph G® H such that V(Gr H) = V(G) x

V(H) and two vertices (u,u’) and (v,v") are adjacent if and only if

e u is adjacent to v and u’' =v’; or
e u=v and u’ is adjacent to v’; or

e u is adjacent to v and u’ is adjacent to v'.

That is, the strong product of G and H has the same vertex set as the Cartesian
product and the tensor product, and its edge set is the union of the edge sets of
the Cartesian product and the tensor product. The k-conversion number of G ® H
does not appear to have been studied previously, but we make the straightforward
observation that it is bounded above by both ¢, (G0 H) and ¢, (G x H). We leave
further study of cx(G ® H) as an open problem (see Chapter 8).

Many bounds on ¢ (G) exist for (k+1)-regular graphs, where finding a k-conversion
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set is equivalent to other problems that have been widely studied (specifically, finding
decycling sets and maximum induced forests). We will discuss these bounds in Sec-
tion 2.3. Our final bounds for this section apply to (k + r)-regular graphs. The first,
due to Dreyer and Roberts, holds for 0 < r < k& (Proposition 2.21), and the second,
due to Zaker, provides a tighter bound in the case r = k - 1 (Proposition 2.22).

To prove Proposition 2.21, Dreyer and Roberts introduce a slightly different con-
version procedure. Instead of updating the graph synchronously at each time step
(such that all unconverted vertices with at least k& converted neighbours at time ¢
convert simultaneously at time ¢+ 1), consider an asynchronous k-conversion process,
in which only one vertex converts at each time step. That is, at each time step we
choose one unconverted vertex that meets the conversion threshold, and we convert
it. We repeat this process until no more vertices can be converted. Let S; be the set
of vertices that convert at time ¢ under a synchronous conversion rule. Then, under
an asynchronous conversion rule, we can convert all vertices of S; one at a time,
followed by all vertices of S5, and so on. Therefore if S is a k-conversion set under
a synchronous conversion rule, it is also a k-conversion set under an asynchronous

conversion rule.

Proposition 2.21. [38] Let G be a (k + r)-reqular graph, with 0 < r < k. Then

k-r)n
Ck(G) > %

Proof. Consider an asynchronous k-conversion process with seed set S, where S is a
k-conversion set of G. For each time step ¢, let E; be the number of edges between
vertices of opposite states (converted/unconverted). Each time a vertex converts,
this set loses at least k edges and gains at most r edges; that is, Fy < By — (k—1).
Therefore £, 5 < Ey— (n—|S|)(k—7). Since S is a k-conversion set, all vertices are

converted at time n -S|, so we have E,_|g = 0. As well, Ey < (k +1)|S|. Combining
(k-r)n
2k

these and rearranging gives |S| > , as required. ]
In the case r = k-1 (that is, when G is a (2k — 1)-regular graph), a k-conversion

set is also a dynamic monopoly. Zaker [117] provides the following lower bound on

the size of a dynamic monopoly in a (2k—1)-regular graph, which improves the bound

of Proposition 2.21 for these graphs.

Proposition 2.22. [117] Let G be a (2k —1)-reqular graph of order n. Then cx(G) >

n+2(k-1)
2k :
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In the next section we shift our focus to k-conversion in (k + 1)-regular graphs,
in which k-conversion sets are equivalent to decycling sets and complementary to

induced forests.

2.3 Decycling sets, induced forests and k-conversion

in (k+ 1)-regular graphs

In Section 2.1 we introduced the idea of a k-immune set, that is, a set U of vertices
such that each vertex in U has fewer than k£ neighbours outside U. It is clear that a
k-conversion set of a graph G must intersect every k-immune set U of GG, otherwise the
vertices of U never convert. Therefore, we can characterize the k-conversion sets of GG
by characterizing the k-immune sets of G (in particular, the minimal k-immune sets
of G), as we have in Propositions 2.7, 2.11 and 2.12, for example. In Proposition 2.23
we characterize the k-conversion sets of (k+ 1)-regular graphs by characterizing their

minimal k-immune sets. This result was first proved by Dreyer and Roberts.

Proposition 2.23. [38] Let G be a (k +1)-regular graph. A set S of vertices of G is

a k-conversion set if and only if G[V — S] is a forest.

Proof. Let C be an induced cycle in a (k+1)-regular graph G. Then each vertex of C'
has exactly k£ — 1 neighbours in V' — C, so V(C') is a barely k-immune set. Therefore,
by Proposition 2.6, V(C') is a minimal k-immune set. That is, the minimal k-immune
sets of G are the induced cycles of G. By Proposition 2.5, this implies that a set .S of

vertices is a k-conversion set of GG if and only if V' — S does not induce any cycles. [

In a graph G, a set S'is a decycling set, or feedback vertez set, if and only if G[V -S]
is a forest. Therefore, as noted in [38], Proposition 2.23 states that, in a (k+1)-regular
graph G, a set S is a k-conversion set if and only if it is a decycling set. Feedback
vertex sets in undirected graphs were first studied by Harary in 1975 [52]. In directed
graphs, feedback vertex sets and feedback arc sets, which are defined similarly, were
motivated by applications in logic networks and circuit theory and have been studied
since 1958 [33, 66, 100, 116]. In a logic network, one wishes to eliminate feedback
paths. When the logic network is modelled by a digraph, feedback paths correspond
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to directed cycles [99]. (More modern applications are given in [54]. Among them is
deadlock prevention and recovery. In the wait-for (di)graph of an operating system,
a directed cycle corresponds to a set of processes that are waiting for each other,
causing a deadlock. At least one of the processes must be aborted in order to resolve
the deadlock. A minimum feedback vertex set in this graph corresponds to a minimum

set of processes that must be aborted to resolve all deadlocks.)

Since the complement of a decycling set induces a forest, the problem of finding
a minimum decycling set is equivalent to the problem of finding a maximum induced
forest, which has been studied since the 1980s (see, for example, [10, 22, 40, 94, 105,
119]). In (k + 1)-regular graphs, both of these problems are equivalent to finding
a minimum k-conversion set, and we will use these connections repeatedly in later
sections to prove results about k-conversion in (k + 1)-regular graphs. In particular,
many existing bounds on the k-conversion number of a (k + 1)-regular graph were
originally proved as bounds on the size of a maximum induced forest or minimum
size of a decycling set (feedback vertex set). Conversely, all of our results on k-
conversion sets in (k+ 1)-regular graphs, which are found throughout Section 3.2 and
in Chapters 4, 5 and 7, can be rephrased as results about decycling sets in these

graphs.

In our brief survey of decycling sets and maximum induced forests, we will limit the
scope of our discussion to results that apply to regular graphs, with a focus on bounds
and structural results related to the problems we study later in the dissertation,
namely bounds on their associated graph parameters. We discuss computational
aspects of decycling sets and maximum induced forests in Section 2.4 as part of our

summary of computational results on k-conversion sets.

As with research on k-conversion sets, research on decycling sets/feedback vertex
sets has focused on determining the minimum size of such a set for a given graph G;
this number is the decycling number of G or the feedback vertex number. We will
denote this parameter by ¢(G), following Punnim [89, 90, 91, 92, 93], although some
authors use V(G) [16, 85] or other notation. The order of a maximum induced forest
of G is called the forest number of G and most commonly denoted by a(G). As we
have mentioned, S is a minimum decycling set of G if and only if V —.S induces a
maximum forest of G. Therefore we have the trivial identity, ¢(G) + a(G) = |V (G)].

In our discussion of bounds on these parameters, we will state all results as bounds
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on ¢(G), since ¢(G) = ¢x(G) when G is (k + 1)-regular.

In Section 2.3.1 we summarize previous work on lower bounds for ¢(G) (corre-
sponding to upper bounds on a(G)) that apply to regular graphs G. In Section 2.3.2
we present known upper bounds on ¢(G), which focus on cubic graphs and planar
graphs. More restrictive bounds have been proved for hypercubes and we present
these in Section 2.3.3. We focus on the (sharp) lower bound for cubic graphs in Sec-
tion 2.3.4 and present results pertaining to the graphs that meet this bound. (We
study this question further in Chapter 4.) Finally, in Section 2.3.5 we shift our at-
tention to the question of which values are realizable as ¢(G) for some G in a given
class C (for example, planar graphs or regular graphs of order n). Specifically, are all
integers between min{¢(G) : G € C} and max{¢(G) : G € C} realizable by a graph
in C7

2.3.1 Lower bounds on the decycling number

In 1974, in one of the first publications on maximum induced forests, Jaeger [57]
proved that for a cubic graph G of order n, ¢(G) > "TJ“Q. (This bound is sharp, and
we discuss results on the graphs that meet it in Section 2.3.4.) Staton [105] extended
Jaeger’s result to r-regular graphs in 1984, with the bound of Proposition 2.24 (a). We
give a proof of this result in Section 3.2.2, along with a condition for equality in the
bound (Proposition 3.7). Punnim [90] later improved Staton’s bound to ¢(G) >r -1
for small values of n (Proposition 2.24 (b)). This result is trivial to prove using

conversion sets.

Proposition 2.24. [90, 105] Let G be an r-regular graph of order n. Then,

(a) 6(G) > G252, and

(b) if r+1<n<2r—1 then ¢(G)2r-12 (7”2‘(?_7;;2

Proof. For the proof of (a), see Proposition 3.7. We prove (b) using conversion sets.
A decycling set in an r-regular graph G is an (r—1)-conversion set of G, and therefore

has size at least » — 1. The result follows since r — 1 > (TZ_(?_?;Q

when n < 2r. Il

Beineke and Vandell [16] proved that for any connected graph G, with n vertices, m
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edges and maximum degree A,

m-n+1

0(G) > 21)

The bound of Proposition 2.24 (a) can be derived from (2.1) by setting A = r and

_m
m =

We now turn our attention to upper bounds on the decycling number.

2.3.2 Upper bounds on the decycling number

Early upper bounds on the decycling number, and many since then, are restricted
to specific classes of graphs, namely cubic graphs or planar graphs. The interest in
planar graphs was largely motivated by a 1979 conjecture of Albertson and Berman [9]
on the forest number of planar graphs. We state their conjecture below in terms of

the decycling number.

Conjecture 2.25. 9] Every planar graph of order n has a decycling set of size at

n
most 5

The conjecture remains open—the best known bound for general planar graphs is
¢(G) < 2 [23]—but it has been proved for some subclasses. Dross et al. [39] proved
that every triangle-free planar graph of order n has a decycling set of size at most
57}—17, improving an earlier bound by Salavatipour [97] confirming Conjecture 2.25 for
triangle-free planar graphs. For outerplanar graphs G, ¢(G) < % [55]. A history of
the progress towards proving the conjecture can be found in [3, 39], and additional

bounds for planar graphs of larger girth can be found in [40].

For bipartite planar graphs, Akiyama and Watanabe [7] and Albertson and Haas [§]

independently propose the following conjecture, which also remains open.
Conjecture 2.26. [7, 8] Every bipartite planar graph of order n has a decycling set

: 3n
of size al most <.

For non-planar graphs, the first upper bounds on the decycling number applied

to cubic graphs. For cubic graphs without further restrictions, Speckenmeyer [102]
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provides the following two bounds, both of which are obtained by constructing a
decycling set from a maximal non-separating independent set, that is, an independent
set X such that G — X is connected.

Proposition 2.27. [102] Let G be a cubic graph of order n and let K(G) be the

mazimum number of disjoint cycles in G. Then,
() 9(G) < |5+ 5D, and
(b) ¢(G) <[22 +1].

Moreover, both bounds are optimal.

To prove (a), they show that F'u X is a decycling set, where X is a non-separating
independent set and F' is a decycling set of G — X, and then prove a bound on | X]| in
terms of K(G). Then (b) is derived by modifying the procedure for finding a maximal

non-separating independent set.

To prove the optimality of both bounds, Speckenmeyer constructs the graph Hy,
shown in Figure 2.7, from a caterpillar C' whose ¢ internal vertices all have degree 3
by replacing each internal vertex of C' with a triangle and each leaf with the graph H
obtained by subdividing an edge of K4. This technique provides many important
examples in later studies of decycling sets in cubic graphs. We also use it in Section 4.2
to construct examples of graphs with large k-conversion number, and generalize it to

graphs of maximum degree k + 1 in Section 5.2.2.

ok K XL

{ triangles

Figure 2.7: A graph H, achieving equality in both bounds of Proposition 2.27.

It is clear that ¢(H,) > 3¢ + 4, since any decycling set requires two vertices from
every copy of H and one from every triangle. On the other hand, K(H;) = 2¢ + 2,

since there are no two disjoint cycles in H, and H, has order ny, = 8¢ + 10. Therefore
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the bound (a) gives
8¢+ 10 . 20+3

4 2

o) <| [EEan

The bound of (b) gives
(Hy) < l@J F1=30+ l%J =30+4.

Speckenmeyer notes that for the bound (a) there is also an infinite family of 2-

connected graphs that meet the bound.

Writing ¢(H,) in terms of the order n, of H, gives ¢(H,) = 22 + 1. Bondy et
al. [22] later show that in fact all cubic graphs have decycling number at most 32 + 1.
They also characterize the graphs that achieve equality in this bound by generalizing
Speckenmeyer’s construction of Hy, and give an improved upper bound for cubic
graphs of girth at least 4. These results follow from a more general result, due to Liu
and Zhao [69], which bounds ¢(G) in terms of the order and girth of G (improving
an earlier bound of the same nature by Speckenmeyer [103]). We state this result in
Theorem 2.28 and then we summarize the other results that can be obtained from it.

First, we describe the generalization of Speckenmeyer’s construction of the graphs H,.

A cubic tree is a tree whose internal vertices all have degree 3. We define G to
be the class of connected cubic graphs obtained from a cubic tree by replacing each
degree 3 vertex with a K3 and each leaf with the graph H obtained by subdividing
an edge of Ky. (In order to produce a cubic graph, the edge joining H to the rest
of the graph must be incident with the degree 2 vertex of H.) We define G; and G,
(not in G) to be the two graphs shown in Figure 2.8.

Gy Go

Figure 2.8: The graphs GG; and G, of Theorem 2.29.
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Theorem 2.28. [69] Let G be a cubic graph of order n and girth g. Then

9 9-
PRV TR

except when G € {K4,G1,G2}uG. If g=3 and G € G then ¢(G) = %"+}L.

In [103], Speckenmeyer conjectured that all 2-connected triangle-free cubic graphs
satisfy ¢(G) < 2. Zheng and Lu [119] proved that this conjecture is true even with-
out assuming 2-connectivity, with two exceptions, namely G; and G5. This result
also follows from Theorem 2.28. We summarize the consequences of Theorem 2.28 in
Theorem 2.29 (a) and (b). Dross et al. [40] improved the bound of Theorem 2.29 (a)
in the case where G is 2-connected. We state their bound, which is sharp, in Theo-
rem 2.29 (c).

Theorem 2.29. Let G be a cubic graph of order n > 4.
(a) [22,69] If G € G then ¢(G) = 222, and otherwise ¢(G) < 3.
(b) [119] If G is triangle-free and G ¢ {G1, G2} then ¢(G) < 5.

c¢) [40] If G is 2-connected then ¢(G) < 2. Moreover, this bound is sharp.
3

We define the triangle-replaced graph of a cubic graph G to be the graph obtained
by replacing each vertex of G with a triangle. The bound of Theorem 2.29 (c) is
attained by the triangle-replaced graph of any 2-connected cubic graph [40].

Few results on the maximum value of ¢(G) exist for general regular graphs of
degree greater than 3, but Punnim [91] gives the following bound for r-regular graphs,

r>4.
Theorem 2.30. [91] Let G be a connected r-regular graph of order n >2r +2. Then
¢(G) <=2n for all r > 4.

We prove this result for even r, and show that it is sharp in that case, in Section 7.6.

More restrictive bounds (both lower and upper) have been determined for the

decycling number of hypercubes. We summarize these results in the next section.
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2.3.3 The decycling number of hypercubes

For n > 0, the n-dimensional hypercube (also called the n-cube) is the graph @,, whose
vertices are the 2™ binary words of length n and two vertices are adjacent if and only

if they differ in exactly one position. Therefore @), is n-regular.

Beineke and Vandell determine the exact values of ¢(Q),,) for n < 8, and bounds
for n > 9 [16]. The bounds were later improved by Bau et al. [15], Focardi et al., who
provide the best known upper bound [47], and Pike, who provides the best known
lower bound [85]. We state these bounds in Theorem 2.31, but first we introduce some

concepts from coding theory, which are used to prove the bounds of Theorem 2.31.

In coding theory, the number of positions in which two binary words u and v
differ is called the Hamming distance dy(u,v) between u and v, and the number of 1
entries in u is called the Hamming weight (or simply the weight) of u and denoted by
w(u). Therefore d(u,v) = w(u+v), where u + v is the usual bitwise sum modulo 2,
and the distance d(u,v) between vertices u and v in @, is equal to the Hamming
distance dy(u,v) between the two words. A binary code of length n is a subset A of
{0,1}" and the minimum distance of A is min{dy(u,v) : u,v € A,u # v}. A binary

code of length n and minimum distance d is often referred to as an (n,d) code.

The greater its minimum distance, the greater a code’s ability to correct errors.
At the same time, it is desirable to have as many code words as possible without
increasing the length or decreasing the minimum distance. Therefore, a central prob-
lem in the study of error correcting codes is to determine the maximum cardinality

A(n,d) of an (n,d) code (see, for example, [68] and [72]).
Theorem 2.31. [47, 85] Forn>7,

n+1- 20 gn-1

2n—1 + < Qb(Qn) < 271—1 - m

n-1

The bounds of Theorem 2.31 place the decycling number at slightly less than half
of [V(Q,)| =2". They are both proved by observing that a decycling set of @,, can be
constructed using a binary code of minimum distance at least 4, and then applying
bounds on the cardinality of such a code. We outline the proofs in the rest of this

section.
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The proof of Theorem 2.31 relies on the following lemma, guaranteeing that a
maximum-cardinality (n,4) code can be constructed using only vertices (words) of
even weight. We denote by V; and V;, respectively, the sets of even and odd weight

vertices of @),,.

Lemma 2.32. [72, 85] There exists an (n,4) code A of cardinality A(n,4) such that
AcVy.

By Lemma 2.32 we can partition V(Q,,) into sets Vi, A and S = V- A, where A is
an (n,4)-code of cardinality A(n,4). In the next lemma we show that S is a decycling
set of ),,.

Lemma 2.33. [47] Let A € V; be an (n,4) code of cardinality A(n,4). Then Q,[Viu A]

15 acyclic.

Proof. Let G = Q,[Vi u A]. We first argue that each component of G contains at
most one vertex of A. To see this, consider a vertex v € A and let X denote the set of
vertices at distance exactly 2 from v in ),,. Then all of the vertices in X have even
weight, and none of them is in A, by the minimum distance of A. Therefore none of
them is in G. Thus X forms a vertex cut separating the component of GG containing v
from the rest of A.

It follows that G is acyclic, since any cycle in (),, must contain at least two vertices

of even weight. O

Since the decycling set S = V; — A of Lemma 2.33 has size 21— A(n,4), we obtain
the upper bound

A(Qn) <21 - A(n,4). (2.2)

Focardi et al. [47] and Pike [85], respectively, prove the following bounds on A(n,4):

2n72 2n71
< A(n,4) < : (2.3)

n-1"~ n

The lower bound of (2.3) immediately gives the upper bound of Theorem 2.31 when
applied to the the inequality (2.2).
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To prove the lower bound, Pike first characterizes the cases where (),, achieves
equality in the bound (2.2).

Theorem 2.34. [85] The hypercube @Q,, satisfies ¢(Qy,) =271 - A(n,4) if and only if

it has a minimum decycling set that is also an independent set.

For any r-regular graph G = (V| E) with decycling set S, Pike [85] proves the
identity
V=151 - w(G = 5) = |E[ - |S] + €(5), (2.4)

where €(S) is the number of edges in G[S] and k(G -5) is the number of components
of G- S, by counting in two ways the edges in G - S. When G = @, (2.4) gives

k(G -S5)+e(S) -2t
n-1

9

S| =21 +
after rearranging.

Pike then proves that x(G — S) +¢(S) > n+ 1 to obtain the lower bound of
Theorem 2.31. In the case where (),, has an independent minimum decycling set, this
result follows from Theorem 2.34 and the upper bound (2.3) on A(n,4). In the case
where every minimum decycling set contains at least one edge, Pike proves that in

fact it contains at least n edges.

2.3.4 Cubic graphs that meet the lower bound

In Proposition 2.24 (a), we saw that the decycling number of an r-regular graph G of
(r-2)n+2
2(r-1)
is not less than this number. When G is cubic, this gives

order n is bounded below by or, more specifically, by the least integer that

gb(G)z[THQ].

: (2.5)

In [14], Bau and Beineke ask which cubic graphs achieve equality in the bound (2.5).
Bondy et al. note in [22] that a result of Payan and Sakarovitch [82] provides a

sufficient condition for equality in the bound; we state this result in Proposition 2.35.

A graph G is cyclically k-edge connected (cyclically k-vertex connected) if at least k
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edges (vertices) must be removed in order to disconnect G into two subgraphs, each
containing a cycle [109]. McCuaig [74] proves that a cubic graph G ¢ {K33, K4} is
cyclically 4-edge connected if and only if it is cyclically 4-vertex connected, so we

often simply say cyclically 4-connected.

Proposition 2.35. [82] Let G be a cyclically 4-connected cubic graph of order n.
Then ¢(G) = [”Tﬁ]

On the other hand, Punnim gives the following necessary condition on cubic graphs
of order n =2 (mod 4) that meet the bound (2.5).

Proposition 2.36. [89, Lemma 2.1] If G is a cubic graph of order n = 2 (mod 4)
and S is a decycling set of G of order [”T*z], then S is independent and G[V - S] is

a tree.

We return to the problem of finding infinite families of graphs that meet the
bound (2.5) in Chapter 4. In Section 7.1 (in particular, Theorem 7.2) we prove
that every cubic graph with n >4 has a minimum decycling set that is independent.

Therefore the first conclusion of Proposition 2.36 is a special case of Theorem 7.2.

For the rest of this section we discuss results by Punnim asserting the class of

n+2

1 ] is closed

cubic graphs of order n that attain equality in the bound ¢(G) > [

under a graph operation called switching.

Let ab and cd be two edges in a graph G such that a,b,c and d are all distinct
and ac and bd are not edges in G. We define the switching o(a,b;c,d) to be the
graph operation consisting of deleting the edges ab and cd from G and adding the
edges ac and bd. Following [89], we denote the resulting graph by Go(@bied) Tt
is clear that Go(@bicd) has the same degree sequence as G, so, for a given degree
sequence d = (dy,ds, ...,d,), the class of graphs having degree sequence d is closed
under the switching operation. In addition, Havel [53] and Hakimi [51] have proved

that there is only one orbit.

Theorem 2.37. [51, 53| If G1 and Gy are two graphs with the same degree sequence,

then G can be obtained from G1 by a finite sequence of switchings.

For a given degree sequence d, we define the graph G(d) whose vertices correspond

to the graphs with degree sequence d and where the vertices corresponding to Gy
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and (9 are adjacent if Gy = G for some switching o. It follows from Theorem 2.37
that G(d) is connected.

For cubic graphs of order n (that is, for the degree sequence d = 3"), Punnim [89]
considers the subgraph of G(d) induced by the vertices corresponding to graphs G
satisfying ¢(G) = [”Tﬂ], which we denote by G(3",[%2]). Punnim proves that for any
two cubic graphs G and G5 that both achieve equality in the bound (2.5), G5 can be
obtained from G by a finite sequence of switching such that every graph obtained in
the sequence also achieves equality in the bound (2.5). We express this result with

the following theorem.

Theorem 2.38. [89] The subgraph G(3",[™2]) of G(3") is connected.

Punnim shows in [93] that the subgraph of G(3",[%2]) induced by the vertices

corresponding to planar graphs is also connected.

2.3.5 Interpolation

We have presented lower bounds (Proposition 2.24 (a)) and upper bounds (Propo-
sition 2.29 (c) and Theorem 2.30) on ¢(G) for r-regular graphs G, r > 3, as well as
several narrower bounds for regular graphs with additional properties, such as girth
restrictions. In [89], Punnim considers the problem of determining which integers are
realizable as the decycling number of some graph G with a given degree sequence
d=(dy,...,d,). Punnim considers this problem for all degree sequences; here, we are

only interested in regular graphs, so we will state his results for d = r.

Following [88], we call a graph parameter p an interpolation parameter with respect
to a class of graphs J if there exist integers a < bsuch that {ceZ:a<c<b} ={p(G):
G € J}. That is, p is an interpolation parameter with respect to J if every integer
between min{p(G) : G € J} and max{p(G) : G € J} is realized as p(G) for some
GeJ.

Punnim shows that ¢ is an interpolation parameter with respect to several classes
of graphs. We provide a summary in Theorem 2.39.

Theorem 2.39. [92] The decycling number ¢ is an interpolation parameter with

respect to
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(a) the class of all graphs with degree sequence d, for any graphic sequence d,

(b) the class of all connected graphs with degree sequence d, for any graphic se-

quence d, and

(c) the class of planar cubic graphs.

Moreover, if J is a class of graphs with degree sequence d and the subgraph of G(d)

induced by J is connected, then ¢ is an interpolation parameter with respect to J.

In the next section we return our attention to general graphs, where a k-conversion

set is not necessarily a decycling set.

2.4 Complexity and algorithmic results

In this section we summarize known complexity results related to k-conversion pro-

cesses. The IRREVERSIBLE k-CONVERSION SET problem is as follows:

IRREVERSIBLE k-CONVERSION SET (IRR k-CS)

Instance: A graph G and a positive integer s.

Question: Does G have an irreversible k-conversion set S where |S| < s? (Equivalently,
is ¢, (G) < s7)

This problem was first considered by Dreyer and Roberts [37, 38]. They proved
that the problem is NP-complete for £ > 3, by bounding the number of time steps
required for a k-conversion process to terminate, called the transient length of the
process, to show that the problem is in NP, and then proving a reduction from the

INDEPENDENT SET problem.

The IRR k-CS problem is clearly polynomial for k£ = 1, since the conversion number
is equal to the number of components, so Dreyer’s and Roberts’ result leaves the IRR
k-cs problem open only for k£ = 2. Chen [30] published the first proof that it is NP-
complete even for graphs of maximum degree 4, and this was independently proved
by Centeno et al. [26] and Kyncl et al. [65]. On the other hand, the problem has long
been recognized as polynomial for cubic graphs [111] (due to the equivalence between

decycling sets and 2-conversion sets for these graphs) and for graphs of maximum
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degree at most 2. Finally, Takoaka and Ueno [108] and Kyncl et al. [65] independently

show that IRR 2-CS is also polynomial for non-regular graphs of maximum degree 3.

Centeno et al. [26] consider the optimization problem of finding a minimum
k-conversion set of a graph, which is known as the MINIMUM IRREVERSIBLE k-
CONVERSION SET problem and defined below.

MINIMUM IRREVERSIBLE k -CONVERSION SET (MIN IRR k-CS)
Instance: A connected graph G.!

Task: Determine an irreversible k-conversion set S of G with |S| = cx(G).

Recall that a block of a graph G is a maximal subgraph of G without a cut
vertex. Centeno et al. obtain a linear-time algorithm to compute ¢, (G) for trees and
a quadratic-time algorithm to compute ¢3(G) for chordal graphs. Centeno et al. also
present a counterexample demonstrating an error in an earlier algorithm by Dreyer
and Roberts [38] designed to compute the ¢ (G) for trees. However, the algorithm
of Centeno et al. uses ideas from that of Dreyer and Roberts, notably the technique
of reducing the instance graph G into its blocks? (such that the cut vertex v of G
appears in every block with which it is incident in GG). The conversion number of the
blocks is then determined and used to compute the conversion number of GG, which

Centeno et al. note can be done efficiently for graphs with simple blocks.

!Centeno et al. consider the problem for an arbitrary threshold function f: V(G) - Z, so their
formulation of the problem also includes this function as input. For our purposes every vertex has
threshold k.

2Dreyer and Roberts reduce the instance graph slightly differently, since they are dealing only
with trees (and therefore all blocks are isomorphic to K3). They note that any vertex of degree at
most k — 1 is necessarily in the conversion set, and therefore these vertices play the role of the cut
vertices in the block-reduction algorithm of Centeno et al.
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Chapter 3

The k-conversion number of

regular graphs

In this chapter we study the k-conversion number of k-regular, (k + 1)-regular and
(k + r)-regular graphs G. We present lower and upper bounds on ¢ (G) for these
graphs, and study which graphs achieve equality in these bounds. (In Chapter 4 we
further develop our study of k-conversion sets in (k + 1)-regular graphs with a closer

look at 2-conversion sets in cubic graphs, that is, the case k = 2.)

3.1 The k-conversion number of k-regular graphs

We begin the section with the straightforward observation that, in order for any
conversion to occur in a k-conversion process, the seed set must contain at least &
vertices. Therefore k is a trivial lower bound on ¢, (G) for any graph G with at least k
vertices. More specifically, if GG is a graph of order n and maximum degree A, then
et (@) =n if A <k and otherwise ¢x(G) > k. Leaving aside the case where ¢ (G) = n,
we focus on graphs with maximum degree at least k£ and ask which graphs meet the
bound ¢, (G) = k.

Graphs that meet this bound are easy to find, and exist for any order k + r,
where r > 1. (Take, for example, the complete bipartite graph Kj,.) Imposing

structural constraints on G naturally makes the bound harder to achieve. In this
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section, we give a complete characterization of the k-regular graphs that meet this
bound (Proposition 3.1). In Section 3.2 we will enlarge our investigation of the bound
to include (k + 1)-regular graphs. For graphs G and H, we define the join of G and
H, denoted by G v H, to be the graph obtained by joining each vertex of G to each

vertex of H.

Proposition 3.1. A k-reqular graph G has a k-conversion set of size k (that is,
ce(G) =k) if and only if G = Hv Ky, where H is a t-regular graph of order k, and
0<t<k.

Proof. Let G = H v Kj_;, where H and t are as above. Each vertex of Ky ; has k
neighbours in H, so V(H) is a k-conversion set of size k. Since vertices of Kj_; have
no other neighbours, and each vertex of H has t neighbours in H and k-t neighbours

in K_;, G is k-regular.

For the converse, let G be a k-regular graph with a k-conversion set .S of order k.
By Proposition 2.11, V' - S is independent. Since G is k-regular, G[S] is t-regular for
some 0 <t <k and |V -S| =k —t. The result follows with H = G[S]. O

For k=5 and t = 2, an example of a graph G = H v K, as in Proposition 3.1, is
shown in Figure 3.1. The black vertices induce the 2-regular graph H, and the white

vertices form the independent set K.

K3

Figure 3.1: A 5-regular graph with a 5-conversion set of size 5, shown in black.
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3.2 The k-conversion number of (k + 1)-regular

graphs

In this section we present upper and lower bounds on a the k-conversion number of a
(k+1)-regular graph, and we determine some properties of the graphs that meet these
bounds. We begin with the trivial lower bound ¢, (G) > k (discussed previously for
k-regular graphs), this time applied to (k+1)-regular graphs. Recall from Section 2.3
that for a (k+1)-regular graph G, a set S of vertices is a k-conversion set if and only
if G[V - S] is acyclic (Proposition 2.23). Such a set S is also known as a decycling
set or a feedback vertex set. We rely heavily on this characterization of k-conversion

sets in (k + 1)-regular graphs throughout Section 3.2 and Chapters 4, 5 and 7.

3.2.1 k-conversion sets of size k in (k + 1)-regular graphs

If > 1 and G is a (k+r)-regular graph with a k-conversion set S of size k, then every
non-seed vertex has at least r neighbours outside of S. This introduces the possibility
that complete conversion of the graph takes more than one time step. For t > 0, let
S; be the set of vertices that convert at time ¢, starting from a given seed set S = .5;.
(It is worth noting that such a graph may still convert in one time step. For example,
consider the 4-regular graph G = Ky v (K + K5),! with 3-conversion set S = V(K3).)

In Proposition 3.2 we derive a bound on the number of vertices in tU2St (that is,

>
the number of vertices that convert at time ¢ = 2 and later) for (k+ 1)-regular graphs
with a k-conversion set of size k. This gives us a bound on the number of non-seed

vertices (Corollary 3.3).

Proposition 3.2. Let G be a (k+ 1)-regular graph with a k-conversion set of size k.
Then

E(k+1)+|S1|(1-k) -1
Ust‘ < p— :

t>2

Proof. Let Y = U;50S;. We count the edges between Y and S in two ways. First,

since G is (k +1)-regular and each vertex of Sy is adjacent to each vertex of Sy, there

'For graphs G and H, G + H denotes the disjoint union of G and H, and G v H denotes the join
of G and H, obtained by adding all possible edges between G and H.
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are at most k(k+1—|51|) edges from Sy to Y. On the other hand, each vertex in Y’
has at least k neighbours that convert before it. Therefore there are at least |Y|k
edges with at least one endpoint in Y. Since G - S is a forest with |Y|+|Sy| vertices,
at most Y| +[S1| — 1 have the other endpoint in Y u S;. Therefore there are at least
Y|k —|Y]-|S1|+1 edges from Y to Sp. This gives |Y|k—|Y|—|Si|+1 < k(k+1-]51]),
and the result follows. ]

Corollary 3.3. Let G be a (k+1)-reqular graph and suppose that Sy is a k-conversion

set of size k. Then |V (G) - Sp| < k(kktll)il-

Proof. The left side of the bound in Proposition 3.2 equals [V (G) — Sp| - |S1]. Rear-

ranging gives the result. [

In Proposition 3.5, we use Corollary 3.3 to get an upper bound on the order of a
(k+1)-regular graph having a k-conversion set of size k. We also prove by construction
that the bound is sharp for each k£ > 2. The result of the construction for k£ = 3 is
illustrated in Figure 3.2. We begin with a definition.

Definition 3.4. Let v be a vertex such that deg(v) < A. We define the A-deficiency
of v to be defa(v) = A - deg(v).

Proposition 3.5. If G is a (k + 1)-reqular graph having a k-conversion set of size k
then the order of G is at most 2k + 2. Moreover, for every k > 2, there exists a

(k + 1)-regular graph of order 2k + 2 which has a k-conversion set of size k.

Proof. We obtain the bound for k = 2 by checking all examples (there are three cubic
graphs having a 2-conversion set of size 2: K, and the two cubic graphs of order 6).
For k > 3, k(kk+_11)_1 > k + 3, so the bound follows from Corollary 3.3. To prove that
the bound is sharp, we construct a (k + 1)-regular graph of order 2k + 2 which has a

k-conversion set of size k.

We begin with the graph Ksj, where Sy = S is the set of size k (a k-conversion
set) and Sy = {ug,v1} is the set of size 2 (the set of vertices that convert at time
t =1). For each v € Sy we now have defy,;(v) = k- 1 and for each v € S; we have
defr1(v) = 1. We will add vertex sets Sa,S3,... such that the vertices of S; convert

at time t = ¢ from the k-conversion set Sy. To achieve this, for each 7 > 2, we must
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add at least k edges from .5; to Ué;%)Sj. Some care is required in choosing the edges,
in order to ensure that there will always be at least k£ distinct vertices available in

-1
Ui09;-

For ¢ > 2, if there are still at least k£ — 1 vertices in Sy of deficiency at least 2, let
S; = {u;,v;}. Join u; to u;_1 and to k—1 vertices of Sy, beginning with those of highest
deficiency. Then join v; to v;_; and to k — 1 vertices of Sy, once again beginning with
those of highest deficiency. Joining u; and v; to u;_; and v;_; at each step means that
the vertices of Si,...,.5;.1 have degree k + 1, so the only deficient vertices are the
newly added ones and those in Sy. Joining the new vertices first to the vertices of
highest deficiency in Sy guarantees that the deficiencies among the vertices of S; are
always within 1 of each other. Therefore, the first time there fail to be at least k-1
vertices in Sy with deficiency at least 2, there are either no deficient vertices in Sy
(if k£ is even) or there are k — 1 deficient vertices in Sy and their deficiency is 1 (if &
is odd).

In the case where k is even, we add vertices u; and v; g times before we run out
of deficient vertices in Sy. That is, the process stops when 7 = g +1, and | U?k:gl Sil = k.
Adding an edge between u ko and v ki yields a simple (k+ 1)-regular graph of order
2k + 2 (including the k vertices of Sy and the 2 vertices of S7).

In the case where k is odd, we add % pairs of vertices u; and v; before the

deficiencies in Sy become too small. That is, the process stops when ¢ = and

k+1
2
k+l
|u,2 Si| = k—1. We complete the (k+1)-regular graph by adding one final vertex, w,
and joining it to u ke, Uksl and to the k — 1 vertices of deficiency 1 in Sy. The total
number of vertices is now 2k + 2, including the k& vertices of Sy and the 2 vertices

of Sl. O

Proposition 3.6, below, provides another upper bound on the size of thSt for

(k + 1)-regular graphs with a k-conversion set of size k. When |S;| > %, the bound
provided by Proposition 3.2 is stronger than that of Proposition 3.6. However, the
bound of Proposition 3.6 is sharp for small values of |S;|, as shown by the graph in

Figure 3.2.

Proposition 3.6. Let G be a (k+ 1)-regular graph with a k-conversion set of size k.
Then ‘ u St‘ <k.
)
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Proof. Let Y =uU;9S;. By Corollary 2.23, G- Sy is a forest F', and its leaves are the
vertices in S;. Therefore, for every v € Y, degp(v) < |Si|, and deg(v) = k+1, so v
has at least k + 1 —|S;| neighbours in Sy. Hence there are at least |Y|(k + 1 —1S1])
edges between Y and Sp. On the other hand, there are at most k(k + 1 —|S;|) edges

between Sy and Y, by the argument given in the proof of Proposition 3.2. Therefore
[Y|(k+1-151]) <k(k+1-151]). O

Figure 3.2: A 4-regular graph with c3(G) = 3 = | Usso Sy, illustrating sharpness of the
bound in Proposition 3.6. This graph also illustrates the construction in Proposi-
tion 3.5, with k = 3.

In this section and in Section 3.1, we began with a fixed seed set size (namely k,
the minimum possible size for a nontrivial k-conversion set), and asked which graphs
have a k-conversion set of this size. We obtained constraints on the structure and
order (respectively) of k- and (k + 1)-regular graphs with this property. For the rest
of this chapter, beginning with Section 3.2.2, we will instead begin with a class of

graphs, and ask how small a k-conversion set can be for a graph in this class.

3.2.2 A lower bound on ¢;(G) for (k+ 1)-regular graphs

As discussed in Section 3.1, k is a lower bound on the k-conversion number of any
graph with order at least k. While it is possible to have arbitrarily large graphs that
attain this bound, for many classes of graphs a k-conversion set of size k£ can only
convert a limited number of vertices. Indeed, we showed in Proposition 3.5 that in
the class of (k + 1)-regular graphs, a k-conversion set of size k can convert at most
2k + 2 vertices. For these graphs, as the order grows beyond the 2k + 2 threshold, we
require more than k seed vertices to convert the graph. In this case, k is no longer
a good lower bound for the k-conversion number. In Proposition 2.24 we presented

a lower bound, due to Staton [105], on the decycling number of an r-regular graph,
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which corresponds to the (7 —1)-conversion number. We now restate this result with
r =k + 1 to obtain a bound on the k-conversion number of a (k + 1)-regular graph.

We present a proof which yields a condition for equality in the bound.

Proposition 3.7. Let G be a (k + 1)-reqular graph of order n, k >2. Then ¢,(G) >

k-1)+2 .. . . k-1)+2 .
[%1 Moreover, a minimum k-conversion set S of G has size % if and

only if S is independent and G - S is a tree.

Proof. Let S be a minimum k-conversion set of G, and let S =V \ S. For X € {S, S},
let ny and my denote the number of vertices and edges, respectively, in G[X].

Counting in two ways the number of edges between S and S gives the identity
(k+1)ns —2mg = (k+1)ng - 2mg.
By Corollary 2.23, G[S] is a forest; let 3 be its number of components. Then
(k+1)ns —2mg = (k+1)ng - 2(ng - vy).

Substituting ng = n — ng, and rearranging, this gives

~n(k-1)+2m, +2y

ngs

2k
Therefore, ¢, (G) = ns 2 —n(k;;?ﬂ, with equality if and only if S is independent and
G - S is a tree. In particular, ¢,(G) > [%] u

The bound of Proposition 3.7 also follows from the following bound, due to Beineke

and Vandell.

Proposition 3.8. [16, Corollary 1.2] Let G be a graph with n vertices, m edges and

m-n+1

mazimum degree A. Then the decycling number of G is at least ™5™~

In Chapter 4 we examine the bound of Proposition 3.7 in detail for the case k = 2;

that is, the case of 2-conversion in cubic (i.e. 3-regular) graphs.

In the next section we prove a lower bound similar to that of Proposition 3.7 for

(k + r)-regular graphs.
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3.3 A lower bound on ¢ (G) for (k+r)-regular graphs

(k-r)n
2k

graphs of order n, for 0 < r < k. In the case r = k-1, where G is a (2k — 1)-regular
graph, Zaker [117] strengthens this bound to ¢x(G) > % (see Propositions 2.21

and 2.22). In this section we improve upon both of these previous bounds by provid-

Dreyer and Roberts [38] give a lower bound of on ¢, (G) for (k + r)-regular

ing, in Proposition 3.11, a new lower bound of ¢ (G) > W, which is sharp

for 0<r<k.

Proposition 3.9 generalizes Proposition 2.23, characterizing the k-conversion sets S
of (k+r)-regular graphs in terms of a condition on V' = S. A graph G is r-degenerate,
for r > 0, if every induced subgraph of GG has a vertex of degree at most r. We say
that G is a mazimal r-degenerate graph if G is r-degenerate but for every pair of
non-adjacent vertices x,y in G, adding the edge xy to E(G) produces a graph that
is not r-degenerate. We note that a graph G is 0-degenerate if and only if it has no

edges, and it is 1-degenerate if and only if it is acyclic.

Proposition 3.9. Let G be a (k +r)-reqular graph, with r > 0. A set S of vertices
of G is a k-conversion set if and only if G[V - S] is r-degenerate.

Proof. Suppose V — S is r-degenerate, so every subgraph H of V — .S has a vertex
of degree at most r. In other words, some vertex of H has at least k neighbours in
G-H. Let Hy=V -5 and let S; be the set of vertices of degree at most r in H.
These vertices have at least k neighbours in G- Hy = 5, so they convert at time ¢ = 1.
Let Hy = Hy - S7 and let Sy be the set of vertices of degree at most r in H;. These
vertices have at least k£ neighbours in V' — H; = S u .Sy, so they convert at time ¢ = 2.
Continue this process until some H; = @. At each step, the set V — H; is converted,

so when H; = @ the whole graph is converted. Therefore S is a k-conversion set.

On the other hand, if V — S is not r-degenerate then there is some subgraph H
of V =S in which no vertex has k neighbours outside H. Therefore H is a k-immune

set, so S is not a conversion set of G. n

Proposition 3.11 generalizes Proposition 3.7, establishing a lower bound on ¢, (G)

for (k +r)-regular graphs G. The proof technique is the same as for Proposition 3.7,
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but requires the following lemma, due to Lick and White, bounding the number of

edges in an r-degenerate graph.

Lemma 3.10. [67, Proposition 3 and Corollary 1] Let G be an r-degenerate graph
with n > r vertices and m edges. Then m < rn — (Tgl), with equality if and only if G

18 maximal r-degenerate.
Proposition 3.11. Let G be a (k+7r)-reqular graph of order n, where 0 <r < k. Then

5 (k:—r)n+(r+1)r.

(@) 2%

.. . k— 1 .
Moreover, forr > 1, a minimum k-conversion set S of G has order % if and

only if S is independent and G[V - S] is a maximal r-degenerate graph.

Proof. First suppose r = 0. In this case, Proposition 2.11 gives ¢x(G) = n — a(G).
Since G is regular, a(G) < %, and the result follows. Now let r > 1 and let G be a
(k +r)-regular graph with n > k +r vertices. Let S be a k-conversion set of G and for
X €{S,S}, let nx and my denote the number of vertices in X and the number of

edges in G[X], respectively. Counting in two ways the edges between S and S gives

(k+7)ng—2mg = (k+r)ng - 2msg.
Applying the bound mg < rng - (r;1)7 as provided by Lemma 3.10, and simplifying
gives

(k+7r)ng—2mg > (k—r)ng+ (r+1)r,

with equality if and only if G[\S] is maximal r-degenerate. By substituting ng = n-ng

and rearranging, we obtain

S (E=r)n+(r+1)r+2mg
- 2k ’

ns
with equality if and only if G[S] is maximal r-degenerate. The result follows since

mg > 0 with equality if and only if S is an independent set. [

We note that, by definition of maximal r-degeneracy, in order to determine whether

a subgraph H of G (in particular, H = G[S]) is maximal r-degenerate we must look
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at all z,y € V(H) such that xy ¢ F(H)—regardless of whether zy € E(G)—and de-
termine whether H + xy is still r-degenerate. In other words the maximality of H
with respect to r-degeneracy does not depend on whether we can add more vertices or
edges of GG into H without losing the r-degenerate property, but whether we can add
an edge between two non-adjacent vertices of H. In particular, when H = G[S], H
is an induced subgraph so any additional edge zy under consideration is necessarily

absent from G.
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Chapter 4

The 2-conversion number of cubic

graphs

In Proposition 3.7 (Section 3.2.2) we presented a lower bound on the k-conversion

number of (k£ + 1)-regular graphs. For k = 2, Proposition 3.7 gives the lower bound

02(G)2[n+2]

; (4.1)

for cubic graphs G of order n.

In this chapter we present classes of cubic graphs that attain this bound and others
that exceed it. We prove in Section 4.1 that a class of fullerenes and “fullerene-like”
graphs attain the bound (Theorem 4.1). We study the 2-conversion number of snarks,
as well as graphs that have some of the defining properties of snarks, in Section 4.2.

Our results in Section 4.2 lead us to study 3-connected cubic graphs in Section 4.3.

4.1 Generalized fullerenes

A fullerene is any planar cubic graph whose faces, including the outer face, all have

size 5or 6. Let r =5 or 6 and ¢ > 0. Consider the class of fullerenes whose vertices are
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partitioned into two r-cycles!, C° and C*!, and ¢ 2r-cycles, C1,...,C*. Label the
vertices in C* v, j, for 0 < j <|C% -1 (in the obvious order). Define the adjacencies

between the cycles as follows:
(i) for 0<j<r—-1, vy, is adjacent to vy o;;
(ii) for 1<i<l-1, v;; is adjacent to v;,1; if j =7 (mod 2);
(iii) for 0<j <7r =1, Vg2js(s mod 2) is adjacent to v,y ;.

A fullerene of this type with » = 5 and ¢ = 2 is shown in Figure 4.1(a), with
cycles C? to C? arranged from inside to outside. The vertices are labeled to illustrate
the adjacencies of type (ii); for readability, vertex v;; is labeled by its subscript ij
only. We generalize this class of fullerenes to include any r > 3, and call such a
graph constructed from two r-cycles and ¢ 2r-cycles an (r,¢)-generalized fullerene.
If G is an (r, ¢)-generalized fullerene then |V (G)| = 2¢r + 2r. Figure 4.1(b) displays a

(4,4)-generalized fullerene.

(a) A fullerene with r =5 and £ =2 (b) A (4,4)-generalized fullerene

Figure 4.1: Fullerenes.

Dosli¢ proved that all fullerenes are cyclically 4-edge connected [34, Theorem §],
and therefore by Proposition 2.35 they achieve equality in the lower bound (4.1). For

1Tt follows from [29, Theorem 10.13] that every fullerene has exactly twelve faces of size 5. We
note that these faces arise differently in the cases r =5 and r = 6.
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r >4, (r,f)-generalized fullerenes are also cyclically 4-edge connected?, and therefore

they achieve equality in the lower bound as well. We provide an alternate proof of this

result (not using cyclic 4-connectivity) in Theorem 4.1 by constructing a 2-conversion
n+2

set of size [71 for any (r, ¢)-generalized fullerene with r >3 and ¢ > 0.

Theorem 4.1. If G is an (r,{)-generalized fullerene with |V (G)| = n then co(G) = [”T”]
We prove Theorem 4.1 later in this section. First, we must introduce some results

on cyclindrical hexagonal grids by Adams et al. [6], which are used in the proof of
Theorem 4.1.

Definition 4.2. Let m and n be two integers such that m > 2, n >4 and n s even.
An m by n cylindrical hexagonal grid is an array of n rows of m vertices (x,y), with
0<z<m-1,0<y<n-1, arranged in the first quadrant of a standard Cartesian plane
such that each vertezx (x,y) is adjacent to (z,y+1) and, if y is even, also adjacent to
(z+1,y+1), provided that each vertex is in its allowed range (that is, the adjacency
rule only applies to vertices with 0 <y <n—2) and addition in the first coordinate is

taken modulo m.

An example of a 4 by 8 cylindrical hexagonal grid is displayed in Figure 4.2.

S N W ke Ot O N

Figure 4.2: A 4 by 8 cylindrical grid.

The results in [6] on cylindrical hexagonal grids are for (weak) majority conversion

processes, rather than k-conversion processes. Recall from Section 2.2 that in a weak

2This follows from the straightforward observation that there are at least four edge-disjoint paths
between any pair of disjoint cycles in an (r,¢)-generalized fullerene, for r > 4.
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majority conversion process, an unconverted vertex v converts at time t if at least half
of its open neighbourhood is converted by time t—1. A set D of vertices of a graph G
is a dynamic monopoly (dynamo) if a weak majority conversion process on G starting
with seed set D eventually converts the whole graph!. We denote the minimum size

of a dynamic monopoly in G by minp(G).

To prove Theorem 4.1 we construct a 2-conversion set of size at most [”T”] The
strategy for doing this is as follows. Adams et al. [6] provide an upper bound on the
size of a minimum dynamic monopoly in a cylindrical hexagonal grid (Theorem 4.3).
We show that every generalized fullerene F' contains a cylindrical hexagonal grid as
an induced subgraph G (Lemma 4.4). Then, to prove Theorem 4.1, we describe a
construction for a 2-conversion set of I’ from a dynamic monopoly of G, and show

that this 2-conversion set is not too much bigger than the dynamic monopoly of G.

Theorem 4.3 ([6], Theorem 4.2). If G is an m by n cylindrical hezagonal grid, then

min p(G) §g+([%]—1) (m—2)+ (n+2)2 mod 4 lm2—1J' (42)

The proof of Theorem 4.3 (as presented in [6]) is constructive; for each m and n,
it describes a dynamo of size less than or equal to the bound. We omit the proof of
Theorem 4.3, but we will present the construction later (Construction 4.5) in order

to use it to obtain a 2-conversion set in a generalized fullerene.

Lemma 4.4. Every (r,{)-generalized fullerene with ¢ > 2 has an r by 2¢ cylindrical

hexagonal grid as an induced subgraph.

Proof. Let F be an (r,{)-generalized fullerene, with inner and outer r-cycles C°
and C*!. The graph induced by V(F) - V(C?) - V(C*1) is a cylindrical hexag-
onal grid. The vertices of C* form rows 2(i — 1) and 2(i — 1) + 1 of the grid. O

In light of Lemma 4.4, we present in Figure 4.3 an alternative picture of the (4, 4)-

generalized fullerene of Figure 4.1(b), which contains the 4 by 8 cylindrical hexagonal

!This type of dynamic monopoly is more specifically called a weak dynamic monopoly. If a seed
set D eventually converts the whole graph under a strong majority conversion process, where a
vertex v only converts once more than half of its neighbours are converted, we call D a strong
dynamic monopoly. In this discussion all dynamic monopolies will be weak, and we will simply call
them dynamic monopolies.
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grid of Figure 4.2. The alternative representation of the generalized fullerene makes

it easy to see the cylindrical hexagonal grid subgraph.
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Figure 4.3: An alternative picture of the (4, 4)-generalized fullerene of Figure 4.1(b).

We now present the construction, from the proof of Theorem 4.3, as given in [6],
that yields a dynamo of size § + ([%] ~1)(m-2)+ M%dﬁl [mT‘IJ (as in (4.2)) in a
cylindrical hexagonal grid.

Construction 4.5 ([6], Theorem 4.2). Let G be an m by n cylindrical hexagonal

grid. To construct a dynamo in G, we define the following sets of vertices:

L. Let Dy ={(4,4j+2) : 0<i<m-3,0<5<[%]-2}.
Call these Type 1 vertices. They are the vertices in every 4th row, starting with
row 2 (ie. the third row), and omitting the last two vertices in each row. If n =0

(mod 4), there are no Type 1 vertices in row n — 2.

2. If n = 0 (mod 4) and m is odd, define Dy = {(2i,n-2) : 0<i< 22} and
otherwise define Dy = @.
Call these Type 2 vertices. They are every second vertex in row n -2 (ie. the

second-to-last row), starting with column 0 and ending with column m - 3.

3. If n=0 (mod 4) and m is even, define D3 = {(2i+1,n-2) : 0<i< % -2}, and
otherwise define D5 = @.
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Call these Type 3 vertices. They are every second vertex in row n —2 (ie. the

second-to-last row), starting with column 1 and ending with column m - 3.

4. Let Dy={(m-1,i) : 0<i<n-1, i even}.
Call these Type 4 vertices. They are every second vertex in the last column,

starting with row 0.

Then D = DyuDyuD3uDy is a dynamo in G as shown in the proof of Theorem 4.3 [6].

Since the D;’s are mutually disjoint,

D] - gum _ g+(m-1)(m—2)+(”+2)2 mOdﬂmQ‘lJ. (4.3)

We are now ready to prove Theorem 4.1, which is restated below. For ¢ > 2 we
use Lemma 4.4 and Construction 4.5 to construct a 2-conversion set in an (r,¢)-

generalized fullerene. The cases ¢ =0 and ¢ =1 are considered separately.

Theorem 4.1 (again). If G is an (r,{)-generalized fullerene with |V (G)| = n then
CQ(G) = |'nT4-2]

Proof. Let F be an (r,{)-generalized fullerene, so |V (F')| = 2¢r + 2r. First, suppose
¢ > 2. By Lemma 4.4, F contains an r by 2¢ cylindrical hexagonal grid G as an
induced subgraph. Let D be the dynamo in G obtained from Construction 4.5. First,
note that every degree 3 vertex of G eventually has two converted neighbours in G,
since D is a dynamo of G. Further, each vertex of degree 2 in G eventually has at
least one converted neighbour in G. Therefore, once all the vertices of C° and C**+!
are converted, each vertex of degree 2 in (G also has a converted neighbour outside

of G, and therefore converts under a 2-conversion process.

Below, we define a subset D’ of vertices of COuC*1 such that Du D’ converts C?

and C**1 by time ¢ = 2. By the above reasoning, D u D’ is a 2-conversion set of F.

If r is even, define D’ to be any minimum 2-conversion set of C0uC*1 so |D'|=r
(with § seed vertices in each of the two cycles). By (4.3), with n = 2¢ and m = r,
|DuD!|=%+r+1. Since [V(F)| =r(¢+2), we have [Du D’| = [W1 for ¢ odd or

even.

Now suppose r is odd. We consider the cases ¢ even and ¢ odd separately.
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The case where £ is even corresponds to n = 0 (mod 4) in Construction 4.5. In
this case, one vertex of C° is adjacent to a seed vertex u of C1, so a set X of ’;—1
seed vertices in C, together with u, converts C°. Similarly, one vertex, v, of C**1
is adjacent to a vertex of C? that has two neighbours in D (and therefore converts
without help from seed vertices in C*+!). Therefore, aset Y of ! seed vertices in C**1,
together with v, converts C**1. Let D’ = X uY. Then D u D’ is a 2-conversion set
of F and |[Du D'| = |D| +|D’|. From above, we have |D’| = r-1. We compute |D|
using (4.3) with m = r and n = 2¢, by Proposition 4.4, and simplify using the parities
of ¢ (even) and r (odd). This gives

+r-1

|DuD’|:£+([§]—1)(r—2)+ G2 mod 41|

r—1

:€+(§—1)(r—2)+ +r—1
:€r+27“+1 (4.4)

On the other hand,

4 4

which simplifies to give the same expression as in (4.4), again using the parities of ¢

[lV(F)| +2] _ [2€r+27’+2]7

and 7.

The case where ¢ is odd corresponds to n = 2 (mod 4). Here, one vertex of C°

r—1
2

with u, converts C°. However, no vertex in C**! is adjacent to a vertex that converts

is adjacent to a seed vertex u in C', so a set X of seed vertices in C°, together
without help from seed vertices in C*!. Therefore, a set Y of % seed vertices is
required to convert C*!. Let D’ = X uY. Then, as before, D u D’ is a 2-conversion
set of F' and |D u D'| = |D| + |D’|. From above we have |D'| = r, and once again we
compute |D| using (4.3) with m =7 and n = 2¢. This time ¢ and r are both odd, so
(n+2) mod 4 =0 and we have

|DUD’|:€+([§])(T—2)+T
=€+(€+T2—1)(r—2)+7’
:€r+r+2

y (4.5)
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[V (F)[+2
1

As in the previous case, [ ] simplifies to give the same expression as (4.5).

It remains to prove the result when ¢ =0 and when £ =1. When ¢ =0, |V (F)|=2r
and it is easy to verify that the set {vg; : 0 <j < |5]} u{vi,} is a 2-conversion set
of order [%] Similarly, it is easy to show that F' has a 2-conversion set consisting
of | 5| vertices from each of C% and C? and one vertex from C1. Since |V(F)| = 4r in

this case, the result follows. n

4.2 Snarks and would-be snarks

A snark is a connected, bridgeless cubic graph with chromatic index 4. (By Vizing’s
Theorem, every cubic graph has chromatic index 3 or 4; these cases define two classes
of cubic graphs, called class 1 and class 2, respectively. Snarks, therefore, are class 2
graphs.) They have been studied since the 1880’s, when Tait proved that the Four
Colour Theorem is equivalent to the statement that no snark is planar. To avoid
degenerate cases, it has long been standard to require them to have girth at least
five. We refer to such graphs (that is, bridgeless, class 2, triangle-free cubic graphs)
as Gardner snarks, as this was the common definition of snarks when Martin Gardner
gave them the name “snark” in 1975 [48]. The name, taken from the elusive creature
in Lewis Carroll’s poem The Hunting of the Snark, reflects the scarcity of examples
in the years after Tait defined them. The smallest and earliest known example of a
snark is the Petersen graph, discovered in 1898. Due to their connection with the
Four Colour Theorem (Four Colour Conjecture, at the time), much attention was
given to the pursuit of new examples of snarks (with the hope of finding a planar
one, perhaps), but a second example was not discovered until 1946. Since then, more

examples have been discovered, including infinite families.

Interest in snarks has remained steady, due in part to their connection to other
important conjectures in graph theory, notably the Cycle Double Cover Conjecture
[1, 106]. In 1985, Jaeger [58] proved that a smallest counterexample to the conjecture

must be a snark; therefore, if the conjecture is true for snarks, it is true for all graphs.

More recently, more restrictive definitions of snarks have become the standard. It

is now common to require snarks to have higher connectivity and larger girth. Some
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authors use even more restrictive definitions in order to exclude snarks that can be
obtained from other snarks. Some require them to be cyclically 4-edge connected,
rather than simply triangle-free [2]. As mentioned in Section 2.3.4, a graph G is
cyclically k-edge connected if at least k edges must be removed to disconnect G into
two subgraphs that each contain a cycle. We call cyclically 4-edge connected snarks
strong snarks. (As we noted in Section 2.3.4, a cubic graph is cyclically 4-edge con-
nected if and only if it is cyclically 4-vertex connected [74], so we often simply say
cyclically 4-connected.) A convenient overview of approximately the first century of

snark research, including a discussion of modern definitions, can be found in [113].

We begin with the Petersen graph. By (4.1), the Petersen graph has 2-conversion
number at least 3. The 2-conversion set given in Figure 4.4 shows that the Petersen

graph achieves equality in the lower bound.

Figure 4.4: A minimum 2-conversion set in the Petersen graph.

In addition, Zhang et al. have proved that all flower snarks (defined below) meet
the bound. (In fact, their result applies to a larger family of graphs that contains the
flower snarks.) We state this result in Theorem 4.6, and in Proposition 4.7 we prove

constructively that all permutation snarks meet the bound as well.

The flower snarks, discovered by Isaacs in 1975 [56], are the earliest-known infinite
family of snarks. Before their discovery, only 4 examples of snarks were known: the
Petersen graph, and snarks discovered by Blanusa (1946), Descartes! (1948) and
Szekeres (1973). In the same paper, Isaacs presented a second infinite family, which
he called the BDS class of graphs after the aforementioned authors, whose snarks

belong to the class.

The flower snarks are constructed as follows. Start with n > 3 copies of K 3, with

the central vertex of each copy denoted by a; and the leaves denoted by b;, ¢; and d; for

!Blanche Descartes was the collective pseudonym of the English mathematicians R. Leonard
Brooks, Arthur Harold Stone, Cedric Smith and William Tutte [101].
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i=0,...,n—1. Add the n-cycle (bob; ...b, 1) and the 2n-cycle (¢q...cp1dy ... dp 1).
The resulting cubic graph has 4n vertices and 6n edges. When n is odd and at
least 5, the construction produces the flower snark .J,,. The flower snark J5 is shown
in Figure 4.5. (When n = 3 the construction produces a class 2 graph with a triangle,
known as the Tietze graph, and when n is even it produces a class 1 graph.) The result
of Zhang et al. applies to graphs resulting from this construction for all n > 3. We
call this class of graphs generalized flower snarks. Zhang et al. prove that generalized
flower snarks meet the lower bound by constructing a 2-conversion set of the given

size.

Co

dy €

Figure 4.5: The flower snark J;.

Theorem 4.6 ([118], Theorem 1). Let H, be the generalized flower snark on 4n

vertices, forn >3. Then co(H,)=n+1= [%]'

A permutation snark is a snark obtained by joining two odd cycles of the same
order with a perfect matching. The Petersen graph is an example of a permutation

snark. Proposition 4.7 implies that all permutation snarks achieve equality in the
lower bound (4.1).

Proposition 4.7. Let G be a graph obtained by joining two cycles of the same order
with a perfect matching. Then co(G) = [W]

Proof. Let @ = r and let C; and Cs be the two cycles of order r in G with a

perfect matching between them. If r is even, then the set S containing every second
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vertex on ('] and any vertex on (5 is a 2-conversion set of G. If r is odd, let v be
a vertex on Cy. Then the set S containing every second vertex of Cy — {v} and the

neighbour of v on C5 is a 2-conversion set of G. It is easy to verify that in both cases,
V(G)|+2
|S|:[2r4+2'|:[| (4)|+ ] []

Both the flower snarks and the permutation snarks are strong snarks; that is, they
are cyclically 4-connected. However, the proofs of Theorem 4.6 and Proposition 4.7 do
not rely on the cylic connectivity of the graphs. These results can also be obtained as

corollaries of Proposition 2.35, which states that for any cyclically 4-connected cubic
graph G, c2(G) = [W]

Since all strong snarks achieve equality in the lower bound (4.1), it is natural
to ask whether all snarks do. However, we will show in Section 4.3 that there exist
infinitely many Gardner snarks that fail to meet the bound. In Table 4.1 we show that,
in fact, all possible combinations of the three defining properties of Gardner snarks
(bridgeless, class 2, triangle-free) admit graphs that meet the lower bound (4.1) and
graphs that fail to meet it.

Theorem 4.8 and Proposition 4.9 give well known sufficient conditions for cubic
graphs to be class 1 (chromatic index 3) and class 2 (chromatic index 4), respectively,
which aids our search for examples in each category. Theorem 4.8 was shown by Tait

in 1880 to be equivalent to the Four Colour Theorem.

Theorem 4.8. [11, 12, 107] Every bridgeless planar cubic graph has chromatic in-
dex 3.

Theorem 4.9. FEvery bridged cubic graph has chromatic index 4.

Proof. Let G be a cubic graph with a bridge e, and let H be a component of G —e.
Then H can be obtained by subdividing an edge of a cubic graph (which may have
parallel edges). Let n=|V(H)|. Then n is odd, and H has S("_Zﬁ edges. Consider
a proper edge colouring of H. Since the edges in a given colour class are pairwise
disjoint, there are at most ”T‘l edges in each colour class. This means that any three

3(n-1)+2
2

colour classes contain at most — 1 edges, so there are at least four colour

classes. By Vizing’s Theorem, x'(H) =4, so x'(G) =4 also. O
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Theorem 4.9 allows us to limit our investigation to graphs that are bridgeless or
class 2, since there are no bridged, class 1 cubic graphs. All other combinations—that
is, all allowable combinations—of the three defining characteristics of snarks admit
graphs that meet the lower bound and graphs that do not meet the lower bound.

Table 4.1 gives an example of a graph for each type for each of the combinations.

Table 4.1 indicates that all feasible combinations of the bridgeless, class 2 and
triangle-free properties admit graphs that meet the lower bound (4.1) and graphs
that do not meet this bound. For each combination of properties except bridge-
less, class 2, triangle-free cubic graphs (i.e. Gardner snarks), we now show that the
difference between the bound and the 2-conversion number can be arbitrarily large
(Propositions 4.12 to 4.17). We address the remaining category in Section 4.3, where

we consider 3-connected cubic graphs with arbitrary girth.

To prove that the difference between the bound and the 2-conversion number can

be arbitrarily large for graphs with bridges, we use the following lemma.

Lemma 4.10. Let G be a cubic graph with a bridge e, and let Hy and Hy be the
components of G —e. Then co(G) = co(Hy) + co(Hz).

Proof. Clearly, co(G) < co(Hy) + c2(H3). To show equality we show that the minimal
2-immune sets of H; and H, are the induced cycles. Let U be a minimal 2-immune
set of H; and let a be the vertex of degree 2 in H;. First consider the case where
a ¢ U. Then every vertex in U has degree 3 in H;. Since each of them also has at
most one neighbour outside U, H;[U] has no leaves. By minimality of U, this implies
that H;[U] is a chordless cycle. Now consider the case where a € U. By minimality,
if H;[U] contains a cycle then that cycle contains a (otherwise the cycle is a smaller
2-immune set). In this case, H;[U] is a chordless cycle containing a. On the other
hand, if H;[U] does not contain a cycle then it has at least two leaves; one of these
leaves is a vertex of degree 3 in H;. This is a contradiction, since such a vertex has two
neighbours outside U. Therefore the minimal 2-immune sets of H; are the induced

cycles of H;.

Thus U is a minimal 2-immune set of GG if and only if it is a minimal 2-immune
set of Hy or H,. Since H; and H, are disjoint, the result follows. O

We construct several classes of graphs that exceed the bound from the four graphs
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idoe- : Example with
Bridge Class Afree? Example with

less? 27 (@) = ["T”] (@) > [HTQ]

No Yes No W w

Any triangle-free cubic

graph of the form
No Yes Yes @—@ where H has
order n=1 (mod 4)
Yes No No M

(Y3, Generalized

Yes No Yes fullerenes with r >4
Yes Yes No
Yes Yes Yes All strong snarks Discussion will follow!

Table 4.1: Combinations of snark properties that permit equality/inequality in
the lower bound on ¢ (G).

I Examples and discussion are given in Section 4.3.
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H,, Hy, H3 and H, shown in Figure 4.6.

AR

Figure 4.6: Building blocks for graphs that exceed the bound.

Lemma 4.11. Let Hy, Hy, H3 and Hy be as shown in Figure 4.6, and let G be a
graph containing H; as an induced subgraph, for some 1 <i<4. Then any minimum

2-conversion set of G contains exactly 2 vertices from each copy of H;.

Proof. Figure 4.6 gives a 2-conversion set of size 2 for each graph H;. On the other
hand, no vertex is on every cycle of H;, so there is no 2-conversion set of G containing

fewer than two vertices from any copy of H;. O
In the next proposition Propositions 4.12 and 4.13 we construct bridged, class 2
cubic graphs with and without triangles, respectively, that exceed the bound.

Proposition 4.12. Let m > 2 and let G be the cubic graph constructed from P,, by
replacing each leaf with a copy of Hy and each internal vertexr with a copy of Hs,

where Hy and Hy are as shown in Figure 4.6. Then

(a) G is a bridged, class 2 cubic graph with triangles, and

(b) es(G) - M2 = | 2.
Proof. For (a), the class 2 property follows from the bridged property by Theorem 4.9.
For (b), [V(G)| = 6m -2 and by Lemma 4.11, co(G) = 2m. O

Proposition 4.13. Let m > 2 and let G be the cubic graph constructed from P,, by
replacing each leaf with a copy of Hz and each internal vertex with a copy of Hs,

where Hy and Hs are as shown in Figure 4.6. Then
(a) G is a bridged, class 2, triangle-free cubic graph, and

(b) e2(G) - [HFP=1 = 3] -1,
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Proof. For (a), the class 2 property follows from the bridged property by Theorem 4.9.
For (b), [V(G)| = 6m +2 and by Lemma 4.11, ¢3(G) = 2m. O

In Proposition 4.14 we construct bridgeless, class 1 cubic graphs with and without

triangles that exceed the bound.

Proposition 4.14. Let m > 3 and let Hy and Hy be as shown in Figure 4.6. Let G,
be the cubic graph constructed from C,, by replacing each vertex with a copy of Hy,

and let Gy be the cubic graph constructed from C,, by replacing each vertex with a
copy of Hy. Then

(a) Gy is a bridgeless, class 1 cubic graph with triangles,

(b) Go is a bridgeless, class 1, triangle-free cubic graph, and

—_

(¢) fori=1,2, c)(Gy) - [LG2) - | mo1

Proof. Parts (a) and (b) can be easily verified, using Theorem 4.8 for (a). For part (c),
it is clear that |V (G;)| = 6m and by Lemma 4.11, ¢3(G;) = 2m, for i =1, 2. O

We have presented cubic graphs with an arbitrary difference between ¢, and the
lower bound for each of the first four categories defined in Table 4.1. We now describe
a construction that produces graphs in the fifth category— bridgeless, class 2 cubic
graphs of girth 3—with an arbitrary difference between ¢ and the bound (4.1). In
fact, the same construction can be used to produce additional examples for any of

the girth 3 categories.

To construct girth 3 graphs (which can be bridged or bridgeless and class 1 or
class 2) with an arbitrary difference between ¢y and the bound (4.1), we begin with
a cubic graph G and replace each vertex with a triangle. We call this operation
triangle replacement of G and we call the resulting girth 3 graph the triangle-replaced
graph of G, and denote it by T'(G), as in [114]. Lemma 4.15 guarantees that the
bridged/bridgeless properties and the class 1/class 2 properties are preserved under
triangle replacement. Therefore in order to produce a bridgeless, class 2 cubic graph
with triangles, for example, we take the triangle replacement of any bridgeless, class 2

cubic graph. Figure 4.7 shows the triangle-replaced graph of the Petersen graph.
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Since the Petersen graph is bridgeless and class 2, so is its triangle-replaced graph

(by Lemma 4.15).

Figure 4.7: The triangle-replaced graph of the Petersen graph.

Lemma 4.16 gives a lower bound on c(7T(G)), from which we deduce in Propo-
sition 4.17 that there are triangle-replaced graphs T'(G) with arbitrary difference
between ¢ (T(G)) and the bound (4.1).

Lemma 4.15. For any cubic graph G, G and T'(G) have the same number of bridges

and the same chromatic indez.

Proof. The first statement is obvious. For the second statement, let G' = T(G)
and let T'(v) denote the triangle in G’ arising from v, for each vertex v of G. We
consider F(G) to be a subset of E(G’). We show that x'(G) = 3 if and only if
X'(G") = 3; the result then follows by Vizing’s Theorem.

Suppose first that G’ has a proper 3-edge colouring f : E(G") - {1,2,3}. Consider
three edges incident with a vertex v in GG. In a proper 3-edge colouring of G’, these
edges all have different colours, since each is incident with two of the three edges
of T'(v). Therefore the colouring of the edges of G obtained by restricting f to E(G)

is a proper 3-edge colouring of G.

Now suppose G has a proper 3-edge colouring. For each v € V(G) we extend the
colouring f to T'(v) such that the edge e of T'(v) gets the same colour as the edge
of E(G) that is incident with the other two edges of ¢(v). O

Lemma 4.16. Let G be a (k+1)-regular graph with a collection of d pairwise disjoint
cycles. Then cx(G) > d for all k.
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Proof. The result follows immediately from Proposition 2.23. [

We are now ready to show that the difference between the 2-conversion number
and the bound (4.1) for triangle-replaced graphs T(G) grows with the order of G.
Since there are arbitrarily large graphs G for each feasible category of cubic graphs
defined in Table 4.1, there are arbitrarily large differences between the 2-conversion

number and the bound for each category with triangles.

Proposition 4.17. Let H be a cubic graph of order m and let G = T(H). Then

2 (GQ) - [W] > |22 |. Moreover, G has the same number of bridges and the same

chromatic index as H.

Proof. By Proposition 4.16, ¢(G) > m. The first statement follows, with |V (G)]| =

3m. The second statement follows from Lemma 4.15. O

For each of the first five categories of cubic graphs defined in Table 4.1, we have

given a construction to produce a graph G with an arbitrarily large difference be-

W]. However, for all of the triangle-free

graphs, while the difference may be large, the ratio % approaches i,

the ratio [|52(é?+)2] approaches 1, as |V (G)| becomes large. By contrast, for the girth 3
(I

graphs we have constructed in this section, % approaches % as |V (G)| becomes

tween c3(G) and the lower bound |

and hence

large.

In the next section we determine whether this ratio can be greater than }l, asymp-

totically, for triangle-free graphs.

4.3 3-edge connected cubic graphs

In the previous section we constructed infinite families of graphs for which the dif-
ference between the 2-conversion number and the lower bound (4.1) could be made
arbitrarily large. All of these examples—in fact, all examples we have seen so far that
do not meet the lower bound—contain triangles or have connectivity at most 2. We

also saw infinite families of graphs for which the ratio ﬁ?gg))' exceeds % asymptotically
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(in [V(G)]), but all of these examples have girth 3. These observations lead us to the

following two questions.

Question 4.18. Is there a family of 3-connected, triangle-free cubic graphs G such
that co(G) > [W]?

Question 4.19. Is there a family of triangle-free cubic graphs such that

%—w“>i as |V (G)| - oo?

In this section we answer both questions in the affirmative. In fact, for Ques-
tion 4.18 we describe a construction for an infinite family of 3-connected graphs of
arbitrary girth such that the difference between ¢y and the lower bound (4.1) increases
with order. The same family of graphs provides an answer to Question 4.19. The
graphs produced by our construction are of particular interest in the study of snarks
because, as noted, many modern definitions of snarks require higher connectivity

(rather than simply bridgeless) and higher girth (rather than simply triangle-free).

We begin by defining a graph product that produces an r-regular graph from two
smaller r-regular graphs. In this section we use this product with r = 3; we use it

again in Chapter 7 with r > 3.

Definition 4.20. Let G and A be r-regular graphs, r > 2, and define A~ = A - a,
for any vertex a. Let C be the class of graphs that can be obtained by replacing each
vertex v of G by a copy A, of A~ and joining a degree r — 1 vertex of A, to a degree
r—1 vertex of A if and only if wv € E(G)'. We denote by G o A~ any graph in C.

We will not need to differentiate between different elements of C, as our results
hold for any such graph.

Figure 4.8 shows an example of a cubic graph A with vertex a identified, and a
graph K330 (A-a).

Proposition 4.22 asserts that if A is a cubic graph of order 4r then G o A~ exceeds

the bound (4.1). To answer Question 4.18 we then show that the construction can

!'Note that this construction can yield non-isomorphic graphs depending on how the different
copies of A~ are joined.
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(a) A cubic graph
A of order 4r (b) K330(A-a)

Figure 4.8: An example of the construction of a cubic graph G o A-.

yield 3-edge connected— and therefore 3-connected?— graphs of arbitrary girth; this
is achieved in Propositions 4.23 and 4.24. We begin with a lemma which guarantees

that any 2-conversion set of G o A~ contains at least r vertices from each copy of A~.

Lemma 4.21. If A is a cubic graph of order 4r and A= = A—a is an induced subgraph

of a cubic graph H, then any 2-conversion set of H contains at least r vertices of A~.

Proof. Suppose H has a 2-conversion set S such that |[Sn V(A7) <r. Then (Sn
V(A~)u{a} is a 2-conversion set of A of cardinality at most r. However, by (4.1),

CQ(A)Z[‘”}T*Q]:%:T+1. ]

Proposition 4.22. For any cubic graphs G of order n > 6 and A of order 4r,

CQ(GOA—)_[W(GC’A‘)H?] Z[H_QJ'

4 4

Proof. Let S be a 2-conversion set of G o A~. By Lemma 4.21, S contains at least r
vertices of each copy of A~ hence |S| > nr. The result follows because V(G o A~) has
order (4r - 1)n. O

Proposition 4.23. Let A and G be cubic graphs. Then Go A~ has girth at least g(A).

Tt is an easy exercise to show that the connectivity of any cubic graph is equal to its edge
connectivity [29].
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Proof. Let g(A) = g and let C' be any cycle in G o A~. If C is contained in any copy
of A=, then C has length at least g(A). If C' is not contained in a copy of A-, then
for any copy A, of A=, CnA, =@ or C'n A, is a single path, since each copy of A~
is joined by only three edges to the rest of G o A=. Therefore C' consists of segments
@1,Q2,...,Q, of paths in distinct copies of A~, together with edges e; joining @); to
Qis1, 1 =1,...,s -1, and e, joining Qs to ();. Each @); has length at least g — 2,
otherwise @); and the vertex a that was removed from A to form A~ produce a cycle
of length less than g in A. Therefore C' has length at least s(g —2). Since G has no
multiple edges, s > 3, and the result follows. O

Proposition 4.24. Let A and G be 3-connected cubic graphs. Then G o A~ is 3-

connected.

Proof. Let x and y be any distinct vertices of Go A~ say x € V(A,) and y € V(A;),
for u,v € V(G). Let w; and v;, i = 1,2,3, be the vertices of degree 3 in A} and A,
respectively. First, suppose u = v. Since A is 3-connected, A contains three internally
disjoint x — y paths, at most one of which contains a. These correspond to three
internally disjoint z —y paths in G o A™: at least two are contained in A; and the
third may contain the vertices v; and vy, say, and a vy — ve path in (Go A~) — Aj.
Now suppose v # v. Then in A, x is connected to a by three internally disjoint
paths; therefore in A=, x is connected to the u;’s by three internally disjoint paths.
Similarly, in A, y is connected to the v; by three interally disjoint paths. Since G
is 3-connected, there are, without loss of generality, three internally disjoint paths
u; —v;, © = 1,2,3. Therefore x is connected to y in G o A~ by three internally disjoint
paths. O

Together, Lemma 4.22 and Propositions 4.23 and 4.24 imply that if A is a 3-
connected cubic graph of order 4r and girth g, and G is a 3-connected cubic graph
of order n > 6, then GG o A~ is a 3-connected cubic graph of girth at least g such that
c2(G o A7) exceeds the bound (4.1) by at least ["T_QJ We note that for g = 3, we may
use A = Ky, and then the graph G o A~ is the triangle-replaced graph of G. That
is, the 3-connected cubic graphs of girth 3 that we presented in Proposition 4.17 are

obtainable from the construction presented in this section.

It remains to show that there exist appropriate cubic graphs A and G for g > 4.

For GG, we simply require a 3-connected cubic graph of order at least 6. There are
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many such graphs; we highlight one example, which will also help us find A. For
k>2and g >3, a (k,g)-cage is a graph that has the least number of vertices among
all k-regular graphs with girth g. Erdos and Sachs [41], as cited in [29], proved that
(k, g)-cages exist for all k> 2 and g > 3, and Daven and Rodger [32] showed that all
(k, g)-cages are 3-connected. Therefore a (3, g)-cage is an appropriate choice for G,
and if the number of vertices in such a graph is a multiple of 4 then we may use
it for A as well. (In fact, we may use a (3,¢g;)-cage for G, for any ¢g; > 3, and a
(3, g2)-cage for A, provided that this graph has order 4r. The girth of G o A~ will
then be at least g9, as shown in Proposition 4.23.) If, for the specified girth ¢ > 4,
a (3,g)-cage B has order m = 2 (mod 4), we can obtain a 3-connected cubic graph
of order 4r and girth at least ¢ by modifying and joining together two copies of any
3-connected cubic graph of order 4r + 2 and girth at least g (such as B).

Proposition 4.25. For every g > 3 there exists a 3-connected cubic graph of order 4r

and girth at least g.

Proof. For every g > 3 there exists a 3-connected cubic graph with girth g, for example
a (3, g)-cage. The (3,3)-cage is K4, so the statement is true for g =3. Let g > 4 and
suppose B is a 3-connected cubic graph of girth g and order n = 2 (mod 4). Let u
and v be two adjacent vertices of B. Since g > 4, u and v have no common neighbour.
Let a and b be the neighbours of u in B —v and let ¢ and d be the neighbours of v in
B -wu. Consider two copies H and H’ of B - {u,v}; for each vertex v in H, we denote
its counterpart in H' by v’. Let A be the cubic graph obtained from H and H’ by
adding edges aa’, bb', cd’ and dc¢’. We show that A is 3-edge connected and has girth
at least g.

Clearly, any cycle in H has length at least g, since it is also a cycle in B. Let C
be a cycle in A containing vertices from both H and H' and suppose C' has length ¢.
Then, since the vertices a’, b/, ¢’ and d’ are all distinct, C'n H is a path P of length
at most ¢ — 3 whose endpoints are two of a,b,c and d. If the endpoints of P are a
and b then P+ au+ub is a cycle in B of length at most /-1 in B, so -1 > g. If the
endpoints of P are a and ¢, then P +au+uv +wvc+ is a cycle in B of length at most ¢,

sol>g.

It remains to show that A is 3-connected. Let z be any vertex of H. To see

that there are three edge-disjoint x — z’ paths in A, consider three edge-disjoint = — v
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paths in B. Without loss of generality, we may assume that one contains the edge au,
another contains the edge cv and the third contains the edge dv. Therefore there are
paths x —a, x —c and x —d in H and paths o’ —2’, ¢/ — 2’ and d’ — 2’ in H’ which are
all edge-disjoint. Adding the edges aa’, cd’ and dc’ produces three edge-disjoint z —x’
paths in A.

Now let x and y be any two vertices of H. Since B is 3-connected, H is connected.

There are two cases to show that there are three edge-disjoint x — y paths in A.

Case 1: Suppose there is only one x —y path P in H. Then u and v are contained
in distinct x —y paths of B, one of which contains the subpath a —u—0b and the other
contains the subpath ¢—v—d. Then H contains edge-disjoint paths z—a, b—y, v —c¢,
d -1y, each of which is disjoint from P, and these paths are copied in H'. Therefore A
contains three edge-disjoint x —y paths, (z-a)+aa’+ (¢’ -2')+ (' = ') +d+ (d-vy),
(z=c)+cd +(d-y")+ @y -b)+bb+ (b-y), and P.

Case 2: Suppse there are exactly two edge-disjoint x —y paths P, and P, in H. Then
a third such path in B contains u or v (maybe both), and therefore it contains two
of a,b,c and d, say a and b (the other cases are similar). Since H’ is connected there
is a path in H’ between any two of a’,b',¢/,d’. Then there is a path (x - a) + aa’ +
(a/=b")+bb+ (b —y) in A which is edge-disjoint from P, and P,.

Finally, we must show that for any two vertices x, y of H, there are three edge-
disjoint x — y’ paths in A. Let X be any 2-edge cut in A. Since there are three
edge-disjoint x —y paths in A, z and y are in the same component of A—X. Likewise,
since there are three edge-disjoint y—y’ paths in A, y and 3’ are in the same component
of A-X. Therefore z and 3’ are in the same component of A - X. Since X is any

2-edge cut, there are three edge-disjoint x — ¢’ paths in A. O]

We are now ready to answer Question 4.18 by proving the existence of 3-connected
cubic graphs of arbitrarily large girth that fail to meet the lower bound (4.1). However,
chromatic index (either 3, corresponding to class 1, or 4, corresponding to class 2)
was central to our discussion in the previous section, and we have not yet discussed
the chromatic index of the graphs we have constructed to answer Question 4.18. In
Proposition 4.27 we show that the construction produces a class 1 graph if and only

if G and A are both class 1. We begin with a lemma which is used in the proof of



70

Proposition 4.27.

Lemma 4.26. If H is a cubic class 2 graph, then any 4-edge colouring of H contains

at least two edges of each colour.

Proof. Consider a 4-edge colouring of H in which wv is the only edge coloured 4,
and consider H —u, which is 3-edge colourable. Let v, x,y be the vertices of H —u of
degree 2. Since H is class 2, in any 3-edge colouring of H —u, two of v, x, y are incident
with edges with the same set of two colours (otherwise H could be 3-edge coloured).
Suppose without loss of generality that x and y are incident with edges coloured 1
and 2. Then in (H —u) + xy, the edge xzy (which may be a multiple edge) can be
coloured with colour 3. Therefore (H —u) + xy is 3-edge colourable. On the other
hand, (H -u) + zy has odd order, say 2r + 1, and 3r + 1 edges. Since 3r+1>3 [@J,

(H - wu) + xy is in fact not 3-edge colourable, which is a contradiction. O

Proposition 4.27. For any cubic graphs G and A, the graph G o A~ is class 1 if and
only if G and A are class 1.

Proof. If A is class 2, then A~ is class 2, by Lemma 4.26, and therefore G o A~ is
class 2. Hence assume A is class 1. Say A~ = A —a and let ay, a9, a3 be the vertices
of A adjacent to a. Arguing as in the proof of Lemma 4.26, we see that in any 3-edge
colouring of A=, ay, as and ag are incident with edges coloured with three different

pairs of colours.

Assume G is class 1 and consider any 3-edge colourings of G and A~ in the same
colours. Colouring the edges A, A; of Go A~ the same colour as uv in G and suitably

permuting the colours in the copies of A~ produces a 3-edge colouring of G o A~.

Now assume G is class 2 and suppose for a contradiction that G o A~ has a 3-edge
colouring. For any copy A, of A, let xay, yas and zaz be the three edges that join A
to the rest of Go A~. Since ai, as and az are incident with edges coloured with three
different pairs of colours, xa;, yas and zas have three different colours. Contracting
each copy of A~ to a single vertex yields G as well as a 3-edge colouring of GG, which

is a contradiction. OJ

Theorem 4.28. For any g > 3 and m € N, there exists a 3-connected cubic graph
H =Go A~ of girth at least g such that co( H) - [W] >m. Moreover, H is class 1
if and only if G and A are class 1.
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Proof. Proposition 4.25 guarantees the existence of a 3-connected cubic graph of
order 4r and girth at least g. Let A be such a graph and let G be any 3-connected
cubic graph of order at least 4m + 2. Then by Propositions 4.23 and 4.24, H = Go A~
is a 3-connected cubic graph of girth at least g, and by Proposition 4.22, co(H)
exceeds the lower bound (4.1) by at least m. The chromatic index of H is given by
Proposition 4.27. O

Any class 2, girth g > 4 graph G o A~ produced by our construction is a Gardner
snark. For example, taking A to be the flower snark J5 (pictured in Figure 4.5), a
Gardner snark of order 20 and girth 5, and any 3-connected cubic graph G, Go A~ is
class 2 (by Proposition 4.27), 3-connected and has girth at least 5. Therefore it is a
Gardner snark (in fact it satisfies a more restricted definition of snarks, since it has

girth greater than 4 and connectivity greater than 2).

We now turn our attention to Question 4.19. Consider a 3-connected cubic
graph G of order n and a triangle-free 3-connected cubic graph A of order 4r, as
required for our construction of the graph G o A~. In Lemma 4.21 we showed that
any minimum 2-conversion set of GG o A~ contains at least r vertices from each copy
of A=. Therefore ﬁ?((g;’j% 27 4:_”1)n =5 > }1. For example, taking A to be the graph
shown in Figure 4.8(a), and G any 3-connected cubic graph, G o A~ has % =3

In fact, it follows from the proof of Lemma 4.21 that any 2-conversion set of Go A~
contains at least c(A) -1 vertices from every copy of A~, with co(A) >7+1 by (4.1).
Therefore, if co(A) =r+1+s, s >0, then every 2-conversion set of G o A~ contains

at least r + s vertices from each copy of A~. Therefore % = 7. That is, by

choosing A to be a cubic graph of order 4r that does not meet the lower bound (4.1),

co(GoA™)

we can increase the ratio V(GoA )"

Choosing smaller values of r also increases the ratio. For example, if A is a
cubic graph of order 8, then cy(A) = 3 (all cubic graphs of order 8 meet the lower

bound (4.1)) and for any cubic graph G, any 2-conversion set of G o A~ contains at
CQ(GOA_) _2
V(GoA) — 7

cubic graphs of order 8 with girth 4—suitable choices for A in the construction of

least two vertices from each copy of A=. Then . Examples of 3-connected

triangle-free 3-connected cubic graphs with ratio %—are shown in Figure 2.8.

Together, Proposition 3.7 (specifically, equation (4.1)) and Theorem 2.29 bound
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the value of c2(G) between [”—Jrg] and [3”+2J for cubic graphs G of order n > 4.

1 8
Therefore the ratio ﬁ?((g))' cannot exceed % for any triangle-free cubic graph. It also

3
8
graphs, and that the asymptotic bound is attained by the infinite family G, defined

follows from Theorem 2.29 that this ratio is bounded asymptotically by 2 for all cubic

on page 29. The graphs of G all have girth 3, so the following question remains open.

Question 4.29. What is the largest ratio |§;((II§))| achievable by an infinite family of

3-connected triangle-free cubic graphs H?
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Chapter 5

A lower bound on c¢,.(G) for graphs

of maximum degree £ + 1

In this chapter we use the lower bound of Proposition 3.7, which applies to k-
conversion in (k + 1)-regular graphs, to derive lower bounds on the k-conversion
number of graphs of maximum degree k+1. (In general, the graphs considered in this
chapter contain cycles; we study the k-conversion number of trees in Chapter 6.) We
will return to the study of k-conversion in (k + 1)-regular graphs in Chapter 7, where
we focus on the structure of minimum k-conversion sets rather than their size. We

show that certain subgraphs can always be avoided in such sets.

5.1 Definitions and preparation

In this section we lay the groundwork for our lower bound on the k-conversion number
of graphs of maximum degree k+1. We introduce necessary definitions, prove several

lemmas and useful results, and discuss the strategy we will use to obtain the bound.

In Proposition 3.7 we presented a lower bound on the k-conversion number of a
(k + 1)-regular graph. To extend this lower bound to graphs G' of maximum degree
k+1, we wish to construct a (k+1)-regular graph G’ whose k-conversion number is no
more than the k-conversion number of G. We then use the bound on ¢ (G’) given by
Proposition 3.7 to deduce a bound on ¢;(G). Recall that in Definition 3.4 we defined
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the A-deficiency of a vertex v to be A —deg(v). We now define the A-deficiency of a
graph.

Definition 5.1. Let G be a graph of maximum degree at most A. We define the

A-deficiency of G by defa(G) = > defa(v).
veV (G)

We note that for a graph G with n vertices, m edges and maximum degree A,

defa(G) = nA- > deg(v) = nA-2m. (5.1)
veV (QG)

Clearly, the deficiency of G quantifies how close G is to being regular. Specifically,
the A-deficiency of G is the number of additional incidences required to make every
vertex of G have degree A. If our goal was simply to obtain a (k + 1)-regular graph
from G, we would first try to do so by simply adding edges between existing vertices
of G. However, we wish to obtain a (k+ 1)-regular graph whose k-conversion number
is no larger than the k-conversion number of G, so that the lower bound on the
k-conversion number of the new (regular) graph will also give us a lower bound on
the k-conversion number of GG. Since adding edges to a graph may decrease its k-
conversion number, we wish to obtain a (k + 1)-regular graph from G without adding
new edges between the vertices of G. Therefore, we must add new vertices; in fact, we
add a graph F' to obtain a (k + 1)-regular graph of which G is an induced subgraph.
Furthermore, in order to ensure that the new (regular) graph does not have a larger
k-conversion number than G, we must construct the new graph in such a way that
the vertices of F' are guaranteed to convert once the vertices of G have converted.

Lemma 5.2 provides necessary conditions on the structure of F.

Lemma 5.2. Let G be a graph of order ng and maximum degree k+1. Suppose there
exists a graph F' such that it is possible to obtain a simple (k+1)-regular graph G & F
by adding edges between vertices of G and vertices of F', with no new edges between

vertices of G or between vertices of F'. Then
(a) defyq(F') = def1(G), and

(b) every k-conversion set of G is a k-conversion set of G® F' if and only if F is a

forest.
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Proof. The first part is clear from the definition of deficiency. For the second part,
we note that every k-conversion set of GG is a k-conversion set of G @ F' if and only
if V(G) is a k-conversion set of G @ F. The result then follows from Corollary 2.23,
with S = V(G). O

Proposition 5.2 does not guarantee that it is possible to construct a simple (k+1)-
regular graph from G whose k-conversion number is at most the k-conversion number
of G. However, it tells us that if it is possible, then the graph F' that we add to G

must be a forest. From now on we use the notation G @ H and rG as follows.

Definition 5.3. For graphs G and H, we denote by G ® H any graph constructed
from G and H by adding edges between G and H, with no new edges between vertices

of G or between vertices of H. We denote the disjoint union of r copies of G by rG.

We note that the graph G @ H is not necessarily unique for a given G and H. In
light of Lemma 5.2, we would like to know when there exists a simple, (k+ 1)-regular
graph G @ F' such that F'is a forest.

Figure 5.1 displays a graph G of maximum degree 4 from which it is impossible
to construct a simple 4-regular graph by adding a forest F'. The vertex deficiencies
are 0, 1, 1, 1 and 3, as shown in the figure, giving G a 4-deficiency of 6. The vertex
with deficiency 3 must be adjacent to three distinct vertices of F'; however, the only
forest with 4-deficiency 6 is K.

We note that nr is the degree sum of an r-regular graph on n vertices, and a
forest F' of order n and maximum degree A < r with y components has degree sum

2(n -1vy). Therefore F' has r-deficiency nr — 2(n —y).

1 1
1 0 3

Figure 5.1: A graph of maximum degree 4, with vertex deficiencies indicated, from
which it is impossible to obtain a simple 4-regular graph by adding a forest.

For the next lemma, we note that a linear forest is a forest in which every com-

ponent is a path.
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Lemma 5.4. If there exists a forest F' such that G® F is simple and (k + 1)-regular,

then there exists a linear forest F' which satisfies the same conditions.

Proof. Any two trees of the same order have the same degree sum, and therefore the
same A-deficiency (provided they both have maximum degree at most A, so that
their A-deficiency is defined). Therefore if T" is a tree of order n in F', we may replace
it with P,. O

We can now use the bound of Proposition 3.7 (for the k-conversion number of
(k + 1)-regular graphs), to get a lower bound on the k-conversion number of graphs

with maximum degree k + 1.

Proposition 5.5. Let G be a graph of order ng and mazimum degree k + 1, and
suppose there exists a forest F' such that it is possible to obtain a simple (k +1)-
reqular graph G ® F by adding edges between vertices of G and vertices of F' (with no
new edges between vertices of G or between vertices of F'). Let y > 1 be the number

of components of F'. Then

S ng(k-1)+def(G) -2y +2

(@) %

Proof. Since G @ F' is (k + 1)-regular, Proposition 3.7 gives

(ng+np)(k-1)+2
2k ’

Ck(G@F)Z

Since F' is a forest, Lemma 5.2(5.2) guarantees that a minimum k-conversion set of
G is a k-conversion set of G @ F', so cx(G) > cx(G & F'). Therefore we have

(nF+nG)(k—1)+2.

Ck(G) > 2]{3

(5.2)

Let mp be the number of edges in F. By Lemma 5.2 (5.2), defy,1(G) = defy1 (F),

where

defk+1(F) = nF(k + 1) - 2mF
=np(k+1)-2(nr-y)
= np(k - 1) + 2y
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def(G)-2
Therefore np = < SC_)I Y

. Substituting this into (5.2) gives the result. O

The bound of Proposition 5.5 is better when gy, the number of components of F,
is smaller. This naturally leads to the question, “when can we take F' to be a single

tree?” If such a tree exists, we get the bound

ne(k - 1) + def(G)

Ck(G) > Qk

(5.3)

In fact, by Lemma 5.4, we can always take I’ to be a linear forest, and if F'is a

single tree then we can assume it is a path.

In Proposition 5.6 we show that for graphs of maximum degree 3 (ie. k = 2), we
can always obtain a simple cubic graph by adding a single path, unless G has very

low deficiency.

Proposition 5.6. Let G be a connected graph of maximum degree at most 3 and
3-deficiency at least 4. Then it is possible to add edges between G and Pyet(ay-2 such

that the resulting graph is simple and cubic.

Proof. Let d > 4 be the 3-deficiency of G. Clearly P = P; 5 has 3-deficiency d as well,
so it is possible to obtain a cubic graph by adding d edges between G and P. We must
show that this can be done without any parallel edges. If G has no vertices of degree 1
(that is, no vertices with deficiency 2), then none of the added edges are incident with
the same vertex of (G, so there are no parallel edges. If G has one vertex x of degree
1, then add the edges xu and zv, where u and v are the leaves of P. Clearly G and
P still have the same deficiency (now d —2), and neither G nor P has any remaining
vertices of deficiency 2. This means G and P both have d -2 vertices of deficiency 1;
we obtain a simple cubic graph by adding a perfect matching between these vertices.
If G has two vertices  and y of deficiency 2, then add edges xu, xv, yu, yv. Again,
G and P still have the same deficiency (now d-4), so it is possible to add d —4 more
edges between G and P to get a cubic graph. Since P has no remaining vertices of
deficiency 2, none of these additional edges are incident with the same vertex of P,

so no two are parallel. O

Proposition 5.6 establishes that the bound (5.3) holds for graphs G' of maximum
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degree at most 3 and deficiency at least 4 by showing that there is a simple cubic
graph G @ P, where P is a path. In Corollary 5.7 we show that in fact (5.3) holds for
all graphs G of maximum degree at most 3. For the low deficiency cases (which aren’t
covered by Proposition 5.6), we construct a simple cubic graph G’ from multiple copies
of G and a path P. We will use this technique again in Proposition 5.9 to construct
simple 4-regular graphs, in order to prove the bound (5.3) for k = 3. We note that,
while the bound of Corollary 5.7 holds for cubic graphs (ie. def(G) =0), it is weaker
than the bound previously given in Proposition 3.7 because Proposition 5.5, which

yields (5.3), assumes that y > 1, or in other words, that G is not regular.

Corollary 5.7. Let G be a graph of order n and mazimum degree 3. Then

Proof. 1f G has 3-deficiency d > 4 then by Proposition 5.6, there is a cubic graph G @
P, 5 such that c3(G) > co(G@® Py_s). Therefore by the lower bound of Proposition 3.7,

(@) > W#, as desired.

It remains to show that the bound holds when d < 3. For these cases, we construct
a graph G’ from some number 7 of copies of G and the path P = P,; o, which has the
same deficiency as r copies of G. We add rd edges between F' and the copies of G (and
no other edges). By Lemma 5.2 (b), P converts once all vertices in all copies of G have
converted, so rca(G) > ¢o(G”"). Then by Proposition 3.7, co(G) >

rn+(rd-2)+2 _ pid
T 4 T T4

If d =1 then GG has one vertex of degree 2 and all other vertices have degree 3.
Take r = 3 copies of G, so P = P;.

If d =2 then G has either one vertex of degree 1 or two vertices of degree 2, and
all other vertices have degree 3. In the first case, construct the cubic graph G’ from
r = 3 copies of G and the path P,. In the second case, where G has two vertices of

degree 2, use r = 2 copies of G and the path P.

If d = 3 then G has either one vertex of degree 1 and one of degree 2, or three
vertices of degree 2, and all other vertice have degree 3. In the first case, take r = 2

copies of G and the path P,. In the second case, r = 1 copy of GG suffices, so P = P;. [

For graphs of maximum degree A = 3 and 3-deficiency d > 3, there is always a path
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with 3-deficiency d, namely P, 5. In general, the path with s vertices has A-deficiency
defa(Ps) = s(A-2) +2. (5.4)

Given a graph G with maximum degree A and A-deficiency d, we wish to find a path
with the same A-deficiency. However, for a given A and d, (5.4) gives s = 42, which
is not necessarily an integer. Therefore, in many cases, there is no path P such that
G @ P is simple and A-regular. As suggested by the proof of Corollary 5.7, we may
overcome this obstacle by constructing a regular graph with r disjoint copies of G
and an appropriate path P,;. The disjoint union of r copies of G has deficiency rd, so

we wish to find integers r and s such that

rd=(A-2)s+2. (5.5)

However, for A > 5, Equation (5.5) reveals that it is not always possible to find
such integers r and s. To see this, suppose d is divisible by A - 2, and consider
Equation (5.5) modulo (A -2): we get 0 = 2 (mod A - 2), which is only possible
when A =3 or 4. (The case A = 3 has already been addressed in Corollary 5.7, and
the case A = 4 will be addressed in Proposition 5.9.) For larger values of A there
is always a graph of maximum degree A for which it is impossible to construct a
A-regular graph from disjoint copies of G and a path P by adding edges between P
and the copies of G. For example, let GG be a graph whose vertices all have degree A
or A -2, with at least one vertex of each type. For this graph, as observed above,

there are no integers r and s satisfying (5.5).

In Proposition 5.9 we prove that the bound (5.3) holds for graphs of maximum
degree A =4 (i.e. k=3). The proof of Proposition 5.9 uses the following lemma. For
a graph G of maximum degree A, we let d,,..(G) denote the largest A-deficiency of

any vertex in G.

Lemma 5.8. Let G be a graph of mazximum degree A. If P is a path with at least
Aoz (G) vertices and defa(P) = defa(G) then there exists a simple A-regular graph
GeP.

Proof. Let P = Ps. Since defa(G) = defa(P), we can add edges between G and P
until all vertices in G and P have degree A. We claim that if s > d,,,, then it is
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possible to do this while avoiding parallel edges. Before we add any edges between P
and G, the deficiencies of vertices in P are A -1 and A — 2, so they are all within 1
of each other. Let v be a deficient vertex of G. Join v to defa(v) < der < s vertices
of P, starting with those of highest deficiency (lowest degree). Repeat this process
for each deficient vertex of GG, always using the highest deficiency vertices of P first.
Eventually, all deficient vertices of P will have deficiency 1, at which point it is easy

to see that the remaining edges will all be incident with different vertices of P. [
Proposition 5.9. Let G be a graph of order n and mazimum degree 4. Then

(a) there are integers r and s such that it is possible to construct a simple 4-reqular
graph G' = rG @ Py, or it is possible to construct a simple 4-reqular graph by

adding edges between two copies of G, and

(b) Cg(G) > 2n+d(zsf4(G) '

Proof. Take r = 2 and let d = defs(G). We have defs(2G) = 2d and d;;..(2G) =
dmaz(G). The path with deficiency 2d has s = % = d -1 vertices. Suppose first
that G has more than one deficient vertex, so that d,,.. < d—-1. It follows from
Lemma 5.8 that it is possible to construct a simple 4-regular graph G’ = 2G @ P,_;.
This proves (a) for all cases where G has at least two deficient vertices. For these

cases, we have

ne(k-1)+2  (2n+d-1)2+2

QCg(G) 2 Cg(G’) > ok 6

Therefore
dn+2d 2n+d n(k-1)+def(G)

3-4 6 2k ’
which is the bound (5.3). This proves (b).

Cg(G) >

We now consider the case where the total deficiency of G is concentrated in a
single vertex. In that case defy(G) = 1,2 or 3. If defs(G) = 1, construct G’ from
r = 2 copies of G by adding an edge between the degree 3 vertices. If defy(G) = 2,
construct G’ from r = 3 copies of G and a Py. If def4(G) = 3, construct G’ from r =4

copies of G and a Ps. In all cases, it is easy to verify that

12710, + 2 B 271@ + def4(G)
r 6 - 6 ’

c3(G) >
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and this completes the proof. O]

For A > 5 we have shown that, given a graph G of maximum degree A and
deficiency d, it may not be possible to construct a simple A-regular graph rG & P
from r disjoint copies of G and some path P. However, the bound (5.3) still holds
for k> 5. We just need to modify our proof technique.

In our previous strategy, we aimed to find a suitable tree T" from which to construct
a simple (k + 1)-regular graph G @ T. The advantage of that strategy was that a k-
conversion set of G was also a conversion set of G @& T, so ¢x(G) 2 cx(GaoT). A
disadvantage, as we have seen, is that not all deficiencies are realizable by a tree, or
even by a forest. Even when we take multiple copies of GG, there is not necessarily a
tree with the same total deficiency. Another irritation is that trees are not regular,
so their vertices don’t have uniform deficiency. This makes it difficult, or at least
annoying, to come up with a general construction for adding edges between G (or
copies of G) and T such that G @ T is simple and (k + 1)-regular. We can overcome
both of these obstacles by taking, say, r copies of G' and adding a cycle C' instead
of a tree to form a simple (k + 1)-regular graph G’ = rG & C. The tradeoff is that
a conversion set of G (copied r times) no longer converts G’. However, adding one

additional seed vertex on C' fixes this problem, so we have

ce(G") <rep(G) + 1. (5.6)

Suppose that defa(G) = d and note that r disjoint copies of G have a total A-
deficiency of rd. The cycle C, has A-deficiency (A - 2)s. Therefore, to determine
how many copies of G we should use and which cycle we should add to them to
construct G, we wish to find integers r and s such that rd = (A - 2)s. An obvious
choice is r = A -2 and s = d. This works as long as d > 3; for now we will assume this

is the case.

To construct a simple A-regular graph G’ = (A -2)G & Cy, let v be a vertex
of Cy (so defa(v) = A —-2). Choose a deficient vertex u of G and join v to each copy
of u. The deficiency of v becomes 0 and the deficiency of each copy of u decreases
by 1. Repeat this process until there are no more deficient vertices. Since no vertex

of Cy gets joined to two vertices in the same copy of GG, there are no parallel edges.
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Figure 5.2 illustrates the result of this construction for a graph G of maximum degree
A =5 with vertex deficiencies 1,1 and 3 (for a total of d = 5).

A -2 copies of G

Figure 5.2: Illustration of the construction of a A-regular graph (A -2)G @ Cy from
a graph G with A-deficiency d.

Setting 7 = A -2 in (5.6) and rearranging, we see that

Ck(G’) -1 .

Ck(G) > A_2

(5.7)

Since G' is a regular graph, the bound of Proposition 3.7 applies (with k+1 = A).
That is,

, nGr(k’ - 1) +2
(G > — (5.8)
Combining (5.7) and (5.8) gives
TLG/(/{ - 1) -2k
(G) 2 ) (5.9)

Substituting ng = (A -2)ng +d and A -2 = k-1 into (5.9) then gives the

following bound on ¢, (G) where G is a graph of order ng, maximum degree k+ 1 and
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deficiency d > 3:

(na(k-1)+d)(k-1) - 2k
2% (k- 1)
ng(k’—l)+d_ 1

= . 1
2k k-1 (5.10)

Ck(G) >

The bound of (5.10) is similar to the bound of (5.3), which we were aiming for,
but not identical. First, (5.10) only applies when d > 3. Second, only the first term
of (5.10) is present in the bound of (5.3). The second term of (5.10) represents the
collected effects of the vertex v of Cy, which we had to add to the conversion set
of G'. The addition of v to the conversion set means that c,(G’) is one off from a
multiple of ¢, (G). This observation suggests a possible strategy for eliminating this
“error term” from the bound: by using more copies of G and a larger cycle, we can
reduce v’s impact on ¢x(G"), making cx(G”) closer to a multiple of ¢,(G). Happily,
using a larger cycle than Cjy also sidesteps the problem with small deficiencies, allowing
us to eliminate the condition on d. In Section 5.2, we use this “scaled up” version of
our previous strategy to prove Theorem 5.10, which establishes the bound (5.3) for

all £ > 2 and all deficiencies.

5.2 The lower bound

Theorem 5.10. Let G be a graph of order n and maximum degree A =k + 1, with
k>2. Then

n(k-1) +defa(G)

Ck(G) > o

(5.11)
Proof. Let defa(G) = d and let N be any integer satisfying Nd > 3. We construct a
A-regular graph G’ from N(A -2) disjoint copies of G and a cycle Cyg. The graphs
N(A -2)G and Cyy both have A-deficiency N(A - 2)d. We construct the graph
G'= N(A-2)G @& Cnq by adding edges between the copies of G and the cycle Cyy

as follows. (The construction is illustrated in Figure 5.3.)

Partition the vertices of Cyy into N intervals P!, ..., PN of d vertices each, and
arrange the N(A —2) copies of G into N groups Si,...,Sy of A -2, For each

i=1,...,N, let v be a vertex in P? (so defa(v) = A -2). Choose a deficient vertex u
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of GG, and join v to the copy of u in each of the A -2 copies of G in S;. The deficiency
of v becomes 0 and the deficiency of each copy of u in S; decreases by one. Repeat
this process until there are no more deficient vertices in P’ (and, automatically, there
will be no more deficient vertices in S; either). Since no vertex of P; gets joined to

two vertices in the same copy of GG, there are no parallel edges.

S (A-2
copies of G)

Figure 5.3: The construction of the A-regular graph G’ = N(A - 2)G & Cyy in the
proof of Theorem 5.10.

Let S be a minimum k-conversion set of G. Then the N(A - 2) copies of S (one
for each copy of G in G’), together with one vertex v from the cycle Cyq4, form a
k-conversion set of G’, so ¢ (G") < N(A -2)¢,(G) + 1. This gives

Ck(G/) -1

Ck(G) 2> m

(5.12)

Since GG’ is a regular graph, the bound of Proposition 3.7 applies, with k+1 = A.
That is,

TLG/(]{/’ - 1) +2
G)> ——. 5.13
@y " (5.13)
Substituting (5.13) into (5.12) (and dropping a constant term) gives
(k-1) -2k
e(G) 2 "o F= 1) (5.14)

2kN(A-2)
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and substituting ng = N(A-2)ng + Nd and A -2 =k -1 into (5.14) then gives

(N(k - 1)ng + Nd)(k - 1) - 2k
2k(k-1)N
ng(k?—l)-f-d_ 1

= o DN (5.15)

Ck(G) >

The bound 5.15 holds for any N € N sufficiently large such that Nd > 3. Taking
the limit as NV approaches infinity gives the desired bound. O

The bound (5.11) of Theorem 5.10 can be rewritten in terms of the number of

edges in G, since

defa(G) = Vz(c)(A ~deg(v)) = nA - 2|B(G)| = n(k + 1) - 2|E(G)|.

This gives the bound
|E(G)]

cx(G) 2n- -

for k > 2.

In Section 5.2.1 we prove that the bound of Theorem 5.10 is sharp by presenting

. . . . . n(k—1)+defa (G
an infinite family of graphs of maximum degree k+ 1 for which ¢, (G) = %.
Then, in Section 5.2.2 we present infinite families of graphs whose true k-conversion

numbers are much larger than the lower bound.

5.2.1 Graphs for which the lower bound is sharp

A perfect k-ary tree with ¢ + 1 levels (labelled 0 to ¢) is a rooted tree in which every
internal vertex has exactly k children and all leaves are on level £. For k > 2, every

perfect k-ary tree with at least three levels meets the lower bound of Theorem 5.10

k[+1*1
k-1

are leaves. The leaves form a k-conversion set, so ¢x(7") < k*. On the other hand,
the (k + 1)-deficiency is k(k%) + 1, so the lower bound from Theorem 5.10 is ¢,(7T") >

R+l _q
k-1

for graphs of maximum degree k + 1. Such a tree T has vertices, of which k¢

(k+1)+Ek(E*)+1 _ 2k n

2k 2k
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5.2.2 Graphs of maximum degree k+1 with large k-conversion

number

For k = 2 there is an infinite family of subcubic graphs for which ¢y (G) is far from the
bound %3(0). In Section 2.3.2 we defined the set G to be the set of cubic graphs
obtained from a cubic tree! by replacing each internal vertex with a K3 and each
leaf with a copy of the graph H obtained by subdividing an edge of K. Let G e §
and let G’ be the subcubic graph obtained from G by deleting from one of the copies
of H an edge incident with two vertices whose degree in H is 3. (An example of
such a graph is depicted in Figure 5.4, with a minimum 2-conversion set shown in
black.) The 3-deficiency of G’ is 2, so by Proposition 5.7, the lower bound on the
2-conversion number of G’ is ¢;(G’) > 2. However, the true 2-conversion number
of G’ is approximately 3/2 of this number: ¢3(G") = c2(G) = 2&2, where the last
equality is given by Theorem 2.29.

Figure 5.4: A subcubic graph for which ¢3(G) exceeds the lower bound.

Below we present a construction that yields infinite families of graphs for which the
true k-conversion number is much larger than the lower bound given by Theorem 5.10,
for k > 3.

Proposition 5.11. Let T be a tree with r internal vertices and ¢ leaves, and suppose
that every internal vertex of T has degree k +1 > 4. Let H be Ky.o with an edge
subdivided. Let G be the graph obtained by replacing each internal vertex of T with a
copy of K1 and each leaf v of T with a copy of H, identifying v with the degree 2
vertex of H. Then

1Recall from Section 2.3.2 that a cubic tree is a tree whose internal vertices all have degree 3.
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(a) G has mazimum degree k +1 and (k + 1)-deficiency (k - 2)¢,
(b) cx(G)=(k-1)r+kl, and

(c) the difference between cx(G) and the lower bound given by Theorem 5.10 is

%(€+T) + 0.

Proof. For a given copy of H, let uv be the edge that is subdivided, and let w be the
vertex of degree 2 in H. Every vertex of G has degree k +1 except for the vertices w,

which have degree 3, and hence (k + 1)-deficiency k — 2. This proves (a).

For (b), let S be a minimum k-conversion set of G. We claim that, for each copy
of H, |V(H)n S| <3. To see this, let X = V(H) - {u,v,w} and note that any three
vertices of X form a triangle, so S contains at most two vertices of X. Any two vertices
of X together with either u or v form a cycle, and any one vertex of X together with
{u,v,w} forms a cycle. This proves the claim, and therefore V(H)n S > k. In Ky
any three vertices form a cycle, so |S NV (K1) > k- 1. Finally, we note that the
set containing every copy of X and any k — 1 vertices from each copy of Ki,; is a

k-conversion set of G, so ¢x(G) = (k- 1)r + kf, as desired.
Finally, for (c),

n(k-1) +def, 1 (G) (E-1)((k=1Dr+(k+3)0)+(k-2)¢

Ck(G)— 2]{,‘ :(/{3—1)7”+l€€— ok
k%2 -1 3
= oF (€+T)+ﬂ£’
as claimed. O

For the graphs G described in Proposition 5.11, the difference between ¢, (G) and
the lower bound given by Theorem 5.10 is positive for all k£ > 2 and increases without
bound as the order of T' (the tree from which G is contructed) increases. (We note

that r and ¢ are related by the equation
(E+Dr+l=2(r+0-1),

which is given by the degree sum formula.)
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Chapter 6

k-conversion in trees

In this Chapter we determine the exact values of ¢, (G) for caterpillars (Section 6.1),
spiders and double spiders (Section 6.2). We begin with a characterization of minimal

k-immune sets in trees.

Proposition 2.6 asserts that a connected barely k-immune set in a graph G is a
minimal A-immune set. In Proposition 6.1 we prove that a minimal k-immune set of a
tree is either a single vertex of low degree (which we consider to be a trivial k-immune
set), or a connected barely k-immune set. That is, the converse of Proposition 2.6
holds for nontrivial k-immune sets in trees. From this, we characterize the nontrivial

minimal k-immune sets in trees (Corollary 6.2).

Proposition 6.1. Let T be a tree and let U be a minimal k-immune set of T. Then
U = {v} where degv <k, or U is a barely k-immune set of size at least 2 and T[U] is

connected.

Proof. Let U be a minimal k-immune set of T of size at least two. Clearly, T[U]
is connected. To see that U is a barely k-immune set, suppose for a contradiction
that U contains a vertex y that has fewer than k — 1 neighbours in U. Since T is
a tree, T[U - {y}] is disconnected. Let W be a component of T[U - {y}] and let
X =U-W. We claim that X is a k-immune set. Indeed, for each vertex v # y in X,
IN(v)nX]|=|N(v)nU|<k-1,and |N(y)nX| = |[N(y)nU|+1 < k—1. This contradicts
the minimality of U. Therefore every vertex of U has exactly k — 1 neighbours in U,

so U is barely k-immune. O
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Corollary 6.2. Let T be a tree and let U be a nontrivial k-immune set of T'. Then U

is minimal k-immune if and only if it is barely k-immune and T[U] is connected.

6.1 Caterpillars

A caterpillar is a tree whose internal vertices form a path. By Proposition 6.1, the

minimal k-immune sets of a caterpillar T' come in two types, as described below.
Type 1: The sets {v} where degv < k.

Type 2: The paths P consisting of internal vertices of T" each of which has
exactly k£ — 1 neighbours outside P. That is, the paths vq,...,v, of internal
vertices of 1" such that r > 2, degpv; = degpv, = k and for 1 < i < r, degpv; =
kE+1.

Definition 6.3. Let k> 2, let T be a caterpillar, and let K be the set of all mazimal
subpaths P of T' such that the endpoints of P (which may not be distinct) have degree k
inT" and the internal vertices of P have degree k or k+1 inT". We refer to the elements
of K as (k,k + 1)-paths, and we call a (k,k + 1)-path with an odd (even) number of
degree k vertices an odd (even) (k,k + 1)-path.

Note that (k,k + 1)-paths contain only internal vertices of T' and the nontrivial
(k,k + 1)-paths are the components of the subgraph of 7" induced by the union of
the Type 2 minimal k-immune sets. Moreover, the degree k vertices of a non-trivial
(k,k + 1)-path P are the endpoints of the individual minimal k-immune sets that
make up P. The trivial (i.e. order 1) (k, k+1)-paths are not k-immune sets, but it is

convenient to include them in K so that all degree k vertices are in a (k, k + 1)-path.

Figure 6.1 illustrates the minimal k-immune sets of type 2 and the maximal (k, k+
1)-paths (odd and even) of a caterpillar, for k = 2. The (k, k+ 1)-path on the right is

even, and the others are odd.

Proposition 6.4. Let T' be a caterpillar. For each i > 1, let n; be the number of
vertices of degree i in T and let s be the number of odd (k,k + 1)-paths of T, as

defined in Definition 6.3. Then c;(T') = ny + -+ ng_y + 5=,
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o o o
et  Vesst Tty
Figure 6.1: Type 2 minimal 2-immune sets (blue) and (2, 3)-paths (red) in a cater-
pillar.

Proof. We begin by constructing a conversion set of the given size. Let Py,..., P, be
the (k,k + 1)-paths of T' (which are disjoint, since they are maximal by definition),

and for each P;, let v;1,...,v; be the degree k vertices in P;, in order. Let

Sz{veT:deg(v)<k}u(U{vUePl-:j is even }),
i1

so S contains all the vertices of degree less than k and the degree k vertices which
have even index within their respective (k,k + 1)-paths. Therefore, if P; is an odd
(k,k + 1)-path then S does not contain the last degree k vertex in P;, and contains
half of the remaining degree k vertices in P;. If P; is an even (k,k + 1)-path then S
contains half of the degree k vertices in F;. This gives a total of 4> degree k vertices
in S.

To see that S is a minimum k-conversion set for 7', we will show that S contains
exactly one vertex from each minimal k-immune set of T'. This is clear for the k-
immune sets of type 1, which are all disjoint from each other and from the type 2
immune sets. To see that it is also true for the type 2 minimal k-immune sets of T,
let P be such a set. Then P is a path with at least two vertices, the endpoints of P
are vertices of degree k in T" and the internal vertices of P have degree k+ 1 in T'.
Therefore P is contained in a k-immune path of T'. Since no two consecutive degree k
vertices in any k-immune path are omitted from S, S contains an endpoint of P. In
fact, since no two consecutive degree k vertices are included in S, S contains exactly
one endpoint of P. Finally, since S does not contain any degree k + 1 vertices, S

contains exactly one vertex from P. O

The proof of Proposition 6.4 demonstrates that there’s no advantage in including
a vertex of degree greater than k in a k-conversion set of a caterpillar— they always
have a minimum k-conversion set with no high-degree vertices. In the next section,

we see that for some trees (specifically, some spiders and double spiders), there is no
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minimum k-conversion set containing only vertices of degree at most k.

6.2 Spiders and double spiders

A spider is a tree with one vertex of degree at least 3 and all other vertices of degree 1
or 2. A double spider is a tree with two adjacent vertices of degree at least 3 and all
other vertices of degree 1 or 2. A vertex of degree at least 3 in a spider or double
spider is called a head vertex, and maximal paths induced by non-head vertices are

called legs. We call a leg even if it has an even number of vertices, and odd otherwise.

Grpte miesns

Figure 6.2: A spider and a double spider.

For k > 3, any k-conversion set of a spider or double spider must contain all leg
vertices. Therefore the k-conversion number of a spider is n — 1 or n, depending on
the degree of the head, and the k-conversion number of a double spider is between

n—2 and n. The following two propositions make these observations precise.

Proposition 6.5. Let T' be a spider with n vertices, and let k > 3. Then

(T) n—1 f the head of T has degree at least k,
C =
’ otherwise.

Proof. The seed set consists of all vertices of degree less than k. O

Proposition 6.6. Let T' be a double spider with n vertices, and let k > 3. Let q and r
be the degrees of the head vertices, with q <r. Then

ifr<k,
ifg<kandr>k, orifq=r==k,

n
cx(T)=2 n-1
n-2 ifq>k andr>k.
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Proof. Let S be a minimum k-conversion set of T'. Every leg vertex of T" has degree
less than k& and therefore belongs to S. If both head vertices have degree less than k,
they must be in S as well. If both head vertices have degree k, then each of them is
adjacent to exactly k —1 leg vertices; that is, the head vertices form a k-immune set
of size 2. Therefore S contains one of the head vertices, so |S| = n —1. If one head
vertex has degree less than k then it must be in S; in that case, if the other head
vertex has degree at least k, it converts at ¢t = 1. Finally, if one head vertex has degree
at least k and the other has degree greater than k£ then the head vertices do not form

an immune set, so S contains only the leg vertices. O]

Propositions 6.5 and 6.6 indicate that k = 2 is the only interesting case, for both
spiders and double spiders.

Proposition 6.7. Let T' be a spider with s odd legs. Then

n—1+s : > 9
CQ(T) :{ 2 ZfS 2z 4,

nilts - gf s < 2.
Proof. Let h be the head vertex. By Proposition 6.1, the minimal 2-immune sets of T’
are the sets I of vertices that each have exactly 1 neighbour outside I. Therefore,

there are three possible types of minimal 2-immune sets of T":

Type 1: The sets {v} where v is a leaf vertex.
Type 2: The sets {x,y} where x and y are adjacent vertices of degree 2.

Type 3(a): If h has no leaf neighbours, then the sets N[h] - {v} are minimal

2-immune sets, where v is a degree 2 neighbour of h.

Type 3(b): If h has exactly one leaf neighbour v, the set N[h]—-{v} is a minimal

2-immune set.

For each leg of T, label the vertices 1,2, ... in order, starting with the leaf vertex,
and let S” be the set of leg vertices with odd labels. Then |S’| = 2=*2. Tt is easy to
see that S’ intersects all 2-immune sets of Type 1 and Type 2, and that no smaller
set does. For each neighbour v of A, v € S if and only if v belongs to an odd leg.
Therefore, if there are at least 2 odd legs, S’ contains a vertex from each 2-immune

set of Type 3 as well, so S’ is a minimum 2-conversion set of T'.



93

If T has s < 2 odd legs, then S” does not intersect all Type 3 immune sets. Since h
is in all Type 3 immune sets, S’U{h} is a minimum 2-conversion set of 7". Therefore,
when s =0 or 1, ¢o(T) = |S| + 1 = 2% O

The analysis is very similar for double spiders.

Proposition 6.8. Let T' be a double spider with head vertices hy and ho, and let s;
and sy be the number of odd legs adjacent to hy and hs, respectively, with s; < Ss.
Then

n+2 ; _ _
N ZfSl—SQ—O,
co(T) = meir= if s1=0 and s3> 1 or sy =89 =1,

% if s1>1 and s; > 2.
Proof. The proof is very similar to the proof of Proposition 6.7, so we provide only
a sketch. For each leg of T', label the vertices as in the proof of Proposition 6.7, and
let S’ be the set of odd-numbered leg vertices, as in that proof. Then |S’| = 2=221+52,
If 51 = s9 = 0 then two vertices must be added to S’ (for example, hy and hs) to form
a 2 conversion set, so co(T) =|S'|+2. If sy =0and sy > 1 or s; = s = 1, then S"u{h;}
is a minimum 2-conversion set, so co(7T") = |S’| + 1. If 51 > 1 and s9 > 2, then S’ is a

minimum 2-conversion set. O
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Chapter 7

Subgraph-avoiding minimum
k-conversion sets in (k + 1)-regular

graphs

In Proposition 3.7 we saw that a (k + 1)-regular graph G achieves the lower bound
on ¢x(G) if and only if it has a minimum k-conversion set S such that S is independent
and G- S is connected (that is, G- is a tree). The notion that a k-conversion set S
performs more efficiently if there are as few edges as possible between its vertices is
intuitive, since adjacency within .S is obviously wasteful. We saw in Section 3.2.2 that
for each k there are (k + 1)-regular graphs that meet the bound, and therefore have
independent k-conversion sets. In Section 7.1, we prove (for the case k = 2) that, in

fact, every non-complete cubic graph has an independent minimum 2-conversion set.

For larger values of k, there is no guarantee that a given (k+ 1)-regular graph has
an independent minimum k-conversion set. We determine appropriate generalizations

for larger values of k, and prove a number of results of the form

“Every (k + 1)-regular graph G has a minimum k-conversion set S such
that G[S] does not contain the subgraph H,”

for various combinations of k and specified subgraph H. (In fact, we prove stronger

statements than the above.)
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In Section 7.6, we apply these results to derive upper bounds on ¢, (G) for (k+1)-
regular graphs, as well as bounds and structural results for various vertex colouring

problems, including a new proof of Brooks’s Theorem.

We begin by describing a move that we use to destroy unwanted subgraphs H
in conversion sets. This move is used repeatedly throughout Section 7, for various
definitions of H.

Let G be a (k + 1)-regular graph, k > 2, and let S be a minimum k-conversion set
of G. Suppose z € S has exactly k£ — 1 neighbours in S (this is the largest possible
number of S-neighbours for a vertex in S, by the minimality of S). Let v € S be one
of the two nonseed neighbours of . We call the operation (S —{z}) u{v}, denoted
by z + v, a seed shuffle from x to v. Figure 7.1 illustrates a seed shuffle in the case
k =2. If x belongs to a copy of H, where H is the subgraph we wish to avoid in G[S],
we call z —» v a restricted seed shuffle. Lemma 7.1 guarantees that the new seed set

obtained by performing a seed shuffie is still a k-conversion set.

L L

y v y xr v
S S—{z}u{v}

Figure 7.1: Hlustration of seed shuffling for k = 2, with seed vertices shown in black.

Lemma 7.1 (The Seed Shuffle Lemma). Let G be a (k + 1)-regular graph, k > 2,
with k-conversion set S, and suppose that G[.S] contains a vertex x of degree k-1 in
G[S]. Let v be a neighbour of x not in S. Then S’ =S —{x} u{v} is a k-conversion

set of G with the same size as S. In particular, if S is minimum, then so is S’.

Proof. The set S—{x}u{v} contains k neighbours of x, so it converts = at ¢ = 1. The
set of converted vertices at t = 1 contains the k-conversion set S, so it is a k-conversion
set. O

Our first choice of structure H to avoid arises from our study of the lower bound

on ¢, (G) for (k+ 1)-regular graphs, given by Proposition 3.7.
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7.1 Independent minimum 2-conversion sets in cu-

bic graphs

In this section we prove that every non-complete cubic graph has an independent

minimum 2-conversion set. In fact, we prove the following stronger theorem.

Theorem 7.2. Let G + K4 be a cubic graph. For any minimum 2-conversion set S
of G there exist an independent minimum 2-conversion set S" of G and a sequence of

restricted seed shuffles that transforms S into S’.

A slightly weaker restatement of Theorem 7.2, namely that every non-complete
cubic graph has an independent minimum 2-conversion set, follows from a result of
Catlin and Lai [25] on vertex arboricity!. We give a new proof in this section to

prepare the reader for the proofs of our more general results.

We prove Theorem 7.2 at the end of Section 7.1, after a series of lemmas. The
first lemma, Lemma 7.3, guarantees that for any minimum 2-conversion set S of
G + K4, there exists a minimum 2-conversion set S’ with at most one edge which
can be obtained from S by a sequence of restricted seed shuffles. For the proof of
Lemma 7.3, we define the distance between two edges uv and zy in a graph G to
be dg(uv,zy) = min{dg(u,z),dg(u,y),dg(v,z),dg(v,y)}. The distance between an

edge uv and a vertex x is similarly defined to be dg(uv,x) = min{dg(u, ), dg(v,z)}.

Lemma 7.3. Let G # Ky be a cubic graph and let S be any minimum 2-conversion
set of G. Then there exists a minimum 2-conversion set S’ that induces at most one

edge, and a sequence of restricted seed shuffles that transforms S into S’.

Proof. Suppose for a contradiction that every sequence of restricted seed shuffles
applied to S produces a 2-conversion set of GG that induces at least two edges. Among
all minimum 2-conversion sets that can be obtained from S by restricted seed shuffles,
restrict to those that induce the minimum number of edges. Among those, let S’ be
a 2-conversion set in which the minimum distance between two edges is as small
as possible. (That is, choose S’ from the restricted collection of 2-conversion sets

such that min{dg(ey,e2) : e1,e2 € E(G[S’]),e1 # €2} is as small as possible.) Let uv

!Defined on page 125.
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and zy be two edges in G[S’] at minimum distance from each other. If d(uv,zy) =0
or 1 then one of the vertices u, v, x, y can be removed from S’. Therefore, by the
choice of S’, dg(uv,zy) > 2. Without loss of generality, let P = (u,v,w,...,z,y) be
a shortest path between uv and zy that includes both edges, and note that w € S.
Define S” = (S - {v}) u{w}. By Lemma 7.1, S” is a 2-conversion set, and |S”| < |5’
There are three cases, each leading to a contradiction of our choice of S’.

Case 1: w has exactly one neighbour in S’ (namely v). Then S” induces fewer edges
than does 5.

Case 2: w has exactly two neighbours in S (including v). If these two neighbours
are v and z, then (S'—{v,z})u{w} is a smaller 2-conversion set than S’. Otherwise, S”
induces the same number of edges as does S’, but the minimum distance between two
edges in G[S”] is less than that in G[S’].

Case 3: all neighbours of w are in S'. Then w and two of its neighbours are in S”,

and so S” - {w} is a smaller 2-conversion set than S’. O

For Theorem 7.2 we wish to show that for any minimum 2-conversion set S, there
is a sequence of restricted seed shuffles that yields a minimum 2-conversion set with
no edges. Lemma 7.3 guarantees that there is always a sequence of restricted seed
shuffles that yields a minimum 2-conversion set with at most one edge. Therefore, for
the rest of Section 7.1, we may restrict our attention to the minimum 2-conversion
sets S that have exactly one edge. For a given such 2-conversion set S, we denote the

unique edge by e(.S).

Definition 7.4. For any cubic graph G, let S(G) denote the set of all minimum
2-conversion sets of G that induce exactly one edge and for which no sequence of

restricted seed shuffles applied to S yields an independent minimum 2-conversion set.

To prove Theorem 7.2, we will show that S(G) is empty for G # K,. First, we

establish some properties of G[S] and G[S] for S € S(G). The first is that the

components of G[S] are paths.

Lemma 7.5. Let S be a minimum 2-conversion set in a graph G such that G[.S] has
exactly one edge. If G[S] has a vertex of degree 3 then there exists an independent
minimum 2-conversion set S' of G and a sequence of restricted seed shuffles that
transforms S into S'. Equivalently, for all S € S(G), G[S] is a collection of paths.
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Proof. Let e(S) = uv. We use induction on the shortest distance d to a vertex y of

degree 3 in G[S]. Assume without loss of generality that dg(e(S),y) = da(v,y).

Since degzg(y) = 3, d > 2. Suppose d = 2 and let x be the common neighbour of v
and y. If the restricted seed shuffle v = x does not yield an independent 2-conversion
set of GG, perform the additional shuffle x — y. No neighbour of y is in the resulting

2-conversion set, so it is independent.

For the induction hypothesis, suppose d > 3 and assume that whenever the shortest
distance from e(S) to a vertex of degree 3 in S is less than d, it is possible to obtain

an independent 2-conversion set S’ from S by a sequence of restricted seed shuffles.

Now suppose the shortest distance from e(S) to a vertex y of degree 3 in S is d.
Assume without loss of generality that d(e(S),y) = d(v,y), and let « be adjacent to v
on a shortest path from v to y. Let S’ be the minimum 2-conversion set resulting
form the restricted seed shuffle v » z. Since d > 3, x is not adjacent to y, hence y
has degree 3 in S’. If S’ is independent, we are done. Otherwise, S’ has exactly
one edge, e(S’), which is incident with x, and the shortest distance from e(S’) to a
vertex of degree 3 in S’ is at most d(z,%) < d. Therefore, by the induction hypothesis,
there exists a sequence of restricted seed shuffles from S’ that yields an independent
minimum 2-conversion set. Since v — x is itself a restricted seed shuffle, the same is
true for S. ]

Lemma 7.6. Let G # Ky be a cubic graph and let S € S(G). Let e(S) = zy25. For
each i € {1,2}, the non-seed neighbours of x; are the endpoints of a component path
P(z;) of S. Moreover, P(z,) n P(x3) = @.

Proof. Since S is a minimum 2-conversion set, S u {z;} contains a cycle, for i = 1,2.
Therefore the two nonseed neighbours of x; are in the same component of S. If z; is
adjacent to an internal vertex w of P(z;) then z;,j # i is not adjacent to w, so the
restricted seed shuffle x; » w produces an independent minimum 2-conversion set,
contradicting our assumption that S € S(G). Finally, suppose for a contradiction that
P(xz1)nP(z2) + @. In that, case, by the previous assertion that each x; is adjacent to
the endpoints of the component path P(z;), we have P(x1) = P(x2) = P. Let u and v
be the endpoints of this path, so each z; is adjacent to u and to v. Since G # K,, P

has length at least 2. Therefore the two restricted seed shuffles xy —» u and x5 ~ v,
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performed one after the other, produce a minimum 2-conversion set S’ with no edge.
This contradicts our assumption that S € S(G). O

For a given minimum 2-conversion set S € S(G) with e(S) = zy, we denote the
component path of S whose endpoints are adjacent to = by P(x). More specifi-
cally, P(z) denotes the set of vertices in G which form the component path of S whose
endpoints are adjacent to x. (We continue to denote this set of vertices by P(z) even
if we perform a restricted seed shuffle that results in a 2-conversion set S’ for which x

is not an endpoint of e(.S”).)
We now restate and prove Theorem 7.2.

Theorem 7.2 (again). Let G # K, be a cubic graph. For any minimum 2-conversion
set S of G there exist an independent minimum 2-conversion set S’ of G and a sequence

of restricted seed shuffles that transforms S into S’.

Proof. We wish to show that S(G) = @, so we assume for a contradiction that S is
in S(G). We define a sequence of minimum 2-conversion sets S, S1,... of G, each
of which is obtained from the last by a restricted seed shuffle. A priori, the sequence

may be infinite. The 2-conversion sets S; are defined as follows.

Let Sp = S. By definition, Sy contains exactly one edge, e(Sy) = xoyo. By
Lemma 7.6, P(x¢) n P(yy) = @. Let x; be an endpoint of P(y,), and let S; be
the minimum 2-conversion set obtained by shuffling y, — z;. Note that z; is adjacent
to at most one vertex in Sp{yo}, and non-adjacent to xy. For i > 1, we obtain S;;; as

follows.

By assumption S; € S(G), so S; induces exactly one edge e(.S;), which contains the
vertex ;. Let e(S;) = x;y;. By Lemma 7.6, P(x;) n P(y;) = @. If P(y;) nP(z;) =2
for all 0 < j < i as well, let x;;; be an endpoint of P(y;) and define S;;; to be the

minimum 2-conversion set resulting from the restricted seed shuffie y; — x;,1.

The sequence Sy, S1, ... terminates if the stopping condition
P(y;)nP(x;) + @ for some 0 < j<i

1s met.
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In order to show that the stopping condition is met for some ¢ (that is, the sequence
So, S1, - .. is in fact finite), we show that P(xg), P(x1), ..., P(x;) are disjoint for all .

Claim. For each i >0, P(x), P(x1),...,P(x;) are disjoint components of S;.

Proof of claim. We prove the claim by induction on i. The statement is trivial for
i =0. For some i >0, assume that P(xq), P(x1),...,P(x;_1) are disjoint components

of S;_1. For the induction step, we show
1. P(z;) is disjoint from P(xg),..., P(z;_1),
2. P(xp),...,P(x;) are contained in S;, and

3. P(xy),...,P(x;) are components of S;.

For the first part, we note that P(x;) = P(y;_1) + yi-1 — ; and by the stopping
condition (which has not been met), P(y;_1) is disjoint from P(xg), ..., P(x;_1).
Therefore, to show that P(x;) is disjoint from P(xg),..., P(x;_1) it suffices to
show that y;_1 ¢ P(z;) for 0 < j < i. This follows from the observation that
Yi1 € Si-1 and P(x;) € S;1 for 0<j <0.

For the second part, we note that S; = S;_1+y;_1—2; and P(2;) = P(yi_1)+Yi—1—;.
Since P(y;_1) € Si_ it follows that P(x;) € S;.

For the third part, P(x;) is a component of S; by definition. We must show
that P(x;) is a component of S; for all 0 < j <i. We have already established
that P(z;) is contained in S;, and it follows that P(x;) is connected in G[S;].
Therefore if P(x;) is not a component of S; then y; is adjacent to P(x;), that is,
the component of S; containing P(z;) is P(z;)u{y;}. However, this contradicts
the assumption that P(y;)nP(z;) = @ for all 0 < j <4. This concludes the proof

of the claim.

Since G is finite and the sets P(xg), ..., P(x;) are disjoint for all 7, there exists
some ¢ > 1 such that P(y,) n P(x;) # @ for some 0 < j < £. In fact, by ignoring
S0 - --,9;-1 (and their associated x;, y;, P(z;), etc.) and reindexing, we may assume
that j = 0. That is P(y,) intersects P(xg). Moreover, since P(y,) and P(zg) are
components of Sy, this implies P(y,) = P(z). Figure 7.2 illustrates the sequence of

seed shuffles performed beween Sy and S,. The black vertices represent .S,.

Let u and v be the endpoints of P(zq) = P(y¢) and let Sy be the minimum
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P(z1)
e(52) (

P(x0) = P(ye)

e(Sh)

G(Sg_l) P(l‘g_l)

P(W)j

Figure 7.2: The set S, (black) and the paths P(zy),..., P(x,), P(ye), illustrating the
stopping condition for the sequence Sy, Sy, . ...

2-conversion set obtained by shuffling y, = u. Then Sy,; has exactly one edge, xqu.
Since Syy1 € S(G) by assumption, each of u and x is adjacent to the endpoints of some
component path of Si,;. Denote these component paths by P and P’, respectively.
Since Sg1 € S(G), P and P’ are disjoint, by Lemma 7.6. On this other hand, we

observe that P and P’ both contain v to arrive at the desired contradiction. O

In general, we cannot guarantee the existence of an independent minimum k-
conversion set. In Proposition 7.7 we show that for every k > 3, there exists an
arbitrarily large (k + 1)-regular graph with no independent k-conversion set of any
size. Proposition 7.8 gives an additional family of counterexamples for the case where
k > 3 is odd (that is, for graphs with even regularity). In Definition 4.20 we introduced
the notation G o A~ to denote any r-regular graph obtained by replacing each vertex
of an r-regular graph GG by a copy of A —a, where A is an r-regular graph and a is
any vertex of A. If A = K,,; then A~ = K,; in that case we simply write G o K.
These graphs provide the counterexamples we need in Proposition 7.7 to show that
Theorem 7.2 does not hold for k > 3.

Proposition 7.7. Let k >3, and let G be a (k+ 1)-reqular graph of order n. Then
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every k-conversion set of G o K1 contains at least (k—1)n edges.

Proof. For k > 3 the decycling number of Ky, is at least k-1 > 2, so any k-conversion

set of G o K},1 must contain at least k£ — 1 vertices from each copy of Kj,1. O

Proposition 7.8. Let L be the line graph of an r-reqular graph G, with r > 3. Then L

is a (2r - 2)-regular graph with no independent (2r — 3)-conversion set.

Proof. We show that any independent seed set in L fails to convert any non-seed
vertices under a (2r — 3)-conversion process. Let e be an edge of G, corresponding
to vertex v in L. Since e is incident with r — 1 other edges at each of its endpoints,
the closed neighbourhood of v in L consists of two cliques of size r, joined at v (and
nowhere else). Therefore, between any three neighbours of v there is at least one
edge. That is, no independent set of L contains more than two neighbours of v, so v
does not convert at ¢ = 1 from any independent seed set. Since this holds for all v € L,
the result follows. O

7.2 Possible generalizations of Theorem 7.2

Since Theorem 7.2 does not hold for larger values of k, we seek in this section an
interpretation of that theorem that generalizes to k > 3. We can rephrase the result

of Theorem 7.2 in various ways, two of which are below.

1. Every cubic graph G has a minimum 2-conversion set S such that G[S] has

zero edges.

2. Every cubic graph G has a minimum 2-conversion set S such that G[S] has

maximum degree zero.

One may imagine that a (k + 1)-regular graph G must have a k-conversion set S
such that G[S] has at most k — 2 edges, or perhaps has maximum degree at most
k —2. However, both of these proposed generalizations are false for k£ > 3. We define
an infinite class Gy of (k+1)-regular graphs below, and demonstrate in Corollary 7.11

that these graphs are counterexamples to the proposed generalizations.
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Definition 7.9. Let k > 3. Consider r copies of Ky —€, and fori=0,...,r -1,
let x;y; be the missing edge in the i copy. Define Gy to be the family of (k+1)-
reqular graphs constructed from these copies by adding the edges x;y;,1 for all i, where

addition is performed modulo r. Figure 7.3 gives an example of a graph in this class

for k=3.

Proposition 7.10 implies that for every G € G; and for every minimum k-conversion
set S of G, the maximum degree of G[S] is k- 1. It follows immediately from this

result that the generalizations of Theorem 7.2 proposed above are false.

Figure 7.3: An example of a graph in G3, and a minimum 3-conversion set.

Proposition 7.10. Let k >3 and let G € Gx. Then for every minimum k-conversion

set S of G, one of the copies of Ki.o in G contains k vertices of S.

Proof. Let G € Gi, and let S be a minimum k-conversion set of G. We argue that some
copy of K}, contains k seed vertices. Let v be a vertex that converts at t =1. If v
belongs to a copy of Ko with fewer than £k seed vertices then v = x; or y; for some 1.
Assume, without loss of generality, that v = y;. Then x4 € S. Let H be the 0 copy
of Kj,2, and assume every vertex outside H has converted by some time t. Let w be
a first vertex of V/(H) - S to convert. Then w has k converted neighbours (including
seed vertices) at time ¢t. If w = yy then at least k — 1 of these converted neighbours
are in H, and by defnintion of w they are all seed vertices. In that case, H contains
k —1 seed vertices adjacent to w, as well as xg. On the other hand, if w # yy then all

neighbours of w are in H, and therefore k of them are seed vertices. O]

Corollary 7.11. Let G € G and let S be a minimum k-conversion set of G. Then G[S]

contains at least k —2 vertices of degree k — 1.
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Proof. The result follows immediately from Proposition 7.10. [

The graphs in the class G; are the only known (k + 1)-regular graphs G with the
property that every minimum k-conversion set of G has at least k—2 vertices of degree

k —1. This leads to the following open problem.

Question 7.12. For which classes of (k+1)-regular graphs, other than Gy, does every

minimum k-conversion set of G induce at least k — 2 vertices of degree k — 17

A third restatement of Theorem 7.2, which leads to a weaker generalization than
the previous two, is that every cubic graph G has a minimum 2-conversion set S such
that G[S] is Ky-free. The proof of Proposition 7.10 shows that if G € G and S is a
minimum k-conversion set of G then G[S] contains a copy of Kj—e, but not Kj. This
raises the question of whether every (k+1)-regular graph has a minimum k-conversion
set that avoids K. Section 7.3 is devoted to proving that the answer is “yes”, except

in the case where G is itself a complete graph.

7.3 Avoiding K; in minimum k-conversion sets of

(k + 1)-regular graphs

The main result of this section is Theorem 7.13. The proof appears at the end of the

section, after a series of lemmas.

Theorem 7.13. Let k > 2 and let G # Kyyo be a (k + 1)-reqular graph. For any
minimum k-conversion set S of G there exist a minimum k-conversion set S’ of G
such that G[S"] is Ki-free and a sequence of restricted seed shuffles that transforms S
into S'.

A slightly weaker restatement of Theorem 7.13, namely that every non-complete
(k+1)-regular graph G has a minimum k-conversion set S such that G[S] is Ky-free,
follows from a result of Catlin and Lai [25]. We give a new proof, in the context of

k-conversion sets, to prepare the reader for our more general results.

The result of Theorem 7.13 is already established for k = 2 by Theorem 7.2. For
k > 3, we start by proving an important property of any K, that is induced by a
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minimum k-conversion set S of G, namely that any K} in G[.S] can be identified as

the “seed neighbourhood” of any of its vertices (Lemma 7.15).

Definition 7.14. Let G be a graph and let Hy and Hy be subgraphs of G. We define
the distance (in G) between Hy and Hy to be

dg(Hy, Hy) =min{dg(z,y) : z€ V(H;) and y e V(Hs)}.

We say Hy and Hs are adjacent if they are disjoint and dg(Hy, Hs) = 1.

Lemma 7.15. Let S be a minimum k-conversion set of a (k + 1)-regular graph G
with k > 2. Then any copy of Ky induced by S is a component of G[S]. In particular,

any two distinct copies of Ky in G[S] are disjoint and non-adjacent.

Proof. Since S is a minimum k-conversion set, no vertex of S has k seed neighbours.

Since v has k — 1 seed neighbours in Ky, it has no other seed neighbours. O]

Let v be a vertex in a copy of Kj induced by a k-conversion set S of G. By
Lemma 7.15, this copy of Kj is the subgraph induced by the (closed) S-neighbourhood
of v. In what follows, it is often convenient to view a copy of K}, in this way— as being
induced by the seed neighbourhood of one of its vertices, rather than being induced
by the whole seed set. For that reason, we use the notation K;(v,S) to denote the
copy of K}, induced by Ng[v]— that is, the component of G[S] containing v. When
it is known that the conversion set S induces exactly one copy of K}, we may denote
that copy of K} by Ki(S).

By Lemma 7.15, the distance (in G) between any two copies of Ky in G[S] is
at least 2. We prove in Lemma 7.16 that in fact it is always possible to reduce the

number of K};’s in a minimum k-conversion set of GG to at most one.

Lemma 7.16. Let G # Ky be a (k+ 1)-reqular graph and let S be any minimum
k-conversion set of G. Then there exist a minimum k-conversion set S’ of G that
induces at most one Ky, and a sequence of restricted seed shuffles that transforms S
into S'.

Proof. Assume for a contradiction that every sequence of restricted seed shuffles ap-

plied to S yields a minimum k-conversion set of G' that induces at least two copies
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of Kj. Among all minimum k-conversion sets of G that can be obtained from S by
a sequence of restricted seed shuffles, restrict to those that induce the least number
of K;’s, and among those, let S’ be one with the smallest possible distance between
two copies of K. Let H; and Hy be two copies of Ky in G[S’] at that minimum
distance from each other. Let u and v be vertices in H; and H,, respectively, such
that dg(u,v) = dg(Hy, Hy). Consider a shortest path P = (u,a,...,v) between u

and v; by Lemma 7.15 it has length at least 2, so a,u and v are all distinct.

By the Seed Shuffle Lemma, S” = (S' - {u}) u {a} is a k-conversion set of G and
|S”| < |S’]. By the minimality of S’, |S”| = |S’], so S is also a minimum k-conversion
set of G. Removing u from S’ eliminates the K} defined by the S’-neighbourhood
of u. Since S” was chosen to have the minimum number of K}’s, we may assume the
S"-neighbourhood of a defines a new Kj. In fact, we may assume that by shuffling the
seed to a we have introduced exactly one new K}, since all new K}’s must contain a.
Therefore S” is a second minimum k-conversion set with the fewest possible number
of K}’s. Let H3 be the new copy of Kj. Since Hjz contains a and Hs does not, Hj
and Hj are distinct and therefore non-adjacent, by Lemma 7.15. But dg(Hs, Hy) <
dg(a,v) <dg(u,v) = dg(Hy, Hy). This contradicts our choice of S’. O

For the proof of Theorem 7.13, we will show that in fact for any minimum k-
conversion set S it is possible to reduce the number of copies of K}, to zero. We argue
by contradiction, assuming there exists some minimum k-conversion set S for which
this is impossible. In light of Lemma 7.16, we may assume S has exactly one Kj.

This observation prompts the following definition.

Definition 7.17. For a given (k + 1)-reqular graph G, with k > 3, let S(G) denote
the set of minimum k-conversion sets S of G that induce exactly one copy of Ky and
for which no sequence of restricted seed shuffles from S yields a K- free minimum

k-conversion set.

The proof of Theorem 7.13 amounts to showing that for G # Kj,o, S(G) is empty.
Starting with a minimum k-conversion set S € S(G), we perform a restricted seed
shuffle to destroy K (S), but this (necessarily) introduces a new one. We repeat this
procedure until the newly created K} intersects one of the earlier ones. This provides
the conditions necessary to derive a contradiction. The next lemma (Lemma 7.18)

asserts that at each step, for each z in the current K}, there is a shuffle x —» v such that
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the new K}, does not intersect the current one (unless G is a complete graph). This
will be convenient for obtaining the desired contradiction in the proof of Theorem 7.13

in the proof of the following lemma.

For any minimum k-conversion set S containing a copy of K}, a restricted seed
shuffle cannot increase the number of Kis. If S € S(G), then any restricted seed
shuffle z — v produces another k-conversion set in S(G). This allows us to use the
notation K ((S - {z})u{v}) without ambiguity.

Lemma 7.18. Let G be a (k+1)-reqular graph, k >3, and let S € S(G). If G # K1
then for every x € K;(S),  has a neighbour v € S such that K;,(S)n K,((S - {z})u

{v})=2.

Proof. We prove the contrapositive. Suppose there exists a vertex z € K;(S) such
that for both neighbours v; and vy of z in S, the shuffle  — v; produces a minimum
k-conversion set S® such that K;(S5%) n K;(S) +#+ @. We claim that in that case, for
each i, Ki(S%) = (Ki(S)—{z})u{v;}. To see this, let y € Kj(z,5)n Ky(v;,S?). Then
Ky (z,5) = Ki(y,S) and Ky (v;,S?) = Ki(y,S"), so the only difference between Kj(S)
and K (S?) is the replacement of z by v;.

The above observation implies that for ¢ = 1,2, v; is adjacent to every vertex
of Ki(S) and therefore Ky(S)u {v;} forms a copy of K. Let y # = be a vertex
of Ki(S). If v; and vy are not adjacent, then the seed shuffles x — v; and y — vy
together produce a minimum k-conversion set that does not induce a copy of Kj,

which contradicts our choice of S. Therefore v; ~ v5, and therefore G' = Kj,». ]

We now restate and prove Theorem 7.13.

Theorem 7.13 (again). Let k£ > 2 and let G # Kj.9 be a (k+ 1)-regular graph. For
any minimum k-conversion set S of G there exist a minimum k-conversion set S’ of G
such that G[S'] is Ki-free and a sequence of restricted seed shuffles that transforms S
into S’.

Proof. For k = 2 the result is established by Theorem 7.2, so assume k > 3. Arguing by
contradiction, we will show that S(G) is empty. By Lemma 7.18, for every S € S(G),
every x € K,(S) has a neighbour v € S such that minimum k-conversion set S’
resulting from the restricted seed shuffle z — v is also in S(G) and K (S)nKx(S') = @.



108

We recursively define a sequence Sy, S1, . ..,S, of minimum k-conversion sets of G,
each of which is in S(G). At each step, we obtain a new k-conversion set from the
current one by shuffling in such a way that the K} induced by the new k-conversion
set is disjoint from the K} induced by the current k-conversion set. We repeat this
process until the new K}, intersects (what remains of) one of the previous ones (but

not the current one: we’ve defined things so this can’t happen).

Assume for a contradiction that there exists some Sy € S(G). Let xg be any vertex
of K;(Sy) and let v; € Sy be a neighbour of zy such that

Ky (50) n Kip((So = {zo}) u{vi}) = 2.

The existence of vy is guaranteed by Lemma 7.18. Define Sy = (So— {zo}) u{v1}. By
deﬁnition, Kk(Sl) N Kk(Sg) =d.

We use the same process to obtain the subsequent k-conversion sets S, Ss, ...,
but with the added constraint that x; # v;. That is, the vertex we remove from S; to
obtain 5;,1 must not be the vertex we just added. This ensures that the process of
repeated seed shuffling does not degenerate into shuffling back and forth between the

same two vertices, v; and x;_1, which would not lead to the desired contradiction.

For i > 1, if Kj,(S;) n (K,(S;) - {z;}) =@ for all 0 < j <4, let z; # v; be a vertex
of K;(S;) and let vy,; € S; be a neighbour of x; such that K (S;) n K((S; - {z;}) U

{vi;1}) = @. The existence of such a vertex v, is guaranteed by Lemma 7.18. Define

Sis1 = (Si - {l“z}) U {Uz'+1}-

The process terminates when K (.Sy) intersects K (S;) — {z;} for some earlier j.
In fact, by ignoring Sy, ...,5;-1 and reindexing, we may assume that j = 0. That is,
we may assume K (Sy) intersects K (Sy)—{xo}. Moreover, since Ky (S¢)N(Kx(Se-1)-
{z¢-1}) = @ by definition, ¢ > 2.

By defnition, for 0 <4 < ¢, S, contains all vertices of S; — {x;}. In particular, all
vertices of Kj(Sp) — {zo} are still seed vertices (that is, they are in Sy). By applying
Lemma 7.15 to a vertex y € Kp(Sy) n Kx(So) — {zo}, we see that Ky(Sp) — {xo} c
K(Sp). That is, K (Sp) = (Kr(So) — {xo}) u{ve}. The sequence of K}’s is depicted
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in Figure 7.4, with vertices of Sy in black.

Ky (51)

Figure 7.4: The sequence of K}’s in the proof of Theorem 7.13.

It is possible that vy = xy. This gives rise to two cases.

Case 1. Suppose vy = xg. Then this vertex is adjacent to k vertices in S, specifically
the k — 1 other vertices of K;(Sy), and v;. This contradicts the minimality of S,.

Case 2. Suppose vy # 9. We shuffle once more, again producing a k-conversion set
of the same size. Let y be a vertex in K (S;)—{v,}. Then y € K;(Sp), so y is adjacent
to xg. Define Spq = (Se—{y}) u{zo}. That is, shuffle from y to z.

We claim that xg is adjacent to v,. To see this, let z # vy, 1o be a vertex in K (Sp1).
The only difference between Kj(z,S,) and Ky(z,Se1) is that y has been replaced
with xg. Therefore, vy, 29 € Kj(2,S01), so v, and xy are adjacent. Now zq has k
neighbours in Sy, specifically the k — 1 other vertices of K (z,Se1), and vy. This

contradicts the minimality of Sp,q. O
7.4 Acyclic minimum 3-conversion sets in 4-regular
graphs

For k = 3, Theorem 7.13 states that every 4-regular graph (except K5) has a minimum

3-conversion set that does not induce any Kj3’s. In this section we strengthen this
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result (for k& = 3) to show that every 4-regular graph (except K3) has a minimum
3-conversion set that does not induce any cycles. The proof is an adaptation of the

proof of Theorem 7.13, including its technical lemmas.

Theorem 7.19. Let G # K5 be a 4-reqular graph. For any minimum 3-conversion
set S of G there exists a minimum 3-conversion set S' of G such that G[S'] is a

linear forest, and a sequence of restricted seed shuffies that transforms S into S'.

The following lemma is analogous to Lemma 7.15.

Lemma 7.20. Let S be a minimum 3-conversion set of a 4-reqular graph G. Then
each component of G[S] is either a path or a cycle. In particular, any two distinct

cycles in G[S] are disjoint and non-adjacent.

Proof. By the minimality of S, G[S] has maximum degree at most 2. O

We denote the component of G[S] containing the vertex v by K (v, S). The follow-

ing lemma, which is analogous to Lemma 7.15, follows immediately from Lemma 7.20.

We now prove that for every 4-regular graph G # K5 and every minimum 3-
conversion set S of G, there is a sequence of restricted seed shuffles that yields a
minimum 3-conversion set with at most one cycle. This is analogous to Lemma 7.16

from Section 7.3.

Lemma 7.21. Let G # K5 be a 4-reqular graph and let S be any minimum 3-
conversion set of G. Then there exists an acyclic minimum 3-conversion set S’ of
G which induces at most one cycle, and a sequence of restricted seed shuffles that

transforms S into S'.

Proof. The proof is identical to the proof of Lemma 7.16 for k = 3, but with “K}”
replaced by “cycle” and referring to Lemma 7.20 instead of Lemma 7.15. O

For convenience, if v is a vertex in a cycle component of G[S], we denote that

cycle by C'(v,S). If S induces exactly one cycle, we denote it by C'(.5).

We will use the same proof technique in the proof of Theorem 7.19 as we did in the

proof of Theorem 7.13. That is, we will assume for a contradiction that a 4-regular
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graph G # K5 has a minimum 3-conversion set S such that no sequence of restricted
seed shuffles applied to S yields an acyclic minimum 3-conversion set. Lemma 7.21
guarantees that the number of cycles can be reduced to at most 1, so we may assume
that G[S] has exactly one cycle, C(S). For any 4-regular graph G, we let S(G)
denote the set of minimum 3-conversion sets S of G with exactly one cycle such that

no sequence of restricted seed shuffles eliminates the cycle.

As in Sections 7.1 and 7.3, we wish to show that S(G) is empty whenever G # K5
is a 4-regular graph. Starting with a minimum 3-conversion set Sy € S(G), we obtain
a seqeuence of minimum 3-conversion sets Sy, St, ... Sy, each of which is in S(G),
and by analysing the structure of this sequence we derive a contradiction. At each
step we obtain S; from S;_; by shuffling a seed vertex from some x € C(S;) to one
of its neighbours in S;. As in the proof of Theorem 7.13, some care must be taken
in the choice of the vertex x that we remove from S; to create S;;1. Specifically, x
must be chosen to avoid “undoing” the shuffle that created S;, while also ensuring
that C'(S;41) is disjoint from C'(S;). Lemma 7.23, which is analogous to Lemma 7.18
from the proof of Theorem 7.13, guarantees that, at each step, there is a vertex
x € C(S;) that satisfies these requirements. Lemma 7.22, below, is used in the proof
of Lemma 7.23 and in the proof of Theorem 7.19.

Lemma 7.22. Let G be a 4-reqular graph and let S € S(G). Let © € C(S) and
veN(x)-S, and define S"= (S -{z})u{v}. Then

(a) S"eS(G), and

(b) if C(S) N C(S") £ B then C(S)nC(S") = C(S) - {z} = C(S") - {v}.

Proof. For (a), we note that S’ has the same cardinality as S, so S’ is a minimum
3-conversion set. Therefore, by Lemma 7.20, any two cycles in G[S’] are disjoint.
Since S € S(G), S’ contains at least one cycle. Since x ¢ S, C'(S) is not a cycle in
G[S’], and so every cycle in G[S’] contains v. Therefore G[.S’] contains exactly one

cycle, since distinct cycles are disjoint.

For (b), it is clear that C'(S) n C(S’) is a union of paths. We first show that
it does not contain a trivial path. Suppose for a contradiction that C'(S) n C(S")
contains an isolated vertex y. Then y has two S-neighbours in C'(S) and at least one
S-neighbour in C'(S”) - C(S), since every vertex of C'(S") except v is also in S. This
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contradicts the minimality of S.

Therefore C'(S) nC(S”) consists of paths of order at least 2. Suppose for a con-
tradiction that for some leaf y of C'(S)nC(S’), {z,v} ¢ N(y). We note that y has a
neighbour in C'(S) nC(S”) and a neighbour in C(S’) - C(S), which are both in 5.
It also has a neighbour in C'(S)-C(S"), and if y is not adjacent to = then this neigh-
bour is in S’. This contradicts the minimality of S’. In a similar way, we obtain a

contradiction to the minimality of .S if y is not adjacent to v. We conclude that every
leaf of C'(S)nC(S") is adjacent to both z and v.

Since only two vertices of C'(S) are adjacent to x, these are the only leaves of
C(S)nC(S"), which implies that C'(S) nC(S’) is a single path. In particular, it is
the path C'(S) - {z}. Similarly, since only two vertices of C'(S’) are adjacent to v,
we conclude that C'(S)nC(S") = C(S") - {v}. O

Lemma 7.23. Let G + K5 be a 4-reqular graph and let S € S(G). Then for every
x € C(S) there is a vertex ve N(z) - S such that C(S)nC((S-{z})u{v})=a.

Proof. Let C(S) = (xo,x1,...,24-1) and, without loss of generality, suppose for a
contradiction that for every v € N(xg) - S, C(S)nC((S - {xo}) u{v}) # @. Let
N(xg) - S ={u,v}. Then by Lemma 7.22,  and v are both adjacent to z; and z,_;.
This implies that N(z1) =S = N(z4-1) = S = {u, v}.

Let (S—{z1})u{v} =5"and (S—{z,})u{u} = S”. By Lemma 7.22 (a), G[.S’] and
G[S"] each contains exactly one cycle. Now C(S”) = {x¢,z4-1,v}, so C(S)nC(S") is
nonempty. Similarly, C(S) nC(S") # @. Therefore Lemma 7.22 applies to x1, so u
and v are adjacent to both neighbours of z; in C'(S). It follows inductively that u
and v are adjacent to every vertex of C'(S). Therefore, since G is 4-regular, C'(S)

has order at most 4.

If C(S) = C4 then, by regularity, G = Cy v K,. However, any three vertices of C,
form a minimum 3-conversion set in Cy v K, contradicting our assumption that G
does not have an acyclic minimum 3-conversion set. Therefore C'(S) = Kj. Since
G # K5, u and v are nonadjacent. We have shown that if S € S(G) then C(S) = K3
and every vertex of C'(S) is adjacent to two independent vertices, u and v. In Case 1

of the proof of Lemma 7.18 we showed that these conditions contradict the minimality
of S. O
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We now restate and prove Theorem 7.19.

Theorem 7.19 (again). Let G # K5 be a 4-regular graph. For any minimum 3-
conversion set S of G there exist a minimum 3-conversion set S’ of G such that G[.S’]

is a linear forest, and a sequence of restricted seed shuffles that transforms S into S’.

Proof. Let G # K5 be a 4-regular graph and assume for a contradiction that for some
minimum 3-conversion set S of GG, no sequence of restricted seed shuffles applied
to S yields an acyclic minimum 3-conversion set. That is, assume S € S(G). By
Lemma 7.23, every vertex o € C(S) has a neighbour v € S such that C(S)nC((S -
{z})u{v})=2. By Lemma 7.22 (a), S’ = (S - {z}) u{v} € S(G).

We define a sequence Sy, Si,...,S, of minimum 3-conversion sets of G, each
in S(G). At each step, we obtain the new 3-conversion set S;;; from S; by shuf-
fling in such a way that the cycle induced by the new 3-conversion set is disjoint from
the cycle induced by the current 3-conversion set. That is, we define S;;; such that
C(S;41) nC(S;) = @. We repeat this process until the new cycle C'(S;,1) intersects
(what remains of) one of the previous ones (but not the current one; the definition

of S;,1 prevents that). The sequence Sy, Si,...S; is defined as follows.

Let So =5, and let xy be a vertex of C'(Sy). By Lemma 7.23, xy has a neighbour
vy € Sy such that C'(Sy) N C((Sy - {z0}) u{vi}) = @. Define Sy = (S - {x}) U {v1}.
By definition, C(Sp) nC(5,) = @.

We repeat the same process to obtain the subsequent 3-conversion sets S5, S5, ..., Sy,
but with the added constraint that x; # v;. That is, the vertex we remove from S; to
obtain S;,1 must not be the vertex that was just added. This ensures that the process
of repeated seed shuffling does not degenerate into shuffling back and forth between

the same two vertices v; and x;_1, which would not lead to the desired contradiction.

For i > 1, if C(S;) n (C(S;) —{x;}) =@ for all 0 < j <1, let ; € C(S;) — {v;}. By
Lemma 7.23, x; has a neighbour v;,; € S; satisfying C(S;)nC((S;—{x;})u{vi}) = @.
Define SZ'+1 = (Sl - {SBZ}) U {Ui+1}-

The process terminates when C'(Sy) intersects C'(S;)—{x;} for some j < ¢. In fact,
by ignoring Sy, ...,S;-1 and reindexing, we may assume that j = 0. That is, we may
assume that C'(S,) intersects C'(Sy) — {zo}. Moreover, C(S;) nC(Si-1) —{xe-1} =@
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by definition, so £ > 2.

By definition, for 0< j<i< ¥, S; = (S;—{zj,...,2i-1}) U{vjs1,...,v;}. Thatis, S;
and S are identical except for the x,’s and the v,’s, and these are all distinct by the
condition on our choice of x;. We use this observation to determine the structure
of C(S¢) n (C(So) = {x0}). In particular, C(Sy) - {xo} S S, so, since the cycle
component C'(S;) contains some of these vertices, it contains all of them. That is,
C(Sp) = (C(Sp) = {xo}) u{ve}. This implies that v, is adjacent to both neighbours
of zy in C'(Sy). Denote these vertices by y; and y,, and let z be the other neighbour
of yo in C'(Sp). Then z € C(S;) as well, since z # xo.

There are two cases.

Case 1. Suppose vy = xg. Then v, is adjacent to three vertices in S;, namely vy, yo

and v1. Since v, € Sy, this contradicts the minimality of S,.

Case 2. Suppose vy # xg. The sequence of cycles, including C'(Sy)nC'(.Sy), is depicted
in Figure 7.5, with vertices of S, shown in black. Define Sp,; = (S — {y1}) U {z0o}.
By Lemma 7.22 (a), Spy1 is a minimum 3-conversion set of G and G[Sp.1] contains

exactly one cycle.

C(51)

Figure 7.5: The sequence of cycles in the proof of Theorem 7.19 (Case 2), with vertices
of S, in black.

By the minimality of Sy,1, xg is not adjacent to vy, since xg, y2,v1 and v, are in Sy,q
and x( is adjacent to y, and vy. Similarly, y» is adjacent to xg, v, and z. Since ¥y, xg

and vy are in Sp,1, we have z € Sp,;. This implies that z = y;, since y; is the only
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vertex in (C'(Sp) N C(Se)) = Ses1. Therefore C'(Sy) and C(.Sy) are copies of Cs.

By our choice of G, G[Si:1] contains a cycle, C'(Ses1), and that cycle contains .
In fact, by Lemma 7.20, C'(Sp1) = K (2o, Ser1)-

The neighbourhood of v, consists of y, (which is in Sp,1), y1 and x,_; (which are
in S,1), and a fourth vertex, w. Since v, € K(z,Sp1), a 2-regular subgraph of
G[Sp:1], w e Spy1. We note that w # xy (the only vertex which is in Sg,1 — Sy), which
implies that w € Sy as well. Therefore N(v,) NS, = {w,y1,y2}. Since vy is itself in Sy,
this contradicts the minimality of 5. m

Theorem 7.19 does not hold for k£ > 3. In general, there are (k+1)-regular graphs G
for which every minimum k-conversion set .S induces a cycle. For example, the graphs
in Gy, defined in Section 7.2, have this property, as proved in Proposition 7.10. How-
ever, we show in the next section that for every (k + 1)-regular graph G # Kj,o, with
k > 3, there is a minimum k-conversion set S that does not induce any (k- 1)-regular
subgraphs (and from any minimum k-conversion set there is a sequence of restricted
seed shuffles that yields such a minimum k-conversion set S). The proof given in
Section 7.5 holds for all k£ > 3. The idea and structure of the proof are similar to
Theorem 7.19 but, unlike in the k = 3 case, for k > 4 a (k — 1)-regular component

of G[S] may have a cut vertex.

7.5 Avoiding (k-1)-regular subgraphs in k-conversion

sets of (k + 1)-regular graphs

In Section 7.4 we proved that from any minimum 3-conversion set of a 4-regular graph
G + K, it is possible to obtain, via a sequence of restricted seed shuffles, a minimum
3-conversion set that does not induce any cycles—that is, a minimum 3-conversion set
that does not induce any 2-regular subgraphs. In this section, we generalize this result
to larger values of k by proving that in a (k + 1)-regular graph we can always obtain
a minimum k-conversion set that does not induce any (k — 1)-regular subgraphs. We
state the result precisely in Theorem 7.24, and prove the theorem at the end of the

section, after some lemmas.
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Theorem 7.24. If G + Ko is a (k + 1)-reqular graph then, from any minimum
k-conversion set S of G, it is possible to obtain, via a sequence of restricted seed

shuffles, a new minimum k-conversion set with no (k —1)-regular subgraphs.

We note that, for a minimum k-conversion set S of G, any (k-1)-regular subgraph
of G[S] is a whole component of G[S], since G[S] has maximum degree at most k- 1.
Therefore our goal for the rest of the section is to show that we can obtain a minimum

k-conversion set S’ such that G[S’] has no (k - 1)-regular components.

For the rest of Section 7.5, let G # Kj.,2 be a (k+1)-regular graph, where k£ > 3, and
let S be a minimum k-conversion set of G. We prove the main result (Theorem 7.24) in
several steps. We first show in Lemma 7.26 that any minimum k-conversion set S can
be transformed into a minimum k-conversion set S’ with at most one (k - 1)-regular
component, C'(S"). We then determine a number of conditions that guarantee the
unique remaining (k-1)-regular component C'(S”) can be eliminated and we constrain
the structure of G[S’] and G[S’] when S’ does not satisfy those conditions.

The proof that we can always reduce the number of (k- 1)-regular components to
one follows from the simple observation (stated in Lemma 7.25) that restricted seed

shuffling never increases the number of (k — 1)-regular components.

Lemma 7.25. If S is a minimum k-conversion set of G and S’ is obtained from S
by restricted seed shuffling, then the number of (k- 1)-regular components of G[.S’]

is less than or equal to the number of such components of G[S].

Proof. Suppose S’ is obtained from S by the restricted seed shuffle x » v. Since
x ¢ 5’ the (k- 1)-regular component of G[S] containing z is not a component of
G[S’]. On the other hand, any (k - 1)-regular component of G[S’] that is not a

component of G[S] contains v, so there is at most one. O

Lemma 7.26. Starting from any minimum k-conversion set S we can, by repeated
restricted seed shuffling, obtain a minimum k-conversion set S’ such that at most one

component of G[S'] is (k - 1)-regular.

Proof. Among all minimum k-conversion sets of G that are obtainable from S by

a sequence of restricted seed shuffles, restrict to those that induce the minimum
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number ¢ of (k — 1)-regular components. If ¢ < 1, there is nothing to prove, so
assume c¢ > 1; we will derive a contradiction. From the restricted set of minimum k-
conversion sets of G, choose S’ such that the smallest number arising as the distance
(in G) between any two (k — 1)-regular components of G[.S’] is as small as possible.
Call this distance d > 2, and let C} and C5 be two (k—1)-regular components of G[S']
such that dg(C1,Cs) = d. Let x; and x5 be two vertices of C; and Cy, respectively,
such that dg(z1,29) = d. If d =2, the restricted seed shuffle sending z; to a common
neighbour of x; and x5 makes x5 into a vertex of degree k in the resulting seed set,
contradicting the minimality of S’. Thus d > 3. Let x1,a,b,..., x5 be a shortest path
from x; to 5. By our choice of S’, the restricted seed shuffie x1 — a decreases the
number of (k—-1)-regular components, or else we end up with two that are closer than

before. Therefore ¢ < 1, as desired. n

Given an arbitrary minimum k-conversion set S, Lemma 7.26 guarantees that it
is possible to transform it into a new minimum k-conversion set with at most one
(k —1)-regular component. Therefore, for the rest of the section, we may restrict our
attention to the minimum k-conversion sets S that have exactly one (k — 1)-regular

component. We denote that unique (k — 1)-regular component of S by C(S).

Definition 7.27. For any (k+1)-reqular graph G, let S(G) be the set of all minimum
k-conversion sets S of G that induce exactly one (k—1)-regular component, and such
that no sequence of restricted seed shuffles applied to S yields a minimum k-conversion

set S with no (k —1)-reqular component.

We prove Theorem 7.24 by showing that S(G) is empty for all G # Kj,». Through
a series of lemmas, we establish a number of properties that must be satisfied by
any k-conversion set in S(G). Then, in the proof of Theorem 7.24, we derive a
contradiction from this collection of properties. The first property we prove about
S € S(G) is that S induces a collection of paths.

Lemma 7.28. Let S be a minimum k-conversion set of G with exactly one (k—-1)-
regular component, C(S). If the forest G[S] is not a linear forest (that is, a collection
of paths), then we can, by a sequence of restricted seed shuffles, get a minimum con-
version set with no (k —1)-regular components. Equivalently, for all S € S(G), G[S]

s a linear forest.
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Proof. If S is not a collection of paths then there is at least one vertex y € S with
degz(y) > 3. Therefore y has at most k-2 neighbours in S. We use induction on the
distance from C(S) to y. If d(C(S),y) = 1 then some vertex zo € C(S) is adjacent
to y. The minimum k-conversion set S’ obtained by the restricted seed shuffle zy — y
does not contain C'(S), and since y now has at most k — 3 seed neighbours, the
component of G[S’] containing y is not (k — 1)-regular. Furthermore, components
of G[S’] that do not contain y are components of G[S] distinct from C(.S), so they
are not (k — 1)-regular either. Therefore S’ does not induce any (k — 1)-regular
components, so S’ ¢ S(G).

For the induction hypothesis, assume the statement is true whenever S is a mini-
mum k-conversion set of G that has exactly one (k- 1)-regular component C'(.S) and
the distance from C(9) to the nearest vertex of degree at least 3 in G[S] is at most
d -1, with d > 2. Consider a minimum k-conversion set S for which this distance
equals d. Let zg,x1,...,y be a shortest path from C'(S) to y, where xy € C(S). If the
seed set S’ produced by shuffling zq — 1 does not contain a (k—1)-regular component,
we're done. On the other hand, if it does contain a (k- 1)-regular component C'(S")
then d(C'(S"),y) <d- 1. Therefore by the induction hypothesis, it is possible to ob-
tain a minimum k-conversion set S” from S’ by a sequence of restricted seed shuffles.
Since the shuffle oy — x; was itself a restricted seed shuffle, the statement is true

for S as well. O

Lemma 7.29. Let G # Kj5 be a (k+1)-reqular graph. If S € S(G) then for every

verter v € C(S), the nonseed neighbours of v are the leaves of a component path

of G[S].

Proof. By Lemma 7.28, G[S] is a linear forest. If some z € C(S) is adjacent to a
vertex y € S with degg(y) > 2, then the restricted shuffle z + y results in a minimum
k-conversion set S’ that does not induce any (k — 1)-regular components. Indeed,
after the shuffle y is adjacent to at least three non-seed vertices, so it is not in a
(k—1)-regular component of S’ and therefore S’ does not have any such components.
This implies that S ¢ S(G). Therefore, for all S € S(G), the neighbours of any

vertex z € C'(S) are leaves of G[S]. To see that the neighbours of x are leaves of the

same component path of G[S], note that Su {x} contains a cycle, by the minimality
of S. ]
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In light of Lemma 7.29, we may associate with each vertex x € C'(S) a component

path of G[S].

Definition 7.30. Let S € S(G). For any vertex x of C(S) we denote by P(x) the

component path of G[S] whose leaves are neighbours of x.

In the next lemma we constrain the structure of C'(S) for S € S(G).

Lemma 7.31. Let G # Ky.o and let S € S(G). If x and y are distinct vertices of C(S)
such that P(xz) = P(y), then x and y are adjacent.

Proof. Let u be a leaf of P(x) = P(y). If x and y are nonadjacent then the shuffle

x ~ u makes y into a seed vertex of degree k, contradicting the minimality of S. [

Thus, if S € S(G), we have the following picture of the unique (k - 1)-regular
component C(S) of G[S]. Let P!, P2, ..., P" be the distinct component paths of G[S]
occurring as P(x) for some x € C'(S). Then by Lemma 7.31, for each ¢, the set of
vertices {x € C(S) : P(z) = P'} induces a complete subgraph of G[S], say of order
r; < k. Therefore we have a covering of C(S) by disjoint complete graphs K, such

that all of the vertices x in any one of the K, have P(z) = P".

Lemma 7.32. Let G # Kyyo be a (k+1)-regular graph and let S € S(G). If P is a

path in G[S] such that Vp ={x e C(S) : P(x)= P} has at least two elements, then
(a) Vp is a clique in S,
(b) P is an edge, and

(c¢) every x € Vp is a cut vertex of C(S).

Proof. The first statement follows immediately from Lemma 7.31.

For the second statement, we show that if P has length at least 2 then there is
a restricted seed shuffle S — S’ ¢ S(G), so S ¢ S(G). Write P = uguy ... up, and
assume that ¢ > 2. By assumption there exist two (adjacent) vertices x,y € C(5)
with P(z) = P(y) = P. Let S’ be the minimum k-conversion set obtained from S by
performing the restricted seed shuffle x — ug. By assumption, S" € S(G), so G[S’] has
a (k-1)-regular component C(.S"), specifically, the component of G[S’] containing uy.
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Denote by P’ the path u ... usx, which is the path associated with ug in G[S’]. Since
y and ug are adjacent, y € C'(S'), and since y is adjacent to x, the path associated
with 7 in G[S"] is also P’. Therefore y is adjacent to the other endpoint u; of P’.
Since £ > 2, ug,u; and uy are all distinct vertices of S, and we now see that y is
adjacent to all of them. This contradicts the assumption that y is in a (k- 1)-regular

component of G[S].

For the third statement, again start with two vertices x,y € C'(S) such that P(x) =
P(y) = P = wv and suppose z is not a cut vertex. We derive a contradiction by showing
that, in this case, G = Kj,9. Let S’ be the minimum k-conversion set of G obtained
by the restricted seed shuffle x — u. By assumption S’ € S(G). Since x is not a cut
vertex of C(9), every vertex of C(S) - {x} belongs to C(S"), because u is connected
to y and y € C(S’) - {z}. In particular, the neighbourhood N of z in C(S) belongs
to C'(S") (including y). Therefore every vertex of N still has k - 1 seed neighbours
after the shuffle x — u, so they are all adjacent to u. Thus, for every z € N u {x},
P(z) = P. Hence, by Lemma 7.31, all of the k — 1 vertices in N are also adjacent
to each other. We have shown that the k + 2 vertices in N u {z} u{P} are pairwise
adjacent, so G = Kj,». n

For x € C(S), we say x is a sharing vertez if P(x) = P(y) for some y € C(S5),y # z,

and in this case we call P(x) a shared path.

Lemma 7.32 (b) and (c) imply that for all S € S(G), all shared paths (if there
are any) are merely edges and all sharing vertices (if there are any) are cut vertices
of C(9). For the proof of Theorem 7.24 we require C'(S) to have at least two non-cut

vertices. This is guaranteed by Lemma 7.33.

Lemma 7.33. Let G # Ky, and suppose S € S(G). Then C(S) contains at least two

non-cut, non-sharing vertices.

Proof. The leaves of any spanning tree of C'(S) are not cut vertices of C(S). By
Lemma 7.32 (3), they are not sharing vertices. O

Lemma 7.34. Let S € S(G), let x be a non-cut (hence non-sharing) vertez of C(.S)
and let v be a leaf of P(x). Let S’ € S(G) be the minimum k-conversion set of G
obtained from the restricted seed shuffle x —v. Then C(S")nC(S) =@.
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Proof. Since = is a non-cut vertex of C(S), it is also a non-sharing vertex, by
Lemma 7.32 (c¢). Suppose for a contradiction that some vertex y € C'(S) - {z} is
in C'(S”). Then, since x is not a cut vertex, every vertex of C'(S) - {x} is in the
component C(S’) (that is, C(S’) = (C(S) = {x}) u {v}). This implies that every
neighbour u of x in C'(S) is adjacent to v, since they must have degree k-1 in C'(S"),
and therefore P(u) = P(x). This makes = a sharing vertex, which is a contradic-
tion. U

We have established a large set of properties that must be satisfied by any mini-
mum k-conversion set S € S(G). In the proof of Theorem 7.24 we will show that in

fact S(G) is empty by showing that these properties are contradictory.

Theorem 7.24 (again). Let G # K5 be a (k + 1)-regular graph. Then §(G) = @.
That is, if Sy is any minimum k-conversion set of G' then, by a sequence of restricted
seed shuffles, Sy can be transformed into a minimum k-conversion set S, of G with

no (k —1)-regular component.

Proof. Assume for a contradiction that Sy € S(G). We define a sequence Sy — S; —
-+ Sy of minimum k-conversion sets of GG, each of which is obtained from the last

by a restricted seed shuffle. By assumption, S; € S(G) for all i.

By Lemma 7.33, there is a non-cut vertex xy € C'(Sp) (in fact there are two). Let vy
be a leaf of P(zy) (a non-shared path) and denote by S; the minimum k-conversion

set obtained by shuffling xq — v;.
For 1 <i< /-1, the set S;,; is obtained from S; as follows.

Since S; € S(G), G[S;] contains a unique (k-1)-regular component, C'(.S;), namely
the component containing the vertex v;. Furthermore, by Lemma 7.33, C(.S;) has
at least two non-cut, non-sharing vertices. If v; is not adjacent to any vertex of
C(S;j) — {z;} for any j < i (that is, if the component C'(S;) does not contain any
remaining vertices of a previous (k — 1)-regular component), then let x; # v; be a
non-cut (and hence non-sharing) vertex of C(S;). Let v;1 be an endpoint of (the
nonshared path) P(x;), and shuffle z; = v;,1 to obtain the minimum k-conversion set
Sis1-
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The process terminates when some v, is adjacent to a vertex of C'(S;) — {x;} for

some j < £. This is illustrated in Figure 7.6.

By Lemma 7.34, j # £ - 1. In fact, by ignoring Sp,...,5;-1 and reindexing, we
may assume that 7 = 0. That is, we may assume that v, is adjacent to some vertex
of C(Sy) — {xo}. Since xq is not a cut vertex of C'(Sy), every vertex of C'(Sp) — {zo}
is therefore in the same component of G[.S¢] as vy,. By assumption (since S; € S(G)),

this component is (k — 1)-regular, so we call it C'(.Sy).

Let N denote the (k—1)-element set of neighbours of z in C'(Sy). We claim that v,
is adjacent to every vertex w € N. First, note that the only difference between Sy
and Sy is that all of the x;’s have been removed from the seed set and all of the v;’s
have been added, and these are all distinct vertices. When xy was removed from the
seed set, the number of seed-neighbours of every w € N was reduced to k£ —-2. In
G[S¢], these vertices all have degree k — 1, since they are in (C'(Sy) - {zo}) € C(S),
so each one must be adjacent to exactly one vertex from {vy,...,v,}. However, for
1 <i</{, v; is not adjacent to any vertex of Sy — {zg}, or the algorithm would have

terminated sooner. Thus, v, is adjacent to all k — 1 vertices of N, and therefore, by

regularity, C'(S;) = (C(So) = {zo}) U {ve}.

Our next claim is that v, # z¢. Indeed, x is adjacent to k vertices in Sy, namely v,

and the k£ — 1 vertices of N, so by the minimality of Sy, zq ¢ Sy.

Since xg # vy, X9 ¢ S¢. Let y € N. Then performing the shuffle y — x4 followed
by the shuffle v, = y results in a k-conversion set S; containing xy, N and v;. This
contradicts the minimality of Sy, since |Sj| = [Se| but Sy = {xo} is still a k-conversion
set. [

7.6 Consequences of Theorems 7.2, 7.13, 7.19 and
7.24

In this section we present some corollaries of our results on subgraph-avoiding min-
imum k-conversion sets in (k + 1)-regular graphs. We give a new proof of Brooks’s

Theorem as a corollary of Theorem 7.24, and present bounds on various types of
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C(So)
C(S1)

C(Se-1)

Figure 7.6: The outcome of the algorithm in the proof of Theorem 7.24, with vertices
of S, shown in black.

forest partitions of G, which can be viewed as vertex colourings in which each colour
class induces a forest. Finally, we derive upper bounds on the k-conversion number

of (k+ 1)-regular graphs.

Corollary 7.35. The vertex set of every graph G + K4 of maximum degree 3 can be

partitioned into two sets that induce a forest and an independent set, respectively.

Proof. Let H be a cubic graph that contains G as an induced subgraph. By The-
orem 7.2, the vertices of H can be partitioned into an independent set S and a

maximum forest S. The result follows by restricting S and S to G. n

Corollary 7.36. The vertex set of every 4-regular graph G + K5 can be partitioned

into two sets that induce a maximum forest and a linear forest, respectively.

Proof. By Theorem 7.19, G has an acyclic minimum 3-conversion set S. By the

minimality of S, G[S] has maximum degree 2, hence it is a linear forest, and G[S]

is a maximum induced forest. O

Corollary 7.37. The vertex set of every graph G # K5 of mazimum degree 4 can be

partitioned into two sets that induce a forest and a linear forest, respectively.
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Proof. The result follows from Corollary 7.36 by embedding G in a 4-regular graph.
O

Corollary 7.38. Let G # K11 be a graph of mazimum degree r >3. Then V(G) can
be partitioned into sets X and X such that G[X] has mazimum degree at most r —2

but does not contain an (r — 2)-regular subgraph, and G[X] is a forest.

Proof. Let H be an r-regular graph that contains G as an induced subgraph. By
Theorem 7.24, H has a minimum (r — 1)-conversion set S such that H[S] contains
no (r —2)-regular subgraphs. By the minimality of S, H[S] has maximum degree

at most r — 2, and since S is an (r — 1)-conversion set, H[S] is a forest. The result
follows by taking X and X to be the restriction of S and S, respectively, to G. O

In Corollary 7.40 we provide an alternative proof of Brooks’s Theorem, using
Corollary 7.38 and the following lemma, from [29]. Recall that a proper vertex colour-
ing of G is a partition of V(&) into independent sets, and the chromatic number of G,
denoted by x(G), is the minimum number of sets in a proper vertex colouring of G.
We write H < G if H is an induced subgraph of G.

Lemma 7.39. [29] For every graph G, x(G) <1+max{d(H): H <4 G}.

Corollary 7.40 (Brooks’s Theorem). If r >3 and G # K1 is a graph of mazimum
degree r, then x(G) < r.

Proof. By Corollary 7.38, V(G can be partitioned into sets X and X such that G[X]
has maximum degree at most r — 2 but does not have an (r — 2)-regular subgraph,
and G[X] is acyclic. Therefore G[X] can be 2-coloured.

Let H be any induced subgraph of G[X]. Then A(H) <r-2 and H is not (r-2)-
regular, hence §(H) < r — 2. Therefore max{§(H): H < G} <r-3. By Lemma 7.39,
it follows that x(G[X]) <r-2.

Any (r-2)-colouring of G[ X ] and any 2-colouring of G[X ] now give an r-colouring

One generalization of proper vertex colourings involves partitioning V(G) into

sets such that each set induces a forest. We call such a partition a forest partition
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of G. The minimum number of sets in a forest partition is called the vertex arboricity
of G and denoted by a(G). Vertex arboricity, which is studied in [25] and [64], is
a variation on the arboricity of a graph G, defined as the minimum number of sets
needed to partition the edge set of G such that each set induces a forest. Arboricity
was first studied in the early 1960s by Nash-Williams and Tutte [80, 81, 110]. The
following bound on a(G) is due to Kronk and Mitchem [64]. We give a new proof

using our previous results.

Corollary 7.41 (The Kronk-Mitchem Bound). If G is neither a cycle nor an odd

clique then G has vertex arboricity at most [%]

Proof. We first prove that the bound holds if G is an even clique. For any K,
a(K,) = [%], since any three vertices induce a cycle. If GG is an even clique then

G = Ka,q for some odd A, so a(G) = % = [é].

2

Now assume G is neither a cycle nor a clique. In that case, if A(G) = 2 then G
is a path, hence a(G) = 1, as required. If A(G) = 3 or 4 then by Corollaries 7.35
and 7.37, respectively, a(G) = 2, as required.

Let r > 5 and assume that a(G) < [%] for all graphs G of maximum degree A <r
that are neither cycles nor odd cliques. Now let G be a graph of maximum degree r
and assume G is neither a cycle nor an odd clique. Let {X, X} be a partition of V(G)
as described in Corollary 7.38. Since G[X ] has maximum degree at most r — 2 and
does not contain K,_; as a subgraph, the induction hypothesis guarantees that G[ X]
has a forest partition into at most [Q] sets. The result follows since G[X] is itself

a forest. n

The following result strengthens Corollary 7.41 by specifying that a forest partition

A(G)‘|

of size at most [ can be chosen to include a linear forest, or in many cases, an

independent set.

Corollary 7.42. Suppose that G is neither a cycle nor a clique and that A(G) > 2.
If A(GQ) is odd then G has a forest partition into at most A(G)

is independent, and if A(G) is even then G has a forest partztzon into at most

sets, one of which
(G)

sets, one of which induces a linear forest.
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Proof. If A = 2 then G is itself a linear forest, since it is not a cycle. If A =3 or
A =4 the statement follows from Corollaries 7.35 and 7.37, respectively. Let r > 5 and
assume the statement holds all non-complete graphs of maximum degree 3 < A < r.
Let G # K,,; be a graph of maximum degree r. Let V(G) = X u X be a partition of
V(G) as described in Corollary 7.38. Then G[X] is a forest and G[X] has maximum
degree D < r —2 which does not contain K,_q, since it does not contain any (r — 2)-

regular subgraph. By the induction hypothesis, if D is odd then G[X] has a forest

rel
2

even then G[X] has a forest partition into at most £ < £ -1 sets, one of which

partition into at most % < — 1 sets, one of which is independent, and if D is

induces a linear forest. If r is even or D is odd then we are done (noting that an

independent set is a linear forest, for the case where r is even and D is odd). If r is

odd and D is even then D <r-3, so GG has a forest partition into at most % +1= 7“5—1

sets, one of which induces a linear forest. Then, by further partitioning one of the

rel
2

is independent. O

forests, we may obtain a forest partition into at most % +2= sets, one of which

From Corollary 7.42 we obtain the following two corollaries. Corollary 7.43
strengthens Corollary 7.42 for graphs with odd A > 5, showing that they have a
forest partition satisfying the bound of Corollary 7.42 in which one of the sets is not
only independent but maximal independent. Corollary 7.44 strengthens the result of
Corollary 7.42 in the case where G is regular, stating that one of the sets induces a

maximum forest.

Corollary 7.43. Let G be a non-complete graph with A(G) =2r+1>5 and let A be
any mazximal independent set of G such that G — A does not contain a copy of Kopy1.
Then V(G) can be partitioned into A and at most r sets, each of which induces a

forest and one of which induces a linear forest.

Proof. Since A is maximal independent, it is dominating, hence A(G - A) < 2r.
Let H be the union of all components of G — A that are not cycles or cliques. By
Corollary 7.42, H has a forest partition into at most r sets, one of which induces a
(possibly independent) linear forest. Now, since G — A does not contain Ky, 1, any
clique component or cycle component of G — A has a forest partition into at most r
sets, each of which induces a linear forest. Since the union of any one of these sets
with any one of the sets in a forest partition of H still induces a forest, the G — A has

forest partition with the required properties. O
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Corollary 7.44. Let G # K,,1 be an r-reqular graph, forr > 3. If r is odd then G has
a forest partition into at most % sets of which one set is independent and another
induces a maximum forest, and if r is even then G has a forest partition into at
most 5 sets of which one set induces a mazimum forest and another induces a linear

forest.

Proof. If G is r-regular then Theorem 7.24 states that V' (G) can be partitioned into
sets X and X where G[X] is a maximum forest and G[X] has maximum degree
at most (r —2) and does not contain any (r — 2)-regular subgraphs. The proof is
otherwise identical to the proof of Corollary 7.42 for A(G) > 3. O

Catlin and Lai [25] have proved that for odd r, Corollary 7.44 holds for graphs
of maximum degree r, and for even r a relaxed version of Corollary 7.44 holds for

graphs of maximum degree r. We state their results below.

Theorem 7.45. [25, Theorems 1 and 2(a)| Let G # Kay1 be a graph of mazimum
degree A. If A is odd then G has a forest partition into at most % sets, of which
one induces an independent set and another induces a maximum forest. If A is even
then G has a forest partition into at most % sets, one of which induces a maximum

forest.

Catlin and Lai also prove that for non-complete graphs G of odd maximum degree,
we may choose a forest partition of G in which one of the sets is a maximum inde-
pendent set, rather than one that contains a maximum forest and a (not necessarily

maximum) independent set.

Theorem 7.46. [25, Theorem 2(b)] Let G # Kay1 be a graph of mazimum degree A,

for odd A. Then G has a forest partition into at most % sets, one of which induces

a maximum independent set.

Theorem 7.46 can also be obtained as a corollary of Corollary 7.43.

In Section 2.3.2 we presented a sharp upper bound on ¢y(G) for cubic graphs and
the upper bound ¢(G) < “=2n for r-regular graphs of order n, with r > 4, due to
Punnim [91]. This corresponds to the bound ¢ (G) < £=1in for (k + 1)-regular graphs,

k > 3. In our final corollary of Theorems 7.2, 7.13, 7.19 and 7.24, we derive Punnim’s
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bound for odd k£ and prove that it is sharp in this case, and we prove a slightly
weaker bound for even k. Specifically, these bounds follow from Corollary 7.41 of
Section 7.6, which is itself a consequence of Theorem 7.24 of Section 7.5 (though the
original proof is due to Kronk and Mitchem [64]). For a (k+1)-regular graph G # Ko,

k+1]

Corollary 7.41 states that there exists a forest partition of G into at most [ sets.

Proposition 7.47. Let G be a (k + 1)-regular graph of order n, k > 2. If k is odd
and G # Ky, then ck(G) < %n and this bound is sharp. If k is even or G is any
clique then cx(G) < Z5n

Proof. We first prove the bound when G is a clique; that is, G = Kj,o. If S consists
of any k vertices of K. then S induces P, so S is a k-conversion set of G. On the
other hand, if S consists of any k — 1 vertices of K., then S contains a triangle, so S

is not a k-conversions set. Therefore ¢ (Ky.2) =k = - +2n as required.

Now suppose k = 2( + 1 and G # K},». By Corollary 7.41, a(G) < [%] =/{. Let
Vi,..., Ve be a forest partition of G, where the labelling is such that |[Vi| < -+ < [V]].
Then X = UZ]V; is a k-conversion set of G, since V - X is a forest, and | X| < &in =

¥n. The result follows since ¢;(G) < |X].

Finally, suppose k = 2¢. We use the same argument as in the odd case, but here
a(G) < 0+1. We define Vi, ..., Vi, as before, and set X = uf_|. Then |X] < £+ = %n

The result follows as before.

To prove sharpness in the case where k is odd, consider the (k+ 1)-regular graphs
G = Kj90 K}, 1, as defined in Definition 4.20. Any k-conversion set of G must contain

k — 1 vertices from each copy of Kj,1, so ¢i(G) > &in. O

+1
Punnim’s result, which we state in Theorem 2.30, establishes that the bound for
even k given in Theorem 7.47 is not sharp. This suggests the following question,

which remains open.

Question 7.48. For even k > 2, is the largest ratio @ achieved by a (k+1)-regular
graph G # Kj,o of order n?

Dross et al. [39] have proved lower bounds on the size of a largest induced forest

in planar graphs with certain girth restrictions (their work corrects an earlier result
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of the same nature by Kowalik et al.). If the graphs are also (k + 1)-regular, this
translates to an upper bound on the k-conversion number for this class of graphs,
which we state in Theorem 7.49. We then compare this bound with the bound of
Proposition 7.47.

Theorem 7.49 (From [39], Theorem 10). Let G' be a triangle-free, planar (k + 1)-
reqular graph of order n. Then cx(G) < %.

Proof. By Theorem 10 of [39], the forest number of a triangle-free planar graph G

with n vertices and m edges is at most max {221 p — —} If Gis (k+ 1)-regular

then a maximum induced forest is the complement of a minimum k-conversion set,

SO

ct(G) <n-max %,n— %}
= min {6n+7m7 T
_ n(7k+19) n(k+1)
= min {20510 2D |
where the last equality is obtained by setting m = "(k’;l), since G is (k + 1)-regular,
and simplifying. Finally, we note that for all k > 2, (7k+19) < (kgl) m

For k =2, the strongest upper bound is that of Theorem 2.29, from Section 2.3.2.
For k < 6 the bound ¢, (G) < %n of Theorem 7.49 (for planar, triangle-free graphs)

is stronger than the bound

k-1 if k is odd
ck(G)S{kzln if k is odd,

mon  if kis even,

of Proposition 7.47, but this is reversed for k£ > 7. This suggests that—at least for
k > T—regularity constrains the k-conversion number more tightly than planarity or
girth. On the other hand, Dross et al. [40] go on to prove stronger bounds on (what

amounts to) ¢x(G) for planar (k + 1)-regular graphs of larger girth. In particular,

t4m

they prove that the decycling number of any planar graph is at mos , where m

is the number of edges and g is the girth. If G is (k + 1)-regular we replace m with

@ (and “decycling number” with “k-conversion number”) to obtain the bound

4(k + 1)n

G) <
cr(G) < 69

(7.1)
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We now note that the bound (7.1) is stronger than the bound of Proposition 7.47

when g > 43((];11))2 for odd k, and when g > M%)k(kﬁ) for even k. We conclude that the

combination of planarity and large girth seems to constrain the k-conversion number

more tightly than regularity.
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Chapter 8

Conclusion and open problems

Throughout this dissertation we have proved new results on both the size and the
structure of minimum k-conversion sets in regular graphs, trees, and graphs of maxi-

mum degree k + 1.

In Chapter 3 we began with the trivial lower bound ¢ (G) > k, and asked which
graphs meet this bound. For k-regular graphs, we completely characterized the struc-
ture of those graphs. For (k + 1)-regular graphs we constrained the order n of the
graphs that meet the trivial lower bound, to n < 2k + 2, and for each k > 2 we

constructed graphs of this order that meet the trivial bound.

For (k+1)-regular graphs of order greater than 2k+2, the trivial lower bound is not
sharp, but there is an existing non-trivial lower bound on ¢, (G) for all (k+1)-regular
graphs GG. We derived this lower bound and proved a new structural characterization
of the k-conversion sets that meet it in Proposition 3.7. This characterization uses the
well known equivalence between k-conversion sets and decycling sets in (k+1)-regular

graphs.

In Section 3.3 we considered k-conversion sets in (k + r)-regular graphs G, for
r > 0 (with a focus on r > 1). As mentioned, for » = 1, S is a k-conversion set
of G if and only if it is a decycling set. We began the section by generalizing this
characterization to r > 0 in terms of degeneracy, noting that 1-degenerate simply
means acyclic. We proved that, for r > 0, a set S of vertices in a (k +1)-regular graph

is a k-conversion set if and only if V - S is r-degenerate. We then used this result
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to prove, in Proposition 3.11, a lower bound on ¢ (G) for (k + r)-regular graphs G
and (for r > 1) a characterization of the k-conversion sets that meet it, generalizing
Proposition 3.7. Our bound is sharp for 0 < r < k£ and improves upon earlier bounds

on the k-conversion number of regular graphs of degree greater than k + 1.

In Chapter 4 we returned our focus to k-conversion in (k + 1)-regular graphs.
Specifically, we considered the case k = 2, that is, 2-conversion in cubic graphs, and
asked which graphs achieve equality in the lower bound (4.1) of Proposition 3.7, and
which do not. It is known that all cyclically 4-edge connected cubic graphs meet the
bound, which led us to study fullerenes and snarks. We gave a constructive proof

that all (r,¢)-generalized fullerenes meet the bound.

Since all strong snarks are cyclically 4-edge connected, they meet the bound as
well. However, we determined that Gardner snarks (which are defined as bridgeless,
class 2 and triangle-free cubic graphs) may or may not meet the bound. In fact, we
showed that every combination of the three Gardner snark properties admits graphs
that meet the bound as well as graphs for which the difference between ¢, and the

lower bound is arbitrarily large.

On the other hand, the ratio ﬁﬁ((g))' is bounded asymptotically between % and %

(by Proposition 3.7 and Theorem 2.29), with equality in the upper bound for certain

girth 3 graphs, including the triangle-replaced graph of a cubic graph. Such a graph

may be bridged and class 2 or bridgeless and class 1 or class 2.

We construct an infinite family of 3-connected graphs with arbitrarily large girth

for which ﬁﬁ((g))' > }l. These may be class 1 or class 2; in the latter case, they are

Gardner snarks. However, we still do not know how large this ratio can be for 3-

connected triangle-free cubic graphs, except that it is bounded by the the general
upper bound of %, which applies to all cubic graphs. Therefore, we have the following
open problem.

Open Problem 8.1 (Question 4.29.). What is the largest ratio ﬁf((g))' achievable by

an infinite family of 3-connected triangle-free cubic graphs G?

The broad question of which cubic graphs achieve equality in the lower bound (4.1),

which motivated many of our results in Chapter 4, also remains open.

Open Problem 8.2. Characterize the cubic graphs G for which ¢(G) = [W]
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The main result of Chapter 5 is Theorem 5.10, where we proved a new sharp lower
bound on the k-conversion number of graphs of maximum degree k + 1. This result
generalizes the bound of Proposition 3.7 to non-regular graphs. For each k > 2, we
presented infinite families of graphs that meet the bound, and others for which the
k-conversion number is much larger than the bound. Such investigations provide the

first steps towards solving the following open problem.

Open Problem 8.3. Characterize the graphs G of maximum degree A =k + 1 and

order n for which ¢ (G) = W'

In Chapter 6 we determined exact values of cx(7") for caterpillars, spiders and
double spiders, T'. While the k-conversion number of an arbitrary tree can be com-
puted in linear time via an algorithm of Centeno et al. (see Section 2.4), our results
provide exact formulas for the k-conversion number in terms of degree sequence and
easily verified structural properties. Previously, such a formula only existed for the

simplest trees, namely paths.

In Chapter 7 we began by proving that every cubic graph except for K, has an
independent minimum 2-conversion set (Theorem 7.2). In fact, we proved that from
any minimum 2-conversion set S it is possible to obtain an independent minimum
2-conversion set S’ by performing a sequence of restricted seed shuffles. We then
generalized this result to larger values of k, first proving that it is possible to obtain a
minimum k-conversion set that does not induce a copy of K, and eventually showing
that in fact we can eliminate all (k- 1)-regular subgraphs (not just Kj) from the seed

set by performing restricted seed shuffles (Theorem 7.24).

In the process of determining an appropriate generalization of Theorem 7.2 for
k > 3, we found that a class Gy of graphs (defined on page 103) provided counterex-
amples to two restatements of Theorem 7.2 for general k. This led us to Theorems 7.13
and 7.24, but we note that stronger results may hold for all but a relatively small

number of graphs. This prompts the following question.

Open Problem 8.4. Which stronger results of the form, “Every (k + 1)-regular
graph G ¢ K has a minimum k-conversion set S such that G[.S] does not contain the

subgraph H,” can be obtained by allowing K to contain more than just Kj,o?

In this vein, we encountered the following specific question in Section 7.2.
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Open Problem 8.5 (Question 7.12). For which classes of (k + 1)-regular graphs,
other than Gy, does every minimum k-conversion set of G induce at least k-2 vertices
of degree k —17

In Section 7.6, we considered the implications of our results from the earlier sec-
tions of Chapter 7, namely Theorems 7.2, 7.13, 7.19 and 7.24. We showed that these
results (in particular the most general of them, Theorem 7.24) imply Brooks’s Theo-
rem and have strong connections with results on forest partitions of a graph G. Our
results provide alternative proofs of several previous results on the vertex arboricity
of G (that is, the minimum number of sets in a forest partition of G), and the struc-
ture of the sets in a minimum forest partition (Corollaries 7.41, 7.42, 7.43 and 7.44).
Finally, in Proposition 7.47, we used Theorem 7.24 to derive an upper bound of %n
on the k-conversion number of (k + 1)-regular graphs, for £ > 2. This bound is sharp
when £ is odd, but not when k is even. Therefore, it remains an open problem to
determine a sharp upper bound on ¢ (G) for (k + 1)-regular graphs when £ is even,

as stated below.

Open Problem 8.6 (Question 7.48). For even k > 2, is the largest ratio (G)

n

achieved by a (k + 1)-regular graph G # K}, of order n?

Our last open problem arises from an observation we made in Chapter 2. Af-
ter presenting known upper bounds on the k-conversion numbers of the Cartesian
product!, G 0 H, and the tensor product, G x H, of G and H, we noted that the k-
conversion number of the strong product, G® H, is bounded above by both ¢, (GO H)
and ¢ (G x H). This results in the naive bound

ce(Gr H) <min{cy(G)er(H), e, (G)|V (H)|,er, (H)|V(G)|}-

However, this bound is not very good, since G® H is much more dense than GO H and
G x H, and has a larger maximum degree. (For example, for G = H = Ps, the bound
above gives co(Ps® Ps) <9 and c3(P5s® P5) < 25, but the true conversion numbers are

¢y =2 and c3 = 3.) Therefore we have the following open problem.

Open Problem 8.7. Determine a sharp upper bound on ¢x(G ® H), in terms of
cx(G) and ¢ (H), or perhaps in terms of ¢,(G) and ¢,,(H), for some £,m < k.

!The Cartesian product, tensor product and strong product of G and H are defined on pages 18,
19 and 22, respectively.



135

Bibliography

Cycle double cover conjecture. Open Problem Garden http://www.
openproblemgarden.org/opcycle_double_cover_conjecture, 2007.  Ac-
cessed: 2016-08-22.

House of graphs - snarks. https://hog.grinvin.org/Snarks, 2010-2017. Ac-
cessed: 2017-09-20.

Large induced forest in a planar graph. Open Problem Garden http://www.
openproblemgarden.org/op/large_induced_forest_in_a_planar_graph,

2013. Accessed: 2017-12-07.

S. S. Adams, P. Booth, D. S. Troxell, and S. L. Zinnen. Modeling the spread
of fault in majority-based network systems: Dynamic monopolies in triangular
grids. Discrete Applied Mathematics, 160:1624—-1633, 2012.

S. S. Adams, Z. Brass, C. Stokes, and D. S. Troxell. Irreversible k-threshold
and majority conversion processes on complete multipartite graphs and graph
products. Australasian Jounal of Combinatorics, 56:47-60, 2013.

S. S. Adams, D. S. Troxell, and S. L. Zinnen. Dynamic monopolies and feedback
vertex sets in hexagonal grids. Computers & Mathematics with Applications,
62(11):4049 — 4057, 2011.

J. Akiyama and M. Watanabe. Maximum induced forests of planar graphs.
Graph. Comb., 3(1):201-202, December 1987.

M. Albertson and R. Haas. A problem raised at the DIMACS Graph Coloring
Week, New Jersey, 1998.


http://www.openproblemgarden.org/opcycle_double_cover_conjecture
http://www.openproblemgarden.org/opcycle_double_cover_conjecture
https://hog.grinvin.org/Snarks
http://www.openproblemgarden.org/op/large_induced_forest_in_a_planar_graph
http://www.openproblemgarden.org/op/large_induced_forest_in_a_planar_graph

[9]

[12]

[13]

[15]

[16]

[17]

[18]

136

M.O. Albertson and D. M. Berman. A conjecture on planar graphs. In J. A.
Bondy and U. S. R. Murty, editors, Graph Theory and Related Topics, page
357. Academic Press, 1979.

N. Alon, D. Mubayi, and R. Thomas. Large induced forests in sparse graphs.
J. Graph Theory, 38(3):113-123, November 2001.

K. Appel and W. Haken. Every planar map is four colorable. part i: Discharging.
Lllinois J. Math., 21(3):429-490, 09 1977.

K. Appel, W. Haken, and J. Koch. Every planar map is four colorable. part ii:
Reducibility. Illinois J. Math., 21(3):491-567, 09 1977.

C. Asavathiratham, S. Roy, B. Lesieutre, and G. Verghese. The influence model.
IEEE Control Systems, 21(6):52-64, Dec 2001.

S. Bau and L. W. Beineke. The decycling number of graphs. Australasian
Journal of Combinatorics, 25:285 298, 2002.

S. Bau, L. W. Beineke, Z. Liu, G. Du, and R. C. Vandell. Decycling cubes and
grids. Utilitas Mathematica, 59:129-137, 2001.

L. W. Beineke and R. C. Vandell. Decycling graphs. Journal of Graph Theory,
25(1):59-77, 1997.

E. Berger. Dynamic monopolies of constant size. Technical report, Los Alamos
National Laboratories, 1999. Available at arXiv:math/9911125v3.

E. Berger. Dynamic monopolies of constant size. Journal of Combinatorial
Theory, Series B, 83(2):191 — 200, 2001.

E. Berger. Dynamic monopolies of constant size. Master’s thesis, The Technion,
Isreal, 2002.

J.-C. Bermond, J. Bond, D. Peleg, and S. Perennes. Tight bounds on the size
of 2-monopolies, 1996.

J.-C. Bermond, J. Bond, D. Peleg, and S. Perennes. The power of small coali-
tions in graphs. Discrete Applied Mathematics, 127(3):399 — 414, 2003.


arXiv:math/9911125v3

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[32]

[33]

[34]

137

J.A. Bondy, G. Hopkins, and W. Staton. Lower bounds for induced forests in
cubic graphs. Canadian Mathematical Bulletin, 30:193-199, 1987.

O.V. Borodin. A proof of Grunbaum’s conjecture on the acyclic 5-colorability
of planar graphs (russian). Doklady Akademii Nauk SSSR, 231(1):18-20, 1976.

C. Castillo, W. Chen, and L. V. S. Lakshmanan. KDD’2012 tutorial: Infor-
mation and influence spread in social networks, part 1. http://research.

microsoft.com/en-us/people/weic/kdd12tutorial_inf.aspx, 2012.

P. A. Catlin and H.-J. Lai. Vertex arboricity and maximum degree. Discrete

Mathematics, 141(1):37-46, 1995.

C. C. Centeno, M. C. Dourado, L. D. Penso, D. Rautenbach, and J. L.
Szwarcfiter. Irreversible conversion of graphs. Theoretical Computer Science,
412(29):3693-3700, July 2011.

C.-L. Chang and Y.-D. Lyuu. On irreversible dynamic monopolies in general
graphs. Computing Research Repository, abs/0904.2306, 2009.

C.-L. Chang and Y.-D. Lyuu. Bounding the sizes of dynamic monopolies and
convergent sets for threshold-based cascades. Theoretical Computer Science,
468(Supplement C):37-49, 2013.

G. Chartrand, L. Lesniak, and P. Zhang. Graphs € Digraphs, Sixzth Edition.
Textbooks in Mathematics. CRC Press, 2015.

N. Chen. On the approximability of influence in social networks. SIAM Journal
on Discrete Mathematics, 23(3):1400-1415, 2009.

J. S. Coleman, H. Menzel, and E. Katz. Medical innovation: A diffusion study.
Bobbs-Merrill Co., Indianapolis, 1966.

M. Daven and C. A. Rodger. (k,g)-cages are 3-connected. Discrete Mathemat-
ics, 199:207 — 215, 1999.

L. Divieti and A. Grasselli. On the determination of minimum feedback vertex
and arc sets. IEEE Transactions on Circuit Theory, 15:86-89, 1968.

T. Dosli¢. On lower bounds of number of perfect matchings in fullerene graphs.
Journal of Mathematical Chemistry, 24:359-364, 1998.


http://research.microsoft.com/en-us/people/weic/kdd12tutorial_inf.aspx
http://research.microsoft.com/en-us/people/weic/kdd12tutorial_inf.aspx

[35]

[36]

[37]

[38]

[42]

138

T. Dosli¢. Cyclical edge-connectivity of fullerene graphs and (k, 6)-cages. Jour-
nal of Mathematical Chemistry, 33(2):103-112, 2003.

M. C. Dourado, L. D. Penso, D. Rautenbach, and J. L. Szwarcfiter. Brief
announcement: On reversible and irreversible conversions. In Proceedings of
the 24th International Conference on Distributed Computing, DISC’10, pages
395-397, Berlin, Heidelberg, 2010. Springer-Verlag.

P. A. Dreyer, Jr. Applications and variations of domination in graphs. PhD
thesis, Rutgers University, 2000.

P. A. Dreyer, Jr. and F. S. Roberts. Irreversible k-threshold processes: Graph-
theoretical threshold models of the spread of disease and of opinion. Discrete
Applied Mathematics, 157(7):1615-1627, 2009.

F. Dross, M. Montassier, and A. Pinlou. Large induced forests in planar graphs
with girth 4 or 5. pre-print, 2014. arXiv:1409.1348v1.

F. Dross, M. Montassier, and A. Pinlou. A lower bound on the order of the
largest induced forest in planar graphs with high girth. Computing Research
Repository, abs/1504.01949, 2015.

P. Erdos and H. Sachs. Regulédre graphen gegebener taillenweite mit minimaler
knotenzahl. Wissenschaftliche Zeitschrift der Martin-Luther-Universitt Halle-
Wittenberg. Mathematisch-Naturwissenschaftliche Reihe, 12:251-257, 1963.

J. F. Fink and M. S. Jacobson. n-domination in graphs. In Y. Alavi, G. Char-
trand, D. R. Lick, C. E. Wall, and L. Lesniak, editors, Graph Theory with
Applications to Algorithms and Computer Science. John Wiley & Sons, Inc.,
New York, NY, USA, 1985.

P. Flocchini, F. Geurts, and N. Santoro. Irreversible dynamos in chordal rings.
Discrete Applied Mathematics, 112:23 — 42, 2001.

P. Flocchini, E. Lodi, F. Luccio, L. Pagli, and N. Santoro. Irreversible dynamos
in tori. In David Pritchard and Jeff Reeve, editors, Euro-Par’98 Parallel Pro-
cessing, pages 554-562, Berlin, Heidelberg, 1998. Springer Berlin Heidelberg.



[45]

[46]

[47]

[48]

[52]

[53]

[54]

[55]

[56]

139

P. Flocchini, E. Lodi, F. Luccio, L. Pagli, and N. Santoro. Monotone dynamos
in tori. In Proceedings of the Sixth Colloquium on Structural Information and

Communication Complexity, pages 152—-165, 1999.

P. Flocchini, E. Lodi, F. Luccio, L. Pagli, and N. Santoro. Dynamic monopolies
in tori. Discrete Applied Mathematics, 137(2):197 — 212, 2004.

R. Focardi, F. L. Luccio, and D. Peleg. Feedback vertex set in hypercubes.
Information Processing Letters, 76(1):1-5, 2000.

M. Gardner. Mathematical games: Snarks, boojums and other conjectures
related to the four-color-map theorem. Scientific American, 234(4):126-130,
1976.

J. Goldenberg, B. Libai, and E. Muller. Talk of the network: A complex systems
look at the underlying process of word-of-mouth. Marketing Letters, 12(3):211—
223, Aug 2001.

E. Goles and J. Olivos. Periodic behaviour of generalized threshold functions.
Discrete Mathematics, 30(2):187-189, 1980.

S. L. Hakimi. On realizability of a set of integers as degrees of the vertices of a
linear graph. i. Journal of the Society for Industrial and Applied Mathematics,
10(3):496-506, 1962.

F. Harary. On minimal feedback vertex sets of a digraph. IEFEFE Transactions
on Chircuits and Systems, 22:839-840, 1975.

M. Havel. A remark on the existance of finite graphs (in hungarian). Casopis

Pro Péstovani Matematiky, 80:477-480, 1955.

H. Honma, Y. Nakajima, and A. Sasaki. An algorithm for the feedback vertex
set problem on a normal helly circular-arc graph. Journal of Computer and
Communications, 4:23-31, 2016.

K. Hosono. Induced forests in trees and outerplanar graphs. In Proceedings of
the Faculty of Science of Tokai University, volume 25, pages 2729, 1990.

R. Isaacs. Infinite families of nontrivial trivalent graphs which are not Tait
colorable. The American Mathematical Monthly, 82(3):221-239, 1975.



[57]

[58]

[60]

[61]

[62]

[64]

[65]

[66]

140

F. Jaeger. On vertex-induced forests in cubic graphs. In Proceedings of the
Fifth South-Fast Conference on Combinatorics, Graph Theory and Computing,
pages 501-512, 1974.

F. Jaeger. A survey of the cycle double cover conjecture. In B.R. Alspach and
C.D. Godsil, editors, Annals of Discrete Mathematics (27): Cycles in Graphs,
volume 115 of North-Holland Mathematics Studies, pages 1-12. North-Holland,
1985.

D. Kempe, J. Kleinberg, and E. Tardos. Maximizing the spread of influence
through a social network. In Proceedings of the Ninth ACM SIGKDD Interna-
tional Conference on Knowledge Discovery and Data Mining, KDD 03, pages
137-146, New York, NY, USA, 2003. ACM.

K. Khoshkhah, M. Nemati, H. Soltani, and M. Zaker. A study of monopolies
in graphs. Graphs and Combinatorics, 29(5):1417-1427, 2013.

K. Khoshkhah, H. Soltani, and M. Zaker. On dynamic monopolies of graphs:
the average and strict majority thresholds. Computing Research Repository,
abs/1202.1146, 2012.

K. Khoshkhah and M. Zaker. On the largest dynamic monopolies of graphs
with a given average threshold. Canadian Mathematical Bulletin, 58:306-316,
05 2015.

P. Kristiansen, S. M. Hedetniemi, and S. T. Hedetniemi. Alliances in graphs.
Journal of Combinatorial Mathematics and Combinatorial Computing, 48:157—

177, 2004.

H.V. Kronk and J. Mitchem. Critical point arboritic graphs. J. London Math.
Soc., 9:459-466, 1974/75.

J. Kyn¢l, B. Lidicky, and T. Vyskoé¢il. Irreversible 2-conversion set in graphs of
bounded degree. Discrete Mathematics & Theoretical Computer Science, 19(3),
2017.

A. Lempel and I. Cederbaum. Minimum feedback arc and vertex sets of a
directed graph. IEEFE Transactions on Circuit Theory, CT-13:399-403, 1966.



[67]

[68]

[73]

[74]

[75]

[77]

78]

141

D. R. Lick and A. T. White. k-degenerate graphs. Canadian Journal of
Mathathematics, 22:1082-1096, 1970.

S. Litsyn. An updated table of the best binary codes known. In V.S. Pless and
W.C. Huffman, editors, Handbook of Coding Theory, Vol. 1, pages 463-498.
North-Holland, Amsterdam, 1998.

J. Liu and C. Zhao. A new bound on the feedback vertex sets in cubic graphs.
Discrete Mathematics, 148:119-131, 1996.

F. Luccio, L. Pagli, and H. Sanossian. Irreversible dynamos in butterflies. In
Proceedings of the Sixth Colloquium on Structural Information and Communi-
cation Complexity, pages 204-218, 1999.

F. L. Luccio. Almost exact minimum feedback vertex set in meshes and but-
terflies. Information Processing Letters, 66(2):59-64, 1998.

F.J. MacWilliams and N.J.A. Sloane. The Theory of Error Correcting Codes.
North-Holland Mathematical Library. North-Holland Publishing Company,
1977.

V. Mahajan, E. Muller, and F. M. Bass. New product diffusion models in
marketing: A review and directions for research. Journal of Marketing, 54(1):1—
26, 1990.

W. McCuaig. Edge reductions in cyclically k-connected cubic graphs. Journal
of Combinatorial Theory, Series B, 56(1):16-44, 1992.

S. Mishra. Complexity of majority monopoly and signed domination problems.
Journal of Discrete Algorithms, 10:49-60, January 2012.

S. Mishra, J. Radhakrishnan, and S. Sivasubramanian. On the hardness of
approximating minimum monopoly problems. In FST TCS 2002: Foundations
of Software Technology and Theoretical Computer Science, 22nd Conference,
pages 277288, 2002.

S. Mishra and S. B. Rao. Minimum monopoly in regular and tree graphs.
Discrete Mathematics, 306(14):1586-1594, 2006.

S. Morris. Contagion. The Review of Economic Studies, 67(1):57-78, 2000.



[79]

[80]

[81]

[82]

[90]

142

N. H. Mustafa and A. Peke¢. Democratic consensus and the majority rule.
Technical report, Basic Research in Computer Science, 2000. Available at http:
//www.brics.dk/RS/00/8/.

C. St.J. A. Nash-Williams. Edge-disjoint spanning trees of finite graphs. Journal
of the London Mathematical Society, s1-36(1):445-450, 1961.

C. St.J. A. Nash-Williams. Decomposition of finite graphs into forests. Journal
of the London Mathematical Society, s1-39(1):12-12, 1964.

C. Payan and M. Sakarovitch. Ensembles cyliquement stables et graphes cu-
biques. Collogue sur la théorie des graphes (Paris, 1974) Cahiers du Centre
Etudes de Recherche Opérationnelle, 17:319-343, 1975.

D. Peleg. Size bounds for dynamic monopolies. Discrete Applied Mathematics,
86:263-273, 1998.

D. Peleg. Local majorities, coalitions and monopolies in graphs: a review.
Theoretical Computer Science, 282(2):231-257, 2002. {FUN} with Algorithms.

D. A. Pike. Decycling hypercubes. Graphs and Combinatorics, 19(4):547-550,
2003.

D. A. Pike and Y. Zou. Decycling cartesian products of two cycles. SIAM
Journal on Discrete Mathematics, 19(3):651-663, 2005.

S. Poljak and M. Sura. On periodical behaviour in societies with symmetric
influences. Combinatorica, 3(1):119-121, 1983.

N. Punnim. Forests in random graphs. Southeast Asian Bulletin of Mathemat-
ics, 27:333-339, 2003.

N. Punnim. The decycling number of cubic graphs. In Jin Akiyama, Edy Tri
Baskoro, and Mikio Kano, editors, Combinatorial Geometry and Graph The-
ory: Indonesia-Japan Joint Conference, [JCCGGT 2003, Bandung, Indonesia,
September 13-16, 2003, Revised Selected Papers, pages 141-145. Springer Berlin
Heidelberg, Berlin, Heidelberg, 2005.

N. Punnim. Decycling regular graphs. Australasian Journal of Combinatorics,
32:147-162, 2005.


http://www.brics.dk/RS/00/8/
http://www.brics.dk/RS/00/8/

[91]

[92]

[98]

[99]

[100]

[101]

[102]

143

N. Punnim. Decycling connected regular graphs. Australasian Journal of Math-

ematics, 35:155-169, 2006.

N. Punnim. The decycling number of regular graphs. Thai Journal of Mathe-
matics, 4(1):145-161, 2006.

N. Punnim. The decycling number of cubic planar graphs. In J. Akiyama,
W. Y. C. Chen, M. Kano, X. Li, and Q. Yu, editors, Discrete Geometry, Com-
binatorics and Graph Theory: 7th China-Japan Conference, CJCDGCGT 2005,
Tiangin, China, November 18-20, 2005, Xi’an, China, November 22-24, 2005,
Revised Selected Papers, pages 149-161. Springer Berlin Heidelberg, Berlin, Hei-
delberg, 2007.

N. Punnim. The forest number in several classes of regular graphs. Chamchuri
Journal of Mathematics, 3:59-74, 2011.

E.M. Rogers. Diffusion of Innovations, 5th Edition. Free Press, 2003.

B. Ryan and N. C. Gross. Diffusion of hybrid seed corn in two lowa communities.
Rural Sociology, 8(1):15-24, 1943.

M. R. Salavatipour. Large induced forests in triangle-free planar graphs. Graphs
and Combinatorics., 22(1):113-126, 2006.

E. Sampathkumar. On tensor product graphs. Journal of the Australian Math-
ematical Society, 20(3):2687273, 1975.

S. Seshu and M.B. Reed. Linear graphs and electrical networks. Addison-Wesley
series in the engineering science. Addison-Wesley Pub. Co., 1961.

W. A. Shelly. A matrix method for the analysis and synthesis of logic circuits.
Master’s thesis, Syracuse University, 1958.

C. A. B. Smith and S. Abbott. The story of Blanche Descartes. The Mathe-
matical Gazette, 87:23-33, 2003.

E. Speckenmeyer. Bounds on feedback vertex sets of undirected cubic graphs.
In Algebra, Combinatorics and Logic in Computer Science, volume 42, pages
719-729. Colloquia Mathematica Societatis Janos Bolyai, volume 42, 1983.



103]

[104]

[105]

[106]

107]

[108]

[109]

[110]

[111]

[112]

113]

[114]

[115]

144

E. Speckenmeyer. On feedback vertex sets and nonseparating independent sets

in cubic graphs. Journal of Graph Theory, 12(3):405-412, 1988.

G. Spencer. Sticky seeding in discrete-time reversible-threshold networks. Dis-
crete Mathematics € Theoretical Computer Science, 18, 2016.

W. Staton. Induced forests in cubic graphs. Discrete Mathematics, 49(2):175 —
178, 1984.

G. Szekeres. Polyhedral decompositions of cubic graphs. Bulletin of the Aus-
tralian Mathematical Society, 8:367-387, 1973.

P.G. Tait. Remarks on the colourings of maps. In Proceedings of the Royal
Society of Edinburgh, volume 10, page 729, 1880.

A. Takaoka and S. Ueno. A note on irreversible 2-conversion sets in subcubic
graphs. IEICE Transactions, 98-D(8):1589-1591, 2015.

W. T. Tutte. A non-hamiltonian planar graph. Acta Mathematica Hungarica,
11(3-4):371-375, 1960.

W. T. Tutte. On the problem of decomposing a graph into n connected factors.
Journal of the London Mathematical Society, s1-36(1):221-230, 1961.

S. Ueno, Y. Kajitani, and S. Gotoh. On the nonseparating independent set
problem and feedback set problem for graphs with no vertex degree exceeding
three. Discrete Mathematics, 72(1):355 — 360, 1988.

T. W. Valente. Network models of the diffusion of innovations. Hampton Press,
Cresskill, N.J., 1995.

J. J. Watkins. Snarks. Annals of the New York Academy of Sciences,
576(1):606-622, 1989.

E. W. Weisstein. Triangle-replaced graph. From MathWorld—A Wolfram Web
Resource. http://mathworld.wolfram.com/Triangle-ReplacedGraph.html.
Last visited on 23/8/2017.

H. P. Young. The diffusion of innovations in social networks. Santa Fe Institute
Working Paper 02-04-018, 2002.


http://mathworld.wolfram.com/Triangle-ReplacedGraph.html

145

[116] D. H. Younger. Minimum feedback arc sets for a directed graph. IEEE Trans-
actions on Circuit Theory, 10:238-245, 1963.

[117] M. Zaker. On dynamic monopolies of graphs with general thresholds. Discrete
Mathematics, 312(6):1136-1143, 2012.

[118] S. Zhang, X. Xu, C. Liu, and Y. Yang. Feedback numbers of flower snark
and related graphs. International Journal of Pure and Applied Mathematics,
93(4):541-547, 2014.

[119] M. Zheng and X. Lu. On the maximum induced forests of a connected cubic
graph without triangles. Discrete Mathematics, 85(1):89-96, 1990.



	Supervisory Committee
	Abstract
	Table of Contents
	List of Tables
	List of Figures
	Introduction
	Outline

	Background and preliminaries
	k-immune sets
	The k-conversion number
	Exact values (and near-exact values)
	Bounds

	Decycling sets, induced forests and k-conversion in (k+1)-regular graphs
	Lower bounds on the decycling number
	Upper bounds on the decycling number
	The decycling number of hypercubes
	Cubic graphs that meet the lower bound
	Interpolation

	Complexity and algorithmic results

	The k-conversion number of regular graphs
	The k-conversion number of k-regular graphs
	The k-conversion number of (k+1)-regulargraphs
	k-conversion sets of size k in (k+1)-regular graphs
	A lower bound on ck(G) for (k+1)-regular graphs

	A lower bound on ck(G) for (k+r)-regular graphs

	The 2-conversion number of cubic graphs
	Generalized fullerenes
	Snarks and would-be snarks
	3-edge connected cubic graphs

	A lower bound on ck(G) for graphs of maximum degree k+1
	Definitions and preparation
	The lower bound
	Graphs for which the lower bound is sharp
	Graphs of maximum degree k+1 with large k-conversion number


	k-conversion in trees
	Caterpillars
	Spiders and double spiders

	Subgraph-avoiding minimum k-conversion sets in (k+1)-regular graphs
	Independent minimum 2-conversion sets in cubic graphs
	Possible generalizations of Theorem 7.2
	Avoiding Kk in minimum k-conversion sets of (k+1)-regular graphs
	Acyclic minimum 3-conversion sets in 4-regular graphs
	Avoiding (k-1)-regular subgraphs in k-conversion sets of (k+1)-regular graphs
	Consequences of Theorems 7.2, 7.13, 7.19 and 7.24

	Conclusion and open problems
	Bibliography

