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Abstract

Reversible logic computing is a rapidly developing research area. Both reversible logic
synthesis and testing reversible logic circuits are very important issues in this area. In this
thesis, we present our work in these two aspects.

We consider a new fault model, namely the crosspoint fault, for reversible circuits. The
effects of this kind of fault on the behaviour of the circuits are studied. A randomized test
pattern generation algorithm targeting this kind of fault is introduced and analyzed. The
relationship between the crosspoint faults and stuck-at faults is also investigated.

The crosspoint fault model is then studied for possible applications in reversible logic
synthesis. One type of redundancy exists in Toffoli networks in the form of undetectable
multiple crosspoint faults. So redundant circuits can be simplified by deleting those
undetectable faults. The testability of multiple crosspoint faults is analyzed in detail.

Several important properties are proved and integrated into the simplifying algorithm so
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as to speed up the process.

We also provide an optimized implementation of a Reed-Muller spectra based
reversible logic synthesis algorithm. This new implementation uses a compact form of
the Reed-Muller spectra table of the specified reversible function to save memory during
execution. Experimental results are presented to illustrate the significant improvement of

this new implementation.
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Chapter 1 Introduction

With much faster and more complex digital systems being built, power consumption of
CMOS circuits has become a major concern. In [25] Landauer proved that whenever we
perform a logically irreversible operation, there is an unavoidable minimum energy
dissipation into the environment, regardless of the realization of the circuit. The logical
irreversibility associates with the physical irreversibility in that whenever an irreversible
computation is performed, the physical computer erases information about its previous
state. Physically the lost information is dissipated into the environment in the form of
heat. For every bit of information which is thrown away, the physical computer must
generate at least KT In2 of energy, where k is Boltzmann’s constant, and T is the

absolute temperature of the environment where the computation is conducted. This is

about 2.9x107' joule for each bit of information loss at room temperature. In reality,
computers consume much more energy than this. Therefore the power dissipation is
absolutely a critical issue for the development of modern Very Large Scale Integration
(VLSI) technologies.

In order to reduce or remove the arbitrary heat release, researchers have been studying
the area of reversible computing. In [7] Bennett showed that, under ideal physical
circumstances, the power dissipation of reversible computing is zero. In his work,
Bennett also introduced approaches to implementing reversible computation both
logically and physically. This is why reversible computing has been gaining more and

more attention in recent years.
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There are two types of reversibility: physical reversibility and logical reversibility.

Physical reversibility refers to the physical implementation of reversible computing.
During the computation process the mechanisms of the physical system are managed in a
way such that there is no energy release. Existing reversible technologies include
quantum technology [22], CMOS technology [4][14], DNA technology [41],
nanotechnology [30], optical technology [40], thermal technology [24] as well as other
approaches.

Quantum technology is an evolving technology. Quantum computing [34][38] is well-
known for being able to exponentially speed up the computation for classical
computationally complex problems. The basic principle of quantum computing is to use
quantum properties to describe data and use quantum mechanisms to conduct operations
on the data. Unlike traditional computers which work with information represented in a
series of bits, quantum computers encode information with qubits. Quantum computation
is reversible.

In order for a computation to be implemented as physically reversible, the computation
must also be logically reversible. A function is logically reversible if its output-to-input
mapping is a one-to-one function. Reversible logic gates are fundamental components
used to implement reversible logic functions. Commonly used reversible logic gates
include the CNOT gate, Toffoli gate, Fredkin gate, SWAP gate, and the classical NOT
gate. Other traditional gates such as NAND, EXOR, and NOR gates are irreversible. The
reversible logic circuits (or reversible networks) have a very simple cascade structure
since neither feedback nor fanout is allowed.

For a good introduction to reversible logic computing, refer to [35]. One of the most
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important aspects in this area is reversible logic synthesis. Since reversible logic circuits

are constructed with reversible logic gates which are quite different from traditional
irreversible gates, many of the traditional synthesis approaches do not work for reversible
logic synthesis. Recently a large variety of new synthesis methods are proposed to
generate reversible logic circuits with minimum cost or with small numbers of extra
outputs. These extra outputs, labeled garbage outputs, are produced during the synthesis
process. The following are some of the reversible logic synthesis techniques: exhaustive
enumeration [46], ESOP approach (Exclusive OR Sum Of Product) [2][33],
transformation-based technique [32], spectral techniques [31], and the use of templates
[28].

While the synthesis of reversible logic circuits has been explored in some detail, the
testing of reversible circuits is also a critical aspect in this area, yet this aspect is still
underdeveloped. Related work has focused on fault detection and fault localization in
reversible logic circuits under different fault models. Besides the classical stuck-at fault
model, several new faults models, such as the cell fault mode [37] and the partially
missing gate fault model [19], are proposed and analyzed. Different detection approaches
and Automatic Test Pattern Generation (ATPG) algorithms for these fault models are also
described in related work.

In this thesis, we show that the classical stuck-at fault model is not adequate in
representing a variety of fault effects in reversible logic circuits and we define a new fault
model, the crosspoint fault model for reversible circuits. The main focus of our work is
on the analysis of the properties of this new fault model, including ATPG strategies for it

and its relationship to the classical stuck-at fault model. We also investigate how this
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fault model can be used in simplifying Toffoli networks. A new implementation of a

spectral-based reversible logic synthesis algorithm is also developed to speed up the

synthesis process.

The rest of this thesis is organized as follows:

In Chapter 2, ‘Background’, we give an overview of the basic background for this
thesis, which includes: Boolean functions and Boolean algebra; different aspects
related to digital system testing such as system structure, fault modeling, test
pattern generation, and fault simulation; and spectral techniques, especially the
Reed-Muller spectra of Boolean functions.

The next chapter, ‘Reversible Logic Circuits’, focuses on the background in
reversible logic computing. Basic definitions and concepts in reversible logic,
commonly used reversible logic gates, the structure of reversible logic circuits,
especially the Toffoli networks, are introduced. In this chapter, we also give an
overview of reversible logic synthesis and the testing of reversible logic circuits.
Different approaches and techniques, as well as related work in these aspects, are
also included.

In Chapter 4, ‘Crosspoint Fault Model’, we show that the classical stuck-at fault
model is inadequate for reversible logic circuits. We propose a new fault model,
the crosspoint fault model, to represent a type of internal defect in reversible logic
gates. Detailed properties of reversible circuits under this new fault model are
analyzed. A randomized automatic test pattern generation (ATPG) algorithm is
proposed to generate a minimum or near-minimum test set for crosspoint faults in

Toffoli networks. Simulation is conducted to test the performance of this ATPG



5
algorithm. In this chapter, we also investigate the relationship between our new

crosspoint fault model and the classical stuck-at fault model. Some of the results
are presented in our paper [50].

Fault models sometimes are useful in logic synthesis. In Chapter 5, ‘Crosspoint
Faults in Simplifying Toffoli Networks’, we introduce a new method of
simplifying Toffoli networks using our new crosspoint fault model. We study the
relationship between the multiple disappearance faults and a certain type of
redundancy in reversible logic circuits and use this connection to reduce
redundancy in the circuits by deleting independent undetectable multiple
disappearance faults. Some important properties related to the testability of
double crosspoint faults are provided. These properties can be integrated into the
synthesis algorithm to speed up the simplifying process. The simplifying
algorithm is given and analyzed. Experimental results are presented to illustrate
its performance. Some results in this chapter can be found in our paper [51].

In Chapter 6, ‘An Improved Implementation of a Reversible Synthesis
Algorithm’, we provide an optimized implementation for a Reed-Muller spectra
based reversible logic synthesis algorithm proposed by Maslov et al. in [29]. The
original implementation works on the whole Reed-Muller spectra table of the
given reversible logic function, which requires a large amount of memory during
execution. In our implementation, we reduce the memory usage sharply by storing
a compact form of the Reed-Muller spectra table, which contains only the non-
zero Reed-Muller spectra rows and counts for a very small fraction of the whole

Reed-Muller spectra table. Simulation is conducted to compare the performance
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of the new implementation and the old one. Some of the results are given in our

paper [52].

In Chapter 7, ‘Conclusions’, we conclude our work and explain the contributions
in testing reversible logic circuits and simplifying Toffoli networks described in
this thesis. Possible future research topics in the area of reversible logic are also

discussed in this chapter.



Chapter 2 Background

In this chapter we give the relevant background material related to this thesis. It
includes a brief introduction to Boolean algebra and Boolean functions, basic concepts on
digital circuits and testing digital systems, as well as some background on spectral

techniques.

2.1 Boolean Algebra and Boolean Function

First we give a brief description of Boolean algebra [10] and Boolean functions.
A Boolean algebra is a set A, with three binary operations A (AND), v (OR), and —
(NOT), and two distinct elements 0 and 1, such that, for all elements a,b, ¢ of set A, the

following axioms hold:

Associativity: av(bvc)=(avb)vc an(bac)=(anb)ac
Commutativity: avb=bva anb=bnaa

Absorption: av(anb)=a an(avb)=a
Distributivity: av(bac)=(avb)a(avec) an(bvc)=(anab)v(anc)
Complements: av—-a=1 arn—a=0

A Boolean function is a function f(X,X,,--,X,) assembled by applying the
operations A (AND), v (OR), and — (NOT) to the variables X,X,,-:-,X,, within the

domain of Boolean algebra.



In this thesis, we use simplified notation to represent binary operations:

ab=anab; a+b=avb;a=-a.

A Boolean function can be described with many different methods including truth
tables [1, page 10], primitive cubes [1, page 11], state tables [1, page 13], and binary
decision diagrams (BDD) [1, page 17]. One of the most common and easy
representations is the truth table, which lists the corresponding output value for every
input vector. For instance, the truth table of the Boolean function

y = f(X,X,, %)= XX, +X, is shown in Table 2-1.

TABLE 2-1 TRUTH TABLE OF A BOOLEAN FUNCTION

X, X, X, y
0 0 0 0
0 0 1 1
0 1 0 0
0 1 1 1
1 0 0 0
1 0 1 1
1 1 0 1
1 1 1 1

A Boolean function can have more than one output. For instance, we can have a

Boolean function as follows:

(y19 y29 y3a y4)
=(f1(X1,X2,X3), fz(Xl,Xz,X3), f3(Xl,X2,X3), f4(X1,X2,X3))
= (X, Xy + X5, X X X5, X Xy + X, X5, X, + X, +X,)

The truth table of this 4-output Boolean function is shown in Table 2-2.



TABLE 2-2 TRUTH TABLE OF A BOOLEAN FUNCTION

X X, X Y, Y, Y; Y4
0 0 0 0 0 0 0
0 0 1 1 0 0 1
0 1 0 0 0 0 1
0 1 1 1 0 0 1
1 0 0 0 0 0 1
1 0 1 1 0 1 1
1 1 0 1 0 1 1
1 1 1 1 1 1 1

Obviously, for a single output Boolean function with n input variables, it can have a

total of 2% distinct outputs.

2.2 Testing Digital Circuits

Since a major part of this thesis is concerned with the testing of reversible logic
circuits, in this section we give a brief introduction to testing digital circuits. It includes
the general model for the testing of digital systems, concepts and definitions related to
testing digital systems, and other important aspects such as fault modeling, fault

simulation, and test pattern generation (TPG).

2.2.1 Basic Concepts

The testing of a digital circuit is the process of exercising a digital system with stimuli
and then analyzing the output response to see whether the circuit worked correctly. In

testing, an error refers to an instance of an incorrect operation of the circuit and a fault is
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the cause of an error, which represents the physical difference between a good system

and a bad one [21].

Figure 2-1 shows the general model for testing digital circuits.

Test Circuit Output
Pattern - Under g Response
Generation Test Mechanism

Figure 2-1 Testing digital systems

First test patterns (or test vectors) are generated (pseudo-randomly or
deterministically). These patterns are used to exercise the Circuit Under Test (CUT).
Here the CUT can be a traditional irreversible circuit or a reversible one. When all test
patterns have been applied, a mechanism is used to analyze the results and verify whether
they correspond to the correct output patterns and hence to decide whether there is any
fault in the CUT or not.

Testing digital circuits involves many important aspects such as fault modeling, fault
simulation, and test pattern generation (TPG) for different fault models and different
circuits. We explain these topics in the following section.

Below we give definitions of some important concepts related to digital circuits or
testing digital circuits.

A circuit is called redundant if one or more gates or gate inputs can be deleted without
changing the logical function of the circuit [1, page 100]. For instance, in Figure 2-2a the

circuit can be simplified by removing an AND gate and an input from the OR gate. The
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simplified circuit (Figure 2-2b) is irredundant and implements the same function as the

original one.

" Dt ' BDa

(2) (b)

Figure 2-2 Redundancy in a digital circuit

Redundancy in circuits makes the testing process considerably more difficult, but is
often required for other purposes, such as fault tolerance.

Let p and q be the logic functions realized by two circuits P and Q respectively. If
p =(Q, we say that the two circuits P and Q are functionally equivalent. The circuit in

Figure 2-2a and the circuit in Figure 2-2b are functionally equivalent circuits since they

implement the same logic function:

y, = ab+ac+hc
y, =ab+bc
Yi=Y

It could also be verified by listing the truth tables of functions y, and Y, (see Table 2-

3).
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TABLE 2-3 TRUTH TABLE OF TWO FUNCTIONALLY EQUIVALENT CIRCUITS

()
=<
<<
N

el = =1 (= (=) O

e L e e k=l k=2 (=] [ =} o))

— O OO~
OO O == |—
OO | O ===

Given a circuit Z with function z , assume there is a fault f in the circuit and the

faulty circuit has function z,. If z# z,, the fault f is detectable, otherwise it is not
detectable. Given a test vector t, if z(t) # z, (t), we say the test vector t detects the fault

f . For example, in the circuit in Figure 2-2a, the fault ‘line a is stuck at logic value 0’ is

detectable. It can be detected by the test vector “111”. However, in the same circuit, the
fault ‘line e is stuck at logic value 0’ is not detectable.

Similarly, a test set T is said to be able to detect a fault f in a circuit Z if

2(T)#2,(T).

2.2.2 Fault Modeling

Fault models describe the effect of physical faults on the behavior of the modeled
system [1, page 93]. For traditional irreversible circuits, there are some commonly used

fault models, with stuck-at faults, bridging faults and delay faults being the most
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common.

The stuck-at fault model is one of the very important fault models for conventional
irreversible logic circuits. It represents a line of a circuit being stuck at a fixed logic value
(logic 0 or logic 1) [1, page 94]. It is denoted by s—a—vVv, v e {0,1}. For instance, if a
wire is shorted with the power (or ground), we say that this line is stuck-at logic 1 (or
logic 0). Figure 2-3 shows an AND gate whose input A is stuck-at 0. It causes the output
value to be logic 0. This fault ‘line A s-a-0’ can be easily detected by applying vector

“11” to the inputs.

>

— C
-/

Figure 2-3 A stuck-at fault

The stuck-at fault model does not only cover the situations where a line is physically
stuck at some fixed value, it also covers many other realistic defects such as physical
defects within a TTL (Transistor-Transistor Logic) gate [21], where internal defects in
the gate could be mapped to stuck-at faults on gate inputs or outputs.

The stuck-at fault model is a classical approach to many faults in digital systems.
However, there are situations where faults are not covered by this classical fault model.
In these situations we need to define different fault models to describe the effect of the

faults.
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The bridging fault model denotes a short between two lines which creates a new logic

function [1, page 94]. It can be classified into AND bridging faults and OR bridging
faults depending on the new function created by the short. Figure 2-4 shows an example
of an OR bridging fault. Suppose line A is one output of block 1 and line B is one output
of block 2. If there is a short between A and B which results in an OR bridging fault, the

value of both line A and line B would be A+B (A OR B).

A A+B
Block 1 Block 1

OR —> OR
B A+B
Block 2 Block 2

Figure 2-4 An OR bridging fault

The delay fault model represents signal delays in the circuit [1, page 52]. There are
two types of delay faults: slow-to-rise transition (the transition from logic 0 to logic 1 is
slower than expected) and the slow-to-fall transition (the transition from logic 1 to logic 0
is slower than expected). In order to catch the effect of the fault at the output, two vectors
are needed to detect it. For example, as shown in Figure 2-5, to detect the slow-to-fall
transition on line A, a transition ‘1 — 0’ is required to be applied to the input A. The
patterns (11, 01) can detect this fault since when the second pattern “01” is applied, there

will be a delay at output C before it changes from logic 1 to logic 0.
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A N )
-

Figure 2-5 Example of a delay fault

Fault models can also be divided into single fault models and multiple fault models,
depending on how many faults are allowed in the circuit at a time. For instance, the
stuck-at fault model includes the single stuck-at fault (SSF) model and the multiple stuck-

at fault (MSF) model.

2.2.3 Fault Simulation and Test Pattern Generation

Fault simulation is used to simulate a digital circuit in the presence of faults [1, page
131]. It applies a test set to a circuit and then collects the outputs. By comparing the
outputs to those from simulating the same circuit without introducing faults, one can
determine whether the faults are detected by the test set.

Fault simulation is also used to assess the quality of a test set by computing the fault
coverage of this test set. Fault coverage is defined as the percentage of faults covered or
detected by the test set.

Test pattern generation (TPG) is the process of generating test patterns (test vectors)
for the CUT. TPG is usually classified into three categories: exhaustive TPG, random

TPG, and deterministic TPG.



16
e Exhaustive TPG is to test a combinational circuit with all possible input vectors.

For a circuit with n inputs, there are a total of 2" distinct input vectors. So in

this technique all 2" patterns are used to test the CUT. Obviously, exhaustive
testing yields maximum fault coverage. All detectable faults could be detected
using this method. But as n grows, the number of test vectors increases
exponentially, which makes it impractical for a circuit of any significant size.

e Deterministic TPG produces test patterns deterministically. It can be divided
into two groups: fault-oriented or fault-independent. The former generates a test
set targeting specified faults while the latter approach does not. Some famous
deterministic TPG algorithms for testing single stuck-at faults in combinational
circuits include the D-algorithm [1, page 198], the 9-V algorithm [1, page 199],
and PODEM [1, page 203].

e Random TPG means to generate the test patterns randomly. In reality, we can
only generate patterns pseudo randomly, which means the patterns are produced
with a deterministic algorithm but they have many characteristics of
randomness. Random TPG is easy to implement. Test patterns are often
generated by some Linear Finite State Machine (LFSM) such as a Linear
Feedback Shift Register (LFSR) [[23]] or a Linear Hybrid Cellular Automata
(LHCA) [11]. Random TPG usually generates test sets with much larger size
than that generated by deterministic algorithms, but it is much better for Built-In

Self-Test (BIST) [5] because of the minimal storage requirements.

Generating test vectors for a specified fault in a fan-out-free combinational circuit
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usually involves two fundamental steps: line justification and propagation. Line

justification means to set primary input values such that the input vector excites the
specific fault. Propagation means to propagate the effect of the fault to the primary
outputs. We give an example to illustrate these two steps.

Assume there is a single stuck-at fault in the circuit shown in Figure 2-6. The circuit
has one output g and four inputs a, b, ¢, and d. Two internal lines are e and f. The single

stuck-at fault is line e s-a-1.

Figure 2-6 Generate a test vector for a single stuck-at fault

Line-justification: Since the fault is line e s-a-1, which means that in all cases line e has
a constant value — logic 1, in order to excite the fault, we need a test vector which results
in a logic 0 at e. Thus for the left AND gate, at least one of its inputs must have value of
0. So at the primary inputs line a and line b could take any of the three values: “00”, “01”,
and “10”.

Propagation: It is obvious that in order to pass the fault effect to the primary output g,
the input ¢ must have value 0, d must have value 1.

From the analysis above, we conclude that any of the three vectors “0001”, “0101”, and
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“1001” detects the fault line e s-a-1.

Generating test vectors for sequential circuits and circuits with fan-out is more
complex. We do not explain these techniques here since reversible circuits are fan-out-

free and loop-free. Further detailed information regarding testing sequential circuits can

be found in Section 6.3, [1] and Chapter 5, [21].

2.3 Spectral Techniques

In this thesis we introduce an improved implementation of a Reed-Muller spectra based
approach for reversible logic synthesis, so here we discuss spectral techniques, especially
Reed-Muller spectra.

The spectral domain is another domain for analyzing digital circuits for further
properties besides those obtained in the Boolean domain. The transformation between the
Boolean domain and the spectral domain can be accomplished using this equation:
S=TF , where F is the column output vector of the Boolean function, T is the
transform matrix, S is the spectrum vector of the given Boolean function. Each entry (or
spectral coefficient) in S gives some global information about that function, while in
Boolean domain a single entry only gives local information [20]. Spectral techniques
have been widely used in digital logic, including digital logic synthesis and fault
diagnosis.

Boolean data can be transformed to a different domain using a transform matrix. There
are many different binary transform matrices [20], such as the Hadamard Orthogonal

Transform Matrix, the Walsh and Rademacher-Walsh Transform Matrices, the Harr
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Transform Matrix, the Reed-Muller Transform Matrix. Different information is provided

in the different spectral domains. Below we show how the Reed-Muller spectra are
derived.

The RM spectrum of a Boolean function can be easily computed using the RM
transformation matrix M":

R=M"f. (2.1)

M™ 0

Here M" ={M“1 M

} and M " =[1]. The operation is over GF(2).

For instance, given a Boolean function f(X,X,,X;)=XX, +X,, it is easy to compute its

output vector F =[0,0,0,1,1,1,1,1]" . According to Equation 2.1, the RM spectrum of this

function can be computed:

1000 0 0 0 0]0] [0]
110000 0 0[0f |0
1010000 0[o0f 0
AomrEo|l LT T o0 0ot 1)
10001 00 Of1| 1
1100 1 1 0o0|1|]0
10101 01 o0[tf]o
111 1] [

Note that the operation ‘+’ in the evaluation of the matrix multiplication is mod2
addition.
The elements in the derived Reed-Muller spectrum represent the coefficients

(8,8,8,,°"+, 8, ) in the Positive Polarity Reed-Muller form (PPRM) of the Boolean

function. Any Boolean function f(X,X,,-:-,X,) of n variables can be uniquely
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represented by the  Positive  Polarity Reed-Muller form  (PPRM)

a, ®ax ®a,x, (—D--'GDazn_leXz---Xn with @, € {0,1} . Here ® denotes the Exclusive OR
(EXOR) operation. It is positive polarity since the complement of a variable is not
allowed in the expression. A Boolean function can also be described in Fixed Polarity
Reed-Muller form (FPRM) or Mixed Polarity Reed-Muller form (MPRM). In FPRM
form each variable can appear as either complemented or not complemented, while in
MPRM form a variable can appear as both. Each Boolean function has more than one
FPRM or MPRM form. More properties regarding the FPRM and MPRM forms of a
Boolean function can be found in [15].

For a 3-variable Boolean function the RM spectra correspond to the coefficients of the
following terms in the PPRM form of the given  function:

L X, X,y XXy, X3, X, X5, X, X5, X,X,X; . So in the above example, the PPRM form of the
Boolean function f(X,X,,%;)=XX, ® X, ® X X, X, .

We can also get back the Boolean specification of the function by transforming the RM

spectrum using the inverse of the RM transform matrix:

f=M")"'"M"f=(M")"'R.

Since the RM transform matrix is self-inverse, which means (M")"' =M" , the
Boolean specification could also be computed from f =M "R, with mod-2 addition.

A fast Reed-Muller transform algorithm is provided by Thornton et al. in [47]. Figure

2-7 shows an example of this algorithm. We compute the RM spectra of the Boolean

function f(X;,X,,X;) = XX, + X, with its output vector F =[0,0,0,1,1,1,1, 1.
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G = R = R =)
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_ 0 O = = O O O

Figure 2-7 Example of fast Reed-Muller transform

Using this fast RM transform algorithm we obtain the RM spectrum of the specified

function:
R =[0,0,0,1,1,0,0,1]" .
Figure 2-8 shows the interpretation of a “Butterfly” signal flowgraph for the Reed-

Muller transform, where @ denotes the XOR operation.

A A
B iep

Figure 2-8 Interpretation of a signal flowgraph for the RM transform

The following properties can be used to compute the composite RM spectra of two

functions [13].
Given two n -variable Boolean functions f(X) and g(X), assume that f(\N ) and

g(W) are the RM spectra of f(X) and g(X), respectively, i.e.,



and

fW)=M"f(X)
dW)=M"g(X),

22

The composite spectra of these two functions f(X) and g(X), can be computed using

the following equations, where ©, A, and v denote componentwise XOR, AND, and

OR operations.

1) Let o(X)=f(X)®g(X), then

P(X)=F(X)®G(X).

2) Let p(X)= f(X)Ag(X), then

P(X)

® fU)-§
Uy W()~9(V)

V =

3) Let o(X) = f(X)vg(X), then

A S
p)=fW)egw) |

(2.2)

(2.3)

W fU)-av). (2.4)

Equations 2.2, 2.3, and 2.4 show that the composite RM spectra of two Boolean

functions can be computed in the RM spectral domain if the RM spectra of each of the

Boolean functions are provided. However, only XOR operations can be easily computed

in the spectral domain. For other operations such as AND and OR, sometime it is easier

to apply the RM transform to the RM spectra of both individual functions, then perform

the specified operation, and finally get back

fast RM transform again.

to the RM spectra domain by applying the
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2.4 Conclusion

In this chapter we touched upon fundamental background knowledge related to this
dissertation. First we explained the concepts of Boolean algebra and Boolean functions,
as well as the basic axioms in Boolean algebra.

We also gave a brief introduction to digital system testing, which included the general
model of digital testing, fault modeling and commonly used fault models for
conventional irreversible circuits, fault simulation methods, and different TPG
approaches for digital systems.

Spectral techniques, especially the Reed-Muller transform and the PPRM form of a
Boolean function, were given in detail. Fast RM transform algorithm, as well as methods
of computing composite RM spectrum, was also provided.

In the following chapter we give the background on reversible logic circuits.
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Chapter 3 Reversible Logic Circuits

In this chapter we introduce basic definitions and related work in reversible logic

[17][53], reversible logic synthesis, and testing reversible logic circuits.

3.1 Reversible Logic

First we give the definition of a reversible function.

A Boolean function is reversible if ([35]):

1. It has the same number of inputs and outputs;

2. There is a one-to-one correspondence between the input vectors and the
output vectors, i.e. in the truth table of the function, there is a distinct output
row matching each distinct input row.

As we can see, many traditional Boolean functions, such as AND, OR, XOR, NAND,
are irreversible since all of them have more than one input but only one output. Also
there is no one-to-one matching between the input vectors and the output vectors.
However, the NOT function is reversible since it satisfies the definition above: it has one
input and one output, and for each input vector, there is a distinct output vector
corresponding to it so that the computation could be done from input to output, and
inversely, from output to input as well.

Table 3-1 lists the truth table of a 2-input reversible gate called Controlled-NOT gate

(or CNOT, Feynman gate) [16]. CNOT has two inputs ( X and Y ) and two outputs ( X'
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and Y'). It is shown from the truth table that there is a unique output vector

corresponding to each input vector.

TABLE 3-1 TRUTH TABLE OF CNOT

— =X
»—AO»—AO‘<

X
0
0
|
1

S|l

Figure 3-1 gives the structure of the CNOT gate, where @ denotes the Exclusive OR

(XOR) operation. The value of output X' is always the same as that of input X , while

the value of output Y ' equals to the value of input Y if X =0, otherwise Y'=Y . Here

input X is called a control input and input Y is called a target input.

X X'=X
Y g Y'=X®Y

Figure 3-1 The CNOT gate

The function of the CNOT gate is:
X'=X
Y'=X®Y.

Other commonly studied reversible gates include: SWAP gate, Toffoli gate [48],
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Fredkin gate [18], generalized Toffoli gate, and generalized Fredkin gate. The structure

and function of each reversible gate are listed in Table 3-2, where © denotes the XOR

operation.

TABLE 3-2 REVERSIBLE LOGIC GATES

Gate Name Structure Function
NOT X'=X
X —p—x"
CNOT X '
X'=X
(Feynman) Y ' Y'i=Xa®Y
X X! '
SWAP X'=Y
Y'=X
Y Y'
X X' X'=X
TOffOll Y Y' Yv:Y
Z Z' Z'=XY®DZ
X X! X'=X
Fredkln Y Y [ Y'= )?Y @® XZ
z Z' Z'=XZ® XY
Generalized X, : X' X o X
Xn ' Xn' 'i_ i
Toffoli . - 2=X X, 02
Xl ) Xl ' X i '= Xi
Generalized X, X, Y'=MY ®MZ
, Y Y Z'=MZ®MY,
Fredkin . , M= XX, X
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The SWAP gate has two inputs and two outputs. It switches the input values at the

outputs.

The Toffoli gate is a three-input three-output reversible gate. The structure of the
Toffoli gate is very similar to that of the CNOT gate except that it contains two control
inputs instead of one. When both control inputs have logic value ‘1°, the target output
takes the complement value of the target input, otherwise it takes the same value of the
target input.

The Fredkin gate is also a three-input three-output reversible logic gate. It is different
from the Toffoli gate in that it contains only one control input X but two target inputs Y
and Z . When the control input of the Fredkin gate X =0, outputs Y'=Y and Z'=Z.
Otherwise the target outputs swap the value of the target inputs, meaning that Y'=Z and
Z'=Y.

Both the Toffoli gate and the Fredkin gate are universal reversible gates because any
logic function can be implemented by using only Toffoli gates or only Fredkin gates [18].

In this thesis we are only concerned with Toffoli networks, which are synthesized in
the model of generalized Toffoli gates, i.e., Toffoli networks are constructed with only
generalized Toffoli gates. The formal definition of a generalized Toffoli gate is as
follows:

“For the set of domain variables {X,X,, -, X } the generalized Toffoli gate has the

form TOF(C;T), where C={X,X,,",%) , T=1{X;} and CNT =¢. It maps a

Boolean pattern (X?,Xf,---,xf) to (X?,XS,-‘-,X?A,X?@Xiolxioz---xz,xo ,---,X(:)” ([32)]).

j+l
Here C is the control set and T is the target. The target output is of the opposite value of

the target input value if all control inputs have logic value ‘1°, otherwise it is of the same
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value as that of the target input.

The NOT, CNOT, and Toffoli gates are special cases of generalized Toffoli gates. The
NOT gate does not have any control input. The CNOT has one control input and the
Toffoli gate has two.

Similarly, the generalized Fredkin gate can be defined as a reversible gate with two
target inputs and m control inputs, where m > 0. When all control inputs have logic
value ‘1, the target outputs swap the value of the target inputs, otherwise the target
outputs take the same value of the corresponding target inputs.

The SWAP gate and the Fredkin gate can be viewed as special cases of generalized
Fredkin gates in that there is no control input in the SWAP gate and there is one control
input in the Fredkin gate.

It is conventionally agreed that no fan-out or feedback is allowed in reversible logic

circuits [34], so they are defined as a cascade structure (Figure 3-2).

input 1 _| output 1
input 2 _| .%_:3 L output 2
42 o
=
(@)
] a 5 —
=4 I
(¢
input n > output n

Figure 3-2 Reversible circuit: a cascade structure

The function of the circuit f can be computed by propagating the signals from left
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(inputs) to right (outputs). The inverse ( f ') of function f can be easily computed by

propagating the signals backwards from right (outputs) to left (inputs) because the inverse
function of each reversible gate is exactly the same as its forward logic function ([26]).

A Toffoli network has a grid-like regular structure. Figure 3-3 shows the structure of a
Toffoli network, which implements the function of a full adder. The circuit consists of

two Toffoli gates and two CNOT gates.

a—e@ ; garbage
b D garbage
¢ L sum

d () N carry

©)

Figure 3-3 A Toffoli network: full adder

It is known that the original specification of a full adder contains only three inputs (two
data bits a, b, and the carry in bit ¢) and two outputs (Sum and carry). But in order to
implement this function with reversible gates, one more input d, which has a constant
logic value ‘0’, and two more outputs, which are labeled as the garbage outputs, have to
be added.

In the next section we explain the process of reversible logic synthesis. Here we only
compute the logic function of outputs sum and carry in Figure 3-3 to verify that the
circuit implements the desired specification.

sum=(a®b)y®c=a®b®c
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carry=((a®@b)c)® ((ab)®0)=(ac®bc) ® (ab) =ac®bc ® ab

=ab+bc+ac

Hence the output function is verified.

3.2 Reversible Logic Synthesis

Given the specification of a logic function, how can we implement it with reversible
logic gates? In this section we give a basic idea about the process of reversible logic
synthesis as well as several reversible logic synthesis approaches proposed by other
researchers.

The first thing we need to do is build a reversible truth table based on the given
specification of a function. During this step, inputs with constant value (logic ‘0’ or logic
‘1’) and/or garbage outputs might need to be added to the specification. Then a synthesis
algorithm for reversible logic circuits should be used to generate the circuit with
reversible gates. Different circuit structures may result from different synthesis
algorithms. Also different synthesis algorithms are developed based on the availability of
reversible gate libraries. For instance, some reversible logic synthesis algorithms aim on
generating Toffoli networks. Others can generate reversible circuits with a larger variety
of gates including Toffoli gates and Fredkin gates.

Below an example is given to illustrate the synthesis procedure.

We consider the full adder mentioned in Section 3.3. The specification contains three

inputs (@, b, and ¢) and two outputs (carry and sum). The truth table of the full adder is
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shown in Table 3-3.

TABLE 3-3 TRUTH TABLE OF A FULL ADDER

c b a carry sum
0 0 0 0 0
0 0 1 0 1
0 1 0 0 1
0 1 1 1 0
1 0 0 0 1
1 0 1 1 0
1 1 0 1 0
1 1 1 1 1

Obviously the function is not reversible since the number of outputs is not equal to the
number of inputs. So at least one more output should be added to the function. This extra
output is called a garbage output since it is not part of the specification of the function
and it is used only for constructing a reversible function based on the original
specification of the function. But is it enough to add just one garbage output? We notice
that in the truth table of the full adder three output vectors are of the same pattern, which
is “10” as shown in shaded area. So if only one garbage output is added, at least two
output vectors would remain identical, either “100” or “101”, meaning that the derived
three-input three-output function would still be irreversible since there is no possible one-
to-one matching between the input vectors and the output vectors. In this case, the
solution is to introduce an additional input with constant value and one more garbage
output to the function and construct the truth table in a way such as to make sure that

there is a unique output pattern corresponding to each input pattern. So we could get a
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truth table like the one shown in Table 3-4.

TABLE 3-4 TRUTH TABLE OF A FULL ADDER (REVERSIBLE LOGIC IMPLEMENTATION)

d c b a carry sum garbage | garbage
0 0 0 0 0 0 0 0
0 0 0 1 0 1 1 1
0 0 1 0 0 1 1 0
0 0 1 1 | 0 0 1
0 1 0 0 0 1 0 0
0 1 0 1 1 0 1 1
0 1 1 0 1 0 1 0
0 1 1 1 1 1 0 1
1 0 0 0 1 0 0 0
1 0 0 1 1 1 1 1
1 0 1 0 1 1 1 0
1 0 1 1 0 0 0 1
1 1 0 0 1 1 0 0
1 1 0 1 0 0 1 1
1 1 1 0 0 0 1 0
1 1 1 1 0 1 0 1

Now it is a four-input four-output reversible function. The part in the shaded area is the
original desired function of a full adder. As we can see, there are many different ways to
arrange the output vectors so as to construct a reversible function. For instance, we can
swap any two output vectors as long as they do not contain any of the shaded cells.
Consequently, these actions will lead to different reversible functions and thus different
implementations.

With a reversible function, the next step is to construct a circuit with reversible gates.
This is reversible synthesis. There are many reversible techniques investigated recently

by researchers. In Chapter 6 we explain our improved reversible synthesis algorithm in
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detail. Here only a short description is given.

Maslov classified the synthesis methods in detail in his Ph.D. dissertation [26] into the

following categories: composition methods, decomposition methods, factorization

methods, EXOR logic based methods, genetic algorithms, spectral techniques, exhaustive

search, etc. Most of the existing reversible logic synthesis algorithms fall in one or more

of these categories. Please refer to his dissertation and the literature listed there for more

detailed information.

Below we introduce the basic idea of several synthesis algorithms for reversible logic

circuits proposed by other researchers.

Exhaustive enumeration [46]: Shende, Prasad, Markov, and Hayes investigated
this heuristic reversible logic synthesis method to construct reversible circuits
with the CNT gate library (including the NOT gate, the CNOT gate, and the
Toffoli gate) based on permutation theory. For any reversible logic function, the
output vectors are a permutation of the input vectors. The authors gave some
propositions on the relationship between permutation and the constructability of
the given function with CNT gate library. This synthesis method generates
optimal realizations for given reversible functions.

ESOP approach [2]: This reversible logic synthesis algorithm proposed by
Agrawal and Jha uses an Exclusive OR Sum of Products (ESOP) expression of
the output function to construct the circuit. Since any Boolean function can be
represented uniquely by a Positive-Polarity Reed-Muller (PPRM) form, and one
output of the Toffoli gate implements an ESOP function, this algorithm uses a

priority queue based search tree and selects successive Toffoli gates according
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to the priority order of each output variable. This method produces near-optimal

outputs for reversible functions of three inputs and can be extended to functions
with more inputs.

Transformation-based technique [32]: Miller, Maslov, and Dueck designed this
transformation-based synthesis approach. It works on the reversible function in
Boolean domain. The synthesis algorithm applies a generalized Toffoli gate to
either the inputs or the outputs iteratively until the resulting reversible function
represents the identity function. The identity function is defined as a function
whose output is identical to its input. In this algorithm, the synthesis process can
be done from inputs to outputs, from outputs to inputs, or in both directions.
This transformation-based technique does not involve extensive searching and
thus is good for synthesizing very large reversible logic functions.

Spectral techniques [31]: Miller proposed an approach to synthesize Toffoli
networks in the Rademacher-Walsh spectral domain. The algorithm iteratively
applies a single generalized Toffoli gate to either an input or an output
depending as to which leads to the better improvement in the resulting
complexity metric. The synthesis ends when the derived Rademacher-Walsh
spectra reach a unique variable or its complement. This approach generates
good results for small functions.

Use of templates [28]: Maslov, Dueck, and Miller used the technique of
templates in their transformation-based reversible logic synthesis algorithms. A
template is defined as a network which implements the identity function. It

consists of two sequences of reversible gates. The main purpose of templates is
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to find out the first sequence of reversible gates in the network generated by the

synthesis algorithm and then replace it with the second sequence of reversible
gates which is functionally equivalent, but simpler or smaller than the first
sequence. Use of templates in synthesis algorithms usually produces more

optimized outputs than the original synthesis algorithms.

In order to evaluate the performance of different reversible logic synthesis algorithms,

the following criteria are often used:

Number of garbage outputs: Although more garbage outputs does not
necessarily result in more gates needed in implementing the given function or a
higher cost of the implementation, in some cases the number of inputs/outputs
are constrained by the implementation technologies as one more input requires
one extra bit during computation. So some of the reversible synthesis algorithms
target specifically towards generating reversible circuits with minimum garbage
outputs.

Number of gates: The number of gates required to implement a given function,
of course, is directly related to how much hardware resource will be needed for
the implementation. A circuit is said to be optimal if none of its functionally
equivalent alternatives has a lower cost. In many cases, a circuit generated with
the minimum number of gates is considered to be the optimal realization [46] of
the given function. So the number of gates generated is also an important aspect
to consider when evaluating the quality of different synthesis approaches.

Quantum cost of the circuit: We know that different gates require different area
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sizes and consume different amounts of energy. Also a reversible logic function

can be implemented with different libraries which contain different sets of
reversible logic gates. So the number of gates used in realizing a function is not
accurate in representing the cost of the circuit. The quantum cost [6][26] for
each reversible gate is calculated based on how many one-bit and two-bit
quantum gates from a universal gate set are needed to implement it. The sum of
the quantum cost of all gates in the circuit, or the quantum cost of the whole
circuit, is a more accurate measure in defining the cost of the circuit. The
quantum costs of different generalized Toffoli gates are summarized in
Maslov’s reversible benchmarks page [27].

e Runtime: Simulation runtime is widely used to assess the efficiency of different
algorithms. It is often used to compare the performance among a variety of
synthesis algorithms. It also implies other features of the synthesis algorithms
such as whether they are scalable.

Benchmark functions are often used to carry out the assessment of different synthesis
algorithms. One set of benchmark functions and some of their implementations can be
found at Maslov’s website [27]. In this thesis, all our simulation work is conducted using

this set of benchmark circuits.
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3.3 Testing Reversible Circuits

While research on reversible logic synthesis has been popular recently, the issue of
testing reversible logic circuits also has gained some attention. Since reversible logic is
synthesized with reversible gates whose logic structure is quite different from that of
traditional irreversible gates such as NAND and XOR, the implementation technologies
of reversible circuits may also be different from those of irreversible circuits. It raises a
question as to whether the traditional fault models such as the stuck-at fault model are
still adequate to represent the effect of errors on reversible circuits. If not, shall we
define new fault models for reversible circuits? How to detect these faults? Before
introducing our work in testing reversible logic circuits, we first summarize briefly the
previous work related to this area.

Recent work related to testing reversible logic circuits includes ATPG techniques for
classical stuck-at faults in reversible circuits, new fault models proposed for reversible
circuits and ATPG methods targeting these new fault models, testing strategies for
quantum circuits, etc.

As mentioned in Section 3.1, the structure of reversible logic circuits is regular and
much simpler than that of conventional irreversible circuits. Also there is no fan-out or
feedback in the system. These features make it easier to test reversible circuits.

Patel et al. [37] study the stuck-at fault model in reversible logic circuits and introduce
two approaches to test stuck-at faults in reversible circuits. Their work shows that the
TPG problem is significantly simplified for reversible circuits because of reversibility.

The two methods they use to generate minimum test set for all stuck-at faults in
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reversible circuits are integer linear programming (ILP) and decomposition. The former

approach formulates an ILP with binary variables in order to generate minimum test sets.
The latter approach works together with the former one to find minimum test sets for
large circuits since the ILP method itself is not computationally feasible for large circuits.

Some important properties related to testing stuck-at faults in reversible logic circuits
[37] are listed below as they are used in later parts of this thesis.

e A test set which covers all single stuck-at faults also detects all multiple stuck-at
faults.

e A test set is complete for all single stuck-at faults in a reversible logic circuit if
and only if this test set can set each line in the circuit to both logic 0 and logic 1.

e [Each test vector detects exactly half of all possible single stuck-at faults. Each
single stuck-at fault is detected by exactly half of all possible test vectors.

Patel et al. also introduced a new fault model, the cell fault model, for reversible logic
circuits. The cell fault model is defined as situations where a reversible logic gate
changes arbitrarily from its desired function. The ILP method previously mentioned for
stuck-at faults can be modified to generate minimum test sets for the cell faults in
reversible logic circuits.

Another new fault model, the missing-gate fault (MGF) model, is proposed by Hayes et
al. [19][44] based on quantum technology. It is defined as the complete removal of a gate
from the circuit. It was shown that missing-gate faults are highly detectable. In [19] the
authors also defined two other fault models in the same family based on possible physical
defect in quantum technology: the repeated gate fault (RGF) model and the partially

missing-gate fault (PMGF) model. Obviously, the repeated gate fault model represents
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situations where a gate is duplicated and the partially missing-gate fault represents

situations where the size of a gate is reduced since part of the gate is missing.

Allen et al. [3] brought up two more new fault models for reversible logic circuits: the
lock gate fault (LGF) model and the control switch stuck fault (CSSF) model. These two
fault models are defined based on the CMOS technology used to physically construct
reversible logic circuits. ATPG techniques for these fault models are also provided and
compared in [3].

Fault localization in reversible circuits is analyzed in [45]. The authors use an adaptive
tree to detect and locate the single stuck-at faults in a reversible logic circuit. Their
investigation shows that the problem of fault localization is easier for reversible logic
circuits than for classical irreversible logic circuits because each test vector covers
exactly half of the single stuck-at faults in reversible logic circuits and thus the fault table
contains a large number of ‘1’s.

Pierce et al. [42][43] also proposed a method to generate fault localization trees for
faults in reversible logic circuits in a fault model independent environment. In this
method, the fault tables are stored with decision diagrams which saves memory such that
it could be applied to much larger circuits.

Chakraborty investigated the testability of Toffoli networks under the stuck-at fault
model in [12]. The testability for the single stuck-at fault model is examined by modeling
a generalized Toffoli gate as a multiple input AND gate and a two-input XOR gate. It

was proved that a n -input reversible logic circuit has a universal test set of size

n*+2n+2. Here a universal test set is defined as the family of test sets which covers all

Toffoli networks with the same number of inputs.
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The problem of fault tolerance in reversible logic circuits is addressed in [49]. The

authors propose three new reversible logic gates and illustrate that reversible logic
circuits constructed with these reversible gates are on-line testable using two pair rail
checkers which are also implemented with these new reversible gates. Other research
with a similar focus is reported in [36].

Since quantum computing is reversible, the testing of quantum circuits has also been
the subject of considerable research. Previous work related to testing quantum circuits

includes fault detection and localization [8][9][39], and fault modeling [19].

3.4 Conclusion

In this chapter we gave an overview of reversible logic, basic reversible logic gates, and
structure of reversible logic circuits. We particularly discussed the definition of
generalized Toffoli gates and Toffoli networks which are constructed with generalized
Toffoli gates, as our main concern in this thesis is fault modeling and detection in Toffoli
networks.

We also explained the steps of reversible logic synthesis. Different approaches to
reversible logic synthesis, as well as existing work in reversible logic synthesis, were
presented briefly.

Related work in testing reversible logic circuits, such as fault models and fault-
detection strategies, fault localization methods, design for testability and fault tolerance
in reversible logic circuits, were also included so as to give a background for the coming

chapters.
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Chapter 4 Crosspoint Fault Model

In Chapter 3 we introduced background on reversible logic circuits including the
definition of reversible logic, commonly used reversible logic gates, reversible synthesis
techniques, and existing work in testing reversible circuits, especially the testing of stuck-
at faults in reversible circuits. In this chapter, we show that the stuck-at fault model itself
is not adequate in representing effects of different faults in the circuit. So we present a
new fault model, namely the crosspoint fault model, for reversible logic circuits.
Properties of reversible circuits under the crosspoint fault model are investigated and a
randomized TPG algorithm targeting this specific fault model is explained and analyzed
in detail. Finally, experimental results are presented to support the hypothesis that our
TPG algorithm yields very good performance in testing crosspoint faults in reversible

logic circuits.

4.1 Crosspoint Fault Model

In this section we demonstrate that the stuck-at fault model itself is not adequate to
represent all error effects in reversible circuits. After that we introduce a new fault model,
namely the crosspoint fault, for reversible logic circuits based on the logic structure of
generalized Toffoli gates.

It was mentioned in Section 2.2.2 that in traditional irreversible circuits, stuck-at faults
do not only represent errors which happen to the wires in a circuit, they also cover other

situations such as internal defects of a gate. However, in reversible logic circuits such as
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in Toffoli networks, stuck-at faults do not cover the situations where some of the gates

themselves do not function properly. For example, Figure 4-1 shows the structure of a
simple reversible circuit, which contains two generalized Toffoli gates. It is easy to verify
that the test set {0110, 1001, 1000} is complete for all stuck-at faults in the circuit. But
assume that there are two errors in the first gate, which are: (1) the second control point
in the gate is missing; (2) the third control point is missing. Assume that these two errors
do not happen at the same time. It can be verified that the test set {0110, 1001, 1000}
detects neither of them. This example illustrates the deficiency of the stuck-at fault model

in describing different errors in reversible circuits.

Fault 1: control point missing

Fault 2: control point missing

Figure 4-1 Stuck-at fault model is inadequate for reversible circuits

In this case, a new fault model is needed to represent the behavior of these errors.

As introduced in Section 2.2.2, fault models map the physical faults to the logical
behavior of the system. However, the implementation technologies of reversible circuits
are not yet fully developed, so we think it is valuable to define a new fault model for
reversible logic circuits based on their logic structure. Given that Toffoli networks have a
grid-like or array-based regular structure, we are proposing a new fault model, namely

the crosspoint fault model, which maps the situations where internal defects exist in a
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gate such that the control points do not function correctly. The faulty situations can be

either missing or insertion of some control points in a generalized Toffoli gate.

A crosspoint fault in a reversible logic circuit is defined as either an extra or a missing
control point in a generalized Toffoli gate. It is classified into two categories:
disappearance faults and appearance faults.

A disappearance fault happens when a control point in a Toffoli gate missing. For
example, consider the structure of the full adder shown in Figure 3-3, in the first Toffoli
gate a disappearance fault happens if the control point from line b is missing. This fault
changes the Toffoli gate into a CNOT gate (as shown in Figure 4-2a). It transpires that
this disappearance fault model is the same as the partial missing-gate fault model

introduced in [19].

CA?)I point disappears Extra control point /
a
\ ® a ® @
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a. Disappearance fault b. Appearance fault

Figure 4-2 Crosspoint faults

Similarly, an appearance fault happens when an extra control point is introduced to a
Toffoli gate. For instance, consider the same fuller adder in Figure 3-3, a possible

appearance fault can be adding one additional control point from line a to the third gate,
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(see Figure 4-2b). This appearance fault results in transforming the 2-input Toffoli gate

into a 3-input Toffoli gate.

Multiple crosspoint faults are defined as situations where two of more single
crosspoint faults exist in a reversible circuit at the same time. They are categorized into
three types: multiple disappearance faults, multiple appearance faults, and mixed multiple
faults. A multiple disappearance fault happens when at least two control points
disappear from the circuit at the same time. Similarly, a multiple appearance fault
means that two or more extra control points are added to the circuit. And a mixed
multiple crosspoint fault happens when both appearance fault and disappearance fault
exist in a reversible circuit at the same time.

We can also group multiple crosspoint faults into double faults, triple faults, etc., based
on the multiplicity of the faults.

The crosspoint fault model is suitable for describing the faults that can happen on the
control points of generalized Toffoli gates, but it is also suitable for other reversible logic
gates with control points such as the Fredkin gates. In this thesis, we are only concerned
with Toffoli networks, thus the following properties related to crosspoint faults are
derived for Toffoli networks. However, some of the properties may also be relevant for

reversible logic circuits which contain other types of gates such as Fredkin gates.

4.2 Testing Crosspoint Faults

As the crosspoint fault model has been introduced in the previous section, in this

section we discuss how the crosspoint faults affect the behavior of reversible circuits and
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how to test for these faults. A randomized ATPG algorithm targeting crosspoint faults is

proposed and analyzed in detail. The performance of the ATPG algorithm is evaluated by

simulation studies.

4.2.1 Properties

Since there is a one-to-one mapping between the input vectors and the output vectors of
a reversible gate, it is always possible to activate a crosspoint fault and propagate its
effect to the primary outputs. The following three properties are straightforward based on
this fact.

Property 1: A crosspoint fault in a reversible circuit results in a reversible circuit.

This property is trivial, since the disappearance of one control point or the addition of
one more control point to the generalized Toffoli gate makes the new gate the same type,
which is still a generalized Toffoli gate except that the number of control points is
changed. The new gate is still reversible.

Property 2: All single crosspoint faults are detectable.

This property is also obvious. For any single crosspoint fault, we can always find an
input vector at the corresponding faulty gate so as to detect the fault at that stage (line-
justification). And, it is straightforward to track this justified vector backward to the
primary inputs (line-justification) as well as to propagate the fault effect to the primary
outputs (propagation). Thus all single crosspoint faults are detectable.

Line-justification:

Figure 4-3 shows a generalized Toffoli gate at a certain stage in a circuit, where c; to c,
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are control inputs of the gate, d is the target input or data input of the gate, a; to a, are

wires not connected to the gate. The justification rules used to detect the single crosspoint

faults at the corresponding stage are summarized in Table 4-1.

a]

adm

Ci —@—

Cn @

d N
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Figure 4-3 Generalized Toffoli gate at a certain stage in a circuit

TABLE 4-1 JUSTIFICATION RULES

Gate Fault Justification rules

Ci:0

. . cjzl’jzlaza~~~,i'1,i+1,...,Il
¢; disappearing

aq:don’tcare,q=1,2,...,m
Generalized d: don’t care
Toffoli a,=0

) ¢=1,j=1,2,...,n
a, appearing
" aq:don’tcare,q=1,2,...,p-1,pt1l, ..., m

d: don’t care
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Reversibility makes it much easier to find a test vector at the primary inputs in

reversible circuits as against conventional irreversible circuits. We can easily compute the
inverse function of a reversible gate from its forward function. The inverse of a
Generalized Toffoli gate is exactly the same as its forward function. So, from the justified
vector at the stage of the faulty gate, by applying the inverse function of each gate
backwards, we can find a test vector at the primary inputs which is able to justify the
specified crosspoint fault in the circuit.

Propagation:

Similarly, the propagation of the fault effect to the primary outputs is always feasible
for Toffoli networks. The justified vector at the stage of the faulty gate creates different
output vectors for the faulty and fault-free gate. Then, according to the property that there
is a one-to-one correspondence between the input vectors and the output vectors in any
reversible logic function, the vector at the primary outputs of the faulty circuit is always
different from that of the fault-free circuit.

Property 3: The number of gates in a circuit is an upper bound on the size of a
complete test set for all single appearance crosspoint faults in this circuit.

From Figure 4-3 we can see that, if ¢; to ¢, are set to logic 1, a; to an, set to logic 0, d
set to either logic 1 or logic 0, this vector covers all single appearance faults at this stage.
So the total number of test vectors needed for all single appearance faults in the circuit

does not exceed the number of gates.
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4.2.2 ATPG Algorithm

There are a variety of methods to generate a complete test set for all single crosspoint
faults. A traditional ATPG algorithm could be used to generate a test vector for each

individual fault, and then compress the test set (see below).

1. Read in the specification of a circuit, generate a complete
fault list F
2. For each fault f; in F, do:
a. Find a vector v; which detects f;
b. Addv;toV
c. Delete f; from list F
3. Repeat 2 until F is null
Compress V
5. Return V
Traditional ATPG Algorithm

Obviously, the traditional ATPG algorithm is easy to implement and generates a
complete test set for all faults. But usually the test set is not minimal. Exhaustive
algorithms are often used to find a minimum test set. However, exhaustive search leads to
exponential increase of searching space and execution time when the number of faults
grows. In the following, we give a randomized heuristic ATPG algorithm which does not
do an exhaustive search yet still generates a minimal (or near-minimal) test set for
crosspoint faults. Compared to the greedy approaches, the randomized algorithm greatly

reduces complexity and running time. The detailed algorithm is shown below.
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1. Read in the specification of a circuit, generate a complete fault list F
2. Get a new fault list F° by randomly choosing N=10 faults from F (if
size(F)<=N, then N=size(F)), do
a. For each fault f; in F’, find a vector v; which detects f;
b. Use each v; to simulate the circuit, find out how many faults can be
detected by vj, record this number as N;
c. Find out the vector v;j which has the maximum Nj, if v; is not in the test
set V,add vjto V
d. Delete all the faults which are covered by v; from list F
3. Repeat 2 until F is null
4. Return V
ATPG Algorithm

This randomized ATPG algorithm for crosspoint faults takes advantage of both random
algorithms and greedy algorithms. To avoid a large amount of computation, instead of
testing all faults, in every round we choose a fixed number of faults and generate a test
vector for each of them. Among these test vectors, we select one which has the highest
fault coverage for all faults remaining on the fault list. Then this test vector is included in
the test set. All faults covered by it are deleted from the fault list. These steps are
repeated until the fault list is empty. For the purpose of randomization, we include a
parameter N, which is the number of faults chosen randomly in each round, in this
algorithm. The value of N affects the performance of the algorithm: a bigger N might
lead to a smaller test set, but it also means longer running time. Experiments show that 10
is a good value for N since in this case the algorithm generates a near minimum test set in

a comparably small time.
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4.2.3 Experimental Results

Simulation studies were conducted on a set of standard benchmark circuits ([27]) in
order to evaluate the performance of our ATPG algorithm. Table 4-2 shows the size of
the test sets generated by our algorithm. Table 4-3 compares results generated by our
ATPG and those generated by the traditional algorithm. It is also illustrated how
parameter N affects the performance of the algorithm.

Table 4-2 shows the experimental results of testing single crosspoint faults using our
ATPG algorithm. N=10 for these experiments.

The columns of Table 4-2 correspond to the name of the benchmark circuit; the number
of inputs of the circuit; the number of gates in the circuit; the number of total single
disappearance faults in the circuit; the number of vectors generated by our randomized
ATPG algorithm to cover all disappearance faults; the number of total single appearance
faults in the circuit; the size of the test set for appearance faults; the size of the test set to

cover both types of crosspoint faults.



TABLE 4-2 SIMULATION RESULTS FOR SINGLE CROSSPOINT FAULTS

Disappearance faults Appearance faults Combined
Circuit name inputs | gates

# of faults | Test set | # of faults | Test set Test set
20f5 6 18 24 9 66 6 15
20f5 2 7 12 19 4 53 9 8
3bit adder 4 4 2 6 3 4
317 3 6 2 2 3
4 49 4 16 24 5 24 5 7
4mod5 1 5 12 2 20 4 4
4mod5 2 5 11 2 25 6 5
4mod5 3 5 6 2 14 3 4
Smod5 1 6 17 38 5 47 9 5
Smod5 2 6 10 18 5 32 5 7
cyclel0 2 12 19 100 16 109 4 18
cyclel7 3 20 48 409 44 503 7 54
ham3 3 5 6 3 4 3
ham7 7 23 34 5 104 6
ham15 15 13 352 17 1496 27 33
hwb4 4 17 27 5 24 5 5
hwb5 5 55 101 10 119 10 13
hwb6 6 12 320 17 310 20 21
hwb7 7 28 864 27 870 33 37
mod5adder 6 21 27 6 78 7 12
mod1024adder 20 55 220 39 825 19 45
mod1048576add 40 21 1540 175 6650 45 196
rd53 1 7 30 41 12 139 10 17
rd53 2 7 12 28 8 44
rd53 3 8 12 20 4 64
rd53 4 7 28 24 10 144 13
rd53 5 7 16 27 5 69 7
rd73 10 20 34 4 146 15 13
rd84 15 28 49 4 343 22 19
xor5 4 4 1 12 4 4
hwb8 63 2214 50 2245 56 67
hwb9 15 5812 85 6540 98 110
hwb10 10 36 15455 137 17224 168 180
hwb11 11 93 39211 243 53929 293 324

51
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From Table 4-2, we can see that, our ATPG algorithm yields very good performance in

generating test set for crosspoint faults. For all the benchmark circuits, the size of a
complete test set for either all single disappearance crosspoint faults or all single
appearance faults is always smaller than the number of gates in the circuit. The test sets
produced for some of the benchmark circuits are amazingly small. For instance, for two
small circuits, our algorithm shows that only one or two test vectors are sufficient to
cover all single disappearance faults in the circuit. Even when testing both types of
crosspoint faults, the combined test sets are still very small. Actually, for 33 out of the 34
benchmark circuits, the combined test size is no bigger than the number of gates in the
circuit.

As each time N faults are randomly chosen, it could result in situations where the
combined test set is smaller than the test set for appearance faults (for instance, circuits
20f5 2 and 5mod5_1) and the combined test set is bigger than combination of the test set
for disappearance faults and the test set for appearance faults (for example, circuit
cyclel7 3).

Table 4-3 shows the superior performance of our randomized ATPG algorithm as
compared to the traditional ATPG method described in the beginning of Section 4.2.2. In
this table, figures in columns 2 and 5 are test sets generated with the traditional TPG
method, figures in columns 3 and 6 are generated with our randomized ATPG algorithm.
Columns 4 and 7 give the improvement of our ATPG over the traditional one in

percentage.



TABLE 4-3 OUR TPG ALGORITHM V'S TRADITIONAL TPG METHOD

Disappearance faults Appearance faults

Circuit name Test set Test set | Improve- Test set Test set | Improve-

traditional new ment (%) | traditional new ment (%)
20f5 18 9 50.0 17 6 64.7
20f5 2 12 4 66.7 12 9 25.0
3bit adder 4 2 50.0 4 3 25.0
3 17 4 2 50.0 3 2 333
4 49 8 5 37.5 8 5 37.5
4mod5 1 7 2 71.4 8 4 50.0
4mod5 2 5 2 60.0 8 6 25.0
4mod5 3 4 2 50.0 4 3 25.0
5mod5 1 9 5 44.4 16 9 43.8
Smod5 2 9 5 44.4 9 5 44.4
cyclel0 2 18 16 11.1 19 4 78.9
cyclel7 3 46 44 4.3 48 7 85.4
ham3 4 3 25.0 4 3 25.0
ham7 11 5 54.5 18 6 66.7
ham15 74 17 71.0 93 27 71.0
hwb4 8 5 37.5 12 5 58.3
hwb5 21 10 52.4 26 10 61.5
hwb6 41 17 58.5 58 20 65.5
hwb7 83 27 67.5 109 33 69.7
mod5Sadder 16 6 62.5 13 7 46.2
mod1024adder 48 39 18.8 55 19 65.5
mod1048576adder 193 175 9.3 210 45 78.6
rd53 1 27 12 55.6 26 10 61.5
rd53 2 14 42.9 12 9 25.0
rd53 3 12 4 66.7 12 9 25.0
rd53 4 18 10 44.4 17 9 47.1
rd53 5 13 5 61.5 14 7 50.0
rd73 20 4 80.0 20 15 25.0
rd84 28 4 85.7 28 22 21.4
xor5 4 1 75.0 4 4 0.0
Average 50.5 46.7

53
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Obviously, our ATPG algorithm performs much better than the traditional ATPG

method. For some of the circuits, the improvement is significant. When testing
disappearance faults, for 19 out of the 30 benchmark circuits, the test sets generated by
our ATPG algorithm have a size which is no more than half of that generated by
traditional ATPG method (improvement >=50%). For the appearance faults, 14 out of 30
benchmark circuits have this property.

For both disappearance faults and appearance faults, the average improvement of our
ATPG over the traditional one is about 50%.

In Section 4.1 we noted that the disappearance fault model we proposed includes the
missing-gate fault model introduced in [19]. In that paper the author used an ATPG
method which is based on linear programming to generate minimum test sets for partial
missing-gate faults. Comparison between our results and the minimum test sets from [19]
shows that our randomized ATPG algorithm does generate minimal or near-minimal test
sets for the benchmark circuits (see Table 4-4). Our ATPG algorithm produces minimum
test sets for 14 out of the 21 benchmark circuits. For the remaining 7 benchmark circuits,
the difference between the size of test sets generated with our ATPG and that of the

minimum test sets is very small.
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TABLE 4-4 RANDOMIZED ATPG GENERATES NEAR-MINIMAL TEST SET

Test set size for

Circuit name disappearance faults

our alg. min [19]

20f5

20f5 2
317

4 49
4mod5 1
4mod5 2
Smod5 1
ham3
ham7
hwb4
hwb5
hwb6
hwb7
mod>Sadder
rd53 1
rd53 2
rd53 3
rd73
rd84

xor5
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The runtimes of our ATPG algorithm and those of the ATPG method proposed in [19]
are not compared in this thesis since in [19] only those relatively small benchmark
circuits are tested. It usually takes a very small amount of time to generate minimum test
sets for these small circuits. However, we think that our ATPG algorithm is more
efficient in simulating much larger circuits because the computational complexity of the

randomized approach is smaller than that of the method proposed in [19], which is
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basically an exhaustive search. This also implies that our ATPG algorithm could handle

much larger circuits than the approach introduced in [19]. In [19], the largest circuits
tested are ham15tcl (15 inputs with 162 gates) and hwb7tc (7 inputs with 305 gates).
However, our algorithm could work with much larger circuits such as mod1048576adder
(40 inputs with 210 gates) and hwb11 (11 inputs and 9314 gates).

Figure 4-4 illustrates how the parameter N affects the performance of our randomized
ATPG algorithm. Figure 4-4(a) shows the size of the test set generated for disappearance
faults for several large benchmark circuits. Figure 4-4(b) shows the corresponding
runtimes. When N equals 1, the test sets generated are always the worst since they have
the biggest size. For small circuits, the size of the test sets produced does not vary too
much when N is equal to 10, 20, 50, or 100. On the other hand, for large circuits, when N
grows from 10 to 20, to 50, and finally to 100, the average size of the test sets becomes
slightly smaller, while the execution time increases exponentially. Considering both
factors of test set size and runtime, we decide that either 10 or 20 is a good choice for N
since in these conditions the algorithm yields quite satisfactory outputs in a comparably

small amount of time. In our simulation, we use the value 10 for parameter N.
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Figure 4-4 ATPG algorithm and N

From the runtime curves shown in Figure 4-4(b) we can see that our ATPG algorithm is
very efficient. The simulation was conducted on a Sun Ultra 5 with 400 MHz Ultra
SPARC II processor and 256 MB memory. For most of the benchmark circuits tested, the
runtime is less than one second. For the largest circuit, hwb11, which contains 9314 gates
and 93140 single crosspoint faults, the runtime is 37 seconds, 46 seconds, and 60 seconds
for all single disappearance faults, all single appearance faults, and all single crosspoint
faults, respectively (when N equals to 10). These figures show that our randomized
ATPG algorithm for crosspoint faults in reversible circuits is very efficient and is able to

work for much bigger circuits.
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4.3 Crosspoint Faults and Stuck-at Faults

After studying the features of our new fault model, the crosspoint fault model, in
reversible logic circuits, in this section we investigate the relationship between crosspoint
faults and stuck-at faults and investigate whether this crosspoint fault model is a better
fault model than the stuck-at fault model for reversible logic circuits for the perspective

of covering other types of faults.

4.3.1 Relationship between Crosspoint Faults and Stuck-at Faults

The relationship between the crosspoint fault and the stuck-at faults is summarized in
the following property.

Property 4: A complete test set for all single crosspoint faults covers the majority
of the single stuck-at faults. The proportion of stuck-at faults covered is at least
(2n+k-1)/(2n+2k), where n is the number of inputs, and k is the number of gates in
the circuit.

The detailed proof of this property is given below.

It is proved in [37] that under the single stuck-at fault model a test set is complete if,
and only if, each wire at every level can be set to both logic 0 and logic 1 by the test set.
Consequently, in order to prove property 4 we need to show that most wires in a Toffoli
network can be set to both logic 0 and logic 1 by the complete test set generated for all
single crosspoint faults.

In a reversible circuit implemented with generalized Toffoli gates, a wire exists in one

of the following three ways:
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1. TItis connected to one of the control points of a gate which has at least two control

inputs. Consider, for instance, lines a, d, f, and g in Figure 4-5, which is a simple
Toffoli network consisting of eight wires (a, b, c, d, e, f, g, and h) and three
crosspoints (1, 2, and 3). In this case, each wire can be set to both logic 0 and
logic 1 by a complete test set for all single disappearance faults: it is set to logic 0
by any test vector which detects the disappearance fault at the crosspoint it
crosses; it is set to logic 1 by any test vector which detects the disappearance fault
of a crosspoint other than the one it crosses in the gate. For example, line d in
Figure 4-5 can be set to logic 0 by a test vector which covers the fault ‘crosspoint
3 is missing’ and set to logic 1 by a test vector which covers the fault ‘crosspoint
2 is missing’. So both single stuck-at faults ‘line d s-a-1’ and ‘line d s-a-0’ are

covered by a complete test set for all single crosspoint faults.
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Figure 4-5 Crosspoint faults and stuck-at faults

2. It is connected to the control point of a gate which has only one control input. In

this case, the wire can be set to both 0 and 1 by a complete test set for all single
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crosspoint faults: it is set to 0 by the test vector which detects the disappearance

fault at the crosspoint it crosses; it is set to 1 by the vector which detects the
appearance fault of a crosspoint at the same stage as the gate. For example, line b
in Figure 4-5 can be set to logic 0 by any test vector which detects the
disappearance fault ‘crosspoint 1 is missing’. It can also be set to logic 1 by any
test vector which covers the appearance fault ‘crosspoint 4 is added to the CNOT
gate’. Consequently, both single stuck-at faults on line b are covered by a
complete test set for all crosspoint faults in the circuit.

3. It is not connected to any control point of any gate. There are three possibilities:
(1) it connects a primary input and a data input of a gate, like line ¢ in Figure 4-5;
(i1) it connects the data output of a gate and the data input of another gate, like
line e in Figure 4-5; (iii) it connects the data output of a gate and a primary output,
like line h in Figure 4-5. These three cases are the only conditions where some
(less than 50%) of the single stuck-at faults on these wires may not be covered by
a test set generated for all single crosspoint faults. Given that single stuck-at faults
are very easy to detect (every fault is covered by half of the total number of input
vectors [37]), we expect that in this case most of the single stuck-at faults will still

be detected by a complete test set generated for all single crosspoint faults.
Property 4 gives a lower bound of the fault coverage for stuck-at faults by a complete
test set for all crosspoint faults. However, in practice, the fault coverage is much higher
given that stuck-at faults in reversible circuits are much easier to test than in conventional
circuits. This property is well demonstrated by the experimental results we discuss below.

However, it should be noted that there is no guarantee that all single stuck-at faults are
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covered by a complete test set for all single crosspoint faults. As a simple illustration,

consider the circuit shown in Figure 4-5. {100, 011} is a complete test set for all single
crosspoint faults, but it does not cover the single stuck-at faults: line d stuck-at-0 and line
e stuck-at-0.

Based on the relationship between crosspoint faults and stuck-at faults, we propose
another method to generate a complete test set for stuck-at faults in Toffoli networks. We
could use a complete test set for all single crosspoint faults in a reversible logic circuit as
a very good starting point for a test set for all stuck-at faults in the same circuit as it
covers a majority of them. For the remaining stuck-at faults not covered, an easy fault-
oriented TPG algorithm is able to find the test vectors for them. Combining both test sets

we get a complete test set for all stuck-at faults in the circuit.

4.3.2 Experimental Results

Experiments were conducted to examine the test sets generated for stuck-at faults and
crosspoint faults. First we use a complete test set for all crosspoint faults to test the single
stuck-at faults in the same circuit. Then, we use a complete test set for all stuck-at faults
to test the single crosspoint faults in the circuit. We use a simple ATPG algorithm' to
produce a complete test set for stuck-at faults in reversible logic circuits. The detailed

algorithm is given below.

1
Different TPG algorithms result in slightly different sized test sets. For instance, J. Biamonte [9] has indicated they use a greedy

algorithm and get test sets that are slightly smaller than ours.
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1. Read in the specification of a circuit, generate a
complete fault list F
2. Generate a random vector v; and its complement v;’.
Add v and vy’ to test set V. Use these two vectors to
stimulate the circuit, and delete all the faults which
are covered by these two vectors from list F
3. Randomly choose a fault f; from F, do:
a. Find a vector v; which detects f;
b. Use v; to stimulate the circuit. Delete all faults
which are covered by v; from list F
c. IfviisnotinV,addvitoV
4. Repeat 3 until F is null
5. Return V
ATPG Algorithm for Stuck-at Faults

Simulation results are given in Table 4-5 and Table 4-6. Table 4-5 shows the
performance of a complete test set for all crosspoint faults when it is used to test stuck-at
faults. Table 4-6 shows the performance of a stuck-at faults test set in detecting

crosspoint faults.



TABLE 4-5 CROSSPOINT FAULTS DOMINATE STUCK-AT FAULTS
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Detected by test set for crosspoint faults

Cieuitname | LR 00| N St bl
Average Maximum

Number % number
20f5 6 18 48 48 100.0 48
20f5 2 7 12 38 37.9 99.7 38
3bit adder 4 4 16 16 100.0 16
317 3 6 18 18 100.0 18
4 49 4 16 40 40 100.0 40
4mod5_1 5 8 26 23.8 91.5 25
4mod5_2 5 9 28 27.75 99.1 28
4mod5_3 5 5 20 18.5 92.5 20
Smod5_1 6 17 46 45.6 99.1 46
Smod5_2 6 10 32 32 100.0 32
cyclel0 2 12 19 62 61.2 98.7 62
cyclel7 3 20 48 136 1353 99.5 136
ham3 3 5 16 15.6 97.5 16
ham?7 7 23 60 58.5 97.5 60
ham15 15 132 294 292.4 99.5 293
hwb4 4 17 42 42 100.0 42
hwb5 5 55 120 120 100.0 120
hwb6 6 126 264 264 100.0 264
hwb7 7 289 592 592 100.0 592
mod5a 6 21 54 54 100.0 54
mod1024a 20 55 150 149.8 99.9 150
mod1048576a 40 210 500 500 100.0 500
rd53 1 7 30 74 74 100.0 74
rd53 2 7 12 38 375 98.7 38
rd53 3 8 12 40 39.6 99.0 40
rd53_4 7 28 70 69.7 99.6 70
rd53_5 7 16 46 45.7 99.3 46
rd73 10 20 60 59.8 99.7 60
rd84 15 28 86 85.7 99.7 86
xor5 5 4 18 17.3 96.1 18
hwb8 8 637 1290 1290 100.0 1290
hwb9 9 1544 3106 3106 100.0 3106
hwb10 10 3631 7282 7282 100.0 7282
hwbl1 11 9314 18650 18650 100.0 18650
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We first take a look at the performance of the test sets for crosspoint faults. It turns out

that for almost all benchmark circuits, the combined test set for both types of crosspoint
faults covers 100% of the single stuck-at faults in the same circuit (see Table 4-5). Since
a test set which covers all single stuck-at faults also covers all multiple stuck-at faults, the
combined test set for both types of crosspoint faults covers all stuck-at faults. Columns 5
and 7 are the average and maximum numbers (from 10 different trials) of single stuck-at
faults covered by the combined test set for crosspoint faults generated by the randomized
ATPG algorithm given in Section 4.2.2. For 30 out of the 34 benchmark circuits, the
average number of stuck-at faults covered by the test set for crosspoint faults is no
smaller than M-1, where M is the total number of single stuck-at faults in the benchmark
circuit. For the remaining 4 benchmark circuits, the number of single stuck-at faults
which are not detected by the complete test set for all single crosspoint faults is still less
than 3.

Now let us look at the results in percentage form (column 6, Table 4-5). 100% fault
coverage is achieved for 16 out of the 34 benchmark circuits. 27 benchmark circuits have
more than 99% fault coverage. The average fault coverage of all benchmark circuits is
about 99%, which is a good illustration that in most cases, the single crosspoint faults
dominate the stuck-at faults.

Results also show that for the majority of benchmark circuits except two (4mod5 1 and
haml5), at least in one of the ten trials, the complete test set generated for crosspoint
faults covers all of the stuck-at faults in the circuit. For circuits 4mod5 1 and haml5,

only one stuck-at fault in each of them is not covered.



TABLE 4-6 STUCK-AT FAULTS DO NOT DOMINATE CROSSPOINT FAULTS

Test Disappearance faults Appearance faults
Circuit name (T) size T
for stuck otal Detected by T Total # Detected by T
faults number Number % faults Number %
of faults
20f5 3 24 5 20.8 66 2 3.0
20f5 2 5 19 18 94.7 53 30 56.6
3bit adder 3 6 6 100. 6 2 333
317 4 7 6 85.7 5 3 60.0
4 49 4 24 16 66.7 24 16 66.7
4mod5_1 4 12 10 83.3 20 13 65.0
4mod5 2 5 11 11 100. 25 15 60.0
4mod5_3 3 6 5 83.3 14 5 35.7
Smod5_1 4 38 20 52.6 47 25 53.2
Smod5_2 4 18 11 61.1 32 20 62.5
cyclel0 2 5 100 18 18.0 109 44 40.4
cyclel7 3 5 409 24 5.9 503 104 20.7
ham3 4 6 6 100. 4 3 75.0
ham?7 6 34 28 82.4 104 68 65.4
haml15 7 352 179 50.9 1496 861 57.6
hwb4 4 27 22 81.5 24 13 54.2
hwb5 6 101 74 73.3 119 88 73.9
hwb6 6 320 189 59.1 310 178 57.4
hwb7 6 864 415 48.0 870 380 43.7
mod5a 4 27 13 48.1 78 10 12.8
mod1024a 5 220 54 24.5 825 248 30.1
mod1048576a 8 1540 152 9.9 6650 1689 25.4
rd53 1 3 41 17 41.5 139 3 2.2
rd53 2 5 28 14 50.0 44 24 54.5
rd53 3 5 20 19 95.0 64 38 59.4
rd53 4 4 24 13 54.2 144 26 18.1
rd53 5 5 27 16 59.3 69 59 85.5
rd73 5 34 29 85.3 146 96 65.8
rd84 5 49 42 85.7 343 199 58.0
xor5 4 4 4 100. 12 9 75.0
hwb8 8 2214 914 41.3 2245 1024 45.6
hwb9 11 5812 3313 57.0 6540 3550 54.3
hwb10 11 15455 6961 45.0 17224 7756 45.0
hwbl1 10 39211 15014 38.3 53929 25118 46.6

65
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The test set for all stuck-at faults in the circuits (column 2, Table 4-6), on the contrary,

does not show good performance in testing crosspoint faults (columns 4, 7, Table 4-6).
For most of the benchmark circuits, only a fraction (in many cases less than half) of the
single crosspoint faults are covered by the test set for stuck-at faults. In percentage form
(columns 5, 8, Table 4-6), the average fault coverage of all benchmark circuits is 61.83%,
and 48.98% for disappearance faults and appearance fault respectively. This demonstrates
that the stuck-at fault model is unlikely to be the ideal fault model for reversible logic

circuits.

4.4 Conclusion

In this chapter we introduced a new fault model, the crosspoint fault model, for
reversible logic circuits since the traditional stuck-at fault model itself is not adequate in
representing different fault effects in reversible logic circuits. The new crosspoint fault
model is defined to describe internal defects in generalized Toffoli gates where the
crosspoints do not work properly. It includes both situations where some control points
are missing (disappearance faults) and where new control points are introduced to the
gate (appearance faults). Some properties about how this new fault model affects the
behavior of the circuits are investigated.

We proposed a randomized ATPG algorithm to generate a complete test set for
crosspoint faults in Toffoli networks. This ATPG algorithm takes advantage of both

random algorithms and greedy algorithms in order to produce minimum or near minimum
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test set in a comparably short time. Experimental results and comparison with simulation

results from other ATPG algorithms have demonstrated the power of our ATPG
algorithm.

In this chapter we also studied the relationship between crosspoint faults and stuck-at
faults and showed that a complete test set for all single crosspoint faults covers most of
the single stuck-at faults in the circuits, while a complete test set for stuck-at faults does
not show good performance in testing single crosspoint faults. This illustrates that the
new fault model, the crosspoint fault model, is a better fault model than the traditional

stuck-at fault model for Toffoli networks.
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Chapter 5 Crosspoint Faults in Simplifying Toffoli Networks

In the previous chapter we introduced a new fault model, namely the crosspoint fault
model, for reversible logic circuits. We showed that the crosspoint fault model is a better
model than the classical stuck-at fault model in representing the fault effects in Toffoli
networks since in most cases the crosspoint faults dominate the stuck-at faults. In this
chapter, we investigate some other properties of Toffoli networks under this fault model
and study as to whether these properties could contribute to other aspects of reversible
logic computing such as reversible logic synthesis. In the remaining part of this chapter,
we show how to use this new type of fault model to identify a form of redundancy in

reversible circuits, and how to eliminate the redundancy and thus simplify the circuits.

5.1 Redundancy in Reversible Circuits

Traditionally, redundancy in circuit design has been closely tied to testability. A
combinational circuit that contains an undetectable stuck-at fault is said to be redundant,
since such a circuit can always be simplified by removing at least one gate or gate input
[1, page 100]. While the presence of redundancy in digital designs may often be
intentional, as in fault tolerant systems, or for hazard avoidance, it is obvious that one
would normally wish for a synthesis algorithm to avoid the inclusion of unnecessary
redundant elements.

For our purposes, a reversible logic circuit is said to be redundant if it contains a gate,
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or a line (an input-output pair in a reversible logic gate), which can be removed without

affecting the logical output of the circuit. So, if one reversible logic circuit is redundant,
we can remove at least one gate or gate input-output pair from the circuit in order to
reduce cost.

As shown in Figure 5-1, we classify the redundancy in reversible logic circuits into two

categories: type-a redundancy and type-b redundancy.

- <

a. Duplicated gates b. Gates with less inputs

Figure 5-1 Redundancy in reversible circuits

Type-a redundancy denotes situations where at least one gate could be removed from
the circuit, or replacing a network with one of fewer gates, such as consecutive duplicated
gates shown in Figure 5-1(a). Most of the templates introduced by Maslov, et al. ([28])
belong to this category as templates use a simpler network to replace one with more
gates.

Type-b redundancy denotes situations where gate inputs and outputs could be removed
from the circuit, such as the Toffoli network shown in Figure 5-1(b), where both of the
four-input generalized Toffoli gates can be replaced with a three-input Toffoli gate. In

this case although the number of gates is not decreased, the new gates have a reduced



70
number of control inputs and control outputs and thus the cost of the circuit is also

reduced.

In our research on reversible logic circuits, it became clear that the implementations of
some benchmark functions are redundant. One example is the implementation of
benchmark function 2 _of 5 (see Figure 5-2), which contains a type-b redundancy. We
can delete control points 1 and 7, as shown in Figure 5-2, without changing the function
of the circuit. We could also remove control points 3 and 5 to make the circuit not
redundant. However, we could not remove both pairs of control points at the same time
since they are dependent, meaning that deleting one pair of control points would make
the other pair irredundant. Only one pair of control points could be removed to make the

resulting circuit non-redundant.

() (2
a ® ® /\/l
D e I A IS
c any ® M 2 6
N ~ U3 W
e “DeeD— et
1 N ® M
€/ \NANY NN €

Figure 5-2 Benchmark circuit 2_of 5 is redundant

This raises a question as to how to identify type-b redundancy in reversible logic
circuits. In the following section, we show how the crosspoint fault model which is
defined in the previous chapter is related to type-b redundancy in reversible logic circuits

and how to use the multiple crosspoint faults to identify and reduce type-b redundancy in
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Toffoli networks.

5.2 Double Crosspoint Faults and Redundancy in Toffoli Networks

As introduced in Section 4.1, a multiple disappearance fault happens when there are at
least two single disappearance faults in the circuit. It is obvious that all multiple
disappearance faults in a non-redundant reversible circuit are detectable. If there exists an
undetectable multiple disappearance fault in a circuit, then the circuit must be redundant.
For instance, in the benchmark circuit 2_of 5 (Figure 5-2) shown in Section 5.1, there are
two undetectable double disappearance faults: (1) control points 1 and 7 are missing; (2)
control points 3 and 5 are missing. Removing either pair of the control points makes the
resulting circuit non-redundant. So this type-b redundancy in benchmark circuit 2 of 5
can be interpreted as the existence of undetectable multiple disappearance faults in the
circuit.

This connection between type-b redundancy and undetectable multiple disappearance
faults in Toffoli networks can be used to simplify the circuits. The basic idea is to first
locate type-b redundancy in Toffoli networks by searching for all undetectable multiple
disappearance faults and then simplify the circuit by deleting those independent
undetectable multiple faults in the circuits.

In Section 4.1 we also mentioned the mixed multiple crosspoint faults. In this thesis we
only consider the situation where a single disappearance fault and a single appearance
fault happen at the same time, which is labeled as a mixed double fault. If there exists an

undetectable mixed double crosspoint fault in a reversible circuit, it means that there
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exists an alternative circuit which implements exactly the same function as the original

one.

The circuits shown in Figure 5-3 give an example of undetectable mixed double
crosspoint faults. It is easy to verify that the two circuits are functionally equivalent. The
circuit on the right can also be interpreted as the resulting circuit when an undetectable
double mixed crosspoint fault happens to the circuit on the left: the control point from
line b on the first gate is missing and a control point from line a is introduced to the

second gate.

A mixed double fault

/}",\ a
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b 2 :> b
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NN N

Figure 5-3 An undetectable mixed double crosspoint fault
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Functionally equivalent reversible logic circuits might have a different or the same
quantum cost as the original reversible circuit, depending on the quantum costs of each
gate in the circuits. However, functionally equivalent Toffoli networks derived from
introducing one or more undetectable double mixed crosspoint faults to the original
circuit have the same quantum costs. We give a proof of this property in Section 5.5

below. Here we just examine the two circuits given in Figure 5-3: they have the same
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quantum costs as they contain the same gates. The only difference between them is that

the two gates are placed in a different order.

The mixed multiple crosspoint faults are also potentially useful in simplifying Toffili
networks. During the process of synthesis or simplification, the original circuit might not
easily be further simplified with current methods, but one of its functionally equivalent
alternatives might be. Under this circumstance the mixed multiple crosspoint faults can
be used to find such equivalent circuits.

However, in this chapter our main interest is in the simplification of Toffoli networks
by locating undetectable multiple disappearance faults, especially undetectable double
disappearance faults, and then removing type-b redundancy in the circuits. In following
sections, we give properties of double disappearance faults and then use these properties

to simplify Toffoli networks.

5.3 Properties of Double Disappearance Faults

In this section we present several important properties regarding the testability of
double disappearance faults in Toffoli networks. These features will be integrated in the
simplification algorithm to reduce the costs of the circuits. The detailed algorithm is
given in Section 5.4.

Property 5: If a double disappearance fault happens at the same gate, it is
detectable.

This property is obvious, based on the structure of a generalized Toffoli gate.

Property 6: If two generalized Toffoli gates result in an undetectable double
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disappearance fault, then the two gates are of the same size, i.e., they have the same

number of inputs.
Assume a double disappearance fault happens at gates G1 and G2 in a Toffoli network,

where G1 has control inputs (X,X,,...,X,) and data input X ,,, G2 has control inputs

m+1 >

(y'),y',....y',) and data input y' . Without loss of generality, we assume the double

fault is the missing control point X, on G1 and another missing control point y' on G2.
Figure 5-4 shows the sub-circuit from G1 to G2: G1 is at stage A, G2 is at stage C, and B

is the block of reversible gates between G1 and G2. We need to prove that if this double

fault is undetectable, then m=s.

A double fault

B

Figure 5-4 A sub-circuit which contains a double disappearance fault

Proof:
As shown in Figure 5-4, we divide the sub-circuit into three parts: (i) Part A is stage A
which contains the faulty gate G1; (ii) Part B is the fault-free sub-circuit between G1 and

G2. This sub-circuit may contain an arbitrarily large number of gates; (iii) Part C is stage
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C which contains the faulty gate G2. Clearly all three parts, individually or the

concatenation of any two or three of them, in either faulty or fault-free state, are

reversible functions with n inputs and n outputs, each implementing a permutation of

2" distinct n -bit vectors. In the following, we approach a proof of this property by
analyzing the reversible functions implemented by each of these three parts in both faulty
and fault-free states. We first show that in part A, the effect of the faulty gate G1 swaps
two blocks of output vectors in the truth table. Then, in part C, the faulty gate G2 has to
cancel this effect to make the double disappearance fault undetectable.

(1) Part A: Table 5-1 shows the truth table of the function implemented by part A for
both the fault-free and the faulty circuits. Without loss of generality, we label

(X, Xy,..., X5 X, ) @s the most significant bits. Vectors V, are the appropriate n -bit output

vectors which are not relevant to the proof as they are the same for the fault-free circuit
and the faulty one.

Clearly, the effect of the missing control point X, from G1 on the fault-free reversible

logic function is that it changes the output vectors when the first m bits in the input
vectors are ‘11...11 0’. In the truth table, it swaps two blocks of vectors (block I and

block 11, as shown in Table 5-1) in the output set, each block containing 2"™" vectors.

For the remaining 2" —2""

input vectors whose first m bits do not have the pattern
‘11...11 0°, the output vectors are exactly the same for the fault-free circuit and the faulty

one.
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TABLE 5-1 TRUTH TABLE OF PART A

Input vector Output vector (fault-free circuit) Output vector (faulty circuit)
XXy X Koy Koo X o ox xS xSt XX X X X ]
0.0 0 0 0.0 |y v,

0.0 0 0 0.1y v,

1....1 0 0 0...0[1...1 0 0 0....0) 1....1 0 1 0....0 |
............ el Il
1....1 0 1...... 1/1...1 0 0 1....1J 1...1 0 1 1...1 7
1...1 0 1 0...0[1...1 0 1 0....0] 1....1 0 0 0....0)
............ i ol
1.1 0 1 1. 1/1...12 0 1 1...1’ 1...1 0 0 1...1J
l...... 11 0......0 Vv, v,

l...... 11 1 1. 1]y Vv

(2) Part B: Part B is also a permutation of 2" distinct n -bit vectors. This sub-circuit is
fault-free.
Now we consider part (A+B). In this section ‘+’ denotes the operation of concatenation.

In step (1) we get that the effect of the missing control point from G1 on part A is
swapping two blocks of 2"™ vectors in the output set of function A. Since there is no
fault in part B, and part B only performs a permutation of the 2" distinct vectors, we
know that the effect of the missing control point from G1 on part (A+B) is also swapping
two blocks of 2™ vectors in the output set of function (A+B).

(3) Part C: Similar to the analysis of part A, the missing point at y', from G2 simply
swaps two blocks of vectors in the output set of reversible function C, each block

containing 2" vectors.
(4) For the whole sub-circuit (A + B + C):

From the analysis in (1), (2), and (3) above, we know that the first missing point at X,
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swaps two blocks of vectors in the output set of function (A+B), and each block

having 2"™" vectors. The second missing point at y'. also swaps two blocks of vectors

in the output set of function C, each having 2" vectors.

In order to make the double disappearance fault undetectable, which means that the
function of the faulty circuit is exactly the same as that of the fault-free one, the swap
happening in part C must precisely cancel the effect that of the swap happened in part
A+B. This requires that the blocks swapped in part A and part B must have the same
length, i.e., m=s.

Hence Property 6 is proved.

If m#s, i.e., the blocks swapped by part A and part C have different lengths, then the
swap at part C cannot cancel the effect of the swap at part A since there are some output
vectors which are switched only by one of the swaps. In this case, the faulty circuit must
implement a different function from that of the fault-free one, thus the double fault is
detectable.

Property 6 is very important to the algorithm for simplifying Toffoli networks by
locating undetectable double disappearance faults since it reduces the search space
significantly. Only double faults that occur on two gates of the same size need to be
considered and examined to see whether they are detectable.

It should be noted that an undetectable double disappearance fault does not necessarily
have to happen on two equivalent Toffoli gates. Here two equivalent Toffoli gates in a
circuit are defined as follows: both gates have the same size, and the control inputs and
data input of one gate are on the same lines as those of the other gate. This is obvious,

since in reversible circuits, we could always use a SWAP gate to switch two lines. The
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structure of a SWAP gate is introduced in Chapter 3. It can be implemented with three

CNOT gates, as shown in Figure 5-5.

A B C
a l Y rb
b U T Ny a

Figure 5-5 Structure of a SWAP gate

The three CNOT gates in the SWAP gate (Figure 5-5) are of the same size. However,
only gate A and gate C are considered as equivalent gates since the control input and the
data input of gate B are on different lines from those of gate A and C.

Property 7 and property 8 are derived from property 6.

Property 7: Given three single disappearance faults f, f,, and f, in a Toffoli
network, if both double disappearance faults {f,, f,} and {f, f,} are undetectable,
then the single faults f, and f, cannot happen on the same gate.

We prove this property by contradiction.

Proof:

Assume single fault f happens on gate G1 at stage A, both single faults f, and f,
happen on a same gate G2, which is at stage C (Figure 5-6). Assume both G1 and G2
have m control inputs (according to property 6, G1 and G2 must have the same number

of inputs); f, happens on the j-th input of G2, f, happens on the k -th input of G2,

j=k.
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B

Figure 5-6 A sub-circuit which contains a double disappearance fault

According to part (1) of the proof for property 6, both single faults f, and f,

individually swap two blocks of output vectors in the truth table of the function of stage

C. The two blocks swapped by f, have the same size as those swapped by f,. But since
Jj # Kk, there is no overlap between the blocks moved by fault f, and those moved by f,.

This can be easily examined by listing the truth table of function C with each fault
applied.

However, since both double faults {f, f,} and {f,, f,} are undetectable, according to
the proof of property 6, fault f, should switch back the blocks swapped by f,, and fault
f, should also switch back the same blocks swapped by f,. That means fault f, and f,
must work on the same blocks. This is a contradiction since we showed above that f,
and f, work on different blocks. So f, and f, cannot happen on the same gate, or if

they do, j must be equal to k, meaning that f, and f, represent the same fault.

Consequently property 7 is proved.
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This property is also very helpful in speeding up the simplification process of Toffoli

networks. If a double fault {f, f,} is found undetectable, assuming f, happens on GI,
f, happens on G2, then any other double faults {f,, f;} and {f;, f,}, where f; happens
on G1, f; happens on G2, are detectable.

However, two undetectable double disappearance faults can happen on the same gates,

i.e., if both double disappearance faults {f , f,} and {f,, f,} are undetectable, it could be
true that f, and f, happen on the same gate, f, and f, both happen on another distinct
gate. This can be illustrated by the circuit shown in Figure 5-7. Let f, f,, f,, f, denote

the four single disappearance faults happening to control points 2, 3, 5, 6, respectively.

Then both double disappearance faults {f, f,} and {f,, f,} are undetectable and they

happen on the same gates.

Figure 5-7 Two undetectable double disappearance faults happen on the same gates

Property 8: Given a double disappearance fault {f, f,}, where f and f, occur

on two gates of the same size, let T be the set of all vectors which detect the single

fault f . If none of the vectors in T detects the double fault, then the double fault
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{f,, f,} is undetectable.

Proof:

According to the proof of property 6, each single fault swaps exactly two equal-sized
blocks of output vectors in the truth table of the given function. If none of the vectors in
T detects the double faults, then both single faults have swapped the same blocks of

vectors. So for the remaining vectors which are not included in T and do not detect f,
they do not detect the second fault f, either because f, does not change their

corresponding outputs.
Property 8 is proved.

We use this property to quickly find out whether a double fault is undetectable. Instead

of going through all possible 2" vectors, we only need to check the vectors which are
able to exercise the first single fault. So for any double disappearance fault, in order to
test whether it is detectable or not, in the worst case, we only need to check
on=(m-1) _ on-m+1

vectors, where the circuit has n inputs and the gates where the double

fault happens have m inputs.

5.4 Synthesis Algorithm for Simplifying Toffoli Networks

In this section, our primary focus is on the algorithm for simplifying Toffoli networks
using properties on the testability of double disappearance faults as introduced in Section

5.3.

The detailed algorithm is given below.
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1. Read in circuit information. Get a fault list R, =(f,f,.} of all single

e =
disappearance faults.

2. Take two single faults f and f; from K, and form a double fault {f.f}.
Assume f, happens at gate g, f, happens at gate g;.

If Size(g)!=Size(g;), mark the double fault {f.f,} as detectable.

Else {Compute the distance of the double fault {f,f,| as d=\g-g|. If d=0, mark
the double fault {£.f | as detectable.

Else {Simulate the sub-circuit from g to g using vectors which detect the
single fault f. Break if the double fault {fi,fj} is detectable.

Else mark the fault as undetectable. Delete both faults f and f from R,
update circuit information and fault list . }}

3. Repeat step 2 until all double faults in F, are tested.

list

The algorithm checks every double disappearance fault to see whether it is
undetectable; if yes, then delete the double fault. Using this technique we can simplify the
circuits.

As we can see, while the algorithm is basically exhaustive search, the integration of the
properties given in Section 5.3 sharply reduces the size of the search space. Before a
large number of input vectors are applied to the circuit, properties 6 and 7 are used to

determine many of the double disappearance faults which are detectable. Property 8 is
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finally used to check whether a double disappearance fault is detectable by applying

vectors to exercise the circuit if all previous steps fail to decide. However, even in this

step, the process does not go through all 2" input vectors, where n is the number of
inputs of the circuit. Instead, only the vectors which could exercise one of the two single
faults are examined.

Another method used in the simplification algorithm to speed up the simulation is to

simulate only the sub-circuit from g to g; instead of simulating the whole circuit. This

technique is based on the property that concatenating a fault-free reversible circuit B of
the same number of inputs before (Figure 5-8(b)) or after (Figure 5-8(c)) another
reversible circuit A (Figure 5-8(a)) which contains faults does not change the testability
of those faults. This is true since there is a one-to-one matching between the input vectors

and the output vectors of circuit B.

| A fault-free A faulty :
] reversible reversible —
] circuit B circuit A .
: A faulty B o -

] reversible — (b)
] circuit A . ] |
— - ] A faulty A fault-free |
] reversible reversible —

(@)

| circuit A circuit B .

(©)

Figure 5-8 Concatenation of a fault-free reversible circuit and a faulty circuit
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For a couple of very large circuits, we only examine double disappearance faults with

distance less than 100 in the simulation to save time. The distance of a double crosspoint
fault is defined in the simplification algorithm as the number of gates between the two
single faults plus one.

The simplification algorithm could be easily adjusted to simulate Toffoli networks to
find undetectable triple faults or mixed faults. The detailed algorithms are not included
here. However, some of the properties may not hold or need to be modified for the triple
disappearance faults or mixed faults. In next section, we give modified versions of

properties 6, 7, and 8 for double mixed crosspoint faults.

5.5 Properties of Double Mixed Crosspoint Faults

Properties 6, 7, 8 for double disappearance faults given in Section 5.3 can be modified
as follows (properties 9, 10, and 11) in order to check the testability of double mixed
faults.

Property 9: If two generalized Toffoli gates result in an undetectable double mixed
fault, assume that the disappearance fault happens on a gate with p inputs, the
appearance fault happens on a gate with q inputs, then p=q+1.

Proof of property 9 is very similar to that of property 6. We only need to follow the
same idea and examine the two blocks of vectors in the output set of the truth table
swapped by each single fault. The second swap action must cancel the effect caused by
the first swap action. The detailed proof is omitted here.

Property 10: In a Toffoli network, if two double mixed crosspoint faults {f, f,}
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and {f,, f,} are undetectable, then the single faults f, and f, cannot occur on the

same gate.
This property holds for either of the following two situations.

e f, is asingle disappearance fault; f, and f, are single appearance faults.
e f, is asingle appearance fault; f, and f, are single disappearance faults.
Property 11: Given a double mixed fault {f, f,}, where f, and f, occur on two
gates of the same size, let T be the set of all vectors which detect the single fault f,.
If none of the vectors in T detects the double fault, then the double mixed fault
{f,, f,} is undetectable.

Similar to properties 7 and 8, the proofs of properties 10 and 11 are very easy based on
property 9 and its proof.
Property 12 is derived from property 9.

Property 12: Given a Toffoli network N,, if network N, is one of its functional
equivalent circuits derived by introducing to or removing from N, one or more
undetectable double mixed crosspoint faults, then circuits N, and N, have the same

quantum costs.

We mentioned this property in Section 5.2. It is very easy to prove.

According to property 9, an undetectable double mixed crosspoint fault only happens
on two gates whose sizes satisfy the following equation: p=q+1, where p is the

number if inputs of the gate where the disappearance fault happens, and q is the number

of inputs of the gate where the appearance fault happens. So removing this double mixed

fault results in changing the p -input Toffoli gate into a q -input Toffoli gate and
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changing the q -input Toffoli gate into a p -input Toffoli gate. This operation just

switches the positions of the two faulty gates and hence does not affect the quantum costs
of the whole circuit.

So the process of locating undetectable double mixed crosspoints in Toffoli networks is
not used to identify redundancy and thus reduce quantum costs of the circuits since the
functionally equivalent circuits derived in this manner have the same quantum costs as
the original circuit. Instead, it aims to find functionally equivalent alternatives for Toffoli
networks. Properties 9, 10, and 11 are used to speed up this process. The derived
alternative circuits can be considered for further simplification by other methods if

possible.

5.6 Experimental Results

While the discussion in the previous sections indicates that, in theory, such multiple
crosspoint faults could be useful in a synthesis algorithm, it is only through experimental
evidence that we can gauge as to how often this is the case. We designed some
experiments to investigate whether multiple crosspoint faults are useful in reversible
logic synthesis, and whether the simplification algorithm is efficient in processing large
circuits:

e Simulate benchmark circuits to find out how many undetectable multiple
crosspoint faults exist in the circuits, and, how many of them can be removed

without affecting the circuits’ function.
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e For each undetectable double disappearance fault in benchmark circuits, measure

the distance of two faulty gates.
e Measure the run time of our simplification algorithm to evaluate its performance.

In the first part of the experiments, we simulate benchmark circuits posted on [27].
Both multiple disappearance faults and double mixed faults are tested. Two large circuits
hwb10 and hwbl1 are not simulated for triple disappearance faults and double mixed
faults due to the large search space. For double disappearance faults, only those faults
that occur with distance less than 100 are simulated.

The experimental results are shown in Table 5-2.

First we discuss the simulation results for multiple disappearance faults. The numbers
in columns 2, 3, 4, and 5 of Table 5-2 correspond to the numbers of single disappearance
faults in the benchmark circuit; the numbers of undetectable double disappearance faults
in the circuit; the numbers of double disappearance faults which we can delete from the
circuit to reduce redundancy and costs; and the number of undetectable triple

disappearance faults.
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TABLE 5-2 SIMULATION RESULTS FOR MULTIPLE CROSSPOINT FAULTS

Cireuit Disappearance faults Mixed double faults

treut Double faults Triple faults

name Sinlgllz’ngslrts " Undetectable Removable Unzetectable Undetectable
20f5 24 2 1 0 0
20f5 2 19 0 0 0 0
3bit adder 6 0 0 0 0
317 7 0 0 0 2
4 49 24 0 0 0 7
4mod5 1 12 0 0 0 8
4mod5 2 11 0 0 0 0
4mod5_3 6 0 0 0 3
Smod5_1 38 0 0 0 23
5mod5_2 18 0 0 0 3
cyclel0 2 100 0 0 0 0
cyclel7 3 409 0 0 0 0
ham3 6 0 0 0 0
ham7 34 0 0 0 1
haml15 352 14 7 0 30
hwb4 27 0 0 0 3
hwb5 101 0 0 0 2
hwb6 320 17 7 0 11
hwb7 864 22 13 0 21
mod5a 27 0 0 0 1
mod1024a 220 0 0 0 0
rd53 1 41 0 0 0 0
rd53_2 28 0 0 0 0
rd53_3 20 0 0 0 0
rd53 4 24 0 0 0 3
rd53_5 27 0 0 0 4
rd73 34 0 0 0 0
rd84 49 0 0 0 0
xor5 4 0 0 0 0
hwb8 2214 42 20 0 30
hwb9 5812 298 62 0 64
hwb10 15455 371* 119 - -
hwbl1 39211 613* 247 - -

* Only those with distance less than 100 were tested
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Most small benchmark circuits are likely to be non-redundant as we did not find any

undetectable double disappearance faults in them. But most of the large benchmark
circuits are redundant since undetectable double disappearance faults exist. For instance,
the circuit hwb6 contains 17 undetectable double disappearance faults and 7 of them are
removable. Most of the other large circuits are also redundant and can be simplified.
Bigger benchmark circuits contain more undetectable double disappearance faults and
thus have more room for simplification.

The results (column 5 of Table 5-2) show that none of the benchmark reversible circuits
contains any undetectable triple disappearance fault.

Column 6 of Table 5-2 shows the number of undetectable mixed double faults in each
benchmark circuit. This means that some benchmark -circuits have alternative
implementations. During the process of simplification, if the benchmark circuit itself is
not easily simplified, some of its alternatives might be. This gives us more opportunities
to get better implementation for a function. Results show that some of the benchmark
circuits have functionally equivalent circuits.

Of course, in some cases one could envisage that the multiple disappearance faults
might be included in the design of templates [28], for instance, the two examples given in
Figure 5-1. However, this is only really practical if the faults are comparatively close
together. We use the idea of distance, which is defined in the synthesis algorithm, to
explore this further.

Table 5-3 shows the number of undetectable double faults which fall into different
categories according to their distance for benchmark circuits hwb7, hwb8 and hwb9. For

instance, in circuit hwb7, there are 22 undetectable double disappearance faults in total.
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Only 2 double faults have distance less than 10. Four of them have distance more than 50.

Similarly, for benchmark circuits hwb8 and hwb9, only a small portion of the
undetectable double faults have distance less than 10, while many have distance more
than 50. In these cases the redundancy would be extremely difficult to identify with

methods such as templates.

TABLE 5-3 DISTANCE IN UNDETECTABLE MULTIPLE CROSSPOINT FAULTS

Distance of Number of undetectable faults
double faults Hwb7 Hwb8 Hwb9

<10 2 5 38
[10, 20) 5 11 23
[20, 30) 4 5 20
[30, 40) 6 5 14
[40, 50) 1 4 23
[50, 100) 4 9 65
>=100 0 3 115
Total 22 42 298

In order to illustrate the efficiency of our simplification algorithm (here we refer it as
the new algorithm), we also compare its runtime with that of a similar algorithm (referred
as the old algorithm) which is also developed by us. The old algorithm has the same
procedure as the new algorithm except that the properties presented in Section 5.3 are not
integrated in it.

Table 5-4 gives simulation results of some benchmark circuits. The runtime of

simplifying each benchmark circuit is recorded for both the old algorithm and the new
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one. The simulation was conducted on a Pentium 4 processor with 3.00 GHz frequency

and 2.00 GB of RAM memory running Windows XP.

TABLE 5-4 RUNTIME COMPARISON

o Number of | Runtime (second)

Circuit Name .
single faults | o4 ag, New alg.

20f5 24 0.000 0.000
Hwb6 320 9.562 0.796
Hwb7 864 266.796 14.187
Hwb8 2214 8554.156 214.609
Ham15 352 10920.171 | 38.843

We can see that the new algorithm is very efficient. We evaluated the first 30
benchmark circuits listed in Table 5-2. For most circuits tested, it takes less than a

minute. For one of the large circuits, hwb8, which contains 2214 single faults and thus

2214
( 5 ] = 2,449,791 double disappearance faults, the runtime is still less than 4 minutes.

Apparently this algorithm can be used for much larger circuits which contain many more
faults and/or inputs.

Results show that the new algorithm runs much faster than the old one. For all large
circuits, there is a significant improvement: for circuit hwb8, the new program is about 40
times faster than the old one. For circuit haml5, the new algorithm is about 300 times

faster. This is because ham15 has 15 inputs thus in the worst case the old algorithm has to

simulate a double disappearance fault with all possible 2" test vectors, while in the new

algorithm, the use of properties could quickly find many double disappearance faults
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which are detectable.

5.7 Conclusion

In this chapter we studied more properties related to crosspoint faults in Toffoli
networks. We introduced two types of redundancy in Toffoli networks and showed that
one of the redundancy forms is connected with the undetectable multiple disappearance
crosspoint faults. Consequently, we applied this feature in reversible synthesis and
proposed an approach to reduce type-b redundancy in Toffoli networks by deleting
independent multiple disappearance faults from the circuits.

We investigated several important properties to quickly identify the testability of a
double disappearance fault. These properties were integrated into the synthesis algorithm
to simplify Toffoli networks. The simplification algorithm was given in detail.

We also gave several properties related to the testability of double mixed crosspoint
faults. These properties can be used to speed up the process of finding functionally
equivalent circuits for Toffoli networks. However, the functionally equivalent circuits
derived in this manner have exactly the same quantum costs as the original circuit so this
process of searching equivalent circuits does not itself contribute to removing redundancy
or reducing costs of the circuits, but may, of course, lead to a simpler circuit.

Experimental results were provided to show that some benchmark reversible circuits,
especially the large ones, could be further simplified since they contain some

undetectable double disappearance faults. Deleting the independent undetectable double
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disappearance faults reduces the quantum costs of these circuits.

Simulation results also illustrated that after integrating the properties related to the
testability of double crosspoint faults, our simplification algorithm was far more efficient

than other algorithms and could be used to handle very large circuits.
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Chapter 6 An Improved Implementation of a Reversible
Synthesis Algorithm

As mentioned in Chapter 3, spectral technologies are often used in reversible logic
synthesis. In this chapter, we give an improved implementation of a Reed-Muller (RM)
spectra-based reversible logic synthesis algorithm proposed by Maslov et al. [29] and

show that the new implementation runs much faster than the original one.

6.1 Reed-Muller Spectra of Reversible Logic functions

In chapter 2 we mentioned that the RM spectrum of a Boolean function is defined as

follows:
R=M"f.
n-1
Where M" :{m o Mon_]} and M° =[1].

Since a reversible logic function has the same number of outputs as the number of
inputs, its output f is a 2"xn matrix, where n is the number of inputs or outputs.
Consequently, the RM spectrum R of a reversible logic function is also a 2" xn matrix.

For instance, the RM spectrum of the function implemented by a Toffoli gate can be

calculated as follows.

(Yis Ya» ¥3) = (F,06, %, %), 5,06, %, %), £, X5, %)) = (X, %5, X, X, @ X)),
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01 010 0 1
SoF'={0 0 1 10 1 1],

0 0 0°1 1 1

1 0 0000 0 0[O 0 0] [0 O O]

1100000 000 1] ({001

101 000O0O0[0O1O0] [0T10
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1000100 O0|1 0O |1 00
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11 1 1 1 1 1 1o 1 1] [0 0 0

Columns 1, 2, and 3 in the RM spectral table correspond to the RM spectra of the

individual output function Y,, y,, Yy, respectively.
For the n-variable identity function (Y., Y, ,=*-,Y,) =(X,,X,_;,-**,X), 1ts RM spectral
table contains only one non-zero coefficient at row 2'"' for each output Yy, . The

remaining RM spectral coefficients are all 0. For instance, the RM spectra of the 3-

variable identity function are:

S O O = O O O O
S O O O O = O O
S O O O O o = O

Application of a generalized Toffoli gate to a given function in the RM spectral domain
can be done easily from either input or output side or both sides of the specification of the

function [29].
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6.2 A Reversible Synthesis Algorithm Based on Reed-Muller Spectra

In this section we briefly introduce a Reed-Muller spectra-based reversible synthesis
algorithm for Toffoli networks.

This Reed-Muller spectra-based reversible synthesis algorithm was proposed by
Maslov, Miller, and Dueck in [29]. Since the proof of this algorithm is very complex, we
do not explain it in detail. For further information, please refer to the original paper [29]
by Maslov et al. Below we only give the basic steps of this synthesis algorithm and
provide an example to illustrate it.

In the synthesis algorithm, the RM spectra of the given reversible logic function are

first computed. We use (r,r, ,,---,I,) to denote the values in each row of the RM spectral

table. For every non-zero RM spectral row, the following steps are applied in order to
transform the original RM spectra into that for the identity function by applying Toffoli
gates to the original function.

A: Step 1=0. If this row contains a non-zero element, apply NOT gates TOF(XJ—) for
every I, =1,j=1.n.

B: Step i=2",k=1.n . If r#1 , assign a gate TOF(X;X) such that
S =max{j‘rj =1, j=1.n} and s>k. Apply gates TOF(X,;X;) forevery r, =1, j=1.n.

C: Step i #2*",i>0. First find s =max{] ‘rj =1, j=1..n} such that item 2°"' does not
appear in the binary expansion of i. Assign gates TOF(X;X;) for every r; =1, j=1.n.
Apply gate TOF(X;;X,), where X; is a product of variables X; such that the j-th bit the

binary expansion of i is one. Undo TOF(X;X;) if such gates changed earlier rows in
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the RM spectral table than row i.

As the process reaches the RM spectra of the identity function, we link the gates
backwards to obtain the circuit.

This reversible logic synthesis algorithm is proved to be able to converge since in B
and C-type steps it is always possible to find a value of S which satisfies the
requirements ([29]).

Table 6-1 gives an example of synthesizing a reversible function with this algorithm.

TABLE 6-1 SYNTHESIS OF AN EXAMPLE FUNCTION

Spectral Spectrum Step 1 Step 2 Idendity
coefficient cba cba cba cba
1 000 000 000 000
a 010 001 001 001
b 001 011 010 010
ab 111 110 111 000
C 111 110 111 100
ac 000 000 000 000
be 000 000 000 000
abc 000 000 000 000
TOF(c;b)
TOF(b;a)
Gate applied TOF(b;a) TOF(c;a)
TOF(a;b)
TOF(a,b:c)

The second column in Table 6-1 is the RM spectra of the specified function to be
synthesized. Now we need to transform the RM spectra into those of the identity function
(column 5, Table 6-1) by applying Toffoli gates to it according to the rules given in the

synthesis algorithm.
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The first row of the RM spectral table is 000, which is the same as that of the identity

function, so no action is taken for this row, according to part A of the synthesis
algorithm.

The second row is 010, and we need to transform it to 001. According to part B of the
algorithm, first TOF(b; a) is assigned to change the least significant bit from 0 to 1; then
TOF(a; b) is applied to transform the middle bit from 1 to 0. So these two gates transform
the second row from 010 to 001. This step might change some later rows of the RM
spectral table, in this case, the 3rd, 4th, and 5" row in the table.

The following two steps are similar, except that in different cases different rules (part B
or part C) are applied.

After three steps the RM spectral table reaches those of the identity function. We link
the Toffoli gates from the primary outputs to get the desired circuit.

The derived Toffoli network is shown in Figure 6-1.

N

BAFY SN

Figure 6-1 Derived Toffoli network for the given function

The original implementation of this synthesis algorithm works with the entire RM
spectral table of the specified function during the whole process. It is known that the RM
spectral table of an n -variables reversible function contains 2" rows. Obviously, the

number of rows of the RM spectral table grows exponentially as n increases.
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Consequently, the process has large memory requirements during execution.

In the next section, we introduce an improved implementation of this reversible

synthesis algorithm by using a compact form of the RM spectral table.

6.3 Improved Implementation of the Algorithm

The optimized approach to implementing the synthesis algorithm is based on an
important observation we found while investigating the RM spectra of some reversible
benchmark functions.

The RM spectral table of some reversible benchmark functions listed on [27] are
computed and examined. We find a very interesting and important phenomenon: the RM
spectral tables of most of the benchmark functions contain a very large number of zero-
rows, meaning that all elements in those rows are of value zero. Only a small number of
rows contain non-zero elements. The numbers of non-zero RM spectral rows of each

benchmark function are summarized in Table 6-2.



TABLE 6-2 RM SPECTRA OF BENCHMARK FUNCTIONS

Function

Number

of inputs

Number of RM

spectra rows

Number of non-zero RM

spectra rows

3-bit adder

4

16

7

4mod5 1

5

32

9

Cyclel0 2

12

4096

37

Cyclel7 3

20

1048576

122

Ham3

8

Ham?7

128

Haml5

32768

26

Rd53 2

128

22

Rd84

32768

195

Hwb6

64

60

Hwb7

128

126

100

As shown in Table 6-2, for all except two of the benchmark functions studied, the non-

zero RM rows only count for a very small fraction of the whole RM spectral table. The

only type of functions which do not exhibit this phenomenon is the hidden weight bit

(hwb) functions, as shown in the shaded area of Table 6-2. Why do the RM spectra of

hwb functions contain many non-zero rows while other types of functions do not?

Currently we do not have an explanation for this. We are looking into this problem in

depth in the future and are hoping to find more properties related to the RM spectra of

different reversible functions.

Below we propose a better implementation of the synthesis algorithm described in

Section 6.2 to speed up the synthesis process based on this observation.

The basic algorithm remains essentially the same. The main difference is the way of

storing the RM spectra of the specified reversible function. In the new implementation,
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only the indexed non-zero rows of the RM spectral table instead of the whole table are

stored. So the program only needs to go through the compact RM spectral table and need
not check every RM spectral row to see whether it is non-zero.

There are some other minor issues related to the new implementation of the RM spectra
based reversible logic synthesis algorithm.

e In the new implementation we need to keep the indices of the non-zero RM
spectral rows, i.e., the positions of the non-zero rows in the original full RM
spectral table. This adds a small amount of memory overhead, but it is quite
worthwhile compared to the large amount of memory saved by the new
implementation.

¢ In C-type steps, it is possible that new non-zero RM spectral rows are created
when the current non-zero row is being processed. So in our implementation, a
small routine is introduced to solve this problem by inserting the newly created
non-zero row(s) into the compact RM spectral table. After insertion, the indices
of the non-zero rows are updated.

¢ Another different approach used in the new implementation is the method of how
to apply generalized Toffoli gates which have more than two inputs to the RM
spectral table since application of generalized Toffoli gates with more than two
inputs involves the AND operation. In the original implementation, the AND
operation is done in the Boolean domain as it is very easy to perform the AND
operation in this domain. However, in order to work in the Boolean domain we
need to transform the whole RM spectra into its Boolean function. Then after

the AND operation in the Boolean domain we need to transform it back into the
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RM spectral domain. Consequently in the original implementation each

application of a Toffoli gate with more than two inputs involves two RM
transformations, which require both time and memory to process. In the new
implementation, we take advantage of the compact RM spectral table. Since
only a small fraction of the RM spectral table contains non-zero elements, it is
easy to carry out the AND operation in the RM spectral domain using Equation
2.3 given in Section 2.3: only the non-zero elements need to be considered.
Thus no RM transform is required in the new implementation.

Now we consider the same example as given in Table 6-1. In the new implementation,
the compact form of the RM spectral table, as well as the indices of the non-zero RM
spectral rows, of the specified function is stored, as shown in the shaded area of Table 6-
3. The rest of the process is similar to that of the initial implementation except the way of
applying the last gate TOF(a, b; ¢) in step 2. The final outputs are exactly the same as

those of the old implementation.

TABLE 6-3 EXAMPLE: IMPROVED IMPLEMENTATION

Function Step 1 Step 2 Identity
Index
cba cba cba cba
1 010 001 001 001
2 001 011 010 010
3 111 110 111 000
4 111 110 111 100
TOF(c;b)
Gate TOF(b;a)
TOF(b;a) TOF(c;a)
applied TOF(a;b)
TOF(a,b:c)
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In this example, the function has three variables, so the full RM spectral table contains

2° =8 rows. In our new implementation, four rows are eliminated from the original RM
spectral table. This clearly indicates the advantage of the new implementation over the
old one in the aspect of saving memory. Now consider a much bigger benchmark
function, function Rd84, which has 15 variables. The whole RM spectral table of function
Rd84 contains 32768 rows. However in the new implementation, only 195 non-zero RM
spectral rows are required to be stored. This memory-saving is significant. And from our
observation, this new implementation is suitable for most of the benchmark functions

except the hwb ones.

6.4 Experimental Results

In this section we give experimental results to illustrate the improved performance of
the new implementation of the synthesis algorithm over the old one. Simulation was
conducted on some of the benchmark functions, using both the initial and the new
approaches of the synthesis algorithm. Execution time is recorded to evaluate the
performance. For all the simulation, we use a Pentium 4 processor with 3.00 GHz
frequency and 2.00 GB of RAM memory running Windows XP.

Table 6-4 gives the execution time (in seconds) of some benchmark functions for both
the original implementation (column 3) and the new one (column 4). In the table, ‘a’

indicates a time which is less than 0.0005 seconds.



TABLE 6-4 RM SPECTRA OF BENCHMARK FUNCTIONS

Execution time (seconds)
. Number
Function . ..
of inputs Original New
implementation implementation

3-bit adder 4 a* a*
4mod5_1 5 a* a*
Cyclel0_2 12 0.051 0.015
Cyclel7 3 20 60.125 3.843
Ham?7 7 0.062 0.062
Rd53 2 7 a* a*
Rd84 15 0.234 0.015
Rd73 10 a* a*
Mod1024adder 20 31.875 1.843

*: a indicates a time less than 0.0005 secs.
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We can see that for small benchmark functions such as 3-bit adder and 4mod5 1, the

new implementation of the synthesis algorithm does not show much better performance

over the old one. There are two reasons for this: (i) The processor used for simulation is

too powerful. It works at a very high clock rate and has more than enough RAM memory.

(i1) For the small functions, it takes a small amount of memory to store the whole RM

spectral table. So, the compact RM spectral table does not show significant improvement

in these cases. However, when we re-run the simulation for benchmark function Rd73 on

a less-powerful machine which has only 512 MB memory, the runtime is 0.050s and

0.001s for the old approach and new approach respectively, indicating that the new

program is about 50 times faster than the old one for function Rd73. This gives us a better

view of the improvement achieved by the new implementation in a resource-limited

environment.
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As the number of variables in the benchmark functions increases, the new

implementation exhibits much improved performance. For instance, for benchmark
function Cyclel0 2, the new implementation is about 3.4 times faster than the old one.
For other large benchmark functions such as Cyclel7 3, Rd84, and Mod1024adder, the
new program is more than 15 times faster than the old one. These results show that the
new implementation of the synthesis algorithm is much more efficient than the old one.

Results also indicate that our new approach can be used to synthesize much larger
reversible functions. In our experiment, the longest synthesis process happens for
benchmark function Cyclel7 3, which has 20 inputs, but the process takes less than 4
seconds. This indicates that our new implementation of the RM spectra based synthesis
algorithm has the capacity for much larger reversible functions.

When conducting simulation with the new implementation of the synthesis algorithm
we also collected information on the number of new non-zero RM spectral rows which
were created and added to the compact RM spectral table during the synthesis process.

These results are presented in Table 6-5.
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TABLE 6-5 NEW NON-ZERO RM ROWS FOR EACH BENCHMARK FUNCTION

Number  of Number of non-zero RM rows

Function rows in the

whole RM Before After

spectra table synthesis synthesis
3-bit adder 16 7 7
4mod5 1 32 9 9
Cyclel0 2 4096 37 37
Cyclel7 3 1048576 122 122
Ham7 128 11 122
Rd53 2 128 22 22
Rd84 32768 195 287
Rd73 1024 104 117
Mod1024adder 1048576 1033 1033

The results show that for 6 out the 9 benchmark functions, no new non-zero RM spectra
row was inserted to the compact RM spectra table. For functions Rd73 and Rd84,
although some new non-zero RM rows were introduced, the resulting number of non-zero

rows is still quite small compared to the number of rows in their corresponding full RM

spectral table, which is equal to 2", where n is the number of inputs of the benchmark
function.
However, for the remaining function Ham?7, whose original RM spectral table contains

only 11 non-zero row, during synthesis, 111 new non-zero rows were created, resulting in

the total number of non-zero rows reaching 122, which is very close to 2’ =128, the total
number of rows in the full RM spectral table. In this case the new implementation did not
show much advantage over the old one. This explains why in Table 6-4 the execution

time of function Ham7 is about the same for both old and new implementations. This
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implies that the new implementation has little advantage over the old one for Ham type

functions.

The hwb functions were not simulated since their RM spectral tables contain very few
zero rows and the size of the RM spectral table is not reduced much if we delete the zero
RM rows. Consequently, our new algorithm would show little improvement over the

original for these functions.

6.5 Conclusion

In this chapter we introduce a new approach to implement a Reed-Muller spectra based
algorithm for synthesizing Toffoli networks. This new idea uses a compact RM spectral
table instead of the whole RM spectral table of the function since it takes advantage of
the phenomenon that the RM spectral tables of many benchmark functions have a large
number of zero rows. This new approach greatly reduces runtime memory consumption.
Experimental results showed that this technique speeds up the synthesis process
significantly.

Our simulation results also showed that the synthesis process of the new implantation
took a very small amount of time. Hence we should be able to use this modified
algorithm to synthesize much larger functions. More work remains to be done regarding
this aspect.

It is mentioned that not all functions showed the phenomenon that their RM spectra
table contain a large number of zero rows. For the benchmark circuits we examined, only

the hwb functions did not exhibit this property. In the future we will investigate how this
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is related to different reversible functions so that we can apply this technique to target

function groups.
Future work also includes studying the properties of RM spectra of different reversible
logic functions as well as the investigation of possible approaches of combining this

technique with other synthesis algorithms.
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Chapter 7 Conclusion

In this chapter we summarize our work in this thesis and give several possible future

research directions.

7.1 Contributions

Our contributions to the area of reversible logic computing focus on testing reversible

logic circuits (mainly Toffoli networks) and reversible logic synthesis. They are

summarized as follows:

We propose a new fault model, labeled as the crosspoint fault model, for
reversible circuits. This new fault model represents the situations where the
control points in a Toffoli gate do not function properly. We show that this new
fault model is a better fault model for reversible circuits than the standard stuck-at
fault model defined in conventional irreversible logic circuits. Both theoretical
analysis and experimental results show that the crosspoint fault model dominates
the stuck-at fault model in most instances.

We give a randomized ATPG method for the new defined crosspoint faults in
reversible circuits. The performance of this ATPG algirithm is compared with
other ATPG algorithms. Simulation results show that our randomized ATPG
algorithm generates minimum or near-minimum test sets for crossspoint faults in
a comparably small amount of time.

We show that a certain type of redundancy in reversible logic circuits can be

related to the crosspoint fault model. Undetectable multiple disappearance faults



110
represent redundancy in reversible circuits. By deleting the independent multiple

crosspoint faults, we are able to reduce the quantum cost of the reversible logic
circuits.

e We examine the testability of multiple crosspoint faults extensively and provide
an efficient algorithm to simplify redundant Toffoli networks. Experimental
results show that many benchmark circuits can be further simplified. We also
show that in many cases this type of redundancy cannot be identified or reduced
using previous approaches such as templates.

e We study the double mixed crosspoint faults and illustrate that they can be used to
find a set of functionally equivalent alternative circuits for a given reversible logic
circuit.

e We present an optimized implementation of a Reed-Muller spectra based
reversible logic synthesis algorithm proposed by Maslov et al [29]. Our new
implementation uses a compact Reed-Muller spectra table to save memory and is
proved to be able to speed up the synthesis process significantly. This new
implementation can also be used to synthesize much larger reversible logic

functions.

7.2 Future Work

There is still much research waiting to be undertaken in reversible logic computing,
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either related or not related to the work we have presented in this thesis. In the following

we give some of the possible further research topics that build directly on our results.

In the aspect of the crosspoint fault model defined in this thesis for reversible
logic circuits, it would be interesting to investigate issues such as the relationship
between single crosspoint faults and multiple crosspoint faults, properties of
multiple crosspoint faults in Toffoli networks, and more applications of crosspoint
faults in reversible logic synthesis.

We are also considering other possible new fault models for reversible logic
circuits, which might be based more closely on the technology with which they
are implemented. Investigation of the properties of reversible logic circuits under
the new fault models, and the ATPG problem for these models, will also be
required.

It is useful to study reversible logic circuits which are constructed with gates not
restricted in the library of generalized Toffoli gates. New fault models might
better represent abnormal behaviors of those gates. The relationship between
different fault models in reversible logic circuits should also be investigated.

As mentioned in chapter 7, we can examine the Reed-Muller spectral properties
of different reversible logic benchmark functions more extensively. Looking into
this problem could classify different reversible logic functions into different
groups according to their Reed-Muller spectral properties and thus we could use
the optimized synthesis algorithm for the targeted function groups to speed up the
synthesis process.

More research could be undertaken on the properties of the Reed-Muller spectra
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of reversible logic functions and other possible application of these properties in

reversible logic synthesis and testing reversible circuits.
It would be interesting to look at the properties of reversible logic functions in

other spectral domains.
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