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1. INTRODUCTION

A celebrated result of Oscar Lanford [1@, 111 shows that the rescaled
correlation functions associated with the motion of finitely many hard spheres
approach solutions of the Boltzmann hierarchy in the Boltemann—-Grad limit, at
least for sufficiently short times. The importance of this result is that it
settles rigorously the long controversial discussion as toc whether statistical
mechanical irreversibility occurs in the Boltzmann-Grad limit or not, and
establ ishes the relevance of the Boltzmann equation in statistical mechanics.

Lanford’'s proof begins with a form of the BBGEY hierarchy for hard
spheres, and unfortunately the usual derivation of this hierarchy (see e.qg.
t4, 51) is onlu formal. That there was a problem with the formal derivation
was first pointed out by H. Spohn, who then attempted to provide a2 rigorous
proof in the unpublished {and apparently incomplete} paper [131. In this paper
we present a proof of an integrated version of the hierarchy which would
suffice for Lanford's results,

A few remarks are perhaps in order concerning the proof. In the usual
derivation of the BEBGEY hierachy for hard spheres, the collision integral
arises from integration by parts, and it is not at all ciear how the
{presumably infinite} interparticle forces enter into it. In {61 H. Grad makes
some relevant comments in this regard. In the proof presented here, it is made
clear that the collision integral arises from collisions, or, more precisely,

from discontinuities in the momenta in collisions,



After the research reported here was completed, the author learned of an
independent and different derivation of the hierarchy bu Iilner and Pulvirenti
f831. Thanks to Marvin Shinbrot and Reinhard Iliner for many helpful

discussions during thew preparation of this paper.

§2 THE RESULT

Let A be a bounded domain with smooth boundary 3A contained in § = m?. ide
want to consider n identical hard spheres of diameter § and {for convenience)
unit mass moving in A, The position and momentun of the ith particle is
denoted by X, = (qj, pi). The phase space is the set ﬁi(d) = = 000 %}
. (AMS)nzlqi~q| * §/2 for all g € 3aA, and iqi—qji £ &, 1 2 1,0 2 n, 1 % j¥
endowed with the Euclidean topology and {(the restriction of} Lebesgue measure.
We will use the notation x  for a point (xl,...,xn) in ai(d) to indicate the
number of variables, which may vary.

The particles mpue according to the hard sphere dunamics; that is, each
particle mouves in a straight ifine until it encounters another particle or the
boundary. in a coliision with the boundary,the particies reflect elastically.
In a collision bhetween two particles having positions and momenta (ql,pl) and
(qi,pz), the ingoing momenta b, and p, are abruptiy changed to the outgoing

momenta p; and p;, where

n' = - [esrdm —p 33
rl pl rl P2 H
(2.1}
p. =p_ + Em'(pl-p”}} (AN
and & = (q_~q!)fiq?—q!i iz the unit wvector giving the direction between the
i )

centers (here and in the folliowing we use single bars to denote the length of



. 3 L . . .
vectors In R}, After this interchanges of moments, the particles continue in

rectilinizl moti

[}
=

There are several problems with this definition of the dynamics., Firstly,
it is not clear that, beginning with given initial conditions, we can find the

1
17

1
Iz

positions and momenta of the particles at an gr time, snd indeed, multiple

i

and grazing collisions can occur., But Alexander [11 has shown that these cases

soour only on 3 st of measure zerg in ﬁ;(ﬂ) {(zee also [121), Thus we may

< %
asswmne that there esxists a measurable subset ng(ﬂ) of nx(ﬁ) af full measure,
t 5 & - .
and 3 group 1T nﬁ{ﬁ) —3 nﬁfﬁ‘ !t E R ¥ of measurable transformations, where
.., — - e it - 6 .
T {x} iz obtsined by euvnluing the initial conditions x £ nn(ﬁ} nupr 3 time t

using the hard sphere dunamics.

The second and intrinsic problem is that the maps Tt, though measurshle,
are not even continuous, let slone differentiable. Dus to the abrupt changes
in momentun, the trajectoriss are only plecewise continuous, To be definite we
impose the condition that the trajectories are continuous from the left, that

is,

(2.2) lim Totx) = T (x).
t— T -9

In the ensuing discussion we will need to consider fthe zet of points in

L]

kY
n:{A) which inuocluve collisions between particles., To this end we define the

set

by
(2.3 EiJ = {x € nﬁ(A) g, =g, +F &, ., o, of{p. - p.Y =B,



. . . 3 L , . .
(52 being the unit sphere in [R7) consisting of those points representing an

ingoing coallision between the ith and the Jth particles, and put
(2.4) K=1)J H”. (L2 3= j3n,

K inherits its topologuy from né(ﬁ), and on K there is defined the natural

measure ¢ given by do = E'dajj (12 1< 32 n), where dci. is the measure on

L

{ 1 b

hjj given b

(2.5} do.. = § dy ...du. dw . o.dn e, c{p.-p.Y de. . dp, (1 2 1= § Eond
iJ 1 d 1 iJ

where dij represents the measure on the unit sphere with center q; in qJ

space. Note that ij N K = @ since there are no multiple collisions. In the

ik
. + . . ..
same waun we may define the set K, representing outgoing collisions by

replacing the condition mij-(pj—p.) =z @ bu mij-(p;~pj) < @ in (2.3)., There is

J
. + . . . . "

a measure preserving map £ : K — H, where E{u} is obtained from y € E by
replacing outgoing by ingoing momenta using (2.1},

& +

e now let = = { x € n;(A) : T {x) € K for some t = @ ¥ denote the set of

L3

points which undergo a colilision at some time t > @, The set = has a

representation as a special flow with base K [2, 3, 121. To do so. we define

the function T on ¥ bu
{2.6) iy =min { t €W T {y Kk 3.
The funetion T 15 never gzero and may take the ualue w, but eisewhere is

continuous on K and hence measurable since we have ruled out grazing

by
collisions for x € n;(A). For any » € 2, the set {t € [@, w) : Tt(x) € K } has



no finite point of accunlation since we have eliminated multiple collisions.

e now let

(2.7 S ={{s,u) 1 @<s < TW, yu€K?I

= inherits a topology and measure from K X @, «w), Next we define = I-1

bicontinuous messure-preserving map @ : = — = by letting ®x) = (s, u), where
; . t ~ . ;
5 = s{x} =min {t : T {x} = y € K}, We can use the rules {(2.1) to define a
—7iiiy
measurable map 5 : E — K bu the prescription 5{y) = (T ~"). Then

. . -t . o . . .
corresponding to the semigroup {T ¢+ t = &F of maps on = there is the

. ot I n = .

semigroup €5 1 t ¥ @3 of maps on = defined by

§ (s, u) = {(tés,u) for @ = £ < TlY - s,

-1, n-1 -
(2.8 & {u, 5y ={( t+ 8 - 7{y) - - 7i{s ul, 5 uyl

n- 1
for ti{u) + + il u) — s = t £ (y) + R il iy - s

-t ~—t . -t -t
T and 3 are related by the eguation & o T = § o &, ke can replace
. . . . . ~ -1 ~
integration of a function g on = by integration of g = go® on =. The

a

collision intearal will inuolue integration on Z.
- . - P : L .
Suppose now that £ is a2 summetrie function in L (n_(A)} {f is usualiu 2

[ N1

probability density)., The time evoluved density £(it} is defined bu £{t)} =

—
£oT T, In the following we write £(8)(x"} as £(t, x")}. The k' correlation

function of £ is a function on nS(A) def ined by

5 ¢ -
oMy = 2 T opoddx, ... dx

2.9) " {n—-kii ~ k+1 n'

. k
The correlation Functions of £(1) are denoted by p}((t), and we write PP_(t)(x }



;(A), we define the
5 AP A , k - .
F(A) — R by iy = @wlt, » ), t € R, Finaliu, we use the

L
= Pk(t’ w1y, If 9 is a real- valued function on R X n

function Piti:n

- k - ;
notation p, (£)IP(t}1 for [Pit) p (trdx = fpit e M.
Kk v P}‘ .

{n-kt

Our objective is to show that, for a certain class of smooth functions

\y
f: R X n (A} — R, the function p

¥ {(t)ipdt1] is absolutely continuous and hence

k

differentiable almost everywhere, and to obtain an eqguation for its
derivative., The functions ¥ which will bhe allowed are specified in the

following definition,

2.1 Definition

&

The set ¢1! consists of those functions ¢ € ¢t R x Ty

{AY} which are

summetric and for which

s
(i) ®{t) has compact support in n {A) for each t € R,

k

(11) Whenever lqi - qu = &, we have

?\ty'-'!qiypi!"-sqjlpjs"-!xk) = W\ts"'3qjspi!"'!qJ!pJ!"'!x})

Y

= ?(ty-'-5Qi;P§;---,Q~yP-g---yN ¥,

J 7 k
where p; is obtained from (2.1) with By and p‘j replacing 128 and p_.

Note that any function 9 which vanishes in a neighboriwmod of the

<
collision set npiﬁ) - n;(A) for all t satisfies condition 2.1{ii}, and hence

# is dense in L (no(A)).
k K

<
By function ¢ & @1} can be regarded as a function on n;(/x) which 1is

independent of the wariables X o k1 2 m 2 n., In the proof of the following

theorem we use the fact that for ¥ € ®P’

(2.10) Teit et xn)dxl...dx = f?(t.Tt(xn))f(xﬁ)dxl,,.dx

5

o



- h3
Note that on the right-hand side we regard x}' as being a point in n:_i(/\) by the

1. -
obuvious embedding, and the map T, though i1t acts only on x}‘, involues the

+
effects of all n particles, In the following, we denote T (x) bu x{(t) =

(xl(t),...,}(n(t)), where Kj(t) = (ql.(t), pj(t)). Also we will denote
cP(t,'l“t(s»(ﬁ)) bu Pit, x?(t)), remembering that x?(t) depends on Rogoeoy X o 35

well as t.
To prove the theorem, we must assume that £ is continuous slong the

trajectories defined by the Tt, i.e.,

et

(2.11) lim £0t,% ) = £{7,x

Y

T

This assumption is used in the following way. 3uppose that D is a compact

subset of K such that D X (8,71 = = for some T € iR+; we want to consider
integrals of the function & = g’c@-l on D X {@,71, where g satisfies condition
{(2.%) and is integrabie on D XK L&,7v1. Since no collisions have taken place in
. . . -t I _ . -
the time interval [&,73, f1.e., & () € K for y € D and t € {@,71, we see
that the Functian a(s.g) = Lliicz,'r] ¥ DY is continuous as a function of 5 €
@,71. Bu the Fubini theorem, &(5,-) is in L'(D} for a.e. £ € &, 11, and
f?j(s,g?da(g) is continucus as 3 function of s, s50 we conclude that
f{gi@.wdoiy) is finite, and that

ar P

i gt@,wdsiy).

o~
L]
[y
[
~
[
[
3
L.
fin]
o~
n
i)
§
[
i

We are now ready to state the main result of this paper.

2.2 Theorem



= k
{ = (T [/
(2,13} pk(t)[?(t)] = pk(@)[?l@YJ + i {Pkft)[Hy?(t)] + Ck+1‘k+1 ty0pl£ Iy dt
where
3 & ay
. i = + B, T
(2.14) HP =St L op; 5y
i=1 i
= 5 }_
15 : 3 = £y * ’ - -
(219 C e, TP = & ) [0y D, Chgnp e p)
=1 &
k . k
- Pk+1(t’x ,qj+dm,p)} m-\pj—p} dw deadp,
and 4 = { (xk,m§p): AN S 32, m‘(pi—p) z @Y., The operator C}+1 is called the

collision integral.

§3 THE PROOF:

To begin, we assume that the function £ is supported in a compact set of

1/
[
s
=
-
LA
n
in

the form ES = AX S, where § = { p = (pl,...,pn) : Z p? (1 = a

positive real number }; the proof will be completed by a limiting argument.
Note that ZS m ni(A) is invariant under Tt since z: p? is conserved under
collisions. .

The proof will use Heisler's Infinite Sum Theorem ({7, 21, which in our

case can be stated as follows: In order to show that (2.13) is true, we need

only show that

(3.1) dp, (DVEP(EIT = p (tHADIIPIE+dEIT - p (DD ]

r dt {p, (OYTH {131 + C () Ipdt) 13

k+1Pk+x

5 . # .- .
for t » @ in R, where dt is a positive infinitesimal increment in time and «~



denotes the relation of being infinitesimally close [here and in the following
we make no notational distinction between standard functions and their ¥ -
transforms in the nonstandard model; the context will make clear what is
meantl.
. L. . A . S . . .
let t € R, and dt be an infinitesimal, positive increment in time,

ilsing (2.11), we have

(n—-kx?

- k
(3.2 —— dp, (£)[$(D)] = FEpCtrat, 0 (trdt)) = Ot (1) T8O M dx,
= Jrgitrdt oCCerdt)) - 9t () IEO D
k
+ 3 f{?{t|x1(t),...,xj_lit),qj(t+dt),pj(t+dt},...,x}(t+dt))

AY
—?it,x,{t;,...,xi_’

(£),q,(t),p ftrdt) .. x (tedt 2y

k

s
+ %, JEPCt o (4) o000, (8, g (8),p Chrdd, oo (E+dt))

—W(t,xl(t),...,xj_l(t),qi(t),p;(t),...,x.(t+dt))}f{xn)dxn.

k

Using the mean walue theorem and the fact that ¢ € CI, we see that the

first Integral is infinitesimally close to

-,
-

< 3 % 1, B R |4 n, " L
(3.3)  dt | g%(t,x e = dt | g%(t,x et = dt p TSI

E

Mext we consider the terms in the two sums in (3.2). ke write each

. . PR .- .th
integral in the sums as the swn of integrals, depending on whether the 1

+-
particle does or does not undergo a collision with the J'h particle in the

-t
time interval [t, t+dtl. Flore explicitly, we let ﬁjJ(t) =T '(ﬁjdi, where

5
{(3.4) .. ={ =A% ,...,x } ELTnn{A) T () € E.., @ 2 5 = dt?.
1 iy n ij



13
iJ(t) is thus the set of initial conditions x = (xl.....xn) € LN n;':(A) for

which there 1s 2 collision between the ith and ,jth particles in the time

interuval [t, t+dt)., It is important to note that the momenta P, in ®, =

(g.,p.},
997

1 2 1 2 n are all finite since x € I, and the same is true of the
momenta in T—t(xl,...,}(n). From this fact it follows that there is only one
collision in the infinitesimal time interval [t, t+dt}. Hecause of the fact
that there are no multiple collisions, it is easy to see that the ﬂj. are
disjoint. We now let A {t} = J ﬁij(t)(i “ j % n). It is important to remark
at this point that we do not need to consider collisions with the boundary
since ¥ has compact support.

- . Lo .th .
On Qi’(t) = [Qi(t)]". there are no collisions inveiving the i particie

in [t, t+dt). Thus we have qj(t+dt} - qi(t) = pj(t}dt and p. {(t+dt)

fl

1 )
pj(t'!

and using the mean value theorem and the fact that $ & Cil_. we get

o

(3.3) [ [pd...,q.(t+dt) ,p. (t4dtd, .. .) ~
A (L) ! !

SO, () p ()LL) ] ey

. .
G e PO ad

It
&
r
ey
i

’ - 1 0y
ﬂj"(t) S

On the other hand, since the dunamics is continuous in a; and ¢ i1s continuous,
b, .. ,q}.(t%-dt) ,pi(th:it) S T . S ,qj(t) ,pj(t+dt) vl 2 where 1 is
infinitesimal, and so

-

{(3.6) | T Ipt g (thdD) P tedt), L) -

o

A1t}
i

=g, (0, p (), L 0] ey bty



foeod ax”

i
e}
n~1o

=1 A
i He N
=n Y O ettty de.
i=1 A..
J i
MNow note that
(3.7 et a = 0 BT S, doty) ds
A. . o ..
ij i
= Ot FER e doopas
el H

where here and later we use the notation £(t) = E(t)o@‘l. Using (2,12} and the

mean—value theorem of the integral calculus, we see that the right-hend side

of (3.7} is infinitesimallu close to nBdt for some positive constant B, and as

a result the first sum in (3.2} is infinitesimally clase to

k N ) k . .
(3.8 aty [ o, §§ ey et @ = at Y [ op, %ﬁ— P (1) a
i=t © M P

kle now consider a typical term in the second sum in (3.2). First we note

that p (t+dt) = p (£} in AI{t), so that
i ;

{2.9) e, o (£, p (t+dt), ...} —
~ S § R 3
ATt}
1
- Pl g (0,p (), )] t™M " = 0
. , .th C sy : . .th . . ,
Now in ﬁié\t), the 1 particie coliides with the | particle in the

interval [t, t+dt}. The {outgoing) welocity p€(t+dt) Gf the ith particle after

such a coliision is given by



(3.1 (1) - je, (Headt) - Ip (£} - p !t‘}} @, {tradt?
B P P
i ij ' i § ) i
ep {t) - da gty oty - paity| @ (0
Foa pi t !-L.jlj,-. _;Jl t} p,_!\t ; ‘j‘},._ '
= p! . (t)
Pij
where © = a < 1 and &, (1) = [g () - g (Y1 0g {+ty — g (¥, Thus, using
ii Q, Cx, C;Y 1‘ i Y
- [ - L. =
{(2.1¥(ii}, we have
{3.11) f {?{===,qj(t),§i{t+dt),.,.} -
0 ]
—pCo g it p (), £y
3] _
~ Y [ L, g (£),pt {E), ., .) -
it o ‘P 311 .‘_Dl ¥
j=k+i @, .{t) J
1
. N n
—?(...,xj{t},...)} Fi{x '} dx
n
A i . .
ES '3 J {t?(""g‘j’p;_ji"'} -
j=k+1 A, . o
d i
N 1] n
—?(..,,xj,...)} £t rdx
3 . . X k o n. .n
= (n-kl} ] {$(t,...,qj,p3,...1 -p{t,w ¥¥ F{t,x 3} dx ,
s
ﬂj,k+1
the last by summetrs where p! = p?! . The last integrsl in (2,11} can again
U Sy U, P; By g g
i kA

be treated as an integral over Z. Using the definition of the surface measure

dg‘j and the continuity as before, wse have

(2.12) (0 f et et Ma” = e [ oo Hoegds, || de
. . K. ik+
1,k+1 i, k+1
= (n-k) dt §° @ (p ~p) Bt et ad A, , .. dx de dp

}

-k} - 3 1 L
=dt § ——— | @ ip.-p} ®lt '} p, (t,x},q.+ dm,p)dx} de dp,
nt A i k+1 H



. . . k I N
where the integration is owver the zet A = {(x w, pr : @« & 32, m:(pj—p) i

. . - N n
To deal with the integral | T(t,...,qi,pi’,,..) £{t,%x ) dx ouver Qi bty WE
first use the fact that m-(pi*p) = 'ﬁb(p;“p’)i and the 3zboue argument to
obitain
0 fn
{3.13;} {n—k} f ?{t,...,qi,p;,..,}f(t,x ¥odx
2 {n—k)t L k
R F U S AL AL SN A N Sy T X o 3 - I e pfee YA
o dt & oy i w'\ﬁi P :m\L,x,.,qi,yi ,-..1Pk+!\ugn ,Qj+Uw,'fhn dmép.
A
Tince the transformation (2.1) is orthogonzl, and hence dp dp = dp.’ dp’, we
i i =0

may replace o by -« , and we sees that the last line in (3.13) is

2 {n-k}t . k p . k
(3.14) =~ dt § T é m-(pj~p) Bl ) Pk+1(t""’qj’pj""qj der, pd dx dedp.

Putting all of the abouve together with Keisler’s Infinite Sum Theorem, we

obtain the desired result for functions of compact support.

- .1, 5, . . ,
To prove the result for general £ € L \nn\A)} is now simply a matter of

[

s oooxl n o " - i -
APPYoHImaTIng v in L hg tS = M. The one DoIntT TCe noxTice in this connection
£
=3

is that the collision integrsal, when integrated over t, correspoonds to 3 full

Y

voiwne integral on =, a5 we have sesen from the calculations aboue,

{il Alexander,R. K.: The infinite hard sphere system, Ph. D, Thesis, Dept of
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