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Abstract 

Overmerging in the context of cosmological N-body simulations is defined as the 

absence of substructure in the dark matter halos of galaxy clusters due to numerical 

or physical disruption mechanisms. In early simulations of galaxy clusters the rapid 

disruption of bound clumps of N-body particles produced a smooth, featureless cluster 

mass distribution that did not resemble a real galaxy cluster, in which luminous 

matter is concentrated in discrete galaxies. We investigate recent claims (Ghigna et 

al., 1998; Klypin , Gottlober & Kravtsov, 1999) that the overmerging problem has 

been resolved in the latest generation of cosmological simulations simply as a result 

of increased numerical resolution. To this end we perform a series of simulations of 

the evolution of satellite halos in bound orbits within a static cluster potential in 

order to investigate the effects of varying mass and force resolution on the mass loss 

experienced by substructure due to tidal stripping. We find that satellites on radial 

orbits with apocentre-to-pericentre ratios greater than about 3:1 lose approximately 

the same fraction of their remaining mass each time they pass through pericentre. 

Conversely, tidal stripping of satellites on circular orbits is characterized by a sharp 

decline in mass during the first orbit followed by continuous mass loss at a reduced 

rate in subsequent orbits. 

We use our results to test semi-analytic models for predicting mass loss and to 

establish a correlation between the disruption timescale of a satellite and the fraction 

of mass it loses during its first orbit. These tools are used to construct a toy model for 

the dynamical evolution of a galaxy cluster. We find that tidal disruption of satellites 

is sufficient to erase most substructure within the central regions of the cluster after 

a Hubble time. The number density of surviving substructure halos predicted by 

our model is compared with the results of cosmological simulations and observations 

from the Canadian Network for Observational Cosmology (CNOC) cluster survey. 
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The density profile of surviving satellite halos is similar to that of the Virgo cluster 

simulation of Ghigna et al. (1998), and is not consistent with the observed distribution 

of galaxies in the CNOC ensemble cluster. 

We conclude that overmerging due to physical disruption mechanisms remains a 

problem in the central regions of cluster simulations. This suggests that a dissipational 

hydrodynamic component is needed to properly model the dynamics of galaxy cluster , 

as was originally proposed by White & Rees (1978). 
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Chapter 1 

·Introduction 

Abstract 

The history of overmerging in cosmological N-body simulations is reviewed. In this 
context, overmerging is defined as the disruption of substructure in the mass distri­
bution of galaxy clusters due to numerical effects or physical processes . Overmerging 
was observed in the first galaxy cluster simulations (White, 1976) , and helped mo­
tivate the classic picture of galaxy formation by dissipational collapse of gas in the 
potential wells of massive dark matter halos (White & Rees, 1978) . 

Recent simulations of structure formation in the context of the cold dark matter 
(CDM) cosmology (Ghigna et al., 1998; Klypin, Gottlober & Kravtsov , 1999; Springe! 
et al., 2000) suggest that the overmerging problem can be solved by increasing the 
resolution of collisionless simulations, without including a dissipational component. 
This work explores that contention by considering the disruption timescales of sub­
structure due to the primary mechanism of tidal disruption. To this end , numerous 
N-body simulations are performed in order to investigate the effects of varying mass 
and force resolution on the mass loss experienced by substructure halos on various 
orbits. We use these results to develop semi-analytic models which allow us to predict 
the disruption timescales of satellite halos in clusters and to subsequently construct 
a toy model for the dynamical evolution of a galaxy cluster. The spatial distribution 
of surviving substructure predicted by our model is compared with the results of 
cosmological simulations and observations of real galaxy clusters . 

Over the past four decades, the formation of clusters of galaxies has been studied 

extensively with numerical simulations. The idea that galaxy clusters form as grav­

itational instabilities in an expanding universe is generally attributed to van Albada 
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(1961). Early simulations based on this scenario adopted a bottom-up approach to 

structure formation , assuming that galaxies had collapsed prior to the turnaround 

time of the cluster. Various authors including Aarseth (1963), Peebles (1970) , and 

White (1976) adapted the N-body simulation method (pioneered by Aarseth to sim­

ulate stellar systems) , to model clusters by evolving systems of several hundred point 

mass particles, representing galaxies, under their mutual gravitational interaction. 

In particular, White (1976) noticed a peculiar absence of substructure in his 700 

particle simulation of the Coma cluster. Groups of particles which had collapsed into 

tightly bound units were rapidly transformed into "amorphous ," relaxed systems as 

a result of tidal forces, merging of bound clumps, and dynamical friction, thereby 

producing a smooth, featureless cluster mass distribution at the final t ime. This was 

in stark contrast to the appearance of real galaxy clusters in which luminous matter is 

concentrated in discrete galaxies. In a classic paper, White & Rees (1978) suggested 

that gravitational physics alone is insufficient to accurately model the formation of 

galaxies and clusters. They proposed that dissipational collapse of gas in the potential 

wells of massive dark matter halos resulted in highly concentrated baryonic cores, 

capable of withstanding disruption by dynamical processes. 

This solution to the so-called "overmerging" problem was the basis of a new 

paradigm for galaxy formation in a dark matter-dominated universe. By that time, 

observations of the velocity dispersion of galaxies in clusters, and of rotation curves 

of galaxies had provided strong evidence that as much as 90% of the matter in the 

universe is in the form of unseen, dark matter. While the nature of the dark matter 

remains one of the foremost unsolved questions in modern cosmology, the currently 

favoured theory is based on the cold dark matter (CDM) model originally proposed 

by Peebles (1982) and Blumenthal et al. (1984). 1 

1 Cold dark matter is made up of massive, weakly interacting subatomic particles that move at 
relatively slow (nonrelativistic) speeds. It is "cold" in the sense that temperature is a macroscopic 
measure of the average speed of particles in an ordinary gas, i.e. a low temperature gas is made up 
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Throughout the 80's and early 90's, increasingly high resolution cluster simula­

tions in the context of the CDM cosmological model continued to show very li ttle 

substructure.2 The cause of overmerging has been a matter of some debate in the 

literature. Carlberg (1994), for example, attributed the disruption of substructure to 

two-body heating of subhalos (substructure halos) by cluster halo particles. Moore, 

Katz, & Lake (1996), however, argued that the timescale for this process was much 

longer than a Hubble time given the mass and force resolution of cluster simulations 

at that time. These authors concluded that tidal heating by the cluster potential and 

impulsive heating by encounters between subhalos, possibly enhanced by insufficient 

force resolution, were primarily responsible for overmerging. 

The situation changed dramatically with the advent of the latest generation of 

high resolution N -body simulations. Improvements in hardware and algorithmic ad­

vances have made possible simulations containing more than one million particles, 

and several groups have demonstrated that , with sufficient numerical resolution, one 

can resolve a wealth of substructure where none appeared at lower resolution (Ghigna 

et al., 1998; Klypin , Gottlober & Kravtsov, 1999; Springel et al., 2000). Many hun­

dreds of subhalos survive within the virialized region of cluster halos, and as a result , 

several authors have declared "an end to the overmerging problem." 

As always, the ultimate test of theory lies in agreement with observations. Re­

cently, Klypin et al. (1999) and Moore et al. (1999) have pointed out that the number 

of low mass subhalos predicted by CDM simulations on galactic scales exceeds the 

number of observed satellites in our galaxy by a factor of 10 to 100. This may be a 

symptom of a finite cross-section of interaction between dark matter particles (Spergel 

& Steinhardt , 2000) , or possibly an indication of suppressed star formation in the dark 

halos of dwarf galaxy-sized objects due to feedback (Binney, Gerhard, & Silk 2001) 

or reionization of the intergalactic medium (Bullock et al., 2000; Moore, 2001). 

of slowly moving particles 
2The reader is referred to Moore (2000) for "a brief history of 'N' and overmerging." 
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We seek to further test the CDM paradigm for structure formation by addressing 

the question: is the distribution of substructure consistent with the observed distri­

bution of galaxies in clusters? In a real galaxy cluster, for instance, the oldest and 

most massive elliptical galaxies often reside at the centre of the cluster where tidal 

forces are strongest. Naively one might expect the physical processes responsible for 

overmerging, namely tidal heating by the mean cluster potential , to be most effec­

tive at disrupting subhalos in the innermo t regions of the cluster. By calculating 

the spatial distribution of substructure predicted by collisionless ( dark matter only) 

N-body simulations in the limi t of infinite numerical resolution, we hope to deter­

mine whether a dissipational baryonic component is indeed necessary to model the 

formation of galaxy clusters properly. 

The structure of this thesis is as follows. In Chapter 2 we describe the set of 

simulations performed in order to investigate the influence of mass and force resolution 

on the tidal stripping of a satellite galaxy. We develop semi-analytic models for the 

mass loss experienced by satellites and use these in Chapter 3 to model the dynamical 

evolution of a galaxy cluster. The predictions of our model are subsequently compared 

with the results of high resolution cluster formation simulations and with observations 

of real galaxy clusters. We summarize the results of the present work and discuss 

possibilities for future work in Chapter 4. 



Chapter 2 

Tidal Stripping of Satellite 

Galaxies 

Abstract 

Tidal disruption of cluster substructure is investigated in a series of simulations of a 
satellite galaxy in a bound orbit within a static host potential. We represent both 
the galaxy and the cluster by spherical dark matter halos of the form proposed by 
Navarro, Frenk, & White (1996). Our procedure for generating initial conditions is 
described , and the effects of varying mass and force resolution on the evolution of the 
self-bound mass and the density profile of the satellite are investigated. We find that 
halos simulated with low mass resolution (less than~ 1000 particles) are prematurely 
disrupted due to relaxation effects. Interestingly, the use of small softening lengths 
results in shorter two-body relaxation timescales which also leads to the premature 
disruption of halos. Satellite halos are repeatedly stripped of mass as they orbit in 
the tidal field of the cluster, losing a constant fraction of their remaining bound mass 
every pericentric passage until they are completely disrupted. This is in contrast to 
the standard tidal approximation which predicts that satellites are stripped down 
only to the tidal radius at pericentre and therefore avoid total disruption. 

Mass loss due to tidal stripping is modeled by the tidal radius approximation 
and the impulse approximation, and the predictions of these methods are compared 
to the observed self-bound mass of the satellite. Both techniques provide reasonable 
predictions of mass loss on an orbit-by-orbit basis, with the impulse approximation 
being slightly more accurate, but also more computationally expensive than the tidal 
radius method. Similar results are obtained for cumulative mass loss predictions 
using exponential extrapolations of the tidal and impulse methods, as well as repeated 
applications of the impulse approximation. 
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Cosmological simulations of galaxy cluster formation represent an extremely com­

plicated dynamical environment , consisting of an evolving cluster potential and hun­

dreds of satellites constantly orbiting, merging and interacting with one another. In 

this chapter we describe a series of much simpler simulations comprised of a single 

satellite galaxy in a static cluster potential. The results of these simulations enable 

us to better understand the physical and numerical effects responsible for the disrup­

tion of substructure in cosmological simulations. We also use our simulation results 

to develop semi-analytic methods for modeling the mass loss experienced by satelli te 

galaxies. 

This chapter is organized as follows. In Section 2.1 we review some concepts 

relevant to N-body simulat ions and to the interpretation of their results. We describe 

our methods for generating initial conditions and for performing simulations in Section 

2.2 , and present the results of these simulations in Section 2.3. In Section 2.4 we use 

semi-analytic models based on the tidal radius and impulse approximation to predict 

the mass loss experienced by satellite halos. Finally, we discuss our findings in Section 

2.5. 

2 .1 N -body Basics 

Ideally one would like to model dark matter as a self-gravitating collisionless fluid 

whose evolution in phase space is described by the collisionless Boltzmann equation , 

df of of 
- = - + v · V f - V<I> · - = 0 
dt at av ' (2.1) 

where f (x, v , t) is the distribution function of the system and the gravitational po­

tential <I> is given by Poisson's equation: 

V 2<I>(r, t) = 47l'G If (r , v, t)dv . (2 .2) 
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In practice, solving this seven-dimensional coupled system of equations numer­

ically is computationally prohibitive, hence the N-body technique is employed. In 

essence, the N-body method is a Monte Carlo approach that uses a finite number of 

discrete particles to represent the smooth mass distribution of the dark matter. Par­

t icles interact gravitationally with one another, and their trajectories are calculated 

by integrating Newton's equations of motion . 

Clearly, by its very nature this approach introduces collisional effects into sim­

ulations of a perfectly collisionless fluid. Close encounters between massive N -body 

particles can significantly deflect a particle's orbit from that of a test particle moving 

in the mean potential of a collisionless system. In addition, the Newtonian grav­

itational force between two particles, F12 = Gm1m2/rf2, becomes large at small 

separations, and extremely small t imesteps are needed to accurately reproduce their 

trajectories. In order to reduce the computational expense due to close encounters 

and binaries, and to better approximate a collisionless system, a softened potential is 

usually introduced, e.g. the Plummer model: 

<I>(r) 

a(r) 

Gm 

✓r2 + E2 
Gmr 

3 ' (r2 + E2) 2 

(2.3) 

(2.4) 

where a(r) is the acceleration, or force per unit mass, and E is the softening length . 

In practice, a piecewise spline kernel is usually preferred since the Plummer model 

converges slowly to the Newtonian limit , whereas a spline softened potential is exactly 

ewtonian for r > 2 c: 

Gm 
- !.. + iu2 - lu4 + ..l..u5 0 ~ u ~ 1 

5 3 10 10 

_..l..u- 1 - § + iu2 - u3 + ~u4 - ..l..u5 1 ~ u ~ 2 
15 3 3 4 30 

(2.5) 

.!. 
u 
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a(r) 

where u = r/E. 

Gm 
r2 

iu3 - £u5 + lu6 0 <_ u <_ l 
3 5 2 

_1... + ~u3 - 3u4 + fu5 - lu6 1 <_ u <_ 2 
15 5 5 6 

1 u>2 

8 

(2.6) 

Force softening effectively imposes a spatial resolution limit to an N -body simula­

tion; on scales smaller than the softening length, results are generally untrustworthy. 

On the other hand, softening allows longer integration timesteps to be used and also 

minimizes collisional effects by increasing the two-body relaxation timescale of the 

simulated system. The two-body relaxation timescale is usually defined as the char­

acteristic t ime for collisions to perturb a particle from the course it would take if the 

dark matter was smoothly distributed, as opposed to concentrated in particles. For 

a system of N point particles, this timescale is 

0.l N 
trelax = ln N t cross, (2 .7) 

where t cross = R/ o- ~ J R3 /GM is the average crossing time of the system of size R, 

mass M and velocity dispersion o- (Binney & Tremaine, 1987) . 

For a softened system of particles, Thomas and Couchman (1992) and van Kam­

pen (1995) find the relaxation timescale 

(2 .8) 

where ln A = ln(bmax /bmin) is the Coulomb logarithm, which contains the ratio of 

maximum and minimum impact parameters (Binney & Tremaine, 1987). In a softened 

system, the minimum impact parameter, bmin ~ 4E (Farouki & Salpeter , 1982) , and 

the maximum impact parameter is equal to the size of the system, R. For a system of 

point masses, we have A~ N as in equation 2.7, so for the softened system we take 
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A = min(N, R/4E). Smaller softening values therefore correspond to larger values of 

the Coulomb logarithm and shorter relaxation timescales. The choice of softening 

length thus represents a balance between maximizing force resolution (small E) and 

maximizing the relaxation timescale (large E). 

Mass resolution, i. e. the fraction of the total mass of the system invested in 

each N-body particle, is primarily a function of the total number of particles in the 

simulation. In practice this number is limited by computational issues such as the 

processing power available and the efficiency of the simulation code. For the past 

three decades , computational power has increased steadily at the exponential rate 

predicted by Moore's empirical law of computing (Moore, 1965). In addit ion, N­

body codes have evolved significantly from t he original direct summation methods 

which scale in numbers of operations as N 2
, to tree-based codes which incorporate 

approximations into the force computation in order to reduce the scaling to N log N. 

N-body simulations have benefited greatly from these technological advancements to 

the point where N ;:, 106 simulations are now commonplace, where such resolution 

was at t he very limit of computational feasibility only five years ago. 

The number of particles needed to sufficiently sample the distribution function 

of a simulated system is highly problem-dependent. In order to resolv the innermost 

regions (within of dark matter halos in cosmological simulations, for example , Moore 

et al. (1998) find that N > 107 is required,1 whereas a more modest number of 

particles is sufficient for a wide range of other problems. Presently, however, there 

exists no general theory to predict the minimum number of particles required for a 

robust solution. The traditional approach is to perform a series of simulations with 

increasing mass and force resolution and look for convergence in the results. 

In addit ion to mass and force resolution, many technical aspects of the simulation 

code itself must also be considered, including the size of timesteps, the force accuracy, 

1This refers to the slope of the density profile within 10% of the virial radius of the centre of the 
cluster. 
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and the accuracy of the integrator (Lake et al. , 1995). Fortunately, a number of well­

tested codes are available, some of which are parallelized in order to take advantage 

of massively parallel computer architectures. 

Numerical effects clearly play a significant role in N -body simulations and must 

be considered when interpreting their resul ts . Insufficient mass resolution and small 

softening values (small N and small c) both contribute to short two-body relaxation 

t imescales in softened systems, and therefore enhance the disrupt ion of substructure 

in N-body simulations. We address these issues by performing convergence stud­

ies in which mass and force resolution are varied in a series of otherwise identical 

simulations. 

2.2 Simulations 

In this section we describe the set of simulations performed in order to investigate 

the influence of mass and force resolution on the tidal stripping of a cluster galaxy. All 

of these simulations were performed with Navarro's smoothed-particle hydrodynamics 

(SPH) code which uses a binary tree method to compute gravitational forces between 

N-body part icles ( avarro & White, 1993). Note that our simulations are comprised 

of collisionless dark mat ter particles only, and make no use of the hydrodynamic 

aspect of the code. Time integration is performed using a second-order Runge-Kutta 

integrator and forces are softened with a spline kernel. Readers are encouraged to 

consult Navarro & White (1993) and avarro & Benz (1990) for fur ther technical 

details concerning this code. These simulations were performed on a Sun Ultra 2 

workstation (300 MHz dual UltraSPARCII CPU, 1048 Mb memory) and require about 

one hour of CPU time to evolve a 3000 particle halo in isolation for 10 crossing times, 

and about five CPU hours to evolve such a halo for 10 orbits in a static cluster 

potential. 
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2.2 .1 Initial Conditions 

We assume that dark matter halos are characterized by the universal density 

profile proposed by Navarro, Frenk, & White (1996; 1997) , hereafter NFW: 

(2.9) 

where r5 is a characteristic scale radius . The corresponding mass and energy pro­

files and other relevant formulae are presented in Appendix A. The following proce­

dure based on the transformation method for generating nonuniform random deviates 

(Press et al. , 1992) was used to initialize the spatial coordinates of halo particles: 2 

• generate a positive uniform random deviate, 0 < x1 < 1, and multiply by the 

total mass of the halo which is imposed by truncating the divergent NFW mass 

profile at some finite cutoff radius . 

• solve the inverse function of the cumulative FW mass profile M (r) for the 

radius corresponding to this random mass, mran = X1ffitot: 

(2. 10) 

• assume spherical symmetry and supply two additional uniform random deviates, 

x2 and x 3 , to generate the remaining two orthogonal coordinates 

(2.11) 

(2.12) 

2Initial conditions are trivially generated for density profiles with known analytic solutions for the 
phase-space distribution function , e.g. the Hernquist profile (Hernquist, 1990). The semi-analytic 
distribution function presented by Widrow (2000) for the FW model therefore represents an alter­
nate method for initializing our halo particles. 
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Particle velocities are generated as in Hernquist (1993) by assuming isotropy and 

by drawing speeds from a Gaussian distribution whose dispersion is given by the 

spherical Jeans equation: 

v2 
r 

1 ( X) dq> 
p(r) lr p(r) dr dr 

_1_ 100 
( )GM(r)d 

() 
pr 

2 
r 

pr r r 

(2.13) 

(2.14) 

Force softening is incorporated at this tage via a top-hat kernel, i. e. the mass of each 

particle is evenly distributed over the number of radial bins spanned by t he softening 

length before calculating the cumulative mass profile, M(r) in equation (2.14). 

A single halo model was init ialized with four different mass resolutions and two 

softening schemes. Mass resolut ion was varied by keeping t he total mass fixed and 

varying the number of particles, N, with N = 100, 300, 1000, 3000. The value of the 

concentration parameter , c, equal to the ratio of the virial radius (in this case the 

imposed cutoff radius of the halo) to the characteristic scale radius, rs, was chosen 

to be 10. The half-mass radius, r 1; 2 , for a halo with this cutoff and concentration is 

'.'.:::'. 3.6 rs. 

One set of halos was init ialized using the softening scaling suggested by van 

Kampen (2000a): 

(2 .15) 

where r 1; 2 is the half-mass radius of the system. This scaling is based on maintaining 

a mean nearest particle distance greater than the interparticle separation for which 

the softened force is half its Newtonian value. ote that the factor of 2 in the 

denominator of this expression is appropriate for a Plummer softening, and varies 

slightly depending on the type of softening used, e.g. for spline softening, we find 

Espline ~ r 1;2/l.3 N 113 . The 1/N 113 scaling, however, is independent of the form of 

softening, and effectively increase t he two-body relaxation timescale of the system 
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by a factor of three over that of a system of point masses. Of course the relaxation 

time can be made arbitrarily large by increasing the softening value, but this results 

in inaccurate particle trajectories on scales smaller than the softening length and 

produces artificially extended and "cold" (low velocity dispersion) halos. The van 

Kampen scaling law suggests an upper limit to the softening length based on the 

estimated mean nearest neighbour separation of particles within the half-mass radius. 

Vi.Te refer to halos init ialized with a softening length qual to the right-hand side of 

equat ion (2.15) as being "optimally softened." 

A second set of halos was initialized with a single softening length , c = 0.1 rs, 

in order to resemble the numerical environment of a cosmological simulation. We 

refer to these as "non-optimally" softened halos. Figure 2.1 shows the density profiles 

of halo realizations with each of the four different mass resolutions. Initial d nsity 

profiles are independent of force resolution since varying the softening length changes 

only the velocity distribution of halo particles. The reduced chi-square statistic, 

x;ed = x2 
/ Nbins, where Nbins is the number of bins over which the density profile is 

calculated, is less than unity for all four realizations. 

Kinetic and potential energy profiles for the optimally and non-optimally soft­

ened halo set are also shown in Figures 2.2 and 2.3 , respectively. In all cases the 

"binding" radius, the radius at which the total energy of the halo becomes negative 

(r '.::::'. 0.75 rs), is well-reproduced by the N-body halos. The softening values and 

two-body relaxation timescales for both sets of halos are shown in Table 2.1. 

2.2.2 Isolation Runs 

Each halo was evolved in isolation using vacuum boundary conditions for 10 

crossing times in order to ensure that the system was in equilibrium. The average 

crossing time and other simulation parameters are defined in Table 2.2. The softening 

length for each simulation was set to the same softening value used in generating 
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Figure 2.1: Density profiles for unevolved NFW halos with N= lO0 , 300, 1000, and 
3000 particles. Profiles are calculated by binning particles in spherical shells con­
taining 25 part icles each. Jagged solid line shows the density in each bin in units of 
m t0 tf r~, plotted at the average radius of particles in that bin. Smooth solid line shows 
the corresponding analytic FW profile. x:ed is the chi-square statistic reduced by 
the number of bins. 
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Figure 2.2: Cumulative kinetic (K) , potential (W), and total (K + W) energy pro­
files for optimally softened unevolved NFW halo with N = 100, 300, 1000, and 3000 
particles, in units of GM2 /rs, where M is the total mass of the halo. Profiles are 
shown for cent ral region , r < rs , and entire halo (inset). Solid lines show analytic 
and semi-analytic solutions given in Appendix A. 
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Figure 2.3: Same as Figure 2.2 for non-optimally softened unevolved halos. 
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trelax / tcross 

N c/rs U.lN U.lN 
ln/N) ln/A) 

100 0.388 2.17 6.52 
300 0.269 5.26 15.79 

1000 0.180 14.48 43.45 
3000 0.125 37.47 112.48 

100 0.100 2.17 3.46 
300 0.100 5.26 10.38 

1000 0.100 14.48 34.60 
3000 0.100 37.47 103.79 

Table 2.1: Softening lengths and relaxation times for two sets of FW halos. Two­
body relaxation timescales for a system of point masses (third column) are shown for 
comparison with those of the softened particle distributions (fourth column). 

the initial conditions. Halos evolved in this manner show no unusual changes m 

structure or energy despite the different softening schemes used in generating the 

init ial conditions ( top-hat kernel) and in the simulation code its elf ( spline kernel). 

The time evolution of radii enclosing 10%, 20%, etc. of each halo 's total mass 

(measured with respect to the centre of mass), as well as the total kinetic and potential 

energy of each halo as a function of time are shown in Figures 2.4 and 2.5 for the 

optimally and non-optimally softened sets of halos, respectively. As expected, noise 

in the mass shell radii decreases with increasing numbers of particles. However, 

with t he exception of the 100% mass shell radius which simply tracks the posit ion 

of the outermost halo particle, the radii of the mass shells after 10 crossing t imes 

are approximately equal to their initial values, except for the E = 0.1 rs, N = 100 

isolation run. In this case, the innermost mass shells appear to contract as the outer 

ones expand . This is the familiar phenomenon of core collapse in stellar dynamics. As 

particles collide, they exchange energy with one another. Particles that gain kinetic 

energy from interactions tend to expand the halo, while those that lose energy fall 

toward the centre. As a result , t he E = 0.1 rs, N = 100 halo is in a much different 

dynamical state compared to the other halos after being evolved in isolation for 10 
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code 
parameter value description 
rs 1 scale radius of satellite halo 
m sat 1 mass of satellite halo 
G 1 gravitational constant 
rcut 10 cutoff radius of satellite halo 
C = rcut/rs 10 concentration of satellite halo 
r1 ; 2 '.:::'. 3.6 half-mass radius of satellite halo 
Rs 10 scale radius of host potential 
Mhost = M(lO R s) 300 mass of host within 10 scale radii 

Jr3 tcross = ~ '.:::'. 31.6 satellite halo crossing time 

V (r ) - ✓ Gm '.:::'. 0.37 satellite halo circular velocity at half-mass ra-
C 1/ 2 - 2r1/2 

dius 
t (r ) - ~ '.:::'. 61.1 circular orbital period at half-mass radius of c 1/ 2 - Vc(r1 12) 

satellite 

orbital parameters 

rap rper Vap Vper J Earb e Ecirc tarb ~ !:EL 
t---·· t --" 

300 15 0.224 4.479 67.18 -2.28 0.905 0.261 556.6 17.6 20.0 
300 30 0.376 3.762 112.86 -2.24 0.818 0.430 581.7 18.4 28.3 
300 60 0.594 3.913 178.09 -2.13 0.538 0.751 639.9 20.2 35.4 

Table 2.2: Numerical parameters of our simulations , where e = (rap -r per)/ (rap +rper) 
is the generalized orbital eccentricity and Ecirc = J / l circ(E) is the orbital circularity, 
defined by the ratio between the orbital angular momentum and the angular momen­
tum of a circular orbit with the same energy. 

crossing times. The outer regions have expanded and are much less bound than they 

were initially, and a higher density core has developed within ~ 1 r s of the halo c ntre. 

2.2.3 Bound Orbits 

We use our evolved equilibrium halos to simulate the orbit of a satellite halo in 

the potential of a much larger , more massive host. In order to reduce computational 

expense, the host is modeled as a static, spherically symmetric FW potential whose 

analytic form is given in Appendix A. Its characteristic scale radius , Rs , is chosen 

to be ten times that of the satellite, and its mass within 10 R s is normalized to 300 
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Figure 2.4: Radii containing 10%, 20%, etc. of halo particles as a function of time 
for optimally softened halos evolved in isolation. Top panel in each plot shows time 
evolution of total kinetic (positive) and total potential (negative) energy for each halo 
in units of GM2 /rs, where Mis the total mass of the halo. 
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times the total mass of the satelli te halo. Unlike the "live" N-body satellite halo, the 

analytic potential has no cutoff radius, and effectively extends to infinity. The static 

potential is trivially softened to avoid large forces near the centre using the force law, 

Fhost = GM(R)/(R2 + E~ost), with Ehost = 0.1 R s. Three different elliptical orbits 

were simulated, all with the same apocentre, rap = 300 rs, but different pericentres, 

rper=15 , 30, and 60 rs. Numerical parameters for these simulations are presented in 

Table 2.2. 

Although we neglect dynamical friction by using a fixed, static potential, a simple 

calculation verifies that this effect is small for satellites much less massive than the 

host system. Lacey & Cole (1993) derive the following expression for the dynamical 

friction t imescale 
0.78 V, 2 

Eeire e re 
tdf ~ --

0.855 G msat ln A 
(2.16) 

where re is the orbital radius of a satelli te of mass msat in a singular isother­

mal halo with circular velocity Ve , Eeire = J / l eire(E) is the orbital circularity of the 

satellite, defined by the ratio between the orbital angular momentum and the angular 

momentum of a circular orbit with the same energy, and the Coulomb logarithm is 

approximated by ln A= ln(Mhostfmsat) , Setting re = rap, we find tdf ~ 20 torb for all 

three orbits (see Table 2.2). We therefore do not expect dynamical friction to play a 

significant role during the first several orbits . 

ote that assigning physical uni ts to the code units for length and mass defines 

physical units for all other quanti ties. For example, if w take [r] = rs = 10 kpc 

and [m] = msat = 1012 M0 the unit of time in our simulations is [t] = J[r]3 /G[m] = 

1.5 x 107 yr. Using this choice of parameters, our satellite halo represents a Milky 

Way-sized galaxy, and the host potential corresponds to that of a galaxy cluster. Due 

to the scale-free nature of gravity, however, an equally valid choice of units causes 

our satellite to represent a dwarf galaxy in the host halo of the Milky Way. 

Initial velocities for the three elliptical orbits are obtained by solving the equations 
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of motion for this potential. The centre of an evolved halo was identified using the 

"moving centre" technique described by Tormen et al. (1997) . This algorithm zeroes 

in on the densest region of the par ticle distribution by calculating the centre of mass 

of particles within spheres of increasingly smaller radius. The radius of the sphere 

is iteratively reduced by a constant factor (we use 0.95) unt il some fixed number of 

particles remains, e.g. 10% of the total. The simulation was initialized by placing the 

centre of a halo previously evolved in isolation for 10 crossing t imes at apocentre and 

by adding the calculated initial velocity to all par ticles in the halo. 

Figure 2.6 shows several snapshots of the satelli te particle posit ions during the 

first radial orbit of the N = 3000, rap= 300 rs, rper = 60 r8 run. The effects of t idal 

stripping and mass loss are clearly visible in the form of elongated tidal tails, which 

extend for many scale radii beyond the mass of the remaining satellite. Simulation 

outputs were generated every 40 time units so that about 15 outputs were produced 

during each radial orbi t . 

2.3 Results 

The simulations we have described feature a single N -body satellite in a bound or­

bit in the gravitational potential of a much larger, more massive host system. Because 

the host is represented by a fixed , static potential, changes in the structure of the 

satellite effected by the host are primarily due to different ial t idal forces . Processes 

such as dynamical friction and particle-halo heating, which may play a significant 

role in the disruption of substructure in fully self-consistent N -body simulations, are 

not relevant here. We investigate the response of the satellite to the t idal field of the 

host in two ways. Firstly, we quantify mass loss using an energy criterion to ident ify 

part icles which no longer remain bound to the satelli te halo. Secondly, we look at 

changes in the satelli te's internal structure by examining its half-mass radius and 

density profile as a function of t ime. 
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Figure 2.6: Positions of satellite halo particles proj cted in the orbital plane at several 
time outputs for the N = 3000, rap= 300 rs , rper = 60 rs run. Cross marks the centre 
of the static host potential. Time increases as the halo moves counter-clockwise from 
t = 0 at the initial , rightmost position to t = 560 in arbitrary code units at the 
bottommost position. 
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2.3.1 Mass Loss 

Tidal stripping of satellite particles is readily evident in our simulations; the 

satelli te appears increasingly elongated along the path of its orbit as it approaches 

pericentre, and during each pericentric passage a substantial fraction of part icles 

are physically separated from the satellite by the tidal field of the host (see Figure 

2.6). One way of quantifying this mass loss due to tidal stripping is by ident ifying 

the satellite part icles which remain gravitationally self-bound. We use the following 

unbinding algorithm, previously described by Tormen et al. (1998), to define the 

satellite's self-bound mass: 

• identify the centre of mass and average velocity of particles in the densest region 

of the halo as determined by the moving centre technique 

• calculate the kinetic energy of particles in this reference frame, and the potent ial 

energy due the other particles in the halo 

• remove all particles with positive total (kinetic plus potent ial) energy from con­

sideration and calculate the centre of mass and average velocity of the remaining 

particles 

• recalculate the kinetic and potential energy of each particle in the new reference 

frame 

• repeat the previous two steps until the number of particles with negative total 

energy remains constant ; these particles constitute the self-bound mass of the 

system 

• repeat the process for the next simulation t ime output , using only the self-bound 

particles to identify the halo centre with the moving centre technique 

The self-bound mass of each satellite as a function of time is shown in Figure 2. 7. 

In general , the self-bound mass curves have a step-like appearance, with most of the 
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mass loss occurring at orbital pericentre, i. e. t/torb = 0.5 , 1.5, 2.5, etc. where torb is the 

radial period. In addition, the logarithmic "size" of these steps appears to be fairly 

constant, especially for the higher resolution simulations. That is, a given satelli te 

halo loses roughly the same percentage of its remaining self-bound mass after each 

pericentric passage. 

As expected, satelli tes which pass closer to the centre of the host potential lose 

more mass during each pericentric passage than do halos with larger pericentric radii. 

Satellites on these more radial orbits experience stronger tidal forces at pericentre, but 

also pass through pericentre at higher velocities compared to halos on more circular 

orbits. The result is a large, abrupt drop in the self-bound mass of halos on elliptical 

orbits with rper = 15 rs, and a smaller, more gradual decrease for rper = 60 rs orbits. 

Upon inspection of Figure 2. 7 several trends are apparent: 

1. on-optimally softened halos with N = 100 and N = 300 particles are disrupted 

much faster than other halos. The mass loss curves of these halos also appear 

much more erratic compared to the smooth, regularly spaced steps of the N = 

1000 and N = 3000 halos. 

2. The mass loss curves of halos on orbits with r per = 30 rs and r per = 60 rs appear 

to converge nicely with increasing mass resolution. For the r per = 60 rs orbit 

in particular, increasing the number of particles from N = 100 to N = 1000 

reduces the amount of mass lost by the satelli te during each orbit, and virtually 

identical results are obtained for the N = 1000 and N = 3000 halos. 

3. Optimally softened halos with N = 100, 300, and 1000 particles eventually start 

to lose less mass than the higher resolution N = 3000 halo in the case of the 

r per = 15 r 8 orbit . In fact, the two lowest resolution halos virtually stop losing 

mass when ~ 10% of their original mass remains. 
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Figure 2.7: Time evolution of self-bound mass of satellite halo for three different 
elliptical orbits with apocentric radius , rap = 300 rs, and pericentric radius, rper, as 
shown. Left and right side correspond to simulations performed with non-optimally 
and optimally softening halos, respectively (see Table 2.2 for softening lengths) . 
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How can we understand these resul ts? Conventional wisdom suggests that at fixed 

mass resolution, halos simulated with large softening values are less bound and there­

fore more easily disrupted than those with smaller softenings. Nevertheless, the non­

opt imally softened 100 and 300 particle halos (both c = 0.1 rs) are without exception 

disrupted faster than their optimally softened counterparts (c = 0.388 rs and 0. 269 rs , 

respectively). 

T he key to this apparent contradiction is that each halo was evolved in isolation 

for several crossing t imes before being inserted into orbit in the cluster potential. 

As previously noted, the non-optimally softened 100 particle halo appear d to relax 

significantly over the course of 10 crossing times. As a resul t, the outer layers of this 

halo have expanded and are more easily stripped by tidal forces when it is placed 

in the host potent ial. The dense core which remains continues to evaporate at an 

accelerated rate since trelax ex N and the number of bound particles decreases as the 

halo loses mass. This effect is even more noticeable for the rper = 60 rs orbi t because 

the orbital period is longer and the halo has more t ime to relax during each orbi t (see 

Table 2.2). 

Relaxation effects are less significant for the optimally softened halos since their 

relaxation timescales are longer than those of the non-optimally softened halos (see 

Table 2. 1) . In the rper = 60 rs orbi t mass is stripped gradually from the outer regions 

of the halo and each halo loses approximately the same fraction of its remaining mass 

during each pericentric passage. In the r per = 15 rs orbit, halos are stripped much 

more violently, losing ~ 50% of their mass in each orbi t. Once the halo is reduced to 

a dense core of about 10 tightly bound particles mass loss effectively ceases. 

2.3.2 Internal Structure 

The internal structure of our halos was originally characterized by the FW 

density profile. How does this change as the satellite is t idally stripped? Figure 2.8 
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shows the time evolution of the radius containing half the remaining self-bound mass , 

hereafter referred to as the half-mass radius (r1; 2 ). In all cases, r 1; 2 decreases (though 

not monotonically) as a function of time. The non-optimally softened N = 100 halo, 

for example, is quickly reduced to a small number of bound particles and its half-mass 

radius fluctuates greatly from t ime to time, but on average continues to decrease with 

time. This indicates that mass is lost preferentially from the outer regions of the halo, 

since losing mass from the central regions would tend to increase the half-mass radius. 

The half-mass radius is somewhat more sensitive to numerical effects than the 

self-bound mass, and appears to converge more slowly to the resul ts of the opt imally 

softened N = 3000 simulation. Even when satellites with different mass resolution 

experience the same mass loss (e.g. the rper = 60 rs, N = 1000 and N = 3000 runs), 

the half-mass radius is significantly smaller for halos with fewer particles indicating 

the formation of denser cores due to shorter relaxation timescales. The time evolution 

of the mean density within the half-mass radius, Nsb/N/rf12 , is shown in Figure 2.9. 

After several orbits, the mean density is significantly higher in the N = 100 and 

N = 300 halos compared to the 1000 and 3000 particle halos. T his suggests that 

the relaxation timescale of these halos is sufficient to suppress artificial relaxation 

due to numerical effects. In Figure 2.10, we plot the ratio of the self-bound mass 

to the half-mass radius, Nsb / N/r1; 2 , i. e. the square of the circular velocity at the 

half-mass radius , v~(r1; 2 ). In the high resolution N = 1000 and N = 3000 halos, this 

quantity tends to decrease at a relatively constant rate as the satelli te orbits in the 

host potential. In fact, our resul ts indicate that the half-mass circular velocity of the 

N = 3000 halos changes by as much as 40% to 50% per orbit. This suggests that 

low circular velocities might serve as a signature of tidal mass loss in cluster galaxies. 

The circular velocity profiles of satellite halos at apocentre are shown in Figures 2.11 , 

2.12, and 2.13 for orbits with rper = 15, 30, and 60 rs, respectively. The peak circular 

velocity changes by~ 15% per orbit in the most extreme case, the rper = 15 rs orbit. 

In all cases the circular velocity profile has declined significantly after the first few 
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orbits. 

The time evolution of the density profiles of the self-bound mass of the N = 3000 

satellite halos are shown in Figures 2.14, 2.15, and 2.16 for orbits with rper = 15, 30, 

and 60 r 8 , respectively. We examine the density profile of the satellite halo each time 

it reaches apocentre and fit the density with an FW profile using the Levenberg­

Marquard t method of minimizing x2 (Press et al. , 1992). We exclude the first bin 

from the fi t since this region is smaller than the softening length, and is artificially 

underdense due to numerical effects. We also restrict the fit to bins within the radius 

containing only 70% of the self-bound mass. Beyond this radius, the density falls 

off steeply and an NFW profile is unable to simultaneously fit the inner and outer 

regions of the halo. 

The d nsity in the outer regions decreases steadily with time as mass is tidally 

stripped from satelli te. The central density also d creases significantly, as t idal heat­

ing depletes the innermost region of particles causing the formation of flat core of 

relatively constant density. The concentration value, c70% cited for each profile in 

Figures 2.14 to 2.16 is simply the ratio of the 70% bound mass radius to the scale 

radius of the fi tted profile. Although these values tend to decrease as a function of 

time, their actual significance is questionable because we assume at all t imes that th 

outermost radius of the halo is the 70% mass radius. The FW profile provides a 

reasonable fit to this restricted range of the self-bound halo although we find x;ed > 1 

for all fits. After several orbits it becomes difficul t to fit an NFW profile to the halo 

density since the inner region becomes more shallow than r- 1 and the outer region 

becomes steeper than r - 3 . 

2.4 Modeling Mass Loss 

The simulations we have presented clearly demonstrate that satellites undergo 

significant mass loss in the tidal field of a massive host . The regular and consistent 
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Figure 2.8: Radius containing half the remammg self-bound mass, r 1; 2 , scaled to 
the init ial half-mass radius, r 1; 20 , as a function of time in radial periods for ellipt ical 
orbits with apocent ric radius, rap= 300 r5 , and pericent ric radius, rper, as shown. Left 
and right side correspond to simulations performed with non-optimally and optimally 
softened halos, respectively. 
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Figure 2.9: Mean density within radius containing half the remammg self-bound 
mass, Nsb/N/ rf12, as a function of time in radial periods for elliptical orbits with 
apocentric radius, rap = 300 r 8, and pericentric radius, r per, as shown. Left and right 
side correspond to simulations performed with non-opt imally and optimally softened 
halos, respectively. on-optimally softened N = 100 halo not shown because it is 
noise dominated . 
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Figure 2.10: Circular velocity squared at the half-ma s radius of the satellite halo, 
vc(r1; 2)2, as a function of time in radial periods for elliptical orbits with apocent ric 
radius , rap = 300 rs, and pericentric radius, rper , as shown. Left and right side 
correspond to simulations performed with non-optimally and optimally softened halos, 
respectively. on-optimally softened N = 100 halo not shown because it is noise 
dominated. 
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Figure 2. 11: Circular velocity profiles of optimally softened N = 3000 satellite halos 
at consecutive apocentric passages for the rap= 300 rs, rper = 15 r s orbit in units of 

JGmsatf r
3

• Particle are binned as in Figure 2.1 , taking the centre of mass deter­
mined by the moving centre method as the halo centre. Dashed line hows analytic 

FW circular velocity profile corresponding to initial hal for comparison. 
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Figure 2.12: Same as Figure 2.11 for the rap= 300 rs, rper = 30 rs orbit. 
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Figure 2.13: Same as Figure 2.11 for the rap= 300 rs, rper = 60 rs orbit. 
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Figure 2.14: Density profi les of opt imally softened N = 3000 satellite halos at con­
secut ive apocentric passages for the rap= 300 rs, rper = 15 rs orbit . Density profiles 
and x;ed are calculated as in Figure 2. 1, taking the centre of mass determined by 
the moving centre method as the halo cent re. FW fi ts to the halo profile with the 
radius containing 70% of the remaining self-bound mass are shown as smooth solid 
lines. The concentration value shown, c70%, is the 70% bound mass radius divided by 
the scale radius of the fi tted profile. 
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Figure 2.15: Same as Figure 2.14 for the rap= 300 rs , rper = 30 rs orbit. 
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Figure 2.16: Same as Figure 2.14 for the rap= 300 rs , rper = 60 rs orbit . 
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pattern of mass loss we observe suggests that the mas loss is well-behaved. In this 

section we attempt to model the mass loss experienced by satelli te halos using approx­

imations based on simple dynamical arguments. Our ult imate goal is to develop a 

general prescription for predicting the mass loss and disruption timescale of a satellite 

galaxy in a galaxy cluster. 

2.4.1 Tidal Approximation 

As a fi rst attempt, we use the tidal approximation to predict the mass lost by a 

satellite halo during a single orbit . Here, the tidal radius, rt, is the distance from the 

centre of t he satellite beyond which the differential tidal forces of the host potential 

exceed the self-gravity of the satelli te . One predicts the mass external to this radius 

to be tidally stripped. 

The precise defini t ion of the t idal radius depends on the assumptions made in its 

derivation. If we assume that the gravitational potentials of both the satellite and 

the host are given by point masses, and that the satellite is small compared to its 

distance from the centre of the host, we find the Roche limit : 

( 
m ) 1/ 3 

rt= - R 
2M 

(2 .17) 

where mis the mass of the satellite, M is the mass of the host, and R is their relative 

distance. We obtain a more general expression by taking the extended mass profiles 

of both systems into account , and solving for rt numerically in the fo llowing equation 

(Tormen, Diaferio & Syer, 1998; Klypin, Gottlober & Kravtsov, 1999) : 

m (rt) = ( _ _!i__ 8M ) M (R) 
rt 2 

M(R) 8R R3 
(2.18) 

Note that the mean density of the satellite within rt is of the order of the mean 

density of the host within R. A mean satellite density of twice that of the host 
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gives the Roche limit, whereas equation (2. 18) corresponds to a smaller overdensity. 

Figure 2.17 shows the tidal radius, satellite mass within the tidal radius, and mean 

overdensity of the satelli te relative to the host as a function of orbital radius for our 

satellite-host system. The tidal radius increases from rt :::: 1 rs to rt:::: 10 rs between 

an orbital radius of 10 rs and 100 rs. The pericent ric radii of our three orbits lie within 

this range so we expect the tidal radius approximation to predict nonzero mass loss. 

We use the fo llowing procedure to estimate the mass lost during each orbi t: 

• identify the simulation output in which the satellite is closest to apocentre 

according to the position of the centre of the satellite determined via the moving 

centre technique 

• count the number of self-bound particles within some radius r that is much 

larger than the tidal radius at orbital pericentre 

• if m(r)/r3 is less than the right-hand side of equation (2. 18) evaluated at R = 
rper, reduce r by dr 

• repeat the previous two steps until m( r) / r3 is greater than or equal to the 

right-hand side, and thus r = rt, or until r = 0, in which case no solut ion exists 

• the s If-bound mass external to ri, m sb(r > ri), is predicted to be tidally 

stripped in the ensuing pericent ric passage 

We compare the predictions of the t idal approximation with the actual mass 

lost by the satellite in Figure 2.18. Here the actual fraction of self-bound mass lost 

!:iNsb/ Nsb during each of the first six orbi ts is plotted against the corresponding 

prediction of the tidal approximation for the optimally oftened set of halos. The 

correlation between the two appears to be fairly strong, especially for the N = 1000 

and N = 3000 halos. Overall , the predictions seem most accurate for the r per = 30 rs 
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Figure 2.17: Top left : tidal radius as a function of orbital radius R in uni ts of the 
satellite scale radius, r5 , for our satellite-host system. Three parallel curves show 
the tidal radius corresponding to Psatl Phost = l , 2, and 3 (upper, middle, and lower 
curves, respectively), where Psatl Phost is the mean overdensity of the satelli te within 
t idal radius relative to the mean density of the host within the orbital radius . Fourth 
curve shows tidal radius corresponding to equation (2 .18). Top right: mass within 
tidal radius for the same four definitions of the tidal radius. Bottom left : Psat! Phost 
as a function of orbital radius. 
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Figure 2.18: Change in self-bound mass between consecutive apocentric passages 
versus mass loss predicted by tidal approximation for optimally softened halos on 
ellipt ical orbits with rper/rs = 15, 30, 60 and total sample (lower right panel) . 
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orbit , with a slight tendency to over-predict mass loss in the rper = 15 rs orbit, and 

a more pronounced tendency to under-predict mass loss in the rper = 60 rs orbit. 

The tidal approximation is somewhat less effective in predicting mass loss in the 

non-optimally softened set of simulations. Figure 2.19 shows that this method is un­

able to account for the accelerated disruption experienced by the 100 and 300 particle 

halos. Two-body relaxation causes these halos to expand significantly between apoc­

entric and pericentric passage, such that the halo at pericentre is much less bound 

than at the time of the mass loss prediction. Particles are therefore more susceptible 

to tidal stripping than the tidal approximation originally predicted. 

2.4.2 Impulse Approximation 

We attempt to improve our mass loss predictions by using a semi-analytic formu­

lation of the impulse approximation. In general, the impulse approximation is valid 

for high-speed encounters in which the motions of particles within each system can 

be neglected, i.e. the relative speed of the two systems is large compared to their 

internal velocity dispersions. The fo llowing procedure, based on the prescription of 

Aguilar & White (1985), is used to apply the impulse approximation: 

• calculate the orbital path of the satelli te by solving the equations of motion 

using a Runge-Kutta integration scheme for 1000 steps equally spaced in time, 

per radial period 

• identify the satellite at apocentre as in the tidal approximation and calculate the 

total change in velocity, 6v, over one orbit for each self-bound particle in the 

satellite by summing the instantaneous acceleration due to the host potential 

at each step along the orbital path: 

1000 

6v = L a (ti)6t (2.19) 
i=l 
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• add this change in velocity to the initial velocity v 0 and subtract the average 

velocity, V avg, to find the new velocity, Vi mp, for each particle 

V vo +~v (2.20) 

L i l V 
I 

Vavg (2.21) 
N 

I 

(2.22) V imp V - V avg 

• apply the previously described unbinding algorithm to the (unchanged) particle 

positions and new particle velocities to identify unbound particles after that 

orbit. Note that this is equivalent to finding particles whose velocity is greater 

than the escape velocity with respect to the rest, N(vimp > Vesc), since Vesc = 

J2<I! (r) and we have defined the self-bound particles as having K = mvfmp/2 > 

m<I!(r) = W 

Unlike the tidal approximation, this method incorporates both spatial and kine­

matic information about the halo particles and is more computationally expensive 

since the change in velocity is the sum of terms calculat ed at many timesteps and 

the unbinding algorithm requires multiple iterations for onvergence in the number 

of self-bound particles. The predictions of the impulse approximation are compared 

with the actual change in self-bound mass in Figure 2.20. The predictions for the 

r per = 15 r 8 orbit are again better than those for orbits with larger pericentric radii . 

This is expected, since the more circular orbits have longer orbital periods, and the 

motions of the particles become significant. Overall, the predictions of the impulse 

approximation seem slightly more accurate than t hose of the tidal approximation, 

and show marginally less scatter than those of the tidal approximation. Table 2.3 

shows the error in t he predictions of the t idal and impul e approximations for the 

optimally softened N = 3000 halos. The maximum error in the predictions of the 

impulse approximation is constant among the three different orbits whereas the max-
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imum error in the tidal approximation is much greater for the r per = 60 rs orbit. The 

tidal approximation under-predicts mass loss by as much as 40% for this orbit, while 

the maximum error in the impulse approximation predictions is less than 18% in all 

three orbits. Overall , the average error in the predictions of the impulse approxima­

tion is less than that of the tidal approximation predictions. The standard deviation 

of percent errors is also smaller for the impulse approximation predictions in two of 

the three orbits. 

% error (tidal) 
rper mm max avg (J 

15 +5.6 +20.2 +13.3 5.8 
30 -15.0 +12 .5 -0.3 11.2 
60 -40.0 -22.4 -27.8 6.1 

% error (impulse) 
rper mm max avg (J 

15 +4.9 +17.8 +9.7 4. 9 
30 -17.8 +9 .8 =5.0 10.1 
60 -17.9 -5.7 -12.1 4.1 

Table 2.3: Error statistics for single orbit predictions of tidal and impulse approx­
imation over the first six orbits of the optimally softened N = 3000 satellite halo. 
Includes minimum, maximum, average, and standard deviation of percent error in 
single orbit predictions of f:1Nsb/ Nsb· 

In summary, the tidal and impulse approximations predict mass loss on an orbit­

by-orbit basis to within an average accuracy of 15% and 10%, respectively. The 

predictions of the impulse approximation are slightly more accurate and more con­

sistent compared to those of the tidal approximation, especially for the least radial, 

rper = 60 r 5 orbit, but at the cost of a more computationally expensive algorithm. 

2.4 .3 Modeling Cumulative Mass Loss 

Thus far, we have only considered predictions of mass loss over a single radial 

orbit. We now apply our methods over several consecutive orbits and attempt to 
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Figure 2.20: Change in self-bound mass between consecutive apocentric passages 
versus mass loss predicted by impulse approximation for optimally softened halos on 
elliptical orbits with rper / rs = 15, 30, 60 and total sample (lower right panel). 
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predict the total amount of mass lost by the satellite as a function of time. 

In the absence of any readjustment of halo particle positions, the tidal approxi­

mation predicts that the satellite halo is stripped down to the tidal radius in a single 

episode of mass loss. Clearly this is not what we observe in our simulations. Figure 

2.7 shows that a halo simulated with sufficient mass resolution loses approximately 

the same fraction of mass during each pericentric passage. If we assum that the 

mass loss predicted by the tidal approximation corresponds to the fraction of mass 

lost each time the satellite passes through pericentre we predict that the mass of the 

satellite decreases exponentially with time: 

Nsb _t_ log ( N(r<rtl) - = l0torb N 

N 
(2.23) 

where N(r < rt) is the number of particles within the pericentric tidal radius. A 

similar prediction is obtained if the impulse approximation is used to calibrate the 

rate of mass loss. These predictions are shown in Figure 2.22 alongside the self-bound 

mass curves of the optimally softened N = 3000 satelli te halos for the three different 

orbits. In all three cases, the cumulative prediction of the impulse approximation is 

more accurate than that of the tidal approximation. Note that since these predictions 

are based solely on an extrapolation of the prediction for the first orbit, discrepancies 

between the two initial estimates are amplified after each sub equent orbital period. 

Both tidal and impulse approximations substantially over-predict the rate of mass loss 

in the rper = 15 rs and rper = 30 rs orbits, however, both methods under-predict the 

mass loss rate of the r per = 60 rs orbit. As previously noted, the tidal approximation 

more severely under-predicts mass loss for the latter orbit, thus the cumulative mass 

loss prediction of the impulse approximation is considerably more accurate in this 

case. 

An additional prediction of the mass loss rate is obtained via repeated applica-

tions of the impulse approximation, i.e. by performing the procedure described in 
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section 2.4.2 for the first orbi t , reseting the posit ions and velocit ies of the remaining 

bound particles to the centre of mass frame, repeating the procedure for the next 

orbit, and so on. The resul ts are plotted as the right-angled, step-like curves in Fig­

ure 2. 22 . ote that the observed self-bound mass curves appear to lag the equally 

spaced impulse approximation steps because of a decrease in the orbital energy of 

the satelli te halo. This effect was previously observed in the shell galaxy formation 

simulations of Heisler & White ( 1990), who noted that "tails stripped off the satellite 

during an encounter cause an effective drag which reduces the orbital energy of its 

core." 

The predictions of the repeated impulse approximation are of comparable accu­

racy to those of the extrapolated impulse approximation: the former method is more 

accurate for the rper = 15 rs orbit and the latter is more accurate for the rper = 60 rs 

orbit . The error in the predicted disruption timescale for all three methods is shown 

in Table 2.4. We define the disruption timescale as the time for the self-bound mass 

of t he halo to decrease by 50% (tso%) or 90% (t90%) of the init ial mass. Since the re­

peated impulse approximation predicts the remaining satellite mass after each orbit , 

the t ime resolut ion of this method is limited to a radial period. evertheless, this 

method predicts the disruption time to within one radial period for all bu t the t9o%, 

rper = 60 rs case, and to within 30% for all but the tso%, rper = 15 rs case. The ex­

ponential extrapolation of the impulse approximation is equally accurate , predicting 

disruption times to 30% or better in all cases. In comparison, the prediction of the 

extrapolated t idal approximation misses the mark by as much as 80% or almost nine 

radial periods in some instances. 

Clearly the impulse approximation-based predictions are superior to those based 

on the tidal approximation. However, the repeated impulse approximation under­

predicts the disrupt ion timescale in all cases, whereas th disruption times predicted 

by exponential extrapolations are greater than those obser ed in some cases and less in 

others (see Table 2.4). Thus, making conservative ( over-) estimates of the disrupt ion 
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timescale of satellite halos remains problematic using the e methods. Recall that our 

ultimate objective is to determine whether tidal stripping alone is sufficient to account 

for overmerging in the central regions of clusters. To this end we prefer to overestimate 

satellite disruption times so that the distribution of surviving substructure predicted 

by our model represents an upper limit to the amount of substructure we can expect 

to observe in cosmological simulations. Any deficit we find in the density of surviving 

subhalos relative to that of galaxies galaxies in clusters can therefore be trusted as 

legitimate signature of overmerging. 

tidal exp impulse exp impulse rep obs 
rper ~ error (%) 50% error (%) ~ error (%) T50% 

t t l--• t 

15 0.82 -0.38 (32%) 0.87 -0.33 (27%) 0.50 -0.70 (54%) 1.29 
30 1.61 +0.03 (2%) 1.80 +l.22 (14%) 1.50 -0.08 (5%) 1.58 
60 6.38 +2.85 (80%) 4.60 +l.07 (30%) 2.50 -1.03 (29%) 3.55 

tidal exp impulse exp ' impulse rep obs 
rper 

' 90% error (%) ~ error (%) ' 90% error (%) ' 90% 
t . L tM, t . L t--· 

15 2.72 -1.26 (32%) 2.89 -1.09 (27%) 3.50 -0.48 (12%) 3.98 
30 5.36 -0.97 (15%) 5.99 -0 .34 (5%) 5.50 -0.88 (13%) 6.30 
60 21.18 +8.88 (72%) 15.27 -2.97 (24%) 9.50 -2.20 (23%) 12.29 

Table 2.4: Predicted and observed disruption times for optimally softened N = 3000 
satellite halos. Exponential extrapolation of tidal and impulse approximations (tidal 
exp, impulse exp), repeated application of impulse approximation (impulse rep) and 
disruption times observed in simulations (obs) are shown in units of radial period for 
50% and 90% mass loss. 

2.5 Summary 

In this chapter, we have described a serie of N-body experiments which simulate 

the orbit of a satellite galaxy in a cluster potential. These imulations explored a range 

of mass and force re olution, and orbits with three different apocentre-to-pericentre 

ratios. We followed the tidal disruption of the satellite halo by calculating it self­

bound mass and observed changes in its internal struct re by examining the time 
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Figure 2.22: Cumulative mass los predicted by three different methods. Straight 
dashed line shows tidal approximation prediction as urning a onstant fraction of 
the remaining self-bound ma s is lost each orbit . Straight solid line is the same for 
the impulse approximation. Step-like solid line shows th prediction for repeated 
applications of the impulse approximation . Simulation re ults for the optimally soft­
ened = 3000 halos are shown as sloping steps. Upper , middle, and lower sets of 
curves correspond to orbi ts with apocentric radius rap= 300 rs, and pericentric radii 
rper = 60, 30, and 15 rs, respectively. 



Chapter 3 

Dynamical Evolution of Galaxy 

Clusters 

Abstract 

A series of simulations of satellite halos in a variety of radial and circular orbits 
reveal that simple methods of modeling tidal mass loss rates systematically under­
predict disruption timescales of satellites on non-radial orbits. As an alternative, 
we use our simulation data to define an empirical relationship between the fraction 
of mass lost in the first orbit and the disruption timescale of the satellite. This 
relationship is used to construct a toy model for cluster evolution by solving for the 
orbital parameters of 1000 particles randomly selected from an NFW halo and using 
the impulse approximation to predict the mass lost in the first orbit by satellite halos 
corresponding to these particles. The resulting distribution of disruption timescales 
allows us to determine the spatial distribution of substructure in a cluster after 
dynamical evolution for a Hubble time. The number ensity profile of substructure 
halos is compared with the results of cosmological simulations and with observations 
from the Canadian Network for Observational Cosmology (CNOC) cluster survey. 
We find that tidal disruption erases substructure in the central regions of the cluster, 
and that the subhalo distribution is not consistent with the observed distribution of 
cluster galaxies. This suggests that fully self-consistent hydrodynamical simulations 
may be needed to properly model the formation of galaxy clusters. 

In the prev10us chapter we investigated the tidal disruption of satellite halos 

by a massive host and developed methods for predicting mass loss and disruption 
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timescales. We now seek to further test these methods over a wide range of orbital 

conditions and, if necessary, to refine or improve upon them. Our goal is to apply these 

semi-analytic recipes for estimating mass loss to a large sample of satelli te galaxies 

in order to investigate the dynamical evolution of a galaxy cluster . Ultimately we 

wish to compare the surviving substructure predicted by our model with the results 

of high resolution cosmological simulations as well as observations of galaxy clusters. 

This chapter is organized as follows. In Section 3.1 we present additional simula­

tions of the tidal disruption of a satellite galaxies which explore the parameter spac 

of possible bound orbits. We use these to derive an empirical relationship between 

the fract ion of mass lost in the first orbit and the disruption t imescale of the satel­

lite. This relationship in turn is used to construct a toy model for cluster evolution 

in Section 3.2. The spatial distribution of surviving substructure predicted by our 

model is compared with the results of cosmological simulations as well as observations 

from the Canadian etwork for Observational Cosmology (C OC) cluster survey in 

Section 3.3. 

3.1 Supplementary Simulations 

In order to gain a more complete understanding of the dependence of mass loss 

on the orbit of a satellite halo, we perform an additional s t of simulations of satellites 

in static host potentials. We follow the procedure described in Section 2.2 to initialize 

these runs, and use only optimally softened N = 3000 particle halos in order to avoid 

numerical effects which lead to the premature disruption of insufficiently resolved 

satellite halos. The range of parameter space explored in these simulations is shown in 

Figure 3.1 and Table 3.1. The simulations described in Chapter 2 featured orbits with 

'rper = 15, 30, and 60 rs and 'rap= 300 rs . \Ve perform a similar series of simulations 

with orbits having the same set of pericentric radii, but smaller apocentric radius, 

rap = 100 rs· Another set of runs consists of orbits with the same pericentric radius 
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rper = 15 rs and a range of different apocentric radii. Finally we simulate seven 

different circular orbits with orbital radii ranging from r circ = 15 rs to r circ = 300 rs· 

Altogether this suite of simulations represents a fairly complete sample of orbits, with 

apocentre-to-pericentre ratios ranging from 1:1 to 20:1. 

orbital parameters 
Tap rper Vap Vper J Eorb e Ecir c torb ~ .!:.!il.._ 

t --- .• t -- •· 
300 15 0.224 4.479 67.18 -2.28 0.905 0.261 556.6 17.6 20.0 
300 30 0.376 3.762 112.86 -2.24 0.818 0.430 581.7 18.4 28 .3 
300 60 0.594 3.913 178.09 -2.13 0.538 0.751 639.9 20.2 35.4 
100 15 0.587 3.911 57.67 -4.66 0.739 0.505 150.4 4.8 13.8 
100 30 0.941 3.138 94.13 -4.39 0.538 0.751 170.8 5.4 16.5 
100 60 1.384 2.307 138.43 -3.87 0.250 0.949 218.0 6.9 15.5 
60 15 0.887 3.509 52.64 -6.15 0.600 0.665 88 .5 17.6 16.2 
75 15 0.739 3.697 55.45 -5.47 0.631 0.592 110.8 3.5 11.9 
150 15 0.416 4.164 62.47 -3.64 0.818 0.398 238.9 7.6 10.4 
- 15 2.061 2.061 30.92 -10.18 0 1 45.7 1.4 21.7 
- 30 2.067 2.067 61.92 -7.17 0 1 91.2 2.9 13.2 
- 60 1.912 1.912 114.72 -4.71 0 1 197.2 6.2 9.7 
- 75 1.838 1.838 137.85 -4.06 0 1 256.4 8.1 7.7 
- 100 1.732 1.732 173.20 -3.33 0 1 362.8 11.5 6.4 
- 150 1.570 1.570 235.50 -2.49 0 1 600.3 19.0 3.5 
- 300 1.287 1.287 386.10 -1.48 0 1 1464.5 46 .3 35.4 

Table 3.1 : umerical parameters of our simulations, where e = (rap -r per)/ (rap +r per) 
is the generalized orbital eccentricity and Ecirc = J / l circ(E) is the orbital circularity, 
defined by the ratio between the orbital angular momentum and the angular momen­
tum of a circular orbit with the same energy. Upper and lower sections show radial 
and circular orbits ( where r circ = r per), respectively. 

3.1.1 Mass Loss 

The self-bound mass curves of five radial orbits with the same pericentric radii , 

rper = 15 rs are shown in Figure 3.2 . Even though the apocentre-to-pericentre ratios 

for these orbits range from 4:1 to 20:1, mass loss occurs at virtually the same rate 

in all five cases; these halos consistently lose between 40% to 50% of their remaining 
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Figure 3.1: Pericentric and apocentric radii (rper, rap) of orbits for all optimally 
softened N = 3000 satelli te simulations. 



Chapter 3: Dynamical Evolution of Galaxy Clusters 58 

self-bound mass per orbit. Satelli tes with smaller apocentric radii continue to lose 

significant mass between pericentric passages because, unlike those on highly radial 

orbits, they do not move far enough from the centre of the host potential to escape 

strong tidal forces. Figure 2.17 shows that the tidal radius is smaller than the init ial 

size of the satellite (i.e. rt< rcut = 10 rs) at all orbital radii less than~ 100 rs. As a 

result, the mass loss experienced by satellites which remain in this region throughout 

their orbits is more continuous and less than it is for sateJites with larger apocentric 

radii. Also shown in Figure 3.2 is the self-bound mass of a satellite on a circular orbit 

with an orbital radius of 15 rs· This satellite loses mass continuously at rate similar 

to that experienced by the other satellites at pericentre, and therefore disrupts on a 

much faster timescale. 

The pericentric radius of a satellite's orbit is clearly a major determinant of its 

mass loss rate . The apocentric radius and orbital circularity also appear to play a 

role, however. Figure 3.3 shows a comparison of the self-bound mass of six satellites 

on orbits with rap = 300 or 100 rs, and either of three different pericentric radii, 

rper = 15, 30 , or 60 rs. In all cases, the satellite on the less radial rap= 100 rs orbit 

loses significantly more mass during the first orbit compared to the satelli te with the 

same pericentric radius but more distant apocentre. Hmvever, the mass loss rate of 

the rap= 100 rs satellites begins to decrease after the second or third orbit , and these 

satellites start to retain more mass than do their rap = 300 rs counterparts. This 

effect seems most pronounced for orbits with larger pericentric radii. Recall that for 

orbits with rper = 15 rs, changing the apocentre-to-pericentre ratio by a factor of 

five had little effect on the overall mass loss rate, whereas in this case decreasing the 

apocentric radius by a factor of three results in much difD rent mass loss patterns for 

orbits with rper = 30 and 60 rs. 

Since satelli tes on different orbits with the same pericentric radius lose different 

amounts of mass, our implementation of the tidal approximation will inevitably fail 

to make accurate predictions in many cases. In addition , methods based on a simple 
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Figure 3.2: Time evolution of self-bound mass for optimally softened N = 3000 
satellites on orbits with same pericentric radius, rpcr = 15 rs, but different apocentric 
radii , rap = 300, 150, 100, 75, 60, and 15 rs ( circular orbit). 
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extrapolation of mass loss over the first orbi t are unable to account for subsequent 

changes in the mass loss rate, as observed in satelli tes on orbits with rap= 100 rs and 

r per = 30, and 60 rs. Figure 3.4 for shows a similar change in the slope of the self­

bound mass curves of satellites on circular orbits . Based on our previous simulations 

of radial orbits, one might expect the rate of mass loss to remain constant with time 

during a circular orbi t in the absence of dynamical friction since the orbital radius 

is fixed. Instead, the self-bound mass curves show a st ,ep decline during the first 

orbit, followed by a more gentle decrease in sub quent orbits . T he mass loss rate 

after the first orbit is very similar among satelli tes on the four intermediate circular 

orbits (60 rs :S rcirc :S 150 r s ) , equal to~ 5% per orbit . Satellites on the two closest 

orbits are stripped much more violently, losing 70% to 80% of their mass after their 

first orbit , and thereafter both lose mass at a faster rate relative to the more distant 

satellites. Note that mass loss is observed even in our most distant circular orbi t , 

r circ = 300 r s, despite the fact that the tidal radius in thi case is significantly larger 

than the initial size of the satellite (see Figure 2.17). Because the orbital period of 

this satellite is comparable to the relaxation time (torb ~ 46 t cross, t relax ~ 104 t cross ) , 

numerical relaxation effects probably contribute to the mass loss that begins to occur 

after the third orbit . 

In summary, mass loss occurs very differently in circular versus radial orbits. 

Satellites on radial orbits with apocentre-to-pericentre ratios greater than 3: 1 lose 

approximately equal fractions of their remaining mass each time they pass through 

pericentre. Tidal stripping in circular orbits is characterized by a sharp decline in 

satelli te mass during the first orbit followed by continuous mass loss at a reduced rate 

in subsequent orbits. 

3.1.2 Disruption Timescale Predictions 

In Chapter 2 we found that the two impulse approximation-based methods were 

most accurate in predicting the cumulative mass loss and disruption timescales of 
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Figure 3.4: Time evolution of elf-bound mass for optimally softened N 3000 
satellites on circular orbits with various orbital radii (rcirc)-
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satelli te halos. The results of applying these methods to ur new series of orbits are 

shown in Figures 3.5 and 3.6. As anticipated, the exponentially decreasing extrapo­

lation of the first-orbit impulse approximation prediction severely overestimates mass 

loss in satellites on low eccentricity orbi ts . The observed and predicted 50% and 90% 

disruption timescales (t5o% and t90%, respectively) listed in Table 3.2 show that our 

impulse approximation-based predictions tend to grossly underestimate disruption 

times. Our methods of modeling mass loss are therefor ill-sui ted to making con­

servative predictions of satelli te disruption timescales. However, on closer inspection 

Figures 3.5 and 3.6 show that in general our mass loss predictions are fairly accurate 

f or the first orbit. The predictions of the impulse approximation are compared with 

the actual change in self-bound mass after the first orbit in Figure 3.7. The agreement 

is quite good for most of the 16 different orbits: the error is less than 20% in all but 

two cases, and the mean and median errors are 6% and 9%, respectively. 

Bearing this result in mind, we attempt to find a correlation between the dis­

ruption time of a satellite and the fraction of mass it loses in its first orbit, since 

we can predict the latter to reasonable accuracy using the impulse approximation. 

Figure 3.8 shows the 50%, 70% and 90% disruption timescales as a function of the 

remaining mass of a satelli te after its first orbit. As on might expect, the greater 

the init ial mass loss experienced by a satellite, the sooner it is disrupted. Although 

there is too much scatter in the relation to make precise predictions, one can use the 

data to define an upper limit to the disruption time for a given initial mass loss. This 

relationship between disruption time and mass loss, hereafter the tdis - 6.m relation, 

shown as the solid line in Figure 3.8, is given by 

(3 .1) 

where C1 and C2 are the logarithmic slope and interc pt of the line, respectively. 

The value of the slope constant , C1 = 1.7, is dictated b the upper envelope of the 
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Figure 3.5: Cumulative mass loss predictions for nine different radial orbits. Straight 
dashed line shows the impulse approximation prediction a suming a constant fraction 
of the remaining self-bound mass is lost each orbit. Step-like solid line shows the 
prediction for repeated applications of the impulse appro imation. Solid curves show 
simulation results for optimally softened N = 3000 halos . Upper , middle, and lower 
sets of curves correspond to orbits with apocentric radius rap = 300 rs, and pericentric 
radii rper = 60, 30, and 15 r 8 , respectively. 
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impulse exp impulse rep obs 
rap rper ~ error (%) ~ error (%) ~ 

t t - - " t 
300 15 0.87 -0.33 ( 27%) 0.50 -0.70 (54%) 1.29 
300 30 1.80 +1.22 ( 14%) 1.50 -0.08 (5%) 1.58 
300 60 4.60 +1.07 ( 30%) 2.50 -1.03 (29%) 3.55 
100 15 0.71 +0.12 ( 19%) 0.50 -0.13 (21%) 0.63 
100 30 1.14 -0.18 ( 14%) 1.50 +0.18 (14%) 1.32 
100 60 2.12 +0.44 ( 16%) 2.50 -0.16 (6%) 2.66 
60 15 0.63 -0.15 ( 13%) 0.50 -0.28 (36%) 0.78 
75 15 0.67 -0.09 ( 12%) 0.50 -0.26 (34%) 0.76 

150 15 0.77 -0.13 ( 14%) 0.50 -0.40 (44%) 0.90 
15 15 0.32 +0.06 ( 23%) 0.50 +0.24 (92%) 0.26 
30 30 0.65 +0.14 ( 28%) 0.50 -0.04 (9%) 0.49 
60 60 1.23 -0.39 ( 24%) 1.50 -0 .12 (7%) 1.62 
75 75 1.63 -0.96 ( 37%) 1.50 -1.19 (45%) 2.59 

100 100 2.60 -2.03 ( 44%) 2.50 -2.13 (46%) 4.63 
150 150 7.13 +0.59 ( 8%) 3.50 -4.22 (55%) 7.72 
300 300 73.9 -64.9 (724%) 3.50 -5.46 (61%) 8.96 

impulse exp impulse rep obs 

rap rper ~ error (%) ~ error (%) ~ t-- · t--· t --•· 
300 15 2.89 -1.09 (27%) 3.50 -0.48 (12%) 3.98 
300 30 5.99 -0.34 (5%) 5.50 -0.88 (13%) 6.32 
300 60 15.27 -2.97 (24%) 9.50 -2.20 (23%) 12.29 
100 15 2.36 -1.74 (27%) 0.50 -0.70 (58%) 4.01 
100 30 3.79 -5 .51 (14%) 1.50 -·0.08 (5%) 9.30 
100 60 7.03 < -3 (> 30%) 2.50 -1.03 (29%) > 10 
60 15 2.08 -1.30 (33%) 0.50 -0.70 (58%) 3.38 
75 15 2.21 -1.69 (43%) 1.50 -0.08 (5%) 3.90 

150 15 2.56 -1.67 (39%) 2.50 -1.03 (29%) 4.23 

15 15 1.06 -0.17 (133/c) 1.50 +0.21 (16%) 1.29 

30 30 2.14 -2.10 (50%) 2.50 -1.74 (41%) 4.24 

60 60 4.09 < -6 (> 60%) 4.50 < -5.5 (> 45%) > 10 
75 75 5.42 < -4 (> 40%) 5.50 < -4.5 (> 45%) > 10 

100 100 8.62 < -1 (> 10%) 6.50 < - 3.5 (> 35%) > 10 
150 150 23.7 - (- ) > 10 - (-) > 10 
300 300 245 - (- ) > 10 - (-) > 10 

Table 3.2: Predicted and observed disruption times for optimally softened N = 3000 
satellite halos. Exponential extrapolation of impulse approximations (impulse exp), 
repeated application of impulse approximation (impulse rep) and disruption times 
observed in simulations (obs) are hown in units of radi 1 period for 50% and 90% 
mass loss. 
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Figure 3.7: Change in self-bound mass in first orbit ver us mass loss predicted by 
impulse approximation for optimally softened N = 3000 halos on various orbits. 
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the data in Figure 3.8, which is primarily defined by the t hree points that lie closest 

to t he line (at 1 - 6.Nsb/Nsb '.:::'. 0.15, 0.3 , and 0.7). Solving for the intercept constant 

in equation (3.1) with the additional constraint that t9o% = 1 torb for 6.Nsb/Nsb = 0.9 

gives a value of C2 = 1. 7. The tdis - 6.m relation with these values encompasses 

t he data points in Figure 3.8 by a safe margin , and therefore provides a conservative 

upper limit to their disruption t imes. Note that the 70% and/or 90% disruption times 

were longer than the duration of the simulation, 10 radi 1 periods, for many of the 

circular orbits (see Table 3.2) and therefore do not appear in Figure 3.8. In practice, 

this lower bound on the disruption timescales of these satellites is much longer t han 

a Hubble t ime for any reasonable choice of physical units, i. e. 10 torb » 1/ H0 for all 

orbits with f'per 2: 60 rs . 

3.2 A Toy Model for Cluster Evolution 

In t his section we use our results to investigate t he dynamical evolu tion of a 

galaxy cluster. Our objective is not to precisely model cluster dynamics, but simply 

to determine whether t idal stripping alone is sufficient to account for overmerging in 

collisionless N-body simulations. The simulations we have conducted indicate that 

satellites which pass near the inner 1 Rs of cluster are relieved of 50% or more of 

t heir mass in a single orbit. The survival of substructure in the central regions of the 

cluster therefore seems highly unlikely. 

We construct our cluster model as follows: 

1. generate a high resolution NFW halo with t he same mass, Mhost = 300 msat, 

size, Rs = 10 rs, and concentration, c = 10 as the static host potential in our 

previous simulations. We use N = 3 x 105 particles and a softening length, 

E = 0.18 Rs, given by van Kampen 's scaling law (equation 2.15). This produces 

a very smooth mass profile, M ( r), for the calculation of the velocity dispersion 
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Figure 3.8: Disruption timescales as a function of remaining self-bound mass after 
the first orbit for optimally softened N = 3000 satellites on various orbits. Solid 
line shows the upper limit to the 90% disruption timescale (t9o%) defined by equation 
(3.1) . 
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in equation (2.14) . 

2. randomly select 1000 particles from this halo: each of these particles represents 

a satellite galaxy in the cluster. 

3. calculate orbi tal parameters, rap, rper, and tarb for each satellite particle assum­

ing an analytic NFW potential with the same scale radius and concentration as 

the halo generated in step 1. 

4. project the position and velocity of each satellite onto its orbital plane and 

calculate its orbital path from initial time t = 0 to final time t = t f in. 

5. use the impulse approximation to estimate the fraction of mass lost by each 

satellite in its first orbit . 

6. predict the disruption time for each satellite using the tdis - llm relation. 

7. identify all satellites with predicted disruption times greater than t fin as surviv­

ing substructure. The final position of each satellite is given by its clustercentric 

distance at t = t fin. 

ate that, to be precise, the tdis - llm relation we derived in Section 3.1 actually 

predicts the disruption time of a satelli te assuming it starts orbiting the cluster from 

apocentre. Since the velocities of our satellite particles are distributed isotropically by 

construction, half of our satellite particles will pass through apocentre before reaching 

pericentre and vice versa for the other half. As a result, the tdis - llm relation will 

underestimate the disruption times of the former by :S tarb and overestimate tdis for 

the latter by the same margin. Presumably these errors will offset one another given 

a sufficiently large sample of satellites. 

In order to compare our results with a high resolution duster formation simulation 

we adopt the cosmological parameters used by Ghigna et al. (1998; 2000) and Moore 

et al. (1999) in their N = 5 x 106 Virgo cluster simulation. Specifically, we assume 
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a standard CDM (SCDM) universe with n = 1 and H0 = 50 km/s/Mpc. The 

Hubble time and age of the universe in this cosmology are tH = 1/ Ho ~ 19.6 Gyr 

and to ~ 13.1 Gyr, respectively. The simulated Virgo cluster has a virial radius 

Rvir = l.0h- 1 Mpc and a mass within this radius Mvir ~ 2 x 1014h- 1 M0 (Ghigna 

et al., 2000). The cluster forms at a redshift z ~ 0.8 ( higna et al., 1998) which 

implies an age of 7.6 Gyr. For comparison, the crossing time of the cluster, Tcross = 

J R ~ir / G Mvir ~ 2 .1 Gyr. We calculate our model for several different values of 

tJin in order to obtain snapshots of the cluster at progressive stages in its dynamical 

evolution. Figure 3.9 shows a comparison of the distribution of orbital parameters, 

rap, rper, rap : rper, and torb of the initial and surviving satellites after 7.6 Gyr and 

13.1 Gyr. 

As expected, satellites on orbits that take them close to the centre of the cluster 

are prematurely disrupted. Over a Hubble time this depopulates the cluster exclu­

sively of satellites with rap :::, 3 R s and rper :::, 2 R s. The median apocentric and 

pericentric radii of surviving satellites increases by ~ 1 R s and ~ 0.3 R s, respec­

tively. The cutoff in the distribution of apocentric radii is relatively sharp: virtually 

all satellites with rap :::, 2 R s are disrupted, whereas all satellites with rap ~ 3 Rs sur­

vive for at least a Hubble time. In comparison, the distribution of pericentric radii is 

depleted quite evenly between 0.1 R s:::, rper :::, 1 R s and all satellites with rper > 2 R s 

avoid disruption over a Hubble time. Interestingly, this results in a sampling of dis­

rupted satelli tes from a wide range of apocentre-to-pericentre ratios between 1:1 and 

10: 1. Consequently the median rap : r per of satellite par ticles in our NFW cluster 

halo remains approximately 4:1 over the course of a Hubble time. In comparison, the 

median apocentre-to-pericentre ratio of satellites found in cosmological simulations 

ranges from 4:1 (van den Bosch et al. , 1999) to 6:1 (Ghigna et al. , 1998). 

The evolution of the distribution of radial periods is similar to that of the apocen­

tric radii, featuring a fairly abrupt transition from the totally depopulated part of the 

distribution (torb :::, Tcross ) to the unchanged portion of the istribution (torb ~ 2 Tcross) -



Chapter 3: Dynamical Evolution of Galaxy Clusters 

100 

80 

60 

40 

20 

D t = 0 
• t = 7 .6 Gy r 
17lll t = l3 . 1 Gyr 
r.'ll! t = 19 .6 Gyr 

0 LL.=..,"--""o...JJLl.i..J.DJLbWII...RJ.11 

0.1 

80 

60 

40 

20 

0 
10 

40 

20 

0 
10 0.01 

80 

60 

40 

20 

0 
100 0.1 

72 

0.1 10 
r perl R. 

torb/ T cross 

Figure 3.9: Distribution of orbital parameters of initial and surviving satellite galax­
ies, where apo entric and pericentric radii , rap and rper , are given in units of the 
cluster scale radius Rs, and radial periods, torb , are in unit of th crossing time of the 

cluster, Tcross = JR~ir/G Mvir· Long-dashed, solid , sh rt-dashed, and dot-dashed 
lines show median values for times t = 0, t = 7.6 Gyr (a e of cluster) , t = 13.1 Gyr 
(age of univer ) , and t = 19.6 Gyr, respectively. Histograms are overlapp d such 
that each distribution is a subset of the distribution at earlier time, i.e. distribution 
at time t = 0 include distribution shown for all other t imes, etc. 
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Obviously, satellites whose radial periods are longer than twice the length of t ime for 

which the model was evolved (i .e. tarb ~ 2 t Jin) are unlikely to be disrupted since 

most mass loss occurs near pericentric passage, on average at time t = t arb/2. Con­

versely, satelli tes with comparatively short radial periods are necessarily those that 

orbit within the central regions of the cluster, and therefore experience stronger t idal 

forces and more severe mass loss in addition to a greater number of pericentric pas­

sages during time t f in· 

The number density, n(R) , and cumulative fraction of surviving satellites, Nsur( < 

R) / Nsur, as a function of clustercentric distance, R , is hown in t ime sequence in 

Figure 3.10. The depopulation of satellites in the inner regions (R :::, l Rs) of the 

cluster is clearly evident in the t ime evolution of the number density profile. After 

13.1 Gyr the innermost point (R '.::::'. 0.5 Rs) in the density profile of suviving halos 

is down by a factor of two relative to the initial density a t the corresponding radius. 

Since the density of satellites in the outer regions of the cluster (R ~ 2 Rs) remains 

virtually unchanged over a Hubble t ime, this results in a significant change in the 

overall shape of the density profile. The slope of the density profile of surviving 

satellites becomes shallower in the central ~ 1 Rs of the cluster, and after a Hubble 

t ime a flat core of constant density has developed. Furthermore, the cumulative 

fraction of remaining satelli tes plotted in the lower panel of Figure 3.10 shows that 

the fraction of halos within 1 Rs of the cluster centre, initially greater than 10%, has 

dropped by more than half after 7.6 Gyr, and that after a Hubble t ime the central 

region is essent ially devoid of substructure. 

The number of surviving satelli te halos is plotted as a function of t ime in Figure 

3.11. Over a Hubble t ime satellites are disrupted at a fairly constant rate; the number 

of remaining satellites decreases by ~ 10% after 7.6 Gyr , ~ 15% after 13.1 Gyr, and 

~ 20% after a Hubble t ime (19.6 Gyr). The inset of Figure 3.11 shows that most 

satellites are predicted to survive for much longer than a Hubble t ime. This supports 

the notion that given sufficient numerical resolution, cosmological simulations are 
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Figure 3.10: Time evolution of number density ( upper) and cumulative fraction 
(lower) of surviving satelli tes as a function of clustercentric distance in units of the 
cluster halo scale radius , R8 • Profiles are calculated in bins of 25 satellite particles 
each. Initial analytic FW profile and profiles of "all,, (surviving as well as disrupted) 
are shown for reference along with profiles of surviving satellites at various times in­
cluding 7.6 Gyr (estimated time since formation of cluster), 13.1 Gyr (age of universe), 
and 19.6 Gyr (Hubble time), assuming an SCDM (n = 1, A= 0, H0 = 50 km/s/Mpc) 
cosmology. 
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indeed capable of resolving much substructure in cluster halos. Tidal disrupt ion 

erases only substructure near the centre of the cluster leaving the spatial distribution 

of the majority of satellite halos at R ~ 2 Rs relatively unchanged. 

3.3 Comparison with Other Work 

We are finally in a position to compare the predictions of our toy model with the 

results of cosmological simulations as well as observations uf the spatial distribution of 

galaxies in clusters. The fractional number density of subhalos predicted by our model 

is compared with that of the aforementioned N = 5 x 106 Virgo cluster simulation 

in Figure 3 .12. The simulation data is taken directly fro Figure 10 of G higna et al. 

(2000). It is important to note that one of the main res Its presented by Ghigna et 

al. (2000) and Moore et al. (1999; 1998) is that at "ultra-high" resolution the density 

profile of dark matter halos in cosmological simulations converges to an inner slope 

steeper than that of the FW profile. The Moore et al. profile is of the form 

(3.2) 

where PMoore(r < rs) ex: r-1.5 in contrast to the FW profile where PNFw(r < 

rs) r - 1 . According to Moore et al. (1999), a scale radius of rs = 0.25 rvir, i. e. a 

concentration of c = rvir/rs = 4.0, provides a good fit to the density profile of their 

Virgo cluster. Over the range of radii plotted in Figure 10 of Ghigna et al. (2000) 

(r ~ 0.05 rvir) , however, an NFW profile with concentration c = 7.1 provides an 

equally good fit to the particle density di tribution. 

We choose to simply normalize our toy model density profiles to the virial ra­

dius and overlay them on the Virgo simulation results rather than attempt a more 

complicated renormalization scheme. Although our c = 10 halo profile is slightly 

more concentrated than the Moore et al. and NFW profi les that best fit the cluster 
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Figure 3.11: umber of surviving satellite galaxies a a function of tim over a Hubble 
time, tH = 19.6 Gyr, assuming H0 = 50 km/s/Mpc. Solid and da hed vertical lines 
show the age of a typical cluster (7.6 Gyr), and the age of the universe (13. Gyr) in an 
SCDM (S1 = 1, A= 0) cosmology, respectively. Inset shows time evolution of number 
of surviving satellite over all time in units of a Hubble t ime (on a logarithmic scale). 
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Figure 3.12: Fractional number density of surviving sub alos as a function cluster­
centric distance in units of the cluster virial radius, Rvir · Number density profiles of 
satellites predicted to survive beyond the age of the Ghigna et al. (2000) Virgo cluster 
(7.6 Gyr) and beyond a Hubble time (tH = 19.6 Gyr) assuming an SCDM cosmology 
(D = 1, A= 0, Ho = 50 km/s/Mpc) are plotted along with initial and analytic NFW 
profiles of the toy model halo. Also shown are the mass density and number density 
of subhalos with circular velocities Vcirc > 80 km/s (with 1 - a Poisson error bars) of 
the simulated cluster at z = 0 (see Figure 10 of Ghigna et al. (2000) 
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halo, this difference is inconsequent ial at the level of accuracy of this comparison. 

Figure 3.12 shows that the distribut ion of subhalos in the cosmological simulation is 

significantly underdense with respect to the mass in particles. (Note that the mass 

bound to substructure in the simulated Virgo cluster is less than 10% of the mass 

within its virial radius; most of the mass of the cluster is in the smooth background 

density of particles.) Ghigna et al. (2000) describe this as an "anti biasing" of the 

substructure halos relative to the mass density. Our toy model suggests that this 

ant ibias is primarily due to a disrup tion of substructur by strong tidal forces in 

the central regions of the cluster. Interestingly, we find excellent agreement between 

the simulation results and the number density profile of satelli tes which survive for 

longer than a Hubble t ime according to our model, despite the fact that this is ~ 2.5 

times longer than the age of the cluster in the cosmological simulation. This may 

be partially a reflection of our conservative choice for the intercept constant in the 

tdis - 6 m relation, equation (3.1 ). In other words, having cautiously overestimated 

disruption timescales of satelli te halos, it is not surprising that a longer period of 

dynamical evolution is required to match the simulation results. Furthermore, the 

disruption of subhalos is accelerated in cosmological cluster simulations by a host 

of non-negligible secondary disrupt ion mechanisms, such s interactions between the 

subhalos themselves, which we do not account for in our simple model. Our results 

suggest that the net fleet of these processes is roughly equivalent to uniformly de­

creasing the disruption timescales of all satelli tes as a function of their init ial mass 

loss, i. e. decreasing the value of the slope and/or intercept constants in the tdis - 6 m 

relation. This would enable us to reproduce the good agreement in number density 

we obtain for a Hubble time's worth of dynamical evolution using a more realistic 

t imescale such as the age of the cluster. 

In Figure 3.13 we attempt to compare our finding& with observations of real 

galaxy clusters from the C OC cluster redshift survey (Yee, Ellingson & Carlberg, 

1996). The surface number den ity of profile of galaxie plotted in Figure 3. 13 is 
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that of an "ensemble" cluster constructed by overlaying 1150 galaxies from 14 X-ray 

clusters (Carlberg, Yee, & Ellingson, 1997). Eke, avarro, & Frenk (1998) find that 

the resulting profile is well fit by the average projected dark matter density profile 

of 10 N-body / gasdynamical cluster simulations. This is shown in Figure 3.13 as 

an analytic FW surface den ity profile (given in Appendix A) with the same scale 

radius, r8 '.:::'. 0.15 rv·ir as the "average" (z = 0) profile presented in their Table 1. The 

only free normalization is that of the dark matter density, which has been chosen to 

match the galaxy number density data. These authors conclude from the similarity 

between the dark matter and galaxy profiles that there is li ttle evidence for spatial 

segregation or dynamical bias of galaxies with respect to the mass distribution in 

clusters, and that the structure of clusters is consistent with the assumption that 

galaxies are fair tracers of mass. Note that these simulations were performed at 

relatively low resolu tion by today's standards; each cluster was simulated with a 

maximum of 64,000 gas particles and an equal number of dark matter particles . 

Consequently, they were unable to resolve substructure in their clusters, hence their 

comparisons with observations were made using the mass density profile, as opposed 

to the number density of subhalos. 

The projected number density of surviving satellite h los wa calculated by inte­

grating the volume number density n(R) along the line-of-sight (Binney & Tremaine, 

1987): 

(3.3) 

where Rp is the projected clustercentric radius. Unfortunately, because each 

satelli te's orbit was integrated in the orbital plane of the satelli te, in two dimensions 

only, the position of each satelli te particle at time t = t Jin is known only in terms of 

its clustercentric distance. As a result, we are unable to project the positions of our 

satelli te particles onto a common plane imply by selecti ng two of three orthogonal 

coordinates. Instead , we integrate equation (3.3) numerically in order to transform 
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Figure 3.13: Surface number density profile of galaxies in he CNOC ensemble cluster 
(Carlberg, Yee, & Ellingson, 1997), analytic FW fi t to average projected dark matter 
mass· density profile of 10 simulated clusters (Eke, Navarro , & Frenk, 1998), and 
projected number density of surviving satelli te halos as predicted by our model as a 
function of projected clustercentric radius, Rp , in units of the scale radius, Rs. The 
analytic and subhalo profiles are scaled arbitrarily in the vertical direction to match 
the galaxy profile. 
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from volume density to surface density. 

The projected number density of urviving subhalos predicted by our model shows 

the same underdensity, or antibias, relative to the initial number density and mass 

density of the cluster halo as was observed previously in volume density. Note that 

the discrepancy between the analytic NFW surface d nsity and the projected density 

of subhalos at large projected radii, Rp ~ Rvir , is primarily due to the fini te extent 

of our cluster halo. The analytic NFW surface density is derived by integrating the 

NFW volume density along the line-of-sight from negative to positive infini ty. At 

projected radii close to the virial radius of the halo, most of the mass along the 

line-of-sight is in fact exterior to the virial radius of the halo in three dimensions. 

Conversely, the surface density of a truncated NFW halo approaches zero as the 

projected radius approaches the virial radius. Due to the scatter and magnitude 

of error in the observations, the number density of halos which survive longer than 

7.6 Gyr remains consistent with the C 10C data. Over a Hubble time, however, 

the number density profile develop a flat, low density core which is not consistent 

with the observed surface density of galaxies. Although the surviving subhalo profile 

is within error for two of four possible data points at Rp < 0.2Rvir, its asymptotic 

slope is clearly shallower than that of the observed galaxy profile. As usual a more 

complete observational data set would likely improve co straints on the theoretical 

models. In addition, as a result of our two-dimensional integration of satellite orbits, 

our project d density profile is limited to values of Rp greater than the radius of the 

innermost bin in our volume number density profile. Three-dimensional positions for 

our satelli te halo particles would allow us to probe to smaller Rp since bins in projected 

radius are concentric cylinders in three-space which extend indefinitely along the line 

of sight, and therefore encompass more satelli te particles (per uni t Rp) compared to 

spherical bins in three dimensional clustercentric radius (per unit R). 
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3.4 Limitations and Future Work 

The toy cluster model presented here is a much simplified version of the cluster 

formation observed in cosmological simulations. Structur forms in these simulations 

via a complicated sequence of satelli te accretions and halo mergers which build pro­

gressively larger halos from a hierarchy of smaller ones. Our model essentially treats 

the substructure in a cluster as a collection of independent satelli tes and considers 

their disruption solely via tidal stripping by the cluster potential. Many secondary 

physical effects which influence the dynamical evolution of cluster subhalos have been 

neglected in our simple model, most notably dynamical friction and halo-halo encoun­

ters , which we discuss below. The advantage of this approach is that our results can 

be understood in terms of the well known physics of tidal stripping. The details of 

even the most fundamental secondary processes such as dynamical friction continue 

to remain poorly understood (van Kampen, 2000b). 

Dynamical friction is the process of orbital decay due to the gravitational in­

teraction between the mass of the satellite and the medium in which it is orbiting. 

In g neral this effect tends to accelerate the disrup tion of the massive satellites by 

dragging its orbit closer to the cluster centre, thereby exposing it to stronger tidal 

forces. By the same token, however, the central regions of the cluster may temporar­

ily become populated by these satellites, whose orbits have decayed but who have 

not yet been fully disrupted. According to the timescales for dynamical friction esti­

mated using equation (2.16) (see also Table 3.1), this effect is no t significant for the 

satellite mass we have chosen in our model. Nevertheless, . ince the dynamical friction 

time cale is proport ional to ratio of the mass of the clu~ ter to that of the satellite, 

thi effect might become significant if a more realistic spectrum of satelli te masses 

were included in our model. 

Halo-halo interactions were found to contribu te significantly to tidal heating of 

satellite halos by Moore, Katz, & Lake (1996). High speed encounters betwe n subha-
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los may in fact be responsible for t he morphological transformation of cluster galaxies 

from spirals to dwarf spheroidals (Moore et al., 1996). Tl1e cross section for mergers 

between sat llite halos is extremely small , however, therefor it is unlikely that larger 

subhalos might be formed from the collision of two sate .lites. We t herefore expect 

that the _net effect of halo-halo encounters is to enhance disruption of substructure 

halos. 

In addition to these missing physical processes, our model lacks t he detailed satel­

lite mass spectrum and accretion history that numerom, authors have successfully 

incorporated into semi-analytic models for hierarchical structure formation (Kauff­

mann, et al. , 1999; Somerville & Primack, 1999; Cole et al., 2000; Taylor & Babul , 

2001 ). All of the simulations and models we have developed consist of satellites 300 

times less massive than the cluster they inhabit . In addi t ion, we initiate our model 

with all 1000 satellites already in place within the virial radius of t he cluster. As a 

result , our model is somewhat inconsistent in that t he total mass in satellites actually 

exceeds the virial mass of the cluster potential. A higher level of sophisticat ion would 

require the use of Press-Schecter- type merger trees (Press & Schecter, 1974) to deter­

mine the accretion time, tacc of each satellite. This would effectively increase satellite 

disruption times by changing the criterion for survival to t acc + tdis > tfin· Adding 

satelli tes according to their accretion times, one could also build up the cluster halo 

in a self-consistent manner. However, incorporating such a time-varying potential 

into the model would undoubtedly complicate both the implementation of the model 

and the subsequent interpretation of its results. 

3.5 Summary 

We have developed a toy model for cluster formation that allows us to investigate 

the t idal disruption of substructure by the cluster potential. Strong t idal forces erase 

much of the substructure in the central regions of the cluster, leaving a distribution of 
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surviving subhalos that is underdense relative to the mass distribution of the cluster 

within 1 Rs of the cluster centre. This result is in agreement with the cosmological 

simulations of Ghigna et al. (2000), who find an antibias in the subhalo profile with 

respect to the particle density. Our model suggests that this antibias is primarily due 

to the tidal disruption of subhalos in densest region of the cluster. 

The projected density profile of surviving subhalos after a Hubble time is marginally 

inconsistent with the surface number density of galaxies in the C OC ensemble clus­

ter. Although this result is weakened somewhat by scatter and error in the observa­

tional data, the lack of surviving substructure in the central regions of our toy model 

seems difficult to reconcile with the fact that a substantial fraction of cluster galaxies 

are observed near the centre. This implies that , even in the limit of infinite numeri­

cal resolution, collisionless N-body simulations are inadequate to properly model the 

formation and dynamical evolution of galaxies in cluste s. The inclusion of a dis­

sipational hydrodynamic component, i. e. gas, is therefore an essential ingredient in 

cluster formation simulations. As gas collapses in the gravitational potential of the 

dark matter, it dissipates energy radiatively and loses pressure support. This results 

in highly concentrated cores which might be dense enough to survive tidal disruption 

in the innermost regions of the cluster potential. If so, the number density profile 

of the baryonic cores would not suffer from the antibias that was observed in the 

distribution of surviving subhalos predicted by our model and seen in cosmological 

simulations. This would explain the good agreement between the average projected 

dark matter density profile found in Eke, avarro , & Frenk's (1998) cluster simu­

lations and the observed surface number density of galaxies in the CNOC ensemble 

cluster, since the baryonic cores would be fairer tracers o~ the mass distribution. 
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Concluding Remarks 

Is overmerging solved? The latest generation of cosmological simulations clearly 

demonstrate that with sufficient numerical resolut ion, one can resolve an abundance 

of substructure in the virialized regions of galaxy cluster halos. Our simulations of a 

single satellite in a cluster potential also indicate that numerical effects can contribute 

significantly to the disruption of substructure halos. However, the cluster model we 

have developed based on the timescales for tidal disruption of satellite halos suggests 

that, even in the limit of infinite numerical resolution, overmerging due to physical 

processes is sufficient to erase virtually all substructure ,.,vithin a scale radius of the 

centre of the cluster. 

This implies that a dissipational hydrodynamic component is needed to properly 

model the dynamics of galaxy cluster, as was originally proposed by White and Rees 

( 1978). In their model for galaxy formation gas cools radiatively as it collapses in 

the potential wells of dark matter halos, forming highly concentrated luminous cores. 

These tightly bound knots of gas are overdense with resp ct to the dark matter, and 

therefore much more resistant to tidal disruption. N -bod. /gasdynamical simulations 

have subsequent ly confirmed the basic elements of the "core condensation in heavy 

halos" theory (1992; 1996; 1998). 

85 
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Incorporating baryonic physics into our model is an obvious avenue for future 

work. Repeating our single satelli te simulations with the inclusion of a hydrodynam­

ical component would allow us to investigate the effects of dissipation in detail. In 

particular , we would like to determine the effect of gas physics on the central density 

of the satellite and its con equences for disruption times ales. A revised tdis - tim 

relation would allow us to reconstruct the spatial distribution of baryonic galaxy 

cores and repeat our comparisons with the dark matter m ss profile and the observed 

cluster galaxy surface density. 

Possible improvements to our model include the use of semi-analytic merger his­

tories to generate a realistic distribution of mass and accretion times for infalling 

satellites as discussed previously in Chapter 3. Incorporating a prescription for dy­

namical friction based on Chandrasekhar's formula (Chandrasekhar, 1943) would also 

improve the accuracy of our model. Halo-halo encounters could be included as in 

Moore, Katz , & Lake (1996), by representing perturbing galaxies as analytic poten­

tials orbiting along with the single live satellite halo in the main cluster potential. 

A more ambit ious version of our model would involve verifying our disrupt ion 

timescale predictions by actually simulating each of the 1000 satellites in the static 

potential of the cluster. This is well within the capabiiities of a moderately-sized 

cluster of workstations, and could easily be organized using a software package like 

Condor to manage distributed computational resources. 1 More sophisticated parallel 

N-body codes might also be used to incorporate a live cluster halo in order to directly 

simulate the effects of dynamical friction. 

Finally, we would like to analyze a high resolution cosmological cluster simulation 

like that of Ghigna et al. (2000) in order to verify the anti bias observed in the subhalo 

number density. A tatistical comparison of the disruption timescales of subhalos in 

1 Condor is "a software system that creates a High-Throughput Computing (HTC) environment 
by effectively harnessing the power of a cluster of IX workstations on a network" (see the Condor 
Project Homepage at http: / /www. cs . wise . edu/ condor/ for further details). 
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the fully self-consistent simulation with those predicted by our model might lead to 

further insight about the relative importance of secondary dynamical processes as well 

as numerical effects such as heating of subhalos by the background density N-body 

particles in the cluster halo. 



Appendix A 

Properties of the NFW Model 

The FW density profile is characterized by a 1/r dependence at radii much less 

than the scale radius rs and a 1/r3 dep ndence at large radii. The fo llowing form is 

convenient for our purposes: 

p(r) 

f( x) 

C 

41rrU(c) r /rs(l + r /rs)2 
X 

ln (l +x) - --
1 +x 

Tvir 

(A.l) 

(A.2) 

(A.3) 

where Mvir and r vir are the virial mass and radius, respectively, and c is the halo 

concentration. The corresponding mass profile is 

f (r /rs) 
NI(r) = Mvir f( c) (A.4) 

The surface density is given by integrating the volume density over the line-of-sight 

(Bartelmann, 1996): 

E(R) 2 rXJ p(r)r dr 
JR ✓r2 - R2 

(A.5) 
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2 Po rs 
X 

1 2 t ~ 1 - JxL 1 arc an y x-ti x > 

1 - ✓i~x2 arctanhy'Wx x < 1 

0 x= l 

The gravitational potential, obtained by integrating Poisson's equation, is 

<I> ( r) = _ G Mvir ln ( 1 + r / r 8 ) 

rsf(c) r/rs 
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(A.6) 

(A.7) 

where G is the gravitational constant. The potential ener y within radius r is defined 

by 

O(r) 

¢(r' , r) 

21r fo
00

p(r')¢ (r' , r )r12 dr' 

-41rG [: , fo r' p(r")r"2dr" + 1~ p(r")r"dr"] 

The solution for an infnite NFW density profile is 

O(r) = _ GNI2 (1 + c) 2 (r2 + 2rr8 - 2r;( l + r/rs) ln(l + r/rs)) 
2((1 + c) ln(l + c) - c) 2r;(l + r/r8 )

2 

(A.8) 

(A.9) 

(A.10) 

The kinetic energy of a spherical, isotropic model as a function of radius is given 

by 

(A.11) 

where v; is the one-dimensional velocity dispersion obtained by solving the pherical 

Jeans equation (Hernquist , 1993): 

v2 
T 

1 100 d<I> - p(r) -dr 
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